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ABSTRACT
In this thesis, basic ingredients of partially ordered multisets were employed in which some of
its formalisms were further developed and a set of rules formulated which explicitly
characterize the chemical and physical functions, among others, of the processes taking place
in a biological cell. In the sequel, a grid form of the Jouannaud-Lescanne set-based and
submultiset-based multiset orderings have been developed. Relatively, more applicable
definitions of the multiset orderings and some of their systematic relationships were
presented. A possibility of extending the set-based multiset ordering to simple multisets of
incomparable objects has also been observed. A consequence of partial ordering — a partial
ordering which is restricted to incomparable element — was studied and a number of its
examples presented. By using this concept, a variant of alternative P system using specialized
rules was developed, and was shown to adequately simulate the activities of the biological
cells as opposed to the conventional P systems whose rules represent the activities of the
biological cells in an unspecialized manner. It is shown that with only one membrane and
three rules, a nondeterministic alternative P system based on ideal ordering is able to
characterize the family of recursively enumerable languages. Finally, some deterministic P
systems based on weak rule priority were defined to carry out arithmetic operations and

exemplified.
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CHAPTER ONE

GENERAL INTRODUCTION

1.0  Introduction

P system is a computational device which is designed to model biologically inspired
processes. It abstracts the way in which chemicals interact or cells behave. The device
was first submitted as a report in Paun (1998) and subsequently published in Paun
(2000), and hence the name. Although inspired by biology, the primary research
interest in P systems is concerned with their use as a computational model rather than
for biological modelling (Paun & Rozenberg, 2002) although this is also being

investigated (Paun, 2006, Ardelean and Cavaliere, 2003).

It is worth mentioning some of the basic features of models investigated in P
system. The compartments of a cell contains molecules and other substances
swimming in an aqueous solution. Thus, the suggestion is to work with objects whose
multiplicities matter, hence with multisets. This is a data structure with peculiar
characteristics, not new but not exhaustively investigated in Mathematics and applied

in Computer Science.

Also of interest in our research is the notion of multiset ordering. We redefine
the Jouannaud-Lascanne’s mulitset ordering based on the concept of grid. To this end,

we define the concepts of grid, difference grid and grid-based orderings. We extend



the set-based multiset ordering to accommodate simple multisets of incomparable
objects which are a systematic way of proving that the grid-based ordering is stronger
than the conventional set-based ordering. Also, we consider the concept of ideal
ordering — a partial ordering whose property is restricted to the partially ordered
relation and the accompanying incomparability relation on three elements. The main
idea behind the use of ordering in the model of P system is to introduce the rule
representing the so-called derived reaction. This rule together with those representing
physical change, chemical reaction, catalytic reaction and mixture are responsible for

the evolution of the variant of P system introduced.

We apply the concept of P system to arithmetic operations on non-negative
integers. The P systems obtained are of deterministic type based on the weak
priorities for rule application. It is verified that two membranes suffice. Moreover,
there are at most four objects for multiplication and five objects for division
throughout the computation processes. The P systems so obtained serve as bases upon
which other complex operations may be built, and upon which basic operations may

be extended to cover the set of positive and negative real numbers.

It may be noted that many other natural computing devices have been in
existence, namely, neural networks, (Bishop, 1995), genetic algorithm, (Davis, 1991)
and DNA computing (Paun et al., 1998). None of these areas considers the cell
itself as its object of research, and pays attention to the structural properties of
membranes and compartmentalization. Moreover, nature computes not only at the
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neural or genetic or molecular level, but also at the cellular level (Paun, 2006). This is
what membrane computing is concerned about. Since the primary research interest in
P systems is concerned with their use as a computational model the area of study can
be seen as an extension of DNA computing (or more generally, molecular computing)

from the one processor level to a distributed computing model.

P system is one of the most widely researched areas in the line of emerging
computing devices inspired by natural biological phenomena. Essentially, the study of
the cell cannot be understood without considering membranes. As a matter of fact,
parts of a biological system are delimited by membranes. It begins with the
membranes which enclose the internal organs of the cell — the nucleus, the Golgi
apparatus, etc, and the outermost membrane covering a cell, also called the skin
membrane. It goes a long way to the skin of an individual organism which separates
the organism from the environment. There is also the concept of a virtual membrane
which delimits, for example, a part of an ecosystem. This gives the flavor of
distributed computing to this model. There are different but well delimited computing
units that coexist and are hierarchically arranged in a complex system, from a single
processor level to the World Wide Web. Such distributed symbol processing systems
are mirrored in mathematical terms by exploiting a grammar system and multiset and

its associated algebra, automata systems and register machines.

Since the biological membranes are known to be semi-permeable, membranes
prevent certain chemicals and allow other chemicals to pass through it in a selective

3



manner. Sometimes the movement is only in one direction, and sometimes it is bi-
directional. This can be a simple selection by size, in the case of small molecules, or a
much more non-trivial selection, through protein channels, which not only select, but
can also pass molecules from a region of low concentration to a region of higher
concentration and vice versa, probably coupling molecules as they move, in a process
called symport or antiport. Of course, variants could be developed in which the
system has so-called opaque membranes, opaque in the sense that no movement
across such membranes is allowed. It may be natural that this variant is rarely studied.
An important role of membranes in membrane computing is that each membrane is
seen as a separator of two regions, the region inside the membrane and the region

outside the membrane.

A basic ingredient of membrane computing is the notion of membrane
structure. It is a hierarchical architecture composed of non-intersecting membranes
placed inside a unique membrane called the skin membrane. Non-intersecting in the
sense that the arrangement of two membranes is either that one contains the other or
they are disjoint. Such architecture is usually represented by a Venn diagram for
simplicity. However, formal definition of a membrane structure exists.

Next, we consider the notion of a super-cell system. A super-cell system is a
membrane structure with objects placed in the regions delimited by the membranes.
Several copies of a particular object can appear. This gives rise to the use of multisets,

which simply are sets whose elements can have multiplicities associated with them.



A P system is a super-cell which has the ability to evolve. In other words, a P
system is a membrane structure with objects in some of the regions specified by the
membranes, with specified evolution rules for the regions and input and output
membranes. The rules in these regions are responsible for the evolution of the objects.
The P system pre-specifies input and output membranes. The input and output
membranes contain respectively, the input objects before a computation and the
output objects after the computation. Any object, alone or together with one more
object, can evolve — be transformed into other objects, be passed from one region to
the other through a membrane, and can dissolve the membrane into which it is placed.
All objects can evolve at the same time, in parallel. In other words if a rule is applied
to a particular object, it should be applied as much as possible to the copies of the
object in the membrane containing such rule. Moreover, all membranes are active at
the same time. That is, all the membranes in the system work in parallel. It can be

therefore seen that there exists two levels of parallelism in membrane computing.

A computation in a membrane system is obtained by starting with an initial
state called initial configuration. Objects are placed in the input membrane. Such
objects define the input for the computation. Rules are then applied in a maximally
parallel manner to the objects placed inside the regions delimited by the membranes,
non-deterministically choosing the rules. This is done in parallel for all the

membranes whose rules can be applied at that moment. A computation halts when no



rules can further be applied in the system. The output of the computation is obtained

by the number and multiplicity of the objects inside a predefined output membrane.

The rules which make the objects in these membranes to evolve may be given
priorities as to which to be applied first and which to be applied next and so on. Also
rules which have no priorities assigned to them are chosen non-deterministically. The
system is said to be cooperative if there are rules which specify the evolution of
several objects at the same time and non-cooperative if all the rules specify that only
one object evolve at the same time. An intermediate case is where there are certain
objects called catalysts which do not evolve alone, but help in the evolution of other
objects, and are not modified by the rules. We call the systems of the type so far
explained transition P systems as distinguished from other variants which are also

considered in various texts.

It is worth mentioning that the cooperative P systems and systems with
catalysts have computational completeness. That is, they can characterize the
recursively enumerable sets of natural numbers. It is with this notion that the super-
cell structure is used as a support for a computing device based on any type of objects
and any type of evolution rules associated with them. In the above case, the objects
are single symbols, taken from a set called an alphabet. Also considered is a case
where the objects are strings. In this case an infinite set of objects can be used, which
can evolve in many ways. Such ways are defined by rules which process strings.
Rules such as insertion, deletion, rewriting, splicing and point mutation, just to

6



mention a few, have been used. Splicing is a technical term in molecular biology and
genetics meaning the operation of modifying the nascent pre-messenger RNA

transcript in which introns are removed and exons are joined.

It is worth mentioning that a P system is a computing device with input and
output relation and pertains to natural computing. One is interested in an output given
a particular input. P systems are universal in the sense that their computational ability
can be compared to that of a Turing machine. Hence, we say that they are
computationally complete. Interesting researches in membrane computing are already
ongoing most of which lay emphases on the computational completeness, power and

efficiency of its variants.

An element which is pre-requisite for researches in membrane computing is
the theory of formal language. In fact, Kitano (2002) views membrane computing as a
branch of formal language theory. It is worth mentioning that the proof techniques,
the generative style, the rewriting-type of multiset processing rules are very much
similar to formal language theory. As a result, most papers on P systems start by
collecting a long list of notations and results from formal language theory. Basic
regulations on the context-free grammars, such as matrix grammars (with appearance
checking), are not only used, but are promisingly very powerful and raise new and
interesting research questions. The use of matrix grammars is rather useful in many
cases, because they involve contest-free grammars, which is the most widely
investigated and applied class of Chomsky grammars and they have beautiful normal
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forms and more importantly, they are very powerful results, proved decades ago. See
Rozenberg and Salomaa (1997), Martin-Vide and Paun (2001) and Kitano (2002) for
detailed reading. In particular, Kitano (2002) is handy for interested authors of

membrane computing.

1.1  Statement of the Problem

Quasi-general P systems have been modelled strictly by means of rules which
represent the processes taking place in a biological cell without explicitly specifying
the biological, chemical or physical function of each rule as is obtainable in the said
cell. It can therefore be said that the P systems have not been able to adequately
simulate the activities of the biological cell, and thus cannot be said to truly carry out
the computational capabilities of the cells in question. Bearing in mind such
shortcomings, we intend to model an alternative P system, which is capable of
simulating biological activities at cellular level and can compute all recursively
enumerable sets of natural numbers with limited number of rules, each of which

would function in a specialized manner.

1.2 Justification

P system is one of the most researched areas in the field of natural computing.
However, the known variants of P systems basically make use of the application of
rules to objects within regions and from one region to another without accounting for
the biological functions (reactions) of each of the rules used. The variant of P system
in this thesis considers physical change, chemical reaction, mixtures and derived
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reaction among others. The variant of P system is therefore more realistic. Moreover,

it uses the mathematical tool of multiset ordering, thereby rendering the variant of P

system more elegant in its application. It uses limited number of rules and only one

membrane to achieve computational completeness.

1.3

Aim and Objectives

The aim of this research is to develop an alternative P system based on an ideal

consequence of partial ordering on multisets which would be capable of modelling

biological systems.

The main objectives of this research are to:

Vi.

Construct a grid-based multiset orderings and compare them with their
existing partition-based counterparts.

Investigate the possibility of extending the set-based multiset ordering to
simple multisets of incomparable objects.

Examine the concept of ideal ordering — a property restricted partial
ordering on multisets, with examples.

Construct a nondeterministic alternative P system.

Investigate the computational completeness of the proposed alternative P
systems.

Design algorithms to compute the four basic arithmetic operations in

deterministic P systems based on the weak rule priority.



1.4 Methodology

A grid approach was used to redefine the set-based and submultiset-based orderings
which was originally defined by Jouannaud and Lascanne. Also, we used the
induction method of proof to show that the set-based ordering can be extended to
simple multisets of incomparable objects. A multiset ordering approach was followed
in conjunction with physical change, chemical reaction, derived reaction, mixture and
the null reaction to model a process taking place in a living organism. Moreover, a
register machine was used to prove that the model of P system presented is
computationally complete. For the application of P system to arithmetic operations on
non-negative integers, we used the method of weak rule priority to achieve

determinism for the system.

1.5 Organization

This thesis is subdivided into six chapters. Chapter one gives a general introduction to
the study. In Chapter Two, a comprehensive review of the literature of P systems and
multiset orderings relevant to the research are presented. In Chapter Three, some of
the fundamentals of P system and multiset orderings were observed. In particular, the
concept of ideal ordering is introduced and some proposed results are investigated. In
Chapter Four, a deterministic alternative P system based on the concept of ideal
ordering is presented. In Chapter Five, we present the application of P systems in
modelling arithmetic operations based on the weak rule priority. Chapter six contains

conclusions and summary.

10



CHAPTER TWO

LITERATURE REVIEW

Paun (1998) introduces a branch of natural computing which tries to imitate nature in
the way it computes, by learning new computing models and computing paradigms
experimented for billions of years by nature and by implementing them in
computations. The system considers the notion of membranes in a network called
membrane structure, usually presented in the form of a Venn diagram. Objects are
placed in the regions delimited by the membranes; these objects are allowed to evolve
by the evolution rules placed within the regions. The overall system gives rise to a

device which works similar to a computing machine called a P system.

Krishna and Rama (2001a) showed that evolution rules applied to sequential
rewriting could be extended to the parallel case as an improvement to Paun (1998).
The aim of the extension is quite natural and more appropriate from the point of view
of biology, because a cellular substance can be the subject of many chemical reactions
acting on it at the same time. A result of this extension is that if the rules that are
applied on the same string have mixed target indications, then consistency problems
for the communication of the evolved string occur, because there are contradictory
indications about the region where the string should be at the next step. The approach
used in this chapter to face the problem is to define deadlock states, which cause

further processing and communication of the strings to stop. Parallel rewriting P
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systems which use some different parallel rewriting methods, and whose
configurations may present deadlock states or not, are compared to Lindenmayer
system and matrix grammars without appearance checking as well as to parallel

rewriting P systems which use a different type of parallelism.

Paun et al. (2002) dealt with P systems which use different parallelism
methods for strings rewriting, but the assumption here is that no target conflicts can
arise after a parallel application of rules. Indeed, the rules to rewrite a certain string
are chosen according to one of several different parallel rewriting methods, but only
the rules which agree on the target membrane can be applied on a common string. It
analyzes the computational power of such kind of P systems, comparing them to
Lindenmayer systems and obtained a final hierarchy to the chosen parallel rewriting

method.

A somewhat alternative P system was introduced in Freund and Oswald
(2002) called PX systems. PX system is a new model of membrane systems where the
application of the rules is controlled by an underlying state-transition diagram. In
particular, such a variant of membrane systems is obtained by combining the basic
features of P systems with the features of X machines. PX systems are proved not to
be computationally complete by showing that they are equivalent in power to a
particular class of L systems. It also proposes an alternative approach to generate
languages by means of P systems: building up an adequate representation for a string
by means of an appropriate membrane structure and then generating the string by

12



visiting the membrane structure according to a well-specified strategy. To this aim, it
considers P systems where the membrane structure can be modified during a
computation by using the operation of membrane creation, membrane division,
membrane duplication, and membrane dissolution. The output of a computation may
be obtained either by visiting the tree associated with the membrane structure or by
following the traces of a specific object, called traveler or sending out the objects. For
each of these approaches, characterizations of recursively enumerable languages are
provided that are based on P systems that use different sets of operations for
modifying the membrane structure. Also, Freund and Oswald (2002) reports several
results concerning the computational power of the various features of population P

systems.

Furthermore, Freund and Oswald (2002) deals with the issues concerning the
use of membrane systems as a modelling tool for biological systems. Specifically, it
presents a general framework for modelling with membrane systems that is based on
a model where rules have associated a finite set of attributes and a corresponding
function. Attributes and functions are meant to provide those extra features which are
necessary to close the gap between the abstractness of more standard P system models
and the reality of the phenomenon to be modelled. The behavior of such P systems is
defined in terms of bounded parallelism, which precisely formalizes the idea of a
membrane system as a system where a certain number of components evolve in

parallel at the same time by means of a certain number of rules applied inside each
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one of these components. It also deals with a particular instance of the general model,
a particular class of P systems is considered where rules have associated a real
constant as an attribute and the corresponding function is used to compute a value of
probability depending on this constant and on certain multisets of objects defining the
context where the rule is applied. For these P systems, a precise strategy for applying
the rules is devised: in each step, the next rule to be applied is selected depending on

the aforementioned values of probabilities.

The evolution-communication model was analyzed in Paun (2002) and the
obtained results are listed. Both the generating and accepting cases are investigated,
as well as a few restrictions, such as determinism and time freeness. A special variant
is introduced, called proton pumping P systems, and the corresponding results are also
presented. The same Paun (2002) introduce P systems having only symport/antiport
objects between regions. The history of the research latest results is presented, both
on cell-like P systems and tissue P systems. It also investigates what can be computed
by symport/antiport P systems with a small alphabet of objects. Again, both cell-like
P systems and tissue P systems are considered. In its chapter 7, the same text dwells
upon some applications of P systems especially of evolution-communication P
systems in the Sorting Theory. Application of symport/antiport P systems with
membrane division in Complexity Theory and an application of proton pumping P

systems in multiset rewriting theory are also presented.
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The question of how errors spread and propagate in cooperative systems has
been studied in a variety of fields. Chapter 4 of Paun et al. (2001) is devoted to
several bio-inspired generalizations of the classical P system model and is motivated
by the issue of resilience in face of errors. It presented systems that are immune to
errors regarding the execution times of rules and the degree of the rewriting
parallelism. It introduced and studied timed P systems with promoters/inhibitors
where a time is associated with the execution/application of any rule of the system in
any given configuration. It then find a proper subclass of such systems able to
generate the family of sets of vectors of numbers regardless of the values of the time

associated to the rules.

In many applications, P systems have considerable advantages. Among them
are their inherently discrete nature, parallelism, transparency, scalability non-
determinism and expressivity to model phenomena. On the application of P system,
Paun et al. (2001) studies two applications of membrane computing, namely static
sorting and circuits simulations. Sorting numbers represents one of the most studied
problems in computer science. Boolean circuits embody their notion of massively
parallel signal processing and are usually encountered in many parallel algorithms.
Many important problems such as sorting, integer arithmetic and matrix
multiplication are known to be computable by small size Boolean circuits much faster
than ordinary sequential digital computers. Paun et al. (2001) showed that membrane

computing allows one to simulate such Boolean circuits in a polynomial time.
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In Paun and Paun (2005), we saw the first results related to P systems using
rules from brane calculi and evolution rules based only on proteins placed on
membranes. It also considered a class of P systems with objects placed in both
compartments and on membranes, with the evolution of the former being controlled
by the latter, which can also evolve, either by membrane operations or, directly by
object evolution rules. Computational universality is obtained for several
combinations of such possibilities. It also investigates P systems with only one
protein on a membrane, P systems with minimal number of rules, P systems working
in accepting and computing mode, etc. As an application of P systems with proteins
on membranes, Paun and Paun (2005) gave a solution to the Satisfiability problem in
polynomial time, using exponential space. The thesis Paun and Paun (2005), in its
Chapter Six, combined two central ideas used in membrane computing. Namely,
working with string objects processed by context-free rewriting rules (such systems
are known not to be universal (Paun et al.,, 2005)) without target indications
associated with the rules, and moving the strings across membranes by means of
symport rules. The passage of strings across membranes is controlled by means of
regular expressions which define language of strings able to move in/out a region of a
system. This reminiscent of EC (evolution-communication) P systems from Ibarra
(2005) and Martin-Vide and Paun (2000). can also be related to the brane calculi —
membrane computing bridging, in the sense that one combines the evolution of
objects (described by strings this time) from the compartments of a membrane

structure with the control imposed by the proteins placed on membranes.
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We list here some of the variants of P system already developed. In Paun
(2001), new approximate algorithm for optimization problems, called membrane
algorithm were proposed. In Nishida (2004), Tissue P systems with symport/antiport
rules of one symbol are computationally complete. In Ciobanu et al. (2003), Cient-

server P system were proved to have the same expressive power as Turing machines.

Krishna and Paun (2005) introduced the notion of mobile membranes, to the
aim of defining a new type of communication which has as biological counterpart the
functioning of the Golgi apparatus in living cells. In order to simulate the inspiring
natural features, it considers P systems with simple membrane structures, with string
objects representing proteins or any structured substance, and with operations on
strings of a biochemical nature only. It analyzes the computational power and the
efficiency of this kind of systems. It also showed that all recursively enumerable
languages can be generated with a finite number of membranes. In either case,
communication with mobile membranes is associated or not to classical
communications. It also proved the possibility of solving NP-complete problems in

polynomial time, and gave a direct construction for the Hamiltonian Path Problem.

Kelemen et al. (2004) showed that the Hamiltonian Path Problem could be
solved in polynomial time by P systems with active membranes where the membranes
are only divided into two new membranes. It also showed how the Hamiltonian path
problem could be solved in polynomial time by a variant of P systems, with the
possibility of dividing non-elementary membranes under the influence of objects
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present in them. That the computational completeness of such systems does not
necessarily depend on membrane division or membrane dissolution has also been
shown. Other texts dealing with P systems with active membranes are Zandron et al.
(2001), Alhazov and Pan (2004), Alhazov et al. (2004) and Paun (2004). In Paun
(1999), P automata was introduced and it was shown that any recursively
enumerable language could be represented as an image of the set of accepted input
multiset sequences of a P automaton, under a certain projection. Freund et al. (2003)

and Freund (2004) are some of the materials on P automata.

Though membrane computing started as endeavor to solve some problems in
computer science, and not as a model of the cell biology, it turned out to be a
potential tool for simulating not only local phenomena in the cell but possibly also

simulating the cell as a whole (Tomita, 2001).

So far from the biological point of view, P systems have seen applications to
respiration in bacteria Suzuki et al. (2003), photosynthesis (Nishida, 2002), immune
system Ardelean and Cavaliere (2003) and the application of multiset re-writing P

systems to artificial life (Suzuki and Tanaka, 2000).

Manca et al. (2001) studied a variant of P system recently introduced by
Krishna and Rama (2001b), which has the power to also replicate the strings when
rewriting them. Freund (1999) and Freund (2001) considered sequential variants of P

systems. He considered the notion of generalized P systems, which is the most
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general model of sequential P systems. It allows for the simulation of graph controlled
grammars of arbitrary type based on productions working on single objects. Freund
also investigated the power of deterministic P systems described in Freund and Paun
(2003), in which an input is provided (by the user of the system, placed in the
environment) in the form of a number and the system accepts this number or not,
provided that a halting computation exists starting from the initial configuration. It
examines the possibility to recognize all Turing computable sets of numbers by means
of deterministic P systems. In Paun (2006), lonescu et al. (2006) and Cavaliere et al.
(2009), a consideration of the use of spikes in P systems was dealt with, which
mimics the way that neurons communicate with each other. In neural P systems with
a non-synchronized use of rules, a neuron can apply or not apply its rules which are
enabled by the number of spikes it contains. Spikes can be introduced. The result of
the computation is the number of spikes sent out by the system. The power of the
system is not decreased by the non-determinism introduced in the function of the
system. Also, Turing machine equivalence is attained. On P systems with
polarizations, Alhazov and Pan (2004) and Alhazov et al. (2004) addressed the
problem of removing the polarizations of membranes from P systems with active
membranes. This is achieved by changing the labels of the membranes by means of
communication rules or by rules for membrane division. P systems with active objects
are also considered in some variants — active in the sense that some objects create
membranes. This new variant of P system is capable of solving the Hamiltonian Path

Problem in linear time. This variant can be seen in Mutyam and Kriithivasan (2001).
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A variant of P system called splicing has also been investigated in the
literature. Some splicing also includes cutting and recombination of string objects.
Splicing P system tends to mimic the modified version of nascent pre-messenger
RNA transcript in which introns are removed and exons are joined. Variants of
splicing P systems can be found in Paun and Paun (2001), Frisco (2000) and Freund

(1999).

Some ramifications of multiset orderings exist in the literature. Knut’s
dominance (Knuth, 1973) seems to be the earliest known to usher in multiset
ordering. However, Dershowitz and Manna (1979) is the earliest reference known for
introducing the Dershowitz-Manna ordering and using it to prove the termination of
programs and term rewriting systems. The Dershowitz-Manna ordering was also used
in Singh and Peter (2011) to define tree structure for membrane computing. Huet and
Oppen gave a definition of multiset ordering in Huet and Oppen (1980),— a
refinement of the Dershowitz-Manna ordering. Jouannaud and Lescanne (1982)
introduced some multiset orderings based on multiset partition. The multiset

orderings proved to be stronger than the Dershowitz-Manna ordering.
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CHAPTER THREE

FUNDAMENTALS OF MULTISET, ORDER RELATION, FORMAL
LANGUAGE THEORY AND P SYSTEM

3.0 Introduction

It can be recalled that the main aim of the research is to develop an alternative P
system based on multiset ordering which would be capable of modelling biological
processes — our primary research being the use of the alternative P system as a
computational device rather than for biological modelling. Recall also, that our
methodology involves a multiset ordering approach which will be followed to model
a process involving both physical and chemical reactions taking place in a living
organism. Moreover, our objectives involve the construction of multiset model for the

proposed alternative P system.

To achieve our goal, we highlight some prerequisites in the areas of multiset
and order relations on multisets as tools necessary for the study of variants of
alternative P system presented. Secondly, we explore the basics of the theory of
formal language as an instrument used in investigating the completeness of
computational models both of biological and physical orientations. The central
objective of the presentation is to critically study some of the variants of P systems
studied in the past, particularly having biological inspiration and thereby investigate a

computationally more powerful P system, called alternative P system.
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3.1  Preliminaries of Multiset

Definition 3.1 Multiset

A multiset (mset, for short) is an ordered collection of objects, in which, unlike a set,
multiple occurrences of objects are admitted. Formally, a multiset M, built upon a set
S (called a domain set or base set of M) is a mapping M:S — N, (where N is the set
of all non-negative integers) and M(x) denotes the number of occurrences of x in M.
The empty multiset over S, defined M(x) = 0 Vx € S, is denoted by @. An object x is
a member of M if M(x) > 0. Each individual occurrence of x in M is called an
element of M. The set of all finite multisets built upon a domain set S is denoted by
M(S). It follows that a multiset M is a set in which M(x) = 1 for each x € S. The
cardinality of a multiset, denoted by |M|, or Card(M) is the sum of the multiplicities
of all the objects in M. The root or support of a multiset M, denoted by M* is defined
as M* = {x € M: M(x) > 0}. The elements of the root set of a multiset are called the

generators of that multiset. We shall assume all the multisets dealt with to be finite.

Definition 3.2 Types of multisets

A multiset is called regular if all its objects occur with the same multiplicity, for
instance, the multiset {a, a,a, b, b, b, 3,3,3} is a regular multiset. A multiset is called
simple if all its objects are the same, for example, {a, a,a,a} is a simple multiset
containing a as its only object. Clearly, the root set of every simple multiset contains

a single object. See Singh et al. (2007).
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Definition 3.3 Multiset equality
Let E be a base set of the multisets M and N, then M = N if and only if M(x) =
N(x) Vx € E where M(x) and N(x) denote the multiplicities of x in M and N,

respecively.

Definition 3.4 Submultiset

Given a multiset M over a domain set S, a multiset A over D is called a submultiset of
M writtenas AS M or M 2 A if A(x) < M(x) for all x € D, where A(x) and M (x)
are the multiplicities of x in the multisets A and M, respectively. Also, if A € M and
A+ M, then A is called a proper submultiset of M. A multiset is called the
supermultiset in relation to its submultiset. A whole submultiset of a given multiset
contains all multiplicities of common elements; while a full submultiset contains all
objects of the supermultiset, and accordingly, every multiset contains a unique full

submultiset, its root set (Singh et al. (2007), for details).

Definition 3.5 Union, Intersection and additive union or sum or merge

Let A and B be two multisets of finite cardinality over a given domain set D.

i.  The wunion of A and B denoted AUB is the multiset defined by
max(A(x), B(x)). That is, an object x occurring m times in A and n times in
B, occurs max(m,n) times in AU B. For example, if A = [a,a,b,b,d,d,d],

B =]a,b,c,c],thenA U B =]a,a,b,b,c,c,d,d,d].
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The intersection of A and B denoted AN B is the multiset defined by
min(A(x),B(x)). That is, an object x with multiplicity m in A and
multiplicity n in B has multiplicity of min(m,n) in An B. Using the last
example, A = [a,a,b,b,d,d,d] and B = [a,b,c,c] implies that An B =
[a, b].

The additive union or sum or merge of two multisets A and B denoted A W B
is the multiset defined by A(x) + B(x), direct sum of two numbers. That is, an
object x occurring m times in A and n times in B, occurs m + n times in A W
B. For example, given that A = [a,a,b,b,d,d,d], B = [a,b,c,c], then

AWB =|a,a,a,b,b,b,c,c,d, dAd].

Singh et al. (2007) for further details.

iv.

3.2

The difference of multisets A and B denoted A — B is the multiset defined by

max(A(x) — B(x),0) for all x in D (Tella et al., 2014).

Some Properties Holding for Multiset Operations
Commutativity: AUB = B U A,
ANB=BnNA

AYB=BUYA

Associativity: Au(BUC)=(AUB)UC
An(BnC)=AnNnB)NC

AJ(BUYC)=(AUB)UYC
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iii. Identity: AU =A

ANQ=0
Avp=A
iv. ldenpotency: AUA=A
ANA=A

however, AWA + A

v. Distributivity: ANn(BUC)=((ANB)UANC)
AU(BNC)=((AUB)N(AUC)
AY (BUC)= (AY¥ B)U (AW ()

AY BNC)= (AY¥ B)Nn (AW 0)

AN(AUuB)=A
AU(AWUB)=AUYB

AYB=(AUB)Y (ANB)

The above identities can be verified from the interpretation of U, N and ¥ as
the maximum, minimum and (direct) sum of two natural numbers. We also note that
W is stronger than both U and N in the sense that neither U nor N distributes over w,

whereas W distributes over both U and N, see Syropoulos (2000).
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3.3 Some Basic Terminologies on Order Relation

Definition 3.6 Order relation

Let S be a set and R a relation on S. Then R is a quasi-order (or pre-order) if it is
reflexive and transitive; a proper (or strict) order if it is irreflexive and transitive; a
partial order (or simply an order) if it is reflexive, antisymmetric and transitive; a
total order if it is a partial order and connected (or determinate). A strict partial order
if it is irreflexive, antisymmetric and transitive. A strict order is usually denoted by
the symbol < while an order (a non strict partial order) is always denoted by the

symbol < to indicate reflexivity.

It is therefore clear that every ordering is a relation. In most texts, the usual
ordering is symbolized by ‘<’ and is often used on the set of real numbers, whereas
the symbol “ <’ is used for the generality of the items that could be considered as
elements of a set (including real numbers). Moreover, some texts consider symbols
such as ‘ <<’ or * <<’ for the orderings that exists among sets, multisets or similar
structures. The symbols in question could be subscripted or superscripted as necessary
as in <; or <<, to distinguish among various variations of the orderings. Specifically,

these symbols are used for the strict orderings in the order relations defined above.

A counterpart is where the symbols are attached the equality sign and are used
for the non-strict aspect of the orderings. Such symbols include ‘<’, ‘<’ or ‘<.
However, some texts do not include the equality sign to the more complex ‘ <<’ or

‘ <<’ even when they do not mean the strict cases as long as the intended meaning is
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understood. It is more so to keep the symbols as simple as possible. In this thesis, we
shall employ such notations for the strict case of the ordering and explain the type of
ordering as well as say whether the ordering is between sets or multisets in their
various forms, where no subscript has been specified to lay such emphasis. Moreover,
we shall use < to mean partial ordering (as opposed to the strict case <) among the
basic elements of a set or multiset in which equality can be the case. In other words,
whenever the symbol < is used, it is interpreted to mean the strict case of the order <
without further emphasis. We shall write * <<= " to include equality where necessary

and avoid the use of symbols such as ‘<<’ and ‘<<’ to avoid ambiguity.

Definition 3.7 Set ordering
We define set ordering as follows: A set S is greater than a set T (written S >> T) if

and only if Vx € T\S,3y € S\T such that y > x.

As an illustration, assume, in the following examples, that alphabets represent
incomparable elements while numbers represent comparable elements. Assume also
that the alphabets are incomparable to the numbers. By this definition, the following

relations hold:

{4} > {3,2,1,0}
{a,b,c} > {a, b}
{3,2,a,b,c} > {3,a,b,c}

{4,a,b,c} > {3,2,a,b,c}.
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It can be verified that the set ordering so defined is a partial ordering. We used
this definition when describing the ordering that exists among the so-called references

in a set-based grid later.

Definition 3.8 Disrelation

We define a concept which may be well known to the reader, and which is useful for
the construction of our variant of alternative P system. Let R be a relation on a set M.
If there exists at least two different elements of M which are not related with respect
to R, then the two elements are said to be unrelated in M with respect to R. This
concept is known as disrelation. In other words, if a,b € M are such that a is not
related to b with respect to R and b is not related to a with respect to R and a # b
then a and b are said to be unrelated in M with respect to R . Symbolically, we write

as follows:

a#txb=—=(aRbora=borbRa)

where the negation symbol ‘—’ is used to mean ‘not’ and is read as such. In extension,

we have the definition of incomparablility relation below.

Definition 3.9 Incomparability relation

Let < be a partial ordering on a set S. We denote by x #_ y, the following relation:

—(x<yorx =yory<x) (D
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read as “x and y are incomparable under ‘<’” for some elements X and y of S.
Moreover, if there exist incomparable sets U and V, that is =(U < VorV
UorU =V), then we write U # V . Furthermore, we write U =<< V to mean U is
not less than V. The same operators are valid for multisets. The symbol # is similarly
used with elements of multisets to mean incomparability with respect to the orderings
such symbols represent. Particularly, one writes # to mean incomparability with
respect to <, the order symbol of the multiset in question where the subscript < is
omitted with the intention that the ordering to which incomparability is associated is
understood. Except for emphasis, we shall usually write # without the subscripts.

Thus,

a#b=—=(x<yorx =yory<x)

Definition 3.10 Inordering
Two elements x and y are comparably unequal with respect to the ordering < if and
only if either x < y or y < x. In other words x and y are comparably unequal if they

satisfy the property:

-(x =yorx#y)

In this light, a multiset is said to be unordered if it contains no pairs of comparably
unequal elements. Given that a # b, b # c and a # c, a typical unordered multiset is

M ={a,a,a,b,b,c}.
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Definition 3.11 The Dershowitz-Manna definition of multiset ordering
Let S be a domain set of multisets M and N. Then M << N if there exist two multisets

Xand Y in () satisfying the following:

. @ +#YCN,
. M=(N\Y)wX,and

iii. (VvxeX)@yeY)[y > x].

In other words, M << N if M is obtained from N by removing at least one element
(those in Y) from N, and replacing each such element y by zero or any finite number
of elements (those in X), each of which is strictly less than (in the sense of the
ordering <) one of the elements y that have been removed. Informally, we say that M
is smaller than N in this case. Similarly, >> on 9t(S) can be defined. For example, let
S =({0,1,2,...} = X). Then, under the corresponding multiset ordering << over X,
each of the following multisets {3,4}, {3,2,2,1,1,1,4,0} and {3,3,3,3,2,2} is less than
the multiset {3,3,4,0}. The empty multiset @ is smaller than any multiset. See

Dershowitz and Manna (1979).

Definition 3.12 The Huet-Oppen definition of multiset ordering

Let M and N be multisets over a base set E, then

M<<NIiffM #N &

[M(x) >N(x) = 3y € E)x <y &M(y) < N)]
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One importance of this definition is its usefulness in the ease of disproving an order
relation as we shall discover in some of the proofs in this text. We shall denote this
ordering by <<, (Huet and Oppen, 1980). The Dershowitz-Manna definition and the

Huet-Oppen definition are equivalent as shown in the following Theorem 3.1 below.

Theorem 3.1

The Dershowitz-Manna ordering and the Huet-Oppen ordering are equivalent.

Proof
Given that <<, and <<, are the Dershowitz-Manna and Huet-Oppen orderings,

respectively. Assume M <<, N, and define X and Y as follows:

Y(y) = max{N(y) — M(y),0},

X(x) = max{M(x) — N(x), 0}.

We prove (i) of Definition 3.11, Y € N is clear by definition. Because M # N there
exists z such that M(z) # N(z). If M(z) < N(z), then z €Y, if M(z) > N(z), by
Definition 3.12, there exists x, such that z < y and M(y) < N(y). Hence, y € Y. In
both cases, Y # @. (ii) is true by construction. To prove (iii), let x € X. By
hypothesis, there exists y satisfying x < y and X # Y. Without loss of generality, we
may assume Y and X disjoint, ie., Y(y) >0 = X(y) =0and X(y) >0=Y(y) =
0. Otherwise, Y would be replaced by Y —Z and X by X —Z where Z(y) =

min({Y (y), X(y)}. Conversely, assume M(x) > N(x). By (ii), M(x) = N(x) +
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X(x) —Y(x). This implies X(x) > Y(x) > 0, which means x € X. By (iii) where
exist y € Y, i.e, Y(y) > 0, such that x < y. The value of M in y is M(y) = N(y) —

Y(y) + X(y) = N(y) — Y(y) because X(y) = 0. Thus, M(y) < N(y). O

This proof was provided in Jouannaud and Lescanne (1982). We have, however,

presented an alternative proof in Theorem 4.24.

3.4  Elementary Formal Language Prerequisites

We introduce some formal language specific ingredients of P system, by giving basic
notions and notations of formal language theory, as well as elementary concepts
leading to automata and complexity theory. The reader is referred to Hopcroft (1979)
and Martin-Vide and Paun (2001) among other relevant materials for further

information.

3.4.1 Strings and languages

An alphabet is a finite and nonempty set of symbols. Given an alphabet VV, we denote
by V*, the set of all strings of symbols from V. It is the free monoid generated by V
under the operation of concatenation. The empty string is denoted by A and it does not

contain any symbol, the set of nonempty strings over V is denoted by V' = V*\{A}.

A language over V is defined as an arbitrary subset of VV*. A language that
does not contain the empty string is said to be A-free. Given a string x, x;,x, € V",
x; and x, are called prefix and a suffix of x if x = x;x,. Moreover, if x = x;x,x3,

then for some x4, x,,x3 € V*, x, is called a substring of x. We denote by Pref (x),
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Suff(x) and Sub(x) the set of all prefixes, suffixes and substrings of a string x,

respectively.

The length of a string x € V™ is the number of all occurrences of symbols from
V in x, and is denoted by |x|, while the number of occurrences in x of a symbol
a €V is denoted by |x|,. The set of symbols from V occurring in a string x is

denoted by alph(x); given a language L < V*, we define alph(L) = U,¢, alph(x).

Given an alphabet V = {a;, a,, ..., a, } to every string x € VV* we can associate
the Parikh vector ¥y (x) = (|xlqa,, [xlq,, .-, [x]q,). Given a language L < V*, we can
also define the Parikh image of L as W, (L) = {¥y(x) | x € L}. If FL is a family of

languages, then PsFL denotes the family of Parikh images of languages in FL.

A set M of vectors in N, for some n > 1, is said to be linear if there are some
vectors vy, vy, ..., v, € N, m > 0, such that M = {vy + X%, a;v;| 4, ..., &, € N}
That is, M is semilinear in N™ if M € N™ and every vector in M is a linear
combination of some vectors in N™. A semilinear set is a finite union of linear sets. A

language L < V* is semilinear if its Parikh image ¥}, (L) is a semilinear set.

3.4.2 Operations with strings and languages
The usual set operations can be extended in a natural way to languages, as well as

several operations which are specific for strings and sets of strings:
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Vi.

Vii.

viii.

The union of two languages L;,L, S V*isthesetL; UL, ={x|x € L, A
x €Ly}

The intersection of two languages L,,L, S V*istheset Ly N L, = {x | x €
LiVx €Ly}

The difference of two languages L, L, € V* is the set L;\L, = {x | x €
Linx &Ly}

The complementation of a language L S V* isthe set L = {x |x e V* A
x €L} =V"\L.

The concatenation of two languages L,,L, S V* is the set L,L, =
{x1x2] x1 € Ly Axy € Ly},

The Kleene closure of a language L € V* is the set L* = U;»o LY, Where
L} = =1L, that is the concatenation of L by itself i many times.

The right quotient of a language L; € V* with respect to a language
L, € V*isthesetL;/L, ={x € V* | xy € L, forsome y € L,}.

The left quotient of a language L; < V* with respect to a language L, € VV*
isthe set L;\L, = {x € V* | yx € L, for some y € L,}.

The right derivative of a language L < V* with respect to a string w € IV'*
istheset (L) ={x e V* | xw € L}.

The left derivative of a language L < V* with respect to a string w € V™" is

the set 8}, (L) = {x € V* | wx € L}.
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Let L(U*) denote the set of all languages over an alphabet U. A finite
substitution over an alphabet V is a mapping o:V* = L(U*) such that, for each
symbol a € V,a(a) is a finite nonempty language, with (1) = {1} and a(x;x,) =
o(x,)a(x,) for all string x4, x, € V*. If none of the languages o(a), a € V, contains
the empty string, then the substitution is called 1 — free. If each o(a) consists of a
single string, then the substitution is said to be a morphism. The inverse morphism is
defined as o~ 1: U* - L(V*), where a71(w) = {x € V* | a(x) = {w}}. A morphism
o:V* - U” is called a coding if o(a) € U for all a € V, it is called a weak coding if
o(a) € U U {4} for each a € V. The mapping defined on strings are extended to
languages in the natural way, for instance if o:V* — U* is a morphism and L € V*

then o(L) = {o(x)|x € L}.

A family FL of languages is closed under an operation y if y(L) € FL
whenever L € FL. A family FL of languages is closed under an n-ary operation y,, if,
for all languages L, ...,L, In FL, the language y,(L4, ...,Ly,) is also in FL. Any
language which can be obtained by using finitely many times the operation of union,

concatenation and Kleene closure is called regular.

A family of languages is called an abstract family of languages (AFL, in short)
if it is closed under the operation of union, concatenation, +-Kleene closure,
intersection with regular languages, A-free  morphisms and inverse morphisms. An
AFL is a full-AFL if it is closed under the operation of Kleene closure. If a family of

languages is closed under none of the cited operations, then it is called an anti-AFL.
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3.5 Chomsky Grammars

Definition 3.13

A Chomsky grammar is a quadruple G = (N,T,S,R), where N,T are disjoint
alphabets of non-terminal and terminal symbols, S € N is the axiom, R is a finite set
of rewriting rules (or productions) of the form u —» v, with ue (NUT)*, v €

(N U T)*, with the condition that u contains at least one non-terminal symbol.

Given a string w = w;uw, and a production u — v in R, we can rewrite u by
means of v and we obtain the string z = w;vw,. This operation is called a direct
derivation in G and it is denoted by w = z. The reflexive and transitive closure of the
relation = is denoted by =", meaning that we have w =" z if either w = z, or
W=z =2z, = =z, =z for some z;,z,..,z, €EV*, k>1. Each string
w € (N UT)* such that S =" w is called a sentential form. The language generated
by G is the set of sentential forms over the terminal alphabet defined by L(G) =

{xeT"|S="x}

According to the form of the rules on the set R, the Chomsky grammars can be

classified as follows:

Type-0 grammar: the productions are of the form u — v, where u € (NUT)*,

v € (N U T)* and u contains at least one non-terminal symbol;

i.  Type-1 (context sensitive) grammar: the productions are of the form u - v,

where u =u 4u,, v =uzu,, with u, u, € (NUT)",A€EN,zE€
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(N uUT)*. The form of the production of a contex sensitive grammar can
equivalently be given in terms of the length of the string for all u - v in R,
the condition |u| < |v| must hold;

li. Type-2 (context free) grammar: the productions are of the form A - v,
where A € N,v € (NUT)*;

iii.  Type-3 (regular) grammar: the productions are of the form A - aB,A - a

(right regular) or A - Ba, A — a (left regular), where A,B € N,a € T.

The families of languages generated by context sensitive, context free and regular
grammars are denoted by CS, CF,REG, respectively, and are naturally called context
sensitive, context free and regular languages. The family of languages generated by
type-0 grammars are called recursively enumerable languages and denoted by RE. We
also denote by FIN the family of finite languages. Among these families, the
following strict inclusions (describing the Chomsky hierarchy) hold: FIN c REG c
CF c CS c RE: The families of languages REG, CS, RE are full-AFL, while CS is an

AFL.

Example 3.1

A list of languages in the Chomsky hierarchy:

Ly ={a™b™ | m,n =1} € REG
L, ={a™b™ | n > 1} € CF\REG

Ly = {a™b"™c™ | n =1} € CS\CF
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Ly ={a?" |n =1} € CS\CF

Ls = {xcx | x € {a,b}'} € CS\CF

3.6  Some Elements of Computability

3.6.1 Automata

Automata are computing devices which work in the opposite direction with respect to
grammars: while grammars generate the strings of a language, automata can
recognize the strings given as input, telling whether or not they belong to a specified

language.

The basic families of languages of the Chomsky hierarchy are characterized by
different kinds of recognizing automata. We present here only two types of automata,
corresponding to regular and recursively enumerable languages (the families at the

extremes in the Chomsky hierarchy).

Definition 3.14 Finite automata

A (nondeterministic) finite automaton is defined by the construction A =
(Q,%,q0,9,F), where Q is a finite set of states, X is a nonempty finite set of input
symbols (such that Q N £ = @), q, € Q is the initial state, F € Q is the set of final
states, and §: Q X £ — P(Q) is the transition function. We denote by &(q, a) the set of

all states p € Q such that there is a transition from q to p on input a. If

card(8(q,a)) < 1forall ¢ € Q,a € %, then the automaton is said to be deterministic
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(in this case, if 6(q,a) # @, then we can identify it with a state in Q, hence we can

consider § as a partial function from Q X X to Q).

We can picture a finite automaton as a device consisting of an input tape
(which collects the symbols from X), a finite control which is in some state from Q,

and a reading head scanning a symbol of the tape from left to right.

Input tape

Read

Finite state control

Figure 1: Finite state automaton

In one move, if the finite automaton is in the state g € Q and it is reading the
input symbol a € X, then it enters one of the next states in §(q, a) and moves its head

one symbol to the right.

To formally describe the behavior of the finite automaton on an input string

and not only on an input symbol, we must consider an extension of the transition

function, namely & : Q x * — P(Q), such that
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i. 8(g,)=q

i.  8(q,xa) = Uyres (g 0(q', @), where x € 3*,a € Zand q,q" € Q.

The first condition disallows a change in state without any input, the case
when the head is reading an empty cell on the tape. The second condition indicates
that, starting in state g and reading the string x followed by the input symbol a, the
finite automaton can be in any of the states which are reachable from the state g, after
reading the symbol a. A string w € £* is said to be accepted (or recognized) by the
finite automaton if, starting with the finite control in the initial state g, and with the
head reading the first symbol in w, the automaton reaches a final state after the last
symbol in w has been scanned. Hence, the language recognized by A is the set of
strings  L(A) = {w € £* | §(go, w) contains a state in F}. Nondeterministic and
deterministic automata are known to be equivalent in the following sense: they both

characterize the family of regular languages REG.

3.6.2 Register machine

Informally speaking, a register machine consists of a specified number of registers
which can hold any natural number, and which are handled according to a specified
program consisting of labeled instructions; the registers can be increased or decreased
by 1 — the decreasing being possible only if a register holds a number of greater than

or equal to 1 (we say it is nonempty).
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Formally, a deterministic register machine is a device M = (m, B, ly, I, R),
where m > 1 is the number of registers, B is the set of instruction labeled, [ is the
intial label [, is the halting label, and R is the set of instructions labeled by elements
from B(R is also called the program of the machine). The labeled instructions are of

the following forms:

i. [l;:(ADD(r),l,) (add 1 to register r and go to the instruction with label [,),
ii. 1 : (SUB(r),1,,13) (if register r is not empty, then substract 1 from it and
go to the instruction with label 1,, otherwise go to the instruction with label

l3)1

iii. [, : HALT (the halt instruction which can only have the label [;,).

A register machine is used to recognize a number in the following manner: we
start with all registers being empty, we introduce a number in a distinguished register
(say, the first register), and we start to compute with the instruction labeled by [,; if
the computation reaches the instruction labeled by [, : HALT (that is, it halts), then
the number is recognized, otherwise it is not recognized. The set of all numbers
recognized by M is denoted by N(M). It is known (see Minsky (1967) and Freund
and Oswald (2002)) that deterministic register machines (with three registers only, but
this aspect is not important in what follows) recognize exactly the family NRE, of

Turing computable numbers.
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3.6.3 Turing machine

A Turing machine is a computational device consisting a finite state control, an input
tape (which is infinite to the right) and a read/write head which can read symbols
from the tape and also rewrite the scanned symbols. Formally, a (hondeterministic)
Turing machine is a construction M = (Q,%,T, 5,q¢, F,8) where Q is a finite set of
states, X is the tape alphabet, I' € X is the input alphabet, # € X\T is the blank symbol,
qo € Q is the initial state, F < Q is the set of final states, and § is a function from

Q XZtoP(Q x X x {L,R}), whith L, R symbols not in X.

The mapping & describes the moves of the machine: if (q’,b,D) € 6(q, a) for
some q,q" € Q,a,b € Z,D € {L, R}, then the machine reads the symbol a in the state
q and changes its state to ¢’, it replaces the symbol a with symbol b and moves the
head to the left if D = L, to the right if D = R. If card(8(q,a)) <1 for all q €

Q, a € X, then the Turing machine is said to be deterministic.

A Turing machine can be pictured as a finite automaton, though there are some
differences in the functioning of the two devices, e.g. the Turing machine can move
its head to the left as well as to the right of the tape, it can erase the scanned symbol

(replacing it with the blank symbol).

A configuration of a Turing machine M is a triple (x, q, y), where x € X* is the
string written on the tape, q € Q is the state of M and y € Z*(Z{ 4 }) U {4} is the

portion of the string whose left-end is currently scanned by the head. Note that both x
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and y may be empty, the blank symbol may appear in x, y, but not in the last position
of y. We can define a direct transition relation 4,, among two configurations of M

(that is, a step of the computation) in the following way:

i. (x,q,ay)ry{xb,q',y)ifandonlyif (¢',b,R) € 6(q,a)
(right move, using a symbol a € %)
ii. (x,q, b))y (xb,q', b)ifandonlyif (q’,b,R) € 6(q, /)
(right move, using a symbol a € X)
iii.  (xc,q,ay) Fy (x,q',cby) ifand only if (¢’,b,L) € §(q,a)
(left move, using a symbol a € X)
iv. (xc,q, b))y (x,q',cb)ifandonlyif (q',b,L) € §(q, /)

(left move, using a symbol a € X)

where x,y € £%,a,b,c € 2\{ £ },q,q' € Q. We denote by }, the reflexive and

transitive closure of the relation H,,.

The language recognized by a Turing machine M is defined as L(M) =
fwerl*|[{(4,q0w) Fy {x,q,v) for some x,y € %, q € F}, that is the set of input
strings over T' for which the machine reaches a final state, starting from the initial

state and scanning the first symbol of the input string.

There is an equivalent mode of defining the language accepted by a Turing
machine: one considers the set of strings w € I'* such that the machine, starting from

the initial state and with w as input, reaches a configuration where no further moves
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are possible (we say that the machine has reached a halting state). Note that it is also
possible that a Turing machine never reaches a halting state on some input, as its head
is allowed to move both directions on the tape. Hence, given an input string w, it may
happen that the Turing machine reaches a final state, or it halts in a non-final state, or
it never halts (it enters an infinite loop). In the last two cases, the input string w is not

accepted by the Turing machine.

Observe that, given a nondeterministic Turing machine M and an input string
w, usually there are many different computations of M on input w. Each computation
corresponds to a path in the tree associated to M, which can be naturally defined as
follows: the root corresponds to the initial configuration of M; each node corresponds
to a configuration of M, and an arc between two nodes corresponds to a direct
transition between the configurations of M associated to such nodes; the leaves are
(final or non-final) halting configurations of M. Note that there also might be infinite

paths in the tree, corresponding to the possible non-halting computations of M.

It is well known that the power of deterministic and nondeterministic Turing
machine is equivalent; they both characterize the family of recursively enumerable
languages. An important aspect of Turing machines is that they can be seen as a
model of the computing capability of a general-purpose computer. They characterize
the family of languages generated by type-O grammars and, in addition to being
language acceptor; they may be viewed as computers of functions from integers to

integers. Actually, they are able to compute any partial recursive function. The
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importance of Turing machines is a direct consequence of the Church-Turing thesis:
the intuitive notion of computable functions" is identified with the class of partial
recursive functions. Thus, the model of Turing machine is computationally complete.
Many other formalisms of computation have been defined, but none of them have
been proven to be strictly more powerful than Turing machines. Another relevant
characteristic of Turing machines is that there exists a Turing machine U that
simulates the computation of an arbitrary Turing machine M on any of its input. Such
machine is called a universal Turing machine. Thus, we can say that Turing machines

are both complete and universal computing devices.

3.7  Membrane Systems

Membrane systems, or P systems, have been recently introduced in Paun (2000) as a
class of parallel and distributed computing devices inspired by some biological
features of real cells. Four fundamental features are used in this computing model: a
membrane structure where objects evolve according to specified evolution rules,
which also determine the communication of objects between membranes. The
membrane structure consists of several membrane-delimited compartments,
hierarchically arranged and embedded in a main compartment, whose delimiting
membrane is called skin membrane. We can also define what a region is: the space of
a compartment delimited by its membrane and the membranes of the other
compartments (if any) placed immediately inside it. With each region of a membrane

structure we can associate a set of objects, which can be symbols or strings over a
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given alphabet, and a set of evolution rules, which determine the transformation of
objects, as well as their communication between adjacent compartments. In this way,
different regions in the membrane structure can communicate with each other by
sending or receiving objects. The evolution rules are applied in a nondeterministic
and maximally parallel way: all the objects which can evolve should evolve.
Moreover, a strict partial order relation can be defined over the set of evolution rules
present inside a compartment, indicating a priority relation among them. Due to the
application of evolution rules, a membrane can also be dissolved: it disappears from
the membrane structure, its set of rules is removed but its set of objects still remains.
Hence, the evolution rules do not only modify the objects and their placing, but also
intervene in changing the membrane structure. A computing device is thus obtained,
starting from an initial configuration (described by a fixed membrane structure
containing a certain number of objects and rules) and letting the system evolve. A

universal clock is
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slan elementary membrane

membranes

regions

— environment

environment

Figure 2: A membrane structure

assumed to exist: at each step, all rules from all regions are simultaneously applied to
all objects which can be the subject of an evolution rule. When no further rule can be
applied, the computation halts and we get the result in a prescribed way. On the
contrary, if there is at least one rule that can be applied forever, then the computation

is unsuccessful and no output is obtained.

In the following, we will give the basic definitions of P system and we will
present some variants, together with a survey of gained results. We introduce the
basic notions of this theory and the different proof techniques. For further details and
for more information, examples and other variants we refer to Paun (2000) and Paun

(2002).
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Definition 3.15
The definition of a P system is based on the notion of membrane structure, which is
introduced in terms of the language MS over the alphabet {[,]}, consisting of the

strings recurrently defined as follows:

i. [] € MS;
. Ifuy,..,u, € MS,n =1, then [y, ... u,] € MS,

iii.  nothing else is in MS.

We assume that each pair of well matching parentheses [ ] can be labeled in a one-to-

one manner by an integer in the set {1, ..., n}.

We define now a relation over the elements of MS. We write x ~ y if and only
if it is possible to write the two strings as x = [;...[3. ]2 - [3+-]3 - ]1 @nd y =
[1-[2-]2 - [3--]5 --- ]1, that is two pairs of parentheses which are neighbors at the
same hierarchical level can be interchanged, together with their contents. Thus, the

order of pairs of parentheses is irrelevant, what matters is their respective relationship.

We denote by ~* the reflexive and transitive closure of ~. The set of
equivalence classes with respect to the equivalence relation ~* is denoted by MS. Any
element in MS is called a membrane structure. Each pair of matching parentheses [ ]
appearing in a membrane structure MS is called a membrane. The external membrane
of a membrane structure is called the skin membrane, while any membrane without

any other membrane inside (appearing in a membrane structure in the form []) is
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called an elementary membrane. The number of membranes in u is called the degree
of i and it is denoted by deg(u). The depth of a membrane structure u, dep(w), is

recurrently defined as:

i. Ifu=[] thendep(n) =1
i. If wu=[u..u,], for some puy,..,u, €MS, then dep(u)=1+

max{dep(u;) | < i < n}.

A membrane structure can be represented as in Figure 2, which also makes
clear the notion of region, the closed space delimited by a membrane and by the
membranes immediately inside it. Note that a membrane structure of degree n
contains exactly n regions, each one associated with a membrane and labeled with the
same integer of that membrane. The whole space outside the skin membrane is called
the outer region or environment (no labels are associated with it). If, given a finite
alphabet V, we provide a membrane structure u with some multisets M; : V. — N, one
for each membrane i € {1, ..., n}, then we obtain a super-cell, which is a construction
of the form SC = {(u, M4, ...,M,) | u is a membrane structure of degree n and

M;:V - N,i=1,...,n, is the multiset associated with the region i}

Any multiset M; can be empty; in particular, all of them could be empty, thus a
membrane structure is a super-cell. The elements of a multiset are called objects, the
multiset present in a region is the contents of this region. The total number of objects

in an elementary membrane i is called the size of i, denoted by size(i). If a
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membrane j is placed inside a membrane i and they contribute to delimiting the same
region (namely, the one delimited by the membrane i), then the objects inside the
region associated with i are said to be adjacent to membrane j. The graphical
representation and several of the notions defined for membrane structure, such as
degree, depth, etc., can be naturally extended to super-cells. The last additional
feature before giving the formal definition of a P system is the possibility of objects to
evolve, according to certain specified rules. An evolution rule over an alphabet V is a
pair (u,v), which will be written as u — v, where u is a (non empty) string over the

alphabet V and v = v’ or v = v'§, where v' is a string over V X ({here, out} U

{in; | 1 < j < n}), and § is a special symbol not in V, in a natural sense.

Once we have provided a super-cell with multisets and evolution rules, we can
give the formal definition as in Paun (2000) of a transition P system of degree

n,n = 1, which is a construction

H = (VI Tr Cuu ) Mll rMn' (er pl)! ey (Rnr pn); lO)
where:

i.  V isthe alphabet of the system;
ii. T <V isthe terminal (or output) alphabet;
lii. C<V,CnT = @Qisthe alphabet of catalysts;
iv. u is a membrane structure consisting of n membranes, which are injectively

labelled by numbers in the set {1, ..., n};
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V. M,,...,M, are multisets over V , representing the objects initially present in
the regions 1, ..., n of the system;
vi. R4, ..,R, are finite sets of evolution rules associated with the regions
1,..,nof u;
vii.  pq,..,p, are strict partial order relations defined over Ry,..,R,
respectively, specifying a priority relation among the evolution rules;

viii. iy isanumber in the set {1, ..., n} U {0}, indicating the output region.

Some more remarks about the definition of a P system are to be given, before
explaining its functioning as a computing device.
Any of the multisets My, ..., M,,, can be empty, as well as any of the sets of evolution

rules Ry, ..., R,,, or any of the strict partial order relations p4, ..., pn.

If IT contains evolution rules whose radius is greater than 1, then it is said to
be cooperative, otherwise it is a non-cooperative system. A particular class of
cooperative systems is that of catalytic systems: whenever the radius of an evolution
rule is strictly greater than 1, then such rule is of the only form ca — cv, where
c € C,a € V\C,v € (V\C)*; moreover, no other rule contains any catalytic symbols.

If C = @, then the system is non-catalytic.

According to the strict partial order relation p;, 1 < i < n, arule r € R; is said
to be with priority if there exists another rule ' € R; suchthatr > ' orr’' >r. If r

is a rule with priority and there is no other rule ' such that »' > r, then r is a rule of
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highest priority. Note that, as p; is a (strict) partial order relation, there can be more
than one rule with highest priority. A rule r is said to be without priority if it does not

compare in p;.

The (n+ 1)-tuple (u, M4, ..., M,;)) constitutes the initial configuration of the
system. In general, any sequence of the form (u/, Ml-’l, ...,M{k) constitutes a
configuration of IT where M;,, ..., M}, are multisets over V and y’ is a membrane
structure obtained by removing from the original membrane structure u all
membranes different from iy, ..., i;, (and not equal to the skin membrane), according
to the dissolving action which will be explained in the following. The labels iy, ..., iy
of the membranes in u' are always numbers in the set {1, ..., n}, corresponding to the
initial labels of the membranes in u, that is in successive configurations the initial
labeling of the membranes (which have not been removed from p) is never modified.
Given two configurations C; = (u’,M{l,...,M{k), C, = (u”,Mj’l’,...,M]-’l’ of I, we
write C; = C, and we say that there is a transition from C; to C, if we can pass from

C, to C; by using the evolution rules in R; , ..., R;, using the following prescriptions.

Consider a rule r : u - v in R;_and look at the region i in . If all the
objects in the multiset u appear in the region i, (formally, u € M; ), then r could be
applied over r according to the priority relation defined by p; .. All rules are
simultaneously examined, in the decreasing order of their priority (if any), and objects

are accordingly assigned to rules. A rule r can be applied when there are enough
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copies of the objects whose evolution it describes and which were not “consumed" by
rules of higher priority; that is, objects are assigned to the rules which have the
highest priority and, in the case that two or more rules of this type compete for the
same objects, then the rule to be applied is nondeterministically chosen among them.
Then, when no more rules with the highest priority can be applied (irrespectively of
the objects they involve), the rules with a lower priority are considered. Again, if
there are many rules with the same priority which compete for some objects, then the

rule to be applied is non-deterministically chosen among them.
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Figure 3: Application of an evolution rule r : u = v according to some priority
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All the objects which can be the subject of evolution rules must be involved in
the rule application. This use of the priority relations corresponds to the strong
interpretation: if a rule with a higher priority is used, then no other rules with less
priority can be applied, even if they do not compete for the same objects.
Nonetheless, also a weak interpretation of the priority rules can be considered: a rule
with less priority can be applied at the same time with the rule of higher priority if
there are “free” objects which are not involved by the rule with the higher priority.
The rules without priorities can be applied at any time, even together with rules with

priorities.

The result of the application of the rule (r : u - v) € R;_is determined by v:

i.  if an object appears in v in the form (a, here), then it remains in the same
region is (the indication here will often be omitted);

ii. if an object appears in v in the form (a; out), then i, exits the membrane i
and becomes an element of the region immediately outside it. If the
membrane is ig the skin membrane, then the object leaves the system and it
will never come back;

ii. if an object appears in v in the form (a,in;) and i, is a membrane
immediately inside is, then the object i added to the multiset M;, . If i; is
not a membrane immediately inside i, then the application of the rule is not

allowed;
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iv. if the symbol & appears in v, then membrane i, is removed (we say it is

!

dissolved) from p' and, at the same time, the couple (R;_, p;,) is erased, the
multiset M; is added to the region immediately outside membrane i,. The

dissolving of the skin membrane is not allowed, because this would mean to

lose the super-cell.

All these operations are performed in a maximal parallel mode: in one step,
inside each region all applicable rules u — v are used over all occurrences of
multisets u, and all regions are processed at the same time. Hence, the parallelism is
maximal at both a global and a local level: the global level involves all membranes at
the same time, the local level involves all evolution rules and all objects inside each

region.

In the following, when referring to the maximal parallel application of rules,
we will mean the working prescriptions just described in the previous paragraph. No
contradictions arise because of multiple membrane dissolving or when both type of
symbols (a, out) and § appear simultaneously in v. No contradictions arise also when
at the same time we have a symbol (a, in;) outside a membrane t and § inside this
membrane: we assume that a is introduced in membrane t simultaneously with the
dissolving of such membrane, thus a will remain in the region placed outside
membrane t (that is, it remains in the membrane where it was originally placed before

the application of the rule).
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The functioning of the system determines its nature of a computing device.
Starting from the initial configuration and applying the rules in the way described
above, we obtain a sequence of transition among configurations: such a sequence is
called a computation with respect to I1. A computation is successful if and only if it
halts, that is no rule is further applicable to the objects appearing in any membrane of
the system and, if an internal membrane i, is specified as the output membrane, then
it must appear in the halting configuration as an elementary membrane. If i, €
{1, ...,n}, then the system is said to work in the internal mode, and the result of a

successful computation can be read in one of the following ways:

i.  Consider the multiset which is present in the output membrane, the system is
said to generate multisets;

ii.  Consider the size of the output membrane, the system is said to generate
numbers;

iii.  If certain initial objects a; , ..., a;, are specified in advance, then consider

the occurrences n4, ..., n, Which might be present in the output membrane at
the end of the computation. Then the system is said to generate relations;

iv. If a fixed elementary membrane is specified as the input membrane, the
system is said to recognize a multiset (the initial contents of the input
membrane), a number (the size of the input membrane) or a relation (the

occurrences of certain symbols in the input membrane).
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The indication i, for the output membrane can be omitted if i, = oo, in such a
case the P system is said to be with external output, the objects which constitute the
output of the system are collected outside the skin membrane, in the order they are
ejected. Using these objects, a string is formed. When several objects are ejected at
the same time, any permutation of them is considered. In this way, a language L(IT) is

generated by the system.
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CHAPTER FOUR

PARTIALLY ORDERED MULTISETS FOR THE PROPOSED
ALTERNATIVE P SYSTEM

4.0 Introduction

Since the appearance of a fundamental work of Dershowitz and Manna in Dershowitz
and Manna (1979), various ramifications of multiset orderings have appeared (see
Huet and Oppen (1980) and Jouannaud and Lescanne (1982), just to mention a few).
The main objective of this section is to present an extension of set-based multiset
ordering in Jouannaud and Lescanne (1982). Intuitively, similar to the manner in
which reference lines on a map are used in finding specific points, the elements of a
multiset can be referenced by a grid. A grid can be viewed as representing a multiset
partition. Each element (in this case, set or submultiset as we shall see later) of the
partition represents a reference on the grid. We introduce the concept of difference
grid of two multisets in which some references are allowed to be empty. We
thereafter define multiset ordering based on difference grid. As some references may
be empty, the approach can be seen as an extension of the method used by Jouannaud
and Lescanne (1982) in which each set in the partition contains at least one element of
the partitioned multiset. The flexibility potential of the approach is demonstrated in
the proofs of a number of results. In particular, the pair-wise equality theorems for
multisets are proved (Peter and Singh, 2013). We begin our analysis with a lemma

which reveals a consequence of incomparability between two sets.
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Lemma4.l
Let the relation S # T hold for sets S and T. There exist incomparable elements x and
y such that x € S\T,y € T and there exist incomparable elements v and w such that

veT\Sandw € S.

Proof

Given that S and T are sets such that S # T holds. By Definition 3.9, S =< T,
T -<< Sand S # T hold. Since S ==<< T holds, by Definition3.7S € Tand4dy €T
such that y > x Vx € S\T. It follows that 3x € S\T such that x > y,x = yorx #y
for some y € T. If x > yVx € S\T, then T << S\T. This implies TU(SNT) <
S\T U (§ nT), which implies T < S; and this is a contradiction of S # T. Therefore,
the statement 3x € S\T such that x = y for some y € T or the statement 3x € S\T
such that x # y for some y € T, holds. Again, if x = yVx € S\T, then S\T C T,
which implies S € T. This contradicts S # T. Therefore, 3x € S\T such that x # y
holds. Similarly since T —=<< S, there exists incomparable elements v and w such that

veT\SandweS. o

4.1  The Concept of Set-based Grid of a Partially Ordered Multiset

Consider the following (diagrammatic representation of a) multiset:
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Figure 4: Diagrammatic representation of a multiset M for set-based multiset

Suppose that the elements of M are ordered as follows:
I Ai+1 < A3, biy1 < by, Ciyq <€ diyr < dieiv1 <€ firr < fi, Giv1 <
gihiv1 < hy,
ii. Elements with different letterings are incomparable.

iii. Elements with the same lettering and index are equal.

Consider now the following monotonic non-increasing sequences of elements of M.
a1=a1>a2>a3>a5=a5>a8=a8=a8=a8,

b1>b2>b3>b4=b4=b4>b5=b5,
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Cy > C3 = C3 > C5 = Cg,
d, > d; > do,

e, > e3 > €q,

f3 =3

e

hy.

Let G; be the set containing all the i elements from the sequences. Thus,
Gy ={ay, b1, ¢3,dy, €4, f3, 9o, 1}

G = {a1, by, c3,d7, €3, f3},

G3 = {ay, b3, ¢3,dg, €9},

Gy = {asz, by, s},

Gs = {as, by, cs5},

G = {as, by},
G7 = {ag, bs},
Gg = {ag, bs},
Gy = {ag},
G1o = {as}-

One can immediately see that G;’s are submultisets of M, which are, in fact,
sets of incomparable elements of M. Consequent upon the incomparability of the

elements of each G;, the number of submultisets of M in [G;] containing an element x
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equals the multiplicity of x in M, henceforth denoted by a(,). Moreover, from the

above, we have
[G;] =[G > G G5 > Gy >> G5 >> Gg >> Gy = Gg >> Gg = Gqp].

That is, [G;] is a non-increasing sequence. A permutation (an ordered sequence of
elements with repetition allowed) is usually enclosed in square brackets. We call [G;]
the set-based grid of M and each G;, a set-based grid reference of M (or, simply a
reference of M or M-reference). We give below, a formal definition of the concept.

Viz: set-based grid of a partially ordered multiset.

Definition 4.1
Let < be a partial ordering defined on a set S and let M be a multiset of cardinality n
over S. The permutation [M;] of subsets M, M,, ... M,,, of M, m < n, is called the set-

based grid of M if the following properties are satisfied:

i. V(x,yi)lxeM;,yeM;] = [x#y]. (Incomparability property).

From (1) it follows that M;’s are sets.
. V(I <j)x€M]e3Iyly €M) [x <y]. (Order property).

If for all x in M; we have x < y (in the strict sense of the ordering) for some y
in M; we say that M; is strictly dominated by M;, denoted by M; << M;). Obviously,
M; = M; if both contain the same elements. If < is a total ordering on S, then any

two elements of M are comparable (either equal or one greater than the other), and
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each M; would contain a single element. In such a case, m = n. If < is a strict partial
ordering on S then 3i for which M; contains at least two incomparable elements of M,
and m < n. If no two elements of M are comparable, then all the elements of M
belong to the only reference available, which is M itself. The references of M are
ordered by <. Thus, the set-based grid of M is the monotonic non-increasing (with
respect to the set-based ordering) sequence of subsets of incomparable elements of M,
in which the i subset contains the i" elements from each of all the longest possible
monotonic non-increasing sequences of comparable elements of M. This construct is a

variant of Jouannaud and Lescanne (1982).

We next show that the second property in the above definition is equivalent to

Definition 3.7 in the lemma that follows.

Lemma 4.2
Let S and T be finite sets. The following statements are equivalent.
(1) S>TiffS+TandvVx €T3y € Ssuchthaty > x;

2 S>TiffxeT=x¢S5)= 3yeS\T,y > x).

Proof

(1) = (2).

Let x € T and let y € S such that y > x hold. Thus, we have the following union of
sets: {xeT:y>x,yeS}U{xeT:y=x,y€S}. By the additional constraint

x &S from (2), we have {x eT:y > x,y€S}U{xeT:y=x,y €S,x € S}. This
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reduces the setto {x € T:y > x,y € S} U @. Hence, y > x. We claim y & T. Suppose
the contrary and assume y € T. Since S >> T, by the hypothesis, 3y; € S such that
y, =y, and by the result obtained y ¢ S. This contradicts the hypothesis. Hence,

y & T holds.

(2) = ().
Itiseasytoseethat T #S. Let x € T: If x ¢ S, then from (2) 3y € S\T such that
y > x. Also, if x € S, then 3y € S such that y = x holds. The two statements imply

dy e Ssuchthaty > x. O

4.1.1 Set-based difference grid

Definition 4.2

Let [M;] and [N;] be the set-based grids of multisets M and N for i = 1,2, ...,m and
j=1,2,..,n, respectively. Let g = max{m,n} and letk =1, 2,...,q. We construct

the set-based difference grid [My, N, ] of M and N as follows:

I. Mg # @orN,; # @ (note the inclusive “or”),

. If M, # @ and N, # @ foragiven k then M;_; = @ and N,_, # 0.

M, are the references of M in the grid [My, N, ] while N, are the references of N in
the grid [My, Ny ]. It is easy to see from (i) that M, # @ if n <m, N, # @ if m <n
and both are nonempty if m = n. In other words, if m <n then ¢ =n and M, is
empty for k=m+1,m+2,..,n, and if n <m then g = m and N, is empty for

k=n+1,n+ 2,...,m. Unlike the references in the grid of a multiset, the references
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in a difference grid of two multisets are empty up to the number of references with

which the grid with more references exceeds the grid with fewer references. Also, the

difference grid of two multisets is a collection of all the references from the individual

grids of the multisets.

By way of illustration, consider two multisets M = {5,4,2,2,1,a,a,a,a, b, b}

and N = {6,3,3,a,a,a, b, b, c}. The difference grid of M and N is given in Table 1.

Table 1: The difference grid of {5,4,2,2,1,a,a,a,a,b,b} and {3,3,3,a,a,a,b,b, c}

{5,a,b}

{4,a,b}

{2,a}

{2,a}

{1}

{6,a,b,c}

{3,a, b}

3,4}

0)

1)

where the following two tables are tabular forms of the grids of M and N,

respectively:

Table 2: The grid of {5,4,2,2,1,a,a,a,a, b, b}

{5, a, b}

{4,a, b}

{2,a}

{2,a}

{1}

Table 3: The grid of {6,3,3,a,a,a, b, b, c}

{6,a,b,c}

{3,a,b}

{3,a}

66




Definition 4.3

Let [My, Ni] be the difference grid of two multisets M and N. A property p of
references is said to be pair-wise iff whenever p is attributed to a reference M; of
[My, Ni], then p is also attributed to the corresponding reference N; of [My, N, ]. For
instance, if p stands for ‘nonempty’, and M; and N; are nonempty for i = j then M;
and N; are pair-wise nonempty; if p stands for disjoint, and M; and N; are disjoint for

i = j then M; and N; are pair-wise disjoint. We now prove the following theorem.

Theorem 4.3 (Set-based pair-wise equality theorem for multiset)

Let M and N be multisets. Then M = N iff M; = N; for all i = j where M; and N; are

the respective references of M and N in the difference grid [M;, N,.] of M and N.

Proof

Given than M and N are multisets over a domain set S and suppose M; = N; for all
i = j. Since M; are the references of M in the difference grid [M,, Ni], an element x
of M belongs to M; for some i. Since only incomparable elements belong to any set-
based reference of a multiset, only one occurrence of x belongs to a reference
containing x in the grid of M. Thus, we have M(x) = ay(). By hypothesis, N;
contains x for some j and only one occurrence of x belongs to N;. Thus, again,
N(x) = ay(x). Hence, apy) = ay), and it follows that M(x) = N(x) Vx € S.

Therefore, M = N.
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Conversely, let M = N. We claim M; = N; for all i = j. Suppose the contrary
holds and let [, be the smallest positive integer for which the claim is not true. Then
either M; >> Ny or M;, << N, or M, # N, .Suppose M; >> N, .By Definition 3.7
and Lemma 4.2, (x € Nj, = x & M;,) = (3y € M;,\N,,,y > x). By Property (ii)
of Definition 4.1, y € N, V1 > l,. Hence, M(y) > N(y), thereby contradicting the
equality of M and N. Again, by Definition 3.7 and Lemma 4.2, if on the other hand
(x € N, = x € M; Vx), then N, € M,. Since M;, # Ny, let u€ M, \N,,. If
u ¢ N, for all L > [, then M(u) > N(w). This is a contradiction to the equality of M
and N. If on the other hand there exists [ > [, such that u € Nj, then by Property (ii)
of Definition 4.1, there exists a positive integer k; less than [ and an element z; of
Ny, such that z; > u. Again, there exists a positive integer k, less than k; and an
element z, of Ny, such that z, > z; > u. Continuing this way, it can be seen that
there exists an element z of N,  such that z > ---z, > z; > u. This implies z > u.
Since Ny, € M,, then z € M, . This contradicts the incomparability of u and z in M.
Similar argument holds if M; << N, . If M; # N;, then by Lemma 4.1, there exists X
and y where x #y, such that x € M; \N;, and y € N;. If x & N, VI > [, then

M(x) > N(x), and this is a contradiction of the equality of M and N. If on the other
hand, there exists | where [ > [, such that x € N;, then by Property (ii) of Definition

4.1,z € N, such that z > x. Also, z € M; VI = l,: Furthermore, M; = N; Vi < [,. It
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follows that N(z) > M(z). This is a contradiction of the equality of M and N.

Therefore, M; = N; foralli =j. O

Theorem 4.4

The set-based grid of a partially ordered multiset is unique.

Proof
Assume [M;] and [N]] are two set-based grids of a partially ordered multiset
M. By the set-based pairwise equality theorem M; = N; for all i = j. Thus, [M;] =

[N;]. Therefore, M has a unique set-based grid. o

4.1.2 Grid approach to Jouannaud-Lescanne’s set-based multiset ordering
Definition 4.4

Let M and N be multisets and let << be the set ordering in Definition 3.7. Then M
precedes N in the sense of set-based grid (denoted M <<pg N) if and only if the

following property is satisfied:

If M; = N; for all isuch that M; # @ and N; = @ then M; = @ for the remaining i;
otherwise if 3i such that M; -<< N; then 3j with j < i such that M; << N;, for all set-
based references M; of M and N; and N; of N in the difference grid [M,, N] of M

and N.

By this definition, the empty multiset @ can be seen to be smaller than every

arbitrary nonempty multiset N. This is clear since as all the references of the grid of @
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are empty, Properties (i) and (ii) of Definition 4.2 imply all the references of the grid
of N are nonempty. It can also be seen that no element of @ is greater than or equal to
any element of N. Also, the relation @ <<ps @ and N <<pg N do not exist considering
the definition. This variant of set-based multiset ordering is equivalent to the variant
presented in Jouannaud and Lascanne (1982) as we shall see in the theorem that

follows. However, the grid variant proves to be more elegant at implementation.

Theorem 4.5

The ordering <<pg is equivalent to the ordering <<,

Proof

Let <, be the Jouannaud-Lescanne set-based (defined using set-based partition)
multiset ordering and let <<p¢ be the multiset ordering in Definition 4.4. Suppose M
and N are multisets such that M <<ps N. We first show that M # N. Let [M,, N;] be
the difference grid of M and N for k = 1,2, ..., p. By the first property of Definition
4.2, M, # @ or N, # @. If either M,, or N,, is nonempty then M # N. If both M,, and
N,, are nonempty then by the second part of Definition 4.4 or by the contrapositive of
the first part of Definition 4.4, M, +# N, for some k. Therefore, by Theorem 4.3,
M # N. The monotonic non-increasing sequence of all the nonempty references of
the grid of M from [My, Ni] is a set-based partition M of M in lexicographic order,
each set containing incomparable elements (Properties (i) and (ii) of <<;;). Also,

Property (iii) of <<;; is embedded in Property (ii) of Definition 4.1. Thus, Properties
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(i), (i) and (iii) of <<;;, hold. From the first part of Definition 4.4, M; = N; for all i
such that M; = @ and N; = @ implies M; = @ for the remaining i, then the number of
sets in the partition of N is greater than the number of sets in the partition of M. Thus
N is greater than M by lexicographic ordering. From the second part of Definition 4.4,
M; =<<ps N; implies 3j with j < i such that M; <<, N;, then the partition of N is
greater than the partition of M by lexicographic ordering. Therefore, M <<, N.
Conversely, suppose M <<;, N. Let p and q be the number of sets in the partitions of
M and N, respectively. Let << be the set ordering in Definiton 3.7. Lexicographical

extension of <<, entails the following:

i. M; =N;foralli=jimpliesp < q.

il. 3isuch that M; -<< N; implies 3j < i such that M; << N;.

Given (ii), either of the permutations [M;, @, @, ..., @, N;] where @ appears g — p times
or, [M;,N;,®,9,...,0 ] where @ appears p — g times is the difference grid of M and

N. However, only the former is the difference grid of M and N for (i). O

Theorem 4.6

The ordering <<pg Is stronger than the ordering <<y,.

Proof
Consider the orderings <<y, and <<ps. Suppose M <<y, N holds. Let i, be such

that [M;,, N;,] is the first pairwise unequal references of the difference grid of M and
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N with respect to <<pg. We claim N; >> M; . Suppose the contrary, that is N; —>>
M;,. Consider the contrapositive of Definition 3.7 on M; and N; . Thus, x €
M; \ N;, implies there exist w and x such that either w € N; \ M;, and w * x or
w>x and w & N; \ M; . Either case implies w & N; VI > i, by Property (ii) of
Definition 4.1. Furthermore, M; = N; Vi < iy holds. This implies N(w) » M(w).
This contradicts the relation M <<y N. Next, we show that the converse is not
always true by the following example. Let M = {2,1} and N = {2, a} be such that
a#1anda#2. Then M <<ps N since the reference {2, a} of N is greater than either
of the two references {2} and {a} of M. However, M and N are incomparable under

<<yo- O

Theorem 4.7

The ordering <<p; is stronger than the ordering <<p .

Proof

The article Jouannaud and Lescanne (1982) contains a proof of the Dershowitz-
Manna definition being equivalent to the Huet-Oppen definition. Since by Theorem
4.6 Definition 4.4 is stronger than the Huet-Oppen definition, it follows that < pg Is

stronger than <py. O

The above theorem shows that the Jouannaud-Lescanne set-based multiset ordering
and the grid-based multiset ordering are not one stronger than the other. The two

definitions are, in fact, the same. We emphasize here, what we mean by the strength
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of an ordering over another. Generally, an ordering <; is stronger than or is more
powerful than an ordering <, if and only if <, implies <; but not <; implying <,.
Though, the grid-based set-based ordering in Definition 4.4 and the conventional
partition-based set-based ordering are equivalent, the choice of the former over the

latter lies in its flexibility.

4.2  Redefined Submultiset-based Multiset Ordering via Grid

Like we have already seen, the idea of set-based grid of a partially ordered multiset is
a grid where the references of the multisets are sets (subsets of the multiset in
question). We modify the model a little by presenting a variant in which the
references in the grid are submultisets of the multiset, hence the term submultiset-
based reference of the grid in question. The approach is an extension of the method
used by Joannaud and Lescanne. This thesis verifies that the approach is flexible.
Such flexibility potential is demonstrated in the proofs of some important results, the
submultiset-based pair-wise equality theorem in particular (Peter and Singh, 2015).
We start with the following lemma which establishes a consequence of

incomparability between two multisets.

Lemma 4.8
Let E be a base set of multisets M and N. If M # N holds then there exist

incomparable objects x and y of E such that M(x) > N(x) and N(y) > M(y).
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Proof
Suppose the relatio
of incomparability

by the Huet-Open

n M # N holds. We have the following properties by the definition
on multisets: M =<< N, Na<< M and M # N. Since M =< N,

definition of multiset ordering, for all x such that M(x) > N(x),

Ay = x such that N(y) > M(y). Either y < x or y # x for such x and y. If y < x for

all of such x and y, then M > N; and this is a contradiction of M # N. Therefore,

there exists incomparable objects x and y such that M(x) > N(x) and N(y) > M(y).

O

Next, we construct

below a submultiset-based grid for the multiset orderings.

4.2.1 The concept of submultiset-based grid of a partially ordered multiset

Consider the following (diagrammatic representation of a) multiset:

c c
C4- az ° b3 > d7
hy
a3 b g7 b6
5 d
£, e w7
Ye 91 a
d 3 ° f3
e; 4 bs
as a;
a8 b7
b, dy )
C b, b, 4

Figure 5: Diagrammatic Representation of a Multiset M for Submultiset-based

74



Assume the elements of M to satisfy the following properties:

I. w; < w;yq1, Where w represents each of the alphabets in M.
ii. Elements with different letterings are incomparable.

iii. Elements with same lettering and index are equal.

Consider the following monotonic decreasing sequences of elements of M:
a; > a, =a; > asz > as = as > dg,

by > by > by > by > bs = bs > bg > b,

C, > C3 > Cy > Cg = Cs,

dy=d,=d,=ds >d; =d; > do,

€3,

fz =13,

91> 9o = 97,

hy > hy.

Let F; be the set containing all occurrences of the i™ object from each
monotonic decreasing sequence of elements of M as follows:
Fi = lay, by, ¢3,d4,dy4, dy, dy, €3, f3, f3, 91, Ral,
F, = [ay, a3, by, ¢5,d7,d7, go, hal,
F5 = [as, b3, ¢4, do, g7],
Fy = [as, as, by, ¢s, cs],

Fs = [ag, bs, bs],
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The elements of F; for each i are unordered except for equality (a trivial case
of any ordering). Consider now, the following basic definition of ordering on [F;], a

class of multisets with unordered elements.

Definition 4.5
Multiset ordering >>5 defined on the submultiset-based grid of a multiset.
Let E be a base set of the unordered multisets G and H, then G > H if and only if

G # H and either or both of the following properties are satisfied:

i. G(x) <« H(x)foranyxinE

ii. x < yforanyx € G and any y € H such that x —# y.

Lemma4.9

The collection [F;] is a decreasing sequence of submultiset of M with respect to >

Proof
In fact, only the second property of Definition 4.5 suffices. This is obvious since to
each object in F; there exists a larger object in F;_; with respect to the basic ordering

>. O
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Lemma4.10

The ordering >~ is stronger than the ordering >>y.

Proof

Suppose G >>5 H holds where G and H are multisets whose elements are from a base
set E. Consider the properties of >, on G and H. Property (i) implies G(x) =
H(x) Vx € E. Since G # H, then the relation G(x) = H(x) Vx € E does not hold,
which implies G >y, H. Property (ii) implies x >y for any x € G and for any
y € H such that x —#y, thus G(x) = H(x). Again, since G # H holds then
G >>yo H. Next, we show that multisets exist which are ordered by >>, but not by
>>p. Consider the simple multisets [1,2,3] and [2,2,2]. Now the relation
[1,2,3] >>pho [2,2,2] is obvious, whereas the two multisets are incomparable under

>>p. O

The above theorem makes it clear that >~ is stronger than >>z. However, >,
sufficiently orders [F;] and will be used as the reference ordering for a given
multiset. The ordering >>, will be used when the references involve at least two
multisets. Note that [F;] is a permutation (an ordered sequence of elements with
repetition allowed). The number of submultisets of M in [F;] equals the highest
number of comparably unequal elements of M. In this illustration, the highest number
of comparably unequal elements of M is the number of elements of [b;]. This

sequence may not be unique. We denote this number by a,,. The collection [F;] is
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called the submultiset-based grid of M and each member of [F;] is called a
submultiset-based grid reference of M (or simply, a reference of M or M-reference).

Below is a formal definition of the concept.

Definition 4.6
Let < be a strict partial order defined on a set E and let M be a multiset of cardinality
n over E. The permutation [M;] of submultisets M,, M,, ...M,,, of M is called the

submultiset-based grid of M if the following properties are satisfied:

i. M(x)=M;(x)Vvx €E,vi (Whole submultiset property. See Singh et al.
(2007), for the definition of a ‘whole submultiset’ of a multiset).

ii. V(x,y,i)[x € M;,y € M;] = [(x =y)or (x#y)] (Inordering property). In
order words, the elements of M; are unordered.

. V(i <j)[x € M;] & 3y(y € M;) [x < y] (Strict order property).

If such properties exist, we say that M; precedes M;, and we denote this by M;
>>gr M;. Also, the set M; is nonempty for all i. If no two elements of M are one
strictly less than the other, then all the elements are contained in the only reference

available, which is M.

The ordering >>5 is a submultiset-based reference ordering on the grid of the
multiset M over E. Thus, the submultiset-based grid of M is the monotonic decreasing

(with respect to the ordering >>3) sequences of submultisets of elements of M, in
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which the i submultiset contains the "

elements from each of all the longest
possible monotonic decreasing sequences of comparably unequal objects of M. See
submultiset-based partition and multiset ordering in Jouannaud and Lescanne (1982),

for further details on the original variant of the construct.

4.2.2 Submultiset-based difference grid

Definition 4.7

Let [M;] and [N;] be the submultiset-based grids of the multisets M and N for
i=12,..,m and j=1,2,..,n, respectively. Letp = max{m,n} and letk =
1,2,...,p. Similar to its set-based counterpart earlier presented, we construct the

submultiset-based difference grid [M;, N, ] of M and N as follows:

. My,#@orN, # 0,

ii. If M, #@ and N, # @ foragiven k then M;,_; = @ and Ny_, # Q.

The submultisets M, are the submultiset-based references of M in the grid [My, Ni]
while N, are the submultiset-based references of N in the grid [M,, Ni]. f m <n
thenp =nand M, isempty fork=m+1,m+2,...,n,andif n <mthenp=m
and Nj is empty for k =n+ 1,n+ 2,...,m. Unlike the references in the grid of a
multiset, the references in a difference grid of two multisets are empty up to the
number of references with which the grid with more references exceeds the grid with
fewer references. Thus, the difference grid of two multisets is a collection of all the

references from the individual grids of the multisets, where some references are
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empty in the difference grid up to the number of references with which the grid with
more references exceeds the grid with fewer references. We now prove the

submultiset-based grid version of the pairwise equality theorem.

Theorem 4.11 (Submultiset-based pair-wise equality theorem for multiset)
Let M and N be multisets. M = N iff M; = N; for all i = j where M; and N; are the

respective submultiset-based references of M and N in the difference grid [My, N ] of

M and N.

Proof

Let M and N be multisets over a domain set £ and suppose M; = N; for all i = j. By
Definition 3.3, M;(x) = N;(x) for all x € E. By Property i of Definition 4.6 (whole-
submultiset property), M; is the only reference of M containing all occurrences of x in
M. Similarly, N; is the only reference of N containing all occurrences of x in N. Thus,
M;(x) = M(x) and N;(x) = N(x). It follows that M;(x) = M(x) and N;(x) = N(x)
forall i = j. Therefore, M = N. Conversely, let M = N where M and N are multisets
over a domain set E. Let M; and N; be the references of M and N, respectively. By
Definition 3.3, M(x) = N(x) for all x € E. We claim M; = N; Vi = j. Suppose the
contrary, and let [, be the smallest positive integer for which the claim is not true.
Either M;, <<uo N;, Or Njy<<po M;, or M, # N . If M; <<po N,, holds, then by
Definition 3.12, M, # N,  holds. Thus, 3a € E such that M; (a) # N, (a). By the

whole-submultiset property, M(a) # N(a). This contradicts the relation M = N.
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Similarly, if M;, > N, , we get a contradiction of the relation M = N. If M; # N,
holds, then by Lemma 4.8 there exist incomparable objects u and v of E such that
M (uw) > N, (uw) and N, (v) > M; (v). It follows by the “Whole submultiset”
property that N # M. Again, this is a contradiction of the relation M = N. Therefore,

M; = N;foralli =j. ©

4.2.3 Grid approach to the Jouannaud-Lescanne’s submultiset-based multiset
ordering

Definition 4.8

Let M and N be multisets, then M precedes N in the sense of submultiset-based grid

(written M <<pgy N if and only if the following property is satisfied:

If M; = N; forall i such that M; # @ and N; # @ then M; = @ Vj > i; otherwise if
3i such that M; -<<yo N; then 3j with j < i such that M; <<y N;, for all nonempty

references M;, N; and N; of the submultiset difference grid [My, N; ] of M and N.

Theorem 4.12
The ordering <<pgy IS equivalent to the Jouannaud-Lescanne submultiset-based

multiset ordering.

Proof
Let <;, be the Jouannaud-Lescanne submultiset-based multiset ordering (defined

using submultiset-based partition) and let <<pg), be the multiset ordering in
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Definition 4.8. Suppose M and N are multisets such that M <<pgy N. We first show
that M # N. By Property (i) of Definition 4.7, we have M,, # @ or N, # @. If either
M, or N,, is nonempty then M # N. If both M,, and N,, are nonempty then by the ‘if’
part of Definition 4.8 or by the contrapositive of the ‘if otherwise’ part of Definition
4.8, M, # N, for some k. Therefore, by Theorem 4.11, M # N. The monotonic non-
increasing sequence of all the nonempty references of the grid of M from the
difference grid [M,, N,] is a submultiset-based partition M of M in lexicographic
order, each submultiset containing only unordered elements. Conditions i, ii and iii of
the submultiset-based multiset ordering are the same as those of <<;,. Let M; = N;
for all i such that M; # @ and N; # @ imply M; = @. Then the number of sets in the
partition of N is greater than the number of sets in the partition of M. Thus N is
greater than M by the lexicographic ordering of <<;,. If N; <0 M; imply that 3;
with j < i such that M; <<yo N;, then again the partition of N is greater than the
partition of M by the lexicographical ordering of <<;,. Conversely, suppose
M <<;, N. Let p and g be the number of sets in the partitions of M and N

respectively. Lexicographical extension of the ordering entails the following:

i. M;=N;foralli=jimpliesp < q.

ii. 3isuch that N; <<y M; implies 3j < i such that M; <o N;.
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In both cases, if we introduce difference grid then M; and N; are the references of M
and N. Consider the repeated empty set @,0,..,0 (j —i many times). Then

[M;,®,9, ..., 0, N;] is the difference grid of M and N. O

Theorem 4.13

The ordering << gy, is stronger than the Huet-Oppen multiset ordering

Proof

Let M << N hold. Suppose 3j such that M; > N;. Then 3x such that M;(x) >
N;(x). By the whole submultiset property of Definition 4.6 M(x) > N(x). By Huet-
Oppen ordering 3y > x such that N(y) > M(y). By Properties (ii) and (iii) of
Definition 4.6 3i < j such that N;(y) > M;(y). Without loss of generality, we may
assume y largest such elements. Hence, N; >> M; holds, which implies N >>p5 M.
Next, we show that the converse is not always true. Consider the multisets M =
{2,1,1} and N = {2,a}. It is easy to see that M <<p¢ N holds since the submultiset-
based reference {2, a} of the grid of N is greater than either of the two references {2}
and {1,1} of the grid of M. However, M and N are incomparable under <<y, since
there exists no element in N greater than all the elements in M whose multiplicity in
N is greater than its multiplicity in M and vice versa. Therefore, Definition 4.8 is

stronger than the Huet-Oppen multiset ordering. ©
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Theorem 4.14
The ordering << g, is stronger than the Dershowitz-Manna definition.

Proof

Like their set counterparts, the proof of equivalence between Dershowitz-Manna
submultiset-based and Huet-Oppen submultiset-based orderings can be found in
Jouannaud and Lescanne (1982). Since by Theorem 4.13 Definition 4.8 is stronger
than the Huet-Oppen definition, it follows by transitivity that Definition 4.8 is

stronger than the Dershowitz-Manna definition. ©

4.3  Some Results Holding for Multiset Ordering

In the results that follow, the order symbol << is the Dershowitz-Manna multiset
ordering. In many of the proofs, we shall use the Huett-Oppen equivalence of the
ordering which is handier in the implementation of the ordering. As usual, the symbol
< represents the ordering that exists among the elements of a set or a multiset in

general, while the symbol < is the usual ordering on the set of real numbers.

Lemma 4.15
Let E be a based set of multisets M, N and T such that N(x) > M(x) where x € E,

then [N W T](x) > [M W T](x).

Proof
Since N(x) denotes the multiplicity of the object x in N, then N(x) is a real number.
Similarly, M(x) is a real number. It follows that N(x) + T(x) and M(x) + T(x) are
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real numbers since T (x) is a real number for a multiset T. Since N(x) > M(x) holds
by the hypothesis, then N(x) + T(x) > M(x) + T(x) holds by the properties of real
numbers. By the definition of additive union, we have [N W T](x) > [M W T](x).

O

Lemma 4.16
Let E be a based set of multisets M, N and T such that N(x) > M(x) where x € E

and T € M, then [N\T](x) > [M\T](x).

Proof

Suppose T € M. By the definition of submultiset M(x) = T(x) for all x in E. By
hypothesis, N(x) > M(x) holds and M(x), N(x) and T (x) are real numbers. By the
transitivity property of real numbers, N(x) > M(x) = T(x). It therefore follows from
the properties of real numbers that N(x) — T(x) > M(x) — T(x). Therefore,

[N\T](x) > [M\T](x) holds by the definition of multiset difference. O

Lemma 4.17

Let E be a based set of multisets M and N such that N(x) > M (x) where x € E, then

[N\M](x) > [M\N](x) = 0.

Proof
Since by hypothesis N(x) > M(x), then N(x) + N(x) > M(x) + M(x). This implies
N(x) —M(x) > M(x) — N(x) by the properties of real numbers. In particular,

M(x) —N(x) <0. By the definition of multiset difference, [M\N](x) =
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max(M(x) — N(x),0) which is 0 for the object x € E. Hence, [N\M](x) >

[M\N](x) =0. o

Lemma 4.18
Let M, N and T be multisets such that N > M, where >> is the Huet-Oppen multiset

ordering, then (NWT) > (M W T).

Proof

Let E be a base set of M, N and T. Suppose [M W T](x) > [N W T](x) for x € E, then
by definition of additive union M(x) + T(x) > N(x) + T(x). That is [M(x) +
T(x)]—T(x)>[Nx)+Tx)]—T(x). It follows that M(x) > N(x). By the
definition of Huet-Oppen ordering, there exists y in E where y > x such that
N(y) > M(y). This implies [N(y) + T(y)] > [M(y) + T(y)]. Again by the
definition of additive union [N W T](y) > [M U T](y). Hence, [NWUT] > [M ¥ T].

O

Lemma 4.19
Let M, N and T be multisets such that N > M and T € M, where == is the Huet-

Oppen multiset ordering, then (N\T) > (M\T).

Proof
Let E be a base set of M,N and T. Suppose [M\T](x) > [N\T](x) holds for an
object x € E, then by the definition of multiset difference, M(x) — T(x) > N(x) —

T(x). Thus, [M(x) —T(x)] +T(x) > [N(x) —T(x)] + T(x). This implies M(x) >
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N (x). By the definition of Huet-Oppen ordering, there exists y € E where y > x such
that N(y) > M(y). This implies [N(y) —T(y)] > [M(y) —T(y)], and by the
definition of multiset difference [N\T](y) > [M\T](y). Hence, [N\T] > [M\T].

O

Lemma 4.20
Let M,N and T be multisets such that N > M and N € T, where >> is the Huet-

Oppen multiset ordering, then (T\M) > (T\N).

Proof

Let E be a base set of M,N and T. Suppose [T\N](x) > [T\M](x) holds for an
object x € E, then T(x) — N(x) > T(x) — M(x) holds by the definition of multiset
difference. This implies [T(x) — N(x)] + T(x) > [T(x) — M(x)] + T(x). Hence,
M(x) > N(x). By the definition of Huet-Oppen ordering, there exists y € E where
y >x such that N(y) > M(y). This implies —M(y) > —N(y), which implies
[T(y) —M(y)] > [T(y) — N(y)] by the properties of real numbers. Subsequently,
we get [T\M](y) > [T\N](y) by multiset difference. Therefore, [T\M] > [T\N].

O

Lemma 4.21
Let M, N and T be multisets such that N >> M, where >> is the Huet-Oppen multiset

ordering, then [N\M] > [M\N].
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Proof

Let E be a base set of M, N and T. Suppose [M\N](x) > [N\M](x) for x € E, then x
is necessarily in [M\N]. This implies M(x) > N(x). Since N > M where >> is the
Huet-Oppen ordering then there exists y € E where y > x such that N(y) > M(y)
and M # N. By Lemma 4.17, [N\M](y) > [M\N](y), hence [N\M] > [M\N].

O

Lemma 4.22

Let M, N, S and T be multisets suchthat N > M and T > S,then NWUT > M ¥ S.

Proof
By Lemma 418, NUT > MUWUT and MW T > M W S. It follows by transitivity of

the orderingthat NW T > M W S. m

Lemma 4.23
Let M,N,S and T be multisets suchthat N > M and T > S. IfSE€ M and T < N,

then N\S > M\T.

Proof
By Lemma 4.19, N\S > M\S and by Lemma 4.20, M\S > M\T. It follows by

transitivity of the ordering that N\S > M\T. O«

Next, we present an alternative proof of the equivalence between the Dershowitz-

Manna ordering and the Huet-Oppen ordering (Peter and Singh, 2017a).
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Theorem 4.24
The Dershowitz-Manna multiset ordering and the Huet-Oppen multiset ordering are

equivalent.

Proof

Let <py and <<y, be the Dershowitz-Manna and Huet-Oppen orderings,
respectively. Assume M <<, N holds and define X and Y as follows: X = M\N and
Y = N\M, thus Y € N is clear. We claim Y # @. Suppose the contrary, that is
N\M = @. Either N ¢ M or x € M\N for some x € E. The former is a contradiction
of M < N since multiset inclusion satisfies the ordering as well. If the latter is the
case then M(x) > N(x) and by <<y, 3y € E such that N(y) > M(y). This implies
y € N\M - a contradiction of the assumption Y = @. To prove (ii), we consider that
M\X = M\[M\N] and N\Y = N\[N\M]. But M\[M\N] =M nN = N\[N\M].
Thus, we have M\X = N\Y. By definition X € M, hence M = [N\Y] W X. To prove
(iii), let x € X, thus x € M. If x € N Vx then M < N and the result follows. If x ¢ N
then x € [M\N] implies M(x) > N(x). By hypothesis, 3y > x such that N(y) >
M(y). Hence, y € [N\M] this implies y € Y. Conversely assume M <<p,; N. From
(i) M\X = N\Y, and from (iii), X # Y implies M # N. Assume M(x) > N(x). From
(i), M(x) = N(x) — Y(x) + X(x). We have X(x) — Y (x) > 0, thus x € X. From (iii)
3y > x such that y € Y, thus Y(y) > X(y). Moreover, M(y) = N(y) —Y(y) + X(y)

from (ii) implies N(y) — M(y) > 0. Hence, N(y) > M(y) m
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44  Some Extensions of Set-based Ordering to Simple Multisets of
Incomparable Objects

It seems convincing that there exists an ordering on simple multisets of incomparable
objects by means of the Jouannaud-Lascanne set-based multiset ordering. In this
thesis, an attempt to show that a singleton multiset is dominated by a simple pair
multiset in spite of the incomparability of their objects is made with respect to the
ordering. Furthermore, an existence of the ordering among simple multisets of higher
cardinalities where the cardinality of the preceding multiset is a unit or more less than
that of the succeeding multiset is observed. Thus, we obtain an extension of the
ordering to simple multisets of incomparable objects (Peter and Singh, 2017c). We
begin with a simple corollary, which establishes a relationship between pair sets and

simple multisets of finite cardinalities with respect to set-based multiset ordering.

Lemma 4.25
Every pair set dominates a finite simple multiset with respect to set-based ordering

where the set and the multiset have a common object.

In other words, if S is a pair set and M is a simple multiset such that an object a

belongs to S N M, then S dominates M with respect to set-based ordering.

Proof

Let S be the set {a, b} and let M be a simple multiset of an object a. Since, a € SN

M, then a belongs to each of the first set-based references of S and M as illustrated in
the following table:
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Table 4: The set-based difference grid of the set {a,b} and the simple multiset

{a,qa,..,a}
{a, b} 0) 0)
{a} {a} | ... {a}

Since the first and only nonempty reference of S dominates the first reference of M
with respect to the Huet-Oppen ordering, then S dominates M by the set-based

ordering defined above (or by set inclusion). o

The two multisets {e,e} and {a} cannot be shown to be comparable using the
conventional set-based approach. In fact their difference grid has no basis for
comparability. To see this, consider placing them in a difference grid in the following

table:

Table 5: The supposed set-based difference grid of {e, e} and {a}

{e} {e}
{a} 0)

For two multisets to be comparable, one reference must be greater than the other in
the last unequal pair of references in their difference grid. Such is not the case here.
Thus, the method fails to determine the dominance between the multisets. The

ordering between such multisets is better established in the following theorem.
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Theorem 4.26 (The harsh—simple theorem on multiset ordering)
Every simple pair multiset dominates a singleton multiset with respect to set-based

ordering where both multisets have incomparable objects.

In other words, if e and a are incomparable objects with respect to a basic ordering

>, then the relation {e, e} >> {a} holds where >~ is the set-based multiset ordering.

Proof
Choose multisets M = {a,a,e}, N ={a,a,e,e} and X ={a,a,a,e}. Now N is
greater than M in the sense of set-based ordering. To see this, consider the difference

grid of M and N in the following table.

Table 6: The difference grid of {a, a,e} and {a, a, e, e}

N {la,e} | {a,€}

M {a, e} {a}

Thus, the relation N > M holds since {a, e} >y, {a} holds from the second pair of
references of M and N. Similarly, the relation N >> X holds. Consider the following

multiset operations:

N>M
Nu{a,e} > MU {a, e}

Nu{a,e}—X> Mu{ae}—N
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{e,e} > {a}

hence, the proof. O

It follows that the set-based ordering has a possible extension and could be more
powerful than one thought. Similar to the multisets in Theorem 4.26, the set-based
ordering between the multisets {e, e, e, e} and {a, a, a} cannot be determined using the
conventional difference grid approach. Consider then the following theorem, which is

an extension of Theorem 4.26.

Theorem 4.27 (The first extended harsh-simple theorem)
Every simple multiset dominates another simple multiset with respect to set-based
ordering where both multisets have incomparable objects and the cardinality of the

preceding multiset is a unit less than that of the succeeding multiset.

In other words, if e and a are incomparable objects with respect to a basic ordering >,
then the relation {e, e, ¢, ..., e} (n + 1 times) > {a,a, q, ..., a} (n times) holds, where

>> is the set-based multiset ordering.

Proof
The proof is by induction on n. The statement is true for n = 1, since {e, e} > {a} by

Theorem 4.26. Suppose it is true for k. That is,

{e,e e, ..,e}(k + 1times) > {a,q,aq,...,a}(k times) (2)
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We need to show from (2) that it is true for n = k + 1. Now the relation {a, e} >>
{a, a} holds by Lemma 4.25. Taking the additive union of {a, e} with the L.H.S of (2)

and that of {a, a} with the R.H.S of (2) we obtain:

{a,e} W{e,ee, ..., e} (k+ 1times) > {a,a,aq,..,a} (ktimes) W {a,a}.

This implies

{e,e e, ...,e}(k+2times) W {a} > {a,a,aq,..,a} (k + 2 times).

Subtract {a} from both sides to get

{e,e e, ...,e} (k+ 2times) > {a,q,aq, .., a} (k + 1 times).

That is,

{e,e e, ...,e} ((k+ 1)+ 1times) > {a,qa,aq,..,a} (k + 1 times).

It follows that

{e,e e, ...,e} (n+ 1times) > {a,a,aq, ...,a} (n times).

Since being true for n = k implies being true for n = k + 1, then the statement is true

foralln € N. O

We take the extension further to multisets where the cardinality of the succeeding
multiset is more than a unit greater than the cardinality of the preceding multiset in
Theorem 4.28.
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Theorem 4.28 (The second extended harsh-simple theorem)
Every simple multiset dominates another simple multiset with respect to set-based
ordering where both multisets have incomparable objects and the cardinality of the

preceding multiset is greater than that of the succeeding multiset.

In other words, if e and a are incomparable objects with respect to a basic ordering >,
and m and n are positive integers, then the relation {e, e, e, ..., e} (m + n times) >

{a,a,aq,..,a} (mtimes) holds, where >> is the set-based multiset ordering.

Proof

The proof is by induction on n, where n is the number by which the multiplicity of
the elements of {e,e e, ..,e} exceeds the multiplicity of the elements of
{a,a,a,..,a}. The statement is true for n = 1 since {e,e,e,...,e} (m + 1 times) is
greater than {a, a, a, ..., a} (m times) by Proposition 4.3. Suppose the statement is true

for k. That is,

{e,e e, .., e} (m+ ktimes) > {a,q,aq,...,a} (m times). (3)

Consider the relation {e} > @ and add {e} to the L.H.S. and @ to the R.H.S. of (3).

felu{e e e, .., e} (m+ ktimes) > QW {a,a,aq,.., a} (mtimes).

This implies

{e,e e, ...,e} (m+ k + 1times) > {a,q,aq, ...,a} (m times).
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It follows that

{e,e e, ...,e} (m+ntimes) > {a,aqa,aq,..,a} (mtimes).

where n is the number by which the multiplicity of the elements of {e, e, e, ..., e}

exceeds the multiplicity of the elements of {a, a, q, ..., a}. m

For the purpose of this thesis and possible future use, we shall denote the harsh-
simple ordering by >>, and denote the extended harsh-simple orderings by >>,. and

>4, accordingly.

4.5 The Concept of ‘Ideal’ Ordering

4.5.1 Ideal ordering (a consequence of the properties of partial ordering)

It is a natural property of comparability relations that objects to be compared be of the
same category as far as such comparability is concerned. For example, there exists no
comparability between weight measure and length measure. That is, although the pure
number 35 is less than the pure number 50 we cannot conclude that the quantity 35
grams is less or equal or even greater than the quantity 50 metres. This is because
grams and meters are different “categories” of measurement. We say that 35 grams
and 50 meters are incomparable with respect to the usual ordering < on the set of real
numbers, symbolically written as “35 grams # 50 metres”. In general, if two
quantities A and B satisfy similar behaviour as 35 grams and 50 metres above (that is
A and B are incomparable with respect to the ordering <), we denote such
phenomenon by A # B following the definition of incomparability relation. However,
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it is possible to find a third quantity C for which both € > A and C > B hold or both
C <A and C < B hold. The ordering is a restriction of the properties of partial
ordering to include only the aforementioned ones in addition to its restriction to only
three distinct elements. Hence, it has attracted the broader name of property-restricted
partial ordering or ideal ordering as is used in this thesis. See Peter et al. (2017d)
for further details. We present a formal definition of the concept in the definition that

follows.

It may be emphasized that there could be the following possible order relations
between two quantities a and b, viz.a < b, a > b, a#b a=banda? b, where

< or > refers to the ordering, # is incomparability, and "? " stands for unknown.

Definition 4.9
A partial order <, defined on a set S is called an ideal partial order (or simply an
ideal order) on S if and only if there exists a pair of incomparable elements x and y in

S and an element a € S such that eithera < xanda < yorx <aandy < a.

In other words, there exist at least two incomparable elements of S that are
both less than or greater than at least one element of S. If such a set S exists, we say
that < is a property-restricted partial order on S, and S is a property-restricted set
with respect to <. For the purpose of clarity, we shall call a partially ordered set that

is not an ideal set an ordinary partially ordered set.
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Definition 4.10
An ideal set S over the ordering < is called an isosceles set if and only if for any two
elements x and y of S such that x # y holds, there exists an element a € S such that

a<xanda<yorx<aandy < aexist.

In other words, any two incomparable elements of S are both less than or
greater than at least one other element in S. If such a relation exists, we say that S is
isoscelesly ordered by <, and we call S an isosceles set with respect to <. The
smallest subset T of S satisfying this property is an isosceles subset of S consisting of

three elements. We call it an isosceles triple.

4.5.2 The structure of an isosceles triple

An isosceles triple is best pictured in a diagram consisting of two eccentric isosceles
triangles. Such a diagram contains elements between the apexes of the triangles. The
order symbol is written between the edges on both sides of the triangles, while the
incomparability symbol is written between the bases of the triangles. Consider the
isosceles triple A = {a,b,c} where b #c is such that a > b and a > c and the
isosceles triple X = {x,y,z} where y # z is such that x <y and x < z. Figure 6
illustrates the isosceles triple of A (with a peak) while Figure 7 illustrates the isosceles
triple of B (with a trough). In other words, a is the peak of the isosceles triple
illustrated in Figure 6 while x is the trough of the isosceles triple illustrated in Figure

7.
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Figure 6: The Structure of the Isosceles Triple of A (with a Peak)

Figure 7: The structure of the isosceles triple of X (with a trough)

The elements b, ¢, y and z are called base elements of A.

Theorem 4.29

The class of total ordering and ideal ordering are disjoint.
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Proof

Let < be a total order defined on a set T. By definition < is a partial order on T
and for all element u and v of T, either u <, v or v < u. It follows that there exists
no relation of the form x #;y where #; is incomparability with respect to <.
Therefore, no three elements of T satisfy the ideal order property. Consequently, <,
is not an ideal order. On the other hand, let <; be an ideal order on a set S. By
definition, <; is a partial order on S and there exists a pair of elements x and y where
x # y such that either a <; x and a <; y or x <; a and y <; a in the strict sense of
the order, where a is an element in S. Thus, statements equivalent to ‘either x <; y or

y <; x forall x and y in S” do not hold. Therefore <; isnot a total orderon S. o

Corollary 4.30

Total ordering and ideal ordering are incomparable.

Proof

It is sufficient to present two examples, each satisfying the characteristics of either
type of multiset orderings. The set N of natural numbers is totally ordered by the
usual ordering, but not ideally ordered since no two natural numbers are incomparable
with respect to the usual ordering. On the other hand, the set {{n}:n € N}u
{{m,n}:m,neN} of singletons and pairs of natural numbers defined by the

containment ordering c is ideally ordered but not totally ordered. o
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4.5.3 Examples of ideal ordering/set

Example 4.1

An obvious example of an ideal ordering in Mathematics (specifically in set theory) is
the ordering defined by the strict containment relation (<) on multisets where # is
interpreted to mean —{c, o, =}. For instance, let A = {a}, B = {a, b}, and C = {a, c}.

Now A € B,A c C and B # C. We represent this with a Venn diagram as follows:

B C
A A
. .C

Figure 8: Venn diagrams illustrating set examples of ideal ordering with a trough

On the other hand, let A ={b,c},B ={b} and C = {c}. Now, Bc A,C c A and

B #C.

The diagram is as follows:

A A
B C
c b

Figure 9: Venn diagrams illustrating set examples of ideal ordering with a peak
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This example extends to sets of higher cardinalities as well.

Example 4.2

It has been shown that Darshowitz-Manna multiset ordering implies set-based
multiset ordering and submultiset-based multiset ordering. It has also been shown that
set-based multiset ordering and submultiset-based multiset ordering are incomparable.
Consider therefore the ordering defined by ‘implication’ (=) on the set 0’ = {<
< o <pum} of types of orderings on multisets where <<, <<, and <<p,, are the set-
based, submultiset-based and Darshowitz-Manna multiset orderings, respectively and
# is defined by — {=, &, =}. Thus, the ordering defined by = is an ideal ordering

and O’ is an isosceles triple.

Example 4.3

Since total ordering is partial ordering in which any pair of elements in the set under
consideration are comparable, then total ordering implies partial ordering. From the
definition of ideal ordering above, every ideal ordering is a partial ordering.
Moreover, total ordering and ideal ordering are incomparable from Corollary 4.30.
Consider then, the ordering defined by ‘implication’ (=) on the set 0" = {<, <;
<p} of classes of orderings on sets, where <, <; and <p are total order, ideal order
and partial order, respectively, where # is defined by —{=,«<,=}. Thus, the

ordering defined by = is an ideal ordering and the set 0"’ is an isosceles triple.
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Example 4.4

Considering the harsh-simple multiset ordering (Theorem 4.26), given two
incomparable objects say e and a, the multiset {e, e} is greater than the multiset {a}
where the ordering in question is the set-based multiset ordering. Similarly, the
multiset {a,a} is greater than the multiset {e}. This ordering is called #-simple
(pronounced, hash-simple) multiset ordering. It is easy to see that the hash-simple
multiset ordering is an ideal ordering, where # is defined by —{>>;, << =}. To see
this, consider the simple multisets, {a}, {e,e}and {f,f} wherea#e, a# fande # f
hold. Following the definition of >>, the relations {e, e} > {a} and {f, f} > {a}

hold. Moreover, the relation {e, e} # {f, f} holds. Similarly, the relations {e, e} >>;

{a}, {e,e} >4 {f}, and {a} # {f} hold.

Example 4.5

Let U be an unordered set (a set which has no ordering defined on it). Let T be a set
of tuples of elements of U and let S be a set of simple multisets of elements of U
which have equal cardinalities. The set-based multiset ordering << defined on
T U S is an ideal ordering and T U S is an ideal set, where # is defined by ~{<<s v ,
vy =5 As a simple illustration, suppose T has only one element viz, T =
{{a, f}} where a#f holds and let S ={{a,a,a,a}, {f.f.f.f}}. Now, TUS =
{{a, f}, {a,a,a,a}, {f.f.f,f}} and the relations {a,a,a,a} <ww {a f} and
{f.f.f, f} <swm {a, f} hold from Lemma 4.25. Also, the relation {a,a,a,a} #

{f.f.f,f}holds.
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Example 4.6

Consider the parenthood relation (<<,4,,,) defined by parent as follows: the relation
A >4 B holds if and only if A is parent of B. Notice that if A is a parent of B and
A is a parent of C then B cannot be a parent of C and C cannot be a parent of B. Since
B # C, then B # C holds where # is defined by —~{>>,,n, <<parn, =}. Therefore A,

B and C form an isosceles triple and the ordering >>,,,,, is an ideal ordering.

Example 4.7

Consider the relation << ,,.., defined by ancestor as in the following illustration. X
>>.nce Y If and only if X is an ancestor of Y. Notice that if X is an ancestor of Y and
X is an ancestor of Z, then Y cannot be an ancestor of Z and Z cannot be an ancestor
of X. Thus, Y and Z are incomparable under the relation >~ ,,,... Therefore X, Y and

Z form an isosceles triple and >>,,,.. is an ideal ordering.

Example 4.8

A typical real life example of ideal ordering (typically in chemistry) is the
composition ordering among chemical substances. If two chemical substances (called
reactants) combine to form a new chemical substance, the resultant compound is said
to be a product of the two reactants. One says that the product is composed of the
reactants. We therefore define the ordering between reactants and their product by the

‘composition’ relation denoted by >>;,;,. If the two reactants are different and no

reactant is composed of the other, then the two reactants are said to be incomparable.
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In this case the three substances form an isosceles triple with respect to the

composition order >> ..., Where # = = {>> mp, <<comp, =1

Example 4.9

In a chemical reaction, Chemical bonds in the reacting molecules are broken; this
takes in energy. New chemical bonds form to make the products; this gives out
energy. In a physical reaction (physical change), molecules are rearranged but their
internal structures are not affected, and no energy is given off in the process. Both
types of processes can be seen to be different. In fact, the two are incomparable. A
third type of reaction called the null reaction (explained later in the thesis) together

with the two reactions form an isosceles triple with respect to the reaction ordering.

45.4 The structure of an ideal set
The following is a diagrammatic structure of a typical ideal set. In the illustration, the
arrows “—” indicate > while — indicate >. Note the incomparability relation #

between two objects.
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Figure 10: The structure of a typical ideal set
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CHAPTER FIVE

AN APPLICATION OF IDEAL ORDERING TO ALTERNATIVE P
SYSTEMS

5.0 Introduction

Membrane computing is a distributed and parallel computing model introduced in
Paun (2000) whose aim is to abstract computing ideas from the structure and
functions within living cells and the way they interact with one another or with their
environment in a hierarchy of membranes called membrane structure. In a typical
membrane structure, multisets of objects are processed by rules which act upon them
both of which are present in the regions of the membranes together with pre-specified

input and output membranes.

The ability of the membrane structure to evolve by the action of the rules on
the objects gives rise to a computing device called P system. Of the several variants
that have emerged in the literature, we shall present an improvement of the P system
working in the accepting mode introduced in Freund and Paun (2003) where an input
is provided in the form of a number and the system accepts this number or not,
provided that a halting computation exists starting from the initial configuration. The
input is introduced in the system in the initial configuration, in the form of the

multiplicity of a specified object.

The P system introduced is of specialized type, based on a peculiar

consequence of partial ordering on multisets known as ideal ordering. Such an
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ordering is basically identified by three objects, a partial order on multisets and the

accompanying incomparability relation as we shall see in subsequent sections.

An important characteristic that gave rise to the variant of P system is the way
in which the functions of the rules are specialized. Much as the biochemical activities
within a living cell may be classified into their respective chemical, physical and
mixed forms, the rules representing these biological activities are specialized to

separately carry out their functions in these forms.

In the regions delimited by the membranes are placed rules representing
chemical processes, physical processes and mixtures among other rules which are said
to function as background processes. The objects, which are also placed in the
regions, represent chemical compounds. As is typical of most variants of P system,
these objects are said to evolve — they can be transformed from one object to another
and can combine to form another object. We advise the reader to refer to Paun (2000)

and Paun (2006) for elaborate details on P systems.

It is observed that with only three rules a nondeterministic alternative P system
based on ideal ordering has computational completeness, it can characterize the
recursively enumerable sets of natural numbers. It is interesting to note that very
simple membrane structures are enough: only one membrane suffice. The method we

use to determine computational completeness is of the same type as that used in the
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accepting P system provided in Freund and Paun (2003), only that this time the rules

are by far fewer in number.

5.1 A Biochemical Interpretation of the Rules

The idea is to present a model of the biochemical processes taking place in the cell by
means of multisets of objects. The changes in the substances involve chemical
properties for chemical change as well as for physical change. The processes to
consider include mixture, reversible chemical reaction, physical change, catalytic
reaction, derived reaction and the null reaction. In modelling the rules, the alphabets
(Greek or English) represent the chemical substances, the binary operation ‘+’
represents the action ‘reaction’ or ‘change’ as the case may be. The arrow ‘—’ points
to the result of the reaction or change process, while the arrow ‘=’ is used where
such changes do not take place. Moreover, the use of the symbol ‘@’ is essential and
is interpreted to mean that there exists a particular substance which has not reacted
with another substance after they have been combined — a case of mixture, hence its

use in conjunction with ‘=",

5.1.1 Mixture

One would think of representing mixture by « + § = f + a. The thought of such a
representation is probably with the intention that two substances combine to yields the
two substances as they were, but mixed. This however, is crude and inappropriate to
our model. The idea is to model the process in reaction terms by a + @ = £, and this

presents a more logical concept of the representation of mixture. It means ‘nothing’
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has reacted with a and we can still obtain . Moreover, a cannot change to £ unless a
second element (or energy) is involved. Hence, the symbol @ denotes the absence of
such substance or energy. Furthermore, @ cannot be omitted to avoid the impression
that a underwent a unilateral change or reaction to the substance g which is not a
property of a biochemical process. The idea is to have the model as applicable as

possible yet retain biochemical outlook.

5.1.2 Null reaction

The null or trivial reaction does not mean the absence of a reaction even though it
does not model any reaction. It means the presence of a chemical environment where
the potential for reactions to take place exists. In fact, the null reaction is the most
essential of all reactions as it always exists. It is modeled by a + @ = «a. It directly
translates as ‘only one substance is involved and again we obtain the only substance.’
Furthermore, any substance which withstands a chemical or physical environment is
said to have undergone a null reaction. It is easy to see that the null reaction is trivial
to all other reactions. Particularly obvious (as seen from the models representing
them) is its triviality to mixture. The difference between the representation of mixture
and that of null reaction is that mixture involves more than one substance whereas the

null reaction involves only one substance before and after a given period of time.
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5.1.3 Reversible chemical reaction

Chemical reaction is modelled by a + 8 =7 meaning that two substances a and

react to produce the resultant substance y. The process can be reversed under certain

conditions as indicated by the rev below the arrow.

5.1.4 Catalytic reaction

We consider a catalytic case a + & -  + & of the chemical reaction, where ¢ is a
catalyst. We do not lay emphasis on the other element which reacts with a for which
¢ is catalyst to the reaction of such element and a. The model is so since by the end of
the reaction at least a new substance is produced — not minding the number of
substances used. In other words, the state of the catalyst is the focus for the catalytic

case — it is not consumed in the process.

5.1.5 Physical change

Physical change is modelled by a + 8 — a. This captures the idea that a and g
combine via the change process ‘+’ which leaves the chemical properties of «
unchanged, much as water transforms into water vapor by heating. Thus, again the
change is in terms of the chemical properties of the substance — leaving the chemical
properties unchanged. This process is reversible and the reverse is ¢ = a + £, similar

to separating heat from water vapor to produce heat and water.
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5.1.6 Incomparability with respect to reaction
If two substances cannot be combined in any of the processes above, then the
substances are considered as not present in a chemical or physical environment. Such

a scenario is modelled by a # § where a and § are the substances.

5.1.7 An approach for non-determinism

It is possible to have a situation where an object a is combined with £ to produce g in
the sense of physical change or to produce y + a in the sense of catalytic reaction,
which indicates non-determinism in the system. Thus, both reactions cannot occur

simultaneously. Same can be said about other rules.

5.1.8 Derived reactions

It is possible to derive other reaction types from a combination of some of the
reactions already mentioned. A typical example of a derived reaction is the resultant
reaction that converts the initial substance to the final substance in a series of
reactions. That is, if for instance, a substance a changes to b by a reaction a — b and
b changes to ¢ by b — c then the derived reaction that changes a to c is a — c. In
particular, by the use of reversible chemical reactions, catalytic reactions and physical
change and by employing the concept of property-restricted ordering, we derive a
typical reaction which is of interest to the model of P system under investigation in

the following proposition.
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Proposition 5.1 Given a finite number n — 1 of catalytic reactions f; +a = f, +

a, .., fno1+a—- f, +a, a reversible chemical reaction f; +a r;;fn and the

physical change f; + a — f;, there exists a reaction of the form f; - f,, + a up to

ideal ordering.

Proof

Since the finite number n — 1 of catalytic reactions f; +a - f, +a, ..., fp-1 +a -
fn + a hold by the hypothesis, by transitivity f; + a — f,, + a is a derived reaction.
Moreover, the physical change f; + a — f; also holds by the hypothesis. One of four
cases must hold. That is, either f,, with a is incomparable with f; (i.e., fi # f, + @)
or f, reacts with a to produce f; (i.e, f, +a— f;) or f; produces f, with a
(i.e., fi = fu + a) or f; is not different from f,, with a (i.e., f; = f, + a). Suppose
fi = fn + a holds. By transitivity the catalytic chemical reaction f; +a - f, + a
holds, and this implies f; + a — f; is not a physical change; a contradiction of the
hypothesis. Since a cannot react with f,, to produce f; which it reacts with to produce

fn by the hypothesis, then f,, + a - f1 does not hold here (it is a reversible chemical

reaction that may hold elsewhere, but its reverse reaction may hold here). Since every
physical change is reversible, consider extending the reverse f; = f;+a of
fi +a = f; with the catalytic reaction f; + a = f,, + a. Thus, we have that f; =
fn+a is a derived reaction. Therefore, the set S={f;, fi +a, f, +a} of

substances is totally ordered with respect to the reaction/change ordering. By
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Theorem 4.21, S is not an isosceles triple and the relation f; # f,, + a does not hold.

Hence, only the relation f; — f,, + a holds and the result follows. O

5.2 Turing Computability

Classical computability can be presented in various equivalent mathematical
formalisms such as Turing machines, register machines, Chomsky type-zero
grammars, partial recursive functions and so on. In this thesis, we exploit the
mechanism of a register machine. It is a device that consists of a given number of
registers each of which can hold an arbitrarily large non-negative integers and a
sequence of labeled instructions called program. The instructions determine how the
integers in the registers can change and which instructions should be executed next
after, [, is the halting label and R is the set of instructions labeled by elements
another. Formally, a typical register machine is a device M = (m, B, l,, [, R), where
m > 1 is the number of registers, B is the set of instruction labels, [, is the intial label
from B (R is also called the program of the machine). The labeled instructions are of

the following forms:

l; : (ADD(r),1,) (add 1 to register r and go to the instruction with label 1,),
l; : (SUB(r),1,,15) (if register r is not empty, then subtract 1 from it and go to the
instruction with label [,, otherwise go to the instruction with label 15),

[, : HALT (the halt instruction which can only have the label [},).
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A register machine is used to recognize a number in the following manner: starting
with all registers being empty, a number is introduced in a distinguished register (say,
the first register), computation is made starting with the instruction labeled [,; a
number is inputted, say n in this register while all other registers hold the value 0. If
the computation reaches the instruction labeled by [;,: HALT (that is, it halts), then
the number is recognized, otherwise it is not recognized. The set of all numbers
recognized by M is denoted by N(M). It is known (see Minsky (1967) and Freund
and Oswald (2002)) that register machines (with three registers only, recognize

exactly the family NRE, of Turing computable numbers.

A register machine can also compute functions by designating certain registers
as input registers and others as output registers. We start with the arguments of the
function in the input registers. If the machine halts, we get the value of the function in
the output registers; if the computation never halts, then the function is not defined for
the given input. We denote by NRE the family of Turing computable enumerable sets

of numbers.

5.3 A Nondeterministic Alternative P System with Specialization Rules Based
on Ideal Ordering

We introduce a class of membrane system considered in this thesis, an alternative P

system based on ideal ordering (or ideal alternative P system). We show universality

for the (cell-like) P system, in the accepting mode using symbol objects, processed by

some specialized rules. For now, we consider a system with only one membrane and
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obtain universality by means of a register machine (Peter et al., 2017d). In general, an

alternative P system (of degree m > 1) based on ideal ordering is a construct of the

form
II=(UH,uwy, .., Wy, R, ...,R,)
where
0 is a finite alphabet, called objects,
H = {h4, ..., h,, } is a set of labels of the membranes in I1,
U is a membrane structure of degree m,
w; is a string over O representing the multiset of objects present in region i of
the membrane system, where 1 < i < m,
R; is the set of rules which act in the region of membrane j suchthat 1 <j < n,

The form of the rules are as follows:

i.  Rules simulating reversible chemical reaction are of the formu + v — w.
rev

Ii.  Rules simulating derived reaction are of the formu —» v + w.

iii.  Rules simulating catalytic reaction are of the formu + v - u + w.
iv.  Rules simulating mixture are of the form u + @ = w.

v. Rules simulating physical change are of the form u + v — wu.

vi.  Rules simulating the null reaction are of the formu + @ = u.
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Note that the null reaction does not mean the absence of a reaction, but it means the
presence of a chemical environment in which the potential for a reaction to take place
exists, without which no other reactions or any change can take place. Hence, the null
reaction is the “most essential” of all reactions as it always exists. Therefore, it is
considered one of the rules in the P system and is said to be among the rules that

function at the background.

Since from Proposition 5.1, rules 3 and 5 are directly involved in the creation
of rule 2, such rules are said to function at the background in the computation process
of the P system. On the other hand, rules 2 and 4 are said to function only at the
foreground. Furthermore, rule 1 functions at both background and foreground.
Therefore, even though only rules 1, 2 and 4 are directly involved in the proof of
computational completeness of the P system, the remaining rules are indirectly
involved by virtue of their role in the creation of rule 2 (in the case of rules 3 and 5)
and by virtue of the provision of a chemical environment (in the case of rule 6). In

other words, all other rules imply rule 6 and rule 2 implies rules 3 and 5.

54  The Computational Power of Cooperative Alternative P System with
Specialization Rules in One Membrane based on Ideal Ordering

The P system can generate all recursively enumerable sets of natural numbers. We

denote by NSPI;(coo) the family of sets N(/I) of numbers computed by a

nondeterministic cooperative alternative P system with specialization rules based on

ideal ordering
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Theorem 5.2 NSPI;(coo) = NRE

Proof

Consider a register machine M = (m,B,1,,l;,,P) and the set of alphabets U =
{ay,a,, ...,a,,} where a symbol a; is associated with register i. The content of the
register is represented by the number of occurrence of a; in the P system being
constructed. An accepting P system of degree 1 with specialization rules based on

ideal ordering is a construct of the form
M= (0,[1]1, 1o, E, Ry)

where
Oo=UuU {lll lz,lg}

R, ={(l » a, +1,) | forl; : (ADD(r),l,) € R}

U{(b+ar—> 1), U+ 0= 1) [forly : (SUB(r), Iy, 1) € R}
rev

Assume that we introduce n copies of the object a in the system of IT just like
starting the work of the register machine M where n is in the first register. We show

that IT simulates the work of the register machine when analyzing the input n.

Each of the ADD instructions of M is simulated by the rule I; —» a, + [,. It
introduces an object a, together with the instruction label I, erasing the instruction

label ;.
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The SUB instruction is simulated by the two rules [, +a, — [, and [; +
rev

@ = 5. In the first case if there exists an object a, in the system then the reaction
erases both the object a,. and the label instruction [; while introducing the label
instruction [,. If, on the other hand, no element a, exists in the system, then the rule
[, + @ = I3 is executed. It transforms the label instruction [; to the label instruction
l5. We continue to simulate the instructions of M in this way. In the event where the
register machine halts, that is, it reaches the label [;, then the computation for IT halts

as well, and conversely. Therefore, N(IT) = N(M). m

55 Some Applications of P Systems to Arithmetic Operations on Non-
negative Integers — a Case of Determinism Based on Weak Rule Priority

In this section, we construct a simple variant of P systems for arithmetic operations on
non-negative integers based on the weak priorities for rule application. Consequently,
we obtain deterministic P systems. It is verified that two membranes suffice.
Moreover, there are at most four objects for multiplication and five objects for
division throughout the computation processes. The P systems so obtained serve as
bases upon which other complex operations may be built, and upon which basic
operations may be extended to cover the set of positive and negative real numbers

(Peter and Singh, 2017D).

5.5.1 Weak versus strong rule priority relations
Rules are sometimes assigned priorities to determine which rule is applied first and

which is applied next. So far, there are two types of priority relations in membrane
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computing, namely, strong and weak priority relations. In a strong priority relation,
when a rule with higher priority has been applied, the rule with lower priority is not
applied even if the two rules do not compete for objects. For instance, ifa - ¢ > b -
d are rules with the priority relation ‘>’, meaning that a — ¢ has priority over b - d
and both a and b are available, then only the first rule is used, even though it has
nothing to do with the object b. The relevance of this type of priority relation
corresponds with the way of using priorities in ordered grammars in the regulated
rewriting. It also has biochemical relevance. This relevance emanates from the idea
that the rules could consume not only objects, but also a common resource such as
energy. If a rule with higher priority is used, then no energy would be left for a rule
with lower priority. On the other hand, in a weak priority relation, a rule with lower
priority is applied after a rule with higher priority has been applied or cannot be
applied, provided there are objects available for the rule with lower priority. In other
words, a rule of lower priority is always used where a rule of higher priority has or
has not been used provided the former can be applied. Both interpretation of rule

priority are of interest. See Paun (2000) for further details.

We present P systems for the basic binary operations. There are two rules for
addition and one rule for subtraction. No priority exists among the rules for addition —
they are applied in parallel. On the other hand, there exist priorities among the rules

in membrane 2 for both multiplication and division.
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5.5.2 Addition P system

An addition P system is a construct of the form

H+ = (Vy u,wq, (er pl)' lO)

where

V = {ab,c} is a set of objects.

=11 is a membrane structure of degree 1.

w; =a™b" is the initial multiset of objects in the membrane.
Ri={a—-c,b—-c} Is a set of rules.

ip=1 is the number indicating the output membrane.

1 1
ambn Cm+n
a-c a-c
b-c b-c

Figure 11: The configurations of an addition P system

There are m copies of an object a and n copies of an object b in membrane 1
which is both an input and an output membrane. The m copies of a and n copies of b
encode the numbers to be added. There are two rules necessary for the addition to
take place, namely a — c and b — c. The rule a — ¢ consumes the m copies of a and
produces m copies of ¢ while the rule b — ¢ consumes the n copies of b and produces

n copies of c¢. The rules are applied in parallel in a single transition. Afterwards, no
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copies of a or b exists within the membrane. Consequently, none of the rules can be
applied. Therefore, the computation halts after the first transition. The result of the

computation is encoded by the m + n copies of c.

5.5.3 Subtraction P system

A subtraction P system is a construct of the form

I~ = (Vy u,wq, (er pl)' lO)

where

V = {a, b, c} isaset of objects.

U=l is a membrane structure of degree 1.

w; =a™b" is the initial multiset of objects in the membrane.
R; = {ab - (c,out)} Is a set of rules.

ip=1 is the number symbolizing the output membrane.

Figure 12: The configurations of subtraction P system

The computation works as follows: m copies of an object a and n copies of an
object b are placed in the only membrane labeled 1 which is both an input and output

membrane. We assume m < n. The m and n encode the two numbers involved in the
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binary operation of subtraction where m is to be subtracted from n. There is only one
rule in the membrane, namely, ab — (c, out). The rule consumes m copies of the pair
ab of a and b and produces m copies of a new object ¢ which it sends out of the
membrane. Afterwards, no copy of the pair ab exists in the membrane. Therefore, the
rule cannot be applied again. The computation halts after the first transition.
Consequently, there are n — m copies of b in the output membrane. The result of the

computation is determined by the n — m copies of b.

5.5.4 Multiplication P system
Let m and n be non-negative integers. A multiplication P system for the product

m X n is a construct of the form

I = (V,u,wy, wy, (Ry, p1), (R2, p2), io)

where

V = {a,b,c,e} is a set of objects.

u=1[il2]2]1 Is a membrane structure of degree 2.

wy =0 Is the empty multiset (no object present in membrane 1 at the
initial configuration).

wy, = a™b"e Is the initial multiset of objects in membrane 2.

Ry ={ri:a - (a,iny), rp:e - (e, iny), 15:a — (a,out)} is the set of rules in
membrane 1.

p1 ={nr > 14} Is the priority relation of the rules in membrane 1.
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R, = {r;:be - (e, out), ;e - §,rs:a - (ac,out)} isthe setof rulesin
membrane 2.
p, = {r3 > 1, > 15} isthe priority relation of the rules in membrane 2.

ip=1 is the symbol for the output membrane.

ri:a - (a,iny) > rg:a - (a,out)
e - (e, iny)

2

a™bme

r3:be — (e, out) >
e —> 48>
rs:a — (ac, out)

Figure 13: Initial configuration of a multiplication P system

At the initial configuration of the system, there are m copies of object a, n

copies of object b in membrane 2 which encode the numbers to be multiplied and one

copy of object e in membrane 2, the input membrane. Membrane 1 has three rules 7y,

r, and r, where r; > 1y is the weak rule priority relation which determines the

precedence in selecting the rules. Membrane 2 also has three rules, r3, r, and 5 and

they have been assigned the weak rule priority relations 5 > r, > 5.

Since there are no objects in membrane 1 at the initial configuration, none of

the rules in membrane 1 can be applied. Since 5 has priority over r, in membrane 2,

r3 will be applied. It consumes one copy of b and sends the only copy of e to
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membrane 1, leaving m copies of a and n — 1 copies of b behind. Next, even though
r, has priority over rg, r, cannot be applied since no object e is available in
membrane 2 after r; has been applied. Therefore, 5 will be applied in parallel with 75
owing to the weak priority relation on the rules. It produces m copies of ¢ according
as there are m copies of a in membrane 2. The m copies of ¢ and a are sent to
membrane 1. Afterwards, there will be n — 1 copies of b in membrane 2. This is the

first transition.

Next, the copies of a and the only copy of e are sent back to membrane 2 by r;
and r,, respectively. Each time that the use of r; decreases the copies of b by one in
membrane 2 and at the same time that r, cannot be applied, m copies of c are
produced and sent to membrane 1 by r5. The process continues until there are no
copies of b left in membrane 2. Consequently, 5 will no longer be applied. However,
1, being the next in priority to 3 will be applied owing to the availability of e in the
membrane. It dissolves membrane 2. Eventually, r; and r, cannot be applied since
they point to membrane 2. This will cause r, to be applied It sends the copies of a out
of the membrane. At this point, no rule can be applied and the computation halts. The
result of the computation is determined by the multiplicity of ¢ available in membrane

1, which is the output membrane.

5.5.5 Multiplication P system exemplified
The following example demonstrates the computation of 5 x 7 by the multiplication

P system. At the initial configuration there are seven copies of a, five copies of b and
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one copy of e in membrane 2, the input membrane. The input integers for the
computation are encoded by the multiplicities of a and b. No rule can be applied in
membrane 1 at this moment as it has no objects in it. Meanwhile, r; has priority over
r, in membrane 2, therefore, r5 will be applied. It consumes one copy of b and sends
the only copy of e to membrane 1. The rule r, is next in priority, however, it will not
be applied since no object e exists in membrane 2 having applied r;. Rather, r5 will
be applied. It produces seven copies of ¢ which it sends to membrane 1 together with

the seven copies of a.

riia - (a,iny) > rg:a - (a,out) 1

r:a - (a,iny) > rg:a - (a,out) 1
ryie - (e, iny)

e - (e, iny)

a’b%e 2 b* 2
r3:be - (e, out) > r3:be — (e, out) > a’c’e
re—6 > re—6 >

rs:a - (ac, out) rs:a - (ac, out)

There are now seven copies of each of a and ¢ and one copy of e in membrane
1. Since r; has priority over 1, then r; and r, will be applied. The rule r; sends the
seven copies of a to membrane 2 while r, sends the only copy of e to membrane 2.
Thus, membrane 1 contains seven copies of ¢ while membrane 2 contains seven

copies of a, four copies of b and one copy of e.

ria - (a,iny) > 15:a - (a,out) 1
e - (e, iny)

:a - (a,iny) > rg:a - (a,out) 1
e - (e, in,)

a’b*e 2 b’ 2
7
:be - (e, out) > ¢ r3:be — (e, out) > a’cte
e 6> e8>

:a - (ac,out) rs:a — (ac, out)
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In membrane 2, r; consumes one copy of b and sends one copy of e to

membrane 1, at the same time r; produces seven copies of ¢ and sends them to

membrane 1 together with the seven copies of a. Thereafter, there would be seven

copies of a, fourteen copies of ¢ and one copy of e in membrane 1.

ria - (a,iny) > 15:a - (a,out)
e - (e, iny)

a’be 2
r3:be > (e, out) >

re—06 >

rs:a - (ac, out)

1

rra - (a,iny) > 15:a = (a,out) 1
e - (e, iny)

b? 2

:be — (e, out) > a’c*te
re—6 >

:a - (ac,out)

In membrane 1, r; sends seven copies of a to membrane 2 while at the same

time r, sends one copy of e to membrane 2. In membrane 2, r; consumes one copy of

b and sends the only copy of e to membrane 1, at the same time r; produces seven

copies of ¢ and sends them to membrane 1 together with the seven copies of a. There

are now seven copies of a, twenty-one copies of ¢ and one copy of e in membrane 1

while there are two copies of b in membrane 2.

ria - (a,iny) > 15:a - (a,out)
e - (e, iny)

a’b?e 2
r3:be - (e, out) >

e8>

rs:a - (ac,out)

1

r:a - (a,iny) > rg:a - (a,out) 1
e - (e, iny)

b 2

:be - (e, out) > ace

re—>6 >
:a - (ac,out)

Again in membrane 1, r; sends seven copies of a to membrane 2 while r,

sends the only copy of e to membrane 2. In membrane 2, r; consumes one copy of b

and sends one copy of e to membrane 1, while again r5 produces seven copies of ¢
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and sends them to membrane 1 together with the seven copies of a. There are now
seven copies of a, twenty-eight copies of ¢ and one copy of e in membrane 1, while

only one copy of b is left in membrane 2.

ri:a - (a,iny) > 15:a - (a,out) 1

riia - (a,iny) > 15:a - (a,out) 1
e - (e, iny)

e - (e, iny)

a’be 2 2
28 735
r3:be — (e, out) > ¢ r3:be - (e, out) > a‘c>e
nie— 48> nie—48 >

rs:a - (ac, out) rs:a — (ac, out)

When the rules r; and r, are used again, the seven copies of a and the only
copy of e are sent to membrane 2. Again in membrane 2, 3 sends the only copy each
of b and e to membrane 1, while again rs produces seven copies of ¢ and sends them
to membrane 1, together with the seven copies of a. There would then be seven
copies of a, thirty-five copies of ¢ and one copy of e in membrane 1. Finally, when r;
and r, send, respectively, the seven copies of a and the only copy of e to membrane
2, there would be thirty-five copies of ¢ in membrane 1 while membrane 2 would

contain seven copies of a and one copy of e.

ria - (a,iny) > 1g:a - (a,out) 1 ria - (a,iny) > 15:a - (a,out)
e - (e, iny) e - (e, iny)

a’e 2 ¢35
:be - (e, out) >

nie—4§ >

:a - (ac,out)

a7C35
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riia - (a,iny) > 15:a - (a,out) 1
ry:e = (e, in,)

The availability of a copy of e without any copy of b in membrane 2 makes
possible the use of r, for the first time. It dissolves membrane 2, consuming the only
copy of e. Consequently, rules r; and r, cannot be applied as their target membrane
has been dissolved. Rule r, will be applied. It sends the seven copies of a out of
membrane 1, after which the computation halts. There are now only thirty-five copies
of ¢ which encode the result of the computation in membrane 1, the output

membrane.

5.5.6 Division P system
Consider two non-negative integers m and n where m < n. The P system to compute

n + m is a construct of the form

H+ = (Vr U, Wy, wp, (er pl)’ (Rz'pz)’ lo)

where
V = {a,b,cd,e} isasetofobjects.

u=llz12]1 Is a membrane structure of degree 2.
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w; =0 is the empty multiset (no object present in membrane 1 at the
initial configuration).

w, = a™b"d is the initial multiset of objects in membrane 2.

R, ={r;:c - (a,iny),rp:d - (d,in,),rs:d — (d,out)} isthe set of rules in
membrane 1.

p1 = {ry > 16} Is the set of priority relation of the rules in membrane 1.

R, = {r;:ab - (c,out) ,ry:a » 6,1r5:d > (de,out)} is the set of rules in
membrane 2.

p, = {r3 > 1, > 15} isthe set of priority relations of the rules in membrane 2.

ip =1 is the symbol for the output membrane.

ry3:ab - (c,out) >
r:a—>4§ >
rs:d — (de, out)

r:c - (a,iny)
VX d— (d, lnz) >
Te:d — (d,out)

Figure 14: Initial configuration of a division P system

Membrane 2 has three rules r3, r, and r5 where r; > r, > 15 are the weak rule

priority relations among the rules. Membrane 1 has three rules, namely, 11,7, and rg
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where r, > 1. At the initial configuration, there are m copies of object a and n
copies of object b in membrane 2 which is the input membrane, where m and n

(assuming that m < n) encode the input integers for the division.

Since there are no objects in membrane 1 at the moment, none of the rules can
be applied within. Since r; has priority over r, in membrane 2, r3 will be applied. It
consumes m copies of the pair of a and b and produces m copies of ¢ and sends them
to membrane 1. Since no object a exists in membrane 2 after r; has been applied, a
rule with lesser priority is to be applied, which is r,. But then it will not be applied
since no object a is present in membrane 2. Therefore, r will be applied in parallel
with r3. It produces one copy of a new object e and sends it to membrane 1 together
with the only copy of d. Thus, n —m copies of b are left in membrane 2, while m

copies of ¢, one copy of d and one copy of e are present in membrane 1.

In membrane 1, ry will not be applied since it competes for the object d with
r, which has a higher priority. Therefore, both r; and r, will be applied. The rule r;
consumes the object ¢ and produces the object a which it sends to membrane 2 while
r, sends d back to membrane 2. As the iteration continues, the multiplicity of b is
being reduced by m until it is less than m in membrane 2. Two cases to consider are

where the multiplicity of b is zero and where it is greater than zero.

If the multiplicity of b is zero, then r; cannot be used again rather r, will be

used for the first time. It dissolves membrane 2 and consumes the object a, at the
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same time 75 sends d to membrane 1 for the last time. Thus, r; and r, cannot be used
again as their target membrane has been dissolved. Therefore, r, will be used for the
first time. It sends d out of membrane 1. No rule can be applied at this point and the
computation halts. Thus, there are only copies of e in membrane 1 and they encode

the quotient in the division.

On the other hand, if the multiplicity of b is greater than zero then r; will be
used for the last time. This time however, it is copies of a and not b that are left in
membrane 2, together with the only copy of d. The rule r, consumes the remaining
copies of a and dissolves membrane 2 while r5 produces one copy of e and sends it to
membrane 1 together with the only copy of d. Thus, copies of ¢ and e and one copy
of d are in membrane 1. The dissolution of membrane 2 renders r; and r, unusable,
hence the use of r for the first time. It sends the only copy of d out of the membrane.
At this point, no rule can be applied and the computation halts. The copies of e

encode the quotient in the division while the copies of ¢ encode the remainder.

5.5.7 Division P system exemplified

In the following example, we compute 11 =+ 4. At the initial configuration of the
system, four copies of an objects a, eleven copies of an objects b and one copy of an
object d are put in membrane 2. Any of the rules in membrane 2 can be applied,
however, due to the priority among the rules, r; will be applied first. It consumes

four copies of the pair of a and b and produces four copies of ¢ which it sends to
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membrane 1. Now no object a exists in membrane 2 and so rs will be applied in
parallel with 5. It produces one copy of a new object e and sends it to membrane 1
together with the only copy of object d. No other rules can be applied in membrane 2

at this point. There are now four copies of ¢, one copy of d and one copy of e in

membrane 1.
1 1
2 b’
:ab - (c,out) > rs:ab — (c,out) >
a—->6 > r:a—> 34§ >
:d - (de, out) rs:d — (de, out)
c*de .
ri:ic - (a,iny) riic - (a,iny)
r:d - (d,in,) > r:d - (d,iny) >
rs:d — (d, out) 1e:d — (d, out)

In membrane 1, both r; and r, can be applied. While r; consumes the four
copies of ¢ and produces four copies of a which it sends to membrane 2, r, sends the
only copy of d to membrane 2. One copy of e is left in membrane 1. There are now
four copies of a, seven copies of b and one copy of d in membrane 2. The rules r;
and r5 will be applied. While r; consumes four copies of the pair of a and b and
sends four copies of ¢ to membrane 1, rz sends the only copy of d to membrane 1 and
produces a new copy of e which it sends to membrane 1. There are now four copies

of ¢, one copy of d and two copies of e in membrane 1.
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1 1
2
cab - (c,out) > rs3:ab - (c,out) >
a—>06 > nra— 68>
:d — (de, out) rs:d — (de, out)
e ctde?
r:c = (a,iny) ri:c - (a,iny)
ry:d - (d,iny) > r:d > (d,iny) >
rs:d = (d, out) 1e:d = (d, out)

Again, r; consumes the four copies of ¢ and produces four copies of a and sends
them to membrane 2 while r, sends d to membrane 2. Consequently, all the rules in
membrane two are lost and the object d falls back to membrane 1. Moreover, rules r;
and r, cannot be applied in membrane 1 since their target membrane has been

dissolved, hence, 1, will be applied. It sends d out of the membrane.

1 1
2 a*b3d
:ab - (c,out) >
ra—348 >
0 d de, out
= (de, out) c3de?
2
€ _ r:c - (a,in,)
ric - (a l'nz) r:d = (d,iny) >
r:d > (d,iny) > re:d — (d,out)

re:d — (d, out)

The computation halts. There are now three copies of ¢ and two copies of e in

membrane 1 which is the output membrane. The result of the computation is encoded
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by the two copies of e which represent the dividend and the three copies of ¢ which

represent the remainder.

]

ri:ic — (a,iny)
r:d - (d,in,)
re:a — (a,out)

We now examine the nature of the result in this example if the task was to
divide 12 by 4 starting from the configuration before the dissolution of membrane 2,
where there are four copies of each of a and b and one copy of d in membrane 1 and
two copies of e in membrane 2. The rule r3; would consume the four copies of each of
a and b and produce four copies of ¢ which it would send to membrane 1. At the
same time r; would produce a copy of e and send it to membrane 1 together with the
only copy of d. There would be four copies of c, three copies of e and one copy of d

in membrane 1, while membrane 2 would contain no objects.
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cab - (c,out) > rab - (c,out) >

a— 6> a—=>6 >
:d - (de, out) :d — (de, out)
eZ
r:c - (a,in,) r:c - (a,in,)
ry:d - (d,in,) > ry:d - (d,iny) >
re:d — (d, out) re:d — (d,out)

Next, r; would consume the four copies of ¢ and produce four copies of a which it
would send to membrane 2 while r, would send the only copy of d to membrane 2. In
membrane 1, 5 would be applied for the first time. It would consume the object a

and at the same time dissolve membrane 2, allowing d to return to membrane 1.

r3:ab - (c,out) >

ra—48 >
rs:d — (de, out) > de3

r:c - (a,in,)
Ty d- (d, lnz) >
re:d — (d, out)

r:c - (a,in,)
r:d - (d,in,) >
re:d — (d,out)
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7N

r:ic - (a,iny)
ry:d - (d,iny) >
re:d — (d, out)

Again, r; and r, could not be applied since they both point to the dissolved membrane

2. Therefore, r, would be applied for the first time. It sends the only copy of d out of
the membrane. The computation would then halt. There would be three copies of e

which encode the quotient. The non-availability of ¢ is an indication that there exists

no remainder from the division.
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CHAPTER SIX

SUMMARY, CONCLUSION AND RECOMMENDATIONS

6.0 Summary

Some formalism of multiset orderings has been presented, in particular, a grid form of
the Jouannaud-Lescanne set-based and submultiset-based multiset orderings are
developed. The grid forms prove to be more flexible at implementation of the

orderings as seen from the several results presented.

The possibility that there exists a set-based ordering stronger than the one
introduced by Jouanaud-Lascanne was investigated. Such an ordering is obtained by
an extension of the said Jouannaud-Lascanne ordering to accommodate simple

multisets of incomparable objects, hence stronger than one thought.

A property-restricted consequence of partial ordering called ideal consequence
of partial ordering which is named ideal ordering in this thesis, has been closely

observe with examples.

The nondeterministic model of alternative P system presented, with only three
rules at the foreground, has been shown to be computationally complete by means of
a register machine. Moreover, such rules simulate chemical, biological, physical and
other cellular activities in a specialized manner, hence, better simulating the activities

of the cell than a conventional P system. It is also necessary to state that the model of
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P system is an improvement to its symport and antiport counterpart presented in

Freund and Paun (2003) having minimal rules and no more than one membrane.

The four basic arithmetic operations in deterministic P systems based on the
weak rule priority has also been presented. Addition P system and subtraction P
system use two rules and one rule respectively, both with one membrane. On the other
hand, each of multiplication P system and division P system use six rules within two

membranes.

6.1  Conclusion

A grid-based multiset ordering was introduced and was shown to be equivalent to the
Jouannaud-Lascanne’s partition-based multiset ordering (Theorem 4.5 and Theorem
4.12). However, the preference of the grid-based multiset ordering over its
Jouannaud-Lascanne counterpart lies in its flexibility at implementation (Theorem
4.3, Theorem 4.4, Theorem 4.5, Theorem 4.6, Theorem 4.7, Theorem 4.11, Theorem

4.12, Theorem 4.13 and Theorem 4.14).

It seems possible that there exists a set-based ordering stronger than the one
introduced by Jouanaud-Lascanne. Such an ordering is obtained by extending the
Jouannaud-Lascanne ordering to accommodate simple multisets of incomparable

objects (Theorem 4.26, Theorem 4.27 and Theorem 4.28).
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The notion of ideal ordering was introduced and used to develop an alternative
P system based on specialization rules (Proposition 5.1), which was shown to be

computationally complete by means of a simple register machine (Theorem 5.2).

A deterministic P system for arithmetical operations based on weak rule
priority relation having a minimal relational structure compared to an existing model

(Guo and Zhang, 2008) was developed (Section 5.5).

6.2 Recommendations for Future Research

1. In this thesis, we did not determined the multisets A4,B,C,D,E,F,G and H
satisfying the conditions that A >, B implies A >, B, C > D implies
C #4 D, E >, F implies E >, F and G >>, H implies G #5 H where >>5 is
the set-based ordering, >, is the submultiset-based ordering, #, is
incomparability with respect to >>5 and #,, is incomparability with respect to
>>s. An idea is to identify two categories of set-based difference grids
namely &; and &, such that >>5 implies >>q and >>s implies #oy.
Similarly, one needs to identify two categories of submultiset-based difference

grids 91; and 91, such that >4, implies >>5 and >, implies #s.
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The deterministic P system on non-negative integers presented in Section 5.5
has not been able to accommodate negative integers. In order to encode
negative integers, one could designate a separate membrane 3 within the skin
membrane. A rule is placed within the membrane which would send objects to
membrane 2 — such objects would be viewed as borrowed objects to
membrane 2. It is easy to see that one can encode negative integers with less

effort in this manner.

The deterministic P system presented has not also been able to accommodate
real numbers. To encode real numbers, it is important to identify rational and
irrational components. It is easy to encode positive rational numbers — the P
system for every rational number is a division P system for two integers where
the P system of the denominator does not represent zero. However, encoding

irrational numbers will be more challenging.
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