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ABSTRACT

We consider the general second order linear differential

equation of the form
(plx)y'(x)] + glx)y(x)s0 @ & x < =

where p>o and locally absolutely continuous on [a,= )and

q is measurable and locally Lebesgue integrable on [a.m ).;

Dur aim is to use (yapinov's direct method to study the

stability properties asscciated with the equation above,

Knowlss, by means of certain Lyapunov functions studied
these properties by plecing conditions on p and q which
ensure that (i) ell solutions of the egquation are bounded
or (ii) all solutions terd to zero at infinity or (1iii) all

solutions lie in Lr [a. o ) for some T, 0<r<m .

Cenditions opposite to (1), (11i) and (1iii) are also

studied but not in details,

wWwe arplied some of the main results to solve some

problems.,
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CHAPTER I

PRELIMINARTIES

1.1 Introduction

In #his work, we shall consilder the general second order

linear differential equation of the form
(p(x)y (x))" + g(x)yix) = 0 agx<w (1.1)

where pro and locally absolutely continuous on [a,W), and

g d1s measurable and locally Lebesgue int#grable on [a,m).

We Intend to study the various stability properties assow-

ciated with solutions of (1.1},

The Russian Mathematician, 2.M. Lyapunov (1857-1918) was
one of those who opened the way to the study of stability theory.
when, in 1892, he publiished his work on the stability of motions
in Russian with the French tranﬁlatjon appearing later in 1907.
He treated stability by two methods. His fIrst method Involves
the knowledge of an explicit solution of the equation while the
gecond method which came to be known as the 'direct method' Joes

not require an explicit solution,

It Is a well known Ffact that it is not always easy to get
explicit solutions to most of differential eguations., This,
therefore, accounts for whé'the second method of Lyapuneov became
a very usefuyl tool for the study of stability problems associated
with solutions of differential equations. Thus, all we need is
to assure ecurselves that a solutlion exists and from that, we can
begin t¢ make conclusions on the stability properties under

certain conditions.



Bagically and as pointed out by Boyce and Di Prima in
[4], Lyapunov'’s second method Is & generalisation of the physi=
cal principles that Ffor a conservatlve system, (i) a rest
position is stable If and only if the potential energy 1s a
Jocal minimum and (ii) the total energy is a constant during

any motion,

In this work, we shall make use of the Idea of the total
energy of a conservative system to define functions known as
energy or Lyapunov functions to estimate the solutionsof
{1.1). These functions are guite difficult to construct.

For the purpose of this study, however, we shall make use of
the Lyapunov functlion given by Knowles 1n [18] which is

defined by
E(x) = {8(x)pix)yt(x} + vix)yx)}2 + 3 (x)y(x) (1.2)

where Q>0 , >0, 3and Yy are arbitrary real-valued locally
absolutely continuous functiong defined on [a,mJ For any

solution y of (1.1),

From (1.2} we obtain

1 X x
Efa)exp %JX(A+C) exp |- JxFi < Efx) < Efa)exp éJ (A+C) lexp J Fi
a a a2 &

eaea(1.3)
for upper and lower bounds for the sclution of (1,1} where A,B,C and

F are expressed in terms of 0,%,y, p and q.

From the values of A and C, (1,3) becomes

X X .
KS(x)d(x)exp (-J Fé < E({x) < KO(x)d(x)exp J F% (1.4)

\

a a



where K = Era){e(a)Qfa;}"j .

In this regard, a lot of attention has been given to
the problem of finding sufficient conditions on p and
q such that If vy 15 a solution of (1.1), at least one

of the following situat .. hold :

(i) vy 1is bounded on (a,éj
(ii} yfx) + 0 as x » ®
(iii}) For some r, o<r<® , all solutiens of (1.1} 1iie
in Lr[a,m).
In particuilar, if we get p = 1, (1.1} becomes
g"ix) + glx)yx)= 0 (1.5)
and the problem will be that of finding sufficient condi-

tions en q such that If y iz & solution of (1.5), at

least one of (i) - (iiid) will hold.

Conditions for (i) and (1i) have been given iIn
Bellman [1,2,3], Cegarli [6], Chiou[7], Fedosov and Lidskii[lz],
Hinton [14], Knowles [16,1?,18], Lazer[zo], Melr, et.al.[lﬂ22]

and Wintner [27] .

To study (1ii), Hinton in [14] and Knowles in [18]

derived both upper and lower bounds for the function
2 2 3 . .
zix) = {u(x) + v i(x)} . : (1.6)

where u and Vv are twn lingarly independent solutions of : ".‘
{1.1). IXn particular, 1t has been shown by Knowleg in [13] (

that by estimating o
Bex) = (O0x)p(x)z" (x) + Yix)z(x) }2 + B2 (x) 2% (x)+p? ()0 (x)2"2 (%)

seees(1.7) -i



where 0,%,y, p and q are as defined earlier, one can

obtailn upper and lower bounds for z which can be used

to derive conditions for (1ii). Conditions for which r=;
have been treated in Xnowles [16,17].
Next, we shall seek conditions on p anrnd g which

guarantee that gonditions opposlite to (i},(11) and_(iii)

hold. That is, 1f vy i1s any solution of (1.1) ,

(Iv) vy 1is not bounded on [a,M}
(v} y dees not tend to zero at infinity
{vi) For some r, o<r<®, nc non-trivial solution of

(1,1) 1ies in <r¥{a,=) .

Conditions for (iy} and (v) have been given in Knowles[l&].;
To derive conditions for (v), in particular, the resultk

ocbtained by Dolan and Klaasen in [9] shall be used.

We shall not go into details on conditions for (vi),
but we shall make some mention of the speclal case where r=2

for which results have been ocbtained in Knowles [16,17].

1.2 Notations and Dafinltions.

Pefipnition 1.2,1
By a differential equation, we shall mean the
ordinary differential egquation, and thioughout this work,
the convention that a dash (') denotes differentiation

shall be used when the meapning is not clear.

Pefinition 1.2.2
Given the second order differential equaticn(hn,

by a solution of the equation in the interval [a,m), we



mean a continuous function ¥ such that %' and YY" exist

and satisfy

(p(x)¥'(x)) + q(x)¥(x) = 0O (1.8)

for every x € [a,w).

Definition 1.2.3
The differential equation (l.1) is said to be linear
if the left hand side is expressed as a linear function of

r

"
yy y and y .,

Definition 1.2.4,

Let (X,B) be a real measurable space. Then the
extended real-valued function f defined on X 1is said
to be measurable (with respect to the oO-algebra B) if
the set

{ x: f(x) = a }) e B

for each constant o ,

Definition 1.2.5

A function f is said to be Lebesgue integrable on
la,=) if .
J f(x)dx < @«
a

Syppose & and Y are scalar functions of the variable
X and the scalar parameter € . The variable x ranges
over some domain D and € belongs to some interval I
(which is [a,W) in our case) then we shall define the order

relations involying the order symbols O (large 0) and o



(small o) as follows :-
pefinition 1,2.6: Large ©O

Let x be fixed, We say that ©$=0(¥) in [a,ﬂ) if
the.e exists a function K(x) such that I@isx(x)lwl for
all € in [a,M). In other words, /¥ 1s bounded provided

that Y + o in[a,m).

pDefinition 1.2,7: small o

Agaln, with x fixed, we say $=0(¥) as & + Eo , a
limit point in [a,W), if given any d&(x) > 0, there exists
a neighbourhood Ng of €_ such that [®]|<8(x)|¥|. In

other words, o/Y - 0 if ¥ + o in[a,m).

bDefinition 1,2.8

Equation (1.1) 1s said to be oscillatory if all its
non-trivial solutions have an infinite number of zeros in
[a,W) and these nontrivial solutions are termed oscillatory

solutions.

Definition 1.,2.9
A real-valued function f defined on an interval I
is said to be absolutely continuous oen I 1If given € > O,
there exists a § > O such that
n

Y | fty,) - £(x,) | <€
Fmy i i

for every finite collection | {xi'yi) } of non- overlapping

intervals with
I

121 | Sy



pefinition 1.2.10
A measurable functien f defined on [a,w) is wsaild

to be in LT [a,®) 1F

0
J lflr < w oy O<r<® .
a
pefinition 1.,2.11
A Ffunction E(x) Ils sald to be positive definlite If
(a) E(x}) is continuous together with its first partial

derivatives in a certain open region § about the origin.
(b} Efo} = O

fc) Efx) >0 for x %+ o0, x¢ 0,

befinitfon 1.2,22,.

L(x) is sgid to be a Lyapunov Function for the system

x = X(x) X(0)=0 (1.9)

if for some x 1in the neighbourhood of the origin, E(x)

is positliye definite and satisfies
’
E (x) = X.grad E(x} < 0
where gradient of E(x) iz expressed as a row vector.

1.3 Stability in the senge of Lyapunov

1.3,1 General

The concept of stabllity has to do with the
following question ; suppose y 15 a solution of (1.1}
& it [a,w). Does a small change in y result in & small

perturbation of y such that the resulting function is a



new solution still valid on [a,“) and which remains as
close as possible to y ? If the answer is Iin the affirma~-
tive, then vy 1s said to be stable., Otherwise, it is

unstable.

La Salle and Lefschetz 1in [19] also gave a geo=-
metrical representation of the concept of stability of the

solutions of the autonomous system
[}
y = ¥(y) , ¥(o) =0 (1.10)
by first making the following assumptions

str) = { y: |lyl] < R}

#H(rR) = { y: ||9]l]l = &}

si(n}- { yer<||yl] < =}




Viewing from the diagram above, we shall say that

the origin 1s :

fa) stable whenever for each R<A, there is an r<R such
that if a path g+ initiates at point ¥, of the
spherical region S(r), then it remains in the sphe-
rical region S(R) ever after; 1{.e,, a path starting
in S(r) never reaches the boundary sphere H(R}) of

S(kR).

(b} asymptotically stable whenever it is stable and in
addition every path g* starting inside some srno),

R, >0 tends to the origin as time increases infinitely,

{c) unstable whenever for some R and any r, no matter
hcw small, there is always in the spherical region S(r)
a point vy such that the path g+ through y reaches
t he boundary sphere H(R).
From the geometrical interpretation, it is clear why
much attention has been given to the study of bounded-
ness and asymptotic behaviour of solutions when consi-
dering stability propertlies of splutions of differen~-

tial equations.
1.3.2 Lyapunoy's Stability Theorems.

With respect to the Lyapunov function defined in 1.2.12,
we now state without proof, Lyapunov's stability theorems

associated with it,
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Theorem 1.1
If there exists in some neighbourhood § of the
origin a Lyapunov function E(x), then the origin is

said to be stable for the system (1.9).

Theorem 1.2.

If E(x) 1is a Lyapunovy function for (1.9) with
the property that -E'(XJ is positive definite along
the sclution path of (1.,%), then the origin is asympto-

tically stable,

Although these theorems are for the system (1.9)
which is a system of first order differential equations,

it is equally applicable to (1.1).
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CHAPTER II

ESTIMATES OF SOLUTIONS

2.1 Bounds on Solutions

Let ©>0, ®>0andy be arbitrary real-valued locally
absolutely continuous functions defined on [a,WJ. For any
real-valued solution y of (1.1), we define a Lyapunov

fFunction
E(x)={0(x)p(x)y'(x) + Y(x)y(x)}? + 0% (x)y?(x). (2.1)

wWe now derive estimates for the solutions of (1.1)
by giving some bounds on E(x).

sifferentiating (2.1) with respect to x, we have

E'=2{0py"+yy}{0'py ' +0p 'y +0py"+y y+yy'}+20y{0ry+dy’}

E H

= 2EE°(0'py'=-0qy+Y'y+yy')+2nE* (d'y+dy’) (2.2)
where £ = (0py'+¥y)5—{ (2.3)
n = @yx'g, (2.4)

and E* + n? =1, ' (2.5)
From (2.4), y = nEi/¢ (2.6)

3

and from (2.3), y' = (EE"-Yy)/Op

- [eei-(ynei/0)] sop
4 H
or y' = %% - }%g- . {2:7)

Putting the valpes of y and y' from (2.6) and 12.7)

respectively into (2.2), we have

\ } } i : } 4
i E ' E° ynei{_ Ogne*, y'nE E® - Yne
E'=2LE O'p %E t0p i » 5 * Y[g; 05 ]
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. [EBO'_ O'ynEe _OgnEE _ Y' nEE 'YE.E YUEE °n£
G %0 3 3 op %%‘

L
-2|
L

%' + —%p] E’E + 2[—- - —-]n f:+2['§9 Z%l -t ]“55

"_ r r 2 2 '
02P ] P

P_l 1 i 2 3 r
.2% +%P ]5231»2%- -q+ (5) -% (%) +%~ (%) }ngsﬂ{% _%'T’.ilnzs

” . - 2 | 2 ] g |
oo & g ol ey [ (873 () e e - I

i.e. EE%%} = A(x)E? + 2B(x)En + C(x)n® . (2.8)
where A = 2 :g—‘ +%§- ] 5 (2.9)

B = %L—'q*% (%)2_%(%)‘+ (%)'] (2.10)
- . & o :%'-_ %F ] (2.11)

T¢ find bounds on the quadratic expression on the right

of (2.8), subject to (2.5), let
f(E,m) = AE* + 2BEn + cn?
and we use the Lagrange multiplier rule,
To this effect, let us define the auxiliary function

F(E,n,\)= aE% + 2BEn + cn? = x (E%#n?-1) (2.12)



¥,

where ) 1is the Lagrange multiplier,

@
% |

Let F P

i ’ im= Er”;’( .

o

i

At maximum and minimum values, Fi;- 0 for each 1.

Thus Fp = 2aE + 2Bn - 2)\E = 0, (2.13)
Fn = 2BE + 2Cn - 2in = 0 (2.14)
and F1 = 52 + “z - 1 ., (2.15)

From (2.13) and (2.14) ,

B o 'CeA
A=) - 8
or A% - (a%cmn+ ac - B2 = o0
A 2 2 :
Thus p = (a+c)+ {(a+c)“~d(ac-8°}} 7 2
m
= i(A+C}15{A2+2nc+c2-4ac+432}5
= 5(3+c;:5{a2-2ac+c2+432}i
= t(arc)+i{(a+c)?+an?)?
= (A+C)+ {% (a+c)? + s} (2.16)
a B\
and these are the elgenvalues of the matrix »
B C

/
A B\(E ~ 3
Also F. = 0=F ¢ (B -C)kn) A (n)

The right of (2.,8) can be expressed as

AE? + 2BEn + cn® = (E,n) L; 2)(9 =(E,n) A (ﬁ) =\. (2.17)

To know which of AH and lm is the minimum and

maximum , we let E = cosT and n = sinT ‘ (2.18)

Then Ff(E.,n) = A coszt + 2Bcos sinT + Csinzr
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= A {1+cos2t} + Bsin2T + 3 € ( 1 - cos2T)

= 4} { (A+C) + (A=C) cos2r + 2Bsin2t}

Let us put A = C = Dcost (2.19)
and 2B = Dsin t (2.20)
where p = { (a - CJz + 482}i (2.21)

Then f(E,n) = 4 { (A+C) + D cos (2T~ t)}

=3 { (a+c) + D cos (2r- t)} . (2.22)
Since -1 < cos (21=-t)< 1 ,

f(a+c)=-4 D <} {(A+C)+ Dcos(2t-t)}<i(a+c)+} D

} :

<r(E,n) < i(a+c;+i{(a-c;2+432}
2}£

or 5(A+CJ-1{(A-CJ2+482]

or bearc)-{hm-c)248®} < £05,mi<harer+Ea-c)fn

or A < AE? + 2BEn + ¢n? < A

m M

Thus for each x > a,

A (%) € A(x)E® + 2B(x)En + c(x)n® < A, (x).

i.e. the quadratic expression on the right of (2, 8) 1is

bounded below and above by mexj and kxfx) respectively.
Hence A (x) €& E (x)/E(x) € A (x) . (2.23)

Considering th  left hand side of (2,23) and inte-

grating over [ﬁ,x] ., we get
X

X 2 i
i /e o o2 [ _1[e\*1 24yVT | <| B
i J (A+C) = 7 7 2(9 i ep) + ;; 'Q+S'(g) '3'(%) (%) J E (x)
a Jl i s - -
X X o T2 [ T2 i
(| 1] (¢ © o? 1 o\ 1 )’ ( )’ < Jn(Ei!lJ
o foe ([ 3] 2 ot - s
é lk - — -
' ¥ 2 [ 2 i ’
* *1le' o 2y] €| a/eV 1(y\® (y\ [ E(x)
or |} mm-J 5" & * 22|77 '\b‘) » ;(%} * \® %k \sm
fa " b
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i.e. i[(:uc) + J (—F’) < 1n (;;:j) (2.24)

’ 2 2 2 ]2
where F = [%-g‘ -%—1—} +§2 [-Q*;—, (%)1'%(%) *(%):I « (2,25)

Thus from (2.24), we have
X b 4

o [t [ ()] ¢ B
a a

X X

or E(a)exp 5 J (A+C) + [ {-Fi) < E(x)]
d a \

/X \

x
or E(a)exp iJNHCJ expkl P’y < El(x) . (2.26)
A a a

Similarly, by considering the right hand side of (2,23)

A

and integrating over [a,x] , we have

/ x / X
E(x) < E(a)exp Ki]’ (a+cC) exp ([ ;!7"‘E . (2,27)
a a

Combining (2,26) and (2.27), we have

x

!-" 4 Fy X b \
\
E(a)exp (iJ (A+C‘> exp tj F;) < E(x}fl(a}expGJ (A+C))
\’a a a
.f x N

7

exp| JF"‘) . (2.28)
¥

v

From left hand side of (2.28),

/

y

/ X x
E(a)exp |} J (A+C)| exp - J F’J‘ < E(x)
L ,
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x / X
./ o' o ( 4
or Efa)exp | i| 2 (5 + F exp =| F°| < E(x) by (2.,9)and (2.11)
\\ a \\ a
b 4 x \ x
(8« [8)e= (-]
or Efa)exp 5 + 5 exp - o < Ef(x)
\’a a) a
x
or E(a)exp | 1In (g—f:—% + 1n (%%E-;—) exp - J Fi < E(x)
/ ] 2
/

/ X 3
or Efa)exp i ln [g%f%%%%%l)exp ( - l F;) < E(x)

\ N, Wy
X
or Ef(a) (O(a)@(a))ez Ofx)®(x)exp (i J F{) < E(x)
N ‘a
/ X
or K O(x) ®(x)exp |- J Fi\\ < E(x) (2.29)
!\_ a /
where K = E(a) ( O(a)} ®(a))”% ,

Similarly, by considering the right hand side of (2,28),

we have
X

E(x) <K O(x) %(x)exp (/J ?i) . (2.30)
\/a

Combining (2,29) and (2,30), we have,

x

x
KO(x)d(x)exp (-J Fi> < Ef(x)< KO(x)ﬁ(x)exp(J Fi) {2313
N Ja a /

and this 1s an estimate for E(x).

2.1.1. Examples,
As an application of (2.,31), we shall consider the

following examples :
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1. Let p=1, g>0, 0% = q"i, ¢2-q5. y0 teqg' (aq) "%,
then
x X
x@{x!¢{x)exp & =E(a){(6(a'b(a))” E’{x}‘WH (-J -"s)
A\

-m,Je,p< . '-gg+g-q+i:(%)5%(%)(‘é)'
|

v/
X =
2 2 2
- ' - ] * o 1.7 -2
= E(a)exp -J q ; - qu U - IJ t39 9 - j'-l’q ) q ]
a L
/ =z , )
_ "o 5 ' -2
-E(a)exp-q;%'qql-rg(q}g
J i ]
x =
¢ 1 - -3/2 § 2 -5/2
= E(a)exp |- 7 q q - = 1(q ) q
) 4 §
x
= E(a)exp (r J R
a
n =37 y 2 =5/ 2'.33)
where R = 2_ % (q ) q 2 (
/ X
i.e. kO(x)d(x) exp |- = Ef{a)exp | - J R\ " (2.33)
\ \ a /
a / \ /
Similarly, it can be shown that
[ x /Y
KOx) (x)exp k I p*‘) - E(a)expl\ J R}‘ . (2,34)
\

\'a / \ ‘a/



18,

(]
E = (Opy + Y9J2 + 0%y? by (2.1)

= ( Oy' + Yy)2 + szz since p = 1

'1/ ' -1/ ' -
=tqg %y +q Y9 (aq)”Y) % qiy

- ' L P
ter=-g iy + g’ ta@™H)? + ¢y . (2.35)

2

putting (2.33), (2,34) and (2,35) into (2,31), we have

-

X X

Efa)exp K:J R < q"i{g'+q'(4qj_1)2+q’y2 < E(a)epr\J R| .(2.36)
a a

' -3/2
If q q is5 bounded, then

b

Kl{;"(9')2+qi92]5q'§fy'+q'(4q)'1)2+q*yszz[;"ir9')2+qi92] (2.37)

for some positive constants Kl and KZ'

we have used the fact that (a+b)2 < 2 fa2+b2}.

To obtain (2.37),

If 1in addition, we know that R € L[J,W),

oo
Let Efa)exp J R = C2 < w for some positive constant Cz.
a

o
Then E(a)exp J R <€ E(a)exp J R -C2 £ =
a a
» x
Since J R < =, then -J R S @ *
a a

/ o™ ‘\\
Let E(a)exp | -j R ] = . > (0 for some constant C .
a v
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x ~
Then E(a)exp - [ ;) > E(a)exp (: J R\ =C, > 0.

a / \ ‘a
Thus from (2.36) ,
; X x
) ' -3 v -1, 2 i 2
0<C, < E(a)exp =] R/ S q "(y +q (4q9) ") "+q 'y <E(a)exp R | £C <
\ ‘a / a
. i 2 at TR
or 0<¢, < {a)}{ym)}* + {a)) *{y )1 < c, (2.38)
for all x 2 a .
T Assume q > o, and locally absolutely continuous on
[a ,2). et o=1, 0%= (pg)~! anda y = o
2 -1
Since 0° = (pg)
i ' =
00! = - irpa) (pq)”t . (2.39)
rhus A = 2(00"1 + yo~lp™1,
= 20 072 since Yy = 0O
’ -1
=2| =i (pg) (pq) by (2.29)
' -1
or A = - (pg) (pq) . (2.40)

AlsoCc = ( & ¢1- YO-lp-l} = 0 . (2.41)

Since G¢-1 = (Pq)-i

’

2
then (9074)?% = [ rpq}i] = pq

j

Thus B = (qu- { - g + gi - 0 + 0)
= (pa) i (-a+q-0+0
i.e. B =0 (2.42)

Now let A+{xJ = max (0, A(x))

and -A_(x) = min (O, Alx)) .
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' -
If we set g = (Pq) (pgq) 4 ’

then g. - f-g)*

and g, = (=-g)

From (2.1),
r
E = (Opy + Y9J2 + ¢2y?

Vool 2
= (Opy )" + y since Y=0 and 0o=1

= o) ipy)? 4 o

1.4 12 2

= ((pg ")y )" +y

1.6, B = tpg~ty (v')? + 32 (2.43)
Also under these conditions (2.25) becomes

2

e

F = (=001

or Fi = - 0'0”1

L

Lepg) (pa)™t by (2.39)

N

i.e. F* = = by (2.40)

Using the left hand side of (2.28) ,

X N\ 7 X
A ax \
Efa)exp F} exp (: (— 3) < Efx), since C = 0O,
Ja % . 7/
x
or E(a)exp A < F(x)
) a
X
or E(a)exp (-g+J < F(x)
la

+ [

/ X \

/

or Efa)exp k* J g < Ef(x) . (2.44)
N\ ‘a /
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Similarly, by considering the right hand side of
(2.28), we can show that

x
E(x} < E(a)exp /'J g:\ (2.45)

\Ja /

s X X

Hence E(a)exp KJ g, < E(x)% E(a)exp ([ g_) (2.46)
a a

2.2 Joint Bounds on Independent Solutions

Let u and v denote two linearly independent

real-valued solutions of (1.1) on [a,W) with
L ]
Pluy - u v) = 1, (2.47)

Defining

2 2 }
z({x) = u (x) + v (x) . (2.48)
we shall now find estimates for 2 adopting the method
of section 2.1.

Defining
2

; 2 2 2 2 -2
Hi(x)=|0(x)p(x)z (x) + Y(x)qg(x)| + ®“(x)z" (x)+0 (x)p " (x)z ~(x)

LR ] r2.49)

for all x > a, we have

H'=2(ﬂpz'+7zjrO'pz'+0p'z'+Opz“+Y'z+Yz')+2¢z{@’z+¢z'J

| = - '
+2Cp(Op) =z 2—2(9p}22 3z

L L} L L " L} L}
=2 (0pz +Tz)f0'pz +O0(p z +pz }+Y'z+Tz )+29 ¢z2

+2¢3z'z + 2Op{0p}'z-2-2(0p)22-33'

=2(0pz'+Yz)r@pz'J!0'0'1+Yf0pJ"1J+2(Opz'+YzJ(72)(O'G’I*Y(OPJ'IJ

1

-2(0pz'+yz)(yz){0’0_ +Y(9Rfa)+2{9pz'+yz){Y'z-eqz)
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1 1 2.2

+ 2(sz'+yz){ezzr0pj' -2y0%2(0p) " z%)

-2y¢*(op)”

+ 2¢'@-1{¢2z2J+2{6pJ'{0p}22—2+7{p9)-1{p9Jzz-2

= 2¢0 07 4y (op)~ 1) (0pz ' +yz)?

1

' - - Ed - - - -
+2(y ¢ 1’70'9 l@ l—@q@ 1+@{0p) -y2¢ 1(Gp} 1){0p2'+sz{@z)

1 2

+2(9 0 1oy (p0)"1)022% +2((p0)  (p0) Loy (p0) L (p0)22"%). (2.50)

or mat = (2 {0'0-1+Tr09)'1)rep='+YzJ2

+2¢v 07 yo 07 te 1 o0qo™ w0 c0p) " 1-v2 07 (0p) 1) (Opz ' +y2) (02)
#2080 0 1oy (p0) 1) 02224+2¢(p0) ' (p0) " Liv(p0) " L(p0;%2"%) n"t
Thus
g ul e aE% + 2BEn + cn? + pr? (2.51)
where
E = (Opz + Yz;n“* , (2.52)
n = bﬂ—;z " ' (2.53)
¢ = pou~? 272 (3.5¢
' -1 -1
D = 2((pO) (pO) + Y(p®) ) , (2.55)

and A,B,C are as qiven by (2.9), (2.10) and (2.11)

respectively.

As in Section 2.1, we note here that for each x 2> a,
the gquadratic form on the right hand side of (2.51) is bounded

above and below by eigenvalues of the matrix

/ 2 %
;/A(XJ B(x) o
\

t B(x) Cix) o |
L0 o D(x)/
. 7

.
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1.e. the solution to

A(x)=\  B(x) 0 \
det B(x) C(x)=-\ © = 0

o 0 D(x) =)

b

or (A(x)=A)(C(x)=A)(D(x)=A)=-B°(x)(D(x}=A) = o
or ((A(x)=A)(C(x)-\)-B(x))(D(x)-A) = oO.
Tf  (A(x)=\)(C(x)-\)-B°(x) = o,

then we get, as in (2.16),

Ay(x) = Hax)se(x) )+ {'-:;mrn-cfxnzw‘?rx}}i
m

Also if D(x)=-A = ©

then X = D(x)

at each value of x, this matrix has eigenvalues

AH(x), lmrx) and D(x).

Ve will assume, in the sequel, that

<
D < AH‘

Thus from (2.51)

#' 0"t = AE? 4 28En + cn? + D2

S Ay

= L(a+c)+ {%{A-C)z + 82}i

= } (A+C) + Fi by (2.25)
X X X
| #t s u [ osar s o

or H H < 4 (A+C) + F
a a a
X X

F 4
f

\
H(x) }
or 1n Kﬁ737/ < 4 I (a+C) + J F

(2.56)
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/ x \ /ox \
or H(x) H-I(JJ < exp 4 { (A+C) | exp { J ?i?
LT AL
x \ s XN\
i.e, H(x) < H(a)exp (;J ra+c); exp f J pi }
\’'a / \‘a /

«

¢ 0’74 27071 )

Now 5 (A+C)

X x
or 3 J (A+C) J ©'0"1s0'07%)
a a

X

[ In (0®) ]
a

i (?{x}®(r)
N

G(a)b(al,

r X

/ O(x)%(x

or exp KQJ (A+Ci) o 6{:73?:% .
\‘a

Thus {207} becomes

x
H(x) < H(a) (O(a)%(a) )-I O(x)d(x)exp (/J Fi
\
Y \\ R
= KO(x)¥(x)exp f Fi]
' /
\\a Yy
/ %\
i.e. H(x)< kO(x)®(x) exp ( J Fl: for x > a
\ fJ
\‘a /

where K = H(a) (O(a)d(a) )
From (2.49),
2_2

r -
i = (Opz +Yz}2 + ¢°z + Ozpzz 4

or H 2 $%z* + @2923-2 since (sz'+yz)2> 0

(2.57)

(2.58)

(2.59)
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or H > 9222 since 0%p?z"%* > o,
;/ x
Thus K00 exp f J 1"i > H 2 0222 by (2.58)
\ Ja
',l'\\
or K0 exp i J Fi) > 3222
\/a
/ X
or k2"10 exp { J Pl > 2?  since 9% > o. (2.60)
\’a

Combining (2.58) and (2.59), we have

7. X\
KO% exp { F&} > H > 0*z* + 0?p?z”?
Va /
/X N\
or KO%exp : Fi\ > 0%p*z™? since 9%z > o
\J

or -16-10-1 exp ;;> -2 -2 o

\\
or K ¢ @p exp (, J F{) (2.61)
N ‘a

Combining (2.60) and (2.61), we have

=

!,/' x \ | % \
K-1920¢_lexp {- J Fi) < & < K0¢-laxp J Fi)
\\ a a
x \
*) 5zzrx)5xerx1{¢rx)}'1

or L-Ipzfx)O(x){O{xJ}-Iexp -[ F
a

5 /
exp b 1 - . (2-62.’
/

Thus u and v are jolntly bounded, since 22-u2+v2
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CHAPTER IIX

STABILITY RESULYLS I

3.1 Introduction,

In thig chapter, we shall use the results In chapter IX
to investigate stabllity problems of the following types ;-
(i} Aall solutlons of (1.1) are bounded,
(i1} &all solutions of (l1.l) tend te zero at o,
{iii) For some r, o<r<«e, all solutions of (1.1) 1ie 1n
" [a,%.

We shall assume p=1 throughecut this chapter,

3.2 Boundedness conditlons for salutions:

In this section, we give conditicns for which (1) holds.

Wintner [27] gave the following theorenm.

Theorem 3.2.1.

If there exists constants a and w + o such that elther

¢ 00

lg - w?] < @ (3.1)
’a
or - _
|g* |<= and g(x) +w? as x » « , (3.2)
‘a

then both vy and y” are bounded on [a,®) for any solution
of (1.1).
Proof:

If (3.1) is assumed, set 0 = I, ¥y = 0 and 0% = w? (3.3)

2 2
“ . 2 2 2 '
Than Pw- 9; - i - EI. + 9. Y .q_) -1 + X since pm=]
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Fi - é‘ |9 - wzl
X
S § * _ 2
J F = | ¢ = w®]
a a
1 . 2
s |= J | ¢ ~w?] <= by (3.1),
a

o
Similarlyy, - ® < = [ Fi
a

By (2!'11 )4

x x
kO(x)b(x)exp(~ J riJSE{xJSkO{XJQ{x)axp J Fi
a a
—=> 0 < Efx) < =

by (3.3), (3.4) and (3.5).

But E(x) = {0(x)p(x)y”“(x) + y(x)y(x)}? + ¥ (x)y*(x)
= (y*(x))? + wiylix)

Since p =1 and by (3,3).

Putting (3.7) 1into (3.,6), we get
0 < (y”(x))? + wiyi(x) < =

= y~ and y are bounded.

(3.4)

{2.5}

(3.6)

(3.7}

If on the other hand we assume (3.,2), we use (2. ”5)

which 1is

¥ X /Jig-\

E(a)exp - j g+) $ E(x)< E(a)exp |
a s/

- ".l - "1
But g = (pq) (pq) = q'q , since p =1,

X X

Thus J g = J q'q—l
a a
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a"l
< | ¢%¢ " |
‘a
r o0 1
< | ¢°¢7" |
‘a
l o
; qu |
a
x
< @ , since J | ¢ | < = .
" a
e J g < o
a
By definition, g, = max {0,q)
= max (O,q‘q-lj
0 5 4 q” <
h q‘q-l if q” > 0 since
Also g_ = max (0, =-g)
J-l -
_ (a9 if g <0
0 i g*>0.
Now, two cases arise:
[
case (1) : q < 0
= g, =0 and g_ = ¢q!=g.

Thus (2.46) becomes
Efa) s I(x) < =,
case (il1) : gq' » 0
— 9, = 9 and g_ = Oh.

Then (2.46) becomes

E(a) exp (-=) £ E£(x) £ E(a) exp(0)
0 £ E(x) £ E{la)
From (3.9) and (3.10), E(x) is bounded.
i.e. E(x) = (y (x))% + w?y?(x) is bounded.

llence y° and y are bounded.

(3.8)

(2.9)

(3.10)



29,
The next theorem Is given by knowles in fl&] "
Theorem 3,2,2,

Let gq be positive and differentiable on [a,w), and

assume that on [a,"’},

4 -

=

q” +
q

<l

2 9, (3.11)
where W 1is positive and twice differentiable, and

J lwr] ¢7F Wt < a, (3.12)
a

Then | y I £ w on [a,ﬂj.
Proof:

We set 0 = 1, $% = q and Y = —w‘w—l-

Since p =1, then from (2.25),

- 2 - 2
g~ , - 2 y? 4y”
F = 2q+w]+q q + ¢ b A
r _ = ‘2
= %E + 3% ] + [_1? (- vy + v} ] since ¢z-q
q

2
- H (g- ‘ %% 1} " [ = qiw”w—l ]

b

lF| s |3 (g’: y ﬂi‘) |2 + - w"q'%wnllz

W

st[i [% + 4—3’- ) + |w"|q'*w"1}bg(3.11)and since
q > 0 and w > o.

X X . X
Thus JF§ < 4 J (i- ¢ N\ + J | w" | q-iw‘I
a a

q w J

/

X
= ',‘[ In (%) + 4%n ( :;:j)] o I ' w”|q—iw"1
4 a

d
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i / \ 2 .
g(x) / wix) iy =k a3
ln q(a)) + Rn { ¥ia) + J [w lq X
a

X
- tn {g(x)/qcar) (wixiswia))?y + l W W

X a
cxp J F% g {(QIX)/q{aJ)i(w(x)/w(a))z}exp Jxlwnlq—sw'l
a ¥ a
< rq"fa)w‘zfaJepr lw"la™ w1yt (xow? (x) (3.13)
a
P ¢ X
But k@(x)¢(x}expj Fi-xqi(x)expl FE since Q0=1 , ¢2-q
a a
x
< kg (x) (g™} t’aJw_2(a)epr v e~ tig? oaviin
a

b 4
1 =

< K{q_5raJw—2(aJexpl ]w"|q-’w-1}qfx)w2(x)
a

IA

K{q-i(a)w-zfa)expl |w"|q—’w‘1}q{x}w2(x)
a

cqlx)wi(x).

o0
! y " - -
where ¢ = k{q-’{a)w'z(a)expj Iw']q 5w 1}< o by (3,12).

a
X

i.e. KO(x)%®(x)exp J P; < cq(x)wzrx) . (3.14)
a

2
But E(x)=[y”(x)+y(x)y(x)] + ®*(x)y*(x), since p=1,0=1

2
=Ty tx)-w'w ly(x)] +q(x)v?(x), siney=-ww 1, 0%=q.

2
i.e. E(x) = [y°(x) - w*w lytx)] + qex)y(x). (3.15)

From (2.313 »

E(x) < KO(x)®(x)exp J Pl

a

_ 2
then [y (x)-w'w Ly(x)] +q(x)u?(x)< cqa(x)w’ (x)by(3.14)and(3.15)
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2

= q{x)yz(st cq(x)w’ (x) since [g‘(x)-w‘w'ly(x)] >0

or 92(x15 wgfx)
or  |ytx)|< |wix)|
& ly] < w.

Hence the theorem,

Example:

Let us consider the Bessel differential equation

x2g + xy + (xz-n2)g = 0
of order n 2 0,

Suppose n = 0, then (3.16) becomes

y +y'+y = 0
b 4

The substitution

y = z exp ( - } J — )
a

transforms (3,17)into
" 1
z + (1 + —x)z = 0
2
4x

which is of the form (1.5).

Let g(x) = 1 + iy ’

4x2
then & ; e B
B/ e _x
J lq(x)-1]dx . z
a Ja ' X
- Ly .17
[4 -
-a
e -
4a
<
< <«

oD
i.e. l g(x)-1|dx
a

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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This establishes (3.1) with w2 = 1.
o , 1 oo
Also lg (x)]| ax = ‘——5 ‘
dx
a
a
- e
432
£ W,
- r
£ J lg (x)] dx < =, (3.21)
a
and 1im q(x) = 1im (1 + _55 Y =
x-bm X oo d'x
i.e. q(x) 1 as x + o. (3.22)

(3.21) and (3.22) establish (3.2) with w°=1. We can
therefore appeal to the conclusion of Theorem 3.2.1 to
conclude that z and 2z are bounded on [p,WJ for any

solution =z of (3.19). Going back to (3.18), it implies

r
that y and Yy are also bounded on fa,MJ for any solution

o
y of (1.1) provided that J gg < o

d

3.3. Asymptotic Behaviour of Solutions.

In this section, we shall give conditions for which

(ii) holds.

Ve ctart with the following theorem given by Fedosov

and Lidskii in [12] .

Theorem 3.3.1

Let gq be positive and differentiable on [g,w) and
[]
assume that g 2 a q for some positive non-increasing

absolutely continuous function o with

I a(x)dx = o , {3,23)
a
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=%
Then ¢q iy (x) *0 and y(x) + 0 for all solutions

y of (1.1).
Proof:

Let € be such that 0 < € < ! be given., Without
loss of generality, we assume that 0<a{x)<ec , Y Xx>a
ceiea{3.24)
Since gq > o q ,
then g q 20 . (3.25)

Integrating (3.25), we have

F 4

Pei—
=7
o
e}
1
-
v

o
43

v

X

Jﬂ

X

a Ia

X

5 (i“’")zJa*“aS*"‘” by (3.23)
/

a

-+ ™ as x + @«

-

Hence g(x) - * as x =+ «

In particular, we can assume that

q *(x) <16, Y x > a. (3.26)

By (2+25),
2

2 -
) ] since p=l.

e[ S e (- (8

¢

o<

(3.27)

i we set 0O =1, $°=¢ and Y = % 2

¢ 2 2 2 F
SR D S A
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1 ¢ﬁ = 2 o 2 2
S /(7; - 2v) 4 (F (v24y))
Q‘ 1 - 2
< l T -2 + T (Y =Y") |
since V a‘+b? < la| + |b] (3.28)
g'gul o 1 4 o’ a? \
) I z "z ' |1t \7 "1% )
aq \ /
} a =] } =3
Thus |F*|<i |q%¢™" - a| + (16q7) a?-4a"|
X X X =
or J F? < } [ lq‘q—l—a| ‘- J {16q§) laz-da‘l
a a a
rX X
<i | |a'g™ - al + J |a?-aa"| by (3.26)
Ja -
'X x X X
< i q'q-l - 4 J o+ J a’- 4 J a” by(3.25)and a”<0
a a a a
X
st log (XY o | (a2-Ya)-d(arx) - aca)).
qla)
a
Since a <€ € by (3.24) ,
@« -3 <€ -4
afa-1)< a (e - }) , since a > 0
= = Cl (i - e}v
X i X
- H ~ B q(x) B
Thus J F® < d({a(x) a(a))ilog(m-)—) - (! £) Ia
a x a
< 0(1)+1 fiiil&; f = 3,29
< (1)+log tq(d!} = 3 € ) o (3.29)
d

From (Z.21), .

E({x) < KO(x)®(x)exp J Fi
a
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%

1 }
- kq’(x)exp[0(1)+log(%%%%> - (;—E>J o ]by(3.2 Dand (3.29)
/ A " ¥
kq*(ﬂ@-ﬁ%} e!p{-(!-c)J a |
¢ a
x

—I%*) q(x)exp {-(J-a)[ a }.
a

9 a

X

i.e. E(x)< c, q(x) exp{ -(} - ¢) J a }, (3.30)
a

where C. = —!——-—
. q*(a)

F owm (2.1).
E(x) = {O(x)y'(x)+Y(x)y(x)}2 + 82(x)y?(x), since p=l

orE(x) = {y"(x) + “ix)y(xJ}z + q(x)y?(x) (3.31)

by (3.27.

Futting (3.31) into (3.30), we get
X

{y'(x) + “—ix—) y(x)}? + q(x)yz(x)gclq(x)exp{-(i-s) J al (3.32)
a

Si -1 - 42
nce ¢ < 16 47,

1 2
=2 q 2 (?‘-)
- [+ 2 .
s q > (7) since o < a (x) £ € and oc<e<i,

Hence, if a 1is chosen lame enough,

ta- My (vl 12 « 32003 clexpf-(;-e>[ &)

X'a

a7y (017 + yim s czexP{-(i-E)[ a} (3.33)

for some constant c2 ~

By (3.22), J alx) d=o,
a

Thus =(} = €) [ glay & + =
a

and exp {=(i=g) J a(x) d&x } - 0O,

a
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From (3.33),

{qCX)}-l {y(x)}?+ y*(x) + 0 as x » o
or {q(x)'l-1 {y(x)}? >0 and y?(x) » 0 as x » =

or q-i(x)y(x) + 0 and y(x) » 0 as x » =,
Hence the theorgm,

The next result which is similar to that of Meir et.al.
[22] was given by Knowles in [18] .
Theorem 3.3.2.

Assume that q 1is positive, absolutely continuous and
non-decreasing on [a,»), If there exists a positive function
w such that w' is non-ne gitive and absolutely continuous on

(a,»), and
X

() limsup w( D)} J Q"] = <o, (3.34)
a X
(ii) 1imsup {w(:ﬂ}'] J (w' —-%:}+= u < ® {5.35)
Hi
then for any € > O,

{q( ¥ }'-l'{y'(xj}2 + [1+{w'( X }2{q(x)}'1 ] ¥ x)

1
<c {1+w? (X Yewpl{(u+id+e-Dw( %1}, { 3.36)
for some constant ¢ and all x> a. In particular,
if w(x) »» as x » wand 2p+ A < 1,
&1
then q “(xX)y'"(X » 0and y( X - 0 as x +»
for all solutions y of (1.1).
Proof:

To prove (3.36), let € > 0 be pgiven and choose a so that
X

J A" W) s (e w ¥ (3.37)
i §
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o
and J(-..'- %—'}+ s (pw+]ewlX (3.38)
a
For all x> a.
2 W =1 L2 _ W 1 iy 2 -1 _w'
Set 0*=e"q ~, ¢®*="{1 +(w'/4q*) }, YO =T - (3.39)

We note that (02)'=2¢'¢

- L e

or(¢2)‘¢2=2¢¢]

. ra~l 24 1 -2
Thus ¢'® = 1 (%) ¢ (3.40)

-1
e > = .

Also 2y0 2_‘:; = 1w (3.41)
Thus ¢'9~! - 2'\(0-1 = 1 (e2)r9 21y, (3.42)

-
Since 2 =e&" {1 + (N'Nq%) },
2
210 =log” + log (1 + (w'/4gd) }
12
= w +1log{l + (w'/4q?) )

o wret1etw 24q) 2171 120wt 7agdy 1 icw 749d) 1

200
(82) 10" %= wia2(w'/4qd) (14 w'/4qd) 2} Licw 7aqd) 3 (3.43)
Substituting (3.43) into (3.42), we gt

" " ! -1 . &
¢'¢ 1-2""0 l=;w|+!.2 (w’ } I+ _l" )zl [/w ..] _1w|
G Ga)l
PP LI WA T Ly 1, 32
P ()] e

1-1
L] v 2 - -3/
[T et - dueed™]

271
Thus ¢t¢ -12‘{0 1 =|2 (W )[1+<W_'r)] " _]8qu i_ 1 wgq!q 2
dq 4q-
-1
...3/
s —éw’"q i .l w'q'q 2 ,since |2 W 1+ Wy’ <1
4q 4q
-3/
< ‘é""'"({-i + -'}_6 w'q'q 2 |
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_ 1{ w ".’z’ 1 tat ~8F 2 '
= (¥4 +—1-6 w'q'q , S1nce w'>o0,q>0.
-3/
2004 Ifb'-b-l- 2y0 5% lw" lq-L +%—6 w'q'q . . (3.44)
o -3/
Now (Tw’ ‘ = w"q_‘}' - 1 w'q'q 2
.‘q /
! X

‘-'_—-i
w® [
o =

"
\"_“\
{44}
i—
2z
|
[ ¥8
!
G

(]
]
Wit

=

-:-v

1
Pukims

i

[

Thus w'( ¥ q 2 ¥ -w'( a) g~ ( a)

wilq 2 o j w'q'q
a a
2] 1 X § X -3/2
or w'(Xq (¥ =w'(a)q *(a) + w'g 2 = J w'q'q .
a a
Hence for x2z a,
-3 -1 rx = . : '3/2
0 s w'(xXq (X< w'(a)q %(a) + | w'q %, since w'q'q 2 0.
Ja a
X
. [ wd
or 0 < w'(x)g *(x) s O(1) + w'q ¢
J{l
0 < w9 39 < 0(1) + (A+e)w( ¥ (3.46)
by (3.37).
X X
X _3/2 3 i
Also } w'q'q = - w'q * + w'q ?
a a a
X X
-1 1
< w'y ‘l + [ lw" [ q “
a a

X
=w'(Xq 3 x)-W'(a)q'i(a) + [ |w" |q™?
|
X
< w'( x)q'!(x)+ J ]w"]q-L,Since w'(a)q ‘(a)z0
a
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-3/2 -1
i.e. I v'q'q <Oo(D+ 2 J [w'"|q (3.47)
1

By (2.28),

X X\ X ;X
IE(a)em[}J (ﬂHC}]e}p (—J F*i <E( x]gl?[a]exp[l! (A+C1e)p" J Fi) .
a a / a k a

1.~1 -1 _ S | -1

I1f we replace A=2(0 0 "+y® ")by A] =2(m 0 )++ 2y0 .

we gt
S N | -1 .,,7.-1 -1
A+ C =2(0'0 7) ,+2y0 "+20 & "~ 2yO
=200'0"Y +20"07),
X X
. ' =1 |
Thus 1J(A1+L) =[{(GO ), + ¢ )
a a
% X
[ ¥ =
exp{};J(A3+C)}= exp J € o'oh, + 0’03
a a
» T
= ex I (o'o'lh expj oo™ ]
a
X X
i.e. ex {! J (A;+0) } =%('—;9J' emJ (re}'o‘l)+ . (3.48)
a i
By (2.2%),
' ] 2 Tyt
e (o 2y]. o? » \? Y\ /) .

e @, -0l e 6 - @) ) ] sinee e
B 1 =1 ro=-1 -] 2 1 w' 2 w! 2 w
={d 0o "=-(00 ) =207} 4| ———y {--qd-q+.31 -7 +.4}

qH(w'/4) "
='e! o'oY ;e | L] (wa)
qHw'/4) "

1

-1 1 -1 -1 1 : 1
< { o' -(0'0") - 2y07 )2 + = (w'/4), since = > ———ur
' ® qQHw'/9) 7
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= {«b':p‘l- 2yo'1- (o'o'l}+}2 + {w"/dqi}z

I L i CACHS I I I T
X X
e p J P s e [ (1e'e"1- 2y0™1- (0'0"ly, | + |w/4qi]). (3.49)
a a
X X .
E(X < E(a)ew (} J (A+C) Yo xp ( Jr-*) by (2.28)
H i a
L a(x) X 1 AT B S 1
< E(a) ITar e J(\JO ]+ch [{l#wr- - 2y0 "=(0 0 )+] + |w'/4q D
a a
by (3.48) and (3.49),
X X
or E( 3 Ki(x) J (0'07h e p j o'e7le 207 -g0'e™h | + el (3050
H |

a

where K = WH?

200

]

Now (03"

L ool =10y o2

X ] ..1 X 1
Thus J(a 0, =} J (ed' 0%y,
a i

s 3 rx% eww,g;;e\'-q,q-Z}
Jq €q |

X

DR
X

i.e. J ((J'E)"l)+ s 1 (p+ 1) e)wlx { 3.51)
a

by (3.38),

By (3.50),
X x . ,
H X sKe(x) exp [ (0'0™h e I(H o~ l-zyoml-co'e™h | + |wrzaal )
a o
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X X X
§ o ( t = £ =
<ka(>) e p I(e 0 1)+]exp{J (60 1),'} e!p{J (e 1—276 1I’filw"/qll)}
a

a a

L o e - -3/ X »
s kﬁﬂewﬂf (e'o7h Jexp{J (-é lw"|q 1+~i—ﬁw'q'q ZJ*EJ w4
a

a il

by (3.44).

10

(X, X N * -3/
=ke(xdew 12 | (0'07}H e {—g J Iw"|q Pl I w'q'q “
Ja a a

(™ =1 s 1=l 1 W
=kt{x)exp {2 | (6O )+}WPLBJ [w"]q * 1% [ o(1) + ZJ [w'lq J

Ja, a a
by (3.47).
X & X i X
< ka(xdexp { 2 | (O E}'l)+ lexp { 5 J ]w"lq'1 ‘g J |n-.r"|q-l }
Ja a a
Gl 1 X 1
=k¢(xjexp { 2 | (O & ) Jexp { lJ |w't|q * }
‘a a
< kd(exp {2 | u+ie)wlx) |} exp{} (A+e)w(x } by (3.37) and (3.51)

ke(x) e (( p+ledwlxy + 1 ( A+e) wix) }

ki{ Jexp { (u + 1 A +e)w(xd !}

i

i
k fexp(w/2) 1 1 +(w'/4q} )} exal( p+irse)w(x) Jby (3.39).

3
ive. E(x) s k { 1 Hw'/4qY) Vexo {(uhrvesw(n ). (3.52).

From (2.1),

E(3 = {a( 3y (+(x)y(H ¥ + % 3y*(R since p =1

w/z

=te T ay (3 iy O yy y

v {1+ (W62 (a09 7 )y . by (3.39)
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TR CTAS LR AE LI E T 2k
v el ¢ 5 (W2 (a7 ¥R (3.53)
Putting (3.53) into (3.52), we get
HMiaiiayeas LeaTH o ¥ ¢ 0w an T v 3]

sk{1 +(w',(¢1tq1)2}i exp {(p + I) + + Dw(X}

or
Q00 y" (W I I RY(I P+ (e 2w () 2(q0 3) 71 y260s
sk {14~1115(1~f'(:3)’(cl(vt))"l}1 ep {(u+1 2 +e-Huw¥ L (3.54)
By (3.45),
WG S0 + (1 + w3
Iw(3a X3 | s [r+e | w3
e [w | qdx) = ow). (3.55)

Applyinp this to (3.54), we gt

Q)Y x)PE 4 {1+ (w(x)? (q(x))]

}oyAH(x)
s C {1 +(w'( 1]2}10319 A (prl r+e=-NDw(x) } for som constant
C, since g (w'(x)P(a(x))™ s (W(x))%(q(x)) 7.
This proves (3.36).
Nex, if ut*i < 1,
nHiy o<}
p A =3 <0,
Thus (p + }x ~ PDwx) <0, since w > 0.
=  exp(ptl-DwW x) >0 as x + o (3.56)

since w(x) »® as X +» o,
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A" (3.36) can be written as
(qCx ) "My (x))% + {1+ (w'(x))%(a(x)) ™1 y3(x)
s C{1 +(w'(x)) 2} expl (p+ 12~ Dw(x)}. e e
+0 as x4+ by (3.56).
=> (a(x)) Xy x))? »0 and y*(y>0 as x»
= ¢ Hx)yx) 0 and y(x) » 0 as x-» =,
for all solutions y of (1.1).
This proves the theorem,

Lastly, we consider the following Corollary.

Corollary 3.3.3.( Meir et, al [22])

1f there exists a positive function v, differentiable

on [a,»), and such that

o

J‘v’"l(x)dx o (3.57)
a

"
B

liw inf  v'(x)

W
=

(3.58)

X + @ X ’
vix)q*(x)
and liminf t{x)y
oo gr{x)v(x) > 0, (3.59)

ql x)

then q-l{x)y'(x) + 0 and y(x) » 0 as x » » for all

solutions vy of (1.1),

Proof:
X

Let w(x) =1 + Jv-lft Ydt > 0, since v > O.
a

wix) »» as x=+ o by (3,57),
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1

Also w'(x) =v (x) >0, since v > 0.

Thus w(x) >0, w'(x)> 0 and w( x)+ » as X+ =, (3.60)
To verify (3.34),
Let |v'(x)]| = v'(x) + 2 (=v'(x)),.

Since w"( x) =-v'2rx)v'(x),

then |w"(x)]| = v“z(x)lv'(x)l , since v > 0.
=v-2(x){v‘(x] # 2(-v'(x)) }
= v x)vix) ¢ 2vTHx)( v X)),

Thus q"i( x)Iw{x)| = v'z( x)v( x)q"%( x) +2v-2( x)( =v'(x)) ;fl( x),

X X X
or J q_}(t ) lw'(t ) |dt =I v_z(t Jq"i{t Jvi(t }dt+2l v'z(t ]q'l(t )(=v'(8)) dt.

= = e cvees(3.61)
X

Now J v"z(t )q-l(t )v'(t )dt
a

3/

X
=v g iovy “t)q'(t) dt+2[ OV v (D at

X X )
+1[ VA Hvtq
a a a

5| x X =3, a2
- voqgiy +iJv (Dq  Avaq'(tat +2Jq Y ov2n vy at
a a a
e B X -3/
e ol i -1 20
or - [ viAnghovina =vimg i ”[" (9q  A0q'(Ddt
Ja a a
rx 2 X x _3/
vViang v =- ving ke | -} Jv'l(t)q 2(t)q Yty at
a a

Ja

o . . 5 -3/
== v x)g x)+ viiarga - J vivg doqlvat
a
< v )q'l(a) , since w0, gv0,q'20 .
v

foes J vigiovima ¢ viaqia . (3.62)
a



Pﬁtting (3.62) into (3.61}, we gt B - ]
X ; . X

Jq’z(t) Jun(t) fdt < voi(a)q " a) + zj v q (0 (-v' (1) ,dt. (3.63)
a a | . \

From (3,63), two cases arise.: _ _ \

X
First, if [V_Z(t)q-i(t)(-v'(t))+dt < o for all x (3.64)
a : :
S S |
[vinadim e e -
then lim - =0 - (3.65)
Keweo wl x) _

since wix)>» ® as X =

X
I1f, on the other hand J v-z(t) q'aft)(—v'(t))*_dt is not
a .

bounded or it diver ges, in which case (3.64) does not hold,

the 1imit is infinity.
X
| Hodk (v VAR X)),

. . a .
i.e. 1lim ————— = 1im
e w( x) X o wh{x)

by L'Hospital's rule.

X

g iy (v dt -2 -3 '
. Iav (a7 B, C v (x)q fix)(=viEx))
or lim - = lim -1
. w( %) K00 v {x)
X 1
Jr V-Z(t) q (D (-v'(1) LSt (-v'( x))
or 1lim a = lim Y i (3.66)
K w(x) o \ we v x)qi( x)

Now {(=v'(x)), = max (0, - v'(x))

{0 if v'(x}) >0 : o |
= ' (3.67
~vf(x) if v'(x)} <O : _




If v'(» >0,

X
J v-‘?(t ]q-%[t J(=v'(t )} dt

then 1im
k’m l;-. =
wlix ]
But if ~v'(x )< 0,
x
lim [v'2(t Jg it )(-v'(t )) dt
»reo o
wlx )
We note that 1lim sup s (x‘i < 0
»roo vi x)g®(x)
Also lim sup _:y’fx'J > 0
o vl x )l x)
lim sup vilx 1 = (.
yoro JNix gl x)
By (3.58),
lim inf ik 1§ > 0
x> vix)g “( x)
Also 1lim inf v'fx‘{i <D since
X vixl)g “(x)
= lim inf """}{ - 0
#roo vix gl x)
. lim inf “"("; - = 0.
»ro vix )g( x)
Combining (3.70) and (3.71), we have
lim LK 1 = 0.
»rco vl x)g%lx)

46,

0 (3.68)

Y VLR (3.69)

wo v x 1q§(x )

by (3.58).

(3.70)

v'( x J<0 here.

[ 3723

(3.72)
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Putting (3.72) into (3.68), we have
X
: “2 -4 b
1im v “(t )g “(t )(=v'(t )) dt
a

i 5 = 0. (3.73)
wl x )

Combining (3.65), (3.68) and (3.73), we have
x -
Iv-'z(t Yo it ) (-v'(t )),dt = 0 (wlx)) .
a
(3.63) can now be written as
X

I q-i(L ){w"(t ) |dt = v a }qﬂita )+ D(wl x)) .

ol

=

Thus 1im sup GT%_T‘ [ q ‘(t ]]w“[t)[dtlii:!-;%7rjv“l(a)q-i(aj

v a

= 0 since wl ¥ +=® as (e

< @
x
: : 1 -3 "
i.e. ii:? SUP =) Jaq (t) |w"(t)|dt 0 < =

(3.34) 1is satisfied with X = 0 .
Nexx we verify (3.35),

L]
For some a > 0, (Q_ - E) > 0.
q v -

kithout loss of pgenerality, let a=1 (otherwise we can

rescale v), then

or w' - q’'q < 0. (3.74)
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Since (w' = q'q-1)+ = mx ( 0, w'-q'q-l)
= 0 from (3.74),
x
then 1° sup {w[x”-l J [wr'-r;'q'-I]+ = 0 < =
oo a

.

.» (3.35) holds for u =0,
Consequently from (3.36),
{ql x ) {y'(x)}% + (1 + {wix)}3{ql x D y3( x)
< C{l+(w*l x y2 ) explliusirse-wl x))

= {q0x )} My (x)P2e(1e 0w ( x )% {qlx)}" ! y2(x)

< C L1« Ivix)I* gop [ € e=d Inlx))

since A =y =0 and w' = v-l
%
= C{I'f{v-l(x 0?1 exp {(e-3)(1+ I v-lft )dt )}
a

fer any € >0 and x> a .

= (0, since € - % < 0.

> {gl x ]}_l{y’[ x )2+ (1+{w'( x ) }* gl xﬂ-l v x)+0 as
. {q(x)]-l{y’(allz +0 and y¥3(x) + 0 as

= rt-!'tx]y'[x) +0 and y{x) >0 as x-=+ =,
llence the corollary.

Eorple.

Let us consider the equation

y*+ Ry = 0. (3.75).
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To get the solutions of (3.75), we apply the following
theorem which we shall state without proof.
Theorem 3,3.4 (Bellman [ 3] ).

If qilxb 0, for x>0 and

¢ o0 3 ¥
E.. ;_{-l.]_dx < @ (3.76)

Ja g 2(1]

g OO % ’
IJ?.‘_. [‘q_qg..:‘a’_’J dn & w, (3.77)
‘a
then all solutiors of
')‘” . q{x)y = 0 [3.?8]
have the form
*x %
! ) Fe oy e )
y« Caees (] o (t)dt) + Cysin | | q [t]dt)_ 1/,
o - 2 + O(q () (3.79)
4
q £.x)
15 x » w, for some constants Cl and CZ .
Fram (3.75%) and (3.78) ,
gl x ) = 2
= ]
Soqilx) = x
Let r;ifxl = x>0 for x> a >0,
Then J “‘}’-’- dx = J 9% - 2%— <® (3.80)
a n 2()(] a *
@ j '
{q_fxll
s | Loy P e bee o
a
a




50,

(3.80) and (3.81) satisfy (3.76) and (3.77).

L. all solutions of (3.75) have the fornm

C cOos x2 + C. 8in Xz
1 {2‘_}5 : [7} & 0 (3.82)
x

a5 X ¥+ @ ,

2 : -
' (-Cy x sin(;]'fﬁz x cos[?—)}x’-?x i{l:‘.lcns(.‘?.-?]4*1'_‘2sirs[2"-23}

y = x
v (00X (3.83)
Thus
2 S 2
. {-Elxsinﬁ-i“—) +E2>cosl-2x-z-) }x! -2X *{Clcos (-;—] +[228in(-;2— )}
q-E(x)y'(x) = =
F
v i_ELE:il_l (3.84)
x
From (3,82 ), yix) +0 as x » = (3.85)
and from (3,84), q_iix Jy'(x) » 0 as x » =, (3,86)

Thus (3.8%) and (3,88) establish the conclusion of

Theorem 3.3.1 for alx) = 2x! and a=4 in particular,

3.4 Conditions for existence of (¥ [ a,») - solutions,

In Lhis section, we shall give conditions for which
(iii) holds.
Theorem 3.,4.,1,

Let ¥ be positive and twice differentiable on

[ e, ), and assume that
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[t
llv’|v'* -q-¥ Y < (3,87 )

Then for x > a ,
C™' ¥23(x) < 2%(0 < C ¥3(¥ (3.88)

for some constant C, Also all solutions of (1,1) are

in I [a,) , ¢>0, if and only if ¥ ¢ LT [ a,,
Proof:
We set © = ¥2, 0=l and 0 ) = -y ¥y~ (3 89

Since 0 = 92
then logDd = 2log¥
- ' -
= 0 0 )= 2y ¢y, (3.90

Since ¢ = 1, then &' =0 ,

From (2.55), D = 2(0'e™! + yo™!) since D = 1

= 2(2¢'Y7! - y'y Hpby (3.89) and (3.30)
S D= 2y'yTr (3.91)
Now $(A+Cl= § , 2 ( 0’0" + 0’07} by (2.9 and (2.11)

- 9‘0"‘ , sinced’ = 0
= 2y'yT? by (3.90 )

L 4 (A+C) = D, (3.82)
We note that § (A+Cl< 1(A+C)+ {-% (A-C) + B? }i

= .\M by (2.16)
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i.Bl & (A‘C] s AM

or D < A” (3.93)

By (2,29),

- - - .2 . - - —
Foef{00 =00 "= 2y07) + (007 ") 2 {-qH 807 ) 2= (y0™ )4 y0™ ") }2,8incep=1

[-29'W70 + 20" 9712 g {eqe yTR- (914 24 - g yTY) )2

YUY = (9") 2% - Ty te (y') 2 ym2)4

Yy {p="-q - ¥" y-1)2

or F* = w2y -q- ¥yt |,

(X x .
= F? = I Y2 y=" —q- ¥y |,
Ja a
e -
£ | ¥irta-vyy
Ja

< @ by (3.,87) .

it
i.e. [F < = (3,94)

o
Since p =1, %=1 and 0@ = ¥?

- X ; (X
KW x)exwp (- J 2 )< 2 x )< K ¥ x)exw ( J F?) by (2,62

da &
or L v25) <2¥x) C ¥ (x)
X )
where [ =K exp |( J F? ).
)

This proves (3.88),

Now, from the right hand insquality of (3,88 ,

2 2 < C.{,z
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r/
r 2 r
or Z ¢« C Y for some r >0

r/ r/.
or (ué+ v?) e < My~ < Mi¥|" where M = C ¢

™ v/ oo
(w sy ) 2 < M J [¥] <o if v e L' [a,®),

a a

But for r » 0, and two constants kl and k2 -

v/
kClul ™ JvI™Y < Caev?) € o ky O Jul™+ Jv]T), (3.95),

Thus, considering the right hand inequality of (3,85) and

integrating on [a.M), we have

- r/2 0
(u®+v®) < k2 J (1ulT +|viD) < = if ¥ € L' [a,=) .
a a
i.2, IUIP * I |vlr < o if VYeg LP[a, o)
a a
sl r\ -
= J IUI L and J [UIP < w if ¥ e Lr [a: m]"
a a

i.e. uvelLf [a, ®» and v e LT [a, =)if ¥ e L¥ [a, =),
Thus wu, v 3 L'[é,m] if vell [a, ),

If wa consider the left hand inequalities of (3.88) and

(3,95), we can prove Lhe converse that
v e LT [a,») if wu, ve Tid (a, ), r > 0.
Hence u, Vv € Lp [a. ] if and only if ¥ e Lr[a, w) ,

This proves the theorem.
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HAPTER TV

STAILITY RESULTS TII

Introduction

In this chapter we shall seek for conditions on
p and q which guarantee that conditions opposite to

(i), (ii) and (iii) in chapter III hold. That is

{iv) All non~-trivial solutions of (1.1) are unbounded
() Mo non-trivial solution of (1.1) tends to zero at =
and (vil For some r, D<r<e , no non-trivial solution of (1,1

lies in L' [a, =,

Before we discuss these problems, it is worth
noting {fromKnowles [18] that by the left hand

inequality of (2,31,

X
KO %) 8 { x) 8 (-]Fs\lgE[x]
a
X

or kol x )& x )exp (—JF*) < {d x]p’x]y'fx)w{x)y(xl}z
a

v 2 (x)yA x) ,
we see that (1.1 can have no non-trivial solutions that
are bounded on [a,» )} if there exist functions 4,0 and vy

such that sach of the following conditions are satisfied:

(A) & and y are bounded on [ a,» ),
(3) pOy' is bounded on [a,®) whenever y is a bounded

real-valued solution of (1.1},
X
(0 00 exp (-— I F’) is unbounded on [ a,» ], where
a

F 1is given by (2.25).
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Thus we need vriteria giving sufficient conditiens
on p and q for (B) to hold, In this respect, the

following lemms is of interest.

Lemma 4.1,1

(3) holds if there exists a function © on [a, =

satisfying at least one of the following conditions:

(i) g e L [ a,» Jand © is bounded on [ a, w)
(i1i1) p0' is bounded, locally absolutely continuous
and of bounded variation on [a,= ) and
oq € L[a, = );
(iii) 0O 1is leocally absolutely continuous on [a, w )

0" <0, q >0, and [(0%pq )']+ e Lfa, =),
Proof:

(i) From (1.1), [py’]. = -y

X ¢ X
1]
j(ny’J = -] qy
a ) a
¢ X (%
"y = -] qy
5] ‘a

' ' r X
plx)y (x) =plaly(a) - J ay
K

X
Thus O x ) pl x)y'(x)=B( x)pla)y'(a -0 X I qy
a

<O x)plaly (a)=0x) lqy

a
< @ whenever y 1is bounded,
since @ 1is bounded and q

e L [a,» ).



56.

Hence (B) holds,

(1i) 'From (1,1) G(py'l, = =~ Oqy

x x
) '
[ elpy) = - Jeqy

a a
R ¢ X o X
epy < |fpyle = - J Oqy
a ‘a )
. X r X i 3 X
Opy «- | (poly = = f Oqy
a ‘a a
" « P [} " * L} ¥ X
Opy - |pO'y -[yfpel ]--quy
a - a a a
L] x L} x g L ’ x
Opy -pOy | + | y(po) = - | Ogy
a a a a

A x)p 2)y'(x)-alalplal)y'(al-plx)0' [ x)y x)+pla)0'(a)ya)

x

0! X
o [y = - [ eay
a a
of x)pl x)y'{ x)=e(a)pla)y’(a)-pla)o'(alya)+pl x)0'( x)y x)
P

- J:yf.ne'l' - J oqy

a
<salplaly'(d)-plalo’(alyla)wpl x)0'( x)u x)
- ry(pﬁ'l' -reqy
a a
- oD +plX)O( %)Y x) -rytpe'l' —reqy
a a
= 0(1) - re qy  since po’ is bounded
a

<o whenever y 1is bounded, since 6g e L [ a,»),
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Hence (B) holds,
(iii). Multiplying (1.1 ) by p0?y', we get
002y (py" = poly'(-qy)

or 0% py") :py' = - (0%2pg) (yy")

x ;
0%(py'l .py’
a

X
- J[B’pq]fyy'] (4.1)

Thus [
a

We note that

x L} x x M L] x L
J 0 py") py' = 0%(py") -J 0% py ) (py") - I (gy") 2( 0%
a a a a

X

X
2 Jaozr py').py’ = 0%(py')? - r‘ (py'12%0%n "’
a

a

x x x p
J 02 py') .py’ =} [9’( py’) 2 - I (py’) 2(02) ] (4.2)
a a

(=]

Conbining (4,1) and (4,2) , we have

% X . 2 X b 4 "
} [oz(py')’l -Jtpy’lzro’] ]= -E%Eﬂ.y’ - J(e’pq) ;]
a a N a a
- x x
==1|(6%pq) y* -Ife’pcﬂ y ]
o a8 a

o
2 | %
=> [Ozf py ) |a - L[ ov') 2 02 :] 2_[[ 0%pq) v2

x x ;
-If@zpq} y ]
a a
2

2 X '
[{-I x)p(x]y'(x]]- [E(a]p(a]y'(a]] -J (py') % 0%

a
= =02 [(x)pl x)q (x)y¥( x)+0% (alp (aq (A y¥ a

x "
. fte’pql y
a
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2 2
[@(x]p l'.xlg'(.xl]-[ﬁ'a Jp (a ]y'[a ]] +0alplalqld)ly¥a)

X ' x '
-0 (x)pl x)g (A3 x)+ [{py'lz (%) + J(Gzpql y?

a a

X X
V-0 x1p (x)q ( %) y?( x) +Jtpy'12f0’J' +J (6%pq) '.y?
a a

x ]
£0(1) *J (0%pqg) y? since p>o, 020, B'S 0

a 1

IA

Ur11+r[ (e’pq}'] ¥ since ( 0%pg " 5[(Gzpql']
a + .

0(1) ‘J‘. [ tezpqi'] 2
a ¥

<® since l: fszpq]':l € L [a, ») whenever y is bounded.
¥

A

Hence (B) holds.
Thus, in ell cases, (B) holds,

This proves the lemm.

4.2, _Unboundedness of non-trivial solutions

In this section, we give conditions for which (iv) holds,
Theorem 4.2.1

let p=1 and let g be positive and twice differentiable on
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[ a,»). Assume also that q 1is bounded and q-l is
unbounded on [ a, =),
|[ q-*) i' = 0(1) as x =+ ®, (4,3)
-1 - ¥
g “(a*) e L [a, =, (4,4)
and for some B, } < B <-§
P !
qQ € L [a,w). (4.5

Then all non~trivial solutions of (1.1 ) are unbounded

on [a,=),
Proof:

By (2.38), q-i[y'lz + qiy2 >C >0 on [a, « (4,6)

for sone constant C,

2B-[3/21

Now q > o, since q > o. (4,7)

Multiplying both sides of (4.6) by (4.7), we have

a8t 3”231-%[ y') 24q 2B 3’2]1%2 > ¢ qzs—(3/23
or  q2B"2yryt ¢ 81 > ¢ of 48-3) /2
- q2[3-1)(y:13 N q28-1y2 > € q_(3_4g]/2
or  @°% (y'14 s q2F"1y2 >Caq ¢

where a = B-~1 and e = (3-4p )1/2,

ie. (M2 (y"2 + g%B"ly2 5 cq7c (4.8



Since a =
then o + §

Also g [ x )

B

2
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~1 and % < B <-§ 4
) (4.9

D(1) , since q 1is bounded. (4.10)

Now let © = qa

0'=

o' =

by (4,3) and

Since 0' =

0O =

uqa-lq'

!}' e+

-2alq ) q

12a( g~ h "q¥*? |
2a]|cq™h | ™"

0( 1) as x+» = (4,11)

(4,10,

uq-qa-l

u[q'qa“I + (a -1 )(qg")? qa-z ]

" G"l 0'2

aq”q + o (a=1)(qg*)? q

k74

3/
aq'qa'sq* 2, aMg® q8-3 - a[q’}zqs_a ,since a=p-1
oy —3/2 2 2_B-3 2_B~1_ 5a 2, B~-1
aq"q” ‘g “*a’(g") " - g') *q" T4 (') Xy

. _22' qul 2':]8-3

/4 " % B
w4 2"'%9 tq" %a° 3'-39 (q" 2" o2 q") %P
o
.qm iq _

5/
aq 2_, __4_50 ) 2qa*i‘ 2_“_39 (q" ’qB'am’(q'l zqﬂ 3

3/ 5/ i
%3 tan%q” 2 30 _ ot [gqn 2P

ard- o =
aq” “(q"q - T
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3/ _5/ ' y
lo"| = |aq®* ¥ (q=q" 2*'3 (q"12q~ 9 _(%g -a?) (q') 2qP 3|

fﬁg—a:

since q > o.

3/ 5/ )
< lalqmilq”q' 2*-2 (q')2g” € (g"%%7

X x < 5/ x

& [

Thus J lo*| < J IaTqa*i'q'q £+.71 (q")2q~ 2 +I I.g.“ - a?
A a a

LR R RN | (4.12

( q ] 2q5‘3

. 3/ S/
We note that quifq-‘). = -—i !:q"q ¢ --g (q") %q zjl

3/ 5/
o wi # o 5 :
. ] q ’}tc. él < q"q 2% ‘—4 (q") %4 ‘ (s 12)
e L [a, =), by (4.4),
3/ P 7
Also tq’]’q-aqa = ( =2q9'q" 2qB } (- ig'q” 3
_3/ PR
= ( =2q'q 2q8 ) ( q 5]
3/ .
2 -29'q 2qB l ' ( q° ) since q > o
= 0(l) a8 x+w (4,14)
by (413]|
Now applying (4,13 ) and (4.14) to (4.12) » we et
x
[[o-|50t11 (4.15)

a

Next, from(4,.5), qB e L [a, =)
9% e L [ a, @) since a = g8 - 1

©ge L [a, ») since © = q® (4.18)
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Thus by (4.11), (4,15) ‘and (4,16 ), Lemma u,1.1[part (ii)]

is satisfied. Consesquently, (B) haolds,

=> € >0 and 2B-1 > 0,

Then by (4,8), all non~trivial solutions of (1.1) are
unbounded on [a,= ).

This proves the theorem.

We give one more theorem on conditions that will guarantee

that (iv) holds,
Theorem 4.2.2.

Set p=1 and assume that q is positive and three

times differentiable on [a,w ). If q 1is bounded and qm1
is unboundad on [ a,= ),
.2
ot = § Tah s 4t = & [(q‘h]q*:»o (4,17 )
|fq‘51"=ut1) as x> ® (4,18 )
Irq"‘3"-urq*1 as x + ® (4.18)
¢“2[r q“*l"] el [a,») (4.20)
and for some 8 , ) <B <3 , (4.21)
a® e L [a, =) (4.22)

then (1,1 ) has no non-trivial solutions that are bounded

on [ a,» ),
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Proof:
By left hand inequality of (2,28), we have

x
x
E(a]em[}J(A*C]]axpf-IFilgEfx). (4,23 )
a

a

Now let 02 = qvi (4.24 )
y =-1(q 1) gt (4.25)
and 4% be as in (4,17 ).

We note that
2logd = = 4 logq

or 20 0 a-iqq

or 00 = =1 qq . (4,26 )

1
b
-~
=t
]
[
S
&
£t
o]
Fals

Also vyO =

- dma T, (4.27 )
Thus © 0~ 1+ Yﬁ-l = - } q’q-l + 1! q'q-l
i.e, 0071+ yoo! = 0. (4.28 )

We also nots that
2 2

- (3) - 3) - Q)

- » - L] & i
. V[q A Lnkk } - taql o+ (m'q"l).

H

q*i

i

2
-q + {i( Q™h qi*ﬂq-f[fq'ii ]q}-%g q)2q %4 {q'q-l-{q'l ’q'z}
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2
o R R
- ¢ {-e[q Q- tq")*q-i]m-t[-iq'q 2] g -1 (8%
+ tgq"a -dq" 2~
= - q-*u"qd*-glﬁ'l ’q"z--g ta") 2 ~ig"q " +iq"q

- 0
to [-ae (97 @) @) ] o e
From (4,171,
ot = (gh" eqd -t [rq")']zq* ,
200 = g h " siqrai-t {z[fq-l] ']_rq'i] -qi,[rq‘-’fj ']fiq'q"i}
or o471 {%r o™ " rta'qi-iq7h gl 4 [fq-il anq-} o2 }
- Hgh 9%+ tg'q} {q;*im’il”-i ] (a™h’ l‘qi } 07 :

1 ~2

=1 Wy _ | -
=tgh™ 0241 q'q . 0%

== ke, M e B
- 4>¢1=.':fq;l ¢2*£qql

(4,30

Thus 00 1= yol = 1 (q™h "' 0Puiq'q 2=tq 0! by (4.27 and (4,300

= (g H" ¢
fd, OF Y- ye'l > ¢ e [tq'*l“ ] (4,31)
By (2,11, A=2( ¢ +ey0) , sinee p=1

= 0 by (4,28),

Thus § (A+0) = iC since A =0

1

=3.2( 00 -76-1] from (2,11 ) and since p =1
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= & ¢ 1. YG'I
¥ = § e [tq“*)"] by (4,31).
X x "
=% ;f (AsC ] 5> - aj ¢"2[rq'*x ]
a a -

v

SR ]

> - ® by (4.20).

%
Thus e [&[ fA*E)]>b>¢p{-w} = 0,
a

x
i.e. B [iJ[A-}C]] > 0. (4,32 )
4

By (2,251, F e [o'o"l-e'e“l-ao'l ]z+_§; [ . (.gz é (.‘g)z+ (‘é)' ]since p=l

[¢¢ Lo lqo'o™ls yo ]]:—_i [-q*(-a—) -5-) L‘G')'I

1=l &
= [¢¢ ] by (4.28) and (4,29 ),

- ¢ < M‘?-[rq“*]"'

X X wi | 1wy
- J Fi < % J ™° (q-i] < r fz[{q—’] ] <= by (4,20),
a - -

X 3
i.2. —IF’ < (4,33)
a

Applying (4.,32) and(4.33) to (4.23), we gt
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0 <ECx) ={00x)y(x)sy(x)y(x)}s 03 x)yX x)

since p=1 and by (2,1

= {oy' + vyl ¢ oy >C> o (4.34)
for same conatant C

By (4.25) , y = -14(qh'g
ly] = ilfq"li'l qt
= ly| = 0(.q’i] as x-+o hy (4,18), (4,35)

F\IBD, by (4|17 ]

l¢2‘ . a !rq"gll é q} s 1 | (q'l;] l|2qi
=G(qi] as x+» by (4,18) and (4, 19,
i.e. ¢ = C[.qi] as x » o, {4,36)

From (4.,34), [ oy +yn? + ¢24? > C >0
OZ(YI) 2_+ 20.ryly + Yzyz + ¢2y1 ?‘ C > D

0"y 2e207H 0 ~40q7H 1atyryH 2 [fq'il ‘]znidf a~h "aqi-t [fq"h Tqil y?

v
o
v
o

Q-ify") 2'(1'1-%] ‘Yly + 1 (_q'i] 'yﬁ % qiyz >C>» 0

q-i(y"l L (.q-!l i

y'y * i I (q'il'I y? ".qiyz >C> 0
= oy s qly? c,> 0 (4,37 )
For some constant Cl i

1f (& in Theorem 4,2,1) we let 0= % ,

then © = (qal.

= [q'qu-l + (=11 (g0 ?2 qa—?]
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uq"qu'-l +ofa=1) (g" 2qa-2

3/
= mlqu"';- 2+ 2 rqylz 01 a[q'] 2ua+l"3
+ -3/ -
= c«:;"qLl ;q ?mzfq'] qu 3 afl{a”?g B-3 , since a=B8-1
.
3/
- "7 Zea? 10 %5 - a (97 %6877 2 191 208 3 (g1 383
o =/>
-muqﬂ* _3_“(-1283_;0('1]23‘“{(1]?33
3/ {—
smua*;-z_gg{ 1]zﬂ§ ?_g_a{q]zﬂa;a(qqzﬂz"
_3/ _5/
i ma+irqnq 2_‘__; lCI’] 2q 2]_ _;9 = u2 (q|]2 g-3
3/ 5/
since q > o.
X Ty _3/_) -5/ X
j J'.uln“ '*g‘n’l’q ’ *L‘Sfo'“zi(q’l’“
5/ o _
r Jacfn™" 2 -gfa'l 9 2' + };0 - ) 2473 oB
a x
= 0(1) by(4.18),(4,13) and (4.22),
x
i.e. j qul"jgofl}<w (4,38)
Bl
= (g9" € L [a, ) (4.39)

By (4,11), (4,16 ) and(4,361), Lemm 4,1,1 (part ii) is satisfied,
Then (B ) holds.

(A) is garanteed by (4,35) and (4,35)
(C) 1is garentesd by the fact that o X=0') is unbounded.

Since (A), (B ) and(C) are satisfied, the conclusion of the theorsm
follows.,
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4,3, Non-asymptotic behaviour of non-trivial solutions.

In this section, we shall pgive conditions for which
{v) holds,
Before we state the theorem, we need the following

o#pult which was proved in [ 9 ] by Dolan and Klaasen :

If

BB I w
o e L [a, =) (4.40)

where p>o0 and wu'<o on [a, »), then there are two
possibilities, Either (1,1 ) 1is oscillatory, in which
casa (1,1) has no non-trivial solutions tending to zero

at « , or (1.1} is non-opscillatory and the same conclusion

holds provided that

% ¢ L [a, =1, (4,41)
Theorem 4.3,1

2 A
Foye o8 yw | fv__w.'! &
If ==, |p T 3 e L [a, ) (4,42)

where w>0 , n'< 0 and v is bounded, then

(i) no non=trivial solution of (1.1) tends to zero
at « if (1,1) is oscillatory ,

and (ii) no non-trivial solution of (1l.l)tends tozero at « if (1.1) is

non-oscillatory and % ¢ L [b, ®» for some b > a.
Proof:
By (2.100,
kO (x)® (x)exwp cjﬁd)5EE(xh#fo!pfx}y%x}+v[xlyfxl}’
a

+0%( x ) y*( x)
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X
i.e. kOdew (—-I F*) < (Opy’ + yyl? + @82y2,
a
With o=1 and © = §")
=] xi =1 E 2 2
ku "ex |- | F < (pu "y" + yy) % +y (4.43)
a

From (2,25 ),

A D I
- [yl 2w ]’* [__u g _Yw, (yw']?
| D p W TP i
= P P S TR (R IO B o I 6
= P p w Tp n
X * x
. ™ Ha P p B Tp W

1

LIS

x 7
TR +2l x +J

3] (3]

rxl

<2 r—)lj + r M8 -ﬁj F (ll'.ll’ + r u'u_ll
- aP at® M P g a
= 0(1 +r' uuﬂll by (4,42)
a
= 0(1D - logy , sinee ' < O,
4
i.e. fF < D(1) - logu ., (4,44)

a
From (2.43) and (4.44),

k p—l e (logw < (pu-ly' syl 2+ 2
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C ¢ (pu'ly'*yylz'+ y? for some constant
or (pp ly' +yy)2 + y2 > € > 0 (4.45)

Since ¥y 1is bounded ,

(pu_ly']’ v y2 o> C, > 0 for sowe constant C,. (4.46)"°
From(4,46) and on the strength of the result given by
Dolan and Klaasen above, (1) and (ii) of the theorem hold.

This proves the thecrem

Conditions for non existence of L'[a, ®») - solutions

In this section, we shall ygive conditions for which
{vi) holds. We shall depend heavily on the results obtained
by Knowles in [ 16 ] and [ 17 ] for r = 2, 0Only sketches
of the prelirminary results will be mentioned and proofs of

the theorenrs will be omitted,
Ay considering
tylt) = - (f(tly*) +qltdly = 0 (4,47 )

which is sipilar tn (1,1 ) for sone differential operator
T and hy letting ¥ denote an arhitrary function for which
¥* is locally absolutely continuous on [a, @), Knowles in

[16] notes that under the change of variables (t+s, y+)

defined by
t
S8 = J ¥2(r ) dr (4,48 )
a
Y(g) = yturvrf})'l (4.49 )

(4,.47) becoms

1,(8) = - (Pla)Y'(s)) + N(s)Y(s) = 0, O<s<sl«® (4,50)
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for some other differential operator Ty
where P(s) = p(t)¥Y*(t) (4,51)
Os) = g(B)-(pl)¥' (1)) (wt)) ™! (4,52 )

We shall, therefore, woerk with the transformd squation
(4.50) and results applying to (4,47) will be deduced
via (4,48) and (4,49) ,

Ltet ¥ and @ be arbitrary positive functions which
are locally absolutely continuous on [a,m ) and for any
real-valued solution Y of (4.50) define a Lypunov

function
2
E(s) = 0%t [PIS)Y'(S]] + Y2, (4.53)
Applyin g the techniques in Chapter II (Section 2,1), one
can verify that

.‘;r%g’.’. « ACS)E2+( 8) En+Cl 8)n?

where £ = ﬁF‘Y‘E-i , N = YE‘% and E? + n?2 = 1

and far all s > o,

Alg) = 20'(t) (e t)v2(t) )}~ !
Als) = {o(t)PCs) ™) + oft)Qls)
Cls) = 0
We also note that ) (sl E'(a) < ) (s) (4.54)

Els)
where Alfs],koisl = [ A[al:{Az(a]+4B’(sJ}! ]/2 for sach s>o0

Al s) 8(s)
are the eipgenvalues of the metrix

B( s) 0
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Integrating (4,54) with respect to s over [ o, s(t)]
and usinp (4,48), (4,49), (4,51) and (4,52), we get

] t -t
kOl t) exp {-— J F( r'}dr'} < Els) £ kO(tlexw %I F( r) dr}(4.55]
a a

where K a —g{-g-}

R, (. R IR UPRTRP T L, .
and F = { 8'0 “}* + {(POY?®) “+0¥*(qg-(p¥")' ¥ ) (4,56)

To simlify the notation, we assume without loss of generality
that X = 1 and we replace © by wlt) = O(€)¥%(t). With
these changes and inte grating (4.55 with respect to s over

[o, s(®w)) we finally obtain

of )
r\«(t)e;p [— rF[ridr-I < ] Hs < rn(t}am [rﬁr]dr]dt (4,57
a a - 0 a a

2
+

where F = [ |-:-:'- %:

i
=] = e ) 2 .
o W Low {q=¥" Y p¥") 1| ] (4.58

Nowi, we shall tumn our attention to the left hand inequality of (4,57

and let us define

Wie = PHaat = pibub. (4.59)

We ocbserve that 1if
t
(D) ru(t]ezp [-J F(r)dr] dt =
a a

and (E) p*,.IY'ﬁ L2 [o, s( ) ) whenever 'rlY-o and Yel? [n,dﬂl],

then (4,50 has no solution in L? [o,sle)), Ry the change of variables
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y +Y, w8 can infer that (4,47) has no solutions in L'[p,ﬂl.
Thus we need conditions on P and 0Q in (4,500 which guarantee

that (E) holds,

We state these conditions in the following theorems
onitting, as we have earlier mentioned, the proofs.
Theorem 4.4,1 ([16]),

Assure that s{e®)< @, If there exists a non-negative
function W which is locally absolutely continuous in [o,s(®))

and a deconposition Q=0Q,+0, of Q such that for all s 2 o

(1) P*rs)| w'ie) | ¢ K

1
(ii) -Q(s)W?(s) s K,
w 2
(1ii) P “(s)W(s) J O (r)dr | < K,

0]

for some constants KI,KZ and K3,

then (E) holds,
Theorem 4,4,2 ( [16] )

If there exist positive functions Wand ¥ with w,¥’

locally absolutely continuous in [a, «), and a deconposition
q9 ® qy*q, of q such that
(1) p! | rp*wz'!g K,

(1) ~fa,;tpyn v} (phw 2 <k,

_2 t
(111)  w¥ | J a,¥? | 5 K
a

3

(1v) J ¥2 =
a

w© : A
{ v) wat]am [-—JF(r]dr ]dl: = 0
] a
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where F is given by (4.,56), then (4,47) has no solution
in Lz [aa ﬂ) .

Next, by defining another Lyapunov function
2
E(s) = 82(t) [P(s] Y'(s) ] v o2 tlY %(8) (4,60

from where he got, by the rethods of [16] ,

t s( =)

K J olt)e(t) Y3 t)exw [— J F( r) dr ]dt < J E( 4) ds (4,61)
a a D
e K= orarHCar
2 i
and F = [{(C-A) /2} v B*] (4,62)
where A = 20'@_1.
5 = apovn)™) 4 av2e”! (g - (pyny 'yl (4.63)

Co= 20'071,

Knowles in [17] deduced that it follows from(4,61) that if

t

q

a

(6) PMY'e L2[0,s(®) whenever t,¥=0 and Yel?[o,s(=)

1

(Hl] ¢ 1is bounded,

where W(s) = P& alt) = pi(t)v2(e)o(8) (4.64)

then (4,500 has no solution in L2 [o,s (o)) and hence

(4.47) has no solution in L% [a, =),

With these, we now state (without proof) the stronger version

nof Theorsm 4,4.2.

Theorem 4.4.3. ([ 17 1)

Suppose that there exist positive functions ©, ¢ and ¥
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with & bounded and ©, ® and ¥' locally absolutely

continuous on f a,» ), and a decnmposition Q=q, *q, of q

such that on f&, ) |

(1 p lrp*ew)'

< K

(11) -{ql - [p?']'v-l} po*y* < Ka

t
(1i1) ol t) quwz
a

(iv) J ¥2 =

a

o t
(v) )f ol t) o t) Y2( ) &xp [- J F[r)erdt = @,
a a

where Kl, K2 and K

(4.62), Then (4,47) has no solutions in L? [a, =).

3 are constants and F is given by

Thus (vi) of section 4,1 is satisfied for r=2 by the

provisions of Theorems 4.4,1 , 4,4,2 and 4.4.3.
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CONCLUE ION

We have set out to study the stability properties
asgociated with the solutions of the general second order

inear differential equation (1,11,

With the fact that not all differential squations
can be esasily solved explicitly, we used Lyapunov’s
direct method which does not require exlicit solutions
of the equations before studying the properties of these
solutions, To this effect, we defined a Lyapunov function
El x) given by (1,2), Lower and upper bounds were derived

for this function and that gave an estimate for it.

To study the stability properties of the solutions of
(1,1), we dwelt mainly on the boundedness conditions for
snlutions, their asynptotic behaviour and the conditions
for the existence of L2 [a,=) solutions, These conditions
were stated and proved in theorems and some examples
involving fessel differential equations of order n>o
waera vsed to illustrate the boundedness and asynptotic

tehavinur of solutions.

Lastly, conditions opposite to those mentioned above
were considered, That is, conditions for which solutions
of (1,11 are unbounded, conditions for which they do not
tend to zero at infinity and canditions for the nonexistence

of L* [a, «) solutions., As we wsre not set out to study
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these aspects in details, most of the theorems in which

they have been stated were without proofs,

Through the various theoreme and examples, therefore,
the work has illustrated the powerfulness nf Lyapunov'’s
direct method in studying stability properties associated
with the sclutions of second order linear differential

equations.
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