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ABSTRACT

A brief review of the trend in Fracture Mechanics
studi es was provided. Sone solutions of elenentary
fracture mechanics problens were re-investigated. Many
of those solutions were shown to have sone |limtations.
These limtations were in the formof introducing some
unrealistic stress and displacenent distributions. The
general applicability of the strain energy-release rate
and the J-integral as crack tip paraneters are based on
viewing the stress and strain fields at the crack tip
with an appropriate rationale. Therefore, based on the
el ementary problens considered and their reported
sol utions, sone inconsistencies in the application and
interpretation of the Irwin crack extension force, G
and the J-integral as crack tip paraneters, were pointed

out .

For the purpose of elimnating sone of the limta-
tions noted in the review, a plane quasi-static problem
was reconsidered. By enploying the well-known Kol osov-
Muskhel i shvili equations, sone new formul ae were derived.
The new fornul ae are, in fact, the generalized Wster-
gaard formulae. It was furthernore proved that the
new formul ae satisfy all necessary equations of notion
and conditions of plane elasticity.

Appl ying the new fornul ae, some special problens in
both the main body of the thesis and the appendi x, were
solved. Fromthe problens considered, the crack extension
force, G was evaluated fromthe new sol utions devel oped
Furthernore, a newcrack tip characterizing paraneter, denoted by I,

(after GR Irwin) was devel oped. The effect of biaxial |oading



on the Irwin crack tip paraneter, |, was investigated.
It was furthernore shown that characterization via
the crack extension force concept is equivalent to
crack tip characterization via the Irwn paraneter.
Also fromthe problens considered, the J—+ntegra
was investigated. For all the cases considered, it
was shown that the J-integral at a crack tip is not
equal to the Irwin crack extension force, G at the
sane crack tip. Fromthe solutions again, by consi—
dering sonme appropriate rationale, the J-integral was
shown to yield unrealistic results for sone | oadi ngs.
Finally, some experinments were conducted on gl ass
to determne its fracture toughness values. Al the
experinents were conducted at roomtenperature and a
loading rate of 2.0 cmmn. Fromthe different
experinments conducted, consistent values of the
fracture toughness values were obtained. A critica
strain energy-release rate, G = 6.93 Nmand a
critical Irwinparameter, |,,=997.6x10°N 1

for the glass were obtained.
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CHAPTER I

LITERATURE REVIEW

1.1. Introduction

Fracture Mechanics is a rélatively new branch
of solid mechanics which began attracting research interest
during the World War II. The major reason for the
interest was as a result of the observations that
structures designed on yield strength concept and with
the applied tensile stresses known to be in the safe
regions, still failed by propagation of brittle cracks.
When the subject was originally introduced, because the
materials that fail in brittle fashion, i.e. fracturing
with limited plastic extent, under normal conditions,
are few, the theory was neglected. It was later on
revived when it was noticed that independently of
temperature, structural elements that display ductile
properties in standard tensile tests in some cases
fail by brittle process.

In the revived theory, the basic foundation is that
the stress and the strain fields surrounding a brittle
crack are characterized by a.parameter called the
'stress intensity factor' multiplied by a 7%: singularity,
where r is the distance from .ae brittle crzck—tip. The
foundation was introduced in the 1950's. To date, all
theories of brittle fracturing are based on viewing the
stress and strain fields at the tip of a crack and
incorporating some appropriate rationale and or a hypo-
thesis. Before describing some of the theories it is

1



therefore necessary to calculate the distribution of
stress in the neighbourhood of a crack in an elastic
solid. The discussions are restricted to plane, quasi-
static problems.

Some of the most important analytical methods for
flawed structures, include the complex potential tech-
nique, the integral transforms technique, the singular
integral equations technique and the numerical method.
A description of these techniques can be found in the
works of Erdogan (1983), Muskhelishvili (1953), Sneddon
and Lowengrub (1969), Sokolnikoff (1956) and Williams
(1956) .

Common to all these techniques is that one
is solving a problem in which the solution must sq%isfy
the equilibrium conditions, the compatibility condi-
tions, the stress-strain relations and the boundary
conditions of the problem. One can therefore employ
any of these techniques for a particular problem and
the results must be the same for all the techniques.
Furthermore, as mentioned earlier, it is from these
solutions with some appropriate
rationale that useful concepts in fracture mecChanics
are develop 1. For structural members with cracks,
crack-tip characterizing parameters are the most useful
concepts that have already been developed.

The concepts of the crack-tip characterizing para-
meters to be fully studied her%,are the strain-energy
release rate and the J~integral. The series of works
of Griffith (1920), Muskhelishvili (1953) ,Westergaard(1939),

2



Sneddon (1946) and Irwin (1957, 1960) adequately intro-
duced the strain energy release rate concept while
Rice (1968) introduced the J-integral concept.

. The concept of the strain energy release rate
(originally surface tension force per unit area) was
int;oduced by Griffith (1920). He argued that, like
liquids, solids possess surface tension. He then
formulated a criterion which states that, a crack will
begin to spread when the rate of change with respect
to crack length of the strain energy stored in the
structure equals the rate of change of the surface
energy of the crack. He conducted some experiments
to prove his theory but the results were not totally
successful. Although not teotally successful, that
historical work was among the first useful experimental
results which indicate the usefulness of the subject
as an engineering tool for design. It has proved
that the fracture behaviour of one cracked body may be
predicted on the basis of the observed behaviocur of
another body.

The major development to date in fracture mechanics
can be attributed to Muskhelishvili's (1953) work on
the complex form of two-dimensional equations of elas-
ticity., With the aid of the work of Kolosov, G.B.,
Muskhelishvili obtained what are now called the Kolosov-
Muskhelishvili formulae.

Furthermore, Westergaard (1939) employed the
Koloscv equations and obtained the solutions of some
two-dimensional problems by employing the now called

3



Westergaard stress functions.

Then Sneddon (1946) employed the Westergaard
formulae and obtained the asymptotic stress
distribution at the neighbourhood of a crack.

Irwin (1957, 1960), by employing the Sneddon's
work, obtained the asymptotic stress and displacement
distributions in the neighbourhood of a crack in terms
of a characterizing parameter called the stress inten-
sity factor. He then classified the stress intensity
factor into three modes. These are: the mode I or
the opening mode stress intensity factor, K1, the mode
IT or the in-plane shear mode stress intensity factor,
K11 and the mode III or the tearing mode stress intensity

factor, (See Fig. 1). PFurthermore, Irwin (1960) by

S
employing the Griffith (1920) work, proposed that in

the Griffith theory of brittle fracture, the rate

of plastic work at the crack tip should alsc be congi-
dered as a dissipative energy component. That term
introduced by Irwin is called the strain energy release
rate, G (G after Griffith) or utne crack extension force.

For some further additional information about the
stress intensity factors and the strain energy release
rate, one can refer to the wq;ks of Atkins. . and
Eshelby (1968), Clausing (1969), Dally and Sanford (1978),
Erdogan (1983), Hayes (1975), Heyer (1973), Irwin et al
(1978), Sanders (1960) and Wheeler et al (1982).

Another characterizing parameter which has currently
been used is the J-integral, which was interpreted as the
rate of change of potential energy in the body, Rice(1968).
4



MODE 1

Fig. 1: Modes I, II and III Crack Propagation



When it was propesed, it was accepted as a universal
tool to be applied to linear elastic, non-linear elastic
and elastic-plastic fracture mechanics problems, Rice
(1968) and Paris (1977). At least for the linear
elastic case it has been generally accepted by many
researchers to be equal to the strain energy release
rate. More information about the J-integral can be
cbtained from the works of Acki et al (1981), Begley
and Landes (1972), Budiasky and Rice (1973), Herrmans
(1981), Paris et al (1979) and Turner (1975).

1.2. Some Notable Results

It was stated by Irwin (1957) and proved by

Eftis and Liebowitz (1972) and Sanford (1979) and used
in many reported studies of the stress intensity factors
and the strain energy-release rate, that when a struc-
ture which has a flaw in the form of a crack, is subjec-
ted to some generalized symmetric opening mode loadings,
with the crack along the x-axis, the z-axis perpendicu-
lar to the crack border and r, 8 are polar coordinates
at the crack tip in the xy-plane, then the stress dis-
tribution in the neighbourhood of the crack-tip could

be written as, gee Figs. 1 and 2 for K, and r,6 coordinates.

1

K
1
= Cos ¥ 6[1 - Sin % 0 Sin 4 6]-2A
&5 V2 7 ¥
________ *-__-(102-19 )
K
o = Cos ¥6[1+8in 46Sin #46], ----(1.2.2 )
Yy v2rr
K
1
T = Cos 36Sin 36 Cos #+ 6, —===-- {123 3
xy V2rr
and
v({o_ _+o_ ), for plane strain
g = [ XX yY 1}, =--=-(1.2.4 )
22 0, for plane stress

where K, is the mode I stress intensity factor which is
= . 6



a function of the applied stress and crack size, A is
a real constant and v is the Poisson's ratio of the
material.

Equations (1.2.1- 4 ) were assumed tc be valid
for a number of problems including a large plate with
a straight central crack along the x-axis loaded by far
field stresses in both the x and y directions; a series
of equally spaced cracks on the x-axis in an infinite
plate also loaded by far field generalized mode I
forces; a single crack along the x-axis in an infinite
plate with a wedge action applied to produce a pair
of splitting forces and an edge-notch plate subjected
to some mode I loadings, etc. The stress intensity
factor, K1 and the constant A, depend on the nature
of the problem.

As an example, for an infinite plate with a finite
central crack of length 2a, along the x-axis, the

stress intensity factor, K1, becomes, Irwin (1957),

where ¢, is the far field applied stress in the y-
direction. If the far field applied stress in the

x-direction is Opy = @06 where a is some constant, then

2A = (1 = a)0gy —————=m=m—m—eeee  -=(1.2.6")
Equations (1.2.176) are accepted to be the solution of the
problem shown in Fig. 2(i). In the next paragraphs, it
is shown that these equations are solutions to the
problem only when A = 0.
The constant 2A in equations (1.2.1) was inten-
tionally added to satisfy the far field boundary condi-

tion of the problem but unfortunately, it has violated
= i -



the boundary conditions along the free crack surface.
As for example, from Eftis and Liebowitz (1972)and
Sanford (1979), one can write the stress - distribu-

tion as

where 21 is the Westergaérd stress function and the
prime denotes differentiation with respect to Z.

Re( ) and Tm( ) represent the real and the imaginary
parts of a complex function, respectively.

For the infinite plate considered above

Z

21 = ug A ——— p TTTmEmETETmsmms—- (1.2.8)
rz’—a’
and
Z =X + iy, =—==rememe—eemrcec——- ={1.2.9)

Along the x-axis, one obtains from equations (1.2.7),

(1.2.8) and (1.2.9)

X
o, 0o Re - 2R, =w——————- (1.2.10)
XX SRT=aT

Fig. 3 shows the non-dimensional O x distribution.

There are two immediate discrepancies in equa-
tion (1.2.10). First, the skin stress, O e # 0 for some
loadings and zero for some others, for |x[s a.
Secondly, a material point at x = a, say, is subjected
to some finite stress of -2A at x = a and an infinite
stress at x = a . Note that in the limit, a-, PR a.
Naturally, both the observations may nct be possible.

Let us next consider the displacement distribution.
From Eftis and Liebowitz (1972) and Sanford (1979), one

can derive the displacement in the x-direction, u, as

(e-1)
2 1 2

Az - Col-y Im([Z,-A]

——————— (1.2.11)




where pu is the shear modulus, Z; is given by equation
(1.2.8) and Co is some constant to be determined from
the displacement .boundary condition of the problem, while

= [3—4u, for plane strain]}

%}%, for plane stress

g ———— o 1

A careful study of eguation (1.2.11) reveals that
there is either a separation (tearing) of the plate
along the y-axis (x = 0) when Co # 0 or some unrealistic

displacement at the crack tip x = a results. Both of
these are not possible.

Similarly for all A, which means for different
biaxial loadings from Muskhelishvili (1953) and some
others, one obtains the vertical displacement V along
the x-axis as 2uv = (x+1)/4 oofgr_:_fr for |x|s a and
zero for |x|2 a. This means that the displacement is
a function of only some selected loading, which naturally
cannot be so.

Furthermore, by employing the stress-optic law
and the whole field stress distribution of the problem,

along the x-axis, gives

Nof
A = h y e e ———— e —————— {1-2-13]

where N, is the fringe order, fo is the material fringe
value and h is the model thicl e2ss. Experimentally, as
for example from the works of Dally (1979), Fig. 9;
Irwin et al (1978), Figs. 7, 9 and 10; Sanford (1979},
Fig. 1; and william (1962), Figs. 3, 5 and 8, N, was
never observed to be a constant along the x-axis. Some
of these fringes are shown in Figs. 7 - 9. It implies

that equation (1.2.13) is not satisfied, which clearly

9



indicates that equations (1.2.1) do not give the correct
stress distribution.

In addition to all of the above, a careful study
of the stress distribution reported above would reveal
that the theoretical fringes formed for uniaxial loading
are as shown in Fig. 4 which is different from what has
been observed experimentally. The tilting of the
fringes is like so due to the existence of the skin
stress at |x|s a which introduced some unrealistic
displacements.

From the above discussions, one ccncludes that
equations (1.2.1) to (1.2.7) do not represent any
stress state except when A = 0.

It should be noted that in the solutions noted
above, there are no errors in the analysis, but that
when these models are applied to the problems of Fig. 2,
some stresses and displacements are introduced which
violate the boundary conditions of the problem intended
to be solved. These models could therefore be described
as inadequate. The aim of this research therefore was
to point out these limitations and to gear efforts towards
improving on the limitations Note that in the discussions
and improvements to follow, the coordinate systems x,y
and r,6 are as shown in Figs. 1 and 2.

As a further example of a reported solution,
consider the infinite plate shown in Fig. 2(ii), loaded
by some uniform pressure of intensity I along
- a £ Xx § a. By employing the modified Westergaard

formulae, introduced by Eftis and Liebowitz (1972) and
10



the Westergaard stress function
= 1] ;i me—moc=rane (1.2.14)

the stress distribution in the neighbourhood of the
crack tip is given as

Xy

AR vanxr

-

Yy Yanr

Q
]

Cos }e[1-Sin 38 Sin %a]—ao,———(1.2.15)

Cos 30[1+Sin 36 Sin %e}—co,——-(1.2.16}

and

Ry

mr

n

T

o Cos %6 8Sin 38 Cos 30, =--=-—=(1.2.17)

Where K1 is given by equation (1.2.5). The same stress
distribution was reported by Sneddon and Lowengrub(1969).
Inspecting equations (1.2.15), it is observed that there
is a normal stress of magnitude - S along the crack
surface. That is naturally impossible and cannot be
acceptable. Furthermore, a careful examination of the
solution would reveal that at the crack tips x = % a,
some unrealistic displacements of magnitude i(x—1)ooa/4u
exist. These displacements are not acceptable in
Fig. 2(ii) problem.

Another problem of interest is that shown in
Fig. 2(iii). The reported solution could be found in
Irwin (1957). These solutions are not acceptable for
the following reasons. First, in almost all reported
solutions of the problem of concentrated force in
elasticity, such as in Muskhelishvili (1953) and
Sokolnikoff (1956), the stress must be infinite at the

point of application of the load. This is not so in
11



the SQlution of this proklem. Secondly, the solution
_prediéts-some unrealistic displacements of magnitude
u = *{¢ -1)Pf4ua at the crack tips. Thirdly, for any
applied load P, the vertical displacement is alwafs
.zero. Finally, when one employs these solutions and
evaluates the total strain energy of the loaded
system, this is found to bhe zero. All these are
indications that these models cannot be applied to
the problem shown in Fig. 2(iii).

| Now let us turn our attentipn to the reported
sdiﬁtions cf a mode II problem. It is shown in Fig.
2(iv}. These equations were also extensively repcrted
in the literature of fracture mechaniés.' For some mor
information about the mode II problem, one can refer t
Erdogan (1983), Sneddon and Lowengrub (1969) and Irwin
(1960). Under mode II loading, the stress distributio
in the neighbourhood of the crack tip are given by .

K

o . = - 11 gin 3o12+Cos 3o Cos 381,-——(1.2.18)
) Tr ) . ‘
K, e e T
g = Sin 48 Cos %9 Cos %&, —————— {1.2.19)
YY Y2nr ~
L Ty S Cos %0[1-Sin %8 Sin ¥6], -——(1.2.20)

virr

e

o]

ns

-



where K11 is the mode II stress intensity factor which
is a function of the applied stress and the crack size.
Equations (1.2.18)can easily be obtained by employing

the Westergaard formulae as, Sneddon and Lowengrub (1969),

/

= B o e e s
b 3 ImZ,, + ¥ Re Ziqr (1.2. 21 )
oy = = Y Re Z3,, ====-= o e e 0 (1.2. 22 )
ey = Re Zqq — ¥ ImZj, cmmmeemmmeee- (1.2. 23 )
. (k+1) ———
2uu = \—5=TIm J Z,.dz +y Re Z., (1.2. 24 )
and
2uy = (fll}ReIZ Az = ¥ Tm &, 4p ==~ (1.2. 25 )
2 11 11 e
where Z

11 211(2) is a stress function,v and V are
displacements in the x and y directions, respectively.

For an infinite plate with a central crack of

length 2a,
211 = TO " z g LA T Gl O T YD T (1.2..26)
vz?-a?
and
K11 = Te \/;T—a., P R R S .y P 0 LY S o (1‘2'27,

where 1, is the far field applied stress T:y'

An important boundary condition for the mode II
problem is that the displacement v along the axis y = 0
has to be zero. We expect that boundary condition to
be satisfied even from the symmetry condition of the
problem., Unfortunately, that boundary condition is
violated by the solution in equations (1,2.18), because

from equations (1.2. 21 ) to (1.2.26), one obtains

R L it L RS, — oy S—— (1.2.28)

for |x| 2 a. Since the theoretical model violates the
displacement boundary condition, it then means that the

stresses are not the exact ones sought for the problem of

Fig. 2(iv) y =
g (1v)e 4




(i)

{iv)

Fig 2: Some elementary problems.

Fig 3: The distribution of 6 along the x-axis

Fig .4: Shape of fringes trom the reported solution of uniaxially
loaded plate .

14



1.3. Crack-Tip Characterizing Parameters

A very significant development which has
helped a lot towards the practical application of
fracture mechanics is the introduction of some concepts
in the form of crack-tip characterizing parameters.
Some of these characterizing parameters are the stress
intensity factor, the strain energy-release rate and
the J-integral. For some additional information about
the development of the concept and the application of
the stress intensity factor and the strain energy-
release rate, one is referred to Clausing (1969),
Erdogan (1983), Irwin (1957, 1960, 1978), Hayes (1975)
and Heyer (1973). And for the J-integral, one is
referred to Begley and Landes (1972), Budiasky and
Rice (1973), Paris et al (1979) and Rice (1968).

These parameters are defined as follows:

The modes I and I1I stress intensity factors, K1

and K11 are
K, = 1lim o (xr,08)Y2nr, ==——————eemeee——— fl 3 L)
r+o 4
8=0
and
K = 1lim v _(r,0)v2nr , ===———m———w——- £1:3,2])
11 Yy
r+o
=0

while the modes I and II strain energy-release rate origi-

nally formulated as crack extension force, G, are,Irwin(1957)

: il Aa
G,= 1lim — ["7% o (r=r'e=0)v(r=Aa-r!e=un)dr’
1 3 BB A a o vy 2 >
III....II.(1.3.3-)
and
G lim n I&a

}rxy(r=r;e=0)q[r=aa-rje=n}dr2

------------- (1.3.4)

15



The J-integral is defined as, Rice (1968),

J = ;[an = Ty ldg, —==———mm——a- (1:3.5)

where Aa is an element of crack growth, n is the number
of symmetric crack-tips, W 1is the strain energy density,
Ti is the traction vector on T, ui
placements in the x and y directions, respectively, T

= u,v are the dis-

is a curve surrounding the crack-tip, ds is an element

of T and nx,ny are components of unit vector normal to
the path T, transverse in the anti-clockwise direction as shown in
Fig. 5. By employing the solutions used in Section 1.2
for an infinite plate with a central crack of length

2a, loaded by generalized mode I and mode II loadings,

the stress intensity factors are given by equations
(1.2.5) and (1.2.27), respectively. Further-more, by
employing the definitions in equations (1.3.3) and

(1.3.4) the strain energy-release rates are obtained as

Irwin (1960), with « as defined in equation (1.2.12),

G1 = lif K?, ———————————————————————— {1:3.6)
and
2
G - 1+x . . e S R (13T}

For the same problems, the J-integral was obtained by

F e (1968) as,

Fi, seesemmmemmmasimsmn(leds 8}

J =J, =

and

J = Ki,, ===meec—ceec————— (1.3.9)

11’

I
o

both for plane strain condition, where v is the Poisson's
ratio and E is the Young's modulus for the material.

Some of the immediate conclusions from equations
(1.2.5), (1.2.27) and (1.3.6)to (1.3.9) and which are

16



hy
L ds
— %
I.
T
Fig. 5: The Path T
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used as the backbone in the study of fracture mechnics
are: ?;21; { ; *.. }“. ' o

That the erack-tip characterizing parameters X,
G and J are not effected by the far field applied
stress cﬁx."Secoﬁdly, that the strain energy-release -
rate is equal to the J-integral. Thirdly, that crack-
tip characterization via the strain energy-release rate
br the J-integral is equivalent to an approach via the
stress intensity factor. . - : ' Lok

It has already been shown that the models

from which equations (1.2.5), (1.2.27) and (1.3.6) to

(1.3.9) are derived, have some limitations, thus, there

15 a need for more general theories. When some of
of £hé prﬁblemé are.reconsidered, some detailed inves-
tigation of the strain energy-release rate and the J-
integral as characterizing parameters will be conducted.
Before reconsidering the problems, let us carefully
stuéy the derivaticn of equation (1.3.8). For an infi-
nite plate under biaxial loading and by employing .
equations {1.3.3} and {1.3.5) and the solutions noted

in Section 1.2, stated in equations (1.2.1}, one obtains

at the crack-tip x = +a e

— 2 I . . I.
G = -——‘2; Kjs === mmmem e e e (1,30.10)
ol : N |
- 2 , . R - .
J =_1Ev_ Ki, ===—==mmemmmmemmmmmeoee (1.3.11)

and at the crack-tip x = -a, o _ o L

"‘; -2 ., - '
G = “3E K1, ——————— (1.3.12)
and 12
= - o e o e e o i e o B i

where E is the Young's mocdulus and vis the Poisson's

"ratio of the material. K1 is given by equation (1.2_5,.‘



We cannot draw any depeﬁdable conclusion between
the relationship of J and G from just one problem.
For that purpose, many more problems are considered
in the next chapter and in thé appendix and then
comparison between the J and G obtained are made.

1.4. Aims and Scope of this Research

As was noticed in Section 1.2.above, some
important solutions of some elementary fracture mechanics
problems from which vital information regarding some
concepts in fracture mechanics can be drawn, are shown to have
some limitations. Naturally, the aim of the research is to
eliminate these limitations by obtaining new
models of most of the elementary problems and introdu-
cing new concepts of fracture if possible. In particu~
lar, intensive studies on the crack extension force, G,
henceforth defined as the strain energv-release rate and
the J-integral would be conducted,

The complex potentials technique is employed for
the solution of most of the problems. Plane, quasi-
static, straight cracks in homogeneous isotropic in
linearly elastic body are considered. Furthermore,
although there are a number of specimens employed for
the determination of the characterizing parameters, the
centre cracked specimen is analytically and experimen-
tally dealt with in this thesis. The calculations of
the above mentioned parameters can be extended to the

oﬁher geometries by modifying the presented procedures.
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For the centre cracked specimens, loadings of

the form

G;‘Ex = a0p

and
T;Y = o
and
Uyy(x'ol = - go,|x|sa
vix,0) =0, |x|z a
are reconsidered both in the main body of thesis

and in the appendix. From the solutions developed,
crack-tip characterizing parameters are then investivated.
Furthermore, the solutions obtained are
compared to those normally reported in the literature
of fracture mechanics and noted in Section 1.2.
Finally, experiments are conducted on glass at
the materials laboratory cof Mechanical Engineering

Department, to determine its fracture toughness.
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CHAPTER II
SOLUTIONS OF CRACK PROBLEMS BY
COMPLEX POTENTIALS (1)

2.1. Introduction

The complex potentials technique is one of
the most general methods for obtaining the solution of
a number of two-dimensional problems in elasticity.

It involves the systematic use of the theory of complex
variables. From the impetus of Kolosov's work (1909),
Muskhelishvili (1953) obtained the solution of the
biharmonic equation of elasticity in terms of two

complex potentials, ¢ = ¢{(z) and x = x(z) as

Oy ¥ Ty ™ 2BTIE) $ (2)], —====————- {2.1.1)

By = Gy 2i oy * 2(z ¢"(z) + x'(2)],-—-(2.1.2)
and

2u(u + iv)= k ¢(z) - 2z ¢'(z) - x(z),---(2.1.3)

where z = x + 1 vy, zZ = x-i y.,{$¢ )' denotes differen-
tiation with respect to z, (3 ) denotes complex conju-

gate of (¢ ), and p is the shear modulus of the material

n

and as defined by equation (1.2.9) «k 3 - 4v for plane
strain and (3 - v)/(1 + v) for plane stress with v as
the Poisson's ratio of the material. Eguations (2.1.1)
to 7?.1.3) are called the Kolosov-Muskhelishvili
equations.

Equations (2.1.1) to (2.1.3) can be written in full
as

U ¥ 2 Re ¢* = x Re ¢" -y Im ¢" - Re x',-~-(2.1.4)

oyy= 2 Re ¢" + x Re ¢" + y Im ¢" + Re x',--=(2.1.5)

1xy= X Im ¢" -y Re ¢" + Im x',——=—~—- (2.1.6)
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Kk Re $ = x Re ¢' - y Im ¢' -Re x42l1.?)

2ua
and

2uv K Im ¢ + X Im ¢' =y Re ¢' + In x,~---(2.1.8)
where Re(¢ ) and Im(¢ ) represent the real and the
imaginary parts of a complex function, respectively.
For some unique solutions and for the cases where
stresses are applied, let the arbitrary nature of the
complex functions ¢ and y be investigated. Suppose that
¢1,x1 and ¢2,x2 are two sets of solutions. Since O x’
Uyy' and Txy must be single valued, from equations
(2.1.4) to (2.1.6) one obtains the relationship
between the two sets of the complex functions as
$2 & §3* 83 Smm—mmmmmmm————ee—— (2+199)
and
X2 = X1 + @2, == mmemmeeee——————— {2.7.:10)
where a; and a; are some constants.
Other useful equations that can be obtained
from equations (2.1.1) and (2.1.2) are the resultant
forces and moment exerted on an arc, AB say. These

are given by Muskhelishvili (1953) as

P * LF = - ile(2) + 2z §(2) + x(2)15,-=(2.1.11)

and
M = Relfx(z)dz ~ zy(z) - zE¢'(z)]i, —ese2.1.12}

where Fx and FY are respectively resultant forces in
the x and y directions, M is the resultant moment and
[f]g denotes the increase in f as z traverses the arc
from A to B.

For some problems, depending on convenience,
equaticns (2.1.1) to (2.1.12) can be written in co-
ordinates other than the xy coordinates, by transfor-
mation. These can be found in Muskhelishvili (1953),

Sneddon and Lowengrub (1969) and Sokolnikoff (1956).
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For the present purpose, these equations are used
without any further transformation.

2.2. The Westergaard Formulae

Westergaard (1939) obtained some specialized
versions of equations (2.1.4) to (2.1.8) for certain
crack problems, two of which are of interest here. The
first problem is that of a large plate with a central

crack of length 2a, loaded by far field stresses

0%y = Tor 0. = Go and - 0. This is shown in Fig.2(ii)
with a = 1. Assuming for this problem that

¢'(z] = i zlf _________________ ‘2-2-1)
and

x. (Z] . - i A Z{r ____________ (2.2-2)

and substituting the above equations into the Kolosov-

Muskhelishvili equations gives

Gxx = Re Zl - y Im Zi' ------------ (2-2-3)
= Re 2%, +y Im 2}, =—=———===———v 2.2.4
Clyy 1 Y im 43 ( )
and
Txy = " Y Re B e o s m (2.2.5)
Westergaard furthermore assumed
Z1 = G, —2 (2.2.6)

Yz7-a¥ '
Note that by substituting equation (2.2.6) into

equations (2.2.3) to (2.2.5) one arrives at equations
(1.2.1), wi ~out 2A.
The second problem solved by Westergard (1939)

is for a large plate with a central crack of length 2a,

loaded by T:Y = 1, shown in Fig. 2(iv). Substituting,
$°(z) = = § 1 Zyy, =—=cccmccccmmmeaae (2.2.7)

and :
x'(z)* =1 21y + 4 1 2z B},, ———-m—mee——- (2.2.8)

into the Kolosov-Muskhelishvili equations, gives
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XX
= - y Re 2} —---———--——«—-————#'2.2.10
Uyy y 11 » ( )
and - _ ;
rx'y=Re Zyy -y Im Z];, =—e=—m——————e (2.2.11)

Westergaard assumed that

o Zyy o= Ty B e (2.2.12)

N fA o _ :
Equations (2.2.3) to {2.2.5) and equations {(2.2.9)

to (2.2.11}) are called the Westergaard formulae while
equations (2.2.6) and {2.2.12) are known as the Westér- .
Hﬂéaéfd stress functions. Z; = Z1(2) relates to the
opening or mode I problems and 2Z;, = Z;,(z) relates
- to the inplane shear or mode TIT problems. Equations
(2.2.3) to (2.2.5) and (2.2.9) to (2.2.11) are
extensively employed for other related problems such
as stress distribution for other plane geometries énd
derivation of the modified Westergaard formulae as in
Irwin (1957), Sneddon and Lowengrub (1969), Eftis and
Liebowitz (1972}, Sanford (1979) and Erdogan {1983).
The next section deals with the derivation from
the first principle of some new formulae for stresses -
and displacements, which are in fact the generalized
Westergaard formulae.

2.3. Derivation of the New Formulae

It was proved by Koloscov and Muskhelishvili
that thé solutions of a certain class of plane elasti-
- city problems can be obtained in terms of two complex .-
potentials; ¢ = ¢(z) and X = .x{z}. In what follows
for crack problems in two-dimensions, the Kolosov-

Muskhelishvili eguations which are in terms of the two
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complex functions are made to depend on only one
complex potential. These equations are in fact the
generalized Westergaard formulae. The derivation of
the equations from the first principle now follows.

The solution of the bi-harmonic equation in a
Region R can be written as

U = Re[Z¢ + ], ————————m=mmmemmmm £2.3.4)

where U is the Airy stress function and ¢ ¢(z),
v = y(z) are complex analytic functions in R. Equa-

tion {(2.3.1) can be written as

20 = Z¢p + 2§ + P + P mm—m—m———————— {2,3.2)
From the well known eguations
el . e SR (2.3.3)
XX sy* f -
AU
cyy - E-x-r r (2.3.4)
3?u

Txy c T axay '
and the stress-displacement relations, the Kolosov-

Muskhelishvili formulae are obtained, with x(z) substi-
tuted for y¢'(z).

In the Kolosov-Muskhelishvili equations, let

x(2) =N §${z2) = 2pV(z), ==——~—me—————- (2.3.6)
where N is some real constant. Then, one obtains

eguations (2.1.4) to {2.1.8) as

O x=(3-N)Re ¢'(z)- 2y Im ¢"(2), —=—-—-- (2.3:7)
cyy=(1+NlRe $'{z)+ 2y Im 9" (2), =w====- (2,3.8)
Txy=(N-T)Im ¢'(z)- 2y Re ¢"(2z2), -———-—- (2:3:9)
2pu =(k-N)Re ¢(2z)- 2y Im ¢'(2), —====—- (2.3.10)

and
2uV =(k*N)Im ¢(z)- 2y Re ¢'(z), ==-=-==--=(2.3.11)

Equations (2.3.7) to (2.3.11) are the new formulae
and are in terms of only one complex potential,

$ = ¢(z) and a constant N which can be obtained from
25



the far field boundary conditions of the plane problems.
As an example, by substituting N = 1 and

$'(2) = § By, =i (2.3.12)
in the new formulae, the Westergaard formulae, equations
(2.2.3) to (2.2.5) are obtained. Similarly, by substi-
tuting, N = -1 and

¢'(2) = = 3 Byy, —memmmme—mmme- (2.3.13)
into the new formulae, the Westergaard formulae, for
the inplane shear problem, equations (2.2.9) to (2.2.11),
are obtained. The new formulae are therefore shown to
be the generalized Westergaard (1939) equations,

As will be shown in the next chapter by assigning
an appropriate value of N and the stress function ¢(z),
the new formulae can give the solutions of a number of
plane problems with the crack(s) along the x-axis and
loaded by either far field stresses c:x, U;y and 1;y and
or some pressure loading along the crack faces. In the
next section, it will be shown that the new formulae
satisfy some necessary equations of elasticity,

It should be noted that the basis of the so called
new formulae was the substitution in equation (2.3.6).
Many researchers would like to know how such substitution
came about. There are certain standard methods for the
formulation of boundary value problems described in
detail in Muskhelishvili (1953) and Sokolnikoff (1956)
in which the functions ¢(z) and yx(z) could be determined.
When these functions are determined through the above

mentioned procedure, by hectic trial and error the
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relationship between ¢(z) and x(z) could be obtained.

In the trials I employed, the Saint-Venant semi-inverse
method in which certain relationships on the basis of
known cases are selected. A number of these trial
functions were selected and only that in equation(2.3.6)
satisfies all the conditions required by the expected
solution. Some of the other simple relationships

investigated include:

x(z) = ¢(z) - Z ¢'(z) + A,

x(z) = ¢(z) - BZ ¢'(z)}
and

x{z) = Cl¢(z) - 2 ¢'{z)b

where A, B, C are some constants.

2.4. Proof of the Correctness of the New Formulae

For a solution of an elasticity problem to be
correct, it must satisfy the following four conditions:

(a) the equilibrium conditions,

(b) the stress-strain relations,

(c) the compatibility conditions, and

(d) the boundary conditions of the problem.

In this section, equations (2.3.7) to (2.3.11) are
proved to satisfy conditions (a) to (c) for any real
constant N, where = =« < N < + =, The unknown constant N,

as mentioned earlier, can only be determined from the
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boundary conditions of the problem. Since the boundary
conditions differ from problem to problem, the evalua-
tion of the constant N and the proof that condition (4d)
is satisfied are left until specific problems are
considered.

In the proof that follows, the following equations

of complex variable theory are employed,

$(z) = Re $(z) + i Im $(z), ==——m———w—- {2..4.1)
3 Im ¢(2)
3 Re ¢(z) _ I
X = Ay = Re ¢(z), (2:4:2}
and
3 Im ¢(z)
S = - 9_Re ¢(z) _ ; L
ax N ay Im ¢ (z)p {2.4.3)

where z = x + 1 vy.

The equilibrium equations in two dimensions are,

aoxx 3Txy
o + 3}" = 0, =—————————————— (2.4 4)
and
30 aTt
}I + _Xx = 0' ———————————————— (2-4‘5}
3y ox

From equations (2.3.7) to (2.3.9), one obtains

do
XX
X

a1

XY _ i i
—gy > =(N-1)Re ¢
th
—=X = (N=1)Tm ¢"

ax

=(3-N)Re ¢" - 2y Im ¢"', =—=———————mwee (2.4.6)

i
o
=
0

E=2

+

[3%]
<
-
3
-

I

L

1

1
N
=
wj

!
48]
<
b
o
-

!

1

1

I

I

1

1

I

I

1

1

I

I
N
-
0

and

do

—.5%1 =(1-N)Ip 6" # 2y Re ¢"! —m—m———m————e (2.4.9)

By adding equations (2.4.6) and (2.4.7) and equations
(2.4.8) and (2.4.9), one concludes that equations
(2.4.4) and (2.4.5) are identically satisfied for any

constant N.
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The plane stress, stress-strain relations are given

by
Bl » wa = W, eSS (2.4.10)
2u(1+v)eyy = cyy T My SES (2.4:11)
2u(1+v)ezz = - v(uxx + oyy)' ---------- (2.4.12)

and
quy = xy AR e S e S S S SIS (2-4-13)

With the new formulae, equations (2.3.7) to (2.3.9),

one obtains the strains as

Zu(1+v)exx ={3-N-v=uN)Re ¢' =2(1+v)y Im¢",--(2.4.14)

2u(1+v)e, =(1+N-3v+wN)Re ¢'+2(14v)y Imé",--(2.4.15)
2u(1+u)ezz = - 4 Re $', ==—m——mmmmm e (2.4.16)
1 ny =‘N"'1)lm ¢ - 2}? Re ¢ e e e (2-4-1?)
where, as defined earlier, pu is the shear modulus and v
the Poisson's ratio of the material.
With the definitions of the strains in terms of
the displacements u, v and w, as
L
exx o T (2.4.18)
av
e B o R 1 S 04 0 2.4.19
Yy ay (
5 B R R
ezz -~ az! (2.4-20)
and
= U Ve
Yoo * T5 * T (2.4.21)
and equations (2.4.14) to (2.4.17), one arrives at the
new formulae in equations (2.3.10) and (2.3.11). The
condition {(b) i.e. the stress-strain relations are
therefore satisfied by the new formulae.
The next proof is for condition (c¢). The well

established two-dimensional compatibility equation is
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by
2 2 2
] €,y X 3 eyy - d YXX
ay? ax? axa3y

R W (2.4.22)

Employing equations (2.4.2), (2.4.3) and equations

(2.4.14) to (2.4.17}, one obtains
a’e

XX _ _ (3-N-v-vN) wo_ 2 " X iv
“ay? Zul1+v) Re ¢ m Re ¢" "+ m Imé™ ",
-------- (2.4.23)
3%e
_ (1+N=3v+vN) T 4 Y e
—3§¥¥ Salieey Re ¢"'+ L Ime, (2.4.24)
and
2
a ny - (N_”Re ¢u|_ ERE ¢n1+ E y Im¢iv i (2.4 25)
aXay m m M ‘ o

By substituting equations (2.4.23) to (2.4.25)
into equations (2.4.22)‘0ne can conclude that the plane
stress compatibility condition is also satisfied for
all values of the constant, N.

2.5. Conclusions

In the chapter, the well established Kolosov-
Muskhelishvili formulae were employed and new set of
equations for stresses and displacements are derived.
The new formulae are in terms of only one complex
potential. These new formulae were also shown to be
the generalized Westergaard equations.

It was also proved that the new formulae satisfy
the conditions of equilibrium and compatibility and
that the stress-strain relations are also satisfied.
In the proof, the case of plane stress was considered
but with the simple and well established procedure of
solid mechanics, by transforming the elastic constants
as

-V
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and

the case of plane strain can be obtained. By making
the above changes into equations (2.4.10) to (2.4.25)
one can conclude that all the proofs also hold for the
plane strain problems.

The most important advantage of the new formulae,
is that for the crack problems, one is left with the
determination of only one complex analytic functions,
unlike two functions when one employs the Kolosov-

Muskhelishvili equations.
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CHAPTER III
SOLUTIONS OF CRACK PROBLEMS
BY COMPLEX POTENTIALS (2)

3.1. Introduction

In this chapter, the new formulae, equations
(2.3.7) to (2.3.11) are applied to some opening mode
problems. The problems considered include that of a
large plate with a straight central crack of length 2a,
along the x-axis, as shown in Fig. 2, with the
following loading conditions.
(i)

Oor = aqo, and r;y =0

vy kx

where - » < o < « and,

(ii) cyy(x,o) = = 0o, |x|] < a
vix,0) =0, |x|] 2 a
and - o;y =0, T;y = 0.

Some other problems solved via the new formulae are
discussed in the appendix. The solutions derived
through the new formulae are then compared with the
solutions normally reported in the literature of the
subject.

Also, some studies are made on the distribution of
the maximum and minimum principal stresses and the
energy of distortion in the neighbourhood of the crack-
tip. The former are useful in photo-elastic studies.

3.2. The New Formulae Applied to Some Mode I Problems

Consider the problem shown in Fig. 2 in which

g® = g,

b § ¢

go

X3 R0 g ¢ and}' ___________________ (3-2-1)

T®™
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The new formulae, equations (2.3.7) to (2.3.11), can be

written as

L 2 n
Oy = Re 41(z) + Tin ¥ Im $1(z2), ====- $3.2.2)
_ 3-N ; 2 "

O ™ THH Re $3(z)~- Tin ¥ Im ¢1(2) ;~~~(3.2.3)

N-1 i 2 "
'rxy = TN Im ¢31(z) - TiN Y Re 47(2z) ,--(3.2.4)
b @ ‘:ﬁg’ne $1(2) - 25y Im ¢1(z),~(3.2.5)

and

N 2 '

2uv = §$ﬁ Im ¢,(z) - EWY Y Re ¢1(Zh -(3.2.6)

In the above equations, one needs the function
$1(z), in order to evaluate the stresses and displace-
ments. For the problem under consideration, assume
(a complex function similar to that of Westergaard),

$1(2) = Ay —E2— | = £3:2.7)
] o r

where A, is some constant. Integrating and differen-

tiating equation (3.2.7), gives respectively,

¢1(2) = A, VZ27=aT, —mmeemeeeeeeee (3.2.8)
and
¢142) = = A, @' (a—oyyyr _aT, & s (3.2.9)

Now, as z+«, equations (3.2.7) and (3.2. 9)
respectively give
¢i(z+m} + Ag
and fj seevsnnscecnenr- (3.2.10)
$1(z>=) > 0

From equations (3.2.2) to (3.2.4), one obtains

U;y = ie $] (z+e)
- =N . S e N s
e o= = IIN Re ¢](z+=m) }1 (3.2.11)
<= N=1 ' i

Comparing equations (3.2.11), (3.2.10) and (3.2.1),
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Ao B o g R T e i o o s i i e o A S A e it sy i (302-12]
and
- 3w
@ = Fo - (3.2+:13)

The equations for the stresses and displacements

in terms of the biaxiality coefficient, a« are then

given bv
o, = Re ¢i(z) + L%ty 14 40(z), —emmo- (3.2.14)
vy 2 !
o, =« Re $}(z)- ‘l%ﬁ’ v Im $%i(z),~==(3.2.15)
e ™ 128) 3 41(z)- (-1——;3‘-}}* Re $7(z),--(3.2.16)
2uy = (Ereezdral pe g, (g)- By mogi(z),--(3.2.17)
and
2uy = (BL8E83%0lyy o, (z)- (128)y ge ¢ (2)--(3.2.18)

where ¢1(z), ¢:(z) and ¢%(z) are respectively given by
equations (3.2.7) to (3.2.9) with A, = 0,

From the above equations, the asymptotic stress
and displacement at the crack can be obtained. These

are obtained as

K
o = —' [cos } & + “;“’ Sin @ Sin # 0],--(3.2.19)
Yy Y2nr

K, ‘ (1+a)
o ® fa Cos § 0 - 3 Sin 6 Sin ¥ 0]J

Y2nr

sms (324200
. &) (8-Dain 3 0 + 12550 6 cos 204]
Xy T 2 4 2
—————— (3.2.21)

2pu = K, /5= [(5155%315’CQ5 19+ (J%E)Sin 05in o],

——————— 13:2:.22}
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and

2uv = K, ,/§; [(EiE§1312151n yo- {2 gin ocos te],
-------- (3.2.23)

where K, = d, Yra, 0, is the far field applied stress,
a is half the crack length, a is the biaxiality coeffi-
cient, p is the shear modulus, ¥ = 3-4v for plane strain
and (3-v)/(1+v) for plane stress, v is the Poisson's
ratio and r,8 are polar coordinates at the tip of the
crack.

From equations (3.2.19) to (3.2.21), the principal
stresses, o0, and o, are given as

K

1
2nr

o1 = [(1+a)Cos % ®

: L)
¢ Jit=ai? % {1=g? i8in*es ‘J—Zﬁ’ Sin2e],-—-—-(3.2.24)
and
K,

2nr

[(1+a)Cos § 6

(14a ) *

- ja“ﬂ)3+{1-02151n= + T Sil’la'ﬁ]. —-————(3,2.25)

Fig. 6 shows the plots of the dimensionless principal
stresses for some values of a. From the figure, for
a = 1,0, takes a maximum value of 1.3 K1//5?§ at 6 = 60°
while for @« = 0, it takes a maximum of 1.135 K1f/§FE at
g = 70°.

The difference of the maximum and minimum principal

stresses, oy - 02, is also given as

X4

va2rrxr

gy = 03 = V4 (1-a) ?+(5+2a-3u’)Sin‘6, ———(3.2.26)

From equations (1.2.1),if‘the principal stress difference

is dehoted by (o3 - o2)*, one obtains
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FIG .6: . The plots of (2 91V2Tr)/kq and (2 % V2Tr ky against angular
position e at the crack - tip .
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K

{o1=03) *= L /fsin’a—2(1~a)o, Q%ESinBSin %3+(1-a)’oo(%1¥h
v2nr 1 1
------- (3.2.29)

Note that equation (3.2.26)was obtained via the new
formulae while equation (3.2.27) was obtained from the
solutions reported in the literature of fracture as
discussed in the literature review. These equations,
(3.2.26) and (3.2.27) are quite different especially

the effect of the biaxial loading, represented by «o.

As an example, with o, = K1//?3, and for small distances
from the crack-tip, i.e. % =0, equation (3.2.27) states
that the principal stress difference is independent of
the biaxial loading, while equation (3.2.26) clearly
shows that it is a function of the biaxial lcading.

Note that even if higher terms of the radius, r, are
considered in the Westergaard stress function, equation
(3.2.7), the principal stress difference obtained from
the new formulae and equation (3.2.27) are never the same.

The strain energy of distortion, Wy is given by
1
Wy = 33[05 - 0105 + 03], ===———-=-=-(3.2.28)

Substituting equations (3.2.24) and (3.2.25) into

equation (3.2.28), one arrives at

K 2
R N LT L P C T
Wa 48gur[ 5 Ji1=)%+'25=" Cos o
2
*3(1-a’)Sin’e+3(l%EJ T ) R e— (3.2.29)

From equation (3.2.29), it can be proved that the

strain energy of distortion, Wd is maximum at a 6, given by

8 = Cos eyl A m————— (3.2.30)



An important class of the above problem and which
we will later be interested in, is for a uniaxially
loaded cracked plate. For that case a« = 0. Then from
equations (3.2.19) to (3.2.23), the asymptotic stress

and displacement distributions are,

K :
o = —1_ [Cos & o + 2in ® iin t 9 eemi(3.2.31)
YY Y2nr
Ky sin o sin 2 o
Oy ™ = = , mm———— (3.2.32)
Y2nr
Ky 'sin 0/2 Sin0 Cos % 0
T = = [ 3 - 7 1, ==-=(3.2.33)
xY vYnr
2uu = K, %; [(K;3)COS 1 6 + 3 Sin 6 Sin } 6],-(3.2.34)

and

2uv = Kl,/%;[txz3)51n $6- 4 Sin 06 Cos 46]e ==(3.2.35)

Either from egquations (3.2.24) and (3.2.25) with
a = 0 or from equations (3.2.21) to (3.2.33), the sum
and difference of the maximum and minimum principal

stresses are then given by

K
01+02 = [Cos 18 + }Sin ® Sin ¥ 8),---(3.2.36)
v2nr
and
K, )
(03-0,) = [1 + % Sin? 8]2 —==m- {3.2.37)
Ya2nr

From equation (3.2.27) on the other hand, for the uni-

axially loaded plate, one obtains

* JEE in 20+ 2E7Y ___
1 [Sin?e-2/ a Sin6Sin +0+ = ]. (3.2.38)

(01-0;) *=
Ya2nr

As was mentioned earlier, equations (3.2.37) and

(3.2.38) are not the same. It should be noted that,
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accurate and detailed comparison between the two equations
is possible only when higher r/a terms are considered in
equation (3.2.27) and photoelastic data are available,

For the mean time, let us consider the stress distribu-
tion along 6 = 0. With the stress-optic law

N, fo
gy = 02 = h

R ——— {3:2:38)

where N, is the fringe order, fo materials fringe value
and h is the thickness of material, equations (3.2.37)

and (3.2.38), along, 6 = 0 give , respectively,

N, fo K1
R = ] e ————————— (3.2.40)
2%y
and
K
Ne £0 o Lo e (3.2.41)
/ra

From Figs. 7, 9, 10 of Irwin et al (1978), Fig. 4 of

Sanford (1979), Fig. 9 of Dally (1979) and Fig. 11 of
Daniel (1983). Since in all these cases,N, was never
constant aleng 8 = 0, equation (3.2.41) is not repre-
senting the stress state. On the other hand, the new

equations developed , state that the frince order N,, is

/
inversely proportional to the square root of the distance
from the crack tip. These seem to agree with the
experimental results noted above,

A related problem similar to the uniaxially loaded

plate is that shown in Fig.2(i), as shown in Section 3.3.

g = 0o and
XX by e 13:2:.42)
oy = %9y = 0

For that problem, the new formulae, equations (2.3.7)

to {2.3.11) can be reduced to
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o..= Re ¢} = } y Im§}, ==mmmmme—emm—e—eae (3.2.43)

xX
R B L (3.2.44)
SRR W TR T (3.2.45)
_ {x+1)
22Uy = = Re ¢ = 3 y Im ¢, ===m——eu= (3.2.46
and
2uv = SV tmog, - 3 Re gf, memmmmememe- (3.2.47)

With the same stress function, ¢; considered for the
earlier problem, the stress and displacement distribu-

tions at the crack tip, become

K
O%x ~ [Cos }o- 24D 9451“—%91, ----- (3.2.48)
Yanr
Ky  sin e sin 3o
°yy T o ) p mmmmmmmems (3.2.49)
Yy =
KT Sin % 6 Sin 8 Cos 46
“xy © (== gete] ) =====(3.2.50)
¥ Vaar
2 = r (+1)
m = K, /5-[ =5~ Cos }e+iSin 6 Sin ¥8],--(3.2.51)
and
2w = K, /18D sin 3o- 4sin o Cos }0),--(3.2.52)

where, K1 = ge¥ma.

From equations (3.2.48) to (3.2.50), the diff_rence

between the maximum and minimum principal stresses is

K,

Yany
The stress distributions for the uniaxially loaded plate

0, = 0z = TR T | e——— (3.2.53)

along the y-axis, equation (3.2.37);and that loaded

along the x-axis, equation (3.2.53);are not the same,
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as expected. These solutions together with some other
problems to be considered, will be utilized for the
discussion of crack-tip characterizing parameters in
the next chapters.

The next problem considered is again as shown in

Fig. 2, with loading as

o, (x,0) = - 0o, x| s a
Yy I (3.2.54)
U?y - T;Y =0

From the new formulae, equations (2.3.7) to (2.3.11),
since a free crack surface, |x| = a cannot carry a
normal stress O x? then along y = 0, Ooeae has to be zero.
Therefore, equation (2.3.7) gives

kB, SRS (3.2.55)

Substituting equation (3.2.55) into the new formulae,
and writing

¢'(z) = % ¢i(z),
the equations for the stresses and displacements for

the problem become,

oyy~ Re ¢iiz)» § y IM 4% 12), ==emm=c=s (3.2.56)
0= = 1y Im #3(2), =mmmmmmmmmmmmmmee (3.2.57)
Tey™ $ Im¢i(z)- % y Re ¢} (2),~—===—-~ v a2 88)
2uu = 23 Re ¢, (2)- 3 y Im4)(z), ---(3.2359)

and

2pV = (E%E)Im $1(2)= } y Re #h(2), ---(3.2.60)

Since the far field boundary conditions on the stresses,

stated in equations (3.2.54), must be satisfied, then
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let us assume

$1(z) = A, [V2? - a? - z2]y - = ———— (3.2.61)
Differentiating equation (3.2.61) with respect to z,

one obtains

$11(z)

]
=
°
~

- 1]: _________ (3-2.62)

and

Aa? = 1 G i—— (3.2.63)

(zﬂ _a2 ):!'-

n

$1(2)

From equations (3.2.54), (3.2.56) and (3.2.62), one
obtains the constant A, as
Re ® Gpq o mwemmmmmmemetmme (3.2.64)
The asymptotic stress distribution in the neighbour-

hood cof the crack-tip is then obtained as

K
6. = [Cos 3o+ 210 8 Sin 29) - 5., -=(3.2.65)
Yy Y2nrxr
X, Sin 6 sSin # @
G * = 7] g mm—————— (3.2.66)
& Y2nr
and
K - l
T, = - 1 [512 46 _ Sin B4Cos 281' —={3.2.67)
y Ya2nr
where K, = oo,Yva is the stress intensity factor.

1
Equations (3.2.65) to (3.2.67) are clearly not the

same as eguations (1.2.16). Eqguations (3.2.65)to
(3.2.67) are obtained via the new formulae while equa-
tions (1.2.16) are those commonly reported in the lite-
rature of fracture mechanics studies. Some notable dif-
ferences between the two stress distributions include:
The new equations state that a normal stress O x cannot
act along a free crack surface but a shear stress Txy
is acting on that surface. On the other hand, eguations
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(j.2.16) state no shear stress along the free crack
surface but a normal stress O x is acting on the surface.
Also as can be seen from equations {(1.2.1¢) and (3.2.65)
the Uy distributions are not ﬁhe game. FPFurthermore,
the opening of the crack due to the pressure loading
when calculated from the new formulae and from equations
(1.2.12) differ only by a multiplicative constant but
the shapes are identical.

Finally, just like the previcous problems solved,
the difference hetween the maximum and minimum wprinci-
pal stresses can be obtained from eguations {3.2.65)
to (3.2.67) as |

K

" o3-0p = ———[1+ £ sin®e)+ /25(1+5in }8 Sin ¥ o)+ %EJ?

-------------------- (3.2.68}
From equations (3.2.37) and (3.2.68), one can conclude
that for negligible r/a ratic, the shape of the iso-

chreomatics are the same. -

3.3. Some Cocmments About the New Solutions
- . In the above section, the new formulae

develépéd were applied to vield new model sclutions
to the problems shown in Fig. ° In Chaptexr One of
this thesis, it was shown that the reported model
solutions to these problems have some limitations.
It is intended in this section to investigate the
limitations, if any, of the new model solutions.

For the.Fig. 2(i) problem, the new model solutions

are given by equations (3.2.14) to (3.2.22). From .

. -2 PO \



equations (3.2.17) and (3.2.18), the displacements

along the x-axis are obtained as

(k + ax = 3 + a)o
2pu = 7} 2 Re[VxT - a’}’---“(3'3'1)
and
(k + ax + 3 = a)o i
2uv = 7 e m[/xT = artr TT3.3.2)

where 0 =|x|< =, At the crack tips x = & a,from
equations (3.3.1) and (3.3.2) it could be concluded
that both u and v are zero, as expected. Note that
the old model gave u some non-zero value.

Also about the displacement, from equation
(3.3.2) for |x|s a, one obtains

(¢ + ax + 3 = a)o

2uV = 7 2 Jar - x?, =---=(3.3.3)

This equation shows that the vertical displacement

of the crack surface is a function of a. Remember

that the old meodel gave v as same constant for all «.
About the resultant traction boundary condition

at the free crack surface, given by equation (2.1.11),

in the model, it was formulated as

[4(2) + 3'(2) + ¥(2)12 = 04 =——mmmmmmmmm (3.3,4)

With )(z) defined as ¢(z2) = N ¢(z) - z ¢'(z), equatior
(3.3.4) becomes

[6(z) + N §(z) + (z = 2)3'(2)12_ = 0, ~-=(3.3.5)
Along the x-axis, z = z, and with ¢ in equation

(3.2.8), one obtains equation (3.3.5) as
(1 - No a7 =% |2 =0 =-mmmeemm (3.3.6)
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Equation (3.3.6) indicates that the resultant traction
on the free crack surface in the new model is zero, as
expected.

From the new model, the stress distributions

for y = 0, |x|> a are

X
_ e ® (3,37
axx uco r-xr—-—-z-__ a ! ( )
o =g —_.x+.._— ’ —— a—— (3 - 3 - 8)

Y oo o
__________________________ {3.3.9)

i
e

Txy

Equations (3.3.7) to (3.3.9) are obtained from
equations (3.2.8) and (3.2.14) to (3.2.16). Applying
the stress optic law with the equations, one obtains
the predicted fringe N as
(1 - a)o h
N = 7 @ =——m—————(3,3.10)
g rx - a’

Remember that, the cld model gave N as independent

of x. The prediction in equation (3.3.10) is qguite
interesting, for it corresponds with what has been

observed in many experiments. For example, for the
uniaxial loading a« = 0 then

g h
o e R ————{3.3.11)

These predictions are in good agreement with
some reported experimental results in the literature.
Some of these are shown in Figs.7, 8, 9 where it
could be seen that N is a variable along the x-axis

but not constant as predicted by the old model.
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Fig. 7: Some Reported Experimental Fringes, I, for
a uniaxially loaded centre crack specimen.

[From William Gerberich (1962)]
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Fig. 8: Some Reported Experimental Fringes, II,

compact tension specimens.

[From Irwin et al {1978)]
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Fig. 9: Some Reported Experimental Fringes, 111, for
compact tension specimens.

[From Dally (1979) and Sanford (1979)]

48



Finally, from equation (3.2.15), the O,y Stress
has only one value at the crack tip, unlike the old
model which predicts dual character of Ox at the
crack tip.

From all the above, it could be concluded that
the new model solutions are void of all the limitations
of the old model solutions, noted in Chapter One, for
the FPig. 2(i) problem.

The next problem is that shown in Fig. 2(ii) and
its new model solutions given in equations (3.2.56)
to (3.2.61). It should be noted that in the old model
solutions to the same problem, two limitations were
discussed in Chapter One. These limitations of the
old model are unrealistic - distribution along the
loading surfaces and some u displacements at the crack
tips.

From equations (3.2.57) and (3.2.61), it could

0, at the loaded surfaces. Secondly

be seen that o
XX
at the crack tips from equations (3.2.59) and (3.2.60),

the displacements are obtained as

2uu = + (-E -4_ 3’0 GRSl  wpd i aees i —(3.3-12)

(4]

The old model solution as discussed in Chapter One

page 11, gave

fx = 1)
* = 2 S R —
2uu 2 < 3 o as (dsd=13)

For plane stress condition, the ratio of equations

7, which is -1 for

{(3.3.12) and (3.3.13) is - i
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v =4+ and - 3 for v = 2,

From the above equations, it could therefore be
concluded that the new model solution has one limita-
tion about the u displacement at the crack tips as
indicated by equation (3.3.12).

With reference to Fig. 2(ii) problem and the
general new model solution derived in Chapter Two,
quoted in equations (2.3.1) to (2.3.11), one could
show that the displacements u at the crack tips are
zero, as expected, by solving the problem as follows:

From equation (2.3.10), since u has to be zero

at the crack tips then take

T —————¢ 7 Y5 7'}

Then, substitute in equations (2.3.1)to (2.3.11) that,

L £ TR S S —— (3.3.15)

1+ «x
From equations (2.3.1) to (2.3.11), the stress and

displacement distributions are then obtained as

- ' | "
ogy = Re ¢1(z) + =2 — y Im ¢}(z),~--(3.3.16)
_ 3 -« ¥ 2 "
Uxx = -']-_'#—E Re ¢1(Z] - i y Im ¢1(2),——(3.3.17,
£k = 1

=)
1

p— L] 2 "
xy 3 1 1M ¢, (z) - e ¥ Re ¢.(2),~-{3.3.18)

2
2pu = - ~+ 7 ¢ Im e (3.3.19)
and
2}.I.V=-£K——-Im¢(z)—__2__._yRe '
K+ 1 1 K + 1 ¢1(ZJ. "_(3.3.20]
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With ¢,(z) and ¢;lz) as given in equations (3.2.61) and
(3.2.62) respectively. From equations (3.2.61) and
(3.3.19), it could be seen that at the crack tip u = 0.
But the limitation of this solution is that the e

along the loaded surface, is obtained as

. L 3= K
Oxx{x'O) - 1 + K

Uol ---------- {3-3.21)

In equation (3.3.21), x s a and was obtained from
equations (3.2.62) and (3.3.17). One of the unappealing
features of equations (3.3.16) to (3.3.21) is that the
stress distributions are functions of the Poisson's
ratio, v, which is an elastic constant. This is not
expected for this problem.

Finally about this problem, it should be noted
that the old model solutions, the first new model
solutions given by equations (3.2.57) to (3.2.60) and
those derived in this section, given in equations
(3.3.16) to (3.3.20), all give the same stress intensity

factor as

The next new model solution to be investigated
is that shown in Fig. 2(iv). Following vi..e convension
of Muskhelishvili (1953) and Sokolnikoff (1956), the
solution of the Fig. 2(iv) problem could be obtained
by considering an axial load in the y-direction and a
compressive load of same magnitude in the x-direction.

Then equations (3.2.14) to (3.2.18) substitute, a = ~-1.
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The solution for the Fig. 2(iv) problem is then

obtained as

iy = B (B}, —mmmemt o immee (3.3.22)

Oy = = Re $}(2), ====d =—em=um(3.3.23)

- % I KOS jromirmnimnni (3.3.24)

2uu = = Re $,(z) ,~—==m=—m=—memean (3.3.25)
and

2uv = Im ¢ (z), —===-mmemm—eme e (3.3.26)

where from equations (3.2.8) and (3.2.12), ¢:{z)
is given by

b1{z) = TO/E’ - a’, ———————————- {3.3,.27)

From equations (3.2.26) and (3.2.27) it could
be seen that 2uv = 0 for |x|z a, a property lacked
by the old model solution discussed on page 12,

Chapter One. Again it should be noted that both the
old and new model solutions of the Fig. 2(iv) problem,
give the same stress intensity factor.

In the remaining paragraphs of this section, the
stress distributions for the uniaxially loaded plate
are studied in some detail. Let the old model solution
for the ' niaxially loaded plate be represented by

o2 ' ¢  and Tiy. From equations (1.2.1) to (1.2.3), in

xx" Yy
the neighbourhood of the crack tip, these are given by

K
a 1 . 38 r
o__= [Cos 3§6(1-8Sin 18 Sin __’_J/:] --{3.3.28)
XX 5 2 a'’
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K

02 = —— Cos $0(1 + Sin 36 Sin 3%) ,~--(3.3.29)
Yy 2nr
and
a_ & 38
1. = —— Cos 406 Sin 40 Cos « ——=(3.3.30)
xy Ya2nr z
The new model solution denoted by oC . ¢© and € p
XX Uy xy

from eguations (3.2.31) to (3.2.33) are obtained as

e xr - Cos %6 Sin }6 Sin %E
xX "2'ﬂr 2 r -""'(3-3-31}
o K1 Sin 36 Sin %E
g - Cos %8 (1 + 5 ) im==(3.3.32)
Yy V21r
and
c K1 Sin 46 38
1 = - 5 (1 - Cos 6 Cos 5—).""(3.3.33]
1y v2nr
From the above equations, one obtains the ratios
c c c c c c
Uxxfoxx’ oyy/oyyand Txy/Txy as
afm Cos 46 Sin 36 Sin %E
.~ ET) = (3.3.34)
@ 2[Cos 16(1-Sin 40 Sin '2')_/_3]
o° 2 + 8in )8 Sin %E
L - w5 ¢ ——-(3.3.35)
2{1 + Sin 46 Sin =
Ouy ( 3 > )
and
o 36
T 1 - Cos %t Zos =—
X - - Sy 4 mmm- (3.3.36)
Ixy Cos %8 Cos 5

The plots of equations (3.3.34) to (3.3.36), for

small values of % are shown in Fig. 10.
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Next, the shape of the fringes developed by the
new model is investiéated. In the equations to be
used, higher orders of 1/Vr terms would be employed,
so that the stresses used are away from crack-tip.

From equations (3.2.14) to (3.2.16) with a« = 0,

the stresses are given by,

Oex =~ 3 Y Im ¢V (2), - (3.3.37)

Uyy = Re ¢;{z) + 3y Im ¢Y(z),-——=(3.3.38)
and

T d Im 12}~ § ¥y Re ¢;(2), -———- {3.3.39}

With ¢;(z) given by (3.2.7) the stresses are obtained

as,
x1 Sin 8 Sin %E
cxx= = 4
Yanr
3K
1 /r Sin 6 Sin d¢ _______
g /_2_;7_ : S (3.3.40)
K Sin 6 Sin %E
Yy vanr
3K ;
1 /r _ Sin & 8in 36, ____
+ T E(COS 3o i Yo, (3.3.41)
and
30
Xy v2nr L ¢

3K .
1 . Sin @ 0
+ g/ 5= (sin 4o - 210 0 Cos 39y —_(3.3.42)

55



From the above equations, the maximum principal
stress difference, (o, = v;) defined as

(o7 = 02)? = (o, - 0_ )% + 472 , =-=(3.3.43)

¥y XX Xy
is obtained as,
KZ . 5 3K2 . %
(01 = 03)? = 5%?(1 + Ssin %)+ 4"; Cos 6(1 - EE&%_E,
QK? " 3sin?e
+ *gz“—a_'r“ - -'—-T—*}' ———————— (3.3.44)
From the stress optic law,
Nofo
0y = 02) = G T mm——— {3.3.45)

where N, is the fringe order, f0 is the material
fringe value and h is the specimen thickness. There-
fore, from equations (3.3.44) and (3.3.45), the
expected shape of the fringes from the new model
solution is obtained as

K! h!

i <. 58in?0,, 3 .r - 38in’8
o = mpperill + =7+ 3(3)Cos 00 T )
9., - 38in*0,, __________
+ 270 ) I (3.3.46

The plot of 2nrNéf;/xi h? against & for some
value of g is shown in Fig. 11. The theoretical
shapes obt. lned are in agreement with the experimental
fringes shown in Figs. 7, 8 and 9.

3.4, Conclusions

The new formulae derived from the Kolosov-

Muskhelishvili equations were employed to obtain some
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Fig,

CRACK

11: Theoretical Expected Shape of Fringes from
the New Solution for Uniaxial Loading
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new asymptotic stress and displacement distributions
Ain the neighbourhood of a crack tip. These stresses

are all in the form,

1
O, o = f..{(a,8), —=———ceceema—- (3.4.1)
1] Y2nrx 13

and the displacements in the form

. T w 1oev
lli = K.lv,-ﬂhitu,fi), AN (3.4.:2)
where ij - 1,2, Fiqg = Uxx, T2y = @y = Txy, Oa2g = Oyy-
u; = u, u, = v and fij{u,e), hi(a,a) are some functions

of « and 6, defined in equations (3.2.19) to (3.2.23),
(3,.2:31) 2o $3:.2:38); (3.2.48) to (3,2.52); and
(3.2.65) to (3.2.67). To the author's knowledge, this
is the first time these generalized forms of the
stress and displacement distributions are reported.
The knowledge of these distributions is very important
in botﬁ the theoretical and experimental studies of
fracture mechanics.

What was commonly reported in the literature of
fracture mechanics as analogous to equations (3.4.1)

and (3.4.2) are equations of the form,

K.
.= £ Na), =—————- -.4.
Uij — iJ{B) + Aij(m), (3.4.3)
and
e b =y
ui = K1 / we hi(e) * &i(u); ‘‘‘‘‘‘‘‘‘ {3.4.4)

for the stresses and displacements, respectively. The

functions fij(sl, Aij(a), hi(e} and Aij(u) can be
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obtained from equations (1.2.1) to (1.2.12). It should
be noted that, in Chapter One, it was shown that stress
and displacement distributions of the form in eguations
(3.4.3) and (3.4.4) are possible only if Aij(u]= 0

and Rijru) = 0.

The new formulae derived in Chapter Two, equations
(2.3.7) to (2.3.11) are in terms of a constant number, N.
The constant N, -« < N < «, for the particular problems
solved was determined from the boundary conditions.

For example, in the problem where Uyy = 0,0 Opqe = 804

N is related to the biaxiallity coefficient a« by (from

equation (3.2.13)),

R . T ———— (3.4.5)
1 a

The plot of N against a is shown in Fig. 12. From the
figure, it is seen that unique solutions exist for all
N, except when N = -1, It was for the purpose of
obtaining a unique solution for the case when N = =1
that the problem defined by equation (3.2.42) was
considered. The asymptotic stress and displacement
distributions for that problem are given by equations
(3.2.48) to (3.2.52) and are also of the form defined
in equations (3.4.1) and (3.4.2).

Because of its importance in experimental studies,
the problem of a uniaxially loaded plate was reconsi-

dered separately. The new formulae give the stress and
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FIG . 12: The plot of .je biaxial factor & against N, the constant that
appear in the new formulae
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displacement distributions in egquations (3.2.31) to
(3.2.35) while those reported in the literature are
defined in equations (1.2.1) with 2A = L Although
it has already been shown that equations (1.2.1) have
limitations when representing the stress state for a
uniaxially loaded member, just for comparison purpose,
the stress distributiong from the old and the new
model solutions were compared in Section 3.3. The
comparison is shown in Fig. 10.

Of great practical importance in experimental
studies are the shapes of isochromatics which was
discussed in Section 3.3. The theoretical and expe-
rimental shapes were shown to be in good agreement.
These shapes could be used to evaluate the stress
intensity factor, as discussed in Irwin et (1978). As
noted by Irwin et al (1978), in order to accurately
evaluate the stress intensity factor from the fringe
patterns, higher orders of g need to be considered.
For that purpose the stress function in equation (3.2.7)

can be written as

K
'3 21 (1+22-3357 + .1, ——-(3.4.6)
YITMZ

where 2 relv, r, ® are polar coordinates at the crack
tip. In equations (3.2.19) to (3.2.23), (3.2.31) to
(3.2.35) and (3.2.48) to (3.2.52), only the first term
of equation (3.4.6) was considered. For experimental

applications, therefore, at least the second term of

equation (3.4.6) should be considered.
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Finally, in the appendix some few other problems
were solved via the new formulae. From these solutions
the strain energy-release rate and the J-integral are
evaluated in the next chapters. Some studies on the
strain energy-release rate and the J-integral as

crack-tip characterizing parameters are then made.
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CHAPTER 1V

~ THE STRAIN ENERGY-RELEASE ﬁATE

4.1. Introduction

Griffith (1920¢), introduced the concept of -
the strain energy balance approcach in the studies of
crack propagation. The modified version of the Griffith
criterion introduced by Irwin (1957, 1960) is extensively
used in the studies of fracture. Some account of that
can be found in Hayes (1975) and Erdcogan (1983}, where
the origin of the strain energy-release rate and the
stress iﬁtensity factors were discussedj Clausing (1%6%9)
where the strain energy-release rate concept was dis-
cussed and applied in analysing crack growth instability
phenomenon; Heyer (1973) in which the experimental
determination of the strain energy-release rate was
reviewed and Sanders {(1960) who relates the strain
energy-release rate te a path independent integral.

In all the reported studies of the Griffith crite-
rion, it was inferred or assumed that the final fracture
criterion is independent of loading. This was éccepted
simply hecause the stress intensity factor say, K1, is
not effected by an applied str ss parallel to the crack.
Although the above inference concerning the effect of
loading on the Griffith criterion seems to be well
established, in this chapter, it is shown that it is
not necessarily so.

Before making some detailed calculations of the
strain energy-release rate, G1, let the strain cnergy
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density, Wos be computed for some of the problems

discussed in Chapter III. For a large plate with a

central crack of length 2a, loaded by °§y = 0o, and
0%, = 000y from equations (3.2.19) to (3.2.21), if it

is assumed that the direction of crack propagation is
along the x-axis, then

K.?2
- 1 D D e e ——
Wsp 4nEr[1 + a 2 val, {4:1.1)

where Wsp is the strain energy-density along the direc-
tion of crack propagation. Similarly, if the plate was
subjected to pressure loading only and the direction of
crack propagation assumed to be along the x-axis, then
from equations (3.2.65) to (3.2.67), the strain energy

density is obtained as

(kE32
U TR ¢~ /' I ——— (4.1.2)

wsp © TwEr a

where K? - oopfFE is the stress intensity factor due
to the applied pressure, cap.

Now, if tensile and pressure loadings are combined,
from equations (3.2.19) to (3.2.21) and (3.2.65) to
(3.2.67), the combined strain energy density along the
direction of crack propagation is given by

K.? kP kP : Kf kP

= 1 2 1 S B S I
wsp 4nEr[a +(1+ )2 =2va(1+

-------- {4.1.3)}
From the above three equations, (4.1.1) to (4.1.3),
one may strongly suspect that any criterion based on
the strain energy may depend on the distribution of the
applied stresses because equation (4.1.3) cannot easily

be obtained by simply adding equations (4.1.1) and (4.1.2).
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In what follows, the strain energy criterion or the Irwin
crack extension force is proved to behave in a manner
similar to equations (4.1.1) to (4.1.3}.

4.2. Evaluation of the Strain Energy-Release Rate

For a body with a central crack of length 2a,
as shown in Fig. 2, the strain energy-release rate,
G1, is defined as, Hayes {(1975), Sneddon and Lowen-

grub (1969),
G =} = , =——emmmm—m———— e ——— (4.2.1)

where W is the strain energy required to form the
crack. If the body is subjected to opening mecde forces,

o and L— W is denoted by W, and the strain energy-

Yy
release rate by G

1
1.

With U as the surface energy of the body, the
Griffith criterion states that a crack of length 2a

in a body will begin to spread when

@ - = 0f mme—e e ——
= [W=-1U] =0, ——m-(4.2.2)

Griffith (1920) gave the surface energy U in terms of

the 'surface tension force' T for the material as

From equations (4.2.1) to (4.2.3) one obtains
(8 8 @ My s o o e n———— (4.2.4)

The major aim in this section is to find mathema-
tical expressions for the strain energy-release rate,
defined by equation (4.2.1), for a number of loading
conditions. 1In most of the problems, the opening mode
loadings are considered. 1In that case, G1, can be
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evaluated from equation (4.2.1) with W, calculated from,

1
Haves (1975),

W, =_£a 0 viX,0)dx; =—~—r~—r-emce- (4.2.5)
and therefore,

G, = %5 {3 0o vix,0)dx, =-—======= (4.2.6)

where o, is a postulated applied stress and y(x,0) is
the crack opening due to the applied stresses. Alter-
natively, the strain energy-release rate, G1, can be
calculated from Irwin crack extension force theory,
Irwin (1957), defined in equation (1.3.3). For the
problems to be considered here, there are always two
crack tips, then n = 2, Thus,

_ 1 (ha ;
¢, = lm o= [°° (o | 0eo) VI

o L}
1 javo yy'r=r; r=da-r',0=u)9F

e cmwe(4.2.7)
For a large plate with a central crack of length
2a, loaded by °§y = ge and oz, = @00y from equations

{(3.2.7), (3.2.8) and (3.2.18), one obtains

vi{x,0) = (515%&5:5) ge va* = x?, ===-=(4.2.8)

Equation (4.2.6) gives the strain energy, W, as

= tf:g'iﬂ_—a) 2 L e ms s e
W1 T 0o% = al (4.2.9)

From equations (4.2.6) and (4.2.8), the strain energy-

release rate, G is calculated as

1!

(k+ak+3=a)

= B e e e
G1 160 K1 ” (4.2.10)
where K, = o,/ma. Alternatively, from equations (3.2.19)

1
and (3.2.23), we obtain
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(r =r', 0 =0) = pm————— (4.2.11)
YY '!21Trl
and
. = Ao
v (r=Aa-r',8=n) = (f—‘”ﬁ-‘f—}ﬁ-—“’x1 AL, ——-(4.2.12)

Then with equations (4.2.12), (4.2.11) and (4.2.7)!
equation (4.2.10) is obtained. These are shown in Appendix B.
Consider next a second problem in which the strain

energy-release rate is to be evaluated. Consider a
large plate with a central crack of length 2a, loaded
by ¢» = o0, and o= = 0. From equations (3.2.47) and

XX Yy
(3.2.8) the crack opening, v(x,0) is obtained as

vix,0) = ‘%ﬁl' 0o VAT = XT; =ermmemmemme (4.2.13)

Then equations (4.2.13) and (4.2.6) give the strain

energy-release rate, G1, as,

G - K-1 K 2. ——————————————————— (4-2014)

The third problem is that of a large plate with a
central crack of length 2a, subjected to a uniform
pressure loading, oop on the crack faces. From

equations (3.2.56), (3.2.60) and (3.2.61), one arrives

at
Kl; Kﬁ’
o (r=r',e=0)= - , mm————— (4.2.15)
Yy i Y2nr' Yra
and

inewt el K¥3 op JAEREY
'J(r ﬁa r ,e 1‘) 4“ K1 Zp- T L {4.2.16)

where K? = 0,P/7a is the stress intensity factor due
to the pressure loading. Then from equation (4.2.7),

the strain energy-release rate, G, is obtained as

G, = ;%% S R (4.2.17)



Finally, consider the problem of a large plate
with a central crack of length 2a, subjected to combined
far field tensile loading, °;y = Oos 03, = 00, and some
uniform pressure loading, oo at the crack faces. Then
from equations (3.2.19), (3.2.23), (3.2.56), (3.2.60),

and (3.2.61), one obtains the stress o v and the crack-

tip opening, v, as

K, K? K?
o_ (r=r',6=0)= + - y————— (4.2.18)
Yy ¥2rr' ¥2nr! Ywa

and

(k+ae+3-a) /aa-cr* +3.p fAa-r'
= —y = = i
vir=pa-r',8=1) ¥ K1 50 i ' K1 T

——————————— {4.2.99)
Then the strain energy-release rate, Gyr from equations

(4.2.19), (4.2.18 and (4.2.7) is obtained as

. (ktaxt3-a) o, Cis3} g oaPinag 50T o

where K, = o, Yra and K? = o.P/ra. Refer to Appendix B.
From equations (4.2.10) (4.2.14), (4.2.17) and

(4.2.20), since all these expressions are different,

then the strain energy-release rate expression is always

a function of loading. Also from equations (4.2.10),

(4.2.17) and (4.2.20), one can conclude that the strain

energy-release rate for a combined loading cannot be

obtained by simply adding the strain energy-release rate

for the individual loadings. In the sections that follow,

some applications and implications of the derived

ecuations are discussed,

4.3. Some Applications of the Concept of the Strain

Energy-Release Rate

Griffith (1920) reported some experimental

results he conducted on large tubes and spheres made of
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hard glass. He obtained the specific surface tension
force per unit area, T, for hard glass at room tempe-
rature by extrapolating results obtained at higher
temperatures. The major aim of Griffith's experiments
with the hard glass was to compare the measured and
the predicted failure loads. From the results he
obtained, an almost constant value of the product of
the failure load and the square root of half the crack
length, i.e. oo.va, for a range of crack lengths was
observed. Also he experimentally proved that v,Ya is
not influenced by an applied stress parallel to the
crack plane. Finally, he found that the conditions of

failure from his criterion, (Griffith (1920), as

. ﬁzT S S — (4.3.1)

for plane stress and

2ET
Ge -%, ) mmmmmmm e (4.3.2)

for plane strain were not satisfied. Where o, was the
applied stress at failure, a half crack length, E, is
the Young's modulus, v is the Poisson's ratio and T
is the specific surface tension force per unit area.

A number of researchers, such as Irwin (1957, 1960)
made some attempt to modify the Griffith equations;
equations (4.3.1) and (4.3.2), so as to satisfy some
experimental results. One noticable and acceptable
improvement is to write the surface tension fecrce per
unit area, which appears in equations (4.3.1) and (4.3.2)

as

el - N



where 'I'el and Tpl are respectively the elastic component
and the plastic component of the surface tension force
per unit area. Griffith (1920) considered the elastic

component only. Based on experimental observations

that, Irwin (1957, 1960),

Tpl >> Tel' -------------------- (4-3.4}
Irwin proposed that
G = 2T . ==secowesmenemannene (4:3.5.)

where G is termed the strain energy-release rate, with
the G after Griffith. There are now well established
procedures of experimentally evaluating, G, Irwin(1960),
Hayes (1973).

Then with equations (4.3.3) to (4.3.5), equations

(4.3.1) to (4.3.2) become,

T (4.3.6)

) B
Oo = %), (4.3.7)

for plane strain. Equations (4.3.6) and (4.3.7) give
the failure load from the modified Griffith criterion,

introduced by Irwin, Note that equations (4.3.6) and
(4.3.7) can be obtained from equation (4.2.10) with
a = 1.

The above modifications of Irwin to the Griffith
theory, though of much importance, are still not suffi-
cient to handle many other fracture problems. The
modified equations, equations (4.3.6) and (4.3.7) can only
handle the preoblem of a large plate subjected to equal
biaxial tension. Applying these equations to any other

problem must result in errors.
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Apart from experimental errors, the Griffith
criterion was not satisfied by his experimental results,
Griffith (1920), because the equations he derived and
used, equations (4.3.1) and [4.3.25 and their Irwin
modifications, equations (4.3.6) and (4.3.7[)were
derived with inference that the final condition of
fracture was independent of the loading conditions.

It simply implies that the final fracture condition

was not effected by the biaxiallity of the loading.
These cannot be possible, as can be seen from equations
(4.2.10), (4.2.17) and (4.2.20). If the inference or
the assumption was correct, then all these equations
for the strain energy-release rate could have been the
same.

Equations (4.2.10), 4.2.14), (4.2.17) and (4.2.20)
will now be used to derive the expected failure load,
(so)a, as a function of the material property, G-

For a large plate with a central crack of length
2a, loaded by some far field stresses as °§y = 0, and
O%. = 00o, the stress at failure denoted by (0.)a, can

be obtained from equation (4.2.10) as

(Uo)u = / 16 G1

Vig(K+ak+3-a) *

I —— (4.3.8)

Writing ¢k = 3 - 4v for plane strain, (3-v)/(1+v) for
plane stress and p = E/2(1+v), equation (4.3.8) can be

reduced to

- /4 Gy
(0o)a = /ta(3+atv-av) * ~ 7YY (4.3.9)
for plane stress and
(00) 1
Catl W Yra(l+v) (3ta=-2v=2va)r —~~~~~ (4.3.10)
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for plane strain. It should be noted that in equations
(4.3.1) to (4.3.7), we used (co,)a = 1 = g, at failure.
Taking the ratios of equations (4.3.9) and (4.3.6),

(4.3.10) and (4.3.7), one obtains,

(o)
22 - S - (4.3.11)
° Y3+a+v-av
for plane stress and
(oo} _ [ O-v)
“ee * *YSte~T0-dvs * (4202

for plane strain. The plots of equations (4.3.11) and
(4.3.12) with v =¢3 are shown in Fig.13. The important
implication of equations (4.3.11) and (4.3.12) as can
be seen from Fig.13, is that for biaxial loading with
a > 1, we expect the failure load to be slightly lower
than the failure load for a« = 1 while for a« < 1, the
failure load is higher.

If the large plate with a straight central crack
of length 2a, was subjected to some pressure loading,
then the applied pressure at failure, 0oF can be

obtained from equation (4.2.17), as

o N 161 G

0o Talk +

, (4.3.13)

If on the other hand the large plate with a
straight central crack of length 2a, was subjected to
known pressure loading anu unknown far field tensile
loadings, then from eguation (. 4.2.20) one can obtain

the far field applied stress at failure, o, as

S {/i1+ —IE_TE:—12+4[ s +K +3- ]
2/ma e (K2)? [xvaxndmg) *TOKTITS
P
K
. _K¥3 o
5= 14 smmpin] (4.3.14)
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where K? is the stress intensity factor due to the

pressure loading.
It should be noted that in all the above equations
for the failure stress, equations (4.3.6) to (4.3.14),

a constant G = G1 appears. The constant G, or G is

1
the strain energy-release rate and is a material proper-
ty similar to Young's modulus, Poisson's ratio, etc.
Some detailed discussions about how it can be determined
experimentally, can be obtained in Heyer (1973), and
Wheeler et al (1982).
From the above equations, therefore, one can
conclude that when the Griffith criterion is applied
correctly, the failure load for a cracked member can
be predicted. The prediction is in terms of a material
property, the strain energy-release rate. These predic-
ted failure loads are functions or depend on the nature
of loading.
In the next section a new crack-tip parameter which
is also a material property is introduced. It is called
the Irwin crack-tip parameter because of its similarity to Irwin's G.

4.4, The New Irwin Crack-Tip Characterizing Parameter

In the discussions above, the material proper-
ty or the crack~tip ch acterizing parameter introduced

is the strain energy-release rate, G or G For all

1°
the stress states derived in Chapter III, these stresses

are in terms of the stress intensity factor K But

1.
from equations (4.3.8) to (4.3.13), all the stresses

in equations (3.2.19) to (3.2.67) can be written as

16u G1 fij(u,ﬁ)

= ~l 2

cij K+tak+3-q ] ﬁ;f




where i,j = 1,2, r,8 are polar coordinates at the crack-
tip, a is the biaxiallity coefficient and fij(a,B] are
some functions of «,® which can be obtained from
equations (3.2.19) to (3.2.67) for a particular problem
under consideration. From equation (4.4.1), since the
stresses must at all times be real guantities then u,
G, and (x+ax+3-a) must be real and positive. These
conditions are satisfied by all those parameters. It
should be noted that there are some values of a for
which
k+aKk+3=a S 0, —————mmmrecece===(4.4.2)

That is quite meaningful,for it refers to the cases
where the crack cannot propagate but will tend to
'close'. It has its own different analysis which is not
the subject of the present discussions.

It is a common practice to characterize the
stress state by what Irwin (1957) termed the stress
intensity factor instead of the energy-base parameter.
He defined the parameters by equations (1.3.1) and
(1.3.2). It was accepted by many researchers that
crack-tip characterization via the strain energy-release
rate is equivalent to crack-tip characterization via the
stress intensity factor approach. As it was showr in
Section 4.2 that any stress state has its own unigue
expression of the strain energy-release rate and that
the stress intensity factor is not effected by a far
field applied stress parallel to the crack, then one
can easily conclude that crack-tip characterization via

the strain energy-release rate is not equivalent to
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crack-tip characterization via the stress intensity
factor approach.

For the purpose of introducing a new crack-tip
parameter, which is equivalent to the strain energy-
release rate characterization, the solutions for some
problems discussed in Chapter III will be employed, in
addition to the Griffith criterion.

The new parameter, termed Irwin crack-tip charac-
terizing parameter , denoted by I (after Irwin) can
also be classified into the three different modes of
failure. Similar to the stress intensity factor,
Irwin {1957), the Irwin crack-tip parameter for mode I,
denoted by I, is associated with opening at the crack-

tip associated to opening mode loadings, o__, ©

XX vy’

The mode II Irwin parameter, denoted by 111 is associa-
ted with opening at the crack-tip due to in-plane shear

loading, Txy' And the mode III Irwin parameter, denoted

by I”1 is associated with out of plane shear lcading,

Tyz. See Fig. 1.

In mathematical form, these parameters are defined

as
- 27
I1 = lim 2uv(r,o) g e ———— (4 4, 3)
r-+o
8=

for the opening mode problems,

I, = lin  2uu(r,o) %—’l, ---------- (4.4.4)
r-+o
=7

for the in-plane shear problems and

Iy = lim 2pw(r,0) /25, ——mmemeeee (4.4.5)

r+o =
8=
for the out of plane shear problems.
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As examples, the definition above, equation
(4.4.3) is applied to some of the problems discussed
in Chapter III, and the following expressions for the

Irwin parameter I1 are obtained: For a large plate

with a central crack of length 2a, loaded by °§y= Oo

and 0%y = %00, the Irwin parameter, I, from equations

1
(4.4.3) and (3.2.23) is obtained as

(k+ak+3=-a)

I, = L i L (4.4.6)
For the same plate as above but loaded by °§y =0,
o2, = Tou from equations (4.4.3) and (3.2.47) one
obtains
B U it . oo s S e R

Similarly, if the plate is loaded by pressure loading,

P

0o aleng the crack faces, then from equations (4.4.3)

and (3.2.64) one obtains

From equations (4.2.10), (4.2.14), (4.2.17) and
(4.4.6) to (4.4.8), one can observe that

K:I
G, = lu1, ——————————————————————— (4.4.9)

where ¢ is a num~rical constant, @ is the shear modulus,

K1 is the model stress intensity factor, I, is the model

1

Irwin parameter and G or G1 is the strain energy-
release rate. Furthermore, all the stress and displace-

ment distributions in Chapter III can be written as

= i O Buli il
14 © [x+an+3—u] TS ’ (4.4.10)




and

- = I h(a.f) ecomcccc—————
uy I.I 57 hi{a,el, {4d.4.31)
where ij = 1,2, o011 = Ot Ty * Tyy ® Txy, 022 = oyy,
Ui T uy uz T Ve fij(u,e) and hi(u,e) are some functions

of a,8 which can be found from Chapter III.

For all cases, the new Irwin crack-tip parameter, I
is a function of the biaxial loading, the crack length,
the applied stress and an elastic constant. For
example,

I = I(a,a, 0o,V), ==~=====—e——- (4.4.12)
It has the unit of Newtons/metre%
with the new Irwin parameter, I and the Griffith

criterion of failure, one can easily obtain

Iappljed B Icritical’

at crack propagation, where Icritical is a material

property.
For the mode I problems, one can write equation
(4.4.13) as

I1 = 11 , mm——————— (4.4.14)
applied critical

where again I is a material property which

1critical
can be determined experimentally. Since the material

properties are commonly found from uniaxial tests,

equations (4.4.6) and (4.4.14), one can obtain I1
critical
in terms of K1c as

- (x+3)
T = 'K, , mmmmmem—————=~(4,.4.15)
1critical 2 te

where ¥ = 3-4v for plane strain and (3-v)/(1+v) for

plane strain and K - is the critical stress intensity

1
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factor to be determined by experimenting on a uni-
axially loaded cracked member, as discussed in Heyer
(1973) and Wheel et al (1982).

Then the Griffith criterion based on the I-concept,
reads

(k+3) K, , ===—=——===(4.4.16)

2Iapplied 1c

where K, = o.,/7a from uniaxial tests only.

e
Just for the sake of having a non-dimensional
crack-tip characterizing parameter, another parameter,

denoted by I is defined as
Is= I/offE;7F§, ---------------- {4.4.17)

where ¢ is the yield stress of the material, p is its
density and g is the acceleration due to gravity. For
linear elastic (brittle) materials g = Uy' the yield
strength of the material.

The dimensionless Irwin parameter, I can be
obtained for the cases considered above as follows:
For a large plate with a central crack of length 2a,
loaded by c;y = 00,02, % @00, from equations (4.4.17) and

(4.4.6) one obtains

- (k+taxk+3-a) 0o, mpga ¥ ________
1 5 {cy){ oy  § (4.4.18)

When the plate is loaded “y am. = 9o and U;y =0, then

T

equations (4.4.17) and (4.4.7), give

= _ (k=1) ,0,, ("pga, 4
L o I (4.4.19)
Yy b 4

But when the crack faces are loaded by constant pressure

only, then equations (4.4.17) and (4.4.8) aive

i.‘ _ K;:'](%_Q_) ["21_51]*. ————————————— (4.4.20)




And finally, the Griffith criterion of failure in
terms of the non-dimensional Irwin crack-tip parameter,

equations (4.4.13) and (4.4.17) give

Icritical'

I pplied - e mmmmee= (4.4.21)

when the crack propagates, where I is a

critical

dimensionless material property.

4.5. Conclusions

The expressions for the strain energy-release
rate, G1, for a number of loading conditions, were
derived. From those expressions, it was observed that
crack-tip characterization via the strain energy-
release rate concept is not equivalent to crack-tip
characterization via the stress intensity factor approach.
It has also been observed that the stress intensity
factor is not affected by an applied stress parallel
to the direction of crack propagation. More importantly,
it was proved that a final fracture criterion obtained
from the Griffith criterion of failure is a function of
loading conditions.

A new crack-tip characterizing parameter, denoted
by I with the units of Newtons/metre* was introduced.
A non-dimensi~ral counterpart of the new Irwin crack-tip
parameter was also introduced. A simple relationship
between the strain energy-release rate, the stress
intensity factor and the new Irwin crack-tip parameter
equation (4.4.9), was also derived. With the relation-
ship, it was shown that crack-tip characterization via
the new Irwin crack-tip parameter is equivalent to crack-

tip characterization via the strain energy-release rate

concept.
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CHAPTER V
THE J-INTEGRAL

5.1. Introduction

The J-integral is the most recent fracture
model used for fracture mechanics problems. In fact,
it has been applied not only to linear elastic fracture
but also to non-linear elastic and elastic-plastic
fracture. Some detailed discussions on the subject can
be found in Rice (1968), Atkinson and Eshelby (1968)
where the concept was introduced, Begley and Landes
(1972) where the J-integral concept was applied to
some fracture tests, Budiansky and Rice (1973), Hermans
(1981) and Paris (1977) where the concept was interpre-
ted as a crack-tip parameter, Turner (1975), Paris et al
(1979) where the J-integral concept was used for develo-
ping fracture resistance curves for socme metals and
Acki et al (1981) where the J-concept was employed to
describe elastic-plastic fracture.

As mentioned earlier, the J-integral was first
introduced by Rice (1968) and has been shown to be
path-independent around the crack-tip, as follows:

The J-integral around a curve I', defined by
equation (1.3.5) can also be written as

J = f[Wdy - T
r

where W is the strain enerqgy density, defined as

iui,x da], ssvaneeeime (5.1.1)

- r® S A G et g A

Ti is the traction vector defined as

T, = 0y, N,, =——c—c——e——eae=———- (5.1.3)

i i3 ¥’
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i,j =1,2, n; = nx' ny = N, are components of a unit
vector on the curve '. Also, X = X, ¥ = X2, U; =1
and u, =V,

Consider the crack-tip shown in Fig.j4. A closed
path is T + C,Cs + I';+ C4C;. Denote the J-integral

evaluated around the closed path by J¥, i.e.

J* = / [Wdy - T

. U
P+S,+T,+S, = g

where S; = curve C,Cj3; and S; = curve C,C;.

But along the crack faces, dy = 0 and Ti = 0.
Therefore the integral along S, and S;is zero.
Equation (5.1.4) then reduces to

J* = S (Wdy =T, 4 ds], =-=<======(5.1.5}

P4T i1 i,x

The length integral in equation (5.1.5) can be conver-
ted into an area integral by employing Green's

formula, as

J[Pdx + Qdyl= S [
I'+T 4 Ar

2Q _ 3P o
e ay]d:«: dy, (5.1.6)
where Ar is the area enclosed by the curve I'+l;.

Then with equations (5.1.3) and (5.1.6), equa-
tion {5.1.5.) can be written as

DL
aW ) B
; v ij( ldx dy, ==--- (5.1.7)

cij X

Differentiating equation (5.1.2), one obtains

, je; ., Jde, .
%ﬁ - i i W g ey e (5.1.8)
X de . ax ij " ex
]
But
eij - i[ui;j + Lﬁ,i]' _________________ {5.1.9)
From equations (5.1.8) and (5.1.9) one obtains
ou
aW B
3‘; = Uij axjtax ). (5-1-10)
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FIG 14: The J-integral evalation for a crack in a large plate
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The equilibrium condition states

¥C;

el @ " m——————————————
X3 0, (5.1.11)
Therefore, equation (5.1.10) can also be written as
au
oW _ 93 B
= 3xj(cij T ), (5:1.12}

Then from equatjon (5.1.7), we get
J* = 0 , ~=——me—— e ——————— {5.1.13)

Therefore, equation (5.1.5) implies that

- = - - u
S[wW dy Ty ui,x ds] J[W dy T,

ds],-~(5.1.14)
r r's X

i
which means that, the J-integral can be evaluated around
any curve around the crack-tip and the result will be
independent of the choice of the path.

For the linear elastic case that we are interested
in, in this report, equation (5.1.2) reduces to

. 2 _ 2 R
W = 2E[°xx+°yy 2vcxxuyy+2[1+u]1xy], {5.1.15)

Equation (5.1.15) is for the case of plane stress.

Based on the fact that the J-integral evaluated
around a crack-tip is path independent, many researchers
accepted it as a crack-tip characterizing parameter and
that equal J- means equal intensities of the surrounding
deformatio- fields of identical form for a given material.
In fact, it has been interpreted by Begley and Landes
(1972) , Budiansky and Rice (1973), Hermans (1981),

Paris (1977) and Rice (1968) as the rate of charge of
the potential energy at the crack-tip. Furthermore,
these authors, interpreted the J-integral method of
crack-tip characterization as a universal concept that

can be used to describe cracking behaviour for linear
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elastic (brittle) materials, non-linear elastic mate-
rials and elastic-plastic materials, etc.

Begley and Landes (1972) were the first researchers
to report some experimental results based on the J-
integral analysis of Rice (1968). They introduced
interesting techniques for the determination of the

material property J To date, many researchers

critical”
use the J-model not only for J o sseical determination
but also for obtaining complete J-R resistance
curves and instability analyses. These can be found
in Turner (1975) and Paris et al (1979) and some of
the references appended to these papers.

This thesis, as already mentioned earlier, deals
with linear elastic (brittle) fracture; a class of

fracture which the J-model has to satisfy before it

can be applied to any other class of fracture. We

intend to make some detailed studies on the J~-integral
by viewing the new stress and displacement fields at
a crack-tip with some appropriate rationale, similar
to what we did for the strain energy-release rate model,
Chapter IV. Some discussions will then follow on the
relationship between the J- and the G- models. In
general, we will be interested to find whether the J-
model is equal te the G-medel discussed in Chapter IV.
It should be noted that the J-integral was
evaluated in Section 1.3 for a case where the correct
solution was known even before the new formulae
(Chapters II and III) were derived. These solutions
are given by equations (1.2.1) with A = 0 which are
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equivalent to equations (3.2.19) to (3.2.23) with a = 1.
It represents the problem of a large plate with a
central crack of length 2a, loaded by far field equal
biaxial tension. In Section 1.3, after evaluating the
J-integral and the strain energy-release rate, it was
found that they are not equal. The author would like
to consider some other problems for the purpose of
arriving to a general conclusion.

5.2. Evaluation of the J-Integral

The J-integral, as mentioned earlier, has
been interpreted by many researchers as the potential
energy-release rate for an advancing crack. Here, it
is not assumed to be that, until it has been proved
to be so. It is intended to evaluate the J-integral
cdefined by equation (5.1.1) for a number of problems,
Just for comparison purpose, the J-integral will be
evaluated for the problems for which the strain energy-
release rate, Gi' was evaluated in Chapter IV.

First, consider the problem solved in Chapter III,
in which a large plate with a central crack of length
2a, is subjected to °§y = Oor ORy™ 00ay where
- o £ a < », The stresses and displacements in the
neighbourhuud of the crack-tip x = +a, are given by
equations (3.2.19) to [3.2.23). These equations can

be written as

K
1 T+a .

o = —[Cos 48+ Sin 6 Sin % 8],
YY  /anr 4

K
O k™ L [a Cos }6- 1%1 Sin o Sin # 0]),}~---(5.2.1)

Y2nr

= K1 [1%5 Sin 0 Cos 18-(1:E’Sin 10]

Xy Y2nr ‘ K
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S

and

-

=
1]
|3

m ,g?[(2K+2GK-5+3&!CGS t6-(1+a)Cos ig7],

}--(5.2.2)

oo

v = E& ,ﬂé?[(2K+23r+5—3a]COs i0~(1+a)Sih 30]

Furthermore, from Fig.14, by considering the circular

path T', one can write

X =a+1r Cos 8, —==————cmmm————————— {5.2.3)
y =r S5in 8§, =-———=————————————————a (5.2.4)
n, = COS 0, —m————mmmmmm e (5.2.5)
and ng = Sin 8. =m—mmmme o - (5.2.6)

Equation (5.1.3) gives the fraction vectors as

T, = 0w Dy + T n_, —=—————————- (5,.2.7) .
and XYy ¥

T, = n_ + I
2 vy Ty T Txy Ux |
With equations (5.2.1), the strain energy-densitv, W,

defined in equation (5.1.15) becomes

K2 2
W = == [1+a%~2va) Cos? }e+§1iﬂl§ilii)sin’9
. i - 2
L 1=a ;(1+v)5inz5+(l~El§lliﬁ)usin2 361, ---(5.2.9)

From eguations (5.2.5) and (5.2.9), one can get

X '
— 1 2 _ 4 - 2
W n = Z?EEI{1+a .2vq)(2 Cos _ie Cog Lo}

L{0+ad? (1+v)

(1-92) {(1+v)
8 2

Sin*8 Cos 6+ Sin’9 Cos 8

» Azl P U (5502 fo-2 sin® 40)], ——=m-m=m- (5.2.10)
Also, substituting equations (5.2.1), (5.2.5} and "
(5.2.6), the traction vectors are obtained as (eguations

(5.2.7}) and (5.2.8}}),

K _
Ty = —1[a Cos 40 Cos e—‘EEE’Sin 36 Sin 6],-(5.2.11)
VY2ny .
and K )
5T, = 1 [éig Cos %g Sin 0—(1za)Sin 48 Cos 3], ~(5.2.12)
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The rate of change with Iespect to x of the displacements

U and Vv, from equations (5.2.2) are obtained as

K
1 , . .
- [(c+axk=3+a)Cos }0~(1+a)Sin 6 Sin #6],-(5.2.13)
*k Buv2rr
and

K

v - ! [{x+ax+3=a)gin 30-(1+a)Sin % 6]. —(5.2.14)

X 8uv2nr

Fram equations (5.2.11) to (5.2.14), one obtains

the sum of T; u % and T, v as
r r

X
4 %1
B m—— - 2
'I'1u'x+T, v,x 32wr[a(rc+m< 3+a} (Cos? 0+Cos 6)

. 2
+(1-a) (k+ax+3-a) (Sin? 36-2 Sin® 59)--(4"*4““;3’ 2007} gin2g

~d82) (cos? 46-cos 30 Cos F0)- 1721 (ginz gousin 4o sin Fe)

+(3-va) (1+a)

5 (Cos? $06-Cos 10 Cos $6-Cos 18 Cos #0+Cos #6 Cos 30)

+(§::9)§f1_+°_=3 (sin 30 Sin $6-Sin? f6-5in 36 Sin 20 +5in }6 Sin #0)],

-={5.2.15)
Finally, with equation (5.1.1) written as

J=JS"[Wn

-(T, u

5 + T, V,x)] r de,=-=(5.2.16)

X
and substituting equations (5.2.10) and (5.2.15) into
equation (5.2.16), one obtains, after the integration,

g = B2aced) Voo (5.2.17)

It should be noted that all the above derivations are

for plane stress. The J-integral around the crack-tip

x = +a, for the plane strain, can be ocbtained by

replacing E by E/(1-v?). Refer to Appendix B for the algebra.
So far, all the above lengthy calculations were

on the circular curve ', Fig.14, not including the crack-
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faces, y = #0. Let us investigate what value the J-
integral could take when evaluated along the crack faces.
Still as shown in Fig.14, a curve of radius r is
considered. The J-integral in equation (5.1.1) can also
be written as

J= [ [(W=0__u _ =~ 1 v )dy

S1+S, = o %
"y u,x * ‘yy v x) X1y mmmooees RS,
On the crack faces,
dy = 0' ————————————————————— ‘5.2c19)

X B g = [, == eacennneenees (5.2.20)

dx & - dr' __________________ {5.2-21)

then equation (5.2.18) simplifies to

J = ; K= lén, ===-={5.2.22)

syvs, X Mix " Ty V)x
From the problem defined by equation (3.2.1),
along the crack faces and for - a s x £ a, we obtained

ny B, S s i o - (5.2.23)
and from the new formulae, equation (2.3.10), gives the
displacement y, along the crack faces as,

2p uy = (¢ = N) Re ¢, =——==—=—== (5.2.24)
Differentiating equation (5.2.24) with respect to x,
one obtains

2p u = (k= N) Re 9§ ===w== £5.2.25}
Then from equations (3.2.7) and 5.2.25), along the

crack faces, y = #0, - a s x £ a, one obtains

2”. u - 0. ----------------- (5-2-26)



Therefore, from equations(5.2.26) and (5.2.23), one
concludes that equation (5.2.22) gives nothing after
integration, This implies that the J-integral is always
zero along the crack faces, for which a general proof
was derived in Section 5.1.

The derivation of the J-integral from the first
principle, as shown above, seems to be very lengthy.
Fortunately, Budiansky and Rice (1973) have developed
a complex representation of the J-integral. They
developed it in terms of the two complex functions
$ (z) and x(z) which appear in the Kolosov-Muskhelishvili

equations. Budiansky and Rice (1973) reduced equation

(5.1.1) to
2 c & C
J = B Im{ F72[(¢')?+2¢"'x"]dz +[z[¢'}’]clh -—{5.2.27)

Cay
Equation (5.2.27) is for plane stress. Now, similar to

the new formulae, Chapter II, the J-integral, can also

be written in terms of one complex function, ¢(z) = ¢,
as
2 c - ©2
J==In{ S72[(2N~-1) (¢')?=-2z ¢"¢9"]dz +[z2(¢")}?]. },~(5.2.28)
E c, C,
where N = (3-a)/(1+a) with a« as the biaxiality factor

to be determined from the far field boundary conditions
of a particular problem. The points C; and C, are as
shown in Fig. 14,

For all further evaluation of the J-integral,
equation (5.2.28) is used instead of equation (5.2.1).
Let us first of all reconsider the problem discussed

above. The problem is that of an infinite plate with
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a central crack of length 2a, loaded by U§y = 0, and

o@, = 00e. From Chapter IIT, for the problem. we have
- _Ye ,
b = To2 VET = a¥ ammmmmmmmmmmmmmmo= (5.2.29)

Then equaticn (5.2.28) and Fig. 6 give

_2 (2N-1) o% a . 2z-a 03 a z-a o
JegImlGm: ~7 nzm Y I T P zialgr ——(5-2-30)
or

Kl
. __A4N o B o
J = TT:ETT E (5.2.31)
With N = (3=a)/(1+a), equations (5.2.31) and (5.2.17)

are the same.

Next, let us consider evaluating the J-integral
for a large plate with a central crack of length 2a,
loaded by o2y = Co and o;y = 0. The problem was dis-
cussed in Chapter III, equations (3.2.42) to (3.2.52).
From equation (5.2.28), the solutions of the problem

in Chapter III and Fig.14, one arrives at a J value of

T o § gle e ————— (5.2.32)

Finally, consider the problem of a large plate,
subjected to some pressure loading, oop. The problem
was again solved in Chapter III, equations (3.2.54) to
(3.2.67), Then from equation (5.2.28), solutions of

the prob'am solved in Chapter III and Fig.14, one

obtains
=2 Py2 z-a _ (0.')3a z-a o
J E II“ {51&(00 ) a ln z+a + 32 an“'a]Cl’ l5-2.33)
or
(kD)
. B il Bacas o e i v e o o s e (5.2.34)
where K¥ = ¢,Pv7a, is the stress intensity factor due to

1

pressure loading.
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The results of the evaluations above will, in the
next section, be studied very critically. In particular,
an attempt to use the J-integral as a crack-tip parameter
will be presented and the equality of the J-integral and
the strain energy-release rate will also be tested.

5.3. Some Discussion On the J-Integral

Let the discussions begin with comparing the
expressions of the J-integral and the strain energy-
release rate. For a large plate with a central crack
of length 2a, loaded by a?y = g, and 0L, = %00, at the
crack-tip x = a, from equations (5.2.17) and (4.2.10),

for plane stress, one obtains

KJ‘
J=Z%[3+2u-u=1,
and K2 }, s=m————— - =e=(5,3.1)
G. = . [3+u+(1-v)a]
1 4E .

The plot of the dimensionless J and G1 for v = 3

are shown in Fig.15. Clearly from equations (5.3.1) and
Fig.15, the J-integral equivalent to the first of
equation (5.3.1) and the strain energy-release rate
represented by G1, are not equal. From Fig.15, only for

a == ,7 and a = 2.3 that the J and the G, are egual but

1

for these cases, one obtains, at the crack-tip x = -a,

J = - G, and therefore the J and the G, are not equal.

1 1
Secondly, consider the problem of a large plate

with a central crack of length 2a, loaded by On . B Be

and °§y = 0. Then from equations (5.2.32) and (4.2.14),

one obtains, at the crack-tip x = +a,
o
J = -1 g~ and G, =

-

(1-v) X1
4 E

wisein (5,3 . 2)
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Equations (5.3.2) are for plane stress. Again, for the
same stress intensity factor, the J-integral represented
by J and the strain energy-release rate, represented by

G, are not equal for this problem.

1
Next, we consider the problem of a large plate with
a central crack of length 2a, loaded by constant pres-

sure loading. From equations (5.2.34) and (4.2.17),

for the case of plane stress, one obtains

P
R i
E r
and | S —- -—=15.3.3)
(xk¥)?2
G = 3+U __.1—
1 8 E

Again, equations (5.3.3) indicate that the J-integral
is not equal to the strain energy-release rate, G1.
The three problems considered above, with
- ® < a ¢ =, represent an infinite number of different
problems. It has been shown for all these problems
that the J-integral and the strain energy-release rate
are not equal. Since for the linear elastic case, the
strain energy-release rate and the J-integral are
supposed to be the same and equal to the potential
vnergy-release rate for the system, then one of them
does not represent the potential energy rate at the
crack tip.

In the next paragraphs, the possibility of the
J-integral to be another crack-tip parameter (different
from the strain energy-release rate) is investigated.

Consider again the problem of infinite plate with
a central crack of length 2a, loaded by o = o and

YY 0

o = ao . If it is assumed that the J is a crack-tip
XX 0 94




parameter, then with equation (5,2.17), the stress‘
distribution in the neighbourhood of the crack-tip
Xx = +a, from equations (3.2.17) to (3.2.19), can be

written as

_(_4ET .11 (14a) .. . o
yy ETo g r—zﬁr[cbs do+ 7 Sin 0 Sin 7 6], — (5.3.4)
4EJ .} 1 _(+a) . o
oxx_[3+2u—u’] 21lr[aCos 30 —r Sin 6 Sin #8],--(5.3.5)
and
N 4EJ 1 (1+a) A1=a) oy
Txy_[3+2u*u’] ['-7—'8in & Cos }6-'—— Sin bel,

2nr
-==(5,3.6)

Similarly, for a large plate with a central crack of
length 2a, loaded by 0%y = Oo and °§y = 0, from equa-
tions (5.2.32) and (3.2.48) to (3.2.50), one can write
the stress distribution as

g E£]5[§in 6 Sin 4 a]'

Uyy - - ey R (5.3.7)
_ (. EJ i _ Sin 6 Sin $0, _____
and
i
= P ggli Sin 16 Sin ® Cos 26 eme=(5.3.9)

Txy Tr [ 2 2 L

Now, since J is assumed to be a crack-tip parame -
ter, then assume it to be positive and a material proper-
ty, similar to the strain energy-releasc rate, G1.
Then from equaticons (5.3.4) to (5.3.6) for all o < 1
and « > 3, and equations (5.3.7) to (5.3.9) the stresses
are all complex functions which naturally cannot be
possible.

Secondly for a = -1 and « = 3, the stress distribu-

tions in equations (5.3.4) to (5.3.6) are undefined for

all J. By considering the physical nature of these problems,
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one simply concludes that the J-integral cannot have
these values, which may be an indication of limitation
of the new model.

Finally, we expect a crack-tip parameter to des-
cribe the stress state of a number of different problems
uniquely. By considering equations (5.3.4) to (5.3.6),
one can easily note that for a constant J value, theere
are at least two different values of o« which can give
the same value of 4EJ/(3+2e-a?). This means that the
J-concept does not yield unique stress distributions.
These also disprove the assertion that equal J means
equal intensity of the surrounding deformation field
as far as the new sclutions are concerned.

5.4. Conclusions

The J-integral around a crack-tip was shown
to be path independent. With the Budiansky and Rice
(1973) formulation of the J-integral in terms of two
complex functions, the new fornulae introduced in
Chapter II and Chapter III were employed, and the J-
integral was derived in terms of only one complex
potential. The J-integral formulation in terms of
only one complex potential was used in the evaluation
of J for a number of problems.

After some evaluations and comparisons, it has
been shown that the J-integral is not equal to the
strain energy-release rate. Since for the linear elas-
tic case, the strain energy rate and the J-integral are
supposed to be equal to the total potential energy rate,
then one of them is not equal to the potential energy-

release rate at the tip of the stationary or moving crack.
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By viewing some stress states with the appropriate
rationale, the J-integral was shown not to be a possible
crack tip parameter, because it does not give unique
stress distributions for a number of different problems.
Furthermore, the assertion that the crack tip acts as a
singularity point and the J is equal to the crack
extension force on the singular point seems to be very
doubtful because equation (5.2.17) and some other
equations in the appendix imply that there are some
loading conditions (@ = -1 and a« = 3 for example) in
which the crack extension force is zero. The conclusions
about the J-integral are only based on the new solutions
developed and it should be noted that for the as that
yielded non unique J, the solutions used have certain
limitations which hopefully would be eliminated in
future research works. But the conclusion that the
J-integral is not equal to the Irwin's G stands for

all a.
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CHAPTER VI

EXPERIMENTAL PROGRAMME

6.1. Introduction

This chapter is mainly devoted to experimental

results on the centre cracked specimen. The specimens are

uniaxially loaded in simple tension with c;y . o and
G:x = 0., Each is of length 2L (in the y direction)

width 2b, (in the x-direction) and thickness, t, with a
straight central crack of length 2a along the x-axis.
See Fig. 16. In these experiments, 2L = 150 mm,
80m22b05100mnar1d10nm$ 2a = 20 mm.

The objectives of the experiments are to evaluate
some fracture characterizing parameters, such as the

critical strain energy-release rate, G the critical

1ic’

Irwin crack tip parameter and the non-dimensional Irwin

crack tip parameter for an engineering material. These

fracture characterizing parameters are very useful

properties in selection and quality assurance of materials.

In addition to the fracture characterizing parameters

determination, the material was statically characterized.
Before fracture toughness measurements, the

analytical expressions of these parameters in terms

of the dimensions of the specimen were derived. Then

the dimensions of the specimen were recorded and

fracture strength, density, loading rate and testing

temperature were recorded.
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The sketch of the specimen for the fracture
toughness measurements is shown in Fig.16. The formulae

derived in Chapter III were used, assuming a = 0 and

2b = =

2b, = ®

Modifications in the analysis are introduced
such as to take into account the effect of the finite
width of the specimen, on the parameters to be deter-
mined.
Considering our initial assumptions for the
specimen, from Chapters III and IV, the critical

stress intensity factor, K the critical strain

g o hd
energy-release rate, G1c' and the critical Irwin

parameter, I1c, can be obtained.

The critical stress intensity factor, K1c' is

given by

K1c = (c°}max Via, === = = =~ ~. = = ~6.1.1)

The critical strain energy-release rate, G from

| {-N
equation (4.2.17), for plane strain is obtained as

(3-2v) (14v) 4.

G1c - 4E et~ ~ 77 =(6.1.2)
The critical Irwin crack-tip parameter, I1c’ from
equation (4.4.6) is given by
{(3-2v) .,  _____ R

for plane strain. Similarly, from equation (4.4.19),
the non-dimensional Irwin parameters T1c is obtained

as K
Ve 2 E;_ g W | - —(6.1.4)
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where Kg is defined as

X, = ayfF;YF“, ------------- (6.1.5)

with oy as the yield strength of the material, ¢ its
density and g is the acceleration due to gravity.

As mentioned earlier, equations (6.1.1) to
(6.1.4) are for a large plate of infinite extent in
all directions.

That condition is not satisfied in the x-
direction. Therefore modifications for the finite
width of the specimen were introduced. That process
is termed 'finite width correction', and the factor
introduced is called 'finite width correction factor'.
Usually the boundary collacation method is used for
finite width corrections.

In this work, a new parameter, employing the
complex potentials is introduced. The derivation of
the finite width correction factor, Y, by employing
the complex potentials and the new formulae, Chapters
IT and III, is shown below.

For the specimen, from Chapter III, the new

formulae can be reduced to,

Oyy =Re 2 + { ¥y Im 2], ——==m== - «{6.1.6)

Biuse ™ ™ 3 Im 2], -~ ———— {6.1.7)

txy = * Im ZI - y Re Zi, ---------- -'-__(6.1-8)

ouy = (K=3)

iy & S R J %:dz - ¥ y Im 2, =----=(6,1,9)
and

2uv = E3Vn 1 2082 - § y Re 22, ——=--(6.1.10)
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The complex stress function in equations (6.1.6) to

{6.1.10) is assumed as

z Cr

o, v — ) mmmmmmm e ~(6.1.11)
Vz?-a? z vz?-a?

Zy =

where g, = Uyy the applied stress, Cm are some real
constants and m = 0, 1, 2, —-==—- . The stress function
in equation (6.1.11) differs from the Westergaard
stress function, equation (2.26) by the function

“m

zm/Er:Er‘

It has the property that, as z+w, it goes to zero
which implies that for any integer m, it does not add
any additional far field stress. Alsc, along the free
crack surfaces, - a s x s a, y = #0, it does not
introduced any 'normal' stress.

The stress function in equation (6.1.11), similar
to the derivation of tﬁe new formulae in Chapters Two
and Three, was again obtained by employing the Saint-
Venant semi-inverse method. Ideally, the method involves
the application of trial functions.

For any integer m, the added function, along the
x-axis, y = 0, |x|s a becomes

- ic,
X" /aT-x?
since from the new formulae, the normal stresses ny and

o along the x-axis are of the form

XX
& Ch ic,
o, - Re[——"—], o . Re[—2= ],
X va’-x’ Yy X ia’-—x’
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then these normal stresses are both zero for [x]|z a
for any integer m, as noted above.
Similarly for any integer m, as z+= the added

stress function is of the form

That means, even for m = 0 and for any other values

>0, the added function goes to zero when z goes to
infinity. This implies that when z+«, the added stress
function introduced no stress as again mentioned above.

The constants C_ in equation (6.1.11) are to be

obtained by considering the equilibrium of forces along
the uncrack ligaments of the specimen. Then from
equations (6.1.6), (6.1.11) and the egquilibrium of the

plate, one obtains

b %
e} X m
b = (o + }dx, ===-(6.1.12)
I G
Theoretically, any integer m = 0, 1, 2, =-—===- in

equation (6.1.12) can be used to obtain the correspon-

ding correction coefficient Cn

When Cm is obtained from equation (6.1.12) the

stress intensity factor K1 can then be obtained from

equation (6.1.11) as

K, = oofﬁ i1 -+ B igas],  s————— (6.1.13)
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Let Y represent the finite width correction factor,

i.e.

L ;ﬁrjfjr-—-; ------------------- (6.1.14)
. To

then equation (6.1.13) can be written as

K1 - Y Uo‘ﬂa P AL A Al e {6.1.15)

Similarly, with equations (6.1.6) to (6.1.11)
the stress and displacement distributions in the

neighbourhood of the crack-tip, can be obtained as

o = IE&!EE[CQS 1o+ Sin © iin }0]' -==(6.1.16)
Yy Y2nx

_ _ YogYma 8Sin 6 Sin 26
r
XX T 4

------- (6.1.17)

_ Yoofna[Sin 8 Cos 26 _ Sin %86
Xy 4 2
yanr

], ===(6.1.18)

n

I %?[(K_B)CDS jo+ Sin 8 Sin ieh

2uu p)

------ (6.1.19)

and .
2uv = Yoo/ia /5133 gin 4o~ 810 0 Cos Ly

------ (6.1.20)
where Y is defined by equation (6.1.14).
Therefore, the modified critical stress intensity
factor becomes,

Boo BT fila)oos THR, Swcrimemsiemsnnens (6.1.21)

where Y is given by equation (6.1.14). The modified

the Irwin

critical strain energy-release rate, G1c,
parameter, I.Ic and the dimensionless Irwin parameter,
f1c, are respectively given by equations (6.1.2),

{6.1.3) and (6.1.4) with K]c represented by equation

6.4 3.2T)
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As mentionedvearlier, one could choose any value of m to
evaluate Cn and hence Y in equation (6.1.14). Fig.17 shows
the plots of vy for m = 0,1,2 and the ASTM standard

curve, Brown and Strawley (1967), Heyer (1973).

In this thesis,m = 0 is chosen because it gives Y close

to that of ASTM standard. With m = 0 then, the finite

width correction factor, Y, in equation (6.1.14) becomes

Yol 4 ot e = (6.1.,22)

From equation (6.1.12) with m = 0, one can obtain Co,

and equation (6.1.22) becomes,(use positive of square root term),

Yo | 4 200m L)L O 8 100 ) eevnemammmss (6.1.23)

Therefore, for our purpose, the critical stress
intensity factor, K1c' the strain energy-release rate,
G1c' the Irwin parameter and the dimensionless Irwin
parameter, f1c, are respectively given by equations
(6.1.21), (6.1.2) to (6.1.4) with the factor Y defined
by equation (6.1.23).

Therefore, all the necessary equations required
for the evaluation of the crack-tip characterizing
parameters are derived in terms of some measurable
quantities such as dimensions of the specimen, maximum
1 ad carried by the specimen and elastic constants _f
the material. The important task left is to determine
these measurable quantities. 1In the next section,

specimen preparation is discussed.

6.2, Specimens Preparation

The material for the tests is glass. Glass

was specifically chosen because of its brittle nature,
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so that there may be negligible deviation from the
assumptions of linear elastic fracturing, assumed in
the theory presented. Also from what the author saw
in the markets, the material can easily be obtained
in abundant quantity.

For the determination of the fracture strength, Cgr
a simple tensile test specimen, measuring 300 mm x
25 mm x 3 mm was used. These specimens were cut by
employing a steel rule and a hand glass cutter. For
the determination of Young's modulus, E, and Poisson's
ratio, v, the same simple tension test specimen, used for
fracture strength determination, was employed. In
this case a two-element rosette strain gauge was mounted
at the centre of the 300 mm x 25 mm faces of the
specimen. The purpose of the gauges on both sides was
to indicate any bending stress on the specimen.

At the clamping ends of all the simple tension
specimen, with the aid of evostick, cudboard measuring
75 mm x 25 mm, were attached as cushion for the grip
jaws .

For the determination of the density, p, simple
measurements of mass and volume were conducted. The
glass cutter was used to cut some specimens from which
simple measurements of length, width and thickness were

made from which the volume was obtained. An Avery weighing

machine with an accuracy of 2.5 g was used to determine

the mass of the specimen.

For the determination of the fracture toughness
the centre cracked specimen, Fig.18, was employed. A
diamond glass cutter was used to cut the 300 mm x 25 mm

X 3 mm specimen. Some other instruments used on the
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centre notched specimen include, the drilling machine,
diamond saw cutter, diamond wire and a hand saw. They
were employed as follows:

A special spindle which carries the circular
diamond saw cutter of 25 mm diameter and 0.15 mm
thickness was designed and produced at the Mechanjical
Engineering workshop. The spindle was then attached
to the drilling machine whose speed was set at 3,000 r.p.m.
As the cutter rotates, the specimen, supported from both
sides, was moved slowly and automatically towards the
cutter. After the cutter and the specimen are fully
engaged and coclant applied, an initial through-the-
thickness crack was obtained., After the initial crack,
its edges were made more uniform by employing the hand
saw and the diamond wires of 0.15 mm diameter. Similar -
to the simple tension specimen, the clamping edges of
the centre notched specimen had cudboard measuring .
75 mm x 2b0 attached as cushions to the grip jaws.

6.3. Tests Procedure

All the tests were conducted at room temperature.
The Denison testing machine, which is a constant load |
Irate testing machine, was used for the tensile tests.
Three different tests were-conducted on the Denison
testing machine. In all thelexperiments, the cross-
head speed was set at 2 cm/min.

The first set of experiments on the Denison testing
machine was on the simple tension specimen without any
attachment. For this, siz specimens were successfully
tested. In this report, a successful test means a
‘specimen loaded fhat failed or fractured at almost the
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Centre Notch specimen

'Clamping Region

150 mm x 25 mm x 3 mm Simple Tension
Specimen

Fig. 18 : Simple Tension Tests Specimens for Statically
Characterizing Glass
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Fractured Surfaces

Fig. 19.: Some Unsuccessful Broken Specimens
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Grip Jaw

Specimen

Fig. 20: set up of the Specimen on the
Denison Testing Machine
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Fig. 21: Some Broken Specimens for Fracture
Toughness Measurements, (i) and Cross-
Sectional Area of a Broken Specimen,
showing initial crack length a, (ii)
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TABLE 1: The Maximum Load Recorded For Some Simple

Tension Sperimen

Specimen Width Thickness |Max. Load ng;gg ;e
No. {mm) {mm) (kN) (kN /m?}
813 25 3 1,85 24,0667
515 25 3 . 1.85 24,667
; 516 25 3 1.90 25,333
517 25 3 1.80 24,000
520 25 3 1.85 24,6067
524 25 K 1.80 24,0090
114. .- . .




in Table 2. From Table 2, Figs. 22, 23, 24, were plotted.

66.7 GN/m?.

From Fig. 22, Young's modulus is obtained as E

0.235,

From Fig. 24, boisson's ratio is obtained as v
Then from the well-known relationship between E, v, and
the shear modulus, p, u is obtainted as p = 27.0 GN/m?.
Two other similar calculations were carried out for
specimen numbers 57 and 59 and the results are shown

in Table 3.

From Table 3, average values of Young's modulus
and Poisson's ratio were obtained. The average values
of some mechanical properties of glass are shown in
Table 4. Also included in Table 4 is an average value
of the density obtained for the glass.

For the determination of the fracture strength
parameters, sixe of the results are shown in Table 5.
From Table 5, the critical stress intensity factor,
the strain energy-release rate, and the Irwin crack-
tip parameter were calculated from equations (6.1.2),
(6.1.3) and (6.1.4), respectively. The results are
shown in Table 6.

To be more accurate, the modified theory of width
correction discussed in Section 6.1 was employed for
the calculations of the crack-tip characterizing
parameters. The results of these calculations are shown
in Table 7. The average critical strain energy-release

rate for the glass is then obtained as G = 6.93 N/m,

1c

the Irwin crack-tip characterizing parameter s

3
Iio = 997.6 MN/m’ and the non-dimensional critical
Irwin parameter as i1c = 1.169 x 10_3.
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TABLE 2: The Load and Strains Recorded From An S6 Specimen

Load (kN) Axial Strgin, e v Transverse SFrain,
fp Strain) eYy {u Strain)

0 : 0 0
2 30 _ ' - 10
.3 60 - 20
.4 80 - 25
.5 100 - 30
.6 110 - 25
.7 150 - 30
B .8 ' 160 - 38
.9 190 - 40
1.0 200 - 40
1.1 ' 227 = 48
1.2 _ 240 . - 57
1.3__ ] 260 _ . - 60
) 1.4 _ , 230 5 . = 66
B 1.5 310 - 70
. 1.6 320 - 72
3 1.7 330 - 80
B 1.8 360 - 80
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117



130
L 20 2
o |
€
=
=
wv
o
2
-
[+F]
10 £
(=T
<{
-120 -90 -60 -30 0

Transverse strain N q-strain

FIG .23:. The plot of the applied stress against the transverse strain .

118



300¢

2401

ﬁ-Strqin

€180

Strain

Axial

60 1

-

~4

-30 -60 Y
Transverse Strain in /[.. Strain
Fig. 24: The Plot of Transverse Strain Against Axial Strain

v

119



TABLE 3: Values of Young's Modulus and Poisson's Ratio

From Specimens $6, S7 and S9

Specimen No. Youn?Gi/ﬁgfulus Poisson's Ratio
n 56 ) 66.7 .235
- S7 60.5 .200 B

59 67.7 ; .195



TABLE 4: The Average Values of Some Mechanical

Properties of Glass

Young's modulus, (GN/m?) 65.0-
Shear modulus (GN/m?) 26.9“
Poisson's ratio 5 }
Ultimate Strength, O (MN/m?) 24.6
Density, p (kg/m3) 2083.0

—
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TABLE 5: Maximum Load and Initial Crack Length for

Six Centre Notched Specimens

Average

3 — Width of Initial Maximum
peglme Specimen Length Of Load
e (mm) Crack (kN)

(mm)

&9 92 15.6 1.30
c2 92 16.3 1.30
C3 92 15.8 1. 35
C4 53 16.0 1.30
C5 93 17.8 125
Cé6 93 16.0 1.:30
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TABLE 6: Some Crack-Tip Characterizing Parameters For

Glass Evaluated Without Width Corrections

i
Critical Critical Critical Irwin
Stress Strain Parameters
Specimen |Intensity Energy- =
No. Factor, Release I1 i |
c 1c
K Rate, G 3
1c} 1c KN /m?
(kN/m*) (N/m)
1 736.8 6.51 950.5 |1.114x10">
c2 746.3 6.68 962.7 |1.128x10°°
c3 762.1 6.97 983.1 1.152x10™3
c4 740.0 6.57 954.6 1.118x10"°
C5 749.4 6.74 966.7 1.133x10°°
Cc6 740.0 .57 954.6 1.118x10™3
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EﬁBLE_j: Some Crack—Tip Characterizing Parameters for

Glass Evaluated with Width Corrections

™ [
Critical Critical Irwin
1816 Crack-TipeParameters
Correc- Strailn
Specimen tion Energy
No. Factor Release T _
Y Rate 1c I1C
kN
Gy (/M) 1 en/nd)
C1 1.0350 6.97 983.8 [1.15 x10°°
c2 1.0380 6.93 999.3 {1.171x10
c3 1.0350 6.21 1017.5 [1.192x107°
c4 1.0350 6.80 988.3 [1.151x10">
c5 1.0410 7.02 1006.3  [1.179%10 ~
.C6 1.0353 6.80 988.3 |1.151x107"
Average - 6.93 997.6 |1.169%10 >
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The values of these characterizing parameters,
say the critical strain energy -release rate, G1c. is
very low. For AS—4/3501-6, graphite/epoxy, Aliyu and

Daniel (1985) reported a G " of 210 N/m and for F185-7300

1

composite, Aliyu et al (1985) reported a G1c value of
1890 N/m, at the same loading rate for which the

G,. = 6.93 N/m for glass was obtained. The low G

e 1e

value for glass or any low value of a crack-tip para-
meter, implies that small loads can very easily cause
propagation of an existing crack.

The crack-tip parameters are measures of toughness
of a material. From the results reported above, it
is therefore obtained that Graphite/epoxy composite is
almost thirty times tougher and the thorium/epoxy
F185-7300 composite is two hundred and seventy times
tougher than glass. These conclusions cannot be revealed
by the elastic constants of the materials alone.

In addition to the crack-tip parameters evaluated
above, another simple characterizing parameter, commonly
used for material selection, is call the ‘strength ratio‘.
It is defined as the ratio of the maximum stress carried
by the flawed member and the fracture strength, o., for the

material, or

I ~(6.4.1)
8C f

where R, is the 'strength ratio'. From Table 5, the

Q

strength ratios are obtained as follows: For Cl1 specimen,

.191x10_3f C2 specimen, R__ = .191x10_3; C3 specimen,

sc
= -31 = I _3'
Rsc .199x 10 ~; C4 specimen, RSc = .191x10 ~; Cs

R
sC
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3 and for Cé specimen, R =

specimen, R__ = .182 x 10 o

.189 x 10'3. The major drawback of the strength ratio
concept is that it does not have a strong analytical
basis and the parameter does not provide any useful

information at the crack-tip.

6.5. Conclusions

The results presented in Chapter III were
applied to the centre notched specimen for the deter-
mination of the fracture strength parameters for glass.
A new width correction factor was introduced and used
with the experimental results obtained.

As mentioned earlier, the smallest value of the
new width correction factor, ¥, was used so as to get
the new width correction factor, ¥, close to that of
the ASTM. It can also be seen from Fig. 24 that width
correction factors (6.5.1) and form = 0 are almost the
same for small a/b, ratio.

The material employed for the test, glass, was
statically characterized. The dimensions of the speci-
men were taken as suggested by Wheeler et al (1982).
The following values of some of its properties were
obtained: E = 65.0 GN/m?, p = ?6.9 GN/m*, v = 0.21,

o, = 24.6 MN/m?*, and p = 2083.0 kg.m’. All these pro-

- o

perties were determined at room temperature.
Furthermore, fracture toughness parameters were

evaluated. The critical strain energy-release rate, G.‘c

was obtained as 6.93 N/m and the Irwin crack-tip parame-

ter was obtained as Iic© 997.6 kN/m%l These properties
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of glass were compared with those of some other
materials. Glass, as expected, was concluded as not
a tough material.

Finally, it should be noted that these fracture
toughness parameters are very useful in determining
the effects of metallurgical variables on the toughness
of engineering materials. The parameters can also
be used in research, design and development when the
flaw size is known before hand. The characterizing
parameters can also be used to determine the suitabi-
lity of a material for a particular purpose for which
the stress conditions are known. The parameters can,
furthermore, be used by industries for acceptance

and or quality control.
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CHAPTER VII
SUMMARY, CONCLUSIONS AND SUGGESTIONS

FOR FUTURE WORK

F i Summary

In Chapter I, some elementary crack propagation
problems were re-examined and some of their solutions
were shown to have limitations. Some of the problems
include that of a large plate with a straight central
crack loaded by some generalized modes I and II loadings
and the same crack problem as above but loaded with some
pressure loading along the crack faces. These problems,
although very elementary, can be used to develope and
check the validity of some crack tip characterizing
parameters, when their correct solutions are known.

But due to the limitations of the reported solutions of
these problems, the applications and interpretations of
the introduced crack tip parameters have toc be question-
able. By employing the solutions with limitations the
strain energy-release rate and the J-integral concepts
were shown to violate some elementary principles of
fracture.

With the aim of developing new solutions for the
crack propagation problems, the plane elasticity
problem was reconsidered. The complex potential tech-
nigque was employed for the analysis. The analysis began
with the Kolosov-Muskhelishvili formulae. These eguations
were modified and the formulae for the stresses and dis-
placements were made to depend on only one complex

potential. These new equations were shown to satisfy
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the equilibrium conditions, the compatability conditions
and the boundary conditions of many problems. They were
also shown to be the generalized Westergaard formulae.

In Chapter III and Appendix A, the new formulae
were applied to some crack problems. Asymptotic stress
and displacement distributions for a number of problems
were derived. In all cases, the stresses were of the
form . r-} and the displacements . r* and unlike in the
older solutions both Uij and uy in the new soclutions
were shown to be functions of the loading conditions.

By employing the new sclutions derived in Chapter
III and Appendix A, the following conclusions on the
strain energy-release rate and the J-integral as crack-
tip parameters were reached:

(i) The strain energy-release rate concept

introduced by Griffith (1920) and modified by
Irwin (1957).as the crack extension force was shown to be
possible crack tip characterizing parameter.

(ii) The strain energy-release rate is a function

of leoading condition, which is similar to the
yield strength concept of non-flawed members.
(iii) A strain energy-release rate material property,
G1c, similar to yield strength cy in simple
tension (material property) was also introduced.

(iv) A new crack-tip characterizing parameter, the

Irwin crack-tip parameter, denoted by I was
introduced.

(v) A simple relationship between the strain energy-

release rate and the Irwin crack-tip parameter

was derived.
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(vi)

(vii)

(viii)

It was shown that crack-tip characterization
via the strain energy-release rate concept
is equivalent to crack-tip characterization
via the Irwin crack-tip parameter concept.
The crack-tip parameters, the strain energy-
release rate and the Irwin crack-tip parame-
ter were modified to take into account the
finite width of the specimen employed for
fracture toughness tests.

The new width correction factor introduced
for the strain energy-release rate and the
Irwin parameter was shown to be in good

agreement with another reported width

correction factor. (ASTM standard) .

(ix)

(x)

(x1)

(xii)

Comprehensive experiment was conducted on
glass and the properties shown in Table 8
were obtained.

The crack-tip parameters of the glass were
compared with the crack-tip parameters of
some other materials reported by the author
and it was shown that glass is not a tough
material.

The J-integral was shown not to be equal to
the Irwin crack extension force, G, or the
strain energy-release rate.

The J-integral was shown to be path indepen-
dent, but behaves abnormally for some values
of a«, for the new model solutions.
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TABLE 8: Some Properties of Glass = . =~ . ..

Young's Modulus, E(GN/m?) | 65.0
Shear Modulus, p (GN/m?) | '_. S 26.9
Poisson's ratio, v : - 0.21
Yield Strength, oy (MN/m? ) - 24,6
Density, p (kg/m?) o o o ) 2083.0

Critical Strain Energy—Release

Rate, G, _ (N/m) ' 6.9

1c
Critical Irwin Crack-Tip

Parameter, I, kn/mo’ %y 997.6

Critical non-dimensional Irwin

parameter, I, S ©1.17 x 107

3
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7.2. Conclusions

1. The solutions of some elementary crack
problems including a centre-notch plate, are shown
to have certain limitations. The limitations are due
to some imposed unrealistic stress and displacement
distributions around the crack, by those model
solutions.

25 The reported model solutions are not in
good agreement with reported experimental stress
distributions, while the new soluticn is shown to
confirm much more reported experimental results.

3. The strain energy-release rate and the
J-integral concepts based on the reported (old)
solutions are shown to violate some elementary
principles of fracture.

4. A generalized solution for plane crack
problems was developed. The new generalized solution
is in terms of only one complex stress function.

. T8 The new solution is shown to satisfy
equations of equilibrium, compatibility and stress
strain relations and the boundary conditions of a
number of crack problems. Furthermore, the new
equations are shown to be in the generalized

Westergaard equations.
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7. By employing the new developed solution, the
original Griffith strain energy-release rate criterion
was modified. It was concluded that biaxial loading
affect the criterion.

8. A new crack tip characterizing parameter, the
Irwin crack tip parameter, was also developed. It was
shown that crack tip characterization via the strain
energy release rate concept is equivalent to crack tip
characterization via the new Irwin parameter concept.

9. A new procedure of taking into account the
effect of finite width of the cracked plate was developed.
The new width correction factor developed was shown to
be in good agreement with another reported factor.

10. The J -<integral was shown to be path independent
but is not equal to the strain energy release rate, G,
or its equivalent, the Irwin crack extension force.

From the values of the J 4ntegral, it was concluded
that the new solutions need some further studies for
some a < 0,

11. The crack-tip parameter, the critical strain
energy release rate and the critical Irwin parameter,
interprett~4 as material property, were experimentally
evaluated by employing the centre-notch specimen, loaded
at a cross head speed of 2 cm/min. The procedure employed

was found to yield consistent results.

7.3. Discussions and Suggestions for Future Work

Te Based on the new analysis of some crack problems
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presented in Chapter III and the appendix, the expressions
of the strain energy-release rate, G and the new Irwin
crack-tip parameter, were derived. For example, for a
large plate with a straight central through-the-thickness
crack of length 2a, loaded by c:x = aog, and U;y = Uger in

Chapter IV the strain energy release rate and the Irwin

crack-tip parameter were obtained.

_ [k + ax + 3 = a) 3
6 = T6n .
and e - e (7.2:1)
1. = (¢k + ak + 3 - @)
1 2
where Ky = 0o v ma. It is a well known theory,

Sokolnikoff (1956b that a pure shear loading is
equivalent to a tension in the yy-direction and a
compression in the xx-direction. That means a pure

shear loading can also be defined by o:x = =g, and
Uﬂ)
YY
(7.2.1), one can obtain the strain energy-release rate

= Ug- Therefore, with o« = -1, from equations

and the Irwin parameter for shear loading as

1

R 2 e e I
G11 " K11 i {(7.2.2)
and
I1I = 2 K11, o e e e e e s e vem L R B
where K =1ovnma. The stress and displacement distributions

11
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2: In deriving the expressions for the strain energy-

release rates G1 and G11 and the Irwin parameter I1 and

111, because of the symmetrical nature of the problem,
it was assumed that the direction of the crack propaga-
tion is known. If it is not known, one can still employ
the strain energy-release rate concept or the Irwin
parameter concept for its determination. Thus, if

G = G(K1,K11) and I = I[K1PK11), the Griffith theory
states, Irwin (1960),

= G

G(K1 K ____________ (7!2111)

11) criticalf

or

)

IRy Byq) = I ieingyém=mm=====m== (7.2.12)

Ly1) 7 Toritical”
for crack propagation. The direction of crack propaga-

tion, 6*, can be obtained from

3G
d = 0, =—=———e————————— (7.2.13)
B0 g-gn

or
aIl
L2 B e o i o o o i e (7.2.14)
20| 5 _ g

Let us, for the moment, consider formulating the
new Irwin parameter for a mixed mode problem. For the
strain energy-release rate, one is referred to Ichikawa
and Tanaka (1982).

The problem is that of a large plate with a central
crack, loaded by a uniaxial opening mode stress intensity

factor, K and an inplane shear mode stress intensity

1!‘

factor, K From equations (3.2.22), (3.2.23), (7.2.7)and

14r°
(7.2.8), and with the modified definitions,

e
n

27
2u/u_/ f2E | mmmemmemmeeeeeeee=(7.2.15)

and
2n

=~
|
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where
. ip :
U+ iv_ =g (U + iV), ~mmmmeemea= (7:2.17)
one obtains

I, =/K1(K Cos %0-3 Cos 46+ Sin 8 Sin 28)

-4 K,y Cos $0/; ==r—e—meccccncann- we (T2, 18)

11
and

I, =/K1(K Sin 48-3 Sin 46-Sin 6 Cos %90)

-4 K11 8in 8/, ~==memmmmm— e ——— (T2, 79}

Then the Irwin parameter for a mixed mode problem is
defined as

I = Max[Iu, Iv]‘ ------------------------ (7:2.20)

With equations (7.2.18) to (7.2.20), equation
(7.2.14) can be used to predict the direction of crack
propagation while equation (7.2.12) can be used to
predict the stresses at failure when the material
property is known, The above formulations are only
introductory. It is therefore suggested that detailed
studies be done on the new Irwin crack-tip parameter
especially with regards to mixed mode loading.
3. In all the reported stress and displacement distri-
butions only the first term of the asymptotic expansion
of the complex stress function was employed. That is,

ti.2 stress and displacement distributions of Chapter III

and the appendix can be obtained with

$f = - y e ————————— e (7.2.21)

where z = reia. Especially for the purpose of experimen—

tal studies where the fringe patterns can be used for the
evaluation of the stress intensity factor(s), Irwin et al

(1978), higher terms in the asymptotic expansion of the
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stress function, should be considered.
It is therefore suggested that the new formulae
introduced in Chapters II, III and the appendix, should

be used with the stress function

K
Z z
$1 = [1+as = +a4 ()2 +.....], ===eee- (.2.22)
v2nz a 2
where z = rele, r,6 are polar coordinates at the crack-

tip and a; a4 are some constants. These stress distribu-
tions can be investigated with some photoelastic experi-
mental results.

It should be noted that even if the higher terms
of expansion of the complex stress function are employed
the expressions of the strain energy-release rate, 61
and the Irwin crack-tip parameter, I, discussed in
Chapter IV, will not change.
4, In the experimental studies reported, the material

properties, G, and I for glass were determined by

1c ic

employing the centre-notch specimen. It is suggested
that these fracture toughness material properties
discussed in Chapter IV be determined by employing some
other specimens such as the edge-notch, compact tension
and the double-cantilever beam specimens. It should be
noted that for any other specimen, di. "'erent from the
centre cracked specimen employed in thris report, the
analysis must be modified.

Another new alternative procedure for the deter-
mination of the material property, G1c' which seens

promising is from the knowledge of the average grain

size for the material, This will involve some chemical
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analysié;' Iflthe élaéticlcoﬁsfahts, the.foisson's
ratio, v, the shear modulus, u}and the yield strength
in simple tension, cy' are known, then from eguation
{(4.2.10), the strain energy-release rate, G1c can be

expressed as - A

cwd (e+3)
G1C = - 32|J, Uy; ___________ (7-2¢23)

where dg is the grain size. It should be noted that .
equation (7.2.23) was obtained by assuming that the
grain forms a through-the-thickness crack, which is
not true physically. Before the new approach for the

determination of G by the chemical analysis, the

1¢
theory presented here must be modified tc take into
account, the fact that the grain is an internal flaw.

5. It is alsc suggested that the theory presented

and the experimental methods discussed be extended ta
cover non-linear elastic, elastic~plastic fracturing.
For fhe small scale yielding, the Irwin (1960) procedure
where the crack size a is replaced by scome fictitious
crack size at+lda, may still hold., It is suggestEd.that
these be investigated in some detail. l o
- 6. Apart from the strain energy-release rate concept
p~~sented in this thesis there are some other viable
concepts which can also be used for the prediction of
the direction of crack propagation and the lead which
can cause the crack to propagate. All these theories

start with the asymptotic stress and displacement

distributions at the crack-tip. Therefore, with the R

newly introduced formulae for the stresses and displace-

'ments, Chapter II, these theories would have some face
O O 1 T T

e st - -
e o -
e -
s

¥
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lift similar to the strain energy-release rate theory.
It seems desirable therefore to investigate in some
detail, some other fracture theories by employing the
new fcrmulae.

For structural members without any flaw, some
standard strength theories include, thé maximum prin-
cipal stress theory, the maximum principal strain theory,
the maximum shear theory, the total strain energy theory,
and the distortion energy theory. With the newly
developed equations for the stresses around the crack-tip
it seems to the author that the above theories, can all be
extended t® be applicable to members with flaws. Let the
new theories be referred as the maximum principal stress
density theory, maximum principal strain density theory,
maximum shear stress density factor theory, maximum
strain energy density factor throry, and the maximum
distortion energy density factor theory. These factors
in terms of the principal stresses o; > o2 can be defined
as:

Maximum principal stress density factor, P

P = 1im 0,274 ====e==- e ———————— (7.2.24)
r-+o

Maximum principal strain density factor, Q,

Q = lim(oy = vo3) Y21y —==—cmemm——e—————— {7.2.25)
r+0

Maximum shear stress density factor, R,

ko= i DIV s simssua (7.2.26)

Maximum strain enerqgy density factor, S

S = 1lim W 2wy, —————cecee——— m——————(7.2.27)
r+o
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and the maximum distortion energy density factor, T

T = lim Wy 2ar , ===e=-c-m-moome= (7.2.28)
-0

where W is the strain energy density and W, is the

d
distortion energy density.
With the factors defined by equations (7.2.24) to

(7.2.28), crack propagation criteria can be stated as

Max[P] = P stical’r ~———""-mm-=mm=—=-==(7.2.29)

Max{Q] = Q. iticalr ~~~"""TTTTmmTmImmmS (7.2.30)

Max[R] = RnrEnpayy e e ={7.2.31)

Max[S] = I B (7.2.32)
and

BTN * T it fag]d T (7.2.33)

for the respective theories stated earlier. Where

R and T

Pcritical, Qcritical’ Reritical’ Seritical critical
are some material properties. Except for the criterion
stated in equation (7.2.32), Sih ({1974), to the author's
knowledge none of the other criteria, equations (7.2.29)
(7.2.30), (7.2.31) and (7.2.33) was ever investigated.

It is therefore suggested that all these criteria be
investigated in detail by employing the new formulae
discussed in Chapters I, II and the appendix. Further-
more, the predicted load which can cause ~rack propaga-
tion from these criteria should be compared with those
obtained from the strain energy-release rate theory.

F & In this investigation as mentioned earlier, we only
concentrated on finding whether the strain energy-release
rate and the J-integral are equal. It was shown that the
strain energy-release rate and the J-integral are not
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equal. Especially because of its property of being
path independent, the J-integral and some other path
independent integrals, discussed by Budiansky and
Rice (1973) should be fully investigated so as to
find their real physical meanings.

8. Finally, the analyses were restricted to
isotropic, plane and gquasi-static problems. It is
suggested that the three-dimensional version of the
crack problems be investigated.

9. Also because rapid crack propagations are
very common in real problems, an attempt should also
be made to incorporate the dynamic effects into the
analyses.

7.4. New and Major Contributions to Knowledge

1. To the author's knowledge, this is the first
time that the limitations of some solutions of fracture
mechanics models are re-examined.

2. New stress and displacement distributions
for some elementary but important fracture mechanics
problems, for infinite regions, were derived through
the reduction of the Kolo. v-MuskheIishvili potential
functions ¢(z) and ¢(z) to only one unknown function.
These new solutions were shown to be void of most of

the limitations in previous solutions.
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3. In order to account for the finiteness
of cracked bodies employed in real engineering
applications, a new mathematical analysis was
attempted. The new finite width correction factor
was compared with that of the ASTM standard and
were found to be predicting almost the same results
especially for smaller rates of crack length to
width of the plate ratio.

4. A new crack tip characterizing parameter
denoted by I, which physically represents a measure

of critical displacement, was proposed.
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APPENDIX A: SOLUTIONME OF SOME QTHER PROBLEMS

In Chapter I1II, a few problems were solved
by employing the new formulae derived in Chapter II.
In this appendix, a few additional elementary problems
are reconsidered and the stress and displacement dis-
tributions around the crack-tip are derived by
employing the new formulae. Based on the new solutions,
the strain energy-release rate, the new Irwin crack-
tip parameter and the J -integral, will be evaluated.
First consider an infinite plate with a straight

central crack of length 2a. It is subjected to some

n

equilibrating point forces at x b, as shown in Fig.
25, As discussed in Chapter IITI, the new formulae for
the stresses in terms of only one complex potential,

$;(z) can be written as

2 "
o Re¢i+-———1+m}’1m¢1:

Yy
- 3 - N " 2 [ I TV
Vo * T TR Re ¢, T+n Y Im ¢ h A.1
=_b.l._-._...1_ T - 2 L
Txy 1 + N in ¢, T+ N Y Re &

and similarly, the displacements can be written as

. {x = N) e 2 '
211;12—'1+NPQ¢1 m}’h‘ﬂ@l

and } m———— A.2

_(x + N) -3
2BV = N Im by - g Y Re 0

where N is a constant to be determined from the boundary
conditions of the problem. Equations (A.1) and (A.2)

can be obtained from equations (2.3.7) to (2.3.11).
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FIG 25:. A Large plate with a central crack of length 2a loaded
by point loads
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From Fig. 25, the boundary conditions of the problem

can be stated as

and e e e A.3

oxx(x,0)= 0, ]Xl s a

With an assumed stress function ¢,, after Irwin (1957)

and Westergaard (1939) as

¥ P 1 a‘* - b?
A mz-Db z? - a?

and N = 3, the boundary conditions stated in equation
(A.3) are then all satisfied. The asymptotic stress
and displacement distributions for the problem can be
obtained from eguations (A.1) and {(A.2). These are
given by equations (3.2.31) te (3.2.35) but with the

stress intensity factor, K1, defined by

P P fa + b
K, = ————— e e =] G
1 /;E a-b !

Similarly, the strain energy-release rate, defined by

equation (1.3.3), the new Irwin crack-tip parameter

defined by equation (4.4.3) and the J-integral defined

by equation (1.3.5) are respectively obtained as

equations (4.2.17), (4.4.8) and (5.2.34) with K}

given by equation (A.5). KE; is as reported in the literature.
The next problem solved is that shown in Fig. 25

but with an additiconal pair of point loads at X = - b.
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The boundary conditions for the problem again as stated

by equations (A.3) which, after Irwin (1957) gave

I _ P 22 a* = b
L %S A S o er T T LG

and N = 3, and in the new formulae, equations (A.1)

and (A.2), are then satisfied. The stress and displace-
ment distributions, the strain energy-release rate,

the new Irwin crack-tip parameter and the J-integral

are respectively given by equations (3.2.31) to (3.2.35),
equations (4.2.17)}(4.4.8) and (5.2.34), with the

stress intensity factor K? given by

P 2P /
K1 = az“E BT ~ e e e smen - emem e R o, T

The next problem is again shown in Fig. 26 but

instead of the point forces, there are equilibrating
concentrated moments at X = b. By employing equation
( A.4) as a Green's function for this problem, one can

arrive at the stress function, ¢; as

A . (S N /L NCT - ——
17 7 Tz-Bm2 ST -a’ e

The stress distribution, the strain energy-release
rate, the new Irwin crack-tip parameter and the J-
integral are respectively obtained as iu equations

(3.2.31) to (3.2.35), equations (4.2.17), (4.4.8) and
P

(5.2.34) with the stress intensity factor, K1, defined
as
=K b A
1 /
Yra (a-b)
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FIG 26:. A Large plate with a central crack of length 2a loaded
by Concentrated Couple
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The next problem is similar to the one considered
above but with concentrated equilibrating moments M at
X = ¥ b. With eguation (A.8) as the Green's function

for this problem, one can obtain the stress function ¢,

L2328 B el & =8B
1 =5 @r =N Sz = ar Bt

The stresses, the strain energy-release rate, the new

as

Irwin crack-tip parameter and the J-integral are
respectively obtained as in equations (3.2.31) to
(3.2.35), equations (4.2.17), (4.4.8) and (5.2.34)

with the stress intensity factor, K? given by

KP 2 M a* + b? .
= - S 5 i
1 o= (a B>/

e W

Next, by employing the stress function in eqguation
(A.4) as Green's function, it is intended to derive the
stress function for a uniform pressure loading along
the crack faces. The problem was defined by equation
(3.2.54) and was solved in that section via the new
formulae. We intend now to derive equation (3.2.61) in-
stead of assuming it. With equation (A.4) as Green's
function, the stress function for uniform pressure

loading, o, can be written as,

/1 aP 1 Jfa? - b’ R
Then, let
Oy ® » g & Constant. =——=c=cececec—ca——- A.13
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The stress function, ¢,, then becomes

3 & ——i £ Ya® = BT a1, eeem-A. 14
N i L B

After substituting,

b=2z - BJ

therefore, db = -dB

in equation (A.14), and integrating, one obtains,

¢h = —C%o __ (/aT=zT¥2Bz=B' - iz Sinn | 2Z22B
Vz? - al
~ g 5,1 Z=a
- Ya*-z? Sinh L 2;?.;3%9 22 ] y m———— B.15
+ z+a
Equation (A.15) gives
¢ = 0o [—2 = 1], mmmmmm—mmmem—e— e A.16

which is the same as equation (3.2.62). The stress dis-
tribution for this problem is given by equations
{3.2.63) to (3.2.65).

The next problem considered is shown in Fig. 27.
There are two equal straight cracks of length a(1-K),
where 0 < K < 1, along the Xx-axis. These cracks are
subjected to farfield stresses U;Y = 0, and c:x = a0, .
The new formulae i equations (A.1) and (A.2) can be
used to give the stress and displacement distributions.
The boundary conditions of the problem can be stated as

cxx(z->m)= ¢ O,

o  (z»=w)= o,

Yy I A.17
Txy(z+w)= 0
oxx(x,0)= 0, aKs|[X[sa
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FIG .27 . A Large plate with two equal collinear cracks .



Sneddon and Lowengrab (1969) gave the stress function,

¢';! asr

/ z? - A?a?
1 = 0, a , mmm——————— A.18

:

where

A? = B'/K', =—=—remcmccrc e e —————— A.19
where K',E', are the complete elliptical integrals of
the first and second kinds, respectively. K' and E'

are then defined as,

k' = Ja de R — A.20
o Y1 = K, §in%0
and
g' = V: /T =R SIn76 48, -------mm-me- A.21
with Ks defined as
Ky = VT = K2, m—mmm e e A.22

By employing the new formulae, and the stress function

in equation (A.18), the stress and displacement distri-
butions, the strain energy-release rate, the new Irwin
crack-tip parameter and the J-integral at the crack-tip C
can be cbtained respectively as in equations (3.2.19) to

(3.2.23)}, equations (4.2.10), (4.4.6) and (5.2.17), with

the stress intensity factor, K1 given by
@ 2
K1 = Oo"f;f_a. "_):_"'——'K—-l —————————————————— A.23
K(1T - K%)

For the stress and displacement distributions at the
other crack-tip, equations (3.2.19) to (3.2.23) are still
arrived at but the stress intensity factor is less than
that given by equation (A.23).
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The next problem to be considered is shown in
Fig. 28, where there are three cracks along the x-axis ~ - ¢

in an infinite plane. The body is subjected to some

farfield stresses defined as o . = o, and 6. = @0, .
_ Yy XX
The stress function for the problem can be assumed as, o
3 . . T
=0 z - A.24 '

’ J]E’—a2f1z2—xﬁai)(z*—K%a!)'
where K1 and K2 are some constants greater than unity.
By emploving the new formulae and the above stress
function, the stress and displacement distributions, the
strain energy-release rate, the new Irwin crack-tip
parameter and the J-integral at the crack-tip, C are .
obtained as in equations (3.2.13) to (3.2.23), (4.2.10),
(4.4.6) and (5.2.17) respectively, but with K% defined

as,

1 - gevTa — 1 ¢ mmmm e A.25
r2 - 2 —
- /11 1) (K5 1) ? |
Again at the other c¢rack tips, the same equations can

K

be arrived at but the stress intensity factors are less
than that given by equation (A, 25).
..Jif:“Finally, the next problem is shown in Fig. 29. It
ig an infinite plane body with an equally spaced
infinite crack along *'%“e x-axis. In onec problem the
body is subjected to some farfield stresses as U;y =30,
and °:x = o 0p. In another problem, the body is subjected
to an eguilibrating point fofce Pat x =0, vy =% 0. 1In 2
| ~the problem with farfield applied stresses, Irwin (1957)
? 2_ gave the stress function as, 'f_:_  - 'ﬂf" o

*
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FIG .28 . A Large plate with three cracks. along the x - axis
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FIG .29. A Large plate with infinte raw of cracks aleng the x - axis
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L LT ok S ety W L Rt
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| T
7 Sin = . . . | |
L4 = o, , —— A.26 . -

'_-".-._._:_I . I .2 ETE _ T _ﬂ'ﬂ- T L.
L ngn T Sin I, : o '

"i'_ while he gave that of the point force P as,

. mZ
’ _ D Sin -L—'
. @1 = _L_ +P mEEm—mmm——— ,A. 2? )

For the-farfield applied stress problem, the stress and
displacement distributions, the strain energy-release
rate, the new Irwin crack-tip parameter and the J-
integral at the crack-tip, C can be obtained as in
equations (3.2.19) to (3.2.23), (4.2.10), (4.4.6) and - -
(5.2.17), respectively, but with the stress intensity
factor defined as, T ' . . :
K, = GOJE_E;;_%E- e _ A28

For the concentrated force loading problem, the stress
and displacement distributions, the strain energy- -
release rate, the new Irwin crack-tip parameter and

the J-integral at the tip, C, are respectively obtained

. as in equations (3.2.31) to (3.2.35), (4.2.17), (4.4.8)

and (5.2.34), with the stress intensity factor K, = K? '__'
o e . . :
P Sin® — i
K =% L - A.29
%

These problems reconsidered and those solved in
Chapter IIT are used in arriving at some final conclu-

sions on the strain energy-release rate and the J-integral.

-
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It should be noted that in all the above problems
re-examined, the stress distributions obtained by
employing the new formulae are not as reported in the
literature. These problems were re-examined because
the reported old model solutions introduced some
unrealistic stress distributions and displacements at
the crack tips in almost the same manner as the
problems discussed in pages 6 - 13. But the stress
intensity factors for these problems given respectively
in equations A.5, A.7, A.9, A.11, A.23, A.25, A.28 and

A.29, are all as reported in the literature.
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APPENDIX B: SAMPLE CALCULATIONS OF GqAND J

In this appendix some detailed derivations of
the crack extension force G1 and the J-integral J
for some of the problems discussed in Chapters Four
and Five are shown.

For the derivation of equation (4.2.10), two
equations from which it could be obtained were given.
These are equations (4.2.6) and (4.2.7). From
equation (4.2.6) with v(x,0) given by equation (4.2.8),

one obtains

.98 rpa 3 (k + ax + 3 = a) ~ o
G, 52t %% o YaT=x? dx], B.1
Substituting

X =a Sin t
Therefore, dx = a Cos t dt

in equation B.1, one cobtains,

3 ,7/2(xk + ak + 3 - a)
G1 aalé 8

u;a’ Cos? t dtl]

3 ((k + ax + 3 - a) 2 pW/f2
Ba[ 60 aza g (1 + Cos 2t)dt]

(k + ak + 3 - a)
8p

§lﬂ_321"/2
2 o

clal[t +
o

0; ra
(k + ak + 3 - a) i <ralil

which gives the result quoted in equation (4.2.9).
If one goes through equation (4.2.7), then from
equations (4.2.11) and (4.2.12),
2
R e
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_1im 1 [k + ax + 3 - o)K7 a4 /ia-r’
= Aaes Aa 8u1| E‘; ‘—'1""‘r dr' ’ ===f, 2

In eguation B.2, let

/aa-r'
t = _r..r-_

Therefore,

t
T = -
* 28a TeryT 4t
then,
. (k + ak + 3 - a)o,a .o 2Aat?
1 P Tl
Gy * davo Sk & (Teery: 9F
(k + ax + 3 - a)o?a ;
_ 0 0 2e® L.
o &n L Treery: 9 =
In equation B.3, let
t = tan w,
1herefore,
dt = sec’w dw,
then B.3, becomes
°Za o 2 tan’w
G1=-(K+QK+3_G]W{/2de

o’a
L¥]

-(k + ak + 3 - a) T 1{;22Sin’waw

n

g*a
~(k + ok + 3 - ul-gz—- {3’,2 (1 - Cos 2wldw

ol a ,
. 0 Sin 2w,o
¥ ek & 3= kg W S

c;na
(K+U.K+3—u"1—6-ﬁ—)

which is again equal to the result quoted in equation
(4.2.9).
These derivations were also carried out before

arriving at equations (4.2.10), (4.2.14) and (4.2.20).
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Similarly for the evaluation of the J-integral
some lengthy algebra were jumped especially between
equations ELE.IG) to (5.2.17). This algebra is shown
in some detail below. From eguations (5.2.10, (5.2.15)
and (5.2.16), one obtains,

Kz
J =_£1{z%§;[(1+02-2Uu)(2 Cos“}e - Cos? 40)

+

2 2
(JIElglilﬁlsin’e Cos 6 + {113—%ili3)51n’e Cos ©

L——-—-—-—”“’Z——”*"’[sm’e - sin* 10)]

2
X

- 35;“;;[0(K+0K'3+a](Cos’e+Cos 8)+(1-a) (k+ar+3-a)

(4 +dxa+3-20a-a?)
2

(sin? 38~ 2 sin“ }8)- Sin?e

- El%iﬂ’(cQsi le-Cos }6 Cos +8)

(1 - GL(T + “’(Sin’ g + Sin i6 Sin 29)

s B = “)é1 : ul(Cos’ 16-Cos 16 Cos =96

i

Cos 36 Cos 36 + Cos 38 Cos 38)

(3 + o) {1 + o) g1y 30 5in $6 - Sin? }o-Sin 46 Sin 3o

+*

8
+ Sin 36 Sin 36)]1}rde, ————mmmmmmm e B.4
or
g
J =—{“{E?E[{1 + a?= 2va) (2 Cos" }e~ Cos? i6
2
s L2 “)1é1 ! v)(Cos 8 - Cos 20 Cos 6)
2
s W1rs )41 ! v)(Cos 8 - Cos 28 Cos 8)
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1+ el (1 ¢+ V) (gin2 4o - sin* 0]

4+

]
K1(1 + V)

% eep— [a(k + agk — 3 + a) (Cos? 6 + Cos €)

+

(1 = a)(k + ak + 3 = a) (Sin? }6 - 2 Sin" 19)

(4 + 4xa + 3 - 2a'— a?)

2
5 S5in‘e

- a(l_%_ﬁ’(cos? {6 - Cos 6 Cos 749)

{10 + Sin 30 Sin 26)

(1 - 3)4(1 + CI} (sinl

(3 - u)é1 + “}Cos’ 16 — Cos }6 Cos 248

— Cos 18 Cos #8 + Cos 30 - Cos +8)

(5 + a) (1 + a)
8

+

(Sin %8 Sin %6 - Sin? 1@

- Sin }6 Sin 3 + Sin %6 Sin 28)]}dés ~—-— —= B.5

These integrals were evaluated as:

fCos?e de = % + 84D 28,

2 _ B8 _ Sin 28
/sin?e de = > i "

4 _ 38 Sin 28 Sin 4698
JCos'® db B + 7 + 35
7Sin“s ds = 38 Sin 28 F: Sin 46

B T T4 3
Sinigi-q,)e Sin(qg, +q,) 6

fCos q & Cos qu8 A8 = —yr—y— + —3a—q—T

Sin(gi-q,)8 Sin(g,+q,)6

i e A 17 e ¥

Then equation (B.5) gives

N (1 + a> = 2va) _ (1 = a)?2 (1 + v)




2
B K1(1 ¥ V){u(K + ak = 3 + a) _ (1-a) (ktax+3-a)
8E 2 4
(4xk + 4ax + 3 = 2a = a?)__a(l + a) {1 - a) (1 + a)
4 4 8
(3-a)(1 +a) _ {5+ a)(1 +a)y _____.. .
+ _ 16 16 In B.6
With « = %—:—% in equation (b.6), one could simplify J
to,

(1 + a) (3 - @) 2 - wmed Tt e mrm——————
- Y5 By w =i Bel

Expanding equation (B.7), equation (5.2.17) is obtained.
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