ENERGY DENS TY FUNCTI ONAL THECRY |N DGOPED SEM CONDUCTCORS

by

Adah ljachi Amali

A thesis submitted to the post-graduate school,
Ahmadu Bello University, in partial fulfillment of
the requirements for the degree of Master of Science.
DEPARTMENT CF PHYSI CS,
FACLLTY G- SO ENCE,

AHVADU BELLO UN VERSI TY,
ZARA - NERA

JUNE, 1986



ii

DECLARATION

I hereby affirm that this thesis has been composed
by myself and that it is a record of my research work.
It has not been accepted in any previous application for
a higher degree. All the sources of information are

specially acknowledged by means of references.

Signature Date



This Thesis entitled "Energy Density Functional Theory in

doped Semiconductors" by Adah Ijachi Amali meets the regulations

governing the ﬁﬁérd of the degreé.o? M. Sc. Physics of Ahmadu

Bello University and is approved for its contribution to

BRI

knowledge and literary presentation. 7

SEt o




iv

ACKNOWLEDGEMENTS

First and foremost I must say 'Thanks to God' in whom
I live and move and have my being. He makes 1life worth
living and all my Blessings come from Him. Much thanks and
sincere appreciation go to my supervisor Dr. S.B. Elegba who
has been the main driving force behind this work. Although
at times I had felt driven too hard, the outcome, I realise
has all been to my Good. Also to Dr. E.T. Micah, my co-supervisor
whose general criticisms maké me all the more want to be =2

better student, I say thanks a lot:

Finally, I gracefully acknowledge support, prayers and
encouragement from nice friends like, Steve 0. Michael, Shade,
Ben, Helen Gberevbie, Kapu, Soni, Santos, Helen Ojongbede, Tola,
Tayo, Biola, Mafulul, Allu and numerous others. To God, and
His Son Jesus Christ, the key that has opened the doors hitherto
and will open every desirable door for me in this life be

Glory both now and always. Amen.




ABSTRACTS

The Thomas-Ferni (TF) method and its refinement, the
Thomas-Fermi -Di rac (TFD) approach have been widely employed
in the literature to study screening in both metals and semi-
conductors, but only for homogeneous and isotropic model
solids (i.e. within the Local density approximation). The
frontier of static dielectric screening theory in semiconductors
is here extended further to account for exchange-correlation
and inhomogeneity within the framework of the energy density
functional formalism. In particular, the reciprocal space
formulation of Langreth and Mehl is used to give exchange-
correlation a nonlocal description. The resulting nonlocal
THD equation is linearized to obtain a closed analytical
expression for the spatial dielectric function and the range
of validity is investigated. It is shown that the spatial
dielectric function still has a simple analytical form but
the constants appearing in it have mawy body effects
incorporated. The present nonlocal Thomas-Fermi-Di rac
theory (TFD-NLDA) is more effective at reducing attractive
potentials than all previous linear or nonlinear screening
theories based on the TF method.



vi

TABLE_QE_CONTENTS

Title Page .o .o ve
Declaration . .o s
Certification .. > s
Acknowledgements ‘e

Abstract . .o

Table of Contents .o o
List of Tables

List of Figures ..

List of Appendices ' .o

1. INTRODUCTION

2. ENERGY DENSITY. FUNCTIONAL THEORY

2.1 Total energy of an N-particle system -
2.2 The Hohenberg-Kohn-Sham formalism o
2.3 The Local density approxi mation
©2.3. 1 Statistical Thomas-Fermi .Model "N
2.4 Weighted/Modi fied Welghted denflty of Gunnarsson

and Lundqui st

2.5 Langreth and Mehl's reciprocal space formulation..
3. DIELECTRIC SCREENING . ‘o
3.1 Theory of dielectric Screening .o
3.2 Calculations .o .

4. RESULTS AND DISCUSSION ‘e

S. CONCLUSION -

REFERENCES i b

APPENDIX A s .o

Page

s
iii

13
21
22

27
33

43
43
438

61
77
80
86



Table
7

3.

LIST OF _TABLES

Title

Results for Silicon

Results for Germanium ..

Results for diamond i



. The Uniqueness theorem




CHAPTER 1

INTRODUCTION

— — — — — — — w— o — m— —

The study of the response of semiconductors to a static
point charge impurity has attracted considerable attention in
time past. This response which consists of a rearrangement of
the valence electrons and the shielding of the bare impurity
potential is effectively described by the dielectric function.
The dielectric function serves as a simple unifying concept
for all the theories of the electron gas. A knowledge of it
permits one to obtain direétly properties of an interacting
electron system like groﬁnd state energy, response to an
external potential, phonon dispersion spectra, optical
absorption coefficient, pseudopotential form factors etc.
Until recently, analytical ex?réssions'have been found for
the dielectric function only in momentum space {(k-space) and
then Fourier transformji to obtain the corPESpdnding spatial
dielectric function e(r). (Penn, 1962; Srinivasan £969;
Walter and Cohen, 1970: Bassani et al, 1974). Apart from the
fact that the first step involved cumbersome computations, the
method did not lend itself to the nonlinear treatment of di-
electric response as a result of the.intrinsic linearity of the
Fourier transform.

Only a few years ago, hoﬁever, Resta (1977) used an
r-space approach to develop a general theory of screening in
semi-conductors in which the Thomas-Fermi screening equation

(Thomas, 1927; Fermi, 1928) was explicity solved to obtain a



is an unphysical one and the theory runs into problems, for
instance, in ion-core regions where electrons are bound (Meyer
and Young, 1970). The basic TF equation mentioned above is
equivalent to the Euler-Lagrange equation arising from a
variation of the Hohenberg-Kohn-Sham [HKS] functional subject to

the constraint on the total number of particles.

The TF screening theory in semiconductors can be straigh-
forwardly generalized to any local bare impurity pseudo potential.
In particular, it has been suggested that for more refined i mpurity
calculations, the pseudo potential approach could be adopted
instead of using a purely Coulombic impurity potential (Cornolti
and Resta, 1978). Of recent, the pseudopotential approach has
been used to compute cohesive energy and charge-density form
factors of beryllium and the results have further confirmed the
Langreth and Mehl's reciprocal space formulation as an approxi mation

scheme superior to the LDA (Von Barth and'Pedroza, 1985).

HKS define the non-coulombic part of their energy functional

in terms of kinetic and exchange-correlation energy functionals as

G[n] = Ts[nl v Exc[n]

All the many-body effects of a system are {ncorporated in these
tﬁo functioﬁals. In the Kohn-Sham [KS] scheme, the quasiparticle
kiﬁectic energy is given an exact treatment and an attempt is
‘made to expand the exchange-correlation functional Exc[n] as a
gradient series in terms of density. The accuracy of the scheme
depends on how well Exc[n] is known in terms of its functional
dependence on the density n(r). Another version of the gradient

expansion method involves expanding both Txc[n] and E__[n].



linearized equation. This dielectric function is seen to have

the same form as that obtained by Resta but differs only in

terms of the constants appearing init,.

Cﬁaptef 4ﬂpfésénfs nﬁﬁwricﬁlﬁrééﬁiﬁs.fofisilicbni di amond
and germanium in the linear approxlmatlon and 1nvest1gates ltS
range of validity. The results COnfirm earller findlngs'
that inclusion of'éxchange-cprrelatlon and inhomogeneity

corrections 1n the TF theory 1ead progre551vely to WO Te

effective screening




CHAPTER 2
ZNERGY, DENSITY FUNCTION/L, THIORY

241 The t.tal cnergy of an N=particle system.

In many problems involving atoms, molecules ~nd sollds,
one 1is interested in calculating sreound state cnersies and
electron density distrituticns from which in turn all other
equilibrium properties can bYe obtnined, Each of the
systems menticned abceve invelves a many-body problem for
which no exnct scluticons are possille in quantum liechanics,
The Schrodinger cgquaticn given below proviles, in principle,
the vsual to20l for sclvin: completely the problem of particles

or systems of porticles in qQuantum mechanics.,
HY = EY 2,141

The wavefuncticn ¥ which describes the whole system is a
functiin of nll the dynamlcal conrdinates of 211 the particles.
This means that the Schrodinger equation is in many variables
and does not seperate into independent equations in each

variable,

The zero apyroximation usually made in tackling these
many~bady problems is to put them in one~body form, In
doinz this, it is assumed that the Schroidinser ecuation is

seperablz, and that each particle can he representcd Ly its
own wavefunction which is a function of the cocordinates of

that particle only (Raimes, 1961),

The electrons arocund which the discussion of these

many-boly nroltlems center, fall under the catezory of Fermious,



which are identical and indistingulishable Quantum particles
p8ssessing half intesral spin and cccupancy of Zero or one
per particle state, They are represented by antisymmetric
wavefunctions usually written as 8later determinants of

the sinrle particle wavefunctions, The Slater <determinant

for an N--body system is given by

1£’0_(_1:,1).........,. wéhl::z;)

—

Q,Y(_I_'l.«l)n-.coe..-.- ‘.')-Y(_I;:

S s s ses EF Be B s & ¥

Wally ) cvoeemcnens ARJQQ

where the subscripts refer to the quantum states of the

¥(xqs E;*;!'**':E‘,-\;)=(Nf)-é L CTD PEPRPRPRRRRIN 16 o5 Dele?

particles and Dys Eoeeeaaslyp specify both spatial and
spin coordinates. The Slater determinant is antisymmetric

with respect to the interchangse of any two rows,

A further simplification of the many bLody problem is te
assume thot the lattice of ions which is found in rcol systems
is replaced by o uniform positive backiyround, This model is
called a Jellium model (Pines, 1962) and its Tamiltcnian 1is

written as.

“4 2 N N

_ 4 v g. 1 .
= 2 3 * % i*j ‘pi‘j + Z : 8 |.r -‘rll o

. -
s

H =

The total encr;y of the system 1s calculated as the expectation

value of this Hamiltonian.

E = <% | H\uw 2.1.4



This e:pccetation value involves integraticn over spatial
coordinates as well as summation over Jdiscrete coordinates,
In evaluating the total energy, the more cumbersome
confiuration space representation in which 8later
determinants or antisymmetrized products of single-particle
wavefunctions are employed is avoided in favour of the
methol of second quantization., This method (also called
occupation number representation) in which interaction
processes between partlcles are solely interpreted in terms
of annihilction and creation of particles, provides a
simple and compact appreach to solving the many-vody problem,

In this approach, use is still made of sin~sle particle

-

wavefunctions, but occupation numbers rather thon coordinates

become the dynamical variable,

The N x N Slater determinant is written as o state

vector in Fock gpace usins Dirac's notation as:

. (1) V() eeee B(N)
(1, Zpeeen) = D7 L (1) 0)eeiins i)

1 f 1

wN(‘i) ?J{Z} Y Fe0 "an(N)

= f‘P,I wz.....wN)\ 241l5

In second quantization, the wavefunctions are quantized and
become ficldc operators and the classical operators Yecome

secon.' quantized:
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p(r) — pir) , Quantized field operator.

H — ﬂ{ " Second Quantized operator.

For each particle wavefunction wa’ a corresponding creation
operator a; and an annihilation operator a, can be defined.
So that the quantized field operators can be defined in terms

of them as:

y(r) L b (r)a 2.1.6

$+(£) L (rla ' 2.1.7

products of these operators have uniquely defined properties,

two of which are of immediate relevance to our problem++

ez = (alag) = .y (r'|p) 2.1.8

o

(b +x)8 +(23)Y (£ (£])) = () ap aja )=

= ro(eirs | o;ry) 2.1.9

Equations 2.1.8 and 2.1.9 define the one-particle and two
particle density matrices respectively, with o designating
the spin state and the subscripts o,8,X and y the quantum

states. These two matrices are related as

Yoleahel) v (2, lrl)
rolzy rilegy ry) = 3 2.1.10
Yu(£2|£i) Yu(gefgé)

o 4
A more detailed treatment of the present discussion and

the equations that follow is available in Longuet-Higgins

(1966)
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in thce cculrm» fiell ~f the nucleus and »of the other
¢lectrons respectively., In second quantized ferm, we

writce this Hoamiltonian as:

H =T +\]+Lﬂ 21,75
whero

T = -—42—- f@*(_{‘,f_) Vf.l o(r Yar’ 27,76

I

and its cxpectatirn value, is,

o= A y (rlr' ) .t pde 2.147
Simil-rly
\J = £ ¥ +(x) V()b () ar 2.148
D)= V(@) n()dr 2,149
where V(r) = :Z‘.I
D = 20 vy Y&,) Umi (2,) ¥ (r,)dzgdr, 2.1.20
(Lﬂ) = [fU,,T(ry rolzs £,)dr,dr, 2.1.21
or
1 dr

dr
) r,dr, 4 dr.d
dA>= =r T n(r,)n(r,) - zrfl ?r‘% Y be ) (vl )

2:1.28

where we have used U = —
12 -
[£4°Eg]

The first term of equation 2.1.22 corresponds to the
direcct term while the second is the Exchange term

arising from the antisymmetric nature T elcetron

wavefunctions,
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The totel cnersy of the fermion gystem under

considerrticn is then written as:

E=(Hy= <)+ )+ LU 2.1.23

2.1.24

This rvsult was first obtained by Dirac (1930) and it
shows clearly that the total energy of n many-clectron
systum con te written as a functional of its density and

‘externnl potential,

E’EEH V]

It is latcr shewn in the H-ohenlere and Kohn formalisim
that the potential V(r) is infact a unique functional
of “dcnsity, which then means that the encergy is 2o

unique functional of density.

E = E[I\-,]
In line with the above expression therce hav: boen
many attcmpts to formulate the problem »f inhomogeneous
intcrneting electron gas with the total electron
density ~s the basic variable rather 'than the wave

function (Hodges, 1973).



2.2 The Hohenberp-Kohn=Sham formalism [HKS]

——

ohenlerp and Kohn [HK] (1964) and Kohn nnd
Sham | k37 (1965) put forward a general theory for the
treatment ¢f inhomogenecus eliectren pases in their
grounct st-te commonly referred to as the Densitys
Funciionnl Formnlism, The central quantity in this
theory is the electron density, and the thceory
establishes that the ground state ener iy and
consequently all ground state properties >f cny system

arc functicnnls only of the density.

Hohenbery: and Kohn considered a systum of electrons
in its sround state (assumed for simplicity to he
nondecnerate) moving in a static external potential

Y(r). In the previous section it was shown that the

encergy of such a system can be expressed ns,

E =E[n, V] P.2,1
but in their Density functional formalism, lHohenlerp
and Koln went on to show by a formal proof (Unicueness
theorem) that V itself (apart from an additive constant)
is n unique functional of density (this proof is shown in

Appendix A ) s
E = E[n.l o 2. 2. 2

The formal statement of the HK formalism then
follows that the pground state enerry »f a many clectron

system is n universal functional of the cloctiron density.



1y

'K Jcfine an cnergy functional

E, [n] = sv(r)n(r)dr + Ffnl 2:243
wheroe
Fln] = <y |(T + V)| 242414

The corrcet ground state density n(®) (having spatial
integrol vqual to N) associated with V(r) -;ives

Ev[n] cqunl tc¢ the srounu state enervy E so that

N?
for any Censity n' other than the pround stnate density,

By < B[] 2,245
A variaticn of Ev[n] nbout the correct rTound stote

density vanishes,

GEv[n] = 0 2.2.8
subject ¢ f ccurse, to the condition that all densities
consicercd satisfy

In(r)dr = N 2oty

The ecxpression for the total energy 2.1.24 is

rewriticen with electrostatic terms separated as

E,ld = fv@)n(p)ap + «}f%l drdr' + G[] 2.2.8

G[n] contrins the kinetie and exchange terms,

The elecctrestatic potential of the system is

o (r) = V() + pRGET)

nie
ir - _I:!I dr"’ 2.2, 9
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If V(r) is rcparded as beines due to a distrilution of

positive chirze of number density n+(r), then

d(r) = Jnir') ZeBdBld g 2,2,18
=1

The potentinl satisfies the Pcissan equation
g ° - - y 5
v ¢(r) = <=in [n(r) n+(r)J 2.2.11

In doinr: the variation of Ev[n]- subject to the
constr..int on the total number of particlecs, wc cefine

a Lanranre parameter u such that for the corrcect density,

5_._____&["'1 . 5 2:2:712
or
6':\" - udn = 0
s[e,imy - wn(p)er] = o 2,2,13
Equation 2.2.8 is rewritten as
_ﬂ,[n'] = J(x)n(r)dr + G[n'l 2.2e14
. GE@EnJ
- _ 8 G o 5 n
6n ¢(r') + Tﬁm]- 1.|. (‘—}.(—-15
or
¢(£) o .—G_Em. = 2.2.‘16

dn
For larsc N, v 1is equal to the chemical potuntianl
and at absclute zero of temperature, chemical ;.otential

is equal to the Termi energy, Ege
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The major task in any many-electron system is the
determination of the functional G[n]. In the HK
approath an cxpression is sought for G[n] in two
recions of 2pproximation, namely in the regions of
nearly constant and slovly varying densities. A
combination of the results in these two approximation

repions yvields an expression for the formal gradient

expansion,
({n] = JJ:{E{D)(H(I‘))-I- 3(2)(n(r)i?n(r)‘2+...}
wvhere g(o) anl {;(2) are functions of n representing

kinetiec and cxchange=correlation energy densities. This
expression is valid in prineciple for a system in which the
dengl ty non unifomity is boch sinll and slovly varying.
As a practical enleulationnal tool for real systams,

however, Kohn and Sham propose the self-congistent schemec.

A 2 starting point, a non-interacting system of N
elecctrons moving in a static external potential Vs(_n}, ig

considered., In anmalogy to ecuntion ?2.2,16, one can write

s [ nl

v (r) + o
R sn(p) = s 20217
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The necw set of Schredinger equations t~» be colved for the

exact density distribution is then,

{ % qi * Yeff(z)} wi(z) = e,;(r) 2.2.23

The -“rounc state enerpgy corresponding to this density

mny 1:¢ fcund from equations 2.2.8 nnd 2,2.21, with

Tgln] = 11221e1 - IV e (rn)ir 2,224
All the comylexity of the many body probhlom is
cont~incd in the functional Exc[h]
For thce cose in which the density 1s slowly vorying

Koshn and Sham expand Excin] 25

IE"J{C[-"{'L--[ = Id‘-r-‘- {‘xc(“(i))n(i) * eig)(n(r.)lﬁ ri(r)lz
+¢ - . } 2.2‘25
The mest fregquently used approximation is to neilcect the

aradicnt terms;

il.c.
B [n]= £ e (nlr)a(z) 2,242
so thrnt
Vope(z) = ¢(2) + ¥ (n(r)) 242427
where
,
e = T [PEge(n)] 2.2.28

is Jjust thc exchange correlation part »f thce chumieal

potential of a uniform electron gas of lensity n.
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This ~)proximation is pood for two cases: thrnt cf very
slowly veorying density, because the omitted zrodient
terms arc small, and that of very hirgh dconsity

[rs<< 1], since in this limit the exchan.c

corrcl-tirn is much smaller than the kincectic enerpy.

Rathcer than using equation 2,2.24 to calculate

Ts[n], a second arproach to the gradient expansion

is to expand hoth Ts[ﬁ] and Exc[Q]in a gradient
scrics so that the sclution of Schrodingerts cqueotionm

is aveidced (Hodges, 1973).

2
Ts[n] = -1%— I{3 ﬂzn)gnd; + ft%n% W n{a'.‘.r' Pigwy

2.2.29
2 s
EXCCn] =Je (n) ndr + 3 fp,}(m)}‘ﬁ nlzl.‘{-i-... 2,250
g(a) ond t(g) are unknown finctions of n and exc is

the exchanpe-correlation enerpgy density »>f a uniform

electron pgrs.

In thc regien of slowly varying density where low
order gradient expansion is applicable, llodrus {1973)

expmts the kinetie cenergy as
1.[n] = Tlnl + [n] +« 7,[n] +... 2.2,31

rln = =) 3yar 2.2,32

> 2
T, = 715— s l"?_n;(l%.‘r. dr 2,2,33



-3 | )
R €L My n@:)*[@ﬁ £f +an(r) gnge)

n'(r) *

B ( 2%%§%>J (2.2.34)

n

T [n] Thomas=-Fermi term
o

Tgbﬂ

Corrected Welszacker term

= =-5/¢

B' = “/_3
The adequncy of gradient expansion represcntotion of

7,0 = Contributions from non-linear theory,
o

the cxchonge-correlation functional is still a subject
of investipatien. Equation 2.2.30 1is rewritten by
Wan;: ~nd Rasnlt_(TQ?&).aS

Gell = Az [ @) + B @), J 202 35

where A (n(z)) =n(r) e (n(x))

as ;iven by Hedin and Lundquist (1969) is found to be

fairly accurate for metallic densities.

B, . bos so far been evaluated only in the high
density limit#, but this has been done separ-tely as Bc

(Mar and Breuckner, 1968) and Bx(Sham, 1971). Calculations
done by Tens: and Sham (1966) however show th-~t inclusion

of the turm B, worsens agreement with empirically determined

corrclation energy,.

%It has been extended to metallic densitics by

Geldart & Rasclt (1975, 1976).
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The corrclation energy they calculate is ahout a
factor of 2 too large for small atoms, but better
for larser atoms, They conclude that sradient
contributicns misrepresent Exc presumably bocnuse
the clcuctronic density in atoms has ton rapil a

spatinl variation near the nucleus.

ncther important peint is that since cnd

*xc
Bxc were Cetermined from the electron ras system
which is a continuum of states, their accur~ncy in

Renl systcems with discrete states is in quosticn,

Before concluding this section it is worth
mentioning that works of different authors (Lang
and Sham, 1975; Kleinman, 1974) have raised importont

questions ns te how physically meaninsful it is to

separate A, . and B into their indivilunl exchange

xc
and corrclation parts., This 1s more so, since exchange

and corrclaticn are basically of the same orisin,

2.3 The Local density Approximaticn (LD1)

There arc numerous approximate methods 2f solving
many~body problems. These include perturbation theory,
Hartrce-Fock, (ollective variable method ectec,, Dhut we
restrict this treatment to methods having density as the
basic varinble, The different formulations of the
problem frll intc two wide classes; namcly, the
LOC \L=-DIENSITY /PPROXIMATION and the NON-LOCAL DENSITY
APPROIIIL.TION {(NLDA).
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In this section, we discuss the locnl lensity
appro:imaticn with particular emphasis on its
simplcest formy the statistical Thomas-Fermi model,
The concept of LDA 1s based on the theory of the
uniform clectron gas system where the density as well
as thc potential under which particles move are given
nlobal interpretations, It is assumcd that what happens
in any rcrion of space within the system is independent

of what rocs on elsewhere within the system,

2e341 Stotistical Thomag-Fermi model LTF}.

B St S T e i -

This is a semiclassical mcdel with the bnasic
assumption being that electrons surroundin: ‘the nucleus
of oan atoum can be treated as a system »f lercnernte,
non-intcracting electron sas at absolute zero of
temperaturc, The elcctrons f£ill all the cclls in
phase-spaec below a certain enerpgy level (the Fermi
ener:y, EF) and all remaining cells a%ove this level
are unoccupied, It is also assumed that we are dealing
with closed shell systems (i.e, there arc no unpaired
electrons). By makingz these kinds of assumption the

following factors are automatically ipgnored;

(1) Exchange effects due to repulsion ~mong
electrons of like spin arisings from the

pauli exclusion principle,

(ii) Correlation correction due to coulomb
repulsion among electrons of opposite

spin,
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(iii) the inhomogeneity due to atomic shell

structure.

(iv) Relativistic effects which arise at finite

temperatures,

Beforc writing down the TF equations, a bricef
discus.:ion of the conditions of validity of the TF

method would be ncecessary.

In any system, we can readily identify chnaracteristic
len/;ths like nearest neizhhour distance, Bohr radii,
de Brozlic wavelength, Debye screening len-th, cte,,
over vhich microscopic and macrescopic quantities vary,
An electr-n nt the Fermi surface, for examplc, is

char~ctcrized by a wave=vector Ky and a de Droglic wave

length A
2m
wvhere A = 24341
Kr

In the TF npproximation, this wave-len;ith is token to
be small compared to the characteristic sizc of
inhomogencities which occur within the system, The
effective potential under which the electrons mcve,

anl which determines the extent of inhomorencity of the
systcm varies only slowly over this char-cteristic
wavelcen;th, A condition of validity for the TF
approximetion is then written as:

l aA
ur

<< 1 il



This rcloticn imposes the condition that the clectron
densityens well as the potential under which clcctrens
move, be nccessarily slowly varying functions in space.
fis a result of this, thelr gradients are nceglectoed,

The TF mcthod is also particularly suitable for

treatment :f systems with hizh density.

The c¢nerry functional of Hohenberpg and Kehn is

B [n] = - % I Qv(r'ir‘ilz,,=r..lz + V(r)n(xr)or

+ =1L i 92408

TE T NN~ 7 I T y(zxo)viroin,)

The TF coproximaticn involves the neglect of the last
term, 2nl n plane wave representation for the elcctron

gas, such that

2§ -ik.r

ik,r'

e = 203:3
The encry functional then becomes
'
E:V[rﬂ = = w k<kF g e - ('_"" )Ir;'z_l::l:
+ N(e)n()ic + 4 f:q'-r-'~1d-2
& = =y ¢ o W01, ) 2.3.4

The first tcrm of equation 2.3,4 is easily cvalucted to

give the Xinetic energy of a free electron s,
To[rﬂ = —%—f( 3ﬂ2n)§n1;‘_ 2.3.4

The elcctrostatic potential of the system is given by

2.2.9 -’-"ntl 202016
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o(x) = V(r) + RED
r-r'| -
OR -7
B s
¢'(I‘} = f n(z ) - n_,,( E'_ )dI‘

l_r*-r‘jl

Usin-; thcse results, we write

&, ] = —%—j{}wzn)g ndr + fé (r)nir,

In orler to d

subjcet tou constraint cn total number of particles

we introcuce the Laprange parameter ¥, such that

8z, [n] :
']Qi‘(_?) - 4r) & - (7%

or

s, [ - wn() =0

G{I_lv[n]-

¥ n(r)dr}

§{ MV[ZI— llN[n]} =0
where
n[n] = Sn(r)ir =N
From 2.3.6

o@) + 06" e -

n(r) =g { 2[n - o)y /2

The potential ¢(£) as defined by 2.2.11 sntisfics

thc'possicn equation, hence

3 27/2 2
o) = S {[¥ -9w])2 4 amp

2.3.5

arbritrary variations of this functicnal

2,3.6

2.3.7

2.3.8

2.3.9

2.3,10

23: 11
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As has Loecen scen throurh the ahove equation the
Thomns-Fcrmi theory is the simplest approximation

to the formalism of Hohenber;:, Kohn and Sham, In

its orizinal form it is an anplicaticn »f the ideas of
free-clectron gas approximation to a mmny=clcectron

system in which the potential 1is not eomstant. This

is lonc by requiring that the density n and rocdius

of Fermi sphere kg defined for the former (1.ce free
electron system) become functions of r; so that in analogy

to the equnticn

kP
T
we cnn write
k%{r)
n(g)s._}.;r.z._

The ccniitions on the TF-~theory make it norc suitnble
for metnls than other system like atoms ~ndl surfnces,
The rceouirement of slowly varying density is not
santisficd near the nucleus of an atom, ncither is

the hi:h density requirement met at large distonces
in thc atom, However, in atoms as Z increasces the
hizh density reacicn expands and the assumption of the
theory is more nearly satisfied (Elyashar and
Koelling, 1977). An additicnal point ariscs in thre
casc of insulators and semiconductors which suffcr
from low ‘cnsity rerions, meanine that the o plicability

of the thecory would be doubtful,
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It has however been argued that, besidus'the
existence of impurities in most real insulators, the
semic-nductors in which we are interested are covalent
crystals and possess a spatial electronic charge
distribution which is rather similar to metals, This
is bhecnuse ithere are valence electrens in the intoerestitial
region corrcsponding to covalent bonds, althoush localised
in certnin preferred directions (Asheroft,1976). Neglecting
anisotropic effects, the TF theary can therelore be used
for semiconductors with minor modifications and
appropricte houndary conditions. (Ambladh & Ven Barth,

1984),

A e

2.4 The Weishted density (Gunnarsson et al,

Alonso nnd Girifalco).

and
The Mean Weiphted density Schemes

(Cunnarsson and Jones)

This iy one of the arproXimation schemes that fz211
within Uio ¢leass of non local density approximntions, It
leans on on isotropic behavicur of the electron corrclation
and attemnnhis an improvement of the spherical averope of
the exchanrce=correlation hole, It 1s te he uncerstood
as a means of approximating the exchange-correintio n
charpe density using a rather simple modification of

the correlation facteor for the uniform (homoreneous)
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electron ;. s that conserves the total exchange charpe,
zilves the roper depth of exchange hole, vanishes at
large listrnces from the center of the hole and reduces
to the honogenecus gas form when the electron Junsity is

constant,

e start by introducing the concents of cxchange
and corrclation holes and correlaticn factor,

The exchiione=~corrclation functicnal E ﬁﬂ 2% the .xnsity

XcC
functicnzl itheory is
- ar,dr
Soltl] = 4 p =2 72
J"XC[ ] A [ I _l:']-.rglptzﬂr.z 1_1:1112) 2.1{.-1

I(£1£2|g4£?) ;l’(£1, r,) is the two particle density
matrix ~n’ crn be written in terms of onc Harcticle ond

Joint Jensily matrices as

20(x49rp) = nlzyIn(zy) ~% V(g o) (2l ny) 2. 4a?
If it i~ assumed that the moticn ofone cleetir u is
indenendent of the instantaneous positions of the others,

then we LlLiould have
2F(£1,£2) - n(Eh)n(Eg) 2.4.3

1,e. & muliiplicetive law for the simult e . us
occurrcnca f two indepenient events,

The antisyumetry of the wavefunction would bhicuvever not
allow ©this, licnce in gencral, there is correl: tion
between i molien of any tw.: of the particles,; so that

2T(r4s ) = nlzyInlr,) + Clpyexy) 2eliely
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wheroe 3(r1,rq) describes the departure from cmunsi-
e .-ol‘_.
indeyucndence due to correlation,

t is couvenient to write

A (r4,5,) = nlzynlxy) 11+ e(zy, 1)) 21105

where g(gi,P?) is the correlation factor, I'rom
elenent ry —:robability thecry, the conditional

probability of findings; a particle at r, whon onc is

-
known Lo Le¢ nt T, is then

2“;&'39)

< o il n(gz) [ + #{rqs E?)] 2.4.6
-k :-} -

The presence of a particle at 31 therefore ciumn ‘tes the
prohabilitv f finding a rticle at a secon® oint r,

by a froctisnnl amount j(r1,r2) and an absclute smount

n(?_‘,g)"ﬂ(}‘,q t}:;_J) ]

-

Mutunl repulsion between the particles rcsult in

a corrcliiicon factor which is nepative for 3”"'}-«1;
this tu.refore creates a'hole' of depth n{gﬂ;ﬂ\r1,r,\
around any peirt where a particle alrealy ci:iizt:, {(CC REL.TION

HOLE) .

1L spin is introduced Inte the ahove ociweusicn,
we cn argue cualitatively that even for non intoiccting
particles, thcre is a (like=spin) correlation Liole
arising noer.dy from the antisymmetry of the wave gumction.

This 14 ecllc.! FERMI or EXCH/NGE HOLE,
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The totsl ccnditional probability {for like-sp»in) gives

a SUM RULDS

r N

!n\rﬂ,z(£1j£2)1£2 = "’1 201".7

1.,e, when a particle is known to be at r, in a particular
spin state, the prohlability of finding a second
particle somewhere in the same spin stote is

recuced by unity.

The welphted density scheme which was due separately
to Gunnarsson ¢t al (4977 ) and aAlonsc and Girif-lco (1979
is an attoempt to introduce nonlocality into the exchange=-
correlaclion cnerigy functional. This is done by roeplacing
the correlation factor g by its form for the hemogeneous

electron [us g, and the density n(gq) by some average

H(E‘])’ .
glzys ) & B(Zply 1 0(2y)) = gplzgslys lzy)) 24,8
where the lLnrogeneous electroun gas result (Tizrch, 1967) s,
' Sink Y., = Ralisuo.Kknl
ey F 12 2 by
nlepores Fie)- - 3 S
(kpry,)
Kp = [‘;;1126'(5_1 }] &
SPRAF IS A
H(;‘x) ip Joturmined as & kinld of avero:ie sver tae exchange

hole, Using the above approximation, the exclionze-

correlntion functicnal is then writticen as

dr.,dr
. c . L y PR G 010
xc[] 2 ITEq:Ezin(£1)n(Ea)Lh(£1rQ, niz,) 2.4
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The exchicnre-correlation hole around an eleciron cheuld
contain exactly one electron, and it is described by

the qunntity

. Eqakp) = n(ry)e, (y,rps nlx)) 2Lyl
and sa .isfies the sum rule
Ingeley po)ir, = 1. Balle 1

The wei:hted density approximation results in substantial
Improvencnt of the exchange enerpy of atoms, LUt ~ives poor

correlation cnergles.

To rcme:'y this, Gunnarson and Jones -nroposcd the
MODIFI %0 ... ICHTED DENSITY (MWD) in which the correlotion
function & for the homogeneous electron gas is
replaced Ly ¢ simple analytical function g(r,n).

g{r, n) 15 chosen to give;

(i} +he correct sum rule

mé(r_, n)d£ = =1 20“013
(ii) the correct exchange~correlation cnergy
1Dt

E . [n] for a homogeneous system

EiDL[d}= + fvxc(r) Ben G2

c 2elie1ly
Tiicy chose for a metal surface, the form
Fleyn) = cl1 - exp(-Yr)°? 2elye15

where C ~nd X depend on the density n  which reprocuces
the corrvec nssymptotic bLehavicur of the functional

far ouctsililde the metal surface,
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In orier o model the correct long=range behaviour in
other sysiems, one would require different analytie

forms of g.

Pedroza (498Y) has added that g(L, n) e > = 1 for
all densitles in order to obtain goed results, Other

analytic “orms for & proposed by the same author iriclude,

- 2

Gy(ry n) = (a + br) exp(-cr®) 2 4,16
and

B5(xy ») = (a + br) exp(-cr). 2.4.17

These Loth roperly tind to zer: at large r, a,; b, c,
are finctions of density,chosen s that the sum rule is

satisficd,

The mean weighted density (MWD) scheme aparovimate
the exchange-correlation energy functional as,
a. ar,

’T —

- :— 1 4 —’ - = e : »
E, Jfn]= % T n( g, )n(e)elle,~eo b5 8(x,))e  2.4.18
The excihon jc=correlation potential ch(z) iz then

defincd v

Voo(n) = GExc[n] /8n(x). 2el1419



K3

2,5 The 'Single q' approximation (Langreth and lichl)

The work of Langreth and Mehl (1981; 1985; 1984)
focuses on o description of exchange-correlacvion crergy
beycnd the local density appreximatien in reciprocnl space,
It proviies a workable calculational scheme for inclusion
of effectns ¢f exchange and ccerrelation in non uniform
systems 1Likz ntoms, molecules, solids,; surf-ccs etc,

The true crichange~correlation functional is discussed as
a simple function of a multitude of wave vectors -nd it is
arpgued -.qualitatl vely that there is only -ne of these

in addition to kp(the local Fermi wave vector) which is

important,
Thay storted by writing the exchange-correlotion
energy of ¢ nonuniform system as

e 3., 14 .
e [‘F] ZEB— e K Wikg 245

where
B o 2 %
kp = hg(z) = [%n(2)]
is the leocal Fermi wavevector and W 1ls a dimnensionless

guantity ol the nrder of unity given by

W[kI] = wLD;’;:(ME) + oW 2:5:2

WLD:{ -;-S -::l:la' 1.-1).'(. I‘D{Egi‘t
It R L a— e he3

WLD‘!\ F) ax)

B ane! €x cre local values of correlation and cxchonge

energies per particle respectively,
e = ™ 31(131

e

- """'E'r“"‘ 2-5.4



W is the levintion from the local approximation. In
this sciiecme W is to be thought of as a function of o
presun~kly infinite number of vnriablesq1f 1;;..qn...

determined from kF.

These wave vectors can be taken as inverse longthsg
the firot % being taken as kﬁ. Going bLey nd the I.DA
amounts to identifyins which inverse lensths(other than ER)
derivable from a Jdensity destribution have the sroeantest

effect on the systems exchanpe~correlation encrgy,

S

In relation to density varintion, the mout important
lengths arce thonse which define the scale over i:hich the

density viries; some examples include;

o1 pianar metallic surfaces, where in additien
to k§1, the next most imnortant lomsth must
be the width (or healinsg lensth) of the

surfnce layer,

b in a tightly bound orbital in -n ~tom or
molecule or solid this length must Le the

size of the orbitnl,

(1ii; Iﬁf%lowly varying valence state such as in
n solid, it presumably can be relatied to the
derivative of the density,
As alrendy mcntionced, the first basic assumption of this
scheme is that there is just onc length & for ench r,

which chnr- ctorizes the scale sver which the ‘ensity varies,

N =
'\11 ~ Q3’-‘-" qz‘ Eenenge ™= E = o 2.5-5
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The value of g 1is suchéthat the validity critcorion of
the LD 1s g <<kgy and k? 1s the fractional correction
to the L% The approximation q<<1(Fiﬁ reason -ble in

the examplus given above,

Equcticn 2.5.2 can then be rewritten incorusornting

the fractionnl correcticn to the LDA explicity asg
2
Wil  Wkp a) 3 W, (kp) + Z(kg a) i‘.z 2.5.6
F
where

Z is a dimensionless quantity of the order of unity,

The sim.lest reasonable form of g chosen is

q(r) = -1-; = ]%{%—)l 24547
For suf“icicntly slowly varying disturbances, this gives
exact rcozults when substituted into equati-m 2,5.6, By exact,
it is mernt that previous gradient expansion rcsults due

to Resolt und Geldart (1975; 1976), Ma an! “rueckncr (1968)
Langreth and Ferdew (1980) are reproduced if g is set

to zero in Z(kF,q) and it is expanded,

It is ~1so argued that this cheice of g is reasonable
because we are dealing with systems in or ne-~riy in
eguili’ riwm under their own internnl forces resulting
from (oulomlic interaction and density vari~tionsz vith lenmth
Scales thet ore grossly inconsistent with this q probiaply

do.not occuir in such systems,

To Jetermine the form of Z, a wave veclor deconjo sition

of Exc is first done,
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a3 '
Exc(_li) = f—;) V(R)S(R, n) CaDs7
where

(k) = _4 is the coulomt: potential in Fcuricr
i

space,

r') jrd?jr'

S(k, 1) = 1 + L/ n(2)n(x) iz, r') - etk
where

glr ,r') is the pair cerrelation function

Equation 2 5,7 is rewritten as:

;DA 1 3 2
E, (.‘, v) = Evo%(k, n) + By Fd7rkZ 2, (ko oK) 2.5.8
Here,
Z}:C(T'qu) = J'Od_lf, Zxc(kF,q:k) 2:.5.9
where
Zxc\lp,u,k) is the wave vector decomposition of
kakp.q;-

For small ¢ which represents the most imoort nt
contribvticn to Z, they split Z into ZC an:. Zx
(centribucions te correlation and exchange energics) and
investi~te the variation of these over 3-wave vector

scales.

This ider was due to YNozieres and:Pinea 19585 who
showed thut it is useful in the calCulation of the energy
of an Infinite (Bulk) electron gas to decompose the
correlavion cnergy into a sum ‘op fluctuatione over
differcnt wave vectors, and to use cne avproc<im-tion

for small wave vecter and ~nother for larre.
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By a scet of rubtle arguments, Langreth and [chl

arrive at fecrms for ZC and Zx as,

o
Zkp , q) = £ dk Z.(kp, q;k)
k

= Z (kgy0) ~ [ Cax Z,(kgs 03k)
4¢3 -2 V3K

w2 e 3¢ exp( )k
Kev  Fpr

or '
. TS "'2'/3 -
zc(kF, g) = 2 exp X = k) %25:10

wherulcFTiﬂ the Themas-Fermi wave vector given os
_ (I 3,4
ch.'lT - ('E"" i'll‘__kF)
K = 6f9
Z::{:.F, gqi;k) = Zx(kF" 0;k) for «ll ¢

an
“yr {Iq! | = -g A .
The nxilce ) centrirution to Exa is then
i Ls u£ =
g = e [ 3 18 2 (o =2V3 7 ”
XxC 16“3 d I"l RF(_I_‘_)‘ {ZCX}.(&—W—-— kc)—%j 29,12

puttin: n as the basic variable instead »f kF, ives

the toi~! cxchange=correlation energy as:

‘ Lud 3 jynlz)|” ~F 7
Bl BT+ arn sy (27 T/
where -
F o lr.ﬁn(;)[/'[n(_l_:)]m3 245,14
a = mf Eﬁ(iﬂz)h’@l-—- 2,1435 x 107 2515
n e (om0 1 7458 5,16
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£ is an ~ljustable parameter

f ~ C.,1353 for surfaces
r - 0.17 for atims
and

£ ~ 0419 for polids
We wiil «lont this last value in -ur treatment,

The full g ression for the exchange-correlation

functi-nal Iic[ﬁ is

+
. = Vn(r)l @ o
) 5 3 LL/; 3 :‘5 l ____(_)_57_? (.?C - 7;’9)
Excpﬂ-. JJt.rfn(rn + afd’r In(r)] 3 5.5.,47
To brin ;. cut more explicitly the 'single q!' avroximation

character - ¢ would rewrite E nlas
™~ ’
xc

LeolM] = Exc[n;ci 2+5,18
so that
,T_hc[n;rg]= Exc[n;klj + Exc[n;q;l 24519

correson.'s to loecal snd nonlocal contributiosns to the
exchanr.-corrclation functional respectively,
Equatizn 2,95.17 is then written @8
+ 2

E . Jn;d = LIP3 af‘-13rl‘:—1%(1::'-zl:73(.::cnz? - 7/9)
[ 2.5.20
where _
A= ﬂ;%}jlﬁl% 2

™
ﬁ,being7¢urrulﬂtinn enhancement factor for the local

term siven 3y Hedin and Lundquist (1971) as,
1/ .
g = 1 + CxIn (1 + x) 205,22

X = Jlﬁlau? y C = 00,7734
k

™
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One can calculatec 2 non-local cxchange-correlation
contribution to the kinctic encrgy. This contribution,

tyo(nja), is siven by the same authors to be

'\%
te.lnzq) = - B2 (zc-*“’ |¥n| 2
xc - 7/8) + 7ab -—7-6' 2¢5428

n

Its contribution to the chemical potential is

uy  (n3a) = == nt . (n;0)] 25429
This idea of cxchange-correlation contribution to

kinetiec cncrcy is in line vith our e2rlier argument

that any non locality in kinctic cnergy will be closely
related to nonloezlity in exchange-correlation energy,

We have however not included txc in the present

calculation os its effecet is still being investigated.

Equation 2.5.25 c¢nan be rewrl tten as:.
..:"?112n)3' I ﬁn 3
Neelmia) = B~ 3" ¥ (2077 7/9)
[ 2
3 3

making use of the substi tutionss

AN

_ {220y
6n 2 klw -~ (3.; n)




I

8 = 02 |?jnI2
)

o — —-

T Se(3e2)%/ 3,83

N

a
-

36(37°) %/ %

Y

e |

i
8 = e e ¥
16(3n%)

b
|vnl a3 _ 3Kk
a ;E7§ n 33{6
-+
Bl 7l = P

ch becones

’ B 'F DD -1
uxc(n,q) = "7?1? + 8(2e P 7/9 ~ 7/LFe *ﬂ 245430

or

1 . N Ky

xeln3a) = - *n]:—'[ﬂ +g 9] ZeDe 3
vhere

-}

2¢™" - 7/9 - 7/4Fe "
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At absclute zero of tanperature, the chemical
potential pives the 'emi energy, The total energy

isa sumn of kinetic and cxchange-correlation contributions,

therefore

Kk
e SV=BiE & @) 2 5,32

The paramcters 6, B and g arc defincd as

<

2
§ = U )
kg(r‘) 2¢5433
B=1 +ex1n (1 + 1/x) 2:5434
g= 2T = 7/9 - 1/4PeT 2.5.35
where
0.091
X = -.k—ri_z'? 21!5036
& = 097?31‘ 205l3?
and =
bl 7 n(p)l 1
F= =——wpp-= 6f'q(_;:)(3”-’kF(r')')‘ 2.5.38

n(r)
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DLELECTRIC SCREENING

CHAPTER 3

361 Dielcctric function

The concept of dielectric function can be formulated
by considering the response of an electron gas to the
presence n £ an impurity point charge. The presence of
the impurity causes a polarization of the medium which
results in the screening of the coulomb interaction
between the impurity and the electrons, The screening
of a charge disturbance in a real systcem ig of two kinds

(Friedel, 1954; Nozierggsand Pines, 1958).

The Tirst corresponds to the influence of the
intraband transitions. In this case the electrons are
free to respond gpatially to the perturbation and so
alter the potential of an external charge 4 from %/r to
Z/P exp(-ar) where Q depends on the density of the
medium and represents inverse lengths of the order of

interparticle spacing for scane solids.

The second corresponds to the influence of inter band
transi tions (the case where electrons do not respond spatially)
which reduce the potentisl from 3/r' to Z&¥ . where ¢
is the dielectric function « This case describes more
the response of ingulators and semiconduciors in presence
of impurity, while the first case refers to metals. In
the vicinity of the impurity, the expression for the scrcened

impurity peot:ontial ie very complicated and depends on the
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type of impurity, Generally speaking, the treatment of
dielectric response falls into two classes (linear and
nonlinear response), and in each case, the results
obtained are different for posltive and negative

charged Impuiities. Within the framework of the electron
gas model, a positively charged impurity, like a proton,
for example, would provide & very strong perturbing
potential to the elzctron gas resulting in a Jarge and
rapldly varyin, eleciron pile up around the impurity,

The problem would then require a treatment that is
nonlinear as well as non-local, (Friedel, 1952; Ambladh
et al, 1976).

A negaiive charged impurity on the other hand gives
rise to addi tional complication by creating a coulomb
hole arouni itsell, within which electrons are forbidden
to exists This again demands nonlinear treatment as well
as a redefinition of some of the usual boundary condi tionsg,
A linear responsze theory is useful only vhen the impurity
charge is sufficiently weak so as to produce only linear

response within the electron gas.

In real solids it is assumed that core states of the
atoms comprising the solid ar: suf'liciently ti htly bound
s0 that local field cerrections are of little significance:
in other words dielectriec screening involves all the
valence elecirons and is comparatively insensitive to the
details of the band structure (Fhrenreich and Cohen, 1959;
Penn, 1962),
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Most of the early work on imvurity ccreening was
done for metals using the Thomas-Fermi method (Mott, 1936)
in the treatment of a homogeneous and isotropic degenerate
electron gas model (Friedel, 1954: Alfred and March,
19552 19563 l‘arch, 1957). Since this model is a system of
continuous states, more nearly svited to metals, cquestions
obviously arise as to how adeonate a tool, the Thomas-
Permi method is, in the treatment of other systems like
insulators and saniconductors which suffer from depleted
state dencity in the gap. It is however arpued that the
covalent crystale in wvhich we are here interested have
appreciable elcctronie charge density residing between the
ions (forming co-called covalent bonds). These electrons
involved in tue covalent bonds are loosely bound and
rather than beliy. strongly localized in the neighbourhood
of the ion cores, they are localized in the vicinity of
the lines Joinins each ion %5 its nearest neighbeurs, This
means that covalent crystals have a spatial electrenic
distribution th:t is not very much d4i fferent from metals,
and with adenquate acceunt of nonlocality and isotropy taken
the TF method would be a useful tool in treatment of such

systems. (Ashcroft,1976)

In Qaussian units, the electric displacement is

related to charge density as

$.D = Lnp 3 4.4
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If we consider 2 cubic semiconductor crystal in presence
of an electvic field L parzllel to X, then the static
longi tudi nal wavevector dependent dielectric function

¢(k) which d-=scribes the response of tha crystal to this

field is fovnd {rom

Pl o o(k)3TEE

This field and the charge density generating it satisfy

poi sson's equation:

%D = V.(cE) = eV.E= Up ety
-5
uging E = -VV in thic equation, we get,
gv’V = —lq‘[p
In Fourier opace, the potantial becomes
Lrp (k)
V(I:) = o - 3 1 h.
. "E— ‘ .
k“c(k)

This is revritten in terms of the unsereenad impurity

potential as

Volk)
v(k) = e—c(’-m— 3.1.,5
where
Vo(k) = -E%p(,ls) 3.1.6

The above erpression for V(k) is a consequence of the
assumption that the unscreened potential is local, It
should be noted that in general V and P are functions of

time and hence of frequency in k-space, but since for
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most applic. tions, we are interested in either static
fields or ficlds varying vith phonon freguency, we would
neglect fregquency dependence in the present treatment.

Until recertly, all approaches to the problem of dielectric
screening in semiconductors were in k-space (Bagsani et al,
1974; Penn, 1962 Srinivasan, 1969; Valter and Cohen, 1970).
Besides the cumbersome computatione involved, this meant
that only linear effects could be studied due to the linearity
of Fourier transfom, Only a few years ago, however, Resta
(1977 ) used an r-space approach to develop a gensral theory
of screening in semiconducto g in vhich the Thomas-Fermi
Screening equation was explicitly solved to obtain a closed
amdlytical expression for the spatial dielectric function

e(r).

Al thouih the TFmethod has been widely used for metals
with aporeciable success, Kohn and Sham (1965) have shown
that the 2csumpiion of homogeneous clectron gas leads 10
inaccurate resulis. Hohenberg and Kohn (1964) put forward a
theorem to the effect that the total energy of an interacting
electron-gas in an external potential can be written as a
unicue functional of the local density (ecuation 2,2,2), The
exact form of this frnctional which incorporates all the
many=-body ei'fects is unknown and the TF theory nrovides

the simnles’ aprroximation to it . Hence in their fomulation
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they showed that the TF scheme is equivalent to the Buler-
Liagrange equation obtainsd by constrainted minimization of

the uniocue funecticnal.

There are however several condi tions on the theory
which make it more Cppropriate for a metal, as already
mentioned, than for other systems like atoms, surfaces,
insulators and semiconductors, This leads us tn szek
corrected versions of the theory with effects of exchangee
correlation and nonlocality incorporated. Already there
have been sever=l steps in this direction (Scavinsky,

1983; Scarfone, 198+ Elegba and Amali, 1986a,b). The
effects of nonlocality are introduced into the present
treatment using resul ts based on Langreth and Mehl's reciprocal

gpace formulation of the preceding chapter.

3e2 Caloculations.
In thec absence of any external di sturbance the
homogeneous and isotropic model solid has a uniform electron

density no, rfiven as

5
o = ——k—g—- 34 2.1
3n
where kp (the valence Fermi momentum) is the radius of the
spherical region oceupied in k-space by the ground state
of the system., If 2 static impurity point-charge of
potential

vo( I') = % zfr 5e 2.2

(Spherical SYmmetry 15 assumed throughout this c_bapter-)
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is introduced into the system, there is a redistribution
of charges resulting in Vo(r) being screened to give an

effective screencd potential V(r). Also the electrons in
the vicini ty of the charge impuri ty will take on various
values of kinetic energy depending on the potential they

‘feel' .

We shall first of all take the casc where the charge
impurity is positive in which case, an excess of negative
charges will b~ created arourd it. In a prcgion abouvt any
point r, we can define a local Fermi encrgy Eg(r). An
eauvilibrium condi tion for no diffusion or electrons 1s

reached where

Bu(r) + V(r) = B + V(R) 3 2.3

here, R 18 the sereening radius beyond which V(r) has the
Coulomd form screencd by the static macroscopic dielectric
constant ¢(p)e V(R) is a constant and Dpis the ambient

Fermi energy.

The TF ticory assumes that equation 3.2.1 holds even

for a nonuni form systan.
3
T\(r) = Iy(r) - u
Snr ” ~

The displaced clcctron density is related to the screened

potential by the oisson equation,

-v%(r) = kil n(r) - n, ] 3. 2,

\N
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Tis is 8 generilization of all earlier results obtained

by Resta (1977) and Scarfone (1984).

The linearizod Pol: son equation can be solvaed in spherical

coordinates:

0 -
'Ji:%LEl + % Q%%El -~ sz{r) = -QEV(R) 3e2e2l
dr

The homogeneour ecuntion

2
- 2“2‘9’?(’9- v or Q) L o2e2y(p) - 0 342425
g

is equivilent to the transformed Bessel's equation, Since
the potential is a real quantity, we take the real part of

the solutlon to this equ-tion, which is
o) -
V(r) = F lae™ + gem] 502426
where ¢ and 8 arc real constants. If the point charge
impurity is of multiplicity Z,

2

Vir) = = < we? & ee'Qr} 342027

The particular intesral is V(R), so the general solution

becomes

v(r) = - 'I? {qur + ge"Qr} + V(R) 3.2.28
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In the case of dielectric screcening in metals, the
potential is completely screened only at infinity and
tends to the (oulomb form at the origing

e V(p) = f'l-i,- for metals 3, 2429

The boundary colditions used to describe incomplete

scerecning in seaniconductors are:-—

limErV(r)] = lim[rvo(fX]= -2

T = 0 P ©
ard
Wy o Bk o -
¢ (o) c(0)R o
where
Vo(r) = -;-:Z 302432

using these conditons in the expression for V(r), we get

a + R = 1 522¢33
and

-20
a = =fe R . 2.3“-

From these two equations,

8(1 - e—2';R) = 1
or 3:1:‘1_‘5?
. A
ang
-23R 3.2.36
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equation 3,2,28 ie then rewritten as

e+Qr-« 20R -0y 1

-2 [ - X
v(r) ol S N _e-2z;gp¢f + V(R)

]

e9r = 2QR }
= .-.._.{ :"R(SQR ...nR) = W"":ﬁﬁ" + V(R)

g IR-Qr e—( QR-%I‘_). }

e + V(R)
T oor B(—JI\ - e QR
=2 s1:hQ(R-p)
= r S nmhQR = V(R)
v(p) = =2 8RR - r) . V(R) R
I s nh R "

302437

The spatialdielectfic function =(r) which characterizes
the response of the saniconductor to a statie impurity

point charge 2 at r = 0, is conventionally defined as

e(r) = ;—(O-S‘-)— r< R 3,2.38

where Vo(z‘) and V(r) are unsereened and screened
potentials respcctively . The screen=d impurity

potential beyornd the screzning radius R is

Volr)
V(r) = (oY r2 R Je2439

where €(0) is ihe static dielectric constant. At the

screening radius R,



V(R) = NOE. 3. 2.0

so that

7 s1mhQ(R - r) 2 %
V(r) = -7 &l N OR =~ Z(o0)R 2.1

p

using the condi tion that there is continuity of the electric

field
E — "ﬁv 3023’-'.2
for r 4R
% sinhR - 1) 423 _coshQ(R-r)
B(r) = ; sinh R ' r*  einhQR
and for r > R
E(p) = =—Boop-
e(O)P
so that
O
___ﬁ_é = e sirhQ(R < R) 2@ coshQ(R - R)
¢(0)R® , R” TEILW QR R 4 rhQR
1 ZQ
= | TaQR
or
3 h ()
w " C(O) 3.2.1'_3



From this =qu:cion one obiains the screenin: radius. The

definition of' the spatial dielectric function 1s

- o B -
e(r) = VR = ﬁ(zr')' <R

putting V(r) from Z.2.43% into this equation we get,

[ smilen oz

e\ P) Hy sihaR

il

]

—.”/[“3 sjz'-Q.Rﬁ(o) l)- ‘-e‘(%)-ﬁ]

or

_ _f:.&?_(_q)_)__ r <R 3,2,
e(p) = sith?(R -r) + Qr

In the region r > R, =z(r) simply reduces to its static

value c(o0) i e.

E(P) = G(O) o> R

In general, thc Thomas-Fermi equation comes out in a
nonlinear form and 2s mantioned earlier most problems
involving impu 1Ly screcning give rise to nonlinear response

and hence would e better treated with the nonlinear theory.
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The non linear Poiscon equation (incorporating effects

of nonlecality) obtained in the last section is,

“VY(p) = Ln_{n(r) - n(:[

or

L 7/2
) 30(1-8 ) 31Dy (a+s2)+ Dy(aves) 2+01-5 ) [mpv(n) _v(r‘)JTi

X
-{y(5+ag) b [72(3 res)+ (4 -5 ) Ep]i} 5426145

obtaining the s€lf-cunsistent screened potential around an
impurity 4onor or acceptor ion in the saniconductors of
interest (diamond, silicon and germanium) involves solving
this nonlinear equvation numerically. For positive values

of Z, the potontinl satisfies the poiscon and Laplace
equations for r < R and r » R respectively. Other conditicns
include potential tending to the assymptotic values ;5(5)

and :;;;" for large 2and small ralues of r, respectively; and

continuity o the potential and e¢lectric field at r = R.

For negative impurity, a region free of any clactrons and
correspording to negative kinetie energy called (oulomb hole
is created, This means that the Poisson equation 3.2,45
would no loorger be valid everywhere. It's region of

validity would -ather be subieect to the ronstraint

EF(p) = B, + V(R) - V(p) >0

F for r> R,

or

V(r) < B+ V(R) , r2> R, 342446
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i
|
i
|
The equalitw holds at r = R,, vhere R, is the radius
of the (oulomb hole, The Poisson cquation is then

rewrlitten uwifferuontly for thres regionsol space in

the case of negative impurities.

!
These are:

1
2

7/2 3
PV = s Lr(sres)+ly2(eran) 28 ) 5 1 T,

f

! fOI' O <Ig RC. 3. 2-’-‘-7

7/2 31
Pr(z) - —mzm[t{ﬂmsa){{*’(sma)2+(1— LR

| 103
-{Y(wsa){vg(ama)2+(1“6) [Lrevn) - V("')]]-}

i‘Dr, RC : r f_ R; 3,2.!—}-8

VEV(r) =0 for R r < = 3 3.2.09
The bovndary conditions on the lincar  ghgopy
2lso apply to these eguations. In the hole region, the

golution of equation %,2.47 is

_ 5/2 73
V(r) = ;.E + gn [y(;H g5)+ {y2(5+g5)2+(1-a ) EF}J »%s o

l 342250
where g is the constant of integration to he determined
from the continuity of V(p) at p = R




RISULTS_AID_DI SCUSSION

The equationa used in the present calrulations
are basically of Thomas-Fermi origin, but with exchange-~
correlation and inhomogeneity included. Before proceeding
to state our results, we make 2 brief review of the defects
(L HThomas, 1960 ) of the classical Thomas-Fermi theory 2nd the
conseouent corrections leading to the present form of
its expression. The Thomas-Fermi method in its classical

formulation;

(a) overestimates the total energy of systems

likec atoms.

(b) leadc to an infinite density at the nucleus
anc a4 fall off like 1/r6 at large r contrary
to the guantum mechanics prediction of uniform
disiribution at the center amd a smocth

exponential fall off at large r.

(¢) does not exhibit the important Friedel
oscillations of the eleciron density in
presence of impurity and the cuantum density
oscillations corresponding to shell structure.
This 1s because it is essentially a statistical

theory and naturslly averages out the shells.

(d) neglects exchange and correlation effects

ajong electrons,
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The correctiones co far introduced into the TF theory

include the rollowing:

(1) The jnclugion of Dirac's correction

- —i— (—?, )?In“/B(x)dz

whichh takes into account exchange. This

co.rection reducces the encergy calculated

by the TF theory but also gives rise to a
discontimity in the electron density

distribution.

(11) Along the several methods suggestad for
ineluding correlationfegSlater, "ilson and
Wood, 19693 Hedin and Lundquist, 1971), the
above expression for exchange is simply
nmultiplied by a factor of g as suggested by

Hedin and Lundgui st to account for correlation

g = 1 + Bxln(4 +§;)

where x = 0,091 and B = 0, 7734. This method

is consistent with our arguement that
exchange-correlation is better accounted for

by not separating them.



oL

and Gunnap:-.on and Jones, anld the reciprocal. space
fomulation of Lungreth amd Mehl have been discussed

in Chapter 2, The results of the latter are used in

the actual calcul:tion.

As already noted, it is desirable that any non-
local treatm:eont for Exc e necessarily used for the
kinetic energy as well, This is because the kinetic and
correlation enerrice are related through the two particle
density matrix, hence any non locality in the kir:tic
energy would likely be closely related to that of exchange-
correlation, Infact, it has been recently shown that there
is an additional contribution to kinetic energy arising
from exchange-correlation (Bass, 1985 ; Elegba, 1986) as
gilven by equations 2,5.27 and 2 5,30. The effect of this
contribution on the present work, is however, still under

investigation, hounce it is not included in vur calculations.

The first step in this calculation is the evaluation

of Langreth and hichl's 'single q' which is given as
-
qa=|"nl/6n

In our approvinmciion we assume a spherical Fermi surface
for the saniconductors@ienond, silicon and germanium)

under considcr:iion and proccd to caleculate the appropriate
q using density corresponding to s-orbitels occuried by

the valence electrons, These orbitals are 28, 38 and Ls for




diamord (carbon), silicon and germanium respcctivelys
Also in an ef”ort to kesep the calculations simple, the
single exponential function has been usxd to describe
an atomic orbital in the self-consistent field (SCF)
approach ag prescribed by Clementi and Raimondi (1963).
Once q 1is known, the corraction to the LDA, §, arising

from the inhonogeneity in density can then be evaluated as
2
s = (&)
F

where q2 is tvice the Welsszacker correction to the

kinetic encrgy.

The resulto obtaimed in theprevious chapter namely
eouations 3.2,5, 3.2.19, 3.2.24, 3.2.43, and 3.2.44 are
applied to study the sereening characteristies of the
group IV Semiconducting elemcents, notably silicon and
germanium, Diamond is however, included for completness
although diamond (carbon) has a relatively large energy
gap compared to thc others in the group. For each of

the elements we have four possible cases;

(1) y=0, § =0, TF - LDA
(1) y=0, s #0 TF - MDA
(1i1) vy #. ., 8 =0 TFD - LDA
(iv) v #0, s #£0 TFD - NLDA
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This means that for each element four values of the Fermi
ener sy EF.the screaning radius R and the quantity @Q
corresponding to these four cases above are calculated.

The results are displayed in Tables 1, 2, 3 for gilicon,
Germaniun and Diamond respcctively. As seen from the

last chapter, the lincarization proccss involved a binomial

expansion in vhich the approxdmation

Lm__mﬂu._u

g+ g8) + (1 - 8)

was made. This inequality, however docs not hold for all
valuee of r boetween the origin (position of impgvity) and

the screening radius R Hence a region of validity of the
linearization, given ag (R - r) is established in all cases
considered using the value of p for which the above inequality
becomes an equality, Thisg investigation is done for values

of z up to 4, The results of these are also included in

Tables 1, 2 and 3.

Finally, making use of eaquation 3.2.44, the spatial
dielectric functions e(r) for silicon, gemanium and diamond
are evaluated and 4isplayed in Figs. 1 - 3. A study of
the parametcrs listed in Tables 1, 2, % show some important
trends vith each systematic correction and we go on to

discuss thosc brieflye.



1e¢ 4. Results for eilicon,
inclusion of correlation are in parenthescs,
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Values arising from

_;'_ TP-LDA | TR-DLDA| TFD-LDA ! TFB .NLDA
Ferni enerzy Ep 0. 461 0.446 | 0,155(0,100)40,26%(0,167)
o] 1,106 1.315 11.352(1.4517)1.551(1.740)
Screenine padiug R L. 275 3.593 3.495(3.335) [3.048(3,716)
r(z=1) 0.849 0.932 | 1.,098(1.148) 11.015(1.033)
Reglicen of validity
R-r 3,126 2.661 | 2.397(2.187) |2.033(1.683)
r( z=2) 1.178 1.2040 | 1.420{1.464) |4.300(1.298)
Rep 3.097 2.353 | 2.075(1.871) }1.745(1 418)
r(z=3) 1.393 1.436 | 1.620(1.659) 1 .477(1.460)
R 2.882 2,157 | 1.875(1.676) 11.571(1.256)
r( z=ly) 1.554 1,580 |1.766(1.801) 1.606(1.577)
Rep | 2,721 2.013 {1.729(1.534) ;1 JAh2(1.1%9)
. I | l _
Nearest neipghbour distance a (a.u) = L.Lh
Static dielcctric constant (o) =11.94
Valence Fermi Honentun k « 0,96

F
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The first sct of results in the tables glve values
for the Fermi energy EF" A look at the TFD-LDA entries
for EP suggests that exchange drastically reduces the
radius of the Fermi sphere in k-space from its free
electron value, Inhomogeneity acting 2alone nas a mild
effect in the same direction, but in presence of exchange,
it tends to reduce the effect of exchange. Correlation
enhances the el'fecet of exchange. Both exchange and
corprelation encrgics arise from corrclations in position
of elg¢ctrons with parallel and antiparallel spins
respectively. The effect of these correlations Zs to keep
electrons apart, but not enough tu pemit a free electron
behaviour, Any such tendency of electronsg staying away from
one another gives rise t0o a reduction in the ground state
encrgy of the system. Subject to the accuracy with which
q has becn determined, we would deduce from our results
that the TFD - DA value for Ep would be a fair representation
of the actual EF’ especially as 1t has not suffered from the
linearization process. This, however, wholely depends on
the adequacy of the Tangreth and Mehl's formulation as an
approximation scheme. The valuc of EF Tor diamond is

largest in all cases since diamond (carbon) has a relatively

large band gap and the Fermi 1level is somewherec up the gap.
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Valucs arising from inclusion

- ——

- — - —-*-»—.-L

PF-LDA! 'wemnaf TFD-LDA {kamma
- 4
0.480 | 0s455 1 0,168(0.113) 0.330(0,230)
1.417 1.53%1 1.357 (1,421 1.761(2.046)
L 560 3, 328 3.7u7(3.583) |2.893(2,489)
0.827 0.955 1.068(1.116) p.975(0.953)
! {
e 733 2.37% 2,679(2.,467) 11.918(1.536)
1,151 14238 1.386(1.429) {1.234(1.184)
34409 2.090 2.361(2.154) 1 .659(1.305)
| 1
1363 | 1495 1.585(1.623) r.39u(1.326)
134197 1.913 2.162(1.960) N.1499(1.163)
]
L] i
1.5 1.545 1.731(1.766) H510(1.428)
\ : :
13,039 1,783 5,016(1.817) P.383(1.061)

Nearest nei hbour distance

Statiec diclcecelrie constant

Valence Feri

tTonantum

a (a.u) = 4,63

e(c)

J-C!,'1

= 16,0

= 0,94
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the
Next we consider the values obtained !or?:-—.«.:mening

radius, R, which is the distaince from the p~int charge
impuri ty beyond which the Coulomd form of the impurity
potential is grcesned by the macroscopic dielectric
constant -(0), Inclusion of exchange, non locality and
correlation leid progresscively to more effectively
scrocned potential with the screening efrfect greatest in

Eormanium.

The re;zions of validity investipgated for this linear
response theory are the last set of values in Tables 1 -~ 3.
A careful study of' the trend in these values show that the
region of space ahout the impurity in whi~h the lineari-zed
TFD approximation is meaninglesa (i.e v) is larger than
the linearized TT case, The same is the case for their
non local vercions., Another feature of the present result
is that the rcsions of validity of the linearization
decreases progressively with the inclusion of each corrcction
It is also observed that the region of validity decreases

with increacing Z.

As notd previously, earlier workers evaluate dielectric
screening function in semiconductors in k-space and then
transfom to p-space, In the TF method of Resta, however,
e(r) ie first cvaluated and then e(k), It is seen from
our results @s in previous r-space fommulations that

z(r) = ¢(0) for r > R, which is in agreement with theory.
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Tabl ¢ }Rcsult:; for diamond . Values arisingfrom inclusion
of corrclation are in parcnthescse

rZThLDﬂ‘ TP-ML.DA; TFD-LDA | TFD-LDA
Femi cnergy Iy t 1.066{ 1,050 1.601(0.537)! 0.674(04574)
Q 1.363) 1.467 | 1.542(1.572) { 1.645(1.,704)
Serceniny radius R 2.756) 2.561 | 2.437(2.390) | 2.285(2,205)
r(z=1) 0.484] 0.516 !0,603%(0,622) { 0.602(0,625)
Range of Validity
Rer | 2.272) 2,045 [1.83u(1.768) | 1.683(1.580)
r(z=2) 0,710) 0,741 10.838(0,856) | 0.827(0.,849)
R=-r 2,046 | 1.820 (1.599(1.534) | 1.458(1.356)
r{ z=3) 0,863} 0,800 [0,990(1.008) {0.,972(0.912)
Rer 1,893 1 1.67%  [1.647(1.382) {1.313(1.293)
| |
v z=1y) | 0,980} *.003 11.103(1.120) {4.08(1.098)
R-r 1.776 | 1.558 i1.33&(1.270) 1.205(1.107)
| —
Nearest neichbour distance a (n.m) = 2.91
Static diclectric constant e(o) « 5,7
Valence “erni 7 omontun w  Telib

Ky
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‘This is unli ke earlier works where e(r) is only approxi mately
equal to e(o) for r > R. In this respect the TF theory

is better than the Penn model and other Penn~based models.

The display of ¢&(r) in Figs. 1-3 show that e(r) is a

smooth monotonic function of r with the TFD-NLDA being

the first to attain the maxi mum value of e(o) (i.e. V(r)

is most effectively screened). In the case of germanium

the inhomogeneity correction alone has é larger screening
effect than exchange, as evidenced by the fact that the TF-NLDA
version of e(r) attains maxi mum faster than TFD-LDA version.
IThig is not the case in the other two semiconductors and may
be attributed to the comparatively larger value of the nonlocal

parameter § for germanium

In the present treatment, we have assumed an essentially
static impurity and background charge density. However, for
real systems at finite temperature, one woluld require the

dynamic and wave vector dependent dielectric function.



77

CHAPTER 5

CONCLUSTION

- e W

We have here developed within the framework of the energy
densi ty functional formalism, a linearized TF theory which has
the effects of exchange-correlation and inhomogeneity incorporated.
The results aré a generalization of all earlier ones by Resta
(1977) and Scarfone (1984). In particular, it is shown that
the spatial dielectric function still has the same simple analytical
form but di ffers from previous ones in the values of the constants
appearing in it. The homogeneous and isotropic model solid
(corresponding to the LDA) which has been in use up to now, has
proved to be a good approxi mtion for linear reSponée'of sem -
conductors despite the anisotropy and inhomogeneity of covalent
bonding (Pénn, 1962; Walter and Cohen, 1970). This is further
confi rmed by our results using the fact that the TF-LDA has a

greater region of validity in this linearized theory.

Our major result, the TFD-NLDA leads to a more effective
screening of the attractive i mpurity potential than either the
linear or non linear TFD results of Scarfone. Although the
region of validity of the TFD-NLDA is less than the TF-case,
it is nevertheless a correction in the right direction since it
has the effects of exchange-correlation and inhomogeneity
included. The decreasing region of validity with the systematic
inclusion of each correction is probably an indication of the

inadequacy of the linear theory for treatment of such systems.
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Previous work done on dielectric screening in the range of
metallic densities (Almbladh et al., 1976) have confirmed this
speculation. It was found that an impurity particle carrying
even a unit charge is quite a strong perturbation on an electron
gas within the metallic range of densities. This would imply
that the potential of a unit charge impurity is strong enough

to give rise.to bound states in its vicinity (in the case of
attractive impurity) thereby invalidating the use of the linear
theory. For a negative unit charge impurity, the linear response

is found to give a negative electron density near the i mpurity.

In general, the lineaf response theory leads to an
unreasonable density di stribution around the impurity. It is
notéd that for the theory to work, the induced charge density
probably has to be about one order of magni tude smaller than
the baékground charge; In other words the perturbing potential
has to be sufficiently weak. In view of the simi larity of charge
distribution between metals and semiconductors, it is in effect
concluded that for the highly‘charged impuri ties known to exist

in sem conductors, the linear theory is an inadequate tool.

One fherefore expects that solving our nonlocal version
of the nonlinear poisson -equati on would provide a better descrip-
tion of dielectric response. This can however be done only
numeri cally.. The nonlinear screening theory is presently being
investigated with the aim of also throwing more light on the
competi tion between inhomogenéi ty and exchange—corrélati on

effects in dielectric screening. Based on our earlier
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speCulation that there is a contribution to kinetic energy
ari sing from exchange-correlation, the effect of such
contribution (as calculated by Bass (1985) and Elegba'(1986))

”'ﬁfoﬁ'the present screening theory is also being investigated.
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