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ABSTRACT

In this dissertation, an iterative sequence for approximation of common fixed
points of finite family quasi-Bregman total asymptotically nonexpansive map-
pings is constructed. Necessary and sufficient conditions for the convergence
of the scheme to a common fixed point of the mappings are given. Further-
more, sufficient condition for convergence of the iteration process to a common
fixed point of the mappings under the same setting is established.Moreover a
new iterative sequence by hybrid method is also introduced and a strong con-
vergence of the sequence to a common element in the set of fixed points of
finite family of closed quasi-Bregman total asymptotically strictly pseudocon-
tractive mapping and common solution to a system of equilibrium problems in
reflexive Banach spaces is proved. Our results extend important recent results

announced by several authors.
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CHAPTER ONE

GENERAL INTRODUCTION

1.1 Background of the Study

The study of nonlinear functional analysis has been in existence since early
twentieth century, with investigation into the existence properties of solutions
of certain boundary value problems, arising in nonlinear partial differential
equations. The study of the approximation of fixed point theory of nonex-
pansive mappings, is applied to solutions of diverse problems such as solving
variational inequality, equilibrium problems and finding solutions of certain
evolution equations. Some authors have proposed several methods for ap-
proximation of fixed points of generalizations of nonexpansive mappings. For
example Qin and Su (2007) established strong convergence theorems for rela-
tively nonexpansive mappings in Banach spaces. Again, a new hybrid iterative
scheme called a shrinking projection method for nonexpansive mappings was

also introduced by (Takahashi et al., 2008).

1.2 Statement of the Problem

Chidume and Ofoedu (2007), constructed an iterative sequence for approxi-
mation of common fixed points of finite families of total asymptotically non-
expansive mappings. Then the question arises, can approximation of common
fixed points of finite families of quasi-Bregman total asymptotically nonexpan-
sive mappings be established? In this dissertation we answer this question by
constructing an iterative sequence for approximation of common fixed points,

of quasi-Bregman total asymptotically nonexpansive mappings.



Secondly, Ugwunnadi et al. (2014), proved a strong convergence theorem for
quasi-Bregman strictly pseudocontractive mappings and equilibrium problems
in reflexive Banach space. Again the question arises can strong convergence be
established for quasi-Bregman total strictly pseudocontractive mappings and
equilibrium problems in reflexive Banach space? We also answered this ques-
tion by developing a new iterative scheme, by hybrid method and proved a
strong convergence theorem for quasi-Bregman total asymptotically strictly
pseudocontractive mappings and equilibrium problems in reflexive Banach

spaces.

1.3 Aim and Objectives

The aim of this research is to establish some fixed point theorems for Bregman

nonexpansive mapping in Banach spaces.
The aim will be achieved through the following objectives:

(i) Construction of an iterative sequence for approximation of common fixed

points of quasi-Bregman total asymptotically nonexpansive mappings.

ii) Development of a new hybrid iterative scheme and establishment of
P Yy
strong convergence theorem for quasi-Bregman total asymptotically strictly
pseudocontractive mappings and equilibrium problems in reflexive Ba-

nach spaces.

1.4 Scope and Limitations

This research covers asymptotically nonexpansive mappings, total asymptoti-

cally nonexpansive mappings and total asymptotically strictly pseudocontrac-



tive mappings using Bregman distance. The mappings must be uniformly

L;-Lipschitzian and uniformly asymptotically regular.

1.5 Research Methodology

The method used in this research, is by reviewing relevant and necessary ar-
ticles, in literature; on fixed point theory, nonexpansive mappings, asymptot-
ically nonexpansive mappings, total asymptotically nonexpansive mappings
and total asymptotically strictly pseudocontractive mappings. These articles
are reviewed extensively to cover researches done for Bregman distance in ar-

bitrary Banach spaces.

1.6 Outline of the Thesis

The dissertation contains four other chapters, apart from this introductory
chapter. The outline of the remaining chapters is as follows:

Chapter Two presents a survey of the necessary and relevant literature on fixed
point theory, nonexpansive mappings, asymptotically nonexpansive mappings,
strictly pseudocontractive mappings and Bregman distance.

Chapter Three review all relevant Lemmmas and Theorem that are necessary
for proving our result.

Chapter Four discusses the construction of an iterative sequence for approx-
imation of common fixed points of quasi-Bregman total asymptotically non-
expansive mappings ; necessary and sufficient conditions for the convergence
of the scheme to a common fixed point of the mappings are given. Also a
new iterative scheme by hybrid method was introduced and a strong conver-

gence theorem of a common element in the set of fixed point of finite family



of closed quasi-Bregman total asymptotically strictly pseudocontractive map-
ping. A common solution to a system of equilibrium problems in reflexive
Banach spaces is also established.

Chapter Five gives a summary of the results obtained in the research along

with some directions for further research.

1.7 Preliminaries

In this section, some basic definitions and concepts which are useful and related

to the context of our results will e given.

Let E be a real Banach space with dual £*. The normalised duality map from
E to 27" denoted by J is defined by J(z) = {f € E* : (z, f) = lz|?, ||| =
1£11}-

Let C be a nonempty subset of £ and T : C' — C be a map, a point z € C' is
called a fixed point of T if and only if Tx = x, and the set of all fixed points of
T is denoted by F(T'). The map T is called L-Lipschitzian or simply Lipschitz
if there exists L > 0, such that | Tz —Ty|| <L||lx—y||, Vz,yeC. If L =1, then
the map T is called nonexpansive. T is called asymptotically nonexpansive if
there exists a sequence {f,},>1 C [0,00) with lim,, . i, = 0, such that for

all z,y € C,

|T"x —T"y|| < (14 pn)||lz —y|| for all n > 1, Gobel and Kirk (1972). Let
g : C x C'—= R be a bifunction. The equilibrium problem with respect to g is

to find z € C such that g(z,y) >0, VyeC.
The set of solutions of equilibrium problem is denoted by EP(g). Thus

EP(g)=:{z€C :g(z,y) >0, Vy € C}.



Let E be a reflexive real Banach space with norm || - || and £E* the dual space
of E. Throughout this dissertation, we shall assume f : E — (—o00, +0o0] is a
proper, lower semi-continuous and convex function. We denote by domf :=
{r € E: f(z) < +00} the domain of f.

Let x € intdom f, the subdifferential of f at x is the convex set defined by

Of (@) ={z* € E*: f(z) + (y —z,2") < f(y), Vy € E},

The fenchel conjugate of f is the function f*: E* — (—o0, +00] defined by
1(5*) = sup{(2,2%) — f(z) : v € E}.

That the young-Fenchel inequality holds:

(x,x*) < f(x)+ f*(«*), VaxeE.

A function f on F is coercive, Hiriart-Urruty and Lemarchal (1993), if and

only if the sublevel set of f is bounded; equivalently,

lim f(z) = +oc.
[J ]| =00

A function f on FE is said to be strongly coercive, Zalinescu (2002), if

5@ o
lzl|—+oo |||

For any = € intdomf and y € FE, the right-hand derivative of f at z in the

direction y is defined by

fo(x,y) — lim f(IL‘ + ty) — f(ZE)

t—0+ t

The function f is said to be Gateaux differentiable at x if and only if lim;_,o+ w

exists for any y € E. In this case, f°(z,y) coincides with 7 f(z), the value of

the gradient s/ f of f at x. The function f is said to be Gateaux differentiable



if and only if it is Gateaux differentiable for any x € intdomf. The function
f is said to be Frechet differentiable at = if and only if this limit is attained
uniformly in. Finally, f is said to be Gateaux differentiable on a subset C' of E
if the limit is attained uniformly for z € C' and ||y|| = 1. It is well known that
if f is Gateaux differentiable (resp. Frechet differentiable) on intdomf, then f
is continuous and its Gateaux differentiable 7 f is norm-to-weak* continuous
(resp. continuous) on intdomf (see Asplund and Rockafellar (1969); Bonnans

and Shapiro (2000)). We will need the following results.
Definition 1.7.1 (Bauschke et al., 2001) A function f is said to be:

(i) Essentially smooth, if 0f is both locally bounded and single-valued on

its domain;

(ii) Essentially strictly convex, if (0 f)_1 is locally bounded on its domain

and f is strictly convex on every subset of domf;
(iii) Legendre, if it is both essentially smooth and essentially strictly convex.
Remark 1.7.1 Let E be a reflexive Banach space, then:

(1) f is essentially smooth if and only if f* is essentially strictly convex

(Bauschke et al. (2001));
(i) (Of)~" = df* (Bonnans and Shapiro (2000));
(111) f is Legendre if and only if f* is Legendre (Bauschke et al. (2001));

(w) If f is Legendre, then </ f is a bijection satifying 7 f = (\7.f*) 7, ransy f =
domsy f* = intdomf* and ran <7 f* = domf = intdomf (Bauschke et al.
(2001)).

Examples of Legendre functions were given in Bauschke et al. (2001); Bauschke

and Borwein (1997) .One important and interesting Legendre is ]%H P (1< p<oo)



when F is a smooth and strictly convex Banach space. In this case, the
gradient 7 f of f is coincident with the generalized duality mapping of F,
ie, vf = J, (1 <p<o0). In particular, \7f = I the identity mapping
in Hilbert spaces. In the rest of this dissertation, we always assume that

f:E — (—o0,+00] is a Legendre.

Let f : E — (—o0,+00] be a convex and Gateaux differentiable function. The
function

Dy : domfx intdomf — (—o0,+00], defined as

Dy(z,y) = f(z) — f(y) — (x =y, f(y)), (1.7.1)

is called the Bregman distance with respect to f, (Lent and Censor, 1981). It

is obvious from the definition of D; that

Di(z,x) := Dg(z,y) + Dp(y, x) + (2 — 4,V f(y) — Vf(2)). (1.7.2)

Recall that the Bregman projection, (Bregman, 1967), of = € intdomf onto
nonempty, closed and convex set C' C domf is necessarily the unique vector

Pé(x) € C satisfying

Dy(Pl(x),2) = nt{D;(y,2) : y € C}.

Let f: E— (—00,400] be a Gateaux differentiable function. The modulus of
total convexity of f at = € intdomf is the function vg(x,-) : [0, 4o00] defined
by

ve(x,t) :=inf{D¢(x,y) : y € domf, ||y — z|| =t}

The function f is called totally convex at x if v¢(z,t) > 0 whenever ¢ > 0. The



function f is called convex if it is totally convex at any point x € intdom f and
is said to be totally convex on bounded set if vs(B,t) > 0 for any nonempty
bounded subset B of E and ¢t > 0, where the modulus of the total convexity of
the function f on the set B is the function vy : intdomf x [0, +00) — [0, +00)

defined by

ve(B,t) ;== inf{vs(x,t) : 2 € BN domf}.

Recall that the function f is called sequentially consistent if for any two se-

quence {z,} and {y,} in E such that {z,}>°; is bounded

lim D (yp, x,) = 0 = lim ||y, — z,|| = 0.

n—-+0o n—+0o00
The following definition is slightly different from that given by Butnariu and
Lusem (2000).

Definition 1.7.2 (Kohsaka and Takahashi, 2005) Let E be a Banach space.
The function f : E — R is said to be a Bregman function if and only if the

following conditions are satisfied:
(1) f is continuous, strictly conver and Gateauz differentiable;
(ii) the set {y € E: Ds(z,y) <1} is bounded for all x € E and r > 0.

Definition 1.7.3 (Reich and Sabach, 2011) A map T : C — C is said to be

Bregman firmly nonexpansive , if for all x,y € C.

(Vf(Tz) =<7 f(Ty),Tx = Ty) <(vf(x) = f(y),Tx —Ty)



or equivalently,

D¢(Tz,Ty)+ Dy(Ty,Tx)+ De(Tx,z) + Ds(Ty,y) < De(Tx,y) + De(Ty, x).

Let T : C' — C be a map, a point p € C'is said to be asymptotic fixed point
of T if and only if there exists a sequence {z,} in C' which converges weakly

to p such that lim,,_, ||z, — Tx,| = 0.
We denote by F (T') the set of asymptotic fixed points of T

A point p € C is said to be strong asymptotic fixed point of amap T : C' — C,
if and only if there exists a sequence {z,} in C' which converges strongly to p

such that lim, ., ||z, — Tx,|| = 0.

We denote by F (T') the set of strong asymptotic fixed points of 7.

Definition 1.7.4 (Matsushita and Takahashi, 2004) A map T : C — C is said
to be Bregman relatively nonexpansive, if F(T) # 0, F(T) = F(T) and
D¢(p,Tx) < Dy(p,z) for all z € C and p € F(T).

The map 7': C' — (' is said to be Bregman weak relatively nonexpansive if
F(T) # 0, F(T) = F(T) and Dy(p,Tz) < Dy(p,x) for all = € C and
p € F(T). T is said to be quasi-Bregman relatively nonexpansive if F'(T) # ()
and D¢(p,Tx) < D¢(p,z) for all z € C and p € F(T).

Remark 1.7.2 In the work of Reich and Sabach (2010a) quasi-Bregman rela-
tively nonexpansive mapping is called left quasi-Bregman relatively nonexpan-

sive.



Definition 1.7.5 (Martin-Marquez et al., 2012) A map T : C — C' is called
right quasi-Bregman relatively nonexpansive if F(T) # 0 and Dy(Txz,p) <
Dy¢(x,p) for allz € C and p € F(T),.

Definition 1.7.6 (Ugwunnadi et al., 2014) The map T is said to be quasi-
Bregman strictly pseudocontractive if F(T) # 0 and there exists a constant
A € [0,1) such that D¢(p,Tx) < Ds(p,x) + ADs(x,Tx) for all x € C and
p e F(T).

T is said to be Bregman quasi-asymptotically nonexpansive if there exists a
sequence {fin}n>1 C [0,00) with lim,, 0 pt, = 0 such that for all z € C and
pe€ F(T) DiT"z,p) < (1+ pn)Dys(z,p) for all n > 1. The map T is said
to be quasi-Bregman asymptotically nonexpansive in the intermediate sence if

F(T)) # 0 and

limsup  sup (Dy(T"xz,p) — Ds(x,p)) <0, (Tomizawa, 2014) (1.7.3)

n—oo  zeC,peF(T)

Put

Op = max{O, sup  (Dy(T"xz,p) — Df(x,p))}

2€C peF(T)

then o, — 0 as n — oo and (1.7.3) reduces to
D¢(T"z,p) < D¢(z,p) + oy (1.7.4)

Definition 1.7.7 A mapping T : C — C' is said to be quasi-Bregman total
asymptotically nonexpansive if and only if there exists monnegative real se-
quences {u, }{l,} C [0,00), n > 1 with p, — 0,1, — 0 as n — oo and strictly
increasing continuous function ¢ : R™ — RT with ¢(0) = 0 such that for all

reCandpe F(T),

D¢(T"z,p) < Dy(z,p) + pnd(Dy(z,p)) +lny, n>1. (1.7.5)

10



Chang et al. (2014), gave an example of Bregman quasi-total asymptotically

nonexpansive mapping.

Remark 1.7.3 If ¢(\) = A, then (1.7.5) reduces to

Dy(T"z,p) < (1+ pn)Dy(@,p) + 1o, n=1

In addition, if [, = 0 for all n > 1, then quasi-Bregman total asymptotically
nonexpansive mappings coincide with quasi-Bregman asymptotically nonex-
pansive mappings. If g, = 0 and [, = 0 for all n > 1, we obtain from
(1.7.5) the class of mappings that include the class of quasi-Bregman non-
expansive mappings. If u, = 0 and I, = o0, = maxz{0,a,}, where a, :=
SUD, e per(T) (Dy(p,T"x) — Dy(p,z)) for all n > 1, then (1.7.5) reduces to
(1.7.4) which has been studied as quasi-Bregman asymptotically nonexpansive

mappings in the intermediate sense.

Remark 1.7.4 From these definitions,it is obvious that if F(T) = F(T) # 0,
then a Bregman strongly nonexpansive mapping is a Bregman relatively non-
expansive mapping; A Bregman relatively nonerpansive mapping is a quasi-
Bregman nonexpansive mapping. A quasi-Bregman nonexpansive mappings is
a quasi-Bregman asymptotically nonexpansive mapping, but the converse in all

cases 18 not true.

Definition 1.7.8 A mapping T : C — C' is said to be quasi-Bregman asymp-
totically strictly pseudocontractive if and only if there exists X € [0,1), F(T) #

0 and a sequence {i,tn>1 C [0,00) with lim, e p, = 0 such that
D¢(p, T"x) < (1 + pin)Dy(p,x) + ADy(x, Tx) VaxeC, pe F(T).

Definition 1.7.9 A mapping T : C — C is said to be quasi-Bregman total

asymptotically strictly pseudocontractive if and only if there exists A € [0,1), F(T) #

11



0 and nonnegative real sequences {p,} and {l,},n > 1 with u, — 0,1, — 0 as
n — 0o and strictly increasing continuous function ¢ : Rt — R with ¢(0) = 0

such that

D¢(p,T"x) < Dy(p,x)+ADs(z, T"x)+pnd(Ds(p, x))+1, Vr e C,pe F(T).
(1.7.6)

Remark 1.7.5 If ¢(\) = A, then (1.7.6) reduces to

D¢(p,T"x) < (1 + pin)Dy(p,x) + ADy(x, Tx) + 1, VzeC, pe F(T).

In addition, if [, = 0 for all n > 1, then quasi-Bregman total asymptotically
strictly pseudocontractive mappings coincide with quasi-Bregman asymptoti-
cally strictly pseudocontractive mappings. If p, = 0 and [,, = 0 for all n > 1,
we obtain from (1.7.6) the class of mappings that include the class of quasi-

Bregman strictly pseudocontractive mappings.

Remark 1.7.6 From definitions 1.7.8 and 1.7.9 it is obvious that if F(T) =
F(T) # 0, then a quasi-Bergman nonexpansive mapping is a quasi-Bregman
strictly pseudocontractive mapping; A quasi-Bregman strictly pseudocontractive
mapping is a quasi-Bregman asymptotically strictly pseudocontractive mapping

but the converse in all cases is not true.

12



CHAPTER TWO

LITERATURE REVIEW

2.1 Asymptotically Nonexpansive Mappings

Gobel and Kirk (1972) intoroduced the class of asymptotically nonexpansive
mappings as a generalization of the class of nonexpansive mappings. If C' is a
nonempty closed convex bounded subset of a uniformly convex Banach space
E and T is a self mapping of C' which is asymptotically nonexpansive in the
intermediate sense, then T has a fixed point, (Kirk, 1974). However the class
of mappings which are asymptotically nonexpansive in the intermediate sense

contains the class of asymptotically nonexpansive mappings.

A modified Mann iteration to approximate fixed points of asymptotically non-
expansive mappings in uniformly convex Banach spaces was introduced by
(Schu, 1991) Osilike and Aniagbosor (2000) and Shahzad and Udomene (2006)
obtained weak and strong convergence theorem for finding a fixed point of

asymptotically nonexpansive mappings.

A more general class of mappings called total asymptotically nonexpansive
mappings was introduced by Albert et al. (2006) and studied method of ap-
proximation of fixed points of mappings belonging to this class. Several au-
thors are constructing iterative sequences for finding the fixed point of total
asymptotically nonexpansive mappings.(such as Chidume and Ofoedu (2007)

and Yolacan and Kizitunc (2012) )

Chidume and Ofoedu (2007) constructed the system (2.1.1) for the approxima-

13



tion of common fixed points of finite families of total asymptotically nonexpan-
sive mappings, and gave necessary and sufficient conditions for the convergence
of the scheme to common fixed points of the mappings in arbitrary real Ba-
nach spaces. A sufficient condition for convergence of the iteration process to
a common fixed point of mappings under the same setting was also established

in real uniformly convex Banach spaces.

(

T € K,

Tp1 =1 —ap)x, + TV2,, fm=1n>1,
r1 € K,

Tor1 = (1 — an)xn + T Y1,

Yin = (1 - Oén)wn + OénTlnan, (211)

ylm =2), = (1 = an)ry + an T y(m — 1),

yim—1), = (1 —ap)z, + o, Thx,, iftm>2 n>1,

\

where {a,}52, is a sequences in [0,1] bounded away from 0 and 1.

Inchan (2008) introduced a new hybrid iterative scheme by using the shrinking
projection method with the modified Mann iteration for asymptotically non-

expansive mappings.

14



2.2 Bregman Nonexpansive Mappings

Iterative methods for approximating fixed points of nonexpansive, quasi non-
expansive mappings and their generalizations have been studied by various
authors such as Browder (1967) and Halpern (1967), in Hilbert spaces. But
extending this theory to Banach spaces encountered some difficulties because
the useful examples of nonexpansive operators in Hilbert spaces are no longer
nonexpansive in Banach spaces (e.g., the resolvent Ry = (I = rA)~!, for
r > 0, of a monotone mapping A : C' — 2 and the metric projection Px onto

a nonempty, closed, and convex subset C' of H).

To overcome these difficulties, Bregman (1967) discovered an effective tech-
nique using the so called Bregman distance function Dy(.,.) in the process of
designing and analyzing feasibility and optimization algorithms. This opened
a growing area of research in which Bregman’s technique was applied in various
ways in order to design and analyze iterative algorithms for solving not only
feasibility and optimization problems, but also algorithms for solving vari-
ational inequality problems, equilibrium problems, fixed point problems for
nonlinear mappings and so on [see (Bauschke and Borwein, 1997), (Butnariu

and Resmerita, 2006) and (Zegeye and Shahzad, 2011)].

In recent years, several authors are constructing iterative sequences for find-
ing the fixed point of nonlinear operators by using Bregman distance and the

Bregman projection,

Zegeye and Shahzad (2014a) constructed an iterative sequence and proved a
strong convergence theorem for a finite family of Bregman strongly nonexpan-

sive mappings in the framework of a real reflexive Banach space. Furthermore

15



they approximated a common zero of a finite family of maximal monotone
mappings and solution of a finite convex feasibility problems in reflexive real
Banach spaces. Alghamdi et al. (2014) introduced an iterative sequence and
studied strong convergence for a common fixed point of a finite family of quasi-
Bregman nonexpansive mappings in the framework of a real reflexive Banach
space. They proved a strong convergence of the iterative algorithms for find-
ing a common solution of finite family of equilibrium problems and common
zero of a finite family of maximal monotone mappings. Panc et al. (2014)
proved weak convergence theorems for Bregman relatively nonexpansive map-
pings. They proved a strong convergence of the iterative algorithms for find-
ing a common solution of finite family of equilibrium problems and common
zero of a finite family of maximal monotone mappings. Shahzad and Zeg-
eye (2014) constructed an iterative sequence for approximation of a common
fixed point of a finite family of multivalued Bregman relatively nonexpansive
mappings. They proved that, the sequence generated converges strongly to a
common fixed point of a finite family of multivalued Bregman nonexpansive
mappings in reflexive real Banach spaces. Zegeye and Shahzad (2014b) proved
a strong convergence theorem for a finite family of Bregman weak relatively
nonexpansive mappings. Tomizawa (2014) introduced a new class of Bregman
asymptotically quasi-nonexpansive mappings in the intermediate sense. They
established a strong convergence theorem of the shrinking method with the
modified Mann iteration, to find fixed points of the mappings in reflexive Ba-

nach spaces.

Li and Liu (2014) established some strong convergence theorems for hybrid
Halpern’s iteration for a countable family of Bregman totally quasi-asymptotically
nonexpansive multi-valued mappings in the framework of reflexive Banach
spaces. Ugwunnadi et al. (2014), proved a strong convergence theorem of

a common element in the set of fixed points of a finite family of closed quasi-
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Bregman strictly pseudocontractive mappings and common solutions of a sys-
tem of equilibrium problems in reflexive Banach space. They studied the strong

convergence of the following scheme:

(
l’lec

Yn = V[ (a7 f(@n) + (1 = an)V f (T} 2n)
wjn = Res! y,

wn, =251 BinV f(ujn))

Cns1 = {w € cn : Dy(Tn, wn) < 755(V f ()

—Vf(Toazn), w0 — w) +(V f(Thzn) — V f(Wn), 7, —w)}

Cn+1

Tpi = P! () neN
\

They proved that the sequence {z,} converges strongly to P/ (x)

Yongfu and Yongchun (2015) proved a new hybrid shrinking projection algo-
rithm for common fixed points of a family of countable quasi-Bregman strictly
pseudocontractive mappings with equilibrium and variational inequality and
optimization problems. Wang (2015) proved a strong convergence theorem
for Bregman quasi-strict pseudo-contractions in reflexive Banach spaces with
applications. Ni and Yao (2015) introduced a new modified Ishikawa iterative
algorithm with errors by a shirinking projection method for generalized mixed
equilibrium problems and a countable family of uniformly Bregman totally
quasi-D-asymptotically nonexpansive mappings in reflexive Banach spaces.
They established strong convergence of the sequence generated by the pro-

posed algorithms under some suitable assumptions.

17



2.3 Strictly Asymptotically Pseudocontractive Map-
pings

The class of strictly asymptotically pseudocontractive mappings was first in-
troduced in Hilbert spaces by Liu (1996). The convergence problem of it-
erative sequences for strictly asymptotically pseudocontractive mappings has
been studied by several authors Osilike et al. (2007) obtained weak and strong
convergence for k-strictly asymptotically pseudocontractive mappings. Liu and
sen Chang (2012) obtained strong convergence for A-strict asymptotically pseu-
docontractive mapping in a uniformly convex and 2-uniformly smooth Banach
spaces. Chang et al. (2012)) propose an algorithm for solving the split com-
mon fixed point problems for total asymptotically strictly pseudocontractive

mappings in infinite-dimensional Hilbert spaces.

2.4 Equilibrium and Variational Inequality Prob-
lems

Numerous problems in optimization, economics and physics reduce to finding
a solution of an equilibrium problem. Some methods have been proposed to
solve the equilibrium problems in Hilbert spaces. For example Oettli and
Blum (1994), Combettes and Hirstoaga (2005); Tada and Takahashi (2007);
Takahashi and Zembayashi (2009); Takahashi and Takahashi (2003) obtained
weak and strong convergence theorems for finding a common element of the set
of solutions of an equilibrium problem and a set of fixed points of nonexpansive
mappings in a Hilbert space. In particular, Takahashi and Zembayashi (2009)
established a strong convergence theorem for finding a common element of

the set of solutions of an equilibrium problem and a set of fixed points of
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nonexpansive mappings by using the hybrid method introduced in Nakajo and
Takahashi (2003). They also proved such a strong convergence theorem in a

uniformly convex and a uniformly smooth Banach space.

Reich and Sabach (2012) and Kassay et al. (2011) proved some convergence
theorems for the solutions of some equilibrium and variational inequality prob-

lems in the setting of reflexive Banach spaces.

Motivated and inspired by the above mentioned results, in our first result, we
extend and generalize the result of Chidume and Ofoedu (2007) by using the
Bregman distance for the approximation of common fixed points of finite fam-
ilies of quasi-total asymptotically nonexpansive mappings; and gave necessary
and sufficient conditions for the convergence of the scheme to common fixed
points of the mappings in arbitrary real Banach spaces. A sufficient condi-
tion for convergence of the the iteration process to a common fixed point of

mapping under the same setting is also established in real Banach spaces.

In our second result, a new hybrid iterative scheme is introduce and a strong
convergence theorem of a common element in the set of fixed points of finite
family of closed quasi-Bregman total asymptotically strictly pseudocontractive
mappings and common solution to a system of equilibrium problems in reflexive

Banach spaces is proved.
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CHAPTER THREE

THEORY OF METHODS

Lemma 3.0.1 (Reich and Sabach, 2009) If f : E — R is uniformly Frechet
differentiable and bounded on a bounded subsets of E, then <7 f is uniformly

continuous on bounded subsets of E from the strong topology of E to the strong

topology of E*.
Concerning the Bregman projection, the following results are well known.

Lemma 3.0.2 (Butnariu and Resmerita, 2006) Let C be a nonempty, closed
and convex subset of a reflexive Banach space E. Let f : E— R be a Gateaux

differentiable and totally convex function and let x € E. then:
(a) z = PL(z) if and only if (y — 2z, 7 f(z) — Vf(2)) <0, VyeC;
(b) Dy(y, Pi(x)) + Dy(Pi(x),x) < Dy(y,x), Ve ek, yeC.

Lemma 3.0.3 (Resmerita, 2004) If x € domf, then the following statements

are equivalent:
(1) The function f is totally convex at x;

(i1) for any sequence {y,} C domf.

lim D¢(y,,x) =0 = lim ||y, — x| = 0.

n—-+o0o n—-+oo

Lemma 3.0.4 (Naraghirad and Yao, 2013) Let E be a Banach space and
f+ E — R be a Gateaux differentiable function which is uniformly convex

on bounded subset of E. Let {xy, tnen and {yn}nen be bounded sequences in E.
Then

Hm Dy(z,,y,) =0 < lim ||z, —ya|| = 0.
n—oo

n—oo

20



Lemma 3.0.5 (Butnariu and Lusem, 2000) The function f is totally convex

on a bounded set if and only if the function f is sequentially consistent.

Lemma 3.0.6 (Reich and Sabach, 2010a) Let f : E — R be a Gateauz differ-
entiable and totally convex function. If x, € E and the sequence {Ds(x,, o)}

is bounded then the sequence {x,} is bounded too.

Lemma 3.0.7 (Reich and Sabach, 2010a) Let f : E — R be a Gateaux differ-
entiable and totally convex function, v, € E and let C' be a nonempty, closed
and convex subset of E. Suppose that the sequence {z,} is bounded and any
weak subsequential limit of {x,} belongs to C. If Dy(n, ) < D(PL(x,), x,)

for any n € R, then {x,} converges strongly to Pé(wo).

The following lemma follows from Butnariu and Lusem (2000) and Za Zalinescu

(2002).

Lemma 3.0.8 Let E be a reflexive Banach space and f : E — R be a strongly

coercive Bregman function. Then
(i) Vf:E — E* is one-to-one, onto and norm-to-weak® continuous;
(i) (x —y,Vf(x) = Vf(y)) =0 if and only if v = y;
(iii) {x € E: D¢(z,y) <r} is bounded for ally € E and r > 0;
(w) dom f* = E*, f* is Gateaur differentiable and V f* = (V f)~1.
The following two results are well known; see Zalinescu (2002)

Theorem 3.0.9 Let E be a reflexive Banach space and let f : E — R be a
convex function which is bounded on bounded subsets of E. Then the following

assertions are equivalent:

(1) f is strongly coercive and uniformly convex on bounded subsets of E;
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(2) domf* = E*, f* is bounded on bounded subsets and uniformly smooth

on bounded subsets of E*;

(3) domf* = E*, f* is Frechet differentiable and V f is uniformly norm-to-

norm continuous on bounded subsets of E*.

Theorem 3.0.10 Let E be a reflexive Banach space and let f : E — R be
a continuous convex function which is strongly coercive. Then the following

assertions are equivalent:

(1) f is bounded on bounded subsets and uniformly smooth on bounded sub-

sets of E;

(2) f* is Frechet differentiable and f* is uniformly norm-to-norm continuous

on bounded subsets of E*;

(3) domf* = E*, f* is strongly coercive and uniformly convexr on bounded

subsets of E*.
The following result was proved by Butnariu and Resmerita (2006).

Lemma 3.0.11 Let E be a reflexive Banach space, let f : E— R be a strongly

coercive Bregman function and let V' be the function defined by

V(z,z*) = f(x) — (x,2") + f*(2%), x € £, 2" € E™.

Then the following assertions hold:
(1) Dy(z,Vf(z*)) =V (z,2*) for all z € E and z* € E*.
(2) V(x,z*)+(Vf*(z*)—x,y*) < V(z,2*+y*) forallz € E and z*,y* € E*.

Lemma 3.0.12 Naraghirad and Yao (2013) Let E be a Banach space and
f:E — R be a conver function which is uniformly convex on bounded subsets

of E. Let r > 0 be a constant and p, be the gauge of uniform convexity of f .
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Then

(i) For any x,y € B, and a € (0, 1),

flax + (1= a)y) <af(z)+ (1= a)f(y) — a(l —a)p(llz = yl]).

(i) For any x,y € B,,

pr((lz = yll) < Dy(z,y)

(111) If, in addition, f is bounded on bounded subsets and uniformly convex

on bounded subsets of E then, for any x € E,y*,2* € B, and o € (0, 1),
Vi, ay*+(1-a)=") < aVi(, y*)+(1-a)V(z, =) —a(1-a)i(lly"—a"|]).

Lemma 3.0.13 (Reich and Sabach, 2010a) Let f : E — R be a Gateauz dif-
ferentiable and totally convex function, xo € E and let C' be a nonempty, closed
and convex subset of E. Suppose that the sequence {z,} is bounded and any
weak subsequential limit of {x,} belongs to C. If Dy(xn,z0) < Ds(PL(x0), x0)

for any n € N, then {x,} converges strongly to Pé(xo).

Lemma 3.0.14 (Reich and Sabach, 2009). If f : E — R is uniformly Frechet
differentiable and bounded on a bounded subset of E, then <7 f is uniformly
continuous on a bounded subset of E from the strong topology of E to the

strong topology of E*.

Lemma 3.0.15 Chidume and Ofoedu (2007). Let {a,},{an} and {b,} be

sequences of nonnegative real numbers such that a,.1 < (1 + ay)ay, + by.

Suppose also that Y7 a, < 0o and Y~ b, < 0o. Then a, is bounded and
lim,, .o a, exists. Moreover, if in addition,

liminf, ., = 0, thenlim,_,, a, =0
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Lemma 3.0.16 Phelps (1993). Let E be a real reflexive Banach space, f : E —
a proper lower semi-continuous function, then f: E — —(oc0, +00| is a proper
weak” lower semi-continuous and a convex function. Thus, for all z € E, we

have

Dy (z, Vf*(thvf(xz)>> < Ztin(z,xi). (3.0.1)

In order to solve the equilibrium problem, let us assume that a bifunction

g : C x C — R satisfies the following conditions

(A

(A2) g is monotone, i.e., g(z,y) + g(y,z) <0 Va,y € C;

g(z,x) =0, Yz € C;
)
)
)

(A3) Tim sup, ,, g(z + (= — 2),y) < glz,y), Va.y,2 € C:
(A4) the function y — g(z,y) is convex and lower semi-continuous; Oettli and

Blum (1994).

The resolvent of a bifunction g is the operator Resg : E — 2¢ defined by

Res ={zeg(zy) +(Vf(z) —vVf(®),y—2) >0 VyeC}. (3.0.2)

Combettes and Hirstoaga (2005)

From Reich and Sabach (2010b)), if f : (=00, +0o0] — R is strongly and Gateaux

— (00, +00]

differentiable function, and g satisfies condition (A1)-(A4) above, then dom(Res/) =

E. The following lemma gives some characterization of the resolvent Resg.

Lemma 3.0.17 (Reich and Sabach, 2010b) Let E be a real reflexive Banach
space and C' be a nonempty closed convex subset of E. Let f : E — (—00, 400
be a function. If the bifunction g : C' x C — R satisfies the condition (A1)-
(A4) above, then the following hold:

(i) Res] is singled-valued;
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(ii) ResJ; is a Bregman firmly nonexpansive operator
(ili) F(Res!) =EP(g);

(iv) EP(g) s closed and convex subset of C; for all z€ E and for all g€ F'(Res/)

Dy(q, Resg(x)) + Df(Rengc(a:),x) < D¢(q, ). (3.0.3)

Lemma 3.0.18 Let F': E — R be a Legendre function which is uniformly
Fréchet differentiable and bounded on subset of E and let T : C—C' be a Breg-
man quasi-total asymptotically strictly-pseudocontractive mapping with respect

to F. Then for any x € C,p € F(T) and X € [0,1) the following holds:

1

Dy, T") € 7= (18D (p.2)) + o+ (V£ (2) = VF(T"2), 2 = p)] (3.0.4)

Proof. Let x € C,p € F(T) and X € [0,1) by the definition of T" we have
Dy(p, T"2) < Dy(p,) + \Ds(w, T") + ind(Dy(p,2)) + Lo
and from (1.7.2)

Dy(p,x) + Dy(x, T"x) + (v f(2) = Vf(T"x),p —2) < Dy(p,x) + ADg(x, T"x)

+  und(Dy(p,x)) + L.

Therefore

(I =X)Dg(x, T"x) < pnd(Ds(p, x)) + b+ (Vf(z) =V f(T"2), 2 = p).

Thus,

1

Dy(w, T"2)< 7 1nd(Dy(p, ) + b + (v f(2) = v f(T"2), 2 = p)].
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This complete the proof.
O

Lemma 3.0.19 Let f : E — R be a legendre function which is uniformly
Frechet differentialble and bounded on subset of E. Let C be a monempty
closed and convex subset E and let T : C' — C be a closed and Bregman quasi-
total asymptotically strictly-pseudocontractive mapping with respect to f with
sequences {iin}, {lin} C [0,00) n > 1 and mapping ¢; : [0,00) — [0,00) such
that pi, — 0,1, — 0 as n — oo. Suppose that there exist M, M* > 0 such that
d(N) < M*X for all A > M. Then F(T) is closed and convex.

Proof. Let F(T) be a nonempty set. First we show that F(7T) is closed.
Letting {z,} be a sequence in F(T) with z, — z (as n — 0), we prove that
z € F(T). In fact, since {z,} C F(T) and z, — z, we have Tz, = z, — z (as
n — 00). By the closeness of T', we have Tz = z. This implies that F(T) is

closed.

Next we show that F(T') is convex, let 21,29 € F(T) for any t€(0,1) putting

z =tz + (1 — t)z2 we need to show z € F(T), from Lemma 3.0.18 we obtain

respectively
D5 T"2) < = [pd(Dy(ar, 2) + 1
+(Vf(2) = Vf(T"2),2 = 21)] (3.0.5)
and
D2, T"2) < 2 [y () + 1
+(Vf(2) = Vf(T"2), 2 — 2)]. (3.0.6)
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Since ¢ is an increasing function,by hypothesis ¢(A) < M*\, if A > M. that is
O(Dy(2i,2)) < M*Dy(2,2), i=1,2. (3.0.7)

Using (3.0.7) in (3.0.5) and (3.0.6) and multiplying the result respectively by
t and (1 —t) and adding the result we have
mn 1 *
Dy(2,T"z) < ——[uM*(Dy4(2,2)) + 1y

1—A
H(Vf(z) = vf(T"2), 2 = 2)] (3.0.8)

which implies D¢(z,T"z) — 0 as n — co. Since f is totally convex on bounded
subsets of E; f is sequentially consistent we have T"z — z. This implies that
TT"z =Tz — 2. Since T is closed, we have z = Tz, i.e., 2 € F(T). This

completes the proof. 0
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CHAPTER FOUR

MAIN RESULTS

4.1 Finite Families of Quasi-Bregman Total Asymp-
totically Nonexpansive Mappings

Let C' be a nonempty closed convex subset of a real Banach space E. Let
1,71, ---,T, : C— C be m Bregman quasi-total asymptotically nonexpan-

sive mappings. We define the iterative sequence {z,} by

r € C,

Tnpr = V(1= an) ¥ f(@n) + an 7 f(TP2,)), ifm=1,n2>1,
r € C,

Tnr = V(L= ) 7 f(@n) + an 7 f(TTY10)),

Yin = V(1= o) V [ (@0) + an 7 F(TTY20)),

Ym—2)n = Vf*((l - Oén) \Y f(xn) +an f(T;rLL—ly(m - 1)”))7

Yim—-1)n = Vf*((l - Oén) \V4 f(l'n) + ap, Vv f(T;rLan))v if m > 27 n > 17
(4.1.1)

\
where {a,}22, is a sequences in [0,1]. The following result is obtained.

Theorem 4.1.1 Let E be a real Banach space, C' be a nonempty closed convex
subset of E and f : E — R a convex, continuous, strongly coercive and Gateaux
differentiable function which is bounded on bounded subsets and uniformly con-
vex on bounded subsets of E. Let T; : C'— C i=1,2,...,m be Bregman to-
tal asymptotically quasi-nonexpansive mappings with sequences { i}, {lin} C
[0,00) n > 1 and mapping ¢; : [0,00) — [0,00) ¢ = 1,2,...,m such that

S pin < 00, 32 by <00, i=1,2....m and F := N2, F(T;) #0.
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Let {x,} be defined as in (4.1.1) and suppose there exists M;, M} > 0 such
that ¢(N;) < MFN; for all \; > M; i =1,2,...,m then the sequence {x,} is

bounded and lim,,_,o D (z,,p) exists, where p € F.

Proof. For m =1 we have from (4.1.1) that z; € C, and

Tn+1 = Vf*((l - an) \Y f(xn) + ap V f(Tlnxn))a

then

Dy(rpi1,p) = Df( Vv f*((l — ) V f(@n) + an v f(Tlnxn)%p)
< (1= an)Dy(wn, p) + an Dy (10, p)
< (L= an)Dy(xn,p) + o [Df(mn:p) + H1nn (Df(xmp>) + lln}

= Df(l'n,p) + Oén,uln(bl (Df(l'n,p)) + apliy.

Since ¢, is an increasing function, it follows that ¢;(A;) < ¢1(M;) whenever

A1 < M; and by hypothesis ¢1 (A1) < M Ay, if Ay > M. In either case, we have
for some M; > 0, M; > 0. Thus,

Df(-’L'nJrlap) S Df(xnvp) + anﬂanSl(Ml) + an,ulnMikDf((EnaZ» + anlln

= (1 + Mln@l)Df(mn:p) + (,uln + lln)@l?
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for some constant Q)1 > 1.

Next, for m = 2, we obtain from (4.1.1) that

¢

:1:160,

Tnt1 = Vf*((l —an) V f(@n) + an v f(Tlnyln))a

Yin = V(1= ) V f(2) + 0 7 f(T32,)),

\

from this, we have

Df(xn+17p) = Df( Vv f*((l - Oén) Vv f(xn> + ap \V4 f(Tlnyln>)7p)
< (1 - an)Df(xmp) + aan<T1ny1n7p)

< (1 —=o0y)Dg(xn,p) + ap [Df(ylmp) + 11 (Df<ylmp)) + ll"}

and

Dy(yin,p) = Dy(v f (1= an) vV fza) + an v f(T322)),p)

(1 — ay)Dg(xn,p) + an Ds(T5'wy, p)

IN

< (1= a)D;(wap) + an| Dy(an.p)

+ M2n¢2 (Df(xn,p)) + lgni| (412)

Again, since ¢; is an increasing function for ¢ = 1,2, it follows that

oi(Ni) < @i(M;) + M for some M; >0, M7 >0, i=1,2.
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Hence,

IN

Df(xn-i-lap) (1 - Qn)Df(ajn?p) + aan(ylnvp) + anﬂlnqsl (Ml)

+ Oén,ulan*Df<y1n>p) + anlin

IN

(1 - O‘n)Df(xmp) + Ay, [Df(xmp) + anﬂ2n¢2(M2)
+ Oén,UZnMQ*Df (:Cn,p) + anl2n] + anﬂ1n¢1<Ml)
+ Qi My [Df(l’nap) + Qi fion G2 (M2)

+ Oén,U/QnM;Df<Imp) + O‘nb”] + anlln

IA

Dy (n,p) + anpionda(Ms) + appion M35 D¢ (2n, p)
+ anl2n + O‘n/ﬁlnqbl(Ml) + Oén,U/InMikDf(xmp)
+ Qi ftinion @2 (Ma) MY + ot pian plon M7 M3 Dy (2, p)

+ anﬂlnl2nMik + anlln

IN

(1 + (,uln + M2n)Q2)Df(xnap) + (:U“ln + Han + lln + l2n)Q2a

for some constant )5 > 0.

Following the computation above, we obtain for m > 2 that

D¢(xpi1,p) < (1 +Q Z ,ujn> Dy(w,,p) +Q Z(Mjn + ljn)
i=1 j=1

for some @ > 0.

Hence,

Df(xn-i-lap) < (1 + 5n)Df(xnap) +Yn, N > 17 (413)

where 6, = Q> 7| pjn and vy, = Q> 07 (f4jn+1jn). Observed that > 7 4, <
oo and > 7 7, < oo. It follows from (4.1.3) and Lemma 3.0.15 that the

sequence {z,} is bounded and lim,,_,o, Ds(z,,p) exists for each p € F. O
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4.1.1 Necessary and sufficient conditions for convergence

Theorem 4.1.2 Let E be a real Banach space, C' be a nonempty closed convex
subset of E and f : E — R a convex, continuous, strongly coercive and Gateaux
differentiable function which is bounded on bounded subsets and uniformly con-
ver on bounded subsets of E. Let T;: C — C 1 = 1,2,...,m be Bregman
quasi-total asymptotically nonexpansive mappings with sequences { i}, {lin} C
[0,00) and mapping ¢; : [0,00) = [0,00) n>1 i =1,2,...,m such that
S0 Hin < 00, Y00 iy < 00, 4= 1,2,...,m and F := N, F(T;) # 0.
Let {x,} be defined as in (4.1.1) and suppose there exists M;, M} > 0 such
that ¢(N;) < MFN; for all \; > M; i = 1,2,...,m, then the sequence {x,}
converges strongly to a common fixed point of T;, i = 1,2,...,m if and only if

liminf,_, (infyep Df(xn,y)) =0, n>1.

Proof. The necessity is trivial. We prove the sufficiency. Let lim inf,, _, o (infyE F
Dy¢(xy,y)) = 0 we show {x,} is Cauchy sequence in E. Since lim,,_,oc Dy (2n,p)
exists Vp € F from Lemma 3.0.15 we obtain lim,,_,o, Df(z,,p) = 0 for some
p € F. Let there be any other p* € F then lim,_,o, D¢(x,,p*) = 0, in view
of Lemma 3.0.4, we have nl1_>r£10||xn —p*|| = 0. Thus given € > 0 there exists a
positive integer Ny such that Vn > Ny, ||z, — p*|| < 5. Then for any k € N,

we have for n > N

[0tk — @nll < @0 — 7| + [IP7 — 2]
o € n €
5 T5=¢
and so {z,} is Cauchy sequence. Let x, — p, we need to show that p € F.
Let T; € {11, T, ..., T,,}. Since lim,_,o, Df(x,,p) = 0, for all p € F, which
implies that lim,,_, ||z, — p|| = 0, then there exists N € N sufficiently large

and p* € F such that for all n > N implies that ||z, — p|| < &1 and

___€
1+w1)
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||p>|< - an < m then

€
* < = x|+ |z, —pl| < =———.
I =5l < " =l + e =5l < 5

Thus we have the following estimates for n > N and arbitrary 7, = 1,2,--- ;m.

lp=Tipll < lp = zall + llzn = Pl + lIp" = Topl|

< lp—@nll + llzn — 7l + (1 +wi)lp* = pll
< 4 + <
— 6(1+w) 6(1+w) 3

This shows that p € F(T;) for each i € {1,2,--- ,;m}. Thus p € F. This

complete the proof.
O

Lemma 4.1.3 Let E be a real uniformly convexr Banach space, C' a nonempty
closed convex subset of E and f : E — R a convex, continuous, strongly coer-
cie and Gateaux differentiable function which is bounded on bounded subsets
and uniformly convex on bounded subsets of E. LetT; : C'— C, i=1,2,...,m
be m uniformly continuous Bregman quasi-total asymptotically nonerpansive
mappings and uniformly L;-Lipschitzian which is also uniformly asymptoti-
cally reqular, with sequences {pin}, {lin}, C [0,00) n > 1 and mapping ¢; :
[0,00) — [0,00) such that Y 7| fiin < 00, > oo by < 00, i = 1,2,....m
and F := N" F(T;) # 0. Let {a,} C [e,1 — €] for some € € (0,1),. From ar-
bitrary x1 € E define the sequence {x,} by (4.1.1). Suppose that there exist
M;, M} > 0 such that ¢;(N;) < M} N\, whenever \; > M,; i=1,2,...,m then

limy, oo [| 1)@ — 20]| =0, i =1,2,...,m.

Proof. Let p € F then by Theorem 4.1.1, lim,_,o Ds(x,,p) exists. Let
lim,, oo D¢(xp, p) = 7. If r = 0 then by continuity of 7}, i = 1,2,...,m we are

done. Now suppose r > 0, we show lim,, . ||77"2, — x,]| =0, i =1,2,...,m.
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In Theorem 4.1.2 we have shown that {z,} is Cauchy. In particular Now, for

m =1, we get from (4.1.1) that

1 €K 0=V ((1—0a,)Vf(x,)+a,Vf(T{xy,)).

Using this and Lemma 3.0.12 we have for some constant (); > 0 that

Dy(p;ans1) = Dy(p, V(1 = )V f(zn) + 0V f(IT'70)))
= Vip,(1 = )V f(za) + onV f(T7'2s))
= f) = b, (1 = )V f(20) + auV f(T]'70))
+f (1= o)V f(2n) + 0V f(TT20))
(1= o) f(p) + anf(p) = (1 = o ){p, V f(zn))
—an(p, Vf(T{'xn)
+(1 = an) Y (V[ (2a)) + oan f* (V (T 20))
—an(1 = ) pi([|V f (@n) = Vf(TT'w0)])
= (I=a)V(p, V(za)) + onV(p, Vf(TT2))
—an(1 = ) ([|V f(@n) = Vf(TT'w0)]])
= (1= an)Dy(p,zs) + anDy(p, T1'zy)

—an(1 = an)pS(IIVf(2n) = Vf(TT20)|])

IN

IN

(1 — an)Dy(p, xn) + o[ Dy (p, )
+H11a01 (D (D, ) + lin]

—an (1 — an)p([|[V f@n) = VF(TT'z,)]])
Dy(p,@n) + (10 + 1) Q1

—an(1 — an)p ([[Vf(2n) = VF(TT2a)l]).

IN
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Thus,

Epi(IIVf(@n) = VAT 2n)ll) < Dy(p,wn) — Dy(p, wnsr) + (pan + 1) Qs

which implies,

Y IV f(@n) = V(I an)l) < Dp(pyar) + Q1) (pn + hin)-
n=1 n=1

Hence €2 3272, pi(IV f () =V f(T{'2n)|[) < o0. So, lim pi(||V f(an) =V f(TTn)]]) =
0; and properties of p% imply lim ||V f(z,) — Vf(T7x,)|] = 0. Since V f* is
n—oo

uniformly norm-to-norm continuous on bounded subsets of E*, we arrive at
lim ||z, — T'z,|| = 0. (4.1.4)
n—oo

For m = 2, (4.1.1) becomes

T, € C
Tp1 = V(1= )V (@) + VI(TT'y1n)) (4.1.5)
Yin = V(1 — an)Vf(r,) + a,Vf(T'2,))

using (4.1.2), (4.1.5) and Lemma 3.0.12, we obtain, for some @3 > 0 that

AN

Dg(p,2nt1) < (1= an)Dy(p, an) + anDs(p, T1'yin)

—an(l = an)ps(|[V f(za) = V(T ya)l])

(1= an)Dy(p, 20) + n[Ds(p, yin) + p10d1(Dy(p, y1n)) + lin]
—an(l = an)ps(|[V f(za) = V(T ya)l])

D(p,an) + (pan + lon + fiin + lin) Q3

—an(1 = an)ps(IIV f(2n) = VF(TTy1)]])-

IN

IN
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Thus,

62p2(]|Vf(a:n)—Vf(T1"y1n)H) § Df(p, an)—Df(p, xn-&-l)+(M2n+l2n+ﬂln+lln>Q3

which implies ,

&S IV () =V Ty < Dy, 00)+@s S (o i o) < o0
n=1 n=1

So, lim p¥||V f(x,)—=V f(T7"y1,)|| = 0, and properties of p; yield lim ||V f(z,)—
n—oo n—oo
Vf(TTy1n)|| = 0. Since V f* is uniformly norm-to-norm continuous on bounded

subsets of £*, we obtain
lim ||z, — T7'y1a|| = 0. (4.1.6)
n—oo

Thus from Lemma 3.0.4, we obtain

lim D¢ (2, T1'Y1n) = 0. (4.1.7)

n—oo

Also, from (1.7.2) and (4.1.7), we have

Df(p7 xn)

IN

Dy¢(p, T1'y1n) + D(T7Y1n, 70) + ||V f(TTY10) — VI (@n)||[lp — TT'Y1nl|

IN

IN

Df(pa yln) + :ulnM + lln + Df(Tlnyhn mn)

for some constant M > 0. Hence, we deduce from this that

r < HUminfD¢(p, y1).
n—oo

36



Also, since

Df(pa yln) S (1 + ,u2nQ2>Df(pa xn) + (,U2n + l2n)Q2>

this gives

limsupDy(p, y1n) < 7.

n—o0

Thus

Tim Dy(p, y1n) = 7

Also from (4.1.5) and Lemma 3.0.12, we obtain, for some ()5 > 0 that

Df(pa yln) < (1 - an)Df(pv xn) + aan(p, T2nxn)
—an (1 —an)ps(I[V f(zn) = VF(TT20)|])
(1 + OénﬂZnQ2>Df(pa xn) + (,U2n + l2n)Q2

—an(1 = an)ps([|V f(zn) — Vf(TT'2,)]]).

IN

Therefore

i1V f(22) =V (T7@n)]]) < (140n120Q2) Dy (P, ) =D (P, Y1n)+ (H2n+H2n) Q2

So, lim p*||V f(x,)—=V f(T5'xz,)|| = 0, and properties of p* yield lim ||V f(z,)—
Vf(Tya,)|| = 0. Since V f* is uniformly norm-to-norm continuous on bounded

subsets of E*, we obtain
lim ||z, — Ty'z,|| = 0. (4.1.8)
n—oo

Hence, from Lemma 3.0.4, we obtain

lim Dy (z,,, T5'z,) = 0. (4.1.9)

n—oo
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So, from (4.1.5) and (4.1.9), we obtain

Df(xmyln) < (1_an)Df(xnvxn)

+ a,Ds(z,, T3 x,) — 0 as n — oo.
which implies from Lemma 3.0.4, that

lim ||z, — y1a|| = 0.

n—o0
Also,

T = wall - < ([T = Tl | + [T Y10 — 20l

A

La[zn = yanl| + [[T7y1n — @nl].

Hence, from (4.1.6) and (4.1.11), we obtain

lim || 11"z, — || = 0.
n—oo
Hence
lim |1z, — || = lim ||T5'x, — x,]| = 0.
n—oo n—oo
Continuing, we get
lim ||T]'z, — z,]| =0, 1=1,2,--- ,m.
n—oo

Furthermore

IN

< (Li+ ]2, — Tznxn” + ||Tin+1xn - Tzn$n||

38
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From (4.1.12) and asymptotically regularity of 7;, for each ¢ € {1,2.--- m},

we obtain

lim || Tz, — x,|| = 0. (4.1.13)
n— o0

This complete the proof. O

Theorem 4.1.4 Let E be a real uniformly convex Banach space, C' a nonempty
closed convex subset of E and f : E — R a convex, continuous, strongly coer-
cive and Gateaux differentiable function which is bounded on bounded subsets
and uniformly convex on bounded subsets of E. LetT; : C' — C, i=1,2,...,m
be m Bregman quasi-total asymptotically nonexpansive mappings and uniformly
L;-Lipschitzian which is also uniformly asymptotically reqular with sequences
{pin}, {lin} C [0,00) such that with sequences {pin},{lin} C [0,00) n > 1
and mapping ¢; : [0,00) = [0,00),i=1,2,...,m and F := N", F(T;) #0. Let
{ain} C e, 1—¢] for some e€(0,1),. From arbitrary x1 € E define the sequence
{z,} by (4.1.1). Suppose that there exist M;, M} > 0 such that ¢;(N\;) < M\
whenever \; > M; i = 1,2,...,m and that one of 11,15, ..., T,, is semi-

compact, then {x,} converges strongly to some x* € F.

Proof. Without lost of generality, let T} be semi-compact. Since T7 is
semi-compact, there exists a subsequence {x,,} of {x,} such that for some

z* € E, Tz, — x* as k — oo. This implies that 171"z, — z* as k — oo.

Thus 77" x,, — Tiz* as k — oo and from (4.1.12) we have limy_,o, ¥, = z*.

Also from (4.1.12) T3z, — z*, T3*x,, — «*, ..., T, — o5 as k — oo.

n n n
Thus Ty ' a,, — Tox*, Ty x,, — Tsa*, ..., Ty e, — T2 as k — oc.

k k

Now ||, ,, — Tng || < NIV Yin, — Ty || from (4.1.6), it follows that z,,, , — z*
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as k — oo. Next, we show that z* € F. Observed that

lo* = Tzl < o™ = Zo |4 2y = T0 20|

HIT iy = TV, |+ 1TV 2, — Tha”)

Taking the limit as k& — oo and using the fact that 7} is uniformly asymptot-

ically regular we have that z* = Ti2* and so xz* € F(1}). Also,

lo* =Tl < la® = 2o, |+ ny = T2 an |

+ ||T2nk+l$nk+1 - T;k+1$nk|| + ||T2nk+1xnk - T2$*||

Taking the limit as k£ — oo and using the fact that 75 is uniformly asymptot-
ically regular we obtain that z* = Tox* and so z* € F(T5). Again,

2" = Taz™|| < |lz" - xNkﬂH + ||l’nk+1 - T?:”H—lx

ni |

T oy = T3 ||+ 1T 2, — Taa™|).

As k — oo, we have that x* € F/(T3). Eventually, we have that, * € F. But by
Theorem 4.1.1 lim,,_,oo D (2, 2*) exists, z* € F. Hence z,, converges strongly

to * € F. This complete the proof. O

Our result extends the result of Chidume and Ofoedu (2007) from total asymp-
totically nonexpansive mapping to quasi-Bregman total asymptotically nonex-

pansive mapping.
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4.2 Quasi-Bregman Total Asymptotically Strictly
Pseudocontractive Mappings and Equilibrium
Problems

Theorem 4.2.1 Let C' be a nonempty closed and convex subset of a reflexive
Banach space E and f : E — R a strongly coercive legendre function which is
bounded uniformly Fréchet differentiable and totally convex on bounded subset
of E.For each j = 1,2,...,m let g; be a function from CxC to R satisfying
(A1)-(A4) and let {T}r_, be a finite family of L;-lipchitzian i = 1,2,--- k
closed and Bregman quasi-total asymptotically strictly pseudocontractive self
mapping of C such that F := (N EP(g;)) N (ML, F(T;)) # 0 with se-
quences {pimn},{lin} C [0,00) n > 1 and mapping ¢; : [0,00) — [0,00) such
that pym — 0,1y — 0 as n — oo. Let {x,}>2, be a sequence generated by

rn=xeC C;=C and

€ C

yn = VI (o f(@n) + 2 0ni 7 f(T7'20))

Ujp = Resgj Yn

Cry1={w € Cy: Dp(w, ujn) < Dy(w,yn) < Dp(w,xs) + R(pn + pin Dy (w, 2) + 1)

+ﬁ Zfil iV f(xn) — 2 f (T ay), 2 — w) }

\$n+1 = Péwl(x) neN

(4.2.1)

where A€[0,1) fori = 1,2,... k; T; is uniformly continuous. Suppose {a,}5°,
and {Bin 32, j=1,2,...,m are sequences in (0,1) such that (i) lim, (1 —
o) >0 (i) 3272, Bjn =1 n>1 also suppose that there exist M, M* > 0
such that (X)) < M*X for all X > M. Then {x,}32, converges strongly to

P(z); where PL(x) is the Bregman projection of E onto F.
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Proof. The proof is divided into six steps.

Step L. Show that F := (N7, EP(g;)) N (ML, F(T;)) is closed and convex.
From Lemma 3.0.19, NY, F(T;) is closed and convex and from (iv) of Lemma
3.0.17, N7, EP(g;) is closed and convex. So F':= (N7, EP(g;))N (N, F(T7))

is closed and convex.

Step II. Show that (), is closed and convex for all n > 1, C; = C is closed

and convex. Let

Qn = {w SO Df(wayn) < Df(w,xn> + R(Mn +,uan(w,xn) + ln)

)\ N

Ain = {w € E:Di(w,uj,) < Df(w,yn)} j=1,2....m,

such that
Co1 =CNC N QN (N7 Aj)

For all n > 1 we need to proved that @,, and A;,, are closed and convex. First

we show (), is closed and convex for all n > 1.
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Qn

- {w € B Dy(w,yn) < Dy(w, xy) + R(pin + pn Dyp(w, zy,) + 1)

N

F 1 D s (910 = VAT ) 0 — )
=1

= {w € E:D¢(w,yn) — Dy(w,x,) < R(ptn, + prnDy(w, ) + 1)

N
20 Y s (S0n) = VAT 00— )

{w € E - f(n) — Flym) — (7 () w0 — 1)

+ <Vf<xn)a w — xn) < R(/Ln + Nan(w7 xn) + ln)

)\ N
+ 1T Z Qi (Vf(wn) =V f(T]2y), 20 — w>}
i=1

N
R+ Dy, + 1)+ 125 3w (940 )

- AT - )]}
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— (VS (Yn),w Zam (VS (T x,), w)
< f(yn) - f(xn) + R(Mn + :uan<w xn) +1 ) <Vf(xn) xn>
+%ZO‘””’ (7 f (), n) Zam (VT @), a >}

_ {w cE- <(1 + ﬁian,i)vﬂl’n) —7f(Yn)
A i“n Vf(Ti"xn);w> < [(yn) — f(@n)
+ R(ptn + pin D (w, ) + 1) + <<1 + % i an) vV (@), xn>

— (VS (Yn), yn) < Zozm VT, >}

This shows that @), is closed and convex for all n > 1.

Next we show that A;,, is closed and convex for alln > 1 and j =1,2,...,m.

Ajn = {w € E: Dy(w,uj,) < Dyp(w, yn) }
= {w e E: f(ya) = flujn) +(Vf(yn)s 0 — yn)
— (V7 f(ujn)sw = ujp) <0}
= {we B fya) = [(wjn) + (7 (W) ) = (VS (Yn), yn)
<V (jn) = f(yn), w) }.

This shows A;,, is closed and convex for all n > 1 and j = 1,2,...,m. So for
all n > 1, C, is closed and convex.

Step III. We show that F' C C, for every n > 1. Note that FF C C; = C.
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Supposed F C Cy, for h > 1, then for all w € F' C C),, since uj, = Resgj (yn) for

each 7 =1,2,...,m from Lemma 3.0.17, we have

Dy(w,u;p) = Dy(w, Res] (yn)) < Dg(w,yp). (4.2.2)

And

N
Dy(w,yn) = Dp(w, 7 (anoVf(zn) + Y ani v f(T]'zy))

=1

N
< apoDyp(w, xp) + Z aniDy(w, T xn)

i=1

N
S O./;hon(U), ZEh) + Z Oéhﬂ' {Df(w, l‘h) + )\Df(fbh, T;hZL‘h)
i=1

© ud(Dy(w, z)) + zh]

Since ¢ is an increasing function, it follows that ¢p(A) < ¢(m) whenever A <m

and by hypothesis ¢(A) < m*\ if A > m. In either case we have

d(Dy(w,xp)) <p(m) + m*Dy(w, xp) for some m >0, m* > 0. Thus we have

N
Dy(w,yn) < anoDg(w,xp) + Z Qi {Df(uh zh) + ADg(xp, T} xp)

i=1

+ uhqﬁ(m) —+ uhm*Df(w, l'h) + lh:|

N N
< Dy(w,zp) + A Z ani Dy(n, Tley) + Z ap; pp(m)

i=1 =1

N N
+ Z ani prm* Dy(w, xp) + Z ani lp
i=1 =1
N
< Dy(w,zn) + A Z ang Dy(wn, T)'wn) + pn R
i=1
+ uthDf(w, iL‘h) + Rllh
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N
< Dy(w,xp) + Z Qpi [,Uh¢ Dy(w,zp)) + 1

+ (v f(@n) = f (T wn), xp — wﬁ

+ ppR1 + pnRiDy(w, xp,) + Ril),
A
= Dy(w,zp) + Ro(pn + pnDy(w, xp) + 1) + 1 Z an (V f(zn)
=1

— (T wn), wn — w) + Ry(un + pnDy(w, zn) + 1)

Therefore

N

Di(w,yn) < Dy(w,xp) + R(pn + pnDyp(w, x1) + 1) + ﬁ Z an; (V f(zh)
i=1

— S (T an), xp — w). (4.2.3)

for some Ry > 0, Ry > 0 and R > 0.

It follows from (4.2.2) and (4.2.3) that w € C},1, which implies F' C C,, for

every n > 1

Step IV. We show that lim, o, D¢(x,,z) exists. From (4.2.1), z, = Pg X,

n

which from (a) of Lemma 3.0.2 implies

(f(@) =7 f(zn),y —2,) <0 VyeC.

Since F' € C,, we have

(Vf(x) =7 f(xn),w—x,) <0 YVweF (4.2.4)
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From (b) of Lemma 3.0.2, we have

Di(tp,x) = Dg(PL x,2) < Dy(w,x) — Ds(w, PL )

< D¢(w,x) Vn>1, weF.

This implies that {Dy(x,,x)} is bounded. It follows from Lemma 2.4, {z,} is
bounded. By the construction of C,, we have z,, € C,, C C,, and z, = Pénx,

for any positive integer m > n. Then we obtain

D(xp, z,) = Df(xm,Pénaz) < Df(xp, ) — Df(Pénac,x)

= Di(xp, ) — Di(zy, x). (4.2.5)

In particular,

Df<xn+1axn) < Df(xn+1,x) - Df(xmx)‘

Since z,, = Pénx and x,,,1 = Pgnﬂa: € Cpq1 C Gy, weobtain Dy (z,,, ) <D (Tpt1, ),
Vn>1.

This shows that {D¢(x,, )} is nondecreasing and hence the lim,,_,o D¢ (2, x)

exists. Thus from(4.2.5), taking the limit as m, n— o0, we obtain lim,,_,o D (2, T,) =
0. Since f is totally convex on bounded subsets of E, f is sequentially consis-

tent, then it follows that ||z, — z,|| — 0 as m,n — oo. Hence {z,} is Cauchy
sequence in C. As {z,} is Cauchy in a complete space E, there exists p € £

such that z,,—p as n—oo. Clearly p € C. Since D(z,, z,,) — 0 as m,n — oo,

we have in particular

lim D¢(2pt1,2,) =0 (4.2.6)
n—oo

and this implies that
lim ||z,41 — x| = 0. (4.2.7)
n—oo
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Step V. Next we show that p € F.

Since 41 = PénHm € Cpy1, we have from (4.2.1)

Df(xn—&-l, yn) < Df(xn—i—h xn) + R(Mn + Man(xn—&-lv xn)
N
A
+ ln) + 1 o )\ ;:1: Oén,z<Vf(xn)

which implies that lim,, .. D¢(2,41,¥,) = 0. Since f is totally convex on
bounded subsets of E, f is sequentially consistent (see Butnariu and Lusem

(2000)). It follows that

lim ||zp41 — ynll = 0. (4.2.9)
n—oQ

From (4.2.7) and (4.2.9), we have
lim |z, —y,| = 0. (4.2.10)
n—oo

Since f is uniformly Frechet differentiable, it follows from Lemma 1.1 that </ f
is uniformly continuous and f is uniformly continuous on bounded subsets of

E (see Prodi and Ambrosetti (1993),Theorem 1.8). Hence

Tim [[7£ (@) — V()] = 0. (4.2.11)
From (4.2.1), we have
IFTPe) - Tf @)l = ——— |7 F (@) — 75

> i1 Qni

which implies from (4.2.11) that

Tim ([ f(T7 ) — f ()| = 0. (4.2.12)
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Since f is strongly coercive and uniformly convex on bounded subsets of E, f*
is uniformly Frechet differentiable on bounded sets. Moreover, f* is bounded

on bounded sets, and from (4.2.12) we obtain
lim || 17"z, — z,|| = 0. (4.2.13)
n—oo

On the other hand, we see that

len = T wnll < llon — il + 20 — Twn |l

+ T T — T s

< (Ut Dllen = zonll + i = Tzl

for all [ € {1,2,...,N}, where L := sup;<;<y L;. it follows from (4.2.7) and
(4.2.13) that

nhjglo | — Tﬁq—lan =0.

forall I € {1,2,...,N}. Thus,
limy, yoo||n — T} zn|| = 0 (4.2.14)

Vie{l,2,...,N}. Since z, — p as n — oo by the closedness of T; for each
l€{1,2,...,N} we obtain pe N, F(T;).
Next, we show that p € EP(g;), for each j = 1,2,...,m. Since 2,41 € Chpy

we have from (4.2.1)
D¢(Tnt1, Ujn) < Di(Tpi1,Yn), j=1,2,...,m.
Using the fact that lim, oo Dy(2y41, ys) = 0, we have

lim Dy(zp41,ujn) =0, j=1,2,....,m.

n—oo
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and this implies that
nh_}r{)lo |Zns1 — ujnl| =0, ji=12,...,m. (4.2.15)
From (4.2.7) and (4.2.15), we have
nh_)r{.lo |z — ujnl| =0, j=12..,m. (4.2.16)

Also from (4.2.10) and (4.2.16), we have

lim ||y, — ujn| =0, j=12....m.
n—oo
From the uniform continuity of \/f, for each j = 1,2,...,m we have
i [[7f (ug0) — 74 (9)]| = 0 (42.17)

From(3.0.2), we have, for j = 1,2,...,m

95 (Wjn, y) + AV f (Ujn — V[ (Yn), ¥y — wjn) >0, VyeC.

Furthermore, using (A2) in the inequality above, we obtain

<Vf<ujn - Vf(yn)v Yy — ujn> > g; (y, ujn>, Vy eC.

By (A4),(4.2.17 ),and u;, — p as n — oo, we have

gi(y,p) <0 VyedC.

Let zz =ty + (1 — t)p for t € (0,1] and y € C. This implies that z; € C. This
yields g;(z,p) <0. It follows from (Al) and (A4) that
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0= g;(z,2) <tgj(z,y) + (1 —1)g;(2,0) <tgi(2,y)

This implies

0 S gj(zby)'

From condition (A3), we obtain

gi(p,y) >0, VYyeCandVje{l,2,...,m}.

This implies that p € EP(g;), for each j =1,2,...,m. Thus, p € NI, EP(g;).
Hence we have p € F := (N, EP(g;)) N (N, F(T;)).

Step VI. Finally, we show that p = P};x. Setting n — oo in (4.2.4), we obtain

(Vf(x)=<7f(p),w—p) <0, YweF.

By (a) of Lemma 3.0.2 we have p = Pj;x. This complete the proof.
L]

The above result, extends the result of Ugwunnadi et al. (2014) from quasi-
Bregman strictly pseudocontractive mapping to quasi-Bregman total asymp-

totically strictly pseudocontractive mapping.
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CHAPTER FIVE

SUMMARY, CONCLUSION AND
RECOMMENDATIONS

5.1 Summary

In this dissertation, various classes of mappings, namely, asymptotically nonex-
pansive, total asymptotically nonexpansive mappings and total asymptotically

strictly pseudocontractive mappings were studied.

In chapter three, we reviewed all relevant Lemmas and Theorem that are
necessary for establishment of our results, while in chapter four, an iterative
sequence for approximation of common fixed point (assuming existence) of
quasi-Bregman total asymptotically nonexpansive mapping was constructed.
Necessary and sufficient conditions for the convergence of the scheme to a com-
mon fixed point of the mappings were given. Furthermore, sufficient condition
for convergence of the iteration process to a common fixed point of the map-
pings was established. Secondly a new iterative scheme by hybrid method was
introduced and a strong convergence theorem for finding a common element in
the set of fixed points of finite family of closed quasi-Bregman total asymptot-
ically strictly pseudocontractive mapping and common solution to a system of

equilibrium problems in reflexive Banach spaces were established.

5.2 Conclusions

In chapter Three. Theorems 4.1.1, 4.1.2 and 4.1.4 extends the result of Chidume

and Ofoedu (2007) from total asymptotically nonexpansive mapping to quasi-
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Bregman total asymptotically nonexpansive mapping. In chapter four. Theo-
rem 4.2.1 extends the result of Ugwunnadi et al. (2014) from quasi-Bregman
strictly pseudocontractive mapping to quasi-Bregman total asymptotically strictly

pseudocontractive mapping.

5.3 Recommendations

Various classes of mappings have been introduced, to enable researchers have
access to further research. In particular, in chapter Four, we recommend that

our results should be established using different iterative scheme.
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