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ABSTRACT

For nost people the idea of probability is closely
related to that of relative frequency. Therefore, it is
natural that an attenpt was made to construct a mathenati cal
theory of probability using this concept. The results of
the investigations on the rel ationship between probability
and relative frequency are called the laws of the large

nunber s.

At present, the devel opnent of |aws of |arge nunbers
based on the initial attenpt is going on with extrene inten-
sity, the devel opnent has gone far beyond the study of random
variables in the real space. Infact, the devel opnent has
becorme established in some inportant abstract spaces.

Having described briefly the stage of devel oprment of
laws of |arge nunbers, | now state the main purpose of this
t hesi s:

1. To give a systenatic review of the laws of |arge
nunbers in the real space.

2. To approach the proofs, in particular, on the strong
| aws of |arge nunbers by the application of an
i nportant stochastic process - nartingal es.

3. To study the recent work on the laws of |arge nunbers
in some "well-behaved” abstract spaces, H | bert
space and general Banach spaces with "desirable"
properties.



It is, however, ragretable that lack of materials on
topol ogi cal and geonetrical properties of the abstract spa
restricts ny urge of going deeper on (3) where the netric
properties of normed spaces becone a sophisticated tool in

proving the law of |arge nunbers.

Finally, it should be renmarked that references to books
and papers given at the end of the thesis are indicated with

[ ] in the course of the work.
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Chapter 1

Definitions and Generalities

1.1 DIFFERENT TYPES OF THE LAWS OF LARGE NUMBERS

If we study the convergence of n'15n. where

Sn = X1 + X2

convergence, then we obtain different types of the laws

* e ¢ xn, making use of different modes of

of large numbers. Many diffarent concepts of convergence
are used in probability theory. We shall, however, concen-
trate on the following types.

Let X,, X5,....., be a sequence of random variables.

DEFINITION 1.1.1, Xn caonverges to X with probability one

(or almost surely) if Xn(m) + X(w) except on a set of
measure zero w belongs to the probability space Q.
For this kind of convergence, the symbal Xnuségw X is usecd.

In a compact way, xn-iéﬁw X if P(1lim By * X) = 1,

JEFINITION 1.1.2, Xn converges to X in probability or

stochstically if for all ¢ > O,

lim P(|X_ - X] > ¢ ) = 0.
lim PClx, - X} >

1t will be written xn-&» X.



OEFINITION 1.1.3. X, converges weakly to X in quadratic

mean if X and X1.X2......., are square integrable and if
lim B 2 .
ik E|[Xn x)° | Q.

It is written xn-—ﬂ-'-’-"-v X.

Using the above definitions, we can now give the
definitions of the different kinds of laws of large numbers.

DEFINITION 1.1.4. Let {Xn} be a sequence of random variabl: o

and

Then, (X} (with the sequence of {a_} of real numbers and
random variables a) obeys the
(i) weak law of lerge numbers if

n Sn anﬂ———+ o 3

(ii) strong law of large numbers if
nTls - g 228 g,
n n
(iii) mean law of large numbers if
n—15 - i "ﬂ-:"n‘* a.
n n

Hera &ha are taken as the centering constants, and o as

the limit.



It is worthwhile to take a2 look at the statistical
meanings of the modes of convergence mentioned above. We
investigate the example of coin tossing.

A cain is tossed n times independently and the randorm

variables Xy ({i = 1,2,....., n), are defined by
. \1 if head appears
i
0 if teil appears

In this case,

is the relative frequency of the heads after the nth tossi: -
In a concrete sequence of coin tossings, the relative
frequencies can be given in a diagram. After n tossings,
2" different curves of relative frequencies can be obtaine !
depending on the results of the tossings.

A theorem stating that n-1Sﬁ——¢ Y2 in probability
essentially states that almost the whole of the 2" curves -
near to y? if n is large enough but it can happen that all
curves strongly deviate from yZ infinitely many times as n

tends to infinity.



LEMMA 1.1.1 The following two conditions are equavalent

and My = sup |X - X|-2-+ 0 whenever N + =,
n>N o

PROOF, From definition, the first convergence implies the
sacond. The converse statement follows from the facts that
MN is monotonically decreasing in N and any monotcne sequence
is surely convergent.
REMARKS: 1In particular, for series of independent random
variables, convergence with probability - Gued  Tovniwespenmie
n Eﬁ\mt\oirr‘ﬁ ek ‘Qs’v}u»dc-\\&v\i, : j
See [6]. .

Thus by the above lamma?wa can say that n-1Sn-E¢3» %
essentially states that, for large enough n, the relative
frequency curves (except o(2")) are near to }2 and do not

leave a neighbourhood of y?.

1.2 DIFFERENCE BETWEEN THE WEAK LAW AND THE STRONG LAV

Let X4,X5s400v.., be mutually independent random variable:
with a common distribution F and E(xk] = 0 for all k.

The weak law of large numbers in this case states that for
every € > 0,

(1.2,1) = - - - P([n-15n| > e) = 0,



The fact does not eliminate the possibility that
nﬁ1Sn may become arbitrarily large for infinitely many n.
~In other words, the fact does not imply that n-1|5n| remair.z
small for all large n; 1t can happsn that the law of largec
']

numbers applies but that n~ S| continues to fluctuate

between finite and infinite limits. o

For example, in a symmetric random walk the probability
that the particle passss through the origin at the nth step
tends to zero, and yet it is certain that infinitely many
such passages will ocduf. In practicé,ddhé'ia rarely
interested in the praobability in (1.2.1) for any particula-
.. large value af n. IR o | |
"~ A more interesting quastion is whether n"'|s, | will
ultimately become and remain small as n becomes large, tha’
is, whether n-1|Sn| < & simultaneously for all n > N,
Accordingly, we ask for the probability of the event that
n-1|5n| tends to zero. If this event has probability one,
we say that {Xk} obeys the strong law of large_numbers. In
éaneral, the finitaeness of the expectetions is a necessary
condition for the strong law of large numbers.

We can interpret n” |S | + 0 with probability 1 (given

E(Xk]  0) roughly by saying that with an overwhelming

probability n-1|8n| remains small for all n > N..



Apart from the interpretations of the weak law and
strong law discussed above, there is another fact that

-1
n ISDI-Ep 0 can hold also for certain sequences (X} witheut
expectations. The following example illustrates this fact..
EXAMPLE Let us consider the sequence {Zni, £ & 9.20w00¢d
of independent random variables where
P(z_ = 1) = 1
n n
(1.2.2)=-=~-~
1
P(zn = 0] bl 1 - F .

The sequence converges tc zero in probability since from

the equality

P(|2n|> g) = F'[Zn = 1),
which holds for every 0 < ¢ < 1, we obtain
lim P(]Z,]> €) = lim = = 0.
However, the considered sequence {Zn} does not satisfy
lim
[1.2-3) - Yt A e P{n+- Zn = G) - 10

For denoting by A, the event {Zn = 1}, it follows from
(1.2.2) that

L] - 1
P(A ) = - »
n§1 B n§1 L

(This show that {Zn} has no finite expectation.)



From the independence of the random variables and
from Borel-Cantelli Lemma, (See [6]), it follows that th.
probability "' that an infinite number of
the An's will occur equals ones hence with probability orc,
there will exist a subsequence of the subsequence {Zn}
which is not convergent to zero. This obviously contradict
the relation (1.2.,3)., Thus {Zn} does not obey the stronr
law of large numbers.

The next theorem whose proof can be got in [2] shows
that . in the absence of a finite expectation the seguence
averages n—1Sn is unbounded with probability 1. 1In other
words, a finite expectation is a necessary condition for
the strong law of large numbers to haold.

THEOREM 1.2.1 (Converse to the strong law of large number:s,)

Let X1.X2..... be independent random variables with o
common distribution. If E(|X1|] = », than for any numericg)

sequence (Cn}, with probability 1,

-4
lim sup|n 'S - C | = =.

1.3 STABILITY

Definition 1..3.1. 1If for some constants a1,b1.52,h2,.....

¥ )
lim X, - a
n E: §-1 i i



existe in some senmse of cornmvergence, the sequence of rend:
variables X,.,X,,.... is said to be subject to ths law of
large numbers (relative to the centering canstants Q40855000
and scaling constants b1.b2.......)

This section is devoted to the brief discussion on
sums Sn - ¥_1xi of independent random variables x1.X2,......
and, especially, on their limit properties - convergence an.
stability; the case where b (scaling factor) is not
necessarily equal to n but satisfying the condition b, &
as n + », Stability property is an important rocot in the
development of probability theory. Moreover, since medians
always exist we take the centerinpg constants a_  to be med?
So wae briefly seek conditions for almost sure stability of
sequence Sn'

DEFINITION 1.3.2: Given two numerical seguences a, and

b, + «, the sequence S, is said to be stabla in probability

- P - a.s
almost surely if lsnfbn) a, - 0 or lSn/bn] 8, = 0,
Before giving the criteria for almost sure stability cf
Sn' the results of centering at medians and symmetrization
will be birefly discussed. Fpr a full discussion, see [6],



Centering at Medians and Symmetrization

Let F be the distribution function of a rendom veriab.
X. There exists at least one finite number pX called a
median of X, such that

P(X > uXl) >

_—

5 < PIX < uX)
or, equivalently,
FluX) ¢ = » FluX ¢ 0) » o
\'2'1 _?!

The symmetrization procedure consists of assigning to
a random variable X with characteristic function f a corres-
ponding symmetrized random variable X% = X - X*, where X anc
are independent and identically distributed, and £° = |-F|2 e

the characteristic function of X°.

Weak Symmetrization Inequalities with Centerinpg at Medians:

For every € > 0, and every a,

(1) 3 PLIX - uX) > el ¢ PLX® > el,
and

(11} % PLIX - uX] > €] ¢ PLIX®|> €] ¢ 2P[ |x-a|> 5 1.

COROLLARY. If (X - a ) —P. 0, then x’:—ﬂ-. 0 and

(an - anJ-—+ 0, and conversely.
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Symmetrization Inequalities

For every ¢ > 0 and every aj.Jcn.

(i) % ““p(x - uX

sup 8
] ) > e] < P[ X5 2 el,

3" - J
and

(19) 5 PLOPIXgmuxg] 2 €1 € ALSUPINS) 5 o

< 200 %57 %, - 2] > 5.

COROLLARY. If (X - a ) 2:8:, 0, then x§ =2:8, 0 and
(e - uxn}-¢ 0, and conversely,

Given sequences a, and bn + =, we next search for cond’ °
for almost sure stability of sequence Sn. On account of th:
corcllary to the symmetrization inequalities given above, a

5
F n
first condition is that a = "[E:] + o(1),
Sn
Thus it suffices to take a, = u(E-) and investigate

conditions under which 8 - {S - X2 X708
(b— “\E“

We have bn + » and, moreover, assume that there exists a

subsequence bn and finite numbers a«,f such that, for all k
k

sufficiently large, 1 < a ¢ b b « 8 < =,
Mk+1 "k
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Roughly speaking, this assumption means that the sequence
b ~does not increase too fast, and is always satisfied (wi-

an arbitrary g > 1) when Doeq fB,— 1.

n n
k k-1
Let SnD = 0 and Tk =
"k
A.S5. STABILITY CRITERION:

S S .
(i) EE - u(EE) 2:8, p if, and only if,

(ii) Tk - uTk 2:8, 0 as k + wor, equivelently,
(117 for every ¢ > 0,
) P[ ITk - uTkl > ] < ®.
S - ES

: n n G-B__
COROLLARY. TIf |X | < b_, then 5" +» 0 if, and

only if, T, - ET_ —2:8, 0 as K— = or, equivalently, for

e >0,

PP T, - ET | 2 ¢) < =,

COROLLARY. If the XAB are centred at expectations and

Va!"(xn] S

< «, then n
- £

B-B' 0.

REMARKS:- See ([6] pp. 252 - 254) for the proofs.
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Chapter 2

INDEPENDENT RANOOM VARIABLES

Introduction

In this chpater we shall find necessary and sufficien*
conditions under which the laws of large numbers hold. The
chapter consists of a section on the weak law and the other
on the strong lew.

Here X = [X1.Xz,....,XnJ denotes a sequence of indepen
random variables, and

+ X

+l..l.‘x.

Sn - X P n

1
A, Weak Law, Under this saction, we shall discuss the
necessary and sufficient condition for the following various
kinds of random variables.

(i) earbitery random variables,

(ii) independent random variables with E|Xn|'< ®,

and(144) independent and identically distributed random
variables (i.i.d.).

8. Strong Law. Here we only discuss the sufficient condi'’

for the vealidity of strong law for:



13

(i) independent random variables with Elxnl < =
since a good necessary and sufficient condition is urKnsun
Sufficient and necessary condition will be dealt with in t"_

case of:

(ii) independent and identically distributed random
variables.

Some results on the rates of convergence and the Law of Iteralkd

Logarithm will be given.

2.1, WEAK LAW

THEOREM 2.1.1. In order for the seguence X1.X2........ of

random variables (notnecessarily independent) to satisfy t-

relation

4 D
(2.1.1)=-- lirnP {xk-ﬁ}jexkl <el=1

k=1
for any ¢ > 0, it is necessary and sufficient that

n
(X, -EX, )2 \
.y K 7K

(2:1:2)>~~ & + 0 as n+ e,

2 . 2
n“ « ()} (X, -EX.))
kz k k

PROOF: Suppose first that (2.1.2) is satisfied. Let Fn(x}

denote the distribution of the variable

1 n
a == thk-Exk)



Thenwe have the fcllowing inequalltias:

.W

S0
p(]" IR Exkll > ¢ )
=P{] o | 2 ¢l
= J df _{x) N
]2
2
1+ e? X dF (x)
e 14 x° "
|x]2e
1+ ¢? xz
€ —Tr o J ~—y dF_(x]
o Ixfze

e

_ . 1 » al |

Conditlon (2 1 2] 1mp1193 that 1

£

”Thus we hava that‘

P(] 1 Y(x, - EX)! 2 )= 0.

(

1+a2

14

-~ .-
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Necessity. Assume (2.1.1) to hold.

Now,
r
P[Iun| > ) = ‘ an[x]
|x|>e
i x
1 y -1-;2 an(X]
Ix]>
2
. 1J X" dF (x) - J X" o (x)
1+x IKI“B“*K
4 —.z"z dF _(x) - g2
1+x n
cal N
= E Bes ¥ c?,
2 3
1*an}
Thus

’az ~

0 ¢ Ef -2 § €2 + Plla_| > €).
1+a2 "
| n

By first choosing € sufficiently small and then n sufficientl.
large, the right - hand side of the last inequality can be mad
arbitrarily small. The hypothesis that P(I“nll e)=+ 0 ends

the proof.
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NOTE: We should note that in more complicated situations,

such as when the variables Xk are not assumed to have fini
variances, the theorem just proved is of very little use 1.
actually verifying the applicability of the law of large
numbers, because condition (2.1.2) applies not to the
individual variables but to their sum,

However, whenever the random variables x1,x2..... have

finite variances c%néh... such that
n

;

the following theorems are consequences of the above theore-,

+ 0 as n=+=,

2. | &
[T

THEOREM 2.1.2 Let X

1.X2..... be mutually independent ran:om
variables with characteristic functions 01.02....... If

ay = E(Xj] exists for every j, then

n

p( iim 1 g (X, - a,)) = 0 if, and only if
o 9 J

N+« n
11 n
im -
. Qloj(tlbnﬂ 1

uniformly in every finite t - interval.

REMARKy; See [1] for the proof.
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THEOREM, Let g(t) = [1 - F(t) + F(-t}1t,

t
and glt) = % I x° d Flx)
-t

> t
= --‘{t) + FJ x Alx) dx »
a]

with aA{t} + 0 if and only if olt) » O,

Let )(k bs independent with a common distribution F. Ir
order that thera axist constants i such that, for each € > Q,

the probability - . S

(2.1.3)--- P([n" 75 - u

" > ¢) + 0, it is necessary and

ol
sufficient that a(t) - 0 as t - 8, In this case, (2.1.3)
holds with o . TR S

n
_ ] x Flex).
L

REMARK, See [2] for the proof.

Befors leaving this section on the weak law of large

numbers, we look into the estimation of the reate of convergco.

2.2 ESTIMATION OF THE RATE OF CONVERGENCE

Let xk be random variables on some probabllity space er’
let N,k be real numbers. S

bBetine

1 g
S, = X
NN LK
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and Ay = E aN'ka or E aN,k(xk - EXkJ .

depending on Qhatﬁef"E|Xk{ is infinite or Finitearsspectivexj.

(When dealing with Ay

tions that the sum makes sensel,

we will always have made enough aasump*'

This section treats the rates at which PL]Sn - ui > €3
and P{IAN} > ¢} converge to zero. If the random variables
X, are i.i.d. with EX,
P{ISy - #] 2 €} and the rate at which they converge to zers

= u, then the probabilities

are of interest when estimating .

Intuitively, when one has convergencefhe would expect
.its rate to improve with increased averaging.
There is more averaging in the sum

X, X, Xy X

=+t gz 7 than inltha syqzi— t o but how does the
averaging in the first sum dompara with the averéging in the

5 ) ;"3; . ?.. 

.'-_.-'.J"- K

Also intuitively again,'éucceaé‘in gatting gdéd conver-

gence rates P{|A | > ¢} would seem tc depend on how well on.
can measura the averaing due to the co-efficients 3Nk in

the sum AN'
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Exponential Rates., A necessary and sufficient condition fof

exponential convergence rates is givan in the work of

BAUM, L.E., KATZ, M. and READ R,R. (1961).

THEQREM 2.2.1 Suppose the X.s are i.i.d. and that Eaakal < o8

for some & > 0,
Then, the probability

PN[E) = P{ISN -u|l > e}

converges exponantially to 0 for any e » 8, that is, there

exist an A > D and 0 < p < 1 such that

"W .
e

| PN[F)FG ApN_ , |
if and only if, for all € > 0, there exists a constant
e_ > 0 such that

N : ;
T E(e®K) < £ olOleN
k=1 c |

whensver - @ € 8 £ © .
£ €

REMARKS. An optimal p may be obtained from E(a®%k).
The exponential bounds obtained above have been axterdec
to cover the probabilities P{|A ! > e}. The current “best”

theorem along these lines seems to be the following.
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THEOREM 2.2,2 If X,.X are independent random varidéh&

1 2;--..-

having finite means and satisfying

P{ix, - EXKI > x} « J M e
x

A Seme

il

M>0, >0, 1<p <2, end for all x > 0, then there exiz
constants Cy and Cq depending on M, 1, and p such that, for

every € > 0, oo

\n an) g ‘tl:l ahglj]

where ||aN||q is the lq - norm of tha sequence a, = f{a

P{|ANI> €} < A exp {-min [b

N,k}

1 |
and = + — = 1,
P 4

REMARKS. It may be noted that || ayll, and |{aN||qcan be
thought of as measuring & combination of the cverall co-
efficient weight and of the amount aof averaging which the
co-afficients provide. Unfortunately, the bounds in the
theorem are not sharg} no bounds with aoptimality properties

have yet been obtained. .. = . i) _ : &;,

Rate related to Moments.

Let X be i.i.d. random variables. Results of KATZ, gnd
of BAUM and KATZ pgrovide some theorems giving convergance

rates under conditione related to moments.
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THEOREM 2.2.3. If t > 1 and EC|X,|®) < =, then the follow'r
are equivalent:

(a) Elxklt < ® and EX_ = u.

(b) § n*2p(ls - ul > €} <= forall ¢ > 0,
n=1

(¢) } nt? p¢ ::ﬁ|ak - u|l » e} <= for all e > 0,
n=1 -

An estimation of the rate of convergenes of
P{]Sy - ul > e} in the case of nen-identically distributed
random variables was obtained by FRANCK, W.E. and HANSON,
D.L. (19686).

But for the convergence of P{IANI > ¢}, we state the following

theorem:

THEOREM 2,2.4. Suppose Xi"s are independent but identically
distributed, and that

Fix) = RYP prlx | > x},
Frix) = 2P Pelx, - EX | 2 x),

E lay 1% ¢ ay or C NS o

and E IaN'kIt ¢ pyorCNP,
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(i) If 1 < t < 2 and xtF‘(x] < M < = for all x > 0,
then P{|A

v

N| € } = 0(p,) for every ¢ > 0.

(ii) If 1 <« t < 2 and xtF‘(x] + 0 as x + », then
P{IANl > e}

0 (pN] for every ¢ > 0,

REMARK. For the proof see [16].

2.3, STRONG  LAW

The weak law of.large numbers states that under
certain conditions the means of a sequence of independent
random variables with 0 means converge &n probability to U,
The question arises as to whether we can make a probabilitv
statement that all means in the sequence of means from some
point sufficiently far ocut in the sequence are arbitrarily
close to zero. This is answered by the strong law of larpe
numbers.

THEOREM 2.3.1 Leat X1.X2......, be a sequence of independent

random variables having 0 means and variances 03, 05 cees

- 2
such that § %% _ _
is1 77 '

If in - [)(1 ¢ Xy teaat Xn]/n. then (i1.i2......) converges

almost certainly to 0.
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T A
LitE e

That is, for arbitrary § > 0 and ¢ > O, there is an N,

such that P(IX | < &, n = N, Ne1,,.. N+k} > 1-8 for all

N > N6 . and for evary k.

FRODOF Let EN’ EN+1"ff'f"EN+k be thanay?pﬁs

B {linl < g, n =N, N+¢1,,,,,N+k), respactively.
" Then ' . ! o L =

: i P{Iinl < e, n= N, N+T,..0,.,N+K]
. (2-?-1’]"‘"‘ H‘P{ENH EN_'_.]F\-.{.. .nEN*k}. N
But this probability has the valus

(2-3-2]“"* 1 - P{E‘ \} E? . U . ; . .
N S A § Eperte

s

- Thus for N > Ng,e @and k,we must show that “
' , ’ - .;"fﬁa}“
(2.3-3]--- P{ENU EN+1UIIIUE/N+k} < 6. . :‘.."'..”::-'.

Let us partition the positive inﬁagefé.info sets

a-2

I,,1,,4.., where I_ is the set 2*" % 1, 2%72. 2,,,,, 2%,

Let Fu be the event for which et least one of the inequalift -

{|in| < €, N g Ia} fails. Then,for some o and 8 , we have

roo S ’
(2-3.?)"-- FGU Fa+1tj ""U FQ"B:‘)ENKJ ENU -.n&,.‘EN_‘_kn

L Wy

Alsq. we have

a+f }

[2'3'5?f"' PIFU FaaqU ceeedUF 8

} & PLF Je.oueP(F



e LT - ;
i A . e

Thua it is enough for Z P{F } tn Cnnverge.
- . a=1 -

Now Fais the svent that for at least one n in Ia we have

[X,| 2 e, which may be writtan |x *.ves * X | > n e which

ol
impliaa that '

Ix1+x2 s -‘*X I ’( Czu ’ .

whare CZG - 01 f-o----* UZG f

But if follows from Kolmogorov's Inegquality, See [ 10}, that

4 Cga

2 2a "
€ .27 ..

P[Fa} £

Reversing the order of summation with respect to i and « and

observing that § 27%% over all positive integers a for which

2 > i doss not exceed 21-2, we obtain

L@ ® 2 _
] PIF ) « T 9% s
. a=? u_ ﬁ% i=q I? ’ o i .-ﬁi“
e ., ,
Hence Z P{F_ } converges if ] %1 does, in which case we c=n
. a=1 i=1 I? e ' .

maka . o -

, P{Fa} *iaaaat P{Fu+8} < § for all wvalues of g by
ghoosing a sufficiently large. It then follows from (2.3.4)
and {2.3.5) that for sufficiently large N (2.3.3) holds.
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" This implies that P
PUIX | < s n o= Ny N#1, 000, Nek) > 1-6 for all

N > N6 c and for k, and this completas the proof,

REMARKS: It should be notad that if all componeﬁts in
[X1.X2,...) hava equal (finite) variances tha condition
. ci _ e :
§_1 —3 < + = is automaticelly satisfied. As a matter of

1 - -
fact, it will be seen that (X ,X,,...) converpges almoat
certainly to O if X1.X2...., are Independent and identicallv

distributed with 0 means. See [ 2].

2.4, THE LAW OF ITERATED LOGARITHM (LIL)

© In connection with the resulting types of laws of larsza
numbers we are investigating the rate of convergence in thirc
chapter. 1In the case of the convergence in probability on
which the weak law is defined the definition of the rate r°*
.  converpence is clear,
B In the case of canvergence with probability the rate
of convergence will bs characterised by the "largest”

function f(n)} for which

s PURUN) | === a | = O) = 1,
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More precisely, we investigate next the class of functione
f(n) for which the formula above holds.

The classical result of KOLMOGOROV, A.N. (1929) will
be given for bounded independent random variables; the thegren
of HARIMAN - WINTNER (18941) for identically distributed
random variables will be given., The weighted i.i.d. randor
variables will also be touched. The general case of unboun
independent random variables has proved extremely elusive
but the main finding which furnishes sufficient conditiens
that are no more stringent than finite variance in the i.i. .
case was treated by HENRY TEICHER (1974) and the result will
be stated.

THEOREM 2.,4.1 (FELLER (1943)) Let X1.X2...... be a sequence

of bounded independent random variables with

- \ 2,4 - 2 2
[, 0(s \(log log s_)°) where EX = 0, EX = o2,
2 _¢ 2
s, =] o;—>=. Then the Law of Iterated Logarithm holds
i=1
for {Xn} , that is,
n
f.%
o [ tim sup _i=1 I
(,n=-

2,4
L5 s (2 loglog s ) i
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REMARKS. For pracF, BB [6]

MABCINKIEWICZ end ZYBHUND (193?) noted that if {X }
are independent with ‘

PIX_ .. explan 1ogn) }
{log ny?

1 ‘_ﬁiﬁ L
= ? » :H“ }M S
. T‘ . ‘ :

then the L. I L fails providad tha positive paramatar A is nrt
too small. R S, T R

, In the case of i.i.d. random variables, Hartman and
.Wintner provaed that the existence of a second moment 1s a
sufficient condition for L I L, | |

THEOREM 2.4.2. Let X1.X2,......, ba a sequence of i.l.d,

random variables such that Exn = 0, Exﬁ = 1, then

'ré { lim Bup X1 *Lusean? X ’

n =+ =

i - 1} - 1 Wea el
(2n logleg n) .

REMARKS., It has been shown by STRASSEN [14] that the

existance of a second moment is @ necessary condition in the

sensa that ' *-'iﬁiﬁﬁffjé. - .
F“J lim sup I Z xj ' A ' :
(n+e= L : "‘S " L

{n log logn}i

when the variance X, is infinits.

1



N@igpted i.i.d. caseg

Let § denote the class of sequencs {o, Y. n 2 1}
n .

. 2 : N
Whéfe “n A0, n>1, S ; oj + =, and whers {Yn} ara 1,1i.d,

random variables with mean zero, variance a$ < «© and the

distribution F., Then, in §, the necessary condition for
two-sided L I L ({i,e., symmetric L I L holding far {Xn}
and {-Xn})

3

) P{lxnl > & sn(luglog sﬁJ } < =, where

[2:4-1] -
Lo n=1

& » 2(2)°, becomss N S

n lop log s2 "
n } < m’ 6 > b!

o

(2.4,2)--- JPL ¥5 > &
' I n

- mep
where I -

2n.-

2

n? (2.4.2) asserts

When L increases more rapidly than logz 5
that something beyond a finite second moment is necessary

for the two-sided L I L in 0. L

| The next theorem, extendinp Strassen's nécéﬁgifj fo
wéighted i.i.d. random variables, stipulates that nothing 1:s-

than finite variance will do even whan a, * 0{1}) or more

generally when

14 = D n | ) ,. :
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THEDREM 2.4.3. Let {o_ , n > 1} be non-zero constants satis-

n
fying N, * ; ci + @,

2 \

u% - of :ﬂ————-——- E

. 1og log sﬁ ;!
If (Y, Y, n > 1} are i.i.d. with EY = 0, EY’ = =, then
] |
i, o, Y
] gs1d
P-4 1im sup o i £ i
L, antlog log snl

REMARKS. See [14] for the proof.

~’

Unbounded Cases.

Next is the result for unbounded independent random

variables which is fully discussed in [14].

THEOREM 2.4.4. If {Xn. n > 1} are independent random variaobles

= 2- 2 Z-n 2
with Exn 0, Exn ofs S, 12101 ~ w, satisfying for some

§ » 0,

(1) [ P{[Xn! > 8 antlog log aﬁ)i} < =™
n=1

n
(ii) ,2 ) L x% dF (x) = o(1) for all ¢ > O,
N je1 J
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where A = (|X] > e 85 (loglngailmi}

(111) ] o | %% dF (x) < = for all ¢ > 0,
n=1 aniloglog sn)

where B = { ¢ an(IOgsi]'i < |X]| « Ganfloglogazli]. then
the L I L holds for Xn.

That isa

n

P limsup I xj '

J=1

n + o 2§=1 =1,
sn(2 loglogan

REMARK Since all the three requirements involve only

|Xn|, they imply the L I L for {- X } as well.
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Chapter 3

ORTHOGONAL RANDOM VARIABLES

INTRODUCTION. In the practical and theoretical applicatior:

of probability theory it is very difficult to check whether
our random are independent. It is much easier to check th:
orthogonality of random variables. Hence it is very importacl
to find the analogues of the theorems of Chaptbr 2 for the
case in which the random variables are not independent but

orthogonal.

3.1 PRELIMINARIES

The random variables are taken to be complex - valuec
and two rendem variables equal almost everywhere will be
considered identical.

Let X and Y be random variables with E|X°| < =,

E|Y?] < =. Then, if E(XY) = E(X) E(Y), where ¥ is the

complex conjugate of Y, the random variables are said to bc
uncorrelateds if E(XY) = 0, they are said to be orthogonal.
Further, if X and Y are uncorrelated, (X - EX) and (Y - EY)

are orthogonal,
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Since tha independant rendom variables in 22 (space
of square-integrable functions) are orthogonal when centrec
at expectations, we assume, for the sake of arnalogy, that ell
our random variables are centred at expectations, unless
otherwiss stated. Since our random variables have finite
second, hence, first moments, they can always be so centred
and the assumption made does not restrict the gansrality.
Elx]2 is the variance of X and E{XY) is the covariance of
X and Y. R
’

If x1,x2, ¢essceess are arﬁhogonal random variables,
then e m, _f,“- _ e

E| E x.lz = E EfX |2, whars

g3 ge I

ne=1%1,2,,...0, and as n + =, wa have
o ] .
2 2 .
E X | = E|X .
CELE X1 BRI
A fundamental ineguality of the theory of orthogonal
series which plays a rgls similar to that of the Kolmogorov
Inequality in the theory of independent random variables is

the following:

THEQREM 3.,1.1, (RADEMARCHER - MENSOV INEQUALITY)

n . : i :
If s = E Xj are consecutive sums of orthogonal random
J=1 \
variables, = 7 .



33

Ehen _ o o
. ; n
" max |8n|2\< log 4h ) EIX.'Z.
Ef 1> n<h K logz j=1

REMARK. See [ 6] for the proof,

3.2. RESULTS ON MUTUALLY ORTHOGONAL RANDOM VARIABLES

. We show balow how little the gualitative hypotheses
of some of the theorems an the law of large numbers for
mutually independent random variables need be strengthened

if only mutual orthogonality is presupposed,

THEDREM 3.2.1. Let the random veriablas Xn be orthogonal
with Exn = D,

(i) 1f I[logzn) E[an2 < =, then the series JX converys

in guadratic mesan and with probability one.

(ii] 1f Z(].Ug n)2 E'xn'z < =, bn + o, .

n
X, =+ 0 almost surely,

LR
then
B, j§1 J

i

PROOF Ve T e T

We first state some lsmmas whoss proofs can be got in C&],

LEMMA 3.2,1. Lat the random variables Xn be grthogonal.
"'@.-- h L 1 ..'EJ.'£E

w
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. L3

W

(1) Then the ssries IX& converges in quadratic mean

if and only if } Elxn|2 < =y and then

2 2
E]X |2

(ii) If ] ~—=— < =, b+, we have that

X bn

4 D T . T e

X+ 0 in q.m. e ' T
LEMMA 3.2,2. If Sy - ) Xj are consecutive sums of orthogonal
J=1 . .

random variables and § b E|X | <, b -+ =, then § ~+ § in
quadratic mean, and there exists a subsequence Sn -+ 5 with

s

"proﬁébility one such that, for every inteper i, bn he the

first bn_l J.

Now. let S = 3 XJ. Under hypothesis (i} of the theoir
J=1 S N o

S, - S in q.m. according to Lemma (3,2.2) with b,

'bn. = iog h/log;z yields S.zj" -+ S almost surely, thus (i) of ¢h-

theorem will follow if we prove that

max

T, =

T 2 a0 g 23 IS - S_ZJI - 0 | almost surely.
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But by thé.hédémachér - Mensov Inedualify} with n =2J+1w 2~

yields, by elementary computation,
) E[T‘.|2 < (3/10gz)2 ) 1og2n E|X |2 < =,
g=t 4 7 a1 n

- and the assertion follows from Borel-tanteili lemma and

Chebyshev Inesquality. This proves {i), and (ii) follows by

L]

Kronacker's lemma,
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Chapter 4

MARTINGALES

INTRODUCTION: In this chapter we will treat the applicatio:

of martingales to the strong law of large numbers for arbitnmj
random variables and i.i.d. random variables,

A perusal of the former proofs reveals that the assumed
independence of the variables was used only to derive certain
inequalities among expectations, and hence we want to carry
the main results over to martingales and submartingales.

Such genesralizations are important for many applications and
they throw new light on the nature of theorems. See Examplc
2 below.

The concapt of martingales is due to P.lLevy but it was

J.L. DOOB (1849) who started developing the theory.

4.1 DEFINITIONS OF MARTINGALES AND SEMI-MARTINGALES

DEFINITION 4.1.1., A stochastic process is the mathematical

abstraction of an empirical process whose development is

governed by probabilistic laws.
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DEFINITION 4.1,2. A stochastic process {Xt.t e T}, where

Xt is in practice the observation at time t, and T is the
time range involved, is called a martingale if E|Xt| < @

for all t ¢ T and if, whenever n > 1 and t, < . . « . . < &

t4.1.1]-"" E{Xt ‘xt B ERERY xt } - x

t with probability 4.
n+1 1 n n

This is 2 strict-sense definition and martingale will alway=-
mean martingale in this strict sense.

A stochastic process with variables {Xt} is called 2
martingale in the wide sense if E]thz <o for all £t e T an

if, whenever n > 1 and t, < .... < t 4,

£ } = Xy with probability one.
n n

EXAMPLES .

(1) Let n, Eqgr Eprecnen be any random variables with

Efn] < =, If X 1is defined by
Xn = E{ n IE1......... En], thﬁ? the process is a mert:nﬂﬂ&.

Infact,

E{ xn’1 ‘ E.‘l’l..lll!l En}

- E{ E [““1'"'""*€n+1]|':1"""£n}
-E{n !£1l.llllllljcn}

- Xn.



38

That is, E{Xn,*£1,......tn} . X with probability 1.

Hence, since X1......Xn are random variables on the sample

space of 51’52"""’£n’ we have

E{Xn+1lx1...-.; x; E1'.l‘ll]£n)

n

s E{Xn+1]E1;.....,En]

ol with probability 1,
Taking the conditional expectation of both sides with

X1,......, xn fixed gives

E[x |X1J.--.-; xn} - xn-

n+1

(2) Let S_ -j§1 YJ, n=1,2,...,. If the random variables
Y; are independent with EIYJI < ». Then the S process is

a martingale if and only if E{YJ} = 0 for j > 1, 2 semi-
martingale if and only if the Yja are real and E{Yj} > 0 for
j>1. See (1], Furthermore, if the variances exist, {Sﬁ}
is a semi-martingale.

We are now going to give a more flexible definition by

conaidering the definition of a martingale in terms of o-field.

DEFINITION 4.1.3. Let Y1.Y2....... be random variables

with expectations. Let |8, , |¢,,.... be o-algebras of svent
aatiafying b1c hzc L B BN I B O I I O D B B B B B BN B
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The sequence {Y } is a mertingale with respect to hn if
and only if
(4.1.2)---- ECY_,,| I8} = ¥, .

REMARKS (i) In most cases ]an will be penerated by Y

Yys+22s, Y and additional random variables depending on the

n
past. The idea is that any random variable depending on the
past must be measurable with respect to |8, and in this
sense |8 represents the information contained in the past

history of the process. As this information grows richer

with time we shall suppose that the En increases, that is,

~ -
l%‘::lsz'-“ Iﬁac—. R A R R N R R

(ii) It is to be noted that (4.1.2) implies that Y _is
Bn - measurable, and this has two important conssquences,

Since mn:Dan-1’ then iterated expectations' identity gives

ECECY o B ) | o) = ECY o ) leoq) Yy
By induction, it follows that

ECY ¢ ] 1850 = v, where j = 1,2,...., n,

It follows in particular that every subsequence Yv ’ YV R

1 2

of a martingale is again a martingale,
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Next we note that since [g  contains the o-algebra
purely generated only by the variables Y1'Y2""’ the iterat
expextations' identity shows that (4.1.2.,) implies) (4.1.1).

DEFINITION 4.1.4, The sequence (Yn} is a semi-martingale if

it satisfies the martingale definition (4.1.2) or (4.1.3)
with the equality sign replaced by >.
DEFINITION 4.1.5. (Martingale Equality).

With the definition of conditional expectations, and

changing the notation, (4.1.1) is equivalent to

‘lxt dP = ’I Xa dP, s < t, for

every w-set g determined by conditions on a finite number of
X.s with r « s. This equation is celled the Martingale
Equality.

Replacing the equality by > gives the Semi-Martingale
Inequality.

4,2, APPLICATION TO THE STRONG LAW OF LARGE NUMBERS

We will now consider the application of martingale to the
proofs of laws of large numbers for a sequence of random
variables and for i.i.d. random variables. Before going intc
the theorems involved some other important lemmas and theorem:

will first be dealt with,
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LEMMA 42.1. If u is a convex function and {Yn} a martin-
gale, the {u(Yn]} is a submartingale provided the expectaticn
of ulY ) exists. In particular, {|Yn|} is a semi-martingale.
PROOF. The proof is immediate from Jensen's Inequality which
applies to conditional expectations as well as to ordinary
ones. It states that - . .« S R

ElulY_ _.)] B} > ulEly B 1),
n’ - n+1 n _

n+1
Y

and the right side equals u[Yn).

REMARKS, The same proof shows that if (Y } is a semi-maertingele
and u a convex non-decreasing function, the {u{Yn)} is again

a semi martingale, provided g[Yn] hae an sxpectatior.

THEOREM 4.2.1 (Kolmogorov'’s Inequality for Martingales.)

I Yyseeanaas Y constitute a martingale, then for t > 0,

P {isn |, | >t} « t EIYBJ' _
Next we prove somea convergence theorsms of martingales

(wide-gense),

g e o

THEOREM 4.2.2. Let Z bs a random variable with a finite second
momzent and let .....C:chlmzc:'...;... be closed linear manifold

of random variableas.

oW Sl
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Let M__ = T} M and let M_ be the elosed linear manifold
generated by the random variables in ‘# Mn.

Then the random variables E{Z|M__}, E{Z[M__  },.cucuess
E{Z|My},euuss, E{(Z|M_} constitute a martingale (wide-sense),
and

(1) ™ Eqzim ) - E0zin_)

Ne+-=
(4.2,1)---
(1) M™ gezym ) = E(Z|M)  with probability one.

M=
PROOF, The proof follows from the following two lemmas whose

proofs can be got from [1].

LEMMA 4.2.1. Let csvssesX_5sX_4 be random variables const?=

tuting a martingale (wide-sense). Lat M, be the closed linear

manifold generated by ......., xn_1.x“. and let
-9
M= E‘ Hn y

Then
1im

N+e n

>
“

E{X_, M}
= X_, » and the random variables
XowrrooresX_o.X_, constitute a martingale (wide-sense),

LEMMA 4.2.2. Let x,,xz,...... be random variables constituting

a martingale (wide-sensel,
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Than,

E(|X1'2}‘ E{'lez}‘f NN NN .

If 1lim 2
naw ECIX 1) = 1 < @, then lim X = X_ exists and the

e
random variables X1.X2.......x“ constitute a martingale

(wide-sense),

REMARKS. By Lemma (4.,2.1) the first limit in (4.,2.1) follows.
To show that the limit X of xn is the projection X__ we note
that the projection X__ is characterised by two conditions:

it is in M__ (as is X since X ¢ M ), and Z - X  is orthogonal
to m__, las is Z - X since Z - X is orthogonal to M  and
therefore to M__). This completes the proof (4.2.1. (i)).

To prove (4.2.1 (ii)) we note that ....ccoveve
< E|X1|2 & wovennseny of Elxhl2 since X, is a martingale
sequence in the wide sense, so that the mean limit in (ii)

exists by Lemma (4.2.2).

COROLLARY 4,2.1., Let Z, Y Yoreeevass, be any random variables

1!
with finite second moments, Then if Hn is the closed linear

manifold generated by Yja with j > n,

(i) 1

im A
Pl EC ZIY, Y, q0enee} = E(Z] an}
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(4.2,2)0e==
(1) MM grzgv LY ) = EZIYL Y. )

n-+e

with probability one. In particular, if Z is a random vari-ble
in a closed linear manifold generated by the Y's, the second
limit can be replaced by Z.
PROOF, It follows on reducing (4.2.2 (1)) to (4.2.1 (*)) b,
identifying M with M__ in (4.2.1), and (4.2.2 (ii)) reduced 14
(4.2,1 (i1)) by identifying with M in (4.2.1 (ii)) the
closed linear manifold generated by Yygreeonnaas Yoo

We are now in a position to apply the convergence theorem
of wide~sense martingale to the strong law of large numbers

for a sequence of random variables under certain conditions.

THEOREM 4.2.2. Let [Xn} be a sequence of random variables

such that E{xnlmn_1) = 0 for all n, where M_ is generated by

st with j > n. If b, < b, < .... <+« and
(4,2,3)==== } b}zﬁtxi) < ®, then with probability one,
x ‘x +."-....'+x
(4.2.4)=---~ 2 = B .o,
n

PROOF We have to apply the equations in (4.2.2) with the

following identifications:

.4 :.X1

L
Y"'J§1 bJ xJ.
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It is easily seen that {Yn} is 2 martingale sequence and thot

E[Yi) is bounded by the series in (4.2.3).

The preceding corollary therefore guarantees the almost
sure convergence of {Yn}. and by Kronecker's lemma this
implies the assertion (4.2.4).

Before stating and proving the theorem on the application
of strict-sense martingales to the strong law of large numbors
for i.i.d. random variables, we shall first state the
strict-sense versions of the convergence theorem of wide-sence

martingales, Theorem (4,2.2.), and its Corollary (4.2.1).

THEOREM 4.2.3., Llet Z be a random variable with E|Z| < =,

and let ----- CH,ICM LA s be Borel fields of w-sets.
Let

m_*" (9 Hn, and let M_ be the smallest Borel field of

sets with M_DVUm .

Then
(i) 1im
e E{zlnn} = E{Z|Mm__}
(4,2,5)=~~
lim
£11) s E{Z[Hn} = E{ZlM.}

with probability one,



48

PROOF., See [1]. But it must be remarked that, if Mn is

defined for sufficiently larpe or sufficiently small n, then

(ii) or (i) of Theorem (4.2.3), respectively, remains appli-able
The following corollary covers the most important case o@

the above theorem, and it is the strict-sense version of

Corollary (4,2.1).

CORODLLARY 4,2,2 Let Z be any random variable with

E{Z| < =, and let Yy2Y5see000.. be any random variables. Thep
if Sh' is the Borel field of the w-sets determined by

cenditions on the Yja with j > n,

1im i e o
(s 300 seEly v .} = E(Z] R G}

n+1!.--

(4.2,6)~=~~

lim
[ii] E[Z'Y,l;vz.....;Yn} - E{Z'Y1:Y .'l'-ll'}

n-+e 2
with probability one. 1In particular, if Z is a random variokW
on the sample space of the Yjs. the second limit can be rep\acd
by Z.

PROOF. To reduce (4.2,6 (i)) to (4.2.5 (i)) identify G, with
M_,« To reduce (4,2.6 (ii)) to (4.2, 5 (ii)) identify with

M the Borel field of w-sets determined by conditions on the

Yjs for j > n.
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In particular, if Z is a random variable on the sample spa-g

of the Yj

by the definition of conditional expectation.

s, the second limit is Z itself, with probability -

The next theorem is an immediate consequence of
Theorem (4.2.3), but its form makes it more useful in studyinj
cartain problems.

THEQOREM 4.2.4, (i) Suppose that the random variables

WoressensX_osX_4 constitute a martingale relative to the

respective fields F ,......, F_,.F_,, and define

Then

lim
na-= Xn = E{Z|F__}

with probability 1, and the random variables
w’ E{zl F‘-}JIUIOIIIIJ x-zix_1
constitute a martingale relative to the Borel fields

Fw.l F P B B B B B A F-zg F‘1 -

(ii) Suppose that the random variables X,.X,s,.e..0.7
constitute a martingale relative to the respective Borel
fields F1.F2,......,Fz, and let F_ be the smallest Borel
field of w-sets with
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Then

1im
i Xn = E{ZI Fw}

with probability 1, and the random variables
x1lx2]..llllll’ EfZle}s Z
constitute a martingale relative to the Borel fields

F1‘ le.l..'ll’ FQJ le

THEOREM 4,2.5. (Strong Law of Large Numbers for i.i.d.)

Let x1.x2...... be mutually independent random variabl.es
with a common distribution function, and suppose E[X,| < =.

If b1 < b2 < ,..0. + @, then

lim x1 ‘.Illlllll‘} x
r-+o 5
n

n =
E(X1]

with probability one. Here take b = n.

n
PROOE If Y = § b-' X, and Z = X,, then according to

J%1
Corollary (4.2.2), Theorem (4.2.3),

---..n}-Y

n+1’"* -

lim
n E{’<1|Yn’ Y

%0

exists with probability 1.

It is clear that

E{x1| YnJ Yn‘.‘J'll} » E{x1|Yn0Xn+1' x n-n}l

n+1’
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X veeess are independent of the pair

and since X

n’1j n‘zllI..

X?' Yn'

E(Xq 1Y, X qqronnnsd = E{X1|Yn} with probability one.
Thus

Im o 1%, o XY o=y

n-se fr7q TN ReaRes n -» with probability one.

By symmetry,
E{x1lx1,.n...-., xn} L E{XJ|X1+.IIIIIIII‘ xn}! j €N

B n
- E{x x *oevannasnt x }
B, §_1 JI 1 n
1 n
= E{E; 5.1lex1¢--.-.--* xn}
- b
n

so that the theorem is proved except for the identificaticn
of the limit, To identify the limit we note that, in the
first place, Y__ is unaffected by changes in any finite
number of Yjs and therefore, by the Zero-One Law,

Y. = constant = E{Y__} with probability one.

In the second place, according to Theorem (4,2.4), the

seguence

Y-.llll.lllE{X1 |Y:JY2'Y3’.-l.l}’E{X1'Y1,Y2' L] .'}J x1

is a martingale, and therefore,

E(Y_,} = E{X,}.
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That is,
lim E(Y,} = E{Y__} = E{X,}.

Nn*=m

Thus

lim x ‘.-.--......*X
- = B T = E{X,} with probability one.
n
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Chapter 5§

INDEPENDENT RANDOM VARIABLES TAKING VALUES IN ABSTRACT
SPACES

5.1 PRELIMINARIES

In the early chapters we considered random variables
taking values in the real space R, Similar results can b
obtained for random variables taking values in a Banach space.
The real difficulty lies in the treatment of random variables
(independent but not identically distributed) taking value: in
a Banach space. This problem has been treated in various
forms by FORTET, R. and ‘MOURIER, E, in their paper (1955-56)
and (1965), BECK (1961), WOYCZYNSKI, W.A. (1973) and CHUNG,
K.L. (1847), Here we shall follow the Chung's version of
the strong law of large number because Beck's and Woyczynski®
results from Chung's,

The situation is not much more complicated if the
values of the random variables are in a Hilbert space becau:
in this case the variance of the sum of independent random

variables is equal to the sum of the variances.
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The Law of Iterated Logarithm in H-gpace will be statmﬂ;
analogue of Strassen’s functional version of the loplog
law using Berry-Esseen type estimates for random variables
with values in a real separable H-space. Briefly, we shall
touch the strong laws of large numbers for Banach space-valued
random variables which are subject to the Banach space analgs
of orthogonality called weak orthogonality. This is dealt
with by BECK and WARREN (1972),.

DEFINITION 5.1.1 Let (X, 3, P} be a probability space, wherc

X is a sample space, and let E be a Banach space. A functiocn
E(w), w ¢ X, is called a B-random variable, or a random
variable taking values in Banach space E, if E(w) ¢ E for
each w ¢ X and {w: £(w) € U} € 3 for any open subset U of E
("open” is with respect to the norm (strong) topology) or, in

other words, if £(w) is measurable.

DEFINITION 5.1.2. If || é(w)|| is integrable (with respect

to P), then there exists an element E(f) of B-space E, calle.
the expectation of g, for which

FIE(E)) = J FLE) dP = E(£(E))
X

for any bounded linear functional f defined on E.
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The variance of £ is dafined as

?(g) = L | & -€ ||%ap.

DEFINITION 5.1.3 (Uniform Smoothness) A normed space, and

its norm, are said to be uniformly smooth if, for each e > 0,
there is an n{c) > 0 for which I xit > 1, Jlyll » 1 and
Il x-ylii kué always implies o o
e vil 2 Wxtbe diyll- e fix-yil .
A normed space E is uhiFofﬁly.smoofh.i? and oﬁly if,
for each ¢ » 0, there is a plec) > O for which || x|} = 1,

Hyll <« p always implies that
| xeylt + {Ix-yil =2+ el(yll-.-;¢iy

DEFINITION 5.1.4 (Uniform Convexity) Following CLARKSON

(1964), a normed space E, and its closed unit ball. are saic
to be unifarmly convex if for each ¢ with 0 <« ¢ < 2 thers
exists a 6(e} > 0 for which it always follows from |{x|| < 1.

[l vl < 1 and l] x-y|l > e that
I3 Coydll <1~ sCe).

Such & function 6{e) is called a module of cmnVaxity for E.

E is uniformly convex if and only if it always follows
lim

M=%

1
from [{ x [l « 1, [yl ¢ 1 and | 5(x +y I = 1 that

lim ;
e 1l Xg™ ygll = 0.
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If E is uniformly convex, so is its completion.

2
EXAMPLE The Hilbert space l of sequences is uniformly
convex., In |2 we have || x]|]2 = (x,x), and from this fgllo.:
identity
2 2 2 2
I xsn]l©+ I x=n]] = 20} x]]“+ |In I°).
Thus if |[x || <« 1, [I»|| « 1 and || x=n{| > e,

then

ll% [xonlllz < 1 - 5% » so that |2 is uniformly convex.

The following results give uniform convexity in terms
of uniform smoothness. If the B-space E is uniformly convex,
then E* (its duel) is uniformly smooth. If the B-space E

is uniformly smooth, then E* is uniformly convex,

REMARKS, See [4], [5], [8], and [9] for full discussions.

5.2, INDEPENDENT RANDDM VARIABLES TAKING VALUES
IN A HILBERT SPACE

The first theorem will be an analogue of the Kolmogorc.'s

Inequality of the real space.
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THEOREM 5.2.1 Let £y 52........ €n be a sequence of inde-

pendent random variables taking values in a Hilbert space W

for which E(Ei] =0, (i =1,2,.....,n). Then, we have
k n 2
sup D°(g, )
P I 1 &;lt»e} s ¥ k' for e > 0,
(1<k<n {4 i ed _._;:.z__

REMARKS For the procf, see [ 7].
But it must be noted that

E . g 2
E(g )° = E[( ) £)7]
k=1 k=1 ©
for n = 1!21'-----: and that

fte, + e a0
A
whenever j < x and A c.atz1.....,gk_13. the smallest o-alge’ -
with respect to which the random variables £1"""’Ek-1 are
measurable,
These two simple facts follow from the independence of
the random variables and induced orthogonality of independen:

random variables in a Hilbert space.

THEOREM 5,2.2. (Strong Law of Large Numbers)

Let Eﬁ'ﬁz"""' be a sequence of independent random

variables taking values in a Hilbert space H for which
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E[zi) = 0 (0 is the zero element of H)

and - DZ[Ei]
< ™,
& T
Then

6} =1, and if I DZ(Ei] < @ and
i=1

m1 g
(EINE
E[gi) = 0, then § £; is convergent with probability 1.
i=1
That is, there exists a random variable n (taking values in

H) such that
s N ™
PMS e, ~nll »0)=1,
\1'1 o

PROOF Only the second essertion of the theorem will be
proved since, by Kronecker's lemma, the first assertion
follows from the second.

Let n‘j.s1 "Ez +tlllllll+ Ej!

= Sup =
a lw)= 5" Uhng,s - nplly.

and

alw) = i;f {am(u]].

To show the convergence of | € it is enough to prove that
3=t

Pla(w) = 0} = 1,
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By the Theorem (5.2.1) above, for any m and n, we have

sup ) 4 N B
F'(1*‘¢..1sn ll"mfj npll 2 e) < :zjzm‘10 (g5) o
Hence

Pla | > ¢) ¢« 1y thzjl

e j=m+1
for any integer m, where ¢ is an arbitrary positive number.
Thus for sufficiently large e, alw) = 0 almost everywhere,

Hence, ) EJ is convergent with probability one. Applying
=1

the Kronecker's lemma, we have that
1 D

REMARKS. The two theorems hold even if the random variables
are not independent. This can be explained by the method of

Centering at Conditional Expectations,

THEODREM 5.2.3. (Iterated Law of Large Numbers)

Let x1.x2............ be independent H-valued random
variables such that E(Xn) « 0, (n=1,2,...044), B:p El]Xn|F< @,

and each Xn has a common covariance operator T where

(Tx,y) = E{(Xn,XI(Xn.y]}. M.y & H and B9 12,6008 s
Let » be the mean zeroc Caussian measure on H with covariances
operator T and let K denote the unit ball of the Hilbert spac

Hu which generates p &n H,
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Then

-~

P lim ” x1 *evenana?t xn-K ”-0‘)-1
ot (Zn loglog n)?

and infact, with probability one, the sequence

{(K1+..........*an/'(2n loglog nli] accumulates at every
point of K,

REMARKS., The proof is furnished in ([ 13], page 337).

It is known that K is a compact subset of H. Thus the
conclusions of the theorem are equivalent to saying that with
probability cna‘the sequence of the points
{[X1+......+Xn}/ (2n loglog n)*: n > 3} is conditionally
compact in H and that with probability one the set of limit

points of each sequence is precisely K.

5.3. INDEPENDENT RANDOM VALUES TAKING VALUES
IN BANACH SPACE

The i.i.d. random variables do not pose a seriocus
problem as the independent random variables. The strong lew
of large numbers for Banach space-valued randem variables,

in its generic form states:
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THEOREM 5.3.1, Let E be a specified Banach space. Let

{Xj}. J=1%,2,0000..4, be a sequence of E-valued random
variables subject to a certain set of conditicons., Then we
have that n-1.f XJ converges to a constant function in the
norm topologyJ;l E almost surely.

DEFINITION 5.3.1 The sequence {En} and {e;} are called

equivalent in the sense of Khinchin if
P i @,
qu (EJ t €J] :

THEOREM 5.,3.2., (For i.i.d. random variables]).

identically distributed random variables taking values in
the Banach space E for which E(Xi} = 0,
Then
1 n
Pl = i§1 X I+ 0) =1,

PROOF. When E is finite-dimensional the proof follows from
the fact that expectation of a finite-dimensional random
vectaor of the expectations of the co-ordinates of the randrnm
vector.

We state the following lemma whose proof can be seen

in [ 7] for proving the theorem.
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LEHMA 5-3-1. ThB sequence !'31)(1; szz; TR R T Ubﬁ-\

the strong law of large numbers, if

E(X;) = O

J
E|Xj|p <o for 1 &€ p < 2, and

-2-p ¢ 'Cﬁl

—a- M
n-z'[jp] n ‘

where M is a positive constant, and x,.xz........ are 1.i.c
random variables.

Now let ¢ be an arbitrary pcsitive number and let

x1.x2,........ be a dense ssquence in E.

Set

Ky = 1% I x - lel < e}, and

Define the Banach space-valued random variable x;(u) - Xj

whenever Xi(u) € Aj' (L m 3,2, somnminant 3 ® VeBowsannsninzda
Then
Hx: te) - Xifwlll € e, and
j§1||xj||P{xi e Asy = ECH X311
-PE{|IX1||] + e

< o,
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Choose an integer N such that

JENH X PIXg € Ayl < ey (B = 1,2, 00iiiunnninnna]y

Let
rx

0 vy
[0 if j <N

1f X, e A, § 2N

J

andni'xi"ﬁi.zi‘xi'ni.
Then {£;} and {ni} are sequencas of independent Banach random

variables for which
MeECe |l « ECI €511 )
E P
j§N||xj|| (X; & Ayl
(for i = 1,2,..])
< €,

and

NEMOI < [TECSI| « [ ECe* )l
= L ECX] = X0 + ECx )]+l ECEI ]
= LE; = XL+ HECGED]

< g *+ e

= 2.
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Furthermore, ti = xi - Ny

= [Xi - X;] + [XI - "i]
= [Xi - X;B + z;.
and hence,
ECH g5l ) « ECE X - X311 ) + EC)] €31))
€ 2e.

Clearly, since E(Xi] = 0,

{n; - E(niJ} is a sequence of independent identically
distributed random variables, taking only (N-1) distinct
values, Thus it obeys the strong law of large numbers. (Not:o

=] = *
that Xi = £] whenever X;(uw) ¢ Aj and Jj > NJ)

Since
1 n
157, G - Eepl
LY Nedl+ 27 Neceo
< = ¢ = £
n §_1 L § n {_1 s |
LS el e 2
€ - E + L€
n §.1 i

< K (a constant), we have that

n-+® n

. n
e 7 18y = EGEDI € K.
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So, by Lemma (5.3,1), we have that (g - E(ti]} oebys the

strong law of large numbers. Thus we have from

Xy = (ny - Elny) + (g, - E(g;)) that X; obeys the
strong law of large numbers. So the proof is completed.

Let X1.X2........... be independent random variables
with values in a Banach space E. We shall follow the Chunpg's
version of the strong law of large numbers which holds if and
only if E is of type p. Beck's version (1961) using the
property of uniform Gonvexity and Woyczynski's (1973) using
the idea of uniform smoothness can be deduced from the Chung's
version., Fortet, M.R. and Mourier, E (1955 - 56) and (1965)
also worked on the problem,

Some of these authors make use of metric properties of
normed spaces in their proofs because positive results are
difficult to get except if the Banaeh space is "good" in
some sense,

So we shall show that if {X } satisfies (for some

1< p s 2)

) n'pE||Xn||P < =, then the strong law of large numbers
n=1
holds for all independent sequences {X_} is and only if E

is of type p.
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Let {en} be a Bernoulli sequence, that is, c;s are

independent real random variables with P(en =+ 1) = %

for all n. We define
(5.3.1)--- C(E) = { {X } e E": § e,X, converges in probabi-
n j=1 J7J

lity}, where E” denotes infinitg -dimensional real Banach
space, If LP(9,E) denotes the vector space of (equivalence
classes of) functions ¥ measurable on 9 into Banach space E
such that || f(.)]] ¢ LP(o). The space LP(n,E) is a Banach

space with respect to the norm

~ 1
Il £5 LP(2,E) | ( | J” f(t]”gdt‘] Pit1epco

7 0
Cten Ift) g ifp ==

We can substitute "convergence in probability” with conver-
gence in LP(E) for all pe R', Let {|. ||p denote the

usual metric in Lp(E] for p e R', and for X ¥ 0, put

n
L . sup .
(5.3.2) |x|p Py 0 |E§1‘JXJ|E for X = {X;} e C(E).
LEMMA 5.3.2. (C(E), I"p} is a Banach space (nence a Fretchet

space) for p t'R‘ .
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REMARKS., The number (5.3,2) is finite since the senuence
n

{ Il 2 ;%11 is convergent. Since for X # 0 (n = 1,2,... ..
i=1 ' .
(5.3.2) is a norm on the linear space C(E}. Then a standard

(k)

argument shows that a Cauchy sequence {Xn } (k= 1,2,...,..])

in C(E) converges to {xn} ¢ C(E}.

Since all the I.Ip-tnpologies are stronger than the
product topology on C{E}, we find from the closed-graph
theorem, see ([5], pags 167), that all the |:|p- topologies

(p ¢ R") are equivalent, that is: .-

LEMMA 5,3,3, Lset {en} be a Bernoulli sequence, and define
the set L by - T

L. =j§1 ejxj : {xj} ? Q[E]}a\

then LGLPCE) for all p e R', and all the LP - topologies,
for p ¢ ??+, coincids on L. “ S

DEFINITION 5.3,2, Let p e [1,2], then € is said to be of

type p if we have |[F(E)CC(E),
Since the injection from |P(E) into C(E) has a clesec
graph in caese E is of type p, we have that E is of type p.

if and only, if thers exists A ¢ R _such that
o L] ’
(5.3.3)---- E[{ § e. X, }IP ¢ AT )| x, P

for all {X;) e CLE}.
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(note that continuous mappings are bounded),
Finally, we state a lemma which follows from its
equivalent under the real space R .

LEMMA 5.3.4. If {Xn} are independent E-valued random variab'ee

so that the series {xn converges in probability, then it
converges almost surely.

Now let {Xn} be a sequence of E-valued random variables
satisfying
(5.3:4)cvee- EX, = 0 for all n > 1. Then {X } is said to
satisfy the strong law of large numbers if

n
1 E xj,+ 0 almost surely.

n j=1

We shall mainly consider here Chung's condition

(5.3.5)===-- I PEN X 1P < =

where p is some fixed positive number.

THEOREM 5,3.3 (Strong Law of Large Numbers)

Let 1 « p ¢ 2, then the following four statements are

equivalent:
(5.3.6)---- E is of type p.
n
(5.3.7)--=-3 ¢ > 0 such that E|| | XJ”p $
31

n
c} E||XJ||FJ for all independent
31

X .....xn with mean 0 and pth moment.

1Jll
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(5.3.8)-~-~~ The strong law of large numbers holds for all
independent sequences {Xn}. satisfying (5.3.4)
and (5.3.5).

(5.3.9)-===~ ity 3P lelp < = and {e;} is & Bernoulli
j=1

_4N
sequence, then n 1 e;X, = 0 in probability.
guq 73

PROOF, Suppose (5.3.6) holds. Then there exists a constant
B so that (see (5,3.3))

n n
P p
E'Ij§1ejle' € Bj§1" Xj”

for all X1.........,Xn e E and for all n. So by Fubini's

theorem we find

n n
(5.3,10)=====-~ Ell § ijjup €8 Y E|l x]IP
3= jer ¢

where {ej} is a Bernoulli sequence independent of

XgreosonsasXy s @nd Xgsuuvaseeenneas, X are independent random

vectors with mean 0 and finite pth moment. The following

result (from HOFFMAN - JORGENSEN 1964)) will be stated
without proof:

n n
_________ p p p
(5.3.11) E||J§1xj|| < 8 E||J§1ijj||
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Multiplying (5.3.10) and (5.3.11) we get
n n
Ell I x, 1P « 8P 8 ] Ell x,]I".
j=1 J j=1 j

So (6.3.7) holds with c = 8PB.

Suppose that (5,3.7) helds, and that {XJ} satisfies
(5.3.4) and (5,3.5). Then the series Ij~1xj converges in
L7 (E) by (5.3.7), so by Lemma (5.3.4) it converges almost
surely. Now we notice Kronecker's lemma is valid in any
Bznach space (with the same proof as in the real xase), so
applying Kronecker's lemma to (XJ(m]], for those o for
which the series Ej_1xjiw] converges, we find that
n"(Xy*.00ea9X ) + 0 almost surely, And so (5.3.8) holds.
(5.3.8) clearly implies (5.3.9).

Now suppose (5.3.9) holds, and let {X.,} be a sequence

J
in E sa that

I .j-p” lel Pew,
=1

Then from (5.3.9) and Lemma (5.3.3) we have that
{ p
= J§1 eJxJ- D in LY(E),
Now 1let

n
Foe X} e E7: %9P 2 (gl ]

17
XJIP)1'P < ),
J® J

‘IE‘1
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Then F is a linear space and we may define the norm

n 7
Il = 507 5 (EILE )Py

for X = {X,} ¢ F, and by a standard arpument, it can be

J

shown that (F, |.|) is a Banach space.

Now let

. ® ¥ 4°P Pe o
Fo ™ 4 {xj} e E .j§1j I lel < ®)}

» 1
- v
and |x|0 = {jz1j Dlllelp} p ,» then

(F_» [.],) is a Banach space, and by assumption, we have

|\ ©

F,= F. The injection F_ + F is clearly a linear operator

with closed graph, and it is continuous. That is, there

exists 5 0 such that
g p P T =P p
€Nl T exlIP « eaP § 5P x|
j=1 J=1
for all X1.......,Xn ¢ E and all n » 1. Now let
X1,........Xn e E and define
0 for 1 <« j < N
xj-N for N < j g N+n

where N is some integer.
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Then

n 5 N+n 5
E|5§19ijll - EIGZ1EJYJH

N+ X P
« c(en)P § ! L.Jﬂ
JEN«1 g

¢ it [Ren)F zuxu

for all N > 1, and so we have
T e lIP «c ]l
Ell } e X, }IT « € X for all
j=1 373 j=1 3
XqsseeesesX € E and for all n > 1. Hence,E is of type p and

the theorem is proved.

REMARKS., A Banach space B is called convex in the sense of
Beck if there is an integer j and € > 0 such that for every
sequence x1,x2,.....,xj of the elements of B with

[|Xi|| €1, (i=1,2,.....,j), we have

I+ x, ¢ X, :........:lel > J(1 - ¢}

for some choice of the signs + and - .

Beck had shown that if E is Beck - convex, then the
strong law of large numbers holds for all independent sequenc@@
{Xn} satisfying

EXn = 0 for all n > 1 and

(5.3.12)==--- SUP E X 7 < =
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But E is Beck-convex if and only if E is of type p for some
p > 1. Hence the result of Beck is included in Theorem (5.3.3°

since (5.3.12) obviously implies (5.3.5) for p > 1.

DEFINITION 5.3.3. A topological vector space E is called ¢

G, - space (0 < a g€ 1) if E is uniformly (1+a)-smooth with

modulus of smoothness given by
p(t) = sup (C|| XaV|| +]l X-Y]| =20 | ]| =1, || Y]| = ¢}
and p satisfying o(t) = 0 (t'*%) as t =+ 0.

W.A. Woyezynski showed that if E is a Gu-apana with
a = p~1, then the strong law of large numbers holds for all
independent sequences {xJ}, satisfying EX = 0 for all n > 1
and (5.3.5).
So by Theorem (5.3,3) we find that every Ga-spaca is of the
type (1+a) because according to the theorem the SLLN holds

a Banach space E of type p (see definition) if

1€« p<e?
ie. 0 £ p~1< 1
ie, 0D« a <1

which implies 1 < a+1 < 2,
So with this argument it could be ssen that Woyczynski's recull

is included in the theorem for p = a+1 where 0 < a « 1.
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9,4 STRONG LAWS OF LARGE NUMBERS FOR WEAKLY
ORTHOGONAL SEQUENCES OF BANACH SPACE VALUED
RANDOM VARIABLES

INTRODUCTION: This section studies SLLN for Banach space-

valued random variables which are subject to the Banach srace
analog of orthogonality. So we shall relax the requirement of
independence and consider instead a form of orthogonality.
ANATOLE BECK and WARREN, P, (1972) studied the Banach
space analog of orthogonality called weak orthogonality. In
the case of independent sequence of B-valued random variables
identical distribution is sufficient for the strong law tc
hold, This is not so in the case of weakly orthogonal seruenw
as it is shown in the proof of the following example:
ses ([11]. pg. 922).
EXAMPLE: Let B = C_, the subspace of |_ consisting of
sequences which converge to zero. Then there exists a secuence
of B-valued random variables which are

(i) uniformly bounded in norm
(ii) 4identically distributed
(iii) weakly orthogonal, but which

{iv) do not satisfy the strong law of large numbers.
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This same example even shows that a sequence of identically
distributed, uniformly bounded B-valued random variables s:=. 5~
fying the strong law of large numbers in the weak lingar ttP“‘?ﬁS
of B does not necessarily satisfy the Strong Law in the norm
topology of B. This is interesting because similar sequences
of B-valued (for B separable) random variables which satis<y We
weak law of large numbers (convergence in probability) in the
weak linear topology also must satisfy the weak law in the porm
topology (TAYLOR, R.L. (1972)),

However, two thegorems which state conditions when identiw|
distribution and weak orthogonality are sufficient for the
strong law will be given.

PRELIMINARIES:

Some vital definitions will be given and two lammas withol
proofs (their proofs are given in [11]) will be stated. B

denctes a Banach space as usual with norm || .|

g B* denotes
the dual of B, and (0 , 3 , P) denotes a probability space.

DEFINITION 5.4.1. A mapping X: Q@ + B is strongly messurablc

if for svery Borsl set CCB8, x"1(c) is measurabls,

Strongly measurable functions from @ into B, in other
words, are called B-valued random variables. Lp[n,S,P,E),
1 « p < =, hereafter written simply Lp[n.B). denotaes the space

of all B-valued random variables on Q@ for which the norm
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1
I = xea 1 peann P < o,
Q

DEFINITION 5.4.2, A finite collection of B-valued random

variables Xgroonreaens Xm is independent if for every collection

of m Borel sets C1.........CmCZB. we have

m
Plo: X,(w) € CquevnnnX (0 e C 3 =0, Plor X (w)e C).

An infinite collection of B-valued random variables is independent if
every finite sub-collection is independent.

DEFINITION 5.4.3 A collection of B-valued random variabler

X1} xz,--ll....lll‘ 13 1d9ntically diBtI‘ibUtEd; 1f 'FEJI‘ sBve ™
Borel set C%B, and for all positive integers i1 and j, we have

Plw: Xi[w] e C} = P{lw: X,(w) € C}.

J
DEFINITION 5.4.4, A B-valued random variable X is stronegly

(Bochner) integrable if
I|| X(wlly Pldo) < =
Q
This is not the usual definition of strong integrability buk

is employed here to avoid a longer definition.
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O-FINITION 5.4,5 A sequence of B-valued random variables

!+ weakly orthogonal if, for all X* € B*, we have

ECXX; .+ X*X;) = [ X*X;(w) . X*X,(a)P(dw) = O

Strong Laws in B-Spaces. We shall consider only B-valued

random variables which have their evro~*~*inns gqual to the
zerg element af B; general case follows by the use of
"Centering at expectation.”

We state the following two lemmas (see [11] for their

proofs) which are to be used later.

LEMMA 5.4.1. Let B be a Banach space and let x1.x2.......J3e
a veakly orthogonal sequence of identically distributed B-~volued
random variebles with Var[X1J < w, Then, for each X* ¢ E*,

ve havs X‘[Ynl—+ 0 almost surely, where

-1 ”
Yn-N [x1+..lll.‘l.l‘l.l!.‘f\n).

LZMMA 5.4.2. Let B be a separable Banach space and suppos:
f{Yn - Y|| = 0 almes* surely, where Y, and Y are B-valued
random variable~. If X'(Yn}-+ 0 almost surely for each
V= 0 a"..o0ct surely.
Nw, in . ° PiPee ¥k camn athgp gtringent condition.

w2 will pive a palr of the~rems v..ich state conditions when

idratical distribu*ion and weak orthogonality are sufficieyt
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for the strong law of large numbers to hold.

FHEOREM 5.4.1. Let B* be a separable Banach space, C a convex
s.bset of B with compact closure, and let X1.X2..........be

o weakly orthogonal sequence of identically distributed
B-valued random variables with var[x1) < o, If the range

of XJ<;5C for each j, then the sequence satisfies the stron-
law of larpe numbers.

PROOF. Since C is wuaveix, it is clear that the range of Yn

is contained in C for each n., Furthermore, Lemma (5.4.1)
implies that, for each X* ¢ 8*, K‘(Yn] + 0 except possibly

on a set D(X*) of measure zero.

Let x;,xa................be a countable dense subset of B*.
Let D = J‘.:'f., D(X}).

Then, D has a measure zero and, if o ¢ D, we have

X‘[Yn(moll + 0 as n » » feor each j.

J
Let A[w03 - {Y.'(wo]s thmolll.-llll}l

For each w s ﬁtmo) hes at least tha limit point in the closu:
of C since C is compact. Now suppose that W ¢ A and A(mof

has at least two distinct limit points, say Yy and Yor
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Let M = max {|Iy1||,||y2||}. Then, since B* separates poin®-

there exists some X* ¢ B* such that
IMCX* Cy /M) = X3Cy, /M) | = | X*(y,) = X*(y,)]
=g > 0.

Since the x3'a are dense in B*, we can find j, say j = p.
such that

e 7/

| x* - Xp|| < “/4M.

This implies that

|i‘(yilm] - x;(yilnl] < 5/aM for i = 1,2, 000000000
It follows that 1)(;(3;1) - Xy, | o< Wy B

This, however, contradicts the fact that X;[Yn(mol) + 0,
Indeed, A[mnl has a unique limit point. Let Y: a + B be
defined as the function which equals the unique 1limit point

of Alw) when w ¢ B, and otherwise, is arbitrary. Clearly,

||Yn - Qll + 0 almost surely. Since B is separable, Lemma
(5.4.2) implies that Y = 0 with preobability one which completes
the proof of the theorem.

THEOREM 5.4.2. Let B pe a finite-dimensional Banach Spac:.

Let x1!X23¢|l|no.-, bB a Weﬂkly UI‘thDgOﬂBl BBE]LIBHGE D'F idBr‘-t-‘._

cally distributed B-valued random variables with Var(X,) < -,
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Then the sequence satisfies the strong law of larpe numbers,

PRODF.  Let b1........bm be a Hamel basis for B, Every

X ¢ B can be uniquely written as

m
X = 121 “ibi , where the

ais are suitable scalars. Define linear maps b; : B+ ¢ into

the field of scalars by

m

b;(x) = oy if X = §1uibi.

i
These maps are continuous since every linear operator on a
finite~dimensional space is continuous. Thus b; ¢ B*

m

'FDI‘i"1,2.....---..m EndX'z

: b;[X)bi .

1

Clearly, if x1,x2....... is a sequence such that for each !,
b;[XJJ + 0, then Xj + 0 as j » =,

Suppose B is m-dimensional. Then, by Lemma (5.4.1),
for i = 1,2,....0000,m, b;[Yn) + 0 as n » = except possibly o
a set Di of measure zero.

Let D = ;;LDi so that D has measure zero.

Thus, for o ¢ D, b;[Yn(m]J + 0 for each i = 1,2,..04.pm.
Hence, Yn[wl + 0 as n + = except on a set of measure zero

which is what we needed to praove.
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