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ABSTRACT.

Title : Mat hermat i cal Mdel I ing of Flui d- Exchange
through Blood Capillaries

Fl ow properties of blood play an increasing role in
the diagnostic and therapy of many diseases as well as in
different artificial organs. The vessels of human
circulatory systemrange in internal dianmeter from
approximately 2.5 cmto 3u (p=10* cm). The vessels with
an internal dinmension |less than about 500u are
comonly reffered to as the mcrovessels. Mcrocirculatory
vessels are small artries (70-500u), arterioless (10-70p);
capillaries (4-10uy), venules (10-100y) and small viens

(110- 500p) .

The first interest in mathematical nodelling of the
m crocircul ati on devel oped from experinmental investigations
to determne the arrangenent of blood vessels in tissue.
These experinments were being conducted as a result of
interest in the mechani sm by which oxygen was transported
from blood to tissue and how this transfer could be
controlled. The first theoretical study on the exchange
of oxygen across the capillary walls and the tissue
surroundi ng themwas made by Krogh (1919) for which he
won his Nobel prize. He observed in detail the distribu-
tion of capillaries in nuscle, and proposed a functiona
unit of capillary beds. Krogh's nodel in conposed of a
long straight cylindrical capillary and a concentric
cyl i nder of honbgeneous tissue surrounding it. The

present thesis, which is concerned with the mathemati cal



nmodel ling of fluid exchange through blood capillaries,

conprises of four chapters.

The first chapter introduces the subject
" Bi omechani cs' and outlines the historical background
of the subject and its applications to clinical problens
in the cardiovascular system quantitative physiol ogy,
ort hopedi cs, artifical 1linb and etc. The second
chapter describes the various aspects of the mcrocircu-
|ation. The factors, Sarting hypothesis, capillary
filtration coefficient, capillary and tissue hydrostatic
pressures, plasma and tissue osnotic pressures are
di scussed. Finally this chapter discusses a variety of
approaches and fornmulations for the mathematical nodelling
of the mcrocirculation. In the third chapter a nathe-
mati cal nodel is developed to see the effects of the
variable filtration coefficient, lynph flow and reflection
coefficient on the fluid exchange between bl ood capillary
and the tissue space. It is assuned that the exchange
of fluid across the capillary wall obey Starling' s |aw
and that the filtration coefficient and the reflection
coefficient of the capillary wall are not uniform al ong
the length of capillary but is a linear function of the
distance fromthe arterial end. It is further assuned
that the flow of fluid through the tissue region is governed
by a generalized Darey's equation. Under these assunptions
the velocity and pressure distributions in the capillary

and tissue regions are obtained. W also obtain the average



interstitial fluid pressure and the average effective
pressure difference between the blood and interstitia
fluid. Wiile chapter three is concerned about the
uniformcapillary radius, chapter four is devoted to
fluid exchange between blood capillary of slowy but
arbitrary varying cross section and the tissue space.
An analytical solution in the general case is obtained

by perturbation technique.
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CHAPTER ONE 1.

INTRODUCTION

Tl Biomechanics:

Biomechanics is the application of the theory of
mechanics to biolcogy. The science of mechanics comprises
the study of motion (or equilibrium) and the forces which
cause it. Thus thermodynamics, heat and mass transfer,
cybernatics, computing methods etc, are areas covered
by mechanics. The term bioclogy denotes the whole of the
sciences which deal with living things. Since the bio-
logical world is part of the physical world around us,
it is natural that it is an object of inquiry in mecha-
nics.

Biomechanics aims at understanding the mechanics
of living systems. It is an ancient subject that covers
a very wide territoryv, but this work is concerned on the
physiocleogical applications. The motivation for this
work comes from the realization that physiology can be
more understood by biomechanics in the same way as an
airplane cannot be understood without aerodynamics. For
an or¢an, bicmechanics helps us to understand its
normal functions, predict changes due to alterations,
and propose methods of artificial intervention, Thus
diagnesis, surgery, and prothesis are closely associated
with biomechanics.

Te2 Historical Background:

It is of more than passing interest to note that
the involvement of the physical scientist in biology

is not recent. PRobert Arcke in 1665 first used the word



"cell" for the individual isoclated spaces in cork and
recognized the cell as a microscopical living matter.
It required, however, 150 years for the biologists to
recognize and state clearly that the unit of all living
matter is the cell. The ancient philousopher Aristotle
{384 - 322 B.C.) was cne of thuse that tried to cleari-
fy the connection between "physics" - which for him was
a general description of the universe, and the study of
living things.

Some of the great names that contributed signi-
ficantly tc the development of biomechanics include
William Harvey (1578 - 1658), who, in 1615 was credited
with the discovery of blood circulation. The actual
discovery of capillaries was made 45 years later by
Marcello Malpighi (1628 - 1694). The constancy of the
periocd of the pendulum was discovered by Galileo (1564 =~
1642) , who used the pendulum to measure the pulse rate
of pecple. The physical discoveries cf Galileo and the
demonstrations of Santorio (1561 - 1686) and of Harvey
led to the attempt to explain vital processes in term
cf mechanics. Galilec showed that mathematics was the
key to science, without which nature could not be properly
understood. This inspired Descartes (1596 - 1650) to
work on physiology. He proposed a complicated model of
animal structure, including the function of nerves, on
theoretical grounds. Subsequent investigations failed

to confirm many of his findings. These errors of fact



caused the loss of confidence in Descartes' approach - a
lesson that should be kept in mind by all theoriticians.
Rcbert Hooke gave us Hooke's law in mechanics and
the wcrd "cell" in biology. Robert Boyle (1621 - 1691)
studied the lung and discussed the functidn of air in
water with respect to fish respiration. Thomas Young
(1773 - 1829), a London physician, gave us the Young's
modulus of elasticity. Poiseuille (1799 - 1869) invented
the mercury manometer to measure the blood pressure in
the aorta of a dog while he was a medical student, and
discovered Poiseuille's law of viscous flow, upon graduation.
Van Helmholtz (1821 - 1894) who was a professor of physi-
ology, pathology, anatomy and finally professor cf physics,
wrote his paper on the "Law of conservation of energy" in
barracks while he was in military service, fresh out of
medical school. His contributicon ranged over optics,
acoﬁstics, thermodynamics, electrodynamics, physiology and
medicine. The physioclogist Fick (1827 - 1901) was the
author of Fick's law of mass transfer. The hydrodynamists
Korteweg (1878) and Lamb (1898) wrote beautiful papers on
wave propagation in blood vessels. Otto Frank (1865-1944)
worked ocut a hydrodynamic theory of circulation.
The list perhaps suffices to show that there were,
and of course are, pecple whe would be equally happy to work
on living subjects as well as inanimate objects. Most often,
what 2 scientist picks up and wcrks on depends a great deal

on chance, and the biological world is so rich a field that
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one should not permit the opportunities there to slip by
unnoticed.

There were equally those physiologists who tried
to clearify biomechanics. These include William Harvey
who concieved the principle of blood circulation.
Marcello Malpighi who discovered the capillary. Stephen
Hales (1677 - 1761) measured the arterial blood pressure
in the horse and correlated it to hemorrhage, He also
measured the distensibility of the aorta and used it to
explain how the intermittent pumping of the heart can
be converted to a smooth flow in the blood vessels. He
introduced the concept of peripheral resistance in bloecd
flow and showed that the main site of this resistance
was in the minute blood vessels in the tissue.

Otto Frank worked out a hydrodynamic theory of
circulation. Starling (1866 - 1926) proposed the law of
mass transfer across biological membranes and clarified
the concept of water balance in the body. Krogh (1874 -
1949) won his Nobel prize on the mechanics of microcir-
culation, while Hill (1886 - 1977) won his Nobel prize on
the mechanics of the muscle. Their contributions form the
foundation on which biomechanics rests.

1+3 Applications:

Most biomechanics work aims at increasing basic
knowledge about living systems and any artificial interven-
tions. Any serious projects in bioengineering, except

those which are well understood, need advanced basic
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understanding. For example, prosthetic heart valves are
now common = place, but - nzed exists for improving their
service life, minimizing blood trauma, eliminating undesi-
rable blood - artificial material interaction and simpli-
fying anticoagulation managements., To whieve these
improvements in a second generation of valves, one must
understand the flow of blood in the heart, through the
valves and in the aorta., To study this flow, one needs
all the modern resources. It requires the same kind of
attention engineers have given to the development of air-
planes and rockets.

Some topics of concentration of current biomechanics
are 3

A. Clinical Problems in the Cardiovascular system.

(1) Prosthetic heart valve

(ii) Heart assist devices, such as the left ven-
tricle assist pump, the aorta ballon pump,
body acceleration synchronized with heart
beat, peripheral cuffs and diastolic counter-
pulsation.

(iii) Extracorporeal circulation. Heart-lung
machine and hemodialysis machine.

(iv) Heart replacenment.

(v) Postoperative trauma, pulmonary edema and
atelectasis.
(vi) Arterial pulse wave analysis.

(vii) Ultrasound applications. Phonoangiography,
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turbulent noise analysis and pseudo-sound
generation at artheroscelerotic constrictions

in arteries.

B. Quantitive Physiology.

(i) Systems analysis of physiology.

(ii) Rheology of biological tissues such as blood,
nmuscles, bones, connective tissues and arti-
ficial implantable materials.

(iii) Analysis of fluid transfer across biological
membranes and blood vessels.,

(iv) Diffusion analysis such as pulmonary function
and indicator dilution method.

(v) Interfaces and surfactunts in the lung.
Thrombogenic tendency of blood on artificial
implantable materials. Recent work shows
that platelet action and thrombosis on inter-
faces are shear stress dependent, thus projec-
ting mechanics to the foreground of this
important problem.

(vi) Microcirculation biomechanics has contributed

to every aspect of microcirculation research .

Ci Additional Applications.

(1)

Surgery: Biomechanics of injury and the
healing of surgical wounds are topics of great
importance. New surgical procedures such as
arterio=-venous reversal and attachment of

implantable mechanical devices are studied.
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(ii) Implantable Artificial Materials: ﬁaterials
for prosthesis require a detail study of their
mechanical properties and biocompatibility.

(iii) Orthopedics, Orthosis and Orthodontics'
mechanics of bone and cartilage: Reaction of
bone to stress resulting to either in growth
or reabsorption. Joint lubrication, joint
replacement and orthopedic implants.

(iv) Artificial Limbs: Design c¢f artificial limb
is a classical objective of biomechanics.

(v) Artificial Internal Organs: Renal replace-
ment, artificial kidney, artificial heart
and other organs. Here an infinitely large
vista is open in front of us.

(vi) Wheelchairs and Beds: Chairs to enable
disabled patients to function as normally
as possible. Use of back muscle, eye movement,
or voice to steer and control such chairs.
Design of beds to minimize trauma of bed-bound
patients.

ivii) Occupational S8afety and Health; Examples are;
mechanics of pulmonary function testing,
detection of black lung disease, mechanics of
exercises and athletics.

{viii) Highway Safety; Head injury research. Seat
belt research. Impact analysis. Safety of

internal organs. Design of cars from the point



of view of procecting the passengers.

(ix) Flight Safety: Vibration and unpact of human bodies.
iuman tolerance to acceleration. Man's reaction to
2nvironment such as zero gravity, high heat, low heat,
or low oxygen atmosphere.

(x) Flying and Swimming in Nature: Flagellar motion.
Microbial locomotion swimming, Flight of insects and
birds.

(x1i) Jdesign of Socially Acceptable Monitoring Instruments.
Instruments to meter and record a variety of parameters
such as blood pressure, heart rate, respiration rate,
>lectrocardiograms, and electromyograms to be carried
or worn by patients in a socially acceptable way over
a long period of time.
ivery one of these topics can make ¢ significant

contribation to the welfare of human beings and provide

extremely rewarding careers for bioengineers.



CHAPTER TWO

MICROCIRCULATION,

2.1 1ntroduction:

The vessels of human circulatory system range in

4
cm) .

internal diameter from approximately 2.5 cm to 3u (u=10"
The vessels with an internal dimension less than about 500u
are commonly referrcd to as the microvessels. - Microcir-
culatory vessels are; small arteries (70 - 500 p), arterioles
(10 = 70u), capillaries (4 - 10u), venules (10 =-110u) and
small viens (110 = 500u). |

The first interest in mathematical modelling of the
microcirculation developed from experimental investigations
to determine the arrangement of blood vessels in tissue.
These experiments were being conducted as a result of interest
in the mechanism by which oxygen was transported from blood
to tissue and how this transfer could be controlled. Ranvier
(1874) and Spalteholtz (1885), had determined the geometric
arrangement of blood vessels in straited muscle, but the work
of August Krogh (1919, 1929), is credited with motivating and
laying the basis for the first conceptual models of microcir-
culation. Krogh theorizecd that the rate of oxygen transport
was related to the number and distribution (arrangement) of
capillaries in tissue, and to the permeability to oxygen of
the capillary walls and surrounding tissue. His first
experimental efforts were aimed at obtaining an adequate
knowledge of the number, distribution and surface area of

capillaries in muscle tissue. Krogh's investigations showed
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that, in a cross - section of straited muscle open capilla-
ries were distributed cuite uniformly. Based on this
observation, he concluded that each capillary could be
regarded as running parallel to the muscle tissues and
supplying a concentric region of tissue surrounding that
capillary,and this region was independent of the other
parallel capillaries and tissucs. He determined

the average radius of a hypothetical tissue cylinder
by counting the capillaries in cach cross ~ section and
dividing the cross - section's area by the number of capilla-
rieslhe found. Krogh recognized that such an ideal physical
geometric arrangement shown in F.I.G. 1, was amenable to
mathematical description. Though not a mathematician, Krogh
persuaded a colleague, the Danish mathematician Erlang, to
describe his conceptual model in terms of mathematics. The

result was the now famous Krogh - Erlang equation given by

' K 2 r Tr.2 2
U(r’z) = U (z2) = =—|r ]_Qg —] - =[r - r I u

on the tissue annulus r, rg < r < Lys and where U(r,z) is
the ccncentration (or partial pressure) of oxygen in volumes
of gas per veolume of tissue, the tissue radius is rt, the
capillary radius is rc, the radial oxygen diffusion coeffi-
cient is Dr and the constant rate of oxygen consumption is
K. Although a highly simplified model, Krogh's tissue
cylinder model was a major step in the study of substrate
supply to living tissue. de not only initiated the analyti-
cal study but set the course for its study from 1919 to the

presert day.
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Krogh also was the first to measure (determine) rates
at which oxygen diffuses through tissues, and to originate
many other measurcments essential to the modelling process.
In spite of the passage of time and the development of new
modern methods, many of his techniques and parameter values
are still found to be accurate and valid for use in modelling
studies of today.

Following Krcgh's initial studies, several investigators
considered the diffusion of oxygen, lactic acid and other
metabolities through tissues. Hill (1928) derived equations
which extended the steady state models of Krogh to the un-
steady state. However, Hill did not apply his models to
geometries or conditions representative of living tissues.
Thus his results contributed mostly to the formulation of
concepts and equations describing the diffusion process
rather than applications to actual circulatory systems.
Other general treatments of diffusion models were later
published by Crank (1956) and by Carslaw and Jaeger (1959).

In the early 1950s, Roughton (1952) and Thews (1950)
developed steady and unsteady state equations for a Krocgh
tissue cylinder. Thews' treatment obtained a number of
solution for cases of physiological interest. He presented
graphical displays cf subtrate diffusing from a supplying
capillary with an assumed oxygen profile into tissue spaces
with different geometries. Roughton in his work, considered
that oxygen combines with (is bound by) a substance in the
tissue through a reversible reaction. This model is an

idealization of oxygen diffusing through red muscle which
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ccntains the binding protein myoglobin, Several special
cases of his models were treated but solutions of the
completely general equations were not obtained. Roughton's
models treated cnly the tissue conditicns and did not
predict oxygen conditicons in the capillary.

The first attempts to include intra-capillary conditions
seen to have been Kety's (1870) werk. Kety hypothesized
that under certzin conditions, the oxygen content of capillary
blocod should fall linearly from the arterial to the venous
end. He combined this hypothesis with the nonlinear oxygen
hemoglobin dissociation curve to give the first model inclu-
ding oxygen distribution both within the capillary and in
the Krogh tissue cylinder. He generated monograms from
which capillary and tissue cuxygen could be determined.

Opitz and Schneider (1950) applied Krcogh's concepts to
a determination of oxygen supply to nerve cells ¢f the brain.
Since this applicaticon w=2s in a tissue quite different than
that of straited muscle, their analytical model ling work was
necessarily accompanied by extensive experimental investiga-
tions which related tc brain microcirculatory anatomy and
oxygen metabolism. Their foundings led to the inclusion cf
additional terms in the equations describing the Krogh
tissuc cylinder, which accounted for axial diffusion as well
as the previsouly considered radial components. Analytical
sclutions for these expanded equaticns were obtained by
Becker and Thews and were later described by Thews (1960)
in the summary article. Thews alsc considered oxygen gradi-

oeuts in the capillary as well as in the tissue cylinder.
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Two additicnal features were added tc the Krogh's
cylinder by Blum (1960). He considered a finitely per-
meable or semipermeable capillary wall and considered a
constant, linear and nonlinear (Michaclis-Meutem) metabolic 1
in the tissue space. 8Since he did not consider any bound
substrate in the capillary bloocd, his results would not
apply to the substrate oxygen cor the by =~ product carbon-
dioxide. Such results would describe the passive transport
of substrate such as glucose, bilirubin, or any cther
dissclved, flcw transported diffusable substrate.

With the development of numerical approximation
techniques and the increasing availability of electronic
digital computers by the 1960s, several investigators
became interested in the mathematical description of
substrate supply te tissue. This interest centered on
a more complete descripticn of the Krogh cylinder as well
as other geometries. These extended systems described
substrate movement from supplying artericles to the
capillaries by time dependent flow, with a ncnlinear
kigetic reaction occurring in the capillary blood,
followed by diffusion within the capillary vessels, then
across a finitely permeable capillary wall and finally
movement into a tissue space were it diffused and was
bound and/or consumed. The metabolic functional depen=
dence on substrate level could be zero order (constant),
first order (linear), or Michaelis-Meuten (nonlinear).

Reneau (1966, 1967, 1969, 1970) considered the Krogh
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cylinder model and some generalizations. This work was
followed or paralleled by several new godeliing status,
including the steady state models considered by Thews
(1968) and Gonzalez~Fernandez (1968), and later the time
dependent effects studied by Fletcher (1972, 1973, 1975).
Other approaches using multi capillary profusion were
considered by Metzger (1967, 1969, 1973), and by Grunewald

and Lubbers (1966, 1973a, 1973b).

2.2 MICROCIRCULATORY FLUID EXCHANGE.

The principal site of passage of small lipid- in
soluble molecules is believed to be the capillaries.

The most detailed information available on such substances
i@ that obtained on water movement in single capillaries
by the occclusion technique developed by Landis (1927) and
extended by Intaglietta and Zweifach (1974).

The capillary barrier to lipid - insoluble substances
appears to be increasingly porous as the molecular size
decreases. In fact, the dimensions of the channels avai-
lable for exchange are sufficiently large relative tc the
size of the water molecule, that in all probability, mcst
water transport across the endothelial barrier is a hydro-
dynamic rather than a diffusicnal phencmenon. Since blocd
is propelled through the microcirculation by intraluminal
pressure gradients, at an average pressure higher than the
local tissue pressives, the fluid component of blood could
ultimately leak into the tissue wunless the concomitant

transcapillary pressure gradients were opposed. The effect
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is provided by the colloid osmotic pressure that arises
from the difference in concentration in plasma proteins
between the blood and tissue compartments, where the
capillary wall and the materials in its immediate vici-
nity constitute a functional barrier to the passage of
proteins.

2.2.1 Starling's Hypothesis.

Published at the turn of the century, 3tarling's
views 6 tarling (1896)) on the forces that govern the
movement of water across endothelial membranes have
enjoyed a unique and preeminent place in the thinking
of physiologists. The 5tarling hypothesis of fluid
exchange is based on the concept that the balance of
fluid between blood and tissue compartments 1is a
consequence of the exchange that occurs at the level
of blood capillaries, caused by interaction of hydroaulic
and colloid osmotic pressures, and mediated by the per-
meability characteristics of the interface between blood
and tissue. in the commonly accepted explanation of this
process (Landis and Pappenheimer (1963)), blood enters
the exchange vessels of the microcirculation at a compa-
ratively high pressure, and owing to viscous losses,
exits from the system at a lower pressure. The blood
colloid osmotic pressure is assumed to be straddled
by these input and output hydraulic pressures, in such
a fashion that outward filtration in the arterial (or
high - pressure) portion of the network is balanced by

absorption in the venous (or
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low - pressure) regicn, Historically, the analysis of
fluid exchange dealt primarily with the interplay cof
intravascular pressure and plasma ccllcid csmotic

pressure neglecting extravascular factors. When Guyton
(1963) presented data in support of a negative interstitial
tissure pressure, attention was focused to the cosmotic

and hydrostatic pressures in the interstitial ground
substance and current thecries attempt to includes these
extravascular forces.

The general expression for Starling's hypothesis is

M= KAL(P, = Py) = olm, = ¥)] (2)
where M is the rate of fluid movement across the capillary,
Pc is the capillary hydrostatic pressure, Pt the tissue
hydrostatic pressure, np the plasma cclloid osmotic pressure,

7, the tissue collcid osmotic pressure, ¢ the reflection

t
coefficient of the capillary membrane, K the capillary
filtration ccefficient and A the capillary surface area.

In this instance, L and n, represent the colloid osmotic

t
pressures which would be developed with a perfectly semi-
permeable membrance. The quantity c(wp -wt) is the
effective osmotic pressure difference across the capillary
membrane.

The classical formulation of this hypothesis at the
capillary level assumes a cylindrical capillary of fixed
radius, uniform hydraulic conductivity, a reflection

coefficient of unity and a linear drop in hydrostatic

pressure. Under normal conditions, the sum of the outward
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forces exceeds that of the inward forces at the arterial
end ¢f the capillary. The opposite is true at the vencus
end of the capillary. On the average, the outward and
the inward forces very neatly balance and the lymphatic
system drains any excess of filtrate out of the tissue,
The paracapillary flcw that is filtered out of the
arterial side and reabsorbed in the venous side is
believed to be the order of 1% of blood flcw. The lymph
flow is estimated to about one - tenth of the paracapillary
flow.

The Starling equation represents relationships among
factors that are not constant. All of the factors in the
equation may vary according to local conditions.

A Capillary Filtration Coefficient.,

Landis (1927) measured the rate of fluid exchange in
single capillaries as a function of hydraulic pressure and
from these data and capillary surface area, computed the
capillary filtration coefficient. This technique was sub~
sequently employed by Intagleitta and Zweifach (1974) tc
obtain coefficients in other vascular beds. The differences
in filtration coefficient or permeability among organs
presumably reflect variations in wall structure of the
exchange vessel. In addition, there is evidence that within
a given capillary, the filtration ccefficient is not ccns-
tant but may be substantially greater at the venous end
(Wiederhielm (1967), Eriksson and Myrhage (1972)). This

variation in filtration ccoefficient will tend to localize
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the exchange process near the venous end of the capillary.

23 Capillary Hydrostatic Pressure,

The hydrostatic pressure in the capillary bed is a
function of several hemodynamic factors. Changes in
arterial resistance, venous pressure and vencus resis-
tance all have a direct influence on capillary pressure.
Since these factors are readily varied under physiclogical
conditions, capillary hydrostatic pressure is perhaps
the most changeable of the Starling forces., Within a
capillary bed, spatial and temporal variability is also
evident and periodic fluctuations in flow are frequently
observed. These changes are due to either sphincter or
arteriolar vasometer activity. Associated with the flow
changes are parallel variations in hydrostatic pressure
in the capillary. During high flow, the capillary mav
be filtering fluid along the entire length but when flow
falls drastically or stops, the capillary pressure decreases
to near the venular value and the balance cf forces may

favour reabsorption.

2:2.4 Tissue Hydrostatic Pressure:

Hydrostatic pressure 1in the tissue has been measured
by a variety of techniques. and the findings have not been
uniform. Many data indicate that this pressure is at or
very near zero (atmosphere) under normal conditions. A
more complete analysis of tissue hydrostatic pressure can
be carried out by including the effects of the gradient
of permeability along the capillary and the lymphatic

drainage. The tissue pressure is assumed not equal to the



20.

lymphatic pressure. This assumption is necessary in vicw
cf the probable role of lymphatic pumping in the extractiocn
cf excess tissue fluid. It appears that negative tissue
pressures can arise from two factors
(1) high systemic cclleoid osmotic pressures, or
(2) mechanical pumping in the lymphatics.
Since plasma colloid osmotic pressure is usually
similar to the average capillary pressure, it
becomes apparent that the determining factor is
the terminal lymphatic pressure.

2.2.5 Plasma Ccllcoid Osmotic Pressure:

The magnitude of the colloid csmotic pressure of the
plasma is a function of the protein concentration and thc
reflection coefficient of the membrane for the protein.
Under normal circumstances, plasma prctein concentration
can be considered as a constant but some increase would be
expected along the capillary length if substantial filtra-
tion occurred. While plasma protein concentration is
identical in all vascular beds, effective colloid csmotic
pressure may differ, since the reflection coefficient may
not be the same in all beds. The reflection coefficient
is probably unity for skeletal and cardiac muscle capilla=-
ries, but it may be quite low in the liver sinuscids. 1In
adipose tissue there is evidence that the reflection
coefficient decreases during sympathetic nerve simulaticn.
This may reflect a change either in size of pores or in the

number of large pores.
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2,2,6 Tissue Cclloid Osmctic Pressure,

The colleoid osmotic pressure of the interstitial
fluid has not been measured directly but is usually
considered to be near if not identical to lymph colloid
osmotic pressure. Lymph protein levels and colloid
osmotic pressures vary considerably among organs. In
skin and skeletal muscle, lymph protein is about 20%
that of plasma, while in intestine it is about 50% and
in liver 80% to 70% that of plasma. These values may
change drastically when capillary filtration increases.
For example, elevation of venous pressure in the intestine
causes an outward filtration and consequent dilution of
extravascular fluid and drop in lymph prctein concentration.
As a result, tissue colloid osmotic pressure falls, and
the forces favouring filtration are reduced., Eventually,
the tissue proteins are diluted sufficiently that the
Starling forces reach a new equilibrium and filtration
ceases. Thus, it appears that adjustments in tissue
colloid osmotic pressure can be an important factor in
regulating tissue fluid volume. It is worth noting, that
lymph protein concentrations may not reflect the full

colloid osmotic pressure of the tissue fluids.

2.'3 MATHEMATICAL MODELLING OF

MICROCIRCULATORY FLUID EXCHANGE.

Transluminal filtration is the movement of fluid
across the endothelial wall of a capillary from the blood

to the extravascular space, The movement of fluid through-



22.

cut an organism has always been recognized ‘as a critical
element in the maintenance of basic transport processes
necessary for life. This fluid movement which is bascd

on the physical principle of convective flow brings water,
dissclved low=-molecular weight materials, and other sub-
stances from the intravascular space through the endothelial
wall ©f the capillaries, through the extravascular tissue

to the cells. The major driving forces for the fluid flux
were first identified by Starling (1896}, and his ideas have
dominated the theoretical and experimental work in this

area since that time. Two scales of this convective flow
may be considered. At the microscopic level, the problem

is to describe the motion of the fluid from the 1umen'ef

the capillary, through the capillary wall into the tissue,
At thgmmacroscopic_level, one ;s concerned with the movement
of fluid between different organic segments or tissue
elements in order to establish an ovexallzfluid:moyement
within an organ. This review will focus on the microscopic
ghenomena_ipvoiveg_in fluid_tran5port in qapi;;gries.,

In order to formulate a quantitative description of
fluid exchange in the microcirculation, we will focus our
_gttention_to a single capillary as afxepresentation_fo; the
entire_capiliary network_of_the_tissue,_ We assume that the
capillary has a length L and a constant radius R; see FIG.Z.
According to Starling's law (Landis and Pappenheimer (1963)),
the filtration or absorption of_flpid across the_gap}lla:

walls depends upon the net effect of four interdependent
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forces: (1) hydroustatic capillary blood pressure P,
{2) hydrostatic interstitial fluid pressure P;, (3)
osmotic pressure of the plasma proteins Hc’ and
(4) csmotic pressure A of the proteins in the inter-
stitial fluid immediately outside the capillary walls.
This law is then formulated as follow:

Q.= k(P - T, = Py + T;)
or it can be written as ;

Q = k(x){pgtx) _ pyl = i7" (x) - 7]} {3)
The quantity Q represents the rate of flow per unit area
of wall surface, with a plus sign to indicate filtration
and a minus sign tc¢ indicate absorption, The proportion-
ality k is a measure of the permeability of the capillary
wall to fluid, it is a function of x and is called the

filtration coefficient.

2,3.1 Formulation of the Problem of Transcapillary Fluid

Exchange:

The purpose of investigating the details <f transca-
piliary filuid movement is tb determine the amcunt of fluid
that is filtered cr absorbed by the capillary under various
physiclogical conditions. This means that, in addition to
the local value given in Eq. (1) , knowledge of the integral
value, i.e.,, the filtration rate Qf, is of great physiologi-
cal significance :

Q¢ = A Jlktx*)t-‘(;pc(x*) - pY - agix*) =T ax* (4)
o]

where x* = x/L and A = 2/RL is the capillary surface area.

The filtration rate is equal tc the difference between the
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blood volume flows at the argerial and venous ends of
the capillary. We will now, present a brief outline
of the models for transcapillary fluid exchange which
are presently in use,

2.3.2 Models for Transcapillary Fluid Exchange.

When the filtration coefficient k is constant,

Eq. (4) reduces to
1

Qs = k.A J{(Pc“‘*’ - p) - (e (x’) -mprax* (5)
(o]

We will consider various models based on different

assumptions.

Model 1.
The assumptions p.{x*) = p = constant
“c(x*) =T = constant
lead to
Qf = koA { (2 - py = tﬂ- )} (6)

These assumptions are very restrictive and do not comply
‘with the conservation laws for momentum and mass. The
major advantage of the model is its simplicity while its
disadvantage is limited accuracy and inability to reflect
physiological behaviour. This model has been used exten-
sively by Wiederhelm (1968, 1979) who modified it slightly
by splitting the capillary into an arterial and a venous
part.

Model 2:

A more realistic approach is to permit the intraluminal
hydrostatic pressure to vary linearly along the capillary

axis. The assumptions
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pe(x*) = py (1 - wx ™) (w = constant )
nc(x*) = 7 = constant
lead to
= - &y - - -7 )
Qf = kK.A {(pIE1 2) pj) (m LI N

This equation reflects the classical concept of trans~
capillary fluid exchange as expressed in numerous
physiological texthooks., In this case, the capillary

- filters fluid into the extracapillary space at the

arterial end and reabsorbs it at the venous end.

Model 3:

In this model, the intraluminal hydrostatic pressure is
determined from the momentum equation. The plasma

osmotic pressure is assumed constant mo(x*) = ¢ = constant.
This leads to an analytical solution:

Qe = K.A cosh 4ve = i (Pl * Py
f 2vYe,sinh 4ve 2

- By tmy) =) ()
¢..Js a dimensionless parameter which is defined as

S ke (L’ |
€ =2 (R] (9}

In the following, this parameter will be denoted as fluid-

flltration parameter., In Eq. (9), 4 is the blood viscosity.

In the double limit ¢ » 0 and P > Ppr EQ. {8) becomes
identical to Eq.(6) of Model 1. 1In the limiting case ¢ > 0
and p. = p, (1 - w), Eq. {8) becomes identical to Eq. (7}
‘of Model 2. Model 3 has been used by Apelblat et al. (1974)
and An and Salathe (1976).

Model 4:

The assumption p,(x*) = p, (1 - wx*) (w = constant).
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and "b(x*) resulting from a differential equation that
reflects the conservation of the mass of proteins in

the capillary lead to "

£ * * )
k.a {p, (1 -%] ~ Py * By - Lwc(x ) dx }‘
(1 - Hp)e Q, « (1 =C4/0 ) (10)

Q¢

In this equation, ¢, and ¢, are the plasma protein
concentrations in the arterial and venous ends of the
capillary respectively. This model has been used by
Deen et al (1972) to study glomerular filtration.,
Model 5:
This model does not employ any assumptions regarding
pc(x*) and *é(x*). The hydrostatic pressure pc(x*) is
determined by the momentum equation, the osmotic pressure
wc(x*) by the conservation of proteins in the capillary.
By using a mass balance, Starling's law can be written g3s

Q(x¥) = 2mR.k {(pccx*) - py) - Gox") =T} (1)
Let us denote

P(x") = p(x") =~ p; + (12)
that appears in Eq. (11) as 'effective pressure'. The
local osmotic pressure of the blood can be calculated
from the axially varying plasma protein concentration
C according to the emperical equation

T = a.co+ B.c® + 8. (13)
The coefficients a, B and § have been reported by Landis

and Pappenheimer (1963) to be

- nm h
@ =2, 8B ;g =g BRHEL 5"°4m9?ja§blm]a
g/100 mg (g/100 m1) El '



28,

The biood volume flow Q(x”) in Eq. (11) is related to the
axial pressure gradient through the generalized Poiseuille

equation

—& . -8 o(x%) (14)

dx TR
where y is the blood viscosity in the capillary. Conser-

vation of plasma proteins in the blood lumen leads to the
following equation for the plasma protein concentration
(1-Hp) Q,

Q(x")-Hp0,

c(x*) = ¢ (15)

1

Equations (11) to (13)to (13) form a set of coupled
nonlinear differential equations which are subject to

the boundary conditions

x =0 : Pe =P, = P; + 74

0
1

= Q (16)

1

1]

€2

Cy

Rather than using the volume flow at the capillary

entrance, one may prescrine the effective pressure pez

at the venous end of the capillary, i.e., x* =1, as a

boundary condition. From the numerical solution we

obtain the pressure, volume flow and plasma protein

concentration as a function of the axial position x*.

The total filtration rate O follows directly from Eqg.(15)
Qe =Q, ~Q, = (1 ~H).Q.(1 - Cl/cz] (17)

where the subscript 2 stands for the venous end of the

capillary. This model has been used by Huss et al. (1975),

and in a more sophisticated and extended version by

Papenfuss and Gross (1978) and Papenfuss et al. (1979).
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Model 6:

Oka and Murata (1970) studied the flow of blood in a
capillary with permeable wall.

Bagsic assumptions:

(i) The capillary tube between an arteriole and a
venule is a straight rigid tube of a uniform
circular cross section as in FIG.3 where R is
the radius and I, is the length of the tube.

(ii) The f£luid is transported across the tube wall
in accordance with Starling's hypothesis,

(iii) The rate of flow per unit area of the wall
surface is very small.

{iv) The hydrostatic interstitial fluid pressure,
the osmotic pressure of the plasma and the
osmotic pressure of the interstitial fluids
are constant. The hydrostatic capillary
pressure is a function of z only and the fil-
tration coefficient is constant.

(v) The blood is a homogenous incompressible New-

| tonian fluid.

(vi) The motion of the fluid is laminar and steady.

(vii) The motion has axial symmetry.

{viii) The motion is s0 slow that the inertia term can
be neglected.

{ix) No body force acts on the fluid.

{x) There is no slip at the wall,

(x1i}) The end effect is negligible,



¥
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kn

(xii} The non-~dimensional factor e = —p is very small
compared with unity.

Starlirg's law:
M= kip, = m, - Py + ™) (18)

The quantity M represents the rate of flow per unit area of
wall surface, and k is the filtration coefficient.

Equations of Motion:

From the assumptions (i) ~ (ix), the Navier-Stokes and

continuity eguations were reduced to

3P . 2’y L13v _v 3y (19)
ar b 3r? r ar r? 2 !
8z
2 2
B -y [a u , 1w 3%u ] , (20)
az ar? r’r 2z?

while the continuity equation was reduced to

13 du
= = {rv) + — 0 (21)

where u and v are the z - and r - component of the velocity,
respectively, and n is the coefficient of viscosity of
blood.

Boundary Conditions:

%% = 0 at r=0 , (22)
v = { at r=20 ’ (23)
u = 0 at r =R ’ (24)
v = k{p-®) at r=R , (25)
P = p, at z=0 |, (26)
P = b, at z=1 , (27)

where p_ and p, are the arterial and venous pressures

respec¢tively and p is the average pressure over the cross
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section of the tube, « 1is regarded as a constant being

equal to + D, o= T, .
q Te TPy T

Results Obtained:

4nL [ & ] t +e [Er E)} ’ {28)
A
v = ERop (27- ') ip "€ ) ) (29)
n
p=p, -€sp + ez, £)ap (30)
with
- 8 Y14 do 1 1a2_ 1,2
f(c' E) - E-z-(g2 zhpE + P 3 + ?B Z'B Czl
(31}
8 3 Ao -2 _pqu3bda _ 3.2(,. .2
algs £) = = 27 (€ -3pp 70 -t (-t e
- %32 %% (1 - acz]] (32)
where AP = P, - Py (33}
bo = Py T o (34)
8 = § (35)
E F % (36)
£ = 7 (an
Model 7:

Dinnar (1972) extended Oka and Murata (1970) by consi-
dering the capillary as well as the surrounding tissue
space.

Basic assumptions:

(1) The capillary as well as the surrounding tissue
space was considered as region I (capillary) and region II

{tissue space), see FIG. 4.
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(ii) The rate of flow through the capillary wall is
much smaller than the rate of flow through the tube.
(iii) The osmotic pressures are constant,

{iv) The hydrostatic capillary pressure is a function
of z only. The hydrostatic interstitial fluid pressure
is also a function of 2z and is not influenced by the
filtration coefficient which is constant,

(v) The pressure in the venule is determined by the
flow properties,

{vi) All other assumptions are the same as in Oka and
Murata (1970) except for (xii),

Starling's law:

vek(E, =P -7+ 1) (38)
where 1 denotes inside of the capillary, 2 the outside

of the capillary, and k is the filtration coefficient.

The préssure outside the capillary is determined by the
interstitial fluid volume which itself depneds upon the
capillary pressure, the osmotic pressure, the permeability
of the capillary and the lymph flow. Hence in general

P =P, - P, is determined by P,, m, =, and k

1

Equations of Motion:

The governing equations used for the cylindrical coordinate
system (r, ¢, 2) were

Momentum eguations:

P {32v, v v 3 v, |

i 1 i i,

= nf :1 + = 1___; + - ) ! . (39)
ar |3 ar r 9z :
3P fa%u au, atu,
DU TR - S R S . (40)
9z Lar? r osr az? 7
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Continuity:
12 (o) + M = 0 , (41)
r 5r 3z

where i1 = 1 is for region I and i = 2 is for region 1L,

Boundary Conditions:

(++ ]

3%1 =0, v, =0 at r=0 (42)
u, =0, u, =0, v, =vz = k{pl - p, -a)y at r = R
(43)
where
a = m o= M (44)
P, =P,r U, =0 at z =0 (45)
P, =Pyr U, =0 at z =1L (46)

and 51 is the average pressure over the cross-section.
P and p, are the arterial and venous pressures, res-
pectively.

Results Obtained:

¥ : 2__2,_1,16kn) (p4_,.b
i . L'E16kﬂ) (Eeuz»Fe-u37_ {(R r ’-E( ?) (R*~r ]}
1 in R (47)
v, =K (eehipe™?) (')~ (A8 3R’ 2%} w8
R 127 2 6
- . 1 16k 4

P g +g [Bef? + Fe 11T - ";’-("-;{;-n) (¥« R}
(49)

Uz 2 - kYQ (LLR]JC,(M) - Yn(ur)Jo(uR) {Eeuz + Fe-uz} (50)

Yo (BR}J) (uR) - ¥, (BR) I (LR)

v, = k EQ(uR)Jl(ur) - Y, (ur)J, (LR) [Eeuz+ Fe-uz] (51)
Yo (uR)J, (UR) = Y, (KR)J, (KR) .

P, = P,, (52)

where E E’(Pa - P) (53)

v
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F = F’(Pa - Pv]"ﬁ 5 (54)
% [P s o
and E* = Pa . g2 31 h(e -1) (55)
L0 et - oF
P ) -5
Fe o= 8 ("~ (P, /P,)) ~ hie" -1 (565
Pa - Pv eS _ e—ﬁ
h =E£_°_;_°‘_ (57)
a
§ =./16knlL? (58)
R3
Model 8:

Apelblat et al (1974) discussed the mathematical
analysis of capillary tissue fluid exchange. The paper
was an extension of Dinnar (1972). Two different models
were discussed; (1) The hydrostatic nressures were not
considered to be constant. This model wis used for a
2 regions and 3 regions i.e., capillary, tissue region and
a membrane between the capillary and tissue region;
(2) The hydrostatic capillary pressure was considered
while the hydrostatic interstitial pressurc was assumed
constant. This model was used for a uniform and non-uniform
tube. In both models, the osmotic pressures were assumed
constant., We are only concerned with the case of 2 regions,
thus we are considering the first model.

Basic assumptions.

(i) The basic functional unit; the KROGH model considered
(see FIG. 5) includes a uniform cylindrical capillary of

radius R with rigid walls. The cylindrical space surroun-



-
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ding the capiliary of length L is composed of a tissue
space up to a radius Rg. P, and P; are the inlet and
outlet pressures respectively,
(ii) The osmotic pressureé are constant. The hydros-
tatic capillary fluid is a function of x while the
hydrostatic interstitial fluid is a function of x and r.
(iii) 1In the tissue region, the Darcy law is applied.
The Darcy law states that there is provortionaity between
the flow and the applied pressure gradient.
i.e,, U=~ % vP where K is the so- called Darcy
constant. |
(iv) A1l other assumptions are the same as in Models

6 and 7.

Equations of Motion:

The governing equations used for the fluid flow in
the capillary were the Navier - Stokes equation and the

equation of continuity.

2 .
P &y, 1l y O0O<x< L (59)
3x arz T 91
32 o Ggor P =P . (61)
aTr
%+%+.§=o (61)

In the above, u and v, are the axial and radial components
of velocity respectively and n is the viscosity.
The equations of motion and the continuity equation for

the tissue region were

i, = - 56D (62)
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o ) .

Vix,1) = - ﬁl-&_-) | (63)
25 - 2

2P, _I%E + i_g = 0 (64)
sr2 YT 8

where the quantities in the tissue region are denoted
by subscript, bar.

" Boundary Conditions;

PO,r) = P, (65)
P(Lr) = Py (66)
U(x,R) = O (67)
P(x,R) = P(x,R) (68)
V(x,R) = ¥(x,R) (69)
V(x,R,) = © (70)
u(o,r) = O (71)
u(Lr) = O (72) -
" Results (btained:
1 dpP 2 .2
T e —— - 7
U(x,r) el (r°-r%) (73)
]

vix,r) = $Prop2y o 3 (74)

16n dx?
P(x) = D+ gx - 18K 7 Cn Zn(R) cos anx  (75)

- R'n=) o
plx,r) = % nélan Cp Yp (1) cos an X (76)
Vix,r) = % n£1 an Cn Zp (7) cos a, x (7N
P(x.r) = A +n£1 Cph Yy (1) cos ap X (78)
where D = P, + L6KG ) §p Zn (R) (79)
R® n=1 on
p, = %o
G = T

L +¢ (80
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A =D + GLl/Z
Cqp = 26[¢-1)" - 2} o =  G&, (82)
16K

g tfan Ya( + 2K 2, (R ]

e =1K 7 [1_ (c)? ] 8n Wn(®) (83)
R3 n=1 an

z, = &alr) (84)

dr
Yn(r) & [K!(GHRG)IO(GHT) s Il(C‘nRG)KO(anr)]/Il(GnRG)
(85)
0,* BF/Lycceee , m =1, 2, 3, (86)
Model 9,

Murata (1978) extended Apelblat et al. (1974) by
studying the effects of filtration coefficient and lymph
flow on fluid exchange.

Basic assumptions;

(i) The Krogh cylinder arrangement is also used
(see FIG.6). The z - axis coincides with the center
line of the capillary and the origin of the coordinate
system is located at the arterial end. Here, R and
L are the radius and length of the cavnillary (I), res-
pectively, and Rt is the outer radius of tissue
region (II).

(ii) The tissue spaces are complex comnosite systems,
Many tissue cells are distributed in the tissue spaces,
and the interstitial space lying among tissue cells
contains many elongated collagen fibers. Thus, the

tissue region in the Krogh cylinder is assumed to be
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a homogeneous, isotropic porous medium,

(iii) The interstitial fluid is assumed to be the same
homogenous incompressible Newtonian fluid as plasma
and that the movements of interstitial fluid obey a
generalized Darcy's equation, as derived theoretically
by Tam (1969).

(iv) The osmotic pressures are constant. The hydrostatic
capillary pressure is a function of z while the
hydrostatic interstitial pressure is a function of z
and r.

(v) The filtration coefficient is a linear function of
the distance from the arterial end. We consider k
as a linear function of z as follows:

ki = k
k =k, + Vv . az, k, > k,
where ka and kv are the values of the filtration coefficient

at the arterial and venous ends of the capillary,
respectively.

(vi) The lymphatic capillaries are assumed to be distributed
uniformly on the outcr surface of the tissue region of
the Krogh cylinder. Fluid is also assumed to enter
into the lymphatic capillary at a constant velocity
from the outer surface of the tissue region of the
Krogh cylinder and that the lymph flow is proportinnal
to the filtration rate.

(vii) A1l other assumptions are the same as those of Model

6 except for (xii).



Starling's law:

Q"k(P.C"ﬂC"Pi"' Hi) (88)

where the quantity Q represents the rate of flow per
unit arez of wall surface, and k is the filtration rate.

Equations of Motion:

The equation of mntion and the continuity equation used

in the capillary (region I} were

nv*v, (89)
0 (90)

VP,

v.V,

n

where V,; 1is the velocity vector, P, is the fluid pressure,
and n is the coefficient cf viscosity. Eq. (89) is the
linearized Navier - Stokes equation., The fundamental
equations in the tissue region (region [D were

WP, = n(vV, - alV,) (91)

v.¥, = 0 . - (92)
where Eq, (%1} is a generalized Darcy's equation derived by
Tam (1959). The quantity g? represents the resistance te
flow by spherical particles.

Boundary Conditions.,

e 0, v =0, at r =0 (93)
U, = n , - at r =R, (94)
Vi = k(P - P, +1 ), g at t =R, (95)
P, = P, o at z = 0 (96)
Py = P, : at z = L (97)
Ve = vy, Y at r =R, (98)
U, = € at r = R (99)



44,

V_2 = k(Pl-—P2 + He] , at r = RC (100)
U, = 0 at 2 = 0 (101)
U, = ¢ , at z = L . (102

where I, is the difference between the osmotic pressure
of the plasma proteins [, and the osmotic pressure of the
proteins in the interstitial fluid m,, i.e., He = M,~My.
He is a constant according to assumpntion (iv). P_ and L
are the arterial and venous pressures, respectively. Both
Pa and P,, are regarded as constant.

Results ¢(btained:

In region 1I.

:
e (1 -0 )yd1+8p2d Y
R RR LR LA P (109)
1. 8 3. d’y
v, = - a2 - 21 104
1 3 (zg - ¥) T ( )
L 2
Py =P, - &~ %K’B v{E&) (105)
where
_ 3+60+20°+3a (3+20) _ 3+40+%a 2
¥(g) 3(1+0) ¢ 140 ¢
s 203 - 40" - 3q0) ¢’ + 208" (106)
5(1 + ©)
o = YVo/2t8 5 (207)
) . T _ 2 _ L B R )
and r = ﬁc’ EE® T » B = Ec » VP =P, P, | {108)
R n]( Lk o~k P
t a 1'v a ’
YY¥= — & = —= 0 = 3 » B, = 109)
Re R, * z X, a~ P (
In region 11,
' 16 ¢ . . _
Uy = = e nzlAn(e)fn(é) sin 2.8 £ (110)
v, = o 4 %§5K ! A, (0) gn(E) cos X8 & b
} o =1

T .
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(iii) Flow is transported across the capillary wall in
accordance with Starling's hypothesis,

(iv) The filtration coefficient and tissue collodial
osmotic pressure are considered as constants.

(v) The capillary hydrostatic pressure is determined
by the velocity field in the capillary, while the tissue
hydrostatic pressure is related to the velocity field in
the tissue. The capillary collodial osmotic pressure is
a function of the solute concentration of the capillary.
Specifically, a functional form is assumed for 1, i.e.,

T =1, + Nn,C? (123)
where 1I; and T, are constants and C is the solute
concentration.

(vi) Flow is steady and the plasma is assumed to be a
Newtouian fluid wherein the colloids are a dilute solute.
(vii) Presence of erythrocytes is neglected.

(viii) The wall of the capillary is permeable to the fluid
but impermeable to the solute. This wall is infinitesimally
thin and separates the fluid in the capillary (intraluminal
flow) from the fluid flux in the surrounding interstitizl
space (extraluminal flow).

(ix) The intraluminal flow is assumed to be that of an

in compressible Navier-Stckes fluid, while the extraluminal
flow is according to Darcy's law where the hydrodynamic
conductivity of the tissue, Kt’ is the ratio of the magni-

tude of local fluid velocity to that of the local pressure
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gradient and is assumed constant.

(x) Inertia terms in the momentum equation can be
neglected.

(xi) The ratio ;2 — is very small compared with
unity.

Starling's law :

M=K { P-1- (P, ~T) } (124)
where ﬁ is the local fluid volume flux per unit capillary
surface area, P is the capillary hydrostatic pressure, P,
is the tissue hydrostatic pressure, N is the capillary
collodial osmotic pressure, Iy is the tissue collodial
osmotic pressure and K is the filtration coefficient.

Equations of Motion:

The nondimensionalized system of differential
equations describing conservation of mass, momentum and

solute mass concentration for the intraluminal flow were

2 .}_(ru) + - = 0 s (135)

S S P S S . PRI (ol L U € 1)

2z . T oo or

- 2R . r,yrp;0 [ie?j w @ 3 (127)
ar i
3c 3c 13 3c ot N

v—*T u— =T, i — 1 — + 0! ) I 2
-t hitrg Tyt U ) k138)

where I', and I', are similarity parameters which are of
order of unity and %Q = ¢, where the higher - order
terms have been neglected for simpnlicity, and where u

and v are, resnectively the radial and axial components



49.
of velocity, ¢ is the mass concentration
of the solute and p is the hydrostatic pressure.

For the extraluminal flow, the corresnonding nondimensional

equation was
2
L3Ry & 2Pt =« o (1292)
r ar T

where Py is the tissue hydrostatic nressure and this
differential equation follows from the combination of
Darcy's law with the equation of conservation of mass.

Boundary Conditions:

For the intraluminal flow,

v(1i, z) = 0 , (130)
v -
ar[O:Z) o , (131)

U(1,2) = ezroée r3+D(1'z)'l"[pt(l’z)-ﬂ;m]
- ﬁpl(c(1,z}-1j # Mp(c?(1,2)- 1?p3’ (132)

u(o,z) = ¢, (133)
U(r,1) = 0, (134)
X(1,2) =c(1, 2) u (1, 2) , (135)
or

ac =

= (0, z) o, (138)
c(r, 1) = 1, (137)
p(r, 1) = 1, (138)

per, 0) =p,=1-&p ) (0-’p P (M+0 E*] (130)

2
where P, - [ M, Cy + MaCq | - (P - M. ) =€ Iy (240)

Pa

and P_ = pressure scale, arteriolar pressure

Ca = Concentration scale, arteriolar concentration
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'y 1is a similarity parameter of order of unity.

For the extraluminal flow,

_'ggt (1,2) = €r (e Ts*p(1,2) - 1~ [0 (1,2)-py,]

[ male(z,2) - 1) + M(c?(1,2)-1)}}{141)

-~ =t (r, 1) = 0 , (142)

- Bt r, 00 = 0 , (143)
for 0<reci

lim p _(r,z) = (144)
r2+zz+£ ’ ptm

where EQEE = r‘,,e2 (148)
t

Perturbation Expansion:

The velocity, pressure and solute concentration for the

intraluminal flow have been assumed to have the form

®(r,z3e) = ¢(°{r,z) > @tl)(r,z) + 0 [ef] (146)
where ¢ =u, v, p, C .
The extraluminal pressure field was expanded in an
analogous manner :

Py (¥5 23 e) = p,, * ept(l)(r, 2) + 0 [e?] (147)

Results Obtained:

The expansions for the intraluminal flow were

(2).,
v(r, z; ) = R—EFLQl (r2 - 1) + 0of ¢ ] (148)
1
2
u(r,z; €) = - aszror,r {g— - 1} + Ofs“] (149)
p(r,z; €) = 1 + e‘p(z’(o] (z=-1) + 0[53J (150)

1+ 0fe’] (151)

clx, %i )
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#or the extraluminal flow 3
{r,z; €) = e (1re2)T,Ty + £°r.7, {-1nr+ilna Jz-1}}
Pelr,z; ¢ Pio~€ (I )T,T, € T,T, nr+=-1lndz|? ]

- " (1ne?) ryp P () (z-1)

+ s“p"’(o)rh {- (z-1)1n %r + (z-%)lnz-z+%}

® L g W (152)
u(r, z; €) = ¢ L2l + "p@P(qyr, (Es |
t T T
(153)
3 1= Y 2
v (r,2z5€)==e T,T, =22+ e '(lne )Fuv(z)(o)

2zfl=-2)

- shrhp(z)(o) { - 1n§ - i; + Inz } (154)

+ L



CHAPTER THREE ke

MATHEMATICAL MODELLING OF TRANSCAPILLARY FLUID EXCHANGE:
UNIFORM CAPILLARY. ST
3.1. Introduction

The exchange of fluid across blood capillary

wallg, that is, filtration or absorption, is one of
the most important physiological functions. Under
normal conditions, the fluids are filtered from the
blood capillaries into the tissue spaces at the
arterial ends of the capillaries and the filtrates
which pass into the tissue spaces are reabsorbed into
the blood capillaries at the venous ends. However, a
small portion of the filtrates enters the lymphatic
capillaries ard drains back through them into the blood
It is well known that the exchange of fluid between the
blood and the tissue spaces as wcll as the transport of
interstitial fluid into lymphatics plays an important
role in the mechanism maintaining the partition of
body fluids between the circulation and the interstitial
space. Further, it may be expected that the flow of
fluid across the capillary walls has effects upon the
transport of dissolved substances in blood (Murata
(1975)). Therefore, it is very interesting to consider
theoretically this problem on the basis of some
experimental results.

According to Starling's law (Landis and Pappen-
heimer (1963)), the filtration or absorption of fluid
across the capillary walls depends upon the net effect

of four independent forces: (1) hydrostatic capillary
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blood pressure R {2) hydrostatic interstitial fluid
pressure P, (3) osmotic pressure of the plasma
proteins L and (4) osmotic pressure Ty of the
proteines in the interstitial fluid immediately outside
the capillary walls. This law is then formulated as
follows:

Q= k{PC - r_ =P, + w,)

c i i
The quantity Q represents the rate of flow per unit
area of wall surface, with a plus sign to indicate
filtration and a minus sign to indicate absorption.
The proportionality factor k is a measure of the
permeability of the capillary wall to fluid and is
called the filtration coefficient. In the capillary
of a frog's mesentery, Landis (1927) found that the
rates of flow across the capillary walls were, on the
average, proportional to the difference between the
hydrostatic capillary pressure and the osmotic pressure
of the plasma. Pappenhecimer and Soto-Rivera (1948)
obtained similar results for the capillaries of
perfused hindlimbs of cats and dogs.

Wiederhielm {1968) pointed out some defects of
this traditional model for fluid exchange. After
careful examination of the validity of some assumpticns
implied in this traditional model, he derived the
following conclusions: (1) the filtration coefficient
may be 50 to 100% larger in the venous capillary than
in the arterial capillary; (2) the surface area of tho

arterial capillaries may be only one-sixth to cne-fourth
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of the surface area of the venous capillaries; (3) the
hydrostatic and osmotic pressures of interstitial
fluid are not negligible compared with the corresponding
blood values, and the average value of the osmotic
pressure of interstitial fluid is 5 to 8 mmHg, when
referred to the atmospheric pressure; (4) the
hydrostatic interstitial fluid pressures range from
0 to 5 mmHg by dircct measurements, whereas the
pressures recorded in subcutaneous capsules are
negative and average - 6 mmHg. On the basis of thcse
conclusions, he has calculated the change in the
interstitial space volume with an analog computer by
considering the relationship among four fluid fluxcs
into and out of interstitial space.

To explain the effects of the exchange of fluid
across the capillary wall on the flow of the blood
within the capillary, Cka and Murata (1970) have used
a simplified model for a capillary and blood.

They assumed that the hydrostatic interstitial fluid
pressure Pi’ the osmotic pressure of the plasma LPr

and thc osmotic pressurc of the interstitial fluid L
were constant. They further assumcd that the capillary
was a straight tube of a uniform circular cross section
and that the filtration coefficient was constant along
the capillary. On these assumptions they solved
approximately the Navier~Stokes equation and obtaincd
the expressions for the velocity and pressure distri-

butions within the capillary. TFrom their results it
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has becn shown that
e * Pi = ng = (pa * pv”2

where P, and p, are the arterial and venous pressures,
respectively, provided that there is a balance between
the outflow and the inflow across the capillary wall.

Apelblat et al. (1974) studied analytically the
capillary-tissue fluid exchange from various points
of view. To consider the characteristics of tissues,
they used the single capillary model introduced by
Krogh {(1919) as the functional unit of a capillary-
tissue system. Within the capillary they solved

approximately the Navier-Stokes and continuity equation.

using lubrication-layer theory. On the other hand,

they treated the tissue regions as isotropic porous
media to which the Darcy law is applicable. Since

the nonslip condition at the capillary wall in the
tissue region was not satisfied, the condition for

the tangential component of velocity at the capillary
wall in the tissue region was left unspecified. In
this model it was assumed that the filtration coef-
ficient was uniform along the capillary and that there
was no lymph flow. In the next place, to consider the
removal of lymph from the tissue spaces by the
lymphatics and the leakage of plasma through large
pore systems at the venous end of the capillary,

they discussed the improved Wiederhielm model.

Instead of the integral description of the material

balance obtained by Wiederhielm, they presented a local
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description by solving the differential equations of
the fluid exchange in the conical capillary. 1In
this model, they considered the two-scgment capillary
with two different filtration cocificients. However,
they assumed that the interstitial fluid pressure was
uniform over the tissue region, so that the effect of
the interstitial fluid pressure on the transcapillary
fluid exchange was neglected.

An and Salathe {1976) showed that large gradients
of interstitial fluid pressure normal to the capillary
occur in the tissue spaces adjacent to the capillary
wall. They indicated that these gradients have a
significant effect on fluid exchange so that it is
not possible to assume that the interstitial fluid
pressure in the surrounding tissue is uniform. They
considered a straight circular capillary with variablc
radius surrounded by a tissue space of infinite extent
and have assumed that the fluid exchange between the
capillary and the surrounding tissue is governed by
Starling‘s law. The movements of fluid within the
capillary and within the tissue space were assumed to
be governed by Poiscuille's law and by Darcy's law,
respectively. An and Salathe obtained, based on the
assumption ~hat the ratio of radius to 1length of thec
capillary is very small comparced with unity and that

the filtration coefficient is very small, an approximate

solution of the pressure for arbitrary variation of capi’ -

lary radius and permeability. Numerical results were
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also obtained for a linear variation in radius and
filtration coefficient. However, the tangential
component of the velocity at the capillary wall in

the tissue space did not satisfy the nonslip condition
because the Darcy equation was used. Further, the
cffect of flow of fluid from the tissue space to the
lymphatic capillaries on the pressure distributions
was neglected in this model.

Murata (1978) theoretically analyzed the effects
of the variable filtration coefficient and lymph flow
on the fluid exchange between the blocd capillary and
the tissue space using a simplified model. The
Krogh cylinder was used as the functional unit of a
capillary-tissue system. It was assumed that the
exchange of fluid across the capillary wall obeyed
Starling‘s law and that the filtration coefficient of
the capillary was not unifomm along the length of
the capillary but was a linear function of the
distance from the arterial end. It was further assumed
that the flow of fluid through the tissue region was
governed by a generalized Darcy's equation as proposed
by Tam and that the motion of fluid in the capillary
obeyed Stoke's equation. Under these assumptions, the
velocity and pressure distributicns in the capillary
and tissue regions were obtained. He also obtained
the average interstitial fluid pressure and the averago
effective pressure difference between the blood and

interstitial fluid.
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In this chapter, we shall analyze the effects of
the variable filtration coefficient and lymph flow on
the fluid exchange between the blood capillary and the
tissue space. We shall also consider the fluid exchange
at the interface between the tissue space and the
lymphatic capillaries. The Krogh cvlinder is used as
a functional unit of a capillary-tissue system. The
exchange of fluid across the capillary wall is assumed
to obey a modified Starling's law and the filtration
coefficient is not uniform along the length of the
capillary but is a linear function of the distance from
the arterial end. The transfer of fluid at the inter-
face between the tissue and lymphatic capillary is
assumed to be governed by a modified Starling's law
with a reflection coefficient. It is further assumed
that the flow of fluid through thc tissue region is
governed by a generalized Darcy's equation as proposed
by Tam and that the motion of fluid in the capillary
obeys the Navier-Stokes equations. Under these
assumptions, the velocity and pressure distributions
in the capillary and tissue regions are obtained.

3.2. ASSUMPTIONS:

In most tissue the bloecd capillaries are
arranged in a complicated three~dimensional network
and the lymphatic capillary networks are also distribu-
ted through the interstitial spaces along with the
blood capillaries. The flow of fluid across the capil-

lary wall and through the interstitial spaces is highly
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complex. It is very difficult to analyze theoreti-
cally these fluid movements without using a simplificd
model. To simplify the calculations of the trans-
capillary fluid exchange we shall use the following
assumptions:

(1) The Krogh cylinder arrangement is used as a
geometrical representation of a capillary-tissue system.
The Krogh cylinder is composed of a long, uniform,
straight cylindrical capillary and a concentric cylinder
of tissue surrounding it (Fig. 8). To obtain the dis-
tribution of oxygen concentration in a tissue space,
Krogh {1919) has observed in detail the distribution
of capillaries in muscle and has proposed this model
as a functional unit of a capillary-tissue system.
Since the work of Krogh, this model has been used by
many workers.

(ii) Blood is a homogencous incompressible New-
tonian fluid. Since a capillary is comparable in
diameter to the red cells, it is of course an over-
simplification to treat the blood within a capillary
as a homogeneous fluid. However, it is very difficult
to consider theoretically the effects of the red cells
on the flow of fluid across the capillary wall.

(iii) The fluid is transported across the blood ca-
pillary wall in accordance with a modified Starling's
law. It seems likely that fluid can pass through the
endothelial cells and the intercellular cements between

eéndeothelial cells. Therefore, we can assume that the
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pathway ¢f fluid is distributed continuously over

the blood capillary wall. There is experimental
evidence that the capillary permeability to water is
not uniform along the length of the capillary but is
larger in the venous capillary than in the arterial
capillary. Therefore, we assume that the filtration
coefficient is 2 linear function cf the distance from
the arterial end. Since the regional difference in
the concentration of proteins is plasma and interstitial
fluid may be neglected, we assume that these osmotic
pressures are constant.

{iv) The transfer of fluid at the interface
between the tissue space and lymphatic capillaries is
governed by a modified Starling’s law with a reflecticn
coefficient which is assumed to be equal to one. The
regional difference in the concentration of proteins
in plasma and interstitial fluid may be neglected,
thus the osmotic pressures are assumed constant.

(vl The tissue spaces are complex composite
systems. Many tissuc cells are distributed in the
tissue spaces, and the interstitial space lying among
tissue cells contain many elongated collagen fibers.

The spaces between the collagen fibers are filled with
the amorphous muco polysaccharide gel. Thus, in effect
the entire interstitial fluid space has physical
characteristics of a soft sponge (Guyton et al. (1957)}).
It seems that the tissue cells are more or less uniformlvw

distributed around the blood capillary. Therefore, we
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assume that the tissue region, the Krogh cylinder is
a homogeneous, isotropic porous medium.

(vi) The interstitial fluid is composed of both
free interstitial fluid and fluid in a gel state. To
bring this problem into a mathematically solvable form,
we assume that the interstitial £luid is the same homo-
geneous incompressible Newtonian fluid as plasma and
that the movements of interstitial fluid obey a gene-
ralized Darcy's equation, as derived theoretically by
Tam (1969).

(vii) Since the lymphatic capillary networks are
distributed through the interstitial spaces along with
the blood capillaries, the terminal vessels of the two
systems must lie very near each other. Most commonly,
the lymphatic capillaries arc believed to end blindly
in interstitial spaces at varying distances from the
blood capillarics. To introduce the lymphatic capillary
into the Krogh cylinder without destroying the axial
symmetry, we assume that the lymphatic capillaries are
distributed uniformly on the outer surface of the
tissuec region of the Xrogh cylinder. The structural
features of the lymphatic capillary allow f£fluid te enter
the lymphatic capillary, whenever the pressure outsidc
the lymphatic capillary is grecater than the pressure
inside, and to prevent backward movement of the fluid
out of the lymphatic capillary into the tissue space,
whenever the pressure inside the lymphatic capillary

becomes greater than outside (Guyton et al. (1975)).
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Therefore, we assume that the fluid enters into the
lymphatic capillary at a certain velocity from the
outer surface of the tissue region of the Krogh
cylinder.

(viii) The pulsatory characteristics of the blood
flow are largely damped out in the blood capillary
and the flow is sufficiently slow for the viscous
properties of the blood to be extremely important.
Therefore, we can assume that the motion of the fluid
is laminar and steady and that the inertia term in
the equation of motion can be neglected.

(ix) We assume that the rate of flow per unit
area of the blood capillary wall is very small, since
the value of the filtration coefficient is very small.

(x) The end effects are negligible, because thc
flow is sufficiently slow and the ratio of the radius
to length of the cylinder is very small,

(xi) There is no slip at the capillary wall. This
assumption is valid unless the mean free path of the
fluid molecules becomes large compared with the dimen-~
sions of the bounding surfaces.

(xii) No body force acts on the fluid.
(xiii) The motion has an axial symmetry.

3.3. FUNDAMENTAL EQUATIONS AND BOUNDARY CONDITIONS:

The Krogh cylinder and a cylindrical coordi-
nate system (r, ¢, z) are shown in Fig. 8. The z-axis
coincides with the centre line of the capillary and thc

origin of this coordinate system is located at the
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arterial end. EHere, Rc and I, are the radius and the
length of the capillary (I}, respectively, gnd Rt is
the outer radius of tissue region (II).

Our fundamental equations are the equation of
motion and the c¢ontinuity eguation. From assumptions
{ii}, {viii), and {(xii), the equation of motion and

the continuity squation in the capillary {region I}

are
= 2
VP, nvv, | | (1)
V.V, =0 {2)
where V, is the velocity vector, P, is the fluid

1 1
pressure, and n is the coefficient of viscosity.

Equation (1) is the linearized Navier-Stokes equation,
From assumptions {v), (vi), (viii), and (xii),

the fundamental equations in the tissue region

(region 1iII) arc

VP, = n(vViv, - c=V2) (3)

2 2

v.v, = 0 {4}
where the subscript {2} denotes the quantities in
the tissue region. Equation (3) is a generalized
Darcy's equation derived by Tam (1969). He has
regarded a form of porous medium as a particle cloud
and has considered slow viscous flow past a large
collection of spherical particles. Using a point-
force approximation, he derived a set of equations
governing the viscous interaction between a large

nunber of particles. On taking the ensemble average

of the set of equatlens, he obtained averaged equation:
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describing the mean fluid flow with particles embedded
in it, that is, a generalized Darcy's equation (3).
The gquantity ¢* in equation (3) represents the resis-
tance to flow by spherical particles, and its value
depends upon the particle size and the volume concen-
tration of particles. 1In the case where a? is so
large that the first term in parentheses on xight-
hand side of equation (3) can be neglected compared
with the second term, equation (3) is reduced to
Darcy's original eqﬁé£ion.

The boundary conditions are:

-a-tilao VvV, =0atr=0 (1.1)
r 1

4 =0 at r = R, (1.2)
v, = k{(P,~P,)+a(z) 0} at r = R, (1.3)
P1 = Pa at z = 0 (1.4)
P, =P, at 2z = L (1.5)
v, = kz{pz - 0,11 at r = R, (2.1)
U, =0 at r = R, (2.2)
V, = k(P ~P,) +o(2) 1 ] at ¥ = R, (2.3)
u, =0 at z = 0 (2.4)
Uy, = 0 | at z = L (2.5)

where U and V are the 2z~ and r-components of the
velocity, respectively. The quantities in region I
and region II are denoted by subscripts t and 2,
respectively.

The boundary condition {1.1) expresses the axial
symmetry of f£luid motion. The boundary conditions

(1.2) and (2.2} express the nonslip condition at the
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capillary wall. The boundary conditions (1.3) and
{2.3) express the modified Starling's law where o(z)
is the reflection coefficient. In these equations,
R, 18 the difference between the osmotic pressure of
the plasma proteins r, and the osmotic pressure of
the proteins in the interstitial fluid immediately |

outside the capillary wall Ty that is, ne = ﬁz - n1

Now we regard Re as a constant according to assump-
tions (iii) and (ix)}. The filtration cocefficient k
is not uniform along the length of the capillary.
According to assumption {iii), we consider that k is
a linear function of z as follows:
- Xk

=k, * ——-—-———-k"L 2z, x>k, (5)
where ka and kv are the values of the filtration
coefficient at the arterial and venous ends of the
capillary, respectively. The boundary condition (2,1)
expresses the flow of fluid from the tissue region
into the lymphatic capillaries. According to assump-~
tion (iv}), the veloecity is kzle - "L“z] where k, *
P, - (3

L L
conductivity of the interface of the lymphatlic

- nt) and 0, *® 1. k, is the hydrodynamic

capillaries and the area. PL and R, are the hydro-
static and osmotic pressure of the lymph, while ntis
the osmotic pressure of the tissﬁe space. o, is the
reflection coefficient.

The boundary conditions {1.4) and (1.5) express

the fact that the fluid enters the capillary at the
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arterial end and leaves it at the venous end, Here

Pa and Pv are the arterial and venous pressures,
respectively. Both P, and Pv are regarded as constant,
The boundary conditions {2.4) and (2.5) express the
fact that the Rrogh cylinder is an isolated functional
unit.

3.4. SOLUTIONS OF_¢HE EQUATIONS ;

We shall introduce the following non

dimensional variables:

xr Zz U v P
L =g & =%, U =35y V=5 P=om
Rc L UO UO AP
]'Ik I'Ik k ~k I } (6)
[ [» a
where
R; AP
AP = Pa - Pva UO iy v (7)

From Oka and Murata (1970), if the value of Kk
is very small, equations (1) and (2} can be written
approximately as follows:

P

-E‘l = { . : {B)
aP U all
1 i, 199
3z nger t % 5 ) (9)
k14 '
% %;(rv1) * az1 =0 (10}

To convert the above equations into non dimensionalized

form we have;

fxrom (8),
3 p p
AR __ 1 _ —t =
LN TR 0 =>37 =0
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from (S},
2
P 3],::'.t o, 3 u, . UD au1
nl 3% R art Réc [
2
4u_ ap, : u_ 3%u, VR 3u,
Ré ) ﬁz 3L RT 3%

mrultiplying by Ré/UO we have

2
P . 1[3_21 P R S . R (x 57
K13 305 r 3 3 4y 3¢ L

from (10}

U aJu
1 3 o 1 _
SR TR SRS LIS '
U U_ 3u
o1 9 o 1 -
c-c' a;(;vV1) + L a 0

multiplying by RN/UO we have

o
ar

Yy

1
c 1 _ =1 1
(;.v1) o = 0 <=> :

1 -
(C»V.')* Y 0

3
3L

2_

3
Ak 3y

i

Thus in non dimensionalized form, equations (8) to

{10) can be written as follows:

3p1
T ° 0 (11)
Wy 1 du,
3T CIT gzlc EE—) {12)
au :
] 1 1
T ﬁ(c.vi) vl 0 (13)
vhere
B« X C(18)
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Taking egquation (12), we can write

du dp
d 1, - 1
Ez(l HE_} = 4t 3¢

integrating,

du1 dp1 C1
a—-': = 2t a—-—-—E +

[t}
o

using boundary condition (1.1}, C

integrating again,

. 9Py
u, =8t gg v P
0at g =1,

Using Dboundary condition (1.2) u,
dp1
Dﬂ-(a'é—’
thus

dp dp
2 el = (et
k-4 .

bt

dp _
1
- (-2 g ' (15)

<=> u,
Taking equation (13) and gubstituting for u, we have,
a’p

14d I PP 1.
T EE(CV1) B(1 ) gET 0

ap
d I PSS
d;(cv1) = B(c ') gET

Integrating,

using boundary condition (1.1}, C = ¢
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thus,
2
v, = 1% - A ik
1 g2~ 47 gEt
! 0 (16)
<=> v, = EE(ZC - r?) I
Equations (3) and {(4) may be written as
3P Aty 3%y
2 _ 2 2,13V _V _
55 - "G Y iz Y rar T o'V} (a7
3P 3*u 3y 30
2 _ 2 2, 1°%2
5z - "Gyt ot R T o’d) (18)
v au v
2 2 2 _
5ttty -0 (19)

To convert

the above equations into non dimensiona-

lized form we have;
from (17},
a2 F
Ap  oPs . ‘Uo *v, . u, @ vy N Y, 1
n z RZ 3¢° LT 37 RY T
c c (o]
U v
[»} 2 2 w2
-y == = g*Riv,)
Rc z c 2
- 2 2 2
4UOL p N ub(a v, . Rc 2 v, . 1 Vs
“RT oL it“g ag’ JANEY R L ¢
rmiltiplying by Ré/Uo we have,
2 2 2
4L 3P, ﬁ(a vy N R, 3V, L1 v, _ Vs
R, 3% g’ 7 e T 3¢ (34
2 2
L= 22—31_[3"24-1 3v2+1i‘:_2--v2
3L 4g ‘3T T BT g7 T T Bt T
where g = L and s = ¢R
R (o

3v2
ag

- 2
T TORYY)

- iy
o Rcvz)

- s’v:)
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from (18),
2 2 1 3
AP 3P2 =(Uo 2 u, . UD a3 u2 . U 1 u2 P
nL 9& Tg g7 LT 3&% ﬁg L 3% o 2
2 2 2
4Uo 3p2 ) Uo(a u, . Rc 3 u, L1 auz R
Ré oE RZ'3¢? LT 387 [ c 2
multiplying by Ré/Uo we have
43p d3%u R? 3%u du
_2={‘*T'2"+“‘}:"‘—5‘2"+1“"—2"'02R2U)
CX3 T L* 3E L 9g i )
Ip 3%u 3%u au
= __,g,-.“. P2 J.- 2 .‘.I..___......2._2
> 5 TG tw o Yt TS W)
from (19),
Do T T2, ,
R, 9% I 9¢& o &

av2 X R 3u2 v

EY3 L 2E T

E‘_’;.z_+lau2+.‘.’-?-;0
3¢ g 3E z
au
=s 1 2 i ki T
<=> Taglevy) g =0

Thus in non dimensionalized form, equations (17) to

(19) can be written as follows:

2 ]
3.5_)& = 1 (E.._Y_..z.. + ....1_ Yy + -.1- — - szv ) {20]
st~ 4B 2z’ B* 287 g 2t TT 2

3P, 4 P%u;
- . e .l o 2
T S TR T v e ol PN CAD
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a_

1 1 Y2
7 3plEvy) + 3 =0 (22)

Now we will define a stream function as follows:

1 ay
- l 3]!, s W T e o
U, = T 3T 2 B HE

writing equations (20) and (21} in the stream function

we have,
" °P2 = ._.71 (-1 2v_ 1 3y 1 3%y _ 87 3y o,
3L 48 r* 8&3y ¢ aE3gt B4z 2E? g 8g’ v

p 2 s 2
2 %, 1 sy .1 2y _12% _ 1 @'y
5E AR TR acg 3 a-:g BTT 3TOET

s 2y
T (24)

To eliminate pressure we differentiate (23) partially

by %E and (24) by %E' thus we have,

ap | o
a2, . 1.1 _E;E,. 1 _ﬁgt, 1_3¢
AT 15" 7T FETae t T sgfec Y BTT %

1 3%y _ 1 a3y 1 33y 1 3%y -
YT ey T 7 3TY Y BELT 3ETac O BUE SCTeEr

2 2 2
- 8.3, == 9" ¥, _ - (26)

14
(25) - (26) gives,

1 % 1 2% 1 oty 1 n

O = 287% 5i%aec* * Tp7g 5E¢ T UE a¢Y . IBTET 5E
.1 3’* 1 o r2a2299 s? 3y 3 3 g? 8%y
2T 3¢y - ZC'(B ¢S ’ac 4By BE? M T2 T T YE
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R r 18,1 3% .22 12
<=> lgr 377 * 3gr T T 3% BT oL *97F T T 3¢
- g2y ¢ =0 (27)

'2

taking the first bracket, i.e.,

2y

B2 3E? =0

L 9L

M2
aL”
To solve the above equation, we shall apply variable
separation method. Let us assume the solution in the
form
¥ = Z(g)X(E) (28}

where 2 and X are functions of ¢ and &, respectively.

Substituting {28} into the above eguation we

have,
1 a*x a:z 1 4%, .
Framt a0

dividing by XZ,
1d’x+_1_d=z_1_gg=o
XeT de’ 7 ac’? 2z 4t

<= ldzz._}._g..z-a‘._..!—“ _szxs)tl
Z dg° 2 4t Xg* dg

where ) is a positive constant.

Thus we have two separate equations

[~}

" u

™|

<=> o" -(%)Z' - 3% =0 (29)
and

xu + B? xzx = 0 (30}
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The general solution of (30) is given by

nm

X(g) = C1 cos 3

Bg+ C, sin 7 BE (31)

The boundary conditions in this region are:
U, = 0 atz =0
u, = 0 at z = L
In non dimensionalized form,
vy =0 at g =0
¢y =0 at £ =1

Applying the boundary conditions to (31) we have,

X(€) = C, sin G- BE
Let us write An = %1, n = 1,2,~======
& @ X(g) = C2 sin AnBE (32)

For equation {29), we put ¢ =

Pl

Substituting in {(29) we have,

-l TN g Ay = £4Ad =
§ o T © gl # o R e e =00

d’¢ ,d¢ _ A 2 i

multiplying by z,

1" 4 et 4 AT (1 ¢ LPAT)¢ = 0
This is a Bessel’s differential equation of order 1.
The general solution is given by

¢(z) = AT (25) + B4k, (Az) (33)
Oor we can write

$(c) = A, T, (A L) + B,K, (A ¢) (34)
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But
6 =2 = oz = ¢t
¢ _
Thus
2(zc) = ¢l[a,T,(x, 2) + BK,(3q0}] {35)
Hence v = Z(g)X(£) is given by

¥ = C, sin A BElEA T (0 g} + ¢B1K1(Anc)] {36)
Taking the second bracket,

1 3%y 3%y 1 8¢ a2, _
GRS TLR TR

After applying the variable separation method we obtain
two separate equations

AR (-?i)z' - (s? + A%)Z = 0 (37)
and

X" + 8?A?¥ = 0 (38)

The general solution of (38} is given as

= nm nw
X{g) = D1 cos 7 BE + D2 sin z BE {39)

After applying the same boundary conditions as

‘before, we obtain,

X{£) = D, sin A 8¢ (40)

for equation {37), we obtain a

wijea B

Similarly using ¢ =
Begsel's differential eguation as follows:

2 ,.hn 2 41 s 2 242 -

g + zhet ¢ 1%{1 4 gPA0 )4 = 0
where Asn = (s? + 3;1*, n = 1,2,~mnenem==

The general solution is given by

$(z) = A211{Asnc) + BzK1tlsnc) (41)
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But

=2
¢ T T => z(r) = ¢%

Thus

Z(g) = g[AZIT(lan) + BZK1(ksn§)] (42)
Hence

¢ = z{g)X(g) is given by

Yy = Dy 8in AnBEICA2I1{18nc) + chK1(Asn;)] (43)

Thus the soluticn of (26} is given by

y = C, sin lnBEICA1I1(An§) + ;B1K1(Anc)1

+ D, sin xnsschZI1(xsn;)+ cBZK1(xsnc)} {44)

¢, and D, aré constants thus we may write just one
constant, i.€..
= 3 :
¥ C[A1K1{lné) + B1K1(ln5:+ A211(13nC)
+ BZKI(Xan)] C, sin A, B8 (45)

We will now apply poundary conditions (2.1) and
{(2.2), i.G.4

V2 = kzle - cﬁngl at r = Rt

1]
v

02 =0 at r
where o, = 1 and ng = PL e (nL -

In non dimensionalized form we have

fl

v

5 AB 1[92 - ﬂnl at t = ¥ (2.1)

u, = 0 at ¢ = 1 (2.2)
Equation (44) nust satisfy the above boundary condi-

tions. Using the stream function, i.e..,

. 1.3
Vy ® Bt BE
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we have

1
4Bn£[p2 - ﬂgi = EE,;[A1I1(An;)+ B1K1(Anc)

+ Ale(lsh Y+ Bletxsn;)] czxna cos Anaz

1
= A -~ = —
<=> 4ﬁ1c£[pz 1T£] B[A1I1(Anc)+ B1K1()\n;l

+ AZI1£Asnc)+ BZK1(ksn;)]C2AnB cos X BE
In this form ¥ will not satisfy boundary condition (2.1).

Now

1 3 :
vz = EE -5%- e --}Blcg‘ng + -481(292("!:5) at ¢ = vy

thus integrating,

1 - wll 2 -
- 1B m BT + 48 Kyt { p,(y,E)dE +C at ¢ = vy
L=y
v o= —QB’xENECE + ﬁs’xic i) pziv,E)dE+C(c) at z= vy
L=y
i.e
v = —4B’n£w275 + 4B=KzY Ctiz(Y'E!dE +C(z)
at ¢ = (46)
thus,
Y = -48’K£"£Y5 + 4B’x£7 { P, (v £)dE
L=y
+ ;[A1I1(Anc)+ B1K1(Anc)+ 3211(A3nc)
+ 32K1(A3nc)]cz sin A BE (47)

Therefore y will satisfy boundary condition (2.1)
only if it is in this form.

Using

u. = =

_13 1_ 3y
2" g 3zv V2 " Bt 3t
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we have

u, = =D BRI O O~ A BK (O T)

ks { - . 4
+ Asnuzlo‘lsnc) AsnBZKO(xsnc)}c2 sin 2, BE (48)

el 7 K
v, g T, 13K2P2(Y,£)+[m111(hnc)+ B1 1(Anc)
+ A211¢13nc}+ ng1txsnc))czgne cos xnsz £49)
where
d , -
33&&11(Anc))~ ;AnIo(Anc)
and
Qw‘cx ta_zgyi= - x K _(x_z}
ar 1'n%7 ! no'n

Now applying boundary conditions (2.1} (i.e. equation

46} and ,2.2} in equation {47} we have,

¢ = e[An{A1Io(kn}~ B1Ko(hn)}
r Agn Azxcixsnc)— Bzxo(xsnc)}]c2 sin A,B88 {50)
0 = {A.II.t(AnY;i- B1K1()\nﬂ+ AZI‘InsnY }
+ B K O viIC A 8 cos 2 BE (51)
from (52}, A1I1i1ny)+ B1K1(lny) = {
“A, T, (% _v)
B 171 'n (52)
| K1ilpy§
z Ot L5 Y =
Als9 from (50}, »211(xsny)+ 32K1(13ny) 0
2 "';“}. I "{A Y)
- - BZ = 12:11{>‘ S?} (53)
sn



79.

Substituting in (49) we have,

(x 7) )
- 1
0 = =D AT () ’?:TT;?T X Ko‘ln)}

+ A (BT O ———T—-——T X Ko{hsn)}lc2 sin 8¢

Icik R, O v+ I,00 Y)K ()

Ionsn}x (x y}+11(xsny)l<ou )

sn
i '"sn
i.e.,
F“l FA Y) Fx Y)
n sn’ sn
=[x A1 ?"TT"_T_ anz 7 (AsnY) ]C2 sin Ansg
where

F(lnpkny)= Io(ln3K1(lnY)+ Ko(ln)11(ln7,

thus
X F(A,eny) 1 Bgp?)

_ n
2 Ay F(A 3 K {A Y}

A
s sn’“gn’

Substituting (51), (52) and {53} in (46) we have

Vo= -4tk movE + 487k v S pyly.£)ag

L=y
1€1 ¥)
+ C[A1I1(Anc3 *"T*-T~ X KT(lnc)
n’
)
- An A, z:i **nY ) X ——r—-—-z’{is":}x I, 0 %)
sn nY 1'%nY sn
. An A F”‘n"ln"'} % K‘l“‘snﬂx I1“‘snY % K (x )]
B f
xsn 1 F'Asn’hsny) KI(AnY) KI(A v) sn’
x C.. s5in anE

2
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Since Aqr 02 and lsnF(lsn'lnT

Let

+ g L -——"lJ\mFt\mr)\m’f};ad-nﬁ:lnY}"" Rh' g n

80.

b o= —4B=g2w27g + aaztlyctiz(y,E)dg
I1(1nc)K1(1nv)- 11(Any}K1(An;)
K{quv)

LA, [

by F(a_,A_Y)
n L S o 1

X = — {K, () I, (A, T)
Asn FIksn,lsnyl h1iln\, 1'"sn 1'"sn

11(Asny)x1(15nc)}lcz sin anE

b = =487k T YE + 4B*x v S pz(Y;E}dE

W
. [G(An;,lny)' ln_ F(ln,xny) . 1
1 K1(1nY) Aan Fszn,xsny) x1(1ny)

G(Asny)] x Cy sin knas X G(Asn;,xsny)]x C,

p = —4B=‘E“2YE + 48‘:2T ¥ Pz(Y;E)dE

sin A_BE
i nB’

=Y
e llsnF(ksn;lsnY)G(lnc,lnYJ“ knF(AnfhnT’G(ls£hJsdﬂ
02 sin AnBE

A1 * C2

= B_ /A
lsnF(Asn.knylx K1(lnv) n’'n

o om= e 2 ARZ2
v = =48 KE"EYE + 48 ‘zYcti2tY'g)dE

E
2 N Ay}

ia

nil ln

G(}‘ﬂng,}«sny}} X sin knBE

=3

)K,(lny) are all constants,
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¢ = *433K£“£YE + 432K2Y { pZ(Y,E)dE
L=y
t T Ly T; gn{;) sin A 8§ (55)
wherc
g, (z) = AgnF A gnidgn YIGOA Z/A Y)
- Anthn,Any)G(Asnc,AsnY)
Now,
= - 1 3¢
b r ac

therefore using 65 ),

B
® “n
5o OgnF Qgnrrgn ) AF (A 8,20 y)

u, = - % - -
n

2 n

- knF‘kn’an)lsnFtlsnc’AsnY)} sin Anss

'ASHY}F(AHC'ADY)

= F(knrlnY’F(kan:xsnY’} s1in anE
where

d _
EE{CG(AHCFAHY), = CABF(XREFAHY)

u = e
2 n

1B

1 ann(c) sin AnBE (56)

where

fn(Cl= Asn{F(ksnrlsnY)F(knCrlnY)

- F(mn,AnT)F(Asnc,A ¥)}

sn

Also we have,

I 1}
V2 © 7 Bt Bt
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Thus using [55)
e aa2
R ;; g, (c) A B cos A BE]
- e £
s eV, F z ¥ g Py ly: 8}
* hEq BL9,(%) cos ) BE (57)

we now have

—48521127 48'!£Y

vz = r + z .’Z(Yrg,

oo
+ B, B I FO A ¥IGA A Y)

- AnF(ln,Any)thsn;,Asny)}'cos AnBE
multiply by ¢

g.v, = 4Bk w y + 4Bk v pth;E)
B {AsnF(lsn’xsnY)G(xnc'AnY}

- 1nF(An,Any)G(Asnc,ASnY)} cos A 8¢

differentiating,

av

+l;-ﬁ'-":§n

ile18

A
Bn{lsnF(xsn'AsnY,AnF( nCripY!

V2 1

i 3 cos A _B
1nF(An,AnY)Asnrtxsnc,xsnv1 nPé
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dividing by ¢,

®© ;
[ TR B {AgnF Cgnrdgn M ApF gtargy)

- AnF(An;Any}lsnF(ls ,lsny)} cos X _BE

n~

differentiating again,

1 BVZ v, 3’v2 - \
T st 7T Tagr < n2 18, g F gy AN T
- 2
: AnF(An,Aﬂﬁxsn G(xsncrlsnv)}cos A, B8 {58)
where
d .
az (F(Ancfknr)b = an(Anc;Anvi
Now
. T - Ty R LY
3 - T pz (Yr"';) n§1dn{ksnF“sn'ksnY) G(lnC,ln'Y!

- knF(kn,Xny)G(lsncylsnv)}knB sin AnBE

alvw déx . ¥
2 £ "
5‘52 = e pz {Y!E)

.8 (A FPOr__,2__yvIC(r .2 y)
- n=1 “n sn sn’’sn’ n® *nY

- o 7 2
kn;(ln,kny)G(lsng,ksny)}lnB cosxnaa

1 32v2 4K£Y
— P 113
82 352‘ B; P (YfE)
- ¥ )
nk1 Bn{lsn“(Asn'lsnY,G‘ln;‘lnY)

- 2
lnF(kn,lny)G(lsnc,lsny)}ln cos A8 | {5%9)

o 2 2
aBKgﬂRYB _48x273

2 =
5 vz ; + C pz(Y?E)

ry 2 2 o i P
S niq ﬁn{ksﬁFlAsn’lsnY’G(Anc'AnY)

M F(A_,A_yIG(A__T,A__Y)} cos A_BE (60)
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thus {57)+(58)}~{59) gives,

T 2
l 3v2 _ v2 . . '2 . l ) v2 - sty
r 9g¢2  ¢r 0 agt R: BEZ 2
- ® 2
- n§1 Bn{lsnF(Asn’ksnY)AnG(Anc’an)

- 7 ] X
Anr(lnfhny)lsnG(ls c,ksny)} cos nBE

n

[+
Iy B O FUA X YIGOR EuA Y)

— 2
AnF(An,hny)G{ksnc,ksny)}ln cos lnBE

: 2
QBKQﬂgYS }BKEYS -

- —al
* 14 o pZ(Y’E) 5? nE18nAgnF gneAgnY)

X G(AnC;Any)—knF(ln,lnY)G(lsnc,AsnY)} cos knBE

from {20} we have,

2 2 .
483p, 3 48k n . YS -.4Bx2nzys -~ 4«27 -
3L 3 I AL TR TR
- az ¥
5% &4 BnlsnF(Asnphsny)G(An;,Any) cos A _8E
integrating,

- 2 - 2
Py = k7, vs? Ing k,ys? 1ng PZ(YpE)

L

Kﬂ.Y
+ -ET'P;(T:E) ing

8 o hsn
" 78 nf1 Bn T;_ F(lsn’xsnY)Ftlnc’lnY) cos ApBf + C

where
- 1 .
fI1(Anc)d; = ‘Thﬁ:{*n‘}' IK1(AnC)dC = Y xotxncl

I

Let C = p_, thus
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pztc,5)= Po *+ Y4, S’[r - Pylv,sE E)+ —;_T P vy} ]11ng
g = X :
= 4F niq Bpkn (3} cos A BE (61)
wherea
kn‘g’”‘*sn/*n’F‘*s anY F2 c.anv)

1. 1 1 - 1
In (60), the order of T¥sT ° 0 ("“T :Eg) = 0(:;75)

which is very small compared with L) which has an order
of 1. The orders of §8 and s are 10? and 10° respectively,

We can therefore ncglect _;_r p ‘{vy.,t) in comparison to =

B g

Then we have,
Py (5, 8)=p + ve 8% [r, - p,{y,8}]1lng

2 o
- §E n§1 Bnkn(c)cos AnBE (62)

Py{v,8)=p  + YKES’[wR = Py{v,€))1iny

S:
48 n

e-1g

3 Bnkn(v) cos AnBE

Let a = nglny
thus

[ + : a F - 32 .
PZ\TeE)(1 as?) Pyt as’t, - 7g n§1 Bnkn(ylcos A BE

- p_+ as?n 2
. Po £ _ __ s 2
M P2(Y’g)" 1T + as? AB{1+as?) né1

nnkn(r)cpsthE(GS:
substituting in (62}, we have

- X
P *as’m,

PplEs8)= Po¥ vkosTIn  SaeT

SZ
T E as*) n§1 Bnkn(ﬂcoS J\nLB"E]}“n;

s? -
~ ¥7 niq Bykp(t)cos X st (64)

subrtituting (62) in {57}, we have
rus, . 2
. 4Bk, T Y . 45:27 pras’n, _ o
2 z 3 ¥ Rs? A0+ 357y nkibn

£.B k {y)cos »_ ”

* n_1 B9, {t)cos A BE _ (65)
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3+40,
& '’

Po " T7 ¥ 08 + ol x[CO(1 + 6)+ Goﬂe{(1 + 9)=6%(

2 + 30
U §

YV, 1,
_ - %
X P w11+ as?)

To obtain Bn’ we have

- 1 - . - &%
Bngn(1) o {4kB[C, P, * 00(1 8 g)ne

i 2 -
* CyE+ Bﬂyvo{po "2}5 + 26C ¢ 28905

.

+ 2900(1 - s*g}weg + 2BC1£2 * 1637v°8{po - wz}E’]
- éyvo{po -~ 7w} . 08 A_BEAE

integrating,

1

‘nf & n £l
lnB o]

n ;
Bngnn)=2[4xsco sin I;E g ! 4ano sin

*n A_B

1
=% 1 . in 2 ¢ |
A8 L 4&8006*ne{5 sin % £ 1,
A B A_B ol .

+ cos B¢ |} *+ 4xec, (€ sin Bz g | |
AnB o n

™0

+ 4xBo w_ sin
o e

2 an 1 lns 1
- 2 _n_
+ 32«8 Yvo{po m,}{&* sin 7B £ l + 2 cos I:g,ﬁ |



86,

Thus the solutions of equations (3) and (4) which

satisfy the boundary conditions (2.1), (2.2); (2.4)

and (2.5), are given as follows:

with

]

Vz':'“‘

|
18

B.f (clein A BE  =—=mem—mem- (66)

n=1

™ + 2
dﬂxnn£7 . 43K£T [£0_A as*r

4 [ 1 + as*®

SJ
= 6T a5%) nk1 Bkn(v)cos X,BE]

+ L1 Bug {g)cos A BE ~mmemememeeeoo- (67)

Ty T Po

= . 2
Py = Dy * 7%, 8% [x oy

+

S?
T A8

+ as

Sz

4

5(1 + as?) n¥1 B k (y)cos A 8E] 1n ¢

by Bk, (g)cos A BY weericssssnsas (68)

n=1

fn(c) = Asn{F(lsn,lsny)F(An;,kny)

- F(Ah;lnY? {(A__Z,A

gn(cl = A F{ksnplsnviG(Anc,Anv)

A

A

n

sn
ApF O A VI GIA_ B, Ay) ,mmmmsrmm e (70)
k(0 = O /A) FO_ A YIFO LA ), —===%71)
e BRI N G r— (72)
= a2+ s}, - (73)

sn
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F(x,y) = IO(X)K1(Y) + KO(x)I1(Y).**~"“**(74)
G(x,y) = Ii(x)K1(y) - K1(x}I1(y)' _______ (75)

Where Ii(x) Ki(x) are the modified Begsel functions
of order i, and P and the Bn's are arbitrarily set
constants. The nondimensional parameters used in

egquations {65), {66} and (67) are defined as follows:

To determine the constants Py and Bn and the function
p1(5), we use boundary conditions (1.3) and (2.3)
with eguations (5), (16), (67) and (68). Boundary

conditions (1.3) and (2.3) are

vy = k(P1 -~ P, - a(sze) at r = R, (1.3)

v k(P1 - P2 o(z)ne) at r = RC {2.3}

2

Now we shall use VT =V

In nondimensionalized form we have

2 at r = ch

i.e.
2 - 2
a P4 4Bk, M ¥ 48&27 P, * @ m,s

- k] = e
E’E‘(z; C ) d g: C ¥ ; [ 1 + asz

" IE(T T as?) nk1 BpkplyIcos 1,68l

+ n§1 Bngniticos lnBE at ¢ = 1
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Thus,
1 4'py | P, + av,e’
Tg T EF - 98Ky * Ak vy

k 8%y
% v w©
(7 + as?) n%1 B k,(y)cos inBE * nZ1Bp9, (1)cos X BE
a*p AR

1 2 40— -
TEr " e ip, T Tt ngq Blgy (1)

"133\'
= T as? Kn(v)} cos A 8E), —-w-momvm-- —e= (77}

In nondimensionalized form, boundary condition

(2.3) is given by
v, = 4xB(1 + 20E)[py - Py * gAY - S g)n 1 at r=1.

2
Py (T =1,8) = p, = 37 of, Bk (1)cos A BE

thus we have,

48&17

N _ k,y8s?
T + as? {p, 'g} 2

T+as® ng‘IBnkn(Y)cos AnBE

+

n§1 Bngn(1)cos lnsi

2
4xB(1 + 206) [Py = P, * 7 nhiBpkp(1)cos A 8€

+ o (1= &%g)n )
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rearranging, we obtain

4B {1 + 20&) [p1 " Py + 00(1 - G*E)we]

48!(27 -

- - - s

1 +a87{Po ‘NR} n;.' Bn{gn(‘!) Y] (1+29€)kn“)
szsz

- 1 + as? kn{Y)} cos lnaz, vt o e e e e e (T B )

integrating (77),

ap, 4B,y 2 1
dE 4Blq—gg2{Pg — mole + B, B X B
kK 8%y

) 2
['gn“) ~ T+ asT kn(\r) }x sin lnBE}"' C4

integrating again,

48k g!

Y .
- 2 - s
Py = 4BIyT 357 {po T3

2 1 <pS°Y
~ nfy By ;:E?fgn(1)" T3 Ky}

X CcOS AnB£]+ C1 E o+ co

Thus we have

BKRS’Y
= T - e = 2
Py co * c1 SR as‘{po “L}c

2
k,8%y

ﬂé& e
B 1 + as

2 1
;1 Bn 3T {gn(‘i)-

T 2 kn(v)}cos A, B8, -=({79)

1

where co and C1 are arbitrarily set constants.

Substituting (79) into (78),
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RKEB’Y

. - 2

k(1 + 20E)[C  + C, & + T—:*zgz{Po “E}E

4w 1 K£82Y
" B n¥t1 ®n Az lg, (M)~ 775352 k,(v))cos A 88 = p,

4BK£Y

+ 60(1 - 5*-‘;}1‘[6} - T—:——g;{po = ﬁﬁ,}

" xzs’
_ - S -
= n£1 Bn{gn(T) ks* (1 ZBE)kn(1) TranT kn(ﬂ}oos lnBE

<=> 4xB(1 + 20:-;)[co - Py * 00(1 - E*E)we

8:2337 4x By
—t - e e _
*CE v gias Py 7 M g (R <oy

_ 16k _
= £, B {g 411 + r]r,l--u + 208) 1~ xks? (1+208)k (1)
K _ys?
% v N iw T 16« ,
Sk - LU (LI L
n
X cos Anﬁa, (80)

The orders of B and x, may be estimated as x, thus

L
n2glecting powers of order of x?, we obtain

Ly B 9,(1) cos A BE = 4xB(1 + 26§)

n
8:28’7
[Cq = Py ¥ 0,{1 =~ 8%8)w, + Ci& + T35
4:23Y
— 2 —— L « GO
o = I8 9T Py = My )s (31)

Expanding the right-hand side of equation (81)

in the Fourier cosine series, we have
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fi(x) = a, + n£1 a, COS nx
where
_‘.J... L-F
ao ]‘..o'r £(x)ax
-
a, i of i *{x)cos nxdx
KEB
In our case,; let T aar Vo then,

_ 1 . >
8 " OI {48 {1 + 295)[C0 P, * 00(1 G*E)we+ C1E

+

BBYVO{po - ﬂi}izl‘ 47V°{po = ﬂz}}dﬁ

1
of {4x6[co Py * 9,1 = s*g)m + CE

.+

88YV {p, = m,}&* + 28C E-20p E + 200 (1= 6*E) Em +20C &

+

1GBYv68{Po - wz}E’] - 4YVo{po - ﬂz}}dﬁ

integrating,

~ % 1 - ank’ 1
a, = 1xBCE l - 4xBp, l + 4xBo _(§ = &*3 )w_ |

£2 1 ; . ¥ g1 £ 41

£ 4KBC1 - l + 32«8 be{po wa} 3 l + 8kpoC_ 3 l
. E? 1 €3 _ akt 1 ¥ 1
8rBOP, 5—-i + 8x860 (3 8 5—)ﬂei + 8xBecC, %—-l

4
A Fi - E 1 - - 1
64xB?yV 0{p, ~ 7,} 3~ l 4V, ip, LIRL g

+

s*
= — {' - —
a 4xpC 4KBP° * axﬂooll 3 Yn o+ 2:8C1

+
g
w
~
<
P
—_—
o

- w_}+ 4xBOC_ = 4xBOp_+ BkBo (1 i 6*)
o L o Pq o'f I

+

B s 2 . - =
5:8 001 + 16kB Byvo{po "R} GYVo{po 'g}



92,
divided by k@

o

. oa = C (1 +0)-p (1+0)+ o0 {11+ 0) - 6*(2-%—-

YV

2 (o]

(3 + 4o0) |,
M R S A

v
; - 4 _ 2 + 38 Vo
= co(1 + 8) po[(t + 0) Bayvo( 3 )+ B ]+C1(

3 + 46 2 + 30, Y

+ 30
6 {po - “2}- KB {po -

i0),
2}
3+48

=}

v

- * - -
+ 00[(1 + 8)= ¢ (——g———J]re HQESBYVO( 3 J=
but % a, = 0 thus,

v
2 + 38 Wo "
PO[(1 + 08)~- SBYVO( 3 =) + B 1= C0(1 + 8)

3 + 480

+ Uowe{(1 + 8)= &§*( 3

3 + 48
) }+ C1(——g———)

YV

30 o
J ==

T
nz[GBY¢O( 3
thus,

§
p:
11+ 5 ~ 88YV_{

6 <P

X [CO(1 + 8)4' Uoﬂe{(1 + 9)-:- 6;’!(3_ E 49)}

3 + 46y 2 + 30, Yo
* 18y === mllpyv (=)= Pl

The order of BV, is 0(10-2) which can be neglected
in comparison to yvo/xs which is of order 9(10) and
is also neglected in comparison to 1.

Then we can write,

[ ]
B l
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A_B 1 )\n,'. 1 A B
2 sin 5ypb | 7 BkB6C & sin 3 g |'+ cos X"—B"El

n 0 nB 0 n 0

lnB A B
8¢ BBPO{E sin B E l + COSs 'TB: g ‘ }
n o] 0

A
lnBE i 1 B 1

BKBOUOTl‘e{E sin i’;ﬁ

, Xnﬁ )LnB
* e e
8xpeo O o lE sin "B £ L + 2E cos F—,z L

A B 4 A B 1
2 sin W’ g |') + BxBBC1{£’ sin "i-_ El
h ) n )

ALB lnﬂ 3 .
2E cos 'X:—’El - 2 sin ijn_S_’E(L }- 47V0{po- %,

lnﬁ 1 2 3 lnB 1
'sin B g| "+ 64kB YVOG{PO = 11'2}{.5 sin B £l

n o n [+]

A_B AB
32 cos F-é-,!;l -~ GE sin WE‘L" 6 cos 1‘}";5‘ ]
n 0 n o A

e (=17 1 (=1)"= 1
Bngn(‘l) = 21 4!68005*..8 ST + 4eBCy —TT

n
64kB* YV (:-:1:-)—1' {p. = m, 1+ 8kBOC, ——)-r:'r'
(o] lnB 2 2 1

(-1)"= 1 (-1)"- 1

Bxsﬂpo e + 8kBéo T, —Tgr

(_1)n (_1,11
*
16'(330’01736 T::ET + 16KBQC1 -;_BT
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g (-n* (=1)°
2 ] pa— - . 2 — —
+ 192xB? YV 1P, m } _;ET 64 x 6xB yvoa{po ﬂl} 14‘
6* 1)"- ( 1)
= Z[BKBG T {[B - “_‘T_T“ ~ 206% ‘=7l
7 AgP Ag,B
(-1)"~ 1 o (=1)"-
v 4xBC, ‘Trge * 16%60C 5TgT ¢ SN “7!‘5*“
- 8kBOP, (——lf—r~ + 64xB?*YV (:;l: {p. = m,}
)u (o] ?«nB (o] L
2 - (-n°
+ 1928 YVOG{P i } 8T
n
- 64 x 6xp*yVv_o{p_ ~ ( L e 1
(o] o] I a
Substituting for P, -
& _ &%z 1) - _ (-1)"
Bngn(1) = Z[BKBCOﬂe{[B 3 ] ——“TET— 208* X;ETJ
N2-1 (=" (-n"
+ 4KBC __TT_T_ : 16KBGC1 3787 + GKBBC __TT—T——
n
(1 + 8) a
- 8xgo{C. T v _2€ (3 + 48)
ol + 6 +u T7F 6 + m{[1 + 9)-8* "= }

(3 + 48) = _ gy
¥ C1 E{1 + 6 + w) L

(2 + 36) T
WIM + 0 + w

" niw }(?1)n-

¥+ 6 +uw AZ B4
n

& (-1) i) (1 +8)
- : 2
64xB* YV ——XTET—-+ 64xp*yv _{C

N s
1 + 68 + w

Uo“ (3 + 48)

ot = B~ (3
¢ et~ B AR I 1 S R )
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T, W n
(2_+_39) D . I
- 4xBle ST e T e Tk T 8¢ 5 X7 8
(1 + 6) %% "e - - (3+40)
+ 192«8?0{Cy T35 + w t 70+ w{(1 + Q) =8 =

(3 + 40) o2 (2 + 38)
C1 807+ 0 + w) E‘Bw3(1+e+m)“1

™ _ow
L (-n" _ (-7
T+ 6 + o Xy B’ 192¢B8%YV,0 A’B’ LE)

+ 64 x 6kB*YV G(:;‘I—zl T, "~ 64 X sxalyvoe{c

kﬁﬁ

(1_+ 8}
o 1+02w

JERITI PR R

+ ooﬂe{(1 + B)= &% 1A+ 0 7o)

(2 + 30) o (-1)"- 1

- 2,
R C e R S B I
n

Neglecting terms of k*, i.e., terms with na‘yvo, we

have
_ e (=D0= 1 =D
Bngn(1) = 2[8K30°ﬂe({9 5 __T:_T_ 2086 x:ﬁra
g mw 8 n
- e . (3 * 40),(=1) =1
Sk B 7—7—3—3—3{(1+ p)= o 3 } x;s’
0w (-1)%= 1 _ Bu o
+ BKBCO 1+ 0 + o A‘B’ BKB“E 1 + 0 + W X;B“
- 402 + 3w (= 1) _ay R ¢,
3 8:8{311 =5 + 26(=1)"}) X;ETJ
Eence,
G
_ 3 - 40° + 3w (=1)°-1 1
5, = 168 Grarrar 7 0 2T Y s
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ou (=)= 1
R o ari I R AL

"

0w o L(3 - 402 * 3w (-7~ 1
% 16KB°o“a[{1 F 0+ W $* 611 + 0 + w )} AL Tg, (1)

From eguation (79) .

SKEB?Y . 4 ® 1
Py = G " Cq& * T_T_EE’{PO - g nZ1 ®n i
KQSZY
~ T+ as’ by} 3 08 Agfs

B and K, have the same power of x, thus neglecting

vowers of k?, and let a26/1 + as® = V , we obtain

Py C_ + C.% % “BYVO{PO - ﬂE}F,2

o] 1
A e gn(1)
- % nkp By T goB Ay memmmm=—mmTm (84)

We shall now subtaitute equations (82) and (83) into

1

soundary conditions (1.4) and (1.3}
91 Pa at z = 0 (1.4)

P1 = Pv at z = L {1:5)

i

In nondimensionalized form, we have
Py ¥ Py at £ =0 (1.4)
py = P~V at § = 1 (1.5)
gubstituting the equations into +he boundry condition:

we obtain,
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1 2
g_ (1)
a w n n
- = T.B e {=1)", mmmmmcemeccec————— (86)
B n=1 "n An

We shall use the following Cosine Fourier Series

expansion
s A i DS U
£ = 5 * 2 T oxerl(-1) 1] cos nng
g # % + 42 H;?T (-1)" cos nre
L 1 n_ L (=1"- 1
3 S ¥ - -
£ gy + 6 Zlger 1) 2 "_ZE;T"Icos nwg
g = % + 8 E[E;?T (-1)" - _%"I $~1}n]cos nrk
nw
which gives
z #H"T)n“ 1) cos nag = %(5 - %)
z 5;;7 (-1}n cos nnE = %ia‘ - %)
pX ﬁ;¥7 Cos nng = %(g’ - 2E + %)
for £ = 0, it rcduces to I <t ¢ V.28 (=1)"=
3 L= LS4 n‘? St W
we obtain
L 1’u ‘.‘.'[{"1}n“1lcos nng = .1.@(— 153 + 652 - 1)
nw -
z —%—3 (-1)n cos nmg = %g(—g“ + 2% = %30
nw
L . 4 -3 12 g
E I cos nng = ?:5(" EY o+ 47 - LE? 4+ —1—5')
n.
for £= C, it reduces to I —%—3 = %ﬁ’ I ﬁé_z (-2
7 nm nm
T 8 x 90

n
= elledy

nmw

1
48



From

u

(85) we haveg,

Lo® rqe sl = 49% + 3w (:1)n" 1
Py *C% "3 R 1 ) 2

200N g P TR O e
n

n
("1) - 4 G N .__—-.-.——'—--Ow
(e, ~ m,} lnB’Gnti)+ L N

n
W3 = 407 + 3w (=D~ 1 50 c(=1) y.

ST+ 0+ ) X879 (1) AZBTg (1)

§

39 (~1)%= 1
w) 2

@ 3 ~ 40°
CO - GQKC L {3(1 + 0

+

1 n=1

+

& E 0w t 1)1‘1”1

o 2°’n1 1 + 9 + w ,4,4
A_B an

8]
o
e
!
-
—
s}
p—
fes)
(%]
!
[=)]
=3
ra
—_—
(@]
1

L(3 = 407 + 30}, (=171 .
T+ 0 +w 6(1 + 0 +u ) \ g
n

sy =)™ « 4

® 0w (-1"= 1 . ® 0w

n£1 1 4+ 0 + w A484
n

5*

(3 + 402 + 3w),(=1)"=1
6(1 + 0 + w' } li34 o n AEBE
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Using the sarius cxpansion and racalling that

Ap® %l; we have
p, * Cg 32¢B7C, 13{: foz i i?)x {- %53
64kB2C, 20 X (glag) - 648 (G, r e o
x {= %ﬁ} - 61Kf°aoﬁc gw% = " 8 (%1; fg; : i?}}
x {- %ﬁ) + 64mﬁ’00ﬁe6* 20 x {~ 7 i 90)

. 1

= C + _23_ KGQC (3 - 402 + 31‘..0) ¥

1 301 + 0 + w) 90 1

8w 4 Ow
S —— + Ln? e
1 + 0 + w 3KB 0o“e{‘! + 0 F w

4
W Aen? -
3|‘:|~J {CO 1T2}

s 3o 40?2 ~ 3w}, 16 x 7
&{1 + 0 + u) 90

k33g m _08%
o 2

thus

= bepr Jo
Py ~ Clt + 3%8" 777+ ™y

30 (1 +w)+ 1602 * 560¢1 *w)
S 3677 ¢ 0+ ) <y

_ 6*[15(1 + w)+ 802 + 280(1 + w}]]
3041 + 0 + w) ’

From (86},

¢ {1 + 0)

- = ]
(pa h Co * C‘I * SBYvo{1 + 0 +w
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(3 + 40u)

%5"e (3 + 40) _
1 6(17 + 0 + @}

1+{i+w{”+0)ﬂ6*__é I+ C

™o

2 {2 + 30) i B
dKBmT—_31+0'|:}ﬂR+1‘+‘O+w ﬂz}

n

o] =3

b 3 - 40% + 3v (z1) - 1 n C
gl p k "

nk1 PO e

nc “n

n
-Jw ~ - ("11 e 1
16%8 =550 %0 = Fa? X87g, (1)

Ow . eef3 - 802 + 30), (=171
Voxbo rlly o+ = & ]

6(1 + 0 + w) l‘gﬁrgn“'x
-2 g (1) ,_.,n
‘ 2&5*\k:é‘g !~ o
n"” “n n
C {1 + 0) o w

. o o e

G, * €y * BV s Y TS m{(1 + 0)
C,(3 + 40)

INERS M

6 6{1 + 0 + w)
' .02, (2 + 30) 13,"“ B
4w ST+ 0 ol “R+1__—__+3+m “2.}
64 ., o 3 -~ A0 + 3p ((__1)1'1__ 1)(_1)11

G b I T o W) Adg?

| (-0" x (-n"

2
64kl C1 n;.‘ 24U ;‘434 307166

n
n
; ®  Hw (=17~ 1) (-1)
qugi{co - “n} n§1 1+ 0 + w 1434
n

L(3 = 407 + 3m)f(-1)n-1.;(’

64kp70 m n§1 T s YT 5 al \3p4
n

lbl“ﬁH’.W Ly
o

!
J I\ //—-N
5§ ™ Ry 7
T

i 1| MAD 1080
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(-)" x (=1

2 *x § 2
+ 64k concﬁ a1 0 =1
XnB

Note that {{~1)n - 1){~-1)n =

()™ and (-7 x (=1

= 1, therefore using the series expansion,

c (1 + 1) g m

L { (140

- g a4 )
Pa t=C,*C 7 88V, 137575

(3 + 4¢) (3 + 40)
g9 g +C BT 0w

L. (Ax0) g o 2
Ty Te 7 + 0 + m} 32xP C1

[Vel § 8]
olo

- 64(83C1

" 20
z *
+ 64k8 cowea 30

L (3 -

+
+ W 1 + 0 + w

. (2 + 30)
B ¥ & RS

(3 - 46 + 3w - 1
3(1 + 0 + w) 4

0w 1

- 64KGZ{CO v “2} T+ iy % T8

0w .
- 6iksto r lyr g g T 80

neglecting powers of «*,;

Pa"1 =Gt c, + 88vV SEN.

1 o1 + 6

B (3 + 490)
{(1 + 9) §* ——-—r'—'}'l' BBYVO

(1 + 9) 2 (

402 + 30})} 1
¥ 0 + w)

aga.m
o €

1+0) ¢ + 88V, 7557

+ w O o1 + 6

(3 + 49) c
(1 + 6 + w) 1

3 - 4682 + 3w)

. -l 2
BBYVO 1T+ 8 +w Ty 3KB C1 3(1 + 8 + w)

_ 64 x 2 g _ L% a2 -
567 0C, = 387 {Cq L.

4 Buw L3 ~ 48 + 3u)

Ow
1 + 8 + w

- 2,02 o .
3KB 0o“e{1 T 0 + w 8 65(1

[¥=l %)
ol@

+ 64kB*o _m &%
s 0o €

}

* 0 + w)
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=c, *Cy* ssyvo(%—}ﬂ%—;—; c, + 83vV, ;ﬂggg—;—${(1+c
B SBYVO(%_%"%lT"E " - %msf 30{1;21: E@g*:ei?(1+w) c.
-3 e G 38 e s

oo s - o B

Thus -

3

+

- ) (1 + 0} _ 4
p,~1 = Co[1 + 88V, T8+ w 5% 8
(3 + 46)
C1[1 + 8BYV, BT + 6 + w)
3K82[30(1 + 0)+ 2482 + 646(1 + w)]]
30(1 + 0 + w)
(o 4
o€ (¢ < . (3 + 46
88YV, T+ 8 * o ({1 + 6)= &% —¢g—
(1 + 6) N 4 B uw

i

L ' S
8BYVO T+ 60 +w & 3

Bw « 1154

1+0)+ 128

; Bw

1 + 68 + w

1

]
|
S
mw
(=]
Q
S
i~

Now (87) + (88) gives

(1_+ 6)

- =l =
2p =1 = [2 + BBV, 5 =

-
i T %KB,{SS + 86(1 + w)

(1. + 6)

: i ——#—'
tBYVO 5% % 6 L + 88YV

30(1 + ©

1C

(3 +

T+ 329(1"'05)]} -

+ow)

Af)

g
o €

e —————————

o 1+ 8 + w

{(1+ 8)

Ao o) TtV BT ¥ 6 ¥ =T1C4
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B v I L A $)y oo
6* -----—-—'-‘—"6 } 3!\’3 00110‘5 {30(1 T 0 + m)}; ‘89)

from {(89),

; 2 ,,802+ 80(1 *uw)y, 3 + 49

c i1 = 3 prre e T w e RO S mE

= 2p_~1 - (349 (1 +8)
=2p,~1 = 127 887V T8 Fu 0o 8BYV, 77 6 + 0 2

P L. (1 s oy - ex' 2y
-V, T o v e L -t

4 Ap? + 48(1 + w)
- 2 & : x
k8?0 T 8% {=3gTT =+ 6 + W) }

o (1 + 9)
Cq ° [Zpa 1 -{2 #+ SBYVO T—T—E—:—E}Co

(1 + 8)
" 3BYGO 1 + 8 + w “2

G :
. i -1 PO S 16)
887V01+B+m{1+6 8 E——}

4
oF ;

3

; 2 . 40% + 1641 + w) y 3 + 46
kBio " 8 {FgT =+ o + o Nx(1 -{88vV, ¥ 0

+ W

) %Kszzagz + 861 + w)ly

neglecting powers of «x*,

. {1 + 8)
] — - ‘
2p. =1 {2 + 88YV, 775 + ye

(1 + 8)
N BBYVo 1 + 6 + w ")

o m
- o'e k(3 40)
BV, s (0 T

- 32 297 + 401 + w)
<870 T8 Fp T+ 8 + w) !
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(3 + 6) 2

802 + 8911+w)
s ] 2
2, WY ey Yy T 3 W T e o @)
(3 + 40) 2 567 + 86(1 + w)

- — 2 - i
SBYVy e v o T o) 3" 6T o ¥ )

(3_+ 46) 4,g2

B 86% + 86(1 +uw)
168YV, e+ 0+ o) So 7 3 c

30(71 + 6 + w) ©

c. =[2 ~ 16pyy_(3+ 49}

1 o 6{(1 + & + w)
4 86 + 80(1 + w)
?KBE{ 30(1 + 6 - u}}]pa

- . ¢ 4 ., 807+ B86(1+w), -
1= 02-168W, erao 7 T3 00T+ 0 va) -

(3 + 48) 2 862 + B6(1 + w)

s 2
8y T+ o v @ 3% I o v W
g m "
(1_+ ©) - Loe s (3440
86Yv0 T+0+w & ¢ BYVO 1+ 06 * m{(1+el o 6

9% + 49(1 + w)}

1 )

A, wrl

=kB%?ag w_&%{
o e

3 30(1T + 8 + w)
Substitute for C1 in {87)

. A.g2 8w
P " C * 3 T35+ %

2:8’(30‘1 + w)+ 1682 + 560(1 + m)}
3 30(1 + 0 * w)

(3_+ 40) B2

- 862+ 86(1 + w)
o B(1 +6 + o)fa 3

30(1 + 6 + w) “a

[2pa - 16ByV

802+ 86(1+w)
30(1T + 0 +w) o

0 I
2Cy ¥ IRe TV 6(1 + 8 + m)co i
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- (3_+ _49) 2,2 802 ¢+ 80(1 + w)
r BBV, T T e 3 301+ o+
g m
{1 + ‘3! . o € = *(__" ___{_)
+ 83YVO m “R. BBYVO TT‘_G'T-_{““'D) [ (-3 }

02 + ‘10(1 + m)}]_ "—KBZ 6w

- e n2 *
3““”0“‘5{30(1+e*w LI R
A ( | ; 2 % ) 4 ¥ 7
3 aag w da _ xabisil ¢ w)+ 88 280 {1+uw) |
’ 3KB 0018{1 + 0+ 0w 2 30(1 + 0 + W) .

neglecting powers of «k?

. i Uw
= C b SR ———
Pa Co 3KB 1+ 0 +w Co

30(1 +w)+ 1602 + 56041 + w)}
30(1 + 0 + w) Py

30(1 + wit 1602 + 560(1 + w)}
30(1 + 0 + w)

3001 + w)+ 1602 + 56001 + w) A
0T 7 6+ o) KL= gRiT®

0w
2 1+Cﬂ'+h

4 a2 _ axl15(140) + 862+ 280(1+w)]
+ zxBio w R i 11 § RERET) }

thus

2 L& [30(1+w)+ 16087 + 560 (1+w) ]
C, = L1 - 3¢ (3071 + 0 % a) A

Sw
2 1 + 0+ w

2 ,[30(1+w)+ 1607 + 560 (1+w; 1, 4 a2
3%P 00T + 0 + @) “or g w

T (o B [15(1+w)+ 80+ 280(1+w}]}1
3 oe’l + 6 +uw 30(1 + 0 + w)

_ 4 a2 00 _ (3001 +w)+160% + 566 (1+w) 14,
x 1 §KB {1 + 0 + 30(1 + 0 + w) b
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neglecting POWEIS of k%,

= 4 2 Sw (3 _+ 20)
C, = {1 BKB T B m}p v 88YV, 3T+ 6 + ) "

2 [15(1 +uw )+ 89?2 + 280 (1 + w) ] 3 2 Bw
+ 3«87 3001+ + @) + BT, TH O ¢

[15(1+w) +80%+ 280 (1+w) ]y 4er

- &%
§ 30(1+9+w)

. 2xRp? uo
3KB o5 %% T
cubstituting for C1,

= B (3 + 49) 4,,., 802+ 80(1 + &):
c, = [2 = 168V gTT+ o * —y+ 38" JoTT + 0 * @)

— =, 0 i " 832"' 80(1 + I'.LJ)
[2 - 168V, g7 o7 @) * 3° 3001 +0 +uw
_ 4 a2 Ow 2 2 [15(1+w) + g0+ 284 (1
x [p, - 3%8° 770 +wPa’ 3% BT + 0 + wi
-_':_ 5 0w o Cw
¥ 3‘8 "i 1 + 0 + w 3":B Uoﬂe{T + 0 + w

L1501 + w)+ go® + 280(1 + w)ll
30(1 + 0 + w)

| (3 + 49) _ 2 ., 802 + 8001 + u)
+ 8BYV, BT + 0 + w) - “30(71 + 0 + w)

(1 + 0) - °%"e .
x B8V, v T A 8BYV, 7—177rfr1;{(1 + 0)

(3 + 40), _ A .2 L 407 + 40(1 + w)
¥ } - 3820 m S SEIT 0 ¥ W) }

neglecting powers of x?,

(1 + 0) 8 .2 Ow

C, ==1- [168YV, 37T+ 0 + w) 3%B° T+ 0 + 21 Pa
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_4 3(1 + w)+ 20° * 60 (1 _+ w) + 40
5<8° (20 F 0+ @) 1+ 88V, g1+ 01
o7
3 + 20) _ o €
' S Bevvy 7o Y
_ 3 & *r,} . .8 2 v
g% _ﬂg___ v ~3KE Goﬂe{——:—fﬂzﬂa
e i o)+ 202 + 60(1 + T IR e—
(1 + ¢ + w) ¥e (91)
where %
P, - Pa/QP

gubstituting equations (82), (83) {90) and (91)
into equations (84), (66), (67), and (68) , we obtain
the expressions for the velocity and pressure distribut>
in regions I and II.

For region I,

. (1 - 282
py = (1 - 3¢ R

+r+u})

2 5 11541 * w) + 802 + 280 (1 + w) ]
+ 3KB 50

4 2 Gu\ R 4 2 I"]w
+ 3KB §, BKB o "9{1 =

g 1+ 0+ I

[15{1 + w)+ 80° + 280(1 _+ m)]} B
onwwm &

+ 0) 8 Jw

i [163YV0 —'—{1 T 0 + m) - '-S'KB: 1 T m]paﬁ

+ 0+

I PO & 1L w)+ 202 + 60(1 * w) ] + 49)
5< 8 3+ 0+ W) g + 88V, 'g‘(”"uo ek
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8 .3 D0 _____ - 8§
3BT TF O+ e BV 75 0 + w]“EE
am
8'\4'-, o e __':hl
%P T 0 o+ w{1 + 0 + W

[3(1 + w)+ 20% + 60(1 ¢ w) ] (1 + 0) )
- &* 6(1 + 0 + w) i BBYvo 1+ 0 + o P,

c.m
o e (3 + 49)
- Seyvo — T e {(1 + 0) * S }

- B SO ISR 2
BBYvo 6(1 + 0 + w) o1 + 0 + v “L]E

R 3 - 402 + 3w, (=1)"= 1 . n
5 n§1[ 16Kf3{§T1 e m}( 5 + 20(=-1)"1

1
P

n® “n

+ 16«8 LT — S }(_1)n- LI 16kBRo ™
1T + 0 +w -a 2 A;S’qni1) o e

(2 g3 = 40% # 3u)y (=10 = 1

1+ 8 + 0 6(1 + 0 + o) T:B‘gn(1)
. *(—1)n Iy (1)

- 258 __.’_....—-[Mna.gn )} X —-T_ln cos J\nBE

Using thc series cxpansion, we have

EK81[15(1+N)+803+235(11;
3 15(1 + 0 + Wi

k -‘ixB’

3

. F*[15(1 + w)+ 862 + 28001 + w)ly _ ¢
. 3001 + 0 + w)

) (1 + 20) 8 o 0w
(168YV, 3777 6 + & 3%8* T+ 7 v o Pa
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4 ,03(1 + w)+ 207 + 60(1 + w)l, (3 + 40)
N EKB 3(1 + 0 + w) & ¢ BBYVQ 3{1 + 0 4w

4 0w {1 + )

2 s
R A et

Pare (3
v e i ) = RN
8By o1l + 0 + L{(1+ 0)= &

uJ

L+

- 40) 3

- gulB dulh 287+ 60(1 + wly ,
6(1 + B + w) ’

& . Ow
SKB 00"6{1 + B +

vaxy (1 + 6) %"e o a(3+40)
IBBYvo T + 8 + w Pa 4 SEYVo 1 + 6 + w{‘*”” Ut

(3 + 40) " 11+6) 4
BBYVO 6(1 T 0 + Lﬂ) BBYVO —"—"'"—'__1 T 0 + o nglg

(3 - 402 4 3w) 1 (-48° + 6&% ~1)
32«8 3(1 + 0 + w) 713

f_.e-. 2___7
64cB? 20 X %@ (= 2" * 28 Tg)

_ 1 (-4g> + 687 =1)
{Pa 1T£} X 73

e

w

A 2
6-3!(8 --—-——"'"'_"1 T 0 +

A 0w *(3 - 492 + 3&!)
= 2 4 \ Gt 3 4 1
6 Ks g m _:{1 -6- T 6 1 ] ) }

1 (=48> + 687 =1)
8

% 'd

(- + 2¢* - 3%)

=

6icp2o m_ X 266* X
0o e

Note that YVO = pkf

YK ; P
]

1 + as
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T+ 5 fw oA

2 11501 + wy+ BOZ 4+ 230{1 + w)] ., Ow .
Ehl TETT 00 + o) * '3"‘8 T v e e
4 8w _ [15(1vu‘+3u +230 (1+a) ]
‘5"‘52"’0%{1 T U Fow 5677 8 * 0) b -

+3) _ EKBZ

Y
[16xB v 57755 + o) 3

U
——]p_E
1 + 6 + m]pa’

4 [3(1 + w)y+ 26° + 60{1 + )] , (3 + 40}
3K B2 ST 7 = E o+ 3KBw T G+w)€

., Bw (1 )
[gKﬁa T3 06 + 0 BeB*w T + kP

2 _,2,_6.’._...._-——— Y e *
septe Ty L1+ O

(3 + 49)
-—7§-—-}£

8 ., {Gw . [3(1+w)+ 202+ 6C(1+w)]1

FRETC T T+ § + n 6(1 + 0 + w)
[BFBZw(%—Ev%lywa ﬁa + Bkf?w ;2293—:—34(1+6)-6*(§%£g}3
R s ax

%KB"% - EO; : i?)_- %KB’OE” + l%xezosz

%%Kﬁz * l%cg! -\'1)24' 0+ {p‘a - 112'}5_-;3
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. 4 . Ow
: "g}gz * 3%B° T w{pa

16 2 '\’JU..'! e - *(3 - 402 + 3‘.0} 3

—3~6 CIo"e{‘l + 0w 8 6(1 + 0 + w) Ye
2 Jo (3 ~ 407 + 3w),.2

L R T

i ~T I-:]UJ e o (3 - 432 + 3&1)

TRBS A W e §% ET 55 T o) }

8 . 16 56

=024 ORxE® A A nakr2. =22 .n? *
KB ron OCS*EY + 3KB ooﬂeu6 E 45x8 coweOG

N B _ 4 (3 + 20)
Pq = Py = £ = 3¢B* [20 7575 Pa

[3 + 60 * 20° ~ 6uw(l + 0)) _ , (3 + 20) m
2(1 4+ 0 + w) 1T+ 0+ w 2
w(3 + 29) [3 + 60 + 202 - 6w(1 + 0)]
200“6{' + 0 + o h: OF 6(1 + 0 + w) He
4 26w (3 + 40) _ 6w
BKB [1 ¥ 0+ w Pa ! 1+ 0 + w T +0 +o0 '8
w {3 + 40) .
N e il il e e R L
4 21003 = 402 + 3y) 40w 40w
3KB (2 3(1 + 0 +w) 1 +0 *+ Py *T+0+ 0
f Ow B (3 - 40?2 + 3uw) 3
QU0"811 + 0 + w &% 6(1 + 0 + w He

- %KB’ 201 + coﬂeé*)£¥

m

“-‘3
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Thus we can write p, as

Py =Py~ &~ %KS’V(E)
_ dpy
s B LR
. - 2 . _ e Eﬁ
= (1 t?) [~ 3% 2 az
" o i 4. g2 GY
. u, (1 z?)I[1 + 3KB ar
1 4*py
V1 = 35(2; - r }EET_
N B 4 da*vy
= 48(2C | §KS’ IET
T o d?vy
-V, o= 3KB(2§ £Y) AT

In region I. the velocity and pressure distributions

are given by

- - g2 A e QY e
uy {1 t*)[1 + BKB dgl‘ (92}
= - J.__ - 3 azy A O S o i e o A e e W S o 3
¥y " T gglEE TR g -
n == p - E - 4K62'«P(E, s o) S e e i e s - 94)
1 a 3 : ' (
wherea
" (3 + 20) {3 + 60 + 20% - 6uw(" +
= 2> s
¥{€) El20 =% w Pa 7 3(1 + 0 + w)
_ . (3 % 20) . (3 + 20)
WrT o re et AN TTT RS

[3 + 60 + 202 =~ 6w(1 + C)]yy _ ,2 60
6% 811 + 0 + u) }] Y lST T3 P

+
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3 + 40 60 . "
M e i e eI
(3 + 40) (3 - 40% + 3w) 40w
“ 2 _

oo 6{1 + C + wl}] ¥ R 3(1 + ¢ + w) 1 + 0 + o Fa
10w p Do N {3 - 402 + 3uw)
T+ 0+ Mg~ ‘ooﬂe{1 * 0 rw 5* 6(1 + 0 + w) H

# EPEEOE 4 m w SN, e (95)

‘P(gj = 50 31(1 v 0 + hJ) I3 L 63 + 2':]': — 6[1]172’(3 + 20)

- 6w(l + 0) + 6uw(3 + zo)pa + o 7 {6w(3 + 20)

+ 8*[3 + 60 + 207 = 6w(1 + 0)]11}]
1
- &% T3 + 46 ~ 6un, + Gup, + dowe{GmL
§ 1 "
+ 8%(3 + 4o)I] ¥ €. 3(1T + ¢ + w){2(3 = 40T # 6“““2

~ 6wlp, + 3w) - 20 7 (60w - 8%(3 - 40 + 3u)}]

FOEM[20(1 + 0w %)), jeemmememe e e (95)
o e
where
YVO Yk,
w =<8 - k{1 + as?)’ __~—TTTTTTT 97

For region II, Py is given as

YKES’ s?
L~ s ————" - B Tie
Py Po * 7% as’[wﬁ Py " 3B nf1 Bnkn(Y,cos ApBEiir
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-4 - ~ - 4 .2 Buw (1 + 8, =
T_ niq Bk (t)cos A _BE = {1 - 3«8 e e L PR S
+ 2 [15(1 + w)+ 867 + 286(1 + w)] . (1 + 6)
3 5{1 + 3 + w) (1 + 0 + w)

4 .: Bw{l + 8) _4 . b
MR & s LT L {1 + 0+

(1 + 8)
(1 + 8 + w)

sal15(1 + w)+ 882 + 286(1 + w)]

0T -8 5 &) }

o7

#2222 {(1 +0) -8

(3+49}}_(3+49)
1 + 8 4+ w

6 6(1 + 6 +w)

- (1 + 8) 8 Buw (3 + 48)
- DWW s o ) ~ 3 T3 e+ 0lPagll+ 0o

I3(1 + w)+ 262 + 66(1 + w)] (3 + 9)

- §K 3(1 + 6 + w) 6(1 + 6 + w)
(3 + 49)? _ 8 .2 8u

Y s T~ B3R Te T

a2 B (F o 48)

o1 + 6 + w £ 6(1 + 68 + w)

g T

. , _o e . (3_+ 46),(3_+ 49)
Sﬂva 1 + 0+ w (41 + 9) §* 6 } 6(1 + 6 + w)
8 (SHY)

* gxBio Ty {1 ¥ 0+ w

- gx[341 * w)+20% + 60(1 + w]]}{3 + 48)

6(1 + 6 + w) 6(1 + 8 + w)

(2 + 38) I
3(1 +0 + w)'e ¥+ 6 + o

- -;KBEM
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YK s? 1
) (1460 _ (g - dege 88y (1 +0)
Tvas? Mt re - U3 75ow!Pa mov s
2,,01501 + o) t0% + 280(1 + w)] , 1 + 0
3 501 5 + ) TR
4 .2 Bw(1 + 0) & n3 . cOw
L s wra LIPS LS AR
gul15(1 + wi+ 807 + 280(1 + w)]y 1 + 0

30(1 + & + w) 1 + 0 + w

(3 + 46)

0 € (3 + 40)
ER i A 1 e

T+ 3§ +

(1 + 0) 8

3 + 40
[1687V0 =

—
+
L&

2(1 + 0 + w) 3

ﬂxs=(3(1 + w)+ 202 + 60(1 + w)] (3 + 40)
3 3(1 + 0 + w) 6(1 + 0 + w)

(3 + 29)2 0w
88vV TIT T

8
6 36(T s o7 oy * I3<8

(3 + 40)
]Trf. 6(1 + 0 + uj

(1 + 0)
BV T o v e

o _
0 iy (3 + 40),(3 + %0)
BSYVO T“:gaﬂj*a{(1 + 0)= &% 3 } T + 0 7 5)

(3 + 45}

8 0w - ox[3(1+0) +207+60 (1+w) ]
6 (170

iKS 0o“e{"l 0+ o 6{1+0+w)

}

(2 + 30)
3(1 + 0 + w)'e

4eB?w

i

n
3(1T + 0 + w) 2 +aB(=1) }lgﬁiq;

82 = o 3 - 402 + 3p (=1)"- 1
' 18 n§1[ 16xB{
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Cw s (-1n" 1
16k B T—I"E—:-E{pn L } —TET§~TT]
16x8 o v {[3——"0 - g (32207 +30) ) (=D 7 - 1
©E 9T i+ 6{1++w) ° A2B7g (1)
n n
20s% ‘=l }1k_(y)cos A _8E} In ¢
S0 ATeTg (1) 7 n n
s? @ . - 402 + 30 (=1)"=1 -1\ 1 5
1B n§1[ 161'cﬁ[3(1 + 0 + w) 2 + 20(-1) }liﬂigﬂ.
fuw B (-1
16k 8 a—:—?—:—g{p L } —TgraﬂT—)
o033 = 407+ 3w), (=1) "= 1
1680 1o {355 = s o T 0 TFTS, (D)

n
296*‘%%%73;77)}1kn17)005 A, BE

- (1 * 6 4 .,(9 + 210 +116%),  _(3 + 38)
pz—{1+9"'m -j-KB 3(1+0+m)}pa 1+ 8 +

4 B,{(21 + 426 + 168%)8 {35 + 1136 + 6862%)

ns 90(1 + 8 + w)?’ . 30(1 + 0 + w)? }
a_m 5 oW
Le (140 - eI 20y A

4 (3 + 60 + 207 - w(6 + 98)}
3K5 w{ TN E

(9 + 216+ 118%)
3(1 +6 + w)*

Aqa
3KB cowe{u
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6,,[6\12 + 166% + 216(1 + w)+ 3662 (1 +m)-15w(3+46)2]}
90(1 + 6 + w)?

{1 + 0) o
kws? [n) ‘5745 ~ ¢

1 + 0
1T+ 6 +w

by . rn2
ixszm(Q + 218 + 1192)

3

(3 + 48)
3(1*ﬁ+m]:—}pa+ 6{1T + 0 + w)

21 + 426 + 1602)0 . (45 + 1136 + 688?%)

90(1 + 0 + w)? TOTI0(1 0 * w)? 2

%rﬁz{{

om .
0o e - %3+ 4p)
T2 M{H ¥i )= B% 3 }

- %Ksaw{

3 + 60 + 202
3(1 + 0

w(6 + 90),

w)*

+

4 i o i kD 4 210
gR8io vl

+

110%)
0 + w)?

5*[662 + 160° + 310(1 & w)+)§60’(1+w)- 15w (3%40) 21
90(1 + ¢ + w

8w 3 ~407 +30 1 =(=1" _  .n 1
35° n21 6B 3T T 0 2 200=1"} 577
n-n
n
0 1 - (=1)
1668 F5g (By = 7,) xig 1N
0w’ _ cel3 = 407 + 3w), 1-(-1)"
1Bt i s oo - Y s o+ a ! T
n'n
(="
8% }
208 TTEETT)j ]kn(y)cos AnBEJInC
g? o 3 - 482 + 3w 1 ~(-N" _ - 1 2
-~ T3> niql16%8 SRR ER 3 20(=1)"} Igﬁ;Tjn
. 0w B 1 =(=1"
15k8 75575 Pa " ") AT T
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6cso u (88 g3 o402+ 3u0), 1 (=7
= 16kBo v A {35770 671 + 6 + w)' Aig (1)

n°n
n
+ 285*("’1)

W} ]]kn(q)cos AnBE

For the terms in the kracket with 1lng,

terms with k?sg?
can be reglected in comparison with terms of the orde:
of k?s"

Thus we obtain p, as

= V6w 4 y 1 + 8 (6 - 6u™y)
Py {i'Pa Rt} T R A
“o"e . (3 + 49)
N T+ 8 +g (1 +0) =~ 8t }
_ 4 a2 (9 + 218 + 110?)
8 SE T s T )7 Pa
o (21 + 926 + 1667)
90(1 + & + w)“

_ (a5 + 1130 + 680%),
“ 3071 + 8 + w)?

w[3 + 68 + 287 = (6 + 98)]
3{1 + 35

+ ) 2

. & i G a2 lgs11e7)
L ore'? I+ 6+ w)’
51607 + 160°

+ 216(1 + w)+ 3662
90{1 + 6 + w)*

(1+w)-15w(3+48)f]{]

+ 3ep? msalé—-r{9 # 6%y (118) L 1+6
3 BT v o v o) 3PPy} e

g w

_ _o € AV o (3 + 4¢)
—— {1+ 0) - e+ 223y,

3s? @

'E"'— n_z_.[ An{B)kn(y}cos J\nBE]lng
- S, 3s? @
3BT X ST aky
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thus p, may be written as

(6 - 6wr. )
B 1 1 + 0 9
Py = {x(p, * P T E(7 + 8 + o)

o
0o e

Pfvose 19

® 6*{1-%~33)}~ %xs’@(;,a)
ann(c)sin )nBE

An(O)fn(c)sin hnBE

An(e)fn(c)sin knBE

£ 2
Qngnzy 4BK27 p, *+ as’m

& - ; 2
2 z £ 1 + as?

s? ©
- T 58 n§1 Bnkn(y)cos knBEI

* nEq Bp9,(t)cos A BE

n
o 43‘27 [ B (1 + 0)
{1 + as?)¢ ¥ig al+ o + w
oTm
= o e . (3 + 40)
T76 7w (01 F0) - erE—)
(3 + 40) L

6(1 + 6 +w) 1T+ 0 + w

s* @ 16k8 :
* TF niq Er AL Ok, (y)cos A ek ]

1gx8 n§1 An(G)gn(c)cos ln BE
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- . 3xBuw (1+e)  _  (1+0)
Vé : 4 [ﬂﬂ 1+ 0 + w pa 1 + 0 + w
¢ o
%" o a3+ 40) (3 + 40)
T3 o Re it ¥ O S b B(1 + 0 + )
drks?

oW
* 3T ai4 An(O)kn(Y)cos Anﬂﬁl

16k @
¥ s n§1 An(O}gn(E)cos A BE

In region II, the velocity and pressure distributions

are given by

.o 16k = : s
u, = 2 n&1 An(ﬁ)fn{c)51n A BEs (95)
v =« 2684 o {1+ 0) o 1% D)
2 3 t T+0+0 PaT+0+a
g w
- 2B W A = (3 + 49) (3 + 40)
Tro oo 11+ 0) ke aaanddl B ey
+ -—:——4Ks: . A {U)k_(y)cos A_BE]
B nZ1 "n' n Y n*
w2k ¥ (3)g, (L)cosS A _BE;=== == w==d ===(99)
B n=1 "m ""“n el
' (0 -~ 6uwnm
N P 1 + 0 ; 2
P * l3ley * R TSI T T T v W

g T
40),_ 4 ‘
*Tr o e (10 - ox 22200y Legza(g,g),-- (100

where

0y = J 3 - 402 + 30 1 =(~-1)"
A0 = s s ey T2

- 20(=1)"3

(}m

n
e gt UHy 7 LT =R
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Ow (3 - 40% + 3w T ¢
0% L5 e = 6k R w)](1 (-1)7)

i

#2084 (=1)}], mmmeem e e e e ee 2 (101)

(9 + 21C + 110?) . [3260+20%-w(G+90) ]
3101 + 0 + 0)? Pa 3(1 + 0 + w)*® &

®(z,E)= w

(21 + 42g + 166%)6

45 + 1136 + 6867%)
T90(1T + @8 * w)? }

T30(1T v + w)?

(
- w0

+ {

(9 + 216 + 11687)
MR T B e

5*[682 + 166* + 216(1 +w)+ 3662 (1+w)-15w(3+46) 7]
90(1 + 6 + w)*

}

o6 + or, (1 + 9)
B 2 ) _c1 1 +
ws:[4ﬂ’ {6(1 + 9 + w) {74pa ! pv)} 1T+

b NG -
g +

o7
o e (1

) (3 + 46)
" T 70 F o A) = §* '—0x—="1}}

6

3s? @
+ = nZq A 8k (y)cos A gE]llnz
+ - nkq Bpl9dk (g)cos A BE, - (102)

4.5. Volume Of Flow Per Unit Time:

The volume of the fluid flowing per unit tim:
across the cross section of the camillary at a point

z{or E) is given by
R

= c ——— p— —— ——— g ———
Qc(z) = £ U1(r,z)2rdr, (103)
= 2 -1 i il w0
Q (&) = 27R; U [ u1(c.£)cdc' < =(101)
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Using eguations [32) and (94),

' - 1 N 4 oa ay
. QC(E)— Z"Réuo g (1 o X 3% 8 EE"}CdC

1 4 avy 4 avy
s 2 Fowd MY —-Fde EZep? =2 r?
- Z“RCUO é [z + BKB <13 ¢ -t BKB dt ¢ ldg

avy B 4 ay ¢k

= 27R2U_[E- + ay zZ oz _ 4. QY B 40
c o'2 ar 2 1 3 de 4 ‘o

1 1 av
= =T i o e R 25
27R U501 * 3%0" ¢
£y =1 qR? 4 g2 4¥
Qc{") _'2'.KRcUo['I * %R dt J
- - 4 .2 8Y ey e
Q (£)/Q, = 1 + 3x8* Fg, + (105)
dp1
S gy . o e s e . e {7106
= Vi R2U | e e e e e o o o
where Q0 E“"RcLo’ (107)

The total amount of fluid entering the capillary per
unit time, the total flow rate Qo ? is given by

Qup = Q lE = 0) == === e memcmne e === (108)

The value of the fluid flowing per unit time across the

capillary wall z = 0 up to z = 2z is given by
- rZ -
Qt(z) = é V1Ir = Rc,z)Zch dz

& £ - e o e
Q = 27R, LU_ [~V (¢ = 1,E)aE, (109)
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Us.ng equations (93) aud ({94)

a N E; B 1 2 _(__i_f_‘i_‘ e
'] ® Qt(E_,) - ZTTRC LUO g : KB d 5 d.

o %“Rc LUoKB[%% g ='%“Rc LUOKS{(%% £=€_(%%)‘=0]
- T dav - (49Y
= _j"RcUOKB[(a-E,E:O (dE)§ g]

4 day avy

- {==)

= 2 n2 ar
Qe ie1 0, = 350" Uigpleon ~ Y3 e

© & T - tdp‘) + tdp‘) y 1)
- de '£=0 dg ‘g=¢

. , - 4P, .
Qt‘E)/QO - (af")gzg - (“d—é"“);;:o: ---------- (110:

The net volume of fluid transferred to the tissue
from the capillary per unit time, the total filtration
rate Qtf‘ is given uy

“Q

wf * QB % 1), mmemmone 4 e e b = e (111)

Tre volume of fluid flowing intc the lymphatic capilla
ries from the tissue region per unit time, which is

called by us the lymph flow QL, is given by

vz(r = Rt,leWthz, IR —— T Y

=1
27R LU, éio vyt = y,g)ae

' + ar, s?
Po 2

f1

1
27R LUo é [ = GBrZK

+ A
” - ;Bki{

L 1 + as’

s =
- J8(1 + as?) n1

Bnkn(vlcos Anﬂﬁ}
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+

2E.B g, (y)cos A_gEldE

p. + an, s?

S o g
= 2nRtLUo[— 4Bn2n£ - 4BKE TRy g
A_B
. s? @ . n
) i8{1 + as?) n§1 Bnﬁn(Y)Sin AnB &
Lnﬁ 1
+ nz1 Bngn(Y)Sln'Tga g]o
(B, + aﬂgs‘)
= '-4 2
ZthLUO[ BK£ﬂ£ # 4Bx£ AT 1
(p. = 1,) (p. - =}
= 27R,LU_.48« o 27 _ o ke
t o A = = 8rmy RCSRcerKz T et
(po s "2’

n

2 2
STRUYE Y T ast

bt Q = %wRé U

(o]
T. 0. = 16 Q_vB2k vy Ty
o L o L " ':'_'_-J_E_'n‘
b Y8« YK,
but o = —2 ‘= = ——y T e
- kB(1 + as?) xi] + as?)
e o Q= M0xBiuipy = ) Q, wm==— R - =(113)

The volume of fluid transferred to the tissue region
p2r unit time over that portion of the surface of thuo
capillary where the radial componunt of velocity
V1{r = Rc,z} is positive, which is called by us thec
filtration rate Qf, is a physiologically important

gquantity. The filtration rate Qf is the maximum of .
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From equations (110) and (96) we have
4

ay dy
'\ = —_— z o — -  en—
and
d'i’\ av __ 1
{HE'£=O {EE)5=E = 26 g7 o[3v48-6um +6up,

F a IS | - 2 1 - 2
+ Golre{ﬂm + 6*(3 + 48) 1] 3E m[G 86 "'12”’3"2

- 120mpa + 6w - Zoone{ﬁem -~ §%(3 = 482 + 3w)}

- I ¢ %*
E* (BB (1 + ooneﬁ )]

! e 4 2 ’ = a ey 3
. Qt(E)/QO = §KB [2BE 3C¢g 4DE? )
thIE}
when a = 0
we have 2B - 6CE - 12DE? =0
or -~ B + 3CE + 6DE? =0
where

3 + 48 - 6wﬂ£ - 6mpa +aone{6w +8%(3 + 49)}

B = 1+ 0 + w
2(3-46%+6wom —-6wdp_+3w)~20 7 {606w=8*(3-40%+3w)}
¢ = 2 a 0 e
3(1 + 6 + w)
= *
D 201 + aowe6 }

Thus we have
. *)r2,
123(1+oonea )€

[2(3-48*+6m5w£~6wUpa+3w)“ZUQHG{GGw-G*(3—40’+3w)}IE*

i 1+ 6 + w

[3+ 40=6wmr, +6w p_+o m_{6u+é*{3+40)}]
B Q9 a = =0
1T + o + w
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Factorizing we have

2 o
6(1 + 0 + wj}

o

[3+40~-6nr *ana+c m {6w+6*(3+40) 1]

[§(1+00n35*l" ]

x [1208 + 6] = 0

I_n

Hence, either 120f = -5 => [ = =

B
L)

or

3+40-6am +6mpa+ﬂ T

, {6u+6*(3+40) )

0o e
6(1 + 0 + w)

- *) =
£(1 ooweé )

) 3+40~6wn2+6mpa+coﬂe{6m+é*(3+40)}
E =T+ 0+ 011 = G T56%)

Thus zo is the point at which Qt(z) has a maximum valuc

and is given by

3+4B-6ww2+6mpa+coﬂe{6 +6%(3+40) }

- LA £
61T+ 6+ 0 {1 to, 7,8%) r==(11

50 - ZO/L -

we have
= 9. < 3 - r - 3
Qtii)/Qo 3Kﬁ [2BE 3Cg 4Dg3 ]

at E; — Eo
= 4 n? ZB . — IRy s 2
- 'i:ic 2 [E'— 3C & 'go] Ef)
o
but 6(1 + ccﬁeﬁ*}io =B

Thus

Q {ﬁ)/Qo = Joxk™ {1 + coweﬁ*)[1 - 2{1 + cowea*;

£ 182
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afcer substituting for ¢ and D we fin-1lly obtain

- ; 5 ExRZ(1 4 o w 8FYL[{1 - *
Qtii}/QO Exp? {1 cies ) {d ooweﬁ }

™A
oI

- " L *% 532
g0.1 ! 300566 )jgo

wr

Thus the filtretion rate Qf is given by

Op = Qt(z = )

By
-

-

/ - ;2 * - *

Qf/Qo B {1 Uoneé IR coneﬁ )

+ 28 £ (1 + 30 1 6%1]E7, ccmmemire manom m mmmeemm (11 5)
3 30 - —.»(,;

Let us put

HA
o
A
e
H
!

i
4.
1
{
i
|
|
)

i
=
-
—d
(=1}
—

QL - SQf (0

then we have

£

2 - L 24 * - *
16kB w(po ﬂz)Qo Bk R* {1 + ooneG ) L1 cowea }

+ 28

N

. * ;-2\
5011 + 3ooﬂeﬁ )}JOQG
or
1 + o &%}
nooe

wlp, = m ¥+ ¢ 5 [{1 o 7 6%)

29

* 5= g 14 20 m 6*)ED e e R (117)

Equation (116} corresponds Lo asszumption (vii). Substitu-
ting equations (173 and {ii%; with (114} into equation
{116} and solving this resultant eguation, we get

for & = 0, v = 0

[

for & # ¢, 6

g ® S Sk . % - sdy2
1o [2(1 * LGIw) ){(p ﬂi} * gﬂﬁe} (1 * GO"GS }
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+ dwl2(1 + ooweﬁ*){?a - w2)+ Uo“e} - (1 + Goﬂeﬁ*)’

- §(1 = ooneﬁ*)(T + coreé*){pa B coﬁe}]

- 8%(1 + coﬂcé*)’(1 - coneé*) = Dy e (118)
For the special case if 6* = 0, g, = 1, we get

40 [8(p, = )%= 2(py = m + 7)) + 1]

+ 4w[6(pa -n, + ﬁe) - pra -,

1]
£

A + “e)+1]+6= 0,--{119)

for 6 # 0, 6 # 0, we have

2 . ] 2 :
EO - 36(1 + 0 + M}2(1 T Uoﬂedi)z [(3*49) (1+00“66*}
+ w{12(3 + 48) (1 + coﬂes*)(pa - Wy * coﬂe)}
+ 36w’ (pa - Hi'. + 00“6)2] g e ey e e e (120)

Substituting for 5; in equation (117),; we get a cubic

equation of the form

ajw’ + a1m= £ agu + 8y B O Sssmmmssmemm=(121)

where the coefficients ags 245 2, and a; are given by

= F= *4 2 - 2
aO 3 (00“96 1*) =% 36(pa ﬂﬂ ¥ aoﬂe’

s * P 3
+ 2166(1 + BOOveé )(pa mot concj

4
- E?§‘1 + coﬂeé*)’{(T + 0){93 - m, # covcl

= (1_%_19)(1 + goﬂeé*)}, —————————— i mmam (122)
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a, = 9(1 = (o 7, 6%)2){36(1 + 0)(p, = m) + o 7 )°

+ 12(3 + 40)(p, = 7, + oowe](1 + o m 8%}

& * - 2
+ 1086 (1 + BUoweG*)(3 + 49) (1 + .oweé )x(pa ﬁ2+00ﬂe)

6.8

217 2 -
—3—(1 + ooﬂeﬁ*l {2(1 + ¢) (pa Fot oone)

- 203230 (1 4 o) (1 + o 7 8%}, mmr =———(123)

a, =901 -(coweé*)’){12(3 + 40) (1+0) (p =7 *+o 7 )

x (1 + coneﬁ*) + (3 + 40)3(1 + ooweﬁ*)zl

+ 180(1 + 300ﬂe5*)(3 + 46)’(pa- m +Uoue)(1+a°weﬂ*)’

%

- Eig(1 + ooﬂe6*12{1 + 45)’(pa -

6 e )

%

_ %3 ; 40){1 v 0)2 L] 4 00“36*)}’ s e e L2

- _ 2 1012 *) 2
a; = 9(1 (oonea*) ) (3 + 40)3 (1 + 0) (1 + coﬂeé )

+

0(1 + 30 7m_8%)(3 + 46)° (1 + conea*)‘ﬁ,--——-nzs;

In order to solve the cubic equation (121), we make the

substitution

By
w =y - 5=
3a0

Substituting, we obtain

a
a ly ~ 3; )2+ agly = 517 + a,{y - x3~)+ a3 = 0

i.e.
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+ a,{y? - 2y il- + 3ir)+ ay - iljg + a, =0

1 3a0 9a 2 3a 3

which gives
2 a 3
ay’ + yla, - g%_ + fag - §%i§ + ;;%r) = 0
o o) o
or
X _ 929

y* + yé-g - %{,’ + {Z—z - 2;:2 + ;:;;) = 0,~=-=1{126)

which is in the form
y* + 3y + B =0

where

A - 3a_a, - a? . 273833 fw?aoa1a2 + Za;

3aé ! 2?aé
Now assume a solution in the form
Yy = A co8

then we have

A* cos?y + Ax cun oy + B = D
which ¢an be compared to

4 cos*s - 3 cos ¢ = cos 3¢
comparing coefficients we have

A . A . B

4 -3 cos ¢
from %i = - %ﬁ => A =0 or 2 = % //gg = # 2//E§

Similarly, cos 3¢ = 3% = cos ¥



132.

Taus
_ 3B /-3
CDSY—ﬁ/E
1.,3B. -3
cos | =) + 2wk
o = ﬁ;;‘ , B= 3, k= 0,1,2
Tnus
X 2rk * cos_1(§§ //:%)
y = + 2,3 cosl 3 }, k =0,1,2

For calculations we take k = 0 and positive values of v
because the other valuc of k will agive negative valucs
of y in which we are not interestcd. Thus for different
values of k = 0,1,2 and also taking nositive and neqgative
valucs we will sce that there arce three roots of vy,
one root is positive for k = 0 and two roots are
negative for k = 1,2,

For example, if
1,38 /=3 - zno = T
cos (fﬁ / ﬁ) = 50 =3

y + £ 2 cos[z%E i %]

2tk
3

I+
Ui

= &

™ T 117w 1gﬁr for k = 0,1.2

. S5 KN
9!’ 9 r 9 7 9 ?

wl A

Thus for positivc A, three differcnt roots are

¥y = A cos n/9, ¥y = A cos 57/9, vy = A cos 7n/9;

for negative A, we will get same roots. Only Y4 is
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positive, Y, and yy are negative. Thus we take ¥4 only

i.e.
prmie cos-](%§ //:%)
/3 cosl B

1
Y~ 133

(o]

{4
i

3.6, Average Pressure:

The average value of the pressure over the

volume of region I, which is denoted by <P1>, is

defined by
= Y L etk RS e~
<p1> =T é P1(z)dz, . (128)
but
_ 1 1 -
AP<p,> = 7 {) AP p1(E}udE

c e <Py = 51 P, {E)ag = 51{:-‘3 ~ & - 3xB?Y(£) }dg

1 = = B3 1
{ [pa & 348 te 3(1

2
o w)(3 + 60 + 20

- Gwﬂ£(3 + 20)~ 6w(1 + 0)+ 6w(3 + 20)p,

+

onm {6w(3 + 20) + §*[3 + 60 + 20* = 6w(1 + 0)]})

0o e
- g — (3 + 40 - 6um, + 6up
1+ 0 + w L a
+ Uowe{ﬁu + 6*%(3 + 40)1})

1
£3, 3(1 + 0 + m)(2[3 -~ 407 + 6w0w2*6m0pa+ 3u)

+




+

-+

+
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20 7 _{60w = &§*(3 - 40? + 3w)})
o €

€702 (1 + o 7w 6% 1}1de

b - L 2
Py ~ g .3 ey U0, &0

wa£(3 + 20)- 6w (1 +0)+ Hw(3 + 20)pa

ooﬂeiﬁm(B + 20)+ 8*[3 + 60 + 202~ 6w(1 + o0)]})

1 A
=ePrroTe) L3t 40-6ur +6up +o 7 {6w+8* (3+40) }]

1
12(1 + 0 + w

)(2{3 + 402 + GmOwE - 6m0pa + 3w)

20 1 (60w = 6%(3 ~ 107 + 3w) }]+ %{2ot1+oonea*)}]

Thus we obtain

+

.1 _ 2kB? =g
<p1. = !(pa + pv, EETTTETE){20(1+0)+30w(1+0)‘pﬂ ﬂ£

3w(5 + 60)+ GO“Q{30m(1 + 0)

§*[20(1 + 0)= 3wl(5 + 60)]1}],~ == cmwenae==(129)

Similarly, the average pressure over the volume of

region II is defincd by

R | L (R P
<P,> = ;TEE—:—ﬁzTL [~ I7t P,(r,z)2nrdrdz,~~(130)

R
(o4
O i 1 Y
ARspy > * Rz {1 app.(c,g)2nR_.z.R_dg.Ldc
2 & =1 2 (o c
TR (== - 1)L
¢ 'R
(o4
p,> = 2 VY po(z,E)c.de.dE
W* =y £ Pg tEsR) Sa08-

£=1
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- ('t —y {" v,tc.e)c.dnlae

_ 12 1 1+0 &2 _(0-6u"g) g2
= { =l P T T Teteore)
o m
0 < - (3 _+ 40)y 22

A 2 ) 2
= imsf{mtg + 210 + 110 - e

3 377 + 0 + w)? Pa 2
o oul3 + 60 + 202 - w(6 + 90)] . 2
e 3(1T + 0 + w)? L 2
. (121 + 420 + 160%) (45 + 1130 + 6807), z?
90(1 + 0 + w)? @300 ¥ 0 + w)? 2
(9 + 21 + 11 ?)
+ Uoﬂe{m 3—(1 T 0+ w):
+6,,,,[662 + 160° + 216(1 + w)+ 3602(1+w)m15w(3+20)’]] %,
30(1 + 0 + ©)? 2

0 + 6w£{1 + 0)

3 Ll 1 + 0
- m52{487{ 6(1 + 0 + w) {2(pn . pv) 1T+ 0 + w
g n .
- 2C 11+ - e+ 239y,

1T+ 0 + w 6

+ 38 = o Fo)k Uvdees i Bel{E ine ~ 3=
g% n21 “n AR n 2 q

3s? @ A
t ——r— E sn 3
g* n=1 An‘O)Rn F(Xsn’ksnY)G(lnc’knY)cos knBE}]1dE
o 1+ 0 . (0= 6umy)
=/ {ilpa * P T e 6T 0 = @)

1:
o_e — (3+40),_ 4 ., (9+210+1107%)
K {(1+0) 5% 3 } 3|<B {w STIF 0 )2 Py



&

_ ,[3 * 68 + 202 - w(6 + 90)]
- 3(1 + 0 + w)° g
(21 + 420 + 1697)6 (45 + 1139 + 680%) ,

50(1 + 6 * w)? W30 F 0 F w)?
- {mls + 219 + 1102}
0o e 3(1 + 0 + w)?
6*[50‘ + 1667 + 210(1+w)+360’(1+m}-15w(3+48)l]}
50(1 + 0 + w)*
3 0 + 67, (1 + 4) ]

g2 { ) 0 ~ 1 1 + 0 .
= T8 6(1 + 0 + w) {E(pa+pv)}1+e+w
am
To+ee + W {(1 ! g} - 6*(-3-'—%‘-&)}}
38? : 2y*1lny - y? + 1
= nkq A 01k (Y)cos A BE] S
38 § & (a)ks-E F(A__,A__y)G(A_,A_y)cos A _BE}]dE
g¥ n=1 “n T; sn’”sn” n’"n’ n ”
[{i(pa pv)}1+0+mE"6(1-|-0~t-EYE
om 4
e (o) - a3 A0y,
4 o0 (9 + 210 + 1102)
ST T s T wT Pat

_ I3 + 606 + + 20% ~ w(6 + 90)]
. 3T 7 0 7 o) e ®
(121 + 420 + 1602)0 _ (45 + 1130 + 680%),,

90(1 + 0 + w)? 3001 +0 + w)?
, (9 + 210 + 1162)
oo“e{m 3(1 + 0 + w)*

136.
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K. 6*[601 + 160+ 210(1+m)+360‘(1Jm)—45m(3+40)’]}€
90(1 + 0 + w)*
0 + 6ﬂ9(1 + 0)
n 2 *_ E
o8’ Iggrlgr o vy ¢
5% 1T + 0 o
{E(Pa ¥ pv)} 1+ 0 + w 2
om
o ¢ {3 + 49)
s e ey {(1 + Q) - &* Da }e}
_ 3s? £ A (0)k. (v) sin iﬂE £ 2¥% 10 .y =42 &+ 4
8" n=1 "'n n lnB 2(y* - 1)
A A_B
38 = sn . n e
-'é"-.—- n£1 An(O}'i";—- '-F(Xsn,}tsnY}G(ln'}lnY)Sin “lnﬁ E.f‘h
hence
<p,>= Yp. +p) +an (1 -5
P, 3P,y Py 0o @ 2
g [(0 = 6wm, )+ 1(p + p.)6w
6(1 + 0 +w) (A 2'ta v
* "o"e{G“’ - §%(3w - 0)}] ~ %xﬁw:w, - e (131)
vherc
A ) ’ 2
B> (21 + 420 + 160%)0 _ 2w(3 + 60 + 207)

30(1 + 0 + w)? 6(1 + 0 +. )2 '@

{6 + 90)

2 (9 + 219 + 110°)
O, ST+ 0 % w)?

517 +0 + w)? Pa

+ W

_ (45 + 1130 + 680%) . o . (9 + 210 + 1102)
IR ¥ 0 F w)? "' AT + 0 » 0)*
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B 6*[602 + 1603+ 215(1+m)+360’(1+0)~15m(3+40)’]}
5041 + 0 + w)?

Jdeg DO YO g e o)
48* 6(1 + 0 + w) 2P TP TE O OF o

-2 e B (3 + 40) 2y*1ny-42+1
s w{(1 + 0)= &*'= g 1] Ty? =) (132)

1+ 0 -
3ince under normal conditions the valuc of « is very
s'aall, the last terms on the right-hand side of
Ejuations (123) and (132) arc very small compared with
o:her terms. Neglecting the last terms on the right -

hind side of Equations (129) and (132), we get

P> = 5P, + P, (133)
= g
Py? = %(pa h By) * 00“9‘1 - )

1 1
~ ST 50 7 M0 6us ) « wi(p, # P, )66

B coﬂe{ﬁw - §*{3w = 0)}], === = & == =(131)

Tie filtration rate Q¢ and the lymph flow QL {ox

’tf) are determined by cffcctive pressure difference
k:tween the inside and outsidc of the capillary. Let
i define the effective pressurc diffcerence, which
i defined by dPef, as follows

APef e [<P1> -~¥c(z)>n1]

= [<P,3 = <o(2)3M,], == ==d =od = s —m2 .(135)

Yo m
o e

N! (=]

BPeg = —gp~ = SPy>-<pp (1 -

]

T6(1 ¥ 0 + m)[(o = Gum )+ 3u(p, + P,)
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+

o n {6w = 6*{3w - 0)}
o e

4
3

1
3000 + 0 + w)

.

kB2 [20> - {20(1 + 9)

+

3001 + 0)(p, = 7,) - 3u(5 + 60)

*

UOHO{30w(1 + 0)+ &*[20{1 -~ Q)

3u(5 + 60)]}}], === —=d = == cmmmmmm e (136)

In the case whaere the value of k is very small, we

get

< ¥ c & "
bPos " BT+ 07 0) Lo um ) * 3ulp, + Pyl

+ Uowe{ﬁm - 6%(3w = 0)}], ~= ===t =====(137)
which gives

0 ~ 6(1 + t'J):kp,_)f + cowﬁs*ﬁ

= e} 38)
: Py * Py §* !
Glﬁpef = = ) et TTE“UOTI'G{‘l e -2— )]

{3+40)_6(1+3](pa-nﬂ)~cowe{6(1+0)~6*(3+40)}

1+0+w = -~ - - —
G[Apef (pa w2)+ % 00“0(1 8%;/2)]

Using Equation (137), Equations {113), (115) and

(114) are rewritten as follows:

i 2 -
QL/“ = 16kB mlpo m,)

“o 2

_ 16xg%w B L |
* T o o5 o 0lp, = )1 + 0)# o » (641 +<0)

~ 8§*%(3 + 40)} - {3 + 40)]
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/ = :‘_Gq.x...a_.z_ -
Q.,/Q, = 3 {6(1 + J)&pef 0 ‘o coneé*}

8k87{2(1 + 0)bp g = 5(0 4 o u_5%)},==mmmm (139)

Qf/QO = B8kB? (1 + ooreﬁ*}[1 - Uoﬂeﬁ*)

giﬁ {1 + 30 w_6%)]¢g?

3 7o n € 0

8xe? 22(1 + o v _6*)[(1 - 5%)
3 % "e 9% Te 26

*) 1.2
6011 + 3ooﬂ06 !]co

*

?Pef(1 ¢ 3°o"e6 )
*
{1 + o 5*)

0p/0, = BkB? 52(1 + o 7_6%)

ot sk (] -
(3 + 0) 30 7w 6*(1 0) Ap_ ¢

— 1 . D
20 }{T'} + goﬂe‘s*"":}:;“ {140)

Ap 1
gl P, e e m o(141)
S T T o 2
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cal Results ani iscussion:

e

3.7 guner

o On tne basis of many assumptioas flaid exchange

is considered theoreticallr and the effects of wariazble . 1.

oefficient, raflection coefiicient aad lymph

[n s
[N

filtratio

pa}
9]

T

3

flow on the fluid exchanre are invesrtigated. As seen in

.

-

the previocus section, the exnressicons for the vwelocitwy
and osressure distributicne in region IT are vary complex.
To exhibit ouar raesults gsrarhicallyr, we uwust make some

numaerical calculations and ectimate the values of sore

¥
N

parameters.
;

The data of Krogh (1913) sucpgest that the outer
. . . . . o =3
radius of th2 tissue eyliner Rt vill range 2.8 x 10 cm
for gaineca nig muscles. fince the work of Krogh, some

workers (Roughton 1952 Tlum, 1650; Apelblat er al.,

-3

1974) have used values of 7_ ranginyg from 1 x 1iQ to
“3 - - L - I3
22 % 10 em., As the typical vaiuces of the geometrical
- . L. 4 - b3 - B =~k
paramcters, we choose the capillary radius RC = 5 x 10 em,
the ratio of the capillary ‘erngth to radius P = 107,
and the ratio of the outer radius of the tissue cyliinder

to the carillary radius y = 16.

The average values of filtration coefficient
for varicus capillaries have been measured by many
workzvs. The filtratiom cozfficicnt varies vety widely
for canrillaries. According to their data, the ratio kr
to k_ is about 1.3. Wiederhielm (1968) has suggested

that capiilary permeability to water may be 50 to about

100%Z larger in the venous capillary than in the arterial



142,

capillary. Accordingly, the nondimensional parameter
K defined by Eq.{(6) is very smnll compared with unitvy
. 9 -7,
and it takes on valucs of 2 x 1N to about 2 x 10 if
we estimate the radius of the capillary and the fiuid
. . . s . -2 .
vigscosity to bn 3 x 10 em 2ed & % 10 n, respectively.
Therefore we choose ¥ = 10 cs the tynicai value. To ;

to k. on fluid

consider the effects of tha ratio %_ a

exchange. we usa values of & ranging from O to 0.75. :

The values of P_, P, m  and W, have becn measured for

a v 1
various capillaries. We choose AP{ = P - F ) = 17 o,
* a v mm g
P3 = i.9, Pv = N,.44, aand “e = - 1,24, The values clhiosen

for the lymph osmotic prassure Ty lymph hydrostatic
pressure FL, osmotic pressure of interstitial fluid m,

are 12.5 mm Hg, *.79%9mm Hg and 4mm Heg respectively, The '
values of the reflection coefficient g, and the reflectioﬁ
coefficient 8% are 1 and 2, .2 respectively.

Apelblat er 21. (1974) considered the value of 6,
which is defined by Bq (116), was 0.1 or 0.2. To esti-
mate the effects of the lymph flow on the fluid exchange,
wonsider that the valus of & chanres from O te 1. It is
difficuit to detarmine precisely the value of 8 because
of a lack of knowledpge of tissue structure. It is
expectad that the value of € is very large compared with

unity. Then we choose 8 = 10%, which is very large but

satisfies the condition K& < < 1.
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The values «f our p-rameters are iistsd in Table 1.

i thare appear outflow and inflow in

ot

At the capillar~ wz

i~3

iy

he ef

13
rt
i

u

the region r < ;o apnd ¢ > §  raspectivaly.

of trae parametevs § and § on L are shown in Fig. 9 2aad

4

activelr. As ig evident Efrom the {igures,

s

ol
e
@3
.
ot
b
L ]
T
(1]
ni
1
T

T inaresses in § or §, and varies grostly with 9 withia

The averare value of the oressure < pl > over tha

T

volume of region 1 as a furnction of & and for differ

fir
o

i
values 0f 2 1is prosented in Fig. li. In this figure,
<p, > is exprossed in valuses relative to (pa + pv)fﬁ ,
which is tha value of < P, >~ < P >0 = @ = 0. Trom

this figure it ean be seen that under the condition when
the pressare difference AT is kept at a constant value
the averape pressure < P, > decrecases with increase

in © or §. The average pressurez of the tissue fluid

ovar the voiunme of regicn II 28 a function of § with €

as the parameter is nresented in Fig., 12. In this

figure < P, > is expressci ip values relative to (?"+?v}/2
(%3

+ g T {1 ~ §*%/2Y which 1s the value of < P>=<P

) -
o 2 27 Q==

As 18 seen from Fig. 12, undar the condition tnat LT ia

coastant, Lhe average pressure < L decreases with the

increasze in £ or £,

In Pig. 13, the wolume of fluid {lowing per unit
time across the cross section of the capillary Qc(c) as

a function of 7 with © as the parameter is nrasented,



As is szer fron Tip. i3, Qciq}fﬁciﬁ = 3) has a <ainisun
valus at [ = Zq ard its miniuvun value dccersases with the
incressz in A,  Tne lymph flow 3y and the filtratiocn rata
Qf 2e¢ a functicn of ¢ with ® ss tho naraitar avs presentoed

in Fige 14 and 15 respectively. It ¢an be seen that QT

and Qf increase in O or 6. Tx Fig. 16 the effecctive
nressurs diflerence &Pef is ehown as a function of 4

with £ ag the rnarameter. & can e seen tiuat uader the

condition where AP i3 kept 2t 2 constant value AP

i}

E:
increases with the increass in the value of & or 5. It

1

can also be seen that when the value of ¢ is small the

value »f AP _ 1s affected rvemarkasbly by the value of 6.

£

" In Fig. 17 the lymph f£low §. or the total filtration

L
rate © a3 rwarametar.
Aithourh several asgssumptions are involved ia our

calculaticns, cur results will express {faivrly weli the
effects of the variable filtration coefficient, reflection

coafficient and the lymph f£ilow on fluid exchange.



145,

TYPICAL VALUES FOR PARAMETERS USED IN ANALYSIS

"arameter.

V.a.lue

Capillary madius (R))

Fluid wviscosity (n)

Arterial capillary pressure (F’a]

Venous capillary pressure (P )

Plasma osmotic pressure ! III)

Lymph osmotic pressure ( T )

Lymph hydrostatic pressure (P )

Osmotic pressurs of intsrstitial fluid m,

Reflection conefficient I (at z=0)

»
Reflection coefficient parameter §
Ratic of the length to redius of

capillary: B = LAR,

Ratio of ths outer redius of tissue region

[Rt] to Rr:. :
e Rtmc

Ratio of filtration coefficient at venous
enri (kv) to that at arteri»l end [ka]: kV/ka

= (kvfka - 1)/2

Reduced filtration coefficient: k = nka/Rc

& % 1 e

4 x 10™%

32 mHg
15 midg
25 mrHg
13,5 mHg
3 .74 mmHg
4 mrHg

~1,24
1

0,2
102
10
1 v 2.6

0~ B8.75

1077

tio of lymph flow (Q; to filtretion rete (QQ): 0 a1

§ = 01/0{_.

Reduced flow resistance in tissue mgion:s-o'Rc

10°
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a function of & with € as the Umﬁmammmﬂ.
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CHAPTER FOUR R

M#THEMA TICAL MODELLING OF TRANSCAPILLARY FLUID EXCHANGE: NON-UNIFOTI..
CAPILL _RY. -

4,1, Introduction

“he problem being discussed in this chapter concerns
the s :.udy of the effects of permeability of the wall of
a cap:llary by idealizing the tissue space as a porous
mediun bounding the canillary, and the capillary as a tube
of slowly but arbitrary varying cross-section. The inter-
stitiul space surrounding the capillary contains tissue
fluid 1lymph and iymphatic vessels:s In our idealization,
both ~he tissue fluid and lymph are taken to be the same
fluid (i.e. of same viscosity), referred to as 'tissue fluid’
Manton (1971) made a theoretical investigation of such flow
for an arbitrary variation of a wall cross-section by the
method of perturbation. In our case, an analytical
soiut:on is obtained by perturbation technique.

4,2, Assumptions:

(i) 'The capillary is « non-uniform tube whose radius
raries in the axial direction (See Fig.18).

(ii) The blood is a homogeneous incompressible Newtonian
fluid.

(iii) The flow is steady and axisymmetric.

(iv) The density as well as viscosity of blood and the
tissue fluid are the same.

(v) The flow is governed by Navier - Stokes equations
in the capiliary, and by Darcy's law in the inter-
stitial tissue space.

(vi) The transfer of fluid and fluid particles across
the endothelial wall of the capillary is taken to

be governned by Starling's hypothesis.



FIG18, GEOMETRY OF THE PROBLEM
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(vii) The permeability constant of the wall and the

reflection coefficient of the wall‘are both functionns
of the axis of the capillary and both vary linearly
along the aris of the capillary.

(viii) The Reynolds number of the blood flow is very
small, hence the convective terms of the Navier -
StoXes equations for the capillary are here neglected.
Hence, in this Chapter, we consider the steady visccous

flow of a Newtonian fluid through a non-uniform capillary

with a pnermeable wall bounded by a tissue space. Due to
permeability of the wall, we use a slin condition propqsed
by Jones (1973) which is an extension to curved surfaces

of the slip condition of Beavers and Joseph (1967).

4,3, Formulation and Solution of the Problem:

We are considering the problem of a non-uniform tube
(as shown in Fig. 48). With the cylindrical coordinates
(x,r,0), we take the capillary flow region to be given by
=0 < r< 4o, 0 <r <a(x) and 0 < O < 2m;
so that r = 0 is axis of symmetry for the capillary and
r = 2(x) is the permeable wall of the canillary. The
external boundary of the tissue spnace is taken to be
r = b(constant).
WA The normal and tangential components of the velocity

are given by;

_ da

Tand = v
da

Sine = dx

A (Y
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1 .
Cos® = ————— thus,
/1+(32)?
dx
normnal commonent of velocity = vcos® - usin® (1)
tangential component of velocity = rsin@® + ucos© d g

4.4, Equations of Motion

For the flow in the tissue region, we have
P,
k

op
- k 1
u ot EEee V17T i (3)
and equation of contianuity
Ju
e o
X T AT =0 (4)

where (ul,vl) are the components of Darcy velocity

in (x,r) directions, respectively, Py is the pressure
in the tissue region and k is the svecific permeability
of the region.

For the flow in the capillary, we have

a‘p azu § Ju
1 2 2 193 2
1 9p 3%y v v
= 72 _ 2 19 2y _ 2
4] T v (-3_)-(2— + T -5-1:(1'31_ ) 'r‘z ) (6)
and equation nf continuity
ou
2 19 . »
= *F3z(rvy) =0 £

where (uz,vz) are the free flow velocity components in
the (x,r) directions, respectively, p, is the pressure,

p is the density and v= u/p is the kinematic viscosity.
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4,5, Boundary Conditions

Axial symmetry;
Ju

=o,§-f,-’i=0atr=o, (8)

b
Jones' slin condition at the capillary wall which
is better for curved surfaces;

3u v
1 2 + 2y _ O L i
-2'("5.1.— X ) = ——(qtz qtl) at r a(x), (9)

where a is a dimensionless constant,
Starling's law;
(ay); = (@y); = ay = ¥ [(py=p)) - a(x)(my = mp)]
at r = a(x), (10)
and
LT viyatr = b (11)

where suffixes t and n denote the tangential and

normal components of the velocity, respectively, and

da
u +v dx v, -
B, "o 5T lagly v — L (12)
T YT

where m = 1 or 2 according to whether we consider the
tissue space or the capillary, g(x) is the permeability
constant nf the wall,; T and T, are the colloidal
osmotic pressures in the tissue space and in the capi-
llary respectively, and o{x) is the reflection coefficient
of the wall,

In order to solve the above equations, we introduce
the stream functions wz and ¢1 for the canillary and
porous region, respectively, such that

v
m

3 (13)

o

1]
=1
L+
i
<
=]

U]

]
| i
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We seek a solution of the problem when the radius a(x)
of the tube varies slowly in the axial direction. In
particular, the function a(x) is assumed to depend upon

a slope parameter € such that

a(x,e) = a,8(z) , (0<e<1) (14)
0
where a, is a constant characterizing the radius of
the tube.
We now introduce the non-dimensional quantities
K u
K =_0.’x*=.e_x’ .E_’ (15)
0 a, a, ag .
p.(z,x*;e) = ¥n (z,x*;€) = "o (16)
i ' E. ‘p——-s PITI P ’ va’
¢
a: a
* , = - B s 7
Tp(z,x*56) = opemy, N = =2, (17)
4
9 %o B o vo ‘
$9|ﬂb

where ¢o is a constant of the dimension of stream function
and z = r/ao and x* = ex/a_ are, respectively, the

normalized radial and axial coordinates. Thus we can

write,
a(x,e) = aOS(x*) (19)
Kix,e) = K K(x*) = K [[1+ ox* 7] (20)
o(x,e) = croor(x*) = cro[l - GIX*] (21)

where S(x*) is the wall shape function, 6,61 and o
are non-dimensional quantities. We will also assume

the expensions

(-]

o =n£0 o @m(’“) (z, x*) (22)



P =
m
and
(qt)m
thus
(qt)113 =
and
(qn)In =

161.

=]
*
Ep o § e2Wthopandl gy (23)
€ m m
n=o

y
- o 1 98¢ 2 1 36 ds -
Y 7 AR T ET. W . {24)

a? "% 3z Z ax* dx*

° 4
4 2
1+52( ié*)
dx

_ v ; - . 2
- _9[ — éﬁm— 82. J'_ ﬁ_‘ﬁm:ﬁ lll-_l.etlsl_s—*) !

az Z 3z Z ax* dx* U %
¥
Yo _e2ds 1 ds \
K [q}mzIz € x {¢mx*[ +2¢mz'z' dx*I] + 0(e™)

Q
(25)

- ?0 E[l { ¢ + gﬁ & }'l + 0(€3)

4 2 Rl Y Ymx* dx” *mz :

0

(26)

To convert the squations of motion and boundary

c)nditions to non- dimensionalized forms,

we first

have to coanvert them in terms of the stream functions.

Thus from equations (3),

9P,
ox
3P,
or

eliminating

u_

Kr

3r

-

Kr 8x

pressure,

Y

we

oY,

I

we obtain

obtain

(27)

(28)

(2%)



[1l¥, ) 30, 500, 237, 237, 3 3%,
cr® ax" 3e2ax? T ardx? r  3p? LI PR
- 2_ 3_:3 = O (30)
r® ar

Corverting eguations (29) and (30} into non -dimensional

form, we have,

3 6232 32 1 3

e v = 7 =) %, = 0 (31)
ax 3z z 3z
242 2 2,2 2
€237 3T 13, eld 37 _13 4.0 (32)
3x*x? 922 % 42z 9x*%  3z%2 2z 3z 2

Zeroth order and Second order differential equations
are obtained from equations {31) and (32) and can be

written as

z%-*( 2258 . o (33)
z 3z
AL L a0
z z z z
anc
2, (98} 2 :
it o (3)
ax* z zZ
32¢(°) )2 . )2 , )
T2 9 _ 19 e 13 2)= 0
i (azz " 32)( o . Bz)¢2 (36{

|

Tke boundary conditions in non~dimensionalized form

are given as ;3 from equation (8), we have

. = 0, .i_(l 22y = 0 at z =0 (37)
ax¥ 3z %2 3z
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from equation (9),

a_ Yargy -5 . e2 35 ¢ T as
- az[(ézz]z le|z) € dx*,¢zx*|? + 2.22]2. T+
o
1 ds o
¢1x*Iz 5 ¢1z|z . dx*}_]
=i i& [ 1z - e2(a 12) * | at z = S(x¥%)
a! Yoz z Cox® x
o B , (38)

Zzeroth and Second order conditions can be written as

1 0 . o 0 : .
;g[(¢zz|zjz 2062, 4z = o5 1z 1 et = = SR (39)

1 2 9, - ] - 2 a2
;‘N[“zz"")z (02w l2)gal = 2l0,, [z AL

_dS ;.0 1,0 as _ 4o
d;*{sz*lz * 2 ¢2ZI2 * dx* ¢1K*lz
1,0 ds | .
- §¢lzlz . E;*}] at z = S{(x*)

(40)

Normal velocity is given as

1 ¥
(q )z = 5§ = - ————— it
n 275 dx*

thus boundary condition (10), i.e. (qn)l = (qn)2

becomes,

_1 3y 1 3¥,
27s ax* 27s ox*
NP TR
ax* Ix*

]
duH

?2 ~ ¥, = Wo (canstant)
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thus, E.E_ - .qii. = 1
y b4
[0} O
or, b, ¢ = 1 (42)

Zeroth and Second order conditions are given as

by = &, = 1 . (433
32 . 0t =1 (44)

again from (10), (qn)1 = K(x)[IPZ-PI)*G(X)(ﬁz—ﬂl)]r=a(x)

we have,

y
S-S S as | 3
e I CI - ¢, 3] « oce?)
(o)
- koo oo [(2y - By - ot (T; - 'Y
as+ .
° (45)
- el Lo a8 | 3
el 2 ¢ ¢1x* * dx*¢lz Mo+ 0(e®
= ESEAE[(PQ - P - olx) (m, - 1))
a(!‘
Let Ty = My =W (constant),
thus,
- e flgs a8 : 3
elz00 e * Tox Oy ¥l + oce®)
= R (1 + sx*)[p, - Py - 0o(1-8, (x*)) 7]
" (46)
at z = $(x*)
or,

- -%_ 4] ds L}Q 3

e[z{¢1x* e »lz}J + 0(e?)

- B+ 6x%) [EA(E,-F )+ €lB) - B)) + €¥(R - P
[} e 2 1 2 1 2

boee 0(e%) - 0, (1-8,(x*)7] (47)
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comparing like powers of €, we obtain

F, - ¥ =20 (48)
1:..0 ds 0 2
- 'z-{(:le* 4 —;* ‘blz} - (Pz P]) Ko(l + Gx*)
1 0 ds 0 - -
or, - -z_{d)xx* + ‘d—;* ¢1Z J = (PZ-Pl)x* at z = S(x*)
*
* X
B2 * 6x¥) (49)
also, 00(1 - Gi(x*))w = 0 (50)

From condition (m), Vo is assumed to be of order €,

thus,
_%%}‘ - eV, (51)
N} . eEVr
ax
¥ = - € Vorx + Wo (52)

at x = 0, flux is constant (say Wo) as Vo = 0,

whi:h means that there is no flow across the wall.

Henze,
¥y
?“ -~ . € Vgrx + 1
¥
2 (o]
€V az x*a
= = o o
¥y €
0
W
= - vo e * o+ 1
Wy - R
0
¥ 2
oleg
thus,
& 3 = %
'l ® Ve Yo xT o+ 1 at z =0 (53)

Zeroth and Second order conditions are given as ,
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= ~-Vnx* + 1
8]

at (54)

z

n

0 (55)

Finally the differential equations and boundary
conditions can be summarized as ;

For Zeroth order:

20 (13

—— U =
93z 2 Bz)¢‘ 0 (36
zd ,1 @ - z 9 1 3 7.0
—(= =) — (= =)o, =0 (57)
9z 2 92 : [ CERR P Toq
. [ 6. 1z], =2 6% |z - ¢° |z ], at z = s(x®)
aN 2g A2 - 22 12 > 8
(58)
¢: - ¢: - 1 at  z = S(x*) (59)
Fo = Ey¥fw § at  z = s(x*) (60)
¢: S 60 nx* +#1, at z =71 (61)
For Second order:
32¢(3} 2 3 (2)
(E_-‘.-l——)ﬁz = 0 (62)
(o)
3%¢ 2 2
2 segai 13, 2 _-12, ¢§2)- 0 (63)
axx? 3z 2 Z 3z 3z 2 Z 22
1 2 ~ ;
Lol i, (6, ul2), 2]
= 2 _.2 _di _‘Q r _l_ 0 E‘..E - 0 *
2[¢2z!z ¢lz|z agaltoexlz + 52z |z. o ¢,x*|z
s ds
5¢:z|= ok 17, at  z = S(x*) (64)
Qz - ¢5=0 at z = S(x%) (65)
- 1 0 ds 0 = P e =
it Tt} (X,-B YK, B+ Su%).
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1 9 ds ) * -y *
- o i = P - 5 =
or, z{ ¢1x* + T B (P, Pljx* at z S(x*)
l §0(1+ 8x*) x* (66)
2
¢. = 0, at z = n (67)

4.6 Solutions of Equations

Next, we will obtain solutions of the differential
equations (56), (57), (62) and (63) subject to their

boundary conditions (58) - (61), and (64) - (67).

from (56) z E—( Ld. )62 = 0
3z % 23z %

or,
3—(% 2y = o
9z 9z

integrating,

_1.'.-- -?...‘hgi. = 2¢

z 3z 10
3 = 2c¢,,2
9z A

integrate again,

0
= d
¢1 €022 + d,,
also from (57) we have,

Ca 22 297 el d ) 4 = 3

T 3z % 3z 3z % 3z ~
let 2 §:<§ %Z) = u (68)
e (i 5u » o
3z % 23z
- m* A g ¥ A, (69)
hence, z g;—(% %?) ¢: - Alzz+ A, (70)
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3 (X2 )¢ =z 2

2z 2% 3z 2

integrating,

0
1202 . o , A, logz + A,

Z 2z 2

or,

0 3
%2 . AIE_ + A, z logz + A z
9z B ’

integrating again,

0 4 { z? 22} :
03 = 42"+ 207108 2 - 7 *hy B oay GTD)
2

from boundary condition (37), A,= A, = 0

thus we have

¢7 = cpez’ + dpoz? (72)
2,0

370, 4+ ¢ ¢ _ 1 3_)¢z . B

dx*? 3z? £ 5 !

d? . d ,1d (2)

ro— + d + z=—(= — =0 73
dx*z(cloz ol d‘(z dz) ¢ (73)

2 2
or, 33 ﬂ_)¢(2) o w S Cigral . i_ilo
dz 2z dz” "} dx*2 dx*2

2
d7¢cy0 , - d?d,, 1

—

dz 2% gz ! dx*? dx*2 £

integrating,

(2) 2 2
..]:...._d':’l = - 9_‘310 %z - 4.4, logz + c,,
Z dz dxk? dx*?
2
d¢$2) L dzclo z? _ 4 d10 z log z *+ ¢y, 2
dz dxx2 2 dx*

d?c z_ d*d ) z? z?
£ 210 2= 10 {fz logz - 7 1+ c"; +d,,
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2 ; 2
(2) 2 1dc,° 'l. lddlﬂ 2 1

= W on ae e F o — _...-1

®, diz * €;,27" 3 gx#t 2 2 gen? 2° (3 0gz)
(74)
using the same method as above for equation (63), we obtain,
(2) _ 2 » _ 1 d%c30 _s

¢, dy, 27 * €3, 2 12 ez © (75)

4.7 Pressure Distribution.

Pressure distributions may be obtained as,

For tissue region:

K 9P K 3P
Uln—_u.-_...’_c.l’ Vls--ﬁ_a_;l

in non-dimensional form, we have

~E. g 82 o138, K 37, _.13¢
a?  axx % 0% a? 9z Z dx*
o 0
or,
Ll e OBy L L0 6y, A Bhwg 3. 7D
N? Ox* % a8 N? 3z Z Ox*
from (23),
P, =X w0+ [0 (2, xx, 0 (78)
n=o

from (76) and (77)., we have

1 x* - : 1 3 4
- I—q—; GI-E F, + SPI + GSP:Jx*' ;‘a-'z'[¢:+ﬁz¢: ¥ E“‘bl
* svve) C19)

1 g x* - Sy d . 0 a242 4 b
=[P+ eP [+ ¢ Pil, = e =~ [¢l+e o3+ €*¢}
ax*
Foracnin o I (80)

comparing like powers of e, we get from (79),
= _ uf X 3¢°
(X*Fl)x* N g}

9z

from (67) we obtain,

(x*P;)_, = = 28% ¢, (81)
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also from (79),

. 2
(B = = N2 124, (82)

For capillary region;

p 2 1 3%
P, _ u 1 9%¢, _ B 9" ¥, ]

ar r? 3r?dx 3

2 3 3 -
v, R A, L 3%, LW, 13%,
x r3dr r® 3r? F oar?  ax?or

in non-dimensional form, we have

oy [ Mg L Bide, 538 5 2 L3208 -

Ix* 2% 32 L P Z 32? 2 3zoxx*?
(83)
2 3 3
3P, e[_]t 379, -1 3¢, - g2 1 _3._..22:] (84)
3z 2% azax* % 23z%3x* z gxx?

from (83) and (84), we have

x* o < 1 23¢° 1 2263 1 3%,
ef Z Fp *+ €y # gt VL [=s =42 - T2 E—%2+ & 7|
z

3
. % 302 7 4 ote*)+...  (85)
Jzox*?2
aa¢n .
x* 7 . oA & gtk %4y 1" ]
[c Fz + EPZ + € Pa. z E[zz azaz* z azzax*
_ 2,2 3,2 3,0

+ g 197¢, _13°¢, _1 3—22‘]+ 0(e®)+..(86)

“Z 3zax* % dz2%3x* % gxx?

comparing like powers of €, we get from (85),

>

2,0 3,0
379, , 1 2379,
3z? 2 22°
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from (72) we obtain
(X*Fz)x* = 16 ¢,, (87)

also from (85).

. 2 2,2 3,2
(Pz)x* = %3 39, _ lz 2% + % a e, (88)
3z% 27 3z? Azdx*k?
from {(86),
0 a
- 1 2. 3
(), = =, 282 - 129 (89)
3z dx* 322 3x*

4.8 Determination of constants:

Finally, constants ¢4, C29s dygs dygs €125 C22
d,, and d,, will be obtained using boundary conditions
(58) - (61), and (64) = (67) as follows ; using bounday

condition (60) i.e.,

F, = F, s, at z = S(x*)
of , K*Fz K*Fl
(x%Fy)_, = (x*Fp)_, (90)

from (81) and {87), we get

- 2
16(:20 = - 2N Clo
th - . & (91)
us, ¢, = o €y

using boundary condition (58) i.e.,

Sl lel, = 2, 1e - o] lels ac 2 - s
dap = €1 = 2¢ i; - Sz)czo
d,, cyo * 2( ig - 8%)e,,
= - g-czg + 2( 5. - Sz)c20
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thus,

s 4 -
dyp = zczo[=;; - 8% - = | (92)

using boundary condition {(61l) i.e.,

Il
e

0
¢

=- V px* + 1, at z
1 o

2 - .y *
dig * ¢y M Vonx* o+ 1

2 -
dyy = = €440 - Vonx* + 1
thus,
_ 81‘]2 o nx* + 1 (93)
d,, = " o = Vo .
using boundary condition (59) i.e.,
(o)
¢2 $0) g, at z = S(x*)
=~ ¢y, ST - d g + ey SY + dyy 57 =12
thus,
- .. 263 8n2 -1
cpo = [2 - Tonxx] [=2 - Eg -s*7] (94)
an

using boundary condition (66);

now, from (82),

(2)
- P a— 2'.1‘. a¢
(PI)X* NT.Z 1 -
2
= - N2[2c12 -1, diey, o logz d7d 10
thus
- 4z°2 8n®.d%¢
(Pl}x* = - N I2c12 + { 57 logz = }_.___..an (95)
N dx#*
from (38), g
(2) 2,{2) 3,{2) 5,0 -
(P;)x* = {la .%2 - -].'.2 MZ + -.1— MZ + _1. _3__4)2 .I
2 oz 2 522 z 3z8 Z 320xx?
- 16c,, - 4z23c20 5 22ds
22 2
dx* d]{*z
: d’c 48 2 2 16 -
thus, (P2>x* l6c,, + dX*io e 48 fz*- —;_J
. 1 d?s ds .2
+ 40 == 28)=00 - 2(G0,) deso
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1 48 . 35 38dsss (96)
oN dx* dx*” dx*

hence,

2 d%cyo 2
= 16c,,+ 2N7cy, + |-4s%+ 48
at z=S§ dxk?2

[ (R2)pu~ ()l a8

16 _ 2] 4 pdeao(L 45 _ ,¢ 48 -
T N% Yoison]) 4 8;;* Nodxk~ 28 dx*J

2 -
s 4 - 2983 - 20 £2)?c,, (97)
“ dx*? dx*
now from (66),

N STURRSE | Y

f z -1)(* dx* 1£Jx* = (P;—-P;)x*' at z:S(x*)

| R (1 + 6x%)
a?s Lo

ds 0
0 P —— s + - .
= {0, x*x* axx> ‘1z dx¥* ¥

<

YKo (1+8x%)+ ={6°

zx* z 1X +

0 - e 2-1- * o
+ E;*¢IZ}KO.6 = K (1+6x%) (P2 Panx*

' ledcjy ,2 , 9d,, , 45,
{(1+8x*) + z{-;-;* Zz + qIx* + Jx* .ZZCIO}G

- K (s 6x0)® [pf - B,

c

2 2
20-32 + 8_!1 .d—.—s_(chzo) -
ha N?  dx*2

dx
8 88 .5, 2207 C 0
N? dx* dx* K (1+6x*%)

2
+ 1= 8, dero o2 4 B0 4820 (95, )] L
= N 2 207- - 2
dx* N dx* Ko(1+6x*)

equating (927) and (98), we obtain,

2
Cia = = — €22 % I St

N? N2 dx*x2

4n2logs-2¢S_ - g2. 4_
l4n*1ops-2(3: - s )

de dS ¥ ™1 1.5

2088 o L - L

2 L B .
b Dy o SE AL LW . 5
dx* Ko(1+6x*)2aN

8
. pe . =0
N% R (1+6x%) S N
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2_.2
- iT :é____. deao (8°-07) %2[(3 & 2_ %______
N7 K (1+48x%)? dx* S N? Ko (1l+6x*)
1 ,d?s as .2 _ 2 8 ds -
- =)= (=) -2 s o=l
20N gy %2 dx* N? R, (1+6xx)?  dx* *
- Vgl )
2 3 2 1
282 K_(1+6x%)%.5
Using boundary condition (67), i.e.,
¢EZ) =0 o at z =7
2 2
&, = - c.n? +=SS10pt - 22 n’(%-los n)
e b2 8 dxx? dx*?
2 L 2
41y = - eqant - L e Llene L 4n° afe dotos
$ N dxk? N2  dxx?

(100)

substituting the expression of c, in (100), we obtain,

2

8n n? d%c 2 § .2 4
d = e ~ —— =220 |4n“log S - 2(—==8% = =,3) +
12 32 22 N2 ga? £ aN N

. 2 . np? Y =
+ 3n%-_4n? log n + 5. (§——-—3—) . E_J
N2 Kg(l+8x*)

2 = 2
- ﬂ 51_‘5.21 L P.?- [s + _]Lz .];......._.___ - .1_.. + 4_!1 -5
N2  dx* dx* N R_(1+6x*) 20N N2 &°(1+6x*)2
iﬁxn (gi:ﬂi§ o £32 [(5+£ 1
dx* s N2 N2 E°(1+5x*)

_ 1y dis (48 y2 , (48,2

1
2qn  dx*2 dx* dx* 8

2ﬂu

Ko (1+6x*)?

Using boundary condition (64) i.e.,

’ ' ds
i;[!¢:z|z)z , {¢:x*|2)x*J ) 2[¢:z|z - ¢iz'z—3;*{¢:x*|z
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1 .0 d5 0 : Pk ds
bl 02212 = = b;x*|z = 3 ¢1z'z-—‘ b, at z = s(x%)
dx* e dx*
we have,
1 d?ec d?c d -
‘_[Bczz g - 2 10, z3- 20 ,3 20 =
aN dx*? dx*? dxx?
2 1 d%c Y 1 d?ec 2
= Zrhczz z® + 2d,,~ 2520 + { 2¢,,+ 5 10,42
12 dx#*? dx*2
2
- % d7d,o (-2 log z)} - 45 _ 922023 + 449 z + % ds
dx* dx* dx* dx* dx*

(c“.&z2 +2d ) } +§§*{5_10.z+9§10.k + 1.35 (2c1°)1]
20 X7 axx dx* 2 T dx*

substituting the expression of c¢,,, we obtain

2,2
aN N2 4 dx* aN (aN)? aN
2
-8 _32n"1 ,,. ¢+ 8 (§§ - s - ﬁ?)
N2 N2 s? i N
2 2
-1 1 NE -8 q w888 BB LB, Ly
S K_(1+6x%) » dx* dx#* N (aN) 2
2 2
—ﬂ.ﬂ ..35;+§._§.+.§.“ }__H__._. —ﬁ__] .Q.CZOL_(...S_._. 24-%
N2 N N R, (1+6x%) aN? " 2(aN)
48 8 1 2
+ mm, A S— 2 d*s 38 2, &4 dsS 2
N2 L@ w S § + (= = 28%+ = )(—=)
N K0(1+6x*) aN® dph? oN N2 gxx
- 22
) BN T— 9_§] B . (s2=n%) ,
BY K _(1+6x%)? dx¥  daxx N g (1+6x%)? S
ds Vv_ 1 Van A 1
- -, -, - [s] i g— .
* dx* 2 S n 2‘2 S

K (1+8x%)?

now using boundary condition (65) i.e.,

¢2(2) i ¢1(2)

on 2z = S(x*%)
. 2 6 2 2
d $2+czzs"— 1_. d.._?‘_zo §"= d]2+C Sz—l —-EIO +}.d—g_2,sz

> =2 gx*? va 8 dax# 2gx%
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we obtain

. —— e, m—

L (52 ~ n?) - - (n2-shH- o5 - 2

3 1
- ot — it m—r——e
N ﬁ0(1+ax*) an? N Eo(1+ax*)

2 4 3 ) '
287 s 5 s L, ds (8 8 (

* - } . - ™ *
an® 2¢aN)?  (aN)? qx*? dx* N K _fI¥8x*)

{35 192 L 4 +f*—2(sz-n2)}(f"-§->2]

oN N2 N dx*

4n? 8 (82-n?) s* . dc 3 ds

+ { =1 —_—

N? §0(1+6x*)2 S N2 ax* 2o dx*

or,

25 _ 8n? _ _uq-? . -
Fl — = = - 3 = F,]1(2 - V_nx#*)
[ aN N? i [( o

o

thus we can finally write,

F ]

. - -1 dzc -'-'H’]I‘ n nz
- * 20 § 470 ny . 4n
¢, = L2 - v Mt c2ol [ dxk 2 { N2 log (3)

w

2 4
3 2 2n® _ 3n
_ 28 N 28n° - == =z

2 (s - n%H L N
= *

g, (1+éx%) aNZ  oN? N

- 4 2.2 4 & 4

8 23 .~ 1les®ny log § - 28" | 5 o+ ¢,,.48
4ol Q(H‘N)Z NZ Nz 12 dx* dx*
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2 2 2 & 203 5
{ 8]’] - 87] S - §_n ..].‘......_..._.__._,... - _{% + _E___ + 4“ S + E ]_
an N2 N K0(1+6x*) « ol 2 N? 2
' 45 g8 1 2
e j( = (s? n?) + -, T (8% -n%)- =—,
o't gt N' g (1+8x*) oN
- Q g2
(n?-8%) - “:2 - E% i — + g&z _ s? +”S“ )dZS
N § KO(].'HSX*) an ® (C!N)z “Z(Q'N)zdx*z
ds .3 4
R e R G - R LIS A CLEUEP
dx* 7 K {1+8x%) N N
) 2 2_.2 4 5 .
(.".1._5_)2} 4n ‘5 (87-n%) +_S.__)§£2°_ Enmsfiﬁ_]
dx* N? K (1+8xx)* S N% dxx 2 dx*

(103)
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