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ABSTRACT

In this dissertation, a multi-step iterative scheme was used to establish the

strong and ∆−convergence theorems for finite families of uniformly asymp-

totic regular, total asymptotically nonexpansive semigroup in a uniformly

convex hyperbolic space. We also used a different method of proof, to es-

tablish the polar and ∆−convergence theorems for finite families of uniformly

asymptotic regular, uniformly L-Lipschitzian and total asymptotically nonex-

pansive semigroup in a complete CAT (0) space. We then studied the modified

Mann iteration scheme for approximating common fixed point of a uniformly

asymptotic regular family of total asymptotically nonexpansive semigroup in

a complete CAT (0) space. We proved that the sequences generated by the

iterative schemes converges to a common fixed point of a finite family of uni-

formly asymptotic regular and total asymptotically nonexpansive semigroup

in hyperbolic spaces.
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CHAPTER ONE

GENERAL INTRODUCTION

1.1 Introduction

The study of non-linear operators had its beginning about the start of the twen-

tieth century, with the investigation into the existence properties of solutions

to certain boundary valued problems arising in ordinary and partial differential

equations. The earliest techniques, largely devised by Picard (1893), involved

the iteration of an integral operator to obtain solutions to such problems. In

1922, these techniques of Picard were given precise abstract formulation by

Cacciopoli (1931) and Banach (1932), a powerful tool in analysis for establish-

ing existence and uniqueness of solution of problems of different kinds. The

fact that, fixed point theorem is an important tool for solving equation of the

form Tx = x; where T is a self-map defined on a subset of some suitable

space, leads to the significance of this area. And it is useful in the theory of

Newtonian and non-Newtonian calculus. The fixed point of a map plays the

role of an equilibrium or stable point of the body of a system defined in terms

of the operator. It is also known that the concept of equilibrium system is

very crucial in other scientific areas that includes: biology, ecology, economics,

physics, medicine, chemistry and also in engineering among others. Various

authors have generalized Banach-Cacciopoli contraction mapping principle in

different spaces which includes: Banach space, Hilbert space, Metric space,

Hyperbolic space and even the CAT (0) space.

Goebel and Kirk (1972) introduced the concept of asymptotically nonexpan-

sive mappings as a generalization of nonexpansive mappings. Alber et al.

1



(2006), introduced the class of total asymptotically nonexpansive mappings,

which generalizes several classes of maps, which are extensions of asymptoti-

cally nonexpansive mappings. The concept of fixed point theory in CAT (k)

space was first introduced by Kirk (2003, 2004). His work was followed by a

series of new works by many authors, mainly focusing on the CAT (0) space,

which is a special case of the CAT (k) space, all results in CAT (0) space im-

mediately apply to any CAT (k) space with k ≤ 0. As it is well known, the

construction of common fixed points of nonexpansive semigroup and asymp-

totically nonexpansive semigroup is an important problem in the theory of

nonexpansive mappings in nonlinear operator theory and applications. These

has applications in: image recovery, signal processing problems and convex

feasibility problems. (see; Yao and Shahzad (2011), Chidume and Chidume

(2006), Marino and Xu (2006), Xu (2004), Shimoji and Takahashi (2001),

among others). Takahashi (1969) proved the fixed point theorem for a non-

commutative semigroup of nonexpansive mappings which generalises DeMarr’s

(1963) result.

The concept of approximation of common fixed point of asymptotically nonex-

pansive mappings in CAT (0) space and convergence theorems for finite families

of total asymptotically nonexpansive mappings in hyperbolic space, were dis-

cussed in Ugwunnadi and Ali (2016) and in Ali (2016). In this dissertation,

using the definitions of the semigroup of the one parameter family of non-

expansive mappings and the uniformly asymptotic regularity of a map, their

results were a bit modified and presented in the same complete CAT (0) space.
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1.2 Statement of the Problem

Ali (2016) proved the strong and ∆−convergence for finite families of total

asymptotically nonexpansive mappings in hyperbolic spaces, while Ugwunnadi

and Ali (2016) studied the modified Mann iterative scheme and proved that the

proposed sequence in the iterative scheme converges to a common fixed point

of total asymptotically nonexpansive mappings in a complete CAT (0) space.

In this dissertation, using the concept of uniformly asymptotic regularity of

self mappings and the semigroup of the one parameter family of nonexpansive

mappings, we shall study and prove the strong, polar and ∆−convergence the-

orems in a uniformly convex hyperbolic space and also in a complete CAT (0)

space.

1.3 Aim and Objectives

This dissertation is aimed at establishing new results in the field of non-linear

operator theory. The primary objectives of this study are to:

1. establish the strong and ∆−convergence theorems, using the uniformly

asymptotic regularity of self mappings on the total asymptotically quasi-

nonexpansive semigroup in a uniformly convex hyperbolic space.

2. prove (1) above, using a different method of proof to show polar and

∆−convergence theorems, using the uniformly asymptotic regularity of

self mappings on the total asymptotically quasi-nonexpansive semigroup

in a complete CAT (0) space.
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3. establish the notion of convergence theorems in hyperbolic space and also

in a complete CAT (0) space, using the concept of the semigroup of the

one parameter family of nonexpansive mappings.

1.4 Research Methodology

The method used in this dissertation is by consulting necessary and relevant

books and articles, in literature; on the fixed point theorem, approximation

of common fixed points, convergence for finite families, uniformly asymptotic

regular family, total asymptotically nonexpansive semigroup, CAT (0) space,

hyperbolic space and so on. These articles were reviewed thoroughly to cover

a major part of the work done on polar and ∆− convergence in hyperbolic and

CAT (0) spaces. The work done on the common fixed point approximations

for finite families of total asymptotically nonexpansive semigroup in hyperbolic

space are then taken in the settings of a complete CAT (0) space.

In the theorems, we assumed that the finite families of mappings are uniformly

asymptotic regular and are semigroup of nonexpansive mappings, if they satisfy

some restricted and appropriate conditions, then the sequence either polar,

strongly or ∆−converge to a point in the set of all common fixed points in the

space. And, in the proofs, we considered a sequence from the proposed iterative

schemes and applied the concepts of: a metric space, the uniformly asymptotic

regularity of a map, the total asymptotically quasi-nonexpansive semigroup of

self mappings, the definitions of polar convergence, strong convergence and

∆−convergence. Using these concepts, we successfully showed that the limit

of the sequence exists in the set of all common fixed points in a complete
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CAT (0) space and also in a uniformly convex hyperbolic space.

1.5 Outline of the Dissertation

The dissertation contains four other chapters apart from the introductory chap-

ter. The outline of the remaining chapters are as follows:

Chapter II: In this chapter, we present a survey of the necessary and relevant

literature for fixed point theorem, CAT (0) space and semigroup of nonexpan-

sive mappings.

Chapter III: In this chapter, we establish the strong and ∆−convergence the-

orems for finite families of total asymptotically nonexpansive semigroup of

mappings in both the hyperbolic space and the CAT (0) space.

Chapter IV: In this chapter, we introduce the approximation of common fixed

point of a family of uniformly asymptotic regular semigroup of mappings in a

complete CAT (0) space, using the modified Mann iterative scheme.

Chapter V: In the final chapter, we present the summary and conclusion of the

results obtained in this dissertation, along with some directions/recommendations

for further research.

1.6 Preliminaries

In this section we give some basic and important definitions and concepts which

are useful and related to the context of this dissertation.
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1.6.1 Metric Space

Definition 1.6.1 Let X be a nonempty set and R denote the set of real num-

bers. A metric d on X is a real-valued function d : X×X → R which satisfies

the following conditions: For any x, y, z ∈ X,

M1: d(x, y) ≥ 0

M2: d(x, y) = 0 if and only if x = y,

M3: d(x, y) = d(y, x), and

M4: d(x, y) ≤ d(x, z) + d(z, y)

The pair (X, d) is called a metric space.

Example 1.6.1 Let d : R × R → R defined by d(x, y) = |x − y|, ∀x, y ∈ R.

Then (R, d) is a metric space, called the usual metric on R.

Example 1.6.2 Let X be an arbitrary nonempty set. Define d : X ×X → R

by;

d(x, y) =


1, x 6= y,

0, x = y.

for all x, y ∈ X. Then (X, d) is a metric space called the trivial or discrete

metric.
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1.6.2 Fixed Point

Definition 1.6.2 Let X be a nonempty set and T : X → X be self mappings.

Then a point x ∈ X is called a fixed point of T if: Tx = x.

The set of all fixed points of T is represented by: F (T ) := {x ∈ X : Tx = x}.

The set of all common fixed points of T is represented by: F :=
⋂n
i=1 F (Ti) 6= ∅,

∀i ∈ N. (see; Alber et al. (2006))

Let (X, d) be a metric space. A self mappings T : X → X is called non-

expansive if: d(Tx, Ty) ≤ d(x, y), for every x, y ∈ X. A map T is called

quasi-nonexpansive if: F (T ) := {x ∈ X : Tx = x} 6= ∅ and d(Tx, p) ≤ d(x, p),

for every x ∈ X and p ∈ F (T ). The class of quasi-nonexpansive mappings

properly contained the class of nonexpansive mappings with fixed points.

The mappings T is called asymptotically nonexpansive if there exists a se-

quence {kn} ⊂ [1,∞) with kn → 1 as n→∞ such that: for every n ∈ N,

d(T nx, T ny) ≤ knd(x, y), for all x, y ∈ X.

If F (T ) 6= ∅ and there exists a sequence {kn} ⊂ [1,∞) with kn → 1 as n→∞

such that: for every n ∈ N, d(T nx, p) ≤ knd(x, p), for all x ∈ X and p ∈ F (T ),

then T is called asymptotically quasi-nonexpansive.

The mappings T is called total asymptotically nonexpansive, if there exists

infinitesimal real sequences {un} and {vn} of nonnegetive numbers (i.e un, vn →

0 as n → ∞) and a strictly increasing function ψ : [0,∞) → [0,∞) with

ψ(0) = 0 such that: d(T nx, T ny) ≤ d(x, y) + unψ(d(x, y)) + vn, for every

x, y ∈ X.

And T is called total asymptotically quasi-nonexpansive, if: F (T ) 6= ∅ and

there exists infinitesimal real sequences {un} and {vn} of nonnegative numbers

7



(i.e un, vn → 0 as n → ∞) and a strictly increasing function ψ : [0,∞) →

[0,∞) with ψ(0) = 0 such that: d(T nx, p) ≤ d(x, p) + unψ(d(x, p)) + vn, for

every x,∈ X and p ∈ F (T ). (see: Ali (2016))

A self mappings T : X → X is called L-Lipschitz (or L-Lipschitzian), if there

exists a constant L > 0 such that: d(Tx, Ty) ≤ Ld(x, y), for every x, y ∈ X.

T is called a contraction (or strict contraction), if L < 1 and its nonexpansive

if L = 1.

The mappings T is called uniformly L-Lipschitz (or uniformly L-Lipschitzian),

if for every constant L > 0, there exists n ∈ N such that:

d(T nx, T ny) ≤ Lnd(x, y) ≤ Ld(x, y), for every x, y ∈ X.

Example 1.6.3 The map T : R→ R defined by:

1. (i) Tx = tanx (ii) Tx = sinx; are non-linear.

2. (i) Tx = 5x+ 10 (ii) Tx = ax, for any constant a; are linear.

3. Tx = x+ 1: T is nonexpansive and Lipschitz.

Since, d(Tx, Ty) = |Tx−Ty| = |(x+1)− (y+1)| ≤ L|x−y| = Ld(x, y).

Clearly, T is Lipschitz with L > 0, its a contraction with L < 1 and its

nonexpansive with L = 1.

1.6.3 CAT (0) Space

Let (X, d) be a metric space, ∀x, y ∈ X. Then, we have the following defini-

tions:
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Geodesic Path

A geodesic path from x to y is an isometry. A map T : X → X is an isometry

(distance preserving) if for any x, y ∈ X, d(Tx, Ty) = d(x, y).

Geodesic Segment

The image of a geodesic path is called a geodesic segment. A geodesic segment

joining two points x, y in a metric space X is represented by [x, y], where

[x, y] := {αx+(1−α)y : α ∈ [0, 1]}. A subset K of a metric space X is convex

if ∀x, y ∈ K, [x, y] ⊂ K.

Geodesic Space

A metric space (X, d), is called a geodesic space if any two distinct points of

X are joined by the geodesic segment.

Geodesic Triangle

A geodesic triangle (4(x, y, z)), consist of three distinct points x, y, z ∈ X

joined by three geodesic segments in a geodesic space.

Comparison Triangle

A comparison triangle (4(x, y, z)) or (4(x, y, z)) of a geodesic triangle (4(x, y, z))

is a triangle in the Euclidean space (R2) such that: d(x, y) = dR2(x, y),

d(y, z) = dR2(y, z) and d(z, x) = dR2(z, x).

9



A geodesic space is called a CAT (0) space if for every geodesic triangle (4)

and its comparison triangle (4), the following inequality holds:

d(x, y) ≤ dR2(x, y),

where; x, y ∈ 4 and x, y ∈ 4.

Also,

A metric space (X, d) is a CAT (0) space if it is geodesically connected and if

every geodesic triangle (4) in X, is at least as thin as its comparison triangle

(4) in the Euclidean space (R2). (see; Kirk and Panyanak (2008))

A CAT (0) space X, is said to be complete if every Cauchy sequence {xn} in

X, converges to a point x ∈ X. A complete CAT (0) space is often called the

Hadamard space.

CAT means Cartan Alexandrov Topogonov. Examples of the CAT (0) spaces

includes; R−tree, Hadamard space, Hilbert ball equipped with hyperbolic met-

ric and so on. For details on these spaces, (see; Abramenco and Brown (2008),

Dhompongsa and Panyanak (2008), Burago et al. (2001), Bridson and Haefliger

(1999), Ballmann (1995) and Brown (1989)).

1.6.4 Hyperbolic Space

Definition 1.6.3 A geodesic space (X, d) is called hyperbolic, if for any x, y, z ∈

X,

d(
1

2
x⊕ 1

2
z,

1

2
z ⊕ 1

2
y) ≤ 1

2
d(x, y).
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The class of hyperbolic spaces includes: normed spaces, CAT (0) spaces amongst

others. The following is an example of a hyperbolic space which is not a normed

space. (see; Reich and Shafrir (1990))

Example 1.6.4 Let D be a unit disc in a complex plane C. Define d : D×D→

R by:

d(z, w) = log(
1 + | z−w

1−zw |
1− | z−w

1−zw |
)

Then, (D, d) is a complete hyperbolic metric space.

From the example above, we have that the class of hyperbolic spaces are more

general than the class of normed spaces.

1.6.5 Uniformly Convex Hyperbolic Space

Definition 1.6.4 Let (X, d) be a hyperbolic space. Then X is called uniformly

convex if for any a ∈ X, for every r > 0 and for each ε > 0:

δa(r, ε) = inf{1− 1

r
d(

1

2
x⊕ 1

2
y, a) : d(x, a) ≤ r, d(y, a) ≤ r, d(x, y) ≥ ε} > 0.

1.6.6 Semigroup of The One Parameter Family of Non-

Expansive Mappings

Definition 1.6.5 Let K be a nonempty subset of a metric space X. A one

parameter family ∂ := {T (t) : K → K, t ∈ R+}, where R+ denotes the set of

non-negative real numbers of maps is called a semigroup of self mappings from

K into K satisfying:
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S1: T (0)x = x, for all x ∈ K;

S2: T (s+ t)x = T (s)T (t)x, for all s, t ∈ R+;

S3: For each x ∈ K, the mapping t 7−→ T (t)x is continuous, (limt→0 T (t)x =

x)

Let X be a nonempty set together with the binary operation (+, .), then X is

said to be a semigroup if it satisfies the closure and associative properties under

the binary operators. A semigroup is also known as an associative magma.

Uniformly L-Lipschitzian Nonexpansive Semigroup

A one parameter family ∂ := {T (t) : K → K, t ∈ R+}, is said to be uniformly

L-Lipschitzian nonexpansive semigroup if conditions S1−S3 above are satisfied

and in addition:

S4: for each t > 0, there exists a bounded function L(t) : (0,∞) → [0,∞)

such that; d(T n(t)x, T n(t)y) ≤ L(t)d(x, y), ∀ x, y ∈ K.

A uniformly L-Lipschitzian semigroup of a one parameter family ∂ is called

nonexpansive (or contraction) if: L(t) = 1 (orL(t) < 1), for all t > 0.

Total Asymptotically Nonexpansive Semigroup

A one parameter family ∂ := {T (t) : K → K, t ≥ 0}, is said to be total asymp-

totically nonexpansive semigroup, if conditions S1−S3 above are satisfied and

in addition:

S4: for each t ≥ 0, there exists functions u, v : [0.∞)→ [0,∞) and strictly in-
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creasing and continuous functions ψ : R+ → R+ such that: limt→∞ u(t) =

limt→∞ v(t) = 0 and ψ(0) = 0, then;

d(T (t)x, T (t)y) ≤ d(x, y) + u(t)ψ(d(x, y)) + v(t), ∀x, y ∈ K.

Total Asymptotically Quasi-Nonexpansive Semigroup

A one parameter family ∂ := {T (t) : K → K, t ≥ 0}, is said to be total

asymptotically quasi-nonexpansive semigroup, if conditions S1−S3 above are

satisfied and in addition:

S4: for each t ≥ 0, there exists functions u, v : [0.∞)→ [0,∞) and strictly in-

creasing and continuous functions ψ : R+ → R+ such that: limt→∞ u(t) =

limt→∞ v(t) = 0 and ψ(0) = 0. If F (T ) := {p ∈ X : Tp = p} 6= 0, then:

d(T (t)x, p) ≤ d(x, p) + u(t)ψ(d(x, p)) + v(t), ∀x ∈ K and p ∈ F (T )

.

Asymptotically Regular and Uniformly Asymptotically Regular

A one parameter family ∂ := {T (t) : K → K, t ≥ 0}, is said to be asymptotic

regular if;

lim
t→∞

d(T (s+ t)x, T (t)x) = 0, ∀ t ∈ [0,∞) and x ∈ K

It is also said to be uniformly asymptotic regular if: for any t ≥ 0 and for any

bounded subset C of K,

lim
t→∞

sup
x∈C

d(T (s+ t)x, T (t)x) = 0.
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1.6.7 Polar and ∆−Convergence

Definition 1.6.6 (Ali (2016)) A sequence {xn} in a complete CAT (0) space

X is said to ∆−converge to a point x, if x is a unique asymptotic centre of {un}

for every subsequence {un} of {xn}. This is written as ∆− limn→∞ xn = x.

A sequence {xn} in a complete CAT (0) space X is said to polar converge to

a point x ∈ X, if for every y ∈ X, y 6= x, there exists Ny ∈ N such that;

d(xn, x) < d(xn, y), ∀n ≥ Ny.

The sequence {xn} converge ∆−strongly to a point x, if the limit limn→∞ d(xn, x)

exists and for any y 6= x, limn→∞ d(xn, x) ≤ lim infn→∞ d(xn, y).

Let {xn} be a bounded sequence in a complete CAT (0) space X. For x ∈ X,

we set: r(x, {xn}) = lim supn→∞ d(x, xn).

The asymptotic radius r({xn}) of {xn} is given by :

r({xn}) = inf{r(x, {xn}) : x ∈ X},

and the asymptotic center A({xn}) of {xn} is the set:

A({xn}) = {x ∈ X : r(x, {xn}) = r({xn})}.

It is well known that in a CAT (0) space, A({xn}) consist of exactly one point,

see (Proposition 7 of Dhompongsa et al. (2006))

1.6.8 Demiclosedness Property

Definition 1.6.7 The mappings T : X → X is said to be demiclosed at a

point, if for any sequence {xn} in X which converges weakly to a point x ∈ X,

with d(xn, Txn)→ 0, as n→∞, then Tx = x, for all x ∈ X.

(see; Chang et al. (2012))
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CHAPTER TWO

LITERATURE REVIEW

The earliest techniques of solving differential equations was largely devised by

E. Picard, who published a very influential paper in 1893, formed the basis of

fixed point theory, and throughout the last century, many papers have been

published using this idea. This fact has helped in developing fixed point theory

to be an independent research area of non-linear mathematical analysis. In this

chapter, we present a review of some of these works which are related to the

subject of this dissertation.

2.1 Fixed Point Theorems

In 1922, the techniques which was largely devised by Picard were given pre-

cise abstract formulation by Cacciopoli (1931) and Banach (1932), in what is

now widely refer to as the ’Contraction Mapping Principle’. In 1910, Brouwer

introduced an earlier fixed point theorem, called the Brouwer Fixed Point The-

orem. This theorem concerns continuous mappings and has an advantage over

the ’Contraction Mapping Principle’, in the sense that it applies to a much

larger class of mappings. For the iterative formula in the ’Contraction Map-

ping Principle’, it was observed that if the constant condition on the operator

is weakened, the operator may no longer have a fixed point. Krasnonelskii

(1955) however proved with an example that, if the Picard iterative formula

is replaced by another formula, the iterative sequence converges to the fixed

point. In general, if E is a normed linear space and T is a nonexpansive map,
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a generalization of Krasnonelskii (1955) which has been proved successfully in

the approximation of fixed points (when they exist) of T was given by Schaefer

(1957). However, the most general iterative formula for approximation of fixed

points of nonexpansive mappings was introduced by Mann (1953), called the

Mann iteration formula. In 1967, Browder and Petryshyn (1967) proved that

if a Banach space E = H, a Hilbert space, then the limit exist and is a fixed

point of the map T . Reich (1980) extended this result to a uniformly smooth

Banach space. Kirk (1981) obtained the same result but in an arbitrary Ba-

nach space, under the additional assumption that T has pre-compact range.

Recently, Morales and Jung (2000) proved the same result for T , a continu-

ous pseudocontraction map in a real reflexive Banach space with uniformly

Gateaux differentiable norm.

Halpern (1967) introduced a recursion formula in the framework of a Hilbert

space. Under appropriate conditions on the domain of T , and some restrictions

on the parameter sequence, he proved strong convergence of the sequence to

a fixed point of T . Under a different restriction on the parameter sequence

used above, Lion (1977) improved the result of Halpern (1967), still in Hilbert

space. Lion (1977) proved strong convergence of the sequence to a fixed point

of T , where the real sequence satisfies some conditions. Reich (1980) proved

that the result of Halpern remains true when E is uniformly smooth. It was

observed that both Halpern’s and Lion’s conditions on the real sequence ex-

cluded the canonical choice of the parameter sequence. This was overcome by

Wittmann (1992), who proved, still in Hilbert space, the strong convergence

of the sequence to a fixed point of T , if the real sequence satisfies other con-

ditions which include the canonical choice of the parameter sequence. Reich

(1994) extended the result of Wittmann to Banach space, which are uniformly

smooth and have weakly sequentially continuous duality maps (e.g lp space,
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1 < p < ∞). This space exclude the Lp space, 1 < p < ∞, p 6= 2. Shioji

and Takahashi (1997) extended Wittmann’s result to real Banach space with

uniformly Gateaux differentiable norm, in which each nonempty closed convex

and bounded subset has the fixed point property for nonexpansive mappings

(e.g Lp space).

Goebel and Kirk (1972) introduced the concept of asymptotically nonexpan-

sive mappings as an important generalization of nonexpansive mappings. Al-

ber et al. (2006), introduced the class of total asymptotically nonexpansive

mappings, which generalizes several classes of maps, which are extensions of

asymptotically nonexpansive mappings. These classes of maps are extensively

studied by many authors (see Chang et al. (2012, 2013), Kohlenbach and

Leustean (2010), Chidume and Ofeodu (2007, 2009), Chidume and Ali (2007),

Goebel and Kirk (1972), to list but a few) by virtue of their importance as

generalizations of nonexpansive mappings.

2.2 Semigroup of The One Parameter Family of
Nonexpansive Mappings

Takahashi (1969) proved the fixed point theory for a noncommutative semi-

group of nonexpansive mappings which generalizes DeMarr’s (1963) result, he

proved that any discrete left amenable semigroup has a common fixed point.

Mitchell (1970) generalizes Takahashi’s result by showing that any discrete left

reversible semigroup has a common fixed point; see (Lau (1973)). Takahashi

(1981) proved the nonlinear ergodic theorem for an amenable semigroup of non-

expansive mappings in Hilbert space. Lau and Takahashi (1987) considered
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and proved the problem of weak convergence of a right reversible semitopolog-

ical semigroup in a uniformly convex Banach space with Frechet differentiable

norm. Later that same year, Kim and Kim (1987) proved the weak conver-

gence theorems for semigroups of asymptotically nonexpansive type of a right

reversible semitopological semigroup and strong convergence theorems for a

commutative case. Takahashi and Zhang (1988, 1989) established the weak

convergence of an almost-orbit of Lipschitzian semigroups of a noncommuta-

tive semitopological semigroup. After this, Lau in some of his results which

includes; (Lau and Takahashi (1990, 1996, 2003) amongst others) proved the

existence of common fixed points for nonexpansive mappings related to re-

versibility or amenability of a semigroup. Kakavandi and Amini (2011) proved

a nonlinear ergodic theorem for a nonexpansive semigroup in CAT (0) space as

well as strong convergence theorem for a commutative semitopological semi-

group. Anakkanmatee and Dhompongsa (2011) extended Rode (1982) result

on common fixed points of semigroups of nonexpansive mappings in Hilbert

space to CAT (0) space settings.

Recently, Suantai and Phuengrattana (2014) proved in their result the exis-

tence, the weak convergence and the strong convergence theorems of some

fixed point for semigroup of total asymptotically nonexpansive mappings in a

uniformly convex Banach space. They proved both strong and weak conver-

gence theorems to a fixed point in the family of semigroups of nonexpansive

mappings in a uniformly convex Banach space.
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2.3 Fixed Point Theorems and Semigroup of The
One Parameter Family of Nonexpansive Map-
pings in Hyperbolic spaces (CAT (0) Spaces)

Lim (1976) introduced the concept of ∆−convergence in general metric space.

After defining ∆−convergence as given in chapter one above, he was able to

prove it in a general metric space. Kirk (2003, 2004) introduced the concept of

fixed point theory in CAT (k) spaces which is a generalization of the CAT (0)

spaces, all results in CAT (0) space immediately apply to any CAT (k) space

with k ≤ 0. Being able to achieve these, Kirk and Panyanak (2008) studied

the concept of ∆−convergence and also introduced it in the hyperbolic and

CAT (0) space; where they introduced the concept of convergence in a geodesic

space. Later that same year, Dhompongsa and Panyanak (2008) gave the

CAT (0) space analogs of results on weak convergence of the Picard, the Mann

and the Ishikawa iterative schemes, which was earlier proved in a uniformly

convex Banach space in 1976 by Z. Opial. Anakkanmatee and Dhompongsa

(2011) extended Rode (1982) result on common fixed points of semigroups of

nonexpansive mappings in Hilbert space to CAT (0) space settings. Chang

et al. (2012, 2013) were able to prove strong and ∆−convergence theorems

for mixed type total asymptotically nonexpansive mappings in CAT (0) space.

They were also able to establish the demiclosedness principle of those class

of maps in the CAT (0) space. Basarir and Sahin (2013) studied a multi-step

iterative process for fixed point of generalized nonexpansive mappings in a

CAT (0) space, they were able to prove strong and ∆−convergence of new

multi-step and the S-iteration processes for fixed point of generalized nonex-

pansive mappings in CAT (0) space. They also established the demiclosedness

principle for those class of maps in the same space.
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Chidume and Ali (2007) introduced an iterative scheme and studied the con-

vergence of the sequence in the scheme to a common fixed point of finite family

of non-self asymptotically nonexpansive mappings in a uniformly convex Ba-

nach space. Recently, Ali (2016) modified the scheme which was introduced

by Chidume and Ali (2007), he defined a sequence and proved both strong

and ∆−convergence of the sequence to a point in the set of fixed points using

a finite family of uniformly L-Lipschitzian total asymptotically nonexpansive

mappings in a uniformly convex hyperbolic space and in a complete CAT (0)

space. More recently, Ugwunnadi and Ali (2016) studied the modified Mann

iterative scheme for approximating common fixed point of total asymptotically

nonexpansive mappings in a complete CAT (0) space. They proved that us-

ing sequences of parameters satisfying some certain appropriate and restricted

conditions, the sequences of parameters converges strongly to a point in the set

of fixed points in the space. The concept used by Ugwunnadi and Ali (2016)

was originally used in Hilbert space by Yao et al. (2009).
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CHAPTER THREE

CONVERGENCE THEOREMS FOR FINITE
FAMILIES OF TOTAL ASYMPTOTICALLY

NONEXPANSIVE SEMIGROUP IN HYPERBOLIC
SPACES

In this chapter, we prove the necessary and sufficient conditions for the strong

convergence of the scheme defined in lemma 3.2.1 below, to a common fixed

point of a uniformly asymptotically regular family ∂ := {Ti(t) : K −→ K, t ≥

0} of total asymptotically quasi-nonexpansive semigroup in a uniformly convex

hyperbolic space. We also prove both polar and ∆−convergence theorems

for a uniformly asymptotically regular family ∂ := {Ti(t) : K −→ K, t ≥

0} of uniformly L-Lipschitzian and total asymptotically quasi-nonexpansive

semigroup in a complete CAT (0) space. The results presented in this chapter

are the semigroup version of the results in Ali (2016).

In Ali (2016), it was proved that if the finite family of mappings: Tis, i =

1, 2, 3, ...,m are total asymptotically quasi-nonexpansive, under some certain

appropriate and restricted conditions, the sequence {xn} either strongly, polar

or ∆−converges to a point in F :=
⋂m
i=1 F (Ti) 6= ∅. In line with this, we now

present his results in a different manner, (i.e) by letting the finite family of

mappings to be uniformly asymptotic regular and then total asymptotically

quasi-nonexpansive semigroup of the ground set.

Remark: Note that the difference between Ali (2016) and the results in this

chapter is that: here, we used the assumption that the finite families of map-

pings are uniformly asymptotic regular and also a semigroup of nonexpansive

mappings. We now have the following results.
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3.1 Preliminaries

We shall make use of the following theorems and lemmas to prove our main

results:

Theorem 3.1.1 (Chang et al. (2012)); Let K be a closed and convex subset of

a complete CAT(0) space X and T : K −→ X be a uniformly L-Lipchitzian and

total asymptotically nonexpansive mapping. Let {xn} be a bounded sequence in

K such that xn ⇀ x and limn→∞ d(xn, Txn) = 0. Then, Tx = x.

Lemma 3.1.2 (Dhompongsa and Panyanak (2008)); Let E be a complete

CAT(0) space, {xn} be a bounded sequence in E with A({xn}) = {p} and {un}

be a subsequence of {xn}, with A({un}) = {u}. If the sequence {d(xn, u)}

converges, then p = u.

Lemma 3.1.3 (Dhompongsa and Panyanak (2008)); Let E be a complete

CAT(0) space. Then,

d2((1− α)x⊕ αy, a) ≤ (1− α)d2(x, a) + αd2(y, a)− α(1− α)d2(x, y),

∀α ∈ [0, 1] and x, y, a ∈ E.

Lemma 3.1.4 (Dhompongsa et al. (2007)); Let E be a complete CAT(0)

space, K be a closed and convex subset of E. If {xn} is a bounded sequence

in K, then the asymptotic centre of {xn} is in K.

Lemma 3.1.5 (Khamsi and Khan (2011)); Let (E,d) be a uniformly convex

hyperbolic space, {xn} and {yn} be bounded sequences in E. For any λ ∈ (0, 1),

if there exist r ∈ [0,∞) such that; lim supn→∞ d(xn, a) ≤ r, lim supn→∞ d(yn, a) ≤

r and lim supn→∞ d(1− λ)xn ⊕ λyn, a) = r, then limn→∞ d(xn, yn) = 0.

Lemma 3.1.6 (Kirk and Panyanak (2008)); Every bounded sequence in a
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complete CAT(0) space has a ∆−convergence subsequence.

Lemma 3.1.7 (Tan and Xu (1993)); Let {λn} and {σn} be non-negative se-

quences of real numbers such that: λn+1 ≤ λn+σn, ∀n ≥ 1 and
∑∞

n=1 σn <∞,

then limn→∞ λn exists. Moreover, if there exists a subsequence {λnj
} of {λn},

such that: λnj
→ 0 as j →∞, then λn → 0 as n→∞.

3.2 Main Results

We designate the set {1, 2, 3, ...,m} by I and assume that F :=
⋂m
i=1 F (Ti) 6= ∅.

Now, we state and prove the convergence theorems for a uniformly asymptotic

regular finite family of total asymptotically quasi-nonexpansive semigroup in

a uniformly convex hyperbolic space and in a complete CAT (0) space.

Lemma 3.2.1 ; Let (X, d) be a hyperbolic space and K be a closed convex

nonempty subset of X. Let ∂ := {Ti(t) : K → K, t ≥ 0} be a uniformly asymp-

totic regular family of total asymptotically quasi-nonexpansive semigroup of X,

with sequences {uin(tn)}∞n=1, {vin(tn)}∞n=1 and mappings ψi : [0,∞) → [0,∞)

satisfying Σ∞n=1uin(tn) <∞ and Σ∞n=1vin(tn) <∞, for i ∈ I. Let {αn}∞n=1 be a

sequence in [ε, 1− ε], ε ∈ (0, 1). Let {tn} be an increasing sequence in [0,∞).

Assume that there exists constants Mi,Mi such that ψi(ri) ≤ Miri,∀ri ≥ Mi,

for i ∈ I. Let {xn} be a sequence defined iteratively by x1 ∈ K, such that:

xn+1 = (1− αn)xn ⊕ αnT1(tn)xn, for n ≥ 1,m = 1, and
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

xn+1 = (1− αn)xn ⊕ αnT1(tn)yn+m−2

yn+m−2 = (1− αn)xn ⊕ αnT2(tn)yn+m−3

yn+m−3 = (1− αn)xn ⊕ αnT3(tn)yn+m−4

...

yn = (1− αn)xn ⊕ αnTm(tn)xn, n ≥ 1,m ≥ 2 (3.2.1)

Then {xn} is bounded and the limits limn→∞ d(xn, x
?) and limn→∞ d(xn,F)

both exists.

Proof. we start by first considering the case were m ≥ 2. Since ψi is an

increasing function for each i ∈ I, it follows that ψi(ri) ≤ ψ(Mi), whenever

ri ≤ Mi and by hypothesis, ψi(ri) ≤ Miri when ri ≥ Mi. In either case

ψi(ri) ≤ ψ(Mi) + Miri, i ∈ I, for some constants Mi,Mi > 0. Now, set

ωn := Σm
i=1uin(tn)Mi and let x? ∈ F . Then we have;

d(xn+1, x
?) = d((1− αn)xn ⊕ αnT1(tn)yn+m−2, x

?) since T1(tn)x? = x?

≤ (1− αn)d(xn, x
?) + αnd(T1(tn)yn+m−2, T1(tn)x?)

≤ (1− αn)d(xn, x
?) + αn[d(yn+m−2, x

?) + u1n(tn)ψ1(d(yn+m−2, x
?))

+v1n(tn)]

≤ (1− αn)d(xn, x
?) + αn(1 + u1n(tn)M1)d(yn+m−2, x

?) + αnu1n(tn)

ψ1(M1) + αnv1n(tn)

= (1− αn)d(xn, x
?) + αn(1 + u1n(tn)M1)d[(1− αn)xn ⊕ αnT2(tn)

yn+m−3, x
?] + αnu1n(tn)ψ1(M1) + αnv1n(tn)
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≤ (1− αn)d(xn, x
?) + αn(1 + u1n(tn)M1)[(1− αn)d(xn, x

?) + αn

d(T2(tn)yn+m−3, T2(tn)x?)] + αnu1n(tn)ψ1(M1) + αnv1n(tn)

≤ (1− αn)d(xn, x
?) + αn(1 + u1n(tn)M1)[(1− αn)d(xn, x

?)

+αn[d(yn+m−3, x
?) + u2n(tn)ψ2(d(yn+m−3, x

?)) + v2n(tn)]]

+αnu1n(tn)ψ1(M1) + αnv1n(tn)

≤ (1− αn)d(xn, x
?) + αn(1 + u1n(tn)M1)[(1− αn)d(xn, x

?)

+αn[(1 + u2n(tn)M2)d(yn+m−3, x
?) + αnu2n(tn)ψ2(M2)

+αnv2n(tn)]] + αnu1n(tn)ψ1(M1) + αnv1n(tn)

Since ψi(ri) ≤ ψ(Mi) + Miri, for all i ∈ I, then we have; ψ1(d(yn+m−2, x
?)) ≤

ψ1(M1) +M1d(yn+m−2, x
?)

= (1− αn)d(xn, x
?) + αn(1− αn)(1 + u1n(tn)M1)d(xn, x

?) + α2
n(1 + u1n(tn)

M1)(1 + u2n(tn)M2)d(yn+m−3, x
?) + α2

n(1 + u1n(tn)M1)u2n(tn)ψ2(M2)

+α2
n(1 + u1n(tn)M1)v2n(tn) + αnu1n(tn)ψ1(M1) + αnv1n(tn)

= (1− αn)d(xn, x
?) + αn(1− αn)(1 + u1n(tn)M1)d(xn, x

?) + α2
n(1 + u1n(tn)

M1)(1 + u2n(tn)M2)d[(1− αn)xn ⊕ αnT3(tn)yn+m−4, x
?] + α2

n(1 + u1n(tn)M1)

u2n(tn)ψ2(M2) + α2
n(1 + u1n(tn)M1)v2n(tn) + αnu1n(tn)ψ1(M1) + αnv1n(tn)

= (1− αn)d(xn, x
?) + αn(1− αn)(1 + u1n(tn)M1)d(xn, x

?) + α2
n(1 + u1n(tn)M1)

(1 + u2n(tn)M2)d[(1− αn)xn + αnT3(tn)yn+m−4, T3(tn)x?] + α2
n(1 + u1n(tn)M1)

u2n(tn)ψ2(M2) + α2
n(1 + u1n(tn)M1)v2n(tn) + αnu1n(tn)ψ1(M1) + αnv1n(tn)

≤ (1− αn)d(xn, x
?) + αn(1− αn)(1 + u1n(tn)M1)d(xn, x

?) + α2
n(1 + u1n(tn)M1)

(1 + u2n(tn)M2[(1− αn)d(xn, x
?) + αnd(T3(tn)yn+m−4, T3(tn)x?)] + α2

n(1 + u1n

(tn)M1)u2n(tn)ψ2(M2) + α2
n(1 + u1n(tn)M1)v2n(tn) + αnu1n(tn)ψ1(M1)

+αnv1n(tn)
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≤ (1− αn)d(xn, x
?) + αn(1− αn)(1 + u1n(tn)M1)d(xn, x

?) + α2
n(1 + u1n(tn)M1)

(1 + u2n(tn)M2)[(1− αn)d(xn, x
?) + αn[d(yn+m−4, x

?) + u3n(tn)ψ3(d(yn+m−4, x
?))

+v3n(tn)]] + α2
n(1 + u1n(tn)M1)u2n(tn)ψ2(M2) + α2

n(1 + u1n(tn)M1)v2n(tn)

+αnu1n(tn)ψ1(M1) + αnv1n(tn)

≤ (1− αn)d(xn, x
?) + αn(1− αn)(1 + u1n(tn)M1)d(xn, x

?) + α2
n(1 + u1n(tn)M1)

(1 + u2n(tn)M2[(1− αn)d(xn, x
?) + αn[(1 + u3n(tn)M3)d(yn+m−4, x

?) + u3n(tn)

ψ3(M3) + v3n(tn)]] + α2
n(1 + u1n(tn)M1)u2n(tn)ψ2(M2) + α2

n(1 + u1n(tn)M1)

v2n(tn) + αnu1n(tn)ψ1(M1) + αnv1n(tn)

Continuing in this fashion/method of deduction, we have;

≤ (1− αn)d(xn, x
?) + αn(1− αn)(1 + u1n(tn)M1)d(xn, x

?) + α2
n(1− αn)

(1 + u1n(tn)M1)(1 + u2n(tn)M2)d(xn, x
?) + · · ·+ αh−1

n (1− αn)(1 + u1n

(tn)M1)(1 + u2n(tn)M2) · · · (1 + uh−1n)(tn)Mh−1)d(xn, x
?) + · · ·+ αmn

(1− αn)(1 + u1n(tn)M1)(1 + u2n(tn)M2) · · · (1 + umn(tn)Mm)d(xn, x
?)

+αnv1n(tn) + α2
n(1 + u1n(tn)M1)v2n(tn) + α3

n(1 + u1n(tn)M1)(1 + u2n(tn)

M2)v3n(tn) + α4
n(1 + u1n(tn)M1)(1 + u2n(tn)M2)(1 + u3n(tn)M3)v4n(tn)

+ · · ·+ αmn (1 + u1n(tn)M1)(1 + u2n(tn)M2)(1 + u3n(tn)M3)(1 + u4n(tn)

M4) · · · (1 + um−1n(tn)Mm−1)vmn(tn) + αnv1n(tn) + αnu1n(tn)ψ1(M1)

+α2
n(1 + u1n(tn)M1)v2n(tn) + α2

n(1 + u1n(tn)M1)u2n(tn)ψ2(M2) + · · ·

+αmn · · · (1 + um−1n(tn)Mm−1)vmn(tn) + αnv1n(tn) + αnu1n(tn)ψ1(M1)

+α2
n(1 + u1n(tn)M1)v2n(tn) + α2

n(1 + u1n(tn)M1)u2n(tn)ψ2(M2) + · · ·

+αmn (1 + u1n(tn)M1)(1 + u2n(tn)M2) + · · · (1 + um−1n(tn)Mm−1)vmn(tn)

+ · · ·+ αmn (1 + u1n(tn)M1)(1 + u2n(tn)M2) + · · · (1 + um−1n(tn)Mm−1)

umn(tn)ψm(Mm)
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≤ d(xn, x
?)[1 + u1n(tn)M1 + u2n(tn)M2(1 + u1n(tn)M1) + u3n(tn)M3

(1 + u1n(tn)M1)(1 + u2n(tn)M2) + · · ·+ umn(tn)Mm(1 + u1n(tn)M1)

(1 + u2n(tn)M2)(1 + u3n(tn)M3) · · · (1 + um−1n(tn)Mm−1)] + αnv1n(tn)

+Σm
j=1α

j
n[ujn(tn)ψj(Mj) + vjn(tn)]

j∏
k=1

(1 + ukn(tn)Mk)

since ωn := Σm
i=1uin(tn)Mi, then we get;

≤ d(xn, x
?)[1 + (m1 )ωn + (m2 )ω2

n + (m3 )ω3
n + (m4 )ω4

n + · · ·+ (mm)ωmn ] + αnv1n(tn)

+Σm
j=1α

j
n[ujn(tn)ψj(Mj) + vjn(tn)]

j∏
k=1

(1 + ukn(tn)Mk)

Let δm, be a positive real number defined by; δm := [(m1 ) + (m2 ) + (m3 ) + (m4 ) +

· · ·+ (mm)]

≤ d(xn, x
?)[1 + δmωn] + αnv1n(tn) + Σm

j=1α
j
n[ujn(tn)ψj(Mj) + vjn(tn)]

j∏
k=1

(1 + ukn(tn)Mk)

Using the Maclaurin’s series expansion, on δmωn; eδmωn = 1+δmωn+
(δmωn)2

2!
+

· · · , then we write:

≤ d(xn, x
?)eδmωn + αnv1n(tn) + Σm

j=1α
j
n[ujn(tn)ψj(Mj) + vjn(tn)]

j∏
k=1

(1 + ukn(tn)Mk)

≤ d(x1, x
?)eδmΣ∞

n=1ωn + αnv1n(tn) + Σm
j=1α

j
n[ujn(tn)ψj(Mj) + vjn(tn)]

j∏
k=1

(1 + ukn(tn)Mk)

≤ d(x1, x
?)eδmΣ∞

n=1ωn + αnv1n(tn) + Σm
j=1α

j
n[ujn(tn)ψj(Mj) + vjn(tn)]

eΣj
k=1ukn(tn)Mk <∞.
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By using Maclaurin’s series expansion, on the last term, we get the above

expression. This implies that {xn} is bounded, and by setting

Vn := maxi≤j<mvin(tn) + ujn(tn)ψi(Mi), there exist a positive integer M > 0

such that;

d(xn+1, x
?) ≤ d(xn, x

?) + (δmωn + Vn)M

Since its true for each x? in F , we have;-

d(xn+1,F) ≤ d(xn,F) + (δmωn + Vn)M

So therefore, by lemma 3.1.7, limn→∞ d(xn, x
?) and limn→∞ d(xn,F) exist.

Now, for m = 1, we have;

d(xn+1, x
?) = d((1− αn)xn ⊕ αnT1(tn)xn, x

?) [T1(tn)x? = x?]

≤ (1− αn)d(xn, x
?) + αnd(T1(tn)xn, T1(tn)x?)

≤ (1− αn)d(xn, x
?) + αn[d(xn, x

?) + u1n(tn)ψ1(d(xn, x
?)) + v1n(tn)]

≤ (1− αn)d(xn, x
?) + αn(1 + u1n(tn)M1)d(xn, x

?) + αnu1n(tn)ψ1(M1)

+αnv1n(tn)

Since ψi(ri) ≤ ψ(Mi) + Miri, for all i ∈ I, then we write; ψ1(d(xn, x
?)) ≤

ψ1(M1) +M1d(xn, x
?), expanding and reducing the expression above gives;

= (1 + αnu1n(tn)M1)d(xn, x
?) + αnu1n(tn)ψ1(M1) + αnv1n(tn)

≤ (1 + ωn)d(xn, x
?) + αnu1n(tn)ψ1(M1) + αnv1n(tn)

≤ d(xn, x
?)eωn + αnu1n(tn)ψ1(M1) + αnv1n(tn)

≤ d(x1, x
?)eΣ∞

n=1ωn + αnu1n(tn)ψ1(M1) + αnv1n(tn) <∞.

28



By using Maclaurin’s series expansion on the first term, we get the expression

above. Thus, {xn} is bounded. Using the deduction above, and lemma 3.1.7,

the limits limn→∞ d(xn, x
?) and limn→∞ d(xn,F) both exist.

This completes the proof. �

Theorem 3.2.2 ; Let K be a nonempty closed convex subset of a hyperbolic

space E. Let ∂ := {Ti(t) : K → K, t ≥ 0} be a uniformly asymptotic reg-

ular family of total asymptotically quasi-nonexpansive semigroup of E, with

sequences {uin(tn)}∞n=1, {vin(tn)}∞n=1 and mappings ψi : [0,∞) → [0,∞) sat-

isfying Σ∞n=1uin(tn) < ∞ and Σ∞n=1vin(tn) < ∞, for i ∈ I. Let {αn}∞n=1 be a

sequence in [ε, 1− ε], ε ∈ (0, 1). Let {xn} be a sequence defined iteratively as in

lemma 3.2.1. Let {tn} be an increasing sequence in [0,∞). Then, {xn} con-

verges to a common fixed point of the family of ∂ := {Ti(t) : K −→ K, t ≥ 0}

if and only if lim infn→∞ d(xn,F) = 0.

Proof. For the necessity; we assume that xn −→ x? ∈ F , then we want to show

that; lim infn→∞ d(xn,F) = 0. By definition of a normed space on the metric,

d(xn,F) = infx∈F ‖xn−x‖. Since, d(xn,F) = infx∈F ‖xn−x‖ ≤ ‖xn−x?‖ −→

0, as n → ∞, =⇒ 0 ≤ d(xn,F) = infx∈F ‖xn − x‖ ≤ ‖xn − x?‖ −→ 0,

as n → ∞. Applying Sandwich theorem, d(xn,F) −→ 0, as n → ∞,

=⇒ limn→∞ d(xn,F) = lim infn→∞ d(xn,F) = 0.

To prove the sufficiency; we assume that lim infn→∞ d(xn,F) = 0. Since

limn→∞ d(xn,F) exists, then lim infn→∞ d(xn,F) = 0 = limn→∞ d(xn,F).

Thus, by definition, given ε > 0, there exists a positive integer N0 and b? ∈ F ,

such that: ∀n ≥ N0, d(xn, b
?) <

ε

2
. Then, for any k ∈ N, we have for n ≥ N0,

d(xn+k, xn) ≤ d(xn+k, b
?) + d(b?, xn)

<
ε

2
+
ε

2
=

2ε

2
= ε
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So therefore, d(xn+k, xn) < ε and so {xn} is Cauchy.

Let limn→∞ xn = b, we want to show that b ∈ F . Let Ti(tn) = {T1(tn), T2(tn), T3(tn),

· · · , Tm(tn)}. Since limn→∞ d(xn,F) = 0, there exists a positive number N

large enough and b? ∈ F , such that n ≥ N implies that d(b?, xn) <
ε

8(1 + w1)
,

d(b, xn) <
ε

8(1 + w1)
and (vin(tn) + uin(tn)ψi(Mi)) <

ε

4
then, we have;

d(b?, b) ≤ d(b?, xn) + d(b, xn) <
ε

8(1 + w1)
+

ε

8(1 + w1)

=
2ε

8(1 + w1)
=

ε

4(1 + w1)

Thus, we have the following estimates, for n ≥ N and arbitrary Ti(tn), i =

1, 2, 3, · · · ,m.

d(b, Ti(tn)b) ≤ d(b, xn) + d(xn, b
?) + d(b?, Ti(tn)b)

= d(b, xn) + d(xn, b
?) + d(Ti(tn)b?, Ti(tn)b), [Ti(tn)b? = b?]

≤ d(b, xn) + d(xn, b
?) + (1 + w1)d(b?, b) + vin(tn) + uin(tn)ψi(Mi)

<
ε

8(1 + w1)
+

ε

8(1 + w1)
+ (1 + w1)

ε

4(1 + w1)
+
ε

4

=
ε

8(1 + w1)
+

ε

8(1 + w1)
+
ε

4
+
ε

4
=

ε

4(1 + w1)
+
ε

4
+
ε

4

=
ε+ 2ε(1 + w1)

4(1 + w1)
≤ ε

This implies that b ∈ Fix(Ti(tn)), ∀i = 1, 2, 3, · · · ,m and thus, b ∈ F .

This completes the proof. �

Corollary 3.2.3 ; Let K be a nonempty closed convex subset of a complete

hyperbolic space X. Let ∂ := {Ti(t) : K → K, t ≥ 0} be a uniformly asymptotic

regular family of total asymptotically quasi-nonexpansive semigroup of X, with

F 6= ∅, sequences {uin(tn)}∞n=1, {vin(tn)}∞n=1 and mappings ψi : [0,∞)→ [0,∞)

satisfying Σ∞n=1uin(tn) < ∞ and Σ∞n=1vin(tn) < ∞, for i ∈ I. Let {αn}∞n=1 be
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a sequence in [ε, 1 − ε], ε ∈ (0, 1). Let {xn} be a sequence defined iteratively

as in lemma 3.2.1. Let {tn} be an increasing sequence in [0,∞). Then, {xn}

converges to a common fixed point of the family of ∂ := {Ti(t) : K → K, t ≥ 0}

if and only if lim infn→∞ d(xn,F) = 0.

Now, to be able to prove our next theorem, we start by proving the following

lemma which will be used in this chapter.

Lemma 3.2.4 ; Let X be a uniformly convex hyperbolic space and K be a

nonempty closed convex subset of X. Let ∂ := {Ti(t) : K → K, t ≥ 0} be a

uniformly asymptotic regular family of total asymptotically quasi-nonexpansive

semigroup of X, with sequences {uin(tn)}∞n=1, {Vin(tn)}∞n=1 and mappings ψi :

[0,∞) → [0,∞) satisfying Σ∞n=1uin(tn) < ∞ and Σ∞n=1vin(tn) < ∞, for i ∈

I. Let {αn}∞n=1 be a sequence in [ε, 1 − ε], ε ∈ (0, 1). Let {xn} be a se-

quence defined iteratively as in lemma 3.2.1. Let {tn} be an increasing se-

quence in [0,∞). Then, limn→∞ d(xn, T1(tn)xn) = limn→∞ d(xn, T2(tn)xn) =

limn→∞ d(xn, T3(tn)xn) = · · · = limn→∞ d(xn, Tm(tn)xn) = 0.

Proof. Since for some x? ∈ F , the limit limn→∞ d(xn, x
?) exist by lemma

3.2.1. Let limn→∞ d(xn, x
?) = l, so that from the prove of lemma 3.2.1, we can

have the following relations by taking limit superior through the inequalities;

d(xn+1, x
?) = d((1− αn)xn ⊕ αnT1(tn)yn+m−2, x

?), [T1(tn)x? = x?]

≤ (1− αn)d(xn, x
?) + αnd(T1(tn)yn+m−2, T1(tn)x?)

≤ (1− αn)d(xn, x
?) + αn[d(yn+m−2, x

?) + u1n(tn)ψ1(d(yn+m−2, x
?))

+v1n(tn)]

≤ (1− αn)d(xn, x
?) + αn(1 + u1n(tn)M1)d(yn+m−2, x

?) + αnu1n(tn)

ψ1(M1) + αnv1n(tn)
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So that, we can write that;

d(xn+1, x
?)− (1− αn)d(xn, x

?) ≤ αn(1 + u1n(tn)M1)d(yn+m−2, x
?)

+αnu1n(tn)ψ1(M1) + αnv1n(tn)

Now attaching the lim supn→∞ on both sides of the inequality we get;

lim sup
n→∞

[d(xn+1, x
?)− (1− αn)d(xn, x

?)] ≤ lim sup
n→∞

[αn(1 + u1n(tn)M1)d(yn+m−2, x
?)

+αnu1n(tn)ψ1(M1) + αnv1n(tn)]

lim sup
n→∞

[αnd(xn, x
?)] ≤ lim sup

n→∞
[αn(1 + u1n(tn)M1)d(yn+m−2, x

?)

+αnu1n(tn)ψ1(M1) + αnv1n(tn)]

Pushing the lim supn→∞ through, we have;

αl ≤ α lim sup
n→∞

d(yn+m−2, x
?)

And as such, we write that;

l = lim sup
n→∞

d(xn+1, x
?) ≤ lim sup

n→∞
d(yn+m−2, x

?)

≤ lim sup
n→∞

d(yn+m−3, x
?)

≤ lim sup
n→∞

d(yn+m−4, x
?)

...

≤ lim sup
n→∞

d(yn+1, x
?)

≤ lim sup
n→∞

d(xn, x
?) = l

Now, for 2 ≤ h ≤ m, the lim supn→∞ d((1−αn)xn⊕αnTh(tn)yn+m−h−1, x
?) ≤ l.

From this and limn→∞ d(xn, x
?) = l, using lemma 3.1.5, we have;
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limn→∞ d(xn, Th(tn)yn+m−h−1) = 0, for 2 ≤ h ≤ m. Observe that;

d(xn, Th(tn)yn+m−h−1) = d((1− αn)xn ⊕ αnTh(tn)yn+m−h−1, xn)

≤ (1− αn)d(xn, xn) + αnd(Th(tn)yn+m−h−1, xn)

= αnd(Th(tn)yn+m−h−1, xn) −→ 0, as n→∞

Thus,

d(xn, Th(tn)xn) ≤ d(xn, Th(tn)yn+m−h−1) + d(Th(tn)yn+m−h−1, Th(tn)xn)

≤ d(xn, Th(tn)yn+m−h−1) + (1 + uhn(tn)Mh)d(yn+m−h−1, xn)

+uhn(tn)ψh(Mh) + vhn(tn) −→ 0, as n→∞

And

d(xn+1, xn) = d((1− αn)xn ⊕ αnTh(tn)yn+m−2, xn)

≤ (1− αn)d(xn, xn) + αnd(T1(tn)yn+m−2, xn)

= αnd(T1(tn)yn+m−2, xn) −→ 0, as n→∞

Now,

d(xn, Th(t)xn) ≤ d(xn, Th(tn)xn) + d(Th(tn)xn, Th(tn)yn+m−h−1)

+d(Th(tn)yn+m−h−1, Th(t)xn)

≤ d(xn, Th(tn)xn) + d(Th(tn)yn+m−h−1, Th(t)xn)

+(1 + uhn(tn)Mh)d(yn+m−h−1, xn) + uhn(tn)ψh(Mh)

+vhn(tn)
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Consider the following; for any t ≥ 0, {Ti(t) : t ≥ 0} is a uniformly asymptotic

regular, then we have; limn→∞ d(Th(t)Th(tn)yn+m−h−1, Th(tn)xn)

≤ limn→∞ supz∈K d(T (t)T (tn)z, T (tn)z) = 0. where K is any bounded subset

of X containing both {xn} and {yn+m−h−1}. Since Ti(t) is continuous, we get;

d(xn, Th(t)xn) ≤ d(xn, Th(tn)xn) + d(Th(tn)xn, Th(t)Th(tn)yn+m−h−1)

+d(Th(t)Th(tn)yn+m−h−1, Th(t)xn)

≤ d(xn, Th(tn)xn) + d(Th(tn)xn, Th(t+ tn)yn+m−h−1)

+(1 + uhn(t)Mh)d(Th(tn)yn+m−h−1, xn) + uhn(t)ψh(Mh)

+vhn(t)

≤ d(xn, Th(tn)xn) + sup
z∈K,s∈R+

d(Th(tn)z, Th(s+ tn)z)

+(1 + uhn(t)Mh)d(Th(tn)yn+m−h−1, xn) + uhn(t)ψh(Mh)

+vhn(t)

Using this and the uniform asymptotic regularity of ∂, we have;

lim
n→∞

d(xn, Th(t)xn) ≤ lim
n→∞

[d(xn, Th(tn)xn) + sup
z∈K,s∈R+

d(Th(tn)z, Th(s+ tn)z)

+(1 + uhn(t)Mh)d(Th(tn)yn+m−h−1, xn) + uhn(t)ψh(Mh)

+vhn(t)]

Thus, we have;

lim
n→∞

d(xn, Th(t)xn) = 0, ∀ t ≥ 0.

This completes the proof. �

Theorem 3.2.5 ; Let X be a uniformly convex hyperbolic space and K be a
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closed convex nonempty subset of X. Let ∂ := {Ti(t) : K → K, t ≥ 0} be a uni-

formly asymptotic regular family of uniformly L-Lipschitzian total asymptoti-

cally quasi-nonexpansive semigroup of X, with sequences {uin(tn)}∞n=1, {vin(tn)}∞n=1

and mappings ψi : [0,∞)→ [0,∞) satisfying Σ∞n=1uin(tn) <∞ and Σ∞n=1vin(tn) <

∞, for i ∈ I. Let {αn}∞n=1 be a sequence in [ε, 1 − ε], ε ∈ (0, 1) and assume

that each Ti(t) is demiclosed at zero. Let {xn} be a sequence defined iteratively

as in lemma 3.2.1. Let {tn} be an increasing sequence in [0,∞). Then, {xn}

∆−converges to an element of F .

Proof. LetW∆({xn}) :=
⋃
{un}⊂{xn}A({un}). We now show thatW∆({xn}) ⊂

F and also that W∆({xn}) consists only of a single point. Let u ∈ W∆({xn}),

then by the definition of ∆−convergence, there exist a subsequence say {un} ⊂

{xn} such that {u} = A({un}). By lemma 3.1.6, there exists a convergence

subsequence {vn} of {un} such that ∆− limn→∞ vn = v, for some v ∈ K. But

limn→∞d(vn, Ti(t)vn) = 0, for each i ∈ I, and t ≥ 0. By the demiclosedness

property of each Ti(t), we have v ∈ F . As the limit limn→∞d(vn, v), exists,

so u = v ∈ F , when limit exists, its unique and as such, since u = v and

{u} = A({un}), then {u} ∈ W∆({xn}) ⊂ F .

Next, we show thatW∆({xn}) has a single element. Let {un} be a subsequence

of {xn}, such that {u} = A({un}) and let {x} = A({xn}). Since {u} ∈

W∆({xn}) ⊂ F , the limit limn→∞d(xn, u) exists and by lemma 3.1.2, x = u

and so W∆({xn}) has a single element which implies the conclusion that {xn}

∆−converges to an element of F . This completes the proof. �

Next, we present ∆ and polar convergence theorems for finite families of to-

tal asymptotically nonexpansive semigroup in the framework of a complete

CAT (0) space. This next result is a corollary to the previous lemma 3.2.4, but

we shall present them using a different method of proof.
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Corollary 3.2.6 ; Let X be a complete CAT (0) space and K be a nonempty

closed convex subset of X. Let ∂ := {Ti(t) : K → K, t ≥ 0} be a uniformly

asymptotic regular family of a uniformly continuous, total asymptotically quasi-

nonexpansive semigroup of X, with sequences {uin(tn)}∞n=1, {vin(tn)}∞n=1 and

mappings ψi : [0,∞) → [0,∞) satisfying Σ∞n=1uin(tn) < ∞ and Σ∞n=1vin(tn) <

∞, for i ∈ I. Let {αn}∞n=1 be a sequence in [ε, 1 − ε], ε ∈ (0, 1). Let {xn}

be a sequence defined iteratively as in lemma 3.2.1. Let {tn} be an increasing

sequence in [0,∞). Then, limn→∞ d(xn, T1(tn)xn) = limn→∞ d(xn, T2(tn)xn) =

limn→∞ d(xn, T3(tn)xn) = · · · = limn→∞ d(xn, Tm(tn)xn) = 0.

Proof. Since {xn} is bounded, for some x? ∈ F , there exists positive real

numbers γ and M with d2(xn, x
?) ≤ γ, for all n ≥ 1 and by using lemma 3.1.3

and the recursion formula in lemma 3.2.1, we have;

d2(yn, x
?) = d2((1− αn)xn ⊕ αnTm(tn)xn, x

?), [Tm(tn)x? = x?]

≤ (1− αn)d2(xn, x
?) + αnd

2(Tm(tn)xn, x
?)− αn(1− αn)

d2(xn, Tm(tn)xn)

= (1− αn)d2(xn, x
?) + αnd

2(Tm(tn)xn, Tm(tn)x?)− αn

(1− αn)d2(xn, Tm(tn)xn)

≤ (1− αn)d2(xn, x
?) + αn[(1 + umn(tn)Mm)d(xn, x

?) + umn(tn)

ψm(Mm) + vmn(tn)]2 − αn(1− αn)d2(xn, Tm(tn)xn)

= (1− αn)d2(xn, x
?) + αn[(1 + umn(tn)Mm)2d2(xn, x

?) + [umu(tn)

ψm(Mm) + vmn(tn)]2 + 2(umn(tn)ψm(Mm) + vmn(tn))

(1 + umn(tn)Mm)d(xn, x
?)]− αn(1− αn)d2(xn, Tm(tn)xn)
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= (1− αn)d2(xn, x
?) + αn[d2(xn, x

?) + (2umn(tn)Mm + u2
mn(tn)M2

m)

d2(xn, x
?) + [umn(tn)ψm(Mm) + vmn(tn)]2 + 2(umn(tn)ψm(Mm)

+vmn(tn))(1 + umn(tn)Mm)d(xn, x
?)]− αn(1− αn)d2(xn, Tm(tn)xn)

= d2(xn, x
?) + αn[2umn(tn)Mmd

2(xn, x
?) + u2

mn(tn)M2
md

2(xn, x
?)

+2(umn(tn)ψm(Mm) + vmn(tn))(1 + umn(tn)Mm)d(xn, x
?)

+v2
mn(tn) + (umn(tn)ψm(Mm))2 + 2vmn(tn)(umn(tn)ψm(Mm))]

−αn(1− αn)d2(xn, Tm(tn)xn)

≤ d2(xn, x
?) + α[2umn(tn)Mmγ + u2

mn(tn)M2
mγ + 2(umn(tn)ψm(Mm)

+vmn(tn))(1 + umn(tn)Mm)γ + v2
mn(tn) + (umn(tn)ψm(Mm))2

+2vmn(tn)(umn(tn)ψm(Mm))]− αn(1− αn)d2(xn, Tm(tn)xn)

= d2(xn, x
?) + 2αnumn(tn)Mmγ + αnu

2
mn(tn)M2

mγ + 2αnumn(tn)Mm

vmn(tn)γ + 2αnvmn(tn)γ + 2αnumn(tn)ψm(Mm)γ + 2αnumn(tn)

ψm(Mm)umn(tn)Mmγ + αnv
2
mn(tn) + αn(umn(tn)ψm(Mm))2

+2αnvmn(tn)umn(tn)ψm(Mm)− αn(1− αn)d2(xn, Tm(tn)xn)

≤ d2(xn, x
?) + αn[(2umn(tn)Mm + u2

mn(tn)M2
m + 2(vmn(tn) + umn(tn)Mm

vmn(tn) + umn(tn)ψm(Mm) + umn(tn)ψm(Mm)umn(tn)Mm))γ + v2
mn(tn)

+(umn(tn)ψm(Mm))2 + 2vmn(tn)umn(tn)ψm(Mm)]− αn(1− αn)d2(xn,

Tm(tn)xn) [ωn = Σm
i=1uin(tn)Mi]

= d2(xn, x
?) + αn[(2ωn + ω2

n + 2(vmn(tn) + ωnvmn(tn) + umn(tn)ψm(Mm)

+umn(tn)ψm(Mm)ωn))γ + v2
mn(tn) + (umn(tn)ψm(Mm))2 + 2vmn(tn)

umn(tn)ψm(Mm)]− αn(1− αn)d2(xn, Tm(tn)xn)

Now, putting ωn together and where we have M, its power increases to 2, that

is M ≤M2 ∀ M ≥ 1, then the above becomes;
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≤ d2(xn, x
?) + 7αnωnM

2γ + αnω
2
n − αn(1− αn)d2(xn, Tm(tn)xn)

Thus, we write that;

d2(yn, x
?) ≤ d2(xn, x

?) + 7αnωnM
2γ + αnω

2
n − αn(1− αn)d2(xn, Tm(tn)xn)

Also, we have that;

d2(yn+1, x
?) = d2((1− αn)xn ⊕ αnTm−1(tn)yn, x

?), [Tm−1(tn)x? = x?]

≤ (1− αn)d2(xn, x
?) + αnd

2(Tm−1(tn)yn, x
?)− αn(1− αn)d2(xn,

Tm−1(tn)yn)

= (1− αn)d2(xn, x
?) + αnd

2(Tm−1(tn)yn, Tm−1(tn)x?)− αn(1− αn)

d2(xn, Tm−1(tn)yn)

≤ (1− αn)d2(xn, x
?) + αn[(1 + um−1n(tn)Mm−1)d(yn, x

?) + um−1n(tn)

ψm−1(Mm−1) + vm−1n(tn)]2 − αn(1− αn)d2(xn, Tm−1(tn)yn)

= (1− αn)d2(xn, x
?) + αn[(1 + um−1n(tn)Mm)2d2(yn, x

?) + [um−1n(tn)

ψm−1(Mm−1) + vm−1n(tn)]2 + 2(um−1n(tn)ψm−1(Mm−1) + vm−1n(tn))

(1 + um−1n(tn)Mm−1)d(yn, x
?)]− αn(1− αn)d2(xn, Tm−1(tn)yn)

= (1− αn)d2(xn, x
?) + αn[d2(yn, x

?) + (2um−1n(tn)Mm−1 + u2
m−1n(tn)

M2
m−1)d2(yn, x

?) + [um−1n(tn)ψm−1(Mm−1) + vm−1n(tn)]2 + 2(um−1n

(tn)ψm−1(Mm−1) + vm−1n(tn))(1 + um−1n(tn)Mm−1)d(yn, x
?)]− αn

(1− αn)d2(xn, Tm−1(tn)yn)
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= (1− αn)d2(xn, x
?) + αnd

2(yn, x
?) + αn[2um−1n(tn)Mm−1d

2(yn, x
?)

+u2
m−1n(tn)M2

m−1d
2(yn, x

?) + 2(um−1n(tn)ψm−1(Mm−1) + vm−1n(tn))

(1 + um−1n(tn)Mm−1)d(yn, x
?) + v2

m−1n(tn) + (um−1n(tn)ψm−1(Mm−1))2

+2vm−1n(tn)(um−1n(tn)ψm−1(Mm−1))]− αn(1− αn)d2(xn, Tm−1(tn)yn),

[d2(yn, x
?) ≤ γ]

≤ (1− αn)d2(xn, x
?) + αnd

2(yn, x
?) + α[2um−1n(tn)Mm−1γ + u2

m−1n(tn)

M2
m−1γ + 2(um−1n(tn)ψm−1(Mm−1) + vm−1n(tn))(1 + um−1n(tn)Mm−1)

γ + v2
m−1n(tn) + (um−1n(tn)ψm−1(Mm−1))2 + 2vm−1n(tn)(um−1n(tn)

ψm−1(Mm−1))]− αn(1− αn)d2(xn, Tm−1(tn)yn)

= (1− αn)d2(xn, x
?) + αnd

2(yn, x
?) + 2αnum−1n(tn)Mm−1γ + αnu

2
m−n(tn)

M2
m−1γ + 2αnum−1n(tn)Mm−1vm−1n(tn)γ + 2αnvm−1n(tn)γ + 2αnum−1n(tn)

ψm−1(Mm−1)γ + 2αnum−1n(tn)ψm−1(Mm−1)um−1n(tn)Mm−1γ + αnv
2
m−1n

(tn) + αn(um−1n(tn)ψm−1(Mm−1))2 + 2αnvm−1n(tn)um−1n(tn)ψm−1(Mm−1)

−αn(1− αn)d2(xn, Tm−1(tn)yn

≤ (1− αn)d2(xn, x
?) + αnd

2(yn, x
?) + αn[(2um−1n(tn)Mm−1 + u2

m−1n(tn)M2
m−1

+2(vm−1n(tn) + um−1n(tn)Mm−1vm−1n(tn) + um−1n(tn)ψm−1(Mm−1)

+um−1n(tn)ψm−1(Mm−1)um−1n(tn)Mm−1))γ + v2
m−1n(tn) + (um−1n(tn)

ψm−1(Mm−1))2 + 2vm−1n(tn)um−1n(tn)ψm−1(Mm−1)]− αn(1− αn)

d2(xn, Tm−1(tn)yn), [ωn = Σm−1
i=1 uin(tn)Mi]

= (1− αn)d2(xn, x
?) + αnd

2(yn, x
?) + αn[(2ωn + ω2

n + 2(vm−1n(tn) + ωnvm−1n

(tn) + um−1n(tn)ψm−1(Mm−1) + um−1n(tn)ψm−1(Mm−1)ωn))γ + v2
m−1n(tn)

+(um−1n(tn)ψm−1(Mm−1))2 + 2vm−1n(tn)um−1n(tn)ψm−1(Mm−1)]

−αn(1− αn)d2(xn, Tm−1(tn)yn)
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Putting ωn together and where we have M, its power increases to 2, that is

M ≤ M2, ∀ M ≥ 1, and replacing, d2(yn, x
?) ≤ d2(xn, x

?) + 7αnωnM
2γ +

αnω
2
n − αn(1− αn)d2(xn, Tm(tn)xn) above, we get;

d2(yn+1, x
?) ≤ (1− αn)d2(xn, x

?) + αnd
2(yn, x

?)− αn(1− αn)d2(xn, Tm−1(tn)yn)

+7αnωnM
2γ + αnω

2
n

≤ d2(xn, x
?) + αn[7αnωnM

2γ + αnω
2
n − αn(1− αn)d2(xn, Tm(tn)xn)]

+7αnωnM
2γ + αnω

2
n − αn(1− αn)d2(xn, Tm−1(tn)yn)

= d2(xn, x
?) + αn[7ωnM

2γ + ω2
n](1 + αn)− (αn)m(1− αn)[d2(xn,

Tm−1(tn)yn) + d2(xn, Tm(tn)xn)]

Thus, continuing in this fashion and using; xn+1 = (1−αn)xn⊕αnT1(tn)yn+m−2,

d2(xn+1, x
?) ≤ d2(xn, x

?) + αn[7ω2
nM

2γ + ω2
n]Σm−1

j=0 α
j
n − αmn (1− αn)

[Σm−1
j=1 d

2(xn, Tm−j(tn)yn+j−1) + d2(xn, Tm(tn)xn)]

so that we can have;

αmn (1− αn)[Σm−1
j=1 d

2(xn, Tm−j(tn)yn+j−1) + d2(xn, Tm(tn)xn)]

≤ d2(xn, x
?)− d2(xn+1, x

?) + αn[7ω2
nM

2γ + ω2
n]Σm−1

j=0 α
j
n

Now, using the comparison test of a series, which states that; "if 0 ≤ an ≤ Kbn,

for K ≥ 1 then, Σbn converges implies that Σan converges". The necessary

condition for Σbn to converges, is that the limn→∞ bn = 0 and that the con-

vergence depends on the tail end of the series. If its finite, then it converges.

that is for M ≥ 0, limn→∞ bn < M . When a series is finite, we use the oscil-

lating/oscillatory method as follows; so that for Σbn to converges, let m ∈ N ,
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then we write;

Σm
n=1[d2(xn, x

?)− d2(xn+1, x
?) + αn[7ω2

nM
2γ + ω2

n]Σm−1
j=0 α

j
n]

= Σm
n=1[d2(xn, x

?)− d2(xn+1, x
?)] + Σm

n=1[αn[7ω2
nM

2γ + ω2
n]Σm−1

j=0 α
j
n]]

≤ d2(x1, x
?)− d2(xm+1, x

?) + Σm
n=1[αn[7ω2

nM
2γ + ω2

n]Σm−1
j=0 α

j
n]]

≤ d2(x1, x
?) + Σ∞n=1[αn[7ω2

nM
2γ + ω2

n]Σm−1
j=0 α

j
n]] <∞

Thus, Σbn is finite and as such, it converges, then we can also write that;

0 ≤ Σ∞n=1(αmn (1− αn)[Σm−1
j=1 d

2(xn, Tm−j(tn)yn+j−1) + d2(xn, Tm(tn)xn)])

≤ Σ∞n=1(d2(xn, x
?)− d2(xn+1, x

?) + αn[7ω2
nM

2γ + ω2
n]Σm−1

j=0 α
j
n) <∞

Now, since Σbn is finite and it converges, so does Σan, by the comparison test of

a series. since; Σ∞n=1(d2(xn, x
?)−d2(xn+1, x

?)+αn[7ω2
nM

2γ+ω2
n]Σm−1

j=0 α
j
n) <∞,

then this also implies that;

Σ∞n=1(αmn (1− αn)[Σm−1
j=1 d

2(xn, Tm−j(tn)yn+j−1) + d2(xn, Tm(tn)xn)]) <∞

and by our choice of {αn}∞n=1, we have;

αmn (1− αn)[Σm−1
j=1 d

2(xn, Tm−j(tn)yn+j−1) + d2(xn, Tm(tn)xn)]

= (αmn − αm+1
n )[Σm−1

j=1 d
2(xn, Tm−j(tn)yn+j−1) + d2(xn, Tm(tn)xn)] −→ 0 as n→

∞. Thus, we have;

lim
n→∞

d(xn, Tm(tn)xn) = lim
n→∞

d(xn, Tm−1(tn)yn)

...

= lim
n→∞

d(xn, Th(tn)yn+m−h−1)

...

= lim
n→∞

d(xn, Th(tn)yn+m−2) = 0. 2 ≤ h ≤ m
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Hence, the remaining of the proof follows as in lemma 3.2.4 above. �

Theorem 3.2.7 ; Let E be a complete CAT (0) space and K be a nonempty

closed convex subset of E. Let ∂ := {Ti(t) : K → K, t ≥ 0} be a uni-

formly asymptotic regular family of uniformly L-Lipschitzian total asymptoti-

cally quasi-nonexpansive semigroup of E, with sequences {uin(tn)}∞n=1, {vin(tn)}∞n=1

and mappings ψi : [0,∞)→ [0,∞) satisfying Σ∞n=1uin(tn) <∞ and Σ∞n=1vin(tn) <

∞, for i ∈ I. Let {αn}∞n=1 be a sequence in [ε, 1 − ε], ε ∈ (0, 1). Let {xn} be

a sequence defined iteratively as in lemma 3.2.1. Let {tn} be an increasing

sequence in [0,∞). Then, {xn} ∆−converges to an element of F .

Proof. LetW∆({xn}) :=
⋃
{un}⊂{xn}A({un}). We now show thatW∆({xn}) ⊂

F and also that W∆({xn}) consists only of a single point. Let u ∈ W∆({xn}),

then by the definition of ∆−convergence there exists a subsequence say {un}

of {xn} such that {u} = A({un}). By lemma 3.1.6, there exists a convergence

subsequence {vn} of {un} such that ∆− limn→∞ vn = v, for some v ∈ K. But

limn→∞d(vn, Ti(tn)vn) = 0, for each i ∈ I, and t ≥ 0. By the demiclosedness

property of each Ti(t), we have v ∈ F . As the limit limn→∞d(vn, v) exists,

so u = v ∈ F , when limit exists, its unique and as such, since u = v and

{u} = A({un}), then {u} ∈ W∆({xn}) ⊂ F .

Next, we show thatW∆({xn}) has a single element. Let {un} be a subsequence

of {xn}, such that {u} = A({un}) and let {x} = A({xn}). Since {u} ∈

W∆({xn}) ⊂ F , the limit limn→∞d(xn, u) exists and by lemma 3.1.2, x = u

and so W∆({xn}) has a single element which implies the conclusion that {xn}

∆−converges to an element of F . This completes the proof. �

The CAT (0) spaces are also the rotund metric spaces (staple rotund see; (Sta-

ples (1976))). The polar and ∆−convergence of the CAT (0) space, coincides
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in a complete rotund metric space. As a consequence of this statement and

theorem 3.2.7, we have the following theorem.

Theorem 3.2.8 ; Let E be a complete CAT (0) space and K be a closed convex

nonempty subset of E. Let ∂ := {Ti(t) : K → K, t ≥ 0} be a uniformly asymp-

totic regular family of uniformly L-Lipschitzian total asymptotically quasi-

nonexpansive semigroup of E, with sequences {uin(tn)}∞n=1, {vin(tn)}∞n=1 and

mappings ψi : [0,∞) → [0,∞) satisfying Σ∞n=1uin(tn) < ∞ and Σ∞n=1vin(tn) <

∞, for i ∈ I. Let {αn}∞n=1 be a sequence in [ε, 1 − ε], ε ∈ (0, 1), Let {xn}

be a sequence defined iteratively as in lemma 3.2,1 above and let {tn} be an

increasing sequence in [0,∞). Then, {xn} polar converges to an element of F .
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CHAPTER FOUR

COMMON FIXED POINT APPROXIMATION OF
TOTAL ASYMPTOTICALLY NONEXPANSIVE

SEMIGROUP IN CAT (0) SPACES

In this chapter, the modified Mann iteration scheme is used to approximate

common fixed point of a family of uniformly asymptotic regular ∂ := {Ti(n)(t) :

K −→ K, t ≥ 0} Li(n)(t)−Lipchitzian and total asymptotically quasi-nonexpansive

semigroup in a complete CAT (0) space. We were able to prove that the itera-

tive scheme proposed in theorem 4.2.1, converges strongly to a common fixed

point of a total asymptotically quasi-nonexpansive semigroup in a complete

CAT (0) space. The result presented in this chapter is the semigroup version

of the result in Ugwunnadi and Ali (2016).

In Ugwunnadi and Ali (2016), it was proved that if the finite family of the map-

pings; Ti(n), i(n) = 1, 2, 3, ..., N are uniformly L-Lipschitzian and total asymp-

totically quasi-nonexpansive, under appropriate and restricted conditions, the

sequence {xn} strongly converges to a point in; F :=
⋂N
i=1 F (Ti) 6= ∅. In line

with this, we were able to present their result in a different manner, (i.e) by

letting the finite family of mappings to be uniformly asymptotic regular and

then total asymptotically quasi-nonexpansive semigroup of the ground set. We

were able to obtain the following result:

4.1 Preliminaries

In this section, to prove the main result, we need the following lemmas:
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Lemma 4.1.1 (Dehghan and Rooin (2014)); Let X be a CAT(0) space. Then,

d2((1− α)x⊕ αy, z) ≤ (1− α)2d2(x, z) + α2d2(y, z) + 2α(1− α)d2〈−→xz,−→yz〉

∀α ∈ [0, 1] and x, y, z ∈ X.

Lemma 4.1.2 (Kakavandi (2012)); Let X be a complete CAT(0) space, {xn}

be a sequence in X and x ∈ X. Then, {xn} ∆−converges to x if and only if

lim supn→∞〈−−→xxn,−→xy〉 ≤ 0, forall y ∈ X.

Lemma 4.1.3 (Xu (2004)); Let {an} be a sequence of nonnegative real num-

ber satisfying the following relation; an+1 ≤ (1 − αn)an + αnσn + γn, ∀n ≥ 0.

Where, (i) {αn} ⊂ [0, 1],
∑
αn = ∞; (ii) lim supσn ≤ 0; (iii) γn ≥ 0; (n ≥

0),
∑
γn <∞. Then, an → 0 as n→∞.

Theorem 4.1.4 (Chidume and Chidume (2006)); Suppose that {xn} is a se-

quence of positive terms and that the limit: L = limn→∞
xn+1

xn
exists.

If L < 1, then limn→∞ xn = 0.

Lemma 4.1.5 ; Let ∂ := {Ti(n)(t) : K −→ K, t ≥ 0} be a uniformly asymp-

totic regular finite family of total asymptotically nonexpansive semigroup, with

{µi(n)
p(n)(ti(n))}, {νi(n)

p(n)(ti(n))} and mappings φi(n) : R+ −→ R+ satisfying Σ∞p(n)=1

µ
i(n)
p(n)(ti(n)) < ∞ and Σ∞p(n)=1ν

i(n)
p(n)(ti(n)) < ∞. Then, there exists sequences

un(tn) and vn(tn) ⊂ [0,∞) such that;

d(Ti(n)(tn)x, Ti(n)(tn)y) ≤ d(x, y) + un(tn)φi(n)(d(x, y)) + vn(tn), ∀n ≥ 1 and

x, y ∈ K. Where; p(n) = j + 1, if jN < n ≤ (j + 1)N, j = 0, 1, 2, · · · and

n = jN + i(n); i(n) ∈ {1, 2, 3, ..., N}.
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4.2 Main Result

In our discussion here, we shall assume that p(n) = j + 1, if jN < n ≤

(j+1)N , j = 0, 1, 2, · · · and n = jN+i(n); i(n) ∈ {1, 2, 3, ..., N} and un(tn) :=

max1≤i(n)≤Nµ
i(n)
p(n)(ti(n)) and vn(tn) := max1≤i(n)≤Nν

i(n)
p(n)(ti(n)) and for each n ≥

1, n = (p(n)− 1)N + i(n). In this section, we state and prove the convergence

theorem on approximation of common fixed point of uniformly asymptotic

regular family of total asymptotically nonexpansive semigroup in a complete

CAT (0) space.

Theorem 4.2.1 ; Let X be a complete CAT (0) space and K be a closed con-

vex nonempty subset of X. Let ∂ := {Ti(n)(t) : K −→ K, t ≥ 0} be a uniformly

asymptotic regular family of uniformly Li(n)(t)−Lipchitzian and total asymp-

totically nonexpansive semigroup of X, with {µi(n)
p(n)(ti(n))}, {νi(n)

p(n)(ti(n))} and

mappings φi(n) : R+ −→ R+ satisfying: Σ∞p(n)=1µ
i(n)
p(n)(ti(n)) <∞ and Σ∞p(n)=1

ν
i(n)
p(n)(ti(n)) <∞. Let un(tn) := max1≤i(n)≤Nµ

i(n)
p(n)(ti(n)) and vn(tn) := max1≤i(n)≤N

ν
i(n)
p(n)(ti(n)) such that: F =

⋂N
i(n)=1 F (Ti(n)) 6= ∅, where: F = F (TN(t)TN−1(t)TN−2(t)

· · ·T3(t)T2(t)T1(t)) = F (T1(t)TN(t)TN−1(t)TN−2(t) · · ·T3(t)T2(t)) = · · · =

F (TN−1(t)TN−2(t) · · ·T3(t)T2(t)T1(t)TN(t)) 6= ∅. Let {ti(n)} be an increasing

sequence in [0,∞). Let {xn}∞n=1 be a sequence generated by x1 = x ∈ K.


yn = PK((1− αn)xn)

xn+1 = (1− βn)yn ⊕ βnT p(n+1)
i(n+1) (ti(n+1))yn (4.2.2)

where {αn}∞n=1 ⊂ (0, 1), {βn}∞n=1 ⊂ [c, d] ⊂ (0, 1) satisfying limn→∞ αn =

0,Σ∞n=1αn =∞ and limn→∞
un(tn)
αn

= 0, limn→∞
vn(tn)
αn

= 0. Assuming that there

exists a constant M := max1≤i(n)≤NMi(n), such that φi(n)(r) ≤ Mr, ∀r ≥ 0.

Then {xn}∞n=1 converges strongly to F .
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Proof. We start the prove by letting δn := (1 + βnun+1(tn+1)M)αn. Since

there exists N0 ≥ 0 such that un+1(tn+1)
αn

≤ ε(1+βnun+1(tn+1)M)
βnM

and vn+1(tn+1)
αn

≤
(1+βnun+1(tn+1)M)

βn
, for all n ≥ N0 and for some ε > 0 satisfying 0 ≤ (1−ε)δn ≤ 1.

For some p ∈ F and n ≥ N0, then we have from (4.2.2) above that:

d(yn, p) = d(PK((1− αn)xn), p)

= d(PK(αn(0)⊕ (1− αn)xn), p)

≤ d(αn(0)⊕ (1− αn)xn, p)

≤ αnd(0, p) + (1− αn)d(xn, p)

And

d(xn+1, p) = d((1− βn)yn ⊕ βnT p(n+1)
i(n+1) (ti(n+1))yn, p)

≤ (1− βn)d(yn, p) + βnd(T
p(n+1)
i(n+1) (ti(n+1))yn, p), [p = T

p(n+1)
i(n+1) (ti(n+1))p]

= (1− βn)d(yn, p) + βnd(T
p(n+1)
i(n+1) (ti(n+1))yn, T

p(n+1)
i(n+1) (ti(n+1))p)

≤ (1− βn)d(yn, p) + βn[d(yn, p) + un+1(tn+1)φi(n+1)(d(yn, p))

+vn+1(tn+1)]

= d(yn, p)− βnd(yn, p) + βnd(yn, p) + βnun+1(tn+1)φi(n+1)

(d(yn, p)) + βnvn+1(tn+1)

= d(yn, p) + βnun+1(tn+1)φi(n+1)(d(yn, p)) + βnvn+1(tn+1)

But using φi(n)(r) ≤Mr, ∀r ≥ 0, we then have; φi(n+1)(d(yn, p)) ≤Md(yn, p)

d(xn+1, p) ≤ d(yn, p) + βnun+1(tn+1)Md(yn, p) + βnvn+1(tn+1)

= [1 + βnun+1(tn+1)M ]d(yn, p) + βnvn+1(tn+1)
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≤ [1 + βnun+1(tn+1)M ](αnd(0, p) + (1− αn)d(xn, p)) +

βnvn+1(tn+1)

= [1 + βnun+1(tn+1)M ]αnd(0, p) + [1 + βnun+1(tn+1)M ]

(1− αn)d(xn, p) + βnvn+1(tn+1)

From our assumption above, we have that: δn := (1 + βnun+1(tn+1)M)αn,

βnun+1(tn+1)M ≤ ε(1 + βnun+1(tn+1)M)αn = εδn and also

βnvn+1(tn+1) ≤ (1 + βnun+1(tn+1)M)αn = δn. Substituting this above and

simplifying, we then write;

d(xn+1, p) ≤ δnd(0, p) + d(xn, p) + βnun+1(tn+1)Md(xn, p)− δnd(xn, p) + δn

= δnd(0, p) + d(xn, p) + εδnd(xn, p)− δnd(xn, p) + δn

= d(xn, p) + εδnd(xn, p)− δnd(xn, p) + δnd(0, p) + δn

= [1− δn + εδn]d(xn, p) + δn[d(0, p) + 1]

= [1− (1− ε)δn]d(xn, p) + δn[d(0, p) + 1]

= [1− (1− ε)δn]d(xn, p) +
(1− ε)
(1− ε)

δn[d(0, p) + 1]

= [1− (1− ε)δn]d(xn, p) +
(1− ε)δn[d(0, p) + 1]

(1− ε)

≤ max{d(xn, p),
[d(0, p) + 1]

(1− ε)
}

Thus, we have;

d(xn+1, p) ≤ max{d(xn, p),
[d(0, p) + 1]

(1− ε)
}, ∀ n+ 1 ≥ n

And by induction, since it holds for all n + 1 ≥ n, then it also hold for all

n ≥ N0. Then, we can write that;
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d(xn, p) ≤ max{d(xN0 , p),
[d(0, p) + 1]

(1− ε)
}, ∀ n ≥ N0. (4.2.3)

It then follows that {xn} is bounded, and as such {yn}, {T p(n+1)
i(n+1) (ti(n+1))yn},

and {T p(n+1)
i(n+1) (ti(n+1))xn} are all bounded. Also,

d(yn, xn) = d(PK((1− αn)xn), xn)

= d(PK(αn(0)⊕ (1− αn)xn), xn)

≤ d(αn(0)⊕ (1− αn)xn, xn)

≤ αnd(0, xn) + (1− αn)d(xn, xn)

= αnd(0, xn) −→ 0 as n→∞.

Using lemma 3.1.3 and by letting un(tn) = 2Mun(tn) + u2
n(tn)M2, we have;

d2(xn+1, p) = d2((1− βn)yn ⊕ βnT p(n+1)
i(n+1) (ti(n+1))yn, p)

≤ (1− βn)d2(yn, p) + βnd
2(T

p(n+1)
i(n+1) (ti(n+1))yn, p)− βn(1− βn)

d2(yn, T
p(n+1)
i(n+1) (ti(n+1))yn)

= (1− βn)d2(yn, p) + βnd
2(T

p(n+1)
i(n+1) (ti(n+1))yn, T

p(n+1)
i(n+1) (ti(n+1))p)

−βn(1− βn)d2(yn, T
p(n+1)
i(n+1) (ti(n+1))yn), [p = T

p(n+1)
i(n+1) (ti(n+1))p]

≤ (1− βn)d2(yn, p) + βn[d(yn, p) + un+1(tn+1)φi(n+1)(d(yn, p))

+vn+1(tn+1)]2 − βn(1− βn)d2(yn, T
p(n+1)
i(n+1) (ti(n+1))yn)

Using φi(n)(r) ≤Mr, ∀r ≥ 0, we then have; φi(n+1)(d(yn, p)) ≤Md(yn, p)

≤ (1− βn)d2(yn, p) + βn[d(yn, p) + un+1(tn+1)Md(yn, p) + vn+1(tn+1)]2

−βn(1− βn)d2(yn, T
p(n+1)
i(n+1) (ti(n+1))yn)
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= (1− βn)d2(yn, p) + βn[(1 + un+1(tn+1)M)d(yn, p) + vn+1(tn+1)]2 − βn

(1− βn)d2(yn, T
p(n+1)
i(n+1) (ti(n+1))yn)

= (1− βn)d2(yn, p) + βn[(1 + un+1(tn+1)M)2d2(yn, p) + 2[(1 + un+1(tn+1)M)

d(yn, p)][vn+1(tn+1)] + (vn+1(tn+1))2]− βn(1− βn)d2(yn, T
p(n+1)
i(n+1) (ti(n+1))yn)

= d2(yn, p) + 2βnun+1(tn+1)Md2(yn, p) + βnu
2
n+1(tn+1)M2d2(yn, p) + 2βnvn+1

(tn+1)d(yn, p) + 2βnvn+1(tn+1)un+1(tn+1)Md(yn, p) + βnv
2
n+1(tn+1)− βn

(1− βn)d2(yn, T
p(n+1)
i(n+1) (ti(n+1))yn)

= [1 + βn(2un+1(tn+1)M + u2
n+1(tn+1)M2)]d2(yn, p) + βnvn+1(tn+1)[2d(yn, p)

+2un+1(tn+1)Md(yn, p) + vn+1(tn+1)]− βn(1− βn)d2(yn, T
p(n+1)
i(n+1) (ti(n+1))yn)

= [1 + βnun+1(tn+1)]d2(yn, p) + βnvn+1(tn+1)[2(1 + un+1(tn+1)M)d(yn, p)

+vn+1(tn+1)]− βn(1− βn)d2(yn, T
p(n+1)
i(n+1) (ti(n+1))yn) (4.2.4)

Since {yn} is bounded, then there exists D > 0 such that: d(yn, p) ≤ D ∀n ≥

1, so that we have;

d2(xn+1, p) ≤ d2(yn, p) + βnun+1(tn+1)D2 + βnvn+1(tn+1)[2(1 + un+1(tn+1)M)

D + vn+1(tn+1)]− βn(1− βn)d2(yn, T
p(n+1)
i(n+1) (ti(n+1))yn) (4.2.5)

Also from (4.2.2) and lemma 3.1.3, we obtain;

d2(yn, p) = d2(PK((1− αn)xn), p)

= d2(PK(αn(0)⊕ (1− αn)xn), p)

≤ d2(αn(0)⊕ (1− αn)xn, p)

≤ α2
nd

2(0, p) + (1− αn)2d2(xn, p) + 2αn(1− αn)〈−→0p,−→xnp〉 (4.2.6)

Now, substituting (4.2.6) into (4.2.5), we obtain;
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d2(xn+1, p) ≤ α2
nd

2(0, p) + (1− αn)2d2(xn, p) + 2αn(1− αn)〈−→0p,−→xnp〉

+βnun+1(tn+1)D2 + βnvn+1(tn+1)[2(1 + un+1(tn+1)M)D

+vn+1(tn+1)]− βn(1− βn)d2(yn, T
p(n+1)
i(n+1) (ti(n+1))yn) (4.2.7)

≤ α2
nd

2(0, p) + (1− αn)2d2(xn, p) + 2αn(1− αn)〈−→0p,−→xnp〉

+βnun+1(tn+1)D2 + βnvn+1(tn+1)[2(1 + un+1(tn+1)M)D

+vn+1(tn+1)] (4.2.8)

Since {xn} and {yn} are bounded, then there exists D1 > 0 such that;

αnd
2(0, p) + 2(1− αn)〈−→0p,−→xnp〉 ≤ D1, ∀n ≥ 1 (4.2.9)

From (4.2.7) and (4.2.9) above, we get;

βn(1− βn)d2(yn, T
p(n+1)
i(n+1) (ti(n+1))yn) ≤ d2(xn, p)− d2(xn+1, p) + α2

nd
2(xn, p)

+α2
nd

2(0, p) + 2αn(1− αn)〈−→0p,−→xnp〉

+βnun+1(tn+1)D2 + βnvn+1(tn+1)

[2(1 + un+1(tn+1)M)D + vn+1(tn+1)]

= d2(xn, p)− d2(xn+1, p) + αn[αnd
2(0, p)

+2(1− αn)〈−→0p,−→xnp〉+ βn
un+1(tn+1)

αn
D2

+βn
vn+1(tn+1)

αn
[2(1 + un+1(tn+1)M)D

+vn+1(tn+1)] + αnd
2(xn, p)]

≤ d2(xn, p)− d2(xn+1, p) + αn[D1 + βn

un+1(tn+1)

αn
D2 + βn

vn+1(tn+1)

αn
[2(1 + un+1

(tn+1)M)D + vn+1(tn+1)] + αnd
2(xn, p)] (4.2.10)
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Now, to complete the prove, we consider the following two cases;

CASE 1; Suppose that there exists n0 ∈ N such that {d(xn, p)} is non-

decreasing, then in this case, {d(xn, p)} is convergent (by its monotonicity and

boundedness). Then, from (4.2.10) above, we obtain;

βn(1− βn)d2(yn, T
p(n+1)
i(n+1) (ti(n+1))yn) −→ 0 as n→∞. (4.2.11)

Which implies that by our choice of βn,

d(yn, T
p(n+1)
i(n+1) (ti(n+1))yn) −→ 0 as n→∞. (4.2.12)

And

d(xn, T
p(n+1)
i(n+1) (ti(n+1))yn) ≤ d(xn, yn) + d(yn, T

p(n+1)
i(n+1) (ti(n+1))yn)

−→ 0 as n→∞

Also, from (4.2.2) above, we have that;

d(xn+1, xn) = d((1− βn)yn ⊕ βnT p(n+1)
i(n+1) (ti(n+1))yn, xn)

≤ (1− βn)d(yn, xn) + βnd(T
p(n+1)
i(n+1) (ti(n+1))yn, xn)

Which implies that from (4.2.4) and (4.2.12) above, we write;

lim
n→∞

d(xn+1, xn) = 0, (4.2.13)

Furthermore, we obtain that;
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d(xn, T
p(n+1)
i(n+1) (ti(n+1))xn) ≤ d(xn, yn) + d(yn, T

p(n+1)
i(n+1) (ti(n+1))yn) + d(T

p(n+1)
i(n+1)

(ti(n+1))yn, T
p(n+1)
i(n+1) (ti(n))T

p(n+1)
i(n+1) (ti(n+1))yn) +

d(T
p(n+1)
i(n+1) (ti(n))T

p(n+1)
i(n+1) (ti(n+1))yn, T

p(n+1)
i(n+1) (ti(n+1))xn)

= d(xn, yn) + d(yn, T
p(n+1)
i(n+1) (ti(n+1))yn) + d(T

p(n+1)
i(n+1)

(ti(n+1))yn, T
p(n+1)
i(n+1) (ti(n+1) + ti(n))yn) + d(T

p(n+1)
i(n+1)

T
p(n+1)
i(n+1) (ti(n+1) + ti(n))yn, T

p(n+1)
i(n+1) (ti(n+1))xn)

≤ d(xn, yn) + d(yn, T
p(n+1)
i(n+1) (ti(n+1))yn) + sup

s∈<+,z∈{yn}

d(T
p(n+1)
i(n+1) (ti(n+1))z, T

p(n+1)
i(n+1) (ti(n+1) + s)z) + [1 + un+1

(ti(n+1))M ]d(T
p(n+1)
i(n+1) (ti(n))yn, xn) + vn+1(ti(n+1))

Using the uniform asymptotic regularity of ∂, (4.2.12) and our assumption

above, we get;

d(xn, T
p(n+1)
i(n+1) (ti(n+1))xn) ≤ d(xn, yn) + d(yn, T

p(n+1)
i(n+1) (ti(n+1))yn) + sup

s∈<+,z∈{yn}

d(T
p(n+1)
i(n+1) (ti(n+1))z, T

p(n+1)
i(n+1) (ti(n+1) + s)z) + [1 +

un+1(ti(n+1))M ]d(T
p(n+1)
i(n+1) (ti(n))yn, xn) + vn+1

(ti(n+1)) −→ 0 as n→∞ (4.2.14)

Hence, from (4.2.13),

d(xn+N , xn) ≤ d(xn+N , xn+N−1) + d(xn+N−1, xn+N−2) + d(xn+N−2, xn+N−3)

+ · · ·+ d(xn+2, xn+1) + d(xn+1, xn) −→ 0 as n→∞ (4.2.15)

Next, we show that ∀t ≥ 0;
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lim
n→∞

d(xn, Ti(n+N)(ti(n))Ti(n+N−1)(ti(n))Ti(n+N−2)(ti(n)) · · ·

Ti(n+2)(ti(n))Ti(n+1)(ti(n))Ti(n)(ti(n))xn) = 0,

Using (4.2.15), it suffices to show that ∀t ≥ 0;

lim
n→∞

d(xn+N , Ti(n+N)(ti(n))Ti(n+N−1)(ti(n))Ti(n+N−2)(ti(n)) · · ·

Ti(n+2)(ti(n))Ti(n+1)(ti(n))Ti(n)(ti(n))xn) = 0,

But,

d(xn+N−1, T
p(n+N)
i(n+N) (ti(n+N))xn+N−1) ≤ d(xn+N−1, xn+N) + d(xn+N , T

p(n+N)
i(n+N)

(ti(n+N))xn+N−1)

= d(xn+N−1, xn+N) + d((1− βn+N−1)

yn+N−1 ⊕ βn+N−1T
p(n+N)
i(n+N) (ti(n+N))

yn+N−1), T
p(n+N)
i(n+N) (ti(n+N)), xn+N−1)

≤ d(xn+N−1, xn+N) + (1− βn+N−1)

d(yn+N−1, T
p(n+N)
i(n+N) (ti(n+N))xn+N−1)

+βn+N−1d(T
p(n+N)
i(n+N) (ti(n+N))

yn+N−1), T
p(n+N)
i(n+N) (ti(n+N)), xn+N−1)

≤ d(xn+N−1, xn+N) + (1− βn+N−1)

[αn+N−1d(0, T
p(n+N)
i(n+N) (ti(n+N))xn+N−1)

+(1− αn+N−1)d(xn+N−1, T
p(n+N)
i(n+N) (ti(n+N))

xn+N−1)] + βn+N−1(1 + un+N(tn+N)M)

d(yn+N−1, xn+N−1) + βn+N−1vn+N(tn+N)
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≤ 1

αn+N−1 + βn+N−1(1− αn+N−1)
d(xn+N−1, xn+N) +

(1− βn+N−1)αn+N−1

αn+N−1 + βn+N−1(1− αn+N−1)
d(0, T

p(n+N)
i(n+N) (ti(n+N))

xn+N−1) +
βn+N−1

αn+N−1 + βn+N−1(1− αn+N−1)
d(xn+N−1

[(1 + un+N(tn+N)M)d(yn+N−1, xn+N−1) + vn+N(tn+N ]

−→ 0 as n→∞. (4.2.16)

By (4.2.13), (4.2.14) and (4.2.3) we have the above expression. Now, since

{Ti(n)(ti(n))} is Lipschitz with constant Li(n)(ti(n)) for each i(n) ∈ {1, 2, 3, ..., N}

and for L(t) := max1≤i(n)≤N{Li(n)(ti(n))} for any positive number n ≥ 1 and

t ≥ 0, n = (p(n)− 1)N + i(n), we have;

d(xn+N−1, Ti(n+N)(ti(n+N))xn+N−1) ≤ d(xn+N−1, T
p(n+N)
i(n+N) (ti(n+N))xn+N−1) + d

(T
p(n+N)
i(n+N) (ti(n+N))xn+N−1, T

p(n+N)
i(n+N) (ti(n))

T
p(n+N)
i(n+N) (ti(n+N))xn+N−1) + d(T

p(n+N)
i(n+N)

(ti(n))T
p(n+N)
i(n+N) (ti(n+N))xn+N−1, Ti(n+N)

(ti(n+N))xn+N−1)

= d(xn+N−1, T
p(n+N)
i(n+N) (ti(n+N))xn+N−1)

+d(T
p(n+N)
i(n+N) (ti(n+N))xn+N−1, T

p(n+N)
i(n+N)

(ti(n+N) + ti(n))xn+N−1) + d(T
p(n+N)
i(n+N)

(ti(n+N) + ti(n))xn+N−1, Ti(n+N)(ti(n+N))

xn+N−1)

Since, for any t ≥ 0 and {Ti(n)(t) : t ≥ 0} is a uniformly asymptotic regular

family, then we have that;
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lim
n→∞

d(T
p(n+N)
i(n+N) (ti(n+N))xn+N−1, T

p(n+N)
i(n+N) (ti(n+N) + t)xn+N−1)

≤ lim
n→∞

sup
z∈K

d(T
p(n+N)
i(n+N) (ti(n+N))z, T

p(n+N)
i(n+N) (ti(n+N) + t)z) = 0.

where K is a closed, convex, nonempty subset of X containing {xn} and

{xn+N−1} (bounded sequences). Since {Ti(n)(t)} is continuous, we get that;

≤ d(xn+N−1, T
p(n+N)
i(n+N) (ti(n+N))xn+N−1) + sup

z∈K,s∈<+

d(T
p(n+N)
i(n+N) (ti(n+N))z,

T
p(n+N)
i(n+N) (ti(n+N) + s)z) + L(t)d(T

p(n+N)
i(n+N) (ti(n))T

p(n+N)−1
i(n+N) (ti(n+N))

xn+N−1, xn+N−1)

≤ d(xn+N−1, T
p(n+N)
i(n+N) (ti(n+N))xn+N−1) + sup

z∈K,s∈<+

d(T
p(n+N)
i(n+N) (ti(n+N))z,

T
p(n+N)
i(n+N) (ti(n+N) + s)z) + L(t)[d(T

p(n+N)
i(n+N) (ti(n))T

p(n+N)−1
i(n+N) (ti(n+N)

)xn+N−1, T
p(n+N)−1
i(n+N) (ti(n))xn−1) + d(T

p(n+N)−1
i(n+N) (ti(n))xn−1, xn−1)

+d(xn−1, xn+N−1)] (4.2.17)

Thus, since for each n ≥ N , n+N = n(modN), and also n = (p(n)−1)N+i(n),

so that we have; n+N = (p(n)− 1 + 1)N + i(n) = (p(n+N)− 1) = p(n) and

i(n) = i(n+N), assume that p(n+N) = p(n) also. Hence,

d(T
p(n+N)
i(n+N) (ti(n))T

p(n+N)−1
i(n+N) (ti(n+N))xn+N−1, T

p(n+N)−1
i(n) (ti(n))xn−1)

= d(T
p(n)
i(n) (ti(n))T

p(n)
i(n) (ti(n))xn+N−1, T

p(n)
i(n) (ti(n))xn−1)

= d(T
p(n)
i(n) (2ti(n))xn+N−1, T

p(n)
i(n) (ti(n))xn−1)

= d(T
p(n)
i(n) (ti(n))xn+N−1, T

p(n)
i(n) (ti(n))xn−1)

≤ L(t)d(xn+N−1, xn−1) (4.2.18)
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And also,

d(T
p(n+N)−1
i(n) (ti(n))xn−1, xn−1) = d(T

p(n)
i(n) (ti(n))xn−1, xn−1) (4.2.19)

Now, substituting (4.2.19), (4.2.18) into (4.2.17), we have;

d(xn+N−1, Ti(n+N)(ti(n+N))xn+N−1) ≤ d(xn+N−1, T
p(n+N)
i(n+N) (ti(n+N))xn+N−1) +

sup
z∈K,s∈<+

d(T
p(n+N)
i(n+N) (ti(n+N))z, T

p(n+N)
i(n+N)

(ti(n+N) + s)z) + L(t)[L(t)d(xn+N−1,

xn−1) + d(T
p(n)
i(n) (ti(n))xn−1, xn−1)

+d(xn−1, xn+N−1)]

= d(xn+N−1, T
p(n+N)
i(n+N) (ti(n+N))xn+N−1)

+ sup
z∈K,s∈<+

d(T
p(n+N)
i(n+N) (ti(n+N))z, T

p(n+N)
i(n+N)

(ti(n+N) + s)z) + L2(t)d(xn+N−1, xn−1)

+L(t)d(T
p(n)
i(n) (ti(n))xn−1, xn−1) + L(t)

d(xn−1, xn+N−1)

Using the definition of ∂, which is uniformly asymptotic regular, (4.2.15) and

(4.2.16), we get that;

lim
n→∞

d(xn+N−1, Ti(n+N)(ti(n+N))xn+N−1) = 0 (4.2.20)

Thus,

d(xn+N , Ti(n+N)(ti(n+N))xn+N−1) ≤ d(xn+N , xn+N−1) + d(xn+N−1, Ti(n+N)

(ti(n+N))xn+N−1) −→ 0 as n→∞ (4.2.21)
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Indeed, since {Ti(n)(ti(n))} is Lipchitzian, by using (4.2.21) above, we get;

d(xn+N , Ti(n+N)(ti(n))xn+N−1) −→ 0 as n→∞

d(Ti(n+N)(ti(n))xn+N−1, Ti(n+N)(ti(n))Ti(n+N−1)(ti(n))xn+N−2) −→ 0 as n→∞
...

d(Ti(n+N)(ti(n)) · · ·Ti(n+2)(ti(n))xn+1, Ti(n+N)(ti(n)) · · ·Ti(n+1)(ti(n))xn)

−→ 0 as n→∞

Adding them all together, we have;

d(xn+N , Ti(n+N)(ti(n))Ti(n+N−1)(ti(n))Ti(n+N−2)(ti(n)) · · ·

Ti(n+2)(ti(n))Ti(n+1)(ti(n))Ti(n)(ti(n))xn) −→ 0 as n→∞.

Which implies from (4.2.15) that;

d(xn, Ti(n+N)(ti(n))Ti(n+N−1)(ti(n))Ti(n+N−2)(ti(n)) · · ·

Ti(n+2)(ti(n))Ti(n+1)(ti(n))Ti(n)(ti(n))xn) −→ 0 as n→∞.

Also, since {Ti(n)(ti(n))} is Lipschitz with constant Li(n)(ti(n)) for each i(n) ∈

{1, 2, 3, ..., N} and for L(t) := max1≤i(n)≤N{Li(n)(ti(n))}, we have;

d(yn, Ti(n+N)(ti(n))Ti(n+N−1)(ti(n)) · · ·Ti(n+1)(ti(n))Ti(n)(ti(n))yn)

≤ d(yn, xn) + d(xn, Ti(n+N)(ti(n))Ti(n+N−1)(ti(n)) · · ·Ti(n+1)(ti(n))Ti(n)(ti(n))xn)

+d(Ti(n+N)(ti(n))Ti(n+N−1)(ti(n)) · · ·Ti(n+1)(ti(n))Ti(n)(ti(n))xn, Ti(n+N)(ti(n))

Ti(n+N−1)(ti(n))Ti(n+N−2)(ti(n)) · · ·Ti(n+2)(ti(n))Ti(n+1)(ti(n))Ti(n)(ti(n))yn))

≤ d(yn, xn) + Ln(t)d(yn, xn) + d(xn, Ti(n+N)(ti(n))Ti(n+N−1)(ti(n)) · · ·Ti(n+1)

(ti(n))Ti(n)(ti(n))xn)
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≤ [1 + Ln(t)]d(yn, xn) + d(xn, Ti(n+N)(ti(n))Ti(n+N−1)(ti(n)) · · ·Ti(n+1)(ti(n))

Ti(n)(ti(n))xn) −→ 0 as n→∞.

Since {xn} is bounded, there exists {xnj
} of {xn}, which converges to a point

p ∈ F . By lemma 3.1.2, we may also assume that {xnj
} ∆−converges to a

point p ∈ K. Now, since the family of semigroup is finite, passing to a further

subsequence if needed be, we may assume that for some i(n) ∈ {1, 2, 3, ..., N},

it follows from lemma 3.1.6 that;

d(xnj
, Ti(n+N)(ti(n))Ti(n+N−1)(ti(n))Ti(n+N−2)(ti(n)) · · ·

Ti(n+2)(ti(n))Ti(n+1)(ti(n))Ti(n)(ti(n))xnj
) −→ 0 as j →∞.

Finally, we show that xn −→ p, since d(yn, p) ≤ D1 and since D1 > 0, using

(4.2.8) above, we obtain;

d2(xn+1, p) ≤ (1− αn)2d2(xn, p) + α2
nd

2(0, p) + βnun+1(tn+1)D2

+βnvn+1(tn+1)[2(1 + un+1(tn+1)M)D + vn+1(tn+1)]

+2αn(1− αn)〈−→0p,−→xnp〉 (4.2.22)

Thus,

d2(xn+1, p) ≤ (1− αn)2d2(xn, p) + αnγn + σn, ∀n ≥ 1

where;

γn := αnd
2(0, p) + 2(1− αn)〈−→0p,−→xnp〉

σn := βnvn+1(tn+1)[2(1 + un+1(tn+1)M)D + vn+1(tn+1)] + βnun+1(tn+1)D2
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With Σ∞n=1σn < ∞. Since {xnj
} ∆−converges to a point p ∈ K, then by

lemma 3.1.7, we have lim supn→∞〈
−→
0p,−→xnp〉 ≤ 0, then it also follows from lemma

4.1.1 that {xn} converges strongly to a point p ∈ F . Consequently, {yn} also

converges strongly to a point p ∈ F .

CASE 2: suppose that {d(xn, p)}∞n=1 is not a monotone decreasing sequence,

then lets set Υn := d2(xn, p) and let

τn := max{k ∈ N : k ≤ n,Υk ≤ Υk+1}.

Then, τ is a non-decreasing sequence such that τn −→ ∞ as n → ∞ and

Υk ≤ Υk+1, for n ≥ N0 Now, following the same argument as in the first case

above, we obtain that;

d(xτ(n), Ti(τ(n+N))(ti(τ(n)))Ti(τ(n+N−1))(ti(τ(n)))Ti(τ(n+N−2))(ti(τ(n))) · · ·

Ti(τ(n+2))(ti(τ(n)))Ti(τ(n+1))(ti(τ(n)))Ti(τ(n))(ti(τ(n)))xτ(n)) −→ 0 as n→∞.

And also,

d(yτ(n), Ti(τ(n+N))(ti(τ(n)))Ti(τ(n+N−1))(ti(τ(n)))Ti(τ(n+N−2))(ti(τ(n))) · · ·

Ti(τ(n+2))(ti(τ(n)))Ti(τ(n+1))(ti(τ(n)))Ti(τ(n))(ti(τ(n)))yτ(n)) −→ 0 as n→∞.

As in the first case, we also obtain that {xτ(n)} ∆−converges to some point

p ∈ F . Furthermore, for all n ≥ N0, we also obtain from (4.2.22) above that;

0 ≤ d2(xτ(n+1), p)− d2(xτ(n), p)

≤ ατ(n)[ατ(n))
2d2(0, p) + 2(1− ατ(n))〈

−→
0p,−−−→xτ(n)p〉

+βτ(n)

vτ(n)+1(tτ(n)+1)

ατ(n)

[2(1 + uτ(n)+1(tτ(n)+1)M)D
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+vτ(n)+1(tτ(n)+1)] +D2βτ(n)

uτ(n+1)(tτ(n)+1)

ατ(n)

− d2(xτ(n), p)] (4.2.23)

It then follows from the above that;

d2(xτ(n), p) ≤ ατ(n)[ατ(n))
2d2(0, p) + 2(1− ατ(n))〈

−→
0p,−−−→xτ(n)p〉

+βτ(n)

vτ(n)+1(tτ(n)+1)

ατ(n)

[2(1 + uτ(n)+1(tτ(n)+1)M)D

+vτ(n)+1(tτ(n)+1)] +D2βτ(n)

uτ(n+1)(tτ(n)+1)

ατ(n)

] (4.2.24)

Thus,

lim
n→∞

Υτ(n) = lim
n→∞

Υτ(n)+1

Furthermore, for all n ≥ N0, we have that; Υk ≤ Υk+1, if n 6= τ(n), (i.e

τ(n) < n) because, Υj > Υj+1, for τ(n) ≤ j ≤ n. it follows that ∀n ≥ N0, we

have;

0 ≤ Υn

≤ max{Υτ(n),Υτ(n)+1}

= Υτ(n)+1

This implies that limn→∞Υn = 0 and hence, {xn} converges strongly to a

point p ∈ F . This completes the proof. �

Example 4.2.1 Here, we discuss the direct application of theorem 4.1 on a

typical example on the real line space. Consider the following: Let X = R and

K = [0, 1
2
], where K ⊂ X. Choose T (t)x = 9

10
x, αn = 1

2n
and βn =

n+ 1

4n− 1
.

Then, the modified Mann iterative scheme (4.2.2) above can be simplified as
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follows:

yn = PK((1− αn)xn)

= PK((1− 1

2n
)xn)

= (
2n− 1

2n
)xn, ∀n ∈ N.

And also,

xn+1 = (1− βn)yn ⊕ βnT p(n+1)
i(n+1) (ti(n+1))yn

= (1− n+ 1

4n− 1
)(

2n− 1

2n
)xn + (

n+ 1

4n− 1
)

9

10
(
2n− 1

2n
)xn

= (
6n2 − 7n+ 2

8n2 − 2n
)xn + (

9(2n2 + n− 1)

10(8n2 − 2n)
)xn, ∀n ∈ N.

Take the initial point x1 = 1
10
, the numerical example using MATLAB con-

verges to zero(0). Hence, the iteration process of the sequence {xn} converges

to zero(0), by using theorem 4.1.4 also.
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CHAPTER FIVE

SUMMARY, CONCLUSION AND
RECOMMENDATIONS

In this chapter, we present a summary and conclusion of the results presented

in this dissertation. We also present a list of recommendations for future

research in the line of problems addressed.

5.1 Summary

In conducting and compiling this dissertation, we were able to discuss the

following results:

In the first chapter, we introduced the concept of fixed point theory, hyperbolic

space, metric space, CAT (0) space and semigroup of nonexpansive mappings,

which we were able to do with the help of some important definitions and

examples where necessary. The methodology and concepts used helped in

achieving the desired results in the third and fourth chapters respectively.

In the second chapter, we gave some literature review on the concept studied

in this dissertation, which includes; fixed point theorems and semigroup of the

one parameter family of nonexpansive mappings.

In the third chapter, using an iterative scheme, we were able to establish the

polar and ∆− convergence theorems for uniformly asymptotic regular finite

family of total asymptotically quasi-nonexpansive semigroup in a uniformly

convex hyperbolic space and also in a complete CAT (0) space.
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In the fourth chapter, we studied and used the modified Mann iterative scheme

for approximating common fixed point of a uniformly asymptotic regular fam-

ily of uniformly L-Lipschitzian and total asymptotically quasi-nonexpansive

semigroup in a complete CAT (0) space.

In the last chapter, we summarized and concluded the dissertation and pro-

vided some directions for future findings and research.

5.2 Conclusion

In this study, the iterative schemes considered in the third and fourth chapters

were used to show three (3) important convergence of the semigroup of the one

parameter family of nonexpansive mappings. These convergence includes: the

strong convergence, the polar convergence and the ∆−convergence. And also,

the approximation of common fixed point theorems of such mappings have

been established. Hence, we conclude that convergence can be obtained in a

uniformly convex hyperbolic space and also in a complete CAT (0) space, using

both the concept of the semigroup of the one parameter family of nonexpansive

mappings and that of uniformly asymptotic regularity of finite families of a

map.

5.3 Recommendations

In this study, we were able to achieve the desired objectives by showing: strong,

polar and ∆−convergence in CAT (0) spaces. With this, we recommend that
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this dissertation could be used to improve the study of the hyperbolic (CAT (0))

spaces by future researchers. The points listed below, will help in improving the

study of the semigroup of the one parameter family of nonexpansive mappings

in CAT (0) spaces.

1 The convergence in the CAT (0) space should be extended to common

fixed point of a finite family of non-self mappings of total asymptotically

nonexpansive semigroup.

2 Results involving variational inequality problem (V.I.P) and equilibrium

problem (E.P) should be studied in the settings of the CAT (0) spaces.

These are but a few directions we have for future research/investigations.
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