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ABSTRACT

Link travel times of scheduled, fixed-route
intra-urban bus transit have been studied with the
following primary objectives:

.To choose a most appropriate candidate distribu-

tion model from several potentially possible
probability distribution models of travel times.

.To construct simple predictive models of travel

times, in terms of variables related to systen

characteristics, for a specific site,

.To develop simple mathematical models of stop
dwell times of buses,

Building upon a review of literature, the study
presents an overview of the relative appropriateness
of some alternative probability models of travel times,
The distributions studied are the Normal, Log-Normal,
Gamma, and Beta distributions. In particular, the
potentials of Log-Normal distribution model are explored
based on its practical and statistical properties,
estimability of the parameters, and the stochastic nature
of travel times. Kolmogorov-Smirnov goodness-of-fit
test and the decision rule for tho 3% significance level
confirms the appropriateness of Log-Normal model,
relative to observed data, as an underlying probability

model for day-to-day stochastic distributions of travel
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time. Data collected on a bus line run by Kaduna State
Transport Authority in metropolitan Haduna are used to
estinate and evaluate the models. Simple wathematical
models to predict the parameters of the Log-Norral model
as a function of system characteristics are consgtructed,

Only link length and numher of roundabouts have been
found to be statistically sipnificant; surprisinzly, number
of intersections is statisticrlly insignificant as 2 factor.
Because examination shows that the explanatory variables in
the proposed models are nct collinear, the models derived
do not have biased coefficients. Also, simple analytical
models of stop dwell times of huses are formulated.

The major findings, in the light of the peculiar set
of present day conditions, are that bus total dead times
at stops are a random variable following a Gamma dicstribution
and boarding/alighting times are linear functions of number
of boarding/alighting passenzers.

Estimation results provide tentative and reaszonable
support for the conceptual and theoretical bases of the
models. Also, by collating models predictions with observed
values, it iz demonstrated that a workable theoretical and

empirical construct exists for characterizing




link travel times. The proposed model is conceptually
and operationally simple and should provide intra-urban
bus transit operators or planners with an analytical
framework to address the subject of link travel times
in particular and bus transit planning in general.

The study concludes with implications of results ;

and directions for further research are suggested,
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CHAPTER 1

INTRODUCTION

This study focuses on schelduled, fixed-route
intra-urban bus transit, but bus travel times on links
are given particular emphasis, The aspects of bus
travel times studied are link travel times and stop
dwell times,

Bus transit, however, possesses somé'characferistic
features which tend to distinguish it from other forms
of public transportation, It, for example, seldom
operates on exclusive rights~of-way and its operation
is highly dependent on physical characteristics of the
- route, traffic volumes, passenger loads, and even
weather,

Conceivably, separation between homes and work,
and similarity in most working hours through the whole
spectrum of jobs have resulted in movement of people
between homes and work each day at approximately the
same times in the day and considerable volumes of traffic
. along relatively narrow corriders, In effect, heavy
- concentration of trips both in terms of time and space
are the typical problems of commuting traffic: congestion,
delays, frustration, and so forth. Highly reliable

transit service, therefore, is of common interest and



benefit to passengers and operators, and could almost
always attract auto users to public transit,

Travel time is an iaportant variable in explaining
travel impedanQe, run choice, mode choice, and so forth.
It is also a level of service measure most clearly
susceptible to variations, To transit planners or
operators, knowledge of travel time is essential in
determining appropriate schedule time for bus trips,
layover or slack time, and effective systems' operations
and management, To transit users, travel time is vitally
impoftéht vis-a~-vis on-time destination achievements.

In this light, it is important to transit planners or
operators to have basic tools for analysing service
performande,

However, the performance of fixed route public
transport is hardly a novel subject, Over the years,
particularly in developed countries such as the United
States ol America and Britain, various aspects of the
conventional fixed route =mervice have been extensively
reéearched.

This study attempts to analyse bus travel time
distributions and their affecting factors, and to
construet simple predictive models of travel time, based

on system characteristics, for a specifie site,



A subsidiary aim is to examine the characteristiés of
bus stop dwell times and to estimate models for stop
dwell times.

The analysis is done in the context of a real-life
bus transit system run by Kaduna State Transport

Authority (XSTA) in metropolitan Kaduna,

1.1 STUDY METHODOLOGY

l,1,1 FIELD OBSERVATIONS

The data set collected on 2 bus line run by KSTA in
metropolitan Kaduna were used to calibrate and illus-~
trate the models, Kaduna is the capital of Kaduna State
in Northern Nigeria, has about 2 million inhabitants
and consists largely of high density residential areas,
The KSTA is the only agency that provides scheduled,
fixed-route intra-city bus service in the state,

The bus route (Route One) studied traverses a major
traffic corridor connecting the Central Business District
(CBD) of the city with Kawo and Kakuri suburbs, The
round trip-length of the route (Kawo-Kakuri-Kawo) is
approximately 30,9-km, The route is sufficiently long
with a dual carriageway and contains a number of round-

LN

abouts and minor intepqeg}ions and no traffic lights,



Route One.is worked by Two~Mao-Operated (TMO),
two~door, 52-seater Steyr buses. The two doors are
provided with a transmission interlock system which
prevents the doors from being opened while the bus is
in motion, Passengers board through the rear door
and exit through the front docr, The fare structure
is graduated and the conductor collects fares and
issues ticket manually while the bus is moving,

Data were obtained by con-board survey, Obser;ers
fiding the buses, equipped with stop-watches and electronic
dipgital watches, recorded simultaneously the bus dwell
times at each bus stop (execluding stop events at termini),
- the boarding/alighting times and the number of patrons
served, dead times between the instant of bus stopping
and the firsti passenper boarding or alipghting (1.e.,
pre-~boarding/alighting dead times), The dead times
between the instant of last passenger boarding/alighting
and the instant of bus departure (i.,e., post-~boardinrg/
alighting dead times) were also recorded.

Link travel timwes, that is,travel times between
two bus stops were recorded. The KSTA furnished informa-
tion on the spaces between some bus stops, The anumber
of roundabouts and number of intersections were observed

directly, After a preliminary survey, the observations



lasted for five coneecutive days (Monday through Friday)
and mostly during the morning peak periods, in June
1v8l, Altypether, 30 observations of travel times on
each of the 34 links were made, A larger data base
would have been desired but rescurce limitation was a

major constraint,

1.%,2 BUS TRAVEL TIMES ON LINKS

The conventional fixed-route systems provide cne-
dimensional corridor service and they bave repular stops
while also operating on schedule, Herein, a fixed bus
route is assumed to consist of links which can be defined
a8 serments connected by node pairs, Thus, a bus route
18 defined simply as an ordered sequence of links
connecting pairs of bus stops, Links possess locational
and spatial attributes such as length, capacity, and
direction, Nodes may be regarded as access polnts to
a transit system, For a bus system, the nodes correspond
to bus stops,

It is assumed that individual measures of travel
time over a pgiven link, represent a random sample frem
a positive random variable which itself is a real-valued

function defined on a sample space,



The first step is to 1identify the desired charac-
teristics of a link travel time distribution, and then
search for a model which c¢oula embrace as many of the
desired characteristics as possible, and be mathematically
convenient manually, or with a computer

Before calibration of models, the observational
| data collected on different weekdays (Monday through
Friday) and mostly during the morning peak periods were
checked against any statistical differences in means
of travel times using analysis of variance (ANOVA).

The analysis was inevitable as data had been coilected
during different weekdays, Moreover, the analysis could
ref{lect variations in bus performance which might be
related to daily trends as well as form a basis for
agpregation of data if the differences in means of travel
times among the different weekdays were not statistically
significant, or stratification of data, if the means

werye statistically significant., However, the results

of computer program utilized, SPSS (Statistical Package
for the Bocial Sciences) subpropgram ANOVA, showed that

the means of travel times amonpg the different weeckdays
were not sipnificantly different statistically for all

the 34 1links studled,



Two stratergies for modellin: of travel times were
evaluated, namely: 1) distrivution modelling technigue;
and 2) stepwise rerression technicue, In the latter,
models were constructed recursively through successive
giddition of exrvlanatory variables that meet certain
statistical criteria., Iadevnendent variagbles were
entered only if they had a minimum F-value of 4.0 anc
Tolerance of 0,05 usin~s 3PSC subprogram PEGRISSION,
Likely irnracts on travel times of basic predicteor variakles,
namely, link length, numoer of roundawveuts, and number
of intersections along a fixed route were examined and
evaluated, It was fell that the use of a probability
distribution model to capture a larme spatial and
tesworal variability in travel tires on each link could
permit a more thorouph evaluation of information for
accurate analysis and nredicticous, as well as provide
a better and more comprehensive plcture of travel time
distributioas,

Py reviewing the avallable literature the relative
aprropriateness of several potentially nossible probabi-
1ity distribution models ¢f travel time was evaluated,
Tha distribution models studied included the Neormal,

" Lo~=MNovmal, Gamma,and Deta distrioutions, In particular,



the potentials of Log-Normal model were explored.
Sequel to analysis of variance, the parameters of the
Log=Normal model were estimated for each of the 34 links
by the method of maximum likelibhood, Log-Normal distri-
bution model was considered in this investigotion on
the feollowing grounds: 1) the model is highly flexible,
positively skewed, and limited to positive values of
a random variable of which travel times are assumed to
be one; 2) it is computationally tractable and related
to Normal distribution via logarithmic transformation;
3) the model is a result of a series of multinlicative
effects, but the logaritims of travel time variable
become Normally distributed and the effects become
additive; and 4) the Log-Normal model is an appropriate
model when the vuluce of an obmerved variable is a random
proportion of the previously observed value. In addition,
it was felt that the relationship of Log-Normal model
with Normal model could permit predictions of its
parameters (which are Normally distributed) as a
function of system characteristics without serious
viclatioas of some underlying assumptions of regression
analysis,

A nonparametric test developed by Kolmogorov and

Smirnov (Kalmogorov-Smirnov test, or K-S test) was used



to fest the null hypothesis that the empirical data

and Log-Nermal distribution are not statistically
different at 5% level of significance, To apply the

K-8 test, the empirical cumulative distribution function
(sample cumulative frequency distribution) as well as
the hypothesized cumilative distribution function were
evaluated for each distinct observation, The K-8
statistic Dn measures the maximum absolute deviation

of the empirical distribution function from the theore.
tical distribution function, The acceptance or rejec-—

tion of null hypothesis was tested by comparing Dn

to tabulated critical values Dg at various significance
levels o and values of n (number of samples),

The K-8 goodness-~of-fit test was preferred to the
mofé traditibnal Chi-square (x?) goodness-of-fit test
after careful study of their relative merits. In
essence, the K-S test is exact even for small samples,
conceptually aml operationally simple, and it is
generally considered to Le more powerful than the y
" test (Conover, 1971),

The parameters of the Log-Normal distribution were
modelied in terms of independent variables related to

system characteristics, It is believed that if it is
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possible to obtain a reasonably good fit from the pre-
dictor variables then a tool has been derived to predict
the distribution of travel times for a specific site.
In order to ease the required computations, a
computer program was written and used along with SPSS
subprograms and NAG (Numerical Algorithm Group) routine,
The NAG routine S15ABTF was used to compute the Normal

cumulative distribution function,

1,1,3 STOP DWELL TINES

The time which a bus spends at a stop while picking
.up and letting off passengers constitutes a delay to
patrons already on board and extra operating costs to
the trangit agency. According to previous studies, the
dwell times of buses at stops depend on a number of
factors including the numbér of passenpgers getting on

or getting off, fare structure, fare collection and
ticket-issuing system, type of bus in use and mode of
operation,

Because intending boarding passengers seem to lack
qknowledge of bus schedule, often inquire about bus
destination, and drivers sometimes kill time because of
patron inadequacies, bus dead times and stop dwell times

were passengers/drivers dependent and were essentially
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random,

In order to increase the aceuracy of model calib-
ration, data on bus dwell times at stops were decomposed
into pre-boarding/alighting dead times, post-~boarding
/alighting dead times, and pure boarding/alighting
times and the number of hoarding/alighting passengers,
The selected approach allowed separate models of the
distributions of dwell time components to be constructed
and the relative impacts, on entire dwell time, of
different dwell time components assessed., For the
purpose of comparing empirical frequency distributions
with theoretical probability density functions, {frequency
diagrams of dead times were constructed, On the basis
of a visual examination of the frequency diagrams, the
Exponential and Gamma distributions were evaluated as
possible theoretical distributions to fit the data,.

A more objective evaluation of the adequacy of the fif
was achieved by conducting a X-S test and a decision
rule for 5% significance level, The boarding/alighting
times were regressed on the number of bearding/alighting
patrons, The regression constants and regression
coefficients were checked for statistical significance
or lack of significance. Where a regression constant

was Insigpificantly different from zero, OPTION 19 of
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the SPSS subprogram REGRESSION was used to "force

regression through origin",

1,1,4 PASSENGER ARRIVALS AND HEADWAY DISTRIBUTION

It is assumed that passenger arrivals at every bus
stop along a fixed-route are of the same pattern and
follow a stationary Poisson process - the arrival
rate being constant over & time perind, In other words,
passengers arrive randomly and independently at a bus
stop, The assumption of staticonary Poisson distribution
of arrival process is elegant where bus services are
unreliable, or frequent such as during rush-hours when
headways are short, When bus services are sufficiently
infrequent or reliable with schedules published and
adhered to, passengers take advantage of the schedules
and correlate their arrivals with bus schedules., Such
a situation results in pasgengers' choice of arrival
time to minimize their waiting times,

As dats on bus headways and number of arriving
passengers were not gathered, expressions derived for
the mean and variance of the numher of arriving passengers

ana number of boarders were not calibrated.
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CHAPTER 2

LITERATURE REVIEW

2,1 PREVIOUS TREATMENTS: BUS TRAVEL TIMES ON LINKS

Several studlies have addressed the subject of
travel time distributions, The distribution of link
travel time has been described as bell shaped but skewed
to the right. BSuch studies have been carried out by
Welding (1957), Kulash (1971), Newell (1%74), dePirey
(1971), Polus (1975), Jenkins (1976), and Turnquist (197S).
¥elding in a study of the effects of close~-interval
service cbserved that bus travel time distribution on
a given link was close to a Normal distribution with
the curve truncated at + 1.5 standard deviations to the
low side nnd + 2,5 standard deviations to the high side.
Kulash, in the analysis of a highly reliable
service, used a simulation model wherein interarrival
times of vehicles were allowed to follow an Exponential
distribution. However, this is the extreme case of
purely'random vehicle arrival times,
dePirey created a simulation model of a bus route
and assumed bus journey times to be drawn from 2 _
ﬁormal distribution which was truncated at + 1,0 standard

deviation on the low side and +2,0 standard deviations
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on the high side to avoid extremely short or long
travel times,

Newell's work examined the dynamic instability for
service around a closed loop, travel times being assumed
to be uniformly distributed,

However, the approaches of Kulash, deFirey, and
Newell were descriptive and they simply assumed distri-
butions which appeared to have the desired shanes.,
| Polus's approach was to determine a distribution
with the proper characteristics, His result was a Beta
distribution with parameters T and B. The form of
the distribution was:

£(y) = E—é;; (P () TR
C

0 <y ¢ (2.,1)
where y 1is travel time variable and B is the Beta

function:
T{R)T(T-R)
P(T) (2.2)

B

and I'(,) 1is a Gamma function,
The shape of the distribution was determined by assuming
a relationship between the two porameters:

T = 1.0R (2,3)

¢, the upper limit of the distribution is defined as

¢ = 1.5 m(y) (2,4)
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where m(y) is the mean travel time, and the factor
1.5 servipnpg to stretch the distribution over the appro-
printe time scale, since outside of the unit interval
were less than 1 percent of the observed travel time.
This gave the distribution its overall form. Polus's
work involved a study of transportation system
relinbility and his use of thils distribution was to
predict relinbilities, which were reciprocal of
standard deviations of travel times, from values that
the Beta parameters would take on in specific situations.
Jenkinsg discussed the use of a Garma distrjbution
in a particular simulation study, The form of the

distribution was:
f £(Ty) = 158(T{-0.76)exp[-3.6(T,-0.76) ]

o (2.5)

where T1 is the travel time in minutes between two
points, This was based on a total of 120 observations
of travel times with a calculated mean of 1,3min,, and
calculated standard deviation of 0.4min. The calibratsed
distribution was precisely a shifted gagmma distribution.
Jenkins's example came closest to providing a usable
descriptar of travel times; however, it provided only

a distribuiion for a particular link,



Hore recently, Turnquist proposed and calibrated
a shifted Gamma distribution of travel times. The
shift which accounted for minimum travel time was
evaluated as the quotient of the length of a link and
the speed limit in effect, The computed shift was
subtracted from each observed travel time so that delay
times remained, At this stage, the Gamma distributicn
was fitted to the data, In effect, a Gamma distribution
of delay times was obtained,

The above review shows that a more pgeneral descrip-
tive model which can be easily applied to any link in
a system is needed and requiring only the minimum »f data
acquigition without serious sacrifice of the aeccuracy of
estimation. It is hoped that the present effort would
{ill the vacuum,

Based on a literature search, the distribution of
travel times is likely to be bell shaped, but skewed
with the longer tail extending toward the longer travel
times, 1In other words, there is a finite probability
of getting very large values of travel time such as
when a bus is delayed by traffic or other incidents;
however, the longer tail could permit exceptionally
leng times in rare instances, JIdeally, the tail for

the short time should also be truneated, since there is
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a mihimum reasonable travel time between two points lepending
on the distance between the points, bus operating speed,
bus elficiency, route conditions and so forth,

Conceivably, a s2t of probability distribution models
likely to possess some or all the desired characteristics
would include the Gomma distribution, the Beta distribution,
and the Log-Normal distribution, However, these distributions
could be either used directly ©F shifted to account for
minimum txavel time, | |

While wishing to have a distribution with the greatest
chance of reproducing observed distributions of travel times,
it is clearly of little or no use at nil to build models based
on precise mathematical theories and techniques when the
resuylting models are too complex and time consuming to be
economically worth using, .. “

The next chapters describe the derivation of such models,

data collection, and calibration of models,

2,2 PREVIOUS ATTEMPT TO MODEL STOP IWELL TIMES

Several previous studies have investigated the dwell
fimes of buses at stops as passengers board and alight from
buses,

Jordan and Turnguist (1979) calibrated arregression

model of ston dwell times for pure bosrding process,
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The model was of the form:

3p = kg T Bmy

(2.6)
where Sb is dwell time for pure boarding process,
Bo “and 81 are regression constants and ay, iz the
number of boarders,
Boardman and Kraft (1270) similarly calibrated
stop dwell times for pure bourding and alighting processes

and they are also of the Fform:

93]
il

b bo * P12y | D

a = %, tamg ' (243)

7]
]

where Sb and Sa are dwell times for pure boarding and

alighting respectively, bo’ [ a and 2, are regression

1!
are tire number of boarding and

o?
constants, Dy and na
alighting passenrers respectively.

Cundill and Watts (19273) have calibrated models
of the form shown in (2,7) and (2.8) based on British
experience, ¥

These models imply that bus dead time is a consivant
and that stop dwell time increases linearly with the
number of boarding and alighting passengers. These wmodels
arce based on Two-Man-Operatesd (THO), two-door buses,

However, where bus dead times seem to be passengers/

drivers rdependent, it is very likely that dead times
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would be a random variable rather than a constant,

In relation to observations in Kaduna, it is felt that
a reasonable model of bus dwell times would be obtained
by assessing the distributions of dwell time components

{dead times and boarding/alighting times) separately.
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CHAPTER 3

CANDIDATE WMODELS OF BUS TRAVEL TIMES ON LINKS AND

GOODNESS-OF-FIT TESTS,

This chapter describes and introduces the develop-
ment of the properties of some continuous, univariate
probability distributions suitable for modelling bus
travel times on a link. A complete description of a
random variable would be accomplished by specifying its
probability distribution and the associated parameters,
Empirical and inferential methods for determining
probability distributions are described. Naturally,
questions pertaining to determination of the parameters,
such as the mean value y and variance o2 of a Normal
model, and the choice o0f specific distributions are of
interest, Besed on sampled observational data, infermation
about the probability distribution may be inferred, and
its parameters eetimated statistically, The wvalidity of
~an assumed yrobability distributicn, may be verified
or disproved statlstically, based on finite samples of
a population, by GOODHESS~QF-FIT tests, including
specifically the CHI-SQUARE (x?) and the KOLMOGOROV-SHIRNOV
(K-S) test,

In addition, the regression model used in analysing
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the parameters of the distribution as well as the
boarding and alighting times of passengers is presented,
Statistics for checking the reasonableness of regression
parameters and the overall significance of a regression
model, based on computer subprograms, are presented

and discussed,

3.1 PRCBABILITY DISTRIBUTIONS

3.1,1 THE NORUAL(GAUSSIAN) DISTRIBUTION

This is perhaps the best~known and most widely
used probability distribution, The Normal or Gaussian
distribution is continuous and unlimited in range,

Thus, a random variable that has the Normal distribution
can assume pcsitive and negative values, The distribu-
tion is symmetrical about its mean, and its mode, mean,
and median are essentially equal, The equality of mode,
mean, and median is a characteristic feature of a
probability density function that is symmetric and

unimodal,

The Normal distribution has often been found to be
‘& most appropriate model for precesses resulting from

ADDITIVE effects., However, because random variables
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f(x)

x

FPigure 3.1 Normal Probability Density Function

in arginéering work are typically positive and their
frequency distributions are, in most instances, skewed
to the right, the Normal model should be applied with
prudence,

The Normal family of densities is defined as:

1
f(x) = avIN exp[_“,?%y_)z]

.- wd ¥ < «©

o otherwise (3,1)

c>o,udm
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W and ¢ are LOCATION and SCALE parameters respectively.
.. The Neormal cumulative Distribution Function (CDF)
is:
1 X

——

F(X) = Tpr | Eexp{-3(3%)%) ax (3.2)
-
The expected value (mean) and variance of a Normally
distributed random variable X are:
U ' (3.3)
o? (3.47

]

- B(X)

Var{X)

- Thus, y and g which are the parameters of a Normal
distribution are the mean and standard deviation respectively
of the variate,

The coefficient of variation (CV), is thus:

ECY = u : 3 (3.5)

As alluded to earlier, the Normal model is unlimited
in ranpe, Since travel time values are essentially
positive and their frequency distributions are almost
always pesitively skewed, the HNormal medel should be used
cautiously, Nevertheless, Welding (1997) in o study of
the effects of close interval service observed that bus
travel time distribution ona.given link was close to a
Normal distribution with the curve truncated at + 1.5

"standard deviations to the low side and + 2.5 standard
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deviations to the high side. Also dePirey (1971) created
a simulation model of a bus route and assumed bus journey
times to be drawn from a Normal population which was
truncated at + 1.0 standard deviation on the low side
and + 2,0 standard deviations on the high side to avoid

extremely short or long travel times,

3,1,2 THE LOGARITIMIC NORMAL (LOG-NORMAL) DISTRIBUTION

If a random variable X 1is Log-Normally distributed,
its natural Logarithm 1nX, is Normally distributed.
In effect, the parameters pand o refer to the expected
value and standard deviation, respectively, of the
related Normal distribution, Basically, there are two
types of Log-Normal model: the two-parameter Log-llormal

model and the three-parameter Log-Normal model,

(1) The Two-Parameter Log-Normal Distribution

The probability demsity function of a two-parameter
Log-Normally distributed random variable X is expressed

as;

. - Inx - p,2
£1(x) = {ox/oM exp[-i(-—-——o——-)]

o otherwise (3.6)

0 <X< =

-n(u(w
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where u and o are the parameters, ¢ 18 a SHAPE parameter.
Its cumulative distribution function (CDF) is:
1 (% inx - p.2
P(x et =2 Xp{ -t (—————r d 3,7
(x) cm}xp”-( = %1ax (3.7)
o

It has been shown that the following relationship

holds (Bury, 187%):

= « 1DX=u
Fyn(x) Fy(2 ——;—-) (3.8)
where FLN(x) = CDF of a Log-Normal random variable with

parameters U and ¢ evaluzted at x,

Fy(«) = CDF of the standard Normal random

variable [i.e.,N(0,1 ) ],

The density values of the Log-Normal and Normal models

are related by:

= L o lnx -y, 1
fLN(K) foN(—m—a-—-—) ;{-fH(IHX) (3.9)

8o that Log-Normal deneity ordinates can alsc be evaluated

by using standard Normal tables,

Since 1nX, is Normally distributed with mean p
and variance o?, that is, 1nX.N{p ¢?) then:

¢ = E{(1nX) (3.10%

o? = Var(lpX) (3.11)

The mean and variance of a Log-Normally distributed
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random variable with parameters p and o are:

E(X) = exp(u + 30?) (3:13)

f(x)

Figure 3,2 Log-Normal Density Functions

Var(X) = [E(X)]? [exp(o?) = 1] (3.13)

The mode and median are expressed as:

o
X = exp(u-o?) (3.14)

e ™ exp(u) (3.15)
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The coefficient of variatiomn (CV) is thus:

CV = MNMar(L/EX) = [exp(c‘)-—l]i (3.18)

(2) The Three-Parameter Log-Normal(Shifted Log-Normal) Distribution

The Log-Hormal distribution shifted by an amount
a is:

1
£(x) = Vigea)yoram expl -¥(
] gtheiwise

ln(x-a)—p)zl_aKa<x
o

(3.17)

>0, <o , x>z

where 2a,u, and ¢ are the parameters, The LOCATION
parameter a is often termed THRESHOLD wvalue of the
model .,

Tha mean and variance of the shifted Log-Normal

madel are:

E(X) a + expl(u + 0%/2) (3,18)
Var(x) = {E(X) - a]z.[ exp{a?) -1}
= exp[uto?/2]12. [exz(a?)-1) (3.12)

The mode is given by:

o .
X = a + exp(u-c?) ' (3.20)



28

and median is:

Xy = A + exp(u) (3.21)

The coefficient of variation can be expressed as:

oy = exeluto?/2}[exp(e?)-1)} (3.22)
a + exp(u+o?/32)

The Log-Normal distribution 1s continuous,
postively skewed, and limited to positive values of a
random variable, It is computaticpally tractable and
related to Normal distribution via logarithmic transficr-
mation, Its SHAPE parameter o makes the model highly
flexible, The degree of skewness incereases with
increasins value of o . It is usually more peaked than
the Normal distribution, The log=Normal distribution
can be derived as the mndel for a process whose value
results from the MULTIPLICATIVE effects. It is also
an appropriate model when the value of an observed
variable is a random proportion of previously observed
value,

The Log-Normal distribution is suitable for
modelling a random variable, such as travel time,

whose frequency distributions are skewed to the ricbt,
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3.1,3 THEZ GAMMA PISTRIBUTION

The Gamma distribution is continuous, unimodal,
and takes on positive values only, Tne Gamma model
can be thought of as the sum of « independent identi-
cally distributed p'xponential random variables each
with same parameter 1A - mean rate, However, as K
increases the Gamma distribution approximates to
Normal distribution (by Central Limit Theorem). There
are two types of Gamma distribution: the two-parameter
Gamma distribution and the three-parameter Gamma distri-

bution,

f(xJ

or—

Figure 3.3 Gamma Probability Density Functions
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(1) The Two-Parameter Gamma Distribution

The probability deasity function of a random

variable X baving a Garma distribution is of the form:

Ak E-1 _-Ax

I{x) = e

X 2> ¢

otherwise (3.23)

with SCALE parameter ) and SHAPE parameter K.

The Gamma function

&(K) “JO 51 % ax is equal to the factorial
function (K-1)! when K is a positive integer.

The Gamma curulative distribution function (CDF)
ié:

«A X

X
S u;(;x)*“le dx

However, the Incomplete Gamma function ratio which is

the Gamma CDF is:
r x(K)

A [

Hence the value of Gamma CDF can be obtained directly
from tables of Incomplete Camma function ratio.
The expected value and variance are given by:
E(X) = KA | (3.25)
Var(X) = K/ - (3.26)
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The mode is:

o

x = (E-1)A (3.27)
Its coefficient of variatieon CV 1is:

eV = 1/7VE (3.28)

" {(2) The Three-lParameter Gammn (Shifted Jamma)

Distribution

The shifted Gamma distribution has a density

function of the fTorm:

WK CK-1
£(x) = ?ﬁkfx-“) e—k(x—a)

x>a -

0
otherwise (3.29)

>0 EK>0

a, K, and ) are the parameters. It can be seen that a
is a LOCATICY parameter.
The expected value and variance of a shifted Gamma
distribution are given by: ..
E(XY = a4+ KA (3,30)
Var(%) = K /a? (3.31)
From equation (3,31) it can be seen that the variance of
a two-parameter Gamma model is egual to that of a three-

parameter model,
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The mode is:
X = a + (K-1)/A (3.32)
and the coefficient of variation is:

CV =  (YK/x)/atkA) (3.33)

The Gamma model permits rerresentation of a wide
diversity of distributional shapes over the interval
from zero or some arbitrary origin to infinity. The
Gamma model is skewed to the right, hence it is suitable
for characterizing a random variable whose values are
essentially positive and frequency distributions positively
skewed, ‘ |
) - Jenkins (1976), in a particular simulation study,
discusscd the use of Gamma distribution, Travel times on
a particular link were modelled by a shifted Gamma
distribution, Turnquist (19792) proposed and caliobrated
a shifted Gamma model of travel times. The shifti was

computed 25 the link length divided by the speed limit,

3.,1.4 +HE BETA DISTRIBUTION

The Beta distribution is continuous. It can
describe a wide variety of empiriczl distributions through

variations in its parameters q and r, The density function
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of the Pets distribution, depending on the parameters g

and r, will have different shapes, It can be symmetrical
about its mean value (when q=r), or it can be skewed to

the right (when ¢ <r), or to the left (when (q” r).

High flexibility of shape recommends the Beta model whenever
a random variable X 1is bounded, say between finite

limits 2a and b,

f(x)

Fipure 3,4 Peta Distributions
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(1) The Two-parameter Beta distribution

The density function of a random variable that takes

values in the unit interval (0,1l) is

r
£(x) = 1 A2l ocxel
¢ B(q:r)
Otherwise (3.34)
0
q>0, r>0

where q and r are SHAPE parametiers, yielding the
symmetry relation:

f(x:q,r) = f(l-x;r,q) | (3.35)
and B(q,r) is the BETA FUNCTIOM, where:

1

B(q,r) = J’ xq-l(l-x)r'—l ax

3
which is related to the Gamma function as follows:

B(q,r) = T (q)r(r)f (a+r) : (3,36)
and TI{(.) is a Gamma function.
The Beta cunmulative distribution function (CDF) is:
F(X) = —ork gl oo™l g (3.37)
_ B{q,r) *

0
However, the Beta CDF equation (3,37) can be expressed

-

as incomplete Beta function ratio;

F(x) = Bx(q,r) .
B(q,T) _ (3.38)
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Hence; the Beta CDF can be obtained from tables of
Incomplete Beta function ratio,
It can alsa be shown that: .
F{x;q,r) = 1-FP(l-x; r,q) _ (3.39)
The mean and variance of a Beta distribution are:
E(X) = qf(q + 1) . (3.40)
Var(X) = qr/[{q +r)%(a+ r+l]] (3.41)
The mode is:
X = (a-1)/(q+r-2) ' (3.42)
The median is obtained from:
B, (a,r)

X
Q.5 = 05 (3.43)
B(q,r)

¥

(2) The Four-Parameter Beta distribution

- The density function of a Beta distribution with

limits 2o and b 1is:

-1 r-1
| _ 1 (x-a)1 (p-x)
Iy = J B(q,7)” (b-a)q r-1 asx<b

F

O Otherwise (3,.44)
O<a<b , >0, r>0

q,T, 2, and b are parameters, 2 is in fact a IDCATION

parameter



The mean and variance are expressed as

B(X) = a + E%? (b-2) (3.45)
Var(X) = Ar (bn)? (3.46)
(qa+r)“(g+r+l)

The mode is thus:
o - )
% = a + =D o a2 (3.47)
q + r+2 : .
The Incompiete Beta function ratio is usually given in

tables for q»> r. But for g<«<r the ratio is:

B,(q,r) Bi_y(r,2) f
Ba, vy - YT TEED (3.48)
where! |
u - X -
b -2

Thé Beta distribution model 1s very flexible and
can he applied to different skewness situations.
However, the estimation of Beta model parameters is quite
problematic, NeVertheless, Polus (1975) in a study of
transportation system reliability calibrated a Betza

distribution. The uppér limit of the Deta distribution
was obtained by multiplying the mean travel time by a

factor 1.5 which serves to stretch the distribution over
the appropriate time scale, since outside of the unit

interval were less than 1 percent of
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the observed travel times, The shape was determined by
assuming a relationship between the two shape parameters
T and K:

T = 1,5R
However, the first and second moments approximated
satisfactorily tbe correspondiny moments of the observed
travel times, but the shape of the probability density
function did not conform well to the shape of observed
histograms.,

Thus far, some special propcrties of some continuous
univariate probability distribution functions which are
suitable for modelling link travel times have been presented

and described,

3.2 REGRESSION ANALYSIS

In regression analysis the relationship, represented
by a mathematical model, between one specific variable,
the DEPENDENT VARIABLE, and one¢ or more other variables
called the INDEPENDENKT(EXPLANATORY) VARIABLES, together
with a set of relevant assumptions is studied. The
independent or explanatery variables may be random or
deterministic, The REGRESSIOMN FUNCTION involves g set

of unknown parameters,
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When the function is linear in the PARAMETERS,
but not necessarily in the explanatory variables, then
the regression model is said to be linear; otherwise, the
model is classified as non~linear, In some case<, however,
non-linear regression problems may be converted to linecar
-ones by appropriate transformation of the original
variables,

The reasons for regression analysis are twofold .
The first is to obtain a DESCRIPTION of the relationship

. between the variables as an indicator of possible causality,

The gecong reason is to PREDICT the value of the
dependent variable from a set of values of independent
variables, However, regression analysis has the

disadvantage of being too restrictive,

3.2,1 SIMPLE LINEAR REGRESSION

The simplest form of regression model is the
SIMPLE LIHEAR REGRESSION which is of the form:
| Y =X, + KX
where Y isthe dependent variable, X is the independent
variable, and Ko and K1 are parameters (regression coe£~ N
ficients) whose values ;re to be estimated.

1L the regression is reguired to pass through the

lnuorigin (i.e., no constant term, Ko=0) the model becomes:
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Y = KX (2.50)

-

3.2,2 WULTIPLE LINEAR REGRESSION

In regression analysis, it is aasumed that the
effects of independent variables are ADDITIVE, Multiple
linear regression is obtained when *wo or more variables

are operating jointly., It is of the form:

y = Ko + xl + szz + K3X3 ... F Kn Xn (3.51)

where Y is the dependent variable, xl,xz,xé,...,xn are the
independent variables, Kor K10 Ko, Ké, vee, Kn are
the unknown parameters, In effect, Kl, Koy Tgy eeey ‘n
are called PARTIAL REGRESSION COEFFICIENTS, and Ko is the
REGRESSION CONSTANT which represents that portion of the
value of dependent variable not eéxplained by the indepen-
dent variables,

The mapgnitude of a partial regression coefficient
may be given intuitive interpretation in the following
way, The magnitude of a partial regression coefficient
represents the expected change in dependent variable Y,
with a change of one unit in independent variable X when

the other independent variables are held constant.

For a regression through the origin, then:
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Y = lel + K2X2 + K3X3+ vee * Kan (3,52)

with unkgown p;rameters K1'K2*Ks' ""Kn'

3.3 PARAMETER STRUCTURE

-~ A complete description of a random variable would
be accomplished by specifying its probability distribution
as well as the associated values of its parameters,
The univariate, continuous distributions addressed in the
brevious chapter feature basically three types of
parameter: 1) LOCATION parameter (denoted by a, or u
in the case of Normal model): 2) SCALE parameter (denoted
by X ); and 3) SHAPE parameter (denoted by K, or ¢ in
the case of Log-Normal model), A LOCATION parameter a
orpy , "locates" the probability density function on the
measurement axis of x without altering the distribution
appearance,. In other words, the¢ location parameter a
oryp relates the density function to the origin of the
measurement scale x with the result that a or v and
x are dimensionally the same. The relation between a
or yand x is of the form {(x = a), or (x ~u); otherWISe,
a Or p is not a location parameter,

A SCALE parameter A is g factor that ''scales" the
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measurement variable x. In a distribution model, a scale
parameter is always associated with x 1in the formifnax
(or x/i' ). 1In effect, a scale parameter relates to the
units of measurement on x. A scale parameter always
influences the appearance of a density function by affec-
ting the dispersion of x, Except for symmetriecal
distributions, a scale parameter also affects the value
of certailn centrality measures of x such as the expacted
value,

A SHAPE parameter K, affects the basic "shapa" of
& probability density function, However, the specific
effect of K on the shape of a density function depends
on the density function in question. A shape parameter
K 1is not associated with x in any standard form, and
it neither relates to the origin nor to the scale of
- meéasurement on x. A shape parameter K, 1s an intrinsic
distinguishing property of a density function; besides,
it is usually the most difficult parameter to estimate

- and often the most important,

-

3.4 PARAMETER ESTIMATION TECHNINQUES

The techniques of deriving probabilistic
. information and of estimating parameter values from sampled

L]
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empirical data are embodied in the methods of STATISTICAL
INFERENCE in which information cobtained from sampled data
1s used to make generalization about the population from
which the samples were drawn, A set of sample values on
which basis parameters can be estimated is usually
assumed to constitute a RANDOM SAMPLE, implying thnt
successive sample values are independent and the under-
lying population remains the same from one sample value
to ancother,

Classical methods of estimation of parameters are
POINT and INTERVAL estimations, While point estimation
1s concerned with the computation of a single value, from
an empirical data set, to represent the parameter of the
underlying population, interval estimation goes further
to establish a statement of confidence in the estimated
quantity, resulting in the determination of an interval
that contains the parameter value with a prescribed level
of confidence, The common methods of point estimations
are the METHOD OF MOMENTS and the METHOD OF MAXIMUM
LIKELIHOOD, Another, but less comnonly used method is
the METHOD OF QUANTILES,

Generally, a known parameter value and an estimate
thereof, based on observational data, will be differenti-

ated by placing a circumflex (") above the maximum 1likelihood
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estiamte, or (') above the moment estimate, or (-) above

the quantile estimate.

3.4,1 TEE METHOD OF MOMENTS

The method of moments evaluates a parameter via
estimating the corresponding sample moments, usually the
mean and variance, and higher moments if necessary, of the
variate, UMoment estimates are often simple to compute,
howaver, these estimates are usually biased and relatively
inefficient.

The sample mean and variance can be written as:

- 1 n
X = Mi -3 ) x5 . (3.53)
i=1 -
2 = - 1 n - 2
s M2 T 151(x1 - X) (3.54)

i 1 n -.3
M., = I (x - x) (3.55)
3 n 1
inl
In general the rth moment about origin is:
M= 3 08, (3.56)

X
and about mean x is

I T -\ .
Nr 5 2 (X, - XxX) (3,.57)
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3.4.2 THE METHOD OF MAXTMUM LIKELIROOD

The method of maximuym likelihood derives the point
estimator of the parameter directly. The maximum likelihood
estimates (MLE) of n parameter possess optimal variance
properties, In particular, for large sample size, the
maximum likelihood estimator is often considered the "best"
estimate in that it has the minimum variance (asymtotically)
(Hoel, 1262),

" Consider a random variable X with denmsity function
f(k;ﬁ ) in which 8 is the parameter, On the basis of the

sample values Kpreses X the likelihood of obtaining 2

nt
particular sample value X4 can be assumed to be proportional

to the value ©f the probability density function evalusted
at X5 Then, assuming random sampling, the LIKELIHOOD

FUNCTION (LF) of observing the set x ven X, is:

i? n -

LKy, 000 0%,50) = £0x5; 0)E(xg50 ), . £(x;;0) (3.58)

The MAXIMUM LIKELIUOOD ESTIMATOR e is then the wvalue of g

that maximizes the likelihcod functilon L(x,

1’0 - L xn;e)-

This estimntor may be obtained by differentiasting L(xi,. . ey
xn;e ) with respect to 8 and settinpg the derivative equal

to zero, giving usually an absclute maximum (Hoel, 1962 );

©  that is, § is obtained as a solution to the following equation:

3L{x e« vy X 5 )
—i n'e = 0 (3.59)

C
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It is frequently more convenient, because of the
multiplicative nature of the likelihood function, to
maximize the logarithm of the likelihood function instead;
‘that is:?

alog L(x ..; 23X 3 a) '
1 il L (3.60)

%

A
The solution for 8 from each of the two equations above is
the same,
For density functions with two or more parameters, the

likelihood function becones:® n

L(xi,. R N LT em) = ilgf(xiigl,.., em)
(3.61)
where 91,. « o Bm are the m parameters to be estimated.
In this case, the maximum likelihood estimators would be

obtained from the solution to the following set of

simultaneous eguations:

abog Llxy,. o ouX)5 83,000 8) o o,

(3.62)
SGJ

1

LIS
L
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3.4.3 THE METHOD OF QUANTILES

Sometimes, the method of quantiles provides d simpie

and rapid methed of estimation ©f 2 parameter, This method,
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though convenient, is relatively inefficient, The method

of quantiles is suitable when trading efficiency of

estimation for computational convenience, The method

of quantiles also applies directly to censored samples

rrovided the chosen order statistic is available {(Bury,1973).
Congider a distribution model having a single

parameter ©, The expression: ..

F(ﬁq; €) = q (3,63)

- defines the guantile 5¥, implying that 100q parcent of all

possible values of the random variable X lie below %I'

th observation from an ordered sample of

: Suppose that the r
size n is chosun so that its proportion r/n is equal to
or just greater than q (i.e,,r/n2 q). With X(r)
replacing Wl’ the equation a2bove may then serve as an
estimating equation for the parameter 8 , and the order q

may be chosen to minimize the variance of the corresponding

estimator 5. That is:

F(X(r); 8 = 9 _ (3.64)
where ¢ remains to be chosen

For density functions with two or more paraﬁeters
%, « .., em) then m values of q and the corresponding
SAMPLE approximnations of X pive a set of m simultaneous
equations of the form shown above (3,64) for determining the

m estimators of the parameteér components R
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3.5 GOODNESS~-OF-FIT TESTS

The validity of an assumed probability distribution
may be verified or disproved statistically, in the light
of available data, by GOODNESS-CF-FIT tests, Two such
tests freguently used are the CHI-SQUARE (xz) and the
| KOLMOGOROV-SMIRNOV (K-S) tests. These tests, however,
depend on a specified significance level o, the choice
of which is arbitrary, and may not provide absolute
. information on the validity of a specific distribution.
Conceivably, a distribution that is acceptable at one
sipgnificance level may be unacceptable at another signifi-
cance level,

Usually, the null hypothesis Ho’ is thot the
available data and a specified theoretical distribution
are not statistically different, The null hypothesiz HO,
is NOT REJECTED if the probability of obtaining the observed
event is greater than the chosen sipgnificance level g
otherwise Ho is REJECTED, |

The goodness-of-fit tests sometimes called the
SIGNIFICANCE TESTS are one-sided tests in that these tests
check whether observationgl data disagree 'SIGHI_FICANTLY'
with the given hynothesis HD.

Althourh thexzhnd K-S tests are dependent on a

specified significance level, the choice of which is largely
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a subjective matter, these tests remain useful for
delineating the relative degree of validity of the

different distributions.

3,5,.1 CHI-SQUARE (y3) TEST

The xz poodness-of-fit test isg applicdble to
composite hypothesis (i,&, when parameters need to be
estimated from data) and to discrete distributions.
The.x2 test procedure is based on limiting process,
hence it is required that the expected frequency and
number of class intervals should not be too small (at
least five). The y? test is designed for nominal type
data; it utilizes only the number of observations in
intervals rather than the observations themselves,
Thus, since the test requires grouping of data, sample

informaticn is lost,

3.5.,2 EKOLMOGOROV-SMIRNOV (K-S) TEST

The K-8 poodhess-of-fit test makes use of data in
~ordinal form, It applies only to continuous data as well
ags small samples, It is o non-porametric test, The K-8
test is computationally simple and does not require

grouping of data, To apply the K-5 test, the empirical



cumulative distribution function (sample cumulative
frequency distribution) as well as the hypothesized
cumulative distribution must be evaluated for each distianct
observation, The K-8 statistic Dn measures the maximum
absolute deviation of the empirical distribution function
from the theoretical distributicon function, If the
observed statistic Dn is less than the tabulated critical
value D: (n = number of samples) the proposed distribu-
tibn 1s'§cceptab1e at the prescribed significance level o)
otherwisc, the hypothesized distribution would be rejected._
The K-8 test is preferred to the xz test because
the K-S test is exact even for small samples and it is
. generally considered to be more powerful than the X
test (Conover, 1971), -

3.6 PARAMETER ESTIMATION OF REGRESSION MODELS

The method used to determine values of the parameters
0of a regression model is called the METHOD OF LEAST SQUARES.
The method, based on a given set of data, aims ot minimizing
- the sums of squares of the differences between the
observed values of the dependent variable and the values
.predicted by the repression equation for that set of

data,
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Consider the following random model

Yi = o +K1X11 +K2X21 L Knxni-q-;i 1=1,2,...,0.

ey are assumed to be independent and Normally distributed
random variable (error) with mean O and variance é.
That is, ithe classical least-squarc assumptions are:
E(ei)"ﬂ 1< 1< m
Var( ) = g° 12 i< n
Cov(si,ej)so 1< 1< jJ<sn
The method of least-squares calculates the unknown

regression parameters KO, KI,KQ,...,K by minimizing

i=11
) A A A
The estimates Ko’ Kl' Kpenesy K are in fact Best Linear

n
Unbiased Estimates (BLUE), That is, among unbiased linear

n

estimates, the least-square estimates have minimum
varlance (from Gauss-iMarkov Theorem), For a more complate
discussion of the least-squares repression method and
mathematical details, see Draper and Smith (1966),

A further techniqgue often employed in multipie
linenr regression analysis is STEPWISE REGRESSION in
which repression models are constructed recursively
through successive addition of independent variable from
a specified set of possible independent variabies,

Sometimes, in stepwise regression, inclusion of independent



variables is controlled by certain statistical criteria.
 Statistical validity of regression models can be
assessed by considering standard statistical tests,
Standard computer packageé, such as SPS8S (Statistical
Package for the Social Sciences) and NAG (liumerical
Algorithm Group) routine are available for regression

abalysis and their cutput includes statistics for such tests.
|

&,
¥

3,7 SPSS SUBPROGRAM REGRESSION

Qutput from SPSS subprogram REGRESSION includes the
following: 1) regression coeffielents and their standarc
errors. 2} t-values or F-values for testing whether
individual coefficients are sipnificantly different from
zero, The t-value is the ratio of 2 rogression coolficicnt
to its standard error; t-values can be tested againsgt the
Student's t~distribution with degrees of freedom the same
as for the residual sum of squares., The F-values for
., testing the significance of individual regression coeffi-
cients are equal to the squares of the t-values {(i.e.,

F = tz). The overall significance of the repression
model can be determined from the F-value for the Analysis
of Variance; the F-~value cen be tested aéainst the

F-distribution with degrees ¢f freedom equal to those

attributable to the regression and those of the residual
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term, 3) Multipie correlation coefficlent, R,
measures the correlation between the dependent variable
and the set of independent variables and takes a value
between zero and unity, 4) Cosfficient of determination,
Rz, (sqguare of multiple correlation coefficient) measures
the proportion of variance in the dependent variatle
explained jointly by the indevendent variables included
in the regression equation, It is also a measure of
goodness-of-fit of the regression, It takes a value
between zero and unity, Thus, a high value of R2 indicates
a good fit, and a low value a poor fit, Generally, the
value of Rz increases with increasing number of independsnt
variables, ©O) Adjusted coefficient of determination,
Ez, accounts for the number of coefficients estimated
{(independent variables and constant, if used) in relation
to the number of observations, As the value of Rz must
increase with increase in the number of independent varisbles
it becones tempting to choose a2 regression overloaded with
independent variables. Therelore, R serves Lo compronice
a good fit and the number of independent variables, in
which case further addition of variaﬁles to a regression

2 from the

causes ﬁz to decrease, The SPSE comthes R
relation .
R = R - (=D a-rY
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where C 1s the oumber of coefficients estimated
(independent variables and constant, if used), N is
the number of observations. The value of a2 need
not necessarily be positive, G} Standard Error of
Estimate, SEE, measures the standard deviation of the
residuals, that is, the standard deviation about the
regression line established, 7) Coefficient of
variability, CV, measures the standard deviation of

Y given X expressed as a percentage of the mean of the
dependent variable, In other words, CV 1is the ratio
of SEE to the mean of the dependent variable and it is
unitiess, 8) ELASTICITY is the percentage change in
Y divided by the percentage change in Xi, where the |

change is measured from the mean of each variable.
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CHAPTEER 4

FIELD OBSERVATIONS

This chapter focuses on data acquisition. A
number of tasks were involved in the collection of
data. Having defined the data required for this study,
the collection of field data had to be done, by on-
boar& survey, using a bus line run by Kaduna State
Transport Authority {(KS8TA) in metropolitan Kaduna, A

brief description of the study site is given,

4,1 STUDY SITE AND DATA SET

Metropolitan Kaduna is the capital of Kaduna State
in Northern Nigeria, has a population of about Z2million
and consists largely of high density residential areas,
The KSTA is the only agency that provides scheduled,
fixed-route intra-cify bus service in the state,

The bus route (Route One) studied traverses a major
traffic corridor connecting the Central Business District
(CBD)} of the c¢ity with Kawo and Kakurl surburbs., The
round trip-length of the route (¥awo-Kakuri-Kawo) is
approximately 30,9~km. The route is sufficiently long
with a dual carriageway and contains a number of

roundabouts and minor intersections, and no traffic ligihts,
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Route One is worked bty Two-Man-Operated (TMO), two-~
I&dor, Sr-geater Steyr buses, The two doors ars provided
with a transmission interlock system which prevents the
deors from being opened while the bus is in motion,
Passengers board through the rear door and exit through
the front door. The fare structure is graduated and
the conductor collects fares and issues ticket manually
while the bus is moving.

Dats were collected by observers riding the buses,
and equipped with stop-watches and electronic digital
watches, The data included the following: bus dwell
times at each bus stop (excluding stop events at terminiy,
boarding/alighting times and the number of bhoarding/
alighting passongers, dead times between the instant
of bus stopping and the first passenger boarding or
alighting (i.,e,, pre~boarding/alighting dead times),
dead times between the instant of last passenger
boarding/alighting and the instant of bus departure
{i.¢, post-borrding/alighting dead times), Also recorded
were link travel times, that is, travel times between
two bus stops,

The KS8TA furanished information on the spaces
between some bus stops. The number of roundabouts and

number of intersections were observed directly,
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After apreliminary survey, the observations lasted for five
congsecutive weskduys and mostly during tud mownipg peak
period, in June 1331, Tt is felt that survey from Monday
through Friday could reflect a2aily trends and also reduce
the possibility of atypical corditions, Altogether, 50
observations of travel times on each of the 34 links were
made, A larger data base would nave been desired but
resource limitation was a major constraint,

raving obtained the fielu data, the travel times were
checked for any statistical Jdifferences in the means of
travel times among the different weekdays using analysis of
variance (ANOV.)., The analysis was deemed necessary as data
had been collected during different weekdays withian the
morning peak periods., Also, the analysis could form o basis
for aggregation of data if the differences in means of travel
times among the different weekdays were statistically
insignificant or decomposition of data if the means were
significantly different, Incidentally, the results of the
computer program utilized, SPSC subprogram ANOVA, showed
that the means of travel times among the different weekdays
were insig¢nificantly differeat statistically for all the
o4 links studied, On this basis, the data for each link
were agrregated resulting in 2 larger data base for

subscquent analyses,
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CHAPTE:. 5

CALIBRATION OF THE MODEL: BUS TRAVEL TIMES ON LINKS

This chapter dwells on the calibration of mathe-
matical models for bus travel times on links. Two
strategies for madelling of travel times were evaluated,
namely: 1) distributidon modelling technique; and
2) stepwise regression technique, In the latter, models
were constructed recursively throupgh successive
addition of explanatory variables that meet certain
statistical criteria. Likely impacts of basic variables,
namely, link length, number of roundabouts, and number
| of intersections, on travel times were examined and
evaluated, However, before constructing the models,
the field data were checked against statistical diffe- __"
.rences in means of travel times among the different |
weekdays using Analysis of Variance (ANOVA). The means
for different weekdays were found not to be significantly

different statistically.

1

5.1 REGRESSION MODELLING APPROACH

The basic hypothesis underlying this approach is
that travel time can be expisined by independent vari-

ables related to system characteristics, The major
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advantages of regression medels are that they are
usually very simple to develop and use, and reflect
actual conditions. However, they have the disadvantage
of being too restrictive anc because they are empirical
in nature, they fail to establish causal relationship
between the dependent and independent variables,

The following explanatcry variables were examined:

LENGTH (L)} It is counsidered that over relatively

long links, buses may be ecxposed to more external
factors which affect their travel times. Besides,
under favourable conditioans, one would expect that
bus travel times on a link will increase with the
length of the link.

NUMBER OF ROUNDABOUTS (Nfdl Roundabouts, besideé

casing flow of traffic are also major sources of
traffic delays and other incidents., Vehicles on
approaching a roundabout may slow down or stop and
travel time may increase, It is felt that this
variable would influence bus travel time. -

NUHBER OF INTERSECTIONS (Iﬁtl- Intersections existing

along a link could be soursees of bottleneck, interfering
cross-traffic, and other disruptions,. It is belicved
that this variable would exert some infiuence on bus

travel time.
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An additional variable such as traffic volumes
should have been considered, Kowever, its inclusion
was not feasible for reasons such as resources required
and difficulties in acquiring the data, and the Gecep~
tive nature of this performance measure, When c¢ongesticn
is high, for example, very low volumes of traffic may
be observed, Also, very low volumes may ensue during
adversc weather conditions when vehiclge8 are compelled
to slow down, Similarly, low traffic volumes will be
observed under very favourable traffic conditions,

Qther variables which could affect bus travel
times are weather conditiong,driving conditions, drivers'
behaviour, r®ad surface, vehicle efficiency, and so h
forth, However, these varinbles cannot easily be
quantified, In any case, it is unreasonable to have
a regression equation stuffed with too ﬁany independent
variables, The cobjective iz tc obtain the simplest
nossible equation that adequately describes a relation-
ship. Hence, if it is possible to obtain a reasonably
good fit from the listed predictor variables, the
model can be considered adeguate,

The available predictor variables were sifted
using stepwise regression analysis to seek out those

which have strong statistical association with the
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dependent variable, and non-~collinearity with other
explanatory variables. Two centrality measures of the
- dependent variables: the mean (Tme) and the median
(de) were used, The latter was considered because for
skewed distributions, median is nomanlly considered as
an appropriate statistic for central tendency, Besides,
the median is not sensitive to a small number of
extreme observations as is the mean, Thoygh for
transit planning purposes, the median may not be a
very useful parameter, it still enables a transit
IOperatcr to gain insight into the amount of time at
which vehicles travel as faster as they travel slower.
The results of the analysis using SPSS Subprogram

REGRESSION are presented below,

9.1.1 RESULTS: REGRESSION TECHNIQUE

The stepwise regression method based on the criteria
that variables with a minimum F=value of 4.0 and
Tolerance of 0.05 are eligible for inclusion at any -
step was used. The results obtained are as follows:

Fodel (5,1)

Twe = 22,3411 + 63,4407
' (5,0698) (9.,0344) | (5.1a)
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F-values = 19,419, 49,310

R = 0,8039, R® = 0.6462, R° = 0.6331

Overall Regression F-value = 49,310

SEE = 10,7866sec,
SEx = Standard Error of Estimate or Standard deviation
of residuals,
, §2 = the corrected coefficient of determination which
accounts for the numbper of coefficlents estimated
{independent varinbles and constant if used) in relation
to the number of observations,

NB: The wvalue in parentheses under each estimated

coefricient is the standard error of that estimete.

T = 21.6023 + 10.9271Nf

me a* 59,0265 L (5,1b)

(4.5966) (4.1397) (8.3452)
F-values = 22,087, 6,967, 50,029

2 20,7210, ®% = 0.6995

R = 0,8491, 1
Qverall Regression F-value = 33,588

SEE = 9,7617sec,

Model (5.2)

de = 21,4900 + €£1,8365 L (5.2a)
. (4.7010) (8,3779)

F-values = 20,893, 04,478

R =0.8177, R® = 0.6686, B2 = 0,6564
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Overall Regression F-value = 54,478

|

SEE 10.00285ec,

de

4

20,7723 + 10.6011F , + 57.5543 L (5.2b)
(4.2083) (3,7900) (7.6402)

F-~values = 24,366, 7,824, 56,748
B = 0.8633, RZ = 0,7453, R° = 0,7257
Overall Regression ['-value = 38,035

SEE = «%370sec,

The results show that impacts of link lengta and.
number of roundabouts are statistically significant,
Incidentnally, the number c¢f intersections is found
to be statistically insignificant, Furthermore,
..examination of correlation matrix indicates that the
_explanatury variagbles are not correlated, implying |
that models derived from them do not have biased
coefficients, The regression constants and partial
correlation coefficients have the correct sign and
their magnitudes are reasopable, In addition, the
regression constants are statistically significant,
Thuz, the significance of the regression constants may
reflect driving conditions, interactions with the
general traffic stream, or interference delays and

otheér such incidents, This is not surprising in the
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case of urban bus transit operating on non-priority
routes, or in mixed traffic as buses share rights-of-
way and interact with other vehicles, However, the
statistical insignificance of the number of intersec-
tions may be due to a true lack of significahce, or
it may reflect limitations in the data set,

Yodel (5.2) which represents the median of link
travel time is a slightly better equation statistically
than model (5.,1). The standard errors of estimats o
{SEE) of the models are smaller than the corresponding
. mean link travel time models', implying that predictions
based on the median models are slightly more relisble
and fraught with less errors. This finding is consis-
tent with the concept and exposition that for an asymm-
etric distribution, the median is less sensitive to a
small number of extreme observations than the mean,
llowever, for transit planning purposes, the mean is
a more useful statistic, in which case model (5.1) is
more useful,

Attempts to model the variance of link travel
time resulted in low values of R2 (coefficient of
determination), implying that the independent variables
did not have much explanatory power, Therefore, the

average value of varinonce is selected ns the best
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predictor and it is computed to be 141.623sec,

At this point, it may serve to caution that though
the dependent variables are highly correlated with
existing explanatory variables, tne models will still
yield inconsistent predictions where policy changes or
circumstances alter existing correiations between the
dependent variables and the explanatory variables in

existing models,

5.2 DISTRIBUTION MODELLING APPROACH

Day-to-day stochastic distributions of bus travel time
over links were evaluated using 2 Log-Normal distribution
model, Individual measures of travel time were assumed to
be a random sample from a positive random variable, It
is felt that the use of a probability distribution model
to capture a large spatial and temporal variability in travel
times on each link could permit a more thorough evaluation
of information for accurate analysis and predictions.
Furthermore, the approach gives a better and more compre-
hensive picture of the distribution of observed phenomen:
(see Figure 5,1). Log-Normal model was considered in
this investigation for reasons alluded to earlier., In
addition, it is felt that the relationship of Log-Normal
model with Normal model could permit predictions of its
parameters (which are Normlly distributed) as a function of

system characteristics without
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Firure 5.1 Observed Histogram of Bus Travel Time between

Stadium and Station 1.40-Km.
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groés violation of some underlying assumptions of
repression analysis,
The parameters-of the Lopg-Normal distribution were

eatimated for each of the 34 liuks by the method of
" maximum likelihood. 1In each, tke K-S test was performed
tc evaluate the appropriateness of the candidate
distribution model, relative tc observed data, at the 5%
significance level, (A FORTRAN IV computer program
written for this analysis and the output can be found
in Appendix B. The NAG routine was used to compute the
Normal cumulative distribution function CDF),

| Having obtained the maximum likelihood estimators
of the Log-Normal distribution, nan attempt was made to
predict the parameters in teérms of explanntory variables
related to system characteristics., However, the last
five links had to be discarded because of lack of
knowledge of the link attributes particularly link
length, leaving a total of 2% links for parameter
~predictions based on regression analysis,

The results of the eflfort are presented below,
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5.2.1 RESULTS: DISTRIBUTION FITTING TECHNIQUE

The results of the analysis show that the null
hypothesis that the empirical data and Log-Normal
distribution model are not statistically different could
not be rejected at 5% level of significance using |
Kolmogorov-Smirnov test, Therefore, the Log-Normal model,
relative to data from Kaduna, is an underlying probability
distribution model for link travel times.

Efforts to predict the parameters of the Log-Normal
“ distribution as a function of system characteristics

resulted in the following regression models,

Model 5.3

w = 3,3781 + 1,0883 L (5.33)
(0.1042)  (0.1858)

- P-values = 1051.,511, 24,371

R = 0.,7184, R° = 0.560i, B>

= (,5438
Overall Regression F-value = 34,371

SEE = 10,2216

NB: The figure in parenthés&s under each estimated
coefficient represents the standard error of that estimate.
Rz is the corrected coefficient of determination which
accounts for the number of coefficients estimated
(independent variables and constant if used) in relation’

to the number of obsgervations,



n = 3.,36b06 + 0.1842Nrd +1,0139 L (5.3b)
(0.8850) (0.8871) (0.1788)

F-values = 1167.483, 4,313, 32,146

220.6266, §2 = 0.5936

R=0,78C1, R
Overall Regression F-value = 21,450

SEE = 0,2092

Model 5.4

p o= 4,4457 + 0,6865 1n(L) (5.48)
(0.8023) (0,9679)

F=values = 3066,901, 50,317

R = 0.8067, R® = 0,6508, R® = 0,6379

- Overall Regression F-value = 50,317

SEE = 0,1975

W= 4,3638 + 0,1987N , + 0.6498 in(L)  (5.4b)
(0,7895)  (0.7515) (0.8865) oo

F-values = 3054,775, 6,992, 53,728

R = 0,8514, RZ = 0,7248, T = 0.7036

Overall Regression F-value = 34,237

- SEE = 0,1786

- Model (5.5)

Exp{u) = 21,2421 + 63.6168 I, (5.52)
(4.8242) (8,6041)
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Fevalues = 19,355, 54,668

2 20,6694, B® = 0.6572

R = 0,8182, R
Overall Repression F-value = 54,668

SEF = 10.2729sec,

Exp(u) = 20,5480 + 10,2664 ; + 59,4695 L  (5.5b)
(4.3934) (3.9567) (7.9762)

F-values = 21,874, 6,723, 55,589
R = 0.8587, RZ = 0,7374, B = 0,7172
Overall Regression F-value = 36,504

SEE = 9,3301 sec.

Model (5.6)

1/ = 71,0469 1, (5.6)
(5.1222)

F-value = 192,391

R = 0,9343, R® = 0,8730, H° = 0.8730

Overall Regression F-value = 192,391

SEE = 15,4792

The results, thus, demonstrate that the parameters
" of the Log-Normal distribution can be predicted based on
stepwise regression. On the basis that only variables

with 2 minimum F-value of 4.0 and Tolerance of 0,05 are



eligible for inclusion at any step, link length and

number of roundaboutswere found to have a statistically
significant effect, Surprisingly, the number of inter-
sections was found to be statistically insipgnificant as

a factor, Inspection of regression models for u[models
(5.3 to 5,5)] reveals that the regression constant is
highly simificant, This may be attributable to the
effects uvf untested factors such as driving conditions,
interactions with the general traffic stream, or interfe-
rence delays and other such incidents, Also, this is not
surprising in the case of bus transit operating on non-
priority routes or mixed traffic as buses share rights-
of-way and interact with other vehicles, However, the
statistical insignificance of the number of intersections
may be due to a true lack of significance, or it may
reflect limitations in the data set, Consideration of
correlation matrix indicates that the independent variables
are not collinear, implying that the regression coefficients
and their sign are not irrational,

It should be noted that model (5.5) was derived
based on an equivalent expression for megdgian of Log-Normal
distribution, see equation (3,15), Additionally, model
(5.6) demonstrates that the parameter o? of Log-Normal

distribution is a function of link length,
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However, the SEE of model (5,6) is fairly lhigh indicating
that predictions based on the model are less accurate
and fraught with errors, Thus, the major weakness of |
the model lies in the prediction of o, Perhaps these
models for parcmeter estimation of link travel time
distributions would have benefited from better and more
accurate evaluation if the effects of additional variables
such as traffiec volumes,bus interactions with vehicle
étream,and so forth had been extensively evaluated or
explicitely accounted for,
However, since the parameters up and ¢ of the
Lopg=Normal distribution are directly related in the form

(and reproduced here for convenience),

2
o2 =1} (1nx-u) i =1, vee,n (A.2.2b)

where Xy = individual measures of travel time;
the parameter p can be predicted from the models above
and ¢ derived from the expregsion above, Thoygh this
approach may net be helpful at planning stage as x; must
be obtained from trial runs, By selecting models (5.4b} and (5.5t
on statistical grounds, as the best pair for predicting
1, and using model (5,6) to predict ¢. or adepting the

expression (4,2,2b) to derive ¢ (see Tables B,3.1 to

B,3,3), the mean and variance of link travel times were



computed from the equations (see Appendix B, Tables
B.4,1 to B,4.4 for the computer program and the output)

reproduced here for convenience:

B(X) = exp(y *+ 30?) o (3.12)

VYar(¥X)

[E(X) 1% fexp(o®)- 1] (3.13)

5,3 OSCATTERGRAM: MODELS PREDICTIONS VERSUS OBSERVED

MEAN AND VARIANCE OF LINX TRAVEL TIMES

For the purpose of comparing model predictions with
observed values of mean and variance of the distribation
of link travel times, scatterplot diagrams are illustra-
ted using 5PSS8 subprogram SCATTERGRAM and RECRESSION,

Figures 5.2 and 5,3 show plots of estimated versus
ohserved mean and variance of link travel times respect-.
ively using the maximum likelihood estimators. A line
at 45° indicating "estimated =observed" is shown for
comparison, The output of 8PSS subprogram SCATTERGRAI
and BEGRESSION shows that the correlation coefficient,
R, between the estimated mean and the observed mean of
link travel times is about 1(R=0(,9999), Thias indicates
that the mean of link travel times is reproduced very
accurately by the Log-Normal distribution model. Also,

the correlation coefficient between estimated and ohserved
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variance of link traveltimes is 0.96602, This analysis,
therefore, serves to add further credibility to Log-Normal
model as the underlying model of link travel times.

Figures 5.4 and 5.9 illustrate the predicted versus
the cobserved mean and variance of 1ink travel times
respectively when model (5.4b) is used to compute u and
¢ derived from the equation (A.Z,2b). The correlation
coefficient between the model predictions and observed
mean is 0,3679, The predicted and observed variance
of 1ink travel times have a correlation coefficient of
0.6740,

Figure 5,6 shows the relationship between predicted
and observed values of the mean of the distribution of
link travel tines using model (5,.3b) and expression
(A,2,2b) to predict yand derive ¢ respectively. The
correlation between the model values and the observed
values is 0.8605., The corresponding results on the
variance of the distribution of lipnk travel times are
illustrated in Figure 3.7, The results are pood with
a correlation coefficient of G,G99%4,

Figure 5.8 illustrates the comparison for mean of
link travel time when models (5,4b) and (5.86) are used,
The correlation coefficient between model predictions

and observed mean is 00,8542,
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The comparison of the variance of link travel time is
shown in Figure 5.9, The corrclation coefficient
between predicted values and observed values of variance
is 0,3969,

The results of mean of link travel time are shown
in Fipgure 5,10 when model (5,5b) for uand model (5.0)
for o? are used, The correlation coefficient
between the mean value from the models and observed
values is 00,8483, Figure H.11 shows the comparison
of variance of link travel time, The correlation
coefficient between model values and obLserved values
of variance of link travel time is 0,3273,

The above analyses provide an overall indication
ol the poodness-of-fit for the entire procedure.
In general, while the predictions of the mean of link
travel times are guite satisfactory, the predicted
values of variance cof link travel time are unsatisfactory.
This is the result of poor fit of the parameter o ,
It is precisely in this area that further research is
welcomaed, Perhaps, these models for parameter estimation
of link travel time distributions would have benefited
from better and more accurate evaiuation if the effects

of additional variables such as traffic valumes, bus
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interactions with the general vehicle stream, driving
conditions, and so forth had bzen extensively evaluated,
or c¢xplicitely accounted for,

Although, the models, like other models, have
some shortcomings or imperfections, predictions thereof
are sufficiently accurate., Nevertheless, the Lop-Normal
model, relative to observed links in Kaduna metropolis,
is deemed apposite., In addition, the procedure and
the resulting models are efficient, simple, and could
provide intra-urban bus transit opérators or planners
with an analytical tool to address the subject of link

travel times on urban routes,
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CHAPTER 6

CALIBRATION OF THE MODEL: STOP DWELL TIMES

Calibration of mathematical models far dwell times
of buses at atops is the subject of this chapter,
Data collected on Route One, which is worked by TMO
two~door 52-geater Steyr, formed a basis for formulation
of models, Based on the peculiar set of present-day
conditions, components of dwell times, namely, dead times -
and boarding/alighting times were studied separately to
assess thelr relative impacts on dwell times as well as
improve on the accuracy of predictions, As the existing
ridership was at very low levels (about 3 passengers
per stop), 193 observations were available for calibration

of models of bus stop dwell times,

6.1 DEAD TIMES

It is likely that a major source of dwell time
variability is fluctuation in dead times prior to and
after boarding/alighting events and variations in
boarding/alighting times, Equally likely to be significant
are number of passengers served and characteristics of
passengers.

Data on bus dead times were stratified into
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pre-boarding/alighting dead times and post-boarding/
alighting dead times, For the purpose of comparing
empirical frequency distributions with theoretical
probability density functions , the corresponding
FREQUENCY DIAGRAMS were constructed., After visual and
careful examinafion of the frequency diagrams which are
highly skewed to the right (see Figures 6.1 to 6,4),
the Exponential and Gamma distribution models were
evaluated as possible theoretical distributions to fit
the data,

The parameters of the hypothesized distributions
have been estimated for pre-and post-boarding/alighting
dead times by the method of maximum likelihood. Using
Kolmogorov-Smirnov test, the null hypotheses that these
candidate Aistributions and the empirical data are not
significantly different could not be rejected at 5%
level of significance, This may be due to a true lack
of significance, or it may reflect limitations in the
data set, Conceptually, bhowever, each of the distribu-
tions appears to be a valid model of dead times, the
Gamma model less estimates the observed distributions
of pre-boarding/alighting, or post-boarding/alighting
dead times, The estimated shape parameters ﬁ, of the

Gamma distributions are pointedly Exponential distributions.



KUMBER OF OBSERVATION/SEC.

' NUMBER OF OBSERVATION/SEC.

"4-0

Kuf’

8.0 -

6,0

4.0

2,0 4

0 . — —
5 10 15 20 25 30 35 40 45
DEAD TIME (SECOHD)

Figure 6.1 Observed Frequency Diagram of Ere-boarding Dead Times

310"2J

w—

6.0

2.'0 -

0 _ ’ ' T
5 10 15 20 25 30 35 40 45 50 98

DEAD TIUE(SECOND)

Figure €,2 Observed Frequency Diagram of Post-boarding

Dead Times.



-3 ' se

B.0 |

6,0

4.0

NIMBER OF CRSERVATION/S8C .
M)
=
i

0 s m—

Y

5 10 15 20 25 30 35
DEAD TIME (SECOND)

Figure 6.3 _Observed Frequency Diagram of Pre-alirhting Dead Time

x10™“
8.0 1

% 6.0
&
% 5.0
B 2.0
5 1

oL N e B L

9 10 15 20 25 30 3% 40

DEAD TIME (SECOND)
Figure:6.4 Observed Frequency Diagram of Post-Alighting Dead Time



80

Though the pre-/post-boarding or alighting dead time
distributions are highly skewed to the right, the longer ;
tall of the distributions could permit unusually long
times in rare instances, Incidentally, bus dead times
were passengers/drivers dependent as intending boarding
passengers seem to lack knowledge of bus schedule, often
inquire about bus destination, and drivers sometimes
kill time because of patron inadequacies,

3ince one might argue that pre-boarding/alighting
dead times being elapsed time between the instant of
bus stopping and the instant of first passenger boarding
or alighting (and the post-boarding/alighting dead times
being the delay time between the instant of last
passenger boarding or alighting and the instant of bus
departure) are essentially random, in such a case the
Exponential distributions become apposite models,
Therefore, the Exponential distributions are chosen for
further analysis.

Thus far, the maximum likelihood estimates of the
parameters of the Exponential models are specific to
each of the boarding or alighting processes, The
Expounential pre~boarding dead times and post-boarding
dead times have respective means of 10,477 sec and 11.617

sec (mean rates & are 0,02545/sec and 0,08608/sec respectively).
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Therefore, a probability that Exponential pre-boarding
dead times are smaller than Exponential post-boarding
dead times 1s sought, By conditioning on post-boarding
dead time, the probability is computed as 0.5258

(see Appendix C,4) This analysis was repeated for
alighting process, The probability that Exponential
pre~alighting dead times (with mean 6,859 sec) are less
than Exponential post-alighting dead times (with mean
7.604sec) is also found to be 0,5258, In other words,
both events are equiprobable and the probability of
occurence of each event is approximately 350% which has
been shown in Appendix C,4, Therefore, it is reasonable
to treat the pre~boarding and post-boarding dead times
(or pre-alighting and post-alighting dead times) as
independent and identically distributed Exponential
random variables,

It is now determined whether a single value of &
could be used to characterize the Exponentinl dead times
for pre-boarding.and post=boarding processes A weighted
average of Q yvields a value of iwb = 0,09076/sec for
boarding event; the'&values were welighted by the number
of observations in each case, This value falls within
the 955% confidence interval on 2 (see Appendix C,2)

for both cases,
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& K-S test was performed testing the hypothesis
that the pre-and post-boarding dead times were bBxponentially
distributed with a weighted parameter waz 0,08076/sec.
At 5% level of significance, the null hypothesis could
not be rejected, Therefore, it was concluded that this
value could be used for both pre-~/post-boarding dead
time distributions. Since pre-andpost-boarding dead
times could be treated as independent and identically
distributed Exponential random variables having a
commonh mean rate wa = 0,090756/sec, their sum has a
Gamma distribution with parameters 2 and 0.09076 /sec,

A similar analysis was performed for pre-and post
alighting dead times., The weighted average of & was
0,13865/sec which falls within the 95% confidence level
on % for both cases, The null hypothesis that the
Exponential model with a parameter iwa = 0,13865/sec
and empirical distribution of pre-/post-alighting dead
time are not statistically different could not be
rejected, By treating the pPre-alighting and post-alighting
dead times as independent, identieally distributed
Exponential random variables, it follows that their
sum has a Gamma distribution with parameters 2 ahd

0.13865 /sec,
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Further analysis was performed to establish whether
a common scale parameter ﬂ could characterize dead
times for both boarding and alighting events. 4n
overall weighted average was evaluated to be ﬂw= 0.12134/
sec,which falls within the 95% confidence interval on ﬁ
for alighting process only, However, at 5% significance
level the null hypothesis that Exponential distribution
with a common parameter %w = 0,12134 /sec, and the
empirically observed pre-=/post=boarding or alighting
dead time distributions are not statistically different
could not be rejected . Regarding pre-/post-boarding
dead times as well as pre-/post-alighting dead times
as independent identically distributed Exponential
random variables with a common parameter iw = 0,12134/
sec, the sum of each event follows a Gamma distribution
with parameters 2 and 0,12134/sec, In other words, the
Gamma distribution with a shape parameter K = 2 and
a scale parameter QW = (0,12134/sec is the underlying

prohabhility model for total dead times of bus at any stop.

6,2 DBOARDING AND ALIGHTING TIHES

¥With respect to pure boarding process, boarding

times Tb’ were found to be a linear functicon of the number
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of beoarders Ry A linear regression model, using

SPSS subprogram REGRESSION, was found to be:

E(Tblnb) = (,0264+ 3,8782n

(0.9069  (0.2081% (6.1)
F - values = 0,00853, 347.460
R = 0,9257, R° = 0,8570, R° = 0.8545
Overall regression F-value = 347,460
SEE = b5.2440sec,

Consideration of the results indicates that coefficient
essociated with boarding passenger variables is highly
significant, but the regression constant is not signi-
ficantly different from zero, DBoth of these coefficients,
however, have the correct sign, Therefore, a regression
throuzh origin is a suitable model, Using PPTION 19 of
SPSS subpropram REGRESSION to "force regression through

origin" resulted in the following simpler model:

E(T, |n.) = 3.8823n
b (0.1520) (6.2)
F -« value = 635,451

2

R = 0.9566, R% = 0,915G, R

= 0,9150

Overall regression F-value = 635.451

SEE = b,1999sec,
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This model shows that the expected bearding time per
passenger is approximately 4,0sec, The correlation
coefficient R, between estimates derived from the
model and observed wvalues is 0,9568 and the coefficient
of determination Rz, indicates that about 92% of the
variation in boarding time is explained by linear
regression on the boarding passenger variable,
Althougzh the boarding time is a linear function of number
of boarding passengers, very few observations for large
values of boarding passengers were recorded, However,
the rance of observations was between 1 and 21
passengers, with the bulk of observations lying between
1 and 3 passengers, Since very few observations for
large values of boarders n, were embodied in the
calibrstion of model, no guarantee of linearity in that
region can be offered. It might be that the presence
of a large number of baarding passengers could change
the boarding rate by affecting passengers behaviour
and inter-boarding time of passengers,

The sawe model structure, with different parameters
was developed for alighting process. The regression
model for alighting time Ta given number of alighting

passengers 0. was:
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E(Ta!na) = 0.2074 + 2.9847na (6,3)
(0.6617) (0.1462)

F - values = 0,09824, 416,380

2 = 09,8003, W2 =0,7984

R = 0.8946, R
Overall regression F-value = 416,380

SEE = §5,1758sec,.

Because the rerression constant was insignificantly
different from zero, this model was rejected in favour
of a regression equation through the origin, The

resulting predictive model was

E(Talna) = 3.0145n (6,4
(0.1106)
F - value = 743,129

Overall regression F-value = 743,129

R = 0,9361, R? = 0,8762, RZ = 0.8762

SEE = 5,1536s¢ec,
The implication of this predictive equation was that
the alighting rate was about 3,0 seconds per passenger
and that approximately 88% of the observed varinnce of
alighting time was accounted for by the model. However,
between 1 and 27 passcngers alighted at a stop with a
majority of aligpghting passengers na lying between

1l and 5, As the latter was predominant in the model
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calibrated and very few observations for large values

of n, were recorded, no guarantce of linearity in

that resion can be assured, The alighting rate could

as well alter in the light of 2 large number of alightin
passengers by affectinpg the inter-alighting time of

passenpgers,

6.3 STOD DWELL TIMES,

For pure boarding, or pure aliphting process and
in the case of TMO two~door buses, the stop dwell times
could reasonably be taken as the sum of bus dead times
and boarding/alighting times, !

(1) STOP DWELL TIME FCR BOARDING EVENT (Sbl

= I + T (6.5)

[}

“b b b
where Db = dead time for boarding process. From
previous analysis

Db T T(2, 0,09076)

T = 3,8823n

b b

(2) STOP DWELL TIME FOR ALIGHTING EVENT (S_)

8, = D, + T, {6.5)

where Da = dead time for alighting process, Based on the
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foregoing analysis
Da ~ (2,0,13865)

Ta = 3.0145na

(3) STOP DWELL TIME FOR BOARDING/ALIGHTING EVENTS(S,bl

T

It would be reasonable to treat the stop dwell
vime of bus for simultanecous boarding and alighting as

the slower of the two processes; that is,

8,5 ° max(Da * T, Dy + Ty, (6.7)
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CHAPTER 7

PASSENGER ARRIVALS AND HEADWAY DISTRIBUTION

Conceivably, separation between homes and work,
and similarity in most working hours throuph the whole
spactrum of jobs have resulted in movement of people
between homes and work each day at about the same times
in the day. However, it is assumed that passenger
arrivals at every bus stop along a fixed-route are
of the same pattern and follow a statiosary Poisson
process - the arrival rate beinz constant over a time
period. That is, passengers arrive randomly and
independently at n bus steop. The assumption of station-
ary Poisson distribution of arrival process is elegant
where bus services are unreliable, or frequent such as
during rush-hours when headways are short., When bus
services are sufficently infrequent or reliable with
schedules published and adhered to, passengers take
advantage of the schedule and correlate their arrivals
with bus schedules, Such a situation results in
passengers' choice of arrival time to minimize their
waiting times, We shall discuss the random passenger
arrival at bus stops,

Since passengers' arrival pattern is assumed to be
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a stationary Poisson process, the mean and variance

of the number of arriving passenpgers are equal, Suppoese
X and Y are two random variables; the mean and
variance of one variable may depend on the value of

the other variable, From the concepts of coanditional

expectntions and conditionzl variance (Ang and Tan3z,1975),

I

E(X) EY{E(XIY)]

]

Var(X) EY[Var(X[Y)] + Var o[E(X[Y))

The impliecation of the latter equation is that the
total (unconditional) wvariance of a random variable is
gqual to the sum of the expected value of its coanditional
variance and the variance of ite conditional expectation.
The subgcript ¥ on E and Var emphasizes that expectation
or variance is with respect to Y. It should be noted
that whereas E(X|Y=y) is a constant, E(X|Y) is a
random variable whose mear is given by the expression
above,

Suppose the passenger mean arrival rate is Kp, the
expected number of arrivals Q piven headway H is
rlven by

E(aiH)y = IPH (7.1)
with variance

var(Qlu) = ipﬂ (7.2)
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The unconditional expectation and vatiance of the

number of arriving passengers are thus

E(Q) = E(E(Q|H)] = E(KPH) = A E(H) (7.3)

&

Var(Q) = E{Var(Q{H)] + Var[E(Q|H)]

E(x_H) + X H
( p}) Var( D )

APE(H) + i; Var(H) (7.4)

When a passenger arrives at a bus stop, he joins
a queue of potential riders awalting pick up. If ¥
represents a proportion of arriving passengers that
board 2 bus that arrives ot o stop, then the expected
number of boarders is

E(n,) =y ipEUi) (7.5)

b)
with wvariance

var(n) = vy EPE(H) + v A2Yar(H) (7.6)

However, since bus headwsy data were not collected

these cguations were not calibrated,
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CHAPTER 8

SUMMARY AND DISCUSSION OF RESULTS

Having completed the analyses, it is now appropri-
ate to consider what conclusions may be drawn from this
study. The major findings are summarized herein,

This study has addressed scheduled, fixed-route
intra-urban bus transit service with particular emphasis
on travel times of buses on links, The analysis was
done in the context of a rezl-life bus system run by
Kaduna State Transport Authority (KSTA) in metropolitan
Kaduna, Data collected from the field studies were
used to estimnte the models,

Prior to calibration of link travel time models,
observational data collected on different weekdays and
mestly during the morning peak periods wore checked
against any statistical differences in menans of travel
times using analysis of variance (ANOVA). The analysis
was considered necessary as data had been collected
during different weekdays within the morniang Peak periods.
Moreover, the analysis could reflect variations in bus
performance which might be related to daily trends as
well as form a basis for aggregation of data if the
differences in means of travel times among the different

weekdays were not statistically significant,



103

or stratification of data if the means were signifilcantly
different, Incidentally, the results of the computer
program used, SPSS subprogram ANCOVA, indicated that the
means of travel times among the different weekdays weie
not sipgnificantly different statistically for all the 34
links studied, In other words, the null hypothesis that
ihe population menns are e¢qual could not be rejected and
the differences among means can bz attributed to chance.
In the absence of clear statistical underplnning concerning
the differcnces in means of link travel times amonp the
different weekdays, the datn for each link were treated as
samples of the same population, In this lipht, the datz
for each link were aggregatoed resulting in a larger data
base for subseéequent analyses,

Two strategies for modelling link travel times were
used based on distribution modelling technique and stepwise
regression technique in which models were constructed recur-
sively through successive addition of independent variables
that mect certain statistical criteria. Independent variables
were entered only if they had a minimum F-value of 4,0 and
Telerance of 0,05, The basic hypothesis underlying the
regression approach is that 1link travel time can be explalned
by independent variables related to system characterigtics,
The major advantages of regression models are that they are
usually very simple to develop and use, and reflect

actual conditions, However, they have the disadvantage
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of being too restrictive. While stepwise regression
teéhniQue.was nsed to caliﬁrate successfully the mean
of link travel time, calibration of variance of link
travel resulted in very low values of coefficient of
determination Rz, namely, the independent variables
used did not have much explanctory power, Consequently,
digtribution modelling aovroach was ndopted. Using a
statigstical distribution to model travel time takes
better advantage of the total data set and provides the
analyst with a more comprehensive picture of the
distributions of observed travel time,

The Log-Normal probability model was considered
in this investigntion on the following grounds: 1)
the model is highly flexible, positively skewed, and
limited to positive values of a random variable of
which travel time is one; 2) it is computationaliy
tractable and related to Normal distribution via
logarithmic transformation; 3) the model is a result
of a series of multiplicative wffects, but the logari-
thms of travel time variable become Normally distributed
and the effects become additive; and 4) the Log-Normal
model is an appropriate probability model when the
value- of an observed vqriable is a rapdom proportion

of the nreviously observed value,
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Statistical analysis of the data for each of the
34 links confirmed the approoriateness of Log-Normal
distributions as the underlying Urobability model
for day-to-day stochastic distributions of travel
times, The Kolmogorov-Smirnov statistics and the
decision rule for the 5% significance level were adopted
for gocdness-of~-fit test., An attempt was made to
predict the parameters of Log-Normal distribution in
terms of explanarory variables relnted to systom
characteristies, The study findings indicate that
only link length and number of roundabouts were
statistically significant, Surprisingly, number of
intersection is statistically insignificant as a factor;
this may be due to a true iock of significance, or it
may reflect limitations in the data set, Detailed
examiniation showed that the explanatery variables in
the proposed models were not collinear, implying that
the models derived didnot have biased coefficients,
In essence, the parameter u of the Log-Normal
distribution was evaluated as a function of link length
and number of roundabouts, while the parameter o was
a function of limk length,

It is to be expected that variables such as traffic

volumes, general vehichle stream, drivers' behaviour,
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driving cenditions, bus efficlency, weather, and so
forth which were not considered in this study also
affect travel time, However, the model for parapmeter
estimation ¢ of Log-Normal distribution is particularly
weak, While it might be useful to pursue a more extensive
examination of these factors, the indication from the
results here is that a substantial portion of the
variation in 1link travel times is already accounted for
in the meodel., Consequently, methods for utilizing, or
to explicitely account for these additional variables,
in order to improve on the prediction of the parameter

¢ in particulsar, require further study. Concaivably,
computer simulation models hased on the findings of

this study could permit refinement of, or improvement

on the existing model for ¢ as well as enable the
transit operator experiment with different policy
opticns before actually trying the preferred ones in
the field.

Simple mothematical models of stop dwell times of
buses were also formulated, Observations showed that
ridershi:> level was low (abcut 3 passengers per stop)
and passengers lack knowledge of bus schedule, Intending
boarding passengers often inquire about bus destination,

and drivers sometimes kill time because of patron
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inadequacies and these result 1n overly dead times and
stop dwell times, In essence, bus dead times were
passengers/drivers dependent. The major findings, in
the light of the peculiar set of present-day conditions,
were that bus total dead times at stops were a random
variable following o Gamma distribution and that board-
ing /alighting times were linear functions of number

of boarding/alighting passengers,

It may serve to cantion that although the dependent
variables are highly corrclated with existing explanatory
variables, the models will still yield inconsistent
predictions where policy changes or circumstances alter
exigting correclations between dependent variables and
explanatory variables in existing models,

Estimation results provide tentative but reasonable
support for the conceptual and theoretical bases of
the models, Predictions from models compare vory
favourably with observed values, The proposed model is
ralatively simple and should provide intra-urban bus
transit cperators or nlanners with an analyticnl frome-
work to address the subject of link travel time in

particular and bus transit planning in general,
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While it is recornised that major gaps in our
knowledge of bus transit travel times and impacts still
remain, it is hoped that ideas and suggestions contained
in this dissertation f£ill a small gap in our knowledre
of these matters and may act as a motivation for further

investigation,
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APPENDIX A

A,1l ESTIMATION OF NORMAL DISTRIBUTION PARAMETERS

A.,1.1 MAXIMUM LIKELIHOOD ESTIMATES

Suppose a random variable X is Normally distributed;

that is,
....J.'_....—.— x-uz
F(x3u,0) = g/ %P {~ 3 (”“E“) i

The likelihood function of a sample of size n is

n 1 i
i . - ,
L{X:3usg) = 1 o exp -%(xl -
i7¥ j=1 /W {_ d ’
| -nf2 - 1 2 2
= (2" 07" exp [- 5= TUx,-p)“}
2074294 1
The log-likelihood function is
n ' 1 T ?
inl = - zln2i-nln 0 = o= .Z (x;- w)
i=l
To maximize the likelilioed function we have
l. 14} A .
3alnlh, = gz ) (x{—u) = o -€{A.1.1)
Al i=l
d1nL n 1 ¢ 2
. NS T DR (A,1.2)
o LR TIF T

. ad . .
Since ¥ o, the solution to these two simultaneous
equations yields

d -

(A-1.3)

S
"l
k]

i
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n
o . 1 7 (x fy2
= = .=l {A.1.4)
ngty i

These are the maximum likelihood estimates of the parameters

pw and o of a Normally distributed sample of size n,

A.1.2 UMOMENT ESTIMATES

The moment estimators of a Normal distribution are
n
L 1

E(X) = §= = 7 oxi (A.1.5)

¥ 3
Var (X) = = €
n=l ;&7 - (A.1.8)

A,2 ESTIMATION OF LOG-NORMAL DISTRIBUTION PARAMETERS

A.2,1 MAXTMUM LIKELIHOOD ESTIMATES (MLE): TWO-PARAMETER CASE

The Log-Normal probability density function is:

1 Inxeu, 2
Flx;u, o) = Yo exp [- 3 (===—=)7)
'§) ¢

The likelihood function of a Log=Normal sample of size n is:

. - ' g ANX, -
L(xi,u,c) = .ﬁ ( exp[-%‘ L u}Z]
i=l Xicvrfﬂ [

- n - n
= o™ (ony™/? R x7T exp[-wiﬁ 5 (1nx, -1
iz 1 20¢ i=1 1

To maximize the likelihood function we have
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n A
2%§£_ - %? ] (lnx.-uf =0 (A.2,1a)
i=1
slnl _ n 1 f ﬁ 2 _
L - (1nx.={) = 0 (A.2,.1b)
30 b T h i

As 3 0, the solution to these two simultaneous

equations yields:

=L 7 inx, (A.2.,2a)
n i=1 bR
n )
2 = 1§ tanxgh? (A.2,2B)
51

These are the maximum likelihood estimators of pandog?

A.2,2 MOMENT ESTIMATES: TWO~PARAMETER CASKH

The moment estimators of p and clare:

v oL '

g Tt = zlnM, (A.2.3a)

_ _ 1

g = M oaan . (A.2.3D)
1

'
Where Mi and M2 are sample moments (first moment about
origin and second moment about origin respectively)

in terms of X;+ That is,

H!
¥ 1
M, = = § X
1 n i:1 i
' 1 T 2
M, = = } XS
Z n iz1 1
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For small samples, these estimators are biesed. Since
they are consistent however, they are asymptotically
unbiased (Bury 12875)., Generally, moment estimates are
inefficient for all but very small values of ¢?; consequently,
the Maximum Likelihood (ML) estimators are generally

preferred even though they necessitate a logarithmic

data transformation for their evaluation (Bury, 127%9)

A.2,3, MAXIMUM LIKELIHOOD ESTIMATES: THREE-PARAMETER CASL

The three-parameter Log=Normal model is:

f(xja,u,0) = I S Exp(,%(ln(x—a)-u)2)
(x-a)ovyZN ¢

When the amount of shift, a, (location parameter) also

called the threshold value is known, the transformed

data x! = (x-a) can be applied to the two-parameter case,

When a 1s unknown, parameter estimation is difficult.
The estimation of a is particularly problematic,

Suppose Xys eees X _oare observed sample values
which are Log-Neormally distdibuted, The likelihood
function is
B
121 %(x,~a) V7T

lfiE(i-a)"U; 2
o]

L(xi;a,u,a) exp{=3< 1)

(ovT~" B (x.-a)"1 expl- = E[ln(x.-—a)-u]]
il 2% 371 %
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The log=likelihood function of all observaticns becomes

n
InL(x;3a,u,0) = =nlno= ln (VZM)- § 1n(x.-a)
i 15 i

n
2

To maximize the likelihood function we obtain, for

complete sample, the MLE equations as follows:

From

31nL 1 2
. , - - =z .2.“
3 ¥ 1;1 Ln(x, Ho §y = o (A.2.4a)
ol _ _n, 1 ¢ A2
B - i izl[ln(xi LH-1? = 0 a.2.up)
olnt . §_1_, L ¥ 1ntx, &) -y
9a i=1%174 0 b2 i . =0
)(i -a
n n X n ﬂ
1 1 1n(*i-&) 1 =0
= + ) - P &
LT IE TR PR x - Ao j2y %5

n n A
- (éz - {}) E 1 + i ln(xi~a) :

i=lxg- i1 7

1

0 (At?nt‘CJ

the first two equations (A.2.4a) & (A.2.4b)

A 10
H = = In(x., - Q)
nizl 1 (A,2.5a)
n
82 = 27 (intx- & - fy? (A,2.5b)

i=1
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Eliminating ﬂ and #2 from equations (A.2.4a-c) above
(Cohen Jr,, 1951) gives

n n n
ey = 7 2|2 5 [inx D2 Iln(x.-é>] “ ip A
P xi”g nojiq g R n_z ln(xi-q)J

n
v 3 mx-d Lo 2o

i=1 xu-g

1

This equation must be inverted numerically for ﬁ.

Thus, the function f(ﬁ) is evaluated from (A.2.5¢) for
a number of trial values for Q. Interpolation for e
= 0 gives Q.

It is easily seen that the three-parameter likelihood
function tends to infinity as the first-order statistic
X¢y) approaches 4 (as it must when the sample size n
becomes large)(Hill, 1963), The corresponding estimates
of (y,0) is (==, +w); so that maximum likelihood
estimation is strictly not applicable,

On the other hand, in practical estimation problems
it is usually found (Harter & Moore, 1966) that the
FORMAL solution of the maximum likelihood (ML) equations
corresponds to a LOCAL maximum of the likelihoed function
(LF), resulting in reasonable estimates of (a,u,0).

When an estimate Q cannot be obtained in the permissible range

A

< x(l), the MLE of a 1is taken to be Q = x‘l).
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For subsequent ML estimation of (1u,0), the smallest
obhgervation X(1) must then be censored from the
sample (Harter & Moore, 1966); thus the ML equations
remain finite,

A.2,4 QUANTILE ESTIMATES: THREE-PARAMETER CASE:

The method of quantiles can be employed to
estimate (a,y,0) by means of three suitably chosen

sample omdeY statistics, corresponding to quantiles xq,

and x Because of the close relation of the

%0.5
Log=Normal with Normal models, the parameters (a,u,o)

1-q*

can be estimated from three equations cobtainable from

the expression:

X
I in( q-;’ - u (A.246)

where Zq is standard Normal quantile (i,e., Ql0Oth
percentile for a standard Normal variable} and Xq is

the corresponding quantile calculated from data.

The three estimating equations (from three corresponding

quantiles xq, Xg 5 and x } are

1-~q
= -3 - 3 ’ . .?
Ezq ZLn(J-:(1 3) it (A,2.73)
¢ = ln(xo.s—ﬁ) - il (A.2.7b)
- 62(1 = ln(xl_q- a) - ﬁ (A0207C)

(For any two symmertric quantiles g and l-q, then

Z = =Z ).
l-q q



126

Reasonable estimates are obtained when g=0.05
{(Aitchison and Brown, 1957}, The direct solution of

these equations gives the estimates:

X, = X .
5 = —Lan (el T0.5
Zq X .57%g (ﬁ.?.sa)
X_=X
§ = in[-3—2-% (A.2.8b)
exp{(dZql-1
a = Xq g = exp(ﬁ‘l) A-2.8c)

No iteraction is required to evaluate the quantile
estimates (A.2,8a - ¢}, but the efficiencies of
(A.2,8a-c) can be expected to be lower then those

of corresponding MLEs.

A3 ESTIMATION OF GAMMA DISTRIASUTION PARAMETERS

A,.3,1 MAXIMUM LIKELIHOOD ESTIMATES: TWO-PARAMETER CASE

A two=parameter Gamma model is

f(x;l,k)ézr%ﬁ)(kx exp{=~ix)

The likelihood function of a Gamma sample of size n is:

n
L{x3A,K) = [y~ aniﬁl xi-l exp(-x §  x;)
B izl

The corresponding log-likelihood function is

In, = = nln T{(K) + nKlnA + (X=-1)Lln R X; -X
i=1 i
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To maximize the log-likelihood function we obtain

Eé%é : gﬁ ) izl X; =0 (A.3.1a)
4
A n
%%23 = -n gﬁ inrck) + nink ¢ 1n @ x; =0
i=1l
A A n 1/n
2 «n¥(K} +# nlnx + nin I x. = 0
i=1 1
A A
= =n¥(K) + nlnA + nlnG = 0 (A.3.1b)

Solution of the two simultaneous equations gives the MLLs

asg:

A A 1 B -
K/A = = 7 x, = X (A.3.2a)
n izl 1
A
-1nG = 1ok - ¥(KO (A.3,2b)

1/n

where G =, x, GEOMETRIC MEAN OF sample x

1

A A
y(K) = %EIn [(K) = DIGAMMA FUNCTION (values of
A
¥{(X) can be obtained from tables)

Combining the ML equations gives

A A

A
In = 1nK = ¥(K) = g(K} (A.3.,3}

= G

The MLE K can be obtained from (A.3.3) by inverse
interpolation for a given sample value of 1n(x/G)
(see Abramowitz, 1964)

Alternatively, the following highly accurate

approximation (Greenwood and Durand, 1360) can be used



122

to obtain K directly: ' : SRR O

A
K = (0.5001 + o.1su9g-o.osuugz)g-1, 0 < g<0,577
(A3 .4)
. 2,-1 2, =1
K = (17,80 +11.97g + g“) ~.(8,899+49.060g+ 0,8775g“)¢g

0.577<g< 17 (A.3.5)
where g= 1n(§/G5. The error of either formula is less

than 0.01% (Greenwood and Durand, 1960)

A3,2 MOMENT ESTIMATES: TWO-PARAMETER CASE

The method of moments may be used to estimate

the pavameters'of a Gamma model as follows

x. = X

vy 1

i

?_J L b
e S

vV,
var(X) = XK/)3° =

1

n -7 o

z (xi"x) : {A.3.8b>
if1 : S

‘Solvirs the two equations simultaneously yields

NS
o n _ 2 S '
isl . : _ .
v _
A= X .
: . n -2 P S
ozltxi-x) /(n-1) | (A.3.7b) .
iz - A

Alternatively the moment estimators can be derived

as follows: Vg . o
x; = K/X - © (A.3.8a)

o
My = &

H [~y

i=1
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n v oy w
M; = 2 ) x? = K(K+1)/A%2  (A.3.8b)
TR | _
izl o .
Selving simultaneously, thus
v, 2 C
K = M) (4.3.9a)
1 vy 2
M2-(Ml)
v . 2
x = _ T - o
My - (M) . (A.3.9D)

2

A.,3.3 MAXIMUM LIKELIHOOD ESTIMATES: THRLEE-PARAMETER CAGSLE

The three-parameter Gamma model is
A K
f(x;a,).,K) = -m—)-

when the shift a is known, data on the three-parameter
variable X, can be transformed to x' = {(x-a), and
two-parameter method can be applied., Inferences are
then conditional on the known value a. When a is
unknown, its value must be estimated from data on X,

For REGULARITY CONDITIONS to hold in the neighbour=
hood of the true parameter values, then K> 2 (Bury, 187%).-
The ML equations are, therefore, only applicable when
K*»2. -

The likelihood function of a sample of independent
Gamma observations is | | |
(x5-a)"texp(-a Ii{xi-a))

Lixg5a,1,K) = [TK) ™™ ATK _? A

i=1
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The corresponding log-likelihood function is

n n '
Ink = -nlnT(K)+ nKln) + (K-1)1n .J; (x;-a)-A J(x;-a)

| i=l ©
To maximize the likelihood function, then
A
n A
CoAnh . oK Y (x-a) = 0
o L n N
= Eg - } x.+an =0
S £ S
A '
{ A R
s 3 - X + a = 0 : - (A.3.10a)
X o
3lnL _ .3 . A A n A
Y ans = nﬁﬁr(K) + nlni + 1nig1(xi—a) = 0
: A A n A
= ~n¥(K) + nlnd + | In(x,-a) = 0 (A.3,10b)
i=1l
2L s (K-l — o= oo
I z ( Ki*a ) . ';'L;...r -
izl o

n A A _
= 1V et ket s 0 alsa00

Substituting the first equation into the second and

A
third gives two expressions in terms of a and ﬁ:

n -
ke iz D -nf x-bht (A.3.11a)
i=1 S

A A
Y(K) - 1nK =

Sl

n A _ =
} In(x;-a)- In(x-8)  (A.3,11b)
i=1l o g T
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where ¥(R) = DIGAMMA FUNCTION.

These equations may be solved simultaneocusly for Q,

& provided & > 2 (Harter and Moore, 1965),

When 1<k <2, the likelihood function is monoctone
decreasing with a, so¢ that ﬁ = 0, The remaining
parameters (K,A) can then be estimated by two-parameter
methods, _
| When K <1, the likelihood funeiion is monotone
increasing with a so that i - X¢qy+ The data on
X then can be transformed by [x-x(l)]to two=-parapeter k
data. However, X(1) itself must be censored from
the sample, to obtain finite terms in the two-parameter
likelihood equation (A.3.2b)

The ML equations for censored sample of the
variable X are samewhat complicated and must be

solved numerically by iteration (Harter and Moore,l1965),

AJ3.4 MOMENT ESTIMATES

Moment estimators of the ﬁarameters a, Ayand K-
are obtained by equating sample moments to correspon-
ding population moments, The moment estimates are,
therefore,

2
o 4 = % - Z(MQ)

M

A o 3 (A.3.12a)
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M .
v 3 B .
T jﬂ; (A,3,12b)
v . u(m2)3
L > (A.3.120)
where Xx = 7 + K/X = L Y x
n .t i
i=1
v i n -7
M, = K/A? = = (X:e%)
2 N izl
n
My = KA 2§ k-8
N =1

A,4 ESTIMATION OF BETA DISTRIBUTION PARAMETERS

A.4,1 MAXIMUM LIKLELIHOOD ESTIMATES: TWC-PARAMETER CASE

The ML equations, for the shape parameters, of a
sample x of n independent observations from a Beta

distribution are

n
in 1 x.l;n = 1nG

i=y *

A A A
¥(q) ~ ¥(q + ) (A.4.1la)

A

1

)l/n

A A n : o
¥ - v « D = 1 T Gex = 1nG,(A.4.1b)
i=1

where v(,) is the tabulated DIGAMMA FUNCTION {(see

Abrambwitz, 1964). Solution to these equations are by

trial and error,



i27 ..

A.4.2 MOMENT ESTIMATES: TWO-PARAMETER CASE

Moment estimators for the shape parameters q and
r are obtained by equating the first two Beta moments
about origin to corresponding sample moments:

! q/ (g+r) (A.4,2a)

My =
Mé = q(q+r)/{(q+r) {(q+r+1)} ﬁ (A.4.2b)

Solving (A.4,2a) and (A.4.2b) simultaneocusly gives the

moment e’stimators:2

LI
& _ (Hl) - M1M2 _ L _
1 V., 7 -
: M! = M! T .
‘I‘: = 1 2 T - & ’ (Al"l‘tab)
M- (M) | | U
2 2 e
where H; = % ! x, = x
i=r *
] 1 2
M z = I X
2 nogz; 3

NB  The Kth moment of X, about origin, of a two-para-

meter Beta model is:

oKy ! . T(g+r)T(g+K) . . |
« E(X™) = MK © T(QT(g+r+K) o (ALH,S)

The third and fourth central moments of a two-parameter

Beta model are:

Mg = 2qr(r=q)/[(g+r)>(q+r+l)qir+2)] (A.4.6)
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3qr[g(g-r)2 + qriq+r+2)]
(q+r)u(q+r+1)(q+r+2)(q+r+3) (Ak4,7)

Hu -

A.4,3 MAXIMUM LIKELIHOOD ESTIMATES: FOUR-PARAMETER CASE

The maximum likelihood estimates of a four-parameter
Beta model are extremely difficult to derive, However,
the method of moments can be eémployed to estimate the

parameters fairly accurately.

A.4.,4 MOMENT ESTIMATES: FOUR-PARAMETER CASE

In order to estimate the four parameters
q,r,23, and b the first four Beta moments are equated to
corresponding sample moments., The sample size n should
be large if estimates with a reasonably small sampling

variance are to be obtained (Bury, 1975), Thus

My = a4 q—il'f- (b-a) (A.4.8)
My % < (b-a)? (A.4,9)
(q+r) “(q+r+1)
_ 2qr(r=-q) a3
My = . (b-a) (A.%,10)
(q+r) " (q+r+l) (qe¢r+2)
2
M, = Sqtlggg_-r) +qr(q+r+2)] (b-a)™

(q+r)"(q+r+1)(q+r+2)(q+r+3)
(A.4.11)
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where
- 1 0 3 2 =2
My = Xu = X, My = = ¥ (x.-%)
17 " 1 D -4
M, = =V (x —3)3, M, = = (x.-x)
3 nigl 1 4 n 121 b §
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APPENDIX B

FITTING STATISTICAL DISTRIBUTIONS TO OBSERVED LINK TRAVEL TIMES

NULL HYPOTHESIS H ALTERNATIVE HYPOTHESIS H

0° 1

Distribution function of the obtserved random
variable is Log-Normal,
H,y: Distribution function of the observed random variable

ig other than Log-Normal.

K-8 Statistic D and Decision rule for 5% Significance level:

D® = 0385 0.13? From Statistical Tables.
(¢ = 0.85 n = 30)
D = max|{S(X) -~ FCO|

n
where S{X) = empirical CDF and F(X) = theoretical CDIT and

Dn = observed maximum K-S Statistic,.

REJLECT Ho

DO NOT REJECT HO'

if D > D) (i.e., If D > 0.132); otherwise,

MAXIMUM LIKELIHOQOD ESTIMATES (MLE) OF LOG-NORMAL MODEL

A n

u o= %.2 inx, (A.2.2a)
izl

A 1 B 2

a?=z = ] Qnx; =) (A42.2D)
izl -
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e o R T L T T T T T e
THIS PROGPAM ANALYSZIS THL GOOONESS=0F«FIT OF LOG~NIRMAL MOD:L
PELATIVE TO OBSERVED BUS TRAVEL TIMIS ON LINKS IN KADUNA
HETROPOLISGTHE BUS TRANSIT SERVICC IS RUN BY KADUNA STATE
TRANSPORT AUTHORITY«.NAG ROUTINE S15APF IS USED TO COMPUTE
THE NORMAL CUMULATIVL ODISTRIBUTION FUNCTIONeTHE PARAMETERS
OF THE LOG=NORMAL MODEL ARI ESTIMATZID BY THE METHOD OF MAXIMUM
LIKELIHOOD,

NOTATION USED IN THIS PROGRLM:
AMEK LOG=NOEMAL PAFPAMETZ2 MU
CuM CUMULATIVE DISTRIDUTION
IFREQ FREQUENCY
ZIGMAZ2 LOG-NORMAL PAPAMETER SIGMA
0 KOLMOGOROV=SHMIRNOV STATISTIC
F(x) THEDRETICAL CUMULATIVE DISTRIBUTION FUNCTION
S(X) EMPIRICAL CUMULATIVEZ DISTRIBUTION FUNCTION

K=& KOLMOGOROV=SHIRHOVY
Y HMORMAL CUAULATIVE DITRIBUTION FUNCTION
z NO2MAL STANDARD VALUE

i s T T
PROGRAM LOG(LOGDATA,CUTF,,TAPLE=LOGDATA,TAPES=0UTF)

REAL S15ABF
DIMENSION TIMECILZL) oANLOGCLIO20) 9 ZCLE L) sCUMCLL L)y IFREQCLL2L) o

AAMEW(3L) 3 ZIGHAZ(JI6) 5 Y (1020),D€2020)

K=1

PHAD(59 L 19END=999) TIME(K) s IFREQIK) 4 CUM(K)
K=K+ 1

GC TO &

DO 102 I=1,K
AMOG(I)=ALOGI(TIME(]I))
FORMATICOX gFJa 98Xgll2LX4F3,17)
Ji=1

Je=1

DO 105 JJU=1,34

SLH=:_.[

KOUNT 1=[



116 CONTINUE 132

DC 118 II=1,K
118 O(II)=ABS(CUM(II)=YI(II))

KOUNTL=3_

K=y

D0 119 Loi=1,K

IF(KOUNT1.EQs30) GO TO 123

GO TO L&
123 MHEITE(E4221)

KL=KL 4+ |

HREITE(E,122) AMINIKL) s ZIGHAZ(KL)

HRITE (64225)

KCUNT1=( ‘
124 KOUNTi1=KOUNTL+IFREQILZ)

WRITE(6,220) TIME(LL) ,IFREQILL) LUMCLL) o Z (L) Y(L1),0(LYL)
119 CONTINUE
120 FORMAT(L1SX,F5 .1.1'*XQILQ X g FOaladlXgFA3lagl X 9F Qb aiXsF3.4)
121 FORMAT(LHL////7 425X+ *FITTING LOG=NOPMAL DISTRIGBUTION TU'/Z:X,‘31

1ERVED LINK TRAVEL TIMES*//28X*PARAMETEIRS OF LOG=NORMAL MODEL™)
122 FORMAT(/2€EX,* MU =¥ Fet60 ™ i *»*SIGHA =*,F044) |

125 FERMAT(/16X,*TIME FREQ. RELATIVE Z NORMAL (K=S)*/
115X s * (SEC)* 38Xy *CUHe FREQe* s 16X s *COF* /31X *SUX)* 310X *F(X)*,

28X, %D¥%/) ]

sTOP l

EMD
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TABGLE Baleil LINK 1
FITTING LOG+NORMAL DISTRIBUTION TO
OBSCPVED LINK TRRAVEL TIMES

PARAMETERS OF LOG=HORMAL MODEIL

MU = 441533 3§ SIGHA = wc212
TIME FFREQe RELATIVL b4 NORMAL (K=S)
(SECs) CUM.FREQ. COF
S(x) Fex) D
Liel i o u33C ~2scli2l «L138 0192
4840 1 «0B7( =1,3386 «0313 o233
49,0 4 «4338 =le2lL 1373 s U257
51.“ 1 nlﬁ?ﬂ -1.C515 01365 05205
52.0 b o2DLI ¢ 9595 + 2586 el 314
544t i «+233( =« 7808 « 2175 « 0155
554 1 02671 +¢6939 « 2439 - o238
560 i «300C -+ 6085 s 2714 « 0286
570 1 «333C ~e 5248 « 2999 «L33L
59,1 ZI «420C :c361ﬁ «e 3589 s 411
6lel 1 331 =ec8L6 e 3891 ol &bl
6l.t i w4570 -+ 2035 «4193 0477
6240 1 «500¢C -~s 12566 « 4496 «0504
63l i 05231 =e 5.8 4798 0532
bhel 4 ebo k! of238 e 5. 95 L35
684l L «533( 3109 e€221 «0109
690 1 «657( e 3801 «b%80 « 0190
7Cel i el s bLBZ « 6731 L2718
7440 i «7330 « 5154 « 6369 ol 301
73;\ i 7571 6659 WThic 4258
7640 i «800°0 «B377 « 7989 « 00112
77e L i « 83310 « E996 «e8i55 eL172
80«0 i «867( 1.0806 «8501 « L7169
Bl i P 1 13147 % R s 0UB2
8740 i «9330 L4779 «9303 0027
93.0  § « 9670 1.7937 « 95326 « U306
103,90 i 1.00C0 2.2774 « J686 011y
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TABLL Bgalleé LINK
FITTING LOG=NORMAL DOISTRIDUTION TO
OBSIRVID LINK TRAVEL TIMES

PARAMETERS OF LOG~HORMAL 40D:ZL

HU - Je€£914 H SIGHMA - «1709
TIHE FREQ. RELATIVE - MOIMAL (K=3)
(SECe) CUM.FREQ. COF
S(x) Fex) B

30t i a3l ~1.6979 wLabd » 118
31.0 1 0670 =-1.5050 « 0660 « 0010
3ol Fa e L3331 »Le32u3 L9346 el 395
33a0 i «1670 ~1.,1402 01272 « L399
Jugl 4 «28L( 9655 1371 «L 329
35.0 3 «300C =s 7960 «2130 «0870
3640 1 «3331 e B3LL vCDGy 690
3740 i . 3670 ;.5735 » 3189 0681
3840 3 4671 se31k6 3765 L93
39.0 b «500C :.1528 «e 4353 006‘0?
4O W0 5 | 5330 ~e D147 e «L389

ile8 (4 «500C » 1298 « 5516 « 0484
Liol 4 053310 W 2708 «6.67 «£263
43k i «5370 4085 6385 #0385
L, D 1 «700C e SL3L «e7ibl « 0Bk
LEs L i o 7330 B0 « 7690 « 0560
47l 3 e 8331 e 9289 8235 « 0195
LB, L 1 « 867! Luls2s +B8536 134
49,0 1 9000 1.1727 « 8795 « 0205
5Ll s «I3334 L2949 916 wedin
520 i «9671( 1,520 46 29358 o 0312
6lal e 1 lELI 2. 4560 « 9929 a7t
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TABLE Beie3d LIMK 3
FITYING LOG:NORMAL DISTRIBUTION TO
OBSTRVED LINK TRAVEL TIMES

PARAMETERS OF LOG=NOFMAL MODZL

MU = 3¢8u005 3 SIGHA B « 2394
TIME FREZIQe RELATIVE 4 NOIMAL (K<3)
{SECs) CUM,FREQs GOF
S(x) F(x) 0

Slew i eus3l ={.67U6 w74 eLlbl
32a0 i «e057¢C =1.4(06 s LBL7 137
I 3 1571 rialtd9 w1257 TS
35.0 i «2000 -1.,0257 «1525 0475
37.0 8 2331 = 793¢ scadd 0192
39,0 i «267( =s5729 2334 «0164%
4Ll 3 03671 e 4BT7 « 3203 kb7
“10” Z -933£ 203E3? 03535 -0750
4240 1 4670 e 20629 e 3962 L7UT7
"% b 3 «500C “s 1E4G L3467 U653
bt o F4 «537¢L :0{65: + 4728 el 942
LS4l i «500¢C e 0258 « 5103 « 0897 .
Lbel 1 «0633C e 1177 « 5469 «0861
L7.0 i «657( 277 5823 0847
Lb8el 1 7041 «2958 6163 o837
L9,y i o7 331 w3821 6488 «0BL2
5060 i e7270 « 4BBE « 6790 «LB74%
L3 Y i Bl T 1 o TLBT7 « 0913
6E7s0 1 «8331 1, G148 « 8549 0149
5844 { «857L L8708 «8516 L4506
59,0 1 «300C 11591 «B768 « 0232
67l i e 9330 LeB911 « W6 s ledd
69,0 1 « 9671 1.,8142 « 9652 oDJ18
8741 | lesdlil 2.7839 9373 44



TIME
(SECs)

blek
3.0
Lbe .
L740
48yl
L9,.C
S0e0
£1.0
G20
53.0
Shel
55,1
56el
574l
58,0
59, L
Blel
6148
6240
63a1
Bl D
-]
69,0
TLal
71,0

FITTING LOG~HORMAL DISTRIBUTION T0O

TABLE Bylel

LINK &

OBSERVED LINK TRAVEL TIMES

FREQe

e e e e e e Sl e e e e L I S e S e

PAPAMITERS OF LOG=NOPMAL MOODIL

MU

= L0252 3
RELATIVL r4
CUMFREQ.

S(x)
oi 330 ~2u2c8b
«057C -1.8879
alusl »1leb(56
«1330 «1,2518
24671 L3S e B
«2000 =+ 9538
«267L ~eBL33
«300C ~e 60677
e 3331 =a 5289
«3670 »e 3926
«4000 =e 2590
43230 vel278
e 0L L0111,
«533¢C 01277
«5670 e 2520
edL ki « 3763
«567¢ o B9GE
o70NG B127
« 7670 « 7289
«eB8331( BL3G
«8571L ¢ 9560
M I L1754
«933C 1.4939
« 3070 1.5958
1.000¢C 1.6982

SIGMA =

HORMAL
COF
F(x)

eli29
«0295
e L799
«1053
e l354
01701
0292
0522
s 2985
3473
« 3378
492
Sl G
+ 5508
« 5995
« 6459
« 6885
« 7300
e 7570
.55L5
«8315
«B8BLZ
« 9324
e JebB
« 9553

«1398
(K=5)
0

«l20L
0375
eB2u¢
277
« 325
«£299
« L5578
0478
e L345
0197
oLy
«0162
o Ldul
0178
« 0325
«0459
«0225
<0300
«0000
« 0325
«[365
«uios
«00G>3
w222
o L447

136
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TABLE Bgie¢5 LINK 5
FITTING LOG-NORMAL DISTRIBUTION TOD
OBSZRVED LINK TRAVEL TIMES

PARAMZITLRS OF LOG-NORMAL 40D:ZL

MU = 3.9012 7 SIGHA = «2L31
TIME FFREQJe RELATIVLE z NHORMAL (K=5)
(SEC,) CUNGFREQ, CoF

StX) FIX) 0

26.L 3 o330 =1a56427 L5389 «U259
3840 2 «1000 1,298 k371 o 0029
39,0 i 1331 =1.1703 w121 iy
41,0 3 «2330 e 92410 1777 «0553
L2e.0 3 «2571 ¢ B.504 2103 « 567
bboO i «30CC =e 5763 2822 «L178
45,1 2 « 3670 to k657 e 3207 Lub3
Lb. U 1 «400C ~e 3575 s 3004 «039
47,0 1 ebL33L i02515 L7 oL323
4BV i 4670 2.15?9 e 4512 « 02658
49,0 1 oSdkl =s LL54 L0815 « 0185
S5Lak 2 «5570 » 0531 «5212 « 0458
51.0 3 6670 21506 + 5598 1072
52l i s 7500 sckd « 5972 1028
5340 1 «733( 3400 6331 +£999
55:.' 2 .B;.' s 5223 +65993 «1007
S7.0 2 «B07C « 6982 « 7275 «1095
591 i « 9L « 868 «B8.73 «0927
TCel i « 9331 L1 BLBYL v 9677 o347
730 i 9571 1.9153 9723 +JE53
91,0 8 1.000¢C 3.0015 « 93387 « 0013
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TACLE Byled LINK B
FITTING LOG=NORMAL DISTRIBUTION TO
OBSERVED LINK TRRAVEL TIMES

PAPRAMZITERS OF LOG=NOPMAL MODZIL

My - 3.7912 % SIGMA = 1523
TIME FREQe RELATIVE 4 NOJIMAL (K=5)
(SECW) CUM. FREQ, COF
S(x) F(x) (]
Jhel ps o331 vl 7392 e Lol o LIBL
35.0 1 «067C “~1.5488 « 0507 « 0063
3740 e 01331 +21:.2838 2182 s L14LER
38,0 2 «200C -1,0087 1566 e[L3h
39,8 L 2334 ~s B381 scedl oL 328
400 2 «300C :tf)?‘.a s2508 » 0492
Li.0 4 b330 ~s 2L 36 e 3051 1279
4240 i «467C “s 3514 « 3626 1044
4341 2 +5331 zel958 w22¢ 2140
LoD 1 «50670 = 0L5D 4817 « 0853
LS540 1 «800C 1017 5415 « 0595
Lb, 0 i «233C kbl « 5372 « 0358
470 gl e 0074 « 3873 «B3E7 o L163
L9, " 2 «7330 « 6610 « 7457 0127
5040 i o7567¢C « 7937 « TEE3 « 0193
Ll e «B8330 9237 «8222 « 0108
53.0 1 «857( 117064 « 8803 o133
Styl i «9LI{¢ 12991 «9032 o 0032
550 1 «9331L 1. 4197 e 9221 +L109
60l i «957( 19911 9764 « 0298
6140 1 1e003C 2.[9937 e 9821 « 0179



TABLE Bele? LINK 7
FITTING LOG~NORMAL DISTRIBUTION TO
OBSERVID LINK TRAVEL TIMES

PARAMETERS OF LOG=NOPMAL MODEL

MU = Lo b 31. H SIGHA = 0151L
TIME FREQe RELATIVE Zz NOXMAL ({K=S)
({SEC,) CUM,FREQ. COF
S(X) F(x) 0

LEwl e e 070 wia.6531 su731 s L bl
LEWD 2 «1330 =~1.4713 wl207 o123
491 2 r{ =lel 308 iS50 e L695
5‘.0 1 -233[‘ ':.QUIG 01338 .0&92
S1.0 2 e Ul =¢ 7699 sack? «L793
S3a0 i «3330 ce51352 3032 «0298
Skl 3 331 =« 3915 3877 « L8853
5540 1 4670 s 2700 « 3936 0734
5be 0 3 e257L( ~e 1507 el 1 + 4269
S7e0 1 «500( =« 0335 s LBBE «1134
Bl 15 o533 v [816 02325 sl ll5
blel i « 6570 e 4155 6011 «0059
620 2 « 7330 « 5232 « 6990 « 0334
62t 2 «800CC 2 6291 7354 « DOLE
650 i « 8331 « 82610 « 79846 o 1 346
6be! { «8571 « 9371 «8256 s (614
71.0 1 «e90C( 1,4205 «9223 0223
764l i 93334 Le 8711 e 9593 1 0363
798 i «9571 2e227h ¢ 9833 o[163
8Ll L Lalill 2.24L7 09865 «0135
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TABLL Bule® LINK 8
FITTING LOG=NORMAL DISTRIBUTION TO
OBSERVED LINK TRAVEL TIMES

PARAMZITERS OF LOG=NORMAL MODEL

MU - bedlibs § SIGHA = «e1325
TIME FREQ. RELATIVE z NOIMAL (K=3)
(SEC.) CUMe"REQe COF

S(Xx) FIx) 0

“9;4 1 1‘33L 3_.6951 ohh5l .EIZ.
500 1 «0570 =1.54206 « 0815 « 0355
5440 i el »31.3932 en818 o882
53,10 i «187. «l.4i28 «1354 L339
5440 1 «20C0 ~+9617 «1581 « 0319
570 2 2o 7l ~a 55306 «+2899 « (229
5840 e e3330 ioh223 « 3364 «0030
59,0 2 PR ©e.2933 « 3847 ' 0153
60.0 2 4670 ~s 1654 e 4339 00331
6140 2 «533C ve0L1E G834 L8495
6240 2 «50C0 E11 « 5323 0677
63e 0 2 «b571 2010 5800 L1870
bhal i «700C « 3208 « 6258 e 0742
654 L 3 «B800C L3780 «6092 w1348
66,0 2 «8330 +553C « 7499 + 1238
6748 Y «867( « 6665 7475 « 1195
7.8 i oIt LelC42 « 8553 0347
Thel i «933( 1.4167 «9217 «0113
7840 i 03571 10816 « 9552 «0018
9340 L el Je1b17 « 99392 008
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TABLE Bele9 LINK 9
FITTING LOG=~NORMAL DISTRIBUTION TO
OBSERVID LINK TRAVEL TIMES

PARAMITERS OF LOG=NOPMAL M0DZL

HU = S«E8LL 3 SIsMA = 1729
TIME FRZIQe RELATIVE Z NORMAL (K=S)
(SEC.) CUMeFREN, COF
S(x) Fox) D

el i o L33L =31eb6503 L5494 o164
2840 2 ellll  =24,4399 L7409 0251,
29,0 2 «1671 »1.23569 els81 «[0589
30e0 4 «2330 =-1.0408 «1460 0840
Jiel i 0cb7L =e 8511 «1973 L6997
32.0 1 «300C =+ 6675 w2522 «L4TA
33. 48 i « 3331 2.489¢ a3i22 aelcyl
34a0 2 «400C =e 3158 3757 0243
35,0 i 4330 “elb92 by 7 L U777
2640 3 «5330 0139 « 50655 o275
3?;0 < ad2bkl s 4723 «e5584 ¢E315
3840 2 «6567C « 3266 « 6280 «0390
39,0 3 « 707, 4789 «6833 « 837
4L 40 1 «B8C00 « 6233 7335 « 0665
bi.0 1 8331 7652 7782 W[ 548
4240 i « BB 7( « 9056 8174 « 0495
Lbel 2 «933¢( 1.4318 e9239 «LJ9L
L840 i «957C L.678C «9533 « 0137
Sbeu tH 1ellLC 245697 « 9949 L05L



TINE
(SEC.)

45,0
LbeC
4740
4840
49 0
500
5del
5240
5346
5440
55.0
S6as 0
ETel
59,0
ble 0
6140
b3el
65e¢
66, 0
6?00
6841
59,1

FITTING LOG-NORMAL DISTRIBUTION 7O

TABLE Beieill

LINK 1D

OBSIRVEID LINK TRAVIL TIMES

FREQa

e o ol S U o I S S R U S

PARAMITERS OF LOG«NOPMAL MODZIL

Hu

= beribd %
RELATIVL 4
CUMLFREQ
S(x)
.;5?& "!-.5786
«100C -1.,4032
ea33l 91,2319
«200L 'pﬁi&kz
«c 230 s 9L &l
«300C ~e 7391
e35671( e 58L0
«433C 4257
-k&?u :,1‘275.
«5000 =e1262
«5331 L2l
« 6330 «1635
«B571( 3Lkt
« 7000 «5791
e 7671 o 7129
«B000 BLLE
e B33 Le1445
«BB7L 1.350 4
« 90 0L 1.4720
2330 1.5917
09571 L7097
eo ki «e 8230

SIGHA =

HOIMAL
CoF
Fx)

«0803
.:-- gl
«e14%36
saB861
02299
e85
« 3348
3916
«44%98
«5.8.
« 5049
«61l90
«7187
e 7022
«32038
«BOLT
«e911E
9295
« G443
«95063
« 9661

142

«1256
(K=S)
0

« 0 397
« 0197
el24]
«[564
. 489
«0701
e 865
0982
L7656
« 502
e L250
«(B81L
474
« 0187
.LJ‘I‘g
+0008
L3107
« D446
« 0295
«0143
«LaR7
«0339
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TABLE Belell LINK 11
FITTING LOG=NORMAL DISTRIBUTION TO
OBSERVID LINK TRAVEL TIMES

PARAMZITERS OF LOG~NORMAL MODZIL

HU = Lep 222 : SIGMA = «1423
TIME FREQJe RELATIVE P4 NOIMAL (K=S)
(SEC) TUMFREQ. COF
S(x) FLK) 0

LS, L i e 338 =se5101 «L550 0 0320
LEe 0 4 el il ’1@359? o870 o130
7.k i e 1331 »1.2.856 o1l 30 « 0195
L840 4 e2D0C =1, 0807 e Lh44 « £ 5556
U N 4 «233¢( e 9159 «1799 (532
50e0 2 «300C =e 7739 « 2195 «L 803
510 4 « 3067 ~u05348 «25c 8 P Y4
$52.0 1 « %000 ~e 49BL « 3091 «0909
S3ud i ebI33L seobbb «3377 e 753
56440 2 «530¢C =332 LU T78 o922
554 < 357 =adlited v4Z 85 + 1485
Sbel i «500CC «0223 «5089 « 0911
5940 5 «e6331L « 3889 6513 182
6040 4 « 7000 5070 «6339 «0061
ble 1, o 7330 6238 « 7334 sbulh
63.0 1 « 7570 « BLIE «8023 « 0353
64a0 i «B80C0C « 9604 «8316 e L3345
b5 40 1 «833L 1,693 « 8575 + 0245
bbel L «B57! 101756 «88L3 oLi33
67 ol - «300C 1.2822 «9301 «0001
69,0 «9233C 1.4889 «9317 o L343
73.& L .95?& lu&ﬁﬁﬁ 39703 00033
7510 L e ldlil el 747 «9817 0190
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TAOLE Bele12 LINK 12
FITTING LOG=NOKMAL DISTRIBUTION TD
OBSIRVED LINK TRAVEL TIMLS

PARAMETERS OF LOG=NORHMAL MODIL

Hnu = kel1915 353 SIGHK = 3063
TIME FRE2J RELATIVE z NORMAL (K=5)
(SEC) CUMe FREQ COF
SiX) FtX) i8]
45,0 i «u33l ei.2651 e1.29 « 0699
Lbe l 1 « 0670 =1+41929 «1165 0495
LB, i .;;uL '1.153; essbe -.hBZ
49,0 2 16714 :09853 1622 « A48
5Lel { 4% At =«9189 2794 5249
51.C 1 «233C -+ 8538 « 19606 « 0364
56l P4 e 304 A = 5465 29k 0975
57.0 i .333[ :.hBSS 0312? oCZGS
59,0 1 «LI0L =e 3750 « 3538 04b2
6040 1 4331 = 3397 s 374E L 584
bl.0 i 070 2654 « 3253 0747
6340 4 «5330 =0 d59¢% L3867 «0963
E4ael 4 «500C ~e1077 L5711 «1429
6840 4 «6670 0916 : 5365 e o3G5
7040 i «70CC 1858 « 5741 01259
7Tia0 L « 733 2334 «5923 1647
Tiel 1 « 7670 « 2794 « 6100 «1570
7540 1 «B0CC 4135 sbolb «4390
791 { 8330 5843 7205 «1125
Bt,; 1 « 8574 + 6256 o734 w1328
93,1 i oL I[L 1,1204 « 8587 « 0313
113,0 1 «933C 1.78605 « 9505 «0278
12Ul 0 i « 967, 19580 G749 «0079
18740 4 1-0CCC J3.4158 « 9997 +04Q3
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TABLE Beleld LINK 13
FITTING LOG~HORMAL DISTRIGUTION TO
OBSERVID LINK TRAVEL TIMES

PAPAMETERS JF LOG+NOPHMAL MOOZIL

MU s Le3TWi 3 SIGHA = 02299
TIME FREQe RELATIVE z NOIMAL (K=S)
(SECe) CUMe FREQ, COF
S(X) F(x) 0
5540 H o331 -La595¢ « 0553 0223
5640 1] «UB71L =1.5158 o LBLT s0o23
6L ol i edliil !, ,2i67 e1419 «L119
61.0 1 1330 ~1,1L4L3 «12b2 «L0J69
6240 ! W 1574 »Lel702 elbib 0250
63.0 1 «2808L 1o DL45 1576 0424
66l i «2331L =u8l21 wellz v LCLB
€8sl 1 2670 - 6723 02507 0163
69, 0 i «3L01 =sbL88 e 2713 L2087
7040 4 «367C ~e54B2 e 2325 LT7TH5
Tl b i sleiil o845 o 316 «LB86I
73.0 1 «4330 ~e 3637 3581 0749
7640 1 D74 ~, 1885 «beb3 o l047
79.0 1 «3000 =e 0202 4320 « 0080
B8lal i «3330 w345 « 5138 w192
81.0C 1 2871 + 0887 e 5353 + 0317
8240 1 «6000 142¢ « 5365 o L8435
830 i «6330 1948 5772 0558
Bhol 1! «BB74 2469 «5375 «L695
8540 1 «700C « 2983 6173 «0827
B6e Ll i « 7330 a3“92 16355 0L965
878 i W737C « 3995 «6552 s1118
b4 0 Y o800 « 736 « 7692 0308
95,1 i «833(0 7821 « 7829 +050L
103,80 1 WBBT7L 1,4338 8716 « 07456
i{6e L L 1A 143759 8802 «0198
ilbel i «933( L6752 02k L1294
125,14 { 29571 L+9753 29759 « 0089
146,40 1 1.000C 2.6514 e 9360 « 0040



TABLE Balel% LINK 1%
FITTING LOG=NHORMAL DISTRIBUTION TO
OBSZRVI) LINK TRAVEL TIMES

PARAMCZTERS OF LOG~NORMAL MODEZL

MU = Jel36hl % SIGHA = « 2025
TIME FREQ. RELATIVE F 4 NORMAL (K=S)
(SEC.) CUMLFREQ. GOF
S(x) F(x) D

2lec i e 330 =1:818% « D345 « 0015
2140 L e UB7L  =14577H o[573 o[ 297
c2, i 2 ed331 e 3677 « L8B3 066G
230 2 «200C =-1,128¢ «1296 «0704
Qbal 2 026714 =s 9181 «1793 LB77
2500 1 -3221 :‘,171,55 l2365 .{.'632
€6hel 3 sl :.5228 sl & «L995
2740 b « 4330 =e 33565 « 3083 0047
2800 i 4071 =g 1559 e L377 00293
29,0 1 «300C «liok «5465 2L V65
3Ll e 5331 1838 5729 ol 399
31,0 4 «e667C e 3457 16352 « 0318
3240 1 o750 e 5025 «6323 477
330 1 «733L e 65LL « 7436 «L105
3640 1 «833C 1.0641 « 8508 «£278
370 2 «9000 1.2194 « 8586 «l116
39,0 1 «9331( 244793 « 9305 « 0025
Glol i 3671t LoBL43 « 9457 el213
Li.0 b 1.,000C 1,726¢2 «9378 LW22



147

TABLE Belel3 LINK 15
FITTING LOG=NORMAL DISTRIBUTION TO
OBSIRVED LINK TRAVEL TIMES

PARAMZTERS OF LOG-NORMAL MODZL

MU = 3.1645 § SIGHMA = 022190
TIME FREQe RCLATIVE HOIMAL (K=5)
(SEC) CUM,FREQ, COF
S(X) Fx) b}
iS40 b § o331 ~2.08657 0194 « 0135
18,41 1 «1331 =1.24.B 1074 « 0250
1940 ¥l «ib71 -e 9959 4596 UO7H
b 3 2671 =u7b38 e 2225 445
21,0 4 «e333( =« 5430 22936 e L 394
2yl 3 e 330 ~e3325 e 3598 0632
2340 3 5231 =e 1313 eb478 .0 852
Shel 3 3331 o583 5244 01485
25.0 1 e55671 « 2L60 59372 « 0698
:6.& p & .?g.l «ebc 25 «eBD Ly .i;36g
2740 1 «733C 05943 «7239 o 0391
284 i 767! 7589 7761 b G90
29,0 1 «800C w9177 «8206 « 0206
30e0 b 8 «8331 L0781 «8579 s L2K9
310 1 «867C0 1,2195 « 8887 0217
320 1 9Ll 2e3b3¢ v 91 36 o135
33.0 i «933C 1.5025 «933% « 0005
35.0 i 0 9571( e 7088 «9515 « 0455
370 i L<000C 2« 0202 « 9783 « 0217
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TABLL B4¢l4.10 LINK 15
FITTING LOG:HORMAL DISTRIBUTION TO
OBSERVED LINK TRAVCL TIMES

PARAMZTERS OF LOG-NOPMAL 40DIL

HU = Le194I 3 SIGMA = «c[935
TIME FREQe RELATIVE Z NORMAL (K=S)
(SEC.) CUHeFRER. COF
S(x) F(x) 0

Liel L « 0330 ~2.2933 « 0109 0221
LBe [ 1: o578 =1s54(8 elB17 «L652
"905 1 Oluoﬂ 1. 4424 .D?‘Of) « 0254
6040 i «1330 =1+ 3460 e 0892 « 0438
52 i s i67( =1ls1587 1233 0437
53l i el Ol =1.0678 1428 o572
Sbak L «233! e 8.50 «2104 « 0225
5840 2 «30C0 ~«b375 «2619 «0382L
598 i 03330 ~e5559 « 2892 + 0438
6340 2 Ll e 2427 el TSN
B4 i H W e33( ce1675 4335 + 0005
6640 2 «500C = 0207 4318 «Qus2
% P 2 05571 e 1945 5759 «LUBY
70,0 i «5001( elblE Bl 27 0027
7iad i 5331 « 3279 6285 TR
720 1 «56T71( « 3947 +6535 «0135
734 : & o7LLL s UBLS «B774 e i226
Thel 1 «7330 + 5255 e Tk U325
750 i o771 5895 07223 Y
79.0 1 «800L « 8370 « 7989 «0011
LI i «8331( 101345 « 8719 «U 379
85,40 2 «30C¢L 1,187¢C « 8324 0176
] i «933. Leb4599 9278 o452
9440 | «957( 1.6675 e9523 e0147
9640 1 i1.000C 1. 7681 09815 ol 385



TIME
(SEC)

3640
4oL 0
LLgU
LS540
4840
L. U
5Lef
5.0
5240
53.0
Shel
55eL
564l
570
58aL
59,0
blal
61.0
62e
63l
654
6740
LR
7240
82a0
84,0
95,0
118,10

FITTING LOG-NORMAL DISTRIBUTION TO

TABLE

Belel?

LINK 17

OBSZRVID LINK TRAVIL TIMES

FREQa

o e el S e S el el el ol e o e e e el ol ol el e e el

PARAMZITERS OF LOG=NORMAL MOD:ZL

Hu

= 4,699 H
RELATIVE p J
CUNs FREQ.

S(x)
«033¢ =1.9943
e0B7C 41,5623
«100C ~1,1715
« 1331 =1 0793
«167¢L -y BiL7
«200¢C 7302
02570 -l 6473
e 35 0L ~e 5601,
« 3331 e 4855
«357L e b( 84
sl ve 3318
4331 s 2565
570 <u1826
«5000 s 1101¢
«5331 =387
Bl o 0313
«5331 oduld
«eb370 ¢« 1680
o7l 02347
«733L eIl
.75?& .QQBS
«800C e 5527
«83210 «6135
« 8570 8479
!gunt :-l 38:-&
«9330 1,4799
«9571 -t 545
1.000C 2. 8735

SIGHA =

NOIMAL
GOF
Fix)

20234
«d594
« 1207
il 2
2076
« 2326
«2587
w857
23133
«3%15
+ 3700
+ 3988
vbe?5
4562
BELS
5125
+5399
« 5067
«5928
6181
«6558
«7098
7302
o8L17
«9Li64
« 9306
«e976L
« 29810

149

« 2439

(K=5S)

«03939
Ld79
0207
whi72
«lkUB
su326
« 0083
w0143
« 0197
« 0255
« 0300
oL 342
« 0395
« 0438
0685
«LA75
« L9310
«1003
e d?72
e 115¢
idi2
« 0902
«1428
L6532
Li64
« 0024
ol 496
« 0020



FITTING LOG-NORMAL DISTFIBUTION TO

TABLE BeileaB

LINK 18

OBSZRVED LINK TRAVIL TIMES

0OF LOG=NOFMAL MODZIL

PAPAMETERS
HU = 3e 2735 3
TIME FREQ« RELATIVE Zz
(SEC.) CUMeFREN.
S(X)

2lel i ou33l =1.,8L59
21,0 1 «067( -1.6017
P i «100L =lel[71
2340 i «133C ={s2211
2hdl 2 2020 wae kb3l
250 1 «233( -~ 8722
2640 2 P s 7L81
2740 1 «3331( =e 5502
2848 1 3671 e 3981
29,0 3 «ho70 ~e2512
300 b «500C =e i, 9%
31,0 & « 2870 0278
32«0 4 8331 wl647
33.0 i w0070 « 2894
kel 1 «7CCE h163
3540 b « 7330 15356
370 i «767( o 76812
39.8 i «800C « 9884
LCW U ! «833C 1. 0943
biel ¢ « 8570 1.1977
b2el 1 T 1.2985
byl 2 « 9571 1.,4931
5340 1 i1.000C 2e2718

SIGHA =

NOZMAL
COF
F(x)

ok 355
« (546
797
+1110C
1585
219315
w229
«c211
w3453
«4L0H
43565
5112
«5538
«6139
6017
« 7039
« 77818
« 8385
«8531
+ 8845
«9.29
«9323
« 9885

150

«2330

(K=S5)

oL i3
0124
e L243
0220
1815
e 0415
LB
0419
o217
0662
01“35
« 0559
692
+ 0531
«[ 393
« 0291
e 118
« 0385
034t
«0175
ol 029
0347
«0115
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TADLL Byle29 LINK 13
FITTING LOG~NORMAL DISTRIBUTION TO
OBSERVED LINK TRRAVEL TIMES

PARAMETERS OF LOG+~NORMAL MODZL

MU = Le0385 3 SIGHA = « 2031
TIME FEREEQ. RELATIVL rd NORMAL (K=S)
(SECs) CUMsFREQ, Cor
S(x) Fx) 0

336l i .;33L =2+66( 1L 0039 00298
3740 by W U571  =2.09686 e 0184 o L0491
by i oiilL wleb723 oL7TRS « 0295
Lbel i «1330 =1.0243 01528 « 0195
‘08.: i .15?’, :Q,B;"? .2;?6 «U6lb
5040 1 e2801L 205137 00097 «LB697
5144 5 3671 2e51562 «3.29 oL
£2.0 1 «4000C =« 4205 « 3371 «0629
Sby i L3I3L “el347 e 72 «L258
55,0 1 hb7( e Lb43 «h426 sL24%
571 i oSaul i385 5126 L1256
€841 | «5331( 1173 5467 0437
6Llel i «5370 e 2B8%¢ e6119 ol b9
b1.0 1 «BUGC 3650 «B427 U427
62l 2 «B57L e 457 «6722 «LA5L
6340 1 «700C 5245 «7300 «0000D
b4 0 1 « 7330 Bbicl W 764 ol JB5
6540 i « 7571 6784 7512 0158
6740 i «BLLU 8277 « 7961 «Lu39
€940 i «8330L ¢ 9725 « 8346 « 0015
7040 1 «857L 10434 « 8316 e (154
Thel 2 «333C 1,317 «9Ub1 «0269
77«8 L « 9570 1.5126 + 9344 ec 322
78,0 i 1.000C 1.5753 425 +0573



FITTING LOG:NORMAL DISTRIBUTION TO

TABLE Bgle2l

LINK 20

OBSERVID LINK TRAVEL TIMES

PARAMZTERS OF LOG=NORMAL MODZL

Hu

TIME FREQ.

(SECW)

36l
37.0
Lol
Liev
w24l
Lh 0
LHe |
LBa!
b9l
50e0
510
52el
S5bkel
5540
5740
59,0
6lel
6240
63l
65,0
664
6840
690
7140
7544
91.0
103.0C

e el e e e e e S e S e o el el ol I S S S

= 4eC2lt ¢
RELATIVE Z
;Uhgpktut
S(xX)
«033¢( -1,7538
« 0570 ~1.6L40
«100C -14331°5
1330 =1eC325
el =1.1360
«233¢C =s L9535
02571\ e 7744
e3501 vebidB
« 33310 =e5382
«30T7L “ebk372
el UL ~e 3578
.kS?. ;s1288
ISUG[ 210552
«233L iﬁﬂ?g
.557\ !2:61;
el il « 3597
«2331 4249
eB571 42O
«7567L( e 6142
B0 s6755
«B833C « 7951
«857( 8535
«900C e 9681
«933¢ Z.1878
«967C 1.9628
1.0C0¢ 24592

SIGHA =

NORMAL
COF
Fix)

e 0397
« 0501
«0315
«1.89
«1280
oi712
2202
sl kY
23322
«e331C0
3512
3897
s 88
L7780
+ 5351
« 5895
«B4'5
«BOLS
+BE7E
e 7305
7313
« 7867
28833
«8335
8825
«9752
2 933|

2435
(K=5)
0
0067

+L169
0085

«L241,

0720
« 0618
« U408
ol266
« 0308
« 0360
0398
o433
« 0182
0220
sLG28
o225
sLoRis
o 0315
eb2i0
« L 365
oL 497
0463
e 637
« LBBS
« 1505
« 0082
0478

152
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TABLE Belie21 LINK 21
FITTING LOGr-NORMAL DISTRIBUTION TO
OBSIRVED LINK TIAVEL TIMES

PARAMETERS OF LOG-HOPMAL MODZIL

MU = 349032 3 SIGHA = e1561
TIMZ FREQe RELATIVE z HORMAL (K=S)
(SEC,) CUMFREQ COF
S(X) F(X) D

32;0; i 1.53‘.. '."2;8».(? .L.I.ZE .:3E5
36e0 1 «067C =2s0402 «0204 « 0465
Lilel 1 «1QCL =1e¢2i31 «1i25 «125
4240 i «133C ~1.0568 elhtLd «0118
63,0 i «157L ~s9.81 1819 sl 149
LbeD 2 02330 = TEL B « 2234 « 00935
45,0 2 o38ul =e 6158 sco87 eL313
Lbgl i |333C e L7760 «317C sLibl
48,0 2 « 4330 :.203‘0 4194 «(136
49,0 8 4670 =e L7213 L7116 (045
5040 i «500¢C 0581 5232 0232
Siel 2 «567¢( 2869 5736 UGS
52.0 1 .:':anE .3t93 06215 00215
53,0 - «eHB87L 4313 «68669 eDAUL
5S4, 0 i «700¢C 5511 7092 « 0092
5540 1 7331 « 6686 7481 o151
57«0 1 « 7370 «B974 «8152 « 0482
58.0 | 1 «80CC 1.0088 84365 435
5%\ 3 «200C 104183 «B583 «0317
blel 1 « 9331 iec20L +« 3899 ol 431
61l i « 9570 23319 « 985 « U585
6240 i 1.000CC 1e 300 « 245 « 0755
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TABLE Byile22 LINK 22
FITTING LOG:=NORMAL OISTRIBUTION TD
OBSERVED LINK TRAVEL TIMES

PARAMETERS OF LOG=NOPMAL MODZIL

MU = J.6581 § SIGHA = « L4846
TIME FREQe RELATIVE z MOIMAL (K=5S)
(SEC.) CUM FREN, CDF
SiXx) F(xX) 0

3lel $ «0331 w1.7312 « 0417 0087
32 2 o1l ~1.s2964 o (974 oflCH
33.[‘ 3 oZ.’;l "1-0896 01381 .C619
k{ 2 «267( -e 8879 21873 « 0797
354 i sl +¢6926 sc4bk3 0557
36a i 1 e 33340 =s5( 28 3176 254
3?;& k4 o331 -, 3182 o372 «L578
38,0 2 «500C ~e1385 e Ba69 « 0551
39!“ 2 055?L QLJBEP -51!&6 .05230
4L o0 3 «5671 2071 « 5820 « [ 850
bi.l e « 7331 3735 6556 « 0875
420 1 « 7570 « 5359 o 734L «0630
blyl 1 o851 o 8693 8021 obi2e
4540 ] «8331( LeGLO7 8415 0085
Lbgt 2 Wil Lell88 «B747 «L253
L7W0 i +933C 142937 «9021 « 0309
Bl i «9571{ 1. 42506 e P o L4250
6040 i 1.,000¢C 2¢9331 « 386 o0 315
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TAGLE Bele23 LINK 23
FITTING LOG-NORMAL DISTRIBUTION 7O
OBSERYID LINK TRRAVEIL TIMES

PARAMEZTLES OF LOG=HORMAL MOOZIL

Hu = 4Le£E33 5 SIGHA = el 342
TIME FREQe RELATIVE z MORMAL (K=S)
(SECe) CUMy FREQ. COF
S(x) F(x) a
93,4 i e e33L L8777 s 68 «L138
9440 1 B T7( =1e5584 v 2596 wLuTh
95,1 i eliil slobetell w768 252
97.0 - § «1331L ={.,2102 01131 0199
99, ¢ 2 el e 9839 2526 L3704
10140 i «233C =e 7622 22230 «108C
1LZ;J 2 .S.Li :.653; 02559 t[“Si
103.0 2 «3070 ~e5L4B 2929 0761
104e0 2 e LI310 e W377 e 33168 ed d2e
105,40 i «BB70( ve 33106 3701 « 0969
106e0 i o5kl 2e2255 hlln «089%6
1°?|° i «533C :-122h o313 «0BL7
10840 i e5670 s 0193 e 223 L TLT7
10940 1 «B00T 0829 « 5330 20670
11240 3 « 5334 «3839 « 6495 e 163
113.0 2 «7000 B2 « 6852 « 0148
114, 0 1 «733C0 5801 e 7191 o139
11be0 1 BRI 7729 7802 «n198
119.! i «833L 1.0559 «B545 « 0215
12,0 1 «837L 1e2407 « 8920 s k256
12341 t «9000 144220 . 9226 0226
12441 il «9331 1,5122 « 345 018
1264l - «957( 1.6836 9544 « 0125
132.0 i 1.000C 2¢2053 « IBE3 « 0137
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TABLE Belecd LINK 2%
FITTING LOGNOPMAL DISTRIGUTION TO
OBSZRVEID LINK TRAVIL TIMES

PARAMETERS OF LOG=NORMAL MODZIL

MU = 4,0133 3§ SIGHA = «1495
TIME FREQe RELATIVE 2 NHOIMAL (K=5)
(SECe) CUMFREQa COF
S(x) F(x) 0

LOL0 Fid «057C =241745 «LL4LB U522
bba 0 i «130¢ =1.5368 «1822 L3768
l‘bl.L i «1331L w1,2393 11376 L0254
LBel 4 el L =« 9545 +1599  £301L
L9, L i «233L - 8166 02071 « 0259
50«0 4 «300C s 681G + 2478 e 0522
5140 2 « 3230 “s 5489 « 2915 « 0415
52e 0 1 3671 e 619( 23376 0294
53l 1 it ~e 29156 + 3853 D147
55,0 1 4330 e D437 4826 « D495
5bel 2 eS5LE e 0708 «5306 « 0305
57l i «5331 «1953 5774 N
5840 Z «50lC 3116 «6223 « 0223
59,0 i «533C 4260 « 66469 « 0319
6Le B i + 6071 5385 7049 L3379
61e0 i « 70018 6491, 7418 oL 418
62ad 1 t?33t 7579 o 7757 -auzr
63.0 i «757C « 864D « 8365 « 0395
6Lyl 2 +833( 9703 08361 (R % B¢
6540 i «8BT7L Lo L7481 « 6586 «Jubt
bbgl 2 « 9331 Luedv?52 «B88L2 0528
670 i «9570 1.27568 « 5992 « 678
7iel i 1ed4LL Le6bLEA «9521 o[ 48]
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TABLE B..kc5 LINK 25
FITTING LOG=NORMAL DISTRIBUTION TO
OBSERVED LINK T2AVIL TIMES

PARAMITERS OF LOG~NORMAL 40DIL

MU = 3,493 3 SIGHA = +1263
TIME FREJe RELATIVE 7 MOIMAL (K=S)
(SEG.) CUMFREQ, COF

Six) F(x) 0

C6al i es33( wLl.8861 w31 e L418
2740 1 « 0670 =-1:5653 0386 «0082
28l 3 1671 =1.2773 1407 «LBB3
2940 2 «2330 = 9995 « 1588 L 7hE
(a0 i «267| ~a?311 02324 L343
3140 3 e 30710 s G714 e 3187 «04B3
32l & 5501 = . 2202 s4129 L87L
330 2 «5571( 0236 «SU94 «L575
3bal 3 w6571 2599 6,25 wLbu5
3540 2 «733( e 4894 «B8T77 « 0453
3640 2 eBLLI «7125 «7219 o[ 38L
38,0 1 «833L 11406 « 3730 40D
39, 2 «9 0L Le34b2 ¢ 9109 o149
LD LD i «9330 1.54067 » 9390 «00b0
Li.,0 1 e957C 17422 « 9593 DA77
4240 & 1,000¢C 1,933¢C 9734 0266



FITTING LOG*NORMAL DISTRIBUTION TO

TABLL Dglsechd

LINK 25

OBSERVID LINK TRAVEL TIMES

PARAMETERS OF LOG-HOPHMAL MODZIL

Hu

TIME FREQe

(SEC,)

Lbe 0
Slel
51,0
5240
53.0
Shel
5540
560
5740
Sbel
59,1
ECel
6140
62e b
63l
6bel
6541
68e0
590
71,0
72el
73a0
Biat
87,0

e el e e e e R e e N e e e e

= Le1[ 92 3

RELATIVE
CUMLFREQ.
S(x)

«633C
L2771
«100C
«133C
16710
«2331
e 2670
«3330
«4C0C
4231
4371
e5330
«500C
« 5330
«557¢
«700C
7330
o 7571
«BLLL
«BETL
o9l
« 3334
95710
1.0000

P

?1.96“3
*Le3BLG
~{.2417
=1.4058
=+ 9724
LeBLLS
=e 7130
-, 5868
re 4629
ﬁoshli
:-221#
-~ 1037
0121
01259
«2380
e 3482
s k558
7728
oB75L
1,0751
L42730
{e2696
1.9978
2o 4982

SIGHA =

NOIMAL
CDF
F(x)

0247
.LB3?
1372
oisﬁb
+1054

ia.n.k"a
«e2379
« 2787
« 3217
' 3665
124
bh>87
« 5048
53501
« 59060
«b362
6761
7802
«R0Q2
«B3583
0879b
« 3979
9771
« 2236

158

1428
(K=S5)
0

+00az2
wnib?
0072
eLdll
«0015
«L33L
« 0291
L5643
«0783
«LD6D
L5486
L7643
« 0952
+( 829
« 0730
+ 0638
«L569
«{132
«0092
«0082
0204
£ 351
0101
«0UB2
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TABLE Bele27 LINK 27
FITTING LOGyNORMAL DISTRIBUTION TO
OBSEZRVID LINK TRAVEL TIMES

PARAMITLRS OF LOG=NORMAL vODZL

MU s Lo 102 : SIGHA = «1.757
TIME FREQ. RELATIVE Z NORMAL (K=S)
(SEC.) CUMLFREQ, COF
Six) Fix) g

Glo. L sudak ~2:¢ 8628 312 eLuU1B
42,0 i w0570 =1:5851, sL56% « 0105
by !, i 1801 »1.3203 L9336 « L1965
L4540 1 ¢133[ -1,1924 1116& «LibL
W7ol > & o {670 =y 9449 saldl ol U5L
4Be 0 1 e2(000 s B25( sevh? ol 047
49,4 2 a237( IR AT 4 12396 she?h
£0.0 2 « 3330 -« 5927 2767 (563
51.0 i 0367, e lBy, e 3456 eL51k
5240 1 «400L 2e 3695 «3559 L
5341 2 WBETL se261( 3971 o708
Shel 4 «5331( s 1546 4386 o [ 944
5540 1 ¢357i =o (542 LB L87¢
S6el i «2000 0524 «5209 0791
570 P « 60671 w1531 5518 oL U2
58410  ; e700C #2521 «5995 « 1005
61.0 1 o 7330 « 5391 27452 o279
6240 i « 7570 « 6317 « 7362 L0308
6540 L 8101 L I 8161 oL16d
680 i «833C 1.1575 + 8765 + 0435
6940 1 «B837L Le2400 « 8926 ' L25B
7Lek 1 «900C 1. 3225 «N70 « 0070
Thal L « 9334 1+6388 « 9494 oL 164
78el «9571L 19384 09737 « 0067
8040 | 1.00C0 2.0625 « 38146 0186
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TABLE Bele28 LINK 28
FITTING LOG=NORMAL DISTRIBUTION TO
OBSERVEID LINK TRAVEL TIMES

PARAHETERS OF LOG=NHORMAL MODEL

MU = Lek53 3§ SIGHA = 1906
TIMNE FREQe RELATIVE 4 NOIMAL (K=S)
(SECs) CUMFREQ. COF
S5(X) F(x) 0
6140 1 +033¢C ~147597 « 0392 0062
6L 0 «UET7C ~1¢5075% el5538 e luld
6740 i «1200 »1,2669 1026 0026
B9 1: 013314 -1.11206 01330 « 2348
740 2 2000 - 9624 «1579 0321
73«0 1 «2330 -, 81565 02071 59
Thao i « 20670 e 7650 2281 «£ 389
7500 1 e30CLL e 6745 e 250( «LSHL
7641 i 03330 s 6049 e 2726 0604
77.0 2 4000 =y 53563 ¢ 2959 v1041
7840 L « 4330 = 45685 » 3197 «1133
8Lel 2 e«500¢ ve 3355 03686 1314
83.1 i e533L e 1422 o 4435 20895
870 1 e507C0 « 1051 + 5418 e 0252
88el L 5304 w1651 + 5656 o 0344
891 1 5331 e 2244 5888 oD lay2
914U i aB5T7L e 3412 6335 20335
Ol 1 7000 «5115 «69355 « D045
98,1 8 «7331L o730l 7574 ¢ D344
990 1 7871 07837 T334 1Bk
1L1iu i 9. 1 3egt 5838 e H129 « 0129
103,0 1 e833L 09918 8393 « 0063
1L5.0 i e BBTL Lei 928 eB85248 slLub2
111,90 1 3! 10 3846 3169 « 0169
14710 L «333L L6842 «9317 187
120,0 1 2 967( 1.7941 + 3536 0034
127l i N iy 2« 9L9 + 9818 20182
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TABLE Bule29 LINK 29
FITTING LOG-NORMAL DISTRIBUTION TO
OBSERVED LIMK TRAVEL TIMES

PARAMETEFRS OF LOG«NORMAL MODZIL

Hu = 3.9327 3 SIGMA = 2045
TIME FREQe RELATIVE z NORMAL (K=5)
(SEC.) CUM FREQ. COF
S(x) Fx) 0

3540 i «L334 Lo BL53 sL325 oLIL5
3760 1 « 0670 =1,5735 « 03274 « 0092
39,1 i el il w$e3451 eL9L1 e 1u59
4O U 1 «1330 ~1.1923 «1166 164
Lisl + 1570 =l.{7L5 1621 L2508
42,0 1 «200C =4 0537 «1701 «0299
43s 0 8 ec33( 208385 ecui 8 L322
40 i « 2670 “s 7262 02339 0331,
4541 3 «367 £e65453 2589 098¢
Lbe0 i «Ll00 -.5088 « 3054 « 09456
Loel 1 o330 T T 1AL + 2818 512
k9.ﬂ pd «200C( - 1999 4208 0792
5.0 e 2071 velut? 4383 o 1687
53.0 1 e8000 «1839 «5729 02718
5540 & «233C 2 36510 6425 o493
57«0 3 «733C « 5397 « 7053 00277
5840 1 o 7671 wBEW7 7339 o[33L
59.C i «800C o 7083 o 700E 0394
bhel 1 «5330 1.1061 e 8657 o 327
b6l i «867L 1.2%068 « 8350 02806
690 1, 90 0L L4740 «.9298 o298
7LD i «933( 1.6137 « 943067 « 0137
Tuel 2 1.,000C 1. 8161 « 9553 el 347



TIME
(SEC4)

eTsl
€840
29,0
30.0
31,0
J2.0
330
Jhe0
35410
36e i
37.0
390
biel
Liel
L2l
43,0
el
LS540
byl
4B. 0
5Lel
51.0
584l

FITTING LOG=NCRMAL DISTRIBUTION TO

TABLE Balle3L

LINK 3¢

OBSERVEID LINK TRAVEL TIMES

FREQe

e e e e e e e o R e R I U S )

PAPAMZITLRS OF LOG=HORPMAL MODZIL

MU

= 3.6068 H
RELATIVE Z
CUMgFREQ,

S(x)

«0B67C »1,5597
-1.&1 ti;STFE
«133C =1.2012
s2RLL =1.0312
«267( e 8607
«333I TN AT A
«367C ~e5530
4000 e b33
«4ET7C “e2579
« 5000 =u1166
«500C « 0209
«533C e 2845
«e667L s 4119
o70010 « 5358
7330 « 6567
« 767C «TTL7
wB800C 8901
«B8331( .00 28
«B8570 1,113C
«900( 1+ 3265
« 9331 125313
« 9671 1. 6306

<
L AN

Ce 2758

SIGHA =

NORMAL
COF
F(x)

«0594
2862
o1148
21542
01531
02397
«2901
3424
+ 3382
4536
«5083
6122
« 6298
e T ikl
o 7L43
« 7808
«81L33
v B421
« 8572
«9077
« 9372
e 9485
« 9886

«1993

(K=5)

«LO7H
v (158
«0182
eLbBE
« 0739
L9933
+0769
« 0565
«(688
« [ 4bs
« 0917
L2y
« 0072
tL}“U
« 0113
« 0138
w0133
«0090
« 0002
«0077
0042
« (185
0114

162
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TABLE Bgledli LINK 31
FITTING LOG-HORMAL DISTRIBUTION TO
OBSERVZD LINK TRAVEL TIMLS

PARAMETERS OF LOG=NOPMAL 4M0DZIL

MU = Ju8BL2 3 SIGHA = w2325
TIME FREQe RELATIVE z NOIMAL (K=S)
(SECe) CUMFRENQ, COF
S(X) F(x) D

330 2 2o LBTL v2¢5815 L5669 elil
KL i «1000 =1, 4531 o731 «e(269
3641 e « 133 ela2a?3 1137 «l193
3760 1 «1670 =1.0895% « 1380 « 0290
38,0 i e2lil e 97448 s20L5 «L352
39,0 i «2330 =~ 8631 01942 «L 389

1.0 P4 =44 “ebWB8 12585 « L6415
L4240 2 «367C0 -e 5443 2331 «0739
3.0 i el CL welbbbZl « 32848 l722
[ 2 «467C( e 3b42 ¢ 3553 edlL7
4640 L oSull =e 1538 6392 «L6LB
4740 1 «5330 s LBCD 759 « 0571
Loel 1 «2070 eudGb 512! e[ 55]
49,0 1 «600C «1187 5472 «0528
50l 1 « 5330 L35 5816 o515
51,0 1 «B6570 2907 «blbl + 0526
S5L.0 i «700C 5355 o 73062 o[ Lb2
5540 | « 7330 : 6155 « 7309 « 0021
56el 1: «75671( mbgsz 7558 oB112
6040 £ «8330C « 9897 «B8388 «0058
62.1} 1 .867E i 1307 087;9 .:439
67410 i «300C Lebebk3 « 9284 286
B9 0 1 e933( 15908 a4 112
?Lll 1 09670 1.652? 09508 .CiGZ
79.0 i 1.0000 cei729 09851 eull9



TINME
(SECe)

"1.5.
QZqD
G3el
45,0
L7s0
48,0
490
500
51.¢
5240
5340
ShLet
B5,.0
5640
S57el
5840
£9,0
6140
66e
6840
€9, 0
70,0
730
7510
770
7840
B240
LTI

FITTING LOG=NOFMAL DISTFIBUTION TO

TAGLE Beled2

LINK 32

OBSERVED LINK TRAVEL TIMES

FPEQ.

- -

e e e S e e e S S S S S Sl S S S B S S

PARAMZTERS OF LOG=WORMAL MOOZL

MU

= L+ L5511 3
RELATIVE pd
CUMFREQs

Sx)
e b330 ~1.56b64
0670 ~1s5L89
«L{LC “Llatlal
«133L '1.2122
«467{ ediedBLL
«200C - 8973
«e2b7L “u7957
«30C0 ~+£932
«3331 zeB,15
« 3670 ~«5058
sl telbl38
4570 -, 32206
- 1994 e 2331
e 5330 =e 1052
a357L zul588
«500C o 0250
«5330 01096
«637C 2721
oTLUL « 6565
o733C e 8021
«a 7570 ' B734
« 8000 « 9436
«833¢ Lhlbb3
«857C 1.280¢
«93000 1.4086
«333C L4710
29671 Le 7156
1.000¢C 149479

SIGHA =

NOIMAL
COF
F(x)

PR
elbL 7
.L?5B
01127
edl586
«184L8B
w2l28
« 2425
2737
3062
13395
« 3735
b, 78
W h423
&7EE
«5104
e 5436
16072
W THGT
« 7688
«83,88
« 8273
8746
« 8998
«9205
e 3294
« 95069
« 9743

o255
(K=5)
D

elLluB
ol 763
1262
« 0203
el 8L
«f152
wkb&2
«0575
¢L593
«LBl8
«+LBRS
« 0935
L9922
0907
«L 95
« 0895
«LB9Y
« 0598
sbtb?
« 0558
L4418
« 0273
e li&ld
0328
o l2U5
20038
ebddy
00257

164



TIME
(SEC.)

35.L
3660
STe
38,0
Lo
43,0
Ly
4B, 0
50t
51,0
5240
5340
Skel
550
5740
59,0
6lel
61.0
63,0
6740
Tlel

FITTING LOG:NORMAL

TADLE Beilh23

LINK 33

DISTRIBUTION TO

OBSZRVID LINK TRAVEL TIMES

FRZQ.

I e S T A S S U SR U PR R I R S S

PARAMZITERS OF LOG=NORMAL MODZIL

Mu

B 3.8937 3
RELATIVE z
S(x)
oL 331 »L0B78C
«0570 ~1.,5384
elill “leby 2B
«1330 =1.2783
03.;{ PL-L159
«333C ~aB57¢
.Qi;‘ :-5“3;
« 4070 =s1116
msaht lLQ;Q
«567L w1891
o5LLL 1854
«5330 « 3799
«6371 w725
o700L « 5635
e 757 WTLUIB
«800C « 9118
.533\ ngsz
«8670 1.0722
«900C 1,237¢
« 9330 1e 5425
b R L0 7597

SIGMA =

NOIMAL
COF
F(x)

.546?
«0020
elELG
el 2i
sL5468
«2355
22935
4556
«5362
« 5750
06123
« 54580
«6818
v 7135
W 7T7TLE
«8191
e840 2
« 8593
08321
«93A6%
«91( 8

165

«2016
(K=5)
0

L1137
« 00650
e L4195
o[ 318
wl452
0775
«iL65
slllt
362
«0080
w123
o 0150
el 148
«(135
T )
0192
La72
« 0077
oL a8L
« 0055
oL 392
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TABLE Bgile3t% LINK 3%
FITTING LOG-NORMAL DISTFIBUTION TO
OBSERVID LINK TRRAVEL TIMES

PARAMZTERS OF LOG-HOPMAL +ODEL

MU = Le(86% § SIGMA = « 28695
TIME FREQJe RELATIVE 4 NOIMAL (K=5)
(SEC) CUMLFREQ. COF
S(x) F(xX) D

5,1 i s 330 wleB3L2 L 333 elbad
3640 i «057C -1,7359 412 «0258
39,80 i edilCL ~Lelbllb 721 w279
L1,0 1 «1330 “1.2877 « L9389 ek 3061,
L2.0 L «167( v ee2lbe o162 L5528
(Y 1 «2000 ~1.0437 «15%83 « 0517
L5, L i e331 ~e965% 1574 «LDB,
47,0 i «207( -+ 8159 e2¢73 597
43.& i e3:LEL ﬁr753: s 2C87 D713
49,0 1 «333C =o6720 «2508 0822
5140 i 3670 ~e5336 2967 «d7g3
5.0 i «400C o S 4 4165 U165
59,0 [ 4 4370 noll385 WLB78 «L208
61.0 1 «500C « 0847 « 5337 «0337
6340 1 «5331L 0195632 « 5777 Y
6840 3 «533L « 4599 «B772 0042
AT 1 «657L Sl «7123 v L453
71.0 i «7CC0O « 609C « 7287 « 0287
7240 1 « 7330 06572 o 7T44L5 0115
730 i « 7670 « 7650 « 73906 w0074
Thel 2 «833L( uTe2i asy e 590
7740 i «B57C « 8892 « 8131 «0539
80,0 & «90C0 1.0212 B3040 L5536
86,0 2 #9670 1.274C « 8381 L6893
12( <0 1 e 2e 4217 9923 sla??
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TABLE 8,2
FREQUENCY DISTRIBUTION OF DATA ON LINK TEAVCL TIMES
STADIUM=STATION (Lebl=KM)

INTERVAL FREQUENCY RELATIVE RELATIVE
(SECy) FREQUINCY CUHULATIVL
FREQUEZNCY
940 = 9540 e oLB70 W lET7C
95¢0 = 10040 © «1330 « 2000
18LeL = 185.0 7 «2330 « 4330
1l5.L = 11l 5 «157] 5030
130l T 15l “ «133L 7334
11%¢0 & 124al 3 adilsl 6330
120eL = 1254L 3 el « 9334
1250 = 130.0 1 «0330 « 9670
130et = 1354t i ol 33L le UL









