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PREFACE
Munn [8) established a structure theorem for simp]é, and
alsd general w - semigroups which represents an extension
of the structure theorem for bisimple w-semigroups due to

Reilly [I2]. Congrnences on a bisimple w-semigroup were
studied by Munn and Reilly [9], in particular they

constructed all idempotent sepavating congruences and the
quotient relative to the least group congruence on such a
semigroup, Group congruences were characterised by Ault [I],
Iyengar [7] establish.ed the homomorphism theorem
be tween two simple w- semigroups which giyves an- insight

into the study of congruences on simple w- semigroups.
Petrich [11) determined all congruences on a simple
- w - semigroup where he classified them as group and non-
group congruences, Determination of congruences throughout
[11] is based on their Jescription in (I0].

The main purpose of this thesis is to characterize all
non-group congruences on simple w-semigroups using the
approach of Munn and Reilly [9). In chapter one some
basic definitions and results that are needed in the main
body of the thesis are given. In chapter two we look at
the structure of a regular w-semigroup in general. In chapter
three we characterize all the non-group congruences ie.

idempotent separating and pseudo-idempotent separatinﬂ
congruences on a simple w - semigroup. In chapter four we

find the maximum group homorphic image of a simple w-
semigroup, determine the nature of S/ovy and also establish
a homomorphism theorem of a simple w- semigroup into a

group G*.



Chapter One

Basic Definitions and Preliminaries. oy
'Mostlof the results of this chapter are from Clifford and
Preston [ 2] and J.M. Howie [6].

By a groupoid (S,u) ve shall mean a non-empty set $
on which a binary operation p: 8x8§ —~—3> 5. We shall say

that (8,u) is a semigroup if u is associative, i.e. if.

(x,(y,2)1) p) (1.1)

1

¥ x,v,2 € § ({x,y)u,z)u
(Here.and elsewhere we shall write function symbtols on the
"risht). For convenience we sﬁall also write (x,y)u simply
as.xy and usually refer to the semigroup operation as mulci-

plication, The formula (1.1) then becomes (xy)z = x(yz),

and the semigroup (S, n) is then denoted by (S,.).

1€ (8,.) is a semigroup, them a non-empty suBset T of

S is called a subsemigroup of 8§ if it is closed with respect

te multiplication, i.,e. if (¥x, y € T)xy ¢ T.

"An element e of S 1s called an idempotent if it satisfies

the equation e? = e,

Bv a semilattice we shall mean a commutative semigroup of

idempotents. '

A relation p on a set X is called a partial ordering of

(i) ap a for every a £ X.
(1) a2 p b and b p a implies a = b ,

(iii) a p b and b p ¢ implies a p ¢



Lemma 1.2 [4,Lemﬁéjf.i]-'Let E be a semilattice, then the
relation "§" defined by the rule that e < f if and only if
ef =fe =e is a partial ordering on E, called the natural
partial ordering,

Proof (i) e.e = e2¥e3 and hence ex e (ii) If e <f amd
f <e thenef - fe = e and fe= ef=f, whence e=f.

(i11) If e < f and f < g then ef=fe=e and fg=gf= f, and
'eg.=(ef)g=e(fg3;=ef =e » ge=g(fe)= (gf)e=fe=e, Hence e < g,
~let S be any semigroup, and Jet 1 be a symbol not
representing any element of S. ff we extend the given
binary operation in S to one in S \J {1} by defining l.l_él and
l.a=a.l=a for every a € S, It is quickly verified that

S U {1} 14s a semigroup with identity element. Llet us
de fine gl - {S i 5 has an identity element

s U {1} otherwise.

By a left (right}) ideal of a semigroup S$S we mean a

mon-empty subset A of S such that SAG A (AS.C A). By

two-sided ideal, or simply ‘ideal, we mean a subset of

S which is both a left and a right ideal of §

If A is a non-empty subset of a groupoid S, the
intersection of all left ideals of S containing A (S
- being one such) is a left ideal of S cbntaining A and
cbntained in every other such left ideal of S, We call it

the Jeft ideal of S generated by A, If S is a semigroup,
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‘the left ideal of S generated by A is simply AUSA = S*A,
With the analogous definition, we see that the right

ideal of S generated by A s AUAS = AS!, and that the
(two-sided) ideal of A generated by A is AUS AUASUSAS =
slAsY, If, in particular, A consists of a single element

"a, then we call St*a, aS! -and s1as! the principal left,

right and two-sided ideal of A, respectively generated by
a. Evidently eyery ideal (whether one or two-sided) is a

qusemigroup but not every subsemigroup is an tdeal.

I; If ¢ is a mapping from a semigroup (S,. ) into a
semigroup. ( T;,), we éay that ¢ is a homomorphism if
(¥x,y €S) (xy) ¢ =( x¢) (yei.

If ¢ s both one-one and onto we shall call it aﬁ
isomorphism, An'isomorphism from S onto S will be called
an automorphism of S, If there exists an 1somorph€sm ¢
from S onto T we say that S and T are isomorhp ic and write
S ~ T, :

An element a of a semigroup S is regular if a e aSa;.

that is,if axa=a for some x in 5. A semigroup is called
reguiar if every element of S is regular,

We note- that if axa=a then e=ax is an idempotent

element of S such that ea=a for {ax) (ax) = (axa)x=ax=e
and ea=axa=a, Similarly f = ax is an idempotent such that

at=a. We also note that if a is a regular element of S, then
the principal ideal aSl= alJ aS generated by a is just a$,
for a=af implies aeaS, Similarly Sla=Sa,

Lemmhh'I.S (2.Lemma I.3] An element a of a semigroup $ is

regular if and only if the principal right {(left) ideal of
S generated by a has an idempotent generater e, i,e,

a S* = eS* (Sta = Sle)., .



Proof:

" If a is regular, then axa = a for some x in S, and
e = ax is an idempotent element of S such that ea = a.

Clearly a S! = eS!, Assume conversely that aS'=eS! with
e?=ze, Then a=ex with x in S', so ea=e?x = ex=a, and e=ay
with y in S!, so that a=ea=aya. If y=1, then a=a?, and a=aaa.
Hence, in any case, ae aSa and a is regular,

Two elements a and b of a semigroup S are: said to
be inverse of each other if aba = a and bab = b,

Lemma 1.4 (2. Lemma I.14] If a is a reqular element of a
semigroup S, say axa=a with x in S, then a has at least one
inverse in S, 1in particular xax.

Proof Llet b = xax

"

aba a(xax)a=ax(axa) = axa =a

bab

(xax)a(xax)=x(axa)(xax)=xa(xax)
= x(axa)x=xax=b
Hence b 1is an inverse of a.
A semigroup S in which every element has a unique

inverse is called an inverse semigroup.

Lemma I.5 [2,lemma I.16] If e,f, fe and ef are all

idempotent elements of a semigroup, then ef and fe are
inverses of each other,

Proof: (ef)(fe) (ef) = ef?e?f = ef ef = (ef)®-ef and by
symme try (fe)(ef)(fe) =fe.

Theorem 1.6 [2,¥heorem 1.7) The following three

Conditionmson a semigroup S are equivalent:

[ 1) S is regular, and any two idempotent elements of S
commute with each other ;

(ii) every principal right ideal and eyery principal left
ideal has a unique idempotent generator;

(iii) S s an inverse semigroup (i.e., every element of
S has @aunique inverse in S).
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lemma 1.7 [6, Proposition I.4(d)&(f)]

If a and e are any elements of an inverse semigroup
S with e?=e, then aa™ , a-ta, a-lea and aea-! '

are idempotents.

~ An element e of a semigroup S is called a left
(right) identity element of 5 if ea=(ae=a) for all a e S,

e is called a two-sided identity (or simply an identity)
element of S if it is both a left and a right identity

element of S,
We note that if S containsa left identity e and

a »ight identity f, then e=f; for ef=f since e is a left

identity and ef =e since f 1is a right identity.
If e is an idempotent element of a semigroup S, then

eS consists of all elements a of S for which e is a left
identity, that is ea=a, For if a=ex for some x in S, then

ea=e?x = ex=a, and the converse is eyident, Similarly Se
consists of all elements of S for which e is a right identity,
and eSe is the set of all elements of S for which e is a
two-sided identity. We evidently haye eSe = sefes.

eS and Se are subsemigroups of S and so is their intersection
eSe. Moreover eSe has the identity element e.

Lemma 1. 8 [6, Lemma 1,11}
If e and f are idempotent elements of an inyerse

semigroup S, then SeNSf = Sef . Thus for any elements
a,beS
safBb = Sata ) sb~ib = Sa-tab™'b

Proof: If a € SeMNSf, then ae = af = a, so that aef=af=a,
and a € Sef, Conversely if ae Sef, then aef=afe=a, and

so ae=af=a, that is ae SefSf.



A relation p on a Set S is said to be an equivalence

relation if the following are satisfied:
(1) a pa for every a € S (ii) a p-b implies bp a and
(iii) a p b and b pc implies a pc.

Two elements of a semigroup S are said to be L -(R-)
equivalent if theygenerate the same principal left (right)
ideal of S, and J - equivalent if they generate the same
principal ideal of S. We write H= LONR and D = Lo R = ReL.

Then H, L, R, P andJ called Green's relations are

e quivalence relationson S such the H <[ <D <]
and H <R <07 < J. We denote by Ha (La, Rz, Da and Ja)

the H - (L-, R -~ , D- & 7-) class of S containing the

element a.
A semigroup S is said to be bisimple if it contains

only one D - class and simple if it contains only one

J - class,
Theorem 1.9 [2, Theorem 2.11]

(1) If a D-class D of a semigroup S contains a regular
element, then every element of D is regular,

(ii) If D is regular, then every L-class and R-class
ccutained in D cqntains an idempotent,

Proof: From lemma 1,3 an element of a semigroup S is regulai

if and only if Ra[La] contains an idempotent. It follows th.

an B-class R (L-class L) contains a regular element, then it
contains an i emnotent, and every element of R(L) is repular.
Since every ¥-class of € contained in D meets everr L-class

of S contained in D, (i) is evident.



But then (ii) {S'élsolimmédiate from lemma 1.3,

The following lemas 1.10 & 1,11 are evidenf°
Llemma 1,10 [2,lemma 2,12) If a and a~' are inverse elements
of a]semigroup S, then e=aa~! and f= a-'a are idempotents |
such that ea=af=a and a-'e = fa-! a = a-l, Hence ee¢ RyMNLa-t
and f ¢ Ra~'{\Ly. The elements a,a~?, e and f all pelong
to the same D-class.’ |
Lemma 1.11 [2,lemma 2.13])
(1) If a is a regular element of a semigroup S, theﬁ

as! = a$ and S'a = Sa,
(ii) If a and b are regular elements of S, then al. b (akb)

~and pnly if Sa =Sb (aS=bS),

Llemma 1,12 [2,Lemma 2.14] Any idempotent element e Qf
a semigroup S is a right identity element of Lo, a left

identity element of Re, and a two-sided ijdentity element of Ha.
Proof: If a € Lg then a € Se, and hence ae =a, If a € Re
then a ¢ eSS, and éa:aa If a € He=Rer\Le, then ea=ae=a,

Lemma 1,13 [2,lemma 2.15]) No H-class can contain more than
. . '

one idempotent.
Proof: If e and f are idempotents such that Hg =Hf, then
by lemma 1,12, each is a two-sided 1dentity'of the other,

and hence e = f,

Theorem 1.14 {2, Theorem 2.18} Let a be a regular element
of a semigroup S, | I
(1) Every inverse of a lies in Dj |
(ii) An H-:class Hp contains.an {nyérse of a if.and only
if both of the H—c]asasﬁaf\Lb and Ry L, contain

idempotents,
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(ii) No H-class contains more than one inverse of a.

Corolliary 1.15 [2, Corollary 2.19 (i)]

A semigroup § is an inverse semigroup if and only

if each L-class and each R~class contains exactly one

idempotent. ' ' . -

.Corollafy 1.16 [6, Corollary 1.3] ' .

A semigroup S is simple if and only if £ a S = 8§
for every a € § i.e. if and only if for every a, b € S

there exist x,y in S such that x a y = b,

A two sided (left, right) ideal M of a semigroup 5§
ié‘called minimal if it does not properly contain any two-
sided (left, right) ideal of $. Let M be a minimal ideal,
if A is any other ideal of 3 of the same type a s M, either

M& A or M O A = ¢. : - .

Since two-sided ideals A and B of a semigroup § a]iays
contéin there set product AB(an ideal), it follows that th:re
can be at most one minimal two<sided ideal of $. If S ha
2 minimal two~sidéd_idea1 X, then K is talled the kernmel of
S. Since X is congained in every two sided ideal of S, it
may be characterised as the intersection of all the two;sidednf

ideals of §. If this intersection is empty, then 5 does not

have a kernel; this is the case, for example, for an infinite

cyclic semigroup. Every finite semigroup evidently has a kernel

Proposition 1,17 [6, Proposition 1.5]. If a semigroup §
!

has a kermel K, then K is a simple semigroup..

A relation p oﬂ-a groupoid S is said to be right (left)

compatible if a p b (a, b in §) implies a ¢ p b ¢ (c a . p ¢ b)

for every ¢ £ 8.
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A fight (left) cdmpatibIe equivafénéé. retation on S will
be called a figﬁt (1eft) congruence on 5, By a congruence
o S we mean aﬁ équi?a]ence relation on $ which is both
righﬁ and teft compatible. _
| Let p be a congruence on a grouwpoid S, Let A and B
be members of S/p, i.e., equivalence classes of S mod p,
Let &, a, e A and byy b, é B. 'From a; p a, we have aiob; P
a+ by, since p is right compatible. From b pb, we
have ayb " pa,«b, ; since p is 1eft compatible, From the
“transitivity of p, we conclude that ay-byp a,»b,. Hence
the set product AB of A and B is contained in some equivalence
class C. If we define A,B= C, then S/p becomes a
groupoid which we called the factor (or gquotient)
groupoid of S ﬁﬁdulo o -
We denote by ap (aeS) the equivalence class mod p
to which a belongs, The above definition of (o) is simply
ape b p = (ab}p, for all a,b in S, Denoting by p“lthe
natural mapp ing of S upon S/p, we have ap"=ap for all a in

S, and s0 ap”e b p"= (ab) p" . TRus p" is a homomorphism,

and we call it the natural (or tanonical) homomorphism

of § upon s/, Since p" is a homomorphism, S/p is a semigrc' o
if S is a semigroup . L
Theorem 1.18 ~[Main homomorphism Theorem]., {2,Thecorem 1.5]

Let 6 be a homomo rphism of a groupoid S upon a
groupoid S'., Letp=68.8"' i.e., a p b ('a,blin S) if and
oniy ﬁf a6 = bB, Then p s a congruenée on S, and there
exists an isomofphism ¥ of S/p upon S* such that o"¥= 9 where

p" is the natural homomorphism of S upon 5/p
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We mostly consider these types of congruences
I, A congruence p on a semigroup S 1is called idempotent
separating if ho two distinct idempotents are p-equivalent,
2. A congruence p on a semigroup S is called an inverse Semigroup
congruence if >/p is an invefse sem igroup
3, A congruence p 0n'a.§émigroup S is.called locally
1dempotent separating if no two distinct D-equivalent
:”idempotents_are p .- equivalent | |
4, “A congruence p on a semigroup S is called hseudd
idemp otent separating if it is 10ca11y idempotent
ASEPﬂFating but not idempotent sepdrating.

"5, A tongruence p on a semigroup S is called a group

- congruence if S/p is a group

‘Theorem 1.19 [4, lemma 4.8)

‘let S be a regular semigroup, then a congruence p

on S is 1dempdtent separating if and only if p.C H.
Theorem 1.20 {6, theorem 3.17 -

.If S is an inverse semigroup with semilattice of
idempotents E, then the relation | |
o = "{{x,y)e S x S; (Je €f) ex=ey} is the minimum

‘group congruence on S,

 Theorem I.21 {6, theorem 3,2}  If S is an inverse

Semigroup with semilagtice of idempotents E, then the
“ relation . - “

u ='{ (a,b)e S xS: (Y e E) at e a = b teby ..
is the maximum didempotent seperating congruence on S.
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Chapter Two

In this chapter we look at the structure of reguilar
w-semigroﬁps in general.as in [8, § 1 ],

tet S be a semigroup whose set E of idempotents is non-
empty, We define a partfal ordering > on E by the rule that
e > f -if and only . If E4fe :ieN},where N denotes
the set of all non-negative integers, and if the elements
of E form the chain e $e‘> €, > . . .. sy

0"l 2
then S is called an w- semigroup.

Some examples of regular w-semigroups., With a few

minor exceptions we shall use the terminology of ({2&3].
The set of all non-negative integers will be denoted by N.

1. The union of an w-chain of groups.
_Let'{ﬁizi € N} be a set of pairwise -disjoint gfoups

" and for each i e N let Y be a homdmorphism of GiinboGi+1

For each pair (i,J) e NxN such that 1. <j let oy ;=vy¥ iy Y
and for each i e N let P denote the identity

automorphism of G,. lLet S =}£91 and define a multibTitation
on S by the rule that -

) - (a.e G ;s b

ajby = (250 ()(bja ;

b . . € G.),
_ i7J Jst J GJ)
where t = maxX{ i,j}. Then S is a reguldr w-semigroup. In
fact, if ei denotes the idenfity of Gi for all i e N, then
e ej if and only if i <j. Write Tn=§gu3{ (neN). Then
it is clear from the Taw of multiplication that Tn is an

. o

ideal of § for all ne N, Moreover, (\‘Tn = @,

He nce S has no_kérndl;;irg- R _' E AR
2, The bicyclic semigroup B. _ _
Let B=NxN and define a multiplication in B by the rule that

(@a0) (9 a)= (-0t £, g-pe t),

where t=max{ n,pl..
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Then B is a biéimple w-semigroup [8, e.g.1.2)]. The set of
idempotents of B is {(n,n): n e N} and (m,m) >(n,n)&Sm< n.

We call B the bicylic semigroup

3. The semigroup S(G,a).

!'The bicyclic semigroup can be generalised as follows,
Let G be any group and let a be an endomorphism of G, Let
S=NxGXN and define a multiplication in S by

t-n. hat~p

(m,yg,n){p,h,q)=(m-n+t,ga ,q-p+t),

"~ where t= max{ n,p} and o°denotes the identity automorphism

of G. ThenS is a bisimple w-semigroup, which we denote

by S(G;&); moreover,_every bisimple w- semigroup is, to
within isomorphism of this type [12,Thrms.2.2&2.8]. Such a
semigroup is necessarily reqular [2theorem 2.11) |

4.. The semigroup B do

Let d be any positive integer and let % be defined

Y By = {(m,n) € B: m = n(mod d)},
where B 1is the bicyeclic semigroup (e.g.2). Then B, is a
| subsemigroup'of B. Further more it can be shown that By s a

simple reqular w-semigroup with exactly d D-classes., The
pD-classes are the subsets

D, <{(m,n) € B: m =i (mod d) and n =i (mod d) o « i<d},
and each Di is a subsemigroup of By isomorphic to B itself.
Alregular w-semigroup 1is necessarily an inverse semigroup
_ []2,20}]. It is conyienient to.distinguish be tween the case
in which S has a kernel and that in which 1£ has not, It has
been shown by Munn [§,2.6] that S.has no kernel if and only
if it is the union of semilattice of groups, the semijlattice
~in this case being an w-chain, The structure of a reqular

'w—semigroup without a kernel is therefore determined by an

infinite sequence of groups Gi and homomorphisnsyi ’



Yo Y3 Y2 Yn=1 Yn

Gd——--’ Giﬁ—"'-’ Gz——-——-’- - - » Gn 4 \ - . .3

in accordance with a theorem of c1ifford.l

On the other hand, if S has a kernel K then K is a simple

regular w-semigroup; further if K # S then the multiplication

in S can be expressed in terms of that of K and of finitely

many groups by means of certain connecting homomorphisms [8,1hma7’].
Munn [8] reduced the problem of determining the structure

of regular w-semigroups (with kernel) to that of simple

regular w-semigroups, and classified the simple regular

w-semigroup completely as follows:
let d be a positive integer and Tet’£31:i=o,1, e « o d-1}

be a set of d pairwise-disjoint groups with identities fi'

Let

be a homomorphism of G into Go and, if d> 1

Yd-1 d-1
let Y ; be a homomorphism of Gi into Gi+](i=0,1,. e o d=2).,

Thus we have a se quence

Yo b Y4
G il G —_— L] . . G ——
0 1 d-1 0.
For all n e N let ¥y = Yn(mod d). For m,n e N and m< n
write «o

myn 'm Ymele**Yn-1°

And for all ne N let %N denote the identity automorphism of

G (mod d).

Let S be the set of all ordered triples

<af)s

(m,a

where m,n € N, o < i< d-1 and a.e G,. Define a multiplication

in S by the rule that.

(msaisn)(pabst) = (m'n"'t!(a-iau’w) (b.a

§% ,w) s 9P+t
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.l‘
‘wﬁere t=max’{ n,p }, u=snd+i, vy=pd+j and w = max'{ u,v },

De note the groupoid so formed by S(d,:i Y i)

Theorem 2,1 [8,¥heorems 3,384,113}

S(d’Gi’Yi ) is simple ﬁegular w-sem?group with exactly
d D-classes,’

Conversely, every simple w-semigroup has the above
structuré. ; | _ | | |
Corellary 2,2 [8, Themem 3.3]

The set of idempotents of S(d,6.y.) is

E. = {(m,f,.m) = e

. f.eGi,meN}

md+ i° i

‘Theorem 2.3 _[8, Theovem 21
Let $ be a reguler 'm-semigroup. Then S is an inverse

semigroup with an identity and H- is a congruence on S,
| tet S be a regular w-semigroup and 1et’{-en:n e N}

be the set of idempotents of S, where en > ey if and only
if m 5.n. let the B -(L-) class of S containing e, be
"denoted by Rn(Ln) for all n e N, N

With the above ﬁotation and the fact that the outer
components of the elements of_S(d,Gi,Yi) behave as in the

bisimple w~semigroup undeyr multiplication, one can easily see

that

Rmd+1 ='{(m,a1,n) € S: a. e Gi’ ne N} (me N;y iz0,1, . . ,,d-1)
Loy s =’ {(m,a ,n) e S: aielGi’ m e N} (ne Njiso,l,, . . ..d-1y
Di é{(m,ai,n) e S: a, e Gi’m e N, ne NI(i=0,7, o o o o,d-1
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Coro]1ér§ 2.4

let st(d’Gi’Yi)° Then (m,gi,n) and (p,hj,q) are

1. R - related if and only if m=p &i=j

2, L - related if and only if n=q&i=j

3. D - related if and only if i=j

-4; H - vrelated if and only if m=p,n=q & i=)

‘Theorem 2.5 [8, Lemma 4.4]

(i) Di is a bisimple w-semigroup with identity € 5o

(i1) The R-{L-) classes of D, are the sets Rnd+i(Lnd+1)(ﬁ e N,

Theorem 2.6 Let S{d, G.,x ) be a simple regular w-semigroup,
TheqS(d,Gi, vi)/y = By '
Proof: De fine a mapp ing Q:S(d’Gi’Yi)'__*Bd by

(m,gi,n) 8 = (md+ i,nd+ i),
Clearly. 8 is sﬂ@e - valued and onto. Next we show that B

- is a homomorphism, _ _
[(mygism)(shs50)] 8 = (m=mttu0aae s bqayeN 3% g j, tdsus 9PHE)8
ot = T where td+u=max’ {nd+i,pd+j}
| | ={({m-n+t)d+tu, (q-p+t)d+u)
=(md+ i, nd+ i) (pd+j,qd+j). .
=(m,9n)8{p,hy,q)0
.6 is a homomorp hism,
Now (m,gi,n)e =(P’hj’Q)9 .
<=y  {md+ i,nd+ i)={pd+j,qd+Jj)
<Y md+i spd+j and nd+ i = qd+]
<=3 m=p, n=q and i=Jj since o < i,j < d-1

¢=y (m,gim) H (p;hj,q). Hence 8¢86 = H and the result follows,
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Lemma 2.7  For any pseudo-idempotent separating congrue nce

p on a regu]ar.m-semigrbup S and m,n € N

a) (m;fi,m)p(m,fj,m) =) (n,fi,n)p(n,fj,n)
b)  (m,f m)p(me 1, Lmr1) =2 (n,fon) (ne1,f ,me1)

Proof: !

2y A, f um)(m,f,m)(m,f ,n) = (n;fi,n)

(n,fd,m) (myf5m) (myfn) = (n,f, n)

and (m,fo,n)(n,fi,n)(n,fofm) (myf . ,m)

(M, Fgsn) (n,F 15n) (m,Fgum) = (m,f ,m)

by (n,f,m)(m,f,m)(m,f ,n) = (n,f.,n)

(n,fo,m)(m+],fj,m+1)(m,f0,n) =(n+1,fj,n+1)

and
(m,fo,n)(n,fﬁ,n) (n,fo,m) =(m,fi,m)

(W:fo,n) (n+1,fj,n+1)(n,fo,m)= @+1?fj,m+1)

Hence the proof,
Lemma 2.8 For any pseudo-idempotent separating congruence

.on a regular w-semigroup S

(e » &, JEP =)(em,ek) € p.%! kam < k <n ( or n <k <m)

m

Proof: Suppose m < k <n
and (em,e_n) € p (eme-k, e k) e p =2 (e k’en) € p
by the transitive property (em,ek) € p, Hence the proof,

Theorem 2,9 A congruence on S(dJGi, Yi)is e ither a group

- congruence or a locally idempotent separating congruence,
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Proof: Let p be a congruence on S(d,Gi, Yi)" Su;ﬁpose p
is not a group congruence, then we will show that no two
‘diétinct"v—e'quiva‘lent idempotents'are p'equivalent.

.Suppose (emd+~i’ e(m+k)d+ 1')_ ¢ p for some m,k,i e N with

K> o0 and o < di<d-1, Without loss of generality we can take
k =1 i.e. |

(-emd+1"e(m+1)d+i) € p. Now using lemmas 2,7&42.8 and the
trainsifive property of the congruence we can easily see

that . L . 3 s o

' ('em,en) €e p¥mne™N =>p is a group congruence, confrar‘y to -
_éssumption. There fore no two distinct D-e quivalent
1‘dempdtents are p-equivalent if ¢ 1is not a group congruence,
hence it must be a locally idempotent sepdrating congruence, .

Theorem 2,10 [?_j}@m 2.14] _
Le t st(d’ei’Yi) and S* =S(d*,G’_‘i,,Y’;'),-d*'_§ d, be two

simple vregular m-semigr'oups. Let -1= 5-1‘60 (..,oﬁ'd,_i‘ﬁdfd-'h.

be 8 set of 1'ntegers'and let i*=j whenever 83._15 1'_<ajo
Suppose B, t Gr—6¥* 4 (G¥ 4 = 6% ), are homomorphismsof G,

into G‘;*, 0. < i< d-1 and }‘,:eg_-..—»eg an inner automorphism.
. _1 "
of G¥ defined by x%§ = zxz~ fo. some z e G}, such that

(2.11) U{Giei[o,d S ga_q) = W1 'G3f|o < j < d*-1}

and the-following diagram (2.12) is commutative

G Yo 6 PN L SN .
0 POl 'Gao . -'Géﬁi' —"G"dd'T__]"""’ st —>
G; : - :G; > oo o ,Gg —;GT—Q —PGg*_] ;G; 4
%00 Yo



v e s > G,_, ———>G, :
} : i o o]
l Vil J )
’ R
s > Nt N e
. :to . —La \.?0
C"Cs‘f)
Defipe © : § —> S* by
: Com n
(2.13) (.m,ﬁi,n) G = k (l.: ’a{’li)h
, : . . wl '
waere hi = 0 or 1 according as 1 < ox >5H*-1; W=k = (Nn,z,1)
) 1_0 ‘0 W% ) , - .« .
with L= kX = (0, £7, 0}, Then © is a homomorphism of S onto

. i . :
$™. -conversely every homomorpnism of S onto S* can he

obtained in the above fashion.

-l L : .

tet p = O 0 @, then 8/6 n S{d¥*, ¢¥, y;‘*) (Fheorem 1.15
p 15 not a grcu»n congrusnce since $/p is not a group, it's
also abvious that p is not ar idempotent separating congruonce
if a%<d (or {&} # ¢). Therefore frow Theorem 2.9 p must he
a pseujo-idempotent separating cengruence. i N
. For any pseudo- idempo separaling Cengruence f on NCNR
S S(d*,c?*, Y;*) for some d*< d. Therefore p can be

-l
characterized by 0,8 where €@ i85 of the above type.

Theorem 2.14: Let p be a pseudo-idenpotent separating

congruence on S(d,Gin). Then 3 a non~empty seguence of v -

satisfying ~1 = k_1<ko<k1<...<kt<k =d~1

t+l

integers ko,kl, Koyeoos kt

o _ m =p, n=g for kv_fi,jgka,Qs,v <t +1
and (magi ,n)p(‘?-.shj’Q) ==>

‘ . or m=n+l, n=3+1 for igko and 3 > &k

or m+l=n, n+l=q for j <k and i»k

Proof

Suppose p is a pseudo-ildempotent separating congruence on

S(d, G Yi). Then:

e

' el -1
(m’gisﬂ)O(P.hst) => (m,g,,n) D(p,hj,q) because p is a
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congruence on an inverse semigroup.

. ) -1
w :
Now (m,z.,n)(m,g.,n) p(p,hj,q)(p,hj,q)
-1 -1
©and (m!gi)n) (Tl‘-,gi,n)D(P,ﬁj,Q) (Pshj sQ)
=== . (m:fiam)p(P,fjsp) and (n’fi’n)p(_q’fj ,Q}
i.e ( cl+j)ep and (e ' )E p,

Cad+i’ ep nd+i? eqd+_'|

If. md+i > (p+l)d+j =2 (epd+j’ e(p+l)d+j)€p

"t

so md+i <(p+1)d+j

i<ji, m<p+1

likewisge ,

Thus for i<3ji, nm + igm + 1 i.e m=p or p*l

| A
=

i >3, m p <m + 1 i.,e p=m or m=+ 1

Reversing the roles of m & n and p % ¢ we have

for - 1 < 3j , n =g or q +1
i >j , @gq=mn or n +1
By lemma 2.7 we find
1.< j o= (ei, ej)Ep or (ed+i’ ej)ep !
i > j === (ei’ ej)ep or (ei, ed+j)€o
Let k., ki,... kt be the &"'s of theorem 2.10 satisfying

-l o=k _ <k <. <k <k =d-] and.(ej,e

% Yep. It follows therefore

(ei,ej)sp whenever kv_1<i,j5kv’ 05y5;+1;(e&+i;ej)ep whenever ifko,j>kt;

A T

and (ei’ed+j)€D whenever Jfko, 1>kt.

. L LT

.. m=p, nm¢ for k< ik, 04vL £+ 1

or m=p+tl, n=qg+1 for I 5_ko, j>» kt

or m + 1 =19p, n+tl =gqg for j <k , 1>k .

O
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C hapter Three

In this chapter we charécterize all the idempotent
separating and pseudo-idempotent separating congruences on the
simple regular w-semigroup S(d,Giyi).

let S=S(d,51,yi) and X be any congruence on S,

Define A #{g.e6./((0,9.,0)e ) ex,i=ol, . . .5d-1}, set Aanigaf

’ -’ .' .20,1 . ® osd-]
Un,i ={{n,gi;n)/gieﬁi,neN}s !

Cleariy Un, i is a subgroup of S y¥neN and i=0,1,. . .,d-1,

Not = i - ining- i .
e also Axn” Ak since the H-class containing €nds 5 1S Un;1;

De finition:A subset A of'G=UG1- is’fy; } - admissible <=
'l .

a,e A %'aiai,nd+j e A for some ne . N and for all j,o<j< d-1

and hence for all n,jeN (set of nonFnegative integers).

Lemma 3.1 For any congruence A on S, A, is ’{yii admissible and

i . . . A S
A)\ -QG'I’ 0. <_1_Sd ]. o . _ |.

Proof. Llet Ad’i=ln(Uo’3xU0,1). Then %g,;1 is a congruence

on Ug 4 and 5°'eixo,i is a normg] ;ubgroup of UO,%. Also |

eixo ; is the’ image of A; under the disomorphism ai-—*ﬁa(o,ai o)
? ) .

from G, onto U_ .. Thus Al is a normal subgroup of G,

-Let a e Al° Write X = (o,ai,of, z=(o,fi.n). Note that for

@5 nd+j tq have a me§n1ng.nq+33 i.
Now since a.e A, = (x,e,) eX for some o «i <d-]

i
> (zxzd  ze izf‘ ) éx

But zxz =(o,fi,n)(_0.,31,0)(_ﬂ,fj,0)=(0,a_ia,i’nd+j30)

1 .-
ze iz-'. 3(0-’1:,]"”)('O’fi’?)(n’fj’-o)j:(‘o’lfj’0_)
ooo ((O,Q,ict_i

. € A?‘. b

,nd+j.0),_(o,fj,o))ﬁe A S 3i%5 nds j
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Lemma 3.2

- _
L i i_ U .
A =A_=UA_ and A_ xoy Ker agsyq, 4o Where o is the

onH

minimum group congruence on S,H is the Green's relation
and Ker agypq, 5 21 o6 l 3.0 4, ;=F (e Lcln.mtnlij-‘of Gi‘)}"

0 < i <d-1 ke N,

. i : )
Proof: let a, . Jl’\0 then ((o,ai, o),(o,fi,o)) € 0,0 < i <d-1,

so 3 meN such that em(o,ai,o) =ee. and we may choose

m=kd+i,o < i <d-1, ke N

i e (k:fisk) Oaa.iao) =(k,fi,k)(0,fi,ﬂ)
= (ajag e R = (ks o k)
o

teag e L Ker oy yq g

k=1
C Ty, let B
onversely, let g \J ' Then a =
e BT e i% kd+ i=T4 for

some n e N, then (n,fi,n) (o,ai,o) =(n,aia .,n)=(n;fi,n)

nd+ i
:(nsfian)(osfi)o)'

. i
., a.e A
i g

We now consider idempotent separating congruence on. the sipm’

regularesemigroup S(d,G .,y ;)

Llemma 3.3 Let . A be an idempoctent separating congruence on a
regular semigroup S, Then X 1is "D - separating. D is the
Green's relation.

Proof: X & HED, (since S is regular)

Lemma 3.4

(1) let A be an idempotent separating congruence on a simple

regular w-semigroup

i ¥ s

S(d:Gi&Y1

: ok
Then (m,gi,n) J\(p,hj,q)\t:) i=j,m=p,n=q and gihi € AJ\
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(ii) For any set AC G such that A is'{yi}- admissible
‘and ANG; is a normal subgroup of G, i=0,1, . . . d-1,
there exists an idempotent separating congfuence A of
s(d'Gi'Yi) such that A=AA.
Proof:

(1) Suppose A is idempotent separating then AC H(Theorem 1.19)

L

oV i¥j,m=p and n=q (corollary 2.4)
Now (m,g,i n) A(m,hi,n)

= (o,ei,m)(m,gi,n)(n,hgl,o) A(o,ei,m)(m,hi,n)(n,h;l,o)

X
i’_o,gihi ,0) A (o,ei,o)

1
= gihi € AA'

(ii)  Define X by (m,g.,sn)A(p,hysq) & i=j,m=p,n=q

-1
and gihie A.

Since'AnGi A G, we have X an equivalence relation,

1,
1

Suppose (m,gi,n)k(m,hi,n) then gih? € A.

let (p,hj,q) be an arbitrary element of S(d’ﬁi'Yi)

(Mg g5m) (pohys @)= (m-nt 50 004 4 tarus Nj% de g, taeu? TPHE)

where tdtu = max  {nd+ i,pd+ j}
=l ) -
and (m.hiyn)(pohy,8) =(m-mtihjang, i tdrusnjOde g, tarur aP+Y

and.(g.a : h .z
i"ng+ 1, tdtu j“pd+j,td+u)(hiapd+j,td+d !

_1
(g5h; )“nd+i,td+u € A since A is’{ Yi}' admissible,

.« A is a right congruence,
Similarly A is a left congruence

o A is a congruence relation and is idempotent separatinc

Also a e Ah‘ﬂ (o,ai,o) A (°=‘i2°]

7}
Sa.f, = s
a1f1 a1e A
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Define a semigroup S(d’GUAisYi*T
A

G., = ' . .
whe re yf‘i : 1/A1——-—__>G1-+1l-';+1 o< L &d-4 e
. o . A _ -A.'A
o 1 i+l |
defined by (AA ai) 7’15 = A;\ (_tli'f;) (3.5)
_yf;is single. valued since AA 1’5’{'71.} - admissible over
e . : 6., o -
-{Gi} ,_.a]so Y% is a homomorphism of /a1 into © a1 i1
: : . : T / Ay
- o n _ ,N(mod d) S

Multiplication in S(d,%i/,i,Y5) is thus defined py

S A |

i . . S , .

myA,+a; n ’ AJa = . : 1 ' s :

_ ( » B 1’ )(D | " J,‘D (m mt,(ﬂka,l) a*u,w(Aiaj)a*v’w’q_p.{_t)
- (3.6)

where te=max{ n,p)},u=nd+ i, v=pd+j, w=max{u,v }

and ofy 5 VI vh ..., Clearly from(G.5) and 3.6)
(Aya;) of _ oAl
A nd+ i,td+u A;\(ajand-.-i,tda-u)

Theorem 3.7 Let X be an idempotent sebarating congruence on
§=5(d,G . v.) then o
o LS

G i/Ai . _

4°Yi) = $* defined above,

o Gi/ i L
.Psroof: Define 8 : §S———5(d, AA,Y";) by
. i
(m’gisn) 8 ""(maﬂxgi,n)
clearly’'® is single valued and onto, .

(m,9;5m)8.(p,hy,q)0= (m, A, gisn)Cp: Ajzhjai)

t

_(m-m_t’(Algi)a*u,w(ﬂlhj)a*v,w’q'mt) using 3.6

=(m‘n+t’A:1(giau;w)" Au;(hjavgw)ﬂ ‘L—!P*t‘) Writing w=tdu



= (m-n+t, A;(Siau w)(hj av’w’ q-p+t)

, = -Tt + N . - -7
: (m-n+t, glau’whjav’w, q-p+t)0

[(ﬁ?gi,n)(p,hij)]e 1 | o o

® is a homomorphism of S onto §*

Now (m;ai,n) e = (p, b., q)0

J
< = > .(m Aia.,n} = (p Ajb.,q)
’)k] ’)\J |
< = > 1 = j, m=9p, n = g, Alal = &ibj

’ -1
< = > (m,aj, n)l(P,bst). Hence G+® = X and the result

follows,

Next we. consider pseudo-idempotent separating congruences on

on fhe simple regular m—semigroup'S(d,Gi, Yi).

b

Theorem 3.3 Let ko’k1’k

2 Tt t

of integers satisfying - 1 = k—1<ko<k1<'°°<kt<kt+1= 4-1.
Define p = p(k ,ky,...,k. ) on §(d,6,,y;) by

. L _ -1
; o [m=Pom=a3 830, La,gr Dy @iy g, 08A)

for some w > 29, £ = max {i,j}
k <i,j< k_, 0 £ v <t + 1
. - v-1 - v -
(msgi:n)O(PshJ"Q) '"""=>{ -1
o . or m = p + 1, n=q+1;gi(hj aj,d+i)€ Ap

or m+l=p, n+l = g3 {g.a.

for 1L < k,"& i > k_.

Then ¢ is a pseudo~idempotent separating congruence.
Conversely, every pseudo-idempotent separating congruence on

5(qa, Gi’ Yi) can bte characterized in a similar fashion.

Proof

k, be a non-empty sequence

Let o = D(ko’kl""’kt).be as refined above. Since.&pr\G;Mw.
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is a normal subgroup of G; then we have p an equivalence
relation. 'To show that p is . congruence we have to show tha*
p is both left and right compatible,

Now for kv_1<1,33kv,0 < v <ty

(m, g, m) p (p, h:, g) => (m, g,, n) o (m, hy» @) and

s

i i
giai,ﬁd+£'h;1aj,wd+gﬁ Ap - for some w » 0 , ? = max 1%i,i}
Let ' (r, ey s g) bhe an a;bi;rary element of 8(d, Gi’ Yi)
".(m’gi_’_n)(r’ck’s) = (m-n+t, i%a+i,td+u “k%rd+x,td+u’ s=r+t)
(@, om)(r,cp58) = (m-n+e, hiand+j;t1d+u1ckard+k);d+u’S Tre)

td+u = max {nd+i, rd+ k }
thd+u; = max {nd+j, rd+k}
Case 1, ' |

. . i
rd+k < nd+i, nd+j === t=n=t1 ,; u = i, uy = j-

T.,10 = . . . 5= + n)
(m,ul,v)(r. > s) (M5 8500 g4 naws? S7 T W
(m,h.,"Y{r,¢c .s) = (m, n, c. 0O . s = r + n)

] 33 . ). ic 3 J i d+k,ﬁd+_]’ F
' -1

and (g.c,i Jo. . h
.(“1ckard+k,nd~u)a;,wci£(

jckard+k,nd+j)'"gj,wdf£ *
-1
h

Lo e . O, g A for some w > O
P71, wd+8 3 j.wd+? o] -

Case 2, rd+k > nd+i, nd+j == t =r =t; , u =k = uy

C meremiTee) = IR, 8% g rav o, q)

(m!hjan) \'f,c_:k,S) .= (m-n-i-r., hjand'l-j,rdﬂc ck! CI)
) -1 -1

) ! o 1, ,
and (80 g rdek K %k, wdskt (%% B %naei,rd+k Mk, wd+k
,. -1 - + . ’
= 0% waen ™) %5, wae) % ogae® Pp SinCe Ay Bs ¥ -
admissible for some w > 0.
Case 3. nd+i < rd+k < nd + j =»p =p i <k < j
(m,gi,n)(r,ck,s) = {(m, giai;k ck’ a)
(m,hj,n)(r,ck,s) = (m,hj = ak’j,:)
. -1 -1
and (8% %)% waeg (O i, it 0% wa s ’
= - g.0 £ A

i i,wd+jhj aj,wd+j IS
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. Case 4, nd+j < rd+k < nd+i

This is similar to case 3,

Next we consider the case 1 £ k & i > kK,

‘ . . ' -1 . €A
‘.(ms giyn)p(.l)yhqu) ek (P"'l, gi’q+1)ﬂ(p’hj ’.'Q) and gihj aj,d'!-i .p
(p+l.ga+D) (rhc,8) = (Pmatty, 83%(qr1)d+, b dr, ScCrds, b, s-r+t,)
(p’hj’?%(r’ck’s) = (Pratty Bi%igai tden Sk%rak,tdeu’ $ T F YD) '

“where td+u = max {qa-!-j, rd+k}, t,d + u; = max{(q+l)d+i, rd+k}

-

Case“]:;.‘ rd +k < qd+J _# L.= q, t, = q+1.9 u = j: u; = i

(P+1sgisq+1)(r’ckas) = (P"'l-: s —r + ¢ +1)

Eik%ra+k, (c+1)d+i’

) (p,].i.

J,q}(r, v &) = (o hj ckard+k,qd+j’ sor 1)
4 - -1 o _
an ik %rdak, (q+1)d+i) Sk Frask,qa+j N 05, d+i
= g.h, | A
81" %5.avi € fp
Case 2. (g+l)d+i < rd+k =%t = r = t, u = k = u,
(p*l,gi, Q+l)(r,ck,8) =-(p-qTr, gia(q+1)d+i,rd+k'ck’ 5)
LA R AR S R A TS IR TS S
' S S | '
¢, )

and . (g;0 “k,wd+k Sk g Cqaeg,rd+i) %k, vd ek

i7(q+l)d+i,rd+k "k

-1

= (8 hj ajsd*i)a(q+l)d+i,{w+r)d+k € A, is {Ti} - admissible

Case 3, qd+j < vrd+k < (q+1)d+i

== t =T, u = k, t; =4q+ 1, u = i

(prl,ggsarl)(m,epas) = (Prl.8i0 0 gy, (qel)daiz & - F 2+ D)

(p: n'j, q) (r’ck’S) = (P‘Cl"'l‘, h Ck’ S)

j%qd+j,rd+k”

(i) r=q =% j <k so k >k



The above products are

(p+1, B;Cy ak,d+i’ s + 1) and (p, hjaj,k' Cps s),

- -1 -1
snd (o O aet) (O By O )% aui

(ii) r=gq+1 => k<icgk,

The above products are

(p+1, g; € © s) and (p+1l, h

k “k,i’

4

jaj,d+k' ck, 8),

sk -l
and (gi-cknk’i) (Ck' hj aj,d+k)ak,i

==}

VB N e B

The case j< ko E i > kt is handed similarly. Therefore
p is right compatible. We can also show that p is left
compatible similarly, hence p is a congruence. It is also

abvious that p 1is pseudo-idempotent separating congruence
on S(d, Gi' Yi).

Conversely, suppose p is a pseudo-idempotent separating
congruence on S(d,Gi,Yi). Then by theorem 2.14 3 a non-empty

sequence of integers ko,ki,kz,...,kt satisfying

_ _ k = d-1
L=k_,<k<k <,000, <k <kes

m=p, n=g for kv-1<i'ji kv,0<v < t+l

(m.gi,n)p(p,hj,q) — or m=p+l, n=q+l for i< ko & j > kt

or m+l=p,n+l=g for i< k_& i > k.

Now, for ko _,< i:3 £ kv;O < v < t+t

( m, i n)p(m, hj,n)

=1 -1
. N
et (O.Eo,m)(msgi,n)(n.hj !OII'J(Dseosm) (m,hj,n) (n’hj’ 0)

—
s R T p———

e (O’g 2 lo)p(osejso): g = max{i,j}

.0 v
1 nd+i,nd+2
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-1
giai;g'hj aj,R E Ap
i_<_k0, j >kt'

c(m+l, gi’ n+l}) o (m, hj s11)

= (7, e, m+l), ’(m+1l, g; ML) (4, hoo e,
-1 )
p(O,eo,m+1) (m, hj,n)(n+1, hj aj,d+i’ 9).
> o h'll | | h I WY
T B My % e O 0 (00 hey gy gy ©
- - S _
=> (0, 8 i aj,d+i’ Gy p (0, e ).
. gl 3 ajad"'l & Ap -

The case j < k_and i > k is similar.
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Chapter Four

I'n this chapter we find the maximum group homomorph ic

image of Hwsimple regular w-~semigroup

S =S(_d,Gi,'y1.),'i=o, . . . d-1 and also establish a

homomérphism - theorem of S(d,G-i,yi)_; into a group G*,

‘Let G=UG1- be the union of an w-chain of groups .(_as
in chapter 2 example 1.}. Alsc let N denote the set of
non-ne gative in.tegers. De fine a r‘t;lation p on UGiXNIby
the rule that |

((a, m)(b..n)) ep® a.q

i, 1 i md+i,td+u=bja

nd+j,td+tu for some
t,ud tdtu > md+1‘,lnd+j.

temma 4.} p is an equivalence relation on Us XN,

- Further if we define ,

(ai’m)p"(-bj’")p =(a‘ic‘mc[{1‘,1.:d+u'b,j dnd+j,td+u"t)r
where td+ru= max {md+i,nd+j}, Then (UG 1.)(N)/p under the above
binary operation is a group,

Proof: p is clearly an eqgivalence relation,

’{(ai’mi)p(bj LY )O}.(Cksmg lp:_ (-aiamid-i-‘i,tid,-t-ui. b.].aml d+j,t1d+L!1,t1)P
| (g e o |

={(a i%my d+ i,y dt U{biamg_ d+ J , tyd+ “1) Hedrupt, d ”J.‘ChamsdJ' ko't d* u’-’tz) P
] _ - B ’ .
(2 oy gr i, 6y 0007 3%ma0r 5, tydruiCh0myd oty druyr PP
“where t dtug =max'{m1d+1',ﬂ13‘d+3" }%
tzd+ u, = max {ty d+u sm3d+ k}

=

o . - max'{m1d+’l, mld+j,'-m3d+ k}



- 30.

S
1

. By symme‘try we see that hhe -'binér'y operation is
asscciative. Note that (£3:6)0=(j,0)p=(f ;,m)p=(f ;,n)p.
The didentity of H=(Ua XN)/p ds (fi.n)p,0<i < d-1,neN. -

For (a1-,m)_p.(fi,m)p=(fi,m)p(_ai,m)p=(ai,m)p .
o ' 1 : 1
., + Inverse of (_al.,m\p is (ai,m)p, where a,

is ﬁhe’.inverse of a in Gi‘.’ This completes the proof,
lemma 4.2 Let H= (t}éixwzfp be the group defined in
lemma 4.1, _Defi_ne a multiplication on the set ZIxH by the
rule that |

M. (a20)p) (P, (b, q)0)
_.h=(m.+P » (204, 1’,td+u.bjpﬂ(p+ q).d;j,td;” yt-p)p) |
where tdtu=max {ndt i, (p+ q)d+j} o.«<U<d-1 , and Z is the set
of integers, With respect to this multiplaction IxH is
a group. | | -
Proof:  Suppose (m,(a ) )= (m.(a,,1) p)

(p» (bj,q)p) = (poby 3" }o)

then we have.. a_iand+'i,_t1 d+u1: E?i:mn'd+ kK, ty d+uy
bioqas j,tydtu, - b ot i g, tadtu,
for some t,, Uy » t, s u, 3 ty d+ ,ul'ind+1',n’d+k

) :. . _ tyd+u, >qd+j,q d+d
fet £d+ﬁ = ma_ﬁ'{l_'ld+i,(p+ q)d+ i} '1_

ot dru’ =max {n"d+ k, (p+rq Y€}

L ghge g = max ' {tydtuy , (ty+p)dtu, , tderu, tde u) N !
(M (2430 0) (b3 > 0)0) = (1D 4 (3 1%04s 1, tdsu. P3%(ps q)ds 5, tde » 7P )P)
(m, (2, Whe) (pulby dhpd =(mp s (3 300, 1 par 't g (py gy e g, anu's Y-PIP)

Now (a, : b . o
. (3 %0+ i, td+u Ja(p-i-q)d'l-j,td'l'u’t-p)p) :



=((aiancli- i,td+u'bj°°(p_+ q)d+j td+ w *tde y, 'd+ U t-plp

=(a i%nd+ 1, t+ u"‘bj“(pa- q) d+ j, tld+ u*at'P)P
=!:

"f T " "-"}d a - Y '.b.. o L .
ioads Sy t1d+u1,td+u': Ja(p+q)d+3,(lq-p)_d+uf(_t§p,mL:.z,wau

: ]
=864 K, o u"'bf.a(lﬁ )+ 2, tds PP

: P
= (2o ge k, tar o H(p+ q) dr g, Yav i) M, Cae U t-p)p

++b

=30k, tde o' 2% (pr ) de t e, tds o st-p)p

Hence the multiplication is well-defined.



N2Xt we check for associativity

stam..:p e) (myn, ( J@_u: me=n Anw.@o

= (g m; E,?ugznr: tdru*® %mge §, taeus B TR ) (M5 :w.ﬁn_\,.@_&
= {my mf menz-m, :wdgpmrd g+c.~u Qamr?ﬁnrcdf?ﬂm. )&+ u, td uy anunr_A m&.:.ﬁ: 0o}
where td+u=max {nd+ i,md+ i}, td+u=max {(t+n-m)dtu,md+ k} -

ié&@.ﬁ@:feﬁ:A.,Q,a-eef.fgéi;_gm@%f.o%%+ tgeu Y P 43
and’ (m, (2 m)p) " L(ngny (bm)Aimsny (€ sn)o) | |
“(mp (2 )0 (M1 170 500 g0k, b u, © Wings K, tgdvu, £ nle ) v ,

tf Ny noms auo

uﬂé._@:_u.:melwg.psp% A.»JQ+Cw.c,u.g=~n_+g..€+c Kng+ k, td+ w) (4 my :p%.;n.
whe re + U= amxga:.s + k1, tdt us max {nd+ i, (tym-n)dru

Y (& mn,
As a+s|:vsu ﬁm.93a+:ﬁ»n_+ b Q;n_:. ﬂf@a+:.nxgam+w :wiw: a+: t§ ng npm- qbn Uulll_llp.p
_.mw tdeu, > ﬁ+:waw a+: w+ ._suv%cm. By using the fact that
“m Q?Ju “m, n+ 9-p, ¥m, p,qeN and m. <n,p< q one can easily see that

?.Q +i,(tm a+c uaa+.fﬁ+ %l_ xQ d+ k, a+zuaﬁ+ -m)d+ u, £ + U, .
ind+ 1, (4 mon) g meny) me+ K, b £ nomy) d+ Uy, td

ng+
It follows from the definition of p that expression (4.3)is equal to mxuxmmf..o:?.@

=(2 044 St U b :n_:,.ﬂ:m.abn?cw_.nr@aw% _A.ﬁ.m+:~:a~2+@92u+3+ - de U, L+ uy

Thus the binary operation 1i1s associative, ; o . .



The identity of ZxH is (0,(_f"_i,o) p)s0 < i «d-1 ., To

prove- this we fifst;note that

C(m(agen) e)(os(fi0)e ) =(my(agn) p ). -
Lm0, (05 (£1,0)0 ) (M3, Wp)=(m, (2 0} o)

_::If.ﬁ+m {6,(6’(f1’0) o) (mf(ai,an ) %(m’(aia(n+m)d+i,i"m)°
'" 3=(Wf(aiai=-<n+m)d+i’;mlp )
Q_=.(ﬂ.1,(_§1-l,_-m+nf:m_) p) =(-..l.1.1,.(_a]—,n2p Yoo
}i Note:that;(ﬁj’n)P:(aiui,md;j,n+m) | for n,m 3ogqfi;j5 d-1

_ ) _1 md+J > i, l
Inverse of (m,(aip) p)_1s(-m,(ai ai,kd+i,n+m+k)'p]

T where mmtk >0 s k> o,

S S ¥ . :
fOIY‘ ..(“m._:(.a-ian.)p. ) _('Tm:l(a.i o "i,kd'f- i .,I'l'i'f'n'.l- k)p)

'(;ﬂma.(a-i ai,kd+i’n+ k} p)(‘ms ('a'i u"i,_kd-t.'i’mn-l- kK)o)

AR LN TTRILER IR TS By -
. s (fy e kem) p) __ :(@_,(f.i,o)p_)

“and - o

('ms(.a:‘i ai',kd+‘i,mm+ k) p) (m-,(_‘ai,n)p )

,__:.=('m,(a; %5 ke §, MM k) )(m’(aiaf{kd+j,ﬁ+k),p) |

Ctas o Tle P kp) oy (F0)e) e

This completes the proof, . =
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Theorem 4.5 . Let_S--S(d,Gi,yi] be a simple regular w-semigroup, Then

s/ o =~ axH

where ZxH has been introduced in Lemma 4.2 and ¢ is the minimmm

group congruence on S, (theorem 1,20)

Proof: Define @ :S————— &ZxH by
(m;a.n) 6 =(n-n, (a;,n)p)
First we show that @ is onto.
Let keZz and (ai,n}p be any element of H(aieéi,neN)
If k > o, then (k,(ai,ﬁ)p) = (k+n,ai,n)9.
On the other hand if k.< o then

(k’ rai)nJ p J = (k: (aiai’-kd*i’n'—k)pJ

.},n-k} 8

=(n’(aiai,"kd+1

Now let (m,arn) and (p,bj,q) be any two eiements of S,
" Then (m,’ai,n)go (p,bj,q)g

=(m-n+p-q,{a.qa t-p+q)p) -

i nd+i,td+u’bjapd+j,td+u’
where td+u=max'{nd+i,pd+j},.

=(m-n+t,a y q-p+t}8 if m-n+p-g > ©

iand+i,td+u'bjapd+j, "

=[9“’ai,ﬁ) (P:b,: ,C{)] Q.
on the other hand if m-n+p-q<o, then

(m-m-p—q.-(aiandﬁ,tdw.bjapmj’tdm.t-p’fq)p )
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. | -1y -1 -
“Amenp-q, (3,904, 5 eaeu-P%deg  tarur TRENR) ) T
' ={(n—m+q-P,cu,t+u~.-ri)b}"1
. - H 1
' i ~1 _ - S |
where Eu = (aiand+i,td+u°bjapd+j,td+u] ”Dj apd+j,td+u.a iand+i,td+u

-1
= - €. me 1
- {(q-p+t, € ,m-n+t)ey

—

- . 1 ) 1 . ’ -1 .
¢ (la, ¥y P (e, ml e}
ARSI SN R NN

=fmam@pg, @) e
Hence @ is a homomorphism,

Since S8 is a Bhroup and o is the minimum group congruence on S,

it follows 0£;909-1

Now (m,a;,m)0=(p,b, Q)06 (n,a7},m)=(a,b] ", 9O T

_ffgm Is; sv, 1.?]

(em, (a73,mE) = (-, 6 L,p))

n-m=g-p and (a_i,m)o = fh:l,p)o

ala - ‘-b"1 a © aq, . = b '
e o TiTmdti,tdsu T § Cpdtj,tdvu T ind+i,tden T japd+j,td+u

for some t,ustdvu > md+i,pd+j. -~ -
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oo (EaFy s t)Imag,n)=(ts Aoy 4, tapy DL
(t £us £)(p b5 ) = (£, bjpdagstaau s+ 4P +E)
but thege are equal since n-m=g-pand (a_i,m)p=(bj,p)p

5 (I(m,ai,n),(p,qu)) ec and G(IJO'JQ_. o .

_1
He nce 808 = g and the result follows.

Lemma 4.6 let S=S(d,G,i,'f_i). Then
((m,a,i,rl), (p,bj,q)) € 0 YH &)m-n=p-q
where o is the minimum group congruence and H is the
Green’s relation on S.
Proof: F'irét supp ose (_m,a_i,n)_ ovH(p,bj,q)

put x=(m,a1.,n), y=(p,bj,q) since o v H = coHe o (5, Theorem 3.7)
Ja,b € S such that (x,a) e o, (a,b) € H,(b,y) € o

Hence a=(mya_,n") , b = (mjb,,n") 0 <r<d-{ .

(x,a)eo = FkeN 3 X =QQ and we may suppose that k=2d
where £ < > m,m’
Thus ( &f ,2)p" ,a.,n") = (2,7, 2)p,a,,n )

ie. (L, a.a m,n' -m'+ 2 ) =(4, a

m’ d+f‘, d!n'm“' l)

i%md+ 1, 2
' -m" = n-m _
Similarly (m’ ,b.,n") o (psbysq) 2 n-n' = p-q

e @ TD“Y'I:p‘ﬂ.
Conversely let m-n=p-q. Assume m< p
Then (p,f,p)(m,a ,n) =.(p,a1amd+i,pd;j n-m+p )

=(Prajon4s §,pd+3,9)

o e X cepd+j'£ and epd+j'x. Hy

2 X oeHy 3 xovHy.
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Theorem 4.7 Let $25(d,G,,v;). Then S/(ovH) o 2

Proof: = Define 8 : S———sZ by
(m,ai,n)e = m-n

vatlued and onto.

Cle arly 8 s single

[(m,a .n)(p,bya) 10

o= {m-n)+ (p-q) |
=(:m,'a1.,n)_ 3+ (p,by.ale

By lemma 4,6 808 =g v H [, S/(ovH) X Z

- Theorem 4.8 let S =S(d,G‘i; Y-i) and o be the minimum group

congruence on §, Then HCo &A= UG.i

g

Proof: - - First let H o and a, e G, then since

((o,ai,o),(_o,fi,o)) € H we Iha-ve that a, ¢ A

i G* If we

. = : > ' i :
Write kg]k_er 0‘1‘,kd+'I = K-i then Ab :'K‘i (lemma 3,3) and

therefomGi_g Ki F6 = -Ki‘_

Conversely let Gi ~=K1. ¥yi, o < i <d -1

tet x Hy, then x = (m,ai,n),y:(,m,bip), for some i, 0. < i xd-]

_1
and m,n eN, By h?rpothe_sw aibi B Ki : .. *. there exist k

N ) . -l
SUCh that (a_jb_' )u‘i,kd"'.i =f.io Thl.lS a_ia_i’kd_l_ izb'la'i,kd'f'i

_The_n (_m+k,f1.,m+ k)_(m,ai,n) :(-m+k’ai°‘md+1‘,(m+ k)d+is"+k)

={m+ k, bi“md+1’,(m+k Yd+ 2 0F k)

| =(m+ k, fi,m+ k)(m,bia“)
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Theorem 4,9 let S=S(d,Gi,yi) and let G* be a group.
let 9i be a homormorphism of Giinto G* such that

0= Yif41 1

84.1 €5 = Yd-1 8, where x C_= zxz, x €G* and

0 <i < d-1

z fixed in G*.
Then 8:S—=G* de fined by

(m,a.n) 8=z "m(aieiy‘” is a homomorphism of S into G*
and conversely every such homomorphism js obtained in
this fashion.

Proof; B : S >G*

(m,a;,n) 8 = o (aigi)z'n
8 is clearly single-valued,
Suppose (m,a.n), (P,bj,q) €S
case (i) p > n
(Mya o) 8 4 (psbj.q) 8
<" (a;8y) 227 (byey) 28
= z-m(a'igi) z ~(p-n) (bjajl z. 9
=imi(p-n)(3191~car-n ) (b48) A

from the given conditions we havea.8.C, = a 8

i%,d+ 303

338 Ca2 =(2404 40 385) C5% 24%4,24¢38;  and by induction
3i84CP-n = A%y (pon)dss 8y

o meapmepabg e =2 M ey g, gegbgee
- Z-(m-n+p)(aiand+i,pd+j‘bj)9jzq

=(m-n+p ’aiand+i,pd+j'b;j!q)9

= [(m,ai,n) (p sbj,q)]g
Case (i1) n>p similar to case (1)

Case (iii) n =p (m.aiﬁ)G(n,bJ,q)G



=M n ..=n
= 2
- aigii. . bjg

q

.9
2
=" a;8;bs8;z

_._~=m ! _q - v ra
=z ai“i,tgtbj “j,tet?' t=max " {i,j}

=(m,aiui’t‘b:j CI.J- ’t,(l)g

= [(m,a _’n)(n,b-,q)] e
i J

Conversely suppose 8: S—G'is a homomorphism of S into G*,
Then 8 induces a homomorphism G,i: G-i-—sG* ‘de fined by

(0,2.0) 8 = 2.8,
Le t (o,fo,l) B =2 eG*

(02247 Yq.1,1)8= [(0sa4_174.1:0)(0,F 1) ] 8
0 1 L T N e

However, (0,24 1 v4_1,1)8 =] (0,7 ,1) (0,24 1,0)]®

=20y 0y
2 3

efe 2A4_ 7 B4 =4 Y41 9y Y A4 q864 4

o 04-1%2 = Y 4-1 8

If d> o , for o g i< d-1

(o,aiyi,o)9= LI ¥ a .66,
Also (0,a.y;,0)8= [(o,ai,o)(o,fi_l_],o) JIC
=a191. y 31661

L]
©
©
L8]
1]

Y%7

Moreover,
(m,a.n) ® =[(1,f0,o)'to.ai.0) (O.fo,l)'ﬂ; 8

=M
= 2 (aigi) zn.
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