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ABSTRACT

In this thesis we review an integral of anti-commuting elements analogous to the Ito-
intcgral for Brownian motion.

We will aso extend the stochastic integral to a wider class of integrands. The extension
was achieved by using the inequalities in Remark 4.11 of chapter four.

Similarly we will adso shown that a stochastic differentid equation of the form
dX, =F(Xt)dWi+dWG(Xt)+H(X:t)dt has a unique solution in the LZ%space of
Clifford agebra for any initiad condition provided that F,GH saisfy a Lipschitz

condition.
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CHAPTER ONE
PRELIMINARIES

1.0 Introduction
In this chapter we give the definition of von Neumann algebras and aiso give the
classification of von Neumann aigebras. We have also introduced the Tomita Takesaki

theorem.

1.1  Delinition

Let H be a complex Hilbert space with the inner preduct (.,.). B(H) the algebra of all
bounded iinear operators on H. A von Neumann algebra is a subalgebra M of B{(H) which
is self-adjoint, contains the identity operator and is closed in the weak operator

topology({or the definition of the weak operator 1opology see below).

1.2 Topologies on B(H)
(i) The strong operator topology: This is the locally convex topology induced by the

family of seminorms {p, : x & H},defined by, B(H): a > p,(a}=|ax],x e A.



In the strong operator topology on B(H), has a base of neighborhoods of an operator
a, € B(H) consists of sets of the form; {a € B(H);]}(a~a,, ,ﬂ«: g.l= I,E_Hn} where x; .
X2.....xpare in Hand £20. A net {a;} of operators in B(H) converges to a € (H) with
respect to strong operator topology iff [(a, —a)x| >0 as i T vxe H

(11) The weak operator topology on B(H): This 1s the locally convex topology induced by
the family seminorms {p,_, :x,y e Hjdefired by B(H):a— p,_, (a)= [(ax, v x,y € H
The famuly of sets of the form’p € B(H): Ka -a, )x,._vfl <si= 1,2..,..,11} where £ >0
and x,,x,,....%,,¥.Y...», € H forms a base of neighborhoods of g, € B(H) in the

weak operator topology on B(H).

A nel (a;) of operators in B(H) converges (o a with respect (o weak operator topology 1ff
‘{a, ~ a}x.y‘ >0asiT v yeH.
(1) The ultral weak(or o - weak )operator topology on B(H). This 1s th locally convex

tlopology induced by the family of seminorms 1;1‘ x, y.€H } with (x,), (va) H

ZIx,H: < ‘Z“Jn” < o, defined by, B(H) a - p, , (a)= Zi(a.r_,y, )|



A net {a. };-E; of operators in B(H) converges to a with respect to o —weak operator

wpology it 3 [la, —a)x,. v, >0as  iTlr all  (x), (vo< H with

2

5 <o Sl <o

(iv) The ultra strong{or & —strong) operator topology on B(H): This is the locally convex

topology induced by the family of seminorms ‘p,ﬁ;x, el }wilh (x,)c H. Y |, “2 <00

-
- Y42

defined by ; B(H):a —» (}:llaxn“

A net {a.}_, of operators in B(H) coaverges to a e B(H)} with respect o o — strong

operator topology iff ¥ [(a, - a)x, | ~» 0as: Twith ¥ lx,[F <eo,(x,)c A,

(v) The uniform ( or norm) operator topology: This is the topelogy given by the norm ||,

fa = sup.y - x € A e <1}

Anet {a,},, of operators in B{H) converges to a e B(H) iff |a, ~a] >0 as s T,

1.3  Definition
An operator p in B(H) is said to be a projection if p'=p and p*=p.

IT p is a projection , then its orthogonal camplement (1-p)= p* is also a projection,



Two projections p and q in a von Neumann algebra M are said o be equivalent

(writlen p ~ q) if there exists a partial isometry U/ € M such that U'U =p and UU" =q.

A projection p in a von Neumann algebra M s said to be finite if whenever p~ q < p fora

projection ¢ in M , 1t follows that p=q.
A projection p in M is called a central projection if it belongs 1o the centre z of M.

The set of all central projections p € Z such that pa = a, aeM 1s called the central support

of a and is denoted by C(a).

A projection p in a von Neumann algebra M is said to be properly infinite il there has no

non-zero finite central projection,

A projection p in a von Neumann algzbra M is said to be purely infinite if there has no

non-zero finite projection.

A projection p on M is said 10 be faithful if no non-zero central projection of M annihitate

p,orifC{p)=1.



1.4 Classification of von Neumann algebras:

Lel M be a von Neurann algebra on H. Then,

i) M is said be [inite, properly infinite, and purely infinite if the identity projection |
is finite, properly infinite, or purely infinite.

{ii) M is said to be semi finite if any non-zero central projection contains a non-zero
finite projection.

(i) M is said lo be type I if any non-zero central projection contain a non-zerc

abelian projection.
{iv) M s said to be type L. 1f it is propesly infinite and of type 1.

(v) M issaid to be type Il if it is semi finite and does not cantain any non-zero abelian

projection.
(vi) M s said to be type I, if it is both Jinite and of type I1.
(vi) Mis said to be tvpe 1, if 1t is properly infinite and of type 11

(viliy M is said 1o be type 111 if it does not contain any non-zero finite projection.



1.5  Definition
A weight on a von Neumann algebra M is a function

¢: M. - [0,] satislying the following conditions;

0 pr+y)=gx)+gv)x.yeM,

i)  Plix)=Ag(xhxeM 220
The weight ¢ is said to be
(ifi) faithful it g{x)=0=>x=0VYxeM,

(iv) normal if’ g{supx,)=supg(x,) whenever (x;) is the monotone, bounded increasing
net {x;. } cM,.

(v) semi finite if every non-rero ¥ € M, majorises some non-zero y = 0 with g(y) < +oo

I a weight ¢ satisfies (iii), (iv) and (v) above, it is called a faithful normal semi finite

weight on M.



1.6 Definition

A trace r on a von Meumann algebra M 15 a weight which satisfies an additional
property that r(x'x): r(xr'),x e M. The trace 7 is said to be faithful, normal, semifinite

if it satisfies (iii), (iv) and (v) above respectively.
1.7  Definition

A linear functional ¢ over a von Neumann algebra M is called o be positive if

#(x"x)2 0 forall xe M.
18 Definition

A state ¢ ont a von Neumann algebra M is a positive linear functional which satisfies an

additional property that ¢{I)=1
1.9  Definition

The predual M, of a von Neumann algebra M is the space of all o - weakly continuous

linear functionals on M.



1.10  Definition

The commutant M’ of any subset M of B(H) is the set of al! bounded linear operalors

on H commuting with every operator in M (written A/ '={x € B(H): xy = yx,Yy e M })

M= (M')' is called the bicommutant of M,

1.11  Theorem{von Neumann double commutant theorem)

Let M be a * - subalgebra of B(H), than the follﬁ\ving conditions are equivalent.
(1) M=M"

(i) M is weakly closed

(it M is strongly closed

.12 Definition

A * -homomorphism between two von Neumann algebras M and N is a mapping

z.xeM > r(x)e N defined forall x e M sit.

0 #ax+ )= an(x)+ pa(y) vxyeM,a,fe R



(iiy 7(xy)==z(x)x(y) vx,yeM
(iii) n(x'): x(xy, vxeM
113 Lemma

Let M and N be von Neumann algebras and # a * -homomorphism of M onto N. It

follows thal

() 7 is positivily preserving (written * = 0= 7(x)>0)

(i) 7 is continuous and el <ol sor “U xeM.

Proof

()T X 20 then * =J”.}’. for someX¥ €M 'ﬂlus. "‘(5‘)’= 7"(}’.)’)5 alyy z(y)z 0
(ii) One bas, 0= (&%) < x"xJx"x] Therefore part i) impl.ies that

0< ;r{x'mc)1 s :r(x'x]l:'x]}

Finally, one has Jz(x)} :I);r(x'xlz < ”x(x‘xﬂlx'x” =|x ()} |, whichis equivalent to




el <l
1.14 Delinition

A * -homomorphism 7 of M into N is a * - isomorphism if it is one-to-one and onto 1.e
a *- homomorphism x of a von Neumann algebra M into a von Neumann algebra N is &

*- jsomorphism iff, kerz = {0} .
1.15 Definition

A representation of a von Neumann algebra M is defined to be a pair (4, z) where H is

a complex Hilbert space and 7 is 2 *- homomorphism of M intw B(H)

The representation (H, 7} is said to be faithful ifT 7 is a * - isomorphism between M and

#(M) Hiscalled the representation space and 7 is a representation of M on H.
1.16 Proposition

Let (H,x) be a representation of the von Neumnann algebra M. The representation is

fauthful i and only if it satisfies each of the following equivalent conditions

() kerz =fo}

10



(i) |z(x) = x| forall xeM
() zlx)>0 forall x>0
Proof

The equivalence of condition (i) and faithfulness 1s by definition. We now proof

(i) = (i) = (i1i) = (i}

(i) => (i) As kerm = {0} we can define a homomorphism z ' from the range of 7 into

M by 7 '(#(x))=x and then applying Lemma 1.14 to = ' and x successively one has
e =l ")) < ) < o

(i) => (i) 1f x > 0 then [x|>0 and hence [z(x)>0,0rz(x)#0. but z(x)=0 by

Lemma 1 11 and therefore z(x)> 0.

(if)=> (i) 1f condition (i) is false then there is a y e kerz with y#0 and z{y"v)=0.

But [y"3{= 0 and as [y"¥| =[y]" one has y"y > 0. Thus condition (iii) is false

1l



1.17  Definition

A - automorphusm z of a von Neumann algebra M s dehined to be a *-isomorphism of

M into itself.
1.18  Proposition

Let (H, ) be a representation of a von Neumann algebra M. The following statements

are eguivalent,

(i) The closed subspace [#(M)H] spanned by #{x)é,xeM,&eH coincide with the

whole space
(ii) For any nonzero ¢ € H,3 an element x e M with ;r(x}f #0.

~ Suppose that (i) holds and that z(a)ﬁ =0 forevery aeM Forany npeH, e

have,

(rlalr/2)=ln/2(a) £)= (n/x(a ) )=0.

Hence & is orthogonal to [x{A)H] By assumption, ihis means £ =0. Hence (if)
folfows. Conversely,  guppose  that (ii) holds. Leit & be a vecior of H orihogonal 0

[2(M)H ] We then have,

12



0=(¢/xla"a)={¢/ala" Jrla)s )= (xla)s /x(a)i )a e M
So theat "Jr(u).;"’"z =0 for every a€ M. By assumption, & = 0. Thus (1) follows.
1.19  Definition

A representation (H,x) of M is said to be proper or nondegenerate if either (i) or (ii) of
the previous proposition holds. Otherwise, the closed subspace (H,z(M)) is called the

essential space of 7 and denoted by H{x).

1.20  Definition

A vector €2 in a Hilbert space H is said to be cvclic for a set of bounded operators M 1f

the set {x(2 x € M} is dense in H
1.21  Definition

A cyclic representation of a von Neumann algebra M is a triple (H, z, Q) where (i, 7)

is a representation of M and Q 1s a vector in H which 1s cyclic for M in H.

13



1.22  Definition

A set M ol bounded operators on the Hilbert space 1 1s irreducible if the only closed
subspaces of H which are invariant under the action of M are the trivial subspaces {0}

and H.
.23 Definition

A representation (H,7) of a von Neumann algebra M is defined 1o be irreducible if the

set w{M ) is irreducible on H.

If (H,x) is a nondegenerate representation of a von Neumann algebra M and Q 1s a

cyclic vector in H with | =1 then @, defined by
@, (x) = (Q 7(x)Q) is a state over M.

Proof

(i) @, is positive since

o, x)= (@l x)) = (@ e ) (x)2)

= (r(x)2 7(x)2) = () > 0

14



(i) @gis linear since ,
wale) = (@ o)) = (@an (0)02) = 2 (2 4()2) = T00() < () o e

and (iif) w,(1)=1,since

0u(0)=(@.1(7)0) - (@.9) [ =1

Hence, the linear functional, w,{x)= (€2 2(x)) is a state over M, this type of state is

called a vector state.

Now we want to prove the converse. Every stale is a vector slale for some nondegenerate
representation. Thus starting from a stale @, we must construct a represeniation

(#,.7,) of M and a vector Q € H_ such that @ is identified as the vector state w_,

such ihat ,
o{x)=(,, :rm(x}'zw) forall xeM.

The algebra M which is a Banach space and with the aid of the state @ it mav be

converted into a pre-Hilbert space by introduction of the positive semidefinite scalar

product {x,y) = w(x '_v). Next, we defined J, by,

15



Jo= {x X € A,co(x'x): 0}.

The set J, is a lefl ideal of M because JeJJ, and xcM implies that

oW

< w((x! )'xf)s ]}:c]]2 w(l‘!) = 0. Nexl, we define equivalence classes .y, by

w o=k E=xrlled, }. These equivalence classes form a complex vector space when
equipped with the operations inherited from M, v, +y, =w,  .aw, =y, This laer

space is a strict pre-Hilbert space with respect to the scalar product
{W,,Wy): (I, y) = m(x'y)

(yxx,yx),) is independent of the particular class representatives used in its definition

because w((x+11)'(}7+I,)):cu(x'y)+5'(y'11)+w(x'13)+w([1°!:):rz}(x';.f) whenever

Lled,.

A strict pre-Hilbert space may be completed (written linearly embedded as a dense
~ subspace of a Hilbert space in a2 manner which preserves the scalar product and the

completion of this space is defined as the representation space /)

Next, we consider the definition of the representatives 7, (x)} First we specify their

" action on the dense subspace of the #, formed by the vectors y,, y € M by definition

16



(W, =,

This relation is again independent of the representatives used for the class y because
7, W, =y, +xl =y, =x,(x)y, forleJ,

Each 7 (x) is a linear operator because

”n(-rX'lV’, +Wx)= )rp('r)yj}-_’ = V’m-n = ;"lyn +‘ly.r:
= ZI.{.\:»‘ T ”-(I)'W.-‘

Finally, from lm{x yxl < m(x'x)lyl we have, “:r. (x)""rr -

(W )=l xy)< ol w, |

Hence A,(x) has a bounded closure, also denoted by x_(x). The algebraic properties of

the 7, follow easily, 7,(x, )z, (x, ), = Virs = An Vs
and hence 7, (x w (x,)=7,(xx,)
Thus we have now constructed the representation (K. x )

Next, we specify the vector Q_, we define Q, by Q_ =,.

17



il

This gives the correct identification of @ , {2, 7, (x)2,)=(w,.w.) = o(x)

The set {z,(vk2, :x e M} is exactly the dense set of cquivalence classes §y, : x € 4}

and hence 2 is cyclic for {(H .z, )

1..24 Definiﬁon

Let the operators So and Fy be defined by S, 4Q = A2 for A€ M and
F,A'Q=A"Q for A'e M’

Then Sg and Fy are both well defined with domains MQ and M Q respectively.

They are antilincar and are closableLet S, =F, =& and F =5, =S be their

closures,

Let A be the unique positive self-adjoint operator which is invertible in the sense of
unbounded operators {wrilten A 1s 1-1) and J the unique self-adjoint antiunilary operator

occuiring in the polar decomposition of § = JA''®.

Since §* =F then F=JA"*

18



A is called the modular operator associated with the pair {M,€2} and J is called the

modular conjugalion.

1.25  Proposition

The following relations hold:
A=18,A"=8F
§=JN"? F=Ja"

J=J" 0 =1

A—IJE = J&II’Z ;

126 (Tomita Takesaki) Theorems

Let M be a von Neumann algebra with cyclic and separating vector £2 and let A be the

associated modular operator and J the associated modular conjugation. It follows that,
JMJ =M’
and moreover,

A'MA" =M jor all 1eq

Where {A" e R} is the one parameter group of strongly continuous unitary operators.

19



The operators A" seR, deline a one parameler group of *- automorphisms
{a,:teﬂ}of M by o,(x)=A'XA" The group r—a, is called the modular

automorphism group associaled with the pair (M, Q)

" Let M be a von Neumann algebra, @ a faithful normal state on M, (#,.7,.Q,) the

corresponding cyclic representation and 4 the modular operator associated with the pair

(z,(M).Q) The Tomita- Takesaki theorem establishes the existence of a & —weakly
continuous one parameter group { — ¢, of *-aqutomorphisms of M through the

definition.
1.27 Definition

A pauge space T is atriple {H,M,7) composed of a Hilbert space H, a von Neumann

algebra M and a faithful normal semifinite trace 7 .

7 is said to be completely additive in case for any set My, of mutually orthogonal

projections in M with least upper bound (1.u.b.) projection, z(p)= Z (Q) t) € MW}

T 1s unitarily invariant in case for ‘every unitary operator meM and projection
peM, t(m* pm)=r{p)and T is said to be (metrically) finite in case z{f) is finite ,

where I denote the wdentity operator.

20



1.28 Definition -

An operator T on a Hilbert space 1 is said 1o be affihiated with a von Neumann algebra

M on H(written, 7'M ) if it commutes with every unitary opérator in the commutant A’

of M.
1.29 Definition

A linear set D in a Hilbert space H is said to be strongly dense in H with respect 1o a von

Neumann algebra Mon H if
QDM

(ii} there exists a sequence {R,_} of closed linear manifolds associated with M such that

R, cD, R* is a-finite and R,,L L 0.D is then said to be defined by {R,}.

An operator T on H is called measurable with respect to M if

(i) oM
(i) T has a strongly dense domain

(i) T is closed.

An operator T is essentially measurable with raspect to M if ;

21



(i) oM
(i)  There exists a sequence {R } of closed linear manifold associated with M such
that R D(’l‘], the contraction of T to R, is a-finite, and Rﬂl 10.;

(iii)  The closure of T exists. In either case T is said to be strongly defined on {R,}

1.30 Theorem

If § and T are essentially measurable w.r.t, a von Neumann algebra M on a Hilbert space

H,thenso are S, S + T, and ST.

1.31 Definition

If'S and T are operators on H then § -+ T is the operator with domain D = D{S) D(T)

and ST is the operator with the domain fx ¢ D(T): Tx € D(S)}
1.32 'Theorem

If'S and T are essentially measurable with respect to a von Neumann algebra on a Hilberi
space H and agree on a strongly dense domain (with respect to that von Neumann) then

they have identical closures.



1.33  Definition

If'S and T are measurable operalors with respect to 2 von Neumann algebra on a Hilbert
space, the closures of S+T and ST are called the strong sum and strong product of S and

_ T resp. ( w.r.t. the von Neurnann algebra).

1

.34 Remark

In the case of abelian von Neumann algebras, the concept of measurable operator just

introduced is essentially equivalent 1o the cencept of measurable function.
135 Definition

A sequence {T,.} of operators on a Hilbert space H each of which is measurable with
respect 10 the von Neumann M on H, is said to converge nearly everywhere(n.e.)(relative

10 M) to a measurable operator T, if for every positive £ there exists a sequence{P,} of
projections in M such that P, T 7 asnT oo, H(T,, —T)P," <gn=12,)and J - P, is a-
finite .If R is any projection in M, {T,} is said to converges ne. on RH if {RT.R}

converges to RTR in the sense just define. .

23



1.36 Definiton

Let T be an operator on a Hilbert space H which is associated with a von Neumann

alpebraM on H and 7 be a faithful normal semifinite trace on M. The (metric) rank of T,
with respect 10 the gauge (H M ,r) is definad as the gauge of the closure of the range of
T. T is said to be elementary or elop, il it is everywhere define and its rank is finite, and

metrically-equivalent to zero, or n.e. zero (T'= 0} in case its rank is zero.
1.37  Definition

The L,-norm designated [T], of an elop T, with respect to a gauge space (A, M.z} is

define as L.u.b. |r(ST){S e M,|5] < 1} The bound of an operator S in M will be denoted as

s}l in a situation where ||S{ might be interpreted as the Ly-norm.

1.38  Definition

A sequence {T.; of measurable operators converges metricallv(n.e.) to a measurable
" operator T, with respect to a gauge space (Ff,M z}, ifit converges n.e. to T on the carrier

of M.

A measurable operator T on the gauge space (H,M,7) is called integrable if it is the

himit m.n.¢. of a sequence {T,} of elops thal is cauchy in L.

24



The integral or trace of T, denoted rT(’I‘) is defined as lim rlTJ.

1.39  Theorem
The integral ol an integrable operator 1s unique

1.40  Corollary

If S and T are bounded measurable and integrable operators respectively, then S.T and

TS are integrable and 7'(S7)=r'(ST)Moreover T' and [/] are integrable. and

r'(?"): ' (7)
If S and T are integrable operators with S = 7" then £(S)= r(7')

Note: The integral of an operator T over a gauge space (H .M, r) will be designated

simply as 7(7')
1.41 Definition

An operator T is said to be a square-integrable with respect to a gauge space I" if it is
measurable and if T = R+ iS with R and S symmetric and R® and S? integrable. The

collection of all square-integrable operators is designated L, (I')

25



142 Corollary
For any square-integrable operators S and T, S. T is inlcgrabie,lr(&".?']: < r(&“h‘}r(?"?')

1.43 Corollary

A measurable operator Tis square-integrable iff T*T is integrabie.

144 Definition

The Lo-norm of a measurable operator T is defined as (¢(T* 7)), and designated {7},

and the L.(M) is the completion of M with respect to this norm

145 Corollary

The Ly-norm of the operators square-inteprable over a gauge space has actually the

properties of a norm

146 Corollary

}"“l = rﬂ?’l) and the (M) is the completion of M

For any inlegrable operator T,

with respect 1o this normr .
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For any integrable operator ' the p —norm of T is defined as "T“p = (1'0?“"’))'” and

the 1.,(M) is the completion of M with respect to this norm .

If N is a subspace of M then we can regard L, (N) as a subspace of

1.47 Definition

Let N c M be von Neumann aigebras on H. Then by a projection of norm one from M

onl¢ N we mean a projeclion mapping whose aorm is one,
1.48  Remark

Note that IF M 15 a von Neumann algebra ard N 1ts von Neumann subalgebra If 2 15 a

projection of norm one from M 1o N, then it satislies the following properties
{1} @ is order preserving
(i) nlaxb)=ax{xpp  Va,beN,andvxeM

(i) T iy * - preserving ie rr(x). = a-(x')
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149 Remark

Shuh- Teh €. Moy has discussed the characteristic propertics of the conditional
expectation as a linear transformation of the space of all extended real-valued measurable

functions on a probability space into itself.
1.50 Remark

LetMbeaw - algebra acting on a Hilbert space H, with a (faithful) normal trace r with

z(7)=1 and let N be an arbitrary (but fixed) W -subalgebra of M.

The mapping x — E(x) from Liy(M) onto L;(N) satisfying the foliowing conditions for

any ¥,y e L, (M) and any complex numbers a, 8,

() Elox + @)= al{x)+ pEly) linearity conditions

| (i1) LF'(x')= E (x)‘,*-— preserving conditions

(iti) x 2 0=> E(x)2 0, order preserving

(iv) x20 and L(x)=0 = x=0, faithfil conditons.

() £(Z)=Z for Ze L,(M) (fixed)
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Morcover the mapping x — £(x) transforms M onto N satisfying |F(x}] < |x]. contractive

conditions.

(i) F(E()y) = E(xE(y)) = E(E(Y) for xel, (M),y eM,or.yel, (M),t geM.
(vii) x, T x implies E(xr]T E(x] for x,,x € M, continuity conditions.

(viit) ¥ — E(x) is strongly and weakly continuous on the unit sphere of M.

(ix) E(xy)=E{yx), for,xe L(M)and,y e M) ~ M.

) ‘u(jk.‘(xx)s p(jx\l where uis  a faithful normal tracial stare on M

is called a conditional expectation from M onto N.

1.51 Remark

From the discussion above we can see that every faithful normal projection of norm one
is a conditional expectation. The theory developed by Umegaki depends on a finite von
Neumann algebra with faithful normal tracial state. This theory is not applicable to von
Neumann of type HI. The question then arise; can conditional expectation exists always

onh any von Neumann algebra? The question was answered by Masamichi Takesaki.
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1.52 Theorem

Let M be a von Neumann algebra and i a faithful normal semifinite weight on M,. Lel

N be a von Neumann subalgebra of M on which u is semifinite. Then the following two

staicments are equivalent;

(I} N is invariant under the modular automorphism group o,” associated with g

Q.e.ar” (N)c N)

(ii) There exist a faithful normal projection of norm one E from M onto N such that
= po ki

1.53 Remark

If N is a von Neumann subalgebra of a von Neumann algebra M and if there exists a
conditional expectation E from M onto N, then for every faithful normal semifinite
weight # on N, the inequality z{x)= o E(x),xe M, defines a faithful normal
semifinite weight on M. with respect to which E is a conditional expectation of M onto

N. Hence N is invariant under the modular automorphism group o,” associated with 4 .
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(1) B{0)=V,

() for any 0=, <t <...<t,, the random variables £{r, )-8, Xi<k<n} are

independent;

(iii) if 0 < s <+, B(r)- B(s) is normally dis:ributed with

£B)-Bls) =l - 5),
1(8() - B(s)) =t —s)o?

where u,o arereal constants, o = 0.
¢ is called the drill and o? is called the vanance.
Property (ii) implies that B(t) - B(s) is independent of

F(B(A),A < 5 or,more generally, that F(B(u) — B(s),u = s is independen of

F(B(1). 1 < 5).

if B(t)is a Brownlan motion with drift u and variance 6°,

and if 0<t, <t, <...<t, then
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A Brownian molion or Wiener process is a stochaslic process B(r),r >0 satis(ying,



.0 )= 2(8(,) - 10, XBU ) - 1,) = 57 min(t, 1, )

Indeed, f 1, > 1,,

I, )= £80,)- 86, )- e, —1,)+ 8- 0, [BG, ) - 20,]

= k(B )-a,) =1,6%

If #=0, 5% =1 then we speak of nermalized Brownian motion.
If B(r) is 2 Brownian mélion and

Fi=F(B(A), 0<A<¢), then

E[(B()— B(S)/F1=0, . .........(D)
E[(B(1) - B)Y/FJj=t-s...... (i1}

as. for any 0<s <. Note that (i) and (ii) hold if and only if B(r) and B (t)-r are

martingales,
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1.55 Theorem

Let #(Lr>0 be a continuous process and let Fy(r > 0) be an increasing family of

o — fields such that B(r) is Fi—-measurable and (1) and (i) hold as, forall 0<5 <1

Then Blr) is a Brownian motion.

Let O0<r<w A stochastic process ({1} defined for O<r<ow is called a

nananticipative function with respect 10 F if :
(i) f(¢) is a separable process;

(ii) f(r) is a measurable process,

(iii) for each 1 € [0,¢] f(¢) is F.~ measuradle.

When (iii) holds we say that f{r) is adapied 1o ;. We denote by Lp(F){1< p< ) the

class of all nonaticipative functions f(t) satisfving:

IR

p{;[]f () dr < co} =1 (p{ess sup|f(r) < 'x:} = lifp = w}
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1.56 Definition

A stochastic process J{t) defined on [t},r] is called a step fiunction if there exists a

partiion 0 =1, <, <...<f =1 of [0,.'] such that
TO)=10) if 1, <e<t,,0<isr—1.
1.57 Definition

Let f(r) be a step lunction in L 2(Q,F, ,P), say f{r)=f if 1, <t <1t

i f+ir

0<isn=-1

where 0 =¢, <t <...1, =¢ The random variable

| )
> 708G, )- B(, )] is denoted by [ SUMB(t) and is called the stochastic integral

k=0 ¥]

of f wilh respect 10 the Brownian motion B it is also called /¢ — intepral.

1.58 Lemma

Let f,, 1, be two step functions in L 3:(ﬂ JFi.P) and let A, 2, be real numbers. Then

Wfi+ Aty is

inl ' (Q,F, P) and
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[/ + 2L OB) = 2, £GMBO)+ 2] £0uiBE) -~ ———- @)

159 Lemma

If fis astep functions in L, (R2,F,,P) then

Proof

Since
f r

EJ'f Hodar =Y EF e X, -1}~~~ {4) is finite, by assumption, we deduce that
1] =0

Ef*(,)<oo. In particular, E|/{1,) <. Also, E|B{,, ) B(,) < .But Since f{1,} s F\

— measurable whereas Blt,,)- B(t,) is independent of F,

£ XB.. )~ B, )= £, )E(B(,., ) - B, ))= 0.
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Summing over I (2) lollows.

Next, Since _/‘E(I,)tmd (”(’m)'“ H(!, ))2 are independent and have finite expectation,

also 1* (f, 13(’;.1 )— B(!,- ))2 has finite expectation. Bv Schwariz's incquality it follows
that

El () XB)- B)) <o

If k>i, then B(,,, )~ Bl ) is independent of f(e, )/t XBr.., )— BU,)) In view of the
last inequality

and the finiteness of EB(:,,,)- B(t, ), we deduce that

Ef (e, )f(’r XB(,., )‘ B, )XB('kal )_ B(’k )}= 0.

Hence

£

f .f(r)aa(ri -5 o))

"-

=Y £ E(B(,., ) - BG, )Y

L=}

=:_Z;Ef2(’:xff+l _’a)z Ejf:(f)f!
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By (4), and (3) is proved.

.60 Lemma

For any step function [ in L ;2 (Q,F,P) and for any € >0,N >0,

:

Proof . lLet

¢N(f)= {/(!) {f 'rk <t {!hl

0 if 1, st<t,

where f(r):f(r,)if S0 <t,;

and

11l

f‘ﬁuz(")df = ifz(‘ixxm "r)

‘E

j:f(r)dﬂ(r# >e}«_:P{If2(:)d: > N}+-§.——-u———-—(5)

k
and ;fz(f;)(‘m “‘i)SNt
WS L2 N 1) > N

=0

th=a<t <..<t, =pBThen gye L(Q,F P)

Where v is the largest integer such that
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EjgsN“"'(:)drsN.
0

Further, f(t)-#, () =0 for all tela, B)if j S et < NIherefore
L

P{

Since, by ChebysheV s inequality, the first integral on the right is bounded by

pﬁ(r)da(fﬁ»s}hoﬁf:(,p,,N}_

I 7l )dB(.r)| . g} < p{

¢ 2
Lﬁ{:‘_.'gﬁm. 1 MB(:# <X the assertion (5) foltows.
P £

We shall now proceed to define the stochastic integral for any function
fin L, (,F P ) ByaLemma, say,

Lot fe L, (Q,F P) then:
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(i} there exists a sequence of continuous functions g, in L (Q,F,P) such that
f 2

Iimﬂf(r)—g,,(r} dt =0 as;———-—- 3]
a

(i7) there exists a sequence of step functions [, in L, (2, F,.P) such that

lim [|7()- £,6F dr =0 as;——~--- (2)
3]

There is a sequence of step functions f,in Ly (Q,F,P) such that

7= WY dt > 0if n— oo mme - (6)

/
Le]
Hence

)
lim Pﬂfn 0)- 7., (tlzdf—f)(l By Lemma (1.60), for any & >0,p > 0,
Ap-aT
0

{

It follows that the sequence

t

(f:f,,(f)dﬂ(r)—jfm(z)dlﬁ(;% > 5} < ps P{j‘

Q

.a(r)—.fmardr»fp}.
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{I.f..(f)dﬂ(f)}

is convergent in probability, We denote the limit by

[
I FXiBt) and call it the stachastic integral or the Ito —integral of f(r) with respect
a

to the Brownian motion B(t)

The above definition is independent of the particular sequence {7, }

tor if {gn} is another sequence of step functions f, in LBE(H,.‘F. .P ) converging

to [ in the sense that

]

[lea@)- Y de S0,

0

then the sequence §h Ywhere hy, = f,.h,,., = g, is also convergent 10 f in the same

sense. Buf then, by what we have proved,the sequence



{Ih"(em(:)}

is convergent in probability.t follows that the limits in (probability) of If,dﬁ and
L1l

t
I 8,48 arc equal as. Lemma .58 —1.60 cxtend o any function from L, (Q,FP)
Q

1.61 Theorem

Let £, 1. he functions from L (R, F P )and let A, A, be real numbers. Then

Afi+A fisin L, (S, F P and
[ 40+ L OMBE) = 4] 6RO ] £6)aB0) -~ --0)

1.62. Theorem

If [ is a function in Mﬂf (,F..P), then

L0 R ®)

E

.i .f(fwfff ) S— o)
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1.63. Theorem

If | s a function in L, (0, F P ), then, for for any £ >O0,N >0,

!’{l;[ _f(!)cfﬂ(f* > 8} < !’{j:f:(.')df > N}- - t.‘i —————— (10)

Proof of Theorem 1.61
By Lemma 1.58 there exists a sequence of step function

£, in L, (Q,F, P) such that

I

I-.'_Il]}',(r)— ) dt -0 if n>

0

This implies that

f'.'J'f,,:((}J! — [;'Ifz(;}jf ______ (11)
By Lemmal .58,

A R — (12)
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! !

R 03

0 )

el

t I 2 +
A £, 0aBl)-{ 1, (r)m(:* = Ef|f,{6)- fu{e) di > 0if n,m > .
0 0 0
From the definition of the stochastic integral,
t rot
[ 7,08l [ £ ()8
[ o ,
Using (14) we conclude that actually
! ¢ .
[ 1, 0)ile) > [ 10MBC) i L2 (Q,F )
0 D
Hence, in particular,

B[ 7)) = tim £ £, )in(0)

4 2 ! 2
[/ (f)dB(O[ =limE|[/, (:)da(r\]'
] ¢]
and using (12) and (13), (11), the assertion (8), (9) follows.
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Proof of Theorem 1.62
By Lemma 158 there exists a

sequence of step functions f,in L, (Q,F, P) such that

j.‘fa(f)-_f(f]"dr:;o‘ ____________ (15)

0

By defimition of stochastic integral,

j.f, (1 Janls ):rjf(t}lﬂ(f) ——————————— {16)

Applying Lemma 1.60.10 1, we have

l’{ i_f_ (r)db‘(:# > s’} £ l’{jf_:(l}j: > N'} + (;T-); Taking n —» « and



Using (15), (16), we get

L

Jor any &>¢&\N > N'Taking &' T &, N1 N,(10) follows.

0

[/ r)dB!*:-e}SP{jj (r)d::-N} ()
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CHAPTER TWO

LITERATURE REVIEW

2.0 Introduction

In this chapter we review the literature relevant to the study of Ito-Clifford Stochastic
Intepral. This will enable us fo put the research in proper perspective, by establishing

what has been done and what need 1o be accomplished.

2.1 Literature review

The Theory of von Neumann algebras was first introduced by J. von Neumann in 1929

with his prand aim of giving a sound foundation to quantum mechanics,

The foundation of this new field of Mathematics. operator algebras, was laid down by J.

von Neumann and F. J. Murray in 1930s and early 1940s.

Since then various related fields of mathematics emerged and a number of topics

branched out to independent fields.

Umegaki (1954) showed the existence of a conditional expectation from a finite von

Neumann algebra onto its von Neumann subalgebra which occurred as a non
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commutative extension of the classical conditional expectation when the von Neumann

algebra has a faithful normal semi finite trace ¢ withe(;) =1 - The theory of
conditional expectalion developed by Umegaki depends on the existence of traces and

this theory is nol applicable lo von Neumann algebras of types I11.

Tomiyama (1957} showed that each projection of norm one of a von Neumann algebra
onio its von Neumann subagebra enjoys most of the properties of conditional

expectations. He demonstrated that a projecticn of norm one from a von Neumann

algebra M onto its von Neumann gypaigebras N is @ mapping 7 - M > N such

that

(i) = is order preserving

(i) m(axb)=ax(x)b,Va,be N,and ¥x ¢ M.
(iif) #(x) 7(x) s #lx"x) vx e M

(v) #lx’)=x(x)", vxeM.

Takesaki (1972) gave the necessary and sufficient conditions for the existence of
conditional expectations as a projection of norm one from a von Neumann algebra onto

its von Neumann subalgebra and is stated as:
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Let M be 2 von Neumann algebraand o a faithful normal semi finite weight on M,, let

N be iis von Neumann subalgebra on which @ is semi finite then the foltowing are

equivalent.
(;IN is invariant under the modular automoerphism group ©: associated with ¢

(i;) There existsa @ ~ weakly continuaiss faithful projection

of norm one E from M onto N such that ¢ — @oF

C. Bamett, R.F. Streater and LF. Wilde (1982) described how a stochastic integral of non
commutative process can be constructed. This was achieved via a Doob-Meyer

decomposition for the square of self-adjoint L2~ Martingale.

They also introduced a “condition D”, denived from the ‘class D of stochastic process
theory, and showed that if the square of a self-adjoint L>- martingale satisfies this
condition then it has a decomposition of the Doob-Meyer type. The class D process is

define as lollows:

Let (X, )c L (ot ) De a process we say that (X.) is of class D if and only if



def [ _n
sy, )= {Z E,. (Xa: -X, . )0<a <a,<..<a, <wne N} is weakly relatively
i

compact in I (7).

Also C. Barneti, R. F. Streater and 1. F. Wilde(1983) have shown that a stochastic
differential equation of the form 4X, =F(X,.00dW, +aw,G(X,,0)+ H(X .1}t has a
unique solution in the L, — space of Clifford algebra provided F, G,H satisfy Lipschitz

condition
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CHAPTER THREE

Ito- Clifford Stochastic Integral

30 Introduction

“In this chapter we review an inlegral of anti-commuting elements analogous to the Ito-

integral for Brownian motion.
3.1 Definition

Let H be a Hilbert space and let J be a conjugation on H. The anti-symmetric Fock space
over H is the Hilbert space A(H)=® .o/ (H), where A (H)=C and A, (H) is the

Hilbert space anti- symmetric n-fold tensor roduct of H with itself.

For each z e H, the creation operator a(z) is defined by
alz): A (H)> A, (H)uw (n+1)"? p(z @u), where p is the anti-symmetrization

projection. By linearity and continuity, a(z) defines a bounded operator on A(H) with

norm a(z)]| = Jz].



The annihilation operator a{z)" is the adjoint of a(z). The fermion field (z) is defined

on A(#) by w(z)=alz)+al(z)" Evidemly, y(): # - B(A(H)) is linear, and the anti-

commutalion relations hold;

{W(zl 'P'(-?')} = W(Z)V’(z')‘f' W(Z')W(Z) = Z(Jz',z) forall z, ek

J —rea!(Jz = z) then w{z)

Furthermore, if z is is self-adjoint.

3.2 Definition

Let ‘& denote the W* —algebra generated by the bounded operators f(z): ze H}. &

is called the weakly-closed Clifford operator-algebra of (H,J)

The Fock vacuum {* no-particle vector”) is the vector Q=1e A (17} c A(H)

It is well-known that Q is eyclic for & and 7()=(€1.Q) is a i...ful, central state on

%, and so ( A(H), %, ry  reguk *bability gauge space.

For 1€ p<aw, L, (€« s the ¢ pletion of & with respect to the norm

“u”p :run‘P)w =(Q(u'u)mﬂ)w_ The elements of L { %) can be identified with

(possible unbounded) operators on A(#')
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L. (&) is, by definition, & equipped with its operator norm.
The map x> €2 from ¢ into A(H) extends 1o a unitary operator

D:I3( ¥ )— A(H), and is called the duality transform. Under D, the action of & on

A(H) becomes left multiplication on 1" ( €7 ) so that (A(#),C, 7)is standard.

If B is a W -subalgebra of &, then L”(B) is the completion of B with respect (o ﬂ"r and

so can be considered as a closed subspace of 1, ( 6)

33 Theorem

For any 1 s p <o, there is a unique map L”( 7.‘3’) — L7(B) u — fisatisfving
r{gv)=tluv) forall uc L7 ( E),ve L7 (B)with p'=p/(p-1).

it is called the conditional exvoctation ¢ vith respect to B and is dmole& by ={u/B)
r(u / B) enjoys the following usual properties;

(i) 7{t/ B) is a contraction from L°( & Yontol? (B) forall 1< p< oo,
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(i) 7(u/ B) is positive pr(;:sefving;
(iii) o(vue/ B)=vr(uiB) forall ue L7 (®),ve L7 (B),
(iv)if B, c B, then =(z(/B,)/B,)=1(/8)
-r(./ B) on 12(C) is. the projection onto the subspa@e 13(8)
Let H=1'(R_,ds) and let J be the complex conjugation on L' (R _,ds)

For given O0<s<t defined &, tobe W — subalgebraof 6 generated by the
field wu) for uel*(M_.ds) with esssupuc[os] Clearly B.c © , for
0<s<tand G is generated by the @ .0 eN, Weshall denote t(IC) by

E()se®,.

If SeB(H)with |S|<1, there is a hounded operator T(S) on A(H)whose action

on A”(H) is givenby § Q@S nzl

wetors) for * and is the identity on

AD(H)z 'H‘ If e, denote the projechon on H given by eu = Zlo™ then it is easy

-1 2
1o see that b l"(e,)D 15 equal to the conditional expectation map E'(‘) m_’ (%) .

This follows from the easily established facts:
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T(p, )A(H)=A(p,H), DL &) Land £() is the projection of L*( &) onto L*( &)

3.4 Definition

Let 0 <1, <t. An adapted process on [t ,t)is amap h:[ty,1] = L'('G ) such thar
h(s)e L'( ‘&) for all sty t} An L? — process is a process k such that (s)e 17 ( &)

Jor all s.

3.5 Definition
A process h on [’0”.] is said to be simple i[it can be expressed as

h=2hk—11'[u...u) on [1,.1), for some t,<t, <. <t =tand h,e (B lsksn-1,

k]

- ) . 1
Since h is a process, we see that Ws)=h,_ el (B) forall ¢, <s<t,ieh, el

e

VA (f? ) Letue L, (R,,ds) be real —valued We shall denote w(u,r[[,.,]) by w,

Then w, is self —adjoint and belong 10 I°(€,) for all reR .



For h a simple process on [ty,t] the 16 ~ Clifford stochastic interal of hover |1y,

is

' " ¢ .
Ih(.i‘)dv/, = xZ:hH (Wq —"f’r,_.) Clearly Ih(-")d'f/; ¢ L'(€,) and is independent of the
4 = ' )

decomposition of h as a sum of step-functions. For notational convenience we will

{
sometimes write 1(1) - for Jh(s)d% and Ay, for y, -y, ..
i

3.6 Lemma

Let W, 1€ R Y be an L” —martingale, and sup pose that 0< s <1. Then

(X, -X,)g)=0 for any he L7(€,) ge L'(€,) with 1/ p+1/g+V/r =1, In
particular, t(hly, -, )g)=0 for any he I'(€,) g e L'[€,) with V/q+1/r=1.

Proof

We have
r(nlx, - X, )g)=r{gh(x, - x )= (gt (X, - x,))=0

The last part follows since ¥: €17 Jor all 1.
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3.7 Theorem

The 110-Clifford Stochastic Integral satisfies the following:

(1) j(ah{s)-i»ﬁg(s))!w, =“jh(5}jl". +ﬂjg(5)dw. Jor simple processes h,g and
Iy 1y Iy

a.peg.

(ii) f[ | h(f)dw,J:O. for simple h.

Giiy U his asimple I'-process on [1,~t} written h(s)e I'('G jor all

I, £5<1,

P O Hjh(sw,

Proof
(1) This 1s clear

(1) We have



}

r{j deJ -> r(hk-] (V’:,, -¥., )) Jor suitablet, <1, <..<t, =t and k€ L (6'----)
& k=

=0
By lemma 3.6,
J.hd“/‘ L :f({th_]aWk} {Zhj—lAWj}]z
@iy Mook -

tzf;r(Awth'k_lh_,_] ay/j)

By Lemma above we see that off-diagonal ( /%" % # Jy terms all vanish, so we need

only consider the terms with k= J. However,

r(Awkh':—thHﬁ '1’1-) = f(".m by, (Ay, )2}

- r(h'&-lhk_,)} ]u(s]z ds = jr(h'x-lh ~l)l[-'r-| a6 Yuls) as.

L hy

Summing over k gives the result. o

f Ito - Ch,fford

We shall called property (iii) the isomeiry property o stochastic integral.

It is this property which will allow us to define the stochaslic integral for processes other

thau simple ones. Let du denote the measure ';J(s]xdr on R,
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38 Theorem

. I} ~ process on [ty,t}ie,s s g(s) i oo [¢ !.]»
Let g be a continuous * ~ P LI S &Y/ is continuous from Ye-'J into
LX(@) Then, jor given & >0, there is a simple I} — process h on [t,.,4] such that

t

,[ le(s)—Als)), dps) < &.

b

Proof

Let &' >0 bhe given Since g is continuous, it is uniformly continuous on [z{,,rl and

so thercis 4y <4 <. <1, =1 such that

ng(s) - glty., ]'22 < &' whenever 1, , <55t

putting h= ig(r,‘_, Wi.n)» we see tha! |g(s)—h(s)

, < g forall i,<s<t, and
k=l

§O
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flaC)-Hol )< i)

ty

3.9 Lemma

For fixed X € I*(€), the map s E(X)is continuous from R, ;. 1}€)

Proof

The map * "% is strongly continuous on H =L} R dx)and so T{e,) is sirongly
continuous on A(H) Therefore s v £,(X )= D"'Te,)DX is continuous from R, .

D“A(H)x[f(t?,).

Let 1(ry.1 Ldu, 12(€)) the complex Hilbert space of L) - valued martingale maps

on [""’]‘square-mtegrable with respect to du, g isomorphic to the Hilbert- space
2 2

tensor product L (I"U”]'dp)'@ L (@) This, in fum, is the completion of the algebraic

tensor product Clto.sD® 12 @) where C(10.1) i e space of complex-valued

continuous functions on [" U*‘].

L



We will consider elements of Lz([’o”ldﬂﬁﬁ(@))’ as ’""Psh[’os‘]*”}@’)dcﬁ"eﬂ

2 2
almost everywhere rather than equivalence classes of maps. Thus,? €L (["0” ldpu, I (é))'

is a process if his)e L'} o ae.
Let $[40-1 | denote the set of processes in I fo ’fldﬂ;Lz (Ez))
310 Proposition
B[%-! 1 is a closed subspace of Ll([‘m"ldﬂs A (é'))' i.e, Dlfes!1is a Hilbert —space.

Proof

. 2
‘Let (h") be a sequence in D[o-! 1 such that hy > h in 1‘2([‘0"]"1*“"1’ (@))’ By passing
to a subsequence, we may suppose that h(s)> sl ac.inI*€) But b,(s)e I'@,)

u acand so h(sye I’(€,) u ae. Hence he $[ty,¢]
‘na

3.11 Theorem

Let he $[10:'] Then # can be approximated arbitrarily closely in [“o-/1 by simple

processes in Ht fo:! },



Praof

For given £>0 thereis ne Nand ¢, e IU,!D,XJ EI.E(E} 15 jsn sweh that

d,u (s)<é&.

=t

por o

o

Sinces his a process and E_: I’ {Q )~ L (({-3 1)is @ coniraction, we have

2dpds)

2

J

l“‘" 4,005

=1

t

Yduls)s &,

ﬁ,‘s[h(s)-— §¢j (S)XJJ

fa 2

By Lemma 3.9’ each ¢j (.)E(XJ)U a coniinuous Lz — process (and SO belongs 0 S["O"’

1) and can therefore be approximated by simple processes in o2/ ], by Theorem 3.8,

The result now follows since a finite linear combination of stmple processes is a simple

process. g

3.12 Theorem
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For he pit,.0 1 there is a sequence (Jin)of simple processes converging to h in Hi

Y054}, and there is () such that jhﬂ (s}, comverging to I{(h) in L’ (’C ), Moreover,
)

1) is independent of the particular sequence () converging to .

Proof

The existence of (h,) convergingto h in $[1y,1] is guaranteed by Theorem 3.8. In

particular, (h,,) is a Cauchy sequence in H170:1 ] and therefore, by the isometry property,
2
[f hnd"”} is a Cauchy sequence in L (ct ). The existence of the required () follows

iy

from the completeness of L’fe 0)

ft is easy 10 see that [ (h) is independert of the pariicular sequence (h,,)

3.13 Definition

For hegft,.1] the It —Clifford stochastic integral of h is Jh(s)dt;/s = I(h),where

1y

HOCES ('C’. yis as given by Theorem 3.13.
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i 0t <t shand he g 1 then the restriction of # 1o oY and 1) belong

10 H[t.1] and Hit, 2] , respectively, and

I. # .
fhd:,u, = “hdw, + fhd:y,.
f % L

3.14 Theorem

o) [k By, =afhdy, + Bgd, for any hg i §ltt] @ Beg
' i 4

fo

(ll) [IMW’J =0 fUr any h Eb[t‘jstﬂ-

tjhd%
o

iv) Ee [f hd V’s] =0, for amy he gl 1).

= "h”hfor any h € H[to,1a].

4

(iii)

") If he ${0.1] Jor all te R then {Ihd:;f, e ‘}L} is an I’ —martingale
' [

adapted 10 {6, te R, Y
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Proof

parts (1), (i), and (i1} follows immediately from Theorem 3.7

—_ 3 o 2
(iv) Let h= g}:hf-lzlfe-x-nl with fo $h 2. <L, = Lha €L (@ t,.,') be simpie process in

Hlto,t]. Then, forany & & L @ru ) we have

I n X
r[gfhdiys ] = ;r(gh,_;ﬁ%): 0 by lemma 3.6
I

It follows that £+ [ J hdw,] =0 Jor all simple processes h in 5[to,t],and hence

Iy

M RE Gl

v) Let 01,1,  Then

[

E, [jhdw] =k, ﬁhdw + }Mw] =£, UMWJ = jhdw by(r'v)_ .
0 h . A
3.15 Remark

Let H10c[0,o0] denote the set of processes [such that he Hlto,t] for all



reN..Then we have seen that {Iﬁd w, tedR, }is a centred 1° —martingale
0
Let he f"([f.,.!ldﬂ. l,z(Q )), the Banach space of measurable maps h from [to.1] into

L'(@,) suchthat (), is integrable over [ty,t] with respect to du. Then Ih(s)a’y{s)
s

isa 1) 5 g :
well-defined element of . Indeed, 1t is uniquely determined by the formula

i

()|t t) ot 1260

iy

Furthermore, for any h e L'{[lo,rldp, L’(ﬁ'f)). and a € R, we have

j' E, (h(s)yiu(s) = E_,,[j'h(s)dy(s) } In particular it follows that

9 ,'

fE N6 2,

3.16 Definition

An element he 1*(€) is said to be even(resp.odd) if fh = h(resp.—h), where -

1’e) -1 ((:Z) denotes the self - adjoint unitary D 'U(~1)D. We say that h has
definite parity if h is either evenor odd. If h-[1,.t]— 1*(€) we say that h is even
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(respodd) if Bnls)=h(s) (resp.—h(s)) for all s efty.t] we say that k has definite

partiy if b is cither evenor odd. Written h e 12 (é y as h= %(h + fin)+ -;-(h - fh), we

see that h is (uniquely) the sum of an even element and an odd element of E(é)

(defining O as both even and odd).

Furthermore, fh=thiff T(-DhQ=1h0), and so his eveniff hQde @ A, (H)

and  his odd iff iQe é A () it foltows that if his even(respodd) there is a

. L
sequence (g, ) of even (respodd) polynomials in€. ° 4 algebraic span of the fields

wlz),z e H, such that 88— H<in AlH)ie,g, > h in 1 (€) Evendenily, for any

- ze H,p(z) is odd. We also note that If he [X(G,) then Phe @Y and if ge

L”(@',)fhen Phe Lm(é').
3.17 Lemma
@ whe L*(@) be even,and i € I'(€) be odd. Then tlh'+ n)=0.

(i) Let he Lz@), and g € 17{(€) have definite parity. Then hg is even if hand

& have the same parity, otherwise hg is odd.



Proof

@ T ) =WQHQ)=0, Since KQ and BQ o orthogonal subspaces of

AH) (i1} Suppose helMp)geLl@) are both even. Then there is a sequence (s.)

. 0 . N 7 .
of even polynomials inC ’suchihat g, - h in L*(€), and thercfore g.g —> hg in

PE) gy TEV2.82=2.80 (o0 i o and so V- igQ= hgtlie., fhg) = hg.

The other cases are similar. -

3.18 Lemma .
Let 0<4, <s<t,and syppose & € Lz(é',,) L’ has definite parity. Then

(v -v.)g =22ly, - v,) depending on whether & is even or odd.

Proof
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Suppose € is odd. Then there is a sequence (2.) of odd polynomials in‘¢ the self-

adjoint subalgebra of € generated by the fields wz) with zeH with

C.’iSSupz o [OJ{)]. SUCh !‘har g, >g in LI(’@PD)

Now, Vi~ ¥:= w(ugh_") and u osj 15 orthogonal in H = 1,2(W+,ds') to afl z with

esssung;[(),rﬂ] It follows from the anti-commuiation relations that

(w,—w,)e, =-g.(w,-w,) The result follows by letting n >0, For g even the

proof is sumlar. -

3.19 Theorem

Let 7, h" € §[(,,1], both have definite parity. Then

H * t !
£, [I Hdy 1 [ j h'd WJ = if E, (h'(s)'b'(‘i]}ip(s) depending on whether ' and h”
fy I

fy

have equal or opposite parity.

Proof



r
First we note that if he 5“0”], then ]h() EE(["J”M‘“’L:(@)’ and so, by

polarizalion, we sce that () #() is (3 process) in LI([{O”ldF’LZ(?')). Hence

e e )

We shall prove the theorem for simple processes, and then use a limiting argument. Let
A" €gli.0] be simple processes of definite parity. Then there is a partition

fo SIS S =( suchihat
h' = Zh;’—i zib.hfn) and h' = Zh:—lzin—lr‘!) on [ro’r) for h;_‘ ‘h:_] < Lz (e"‘l)
_ k=1 k=]

For any 8 © L’(ﬁi‘n J, we have

ole, ) 100 )g)= ) 10)8)= 33 elawani b7 4 )

h have

By Lemma 3.6, we see that the off-diagonal terms all vanish, and if h and
opposite parity and 8 is even then, by Lemma 3.15, the diagonal terms also vanish. For

£ odd, we apply Definition 3.16, 1o obtain
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-oelti g0 F )= -Soeltiani g fan
=] k=1 Lot
Thus, for R of opposite parity and & odd, we have

oy 1(87)g) =~ [ elisY n(s)e Jants)

However, this remains valid for g even since then both sides vanish. Therefore it holds
for all gel” (@’0) hence, for h'.h of opposite panty,

E, (00 107))= = £, (Y 6 us)

For nAT equal parity the proof is similar.

Now let 7>#" €$[/,! ] be of definite parity, and let (n.),() be sequences of simple

processes converging to 2',h" | respectively, in §it,.! ],

- . l r ’ l LJ L +
By considering E(h. + ph;) and ‘5(".. + fh) as necessary, we may suppose that #,

and h: have the same panly as I and }:"respecm'e!y.
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we have /1) > 1(r") and 1(n}) > 1(1*) in I*(€) and so 1(1,) 1(i}) > 1(£") 1{f")

in I*(C)
Hence E, [1(n)) 1000))— £, {1(r'Y 10h7)) in 7€)

Now let g e L” ((,‘ ,.) Then

j'f((h'(&‘)'fl'(s) ~h! (s)'h:[s)k)jﬂ(si -

Ty

[l (s) (17(5) - A2 g + () =, (s)')h:(s)g}fﬂ]

2 jugh.(s).ﬂzuh-(s)_ h:(smzdﬂ e jﬂh'(s)- _h;(s).}

hits)e, dp
s {f oY | s)- h:(s)fzdﬂ] el

+ mh»@.)_ a0 dgjp,;(ij :d,u} AIgL.

ty

Taking the supremum over £ € L” (ﬁ y with lgl, <1and letting n — ,we conlude

that
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j B (s) i (s)dpe > jh'(s)'h'(s}dy L (e ), and so E, Uh;(s)'h: (s)dp} -

. [jh'(.v)'h'(s}fu} in [ (@ ), Hence
£,y 1(e)= £ - tim E, i) 1(22)

=27 ~lim _[ E, (h; (s)'h:(s)}iy = ij E, (h'(s)'h'(s)}iy. -

320 Theorem

Let h €H[%.! ). Then

E[

Proof

j'hdy/

fa

] = j.Ero Om(""]z}#"

Itis easy to see that F € H[4.! | and so we can write #=h, +h, with

| 1
$l%-'], A evenand &, odd. (in fact 4, = 71+ 1) andh, =5n-p))
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By Theorem 3.19, we have

E, (! (Y 1{n ; )) =(26, - I)j K, (h, (s)h, (s ))d,u = j k, ((ﬂn ) B, (s))dp. Summin g

averi, [ =12 gives the required resull,
[ ]

3.21 Theorem

Let 1€ $,.{0.%0). Then

2

— “ (s dpst € R, defines a centred ' - martingale adapted 10 the

o

¢
z, =[j‘ hdw,
2
:
Jamily to G T EM, 3. In particular, L!hdu/} e, can be written as the sum

] P P’ = .
of a centred & martingale and a positive increasin g process.

Proof

- - ,
We have already established that 2+ € & (% 1) gor an1 ' € M. For 0<s, <v.write

L{hdlyl = [[hdw + IMV/] (_{[hd'r” * !MV’} By Theorem 2.14, we have

fn
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m]( jw)]z(w’aﬁm}:0,

And similarly

Therefore
2
W+ P[

2

L, Uj'hd:p ‘J = W ‘ W +E, U'[ﬁ:(s]? d,uJ

3]

i
L}

[a
o

)

i
0

By Theorem 3.20,

2

o +E, (j‘, ﬁl,(s]zdyJ ~E, {I‘ p;,(sj"dﬂ} -

iy

v P E, @lﬁz(sl’dp] - [ln(s) dp,

o

Thd

0

thd
fe.M, (z,)= Z,.

particuiar, T(Z,) = f(Eu (Zr )) = r(ZO) =0,
L' - martingale.
|

Hence {Zf e ‘.lL} is a centred
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CHAPTER FOUR

Stochastic Integrals in an arbitrary probability gauge space
40 Introduction

In this chapter we review the stochastic integrals in an arbitrary Probability gauge space.

Let A be a von Neumann algebra acting on a Hilbert space H, and let 7 be a {aithful

normal trace on A with 7(/)=1. Let { A

, A€ ‘.lL} be a family of von Neumann

subalgebras of A such that

G(l) A=A iy (1 A ,=4A,,
aeN, -1

() A )"=4A (VA , cA il f<a
Pleaz
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For lsp<w and aeR, 14 L’( A with respect to the

a ) be the completion of A &
norm "-VL = rﬁx[p)'{ Then 17( A ), is the non-commutative analogue of the Lebesque

space associaled with A _and v, with I” ( A, )= A

Let \E, @ eR, }bea family of conditional exp ectations of A onto A , whose

exiension 1o L’( A n) is still denoted b) En,

(X JaeR, withX_el' A

( ). For each €R, we denole by

A process 15 a family

E F A

"= the conditional expectation from L ( ]P( A

=) onto * ). We do not distinguish

between the expectations for differing values of ¥ € [1.) since each one is the

A

appropriate extension of the expectation c~l‘A “ onto " “. A process (X“) 1S

martngale (resp. supermartingale, submartingale) if
Eg(X,)=X .0 s alrespectively, E, (X, )< X, E,(X, )2 X,)  (X.) . ,

supermartingale with ¥ 20:@ €%, ,and t(X,)»0asa—>wthen (X)) S wililiad o

potential.

4.1 Definition
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1
Let € 2> (X.x)SL(A « } be a process. We say that (x,) is of class D if and only if

S(X“);,—. {iEa.-. (Xq —X“l_l):OSan <@, <y <..<A, {ao,neN} is weakly
1=l

1
relatively compact in L ( A

).

4.2 Definition

Let (%) be a submartingale. We say that (x.) has a 000 —Meyer decomposition ¢

X, =U_+A aeR, where {U )

we can write < ¢ is a martingale and (4,) 1s & posilive

. . ] - < < <
increasing process, €0 <4, =4, for 0sa <@,

43 Remark
Let (v, ) be an L —martingale If (X X a) (respeclivdy(X X a')) is of class D

then it has a Doob—Meyer  decomposition .  We write ({X }a) Jor the positive

inceasin g process in this decomposition.



We recall that a positive increasing process, (4,). which is continuous as a map

1 -
R, > L (A ) defines a vector measure on the Borel @ ~ field of [0.c] for any 1e%,

This measure is ( the extension of ) the setl function aA given by
dA(ls,.s. =4, -4, s <5,

(With no change for .5 o ) 6.,) because (4,) is continuous). The measure

has variation djA| equal to the semivariation with respect to A |, given by E- E‘M{EE‘

4.4 Lemma

(i) 11 (x.) is an L’ —martingale with QX ,[:) of class D then for 0<s, < s,
dxfs,.s.D=ofjx, [ - Jx, [ )

(i) 11 (X,) isis an L’ - martingaie with (X;Xa) and (X‘,X‘,')of class D then

dj(x) = d}(.&")}

Proof

()55 D=0 s,os: D], =), - (x), ] =elix), -x),)
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If\x ,]: =V, + (X)',wuh (¥, ) a martingale, then as E, (V‘l)= v, we have

fl(x), -(x), )=le, x), -(x), )=le b, + (), -, + (X))

= r(g_‘(]x,, [ -|x, IJJ = V(IX.,’: -x, |}

(ii)ff (X.) is an with L' — martingale QX“I ) of class D then for 0<s, <5,

a'l()(')'ﬂsI 5. )= rUX"

3 —‘X,' ,} and since tis trace then

r‘.&’“'}t',‘l = r[X“ X

=d|(x)|=dfx")
45  Definition

Let (X,) bean L’ —martingale. Then the function @ —» rﬁX“IJ) is increasing and

continuous. We shall denote the Stieltjes measure defined by this function by dKX >I

4.6  Definition
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() Let 1 =[rd)r<t,and X el (4,) Then h(s) = Xy, (s) is process . All processes

of this form are called elementry.

Gy Fer Ms) bea process We say h(s) is simple on [0,4] if it is Sinite linear

combination of elementry processes on [O,!) We note that if 1 > 0 then a simple

proces on [0,(] can always he written in the form > X, X s »where

i=1
F=ls o i<isn-1)F =§) and
O=s5,<t,=8,<t,=9, <.t =1,

(iii) Let (X,) be an 12 —martingale and h(s) a simple Process on [0,!],say

s)= 3 hls)n, (s on [0,1) and [s.:t.) form a disjoint partition of [0,1} Then we
i= .

define the right integral of h by

Ih(s)d)(, = ih(S‘XX‘ —X,‘),and the left integral of h by
0 =l

jdX:h(s):g(Xt, -X,‘ }l(‘gi}‘
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We note immediately that
[ Ih(s)dX,J - fax, nls)
0 L

4.7 Theorem (contraction property)

Let (x .) be an I’ —martingale and [ a simple process on [0,:]

() 15 (x."X, ) is class D then

.} =o{ Jirf aem), J< flren o |
(i) 17 (x,x,")is class D then

e < e, Jeren
Proof

The inequality follows from the positivity of -

if ]Xa]: =U,+(X),, then
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r[ I |};~(s]2d{X}3] -y r["’*‘-1'|2(<x)‘ ~{x),, )) = r[]h,__l-rqx,. F-x., r))

o Tac)es

k,.,,'rN r(AX, AX, )

-ThL o[- x )= qu(.qg.::[{,y),[, here AX, = X, X,..

48  Definition
Let fR,_—, bea process and (X, ) an L’ (bounded ¥martingale Lert d'{X >l

" denotc the measure derived from s — r(}(’ ,'X,) and p, {X) denote the class of all

L (bounded ymartingales. We write f € p (X) if and only if
Gy /18 the d{ XY almost everywhere || limit of simple A Vvalued processes (f,)

(i) Ve > 0,36 > 0 such that if F <R, is a Borel set and d|{X}j(F) <6 then

l“"‘n(‘lf,ﬂzd[(«’f},l <e forn=123,...
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We say that the sequence (h,) defines h and that (h, ) is uniformly absolutely

continwous (uac) with respect io d,{)&’ )|
4.9 Lemma

Let (X )be an [} - bounded martingale and g, h e p (X) AeRthen
() Ag+hey (X)

(i) For each 120 the function s —(s)” is d|(X)|~ int egrable on [0,1) and

[, ), |= tm [l el

(iif) p (X} _p (X*)and he p X)=2hep (X)
Proof
Since g.he o (X) then they (X)by definition

= Ag+hep {X) by definition
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(i) Since ¢i.) converges point wise dl(x) almost everywhere H. vt hand

(*Jt. ‘dK )l) 15 a lotally Mnite measure space then § [Ih(s‘]} is meansurable. So therefore

s = |als),* and, moreover |

B, (s).," > Wls)), n >0 for d{x) almost every
seNn,.
(iii) Since P <X') is :he_ predual of all L (bounded ynartingales p (X >.-

4.10 Theorem
Let (X, )be an 1} —bounded martingale Let (f,) a sequence of simple process

that define € o (X) Then for {20 the sequences

[J'dX,f ;.(5)} (J' L(s}t‘s’,}are Cauchy in [} (A) There limits which we denote by
¥ [£]

t

!
jdX f(s)  and If (s)kiX, respecﬁve{y(the left  respectively right, integral of [
0 ]

with respect to (X a)) are independent of the sequence (f,) defining f



Proof

Consider the nght integral. From Theorem 4.7

lb (A (s)~ (s )}L"-n: < f Vi, (s)-ha ()], (X)), }

Now let € > 0 and choose & > 0 so that dI(XN(ﬁ') < d gives

;[P’-(smr:dl(,l')" < % forn=12, .

Now on 0.1 (1) converges JI(X )l almost uniformly to f pence there is a Borel set

C < [0,(]with dKX){([O.I]i C)< & and h, — h uniformly on C Ser d|(X }l(IOID =¥/

and ' = [0,!}!(',

By choosing V(€) large enough we can ensure that

fin(s)~n (s < %J% for seC and n= Nfg)

It follows for ™7 = MekseC
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(), (). s[;‘/-;i, gg] .l

Hence

ubo)-h6), ) | < £ aforye)s

Moreover,

o = [l OV L) < 2 ). ), [+ 2 6N, )

but d(X J(C") < 8,50 1. < %a‘ + -;:s.'nms “h_ (s)-4, (J)L’dl(){)_! < éﬁf <&

Suppose now that (A, and (g.) define / Then the compound sequence

M ifn=2r ren,
9= B n=2r+lren,

also define ” and so[Iq- (S}IA’,] is Cauchy in 1 Clearly



[f h (oM, J and [I *‘5'-("')‘“'] converges to the same limit asU “'-("')’ﬂ“']. showing

that the limit 1s independent of (hu)..

4.11  Theorem

Let (X, ) be an 1} — bounded martingale Then (Ih, (s)rb\’, ] and [J'dk',h_ (a)] are

martingales Morcover the relations of Theorem 4.7 extend 1o he (X) i

it < o) o o | < 2o
Proof

Let hep (X)be defined by (h,) We verified that for each ne N

{J h,(s)x, ] and [j}n‘,h, (v)] are martingales. For t € N __ the conditional

exp ectation operator E, is ﬂ ,], continuous so for 1, =i,

E, [Ih(s)er,J -, [Ilﬂ: - “,'.“I h'("m-’]
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=i, -tim e, [[a(-;)de =1, - ligalh.(sm, - [ashar,

1]
Simifarly for the left integral.
The inequalnies required follow from temma 4.9 (i1), Theorem 4.7 and Theorem 4,10

4.12 Theorem

Let& 7 €p {X) be defined by () and (g,) respectively and let Y, = J.h(s)c!X,.Suppose
L

that

() g,.h..m.ne N are uacwith respect to dI{X )I and

(ii) g,,n e N are ua.c.with respect io d[(Y )|.Then

ghep (X) gep () and [gls)7, = [slo o).,
Proof

By ignoring the union of two d(X)| aull sets we have g b, — gh poist wise,
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gohy  simple,and g,h,.ne N uacwith respect 1o di(X )| and so ghe p X ). Since

Jor s<i,

» 90

A <)ol )

’s,jw

2

Then any d|()( ) nuti set is d|{Y }I null So g, ~» g —d|(Y)| acand ihis with (ilshows

gep (X) and hat (g,)define g iny (¥} So j} g,dY — ;[gdl’ in |||,.-However,if

(q.) is e!emenfmy,q(s): qZ[,'")(s) with h e A . O0<r<u<ag,and (h,,) are simple

processes defining h

We have

falshar, = alv, ~ )= a Wshax, = qiim [ ().

continuous,

But multiplication by ¢ is ""2 Bearing in mind that I h,(s)d.l’_, is just a

finite sum we have
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g lim [ (sH2X, =1im [ gh, ($)ax, = tim [ gls)7, (s)ix,

Now q,(s)n,(5) 15 a sequence of simple processes converging d’{,\’ )I almost evervwhere
qu(s)h(x] and (s (s) are wacwith respect to d\(X)| So

ghey (X) and liinjq(sywx(s)d.\’, = _‘-q(sy:(s)d)i',. by theorem 4 13
9 0

(2.)

The result Tor a simple q follows by lineanity. 1f g 1s not simple and are the simple

processes (defining g) of the hypothesis then ghep (X) and gh - ghd|(X)ae

Bu g h=limgh ~d{X) acand(gh,), "~ areuacwithrespect 1o dj(X) I

Jollows that
[le.Al,>dl(x)| =tim [l A, dlx)

Thus (g,h) are uacwith respect 1o d|(X ), Now

1] 2, hdX ~Igh¢ﬂ’!‘: < Ilg_h - gh],*d|(x)|



But

"‘gnh —ghum: 20 dl(){')] a.cand

o

l lg, - gn|, Zd[(x)] < 2;f Al ) + 2I Al zdf(x); It follows that

[l ) > 05 n><o. Then

[el6hr, =tm e, (1, =1m [, (o, < F s pispar,



CHAPTER FIVE
STOCHASTIC DIFFERENTIAL EQUATIONS

5.1 Introduction

We considered the case of H =12 (EJL ) with complex conjugation, forf 2 0, J denotes

the W'-subalgebra generated by {y{z): esssupz < [0,¢J} and 27(3,)is the completion of
3. with respect to [[]L Thus, forl € p <, 27{3,) may be considered as a subspace of

r(3)
5.2  Definition

A map XN, — L3(3) is said to be adapted if X, e L*(3,) for cachre®,. A map
F2(3)xR, - L2(3) is said to be adapted if forany /€N, and v & I°(3,) wehave

Flut)e 1°(3,).

In particular, if X 9%, — £7(3) and F: £7(3) x %, — L(3J) are both adapted , then 50

isthe map /> F(X.1).

92



Foru,,...u, ¢ L, '(R,), the Wick-ordered monomial 'f"(”a.il".o_q) ..... y/(n";gio_,]):is
denoled by Wy It was shown in [T] that (W) is an 1" - martingale adapted (o the family

{J,: reN, . We considered stochastic difTerential equations driven by W,,

dx, = 1(X, 1 W, + dW,G(X,.1})+ H(X, t Mt and seek a solution X, in L*(3,), for
¢ 2 0. As usual, the stochastic differential equation actually means the equivalent integral

equation,

! 1 t
X, =z+I!f*(Xs,s)dW, +de,G(X,,s)+jH(X,,s)ds. where zeL‘"’[S,' Jis the initial
'

iy ]

value X, =z part of the existence problem is (o show that these integrals are well
defined. The first and second integrals are to be fio - Clifford integrals and the third an
£2(3) Bochner-integral. For these to be well defined, it is sufficient for the maps
s F(X_5) and 55 G(X,,s) to be adapted and [ - coptinuous and the map
s> H(X s} to be L'-continuous. This is the case if s+ X, and F.G are
continuous . To ensure that s — X is adapted we then require that H be adapted. Thus,

we shall suppose that F, G, H are continuous adapted maps and seek an 7° ~ continuous

adapted solution X, for > 0.
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Our method of proof is just the usual picard-iteration scheme and so we must impose a

Lipschitz condition on F. G and H
53 Definition

Amap F LA 3 )x M, LX) is said to satisly a locally uniform Lipschitz condition 1f
for each 7 >0 There is a constant K>0 such that  [F(X,s)~ F(¥, s}, < K{X - Y|, for

all O<s<7 andall XY in L*(3J).

uls,,..,s,) =) "X, ® . @u)s,,..s,) inchapter four . let v denote the
measure  on R, given by the positive increasing function s> a,.that

wa, B)-a,-a, for a<p in R, and let f R, - L°(I) be measurable and

adapted with ”f {s) 2dv{s) <. 1t was shown in {1] that the 716 —Clifford stochastic

integral  sausfies the jfollowing isometry property; u.f f (.s)dW,u = “f (s}, av(s.).



Furthermore. Iu’W' f (s).—.( J‘j’(s)'dW,'] and W'W, = a |, therefore we also have
o Lo

I Vs 7 -

I”JWJ(AII ? = J’(U(sl[z‘dv(s)

54  Theorem

Let .G, H  I*(3) x|t,,0] > £7(3) be adapted and continuous, and

satisfy a locally uniform Lipschitz condition onfr, o)  Then, forany Z e L'(3,)

there is a unique continuous adapted L' — process {X, }H_, satisfving the stochastic

differential equation

-
-

dX, = (X, dW, +dW,G(X, )+ H(X 0 )dt on [t,,0) with X, =

Proof

FixT>0and 1, <1 <7 set X,“” =z and, for n 2 0, defined, mductively.

XM=z jf-'(.\’,'"'.r}lW, R j.JW,f}(.\',W_r)~ jH(\ r iz

fy la s
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We claim that each X,‘"’,n.al, defines an adapled L° —continuous process onft,,] .
By hypothesis. /7(z,7),G{z,7),and H(z,z) are L-continuous in rand belong to LA 3,)

for 1, =7 <T. Hence X ,m 15 well defined for 1, < < T. Furthermore, continuity implies
boundedness on compact sets, and so, using the isometry property, we can easily see that

- X, is continuous: [r,,7]— £2(3)

Now, if X ,‘”‘ 1s assumed to be adapted and continucus, then as above, each
I-'(X ,["},r), (':‘(X “"’,r)und, H(X Aes r) is adapted, 1} - continuous on [t,,7], and hence
bounded. Thus we see that X, ™" is adapted. and on use of the isometry property, it

follows that rHX‘["*” is L} —continuous on [ro,?']. Hence, by induction, we have

proved our claim.

Let us consider the convergence of the  iteration. We  have

anfpn'-] _ X‘(n]nz < w {IT[X'{HE, I‘)— F(Xthh\], f) WrH

[ N

idw, {(;(,\',"",r)_(;(xr‘"'”,f)‘ I{H(X,“”,r)hH(X,““.r)}frn _

2z

+

+
2

Now, by the isometry property of the /10 — Clifford stochastic integral, the
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boundedness of the ‘wave-function’ u,,....n, over [,,7], and the Lipschits condition,

we have

ittt ]
sl a]

>

< K:{;‘["er __Xr(n--ul

1£32
zdr} Where K, ,K; are positive constants (depending on T).

A similar estimate holds for the wtegral involving G. Using the Lipschitz condition and

Schwartz inequality, we also have

adr

}‘w,m)—Hcv,fﬂ-'nr)pr

o

= j.”H(X:fn’, r)— H(’Y,("_”,T]‘ dr < ij‘”X‘ln) '_X,.(”_”f
P fa

-~

2

- 142
; 2
<K, {J. ”X ,"” -X ,("'”" 2 r} where Ks, K4 are positive constants{depending on T)

2 ) M 2
Finally, using the inquality (a+b+c) 53(" o7 +e )- we obiain

a7



“Xr(n—l] - X ()

r

ek o

where K, a positive cons tan ¢ {depending

2
E

I, o - X [0)’«—1

on T). by iteration, ﬂX,[”'” —Xr("’

’ sK,'fds,]dsz.,..ds,h,

ty

Butboth s — X, and s X, =z are 1* — comsinuous and hence bounded onlr,, 7],

and therefore we obtain the estimate. For some positive constant Kg(depending on T).

Therefore for any n > K,

“X (o)) X{hl]“ “' (X{mu X"ﬂ ,X""” Y(’"'” SZ{K"'!"‘K(n—I)}

1t follows that there is X, € £3(3) such that X, — X, inL*(3) as n—wx, uniformly on

lt.T)]. Since each X ,{"} is adapted and I* —continuous , the same is true of X, .

We must now show that {X,J <1, satisfies the stochasiic differential equation. Clearly it

obeys the imtial conditron X, =z, Also

jr( s hw, IP(X s)dW

x| av(s),

J’“F X, 5)- F(X,,s“ avs) < Kfﬂ
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for some K3 >0, —0 as n—s.

(n)

Since X, - » X in L7 3 )uniformly for s in [r,.7]. similasly,

jde,G(X‘("’,s)-—) de,G(X,,.f)
4

)

and j‘H(x;"‘, sWs - j H(x,.s)Ms in L)(3). Thus

f

X, = Iisn X\ lig‘{Z + jfé‘(X,‘“’,s)!W, + JEJWJG{X:{"},S)“!— j H(X ‘”},,s')lsJ
fa

fa fa

=7 +J-!*'(X_r,s)dWs +IdWxG(X,,.¥)+IH(X,,s)cb,1.hat is, {X,}=1, is a solution for

Iy 1 1o
te [’(HT] '

However, since T >, is arbitrary, we obtain a solution X, for £ > ¢,.

To establish the uniqueness of the solution, suppose that {¥,} s, is an adapted
continuous solution with ¥, = Z . Then using the isometry property, Lipschitz condition,

and the boundedness of u,,....,u, on [!,,,t].we obtain as befure,
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I

[ (x,.8)-F(¥.s)aw,

fy

-+
2

1/2
< K,,[HX, 4,\]::4:5}
s

"X, -7, ”: 5

-

j aw,(G(x,5)-G(r, ‘S»ﬂ .

fa

(e, 5)- 1, 5)s

H
for some Ky > 0 (which may depend on 1). Now, “.-h’\i -Y, “2 15 continuous and therefore

bounded on [r‘,, T], and thereflore, by ileration, we get for any n > 0,

{ 5 LA
]': < KR"KQJ'dsljlcis: ...... J.ds,, =K. K, (r —1,) /. where Ks> 0 depends only

'ril "I'l "ﬂ

"Xr‘Yr

on t It follows that X', =¥, for each 1 > ¢, that 1s, the solution is unique.
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Summary and Conclusion

In this thesis we have seen that the notion of conditional expectation developed by
Umegaki which was shown to be a faithful normal projection of norm one by Tomiyama
has been reviewed. We also construct an integral of anti-commuting elements analogous

to the [to-integral for Brownian motion.
The notion of stochastic tntegral tn an artitrary gauge space was also discussed.

We show, in this thesis, that the solution 10 the stochastic differential equations

X, =z+ j (X, suw, + jdw,c;(x,,s)+ j H{X,.5)is,

h T o

has a unique solution in the L*-space of the Clifford algebra.
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