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ABSTRACT

In this dissertation, a multi-step iterative scheme was used to establish the
strong and A—convergence theorems for finite families of uniformly asymp-
totic regular, total asymptotically nonexpansive semigroup in a uniformly
convex hyperbolic space. We also used a different method of proof, to es-
tablish the polar and A—convergence theorems for finite families of uniformly
asymptotic regular, uniformly L-Lipschitzian and total asymptotically nonex-
pansive semigroup in a complete C AT'(0) space. We then studied the modified
Mann iteration scheme for approximating common fixed point of a uniformly
asymptotic regular family of total asymptotically nonexpansive semigroup in
a complete CAT'(0) space. We proved that the sequences generated by the
iterative schemes converges to a common fixed point of a finite family of uni-
formly asymptotic regular and total asymptotically nonexpansive semigroup

in hyperbolic spaces.
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CHAPTER ONE

GENERAL INTRODUCTION

1.1 Introduction

The study of non-linear operators had its beginning about the start of the twen-
tieth century, with the investigation into the existence properties of solutions
to certain boundary valued problems arising in ordinary and partial differential
equations. The earliest techniques, largely devised by Picard (1893), involved
the iteration of an integral operator to obtain solutions to such problems. In
1922, these techniques of Picard were given precise abstract formulation by
Cacciopoli (1931) and Banach (1932), a powerful tool in analysis for establish-
ing existence and uniqueness of solution of problems of different kinds. The
fact that, fixed point theorem is an important tool for solving equation of the
form Tx = x; where T is a self-map defined on a subset of some suitable
space, leads to the significance of this area. And it is useful in the theory of
Newtonian and non-Newtonian calculus. The fixed point of a map plays the
role of an equilibrium or stable point of the body of a system defined in terms
of the operator. It is also known that the concept of equilibrium system is
very crucial in other scientific areas that includes: biology, ecology, economics,
physics, medicine, chemistry and also in engineering among others. Various
authors have generalized Banach-Cacciopoli contraction mapping principle in
different spaces which includes: Banach space, Hilbert space, Metric space,

Hyperbolic space and even the CAT(0) space.

Goebel and Kirk (1972) introduced the concept of asymptotically nonexpan-

sive mappings as a generalization of nonexpansive mappings. Alber et al.



(2006), introduced the class of total asymptotically nonexpansive mappings,
which generalizes several classes of maps, which are extensions of asymptoti-
cally nonexpansive mappings. The concept of fixed point theory in C AT (k)
space was first introduced by Kirk (2003, 2004). His work was followed by a
series of new works by many authors, mainly focusing on the C'AT'(0) space,
which is a special case of the CAT(k) space, all results in CAT(0) space im-
mediately apply to any C'AT (k) space with & < 0. As it is well known, the
construction of common fixed points of nonexpansive semigroup and asymp-
totically nonexpansive semigroup is an important problem in the theory of
nonexpansive mappings in nonlinear operator theory and applications. These
has applications in: image recovery, signal processing problems and convex
feasibility problems. (see; Yao and Shahzad (2011), Chidume and Chidume
(2006), Marino and Xu (2006), Xu (2004), Shimoji and Takahashi (2001),
among others). Takahashi (1969) proved the fixed point theorem for a non-
commutative semigroup of nonexpansive mappings which generalises DeMarr’s

(1963) result.

The concept of approximation of common fixed point of asymptotically nonex-
pansive mappings in C'AT'(0) space and convergence theorems for finite families
of total asymptotically nonexpansive mappings in hyperbolic space, were dis-
cussed in Ugwunnadi and Ali (2016) and in Ali (2016). In this dissertation,
using the definitions of the semigroup of the one parameter family of non-
expansive mappings and the uniformly asymptotic regularity of a map, their

results were a bit modified and presented in the same complete C' AT (0) space.



1.2 Statement of the Problem

Ali (2016) proved the strong and A—convergence for finite families of total
asymptotically nonexpansive mappings in hyperbolic spaces, while Ugwunnadi
and Ali (2016) studied the modified Mann iterative scheme and proved that the
proposed sequence in the iterative scheme converges to a common fixed point
of total asymptotically nonexpansive mappings in a complete C' AT'(0) space.
In this dissertation, using the concept of uniformly asymptotic regularity of
self mappings and the semigroup of the one parameter family of nonexpansive
mappings, we shall study and prove the strong, polar and A—convergence the-
orems in a uniformly convex hyperbolic space and also in a complete C'AT(0)

space.

1.3 Aim and Objectives

This dissertation is aimed at establishing new results in the field of non-linear

operator theory. The primary objectives of this study are to:

1. establish the strong and A—convergence theorems, using the uniformly
asymptotic regularity of self mappings on the total asymptotically quasi-

nonexpansive semigroup in a uniformly convex hyperbolic space.

2. prove (1) above, using a different method of proof to show polar and
A—convergence theorems, using the uniformly asymptotic regularity of
self mappings on the total asymptotically quasi-nonexpansive semigroup

in a complete CAT'(0) space.



3. establish the notion of convergence theorems in hyperbolic space and also
in a complete CAT'(0) space, using the concept of the semigroup of the

one parameter family of nonexpansive mappings.

1.4 Research Methodology

The method used in this dissertation is by consulting necessary and relevant
books and articles, in literature; on the fixed point theorem, approximation
of common fixed points, convergence for finite families, uniformly asymptotic
regular family, total asymptotically nonexpansive semigroup, C'AT(0) space,
hyperbolic space and so on. These articles were reviewed thoroughly to cover
a major part of the work done on polar and A— convergence in hyperbolic and
CAT(0) spaces. The work done on the common fixed point approximations
for finite families of total asymptotically nonexpansive semigroup in hyperbolic

space are then taken in the settings of a complete C'AT'(0) space.

In the theorems, we assumed that the finite families of mappings are uniformly
asymptotic regular and are semigroup of nonexpansive mappings, if they satisfy
some restricted and appropriate conditions, then the sequence either polar,
strongly or A—converge to a point in the set of all common fixed points in the
space. And, in the proofs, we considered a sequence from the proposed iterative
schemes and applied the concepts of: a metric space, the uniformly asymptotic
regularity of a map, the total asymptotically quasi-nonexpansive semigroup of
self mappings, the definitions of polar convergence, strong convergence and
A—convergence. Using these concepts, we successfully showed that the limit

of the sequence exists in the set of all common fixed points in a complete



C'AT(0) space and also in a uniformly convex hyperbolic space.

1.5 Outline of the Dissertation

The dissertation contains four other chapters apart from the introductory chap-

ter. The outline of the remaining chapters are as follows:

Chapter II: In this chapter, we present a survey of the necessary and relevant
literature for fixed point theorem, C'AT'(0) space and semigroup of nonexpan-

sive mappings.

Chapter III: In this chapter, we establish the strong and A—convergence the-
orems for finite families of total asymptotically nonexpansive semigroup of

mappings in both the hyperbolic space and the CAT'(0) space.

Chapter IV: In this chapter, we introduce the approximation of common fixed
point of a family of uniformly asymptotic regular semigroup of mappings in a

complete CAT'(0) space, using the modified Mann iterative scheme.

Chapter V: In the final chapter, we present the summary and conclusion of the
results obtained in this dissertation, along with some directions/recommendations

for further research.

1.6 Preliminaries

In this section we give some basic and important definitions and concepts which

are useful and related to the context of this dissertation.



1.6.1 Metric Space

Definition 1.6.1 Let X be a nonempty set and R denote the set of real num-
bers. A metric d on X is a real-valued function d : X x X — R which satisfies

the following conditions: For any x,y,z € X,
M1: d(z,y) >0

M2: d(z,y) =0 if and only if x =y,

M3: d(x,y) = d(y,x), and

My: d(z,y) < d(z,z) +d(z,y)

The pair (X, d) is called a metric space.

Example 1.6.1 Let d : R x R — R defined by d(z,y) = |z — y|,Vz,y € R.

Then (R, d) is a metric space, called the usual metric on R.

Example 1.6.2 Let X be an arbitrary nonempty set. Defined : X x X — R

by;
1, z#uy,

for all xz,y € X. Then (X,d) is a metric space called the trivial or discrete

metric.



1.6.2 Fixed Point

Definition 1.6.2 Let X be a nonempty set and T : X — X be self mappings.
Then a point x € X is called a fixed point of T if: Tx = x.

The set of all fized points of T is represented by: F(T) :={x € X : Tx = z}.
The set of all common fized points of T is represented by: F = (i_, F(T;) # 0,
Vi € N. (see; Alber et al. (2006))

Let (X,d) be a metric space. A self mappings T : X — X is called non-
expansive if: d(Tx,Ty) < d(x,y), for every x,y € X. A map T is called
quasi-nonexpansive if: F(T) :={x € X : Te =z} # () and d(Tz,p) < d(z, p),
for every x € X and p € F(T). The class of quasi-nonexpansive mappings

properly contained the class of nonexpansive mappings with fixed points.

The mappings T is called asymptotically nonexpansive if there exists a se-
quence {k,} C [1,00) with &k, — 1 as n — oo such that: for every n € N,

d(Tmz, T™y) < kpd(z,y), for all z,y € X.

If F(T) # 0 and there exists a sequence {k,} C [1,00) with k, — 1 as n — oo
such that: for every n € N, d(T"z,p) < k,d(z,p), for all z € X and p € F(T),

then T is called asymptotically quasi-nonexpansive.

The mappings 7' is called total asymptotically nonexpansive, if there exists
infinitesimal real sequences {u, } and {v, } of nonnegetive numbers (i.e u,, v, —
0 as n — o0) and a strictly increasing function ¢ : [0,00) — [0,00) with
¥(0) = 0 such that: d(T"z,T"y) < d(z,y) + u,(d(z,y)) + vy, for every

z,y € X.

And T is called total asymptotically quasi-nonexpansive, if: F(T) # ) and

there exists infinitesimal real sequences {u, } and {v,} of nonnegative numbers



(i.e up,v, — 0 as n — o0) and a strictly increasing function ¢ : [0,00) —
[0,00) with ¥(0) = 0 such that: d(T"x,p) < d(x,p) + u,¥(d(x,p)) + vy, for
every z,€ X and p € F(T). (see: Ali (2016))

A self mappings T : X — X is called L-Lipschitz (or L-Lipschitzian), if there
exists a constant L > 0 such that: d(Tx,Ty) < Ld(z,y), for every z,y € X.
T is called a contraction (or strict contraction), if L < 1 and its nonexpansive

it L=1.

The mappings T is called uniformly L-Lipschitz (or uniformly L-Lipschitzian),
if for every constant L > 0, there exists n € N such that:

d(T"z, T"y) < L"d(z,y) < Ld(z,y), for every z,y € X.
Example 1.6.3 The map T : R — R defined by:
1. (i) Tz = tanx (ii) Tx = sinx; are non-linear.
2. (i) Tx = 5x 4+ 10 (it) Tz = ax, for any constant a; are linear.

3. Te =x+ 1: T 1s nonexpansive and Lipschitz.
Since, d(Tx, Ty) = |Tx—Ty| = [(x+1) — (y+1)| < Llz—y| = Ld(z,y).
Clearly, T 1is Lipschitz with L > 0, its a contraction with L < 1 and its

nonexpansive with L = 1.

1.6.3 CAT(0) Space

Let (X, d) be a metric space, Vo,y € X. Then, we have the following defini-

tions:



Geodesic Path

A geodesic path from x to y is an isometry. A map 7' : X — X is an isometry

(distance preserving) if for any z,y € X, d(Tz,Ty) = d(z,vy).

Geodesic Segment

The image of a geodesic path is called a geodesic segment. A geodesic segment
joining two points z,y in a metric space X is represented by [z,y]|, where
[z,y] == {ax+(1—a)y: a € ]0,1]}. A subset K of a metric space X is convex
ifvVe,y e K, [z,y] C K.

Geodesic Space

A metric space (X, d), is called a geodesic space if any two distinct points of

X are joined by the geodesic segment.

Geodesic Triangle

A geodesic triangle (A(z,vy,2)), consist of three distinct points x,y,z € X

joined by three geodesic segments in a geodesic space.

Comparison Triangle

A comparison triangle (A(z,y, 2)) or (A(Z,7,Z)) of a geodesic triangle (A(z,y, 2))
is a triangle in the Euclidean space (R?) such that: d(z,y) = dg2(ZT,7),
d(y,z) = dg2(7,Z) and d(z, ) = dg2(Z, T).



A geodesic space is called a CAT(0) space if for every geodesic triangle (A)

and its comparison triangle (A), the following inequality holds:

d($ay) S dRQ(an)v

where; z,y € A and Z,7 € A.

Also,
A metric space (X, d) is a CAT'(0) space if it is geodesically connected and if
every geodesic triangle (A) in X, is at least as thin as its comparison triangle

(A) in the Euclidean space (R?). (see; Kirk and Panyanak (2008))

A CAT(0) space X, is said to be complete if every Cauchy sequence {z,} in
X, converges to a point x € X. A complete CAT(0) space is often called the

Hadamard space.

C AT means Cartan Alexandrov Topogonov. Examples of the CAT'(0) spaces
includes; R—tree, Hadamard space, Hilbert ball equipped with hyperbolic met-
ric and so on. For details on these spaces, (see; Abramenco and Brown (2008),
Dhompongsa and Panyanak (2008), Burago et al. (2001), Bridson and Haefliger
(1999), Ballmann (1995) and Brown (1989)).

1.6.4 Hyperbolic Space

Definition 1.6.3 A geodesic space (X, d) is called hyperbolic, if for any x,y, z €
X,

1 11 1 1
— — - — < = .
dGr® 52520 5y) < d,y)

10



The class of hyperbolic spaces includes: normed spaces, C'AT'(0) spaces amongst
others. The following is an example of a hyperbolic space which is not a normed

space. (see; Reich and Shafrir (1990))

Example 1.6.4 Let D be a unit disc in a complex plane C. Defined : DxD —
R by:

1+ =5

— )
1— |2

d(z,w) = log(

Then, (D, d) is a complete hyperbolic metric space.

From the example above, we have that the class of hyperbolic spaces are more

general than the class of normed spaces.

1.6.5 Uniformly Convex Hyperbolic Space

Definition 1.6.4 Let (X, d) be a hyperbolic space. Then X is called uniformly

convex if for any a € X, for every r > 0 and for each € > 0:

1.1 1
do(r,€) = inf{l — ;d(ix @ iy,a) cd(zya) <rd(y,a) <r.d(x,y) > e} > 0.

1.6.6 Semigroup of The One Parameter Family of Non-

Expansive Mappings

Definition 1.6.5 Let K be a nonempty subset of a metric space X. A one
parameter family 0 := {T(t) : K — K,t € RT}, where RT denotes the set of
non-negative real numbers of maps is called a semigroup of self mappings from

K into K satisfying:

11



S1: T(0)x =z, for all x € K;
S2: T(s+t)x =T(s)T(t)x, for all s,t € RT;

S3: For each x € K, the mapping t — T'(t)x is continuous, (limy_,o T (t)x =

z)

Let X be a nonempty set together with the binary operation (+,.), then X is
said to be a semigroup if it satisfies the closure and associative properties under

the binary operators. A semigroup is also known as an associative magma.

Uniformly L-Lipschitzian Nonexpansive Semigroup

A one parameter family 0 := {T'(¢t) : K — K,t € R™}, is said to be uniformly
L-Lipschitzian nonexpansive semigroup if conditions S1—.S53 above are satisfied

and in addition:

S4: for each t > 0, there exists a bounded function L(t) : (0,00) — [0, 00)

such that; d(T"(t)x, T"(t)y) < L(t)d(z,y), ¥V z,y€ K.

A uniformly L-Lipschitzian semigroup of a one parameter family 0 is called

nonexpansive (or contraction) if: L(t) =1 (orL(t) < 1), for all £ > 0.

Total Asymptotically Nonexpansive Semigroup

A one parameter family 0 := {T'(t) : K — K,t > 0}, is said to be total asymp-
totically nonexpansive semigroup, if conditions S1— 53 above are satisfied and

in addition:
S4: for each t > 0, there exists functions u, v : [0.00) — [0, 00) and strictly in-

12



creasing and continuous functions ¢ : Rt — R such that: lim; . u(t) =
lim; . v(t) = 0 and 1 (0) = 0, then;
ATz, T(t)y) < d(z,y) +u)P(d(z,y) +v(t), Vr,y€ K.

Total Asymptotically Quasi-Nonexpansive Semigroup

A one parameter family 0 := {T'(t) : K — K,t > 0}, is said to be total
asymptotically quasi-nonexpansive semigroup, if conditions S1—.S3 above are

satisfied and in addition:

S4: for each t > 0, there exists functions u, v : [0.00) — [0, 00) and strictly in-
creasing and continuous functions ¢ : Rt — R such that: lim; . u(t) =
lim; o v(t) = 0 and ¥(0) = 0. If F(T) :={p € X : Tp = p} # 0, then:
d(T(t)z,p) < d(z,p) +u(t)Y(d(z,p)) +v(t), Ve e K and p e F(T)

Asymptotically Regular and Uniformly Asymptotically Regular

A one parameter family 0 := {T'(t) : K — K,t > 0}, is said to be asymptotic

regular if;

lim d(T(s+t)z,T(t)xr) = 0, V te€[0,00) and ze€ K

t—o00

It is also said to be uniformly asymptotic regular if: for any ¢ > 0 and for any

bounded subset C of K,

lim supd(T'(s +t)xz, T(t)z) = 0.

t—=00 e

13



1.6.7 Polar and A—Convergence

Definition 1.6.6 (Ali (2016)) A sequence {x,} in a complete C AT(0) space
X is said to A—converge to a point x, if x is a unique asymptotic centre of {u,}

for every subsequence {u,} of {x,}. This is written as A — lim,,_, x,, = .

A sequence {x,} in a complete CAT(0) space X is said to polar converge to
a point x € X, if for every y € X, y # x, there exists N, € N such that,
d(zp, ) < d(zy,y), Yn > N,.

The sequence {x,} converge A—strongly to a point z, if the limit lim,,_,o. d(x,, x)

exists and for any y # x, lim,,_,o d(x,,z) < liminf, . d(z,,y).

Let {x,} be a bounded sequence in a complete CAT'(0) space X. For z € X,
we set: r(z,{z,}) =limsup,_, . d(z,z,).

The asymptotic radius r({z,}) of {z,} is given by :

r({z,}) = inf{r(z, {z,}) : z € X},

and the asymptotic center A({x,}) of {x,} is the set:

A{zn}) ={z € X or(e, {wn}) = r({za )}

It is well known that in a CAT(0) space, A({x,}) consist of exactly one point,

see (Proposition 7 of Dhompongsa et al. (2006))

1.6.8 Demiclosedness Property

Definition 1.6.7 The mappings T : X — X is said to be demiclosed at a
point, if for any sequence {x,} in X which converges weakly to a point x € X,
with d(x,, Tx,) — 0, as n — oo, then Tx = x, for all x € X.

(see; Chang et al. (2012))
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CHAPTER TWO

LITERATURE REVIEW

The earliest techniques of solving differential equations was largely devised by
E. Picard, who published a very influential paper in 1893, formed the basis of
fixed point theory, and throughout the last century, many papers have been
published using this idea. This fact has helped in developing fixed point theory
to be an independent research area of non-linear mathematical analysis. In this
chapter, we present a review of some of these works which are related to the

subject of this dissertation.

2.1 Fixed Point Theorems

In 1922, the techniques which was largely devised by Picard were given pre-
cise abstract formulation by Cacciopoli (1931) and Banach (1932), in what is
now widely refer to as the 'Contraction Mapping Principle’. In 1910, Brouwer
introduced an earlier fixed point theorem, called the Brouwer Fixed Point The-
orem. This theorem concerns continuous mappings and has an advantage over
the 'Contraction Mapping Principle’, in the sense that it applies to a much
larger class of mappings. For the iterative formula in the ’Contraction Map-
ping Principle’, it was observed that if the constant condition on the operator
is weakened, the operator may no longer have a fixed point. Krasnonelskii
(1955) however proved with an example that, if the Picard iterative formula
is replaced by another formula, the iterative sequence converges to the fixed

point. In general, if E is a normed linear space and T is a nonexpansive map,

15



a generalization of Krasnonelskii (1955) which has been proved successfully in
the approximation of fixed points (when they exist) of T was given by Schaefer
(1957). However, the most general iterative formula for approximation of fixed
points of nonexpansive mappings was introduced by Mann (1953), called the
Mann iteration formula. In 1967, Browder and Petryshyn (1967) proved that
if a Banach space £ = H, a Hilbert space, then the limit exist and is a fixed
point of the map 7. Reich (1980) extended this result to a uniformly smooth
Banach space. Kirk (1981) obtained the same result but in an arbitrary Ba-
nach space, under the additional assumption that 7" has pre-compact range.
Recently, Morales and Jung (2000) proved the same result for 7', a continu-
ous pseudocontraction map in a real reflexive Banach space with uniformly
Gateaux differentiable norm.

Halpern (1967) introduced a recursion formula in the framework of a Hilbert
space. Under appropriate conditions on the domain of 7', and some restrictions
on the parameter sequence, he proved strong convergence of the sequence to
a fixed point of 7. Under a different restriction on the parameter sequence
used above, Lion (1977) improved the result of Halpern (1967), still in Hilbert
space. Lion (1977) proved strong convergence of the sequence to a fixed point
of T', where the real sequence satisfies some conditions. Reich (1980) proved
that the result of Halpern remains true when F is uniformly smooth. It was
observed that both Halpern’s and Lion’s conditions on the real sequence ex-
cluded the canonical choice of the parameter sequence. This was overcome by
Wittmann (1992), who proved, still in Hilbert space, the strong convergence
of the sequence to a fixed point of T, if the real sequence satisfies other con-
ditions which include the canonical choice of the parameter sequence. Reich
(1994) extended the result of Wittmann to Banach space, which are uniformly

smooth and have weakly sequentially continuous duality maps (e.g [, space,
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1 < p < o0). This space exclude the L, space, 1 < p < oo,p # 2. Shioji
and Takahashi (1997) extended Wittmann’s result to real Banach space with
uniformly Gateaux differentiable norm, in which each nonempty closed convex
and bounded subset has the fixed point property for nonexpansive mappings

(e.g L, space).

Goebel and Kirk (1972) introduced the concept of asymptotically nonexpan-
sive mappings as an important generalization of nonexpansive mappings. Al-
ber et al. (2006), introduced the class of total asymptotically nonexpansive
mappings, which generalizes several classes of maps, which are extensions of
asymptotically nonexpansive mappings. These classes of maps are extensively
studied by many authors (see Chang et al. (2012, 2013), Kohlenbach and
Leustean (2010), Chidume and Ofeodu (2007, 2009), Chidume and Ali (2007),
Goebel and Kirk (1972), to list but a few) by virtue of their importance as

generalizations of nonexpansive mappings.

2.2  Semigroup of The One Parameter Family of
Nonexpansive Mappings

Takahashi (1969) proved the fixed point theory for a noncommutative semi-
group of nonexpansive mappings which generalizes DeMarr’s (1963) result, he
proved that any discrete left amenable semigroup has a common fixed point.
Mitchell (1970) generalizes Takahashi’s result by showing that any discrete left
reversible semigroup has a common fixed point; see (Lau (1973)). Takahashi
(1981) proved the nonlinear ergodic theorem for an amenable semigroup of non-

expansive mappings in Hilbert space. Lau and Takahashi (1987) considered
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and proved the problem of weak convergence of a right reversible semitopolog-
ical semigroup in a uniformly convex Banach space with Frechet differentiable
norm. Later that same year, Kim and Kim (1987) proved the weak conver-
gence theorems for semigroups of asymptotically nonexpansive type of a right
reversible semitopological semigroup and strong convergence theorems for a
commutative case. Takahashi and Zhang (1988, 1989) established the weak
convergence of an almost-orbit of Lipschitzian semigroups of a noncommuta-
tive semitopological semigroup. After this, Lau in some of his results which
includes; (Lau and Takahashi (1990, 1996, 2003) amongst others) proved the
existence of common fixed points for nonexpansive mappings related to re-
versibility or amenability of a semigroup. Kakavandi and Amini (2011) proved
a nonlinear ergodic theorem for a nonexpansive semigroup in C'AT(0) space as
well as strong convergence theorem for a commutative semitopological semi-
group. Anakkanmatee and Dhompongsa (2011) extended Rode (1982) result
on common fixed points of semigroups of nonexpansive mappings in Hilbert

space to CAT(0) space settings.

Recently, Suantai and Phuengrattana (2014) proved in their result the exis-
tence, the weak convergence and the strong convergence theorems of some
fixed point for semigroup of total asymptotically nonexpansive mappings in a
uniformly convex Banach space. They proved both strong and weak conver-
gence theorems to a fixed point in the family of semigroups of nonexpansive

mappings in a uniformly convex Banach space.
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2.3 Fixed Point Theorems and Semigroup of The
One Parameter Family of Nonexpansive Map-
pings in Hyperbolic spaces (CAT(0) Spaces)

Lim (1976) introduced the concept of A—convergence in general metric space.
After defining A—convergence as given in chapter one above, he was able to
prove it in a general metric space. Kirk (2003, 2004) introduced the concept of
fixed point theory in CAT (k) spaces which is a generalization of the C'AT'(0)
spaces, all results in CAT(0) space immediately apply to any C AT (k) space
with £ < 0. Being able to achieve these, Kirk and Panyanak (2008) studied
the concept of A—convergence and also introduced it in the hyperbolic and
C' AT (0) space; where they introduced the concept of convergence in a geodesic
space. Later that same year, Dhompongsa and Panyanak (2008) gave the
C'AT'(0) space analogs of results on weak convergence of the Picard, the Mann
and the Ishikawa iterative schemes, which was earlier proved in a uniformly
convex Banach space in 1976 by Z. Opial. Anakkanmatee and Dhompongsa
(2011) extended Rode (1982) result on common fixed points of semigroups of
nonexpansive mappings in Hilbert space to CAT(0) space settings. Chang
et al. (2012, 2013) were able to prove strong and A—convergence theorems
for mixed type total asymptotically nonexpansive mappings in C'AT(0) space.
They were also able to establish the demiclosedness principle of those class
of maps in the CAT'(0) space. Basarir and Sahin (2013) studied a multi-step
iterative process for fixed point of generalized nonexpansive mappings in a
CAT(0) space, they were able to prove strong and A—convergence of new
multi-step and the S-iteration processes for fixed point of generalized nonex-
pansive mappings in CAT(0) space. They also established the demiclosedness

principle for those class of maps in the same space.
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Chidume and Ali (2007) introduced an iterative scheme and studied the con-
vergence of the sequence in the scheme to a common fixed point of finite family
of non-self asymptotically nonexpansive mappings in a uniformly convex Ba-
nach space. Recently, Ali (2016) modified the scheme which was introduced
by Chidume and Ali (2007), he defined a sequence and proved both strong
and A—convergence of the sequence to a point in the set of fixed points using
a finite family of uniformly L-Lipschitzian total asymptotically nonexpansive
mappings in a uniformly convex hyperbolic space and in a complete C' AT(0)
space. More recently, Ugwunnadi and Ali (2016) studied the modified Mann
iterative scheme for approximating common fixed point of total asymptotically
nonexpansive mappings in a complete CAT(0) space. They proved that us-
ing sequences of parameters satisfying some certain appropriate and restricted
conditions, the sequences of parameters converges strongly to a point in the set
of fixed points in the space. The concept used by Ugwunnadi and Ali (2016)

was originally used in Hilbert space by Yao et al. (2009).
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CHAPTER THREE

CONVERGENCE THEOREMS FOR FINITE
FAMILIES OF TOTAL ASYMPTOTICALLY
NONEXPANSIVE SEMIGROUP IN HYPERBOLIC
SPACES

In this chapter, we prove the necessary and sufficient conditions for the strong
convergence of the scheme defined in lemma 3.2.1 below, to a common fixed
point of a uniformly asymptotically regular family 0 := {T;(t) : K — K,t >
0} of total asymptotically quasi-nonexpansive semigroup in a uniformly convex
hyperbolic space. We also prove both polar and A—convergence theorems
for a uniformly asymptotically regular family 0 := {T;(t) : K — K,t >
0} of uniformly L-Lipschitzian and total asymptotically quasi-nonexpansive
semigroup in a complete C'AT'(0) space. The results presented in this chapter

are the semigroup version of the results in Ali (2016).

In Ali (2016), it was proved that if the finite family of mappings: T;s,i =
1,2,3,...,m are total asymptotically quasi-nonexpansive, under some certain
appropriate and restricted conditions, the sequence {z,} either strongly, polar
or A—converges to a point in F := (-, F(T;) # (). In line with this, we now
present his results in a different manner, (i.e) by letting the finite family of
mappings to be uniformly asymptotic regular and then total asymptotically

quasi-nonexpansive semigroup of the ground set.

Remark: Note that the difference between Ali (2016) and the results in this
chapter is that: here, we used the assumption that the finite families of map-
pings are uniformly asymptotic regular and also a semigroup of nonexpansive

mappings. We now have the following results.
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3.1 Preliminaries

We shall make use of the following theorems and lemmas to prove our main

results:

Theorem 3.1.1 (Chang et al. (2012)); Let K be a closed and convex subset of
a complete CAT(0) space X and T : K — X be a uniformly L-Lipchitzian and
total asymptotically nonexpansive mapping. Let {x,} be a bounded sequence in

K such that x,, — = and lim,_, d(x,,Tz,) = 0. Then, Tz = x.

Lemma 3.1.2 (Dhompongsa and Panyanak (2008)); Let E be a complete
CAT(0) space, {x,} be a bounded sequence in E with A({z,}) = {p} and {u,}
be a subsequence of {x,}, with A({u,}) = {u}. If the sequence {d(x,,u)}

converges, then p = u.

Lemma 3.1.3 (Dhompongsa and Panyanak (2008)); Let E be a complete
CAT(0) space. Then,
d2((1 - O./)fL’ ® ay, CL) < (1 - (l/)dQ(l', CL) + adz(y7 (l) - a(l - O[)dQ(l"y)’

Va € [0,1] and z,y,a € E.

Lemma 3.1.4 (Dhompongsa et al. (2007)); Let E be a complete CAT(0)
space, K be a closed and convex subset of E. If {x,} is a bounded sequence

in K, then the asymptotic centre of {x,} is in K.

Lemma 3.1.5 (Khamsi and Khan (2011)); Let (E,d) be a uniformly convex
hyperbolic space, {x,} and {y,} be bounded sequences in E. For any X € (0, 1),

if there exist r € [0, 00) such that; limsup,,_,. d(z,,a) < r, limsup,_,. d(y,,a) <

r and limsup,,_, . d(1 — Nz, ® A\y,,a) = r, then lim,_, d(x,,y,) = 0.

Lemma 3.1.6 (Kirk and Panyanak (2008)); Every bounded sequence in a
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complete CAT(0) space has a A—convergence subsequence.

Lemma 3.1.7 (Tan and Xu (1993)); Let {\,} and {o,} be non-negative se-
quences of real numbers such that: A\,y1 < A\ +0,, Vn > 1 and 22021 oy < 00,
then lim,, o A, ewists. Moreover, if there exists a subsequence {\n,} of {An},

such that: A\p;, — 0 as j — oo, then A, — 0 as n — oo.

3.2 Main Results

We designate the set {1,2,3,...,m} by I and assume that F := (>, F(1;) # 0.
Now, we state and prove the convergence theorems for a uniformly asymptotic
regular finite family of total asymptotically quasi-nonexpansive semigroup in

a uniformly convex hyperbolic space and in a complete C'AT'(0) space.

Lemma 3.2.1 ; Let (X,d) be a hyperbolic space and K be a closed convex
nonempty subset of X. Let 0 := {T;(t) : K — K,t > 0} be a uniformly asymp-
totic reqular family of total asymptotically quasi-nonerpansive semigroup of X,
with sequences {wi (t,) 52, {vin(tn)}52, and mappings ¥; : [0,00) — [0, 00)
satisfying X220 Ui (t,) < 0o and X220, (t,) < 0o, fori € I. Let {a,}5°, be a
sequence in [e,1 — €|, e € (0,1). Let {t,} be an increasing sequence in [0,00).
Assume that there exists constants M;, M; such that wi(ry) < Myry,Nr; > M;,
forieI. Let {x,} be a sequence defined iteratively by x1 € K, such that:

Tpi1 = (1 —ap)x, @ o, Ti(ty)x,, forn>1,m=1, and
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(

Tp4+1 = (1 - an>xn ¥ anTl (tn>yn+m—2
Yn+m—2 = (1 - O‘n)xn s> anTZ(tn)yn+m—3

Yn+m—-3 = (1 - O‘n)xn S¥) O‘nT3(tn)yn+m—4

Yn = (1 — ap)xy ® a1 (ty)x,, n>1m>2 (3.2.1)

\

Then {x,} is bounded and the limits lim, ., d(z,,z*) and lim, . d(x,, F)

both exists.

Proof. we start by first considering the case were m > 2. Since ); is an

increasing function for each i € I, it follows that 1;(r;) < (M;), whenever

r; < M; and by hypothesis, 1;(r;) < M;r; when r; > M;. In either case

Vi(r;) < Y(M;) + Myr;, i € I, for some constants M;, M; > 0. Now, set

Wp 1= XM up(t,)M; and let 2* € F. Then we have;

d(xps1, %) = d((1 — an)xn ® T (6) Ynsm—2, ) since T (t,)z* = =*
< (1= ap)d(zn, %) + and(Th (tn) Ynsm—2, T1 (tn)x™)
< (1= an)d(@n, 27) + an[d(Ynim—2, ¥7) + win(tn) V1 (d(Ynim—2, 7))
+in(tn)]
< (1= an)d(@n, @) 4+ an(l + win(tn) M1)d(Ynim—2, 7°) + anuan(tn)

U1 (M) + avin(ts)
= (1 —ap)d(xn, o) + an(1 + un(t,) M1)d[(1 — o)z, & anTh(ty)

Yn+m—3, ZE*] + QpUin (tn)qyz)l (M) + apUin (tn)
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IN

(1 — ap)d(xn, %) + (1 + urp(ty) M1)[(1 — ap)d(x,, %) +

d(To(tn)Ynsm—3, To(tn)2™)] + antin(tn)P1 (Wl) + a1 (tn)

IA

(1 = an)d(zn, @) + an(1 + uin(tn) M1)[(1 — o )d (2, 27)
o, [d(yn—l-m—?n l’*) + u2n<tn)w2(d(yn+m—37 l’*)) + U2n(tn>“

+anu1n (tn)wl (M) + apUin (tn)

IN

(1 — an)d(xn, %) + (1 4wy () M) [(1 — ) (2, )
o [(1 + ugn (tn) M2)d(Ynim-—3,27) + anu?n(tn)¢2(ﬁ2)

0 vn (tn)]] + anuin(tn)¥s (M) + a1 (tn)

Since ¥;(r;) < Y(M;) + M;r;, for all ¢ € I, then we have; 1 (d(Ypim—2, %)) <

wl (M) + M1d<yn+m727 'T*)

IN

(1 — ) d(T, %) + (1 — @) (1 + upn (t,) My)d(2, 2) + a2(1 + U, (t,)
M) (1 + un(tn) M2)d(Yntm-3, &%) + 0g (1 + uan(tn) My )uzn (ta) 902 (Mz)

a2 (14 win(tn) Mi)van (tn) + ctinn (ta) 1 (M) + cvin ()

(1 — an)d(2n, %) + (1 — ) (1 + wrn (t) M) d(20, %) 4+ a2 (1 + uin(ty)
M) (1 + ugp (t,) Ma)d[(1 — an)Zn @ anT3(tn) Ynrm—a, %] + @2 (1 + upn (t,) M)
Uan ()02 (Ma) + @y (1 + i (tn) M )van(tn) + i (ta) 1 (Mr) + anvin(t)

(1 — ) d(T, %) + an(1 — ) (1 + upn (t,) My)d(2, 1) 4+ a2 (1 + up, (t,) M)
(1 4 Uy (t,) M2)d[(1 — ) wy + anT3(t) Yngm—a, Ta(tn)2*] + a2 (1 4wy, (t,) M)
Uan (tn) 2 (Ma) + 0 (1 + () M1 )van (tn) + ontan (ta) 01 (M1) + anvrn(tn)

(1 — a)d(2, ) + (1 — ) (1 + () M) (20, ) + &2(1 + () M)
(14 s (£0) Ma[(1 — 00n)d(@n, %) + nd(T3(tn)Ynsm—a, Ts(tn)z*)] + a2(1 + uin
(tn) M Jun (t) 2 (Ma) + i (1 + i (tn) Mi)van (t) + et (t,) 91 (M)

+anvln (tn)
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IN

(1 = ap)d(@n, 7°) + (1 — o) (1 + wr (b)) Mi)d(@n, %) + a2 (1 + wrn(tn) Mi)

(1 + wan (tn) Ma)[(1 = o )d(2n, 27) + o [d(Ynsm—1, 27) + ugn(tn)¥3(d(Ynim—s, 7))
030 (t0)]] 4 a2 (1 + wip () My ) ugn (8102 (Ma) + o2 (1 4w (tn) My )va, (L)

o (ta)¥1 (M) + anvia(tn)

(1 — ) d(, %) + (1 — @) (1 + upn (t,) My)d(2, 1) 4+ a2 (1 + up, (t,) M)

IA

(1 + U2n(tn)M2[(1 - O‘n>d<xm $*) + an[(l + USn(tn)M3>d<yn+m—47 x*) + USn(tn)
U3(Ms) + 030 (tn)]] + 2 (14 wrn (tn) My ) tign () tha(My) + 02 (1 + uin (tn) M)

UQn(tn) + anuln(tn)¢l (M) + anvln(tn)

Continuing in this fashion/method of deduction, we have;

< (1= 0)d(@n, ) + (1 — ) (1 + trp () My)d(2, %) + 02(1 — )
(1 + trn () M1) (1 + g () Mo) (2, %) + - - 4+ 2711 — 0) (1 4wy,
() M) (1 + o (t0) Ma) - -+ (1 + 1) (b)) My (2, ) + -+ + "
(1 = ) (L + () M1 (L + top () Ma) - - - (1 + tpn () M) (20, )
V1 () + A2 (1 + wrn (tn) M) v2n (tn) + (1 + i (t) M1) (1 + g (ts,)
Mo)vsn(t) + i (14 wiy () M1) (1 + tan (tn) M) (1 + usp () M3)van (t)
+ Al (14 upn (t) M) (1 + ugn () Ma) (1 + ugn (t,) M3) (1 + gy, (t,)
My) - (1 + U0 (tn) Mo 1)V (tn) + Q010 (tn) + aptin, ()01 (M)
a2 (1 4 win (tn) M1)van () 4+ @2 (1 4 win(tn) My Yugy ()b (My) + - - -
+al? - (1 + U1 (tn) Min—1) U () + av1n () + i (t,) 101 (M)
a2 (1 4 win (tn) M1)van () 4+ @2 (1 + win(tn) My ugy ()b (My) + - - -
o (1 4 win (tn) M1) (1 + o () Ma) + -+ (1 + U150 (tn) Min—1) U (t0)
4o a (14 g (En) M) (1 + wgn () Ma) + -+ - (1 4 w150 () Mip—1)

U (En) Y (M_m)
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< d(x, ) [1 4 wpn(tn) My 4 ugn (tn) Mo (1 + wyn(t,) M) + ugn(t,) Ms
(1 A4 w1 (tn) M1 ) (1 4 g (t) M2) + -+ = U () My (1 + wn () M)
(1 4 uon (tn) M2 ) (1 + usy (t,) M3) - - A Um—1n (tn) Mi—1)] + anv1n(tn)

(1
A j
“"2;1:10‘{1[“]'71(%)@&]’( )+ Vjn(tn H 1+ g (tn ) M)
k=1

since wy, := 3™ wi, (t,) M;, then we get;

< d(xmx*>[1+<§”)wn+<m)w2+(’">w3+(m) n o Onwn] + anvin(tn)

+E7jn:10‘¥z[ujn<tn)¢j( ) + vjn(tn) H 1+ upn () Mi)
k=1

Let 4,,, be a positive real number defined by; 8, :== [(7") + (5") + (F) + (') +

4 ()]

< d(xm ) [1 4 Smwn] + anvin(tn) + Em 104] [wjn(t )¢J<MJ) + Vjn(tn)]

H L+ wpn (t,,) My,)

=1

kol

(5mwn)2
21

Using the Maclaurin’s series expansion, on d,,wy; €777 = 146,,w, + +

, then we write:

IA

d(zn, I*)eémwn + apvin(tn) + E;”:ﬂi [ujn(t )¢J( 3) + vjn(tn)]

VAN
.

(21, x*)eémz;'f’:lwn + apV1n(tn) + 27:1043; [Win (tn) (M]) + Vjn(tn)]

T+ wen () M)

d(wy, x*)e&nsz’:lwn + V1 (tn) + E}n:ﬂf{ [wjn (tn) (M]) + Vjn(tn)]

IN
B
l‘

eZhmtthn () Me oo
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By using Maclaurin’s series expansion, on the last term, we get the above
expression. This implies that {x,} is bounded, and by setting
Vi 1= mazi<jcmVin(tn) + ujn(tn)wi(ﬁz-), there exist a positive integer M > 0

such that;

d(xps1,2%) < d(zp, ") + (Opwn + Vi) M

Since its true for each z* in F, we have;-

d(xpi1, F) < d(xn, F) + (Omwn + Vi) M

So therefore, by lemma 3.1.7, lim, o d(x,,2*) and lim, . d(z,, F) exist.

Now, for m = 1, we have;

d(xpi1,2%) = d((1 — an)Tn ® a1y (tn) 2, z¥) [Ty (t,)x™ = 27|

IN

(1 — a)d(xn, %) + and(Ty (t,) 20, T1 () ")

< (1= a)d(zn, ) 4 n[d( @, %) + U (b)) (d( 20, 7)) + V1n(E0)]

IN

(1 — an)d(2n, 2%) + (1 + ury (tn) My)d(20, %) + i (t) 1 (M)

+anvln (tn)

Since ¥;(r;) < W(M;) + M;r;, for all i € I, then we write; 1 (d(x,,z*)) <

V1 (M) + Myd(x,, x*), expanding and reducing the expression above gives;

= (1 + ApUin (tn)Ml)d(:Ena [E*) + anuln(tn)wl (ﬁl) + anvln(tn)
< (1 4+ wp)d(n, %) + aptnn ()b (M) + apvin(t,)
S d<wn7 x*)ewn + anuln(tn)wl (ﬁl) + anvln(tn)

< d(x, x*)ezfﬂ”" + () (E) + auin(t,) < 0.
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By using Maclaurin’s series expansion on the first term, we get the expression
above. Thus, {z,} is bounded. Using the deduction above, and lemma 3.1.7,
the limits lim,, o d(z,,2*) and lim,,_, d(z,, F) both exist.

This completes the proof. 0

Theorem 3.2.2 ; Let K be a nonempty closed convexr subset of a hyperbolic
space E. Let 0 := {T;(t) : K — K,t > 0} be a uniformly asymptotic reg-
ular family of total asymptotically quasi-nonexpansive semigroup of E, with
sequences {win(tn)}o2y, {vin(tn) 152, and mappings 1; : [0,00) — [0,00) sat-
isfying 300 i (t,) < 00 and 30 v (t,) < oo, fori € I. Let {a,}5>, be a
sequence in [e,1—¢€|, € € (0,1). Let {x,} be a sequence defined iteratively as in
lemma 3.2.1. Let {t,} be an increasing sequence in [0,00). Then, {x,} con-
verges to a common fized point of the family of 0 .= {T;(t) : K — K,t > 0}

if and only if liminf,, . d(z,, F) = 0.

Proof. For the necessity; we assume that x,, — x* € F, then we want to show
that; liminf,, . d(z,, F) = 0. By definition of a normed space on the metric,
d(zy, F) = infyer ||x, —||. Since, d(x,, F) = inf,er ||z, — 2| < ||z, —2*|| —
0, asn — o0, = 0 < d(z,,F) = infper |z, — 2| < ||xn — 2] — 0,
as n — oo. Applying Sandwich theorem, d(z,,F) — 0, as n — o0,
= lim,, o, d(z,,, F) = liminf,, o d(z,, F) = 0.

To prove the sufficiency; we assume that liminf, . d(x,,F) = 0. Since
lim,, o d(z,, F) exists, then liminf, ,o d(z,, F) = 0 = lim, o d(z,, F).
Thus, by definition, given € > 0, there exists a positive integer Ny and b* € F,

such that: ¥Yn > Ny, d(z,,b*) < % Then, for any k € N, we have for n > N,

d(xn+k7 xn) S d(xn+k7 b*) + d(b*a In)



So therefore, d(x, 1, z,) < € and so {z,} is Cauchy.
Let lim,,_,o, ©, = b, we want to show that b € F. Let T;(t,,) = {T1(t,), To(tn), T5(ty),

-+, Tin(tn)}. Since lim, o d(z,, F) = 0, there exists a positive number N
€
8(1+wy)’

and (vin (tn) + win ()10 (M;)) < ;1 then, we have;

large enough and b* € F, such that n > N implies that d(b*, z,,) <

€
d(b, Zlfn) < m

€ €

A b)) < db,x,) +d(b.z,) <
(070) = d(b%wa) +dbin) < g S+ 5w

2¢ €

8(1+w) 4(1+ wy)

Thus, we have the following estimates, for n > N and arbitrary T;(t,),1 =

1,2,3,--+ ,m.

d(b, Ty(t.)b) < d(b,an) + d(wn, 0") + d(b*, T(t,)b)
= d(b,zn) + d(wn, b) + d(Ti(ta)0", Ti(tn)b),  [Titn)b" = 7]

< d(b,zy) + d(2y, ) + (1 + w1)d(b", b) + vip(£n) + win (tn)10i (M)

< i (lfw)—————+°
w— —

8(1+w) ' 8(1+uw) VAl +wy) 4

- € i € +6+6_ € +€+€

 8(1+wy)  8(I+wy) 4 4 4(1+w) 4 4

€+ 2¢(1 + wy)
€

This implies that b € Fix(T;(t,)),Vi =1,2,3,--- ,m and thus, b € F.

This completes the proof. O

Corollary 3.2.3 ; Let K be a nonempty closed convex subset of a complete
hyperbolic space X. Let 0 := {T;(t) : K — K,t > 0} be a uniformly asymptotic
reqular family of total asymptotically quasi-nonexpansive semigroup of X, with
F # 0, sequences {win (tn) 1521, {vin(tn)}32, and mappingsp; : [0,00) — [0, 00)

satisfying 390 1w (t,) < 00 and X2 v, (t,) < 0o, fori € I. Let {a,}02, be
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a sequence in [e,1 — €|, € € (0,1). Let {x,} be a sequence defined iteratively
as in lemma 3.2.1. Let {t,} be an increasing sequence in [0,00). Then, {x,}
converges to a common fized point of the family of 0 := {T;(t) : K — K,t > 0}

if and only if liminf, .. d(z,, F) = 0.

Now, to be able to prove our next theorem, we start by proving the following

lemma which will be used in this chapter.

Lemma 3.2.4 ; Let X be a uniformly convex hyperbolic space and K be a
nonempty closed conver subset of X. Let 0 := {T;(t) : K — K,t > 0} be a
uniformly asymptotic reqular family of total asymptotically quasi-nonexpansive
semigroup of X, with sequences {w;, (t,)}22 1, {Vin(tn)}22, and mappings ; :
[0,00) — [0,00) satisfying X0 uim(t,) < oo and X2 v, (t,) < oo, for i €
I. Let {a,}22, be a sequence in [e,1 — €], ¢ € (0,1). Let {z,} be a se-
quence defined iteratively as in lemma 3.2.1. Let {t,} be an increasing se-
quence in [0,00). Then, lim, o d(z,, T1(t,)z,) = lim, o d(x,, To(tn)x,) =

limy, oo d(xy, T3(tn) ) = -+ - = limy, oo d(zp, T (tn)x,) = 0.

Proof. Since for some z* € F, the limit lim, . d(z,,x*) exist by lemma
3.2.1. Let lim,, o d(z,,x*) = [, so that from the prove of lemma 3.2.1, we can

have the following relations by taking limit superior through the inequalities;

d(@ns1,7) = (1= )Tn ® Ty (t)ynsmns @), [Ti(tn)z* = 7]
< (1= a2)d(@n; ) + Ond(Ti(tn)ynsmsz T (tn)a?)
< (L= ag)d(zn, @) + anld(Ynim—2, 2%) + win(tn) V1 (d(Ynsm—2, 7))
+1n(tn)]
< (1= ap)d(@n, ) 4 (1 =+ (b)) My)d(Ym—2, ) + Qg (t,)

wl (Ml) + apUin (tn)
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So that, we can write that;

d<xn+17 l'*) - (1 - an)d(xn7 .I'*) S an(l + uln(tn)M1>d<yn+m727 .I'*)

+anu1n (tn)wl (ﬁl) + O Vin (tn)

Now attaching the limsup,,_,., on both sides of the inequality we get;

limsup[d(zos1,2%) — (1 = a)d(2ns2®)] < limsuplan (L + wrn(t) Mi)d(Yrsm2, 2%)

n—o0 n—00
+anu1n(tn)w1 (M) + anvln(tn)]
lim sup [Oénd@;m l’*ﬂ S lim SUP[an(l + Uip (tn)M1>d<yn+m—27 :L‘*)
n—oo n—00

+anuln(tn)¢)l (M) + @nvln(tn)]
Pushing the limsup,,_,., through, we have;
al < alimsup d(Ypim—2, )
n—o0

And as such, we write that;

[ =limsupd(z,i1,2*) < limsupd(Ynpim—2,2")
n—o0 =00
< limsup d(Yntm—3, ")
n—o0
< limsup d(Ynim—4, ")
n—o0o
< limsup d(yns1, %)

n—oo

< limsupd(z,,x*) =1

n—oo

Now, for 2 < h < m, the limsup,,_, . d((1— )T B Th(tn)Ynsm—n_1,2*) < L.

From this and lim,, o d(x,,2*) = [, using lemma 3.1.5, we have;
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limy,, 00 d(, Th(tn)Ynsm—n—1) = 0, for 2 < h < m. Observe that;

d(l’n, Th(tn)ynerfhfl) = d((l - an)xn s> anTh<tn)yn+mfhfl7 xn)
S (1 — an)d(xn7 wn) + and(Th(tn)yn+m7h717 xn)

= ad(Th(tn)Ynsm-n-1,2n) — 0, as n— oo

Thus,

IN

d(l’n, Th(tn)xn) d(xna Th(tn>yn+m—h—1) + d(Th(tn)yn—l—m—h—h Th(tn)xn>

IN

d([En, Th(tn>yn+m—h—1) + (1 + uhn(tn>Mh)d(yn+m—h—la xn)

—I—uhn(tn)w(Wh) + Upn(tn) — 0, as n— oo

And
d(l‘n-i-la xn) - d((l - an)xn S% anTh(tn)yn-i—m—Qy xn)
S (]- - O./n)d(l'n, xn) + and(Tl (tn)yn—l—m—% xn)
= and(Tl(tn)yn-‘rm—Qa xn) — 07 as n-—0oo
Now,

d(xn, Th(t)x,) < d(xn, Th(tn)xn) + d(Th(tn)Tn, Th(tn) Yntm—n—1)

+d(Th (tn)yn+m7h71 ) Ty (t)$n>

IN

d(xn, Tn(tn)wn) + d(Th(tn)Ynsm—n—1, Tu(t)2,)
+(1 + wpn (t) M) A(Ynm—n—1, Tn) + Unn () 0n (Mp,)

+Uhn (tn)
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Consider the following; for any ¢ > 0, {7T;(¢) : t > 0} is a uniformly asymptotic
regular, then we have; lim,, . d(T(¢)Th(t0)Ynsm—n—1, Th(tn)zn)
< limy 00 SUP,e e A(T(8)T ()2, T(tn)z) = 0. where K is any bounded subset

of X containing both {z,} and {y,+m_n_1}. Since T;(t) is continuous, we get;

d(xn, Th(t)x,) < d(xn, Th(tn)xn) + d(Th(tn)Tn, Th(O) Th(t) Yntm—n—1)

+d(Th ()T () Yntm—n—1, Th(t)n)

IN

d(n, Tn(tn)n) + d(Th(tn)Tn, Th(t + tn)Yntm—n-1)
+(1 + wpn () M) (T (E) Ynrm—h—1, Tn) + tpn (8)00n (Mp,)

+Vnn (t)

IA

d(zp, Th(tp)xn) +  sup  d(Th(tn)z, Th(s + tn)z)

z€K,seR+

(1 4 upg (6) M) d(Th (tn) Yntm—h—15 Tn) + U (8) 0 (M)

+Vnn(t)

Using this and the uniform asymptotic regularity of 9, we have;

lim d(z,, Th(t)z,) < lim[d(x,, Th(ty)x,) +  sup  d(Th(tn)z, Th(s + tn)2)

n—oo n—oo ZGK,SERJ"

+(1 + uhn(t)Mh)d(Th(tn)yn-l—m—h—l» xn) + uhn(t)wh(m)

+0nn (t)]

Thus, we have;

lim d(z,, Ty(t)z,) =0, V t>0.

n—oo
This completes the proof. O

Theorem 3.2.5 ; Let X be a uniformly convex hyperbolic space and K be a
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closed convex nonempty subset of X. Let 0 := {T;(t) : K — K,t > 0} be a uni-
formly asymptotic reqular family of uniformly L-Lipschitzian total asymptoti-
cally quasi-nonexpansive semigroup of X , with sequences {w, (t,) 51, {vin(tn)}5,
and mappings ; : [0,00) = [0,00) satisfying 30w, (t,) < 00 and X5 v, (t,) <
oo, fori € I. Let {a,}°, be a sequence in [e,1 — €], € € (0,1) and assume
that each T;(t) is demiclosed at zero. Let {x,} be a sequence defined iteratively

as in lemma 3.2.1. Let {t,} be an increasing sequence in [0,00). Then, {x,}

A—converges to an element of F.

Proof. Let Wa({zn}) == U, c ey A{{un}). We now show that Wa({z,}) C
F and also that Wa({z,}) consists only of a single point. Let u € Wa({z,}),
then by the definition of A—convergence, there exist a subsequence say {u, } C
{z,} such that {u} = A({u,}). By lemma 3.1.6, there exists a convergence
subsequence {v,} of {u,} such that A —lim,,_,., v, = v, for some v € K. But
limy—0od(vp, T;(t)v,) = 0, for each ¢ € I, and t > 0. By the demiclosedness
property of each T;(t), we have v € F. As the limit lim,,_,o.d(v,,v), exists,
so u = v € F, when limit exists, its unique and as such, since u = v and
{u} = A({u,}), then {u} € Wa({z,}) C F.

Next, we show that Wa({z,}) has a single element. Let {u,} be a subsequence
of {x,}, such that {u} = A({u,}) and let {z} = A({z,}). Since {u} €
Wa({z,}) € F, the limit lim,,_d(z,,u) exists and by lemma 3.1.2, z = u
and so Wa({z,}) has a single element which implies the conclusion that {z,}

A—converges to an element of F. This completes the proof. 0J

Next, we present A and polar convergence theorems for finite families of to-
tal asymptotically nonexpansive semigroup in the framework of a complete
C'AT'(0) space. This next result is a corollary to the previous lemma 3.2.4, but

we shall present them using a different method of proof.
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Corollary 3.2.6 ; Let X be a complete CAT(0) space and K be a nonempty
closed convexr subset of X. Let 0 := {T;(t) : K — K,t > 0} be a uniformly
asymptotic reqular family of a uniformly continuous, total asymptotically quasi-
nonezpansive semigroup of X, with sequences {w;,(t,)}22 1, {vin(tn)}52, and
mappings ; : [0,00) — [0,00) satisfying 320 Ui (t,) < 00 and X2 v, (t,) <
oo, fori € I. Let {a,}°, be a sequence in [e,1 — €|, € € (0,1). Let {x,}
be a sequence defined iteratively as in lemma 3.2.1. Let {t,} be an increasing
sequence in [0,00). Then, lim, oo d(x,, T1(t,)T,) = limy, oo d(zp, To(t,)x,) =

limy, o0 d(xy, T5(tn)xy) = -+ - = limy, o0 d(2p, T (tn)xn) = 0.

Proof. Since {z,} is bounded, for some z* € F, there exists positive real
numbers v and M with d?(z,,2*) < v, for all n > 1 and by using lemma 3.1.3

and the recursion formula in lemma 3.2.1, we have;

By, 7)) = (1= an)tn ® anTinltn)Tn,a*),  [Tnltn)z* = z7]
< (1= ) AP (@, ) 4 and® (T ()20, 27) — (1 — )
A (2, Ty (£ )
= (1 — an)d®(wn, %) + and® (T (tn) w0, T (tn)7*) —

(1 — a)d* (2, T (tn) )

IN

(1 = ) d? (2, 2%) + n[(1 + U (E0) My )d( 2, %) + U (£)
V(M) + U (t0)]* — (1 = 00)d* (2, T (t) 2)

= (1= o) d*(xn, 2%) + n[(1 + tn (tn) My )*d? (2, ) + [t ()
V(M) + O (t0)]” + 2t (80) ¥ (Min) + Vi (t0)

(1 4 U (t0) M)A (0, %)) — (1 — ) d* (20, Ty () )
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= (1= ap)d* (20, 7*) + Q[ (2, ) + (2 (tn) My + 12, () M2,)
(2, ) + [tnn (tn) Y (Mom) + Vi (8)]* + 2 ()0 (M)
F U (b)) (1A U () My ) (2, 27)] = 00 (1 = 0 )d2 (2, Ty (£0) 220
= d* (20, ) + [ 2 (t0) Mo d® (20, ) + 02, () M2 (2, 27)
+2(Umn (b)Y (M) + Vmn (tn)) (1 + n (t0) Min ) d(20, )
() + (Wn (80) Y (Min))* + 20300 (t0) (tn ()Y (M) )]

—an (1 — ap)d* (2, Ty (tn) )

IN

@ (, %) + 2t () Moy + g (b) Moy + 2t (8 (M)
0 (t)) (14 Ui (E0) Min )7 + Vo (t0) + (i (t0) 80 (M)
2055 (t0) (Wi (t) 0 (Min))] = (1 = )& (@, To(t) )

= d* (@, @) + 200U (En) My + i, (t) MY + 200 (t) My,
Uy (tn)Y + 200V (t0)Y + 200U () (M) Y + 200U ()
Yo (Mo )t () My + Vi (t) + 0t (U (£0) 10 (Mo ))?

200,V () U () Vi ( m) —an(l - @n)d2<xanm(tn)xn)

IN

B (2, %) + n[(2tmn (tn) Mo + 02, (£2) M2 + 2(0an(bn) + tn (£n) Mo
U (tn) + W (b)Y (Min) + Ui (b)) i (Mo tan () Mo ) )7 + Vg (£
(U (b)Y (Min))* + 203 (1)t (b)Y (Mo )] — 00 (1 = ) (i,

T (tn)2n) [wn = B tin (t) Mi]
= (20, 2) + @[ (2w + w2 + 2Vnn(tn) + Wty (tn) + U () m (M)
Httgn (tn) V(Mo )wn) )Y + U (E0) + (i (60) ¥ (Min) ) + 2000 (£)

Upnin (t )wm(M_)] —ap(l - O‘n)d2(xm Ton(tn)Tn)

Now, putting w, together and where we have M, its power increases to 2, that

is M < M?V M > 1, then the above becomes;
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< dQ(xn, *) + Town M?y + anwi —a,(1— an)dQ(xn, T (tn)xy)

Thus, we write that;

dz(yn, r¥) < d2(azn, ) + Town M2y + anwi —a,(1 - an)dQ(xn, T (tn)xy)

Also, we have that;

d2 (yn-‘rl? ‘T*)

IN

d*((1 — an)zn ® anToi(tn)yn, v°), [T—1(tp)x™ = z*]

(1 — ) d? (2, 7*) + nd®(Tor (b)) Yy ) — (1 — ) d2(n,
Tn1(tn)yn)

(1 = ap)d (20, %) + and*(Toy 1 (tn) Y, Ton1 (tn) ) — (1 — )
& (2, Ton1(tn)yn)

(1- O‘n)dQ(fEm ) + an[(1 + Um—1n(tn) Myp—1)d(Yn, ) + Um—1n(tn)

wm—l(Mm—l) + Um—ln(tn)]z - an(l - O‘n)dQ(xm Tm—l(tn)yn)

(1 — ) d® (2, @) + A [(1 + U100 (tn) My )2 AP (Y, %) + [t 10 (t0)

U1 (Mp—1) + Um—ln(tn)]2 + 2(Um—1n (tn) Vm—1(Mm—1) + Vm—1a(tn))
(1 4 10 (tn) My 1) d (Y, 2%)] — (1 — ) d* (2, T 1 (t0) Y

(1— O‘n)dZ(xm x*) + O‘n[dQ(yna %) + (2Um—1n(tn) M1 + u?n—ln(tn)

Mngl)d2<yna x*) + [umfln@n)wmfl(Mmfl) + ,Umfln<tn)]2 + 2(um71n

(tn)Vm1(Mpm—1) + Vim0 (tn)) (1 + 10 (tn) M —1)d(Yn, 7°)] — an

(1— O‘n)d2($m L1 (tn)yn)
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IN

IN

(1 — an)d® (2, @) + nd? (Y, ) + " 20— 10 (tn) Mip—1d* (Y, 7*)

i1 (b)) My 0@ (Y, 7°) + 210 (t0) Yot (Min1) + Vin1 (t0))

(1 + w1 (tn) Min—1)d(Yn, ) + Vi1 (tn) + (tm1n (tn) Y1 (Mn-1))*

+20m-1n(tn) (10 (tn) U1 (Min1))] = (1 = ) d* (@, Ton1 (tn)yn),
[d* (yn, %) <]

(1 - O‘n)dQ(xm x*) + and2(yna r*) + O‘[zum—ln(tn)Mm—lV + u%n—ln@ﬂ)

M2 17+2<um ln( >¢m 1( m— 1) + Umn— ln( n))(l +um—1n(tn)Mm—1)
v+ vi—ln@ﬂ) + (tm—1n(tn) Vm— 1( )) + 2010 (tn) (Um—1n(tn)
Vm—1(Mm—1))] — an(1 — an)dQ("Ena Tn1(tn)Yn)

(1— an)d2(xn, ) + andQ(yn, ) 4 20U —10 (tn) M1y + anuzn_n(tn)

Msm_ﬂ + 2O‘num—ln(tn)]\4m—lvm—ln(tn)’y + 2anvm—1n(tn)’7 + 2anum—1n(tn)

wm 1( m— 1)’7+2anum 1n( )wm 1( m— 1)um 1n(tn)Mm—1’Y+O‘nU3n_1n

(tn) + an(um—ln(tn)wm—l(Mm—l))2 + 2anvm—1n(tn)um—ln(tn)wm—l(Mm—l)
_Oén(l - an)dz(xna Tmfl(tn)yn

(1- O‘n)dz(xm r*) + C“nd2(ym %) + (U 10 (tn) M1 + Uil_ln(tn)Mi_l

+2(Vm—1n(tn) + Um—1n(tn) My—1Vm—1n(tn) + Um—1n(tn) Vm—1(Mp—_1)
-1 (tn) Pt (Mo 1)t -1 (tn) Min 1))y + V1 (tn) + (10 ()
Ym-1(Min—1))* + 201 (tn) thim—1n (t) 01 (M 1)] = 0 (1 = )
(@0, Tn1(tn)yn). [wn = X i (£0) M)

(1-— an)d2(xn, x*) + and2(yn, ) + o[ (2w, + wi + 2(Vm—1n(tn) + WnUm—1n

(tn)+um—1n( )¢m 1( m— 1)+Um 1n< )wm 1( m— 1>wn))'7+v§1_1n(tn)
(Ui —1n (tn) V- 1( )) + 2010 (tn) Um—1n (tn) V1 (Myn 1))

—a(1 - an)d2<xna Tn1(tn)Yn)
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Putting w,, together and where we have M, its power increases to 2, that is
M < M? ¥V M > 1, and replacing, d*(y,, z*) < d*(xp, 1*) + Tapw, My +

nw? — (1 — ) d* (2, T (t,) ) above, we get;

dz(yn—&-l? z¥) < (1- O‘n)dz(mm x*) + O‘ndz(ym r*) — ap(1 - O‘n)dZ(xm L1 (tn)yn)

+7anwnM27 + anwi

IN

dQ(xn, x*) + ozn[7oznwnM2’y + anwi —ap(l— an)d2(xn, T (tn)xy)]
+Tnwn M2y + anwi —ap(l— an)d2(a:n, Ton1(tn)yn)
= d*(Tn, 7*) + an[Tw, My + W2 (1 + ) — ()™ (1 — o) [d* (2,

T (t)yn) + & (@0, Ton(tn) 7))
Thus, continuing in this fashion and using; x,+1 = (1—a,)x, B, 11 (th) Ynrm—2,

P (Tps1,7%) < d*(2n, %) + 0 [Tw2 M>y + wi]Z?‘:_OlaZL —a(l—ay)

[Z;n:_lld2<wna Tm—j (tn)yn—i-j—l) ‘l' d2 (.Clﬁn, Tm(tn)mn)]
so that we can have;

ay'(1— Oén)[z;l:_lldQ(xna T j(tn)Ynrj—1) + dz(xm Ton(tn)n)]

< A (wn, 1) — AP (T, ) + an[Twi MPy 4+ W57 o,

Now, using the comparison test of a series, which states that; "if 0 < a,, < Kb,
for K > 1 then, Xb, converges implies that Ya, converges". The necessary
condition for Xb, to converges, is that the lim, .., b, = 0 and that the con-
vergence depends on the tail end of the series. If its finite, then it converges.
that is for M > 0, lim,,_,. b, < M. When a series is finite, we use the oscil-

lating/oscillatory method as follows; so that for ¥b, to converges, let m € N,
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then we write;

Spald® (@n, @) — d*(@ns1, 2%) + o [Twp My + W[N]
= Spld® (@n, @) — d*(@ner, @) + Sply o [Twp My + wi]X75 o]
< d*(w1,7%) = d* (i1, @) + XLy o [Twp My + wi]E75 o]

< d*(z1, %) + 22 [a [Tw? M2y + wi]Egn;Ola{L]] < 00

Thus, Xb, is finite and as such, it converges, then we can also write that;

o
IA

Yoty (an (1= an)[E?:_lld2(xm Tm—j(tn)ynﬂ'—l) + d2(xm Ton(tn)zn)])

< X2 (dP (2, 2*) — d*(Tng1, ©°) + ap[Tw? M?y + wi]E;’;—Olaﬂ) < 00

Now, since Yb,, is finite and it converges, so does Xa,,, by the comparison test of
a series. since; L52 (d? (2, #%) —d? (Tng1, %)+ an[Tw M2y + w1 ad) < oo,
then this also implies that;

222 4 (@ (1 = @) (S5 (@, Do (t)ns1) + (. Ton(t),)]) < 0

and by our choice of {a,,}>°, we have;

M1 = @) [ @y Ty (ta)hsg 1) + (s T (t)0)]

= (o — a1 P (2, T (n) Ynajo1) + A2 (@0, T (tn) )] — 0 as n —

n

(0%

oo. Thus, we have;

lim d(x,, Tn(t,)z,) = lim d(z,, Tho1(th)yn)

n—oo n—o0

= lim d(xna Th(tn)yn+m7h71)

n—o0

= lim d(x,, Th(t0)Yntm—2) = 0. 2<h<m

n—o0
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Hence, the remaining of the proof follows as in lemma 3.2.4 above. 0]

Theorem 3.2.7 ; Let E be a complete CAT(0) space and K be a nonempty
closed convexr subset of E. Let 0 = {T;(t) : K — K,t > 0} be a uni-
formly asymptotic reqular family of uniformly L-Lipschitzian total asymptoti-
cally quasi-nonexpansive semigroup of E, with sequences {wy, (t,) 51, {vin(tn)}52,
and mappings ; : [0,00) — [0,00) satisfying 30w, (t,) < 00 and X5 v, (t,) <
oo, fori € I. Let {a,}°, be a sequence in [e,1 — €|, e € (0,1). Let {z,} be

a sequence defined iteratively as in lemma 3.2.1. Let {t,} be an increasing

sequence in [0,00). Then, {x,} A—converges to an element of F.

Proof. Let Wa({zn}) == Up,,yc ey A{un}). We now show that Wa({z,}) C
F and also that Wa({z,}) consists only of a single point. Let u € Wa({z,}),
then by the definition of A—convergence there exists a subsequence say {u,}
of {x,,} such that {u} = A({u,}). By lemma 3.1.6, there exists a convergence
subsequence {v,} of {u,} such that A —lim,,_,, v, = v, for some v € K. But
limy s ood(vy, T;(tn)v,) = 0, for each i € I, and ¢t > 0. By the demiclosedness
property of each Tj(t), we have v € F. As the limit lim,_,..d(v,,v) exists,
so u = v € F, when limit exists, its unique and as such, since u = v and
{u} = A({u,}), then {u} € Wa({z,}) C F.

Next, we show that Wa ({z,}) has a single element. Let {u,} be a subsequence
of {x,}, such that {u} = A({u,}) and let {z} = A({z,}). Since {u} €
Wa({z,}) C F, the limit lim,_ood(x,,u) exists and by lemma 3.1.2, z = u
and so Wa({z,}) has a single element which implies the conclusion that {z,}

A—converges to an element of F. This completes the proof. O

The C' AT (0) spaces are also the rotund metric spaces (staple rotund see; (Sta-

ples (1976))). The polar and A—convergence of the CAT(0) space, coincides
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in a complete rotund metric space. As a consequence of this statement and

theorem 3.2.7, we have the following theorem.

Theorem 3.2.8 ; Let E be a complete C AT (0) space and K be a closed convex
nonempty subset of E. Let 0 := {T;(t) : K — K,t > 0} be a uniformly asymp-
totic reqular family of uniformly L-Lipschitzian total asymptotically quasi-
nonezpansive semigroup of E, with sequences {wi,(tn)}5 1, {vin(tn)}o2, and
mappings ; : [0,00) — [0,00) satisfying 320 Ui (t,) < 0o and X2 v, (t,) <
oo, fori € I. Let {a,}°, be a sequence in [e,1 — €|, € € (0,1), Let {x,}
be a sequence defined iteratively as in lemma 3.2,1 above and let {t,} be an

increasing sequence in [0,00). Then, {z,} polar converges to an element of F.
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CHAPTER FOUR

COMMON FIXED POINT APPROXIMATION OF
TOTAL ASYMPTOTICALLY NONEXPANSIVE
SEMIGROUP IN CAT(0) SPACES

In this chapter, the modified Mann iteration scheme is used to approximate
common fixed point of a family of uniformly asymptotic regular 0 := {7}, (%) :
K — K,t > 0} Ly, (t)—Lipchitzian and total asymptotically quasi-nonexpansive
semigroup in a complete C'AT(0) space. We were able to prove that the itera-
tive scheme proposed in theorem 4.2.1, converges strongly to a common fixed
point of a total asymptotically quasi-nonexpansive semigroup in a complete
C'AT(0) space. The result presented in this chapter is the semigroup version

of the result in Ugwunnadi and Ali (2016).

In Ugwunnadi and Ali (2016), it was proved that if the finite family of the map-
pings; T, i(n) = 1,2,3, ..., N are uniformly L-Lipschitzian and total asymp-
totically quasi-nonexpansive, under appropriate and restricted conditions, the
sequence {x,} strongly converges to a point in; F := ﬂf\il F(T;) # (. In line
with this, we were able to present their result in a different manner, (i.e) by
letting the finite family of mappings to be uniformly asymptotic regular and
then total asymptotically quasi-nonexpansive semigroup of the ground set. We

were able to obtain the following result:

4.1 Preliminaries

In this section, to prove the main result, we need the following lemmas:
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Lemma 4.1.1 (Dehghan and Rooin (2014)); Let X be a CAT(0) space. Then,
P((1— a)r @ ay, 2) < (1 - a2P(x, 2) + 0*P(y, 2) + 201 — a)dX(T,72)
Va €[0,1] and =z,y,z € X.

Lemma 4.1.2 (Kakavandi (2012)); Let X be a complete CAT(0) space, {x,}
be a sequence in X and v € X. Then, {x,} A—converges to x if and only if

lim supnﬁm(m, :@) <0, forall y € X.

Lemma 4.1.3 (Xu (2004)); Let {a,} be a sequence of nonnegative real num-
ber satisfying the following relation; any1 < (1 — ap)an + @0n + Yn, Y > 0.
Where, (i) {a,} C [0,1],3 a,, = oo; (i) limsupo, < 0; (1) v, > 0;(n >

0),> v, < 0o. Then, a, — 0 as n — oo.

Theorem 4.1.4 (Chidume and Chidume (2006)); Suppose that {z,} is a se-

:L‘n—&—l .
exr1sts.

quence of positive terms and that the limit: L = lim,
xn

If L <1, then lim,,_,o x, = 0.

Lemma 4.1.5 ; Let 0 := {Tj»)(t) : K — K,t > 0} be a uniformly asymp-
totic reqular finite family of total asymptotically nonexpansive semigroup, with
{1 ti) Y (Vo) (bieny)} and mappings iy - RY — RY satisfying 22, _,
M;')(n)(tz‘(n)) < oo and Z;?n)zly;((z))(ti(n)) < 00. Then, there exists sequences
Un(tn) and v,(t,) C [0,00) such that;

ATy (). Ty ()y) < ) + )i (A2, )) + valts), ¥ > 1 and
z,y € K. Where; p(n) = j+ 1, if iN <n < (j+1)N,j =0,1,2,--- and

n=jN +i(n);i(n) € {1,2,3,..., N}.
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4.2 Main Result

In our discussion here, we shall assume that p(n) = j + 1, if jN < n <
(J+1)N,7=0,1,2,--- andn = jN+i(n); i(n) € {1,2,3,..., N} and u,(t,) :=
MAT1<i(n)< Nu;(&)) (titny) and vy, (t,) = maxi<im)< NU;((Z)) (tiny) and for each n >
1, n=(p(n) —1)N +i(n). In this section, we state and prove the convergence

theorem on approximation of common fixed point of uniformly asymptotic

regular family of total asymptotically nonexpansive semigroup in a complete

CAT(0) space.

Theorem 4.2.1 ; Let X be a complete CAT(0) space and K be a closed con-
vex nonempty subset of X. Let 0 := {T»(t) : K — K,t > 0} be a uniformly
asymptotic reqular family of uniformly L, (t)— Lipchitzian and total asymp-
totically nonexpansive semigroup of X, with {,ui(?l) (tim)) }» {V;(Z) (tim))} and
mappings ¢iny : Rt — RT satisfying: Stmy=1H ((7:1))( i(n)) < 00 and X%
y;((n))(t( y) < 00. Letuy(t,) = maxlq(n)gl\;up((n))(ti(n)) and vy (t,) == Mazi<im)<n

I/;((Z))( w) such that: F = =1 F(Timy) # 0, where: F = F(T(t)Tn-1(t)Tv-2(t)

- T TL()N(1) = F(Ty (t)TN(t)TN—l(t)TN—2(t) o T(O)Ta(t) = - =
F(Tnoa(t)Tn—o(t) - T5(t)To(t)T1(t)Tn(t)) # 0. Let {tim)} be an increasing

p(n)=1

sequence in [0,00). Let {x,}5°, be a sequence generated by v, = v € K.

Yn = Prc((1 = o))

Tnt1 = (1 - Bn)yn b ﬁn Zpgfll) (ti(n+1))yn (422)

where {a,}22, C (0,1),{8,}52, C [e,d] C (0,1) satisfying lim, .o o, =

Un (tn) Up (tn)

0,22 ja, = 00 and lim,, =0, lim,, = 0. Assuming that there
exists a constant M = maxi<im)y<nMin), such that ¢;my(r) < Mr,Vr > 0.

Then {x,}2 | converges strongly to F.
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Proof. We start the prove by letting d,, := (1 4+ Bupy1(tni1)M)ay,. Since

there exists Ny > 0 such that Unt1ltnin) o €dtBntniiltne)M) oy Vnii(tasr) <
- Qn - Bn M €20

(1+/Bnun+1 (tn+l)M)
Bn

For some p € F and n > Ny, then we have from (4.2.2) above that:

, for all n > Ny and for some € > 0 satisfying 0 < (1—¢)d,, < 1.

d(ynap) = d(pK((l - Oén)l’n),p)

= d(Pr(0n(0) ® (1 = ap)a,), p)

< d(an<0> s> (1 - ozn):cn,p)
S and(07p) + (1 - O‘n>d(xnap>
And
d = d((1- TR (¢
(l‘n+1,p) (( Bn)yn ) Bn i(n+1) ( z(n-&-l))ymp)
< (1= Ba)d(ynp) + Bud(TH ) Cinrn) 2, [0 = Thos) (tigosn) )]
= (1= Ba)d(Yn, ) + Bud(TE i) s Thr (tin1))P)
S (1 - Bn)d(yn)p) + 6n[d(ymp> + un—l—l(tn+1)¢i(n+1)(d(yn7p))

+Vn 41 (tns1)]
= (yn’ ) Bn (ynap) + Bnd(?/naP) + Bnun—l—l(tn—i—l)gbi(nJrl)
(d(ynap)) + ann-l—l(tn—f—l)

= d(ymp) + Bntint1 (tn+1)¢i(n+1>(d(ynap)) + BnUnt1 (tn+1)

But using i) (r) < Mr,¥r > 0, we then have; ¢;n41)(d(yn, p)) < Md(yn, p)

d($n+1,p) S d(ynap> + Bnun—&-l (tn+l)Md(yn>p) + ﬂnvn—i-l (tn—i-l)

= [1 + Bnun+1 (tn+1)M]d<ymp> + ﬁnanrl(thrl)
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S [1 + ﬁnunJrl (thrl)M](and(Oap) + (1 - Oén)d(l'n,p)) +
ﬁnvn+1 (tn+1)
= [1+4 Butni1(tni1) Mland(0,p) + [1 + Butiny1(tni1) M]

(1 - ozn)d(xn,p) + ﬁnvn—l-l(tn—%l)

From our assumption above, we have that: 0, := (1 + Byupni1(tns1) M)y,
Brtins1(tni1) M < €(1 + Butini1(tns1)M)ay, = €d, and also
Brntni1(tni1) < (1 4 Butupii(tns1)M)a, = d,. Substituting this above and

simplifying, we then write;

d(Tpi1,0) < 0nd(0,p) + (20, p) + Buttnr1(tur1) Md(2n, p) — 6ud(wn, p) + 0n
= 0,d(0,p) + d(zy,p) + €6, d(xp, p) — 0pd(zy, p) + dy
= d(zn,p) + €0nd(zy,p) — 0pd(n, p) + 6,d(0,p) + by,
= [1 =6, + €dyld(zn, p) + ,[d(0, p) + 1]
= [1= (1= €)dnld(zn, p) + 0,[d(0,p) + 1]
%&l[d(o,p) +1]

(1= 95,[d(0,p) + 1
1-0

= [1—(1—¢€)d,|d(x,,p)+

= [1=(1=e)d,)d(xn,p) +

[d(0,p) +1]
(1—¢)

IN

}

max{d(x,,p),

Thus, we have;

[d(0,p) + 1]

>
=) b,V n4+l1>n

d($n+1,p) < max{d<xnap)7

And by induction, since it holds for all n + 1 > n, then it also hold for all

n > Ny. Then, we can write that;
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[d(0,p) +1]

1= oV on>N, o (4.2.3)

d(zn,p) < maz{d(zn,,p),

It then follows that {z,} is bounded, and as such {y,}, {T} 'r::f) (titnt1))Yn s

and {1 ::11 (titn+1))Tn} are all bounded. Also,

A(Yn,xn) = d(Pr((1 —an)zn), Tn)

= d(Px(an(0) ® (1 — ay)wy), )

IN

d(an,(0) & (1 — ap)zp, p)

IN

a,d(0,2,) + (1 — ay)d(xp, xp)

= o,d(0,2,) — 0 as n— 0.
Using lemma 3.1.3 and by letting u, (t,) = 2Mu,(t,) + u2(t,)M?, we have;

d2($n+1,p) = ((1 - ﬁn)yn S ﬁn@png_ll)( z(n+1)>yn7p)

(1 - ﬁn)dz(ymp) + ﬁndz(jjzz()nﬁ‘_ll))( z(n—l—l))ynap) - Bn(l - Bn)

d? ( n;ﬂ?;ﬁl))( Z(n+1))yn)

= (1= B)d* (Y, p) + Bud (T (tin) s Thr ) (ins))P)
—Bu(1 = B (s T (i) ), [P = TH) (i) )
(1 - Bn)d2(yn7p) + @L[d(yn,p) + Un+1(tn+1)¢i(n+1)(d(ymp))

+Un+1(tn+1)] - ﬁn(l - 6n)d2 (mi 7?253:1?( Z(n+l))yn)

IA

IN

Using ¢ (1) < Mr,¥r > 0, we then have; ¢;n41)(d(yn, ) < Md(yy,p)

S (1 - ﬁn)dQ(ynvp) + 5n[d(yn7p) + Un—&—l(tn—i—l)Md(ymp) + Un+1(tn+1)]2

~Bu(1 = Ba)d? (Y, i) (tios1) )0
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= (1= Ba)d*(yn, 1) + Bul(1 + tns1(tns1) M)d(Yn, D) + Vnga(tusr)]* = Ba
(1= Ba)d (yns Tior) (Bitns1) )

= (1= B (Yns p) + Bal(1 + w1 (tnsa) M)*d* (Y, p) + 2[(1 + 1 (t1) M)
At P)[n 1 (b)) + Wi (b)) = Bu1 = Bl (i, TS i) )

= & (Yo, p) + 280041 (b)) M A (Y, p) + Butiy i1 (bar ) MPd (Y, p) + 28,051
(tns1)d(Yns ) + 282041 (b1 )1 (b)) MAd(Yns ) + B (tnsa) — Ba
(1= Bu)d (g, Ty ity )

= [14 Bu(2unsr (tas1) M + g (bar ) M) (Y, D) + B (1) [2d (Y, p)
+20 11 (bs1) MA(yns p) + Vn1 (b)) = Bal(L = Ba)d (s Ty (Fign1))yn)

= [1+ Buttns1 (b )8 (9, 2) + Bt (tn1) 201+ g (bgr) M) d (Y, )

01 (tng1)] = Bu(L = Ba)d (W, THo Y (Eins1) ) (4.2.4)

Since {y,} is bounded, then there exists D > 0 such that: d(y,,p) < D Vn >

1, so that we have;

d2($n+1,p) S d2(yn7p) + ﬁnun—‘rl (tn+1)D2 + /ann—‘rl (tn+1)[2(1 + un+1(tn+1>M)

D + vy i1 (tny1)] — Bu(l Bn)dQ(ymTﬁgr—l))( Z(n+1))yn) (4.2.5)

Also from (4.2.2) and lemma 3.1.3, we obtain;

dQ(yn»p) = dQ(PK((l — ) T), D)

= ®(Px(an(0)® (1 — ap)zn), p)

IN

d*(an(0) & (1 — ), p)

Q2d2(0,p) + (1 — )2 (2n, p) + 20 (1 — ) (0, Tud) (4.2.6)

IN

Now, substituting (4.2.6) into (4.2.5), we obtain;
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dz(xn+17p) S

)(0p, Znlh)

+ﬁnun+1 (tn+1)D2 + ann+1 (thrl) [2<1 + Unp41 (tn+1)M>D

OéidQ(O,p) (1 - Oén) d2(xn7p) + 2an

+0n 1 (b)) = Ba(1 = Bu)d? (yi, sz;’flw it +1))Yn) (4.2.7)
< a2d(0,p) + (1 = @) d(w0,p) + 200(1 = 0) (0, 72)
+Bnun+1<tn+1)D2 + ﬁnvn—s—l(tn—ﬂ) [2(1 + Upt1 (tn+1)M)D
+n41 (1)) (4.2.8)
Since {z,,} and {y,} are bounded, then there exists D; > 0 such that;
and®(0,p) +2(1 — an)(@, Tnp) < Dy, Vn > 1 (4.2.9)
From (4.2.7) and (4.2.9) above, we get;
6n(]- - Bn)dz(yna szgfll))( z(n+1))yn) S d2(xn7p) - d2(£n+1ap) + O-/2d2(xnap)
+a2d?(0,p) + 20, (1 Op,ﬁ
FBntnt1(tnr1) D? + Bt (tnga)
[2(1 + Un+1 (tn-i-l)M)D + Un+1 (tn+l)]
= (0, p) = (2011, p) + anland®(0,p)
= n+1(tn
+2(1 = a)(0p, ) + ﬁn%zﬂ
Un tn
+ﬁn$[2(l + un+1(tn+1)M>D
tUny1 (tn+1>] + and2 (xmp)]
< d2(£n7p) - d2(xn+1,p) + O‘n[Dl + /Bn
Ww g, L) o g
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Now, to complete the prove, we consider the following two cases;
CASE 1; Suppose that there exists ng € N such that {d(x,,p)} is non-
decreasing, then in this case, {d(x,,p)} is convergent (by its monotonicity and

boundedness). Then, from (4.2.10) above, we obtain;

Bn(1 — Bn)dQ(yn,Tﬁrfll))(ti(nﬂ))yn) —0 as n— oo. (4.2.11)

Which implies that by our choice of 3,
Ay, T (igni1))yn) — 0 as 1 — oo, (4.2.12)

i(n+1)

And

n+1 n+1
d(xn; T’fESH_l)) (tz(n-l—l))yn) S d<xn> yn) + d(yna jjzzégz—i-l)) (tz(n—i-l))yn)

—0 as n—

Also, from (4.2.2) above, we have that;

(a1, 20) = (1= Bo)yn @ BTl (titns1) Yns )

< (1 - Bn)d(ynu In) + ﬁnd(jlzz;i—i;)(tz(n—&-l))ym xn)
Which implies that from (4.2.4) and (4.2.12) above, we write;
lim d(zpq1,2,) = 0, (4.2.13)

n—oo

Furthermore, we obtain that;
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n+1
daa, T (tinn)2a) - <

IN

(@, yn) + Ay, T (i) ) + A(TEY

n+1 n+1
(tigns1) s T (L) TEY) (i) ) +
n+1 n+1 n+1
dA(TEN (i) TEY (i) Vo TH) (ignen) ) )

n+1 n+1
d(@n, Yn) + Ay, T (insn) ) + AT

n+1 n+1
(tita+ )9 Ty (it + tig))yn) + (T

p(n+1)
r‘ri(n—i-l)

n+1
(@ ) + A, T (Lin)) +

Tp(n+1)

(titnt1) + titn) ) Yns i(n+1) (titnt1))Zn)

sup
S€§R+ ?Ze{yn}

(n+1) (n+1)
d(jlzzn+1) (ti("+1))z7 71z'zgn—i—l)

n+1
(tigrs ) MIA(TE Y (i) s ) + Vet (i)

(tignr1) +8)2) + [1 + tnta

Using the uniform asymptotic regularity of 9, (4.2.12) and our assumption

above, we get;

n+1

Hence, from (4.2.13),

d($n+N7 mn)

d(mm yn) + d(yn7 Tfégﬁl)) (tz(nJrl))yn) + sup

seRt ze€{yn}

n+1 n+1
d(T‘iZEEH:’—l)) (titn+1))2, ﬂ(fﬁi))(ti(nﬂ) +5)z) +[1+

n+1

(tim+1)) — 0 as n — o0
< d(@pgNs Topn—1) + A Tnin-1, Tpin—2) + d(TnpN_2, TnyN_3)
+ 4 dxpre, us1) Fd(Tpi, 1) — 0 as n— o0

Next, we show that Vi > 0;
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lim d(zy,, Tinen) (tin)) TigneN—1) (tign)) TitnaN—2) (Lin)) - - -

n—oo

Titn+2) (tin)) Tigna1) (tin) ) Tin) (tign) ) 2n) = 0,

Using (4.2.15), it suffices to show that V¢ > 0;

m d(2n1n, Tyt 3y Eien)) Tina N—1) (Eien)) Tigne N —2) (Fign) ) - -+

n—o0

Titnt2) (tin)) Tin1) (tin)) Tin) (tiny ) 2n) = 0,
But,

Tp(n—f—N)

n+N
d(xn—&-N—ly i(n+N) (ti(n+N))In+N—1> Tp( )

d($n+N—17 $n+N) + d(xn+N, i(n+N)

IN

(ti(n+N))$n+N—1)

= d(TpiN-1, Tprn) +d((1 = Buyn-1)

n+N
YntN-1 D Bn-i—N—lTﬁ;:N)) (titnsny)

n+N
Yn+N-1), Tfé;:m) (titnsn))s Tnan—1)

IN

d(Tnin-1, Tngn) + (1 = Bnyn—1)

n+N
d(?/n—l—N—la Tﬁfle)) (tz(n+N))$n+N—1)

n+N
+Bnn fld(ﬂ%:m) (titn+n))

n+N
yn+N71>7 szgle)) (ti(n—i-N))a anerl)

IN

d(Tnyn-1, Tpin) + (1 = Brgn-1)
n+N
[anJerld(O; YTLIZEL:N)) (ti(n+N) )$n+N71)

n+N
+(1 = e v 1)@y 1, T (i)
xn+N—1)] + ﬁn—l-N—l(]- + un—i—N(tn—i-N)M)

A(YntN-1, Tnen-1) + BntN-1Vnsn(tntn)
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1
Wy N-1 + Bpin-1(1 — Qpin-1
(1 — Bogn—1)0nsn—1 p(nt N
ApaN-1+ Branv_1(1 — apin_1) d(0, Ti(£L+N)) (tignen))
5n+N71
N1+ Bopn-1(1 — Qg n—1)
(1 + tns Nt v ) M) d(Yni N1, Trg N—1) + Vng N (Engn]

IN

)d(l’n+N717 Tpin) +

$n+N—1) + d(mn—l—N—l

— 0 as n— oo. (4.2.16)

By (4.2.13), (4.2.14) and (4.2.3) we have the above expression. Now, since
{T(n)(tin)) } is Lipschitz with constant L;q, (t;n)) for each i(n) € {1,2,3,..., N}
and for L(t) := maxi<im)y<n{Lim)(tin))} for any positive number n > 1 and
t>0,n=(p(n)—1)N +i(n), we have;

A(@nyN-15 Tinen) (tignen) ) Tnan—1) < d(anerlajlféifjff\g)(ti(n+N)>wn+Nfl)+d

n+N n+N
(Tﬁiwf (Lt 3))Tng N -1, sziw >) (titm))

n+N n+N
szfwrzv)) (titntN))Tnrn-1) + d<TiIZ1(1+N ))

n+N
(tz(n) )YLIEEHTN)) (ti(n—i-N) )anerl ) 7jz'(n—‘,—N)
(titnt Ny )TnyN-1)
TP(”""N)

= d(In+N—17 i(n+N) (tz‘(n+N))9€n+N—1)

N N
FA(TRRY Gt ) Tsn-1, Ty
n+N
(ti(n+N) + tz’(n))l’n+N—1) + d(zﬁiﬂv))
(tinan) + tin))Tnen—1, Tigns Ny (ti(na )

$n+N—1)

Since, for any t > 0 and {T;,(¢) : t > 0} is a uniformly asymptotic regular

family, then we have that;
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. n+N n+N
7}1_{1010 d(ngq(@:N)) (tign+N))Tnt N—1 7?251:1\/)) (tin+n) + 1) Tnin-1)

. n+N n+N
< lim sup d(ﬂ'zgi_:N))(ti(n—i—N))Za szgz:N)) (tign+ny +1)2) = 0.

n—oo 2eK

where K is a closed, convex, nonempty subset of X containing {z,} and

{Zn+n-1} (bounded sequences). Since {Tj,)(t)} is continuous, we get that;

< d($n+N717T’;Eizfjff\g)(ti(nJrN))wnJerl)+ sup d(ﬂ'?gf]\][\;)(ti(n+N))Za
zeK,seRt
n+N n+N n+N)—1
TH (i) + 5)2) + LTS i) TH ™ (i)
TnyN-1, $n+N—1)
n+N n+N
< (@1, TR (i) Tagn—1) + - sup AT (tige )2,

zeK,seRt
n+N n+N n+N)—1
T;'IZSI—i-N))(ti(”‘f‘N) +5)z) + L(t) [d(T;']zSz-i-N))(ti(n))TiIZ;-‘rN)) (tins)
n+N)—1 n+N)—1
)xn—l-N—la 711251+N)) (tz(n))xn—l) + d(T’zIEEH—N)) (ti(n))wn—la :L‘n—l)

+d($n_1,$n+N_1)] (4217)

Thus, since for each n > N, n+N = n(modN), and also n = (p(n)—1)N+i(n),
so that we have; n+ N = (p(n) =1+ 1)N +i(n) = (p(n+ N) —1) = p(n) and
i(n) =i(n+ N), assume that p(n + N) = p(n) also. Hence,

n+N n+N)—1 n+N)—1
d(TgEiL-i-N))(ti(n))nggL—f—N)) (ti(n+N))$n+N_1,7?Z7(1)+ ) (titn))Tn-1)

=TT (tiew) iy (i) T2, Ti (i) 1)
= d(TI (2ti)) e v—1, Ty (tiny)Tn1)
= (T3 (tigmy 1, Thy (i) 1)

S L(t)d(ﬂ?n+N_1,$n_1) (4218)
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And also,
AT N o) Tty Tn) = AT (i) Tty Tn) (4.2.19)
(n) (n)

Now, substituting (4.2.19), (4.2.18) into (4.2.17), we have;

n+N
A(@pi N1, Tign ) (igna ) Tngn—1) < d<xn+N*1=TZZE;:N))(Q("’LN))QTMNA) "
n+N n+N
sup  d(TI ) (tiwsm) 2 Ty

z€K,seR+
(tign+y +8)2) + L(8)[L(t)d(Tnin-1,

1) + AT (tig) 1, Tno)
+d(xn—17 xn-{—N—l)]

n+N
- d<xn+N—1a71'1251++N))(ti(n+N))xn+N—l)

p(n+N) 1, p(n+N)
” zels(lile)m+ d(Ti(""‘N) (tign) )2, Ti(TH-N)
(tign+ny + 5)2) + L*(#)d(TpiN-1,Tn-1)
+L)A(THY (tin))Tnt, 1) + L(t)

d(ilfn—l, xn+N—1)

Using the definition of 9, which is uniformly asymptotic regular, (4.2.15) and

(4.2.16), we get that;

lim d(xn—f—N—laT'i(n—Q—N)(ti(n—i-N))xn-‘rN—l) =0 (4220)

n—o0

Thus,

d($n+N>Tz‘(n+N)(7fz'(n+N))$n+N—1) < d($n+N7%+N—1)+d($n+N—1,Ti(n+N)

(tin+N))Tnan—1) — 0 as n — 00 (4.2.21)
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Indeed, since {Tj()(tin))} is Lipchitzian, by using (4.2.21) above, we get;

d('xn+N7 T’i(n—i-N) (ti(n))xn+N71> —0 as n—o0

d<Ti(n+N) (ti(n))$n+N—1,Tz‘(n+N) (ti(n))E(n+N—1)(ti(n)>xn+N72) —0 as n— o0

d(Titnan)(tim)) - - Titnr2) (i) Zng 15 Tiineny (i) - - Tina1) (Lin) ) Tn)

—0 as n—

Adding them all together, we have;

d(2pgn, Tignan) (tin)) Titnen—1) (tin)) TignaeN—2) (Lign)) - -

Titn+2) (tin)) Titns1) (tin) ) Tin) (tin) )2n) —> 0 as  n — oo.

Which implies from (4.2.15) that;

d(Zn, Titngn) (ign)) TineN—1) (tign)) TigneN—2) (Eigny) - - -

Titn+2) (tin)) Titns1) (tin) ) Tin) (tin) )2n) — 0 as  n — oo.

Also, since {Tj)(tin))} is Lipschitz with constant L;q,)(tix)) for each i(n) €
{1,2,3,..., N} and for L(t) := maxi<im)<n{Lim)(tim)) }, we have;

A(WYns Ty ) (tin)) Tinen—1) (tim)) -+ Titnr1) (Lin)) Tign) (Lin) ) Un)

IN

A(Yns Tn) + d(@ns Tinen) (i) Tignen—1) (i) -+ Tina ) (Lign)) Tign) (tign) ) Tn)
Fd(Titntn) (ign)) Tinen—1) (i) -+ Tina 1) (tign)) Tign) (tin) ) s TNy (Einy )

IN

d(yn7 'rn) + Ln(t)d(yna xn) + d<xn7 ﬂ(n+N) (tz(n))ﬂ(n—&-N—l) (tz(n)) te ﬂ(n—&—l)
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< [+ L"(O)]d(Yn; Tn) + d(@n, Tignrny (Eitn)) Tigns 5 -1) i) =+ Tignrr) (i)

Titn)(tiny)zn) — 0 as n — oo.

Since {z,} is bounded, there exists {x,,} of {x,}, which converges to a point
p € F. By lemma 3.1.2, we may also assume that {z,,} A—converges to a
point p € K. Now, since the family of semigroup is finite, passing to a further
subsequence if needed be, we may assume that for some i(n) € {1,2,3,..., N},

it follows from lemma 3.1.6 that;

d(2n;, Tty n) (i) Tigns v —1) (tign)) Tinr v —2) (i) - - -

Titnt2)(tim)) Tigna1) (Fien)) Tign) (ign) )00, ) —> 0 as  j — oo.

Finally, we show that z,, — p, since d(y,,p) < D; and since D; > 0, using

(4.2.8) above, we obtain;

dQ(l‘n—&-l»p) S (1 - an)2d2(xnap> + O{idQ(O,p) + 6nun+1(tn+1)D2

+BnVn 41 (tn 1) [2(1 + Ungr (B 1)) M) D + v (Engr)]

+20,(1 = ) (0P, Tb) (4.2.22)
Thus,
A (xny1,0) < (1= 0)*d* (20, p) + QnYn + 0, Y >1
where;
2 —
Tn = and (Ovp) + 2(1 - an)<0p7 m)
Oop = ﬁnvn+1(tn+1)[2(1 + Unt1 (thrl)M)D + Un+1(tn+1)] + Bnun+1(tn+l)D2
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With X220, < oo. Since {w,;} A—converges to a point p € K, then by
—

lemma 3.1.7, we have lim sup,,_, . (Op, mﬁ) < 0, then it also follows from lemma

4.1.1 that {x,} converges strongly to a point p € F. Consequently, {y,} also

converges strongly to a point p € F.

CASE 2: suppose that {d(x,,p)}>2,; is not a monotone decreasing sequence,

then lets set Y, := d*(z,,p) and let
T =maz{k € N 1 k <n,Tp < Tpi1}.

Then, 7 is a non-decreasing sequence such that 7, — oo as n — oo and
Tr < Ygyq, for n > Ny Now, following the same argument as in the first case

above, we obtain that;

A(@+(nys Ticr(nt-N) Eigr ) Ticrnt N—1) Eigr ) Tirnt- N—2)) (Bigr(ny)) + -

Titr(n+2)) titr ) Tir 1) Ficr ) Licr () (igr(0)) ) Tr(n)) —> 0 as n— oo,

And also,

A(Yrn)s TirnaNY) Eiir ) Titr(neN=1)) Eir0))) Titr(ne- N—2)) (Bir(n))) - - -

Titr(nr2)) (Licrn))) Tirn 1)) Eigr o)) Lir () (Lir(n)) )Y () — 0 as n — oo

As in the first case, we also obtain that {x.(,)} A—converges to some point

p € F. Furthermore, for all n > Ny, we also obtain from (4.2.22) above that;

0 < dQ(xT(n+1)7p) - dZ(xT(n)up>
%
< Qr(n) [aT("))2d2(07p> + 2<1 - aT(")><0p’ Lr(n) >

Ur(n)+1(tr(n)+1)
+ﬁr(n) ) [2(1 + Ur(n)+1 (tT(n)+1)M)D
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Ur(n41) (tT(TL)+1 )

F0r(m)41(trmy+1)] + D?Brny — d*(T7(n), D)] (4.2.23)

(n)

It then follows from the above that;

%
& (Trn)s0) < Qrimylr())?d?(0,p) + 2(1 = ar() ) (0D, T7 (D)

Ur(n l(t‘rn 1)
+ﬂ7(n) (n)+ (n)+ [2(

1+ uT(n)—i—l(tT(n)—l-l)M)D

Qr(n)

n+1) (tT(n)+1) ]

Ur
s (41 (Er )] + D2Brgmy— r(n)

(4.2.24)

Thus,

lim TT(n) = lim TT(n)+1

n—o0 n—oo

Furthermore, for all n > Ny, we have that; T, < Yy, if n # 7(n), (ie
7(n) < n) because, T; > YT,44, for 7(n) < j < n. it follows that Vn > Ny, we

have;

0 < 7T,
< max{TT(n))TT(n)—f—l}

- TT(n)—H

This implies that lim, ,,, T,, = 0 and hence, {z,} converges strongly to a

point p € F. This completes the proof. U

Example 4.2.1 Here, we discuss the direct application of theorem 4.1 on a

typical example on the real line space. Consider the following: Let X =R and
n+1

4n —1°
Then, the modified Mann iterative scheme (4.2.2) above can be simplified as

K =10,1], where K C X. Choose T(t)z = 2z, o, = 5 and 3, =

10 2n
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follows:

yn = Pr((1 = an)zn)

= Pil(l- 5-)e)

2n—1
= (nQn )Tpn, Vn €N.
And also,
Tp+1 = (1 - ﬂn)yn S an—fzgﬂl)) (tz(nJrl))yn
n+1_ 2n—1 n+1.9 2n—1

= 1— n - n
o DA St r e R o S i

6n® —17 2 9(2n? -1
_ S ont? (2n° +n—1) Vn e N.

8n? — 2n Jn +( 10(8n2 — 2n) Jon:

1

15, the numerical example using MATLAB con-

Take the initial point x1 =
verges to zero(0). Hence, the iteration process of the sequence {x,} converges

to zero(0), by using theorem 4.1.4 also.
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CHAPTER FIVE

SUMMARY, CONCLUSION AND
RECOMMENDATIONS

In this chapter, we present a summary and conclusion of the results presented
in this dissertation. We also present a list of recommendations for future

research in the line of problems addressed.

5.1 Summary

In conducting and compiling this dissertation, we were able to discuss the

following results:

In the first chapter, we introduced the concept of fixed point theory, hyperbolic
space, metric space, CAT(0) space and semigroup of nonexpansive mappings,
which we were able to do with the help of some important definitions and
examples where necessary. The methodology and concepts used helped in

achieving the desired results in the third and fourth chapters respectively.

In the second chapter, we gave some literature review on the concept studied
in this dissertation, which includes; fixed point theorems and semigroup of the

one parameter family of nonexpansive mappings.

In the third chapter, using an iterative scheme, we were able to establish the
polar and A— convergence theorems for uniformly asymptotic regular finite
family of total asymptotically quasi-nonexpansive semigroup in a uniformly

convex hyperbolic space and also in a complete C' AT (0) space.
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In the fourth chapter, we studied and used the modified Mann iterative scheme
for approximating common fixed point of a uniformly asymptotic regular fam-
ily of uniformly L-Lipschitzian and total asymptotically quasi-nonexpansive

semigroup in a complete C' AT (0) space.

In the last chapter, we summarized and concluded the dissertation and pro-

vided some directions for future findings and research.

5.2 Conclusion

In this study, the iterative schemes considered in the third and fourth chapters
were used to show three (3) important convergence of the semigroup of the one
parameter family of nonexpansive mappings. These convergence includes: the
strong convergence, the polar convergence and the A—convergence. And also,
the approximation of common fixed point theorems of such mappings have
been established. Hence, we conclude that convergence can be obtained in a
uniformly convex hyperbolic space and also in a complete C'AT'(0) space, using
both the concept of the semigroup of the one parameter family of nonexpansive
mappings and that of uniformly asymptotic regularity of finite families of a

map.

5.3 Recommendations

In this study, we were able to achieve the desired objectives by showing: strong,

polar and A—convergence in CAT(0) spaces. With this, we recommend that
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this dissertation could be used to improve the study of the hyperbolic (C'AT'(0))
spaces by future researchers. The points listed below, will help in improving the

study of the semigroup of the one parameter family of nonexpansive mappings

in CAT(0) spaces.

1 The convergence in the C'AT'(0) space should be extended to common
fixed point of a finite family of non-self mappings of total asymptotically

nonexpansive semigroup.

2 Results involving variational inequality problem (V.I.P) and equilibrium

problem (E.P) should be studied in the settings of the C' AT'(0) spaces.

These are but a few directions we have for future research/investigations.
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