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ABSTRACT

This research work is focused on designing multiple sequential and parallel row-column
and heart-oriented rhotrix multiplication algorithms. The algorithms have been
implemented on process array and heterogeneous master-worker platforms. The first
implementation is the row-column rhotrix multiplication on processor arrays. The
second is the heart-oriented rhotrix multiplication on dynamic master-worker with
allocation of rhotrix vectors where the master distributes rhotrix vectors (data) and
computations to the workers. We hypothesised that no single algorithm always achieves
the best possible performance for multiplying rhotrices with different sizes on arbitrary
process grids. The performance models for these algorithms and the experimental
results on clusters of workstations support the research hypothesis. Furthermore, initial
heuristics for the poly-algorithmic selection for parallel arbitrary rhotrix multiplication
was provided. The two multiplication methods identified were experimentally
implemented using C, Java and Delphi programming languages. The obtained
experimental results on both platforms demonstrate the possible parallelisation of
rhotrices, and idealistic views of their future applications in research and industries.
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CHAPTER ONE: INTRODUCTION

1.1. Background to the study

Linear algebra is an area which involves heavy computations and therefore is in need of
high-performance routines to decrease the total computation time. In effort to make this
possible, parallel computers have evolved with different architectures. Parallel computer
systems consisting of multiple processors provide much more raw computing power (by
orders of magnitude) than traditional uni-processor computer systems. Powerful parallel
computer systems open up new frontiers in parallel applications that strive to utilize
such systems effectively. The challenges for parallel applications, particularly in the
field of scientific computing, lie in what the new parallel programming model should be
and what kinds of parallelism an algorithm should possess to utilize the parallel

computer system effectively.

One of the models of parallel computers is the multicomputer model. A multicomputer
is a concurrent distributed-memory system with message-passing among processors
(Foster, 1995). A multicomputer consists of a number of von Neumann processors that
have their own memory and an interconnection network that links processors through
message interchange. Hence, the MIMD architectural model, which stands for multiple
instruction streams and multiple data streams (Kumar et al., 1994). Together with
message-passing, forms an ideal parallel programming model suitable for
multicomputer. This combined hardware, software architecture is capable of executing
different programs concurrently on processors and exchanging information among

processors via message passing.

Among the key requirements for effective parallel computation, the performance
requirement is always the most critical, because the primary motivation of parallel
applications is to achieve higher performance that cannot be accomplished by using
traditional sequential computer systems. However, it is difficult for a single algorithm to
achieve high performance for a wider range of problem sizes on computer systems with
different characteristics. A non-trivial example is the well-known sorting problem. The
“quick-sort” algorithm works well for sorting lists while the “bubble-sort” algorithm
works well for short lists. In order to accomplish the sorting problem optimally,
application developers must take the responsibility for formulating the problem and

1



choosing an appropriate algorithm according to the length of the list. However, this
approach puts a heavy burden on application developers for complex problems, as well
as imposing a need for predictive performance models. Furthermore, in order to utilize
different parallel computer systems effectively, application developers must have deep
knowledge of underlying systems. The better approach to overcome this dilemma is to
use the “poly-algorithmic approach.” The poly-algorithmic approach, a concept
introduced by Rice and Rosen, (1966), refers to the use of two or more algorithms to
solve the same problems with a high level decision-making process determining which
of a set of algorithm performs best in a given situation. The poly-algorithm approach
helps the parallel libraries to achieve performance scalability and portability while
hiding the complexity of performance-oriented software and the multiplicity of

algorithms in the interface.

Consequently, the research hypothesis is that no single parallel rhotrix multiplication
algorithm can always achieve the best performance for multiplying rhotrices with
different sizes on process grids with different shapes; the poly-algorithmic approach is
able to achieve the requirement of high performance over a range of system and
problems parameters. In the present study, we will specifically target the problem of
rhotrix multiplication on systolic array parallel architecture. We will build a collection
of general purpose parallel rhotrix multiplication algorithms. We will measure
performance of each algorithm for rhotrices with different sizes on simulated process
grids (systolic array). By using the poly-algorithmic approach, we will show that it is
possible to achieve high and uniform performance by choosing an appropriate algorithm
from a collection of parallel rhotrix multiplication algorithms suitable for a particular
situation. This will require multiple algorithms and associated performance models and

measurements for representative case.

The concept of rhotrices was introduced by Ajibade (2003) as an extension of ideas on
matrix-tertions and matrix-noitrets discussed in Attanasov and Shannon (1998). Ajibade
presented the initial algebra and analysis on rhotrices and established some interesting
relationships between rhotrices and their hearts. He defined the multiplication of two

rhotrices



a f
R=(b h(R) d) and Q=(g h@Q) j
8 k

as follows:

ah(Q) + f(R)

bh(Q)+gh(R)  h(R)h(Q)  dh(Q)+ jh(R)
eh(Q) + kh(R)

This multiplication procedure gives initial interesting results but may not allow further
development regarding the question posed in (Ajibade, 2003). Some of those questions
were answered in (Attanasov and Shannon, 1998), in relation to matrix-tertions and
matrix-noitrits but to the best of our knowledge there has not been any extension
regarding generalization of this concept of rhotrix multiplication with regards to n-
dimensioned rhotrices. This is why we propose an extension by means of generalization
and derivation of mathematical models and algorithms for the heart-oriented (an

acronym for the multiplication method given by Ajibade) rhotrix multiplication.

An alternative multiplication method was proposed by Sani (2004). According to this
method, since rhotrices lie somewhere between 2x2 and 3x3 matrices, it is reasonable to
define their multiplication similarly to matrix multiplication. To do that he defined the

rows and columns of a rhotrix

a
b h(R) d as and
e

respectively. He then defined multiplication of any two rhotrices using the row-column
multiplication method of matrices, except for the hearts which is multiplied directly.

The multiplication is defined as follows:

a f af +dg
RoeQ=(b h(R) d)o(g h(@Q) j)=(bf+eg h(R)h(Q) aj+dk
e k bj + ek



This multiplication, like that of matrices, is non commutative, but it is associative.
Again as part of this work, we also propose a new approach to this multiplication
method by a way of designing new generalization case, mathematical model and
algorithms for the row-column rhotrices multiplication different from what was initially

given by the author.

Rhotrix multiplication can be seen as a fundamental operation in most arbitrary
numerical linear algebra applications. Its efficient implementation on parallel high
performance computers, together with the implementation of other basic linear
algebra operations, could therefore be considered an issue of prime importance
when providing these systems with scientific software libraries. Consequently,
considerable effort has been devoted in this research work towards developing
efficient parallel rhotrix multiplication algorithms, and this will remain a task in the

future as well.

This research work presents some sets of new poly algorithms approach for multiplying
higher dimensional rhotrices in both sequential and parallel environment using
conventional programming languages like C, Message Passing Interface (MPI) and the
process array architecture for the parallelization execution.

1.2. Research Motivation

The Motivation of the research work was based on two fundamental multiplicative
concepts on rhotrices introduced in (Ajibade, 2003), (Sani, 2004), and (Sani, 2008). In
each of the aforementioned journal publications, multiplication of rhotrices was
introduced and addressed by these researchers in a unique but separate ways. The initial
driving force behind the conception of the research work was to extend the work done
by these scholars and to equally obtain high performance by taking advantage of grid
computer architectures and exploiting inherent parallel techniques such as those found

in high-performance computation.

1.3. Research Objectives

The primary objective of this thesis is to devise a distributed computational framework
that would allow the parallelization and execution of our proposed sequential and

parallel rhotrices multiplication algorithms, based on the rhotrices multiplication



methods developed in (Ajibade, 2003) and (Sani, 2004). Particular effort will be placed
on achieving this in an affordable way, which is by avoiding the unnecessary use of
costly hybrid machines and taking advantage of existing computational infrastructure
available in the university computer laboratory. More specifically, several mathematical
models will be developed and new sequential rhotrix multiplication algorithms designed
over the parallelization framework of a functional grid. This study will produce a set of

the most effective strategies of parallelization of these and similar algorithms.

In order to validate the usefulness and effectiveness of the implemented framework, two

main problems will be discussed:

e Heart-oriented multiplication: i.e direct multiplication of rhotrix elements with

corresponding array indices.

e Row-column multiplication: i.e multiplication of rhotrix elements row by

column wise.

1.4. Research Methodology

The method used in this study is as follows:

A review of different rhotrix multiplication methods from related literatures was carried
out. This includes row-column multiplication akin to the traditional row-column matrix
multiplication, similar to this also is the rhotrix conversion to coupled matrix by
padding, referred to as rhotrix transformation. A collection of algorithms were designed
to implement each of the aforementioned methods. The implementation was done using
C and Java programming Languages for the sequential algorithm test bed while Delphi

APl and MPI message passing were used to simulate the parallel algorithms.

1.5. Organization of the Thesis

The rest of the thesis is organized as follows: Chapter I1 reviews the relevant literature
in the research areas that covers different ideology defining rhotrix multiplication that
pertains to this study and discusses the methodology of scalable parallel platform
models adopted for the study, Chapter Il discusses rhotrix data representation format,
algorithm design for rhotrices row-column and heart-oriented rhotrices application, data
mapping problem, rhotrix data mapping design and parallel platform performance

model. Chapter IV describes the research implementation strategy of our parallel rhotrix
5



multiplication algorithms and provides the experimental results of each algorithm on the
adopted platform. Chapter VV summarises the present study and presents the conclusion

and future work.

1.6. Contribution to Knowledge

The main contributions of this work are in twofold:

On the theoretical side, we have proposed and designed four sequential and three
parallel algorithms implementation of row-column and heart-oriented computation of
rhotrices on computer systems. Furthermore, these algorithms have been checked
against experimental results generated from sequential C programs and MPI massage
passing used as test bed to further buttress the validity of the algorithms presented in our

study.

On the practical side, we have implemented and evaluated two parallel implementations
of rhotrix row-column and dot product computation on process array and heterogeneous
master - worker platforms using MPI message passing library. These implementations

are based on the data allocation and dynamic load balancing strategies.

1.7. Benefits of this Research Work to Society

Considering the sparseness and arbitrary representation of some scientific and
engineering problems, rhotrix multiplication can be regarded as a better candidate for
the computational chemists for representing problems in terms of states of a chemical
system. Each rhotrix index corresponds to a different basis state, and the rhotrix
approximates the Hamiltonian of the system. A change of basis is accomplished through
rhotrix multiplication. Rhotrix could be termed as a super matrix (for every set of
rhotrix elements, there exist two other matrices embedded within these sets). Rhotrix-
Vector multiplication could be applied in some transforms used in image processing,
signal processing for the electronics and telecommunication industries (convolution).
Some other possible application domain areas of large rhotrix multiplication are in
molecular biology, genetic engineering and cellular computing. In the aforementioned
areas, changes in states and trends monitoring pattern can be accomplished through

derived sets of system of linear equations from rhotrix multiplication.



CHAPTER TWO: LITERATURE REVIEW

2.1. Introduction
The purpose of this chapter is to review the relevant literature in the research of parallel

computing, parallel programming models, message passing, and some related parallel
rhotrix algorithms that pertain to the present study. The methodology of scalable
process array and Message Passing Implementation design issues were also reviewed

which guides the design of our parallel rhotrix multiplication on similar topology.

2.2. Parallel Computing Overview
In the simplest sense, parallel computing is the simultaneous use of multiple compute

resources to solve a computational problem which are to be run using multiple central
processing units (CPUSs). In essence, a problem is broken into discrete parts that can be
solved concurrently, each part is further broken down to a series of instructions and

finally, instructions from each part execute simultaneously on different CPUs

Problem Instructions
I | | | - CPU
- CPU
- CPU
— | cCPU

tn ta to th

Figure 2.1: Parallel computing process structure

The computer resources can include a single computer with multiple processors, an
arbitrary number of computers connected by a network and / or a combination of both.
The computational problem usually demonstrates characteristics such as the ability to
be:

e Broken apart into discrete pieces of work that can be solved simultaneously;

e Execute multiple program instructions at any moment in time;



e Solved in less time with multiple compute resources than with a single computer

resource.
Uses for parallel computing:

Historically, parallel computing has been considered to be "the high end of computing™,
and has been used to model difficult scientific and engineering problems found in the

real world. Some examples:

e Atmosphere - Earth, Environment

e Physics - applied, nuclear, particle, condensed matter, high pressure, fusion,
photonics

e Bioscience - Biotechnology, Genetics

e Chemistry - Molecular Sciences

e Geology - Seismology

e Mechanical Engineering - from prosthetics to spacecraft

e Electrical Engineering, Circuit Design, Microelectronics

e Computer Science and Mathematics
Why use parallel computing?
Main Reasons:

a. Save time and/or money: In theory, throwing more resources at a task will shorten its
time to completion, with potential cost savings. Parallel clusters can be built from
cheap, commodity components.

b.Solve larger problems: Many problems are so large and/or complex that it is
impractical or impossible to solve them on a single computer, especially given

limited computer memory. For example:

"Grand Challenge™ (en.wikipedia.org/wiki/Grand_Challenge) problems requiring

PetaFLOPS and PetaBytes of computing resources.

c. Web search engines/databases processing millions of transactions per second
d.Provide concurrency: A single compute resource can only do one thing at a time.
Multiple computing resources can be doing many things simultaneously. For

example, the Access Grid (http://www.accessgrid.org/) provides a global
8



collaboration network where people from around the world can meet and conduct
work "virtually".

e. Use of non-local resources: Using computer resources on a wide area network, or
even the Internet when local computer resources are scarce. For example:

SETI@home (setiathome.berkeley.edu) uses over 330,000 computers for a computer
power over 528 TeraFLOPS (as of August 04, 2008) and Folding@home
(folding.stanford.edu) uses over 340,000 computers for a compute power of 4.2
PetaFLOPS (as of November 4, 2008)

f. Limits to serial computing: Both physical and practical reasons pose significant
constraints to simply building ever faster serial computers:

e Transmission speeds - the speed of a serial computer is directly dependent upon how
fast data can move through hardware. Absolute limits are the speed of light (30
cm/nanosecond) and the transmission limit of copper wire (9 cm/nanosecond).
Increasing speeds necessitate increasing proximity of processing elements.

¢ Limits to miniaturization - processor technology is allowing an increasing number of
transistors to be placed on a chip. However, even with molecular or atomic-level
components, a limit will be reached on how small components can be.

e Economic limitations - it is increasingly expensive to make a single processor faster.
Using a larger number of moderately fast commodity processors to achieve the same

(or better) performance is less expensive.

2%

0%
1%

@ Academic
m Classified
0O Government
O Industry

B Research

@ Vendor

61%

Figure. 2.2a: Parallel computing case studies
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Figure. 2.2b: Areas of application of parallel computing

2.2.1. Some Concepts and Terminologies

Like everything else, parallel computing has its own "jargon". Some of the more

commonly used terms associated with parallel computing and used in this thesis are

listed below.

Task

A logically discrete section of computational work, a task is typically a program or

program-like set of instructions that is executed by a processor.

Parallel task

A task that can be executed by multiple processors safely (yields correct results)

Serial execution

Execution of a program sequentially, one statement at a time: In the simplest sense, this

is what happens on a one processor machine. However, virtually all parallel tasks will

have sections of a parallel program that must be executed serially.

Parallel execution

Execution of a program by more than one task, with each task being able to execute the

same or different statement at the same moment in time.
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Pipelining
Breaking a task into steps performed by different processor units, with inputs streaming

through, much like an assembly line; a type of parallel computing.

Shared memory

From a strictly hardware point of view, describes a computer architecture where all
processors have direct (usually bus based) access to common physical memory. In a
programming sense, it describes a model where parallel tasks all have the same
"picture” of memory and can directly address and access the same logical memory

locations regardless of where the physical memory actually exists.

Symmetric multi-processor (SMP)
Hardware architecture where multiple processors share a single address space and

access to all resources; shared memory computing.

Distributed memory

In hardware, refers to network based memory access for physical memory that is not
common. As a programming model, tasks can only logically "see" local machine
memory and must use communications to access memory on other machines where

other tasks are executing.

Communications

Parallel tasks typically need to exchange data. There are several ways this can be
accomplished, such as through a shared memory bus or over a network, however the
actual event of data exchange is commonly referred to as communications regardless of

the method employed.

Synchronization

The coordination of parallel tasks in real time, very often associated with
communications. Often implemented by establishing a synchronization point within an
application where a task may not proceed further until another task(s) reaches the same
or logically equivalent point. Synchronization usually involves waiting by at least one
task, and can therefore cause a parallel application's wall clock execution time to

increase.

11



Granularity

In parallel computing, granularity is a qualitative measure of the ratio of computation to
communication. Coarse: relatively large amounts of computational work are done
between communication events. Fine: relatively small amounts of computational work

are done between communication events

Observed speedup
Observed speedup of a code which has been parallelized, defined as: Wall-clock time of
serial execution and wall-clock time of parallel execution. This is one of the simplest

and most widely used indicators for a parallel program's performance.

Parallel overhead

The amount of time required to coordinate parallel tasks, as opposed to doing useful
work. Parallel overhead can include factors such as: task start-up time,
synchronizations, data communications, software overhead imposed by parallel

compilers, libraries, tools, operating system, and task termination time
Massively parallel

This refers to the hardware that comprises a given parallel system having many
processors. The meaning of "many" keeps increasing, but currently, the largest parallel

computers can be comprised of processors numbering in the hundreds of thousands.

Scalability

Refers to a parallel system's (hardware and/or software) ability to demonstrate a
proportionate increase in parallel speedup with the addition of more processors. Factors
that contribute to scalability include: hardware particularly memory-cpu bandwidths and
network communications, application algorithm, parallel overhead related,

characteristics of your specific application and coding

Multi-core processors

Multiple processors (cores) on a single chip.

Cluster computing
Use of a combination of commodity units (processors, networks or SMPs) to build a

parallel system.

12



2.2.2. Message Passing Model
The message passing model demonstrates the following characteristics:

a. A set of tasks that use their own local memory during computation. Multiple tasks
can reside on the same physical machine and/or across an arbitrary number of
machines.

b. Tasks exchange data through communications by sending and receiving messages.

c. Data transfer usually requires cooperative operations to be performed by each

process. For example, a send operation must have a matching receive operation.
Implementations:

From a programming perspective, message passing implementations commonly
comprise a library of subroutines that are imbedded in source code. The programmer is
responsible for determining all parallelism. Historically, a variety of message passing
libraries have been available since the 1980s. These implementations differed
substantially from each other making it difficult for programmers to develop portable
applications. In 1992, the MPI Forum was formed with the primary goal of establishing
a standard interface for message passing implementations. MPI is now the "de facto"
industry standard for message passing, replacing virtually all other message passing
implementations used for production work. Most, if not all of the popular parallel
computing platforms offer at least one implementation of MPI. For shared memory
architectures, MPI implementations wusually don't use a network for task
communications. Instead, they use shared memory (memory copies) for performance

reasons.
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Machine A Machine B
task 0 task 1
data » data
send() recv()

Network
task 2 task 3
data < data
recv() send()

Figure 2.3: Parallel programming model (message passing model)

2.2.3. Data Parallel Model
The data parallel model demonstrates the following characteristics:

a. Most of the parallel work focuses on performing operations on a data set. The
data set is typically organized into a common structure, such as an array or cube.

b. A set of tasks work collectively on the same data structure, however, each task
works on a different partition of the same data structure.

c. Tasks perform the same operation on their partition of work, for example, "add 4
to every array element”.

d. On shared memory architectures, all tasks may have access to the data structure
through global memory. On distributed memory architectures the data structure
is split up and resides as "chunks" in the local memory of each task.

Implementations:

Programming with the data parallel model is usually accomplished by writing a
program with data parallel constructs. The constructs can be calls to a data parallel
subroutine library or, compiler directives recognized by a data parallel compiler. The

compiler directives, allows the programmer to specify the distribution and alignment of

14



data. Fortran and C implementations are available for most common parallel platforms.
Distributed memory implementations of this model usually have the compiler convert
the program into standard code with calls to a message passing library (MPI usually) to

distribute the data to all the processes. All message passing is done invisibly to the

programmer.
Array |
/X /
fori:=1, 150 for i ;= 151, 300 fori:=m,
cli] := alil*Heart cli] ;= a[i]*Heart cli] := alil*Heart
endfor endfor endfor
task one task two  ............. task n

Figure 2.4: Parallel programming model (data parallel model)

2.3. Analysing Sequential Algorithm

The design and analysis of sequential algorithms is a well developed field, with a large
body of commonly accepted results and techniques. This consensus is built upon the
fact that the methodology and notation of asymptotic analysis (the so-called “big-O”
notation) deliver results which are applicable across all sequential computers,
programming languages, compilers and so on. This generality is achieved at the expense
of a certain degree of blurring, in which constant factors and non-dominating terms in
the analysis are simply ignored. In spite of this, the approach produces results which
allow useful comparisons of the essential performance characteristics of different
algorithms which are reflected in practice when implemented on real machines, in real

15



languages through real compilers. For example, merge-sort with its ® (n log n) run time
is (in the worst case) an asymptotically better sorting algorithm than insertion sort (®
(n2)) on any normal sequential machine (although the actual problem size at which the
dominance becomes apparent will vary from implementation to implementation).
Underpinning this work is the “Random Access Machine” (RAM) model which is an
abstraction of the essential capabilities and cost characteristics which unite all
sequential machines. The notation allows the description of “upper bounds” (with O()),
“lower bounds” (with Q()) and “tight bounds” (with ®()) on the behaviour of functions
representing the time or space requirements of an algorithm as its input problem size

grows.

2.4. Analysing Parallel Algorithms

The sequential world benefits from a single universal abstract machine model (the
RAM) which accurately (enough) characterizes all sequential computers and from a
simple criterion of “better” for algorithm comparison (“less is better”, usually of run
time, and occasionally of memory space). Thinking parallel, we immediately encounter
two complications. Firstly, and fundamentally, there is no commonly agreed model of
parallel computation. The diversity of proposed and implemented parallel architectures
IS such that it is not clear that such a model will ever emerge. Worse than this, the
variations in architecture capabilities and associated costs mean that no such model can
emerge, unless we are prepared to forgo certain tricks or shortcuts exploitable on one
machine but not another. An algorithm designed in some abstract model of parallelism
may have asymptotically different performance on two different architectures (rather
than just the varying constant factors of different sequential machines). Secondly, our
notion of “better” even in the context of a single architecture must surely take into
account the number of processors involved, as well as the run time. The trade-offs here
will need careful consideration. In this research work we will not attempt to unify the
irretrievably diverse. Thus we will have a small number of machine models and will
design algorithms for our chosen problems for some or all of these, however, in doing
so we still hope to emphasize common principles of design which transcend the
differences in architecture. Equally, in some instances, we will exploit particular

features of one model where that leads to a novel or particularly effective algorithm.
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Parallel algorithms are developed using independences among data to be processed. For
example, we can easily develop a parallel algorithm to compute a rhotrix-vector
multiplication. The reader should note that the linear system of equation of the form

R, X =Dbhas been studied in Aminu (2010), where R, is an n-dimensional rhotrix and b is

the right hand side rhotrix vector:

For instance, given a rhotrix R, and a vector x, find b such thatR x=b.

Obviously, each entry of x is independent entries of y , so we can compute all entries in

parallel. On the other hand, it is difficult to parallelize algorithms which process data

with dependences. For example, we consider algorithm which computes X, ,,,,, defined

by recurring formula:

for0< x,<land0<a

To compute X, ,, it is necessary to know x, . So, this algorithm is sequential, or we have

n+1,

to find other property of x, to parallelize.

2.5. Review of Cannon’s Algorithms and Block Rhotrix Operations

Cannon (1969) presented a systolic approach for parallel multiplication of two square
dense matrices distributed on square processor grids. The principle of Cannon’s
algorithm is that the computing of the sub-matrices Cpq on processor-(p,q) needs all the
sub-matrices of Ay in the p™" processor row and all the sub-matrices of By, in the q"
process column, where 0 < k <P. Cannon’s algorithm works circularly to shift matrix A
in the row dimension and matrix B in the column dimension so that each process gets
fresh sub-matrices A,k and By q after each shift step and then updates the partial results
of sub-matrices Cpq in each process. The repeating update and shift process is systolic.
However, in order to multiply sub-matrices of A and B correctly in each process,
Cannon’s algorithm need to align matrices A and B initially so that the indices of sub-
matrices A and B match canonically. Cannon only considered square matrix

multiplication on square process grids. The Cannon algorithm is sketched as follows:
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Step 1: Initially align matrix A.

Step 2: Initially align matrix B.

Step 3: Update partial C by multiplying sub-matrices A and B in each process.
Step 4: Circularly shift matrix A along the row dimension.

Step 5: Circularly shift matrix B along the column dimension.

Step 6: Repeat Step 3 through Step 5 P times (where P = Q).

Step 7: Align matrix A to restore the initial distribution.

Step 7: Align matrix B to restore the initial distribution.

Cannon algorithm, on the other hand is a memory-efficient version of a simple
algorithm. We can equally extend the application of this algorithm on rhotrix
multiplication by simply partitioning rhotrices R and Q into p square blocks of
submatrices as shown in Figure 2.5a and 2.5b respectively, Abdullahi et al (2010).

The processes are labelled from Poo to Py,q, vpa and initially assign partitioned

submatrixes A and Bjjto process Pjj .

Although every process in the i-th row requires sgrt(p) submatrices Aix ( 0 <k <
sqrt(p) ) it is possible to schedule the computation of the sqrt(p) processes in the i-it

row such that , at any given time, each process is using a different Ajx .

These blocks can be systematically rotated among the processes after every submatrix

multiplication so that every process gets a fresh Ajx after each rotation.

If an identical schedule is applied to the columns, then no process holds more than one
block of each matrix at any time, and the total memory requirement of the algorithm over
all the processes is ©(n?). Cannon algorithm is based on this idea. The first
communication step of the algorithm aligns the blocks of A and B in such a way that
each process multiplies its local submatrices. This alignment is achieved for matrix A by
shifting all submatrixes Aj; to the left (with wraparound) by i steps. All submatrices Bj;

are shifted up by j steps.

These are circular shift operation:
After a submatrix multiplication step , each block of A moves one step left and each
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block of B moves one step up (with wraparound). A sequence of sqrt(p) such
submatrix multiplications and single step shifts pairs up each Ajx and By for k (0 <k <
sqrt(p)) at P;; completes the multiplication of matrices A and B. Given below are

rhotrices R and Q of dimension 15

a8,8
bl,l
b2,1 dl,l b12
b3,1 d2,1 b2,2 dl 2 bl,3
b4‘1 d3,l b3,2 d2,2 b2,3 d13 b1‘4
b5,l d4,l b4,2 d3,2 b3,3 d2,3 b2,4 dl,4 bl,S
b6,l d5,1 b5,2 d4,2 b4,3 d3,3 b3,4 d2,4 b2,5 d15 bl,G
b7,1 d6,1 bG,Z dS,l b5,3 d4,3 b4,4 d3,4 b3,5 d2,5 b2,6 dl 6 b1,7
Q15 = b8 1 d7,1 b7 2 dG,Z b6,3 d5,1 b5,4 d4,4 b4 5 d3 5 b3,6 dZ 6 bZ 7 d1,7 bl,B
b8,2 d7 2 b7,3 d6,3 b6,4 d5,1 b5,5 d45 b4,6 d3,6 b3,7 d2,7 2,8
b8,3 d7,3 b7,4 d6,4 b6,5 d5,1 b5,6 d4,6 b4,7 d3,7 b3,8
b8,4 d7,4 b7,5 d6,5 bB,G d5,1 b5,7 d4,7 b4,8
b8,5 d7,5 b7,6 d6,6 b6,7 d5,1 b5,8
b8,6 d7,6 b7,7 d6,7 b6,8
b8,7 d7,7 b7,8
b

@®
[
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Figure 2.5a: Blocking process for fifteen dimensional rhotrix Rys with main entries a and hearts d
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Figure 2.5b: Blocking process for fifteen dimensional rhotrix Qs with main entries b and hearts e

The blocking process in Figure 2.5a and 2.5b is similar to those found in matrix
blocking technique obtained using cannon algorithm. The fifteen dimensional rhotrix
above was blocked into sixteen partitions comprising of rhotrix main entries and the
heart elements denoted by a, b and d, e. Those elements outside the blocks are mapped
to their corresponding elements having the same index numbering, thereby allowing

them to belong to the same partitioned blocks.

2.5.1. Rhotrix-Rhotrix Multiplication: Cannon’s Algorithm Method
¢ Consider n dimensional rhotrices R, and Q, partitioned into p blocks a;;j and b;; (0 <

i,j< Vp)each.

e Process P;j initially stores a;; ,bij and d;; eij and computes block c;; and h;;of the

resulting rhotrix.
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e Computing subrhotrix c;; requires all subrhotrices aiy, by;j and diy, exj for 0 <k <\p.

e Every process in the i row requires all subrhotrices, the all-to-all broadcast can be
avoided by scheduling the computations of the processes of the i" row such that, at
any given time, each process is using a different block ajx and dix by systematically
rotating these blocks among the processes after every subrhotrix multiplication so

that every process gets a fresh a;x and d; x after each rotation.

e |If an identical schedule is applied to the columns of B and E, then no process holds

more than one block of each rhotrix at any time.

2.5.2. Communication Steps in Cannon's Algorithm

Applying the block row-column operation using the cannon’s algorithm method for
rhotrices with main entries A;; , B;j and with corresponding hearts D;; , E;; we consider
cannon’s matrix multiplication algorithm from the point of view of process Pij The
processes are organized into a 2-D mesh, and each process has a block of A, B, D and E
needed for computing C and H respectively. Figure 2.6a depicts the first block
multiplication step. After each block multiplication process P;;j sends its block of A to
the process on its left and receives a new block of A from the process on its right.
Similarly, it sends its block of B to the process above it and receives a new block of B
from the process below it. Figure 2.6b, 2.6¢ and 2.6d shows the second, third and final
block rhotrix multiplication respectively. Summing the results of all block rhotrix

multiplications yields C;; and H;j

The block rhotrix multiplication algorithm for n x n matrices with a block size of (n/q) x
(n/q)

procedure RHOTRIX_MULT (A, B, C, D, E, H)
begin
fori:=0tot-1do
forj:=0tot-1do
begin
{Initialize all elements of C;; and Hy; to zero}

CLi.jl:=0;
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HIi, j] :=0;

fork:=0tot-1do

{Receive message from slave process (worker) i,j}
Cij :=Cij + Aix X Byj;
Hij:= Hij + Dix X Ex;j;

endfor;

endfor;
{Write C and H to output file}
end RHOTRIX_MULT

The following figures illustrates the algorithm for 16 processors:

A. First Alignment B. Second Alignment

AooDoo Ao1Do1 Ao2Do. Ao3Dos AooDoo Ao1Dos Ao2Do2 Aoz Dos
Bo,o Eopo Bi1Ei1 B2 Ez B33z Ess Bo,o Eoo Bo1 Eo1 Bo.2 Eo2 Bos Eos
Ay1D12 Ai,Di Ai13D13 Ai0D1o As0D1o A11Di11 As12D1, A13D13
B1,o E1o Ba1 E21 B3, Esp Bo;s Eos B0 E1po B11 B Bi2E12 B3 Eis
AZ,Z DZ,Z A2,3 D2,3 AZ,O DZ,O Azyl Dzyl AZ,O DZ,O A2‘1 D2‘1 A2‘2 DZ‘Z A2,3 D2,3
B2 E20 B Bz Bo,2 Eo2 Bi3Eis B2o E20 Boi Eaxn B2 Ez2 B3 Eas
As3Ds3 AsoDsp Az1Ds; Asz2D3; AsoDsg As1 D3y Ag2Do> Ao3Do3
B3,0 E3,0 BO‘I E0y1 Bl,Z El,Z Bzyg E2‘3 BS,O ES‘O B3‘1 E3,1 BO‘Z EO,Z Bo‘3 Eo‘3

Figure 2.6a: First block rhotrix Figure 2.6b: Final block rhotrix

multiplication step. A, Band D, E multiplication step. Sub-rhotrix location

after initial alignment after first shift
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C. Third Alignment

Ao0Doo Ao Do Ao2Do2 Ao3Do3 Ao Doo Ag1Do1 Ao2Do2 Ao3Do3
Bo,o Eoo By Eps B, Ezp B33 Ess Bo,o Eoo B11E1 B2 Ezp B33 Ess
Ay1D1a Ai,Di Ai13Da13 AioD1o A11D1s A1>Di Ay13D13 AsoD1g
Bi,o E1o B2 E2s B3 Esp Bo;s Eos B1,o E1o B21E21 B3z Esz Bos Eoz3
Az2 D22 Az3D23 Az0D2p0 Az1Dy1 Az2 Dz Az3Da3 Az0D2p Az1D21
B20 Ezo Bs1 Es1 Bo2 Eo2 BisEis B2o Ezo Bs1Es:1 Bo2 Eo. BisEis
Asz3D33 AsoDsp Az1 D33 As2 D32 Az3D33 AsoDsp Az1D3; As2 D3
Bso Espo Bo1 Eo1 Bi2Eip B3 E2s Bso Esp Bo.1 Eo1 Bi2Ei12 B2 Ezs

Figure 2.6¢: Final block rhotrix Figure 2.6d: Final block rhotrix

multiplication step. Sub-rhotrix location
after second shift

First, align the blocks of A, D and B, E in such a way that each process multiplies its

local submatrices:

Shift sub matrices A;j; and D;;to the left (with wraparound) by i steps.

Shift sub matrices B;jand E;;up (with wraparound) by j steps.

Perform local block matrix multiplication.

Next, each block of A, D moves one step left and each block of B, E moves one

step up (again with wraparound).

Perform next block multiplication; add to partial result, repeat until all the Vp blocks

have been multiplied as shown in Figure 2.6d.

Two rhotrices Q and R are considered for illustration in Figure 2.7a and 2.7b:
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Figure 2.7a: Example of blocking process of fifteen dimensional rhotrix, R

2

Figure 2.7b: Example of blocking process of fifteen dimensional rhotrix Q
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Figure 2.8a: Block of matrices of main and hearts entries of rhotrix R
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Figure 2.8b: Block of matrices of main and hearts entries of rhotrix Q

Computation at Process Poy Coo and Hgo

After the first alignment

1 211 2] [3 12
Co=MtBu=lo 11X 5174 11
3112 3] [8 12
Hoo=PotB =\, 11X 5 3|7|16 24

After the first shift

Coo:Coo'i'AmXBlo:{

3 12
4 11

_312+16 12] [19
14 11] |15 9| |19

Hoo =Hgo + Dyy x Eqgq :|:
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After the second shift

19 247 [2 3] [3 1
Coo=Cant A2 B =l 19 50|*]1 3]"[3 2

[19 24+15 8] [34 32
119 20 |12 7| |31 27

28 197 [1 2] 1 3
oo =Foo # Do xE0 =1 36 31|12 5["[1 1

[28 19+3 51 [31 24
136 31| |7 11| |43 42

After the third shift ¢ _c_ . Aostsoz_zi iHI EHE ﬂ

_[84 32] [11 16]_[45 48
131 27| |5 4] [36 31

31 24 1
Hoo =Hgo + Dyy X By = + X[Z 3]

43 42| |4
{31 24}{2 3}{33 27}
43 42| |8 12| |51 54
2.5.3. Systolic Array
Similar in operation to the Cannon’s algorithm is the systolic array or two-dimensional
pipeline, as it is often referred to. The word systolic has been borrowed from the
medical field, just as the heart pumps blood, information is pumped through a systolic
array in various directions, and at regular intervals(Wilkinson and Allen, 2005). In the
two-dimensional systolic array considered in this thesis, information is pumped from

left to right and from top to bottom. The information meets at interval nodes where the
processing occurs. The same information passes onward (left to right or downward).

Consider a systolic array used to multiply two 4 x 4 matrices, A and B. The elements of
A enters from left and the elements of B enter from the top. The final product terms of C
will be held in the processors, as shown in Figure 2.9. A suitable numbering of
processors uses X and y coordinates starting at (0,0) in the top-left corner. Each
processor, P;;, repeatedly performs the same algorithm (after c is initialized to zero)

which accumulates the required summations.
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recv(&a, pij-1); /I receive from left

recv(&b, pi1); /I receive from right
c=c+a*b; /I accumulate value for c;;
send(&a, pij+1); // send to right

send(&b, pi+1); // send downwards

At Py, first, agoand bgg enter Py, to produce ¢q = agobgo. Both aggand by are passed onward,
o right to Pg 4, and by down to Pyo. Next, Pog receives ao; from the left and by, from above.
After these numbers are multiplied, the product is added to cqp, and ay; and by, are passed
onward. Continuing with each of the other numbers that enter from left and top, finally after

four “cycles,” we get the required results:

Co,0 = 8,000,0 + 891010 + Ao 2020 + 803030

Po1 Operates in a similar manner but receives numbers from Py, to the left one cycle later.
Hence, the numbers from the top are also delayed by one cycle. Py starts with multiplying ago
and by ; and after four cycles obtains the value for ¢, as:

Co1 = Ag,0D0,1 + 891,011 + 892021 + A9 3031

A similar computation occurs with each of the other processors. The computation operates in a
synchronous fashion, timed by the send()s and recv()s. The method is also applicable to
submatrix decomposition, in such a way the submatrices are used in place of the matrix

elements.
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Figure 2.9: Matrix multiplication using systolic array
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2. 6. Background Concept from Group Theory to Complex Analysis

The exponent of matrix multiplication has proved so elusive that it has been given a name o,

which in essence is described as the smallest number such that O(n“**) multiplications suffice for

all¢ > 0. Similarly, since all n?must be part of any computation, @ is clearly at least 2.

The road to the current best upper bound on @ was built on clever ideas and increasingly complex
combinatorial techniques. Many researchers long believed that the standard, O(n®) algorithm was
the best possible. Then, Strassen in 1969 stunned the research world with his O(n*®) algorithm

for multiplying matrices. Still sometimes used in practice, Strassen’s algorithm is reminiscent of a
shortcut, first observed by Gauss, for multiplying complex numbers. Though finding the product
(a+ bi)(c + di) =ac—hbd + (bc + ad)i seems to require four multiplications, Gauss observed that it
can actually be done with three multiplication ac, bd, and (a + b)(c + d), because bc + ad = (a +
b)(c + d) —ac — bd.

Let A, B eC =9R[i]/(i* +1), where A=(a+ib)andB = (c+id),then AB = (ac—bd)+ (ad +bc)i.

This process uses 4 multiplications. How possible is optimality? Certainly by definition:
m, = (a+b)(c+d) = (ac—bd)+bc-ad
m, =bc
m, = ad
AB =(m, —m, + m;)+(m, + m,)i
Thus, complex multiplication is accomplished with only 3 multiplications over ‘R .

2.7. A Review of Strassen’s Algorithm

Strassen in 1969 introduced an algorithm to compute matrix multiplications. This algorithm
reduces the number of multiplications required for computing the product of two 2 x 2 matrices A
and B from eight to seven, by expressing the entries of AB as linear combinations of products of
linear combinations of the entries of A and B. This trick, applied to four blocks of 2" x 2" matrices,

reduces the problem to seven multiplications of 2" x 2" matrices.

30



Let A B,CeR*?

A:(An Alz} B:(Bn Blzj,C:(Cn Cu]
Ay Ay By By, Ca Ca (2.1)

M1 := (ALl + A2,2)(B1,1 + B2,2)
M2 := (A2,1 + A2,2)B1,1

M3 := AL,1(B1,2 - B2,2)

M4 = A2,2(B2,1 - B1,1)

M5 := (A1,1 + A1,2)B2,2

M6 := (A2,1 - A1,1)(BL,1 + B1,2)
M7 := (A1,2 - A2,2)(B2,1 + B2,2)
C1,1= M1 +M4 - M5 +M7
C1,2= M3 +M5

C2,1=M2 +M4

C2,2 =M1 - M2 +M3 +M6

In essence, instead of using the normal 8 multiplications of trivial approach, Strassen’s algorithm
only uses 7. We can continue to apply Strassen’s algorithm recursively to achieve the time

complexity of O(n"*”) = O(n?*"). Considering A, ;, B, ,, and C, , as matrices instead of scalars

i
allows matrix multiplication over N=2" size matrices to be performed using only 7V = 7'°%," =
n'°%,’= O(n*®"). Which means it will run faster than the conventional algorithm for sufficiently

large matrices.

Unless the matrix has a dimension of 2k you cannot apply Strassen’s algorithm directly. A method
called dynamic peeling is able to solve this problem effectively (Huss-Lederman and Jacobson,
1996). Dynamic peeling makes matrix dimensions even by stripping off an extra row or column as

needed, and putting their contributions back to the final result later.
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This interesting feature motivated us to incorporate this algorithm into the present research area.
From our earlier definition of rhotrices, we related its row-column multiplication to be similar in
every aspect with that of matrices multiplication and hence the importance of the present study.
We believe that the Strassen’s algorithm can also be applied to the row-column multiplication of

rhotrices even though; rhotrix is always of odd dimension.

Huss-Lederman pioneered the design of an efficient and portable serial implementation of
Strassen’s algorithm called DGEFMM (Huss-Lederman and Jacobson, 1996). DGEFMM is
designed to replace DGEMM and obtained better performance for all matrix sizes while
minimizing the temporary storage. DGEMM, C = op(A) x op(B) (IBM, 2004).

There are several parallel implementation of Strassen’s algorithm on distributed memory
architectures. The methods typically belong to three classes. The first class is to use the
conventional algorithm at the top level (across processors) and Strassen’s algorithm at the bottom
level (within a processor).One basic application of this is that of the Fox’s Broadcast-Multiply-
Roll (BMR) methods (Fox et al., 1987). Another similar implementation approach is found in
(Ohtaki et al., 2004) but is more focused on a distribution scheme particularly for heterogeneous
clusters. The second class is to use Strassen’s algorithm at both the top and bottom level. Chou et
al. (1995) decomposes the matrix A into 2 x 2 blocks of submatrices, then further decomposes
each submatrix into four 2 x 2 blocks (i.e., 4 x 4 blocks). This way he is able to identify 49

multiplications and uses 7 or 49 processors to perform multiplication concurrently.

Table 2.1 Strassen’s Algorithm

Phase 1

T1=All+A22 T6 =B11 + B22
T2 =A21+ A22 T7=B12 -B22
T3=All+Al2 T8 =B21 — BIl
T4 =A21 - All T9 =B11 + B12

T5=A12—-A22 T10=B21 + B22
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Phase 2

QL=T1xT6 Q5=T3 x B22
Q2=T2xB11 Q6=T4xT9
Q3=Al1xT7 Q7=T5x%xT10
Q4=A22xT8

Phase 3

T1=Ql+ Q4 T3=Q3+0Q1
T2=Q5-Q7 T4=Q2-Q6
Phase 4

Cl1=T1-T2 C12=Q3+Q5
C21=Q2+ Q4 C22=T3 - T4

We equally believe that if such task can be achieved by portioning matrices into sub-blocks of 2 x
2, we can equally extend this method to rhotrices, by a way of partitioning the heart entries into 2
X 2 sub-blocks and then applying the odd dimension techniques of solving the Strassen’s
algorithm as discussed in (Huss-Lederman et al., 1996). The last class is using Strassen’s
algorithm at the top level and the conventional one at the extra matrix additions imposed by
Strassen’s algorithm becomes less compared to the saved matrix multiplication cost. Therefore

Strassen’s algorithm is better used across processors on the top level.

Finally, for matrices with odd dimensions, some technique must be applied to make the
dimensions even, apply Strassen's algorithm to the altered matrix, and then correct the results.
Originally, Strassen suggested padding the input matrices with extra rows and columns of zeros,
so that the dimensions of all the matrices encountered during the recursive calls are even. After the
product has been computed, the extra rows and columns are removed to obtain the desired result.
We call this approach static padding, since padding occurs before any recursive calls to Strassen's

algorithm. Alternatively, each time Strassen's algorithm is called recursively, an extra row of zeros
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can be added to each input with an odd row-dimension and an extra column of zeros can be added
for each input with an odd column-dimension. This approach to padding is called dynamic
padding since padding occurs throughout the execution of Strassen's algorithm. A version of

dynamic padding is used in (Huss-Lederman and Jacobson, 1996).

Let C = AB pe the desired matrix product, and let be a matrix with an even dimension, where *

denotes an unspecified value. Then Strassen’s algorithm can be used to compute
0 *

A A and B B

The product C = AB appears in the upper-left block independent of the values substituted for the
*’s in A and B. The same would be true if the zeros would have been placed in the bottom row of
B instead of the last column of A. In the above diagram one extra row and column has been
inserted; however, if desired, additional rows and columns can be inserted so long as the resulting
matrix has even dimension. Furthermore, the extra rows and columns could have been inserted in
arbitrary locations so long as the column index in the first matrix matches up with the row index in
the second matrix. Typically the extra rows and columns contain zeros and are inserted so that A
and B are in the top-left or bottom-right blocks (Douglas et al., 1994).

Another approach, called dynamic peeling, deals with odd dimensions by stripping off the extra
rows and/or columns as needed, and adding their contributions to the final result in a later round of

fixup work. The fixup is required to include the contribution of the rows and columns that were
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deleted. More specifically, let A be an m x k matrix and B be a k x n matrix. Assuming that m, k,

and n are all odd, A and B are partitioned into the block matrices

Ay 12

where A, has even dimensions, a,, is a column vector, a,,is a row vector, and a,,is a single

element. Similarly,

where B,;, has even dimensions, b, is a column vector, b,, is a row vector, and b,,is a single

element.

Chiy C12 A1 By + apaby Ay1bis + ajabas

1o _UJ_ 1 + a@as t!,'i'g 1 Lo t!)y'.u F oo t{?gg

,.__
]
s
.
L3
%]
%]

where A ,B,, is computed using Strassen's algorithm, and the other computations constitute the

fixup work. In Section 3, we discussed how we actually applied similar Strassen’s technique to

design our own rhotrix multiplication algorithm and coded its computations.
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2.8. Conversion of Rhotrix to Coupled Matrix

It is clear that transposing any rhotrix or matrix is equivalent to rotating its columns through 90° in
an anti-clockwise direction. In the same way, if columns of a rhotrix are rotated through 45°, what
we get is a special form of matrix with missing values. This can further be illustrated by

considering the rhotrix Rs for instance

Bs3 , using half transpose of rhotrices defined in (Sani, 2007), we

have the half transpose of R,denoted by R.'?, as

a; app a3
Cpy Cip
RST 2 = Ay Ay ays (2.2)
Ca Cyo
ag a3, d33

R:'? is known as coupled matrix (Sani, 2007).

where T/2 indicates a rotation through 45° in an anti-clockwise direction and may be termed as
‘half transpose’. The special matrix in (2.2) is like coupling a 3 x 3 matrix with a 2 x 2 matrix,

which is why we can call it ‘a coupled matrix’. In the general case therefore, we have

=R} /2 :<""ij'°|k>T/2 ~(aij k) ~TACTn 2.1)

which is a coupled matrix, coupling a t x t matrix with a(t —1) x (t — 1) matrix, where t = (n+1)/2
as shown in (Sani, 2007). To multiply any two coupled matrices, [Ac]n and [Bd]n, we simply fill
the missing spaces with zeros and multiply as usual for any two matrices. After the multiplication,

we remove the zeros so as to end up with a coupled matrix.
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Thus for two coupled matrices, coupling t x t matrices with (t - 1) x (t - 1) matrices, we get,

t t—1
= RnoQn = <ai1j1’cllk1> ° <bi2j2’d|2k2> - i2?‘1=1(ailj1bi2j2)’ 1o Ciakadizk2)
2.2)

which is the same method of multiplication for rhotrices (Sani, 2007). That means, the t x t
matrices in the two coupled matrices are multiplied together using row—column multiplication and
the (t - 1) x (t — 1) matrices in the two coupled matrices are also multiplied together using row—

column multiplication.

2.8.1. Solving (m x n) x (n x m) and (m-1) x (n—-1) Coupled Matrix Problems

By filling coupled matrix with zeroes, we can have a generalized representation as shown below:

a, 0 a, 0 0 a,
0 Cl 1 0 C12 Clt -1 O
0 Ct—ll 0 Ct—lZ Ct—lt—l O

ay 0 a, 0 0 Ay,

One great advantage of this conversion process could be traced to finding application areas for
rhotrices especially in the field of engineering and industries. The coupled matrix is generally seen
as a supper matrix, and hence makes rhotrix multiplication suitable for application in the domain

of scientific and engineering oriented problems.

For the simple fact that, coupled matrix assumes all the properties of a matrix, then every
computation extended on a matrix is equally applicable to it, and similar representation in a
computer system is assumed possible. Consider the multiplication of any two rhotrices, say Ris
and Q5. The two rhotrices are first coupled to form coupled matrices, [AD] and [BE]. If we fill
the missing spaces of these matrices with zeros as explained in the last section, we get an m x n

and n x m square matrix. The two rhotrix below could then be coupled as:
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ay dy
d,y 3y
az, dy
dy, ag
a,; Oy
dy; 2y,
a5, dy,
dy, Qs
a5 Uss
des g
a5 g
d;s ay
ag, dy
Agg
a,
Ay,
a34
Ayy
a54
a64
a74
a84

alZ
dlZ a13
a23 d13
d23 a24
a34 d24
d34 a35
a45 d35
d45 a46
a56 d46
d56 a'57
a67 d57
d 67 a68
a78
a5
d14
ays
dy,
ass
d,
s
d44
Ass
d54
Qg5
de,
azs
d74
Ags
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by, e, by
b88

_bll b12 bl3 bl4 b15 b16 bl7 b18
ell elZ elS e14 elS el6 e17

b21 b22 b23 b24 b25 b26 b27 b28
eZl e22 e23 e24 e25 e26 e27

b3l b32 b33 b34 b35 b36 b37 b38
e3l e32 e33 e34 e35 e36 e37

b41 b42 b43 b44 b45 b46 b47 b48
B= €1 €42 €43 €44 €45 €46 €47

b51 b52 b53 b54 b55 b56 b57 b58
eSl e52 e53 e54 e55 e56 e57

bGl b62 b63 b64 b65 b66 b67 b68
e61 e62 eG3 e64 eGS e66 e67

b71 b72 b73 b74 b75 b76 b77 b78
e71 e72 e73 e74 e75 e76 e77

b81 b82 b83 b84 b85 b86 b87 b88

We can now fill in the missing spaces with zeros and carry out the multiplication as usual.
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2.8.2. Parallel Computing with Processor Array Overview

The increasing demands for high-performance scientific computations indicate the need for
tremendous computing capability, in terms of both volume and speed. The availability of low-
cost, high-density, fast processing/memory devices will presage a major breakthrough in future
supercomputer designs, especially in the design of highly concurrent processors. Currently
parallel computers can be characterized into three structural classes: vector processors,
multiprocessor systems, and array processors (Hwang and Briggs, 1984). The first two classes
belong to the general-purpose computer domain. The development of these systems requires a
complicated design of control units and optimized schemes for allocation of machine resources.
The third class, however, belongs to the domain of special-purpose computers. The design of such
systems requires a broad knowledge of the relationship between parallel computing algorithms

and optimal-computing hardware and software structures.

It is this last class that we shall focus our parallel algorithm design upon, since it offers a
promising solution to meet real-time processing requirements. Especially, locally interconnected
computing networks, such as systolic and wavefront arrays, are well suited to efficiently
implement a major class of signal processing and large matrix multiplication algorithms due to
their massive parallelism and regular data flow(Kung, 1982). Such architectures promise real-

time solutions to a large variety of advanced computational tasks.

2.8.3. Architectural Considerations in Array Processor Design
There are many important issues in designing array processor systems, such as processor

interconnection, system clocking, and modularity (Kung and Gal-Ezer, 1982). Interconnection in
massively parallel array processors is the most critical issue of the system design, since
communication is very expensive in terms of area, power, and time consumption (Mead and
Conway, 1980). Therefore, communication has to be restricted to localized interconnections. To
avoid global interconnections, local and regular data movements are strongly preferred. This is

the most salient characteristic of systolic and wavefront arrays.

The clocking scheme is also a very critical issue. In the globally synchronous scheme, there is a
global clock network which distributes the clock signal over the entire array. For very large

systems, the clock skew incurred in global clock distribution is a nontrivial factor, causing
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unnecessary slowdown in the clock rate (Mead and Conway, 1980). Under this circumstance, the

self-timed scheme is more preferable.

Large design of layout costs suggests using repetitive modular structures, that is, a few different
types of simple (and often standard) cells. Thus we have to identify the primitives that can be
implemented efficiently and optimally realize the potential of new device technologies.
Programmable processor modules (as opposed to dedicated modules) are favoured due to cost-
effectiveness considerations. The high cost of designing such modules may be amortized over a
broader application domain indeed; a major portion of scientific computations can be reduced to a
basic set of matrix operations and related algorithms. These should be exploited in order to

simplify the hardware module.

2.8.4. Mapping Parallel Algorithms onto Locally Interconnected Computing Networks
An array processor is composed of an array of processor elements (PE) with direct (static) or

direct (dynamic) interconnections, including linear, orthogonal, hexagonal, tree, perfect-shuffle, or
other types of structure. The most critical issue is communication, that is, moving data between
PE’s in a large-scale interconnection network. Correspondingly, a communication-oriented
analysis on parallel algorithms will be most useful for mapping algorithms onto the arrays. To
conform with the constraints imposed by VLSI, this research work will emphasize a special class
of algorithm, that is, recursive and locally dependent algorithms (in a recursive algorithm, all
processors do nearly identical tasks and each processor repeats a fixed set of tasks on sequentially

available data).

For proper communication in an interconnected computing network, each PE in the array should

know:

1. Where to send (or fetch) data, and
2. When to send (or fetch) data

When mapping a locally recursive algorithm onto a computing network, it allows a simple
solution to the question “where to send the data?” because the data movements can be confined to
nearest neighbour PE’s. Therefore, locally interconnected computing networks will suffice to

execute the algorithm with high performance. The conventional approach to the second question
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“when to send the data?” is to use a globally synchronous scheme, where the timing is controlled
by a sequence of “beats” (Ullman, 1984). A prominent example is the systolic array (Kung,
1982). However, locality can have two meanings in array processor designs: localized data
transactions and /or localized timing scheme (that is, using self-timed, data-driven control). In
fact, the class of locally recursive algorithms permits both locality features; these should be
exploited in the architectural designs. An example for such a design is the wavefront array (Kung
etal., 1982).

2.9. Conclusion

In this section we presented a review work on the possibility of parallelising rhotrix multiplication
using Cannon algorithm for equation (1.3), the aim was to achieve a faster computational result
through partitioning of rhotrix elements in block form. This method seems not to leave rhotrix
with any uniqueness as its still relate the procedure to that of existing matrix multiplication, thus,
we intend to build upon this lapses found during partitioning and movement of the data entries for
matrix which might not be feasible for a rhotrix. In the next section, we explore a more promising
algorithmic approach for multiplying n-dimensional rhotrix in both sequential and parallel

environment.
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CHAPTER THREE: SEQUENTIAL AND PARALLEL ALGORITHMIC DESIGN FOR
RHOTRIX MULTIPLICATION

3.1. Introduction
In this chapter, we discuss algorithm design for both sequential and parallel rhotrix multiplication.

The design issues will cover the two well known method of rhotrix multiplication which are
known as the heart-oriented multiplication by Ajibade (2003) and row-column multiplication by
Sani (2004) from literature. It is cognisant to note that both methods actually differ by their
approach, logic in which rhotrix multiplication is performed and likewise result obtained. First,
we present Ajibade’s method; in this case we consider a direct multiplication of rhotrix main
elements with just a single heart of the opposite multiplicand. Then we also consider Sani’s
method, whose approach likened rhotrix multiplication to the well known conventional row-
column square matrix multiplication.  Finally, algorithmic designs for these methods are

presented.

3.2. The Algebra of Vector dot-product
This section is almost a digression. It is devoted to the study of the simplest variant of the
problem. In mathematics, the dot product, also known as the scalar product, is an operation which
takes two vectors over the real numbers, R, and returns a real-valued scalar quantity. It is the
standard inner product of the Euclidean space. In Euclidean geometry, the dot product, length, and
angle are related: For a vector a, a.a is the square of its length, and more generally, if b is another
vector
a.b=|al.|b|cos @

Where

e |a] and |b| denote the length (magnitude) of a and b,

e (@ isthe angle between them.
Since |alcos(€#) is the scalar projection of a onto b, the dot product can be understood
geometrically as the product of the length of this projection and the length of b.
In linear algebra, the dot product of two vectors a = [a;, ay,...... an] and b = [by, by, ... by] is

defined as follows:

ab=>a -b =ayby +axb; +... + ahy
i=1
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The rhotrix main entries (vectors) or elements to heart multiplication could in some ways be
likened to the same mathematical scalar dot product described above. In this paper, we aim to find
an efficient implementation of this product computation on computers system. This
implementation can also be considered an issue of prime importance when providing such systems
with scientific software libraries or applications which use the dot product computation as data
processing, especially for such area as rhotrices algebra which is a relatively new field of study.

3.2.1. Heart-Oriented Rhotrix Multiplication
A set of rhotrices of dimension three was defined in (Ajibade, 2003) and extension in the

dimension was considered possible. For instance a set of rhotrices of dimension five can be

defined as
a
) b c d
R=4{e f h(R) h i ):abcCh..meRb (3.2.1)
i ko1
m

where h(R) is called the heart of R. The heart of a rhotrix is always defined as the element at the

perpendicular intersection of the two diagonals of a rhotrix.

The first method for multiplication of three dimensional rhotrices was defined in (Ajibade, 2003),
and can be extended to n dimensional rhotrix. Of interest in this paper for the sake of illustration

and clarity is five dimensional rhotrices depicted as follows:

a n
b c d o] p q
R.oQ.=(e f h(R) h i ol r s h@Q t u (3.22)
j k I vV W X
m y

It should be noted that, the general concept of rhotrices is still at its elementary stage of development, as we
are yet to establish a generalized form for its multiplication. Having ascertained this belief, the
multiplication denoted by <, can be defined in many ways, but in this section we defined rhotrix
multiplication based on the initial method given by (Ajibade, 2003), but with an extension to n dimension.
The multiplication of the two rhotrices above is given by;
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ah(Q) + nh(R)
bh(Q) +oh(R) ¢ch(Q)+ ph(R) dh(Q) +qh(R)
=( eh(Q)+rh(R) tH(Q)+sh(R)  h(RN(Q)  hh(Q)+th(R) ih(Q)+uh(R) ) (3.2.3)
jn(Q)+Vvh(R) kh(Q)+wh(R) Ih(Q)+xh(R)
mh(Q) + yh(R)

Presented as part of this research work, is a generalized multiplication algorithm of n-dimensional
rhotrix; which is an extension of work presented in (Ajibade, 2003). The main objective of this
section is to establish an ideal multiplicative concept and algorithm design suitable for higher
dimensional heart-oriented rhotrix multiplication and present them for both sequential and parallel

computation(Ezugwu et al, 2011a).

Ajibade (2003), indicated that the dimension of a rhotrices can be increased although a rhotrix

would always have an odd dimension. He also indicated that a rhotrix R, of dimension n will have

R,|entries where|R, | =1(n® +1). Let’s consider generalizing any given rhotrix R, with entries

a, a,, .oy and we assume that the following holds:

1(n2 ’
E(n +1)

e |If we denote the number of entries in a rhotrix by N, then the middle entry, known as the

heart element, can be expressed as H =+ (N +1) from statistical distribution expression for
median. In our case, the value of H indicates the index of the heart entry.

I +1)+1
e Similarly if N =|R | thenN =1(n?+1), hence,H = ( +)+ 1[ 3].

Some results: we can derive a generalization for high dimensional rhotrix by considering
some sequence of 3, 5, 7, 9 etc dimensional rhotrices as illustrated below:

For a rhotrix of dimension 3, we have2x1+1=3

For a rhotrix of dimension 5, we have2x2+1=5

For a rhotrix of dimension 7, we have 2x3+1=7

For a rhotrix of dimension 9, we have2x4+1=9
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For a rhotrix of dimension n, we have 2 xk+1=n

Where k is the k™ term of the incremental value and n is the dimension of the rhotrix(which is

always an odd number), and then we have: k =1 (n—-1) or ng

e Again, if we denote the direction of the leftmost entry of a rhotrix by L and the number

of entries by |R,| = £ (n® +1) then the rhotrix entry at L is given by L :%[n2 +3|- n-1

2
or L=H-K

e Similarly, the rightmost rhotrix entry denoted by R, is given by R = % [n2 +3]+n7_1
or L=H+K

e It is important to note that L and R denote the leftmost and the rightmost indices of a
and b respectively in the rhotrix. This is represented as:

al
a, a, a,
a5 a6 a‘7 aS a9
2 n-1 2 1,, n-1
_ =(n +3)—T (n“+3) Z(n +3)+T

a a a a
1,, 1, 1., 1 5 1 5
E(n +1)-8 E(n +1)-7 E(n +1)-6 E(n +1)-5 E(n +1)-4
a a
%(nzu)fs %(nzu)fz %(n2+l)—1

1 2
—(n°+1
2( )
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b, b, b,
b b b, b b,

1 n-1 1 1 n-1

Qn _ Z(n2+3)7T Z(n2+3) Z(n2+3)+7
%(n2+l)—8 %(n2+l)—7 %(n2+1)—6 %(n2+l)—5 %(n2+l)—4
%(n2+1)—3 %(n2+1)—2 %(n2+l)—1
%(n2+1)
(3.2.49)
We further simplify equation (3.2.4) as follow:
) 1m?+1)+1 n-1 1m?+)+1+n-1 in*+i4n
Since R = 2 { 5 ) + 5 then R = 2 )2 2 2 which implies that
R_ln2+l+ﬂ_n2+2n+l
4 4 2 4

We also do the same for L

Since L=

_ 1N+ +1-n+1 _ In+1+1-n+1

1(n2 _
2(n +1)+l_n 1 then L
2 2 2

n>—-2n+5
4

2

1 5 2n
L==n"+———=
4 4 4
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a'5
an2—2n+5
R, = 4

1 2

—(n“+1)-8

2( )

by
n%-2n+5
Q = i

1 2
—(n“+1)-8
2( )

1 5
=(n“+1)-7
2( )

a
%(n2+l)—3

12
—(n“+1)-7
2( )

1
—(n“+1)-3
2( )

1 5
—(n°+3
4( +3)

1 2
—=(n“+1)-5
2( )

1 2
—(n“+1)-1
2( )

12
—(n“+1)-5
2( )

12
—(n“+1)-1
2( )

1 2
=(n“+1)-4
2( )

1.2
—(n“+1)-4
,(7+D)

n?+2n+1

n?+2n+1
4

(3.2.5)

Substituting the values n =3, n =5 and n = 7 in equation (3.4.1) we have the following rhotrices:

. a,
a2 a3 a4
= , and
Re=l2 & &) (4 4o a a a
% a, a, a,
a,

a, a,

2T

,respectively.

Similarly, from (3.2.4), we can express the multiplication of any two heart-oriented rhotrices in

the following way.
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a, a, a,
a5 a6 a‘7 a8 a'9
Loz ML 12
Rn o Qn Z(n +3) 2 4(n +3)
1, 1, 1, 5 1 5 12
E(n +1)-8 E(n +1)-7 E(n +1)-6 E(n +1)-5 E(n +1)-4
a
1 2 1 2 1 2
E(n +1)-3 E(n +1)-2 5(n +1)-1
%(n2+1)
b,
b, b, b,
bs b b, b b,
Linzyg "t L2 L2
4(n +3) 5 4(n +3) 4(n
%(n2+l)—8 %(n2+l)—7 %(n2+l)—6 %(n2+l)—5 %(n2+1)—4
%(n2+l)—3 %(n2+l)—2 %(n2+l)—1
%(n2+l)
Cl
c, C, c,
Cs Ce c, Cq Cy
12,91 12
Rn o Qn _ (n“+3) 5 4(n +3)
1(n2+l)—8 Ci(n2+1)77 i(n2+l)—6 1(n2+l)—5 i(n2+1)—4
2 2 2 2 2
L €, L
E(n +1)-3 E(n +1)-2 E(n +1)-1
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—(n“+1
2( )
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=(n“+3)+—
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c
%(nz+l)—8

Cy

2
—(n“+1)-3
2( +1)

where Cjis an expression in terms of &, and b,

Definition (heart-oriented multiplication)

&
a2 a3 a4
Let B = {( a a, a a a8, jand(s
8o &y @
&3

C
%(n2+1)—7

or

C;
C, C,
¢, Cq Co
1 5 n?+2n+1
J°43) :
Cy C, C,
2 2 2
E(n +1)-6 E(n +1)-5 E(n +1)-4
C, Cy
2 2
E(n +1)-2 E(n +1)-1
%(nzﬂ)
(3.2.6)
b, b, b,
b. by b, by by ) be two rhotrices of
b, by by
by

dimension 5 with entries from R, the set of real numbers. We follow the multiplication (called

heart-oriented multiplication in this thesis) which was first defined in (Ajibade, 2003) on rhotrices

of third dimension as follows:

a,
a, a; &,
RsoQs= as a; a, a; @, )o( by
Qo a3 8
a3

51

b,
b, b,

b, by by )=
b, b,
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a by
a 3a; q, b, by, b,
b,o{ as a a, a a )*a;o( by by b, by Db
a'lO a'll alZ blO bll b12
13 b13
ab, +a;b
ab, +ab, ab +ab, ab, +ab,
ab, +ab, ab, +ab a,;b, agh, +ab;  agb, +a,b, (3.2.7)
a10b7 + a7blO a11b7 + a7b11 a12b7 + a'7blZ
a:l.3b7 + a7bl3
This can be expressed in the following way:
C1= aib7+ biay C2 = axb7 + boay C3= asb7 + baay Ca= a4b7 + baay
Cs = a5b7 + b5a7 Ce = asb7 + b63.7 Cr7= b7 Xay Cg= agb7 + bga7
Co = agh7 + hoay C10= a10b7+ b1oar C11= a11b7+ buiay Ci2 = A12b7 + b1287
C13= 1307+ D13ay (3.2.8)

where a; and b7 denote the hearts indices defined by %[n2 +3] of the two rhotrices, the resulting

value of c; is the product of the two hearts from the two rhotrices. We can now extend this to

accommodate rhotrix of arbitrary dimension. Going by (3.2.8), we can represent the rhotrix’s heart

entry as CI and b%[rm], respectively. Equation (3.2.8) can be represented in rhotrix for as:
Cl
c, C, C,
RgcQs=C=( ¢, Cc, C;, Cg; G (3.2.9)
ClO Cll C12
C13

In general, given two rhotrices R, and Q, of dimension n, the entries of the heart-oriented product

C, of R, and Qn can be expressed as follows:

C =A, . . .a +a )+(@1-A)(a

n*+3] i 1In%+3] bi

), fori=12,..,4(n* +1) (3.2.10q)

1In%+3] b%[n2+3]

or
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C =b,

4

[n%+3] X + a%[nhs]

xb -4, Ae{0L}

(3.2.10b)
where A = 0 when the index value corresponds to that of the heart and A = 1 where otherwise. This

condition is further illustrated in Table 3.2a and 3.2b.

Alternatively, suppose that we now represent the n-dimensional rhotrix in equation (3.2.5) by

R, =(a, a,)where of course a,and a, represents the a, entries and its heart respectively, with i

Consider an i dimensional rhotrix, having number of entries| R |=3(i* +1) . Let i be the mean of

these entries computed as shown in Table 3.2a and Table 3.2b:

Table 3.2a Setting conditions for A over a three dimensional rhotrix entries

i i i—i | i-i]

1 [3 -2 2

2 |3 -1 1 =0
3 |3 0 0 r=1
4 |3 1 1

5 |3 2 2 =0

Table 3.2b Setting conditions for A over a five dimensional rhotrix entries

1 |7 -6 6

2 |7 -5 5
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4 |7 -3 3
A=0
5 |7 -2 2
6 |7 -1 1
7 |7 0 0
r=1
8 |7 1 1
9 |7 2 2
10 |7 3 3
A=0
11 |7 4 4
12 |7 5 5
13 |7 6 6

Let the heart entry of rhotrix Q, denoted by b, multiply all the entries of rhotrix R, denoted by a,
and vice versa for the heart entry of the rhotrix R, denoted bya,. Subsequently, the two
corresponding hearts of R and Q, multiply each other as a single resulting product. Based on the

derived value of A, we can then define a function on A as:

0, |i—i|>0
1, |i-i|=0

1=

We define multiplication thus, of any two heart-oriented rhotrices of the same dimension as

follow:
R, °Q, =b,(a;)+a,(b;)o(1— 1)
It follows that,

| by(a) fori=h, 1=1
" b.(a)+a,(b) fori=h A=0
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we can thus generalize this as.

C, =b,(a)+a,(b)d-1) (3.2.11)

Where A=1fori=handA=0fori#h

It can also be verified further, though not discussed in this work that multiplication of any two
rhotrices is commutative, associative, and distributive over addition. Hence we say that the set R
of all rhotrices is a commutative algebra (Ajibade, 2003).

Let us consider the multiplication of the following pair of rhotrices.

2 2
3 1 4 4 5 2
RioQ,=( 4 2 4 5 3 )o(1 3 10 5 3
1 5 4 2 1 2
6 4
2*10+2*4

3*10+4*4 1*10+5*4 4*10+2*4
R, cQ,=R=( 4*10+1*4 2*10+3*4 4*10 5*10+5*4 3*10+3*4
1*10+2*4 5*10+1*4 4*10+2*4
6*10+4*4
Substituting this computation into (3.2.8), we then have:

R = 2*1042%4 R, =3*10+4*4 R, =1*1045%4 R, = 4%10+2%4
Ro= 4*10+1*4 R = 2*1043*4 R = 4*10 Ry = 5*10+5*4
Ry= 3*1043%4 R =1*10+2%4 R, =5%10+1*4 R, = 4*10+2*4

Ry = 6*10+4%4

46 30 48
RoQ.=( 44 32 40 70 42
18 54 48
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The obtained result differs with that of Sani’s row-column method of rhotrices multiplication
(Sani, 2004) and (Sani, 2007); this might be, of course, due to the simple facts that the approach
given in (Ajibade, 2003) preferred to identify rhotrices as a unique mathematical algebraic objects
different from the traditional matrix algebra. The two hearts-oriented multiplication algorithm for

single and double array indexing is as shown below

Algorithm 1: Algorithm for Heart-oriented Multiplication of Rhotrices

Input:
h :%[n2 +3]

af0.k]
b[0..k]
Output:
c[0.K]
fori=:1to k

i16==1[q))

c[i] ~ ali]~b[i];

else
cli] « bIh]xa[i]+afh]xbli];

endif

endfor

3.2.2. Row-Wise Heart-Oriented Rhotrix Multiplication

The row-wise rhotrix multiplication tends to put into consideration the position and direction of
each entry in the cause of the multiplicative operations. The operation is performed in a row-wise
direction indicated by the entry indices i and j. The index i indicate the row entry position while
the index j indicates the row direction. The general representation of the row-wise rhotrix is as
depicted in (3.2.12). It is important to note that division in this case are all integer division, since

we are less concerned with the resulting decimal values.
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Definition: The row of any given rhotrix is an array of entries running diagonally from the top-

most left to the bottom rightmost direction of the rhotrix.

a,
as, a,, a,,
854 a4y sy ay,
Ay o aL’fl{LﬁJ
R, = 2 4
a
n M, LY P} n-3 24
2 2 2 2
a a
’Lﬂ_l _1'L+1_1 n—2 n+l
2 2
a n+l
LS

a
Yo (3.2.12)

We use commas in (3.2.12) to avoid any ambiguity with respect to the array indexes separation.

Further simplification of equation 3.2.12 gives:

all
a‘31 a‘21 a‘lZ
a51 41 a32 a22
an,l LNy N Ny aL‘Fl\‘L‘FaJ
Rn = 2 4
a a _ a _ a _
n 38 ng 3 n2 Mt n3 1
2 2 2
a a
s P! P!
2
a n+l
n——
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e (3.2.13)
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a31 a21 alZ 31 b21 b12
a51 a41 aSZ a22 a‘l3 bsl b41 b32 b22 b13
anl n+l|n+ a n+l bnl n+l|n+ ' b n+l
0 - e ), bl s
a n-3 a n-3 a Zn—l 3n—l a 4n+1 b n-3 b 1n 3 b anl b 3n—l 4n+1
n,T n—l,T n- T n-. 7 - T n— n-. T n- T n-. T T
a n-1 1n—l a 2n+1 bn—l b 1n—l b 2nAl
n,T n-: > n- > nT n-: - n- e
a nit b n+l
(3.2.14)
Ciy
C31 C21 C12
CSl C4l C32 CZZ Cl3
Cot - an{an C na

C, = 2 4 2 (3.2.15)

Comrty Cyma, Cpnay € pna €

2 2 2 2 2
L Py
2 2 2
c n+l
o 1t
2
Definition: (Row-wise heart-oriented rhotrix multiplication)
Leta,b,c,....... ,CeNR, OQ —a11anﬂa{MJ'l'bllxaml,{mJ o anMXbM’{MSJ +
2 | a 2 | 4 "2 2 |4

b ><an+l’n+3'
'2 2 { J

2 4
n+l7?| n+3 and bn+11 n+3
E o I S

and (3.2.17).

Where a Jare the hearts of the two rhotrices. This is illustrated as in (3.2.16)
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83 8 4y by, by by,
ReoQs=( 8, @y @3 85 & )of by by by by by (3.2.16)
A5, 8y gy bs, D,, by
8s3 b
Ciy
Cai Cu Cp
RsoQs =Cg={ C5; Cy C3 Cp Cpg (3.2.17)
Cso Cap Cg3
Cs3

Similarly, multiplication of the rhotrices in (3.2.16) is commutative. The product function and
operation is similar to that of the well known vector dot product, the only differences is that the
resultant product for the two rhotrices shown (3.2.17) is a rhotrix of the same order as the two
multiplicands in (3.2.16).

The multiplication process of the two rhotrices in (3.2.16) above can thus be expressed as:

all b11
a3 8y ap s Dy Dy, 3
byol a5 &y a3, a, &3 )+age( by b, by b, b, )7
A5, 84 g3 by, by, Dy
as3 b

allb32 + b11a32
a31b32 + b31a32 a21b32 + b21a32 a'12b32 + b12a32
a51b32 + b51a32 a41b32 + b41a32 a32bSZ a'22b32 + b22a32 a13b32 + b13a32
a52b32 + b52a32 a42b32 + b42a32 a33b32 + b33a32
a'53b32 + b53a32

(3.2.18)

59



C1q =81bgy +byj83) 1y =29y

b

b b

12837 C13 =3P

bjgagy Cop =29

b

b

3+ 32 tPp183)

b.

32

32 TP3383)
b

32 C33 =833
bss +b

39 +Dool3y Cgq =a34035 +031835 C3p =23,
+b bos +b

Cop =829

b +b

52832
(3.2.19)

C41=%41°32 *P41%32  C42 =42 42832 C51 7851 51832 %52 =52

b

32 32 32

+b,

C53 =a5303p 05383

Where a3, and bs, denote the hearts of the two rhotrices whose indices is defined bynTthTHJ :

the resulting value of cs; is the product of the two hearts from the two rhotrices. We can equally
extend this to accommaodate for rhotrix of n-dimension. Then going by equation (3.2.12), we can

2 | a4 2 4

represent the row-wise rhotrix hearts as a,_, ,{M J andb,, THS J , then, we have:
4

Ci,j = bn+1 n+3 * ai,j + an+1 n+3 * bi,j (1_/1) (3220)
s R
Where A denotes a constant value that lies between 1 and 0, such that if the indices of a;; and b

takes the hearts position, then A =0 and A = 1 otherwise.

Algorithm 2: Heart-oriented Row-wise rhotrix multiplication

Input:

p‘_n+1
2

|

4
a[0...row_upperbound , O...column_upperboun ]
b[O...row_upperbound , O...column_upperboun ]
Output:

c[O...row_upperbound , O...column_upperboun ]
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For i <0 to row_upperbound

For j <0 to column_upperbound

{
if(i==p&&j==0q){
c[i.j] «ali.,j] * b[i.jl;
}
else {
c[i.j] «alil] * bpl[a] + b[i,j] * ap.al;
}
Endfor

We have presented an extended heart-oriented rhotrix multiplication method, derivation and algorithm for
higher order rhotrices multiplication. The method presented is quite unique and directed only to rhotrix
multiplication of the form discussed in (Ajibade, 2003). In particular we have shown that a generalized
equation as in our case could be used to implement n-dimensional rhotrices multiplication as against the

row-column multiplication method presented in (Sani, 2004).

3.3. Row-Column Multiplication of N-Dimensional Rhotrices

In this section, a generalized formula for an alternative row-column multiplication method for
rhotrices is presented. The concept established in this section follows the basic rudiment of
mathematical axioms that prove the existing relationships between rhotrices and matrices. This is
an extension of the same work presented on rhotrices of order three.

An alternative row-column multiplication method for rhotrices was suggested in (Sani, 2004). His
work considered a comparative relationship on some common properties that relate and link
rhotrices multiplication to that of the well known row-column matrices multiplication. In this
section we present a generalized expression representing the row-column multiplication of some
objects which are in some ways between n x n dimensional matrices and (2n-1) x (2n-1)
dimensional matrices for the purpose of this work. Rows and columns definition of rhotrix was

initially given in (Sani, 2004), and similarly defined in the following order of arrangements.
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Py
(6]
Il
(0]
—
3 X~ Q@ o o

a
a b d
b d
e g I
e_g | and i I
] I m
m

respectively.

3.3.1. Row-Column Definition and Formula Expression for N-Dimensional Rhotrix

In an attempt to answer the question of “devising a suitable method of solving rhotrices
multiplication without having to first perform any form of transformation to coupled matrix and
vice-versa” posed in (Sani, 2007), an alternative method for multiplication of n-dimensional

rhotrices is therefore presented (Ezugwu et al, 2011b), and thus recorded as follows:

&y b,
8 8y a4 by, by b
4 8y 8y A ay by, by by, b, by
| (3.3.1a)
RieQ =l ay o By Jol by b
Gy &y Fan g By Bz Diws Do B By
Gia G An by By By

b

nt nt

a

The subscript n in equation (3.3.1a) denotes the dimension of the rhotrix, where t = (n+1)/2 and t
is the column order of rhotrices R, and Q, respectively, so that if n=3, then t=(3+1)/2 = 2. If n=5,
t=3 and if n=9, t=5. For example consider a five dimensional rhotrix, this is represented as

follows:

62



N HQJ
[ [
QD

12

a,, a, (3.3.1b)

a‘33

o))
(&3]
=
Ny
=
O D Y D
» w
) N

[
w

If we view a rhotrix as having odd rows as the main entries and even rows as the heart entries all
positioned side by side along each other, then we can generalize, by defining the rows and

columns of rhotrix main entries as:

anl an—ll ' a‘ll bll blS blt
anZ an—lZ alZ b31 b32 b3t

and b51 b52 bSI

ant an—lt aln bnl bn2 bnt

respectively and similarly for the hearts entries.

Suppose we now represent the n-dimensional rhotrices in equation (3.3.1a) by R, =(a,)and

Q, = <ka. > where ajx and by represent the aj, and by; elements, respectively. The multiplication will

then be as follow:
t t—1

Rn © Qn = <ai,j © bi,j > = iz (ai,kbzk_l,j ) + (1_ 2)Z(ai,kb2k,j) (3'3'2)
k=1 k=1

Where:
n=357,.....,(2m+1), whereme Z*

t=(n+1)/2
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Hence the row-column rhotrix multiplication method is similar to matrix multiplication. However,

in this case odd rows of a; multiply odd columns ofb; while even rows of a; will then multiply

even columns of by, .

Justification of adopted method: from multiset point of view

A multiset representation argument:

all
a'21 C11 a12
a31 C21 a22 C12 a13
a32 C22 a23
a33

The above rhotrix representation was presented by Sani (2007) and we believe is a suitable choice

for him. But consider its multiset permutation
V= [[3111 CPY a13]’ [011’ Clz]’ [321’ CPPY 6123], [C21’ sz]v [a31’ A3, aes]]
The letter and indices do not tell anything of the position of the element-multiset V.

Sincerely speaking, this method of rhotrix representation seems to point out two matrices. It is as
good as working with two separate matrices after which results are combined, and makes less

sense of the idea of a rhotrix as an entity.

Consider the multiset permutation
B ={[1,0,0},[,0][0,1,0] [0.1] [0,01]}

B is a basis for all rhotrices of the fifth dimension, in the rhotrix vector space R®, where in general

we write the multiset permutation of an arbitrary rhotrix of the fifth dimension given in (3.3.1b) as

V= [[au’ A 313]1 [a21’ azz]’ [331’ Azys 333]’ [a41’ a42]’ [asv Ass a53]]

i i 1 i
:l:[aij],lz:]_,z,?), J:l,....,E[S—(—l) ]jl
Note that V' is an element of the rhotrix vector space R®of the fifth dimension.

64



Note also, that V' is a permutation, thus the use of a square brackets since it is a list (an ordered
sequence of elements with repetitions allowed (Singh etal., 2007)) and so are its element-
multisets. Therefore, a re-arrangement of the element-multiset s or of the elements of any element

multiset is not necessarily equal to V'.

It is clear that V' is the most convenient way to write the multset permuation representing the
rhotrix Rs, since both i and j plays a vital role in determining the position of each element and of
each element-multiset respectively in the multiset permutation. The tenability of V' no doubt

originates from the new method of representation of arbitrary rhotrices as in (3.3.1b).

3.3.2. Row-Column Multiplication Techniques

Consider any two rhotrices say Rg and Qq:

&, b11
A A 8 b31 b21 b12
Rg O(?9 — 8 Ay A Ay & o b51 b41 b3z bzz b13 (333)
Ay 8 A, A, 3 Ay b71 bGl bsz bAZ b33 bzs b14
A 8 8y qp Ay 8y Yy Ay A b91 b81 b72 52 bss b43 b34 b24 b15
A, 8 3 8 8, Ay 8 b92 bsz b73 bea b54 b44 b35
A 83 Ay 8y s bgs 83 b74 b64 bss
Ay 8y s b94 b54 b75
s bys

We then define multiplication of any two rhotrices using the row-column multiplication method
similar to that of the matrices without any special consideration of the rhotrix hearts as separate
entities on their own. Similar to the addresses used in identifying the row-column entries in a
matrix, we associate the entries in a rhotrix by specific symbols (indices) which run through all the
entries as in the rhotrices Ry and Qg above respectively. Thus, the multiplication will then be as

follows:
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Co=ay, b, +ab, +ah, +a,b, +a,b,
Cip =&y, by, +a,by, +ady, +a, by, +a,
Cis =a, b +ab, +ad, +a,b,+a;hy,
Cia = by, +ahy, +ah, +a,b, +ash,

C15 =a, b15 + a12b35 + a13b55 +ay, b75 + a5, b95

Car = 8, by 850 + Ay, +85, by, + 855 by
Cap = 85, By, + 85505 + 805, +84, by, + 855 1,
Cas = 851 By + Bgalyg + 8oy + 8, 75 + 855 By
Caa = 8ay By + 80y, + 8y 85, by +855 by,

C35 =a5 b15 + a32b35 + a33b55 + 3, b75 + 835 b95

Co1 = 8, by, + 85,0, + a0y, + 85, by +855 by,
Co, = 85, by, + 8550y, + a5y + 85, by, +855 1,
Coa = 85 By + 855055 + 853+ 85, 075 + 855 By
Cop = a5, By + 850y, + 8505, +85, 0y, + 855 By,
Cos = 85, by + 855055 + a5y + 85, by 855 1
C,=a,b,+ab, +ap, +a,6b, +a,.b,
C,,=a,b,+ab,+ab,+a,b,+a.h,
C,=a,b,+a.b,+ab,+a,b,+a.h,
C,,=a,b,+ab,+a,b,+a,b,+a.h,

C75 = a?l b15 + a72b35 * a73b55 + a74 b75 + a'75 b95

\

> 1=1,j,k=1,2,3,4,5wherei is odd

> 1=3,),k=1,2,3,4,5whereiis odd

> i=5,],k=1,2,3,4,5whereiis odd

> i=7,j,k=1,23,4,5whereiis odd
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Coy = gy by +ag 0, + A, +35, B,y +395 0y
ng =ay; b12+agzb32 +393b52+ag4 b72+a95 b92
Cos = gy 5 + 8,055 + 3505 + 8y, by + 85 by > 1=9,),k=1,2,3,4, 5where I is oad

C94 =ay; b14 + a92b34 + a93b54 +ay, b74 + Qg5 b94

C95 =ay, b15 +agzb35 +a93b55+a<34 b75"”"‘95 bgs —

C21 =ay, b21 + a22b41 + a23b61 +a,, bBl )

sz =ay, bzz + azzb42 + a23b62 +a,, bsz
> i=2,j,k=1,2, 3,4, whereiiseven
C23 =ady b23 + a22b43 + a23b63 +ay, bss

C24 =ay, b24 + azzb44 + a23b64 +a,, b84
_/

C41 = a41 b21 + a'42b41 + a43b61 + a44 bBl )

Cpo=2a, bzz + a42b4z + a43b62 +3y, baz
> i=4,j,k=1,2,3,4,whereiiseven
C43 =a, b23 + a42b43 + a43b63 +3,, bas

C44 =3y b44 + a42b44 + a43b64 +a,, b84 -
C61 =8 b21 + aezbzu + a63b61 + 35, b81 )
C62 = a5 b22 + a62b42 + a63b62 + 85, b82 >_

1=6,],k=1,2, 3,4, whereiiseven
C63 = a61 b23 + a62b43 + a63b63 + a64 b83

C64 = a4, b44 + a62b44 + a63b64 + g, b84 —
CSl =8y, b21 + a82b41 + a83b61 +ag, b81 )
Csz = ag; bzz + aszb42 + a83b62 + g, bsz

>' 1=8,J,k=1,2, 3,4, whereiiseven
C83 = a81 b23 + a82b43 + a83b63 + a84 b83

Cos = gy Dy + 35,0, + 30, + 3, 0,
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The resulting multiplicand of the two rhotrices, Rg ¢ Qg is also given in the form shown below:

w N =
N [ [SN
=
~

o~
S
w
[

LethoQ9:C9:

o
@
o
'y

iy
=
=
=

C

C, C

C, C, C
Gy Cu G G
C, C, C

Cy C

C

o
=

OO0 0000 00
OO0 00000
OO0 00
£
O 00
ie)

=
o

By comparing entries, we have the following resultant equations:

Those entries for which i assume odd values are calculated as:

5 5 5 5 5
Cll:zal,KbZk—l,l ’Clzzzal,KbZk—l,Z ’C13:zal,Kb2k—l,3 Cua Za1,|<b2k—1,4 C1s= zal,szk—l,S

K=1 K=1 K=1 K= K=1

5 5 5 5 5
C31:Za3,Kb2k—1,1 ’C32=Za3,|<b2k—1,2 ’C33=Za3,|<b2k—1,3 ’C34=Za3,|<b2k—1,4 ’C35=Za3,|<b2k—1,5

K=L K=L K=L K=L K=L

5 5 5 5 5
C51:Za5,|<b2k—1,1 ’C52=zas,|<b2k—1,2 ’C53=Za5,r<b2k—1,3 ’C53=za5,|<b2k—1,4 ’C53:Za5,|<b2k—1,5
K=L K=1 K=L K=1 K=L

etc., while those entries for which i takes even values are similarly calculated as:

4 4 4 4
C21=za2,|<b2k,1 'szzzaz,szk,Z ’C23=Za2,|<b2k,3 ’C24=Za2,|<b2k,4
K=1 K=1 K=1 K=1

4 4 4 4
C41:za4,|<b2k,1 ’C42=Za4,|<b2k,2 ’C43=Za2,|<b2k,2 ’C44=Za2,|<b2k,4 etc.
K=1 K=1 K=1 K=l

Algorithm 3: Row column rhotrix multiplication

fori<1ton
if imod 2 :# 0{
col: upperbound « (n+1) / 2
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fe1
for j « 1 to upperbound
for k « 1 to upperbound
c[ij] «cfi,j] + p*a[i,k] * b[2k-1,j] + (1- B) *a[i,K]*b[2k,j]
endfor
endfor
}
else{
col: upperbound « (n-1) / 2
B0
for j < 1 to upperbound
for k « 1 to upperbound
c[ij] «cfi,j] + p*a[i,k] * b[2k-1,j] + (1- B) *a[i,K]*b[2k,j]
endfor
endfor

¥

endfor

3.3.3. Generalized Form of Row-Column Multiplication Technique

Splitting equation (3.3.2), the summations are as follows:
t

Cij = Z Ajkbak-1, Entries for the odd matrix of R. (3.34)
k=1
t—-1

Cij = Z a; iba Entries for the even matrix of R. (3.3.5)
k=1

The differences between these two summations are reflected in the two upper bounds (i.e. t, and t-
1), and for index b (i.e. 2k-1 and 2k-0). We want to devise a generalized formula to handle these

two sets of entries. Consider the function:
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if xisodd

. _ Irr 4yx+1 —
if x is even’ defined by f(x) = E[( 1) +1], x=1,2,..n

r={y

Replacing 1 and 0 with f(i) in the index of b in equations (3.3.4) and (3.3.5) respectively, we have:

t

Cij = z ai,kbzk—%[(—1)i+1+1],j Entries for the order 3 rhotrix of R, ;. (3.3.6)
k=1
t-1

Cij= Z ai.kbzk—%[(—l)i+1+1],j Entries for the order 2 rhotrix of R ;. (3.3.7)
k=1

Similarly consider these two functions:

_ (3 if xisodd _ 4 . ~
glx) = {2’ if x is even defined by g(x) = 5[5 —(-D*], x=12,..n
_ (5, if xisodd _ o i ~
glx) = {4’ if x is even defined by g(x) = 5[9 —(-1*], x=1,2,..n

Replacing only the differences in equations (3.3.6) and (3.3.7), for the upper bounds 3 and 2, and 5

and 4 respectively we obtain the equations:

Forn=5
2511
, . 1 i
(C;j) = Z Wiyt cy+isg);  E=125  pk=12.[5-(-1] (338)
k=1
Forn=9
2l0-(-1']
, . 1 i
(C;j) = Z Wby afcpyi+ieg; (=129 jk=12.:[9-CD (339
k=1

This approach can further be extended to n-dimensional rhotrices, finally let us consider the

function

t if xisodd

— ’ . _ 1 _ _ _ x _
h(x)_{t—l, if x is even defined by h(x) = E[Zt 1-(-1)*], x=1,23,..n

Hence from equation (3.3.1), we know that t=(n+1)/2, therefore, n = 2t-1, by substituting t and

t-1for the function h(i), we obtain this equation.
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-1

, . 1 i
(Cijy = z Wby sfcpyi+isg);  L=12n jk=12.[n-(-D7] (3.3.10)
k=1

Equation (3.3.10) can further be expressed as:

Let p = 2[n — (—1)'] and by substituting the value of p into equation (3.3.10), we have

p

(Cj) = Zai'kak_%[(_l)iﬂ_l_l]'j i=12.,n jk=12.,p (33.11)
k=1

Algorithm 4: Modified Row-Column Sequential Algorithm

for i<1ton
P 5((-1)"1+1)
forje<1tot
forke<1tot
c[i.j] < cfi,j] + a[i,KI*b[2k-p,]
endfor
endfor

endfor

We have shown a more simplified method of rhotrix row-column multiplication by taking a
holistic approach in deriving a new form of a generalized expression, the approach used in this
case does not require any form of rhotrix transformation to either matrix or coupled matrix before
any possible multiplication could be achieved. The approach and results analyzed shows that the
equations (3.10) and (1.19) can be used to solve rhotrices of any dimension and yet give the same

result equivalent to the initial method proposed (Sani, 2004).

3.4. Application of Cannon’s Algorithm in Rhotrix Row-Column Multiplication
In previous chapter, we presented a summary review of Cannon’s algorithm. in similar issue, we

also mentioned that the algorithm uses a mesh of processors with wraparound connections (a
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torus) to shift the A elements (or submatrices) left and B elements (or submatrices) up.
Maintaining some common relationships that exists between matrix and rhotrix, we can equally
extend this algorithm to the row-column rhotrix multiplication by means of padding those rhotrix
entries which are left unblocked with zeroes. The padding is considered necessary to augment for
the incomplete submatrix as required by the algorithm. The padding method is as illustrated in
table 3.1.

ag,l a8,1 a7,2 a6,2 a5,3 a4,3 a3,4 a2,4 a1,5

a13,1 a12,1 a'lZLZ a1.0,2 a9,3 a8,3 a7,4 a6,4 a'5,5 a4,5 aS,G a2,6 a'1,7
RlS = ail.5.1 a14,1 a13,2 a12,2 alL3 a10,3 a9,4 a8,4 a'7,5 a6,5 aS,B a4.6 a3,7 a2,7 a1,8
a15,2 a14,2 a13,3 a12,3 a111,4 a10,4 a9,5 a8,5 a7,6 a6,6 a5,7 a4,7 a3,8
a15,3 a14,3 a13,4 a12,4 afll.S alO,S a9,6 a8,6 a7,7 a6,7 a3,8
a15,4 a14‘4 a213,5 a12,5 a1l6 a’lO,G a9,7 a8,7 a7,8

Table 3.4a Representation of R, in blocked form with missing rows and column padded with

Zeros
a1 ai2 ai 3 a4 a5 ai6 a7 aig
a1 dz2 dz3 a4 dzs a6 az7 0
az az2 as3 a4 azs aze az7 azg
s da2 a3 e %3 a6 7 0
as,1 ds 2 as3 aAs4 as5 as6 as,7 asg
6,1 as,2 as3 6.4 a6,5 as6 as,7 0
ara ar2 arz3 ara ars aze ar7 arg
ag1 dg2 dg3 ag4 dgs dg6 dg,7 0
g1 dg2 dg3 Ag 4 ags dg6 ag,7 dgg
a10,1 aio,2 ai0,3 a10,4 ai0,5 a10,6 aio,7 0
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a1 ai12 ai13 ai14 aiis dite ai17 aig
a1 aiz2 aiz3 a2 aizs aiz6 a7 0
a1 aiz2 aiz3 134 aizs a1z aiz7 aizg
aia1 aia2 aia3 a14,4 aias diae aia7 0
ais1 dis2 dis3 dis4 diss dis6 ais;7 ais;g
0 0 0 0 0 0 0 0

Table 3.4b A;; represents 2" x 2" matrix of R, entries

A0,0 A0,1 AQ,2 AQ,3
Al,0 All Al2 Al3
A2,0 A2,1 A2,2 A2,3
A3,0 A31 A3,2 A3,3
A4,0 A4,1 A4,2 A4,3
A5,0 A51 A5.2 A53
Ag,0 Ag6,1 AB,2 AB,3
A7,0 A7,1 AT7,2 A73

The movement pattern of data elements in Cannon’s algorithm is as illustrated in Figure 3.4a. All
the shifts are with wraparound. For clarity, we will refer to elements of the arrays A and B, though

submatrices would normally be used. The algorithm can be described by the following steps:

i.  Initially processor P, ;has elements @ ;and b, ; (0<i<0< j<n).

ii. Elements are moved from their initial position to an “aligned” position. The complete i
row of A is shifted i places left, and the complete j" column of B is shifted j places

and the element b,

upward. This has the effect of placing the element a ;. IN processor

i,j+i
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Vi.

P

;v as illustrated in Figure 3.4b. these elements are a pair of those required in the

accumulation of ¢; ;.

1

Each processor, B, ;, multiplies its elements.

Thei™row of A is shifted one place left, and the j" column of B is shifted one place

upward. This has the effect of bringing together the adjacent elements of A and B, which
will also be required in the accumulation, as illustrated in Figure 3.4c.

Each processor, P

' ;» multiplies the elements brought to it and adds the results to the
accumulating sum.
Steps iv and v are represented until the final results obtained (n-1 shifts with n rows and n

columns of elements).

The advantage of this algorithm is that, additional storage for partial results is unnecessary.

Figure 3.4a: Movement of A and B elements

v
v

B
i

A i places

v < v |

A A |
/ j places aj j+i

Pi.i
T B Disi. i

Figure 3.4b: Step 2-Alignment of elements of A and B
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v

i places

j places Pi..i

Figure 3.4c: Step 2-Alignment of elements of A and B

3.4.1. Communication Steps in Cannon's Algorithm

Applying the block row-column operation using the cannon’s algorithm method for rhotrices with
entries Ajj and B;;j we consider cannon’s matrix multiplication algorithm from the point of view
of process P The processes are organized into a 2-D mesh, and each process has a block of A,
and B needed for computing C respectively. Table 3.5¢ depicts the first block multiplication step.
After each block multiplication process P;; sends its block of A to the process on its left and
receives a new block of A from the process on its right. Similarly, it sends its block of B to the
process above it and receives a new block of B from the process below it. Table 3.4.1 d, e and f
shows the remaining communication steps in Cannon’s algorithm on 16 processes for rhotrix
multiplication respectively. Summing the results of all block rhotrix multiplications yields C;;.
Cannon's algorithm will reorder the summation in the inner loop of block rhotrix multiplication as
follows:

c(i,j) = c(i,j) + sum_{k=0}"{s-1} A(i,k)*B(k,j)
= C(i,j) + sum_{k=0}"{s-1} A(i, (i+j+k) mod s)*B( (i+j+k) mod s, j)
Cannon's rhotrix multiplication algorithm
forall i=0tos-1) ... "skew" A
Left-circular-shift row i of A by i,

so that A(i,j) is overwritten by A(i, (j+i) mod s)
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end for
forall (i=0tos-1) ... "skew"B
Up-circular-shift column i of B by i,
so that B(i,j) is overwritten by B( (i+j) mod s, j)
end for
for all( (i=0 to s-1, j=0 to s-1, k=0 to s-1) and (i%2#0))
c(ij) = c(i,j) + a(i.j)*b(2k-1,j)
Left-circular-shift each row of A by 1,
so that A(i,) is overwritten by A(i, (j+1) mod s)
Up-circular-shift each column of B by 1,
so that B(i,j) is overwritten by B( (i+1) mod s, j)
end for
for all( (i=0 to s-1, j=0 to s-1, k=0 to s-1) and (i%2==0))
c(ij) = c(i,j) + a(i,j)*b(2kj)
Left-circular-shift each row of A by 1,
so that A(i,j) is overwritten by A(i, (j+1) mod s)
Up-circular-shift each column of B by 1
so that B(i,j) is overwritten by B( (i+1) mod s, j)
end for

end for
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Table 3. 4.1 The communication steps in Cannon’s algorithm on 16 processes

Ao Ao1 A Aoz
A1 A1 A Az
Ay Az Az Az
Az Az Az Az3
(@) Initial aligment of A

Ao A1 A Aoz
All A12 A13 AlO
B1o Bo1 Bs2 Bos
A Ao A Aoz
By Bs1 Bo2 B1s
Az3 Az Az Az
Bso BOl Blz B23

(c) Aand B after initial aligment

Aoz Aoz Aoo Ao1
B2o Ba: Bo2 Bis
A1z Aqo An Az
Bso Boz B2 B2s
Az Az Az Az
Boo B B2. Bas
Az Az As3 Aszo
B1o Ba: Bs2 Bos

(e) Submatrix location after second shift
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Boo Bo1 Bo2 Bos
B1o B11 B12 Bis
Bao Bo1 Ba» Bos
Bso B3 B> B3

(b) Initial aligment of B

Ao1 Aoz Aoz Ao
Bio Ba: B3z Bos
A1 A1z A1o A1y
B2o Ba: Bo2 Bis
Az Az Az Az
Bso Boz B2 B23
Aszo Az Az As3
Boo B B22 Bas

(d) Submatrix location after first shift

Aoz Aoo Aor Aoz
Bso Boz B2 B2s
A1o A1 A1 A1z
B1oo B B22 Bss
Az Az Az Az
B1o Ba: Bs2 Bos
Az Azz Aszo Az
B2o Ba: Bo2 Bis

(F) Submatrix location after third shift




Algorithm 5: Cannon’s Algorithm for Row-Column Multiplication of Rhotrices

procedure RHOTRIX_MULT (a, b, ¢)
begin
fori:=0tot-1do
forj:=0tot-1do
begin

{Initialize all elements of c;; to zero}
c[i,j]:=0;

if (i %62 #0)
fork:=0tot-1do
{Receive message from slave process (worker) i,j}
cli, j1=c[i, j1+ali,k]xb[2k -1, jI;
endfor;

else

if (1 %2 ==0)
fork:=0tot-1do
{Receive message from slave process (worker) i,j}
cli, j1=c[i, j1+ali, k] xb[2k, jI;
endfor;

endfor;

endfor;
{Write C to output file}

end RHOTRIX_MULT
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3.4.2. Analysis of Cannon Algorithm

Communication: in retrospect to submatrices, given v submatrices, each of size m x m, the initial
alignment requires a maximum of v-1 shift (communication) operations for A and B each . After
that, there will be v-1 shift operations for A and B each. Each shift operation involves m x m
elements. Hence

=4V =D (garrap + m?t,...) or acommunication time complexity of O(vm?) or (mn).

tcomm data

Computation: Each submatrix multiplication requires m* multiplications and m* additions.
Therefore, with v-1 shifts,

t . =2vm® =2m?nor a computation time complexity of O(m?n).

comm

3.4.3. Theoretical Computation of Cannon Algorithm

We can now apply the above algorithm to compute for rhotrices of order Ris and Q1s, in essence
we want to verify whether the derived algorithm follows and can equally be applied to
multiplication of rhotrices of order N. Figure 3.4.3 illustrates the blocking method adopted from

Cannon’s algorithm for matrix multiplication.

1
3 3 2
2 7112
1531315
317 2 213 4 2
17231124113
2 3 451 4446 2327
R = 1115117 26715112
2 2175131117 42
53573172315
4 32111522
1 312 2 3 3
7 3 3 3 4
1 31
1
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1
2
3 25 31
2 41 312 2
342 311312
311142 2 4111
112 332 456 3223
2 2211417 1121421
1 31 21352 2 4 4 3 3
4 2 3 2 2 3 3 35 2 2
4 11 41 18 7 6
4 35 21 21
1 1141
3
5
Figure 3.4.3a: Blocked rhotrix of dimensional fifteen, Ris

Qis <
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Figure 3.4.3b: Blocked rhotrix of dimensional fifteen, Q1s

T I 1 10 1
- N AN 1 M 10

_2 1__6 1__5 2__1 4_

I 1 I 17 1
M O A~ o o I~

_2 .,I___RU 6:3 3__2 1__

T l l ll 1
N M ~AN < 1 N

_1 3__2 1__3 1__2 1_

I
<

Blocks of rhotrix’s submatrices of main entries of rhotrix R and Q
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3 1] 1 4] [1 2] [1 0] 2 3] [2 1] 1 2] [2 0]
71}{14}{25}40 [23}14 3 1| |3 0
5 2] [1 4] [7 1] [1 0 4 3] [2 5] [1 4] [2 0]
c_|Lt 3] [4 1] L 2} 2 0] D:L J 2 7] |2 3] [7 0
7 5/ [1 5] [1 1] [3 o]/ 13 [43][21][20
3 5 77{12}30 {11}22 4 2| |4 0
1 2] [2 3] [3 3] [3 0] 2 3] [2 1] [3 1] [3 0]
0 0] [0 0 {o o} 0 0 _{o o} 0 0] [0 0] |0 0

Blocks of rhotrix’s submatrices of heart entries of R and Q.

We choose to represent the rhotrix’s submatrix with A and B for i rows with odd numbers and A’
and B' for i rows with even numbers

Computation at process Py, o, for Co, goand C'g

After the first alignment

c B 1 2| (1 2 312C' A LB 1 2| |1 2 3 12
= = X = = = X =

00 = Aoo ¥ Bog 3 1| |1 5] |4 11| "% "0 00 d3 1171 5] |4 11
After the first alignment

G =C, A xB 312+25 31 312+1612 19 24
= X = X = = s
00— 700 U4 11 13 3172 2| |4 11] |15 9 19 20

+14 4 3 812+207 28 19
X = = y
1 4 4 1 16 24 20 7 36 31

After the second shift

(19 24] [2 3] [3 1 19 24 15 8 34 32
Co,o:CO,o"'Ao,zXBz,o: + X = + = ,

. ' ' , 8 12
Cloo=ClootCloaxA = 16 24

19 20| (1 3| |3 2| |19 20| |12 7 31 27

, , , , (28 191 [1 2] [1 3] [28 19] [3 5 31 24
Clo=ClootA,xB' = + X = + = ,
' ' ’ 2136 31| |2 5| |1 1| (36 31| |7 11| |43 42

After the third shift

c c 4 B 34 32 N 7 2|1 2 34 32 N 11 16 45 48
= X = X = =
0,0 00 T Aoz xBgg 31 27 1 21712 1 31 27 5 4 36 31|
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31 24 1 0| |2 3 31 24 2 3 33 27
Cloo=ClootAyxB's, = + X = + = ,
’ ’ ’ ’ 43 42 4 01 10 O 43 42 8 12 51 54
3.5. Verification of Strassen’s Algorithm by Divide-and-Conquer Technique
Interestingly, Strassen’s algorithm organizes arithmetic involving the sub-arrays A through H so

that we can compute |, J, K, and L using just seven recursive matrix multiplications. We can easily

verify that they work correctly.

Let us assume that n a power of two and let us partition P, Q, and R each into four §xJ matrices,

so that we can write R = PQ as

(¥ 2He ol &)

Let’s defines seven sub-matrix products:

S;=A(F-H)
S;=(A+B)H
S;=(C+D)E
S,=D(G - E)
Ss=(A+D)(E +H)
Se=(B-D)(G + H)
S;=(A-C)E+F)
Given this seven sub-matrix products, we can compute W as
W=S;+S6+S,-S;
=(A+D)E+H)+(B-D)(G+H)+D(G-E)-(A+B)H
=AE+DE+AH+DH+BG-DG+BH-DH + DG -DE -AH -BH
= AE + BG
Similarly we can compute X as
X=S,+S;

=A(F-H) + (A + B)H
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=AF-AH + AH + BH
=AF +BH
Again we can compute Y as
Y=S3+S,
=(C+D)E+D(G-E)
=CE +DE + DG - DE
=CE+DG
Finally, we can compute Z as
Z=S;—-S;—-S3+Ss
=A(F-H)-(A-C)(E+F)—(C+D)E+(A+D)E+H)
=AF-AH-AE+CE-AF+CF-CE-DE+AE +DE +AH + DH
CF+DH
Thus, we can compute R = PQ using seven recursive multiplications of matrices of size Jx 3.
Similarly, if we let a function t(n) denote the running time of the algorithm on an input of size n,
and characterize t(n) using an equation that relates t(n) to values of the function t for problem
sizes smaller than n. We get recursion equation

o[ b itn< .
M =17t@)4kn fn>2, (35)

If we use the iterative substation method and we assume that the matrix size is fairly large enough,
then by substituting (3.5) of the recurrence for each occurrence of the function t on the right-hand

side, we can characterize the running time t(n) as

t(n) = 7t(2) + kn?,
for some constant k > 0. Hence by the master theorem, we have the following:

Theorem 1: we can multiply two nxn matrices in O(n"%") time.
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Thus, with a fair bit of additional computation, we can perform the multiplication for nxn

2.808

matrices in time O(n*®°®), which is o(n®) time.

3. 5.1. Srassen’s Algorithm and Rhotrix Row-Column Multiplication

In accordance with the Winograd’s variant of Strassen’s algorithm, which uses seven matrix
multiplications and 15 matrix additions we extend and implement similar algorithmic computation
on rhotrix multiplication. It is well-known that this is the minimum number of multiplications and
additions possible for any recursive matrix multiplication algorithm based on division into

quadrants. The division of the matrices into quadrants follows equation (2.1) in Section 2.7.

Our major difficulty is on partitioning rhotrix elements into 2 x 2 blocks of quadrants knowing
that rhotrix has an odd dimension. In actual sense this might seem complicated, but we can still
combine both Strassen’s algorithm with the standard multiplication technique of matrix to achieve
our goal. In this section we do not discuss the theoretical proof behind this algorithm as they are
covered elsewhere. The following steps illustrate the splitting process of rhotrices into main and

heart entries.

Definition: Sifting is the process of separating main entries or heart entries form the entire given
entries of the rhotrix. It is demoted by the symbol P> with the main entries on the left and the
heart entries on the right.

The above definition can be illustrated by the following example.

8 8
8 Gy a & Ciy
Ri={ a5 Cy @, C, ay |={ a CPY: a,; | (cCy Ci
83 Cp Ay 83 a3 Ca2
833 833

Note that the following relations is true from the above definition
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8
a21 a12
where ( a;, a,,
a32 a23
833
Ciy
and { c,; C, )T a5
C22

| 8
a;
Ch Qp
dy  Cp
Cp 8y
33

Where c denotes rhotrix embedment and €b» denotes rhotrix sifting.

Similarly,
by,
b21 d11 blZ
Q=( by d, b, d,
32 d22 b23
b33
by,
b21
where b, b,,
b32
b33
dll
and { d,, d, ) c
d22

=
[N

iy
[N

N
N

UQ-NUQ_CT
N

33

12

23

by

12

o T

12

23

It is important to observe that the heart entries of R, and Q, from the above extraction are not

themselves rhotrices, but represents computational step among group of steps required in

performing a multiplication tasks.
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Once we are able to split this, then the next step is to find a way of partitioning these entries into

blocks of 2 x 2, as required by the desired algorithm.

all e S
4 N
s N
o CiY: <l ~ a5
_ RN Pid d
Rn =\ & Y, 83 )= | a3 RN e a3 an ay a,
\\ 7
83, 3 a3 T Ay 8y
33 833

If the rhotrices Ry, Qy are not of type 2" x 2", we have two options, first option is to either fill the
missing rows and columns with zeros (a method referred to as padding approach) and partition R,
and Q, into equally sized block matrices or we delete the un-partitioned rows and columns (a
method referred to as peeling approach) and then later incorporate them into the computation

process. But first let’s consider the padding approach as shown below.

and
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Ciy C Ca1 Ca
Cii=1(Cx Cio G ={ Cys 0)Cyu=(0 Cy, jand Cpp =( 0 0
C22 0 0 0

with A ;,B;; and C,; e R " then

IR |
Ci1=A11Br1+A2By;
Ci2=A11B12+A12Bs>
Co1=A21B11+Az2B2s
Co2=A21B12+Az2Bop
With this construction we have not reduced the number of multiplications. We still need 8
multiplications to calculate the C; ; matrices, the same number of multiplications we need when

using standard matrix multiplication.

Now comes the important part. We define new matrices
M1 = (A1 + A22)(Bri+ B2p)

M, = (Az1 + Az2)B11

M3 := A11(B12 - B2)

Ms = A22(B21- B11)

Ms = (Ar1+ A12)Boo

Mg = (A21- A11)(B11+ B12)

M7 := (Ar2- A22)(B21+ B22)
which are then used to express the C;; in terms of M. Because of our definition of the My we can
eliminate one matrix multiplication and reduce the number of multiplications to 7 (one

multiplication for each My) and express the R;; as

C11= M1 +M4 - M5 +M7
Ciz=M3+M5
Ca1= M2 +M4
Caz= M1 - M2 +M3 +M6
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We iterate this division process n times until the sub matrices degenerate into numbers (elements
of the ring R). At the end of the recursive computation we now do away with the zeros added to

augments the missing rows and columns to get back our rhotrix.

Alternatively we consider one of the key approaches to dealing with matrices with odd dimension,
the peeling method discussed in (Huss-Lederman et al., 1996). The peeling approached discussed
can be used to apply Strassen’s algorithm to smaller rhotrices obtained by deleting rows and
columns. In this case, after applying the Strassen’s algorithm, still we need to do some additional
work, referred to as fixup. The fixup has to be taken into consideration in other to include the

contribution of the initial rhotrix’s rows and columns that were deleted earlier on.

The peeling approach corresponds to blocking methods found in Cannon’s algorithm and is
strictly applied to only the rhotrix main entries whose dimension is usually odd, and not to the
heart entries whose dimension would always be even. The input rhotrices are partitioned into

blocks, possibly of different sizes, such that the rhotrix products is compatible with the dimensions

of the blocks, that is, if A ;is the i, j -block of the rhotrix R, and B;, is the j,k -blocks of the
rhotrix Q,, then the column dimension of A, ; must be equal to the row dimension of B, , for all i,

J, and k. If the dimensions of the blocks are compatible in this sense, thenC,, the ik-block of
n n-1

C=AB isequal to B) &b, ,;+@—B3)> a,b, ; Where  runs over the blocks in the i-th
k=1 k=1

columns of the block rhotrix obtained by partitioning A. After partitioning the input rhotrices into
blocks, Strassen’s algorithm can then be applied to compute the block products of rhotrices whose
dimensions are even. The fixup work includes the block products that are not computed with

Strassen’s algorithm and the work required to combine the block products.

One partitioning scheme chooses the upper left-hand block to be the largest sub-rhotrix, with even
dimensions, containing the element in the upper left-hand corner. In this scheme there can be at

most four block, which occurs when both the row and column dimension are odd. In this case
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A3

if we assume a,, < a,, then

A

a22

where A isan (m-1)x (k - 1) matrix, a;,is a (m - 1) X 1 matrix, a,; isa 1 x (k - 1) matrix, a,,

isa 1l x 1 matrix

and B, isan (k - 1) x (n - 1) matrix, b, isa (k - 1) x 1 matrix, b,,is a 1 x (n- 1) matrix, b,, isal

x 1 matrix. The product C = AB is computed as

A B +ah,

C21 C12 = a21Bll + a22b21 AilblZ + a12bZZ

The above peeling approach for which we applied to solve for the rhotrix main entries as stated
before do not apply to the heart elements with even dimension unless ortherwise, hence the good

news is that we can directly apply the Strassen’s algorithm for the computation of the heart entries
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as shown below. The algorithm basically describes how to perform a single level recursion on 2 x
2 blocks:

RZZ CZZ D22

where C,;, C, C,, and C,are (m-1) x (k - 1) matricesand D,, D,, D,, and D,,are (k -
Hx(n- 1)1matr1ices r,espectively of the heart entries and R;j denotes tﬁe cur,nulati’ve partial sum.
3.5.2. Strassen’s Algorithm Computation Approach

The computation process can be splinted into two major parts; the first part handles the recursive
computation of 2 x 2 blockable matrices with even dimensions while the latter parts handles the
fixup ( i.e., multiplication resulting from the recursive computation with the peeled off row and
column) case resulting from the earlier peeling processes carried out. For the first part, the

computation can proceeds as shown in Table 3.5. for both rhotrix main entries and heart entries.

Table 3.5 Strassen’s Algorithm for Rhotrix Multiplication

Computation for rhotrix main entries Computation for rhotrix heart entries
Phase 1 and 2 Phase 1 and 2

S1=A21+A22 T1=B12—-Bl11 S1=C21+A22 T1=D12-Dl11
S2=S1+Al1 T2=B22-T1 S2=S1+C11 T2=D22-T1
S3=Al11-A21 T3 =B22 - BI2 S3=Cl1-C21 T3 =D22-DI12
S4=A12-S2 T4=B21 -T2 S4=C12-52 T4 =D21-T2
Phase 3 Phase 3

P1=A11xB11 P5=S3xT3 P1=C11x D11 P5=S3xT3
P2 =A12 x B21 P6 =S4 x B22 P2=Cl12 x D21 P6 =S4 x D22
P3=S1xT1 P7=A22xT4 P3=S1xT1 P7=C22xT4
P4=S2x%xT2 P4=S2xT2

Phase 4 Phase 4
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C11=U1=P1+P2 R11=U1=P1+P2
U2 =P1 + P4 U2 =P1 + P4
U3=U2+P5 U3=U2+P5

C21=U4=U3+P7 R21=U4 = U3 +P7

C22=U4=U3+P7 R22 = U4 = U3 + P7
U6 =U2 + P3 U6 =U2 +P3

Cl2=U7=U6+P6 R12 = U7 = U6 + P6

Fig 3.5a shows the computation graph for the Winograd variant of Strassen’s algorithm. The sub-
blocks rhotrices A and B, and C and D are the initial inputs, shown labelling the vertices at the top
of the two graphs. All edges are directed from inputs, higher vertices to lower ones below. Thus,
for example, in fig. 3.5a A1l and A21 are initial inputs, which are combined to produce S3. S3 is
subsequently combined with T3 to produce P5, and so on, until the final results, sub-blocks of R,

are produced at the bottom level.
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All Al2 A21 A22 B1l B12 B21 B22

S3 S1 T1 T3

S2 T2

sS4 T4

Fig. 3.5a. Dependency graph for Winograd’s variant of Strassen’s Algorithm

3.5.3. Strassen’s Algorithm Fixup Case

The second part of our computation deals with the dynamic peeling approach explained earlier on,
based on the previous analysis, it has been shown that the dynamic peeling could be a useful
method, but it has not been previously tested through actual implementation for rhotrices. We
wrote a java program to implement the essentially data-driven computation and presented a

framework model for the parallel MP1 implementation.
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After combining operations, there are potentially three fixup steps:

Step 1: Cii=apby, +Cyy,

A by,
. C.,= ) +C,,,
Step 2: 12 < a, b,, 12
Bll

Cy1 ay; Cy1
St = o b b + .
ep 3 < 022> < a22> 21 12 < C22>
b,,

The three steps can be computed using the standard rhotrix multiplication method. It should be
noted that, A,and B,, are the result obtained from our initial recursive computation for even
dimensioned blockable rhotrices anda,,, a,,, a,,, b,,b,, and b,, are the peeled off row and

column elements.

3.5.4. Program Task Graph for Strassen’s Algorithm

It is straightforward to represent Strassen’s algorithm in a task graph. A task graph is a directed
graph whose edges represent dependence relationship and nodes represent tasks (either sequential
or parallel programs). The node located at the arc tail should be executed before the node at the arc
head. Fig. 3.5b displays the corresponding task graph of one-level recursion of Strassen’s
algorithm. Winograd’s variant of Strassen’s algorithm uses the required 7 multiplications and
minimal number of 15 additions/subtractions. This is simplified into the following 4 stages of

computations.

Stages (1) and (2)
S1=A21+A22,
S2=S1-Al11=A21+A22-All,
S3=A11-A21,
S4=A12-S2=A12 - A21 - A22 + Al1l,
T1=B12 - B11,
T2=B22-T1=B22 -B12 + B11,

T3 =B22-B12,
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T4=B21-T2=B21-B22 + B12 - B11.
Stages (3) compute the seven products

P1=A11B11,

P2 = A12B21,

P3 = S1T1,

P4 = S2T2,

P5 = S3T3,

P6 = S4B22,

P7 = A22T4,
And stage (4) computes

Ul =P1+ P2,

U2 =P1 + P4,

U3 =U2+ P5,

U4 =U3 +P7,

U5 = U3 + P3,

U6 = U2 + P3,

U7 = U6 + P6.
Hence we can easily verify that C11 = U1, C12 = U7, C21 = U4, and C22 = U5

We can now apply the above task notation to produce a simplified task graph as shown below.
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Fig. 3.5b Task graph for Winograd’s variant of Strassen’s Algorithm
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Let consider rhotrix padding sample computation of the above algorithm based on the given

rhotrices Rs and Qs given in Section 3. 5.1as shown below:

_ a;; _ a5 0
O el T B
a a,, 0
%1:{81 2} A22:|:83 0}
b, b b. 0
Bn _ {bn b12} 812 {bls O}
21 22 23
b., b b.. 0
B. — 31 32 B.. — 33
S
Phase one
a,+a a
T A11+A22 |: 11 33 a12}
22
,+a a
L
T —A1 +A1 a,ta; a4
' 2 ay tay; Ay
a —a ad,, +a
T = A2 _A1 _ | % 11 32 12:|
) ' ' L —ay —a,
_a13 - a33 0
= A1 — A2 = }
2 2 i a23 0
b11+b33 b12
T.=B B
ll+ 22 b21 b22
_b13 b33 0:|
T, =B B
7 12 22 I b23 0
b31 b11 bsz_blz}
T.=B B, =
8 21 11 |: —b21 —b22
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b11+b13 b12
T. =B B. .=
o = P B {bzﬁbzg by

b3 + b33 b3z
TlO = le + Bzzf { '

0 0
Phase two
Q _T ><T _ |:a13b11 + a11b33 + a33bll + a33b33 + a12b21 a11b12 + a33b12 + aleZZ}
1~ "1 6~
a‘Zlbll + a21b33 + a'22bZl aZlblZ + a22b22
Q :T x B - a31bll + a‘33b11 + a'32b21 a'31b12 + aSSbZZ
2 2 11 i O 0

Q; =A,; xT;=

a11b13 - a11b33 + a12b?_3 0}
_a21b13 - a21b33 + azzbzs 0

_a3sb3 - asab a33b32 - a33b 2
Q4:A22><T8=_ 10 H 0 '
Q —T xB.. = _anbss + a‘13b33 0

’ ? # _az1b33 + azsbsa 0
Qs =T, xTy=

{aSlbll - a31b13 - a11b11 - a11b13 + a32b21 + a32b23 - a12b21 - a12b23 a31b12 - a11b12 + a32b22 - a12b22:|
- a21b11 - a21b13 - a22b21 - a22b23 - a21b12 - azzbzz

Q; =Ts xTj= {

a13b31 + a13b33 - a33b31 - a33b33 a13b32 - a33b32}
a23b31 + a23b33 azsbsz

Phase three

T :Ql +Q4: [

allbll + allb23 + a33b33 + aleZl + a33b3l allblZ + aleZZ + a33b32}
a21b11 + a'21b33 + a'22bZl a‘ZlblZ + a'22bZZ

T,=0Q _Q7={

a‘llb33 - a13b31 + a33b31 + a33b33 - a13b33 - assb?,z}
az1b33 - a23b31 - a23b32
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T.=Q,+0Q,= |:allb13 + a12b23 + a-11b11 + assbn + assbss + a12b21 a11b12 + as3b12 + a12b22:|
3 =\ 1=
3-21b13 + azzbzs + a21b11 - a22b21 a-?_1b12 + azzbzz
T = _ a33bll + a31b13 + allbll + allb13 - aszbzs + a12bzl + a12b23 a11b12 + a12b22
2 =Q0 Qe b b b b b b
Ay10p; 851053 + 85,0, + 5,055 ay10;, +a,,0,,
Phase four
C11 = Tl - Tz =
{aﬂbll + a0y, + 85505, +a,,0,, +agb,, —a,b,, +al3b31-a33b31-a33b33 a,b,, +a,,b,, + 8,05, + a0, + a33b32}
aZlbll + a21b33 + a22b21 - a21b33 + a23b31 a21b12 + a22b22 + a23b32
C._ | @b+ b, +agh, 0
12 — Q3 + Q5 - b b b 0
a,10p5 +8,,0,3 + 8,305
C.. = _ aasbn + a32b21 + a33b31 a31b12 + aaabzz + aasbsz - a33b12
21 — Qz - Q4 - 0 0
C22 = T3 _T4 =

|:a11b13 + a0y F Ay + gy +agdy T agh, —ags +agh;  anb, +agdhy, Fagh, —agh, + a33b12:|
D+ Ay + Ay — 3y, ayby, + a0y,

3.6. Contribution Summary
In Section 3.2.1 and 3.3, we presented two distinctive approaches of rhotrix multiplication.

The first approach is an initial extension of work done by A. O. Ajibade, who pioneered the
concept of rhotrices in 2003. His method takes cognizance of the central element of the
rhotrix elements referred to as rhotrix hearts. In our study, we have tagged this with the
keyword heart-oriented operation. The second approach is the modification of the
generalization of row-column method introduced by B. Sani, in 2004 and 2007. Our major
contribution to these two approaches could be found in the generalization techniques
presented above and also the algorithm design for representing rhotrices multiplication on

computer systems.

3.7. Parallel Multiplication of Rhotrices
Abdullahi et al (2010) investigated the possibility of parallelising the multiplication of n-
dimensional rhotrices, using Cannon’s algorithm. Their aim was to partition rhotrix into

blocks of square submatrices of the form 2" x 2" The challenges that might be encountered
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with this method is that, rhotrix have odd dimension, which makes it difficult to apply
Cannon’s algorithm designed purposely for square matrices to rhotrix. In this work, we
explore a more promising method of multiplying higher order rhotrices in parallel

environment using processor array or systolic array architecture.

3.8. Architecture and Data-parallel Operations for Processor Array

The architecture of a generic processor array consists of a collection of processing elements
controlled by a front-end computer. The front-end computer is a standard uni-processor. Its
primary memory contains the instructions being executed as well as data that are manipulated
sequentially by the front end. The processor array is divided into many individual processor-
memory pairs. Data that are manipulated in parallel are distributed among these memories.
In order to perform a parallel operation, the front-end computer transmits the appropriate
instruction to the processors in the processor array, which simultaneously execute the
instruction on operand stored in their local memories. A controlled path (indicated by a
dashed line as shown in the figure below) allows the front-end computer to broadcast

instructions to the back-end processors.

One key features of this architecture is that, consideration is made for the cases were the
number of input vectors outnumbers processing elements. In a scenario when the size of the
input vector exceeds the number of processors in processor array, some or all the processors
need to store and manipulate multiple vector elements. For example, a 10,000-element vector
can be stored on a 1024-processor system by giving 784 processor 10 elements and 240
processors 9 elements: 784 x 10 + 240 x 9 = 10,000. One important observation is that,
depending upon the architecture and operating system invoke the mapping of vector elements
to processor may or may not have to be managed by the programmer.
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Front-end computer

CPU [ Memory ] [ pm'fm ]—— 1/0 devices

Scalar memory bus

Processor array

Instruction broadcast bus

U I

¢

| Interconnection network |

Figure 3.8a: Architecture of a generic processor array (adopted from Quinn, 2003)
The processor array contains many primitive processors (shown by boxes labelled with a P).

Each processor has its own local memory (shown by boxes labelled with an M)

3.8.1. Structure of Processing Interconnection Network
To bring together operands stored in the memories of different processors, the processors can

pass data through an interconnection network. For the purpose of this research work, we pay
attention to the two-dimensional mesh. The two dimensional mesh has the advantage of
relatively straightforward implementation in VLSI, where a single chip may contain a large
number of processors. The interconnection network supports concurrent message passing.
For example, in the two-dimensional mesh shown in Figure 3.8b, each processing element

can simultaneously send a value to the processing element to its “North” or “East.”
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Figure 3.8b Two-dimensional mesh interconnection networks

3.8.2. Architectural Features of Processor Arrays (Enabling and Disabling processors)

One major characteristic of the processor array is its synchronous execution ability. Simply
put, all the individual processors work in lockstep. However, it is possible for only a subset
of the processors to perform an instruction. Each processor has a masking bit that allows it to
“opt out” of performing an instruction. Masking is useful if the number of data items being
manipulated is not an exact multiple of the size of the processor array. Masking also enables

the processor array to support conditional executed parallel operations.

Considering an instance of how the masking operation is being effected, supposing rhotrix
element A is distributed across the processor array from the north and another rhotrix element
B distributed otherwise from “east”, since we cannot multiply the heart elements with the
main entries of a rhotrix, we can assign mask bit of 1 to the task of assigning and multiplying
the rhotrix main entries and then assign a mask bit of 0 to the tasks of assigning and
multiplying the heart of the rhotrix entries. This could further be view this way, supposing at
the onset we distribute an integer vector A consisting of just Os and 1s across the processor
array, one element per processor, first, every processor tests to see if its element of A has the
value 0, if so, the processor set its mask bit, indicating it is not executing the next instruction.
The unmasked processor set their elements of A to 1. At this point the mask bits are flipped,
so that previously active processors become inactive, and vice versa. Now the unmasked

processors set their elements of Ato -1. Finally, all the mask bits are erased.
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1 0 1 0 1
1 0 1 0 1
1 0 1 0 1
1 0 1 0 1
1 0 1 0 1

Figure 3.8c Execution of an if-then-else statement

If processor mask id or bit is 1, computation of rhotrix main entries is performed else,
computations of the heart elements are performed. Best imagined, Rhotrix main entries are
assigned job id of “1” which are mapped to processors with masks bit of “1”” and rhotrix heart
entries assigned job id of “0” which are mapped to processors with mask bit of “0”. The
unmasked process is carried out as follows, for the first step of processing; if the value of the
processor id is zero then it is set to -1. This marks the first lockstep process, indicating an
inactive process state. For the second step, if the processor id is 1, it is set to -1, indicating an
inactive process state for the second lockstep. The active processors set their values of A to -

1. The active and inactive processors switch role is shown in Figure 3.8d.

1 0 1 0 1
1 0 1 0 1
1 0 1 0 1
1 0 1 0 1
1 0 1 0 1

Figure. 3.8d Inactive processors states
Shading indicates those processors that are masked out (inactive) because their elements of A

are 0. The remaining processors set their values of A to 1.
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1 -1 1 -1 1
1 -1 1 -1 1
1 -1 1 -1 1
1 -1 1 -1 1
1 -1 1 -1 1

Figure 3.8e This figure indicates the active and inactive processors switch roles. The active

processors set their values of A to -1.

3.9. The Mapping Problem
This section is almost a digression. It is devoted to the study of the simplest variant of the

problem. The mapping problem involves the decision of how the concurrently executable
units determine by the partitioning method are assigned to the processors of the
multicomputer system in order to achieve a maximal degree of parallelism in an efficient
manner. Since the mapping will affect the overall execution time and thus the speedup
attainable by the parallel program, it must be chosen carefully. In particular, it should keep
the computational load of the processors balanced and should minimize the communication
overhead among the processors. Because of its importance, the mapping problem has
attracted a great amount of research efforts during the last few years (Norman and Thanisch,
1993). Section 3.9.1 to Section 3.9.6 is solemnly devoted to find a more suitable mapping
pattern for rhotrix elements (vectors) on participating processors for every given tasks

allocation, independent of the grid topology.

3.9.1. Design of Processor Array Mapping Techniques

The processor array architecture design can be summarized in the following points.
e The processor array architectures are designed by using linear mapping techniques on
regular dependence graphs (DG).
e Regular Dependency Graph: the presence of an edge in a certain direction at any node

in the DG represents presence of an edge in the same direction at all nodes in the DG
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e DG corresponds to space representation — no time instance is suggested to any
computation =>T =0.

e Systolic architectures have a space-time representation where each node is mapped to
a certain processing element (PE) and is schedule at a particular time instance.

e Systolic design methodology maps an N-dimensional DG to a lower dimensional

systolic architecture

Definitions:

dl

J two nodes that are
2

e Projection vector (also referred to as iteration vector), d = (

displaced by d or multiples of d are executed by the same processor
e Processor space vector, P' = (P, P,) any node with index 1"=(i,j) would be executed

by processor;
[
PTI= (Pl Pz)[J

e Scheduling vector, S™ = (5:S,). Any node with index | would be executed at time, S'I.

e Hardware Utilization Efficiency, HUE = 1/|S'd|. This is because two tasks executed
by the same processor are spaced |S'd| time units apart.

e Processor space vector and projection vector must be orthogonal to each other => P’
d=0.

e If A and B are mapped to the same processor, then they cannot be executed at the
same time, that is, ST Ia # S" Ig that is, S'd # 0.

 Edge mapping: if an edge e exists in the space representation or DG, then an edge P'e
is introduce in the systolic array with S'e delays.

e A DG can be transformed to a space-time representation by interpreting one of the
dimensions as temporal dimension. For a 2-D DG, the general transformation is
described by i* = 7= 0, j' = P'l, and 7 = S'l, that is,

i [ 0 0 0)(i
P=1lif= - Poo) ]
t' t - §" 0/t

J' = processor axis

I'=scheduling time instance
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3.9.2. Linear Mapping of Processing Element
Dependency vectors:

Let f(i,iz,. . .,in) be a recurrent equation defined on an n-dimensional integral space Z":

f(in,i,. . oin) = BE G2 - odn)s - -0 TG0 200 - ') (3.9.1)
denote the domain of f by Q. Each point in Q represents a unit computation which is called a
computation point. (Computation points are comparable to the names of process or objects in
other models of computation). Based on the definition of f, a dependency relation among all
the computation points can be defined.

Definition: A computation point U is said to depend on a computation point V (denoted by U

> V), if f(v) appears on the right hand side of equation (3.9.1), when F(U) is on the left hand

side. The difference of the two points d = u-v, is called a dependency vector (associated with
U).
Denote the set of dependency vectors associated with a computation point U by D(u). For a

general recurrent equation, D(u) may depend on U. For example, in the following equation,

at every odd-k point D(u) = {(1,1)}, while at every other point D(u) = {(-1,1)}

f(i’.):{f(i—l,k—1)+l if k odd (3.92)

fi+Lk-1)+1 otherwise

3.9.3. Communication Vectors

We consider the class of parallel machine having regular multi-dimensional network
structures. Processing elements are inter-connected by communication channels or links,
typical network topologies including hexagonal networks and torus-connected k-ary n-cubes
(hypercube fall into this group). In such networks every node has the same set of
communication links. For example, in a 2D square mesh, every node will have four links

connecting to its nearest neighbour in north, south, east and west directions, respectively.

Communication links are represented by communication vectors. If the dimension of the
network is k, then each communication vector is of length k+1. The first component
corresponds to k spatial dimension and the last component represents time. We assume that
passing a message through a communication link takes one unit of time. Hence, the last
component of every communication vector is 1. Furthermore, we represent time delays

explicitly. A unit delay is represented by a communication vector (0, ..., 0, 1). A topology
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matrix can be defined for each network such that each communication vector is a column
vector. For convenience, we assume that the delay vector (0, . ..., 0, 1) is always the last

column vector in a topology matrix.

3.9.4. Linear Mapping
Let Q denote the domain of an n dimensional QURE. Let F denote a linear mapping function

from Zn, and let Ft denote the time component of F. The function F maps each point in Q to
a point in the range R which represents a process to be executed on a certain node in the
network. Linear mapping preserve the dependency relation among the computation points.
We call the set of points in the range R with dependency relation “ > a design of the QURE.
Any meaningful mapping function F has to satisfy the causality constraint in the time
domain.

Definition: A linear mapping satisfying the following two conditions is called a basic linear
mapping.
Al. Forall x,yinQ, ifx #y, then F(x) # F(y);

A2. For all x,y in Q, if y depends on X, then Ft(x) < Ft(y).
A linear mapping from Z" to Z" can be represented by n x n square matrix. Let T be such a
matrix. T may contain elements that are rational. Let D be the dependency matrix of the

network.

Definition 3: Given a square with a dependency matrix D and a network with topology C, a
square matrix T satisfying the following three conditions is called a valid linear mapping of D

with respect to C

B1. T is non-singular;

B2: For every column vector d in D, t.d>0, where t is the last row vector of T, which
represents time (. is the inner product of vectors).

B3: (validity w.r.t topology C) for each column vector d in D, the resulting space-time vector
Td must be a composition of communication vectors given by matrix C, where a composition

is a linear combination with non-negative integral coefficients.

3.9.5. Selection of Scheduling Vector S™ Based on Scheduling Inequalities
For a dependence relation X —¥, where I, = (iy, j)' and I," = (iy, j,)" are respectively the

indices of the nodes X and Y. The scheduling inequality for this dependence is given by.
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Sy > Sy + Ty
Where Ty is the computation time of the node X. The scheduling equations can be classified
into the following two types:
e Linear scheduling, where
Sy =S Iy = (S1 S2)(ix ju)"
Sy =S'ly = (S1 S2)(iy jy)"
e Affine scheduling, where
Sc=STlx+ 7= (S152)(ixj0)" + 7,
Sy=S"ly + 7y =(S1S)(iyjy) + 7y

So scheduling equation for affine scheduling is as follows:

ST+ Vy= ST+ Vx +Ty
Each edge of a DG leads to an inequality for selection of the scheduling vectors which
consists of 2 steps.

e Capture all fundamental edges. The reduced dependence graph (RDG) is used to
capture the fundamental edges and the regular iterative algorithm (RIA) description of
the corresponding problem is used to construct RDGs.

e Construct the scheduling inequalities according to

ST|X+ 7/y 2ST|x+ 7/X +TX

and solve them for feasible S'.

3.9.6. Rhotrix Multiplication and 2-D Processor Array Design
If true that rhotrix is a supper matrix, then we can extract separately the elements of rhotrix

hearts from the main entries in form of a square matrix with resultant products values of Cj;,
Ci2, Cz, and Cy, for a five-dimensional rhotrix as shown below. Again the main entries

could equally be considered as square matrix.
Ci1 = ay1byg + agohss Ci2 = ay1b1z + aobao

Co1 = anbii + axby Caz = anbio + axbyy
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The iteration in standard output RIA form is as follows:
a(i,j,k) =a(i,j-i,k),  b(ij,k) =b(i-i,j,k), c(i,j,k) =c(ijk-i) +a(jk)* b(,j,k)

Applying scheduling inequality with
Trult-add = 1-@nd oo, =0 we get
$220,81>0, 8321, yc-y, =20and y.-y,> 0. Take y,=y,= yc.= 0 for linear
scheduling.
e Solution 1:
s"=(1,1,1),d"=(0,0,1), P1 = (1,0,0)

P, =(0,1,0), PT = (Py Py’

0. 10 (1,0,0)

(0,0.0 (0.0, 0

.0

(0,0.1)
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Solution two:

S'=(1,1,1),d" =(,1,-1), P, =(1,0,1), P, = (0,1,1), PT = (P, P,)"

j C
b D |
: D D D ° [
b D [
c D D D
D D D
b D D
Solution one Solution two
e p'e sTe E Pe sTe
a0, 1,0) 0, 1) 1 a0, 1,0) 0, 1) 1
a(1, 0,0) (1,0) 1 b(1, 0, 0) (1,0) 1
a0, 0,1) (0, 0) 1 c(0,0, 1) 1,1) 1
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3.10. Rhotrix Multiplication on Process Array Grid
multiplication algorithm of an nxm rhotrix A with nxp matrix B results in new matrix

denoted by C of dimension mxp. Matrix C is given by C = A-B where the elements are
defined as:

Gy =Y a by, (3.10.1)
G =Y a.b,, (3.10.2)

¢, =a.b (3.10.3)

k=1
The thesis scope considered the parallel computation of the above three equations under two
different parallel platform, in which case (3.10.1) and (3.10.2) are dealt with using the
process array computational platform, while (3.10.3) was considered under both process array
and message passing interface parallel platform. The message passing parallel programming
interface is considered in Section 3.11 and its algorithm design structure presented in Section
3.12.

This method can be realized with the array of processors of dimension mxp. The principle is
the same as in Figure. 3.3a. The connections are realized in horizontal and in vertical
directions. Therefore the mesh connections of Linear processor Array structure is convenient
for this operation where the data stream of rhotrix A is flowing to the right and the data
stream of rhotrix B is flowing top down. The elements of rhotrix R are stored in the
appropriate processors of the array. In the case of the rhotrix-rhotrix computation the

expected speedup is.

n3
o[log nj (3.10.4)

3.10.1. Pseudocode for N-Dimension Rhotrix Multiplication on Process Array Grid
This section outlines the algorithm that governs the parallel multiplication of two n-

dimensional rhotrices on processor array architecture. The pseudocode of the algorithm
follows. The main algorithm uses three auxiliary algorithm colFlip(A,), rowFlip(B,), and
Stagger(An,Bp).

Consider n-dimensional rhotrices Rs and Qs
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Step 1:Modify R, by flipping its columns 1, 2,.... & j, where j is the last column of rhotrix R,
Step 2:Modify Q, by flipping its rows 1, 2,.... & i, where i is the last row of rhotrix Q,
Step 3:Stagger the data sets for input

Step 4:Feed the staggered input into the systolic array architecture for parallel multiplication.

3.10.2. Input Data Movement Pattern for (Coupled matrix)
all
Let R, =

a,; |, using definition of half transpose of rhotrices defined in

a23

ay ap a3 a, 0 a, 0 a;

Cpa Ci, 0 ¢, 0 ¢, O

RSTIZ =| @y Ay Ay |~lay 0 a, 0 a5
Ca Cao 0 ¢, 0 ¢ O

as; as, ass a; 0 a, 0 ag

This RZ’? is known as coupled matrix (Sani, 2007). Now supposing we have two coupled matrices

R:'* and Qi " represented by uniform indexed variable as shown below:

4y &, &3 &y &5 bll b12 b13 b14 b15
8y 8y Az 8y 8y b21 b22 b23 b24 b25
ng =| 8 8 3 8y G and =10y by by by, by
8 Ay Q3 8y 8y b,y by, b43 b,, b45
A 85, Az Qg Agg by, by, bs; by, by

Figure 3.10a: Uniformly indexed variables of coupled matrices

We need to modify the matrices input data.

Flipping R.’?row-wise and Q; '?

figure 3.10b and 3.10c:

column-wise, thus, the resulting rhotrices are as shown in
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Flipping columns 1,2,4 &5 and Flipping row 1, 2, 4 & 5 gives:

a15 a14 a13 a‘lZ a‘ll b51 b52 b53 b54 b55
a25 a24 a‘23 a22 a21 b41 b42 b43 b44 b45
a35 a34 a33 a‘32 a‘Sl bSl b32 b33 b34 b35
a45 a'44 a‘43 a42 a‘41 b21 b22 b23 b24 b25
a55 a54 a53 a‘52 a‘51 bll blZ blS bl4 b15
Figure 3.10b: Flipped R/ '? Figure 3.10c: Flipped Q] ’?

We now proceed to stagger the input data into the individual processing units, following the
steps given in Section 3.10.1 as shown in Figure 3.10e.

Qg M3 oy O -——

Azq Oz3 933 Gy

. .
O34 T33 O35 O3 - : —%

7
'
li
A4 43 Y4z Ty -
:i:

Figure 3.10d General array processor computation representation
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bss g5
bs3 by bss
be b b3 bas
52 43
b b2y b5
51 b42 b33 b14
b
41 b32 b43
b
8 b22 blg
b
2 p,
b1y
g5 Q14 &3 8y Ay - PO (| P1 -p{ P2 ->‘ P3 1l P4 1p
dos dpy dpz Ay Ay —»| P5 1 p| P6 P7 P8 [p|P9 L
835 834 833 832 A3 > P10>P11P12 (P13 P14 (>
A5 dgq Agz Agp gy —» P15 P16 17 P18 P19 >
%5 54 353 352 51 P20 (P21 [-3iP22 [{P23 (P24 1>

Figure 3.10e: Staggered input data of the coupled matrices

3.10.3. Input Data Movement Pattern for Rhotrix Elements
In this section we tried to extend similar input data modification of the above pseudocode to

rhotrix multiplication without transforming the rhotrix into coupled matrix. This approach

will be based on previous definition of the derived techniques presented in Section 3.3.1

a11 bll
a31 aZl a12 b31 b21 b12
Let R9 © Q9 = a'51 a4l a32 a'22 a13 © bSl b4l b32 b22 b13
a‘52 a42 a33 b52 b42 b33
a53 b53

Now suppose we have the above two rhotrices R, and Qs as follows:

We need to modify the rhotrices input data as shown below.

Flipping R. row-wise and R. column-wise, thus, the resulting rhotrices are as shown in fig
3.10f and 3.10.9:
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a'11 bll
a31 aZl a12 b31 b21 b12
a51 a41 a32 a22 a13 bSl b4l b32 b22 b13
a52 a42 a33 b52 b42 b33
a53 b53

a‘l3 b51
a‘33 a'22 a12 b3l b4l b52
a53 a42 a32 a21 a11 bll b21 b32 42 b53
a52 a41 a‘31 b12 b22 b33
a‘51 b13
Fig 3.10f: Flipped R, Fig 3.10g: Flipped Q;

We now proceed to stagger the input data into the individual processing units, following the

steps given in Section 3.10.1 as shown below in Figure 3.10h.

bs3
0 bss
b
% by by
0 b3, b,
bs; by b1

diz A2 an

0 axp ayx

Azz a3 a3

0 ag an

As3 a5y Asy

Figure 3.10h Staggered input data of the two rhotrices
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The shaded processes indicate processors inactive states, while the un-shaded indicates
processors active states. These states fluctuate depending on input data id’s and processor

mask bit. This feature has been expatiated in Section 3.8.2.

Next, we implement a parallel algorithm for the pseudocode presented in Section 3.10.1, this

algorithm is as shown below.

Algorithm 6: Rhotrix elements column flip operation module

colFlip(a[n, n]){
col «n;
fori«1ton{
forj« 1ton{
a[i, j] < a[i, col];
col « col-1,;

ky

col «n;

Algorithm 7: Rhotrix element row flip operation module

rowFlip(b[n, n]){
row < n;
fori<1ton{
for je=1to n{
afi, j] < a[row, j];
}

row « row-1;
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Algorithm 8: Staggering operation module

Stagger(a[n, n],b[n, n)){

fori:1ton{
for j:1ton{
pia < ali, JI;
poj < bl iI;
}
}

Algorithm 9: Rhotrix multiplication module

RhotMul(A,, Bn){

Input: Two n-d rhotrices;

Output: R, product of rhotrices A, and By;
colFlip(An);

rowFlip(Bn);

Stagger (An, Bp);

c<0;

Pi;j receive a from p;;.1 and b from pj.y;
c:=C + a*b;

Pij send a from pjj.1 and b from pi.q;

¥

Implementing n-dimensional rhotrices in parallel requires n x n processing units, which will
run in O(n) times.

3.11. Row-column Multiplication on Master-Worker Platform (Coupled Matrix)

This section is aimed at selecting a scalable platform for our proposed parallel row-column
rhotrix-multiplication algorithm implementable on clusters of workstations. The algorithm is
devised to handle resource selection (deciding which workers to enrol) and communication
ordering (both for input and result messages). In the next chapter we present an MPI

implementation of the parallel algorithm based on this platform.

In this research work, we do not intend to limit our work only to the 2D processor grid
strategy to networks of workstations. Instead, we adapt a realistic application scenario, where
input files are read from a fixed repository (disk on a data server). Computations will be
delegated to available resources in the target architecture, and results will be returned to the

repository. This calls for a master-worker paradigm or more precisely for a computational
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scheme where the master (the processor holding the input data) assigns computations to other
resource, the workers. In this centralised approach, all rhotrix files originate from, and must

be returned to the master. The master distributes both data and computations to the worker.

3.11.1. Application Process and Input Data Communication
We deal with the computational kernel C « C + RQ stated in the form

n n-1
C,= ,BZ &y <Dy + (- ,B)Z 8 <D, j, where B denote rhotrix row index assuming
k=1 k=1

value odd or even ie f = 0 and f = 1. We partition the three rhotrices R, Q, and C as
illustrated in Figure 3.11a. More precisely:

a. We use a block-oriented approach (reason being for the fact that we can actually divide a
rhotrix into blocks of main entries and block of hearts as a set of separate data elements).
The atomic elements that we manipulate are not rhotrix coefficients but instead square
blocks of size q x q (hence with g coefficients).

b. The input Rhotrix C is of size nC x nRQ :

we split R into r horizontal stripes Ai, 1 <i<r, where r=nC /q;,

we split each stripe R(Ay into t square g x g blocks R(Ajx, 1 < k < t, wheret=
nRQ /q.
. Again we consider the input rhotrix Q of size NnR(A)Q(B) x nQ(B) :

we split B into s vertical stripes R;, 1 <j <s, where s =nQ /q;

o

we split stripe Q(B))into t square g x g blocks Qa1 j | Qak. j» I <k <t.
n n-1

d.We compute C, ; = 8> &, xby, ,; +(1-5)D a, xb, forp=0or p=1. Rhotrix C is
k=1 k=1

accessed (both for input and output) by square q x g blocks Cij, 1 <i<r, 1 <j<s. There
are r x s such blocks. We point out that with such a decomposition all stripes and blocks
have same size. This will greatly simplify the analysis of communication costs.
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s strips

T

Q(Bkyj)

R(AL) Cij

rstrips r x s blocks

Figure 3.11a Partition of the three rhotrices R,Q and C

3.11.2. Master-Worker Network Topology Platform

We target a heterogeneous network topology comprising of clusters of workstations D =
{Po, P1, P2, ... ,Py }, composed of a master Poand of p identical workers P;, 7 <i <p.
Because we manipulate large data blocks, we adopt a linear cost model, both for
computations and communications (i.e., we neglect start-up overheads). We have the
following notations:

» It takes N.w; time-units to execute a task of size N on Pi ;

« It takes N.c;j time-units for the master Py to send a message of size N to P; or to receive a
message of size N from P;.

A fully homogeneous network platform would be a platform with identical workers and
identical communication links: wi = w and ci = ¢ for each worker Pi, 1 <i < p. Without loss
of generality, we assume that the master has no processing capability (otherwise, add a
fictitious extra worker paying no communication cost to simulate computation at the
master). Next, we need to define the communication model. We adopt the one-port model
(Bhat and et al., 1999) and (Bhat and et al., 2003), which is defined as follows: (i) the master
can only send data to, and receive data from, a single worker at a given time-step; (ii) a
given worker cannot start execution before it has terminated the reception of the message
from the master; similarly, it cannot start sending the results back to the master before

finishing the computation. In fact, this one-port model naturally comes in two flavours,
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depending upon whether we allow the master to simultaneously send and receive
messages or not. If we do allow for simultaneous sends and receives, we have actually the
two-port model. Here we concentrate on the true one-port model, where the master cannot be
enrolled in more than one communication at any time-step. The one-port model is realistic.
Bhat, Raghavendra, and Prasanna (2003) advocate its use because “current hardware and
software do not easily enable multiple messages to be transmitted simultaneously.” Even if
non-blocking multi-threaded communication libraries allow for initiating multiple send and
receive operations, they claim that all these operations “are eventually serialized by the single
hardware port to the network.” Experimental evidence of this fact has recently been reported
by (Saif and Parashar, 2004), who report that asynchronous MP1 sends get serialized as soon
as message sizes exceed a hundred kilobytes.  Their result holds for two popular MPI
implementations, MPICH on Linux clusters and IBM MPI on the SP2. Note that all the MPI

experiments in Chapter 4 obey the one-port model.

Our final assumption is related to memory capacity; we assume that a worker P; can only
store m blocks (either from R, Q, or C). For large problems, this memory limitation will
considerably impact the design of the algorithms, as data reuse will be greatly dependent on

the amount of available buffers.

3.11.3. Minimization of the Communication Volume
In this section, we derive a lower bound on the total number of communications (sent from,

or received by, the master) that are needed to execute any rhotrix multiplication
algorithm satisfying our hypotheses (centralized data and limited memory). Since we
aim at minimizing the total communication volume, we can simulate any parallel
algorithm on a single worker. Therefore, we only need to consider the one-worker case.

We deal with the original, and realistic, formulation of the problem as follows:
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Thrift
Yole [a e [a [ A
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. . Cu Ci2 ‘ Ca ‘ Cis Caz ‘ Ca ‘ Ca Css Ca ‘ Csp ‘
Min-min ‘ P,
& (A Bl (A
‘ Cs1 ‘ Cs2 Css Cs Ca Cs3 ‘ Cs ‘ Ca P,

Figure 3.11b Example showing that Min-min is not optimal: withp=2,c=8,w =9,
r =6, and s = 3, Thrifty has a lower makespan.
We consider two greedy algorithm for p workers:
Thrifty: This algorithm “spares” resource as it aims at keeping each enrolled worker fully
active. It work as follows:

e Send enough blocks to the first worker so that it is never idle,

e Send blocks to a second worker during spare communication slots, and

e Enroll a new worker (and send block to it) only if this does not delay previously

enrolled workers

Min-min: This algorithm is based on the well known min-min huristic (Maheswaran et al.,
1999). At each step, all tasks are considered. For each of them, we compute their possible
starting time on each worker, given files that have already been sent to this worker and all
decisions taken previously: we select the best worker, hence the first min in the huristic. We
take the minimum of starting time over all tasks, hence the second min. It turns out that
neither greedy algorithm is optimal. This further illustrated in Figure 3.11b above.

1 n W

ABB BB CCCclclccclcccciccoclcelc

Figure 3.11c Memory usage for the maximum reuse algorithm when m = 21: p=4;

1 block is used for A, u for B, and p? for C.
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» The master sends blocks R(Ai), R(Bak-1,j) | R(B2k j), and Cjj ,

+ The master retrieves final values of blocks Cj;, and

» We enforce limited memory on the worker; only m buffers are available, which means that
at most m blocks of R(A),Q( B), and/or C can simultaneously be stored on the worker.

First, we describe an algorithm that aims at reusing R blocks as much as possible after they

have been loaded. Next, we assess the performance of this algorithm.

3.11.4. The Maximum Re-use Algorithm
Below we introduce and analyze the performance of the maximum re-use algorithm,

whose memory management is illustrated in Figure 3.11c. Four consecutive execution
steps are shown in Figure 3.11d. Assume that there are m available buffers. First we find p
as the largest integer such that 1 + g + p?> < m. The idea is to use one buffer to store R(A)

blocks, p buffers to store Q(B) blocks, and p? buffers to store C blocks.

811‘ B12‘ B13‘ 814‘ Bn‘ 312‘ 813‘ 814‘ Bn‘ Blz‘ 813‘ 814‘ B11| B12 813
R11 C11 | C12| C13| C14 C11| C12| C13| C14
C21 C23 C23| C2d C21 | C22| 23| C24 . C21 | C22| Co3| Co4

C31| €32 C33| C34 . C31 | €32 C33| C34

C41 | C42| C43 | Ca4 C41 C42 C43 Caq

Figure 3.11d Four steps of the maximum re-use algorithm, with m=21 and p=4.

C11 C12 C13‘ C1

C21 | C22| C23| C24

C31| €32/ C33| C34

C41 | C42|Ca3| Caa Ca1 | C42| Ca3| Cas

The elements of C updated are displayed in white on black.

In the outer loop of the algorithm, a pt x pt square of C blocks is loaded. Once these p? blocks
have been loaded, they are repeatedly updated in the inner loop of the algorithm until their
final value is computed. Then the blocks are returned to the master, and p® new C blocks are
sent by the master and stored by the worker. As illustrated in Figure 3.11c, we need M
buffers to store a row of Q(B) blocks, but only one buffer for R(A) blocks: R(A)
blocks are sent in sequence, each of them is used in combination with a row of uB
blocks to update the corresponding row of C blocks. This leads to the following sketch of the
algorithm:

Outer loop: while there remain C blocks to be computed

« Store P2 blocks of C in worker’s memory:

send a u x psquare {Cij /ip <i<ip +H, jo <j<jo + M}
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* Inner loop: For each k from 1to t:
1. Send a row of p elements {R(Bak-1,j) | Q(Bak.j) / jo <j <jo + M}
2. Sequentially send p elements of column {R(Aix) / ip < i < ip + u}. For
each R(Ajk), update p elements of C

» Return results to master.

3.12. Algorithms for Master-worker Platforms (Coupled Matrix)

In this section, we adapt the maximum re-use algorithm to fully homogeneous platforms.
We must first decide which part of the memory will be used to stock which part of
the original rhotrix, in order to maximize the total number of computations per time unit.
Relative to Cannon’s algorithm (Cannon, 1969) and the ScaLAPACK outer product
algorithm (Blackford et al., 1999) both distribute square blocks of matrix product C to the
processors, likewise, we could equally do so with resultant rhotrix C. Intuitively, squares are
better than elongated rectangles because their perimeter (which is proportional to the
communication volume) is smaller for the same area. We use the same approach here, but we

have not been able to assess any optimal result.

Master assigns

job to worker Master assigns

job to worker

Worker return
completed job
to master

Figure 3.12: Task/Channel Graph of the Algorithm

The master interacts with each worker and on the process the worker initiates a

communication cycle by sending a message to the master indicating its readiness to start
work.
Manager Pseudocode:

Identify n jobs in host system or user-specified directory

Receive size k, the number of elements in each job
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Allocate n x k matrix to sore job vector
Repeat
Send message or task to worker
Receive message or result from worker
if message contains result
store result
endif
if job remains then send worker task
else Send worker termination message
endif

until all workers terminated

Worker Pseudocode:
Repeat
Send first request to master
Receive task from master
Perform computation on task
Send result back to master

forever

3.12.1. Principle of the Algorithm Design
We load into the memory of each worker i g x g blocks of R and p g x q blocks of Q to

compute 2 q x q blocks of C. In addition, we need 2y extra buffers, split into pbuffers for
R and p for Q, in order to overlap computation and communication steps. In fact, u
buffers for R and p for Q would suffice for each update, but we need to prepare for
the next update while computing. Overall, the number of C blocks that we can
simultaneously load into memory is the largest integer p such that

u2+4u§m.

We have to determine the number of participating workers P. For that purpose, we proceed
as follows. On the communication side, we know that in a round (computing a C block
entirely), the master exchanges with each worker 2p? blocks of R (® sent and p? received),
and sends pt blocks of R and ut blocks of Q. Also during this round, on the computation

side, each worker computes p’ block updates. If we enrol too many processors, the
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communication capacity of the master will be exceeded. There is a limit on the number of

blocks sent per time unit, hence on the maximal processor number “W,, which we compute as

follows: "W, is the smallest integer such that 2utc x W, > p? tw.

Indeed, this is the smallest value to saturate the communication capacity of the master
required to sustain the corresponding computations. We derive that

W :|7‘u2_tw—|: Irﬂ—l
" 2C/,lt 2C (3.12)

In the context of rhotrix multiplication, we have ¢ = g’z and w = g°z,, where 7 and 7,

respectively represent the speed of the communication link and the speed of the processor.

T . .
Hence (%_ﬂ Moreover, we need to enforce that ‘W, < p, hence we finally obtain "W, =

T

bl ]

For the sake of simplicity, we suppose that r is divisible by p, and that s is

divisible by W,u. We allocate p block columns (i.e., gu consecutive columns of the original
matrix) of R to each processor. The algorithm is decomposed into two parts. The first
algorithm outlines the program of the master, while the second algorithm is the program of

each worker.

Algorithm 10: Master algorithm.

Read rhotrix elements from file

Allocate memory to buffer

Split the rhotrix into squares Rirow, icol Of U2 blocks (of size q x q):

Rirows icol = { Rirow icol | (iroOW - 1) u + 1 <i <irow X Y, (icol - 1) u + 1 < j <icol X \};

for icol' <0to Wiby step W, do

n

for irow' «<1to r do
U

fOI’ idworker (_1 tOWn dO
icol «icol" + idworker;

send block Rirow, icol 10 Worker idworker:
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endfor
fork —~1totdo
for idworker <1 toW, do
icol «icol' + idworker;
for j «(icol - 1) p+ 1toicol x pdo
send R(bzk.1,j) | R(b2k j);
endfor
fori «(irow-1) p+ 1toirow x pdo
send R( ajk);
endfor
endfor
endfor
for idworker <1 toW, do
icol «—icol' + idworker;
receive Rirow, icol from worker idworker;
endfor
endfor

endfor

Algorithm 11: Worker Algorithm.

for all blocks do
Receive Rirow, icol from master;
fork «<1totdo
for j «(icol - 1) p+ 1 toicol x pdo receive R(bz.1,j) | R(b2 j);
fori «(irow - 1) p + 1 to irow x p do receive R(ai);
for j «(icol -1) p+ 1 toicol x p do
if imod2+0){
R(Cix) «R(Cij)*+ R(@ix) X R(D2c1,j)
}
else{
R(Cix) «R(cij) + R(@ix) x R(bz ;)
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}

endfor
endfor
endfor
return Rirow, icol {0 Master;

endfor

3.13. Program Task Graph for Heart-Oriented Rhotrix Algorithm

The heart-oriented rhotrix algorithm can easily be represented in a task graph. Similar graph
model was initially presented in Section 3.5.4 for Strassen’s algorithm, hence, we only
present structural representation of similar graph for the heart-oriented rhotrix multiplication.
Figure 3.13 illustrates the corresponding task graph which has been simplified into the
following two stages of computation.

Let consider the following rhotrices

a1 bl
R,=(a, a, a,)and Q;=(b, b, b,
aS b5

The computation can be expressed into

Stage one:
A =ba, B, =a;b,
A, =b.a, B, =a,b,
H, =a;b,
A, =b,a, B, =ajb,
A, =b,a, B, = asb
Stage two:
C,=A+8B,
C,=A+B,
C,=H
C,=A,+B,
C.=A +B
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We can now apply the above task notation to produce a simplified task graph as shown

below.

- // /7
- -~ /7

—~ — /7
/

-~ P
-
—
-
-~ — X

—~

Figure 3.13: Task Graph for Heart-Oriented Rhotrix Algorithm

Algorithm 12: Master-Worker algorithm for heart-oriented rhotrix multiplication.

ha «x

hb «vy

Part One
find out if | am MASTER or WORKER
if | am MASTER

offset «0; active «0;

fori=1topdo

read current block of the rhotrices A; and B; of size sb
elements starting from the position offset of file;

send current block of the rhotrices A; and B; to worker P;;
active «active + 1;

offset « offset + sb;

endfor
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do until no more jobs
receive results from WORKER — R;
active «active - 1;

sender « I:)anyworker;

if offset is not at end of the rhotrix files then

read current block of the rhotrix a and b of size sb
elements starting from the position offset of file;
send current block of the rhotrix a and b to worker
Psender;

active «active + 1;

offset « offset + sb;

endif

end do

send a terminator message to worker Psenger;

print global result;

Part Two
else if  am WORKER
do until no more jobs
receive from MASTER next job
if there is terminator message then break;
calculate C(i) «Rhotrix_Mult(block_a, block_b)
send C(i) to MASTER

end do

begin Rhotrix_Mult (block_a, block b)

fori <0ton
if i := (1/2(n*+1)+1)/2
C[i] =hax hb
else

C[i] = a[i] x hb + b[i] x ha
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endif
return (ans[i])
end FCN(input)
endif

3.14. Memory Usage

As shown in Figure 3.17 and Table 3.17, process PO needs more memory than every other
process, since it stores all the blocks of rhotrix entries and computed results. While processes
P1, P2, P4 and P5 stores a complete set of rhotrix entries comprising main entries and the
heart element required to perform a unit set of computation. Process P3 only stores the heart
elements. We consider the memory cost required by process P0O-P5. We noticed that the
memory usage of processes P1, P2, P4 and P5 are identical in sizes. Each of them needs

1 . . :
4><E(n2 +1) memory elements to store two main entries and two heart entries from the two

rhotrices. Process P3 needs 2><%(n2 +1) and process PO needlex%(n2 +1) elements of

memory. Thus considering the space to store the two rhotrices R and Q entries, the total,
amount of memory requirement is equal to8(n” +1). If we denote PO to be the master
processor, then, its memory requirement will be an +1J while those of the slaves processes

2

will have [” +1

+2w each. The number 2 stands for heart of first and second rhotrices.
. n“+2p+1
Thus, in general we have | —— | as the memory usage for the slave processes.
p

3.15. Heart-Oriented MPI Experimental Performance Model

In this section we present a time prediction models for the heart-oriented rhotrix algorithm
implementations discussed in Section 3.10. We give the execution time for each step of the
algorithm implementation. Therefore, the execution time can be broken up into four terms:

i. Tyq: Itis the total I/0O time to read the elements of the vectors a and b into several
blocks of size s x b x sizeof(int) bytes from the local disk of the master processor. The
sb is the number of elements of the block. Therefore, the master reads 2 X n X

sizeof(int) bytes totally of the vectors a and b. Then, the time T, is given by:

_ 2xnxsizeof (int)
(V, 0 )master

T, (3.15.1)

where (Vio)master is the 1/0 speed of the master workstation.
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T,: It is the total communication time to send all blocks of the vectors a and b to all
workers. The size of each block is sb x sizeof(int) bytes. Therefore, the master sends

2 X n x sizeof(int) bytes totally. Then, the time T, is given by:

_ 2xnxsizeof (int)
V

comm

(3.15.2)

T,

where Veomm 1S the communication speed
Ts: It is the average computation time across the cluster. Each worker performs a dot
product between the block of the vector a and the block of the vector b with size sb x

sizeof(int) bytes. It requires sb steps. Then, the time Tj is given by:

n—‘ - j ! !

[ p |(sbx sizeof (int)) _ _

T, - ( sb p T max Jpl{sbx sizeof (mt)} (3.15.3)
Z(Vcomp)j (Vcomp)j

j-1

p
where Z(\/comp) ; Is the computation capacity of the cluster (homogeneous or
j=L

heterogeneous) when p processors are used. We include the second max term in the
equation (3.10.3) which defines the worse load imbalance at the end of the execution
when there are not enough blocks of the rhotrix main entries left to keep all the

processors busy.

T4: It includes the communication time to receive [ n 1 results from all workers. Each
sb

worker sends the local sum back 1 x sizeof(int) bytes. Therefore, the master will

receive ( n W x sizeof(int) bytes totally. Therefore, the time T, is given by:
sb

PH x sizeof (int)
T, =13 v (3.15.4)

comm

where V¢omm 1S the communication speed
Further, we note that for this dynamic rhotrix implementation in practice there is
parallel communication and computation and for this reason we take the maximum

value between the communication time i.e. T, + T4 and the computation time i.e. Ts.

131



Therefore, the total execution time of our rhotrix product implementation, Tp, using p

processors, is given by:

T, =T, +max{T, +T,,T,}

(3.15.5)

3.16. Heart-Oriented Scalability Analysis Performance Model

The scalability analysis of our parallel algorithm is considered by examining how the

program execution time and speedup varies with some of the specified program parameters

such as rhotrix size, order and number of processors exploited during the program run.

a. The parallel program execution time T, can be examined within the following time

components

Computation time Tcomp: it is the time a single processor (worker p;) spends
doing its part of a computation. It depends on the problem size n and specifics
of the processor p. Ideally, this is just Tseria/P

Teomp = Tserial/P (3.16.1)

Idle time Tiqe: When a processor is not computing or communicating, it is idle.

In our parallel algorithms we tried to minimize a processor's idle time by

ensuring proper load balancing and efficient coordination of processor

computation and communication.

Communication time Temm: it is the time it takes for processes to send and

receive messages from master to worker and vice versa. This time is usually

broken up into two parts,
Teomm =Ti+ T, (3.16.2)

- The first part is the time associated with initializing the communication and
is called the latency, T,.

- The second part is the time it takes to send a message of length m, Tp,. Tpy iS
given by m/B where B is the physical bandwidth of the channel (usually
given in megabytes per second).

- We assumes that communication cannot be overlapped with other
operations, thus, Tcomm=Nmessages X (T1 + <m>/B) where <m> is the average
message Size and Nmessages 1S the number of messages required by our

algorithm.
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The execution time, Te, is given by, Te = Tcomp + Tcomm + Tidle, Where the execution
time is divided between computing, communicating, or sitting idle, respectively as
explained above.

b. The relative parallel algorithm Speedup Tspeedup is defined as the execution time on
one processor over the execution time on P processors. Absolute speedup is obtained
by replacing the execution time on one processor with the execution time of the

fastest sequential algorithm and it is given as:

Processing Time in a Single Processor

Speed-Up Factor= . r——
peed-Lp Factor Processing Time in the Array Processor

(3.16.3)

3.17. Task-Parallel Approach for Heart-Oriented Algorithm Using MPI

We consider a very simple method of parallelizing the heart-oriented algorithm. Based on the
algorithm, there exist two kind of rhotrix multiplications (i.e., rhotrix heart by main entries
and heart by heart multiplication). For instance, consider three dimensional rhotrices and
employ six processes to compute the multiplications, the program design becomes very
simple. The basic idea is that we divide the computation into five parts where each part is
being handled by a process. Figure 3.13 above is a task/channel graph for the heart-oriented
algorithm while Figure 3.17 depicts the computation partitioning across six processes. Again,
based on this logical task partitioning, we can easily write an MPI program to implement our
program design. For example, process PO corresponding to the red node performs the task of
data distribution and receives computed results from each processes. Processes P1, P2, P4
and P5 perform the task of heart to main entries computation, while process P3 corresponding
to the dark red node performs the task of heart to heart computation. Please note that we can

equally choose to assign computation to process PO, either ways, follows.
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Fig 3.17 Using six MPI processes to implement the heart-oriented rhotrix multiplication
algorithm. Nodes with the same colour belong to a single process.

Table 3.17a Heart-oriented data distribution among processes

PO 3.1, a21a31a41a51bl’bz’b3!b4!b5

P1 a1,b1,83,b3

P2 az,b2,83,b3

P3 ag,bg

P4 as,b4,83,b3

P5 as,bs,as,b3

PO C1,C2,C3,C4,Cs

The dynamic allocation of the main entries is based on the following assumptions: First, the
number of workstations in the cluster is denoted by p and we assume that p is power of 2.
First, the workstations are numbered from 1 to p. Second, we load into the local disk of the
master workstation PO all main entries (or blocks) of the rhotrix main entries a and b. The
algorithm of the heart-oriented rhotrix multiplication comprises of two phase: the first phase
outlines the program of the master, while second phase is the program of each worker. We
must note that the offset is a pointer that shows the current position in the file. Further, the
master terminates when there are not any blocks of the rhotrix main entries a and b. Note that
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in order to terminate, the number of tasks outstanding in the workers is counted (active). It is

also possible simply to count the number of results returned as shown in Table 3.17b.

Table 3.17b Heart-oriented computation among processes

PO ay, 8p,83,d4,85,01,02,03,04,b5

P1 Al = [ng al]

P2 A2 = [b3 X az]

P4 A4 = [bs X a4]

P5 A5 = [b3 X as]

P3 H= [33 X b3]

PL | BL=[asx bi]

P2 B2 = [3.3 X bz]

P4 B4 = [a3 X b4]

P5 B5 = [33 X b5]

P1 Cl= Al+B1

P2 C2=A2+B2

P3 [ C3=H

P4 | C4= A4+B4

P5 C5= A5+B5

PO | C1,C2,C3,C4,C5

3.18. A Framework of Task-Parallel Approach for Strassen’s Algorithm Using MPI

We can use a straightforward method to parallelize Strassen’s algorithm. Based on the
algorithm, there exist seven matrix multiplications (i.e., P1-P7). If we employ seven
processes to compute the multiplications, the program design becomes very simple. The basic
idea is that we divide the task graph in Fig. 3.5a into seven parts and each part is handled by a
process. Fig. 3.18 depicts the task partitioning across the seven processes. Nodes with the
same colour belong to a single process. It is important to note that the positions of nodes in
Fig. 3.18 are identical to those in Fig. 3.5a were computations are carried out for step 1 and 2
of Sand T, step 3 of U and step 4 of R. Since Figure 3.18 directly reflects our program

design model, it is straightforward to write an MPI program based on the graph. For instance,

135



process P3 performs computations of S1, T1, U4 and R21 which correspond to the brown

nodes on the right.

Figure 3.18: A model of MPI task processes graph to implement Strassen’s algorithm

3.19. Data Structures

In this section we will discuss on the different ways of storing rhotrices, that is, where should
an element be placed in memory. Naturally, when storing a two-dimensional objects such as
the double indices (row-column) rhotrix into a one-dimensional objects such as the memory,
we are facing the problem of choosing a mapping of the different set of coordinates to each
other. Traditionally, there has been two alternatives, store by row or store by column. For
instance in Fortran, the column-major order is used, in which columns are stored after each
other, that is, we are going by stride 1 (the distance between subsequent accesses) for
increasing row coordinates, see Figure 3.19a and 3.19b. In order to calculate the memory
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address for an element in a row-column rhotrix we need the number of rows for the rhotrix.

The address is then

add (A Ida, r,c) = A+ (r —1) + (c—1)Ida (3.19.1)

Where A is the address of the first element in A and lda is the number of rows, or leading
dimension, of A. r and c are one-based, that is, they start numbering from 1, if we are going
along a row, we are going by stride Ida. For example, let consider how a five dimensional

rhotrix is represented in a computer memory.

a,
a31 a21 a12
R5= 851 dy 8 Ay A,
a52 aa42 a33
a53
1 6 11
// ,/ |
/
2 7 o
// / /// Iy
T ERE
SN P
/ / / ,//l l\‘
S 7 214 T [ 0\
y /// // /// |\\
A TR ST E A
/ v duyn 1,111\\.\\
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8(13(14(9|0|5|10]|15

Figure 3.19b: C’s way of mapping the rhotrix to memory
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In C, the rows are stored after each order, that is, we are going by stride 1 if we follow the
same row. In order to calculate the memory address for an element in a double indices rhotrix

stored in the C way, we need the number of columns for the rhotrix, lda.

address(A,lad,r,c)=A+(r-1elda+(c—1) 3.19.2

We can also make use of the column-major matrices for row-column rhotrices in C, by using
the pre-processor example and calculating the offset manually. The following example shows
how to use the pre-processor to hide explicit offset calculation.

Void fillRhotrix(double *A, int Ida, int r, int ¢, double value)

#define A(r,c) (A[(r)*Ida + (c)])

{
inti, j;
for(1=0;i<r;i++)
for G =0;j<r;j++)
A(i,j) = value; / * Expands to A[i * Ida + j] = value */
}
#undef A /* If we need another A somewhere else */

Also shown in Figure 3.19c and 3.19d are the mapping of rhotrix elements to computer
memory, but in this case we considered the heart-oriented single indices data-to-memory
mapping. The elements are mapped in row-major order as in C.

di |dy|ad3|d4 | A5 | dp | d7 | dAg | dg | dio | Ai1 | d12 | A13

Figure 3.19c: C’s way of mapping rhotrix entries to memory
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Figure 3.19d C’s way of mapping the rhotrix to memory (blocked)

3.20. Computational Time Complexity Analysis for Rhotrix Multiplication

In this section, we establish an optimal way of multiplying rhotrices, a fundamental operation
that is a bottleneck for many important algorithms. Faster rhotrix multiplication would give
more efficient algorithms for many standard linear algebraic problems that will in the nearest
future be driven from rhotrices, such as inverting rhotrices or simply put the inverse of a
rhotrix, solving systems of linear equations, and finding determinants. Even some basic graph
algorithms is anticipated to run only as fast as rhotrix multiplication. From matrices
perspective, it has been established that the standard method for multiplying n < n matrices
requires O(n®) multiplications. This fundamental concept can be of help to us as we integrate

similar notion in determining the computational time complexity for rhotrices multiplication.

3.20.1. Computational Time Complexity for Row-Column Multiplication

Theorem 2: The computational time sequence for any n x n rhotrices multiplication is given

by %(ng’ + 3nj, which also belongs to the class of multiplication time complexity function of
0O(n?) classes, where n is the dimension of the rhotrix.

Proof:
Recall that the computational time complexity for matrix multiplication is O(n®) where n is the order

of the square matrix. We note that in rhotrix there exist two matrices of orders t and t-1 respectively.

Thus, the computation time sequence of the square matrix of order t-1 is given by:
T, =(t—1)° =t>—3t* +3t—1. Since the total number of multiplications in both the outer
and inner matrices equals the number of multiplication in the host rhotrix then

Toomp =t +(t—1)°

Therefore, the time complexity for the two matrices combined is
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Toomp =t° +(t—-1)° =t° +t° -3t* +3t-1=2t> -3t* +3t -1 (3.21)
However, there exist a relationship between the dimension of a rhotrix and the orders of its
outer and inner matrices, for example, if n is the dimension of the host rhotrix, t the order of
the outer matrix and t-1 the order of the inner matrix then n=t+t—-1=2t —1. Which implies
that t = (nTJrlj . Thus substituting t in equation (3.21), we have

To =2 ~302F +30)-1

Tcompzz{ n +3n2 +3n+1j (n +2n+1J 3(n51)_1

n3+3n2 +3n +1j E(n +2n +1j+g(n +1)-1

.|>

!
o
3
o
-l>||—‘
,_\ —
w

n®+3n” +3n +1)—Z(n2 +2n +1)+g(n +1)-1

Teomp = 1n3+3n2 3n2+§n—§n+§n+l_§+§_l
4 4 4 4 4 4 4 4 4

co mp

comp

T = %(n3 +3n). Hence the proof.

Based on the above derivation, we conclude that the computational time complexity for any

row-column rhotrix multiplication is given by O(n®).

3.20.2. Computational Time Complexity for Heart-Oriented Multiplication
Theorem 3: we can multiply two n x n dimensional rhotrices in O(n®) times.

Let consider say 3, 5, 9 etc dimensional rhotrices withn =3, 5, 9. etc
For n = 3, there are total of 9 multiplication, and 9 = 3

For n = 5, there are total of 25 multiplication, and 25 = 5

For n = 7, there are total of 49 multiplication, and 49 = 7?

Thus we can generalize that, T, = ZB (n2 +1)} ~-1=n?

or a computational time complexity of O(n?)
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3.21. Conclusion

In this chapter we have presented a number of sequential and parallel rhotrix multiplication
algorithm based on either the row-column or heart-oriented methods. But prior to this, we had
to derive three new formula expressions for the heart-oriented and one for the row-column
rhotrix multiplication and also a generalized representation format for both cases. Similarly,
we described a theoretical computational model for rhotrix multiplication using the Cannon’s
algorithm, Process array and Strassen’s algorithm, in which case we were able to implement a
parallel version of each algorithm and presented a parallel framework for the process array
computational model and MPI implementation on distributed memory systems. The
Strassen’s algorithm we believe is scalable and portable to other platforms because most of
the desired called subroutines already exist in a standard library. Hence it is worthwhile to put
more effort into this method so that the basic operation of rhotrix multiplication can be

improved further.
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CHAPTER FOUR: IMPLEMENTATION AND PERFORMANCE RESULTS

4.1. Introduction

In this chapter, we first describe the implementation of the parallel rhotrix multiplication
algorithms given in previous sections. Then, the experimental results of each algorithm are
presented. The experimental tests were conducted in two phases. In phase I: comprising of
Section 4.2 and Section 4.3, we tested the parallel rhotrix heart-oriented multiplication
algorithms on homogenous and heterogeneous process grids in order to reveal the scalability
and general performance characteristics of each algorithms with various problem sizes and
process count. We deliberately designed four sets of test cases, which were guided by the
performance models presented in Chapter three. In phase II: comprising of Section 4.3 and
Section 4.4, we tested the parallel row-column rhotrix multiplication algorithm by means of
simulator designed using Delphi API. The simulator serves as process array emulator. All the
row-column rhotrix multiplication algorithms were tested on rhotrix with different sizes. The
combination of these two phases’ experimental results was used to test the research

hypothesis.

4.2. MPI Performance Results

For our experiments we used DeinoMPI which is an implementation of the MPI-2 standard
for Microsoft Windows originally derived from the MPICH2 distribution from Argonne
National Laboratory. MPI is software for message passing, proposed as a standard by a broad
committee of vendors, implementers, and users (Huss—Lederman et al., 1993). MPI is
portable and flexible software that is used widely. It is considered as a standard for writing
message-passing programs in which higher level routines and abstractions are built upon

lower level message passing routines.

All the experiments were performed on a cluster of HP Pavilion dv6500 Notebook PC
Intel(R) Core(TM) Duo CPU T5550 @1.83GHz 1.83GHz, Memory (RAM): 2.50GB 32 bit
running the Windows Vista operating system. Each node has four Gigabytes of memory, but
we only use 1.25GB of memory. The nodes are connected with a switched 100Mbps Fast
Ethernet network. In order to build a master-worker platform, we arbitrarily choose one
processor as the master, and the other processors will serve as workers. Finally we used MPI

WTime as timer in all experiments.
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In our studies, we have discovered that the operations performed by our parallel algorithms
can be put into three categories:

v.  Computations that are performed sequentially

vi.  Computations that are performed in parallel

vii.  Parallel overhead (communication operations and reduction computations)

One of the basic fundamental concepts behind our parallel algorithm design was to come up
with a suitable parallel algorithm that will execute larger tasks of rhotrix block faster than
their sequential counterparts. In this section we try to analyze the performance of our
algorithms by considering the two basic metrics that are commonly used to measure
performance, that is the program execution time and speedup. An obvious performance
parameter is a parallel program'’s execution time, or what is commonly referred to as the wall-
clock time. The execution time is defined as the time elapsed from when the first processor

starts executing a problem to when the last processor completes execution.

We start by determining the program execution time for both sequential and parallel
computation of the heart-oriented algorithm followed by estimation of execution speedup
factor, which is defined as the ration between the sequential execution time and parallel

execution time give in (3.34).

In our experiments we implemented the two different algorithmic methods of performing
rhotrix multiplication using MPI. These two implementations of the rhotrix algorithm were
tested using rhotrices of dimensions ranging from 5 up to 27 with strides of 2. In order to
avoid overflow exceptions for large rhotrix dimension, small-valued non negative rhotrix
elements were used. The experiments have been repeated using 2 up to 20 hosts in steps of 2

for both implementations with a total of 4 test runs.

The employed cluster environment is a typical academic installation with dedicated local area
network. In order to avoid pointless scenarios, the experiments were conducted after
midnights where no unknown loads on the hosts. Furthermore, unnecessary time stealing

daemons were blocked at the time of experimentation.
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Table 4.2a Sequential execution time for seven sets of heart-oriented rhotrices computation

Rhotrix Size | 13 41 61 85 113 145 181 365
Dimension (n) |5 7 9 13 15 17 19 27
Time of 17.095 | 19.739 | 22.534 | 24.803 | 25.393 | 26.234 | 27.204 | 35.825

Execution (s)

We can interpret from the data in Tables 4.2a and 4.2b the real performance pattern of our

two sequential algorithms for the heart-oriented and row column computations depicted in

Figures 4.2a and 4.2Db, that increases in each of the relative execution time for both algorithm

are seen to be directly proportional to the number of rhotrix size. Although we expect to see a

progressive increase in the execution time, the abnormalities seen in the two graphs are due to

some experimental factors relating to system capacity such as speed size, memory and the

state of the system as of the time of program runs.
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Figure. 4.2a: The real execution times for heart-oriented rhotrix algorithm

Table 4.2b Sequential execution time for seven sets of row-column rhotrices computation

Rhotrix Size | 13 41 61 85 113 145 181 365
Dimension (n) |5 7 9 13 15 17 19 27
Time of 19.640 | 23.431 | 24.534 | 25.803 | 27.393 | 28.612 | 30.204 | 35.412

Execution (s)
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Fig. 4.2b: The real execution times for row-column rhotrix algorithm.

Table 4.2c Parallel execution time of four sets of heart-oriented rhotrices computation

p 2 4 6 8 10 12 14 17 20

n=113 0.784309 | 0.581550 | 0.499357 | 0.295838 | 0.305847 | 0.199402 | 0.133509 | 0.117245 | 0.086092

n =145 0.793727 | 0.636489 | 0.444367 | 0.341249 | 0.273908 | 0.183845 | 0.187662 | 0.170244 | 0.097259

n=181 0.843268 | 0.834887 | 0.546062 | 0.377213 | 0.343849 | 0.303510 | 0.260287 | 0.236591 | 0.170666

n =365 1.241481 | 1.031977 | 0.620731 | 0.581010 | 0.530133 | 492034 0.418176 | 0.333949 | 0.370984

Figure.4.2c. shows the parallel execution time for MPI-based heart-oriented rhotrix
multiplication algorithm on 2, 4, 8, 10, 12, 14, 17 and 20 hosts and for rhotrix orders ranging
from 113, 145, 181 and 365 elements. We can infer from Figure 4.3. that the algorithm runs
faster on a larger number of hosts, the gain in the speedup factor is slower for smaller number
of processors. For instance, the difference in execution time between 2, 4, 6, 8 10 and 12
hosts is smaller than the difference between 14, 17 and 20 hosts. This is due to the reduction

in execution time. This reduction becomes even more apparent for a large number of hosts.
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Figure. 4.2c: The parallel execution times for heart-oriented rhotrix algorithm.

Table 4.2d Parallel speedup of four sets of heart-oriented rhotrices computation

p 2 4 6 8 10 12 14 17 20

n=113 0.086092 | 0.117245 | 0.133509 | 0.199402 | 0.305847 | 0.295838 | 0.499357 | 0.581550 | 0.784309

n=145 0.097259 | 0.170244 | 0.187662 | 0.183845 | 0.273908 | 0.341249 | 0.444367 | 0.636489 | 0.793727

n=181 0.170666 | 0.236591 | 0.260287 | 0.303510 | 0.343849 | 0.377213 | 0.546062 | 0.834887 | 0.843268

n =365 0.370984 | 0.333949 | 0.418176 | 492034 0.530133 | 0.581010 | 0.620731 | 1.031977 | 1.241481

Figure.4.2d. shows the estimated program speedup for MPI-based heart-oriented rhotrix
algorithm on 2, 4, 8, 10, 12, 14, 17 and 20 hosts and for rhotrix sizes of 113, 145, 181 and
365 blocks. Similarly Figure 4.2d. can also be interpreted to mean that our parallel algorithm
runs faster on a larger number of hosts than on smaller number of hosts, the gain in the

speedup factor is seen to increase with an increasing number in processor size.
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Figure. 4.2d: Program speedup for MPI-based heart-oriented rhotrix algorithm

4.3. Performance Analyzer

MPI Timeline: The MPI Timeline for heart-oriented rhotrix algorithm graphically displays
the MPI activity that occurred during an application's run. For each MPI process you can look
horizontally to see what the process is doing as a function of elapsed time. Figures 4.3a, 4.3b
and 4.3c are screen shots of the Sun Studio Analyzer window which shows processes PO to
P3, over a time span of 0.225 seconds, PO to P13 over a time span of 0.60 seconds, and PO to
P19 over a time span of 0.80 seconds.

The primary view of logfile data is the “timeline window” in which time (in seconds) is
indicated from left to right and MPI process ranks are shown from top to bottom. Coloured
rectangles spanning section of the timelines indicates that a particular process was in a
particular state during the indicated time interval. These states are defined by logging library
and typically consist of MPI function call durations and durations of user-defined states.
Clicking with the mouse on such a rectangle pops up a small windows containing detailed
information (state name, process duration, etc). Arrows show messages, and details about a
particular message (length, tag, etc) appearing in one of the circles associated with the origin

of an arrow.
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Figure 4.3b: MPI TimeLine Screenshot Process View for PO to P13
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Figure 4.3c: MPI TimeLine Screenshot Process View for PO to P19
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Lo

Row Counf
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Gantt view: It shows event that are aligned on the paralleled timelines of individual

processes, with processes on Y-axis and time on X-axis. Each states are represented by one

colour. The Absolute Time, measured in seconds, is shown at the top along the horizontal

axis. The Relative Time, measured in milliseconds, is shown at the bottom along the

horizontal axis. At the left, the MPI process ranks from PO to P20 are listed. At this level of

zoom, the names of MPI API functions are not visible. Figure 4.3d is a snapshot of process

view legends.
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Figure 4.3d: TimeLine Processes View Legend

Some of the basic MPI function calls used in our program and also reflecting on the
TimeLine process view legend as shown in Figure 4.3d are briefly explained as follow:
i.  MPI_Send: this function call is responsible for allowing process to send message to
another process.
ii.  MPI_Reduce: this function call is responsible for performing the task of reduction
operation on values submitted by all process in a communicator.
iii.  MPI_Recv: this calls method allows a participating process to receive a message sent
by another member process.
iv.  MPI_Bcast: this message passing function call performs the task of broadcasting

messages to all participating processes in a communicator.
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It is equally crucial to note that while only a single process
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Figure 4.3f: Screenshot of TimeLine Communicator View for process PO to P19
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4.4. Process Array Simulation for Coupled Matrix Implementation

In this section we considered the parallel multiplication scenario of two coupled matrices,
which computation process is as shown below. The processing elements are numbered from
PO to P24, The computation is done in such a way that, at every clock tick some sets of
computations is carried out, this task is repeated until the n™ tasks is executed (Ezugwu et al,
2010b).

) T/2 ) T2
31 4 1
Rg(A)=( 4 2 4 5 3 Q5 =( 4 4 5 3
5 4 5
6 and 6
2 4 2 4 1 6
T/2 5 1 and T/2 2 5
R =| 4 4 3 Q =3 4 4
S 5 2 S 1 5
6 1 4 2 4 2

Filling the missing spaces with zero’s, we obtain

2 0 4 0 2 4 0 1 0 6
T/2 0O 5 0 1 O and T/o 0O 2 0 5 0
-4 0 4 0o 3 -3 0 4 0 4

S 0 5 0 2 0 S 0 1 0 5 0
6 0 1 0 4 2 0 4 0 2

we flip columns of the first coupled matrix and rows of the second coupled matrix to get

2 0 4 0 2 4 0 1 0 6
T/2 0O 5 0 1 O and T/2 0 2 0 5 0
R =4 0 4 0 3 Q =3 0 4 0 4
S 0 5 0 2 0 S 0 1 0 5 0
6 0 1 0 4 2 0 4 0 2

and finally, we do the staggering of the flipped coupled matrix, as illustrated in Figure 4.4a.
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Figure 4.4a: Staggering of rhotrix vector into processing elements

The staggering process of the rhotrix elements into each block of processing elements
presents an interntal architectural grunching structure adopted by the systolic array as a
model of computational processes involved in implementing the last stages of our parallel
algoritm given in Section 3.5.1 above. The process model is as shown in Figure 4.4b bellow.

— —
& Systolic Rhotrix Multiplication — ﬂ g
T

Systolic thotrix multipication:

(Rhotrixk A

Rhotrix B

Elapsed steps:

Executed operation:

[nmoperaﬁnn]l Reset 15A H Quite l

Figure 4.4b: Screenshot process array simulator input interface
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The following processing blocks depicts the step by step computation method used in the

process array simulation computation for the coupled matrix.

Clock Tick One

PO <---- 2%2
PO P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24

A PP PP

Clock Tick two

PO <---- 0%0, P1 <---- 0*2, P5 <---- 2*0
PO P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24

HiEENEEENE .

Clock Tick three

PO <---- 3%4, P1 <---- 0*1, P2 <=--- 4%2, P5 <--== 1*0, P <---- 0*0, P10 <---- 2*3
PO P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24

oo prefel el PP

Clock Tick four
PO <---- 0*0, P1 <---- 0*4, P2 <---- 0*0, P3 <---- 0*2, P5 <---- 3*0, P6 <---- 1*1, P7 <----
0*4, P10 <---- 0*0, P11 <---- 0*3, P15 <---- 2*0
PO P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24
e et ppefel e PP
Clock Tick five
PO <---- 4%2, P1 <---- 0*2, P2 <---- 4*4, P3 <---- 0*5, P4 <---- 2*2, P5 <---- 0*5, P§ <----
0*0,
P7 <---- 0*1, P8 <---- 0*0, P10 <---- 3*4, P11 <---- 0*1, P12 <---- 3*4, P15 <---- 0*2,

P16 <---- 0*0, P20 <---- 2*4
PO P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24
e e e e Lo P e |

Clock Tick six
P1 <---- 2*%0, P2 <---- 0*%0, P3 <---- 0*4, P4 <---- 0*0, P5 <---- 0*4, P6 <---- 2*5,
P7 <---- 0*%4, P8 <---- 5*1, P9 <---- 0*2, P10 <---- 0*0, P11 <---- 0*4, P12 <---- 0*0,

P13 <---- 0%*3, P15 <---- 3*0, P16 <---- 1*2, P17 <---- 0*4, P20 <---- 0*0, P21 <---- 4*0
PO P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24
Lo e e e e el |

Clock Tick seven
P2 <---- 2*1, P3 <---- 0*5, P4 <---- 4*4, P6 <---- 0*0, P7 <---- 0*5, P8 <---- 0*0, P9 <----
0*1, P10 <---- 4*4, P11 <---- 0*2, P12 <---- 4*4, P13 <---- 0*5, P14 <---- 2*3, P15 <---- 0*5,

P16 <---- 0*0, P17 <---- 0*2, P18 <---- 0*0, P20 <---- 3*1, P21 <---- 1*0, P22 <---- 4*4
PO P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24
‘24‘0‘26‘0‘20‘0‘11‘0‘5‘0‘34‘0‘28‘0‘6’0‘2‘0’0‘ ‘11’0’16‘ ’ ‘
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Clock Tick eight
P3 <---- 0*2, P4 <---- 0*0, P7 <---- 0*1, P8 <---- 5*5, P9 <---- 0*4, P11 <---- 0*4, P12 <----
0*0, P13 <---- 0*4, P14 <---- 0*0, P15 <---- 0*4, P16 <---- 2*5, P17 <---- 0*4, P18 <---- 2*5,

P19 <---- 0*2, P20 <---- 0*0, P21 <---- 0*1, P22 <---- 0*0, P23 <---- 0*4
PO P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24
|24|0‘26‘0‘20‘0‘11‘0‘30'0'34‘ 0 |28| 0 ‘ 6 | 0 ‘12‘ 0 |1o‘ 0 ‘11| 0 lle‘ ol |

Clock Tick nine
P4 <---- 6*2, P8 <---- 0*%0, P9 <---- 0*5, P12 <---- 1*4, P13 <---- 5*0, P14 <---- 4*4,
P16 <---- 0*0, P17 <---- 0*5, P18 <---- 0*0, P19 <---- 0*2, P20 <---- 4*6, P21 <---- 2*0,

P22 <---- 4*1, P23 <---- 5*0, P24 <---- 2*4
PO P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24
‘24|0‘26‘0‘32‘0‘11‘0‘30‘0‘34‘O‘32‘0‘24‘0‘12‘0‘10‘0‘35‘OIZO‘OIS‘

Clock Tick ten
P9 <---- 0*6, P13 <---- 0*4, P14 <---- 0*0, P17 <---- 0*1, P18 <---- 5*5, P19 <---- 0*4,

p21 <---- 0*%6, P22 <---- 0*0, P23 <---- 1*0, P24 <---- 0*0
PO P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24
‘24‘0‘26‘0‘32‘0‘11‘0‘30‘0‘34‘ 0 ‘32‘ 0 ‘24‘ 0 ‘12‘ 0 ‘35‘ 0 ‘35‘ 0 ’20‘ 0 ’ s‘

Clock Tick eleven

P14 <---- 4*6, P18 <---- 0*0, P19 <---- 0*5, P22 <---- 1*6, P23 <---- 5*0, P24 <---- 4*1
PO P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24
‘24‘0‘26‘0‘32‘0‘11‘0‘30‘0‘34‘ 0 ‘32‘ 0 ‘46‘ 0 ‘12‘ 0 ‘35‘ 0 ‘35‘ 0 ‘26‘ 0 ‘12‘

Clock Tick twelve

P19 <---- 0*6, P23 <---- 0*6, P24 <---- 0*0
PO P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24
‘24‘0‘26‘0‘32‘0‘11‘0‘30‘0‘34‘O‘32‘0‘46‘0‘12‘0‘35‘0‘35‘0’26‘0’12‘

Clock Tick thirteen

p24 <---- 6*6
PO P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24
‘24 ‘o ‘26 ‘o ‘32 ‘o ‘11 ‘o ‘30 ‘o ‘34 ‘o ‘32 ‘o ‘46 ‘o ‘12 ‘o ‘35 ‘o ‘35 ‘o ’26 ‘o ’48 ‘

The final result obtained is same as in 2n+3 times, though we believe that optimization is

very much possible.
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Figure 4.4c: Process array computation result.

The simulation result can be compared with the theoretical result shown below; the two

solutions gave the same out values to indicate that our simulation approach is in line with the

initial proposed parallel algorithms in Section 3.5.3.

24 26 32 24
s 11 30 34 11 26
—| 34 32 46 C5 =( 55 12 32 30 32
5 12 35 26 35 46
55 26 48 48
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Fig_ljre 4.4d: Screenshot of process array simulator output result

156




4.5. Process Array Simulation for Row-Column Algorithm Implementation

We have presented below, our new process array design model to accommodate the

processing imbalance found in the rhotrix structure. It can be recaptured that for the rhotrix

row-column computation discussed in Section 3.3, the hearts elements are considered

separately for multiplication in terms of their row-column cross multiplication even though

they are embedded in-between the rhotrix main entries. Our new design structure presented in

Figure 4.5 carters for this new computation procedure. One important observation with this

approach is that, we have completely overcome the issue of rhotrix padding (coupled matrix)

transformation. In essence, what we have is just a step-in step-out computation process. At

every clock tick, a set of computation is performed by the processing elements in pipeline

order, this processing format is further clarified from the lists of figures presented below.

P1
0

0

P2

P3
0

aisz aiz

Ciz Ci1

dz3 a2z azi

C22 Cz21

ass asz2 asi

bsi
b2
b

dll
di>

bss
b2s
bis

.

.y

Figure 4.5a: Row-column process array structure

P4
0

PS
0

P6
0

P7
0

P8
0

Step one: At clock tick one, we have the computation
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P9
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P10 P11 P12 P13
0 0 0 0



B
e n

P1 P2 P3 P4 P5 P6 P7 P8 PO P10 P11 P12 P13

4 0 0 0 0 0 0 0 0 0 0 0 0
Figure 4.5b Computation performed by Process P1

Step two: At clock tick two, we have the computation

[ e

P1 P2 P3 P4 P5 P7 P8 PO P10 P11 P12 P13

16 8 0 1 0 6 0 0 0 0 0 0 0
Figure 4.5¢c Computation performed by Process P1, P2, P4
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Step three: At clock tick three, we have the computation

P1
24

g8 8

P2 P3 P4 P5
24 4 11 5 18 12

Figure 4.5d: Computation performed by Process P1, P2, P3, P4, P5, P6, P7, P11

Step four: At clock tick four, we have the computation

P1
24

-

-

P2 P3 P4 P5 P6

— B
e
P7 P8 P9 P10
6 2 0

26 20 11 30 34 28

Figure 4.5e Computation performed by Process P2,P3, P5, P6, P7, P8, P9, P11
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Step five: At clock tick five, we have the computation

P1
24

P2
26

Figure 4.5f: Computation performed by Process P3, P7, P8, P9, P11, P10, P12, P13

30

PR P4 P5 P6 P7
32 11 30 34 32

22

Step six: At clock tick six, we have the computation

P1
24

P2
26

12

10

i

PR P4 P5 P6 P7
32 11 30 34 32

Figure 4.5 g: Computation performed by Process P8, P10, P12, P13
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Step seven: At clock tick seven, we have the computation

v

—E

v

—i

PL P2 P3 P4 P5 P6
24 26 32 11 30 34 32 46 12 35 35 26 48
Figure 4.5h: Computation performed by Process P13

e
g

P11 P12 P13

A 4
Y

A 4 A 4

|

Figure 4.5 i: Row-column process array structure

Remark: by our new model the final result obtained is same as in 2n+3 times, with an added
advantage of reduction in the number of processing elements as compared to the model in
Section 4.4 were we have 25 processing element as against 13 in our case, which is a total

slash of 12 processors.
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4.5. Conclusion

In this chapter we have shown that it is realistic to carry out n-dimensional rhotrix-rhotrix
multiplication by means of process array approach, which we believe offers a better and a
faster computational solution to the row-column rhotrix multiplication compared to other
existing approaches in parallel programming.

The concept used in this work can easily be extended to compute more complex functions,
since it offers a way to make certain exponential algorithms and use hardware to make them
linear. As the case may be, we believe that optimisation is very much possible, though not
covered extensively within the scope of our work, we still believe it can be considered as a

reference point for future works.

162



CHAPTER FIVE: SUMMARY, CONCLUSION AND FUTURE WORK

5.1. Summary and Conclusion
In this research, we have introduced some key mathematical models based on the

generalization cases presented for each of the rhotrix multiplication methods adopted from
Ajibade (2003) and Sani (2004). These models are of the form

C = bl[ +3]><ai+a%[nz+3]><bi+(1—/1)(a%[nz+3]><b%[nz+3]),C(i)=bh<ai>+ah<bi>(1—;t),

t -1
(ay xby ;) for
k:l

Ci,j :ai,j n+1{n+3J +b n+1{n+3J(l_/1), and Ci,j =<ai'j obl,i>:/1ki(ai,k Xb2k 4
E]

2] 4 2] 4
heart-oriented and row-column rhotrices multiplication. We presented several new
sequential and parallel rhotrix multiplication algorithms that have no restriction on either
rhotrix size or process grids and that support the data-distribution-independence (van de
Velde and Lorenz 1989; Van de Valde 1994). In order to accomplish the research goal for
rhotrix parallelization we formally defined and introduced some new concepts regarding
rhotrix row-column and heart-oriented generalization expression. Similarly, knowing fully
well, the complexity involved with data-distribution and data mapping for the object of
interest, we defined several mapping functions and architectural design topology for rhotrix
vectors to processing elements and also, we presented data structures for the traditional

mapping of rhotrix entries to computer memories .

To fully understand the characteristics of the parallel rhotrix multiplication algorithms,
performance model is built for the family of algorithms discussed in the thesis. The detailed
analysis of the performance model revealed the correctness of the algorithms presented and
also showed that no single algorithm always achieves the best performance for different
rhotrix sizes and grid shapes, whose assessment and multiplication are viewed from different
perspectives. Thus, the poly-algorithmic approach (Rice and Rosen, 1966) is needed to
achieve high performance in terms of speed and space depending upon factors such as the

problem size, grid shape, mapping pattern and amount of memory available.

We implemented a collection of sequential and parallel rhotrix multiplication algorithms
using C language and exploited the object-based programming in Delphi for the systolic array
simulator model. Some of the parallel algorithms were tested on the Intel duo core processor
running MPI.  The experimental results revealed the performance characteristics of each
algorithm.
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The research has presented several contributions to the study of rhotrix algebra and parallel
library design. First, we introduced a generalized form of rhotrix structural representation
covering both the heart-oriented and row-column multiplication expression and provided
several algorithms for sequential and parallel rhotrix multiplication. The program user is left
with the options of selecting suitable algorithm based on problem orientation. Secondly, we
implemented a collection of parallel rhotrices multiplication algorithms, that have no
restriction on rhotrices sizes and parallel platform on which they are executed upon.
Furthermore, a fundamental concept of rhotrix parallelization has been established which

would serve as a useful formalism for future parallel algorithm design extension.

5.2. Future Work

Rhotrix is a new branch of mathematical algebra similar to matrix in some way but having a
unique property different from that of matrices; it is often referred to as super matrix. Thus,
several aspects of research can be continued in the study of parallel rhotrices multiplication
and its associated features. One of the algorithms with potential advantage for large rhotrix
multiplication is the parallel row-column multiplication algorithm. This algorithm posses
some fundamental challenges common to those of matrix multiplication, which we anticipate

might have similar or even better application areas.

Another approach for parallel rhotrix multiplication is to use a three-dimensional process
topology (Agarwal et al., 1995). They claimed that the advantage of the 3D algorithm
approach moves less data than the known 2D approach, thus the 3D approach can achieve
better performance. However the 3D algorithm evidently requires incremental memory to
replicate local rhotrices than those algorithms presented in this study do. Therefore there is a
trade-off of speed versus space. There is need for future investigation of these algorithms

beyond the scope covered in the present study.

Two important application areas of representing rhotrices as given in the row-column or 2-D
indices nomenclature are rhotrix vector space where each row in a rhotrix is a vector, and in
the information dissemination. The heart-oriented rhotrix is fast becoming an immense tool in
computational parlance, especially in the area of queuing models of shared-memory parallel
applications.
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Appendix A

Source Code
In this appendix, we present the research program source codes we developed. We
implemented the program based on C and MPI Library. Section A.1 explained the

organization of the source code. In Section A.2, the listing of the source code was presented.

A.1 Organization of Source Code
Each implementation is organized as shown in Table A.1.

Table A.1: Organization of source code

Name Source Code

Sequential Row Column Rhotrix Multiplication (BS1) Rhotrix_coupled.c

Sequential Row Column Rhotrix Multiplication (BS2) Row_col.c

Sequential Heart-Oriented Multiplication (SAJ) Rhotrix_prod.c

Strassen’s Row-column Multiplication (BS3) Strassen.java

Parallel Heart-Oriented Rhotrix Multiplicaion in MPI (PAJ) MPI_rhot_prod.c

Parallel Coupled Matrix Multiplication in MPI (PBS) MPI_coupled.c

Parallel Row Column Rhotrix Multiplication in Process Array SystolicRhotrixMultiplication.dfm,
SystolicRhotrixMultiplication.pas

A.2  Source Code
A.2.1 Rhotrix_coupled.c

L e S
SEQUENTIAL RHOTRIX PROBLEM IN C LANGUAGE

PROGRAMMED BY EZUGWU, EI-Shamir Absalom
Department of Mathematics
Faculty of Sciences
Ahmadu BEllo University
Samarua, Zaria
Kaduna State
SUPERVISED BY PROF. S. Juniadu
AHMADU BELLO UNIVERSITY
PROGRAMMED ON FEB, 2010

PROGRAM MODE: COUPLED MATRIX

#include<stdlib.h>
#include<stdio.h>
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#include <ctype.h>

#include<time.h>

#include <conio.h>

int ra[100][100],rb[100][20],r[100][100],i,j,k,m,n,p,q;
const char name;

char SW;

FILE *fp;

int IERROR;

char ERR_MSG[100];

/******************************************************

TITLE
prints the program title and asks whether
interactive mode or file mode is used for input.

******************************************************/

void TITLE()
{

p r I ntf(' ' **************************************\n ! ') ,

printf"  WELCOME TO SEQUENTIAL RHOTRIX SOLVER \n");
printf(" B. SANI'S METHOD BY PADDING \n");

H n my.
prlntf( **************************************\n\n ),

do{
printf("  YOU CAN ENTER YOUR DATA BY \n\n");
printf(* > INTERACTIVE MODE ---------- I\n\n");
printf(* > FILE MODE ----------------- F\n\n");

printf("  IF YOU WANT FILE MODE, \n");
printf("  MAKE A FILE CONTAINING DATA BEFORE SELECTING F. \n");
printf("  ARE YOU READY ? NOW \n\n");
printf("* SELECTIORF I'™);
SW = getchar();
if (SWI="1" & & SWI="I' && SW I="f' && SW !I="F"){
printf("YOU TYPED A WRONG CHARACTER \n");
printf("SELECT AGAIN WITH CARE \n");

}
} while(SW I="i' && SW I="I' && SW !="f' && SW I="F");
}

/*******************************

FILE MODE
reads data from a data file

******************************/

void FILEMODE() /* function FILE INPUT */
t

inti, j;

char filename[60];

char filename2[60];

FILE *fin;
printf("\n\n  Write the first input file name ? *');
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scanf("%s" filename);
if ( (fin=fopen(filename,"rt"))==NULL ) {
puts("\n\n  Caution ! \n");
sprintf(ERR_MSG,"%s Cannot open file " filename);
IERROR=2; return;
}
else {
fscanf(fin, "%d %d", &m,&n);
for (I=1; i <= m+1; i++)
for j=1; ] <=n+1; j++)
fscanf(fin, "%d", &ra[i][j]);

}

printf(""\n\n  Write the scond input file name ? ");
scanf("%s" filename2);
if ( (fin=fopen(filename2,"rt"))==NULL ) {
puts("\n\n  Caution ! \n");
sprintf(ERR_MSG,"%s Cannot open file " ,filename2);
IERROR=2; return;
}
else {
fscanf(fin, "%d %d", &p,&Qq);
for (I=1; i <= p+1; i++)
for j=1;j <=q+1; j++)
fscanf(fin, "%d", &rb[i]1[j]);
}

fclose(fin);

}

/*****************************

INTERACTIVE MODE
reads data interactively.

******************************/

void INTEMODE() /* function INTERACTIVE INPUT */
t

inti, j;

char response;

printf(*\n\n\n");

pri ntf(" Kk Fdhkkh ok kkkhhhkr \nu) .

printf("  INTERACTIVE INPUT \n");
prll’]tf(" *hkkkhkhkkkhkhkhkkihkhkihkhkiiikkx \n\n\n")’
do{
printf("Enter The Rows And Cloumns Of The First Rhotrix:");
scanf(""%d %d",&m,&n);
printf("\n IS THE DATA CORRECT ? <Y/N>\n");
getchar();response = getchar();
Ywhile (response =="'N'" || response == 'n’);
do{
printf("\nEnter Elements Of The First Rhotrix:\n");
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for(i=1;i< m+1;i++)
{

for(j=1;j< n+1;j++)
scanf("%d",&ra[i][j]);

printf(""\n IS THE DATA CORRECT ? <Y/N>\n");
getchar();response = getchar();
Ywhile ( response =="'N'|| response == 'n’);
do{
printf("\nEnter The Rows And Cloumns Of The Second Rhotrix:");
scanf("%d %d",&p,&0q);
printf("\n IS THE DATA CORRECT ? <Y/N>\n");
getchar();response = getchar();
Ywhile ( response =="'N'|| response == 'n’);
do{
printf("\nEnter Elements Of The Second Rhotrix:\n");
for(i=1;i< p+1;i++)
{
for(j=+1;j< q+1;j++)
scanf("%d",&rb[i]1[j1);

printf("\n IS THE DATA CORRECT ? <Y/N>\n");
getchar();response = getchar();

Ywhile ( response =="'N'|| response == 'n’);

}

/************

ERROR_HANDLE

*************/

void error_handle()

{ /************************************/
/* Error Code */
/************************************/
/* IERROR=0 No Error */

/* IERROR=1 Normal Exit */

/* IERROR=2 File Open Error */
/* IERROR=3 problem is infeasible */

/************************************/

if IERROR==0) return;
else {
printf("\n%s\n",ERR_MSG);
fprintf(fp,"\n%s\n",ERR_MSG);
fclose(fp); exit(0);
}
}
int main(void)

{
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Ilclrscr();
fp =fopen(*'rhotrixpad.out™,"wt");
printf(*\nSerial Processing : Rhotrix Multiplication\n™);
fprintf(fp,"\nEZUGWU, EI-Shamir Absalom MSC/SCIE/00043/2008-2009\n"");
fprintf(fp,"\nDate : %s",  DATE_ );
fprintf(fp,"\nTime : %s",  TIME_);

fprmtf(fp B Pttt

====\n )’
do{
TITLE();
if (SW =="I" || SW == "i") { INTEMODE(); break; }
else if(SW == 'E' || SW == ') { FILEMODE(): break: }
} while(1):

error_handle();

fprintf(fp,"The First Rhotrix R(A)[%1d,%1d] Is:\n",m, n);
for(i=1;i< m+1;i++)

{

for(j=1;j< n+1;j++)

fprintf(fp,” R(A)[%1d, %1d] = %6d ", i, j, ra[i][j]); //print the first rhotrix
fprintf(fp,"\n™);

}

fprintf(fp,"The Second Rhotrix R(B)[%1d,%1d]Is:\n", m, n);
for(i=1;i< p+1;i++) // print the second rhotrix

{

for(j=1;j< q+1;j++)

fprintf(fp,” R(B)[%1d, %1d] = %6d ", i, j, rb[i1[j]);
fprintf(fp,"\n");

}

if(n'=p)

{

exit(0);
}

else

{

for(i=1;i< m+1;i++)
{

for(j=1;j< q+1;j++)
{

r[i10] = 0;
for(k=1;k< n+1;k++)

{
;[i] b1 = r[il0] + ra[i][k] * ro[KIL];

}
}
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fprintf(fp,"\nMultiplication Of The Above Two Rhotrices Are:\n\n");
for(i=1;i< m+1;i++)

{

for(j=1;j< q+1;j++)

{

fprintf(fp," R(C)[%1d, %1d] = %6d ",i, j, r[il[il);
}

fprintf(fp,"\n™);

}

}
getch();

return O;

}

A.2.2 Row col.c

SEQUENTIAL RHOTRIX PROBLEM IN C LANGUAGE

PROGRAMMED BY EZUGWU, EI-Shamir Absalom
Department of Mathematics
Faculty of Sciences
Ahmadu BEllo University
Samarua, Zaria
Kaduna State
SUPERVISED BY PROF. S. Juniadu
AHMADU BELLO UNIVERSITY
PROGRAMMED ON FEB, 2010
ROW-COLUMN RHOTRIX PRODUCT

#include<stdlib.h>

#include<stdio.h>

#include <ctype.h>

#include<time.h>

#include <conio.h>

#define START if ( (startm = clock()) == -1) {printf("Error calling clock™);exit(1);}
#define STOP if ( (stopm = clock()) == -1) {printf("Error calling clock");exit(1);}
#define PRINTTIME fprintf(fp,"%6.3f seconds used by the processor.", ((double)stopm-
startm)/CLOCKS_PER_SEC);

int ra[100][100],rb[100][100],r[100][100],i,j,k,n,p,t,s;

const char name;

long int time_count = 0;

clock_t startm, stopm;

char SW;

FILE *fp;

int IERROR;

char ERR_MSG[100];

clock_t clock_start;

/******************************************************
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TITLE

prints the program title and asks whether

interactive mode or file mode is used for input.
******************************************************/

void TITLE()
{

p r i n tf(' ' **************************************\n ' ') -
L

printf(*  WELCOME TO SEQUENTIAL RHOTRIX SOLVER \n");

printf(* RHOTRIX ROW-COLUMN SOLVER \n");
prl ntf(" **************************************\n\n") ’
do{
printf(""  YOU CAN ENTER YOUR DATA BY \n\n");
printf(" > INTERACTIVE MODE ---------- I \n\n");
printf(* > FILE MODE ----------------- F\n\n");

printf("  IF YOU WANT FILE MODE, \n");
printf("  MAKE A FILE CONTAINING DATA BEFORE SELECTING F. \n");
printf("  ARE YOU READY ? NOW \n\n");
printf("  SELECTIORF!'");
SW = getchar();
if SW!="I' && SW I="I' && SW I="f' && SW I="F'){
printf("YOU TYPED A WRONG CHARACTER \n");
printf("SELECT AGAIN WITH CARE \n");

}
} while(SW ="' && SW I="I' && SW I="f' && SW I="F');
}

/*******************************

FILE MODE
reads data from a data file

******************************/

void FILEMODE() /* function FILE INPUT */
-

inti, j;

char filename[100];

char filename2[100];

FILE *fin;
printf("\n\n  Write the input file name ? );
scanf(%s" filename);
if ( (fin=fopen(filename,"rt"))==NULL ) {
puts("\n\n  Caution !!1'\n");
sprintf(ERR_MSG,"%s Cannot open file " filename);
IERROR=2; return;
}
else {
fscanf(fin, "%d %d", &n,&t);
for (i=1;i<=n;i++)
for (j=1; ] <=t; j++)
fscanf(fin, "%d", &ra[i][j]);
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}

printf(""\n\n  Write the scond input file name ? ");
scanf("%s" filename2);
if ( (fin=fopen(filename2,"rt"))==NULL ) {
puts("\n\n  Caution ! \n");
sprintf(ERR_MSG,"%s Cannot open file ", filename2);
IERROR=2; return;
}
else {
fscanf(fin, "%d %d", &n,&t);
for (I=1; 1 <=n;i++)
for (j=1 ;] <=t; j++)
fscanf(fin, "%d",&rb[i][i]);
}

fclose(fin);

}

/*****************************

INTERACTIVE MODE
reads data interactively.

******************************/

void INTEMODE() /* function INTERACTIVE INPUT */
t

inti, j;

char response;

printf(*"\n\n\n");

pri ntf(" B L T 3 \nu) .

printf("  INTERACTIVE INPUT \n");
prlntf(" *hkkkhkhkkkhkhkkkhhkhkkihkikkiikikkx \n\n\n")’
do{
printf("Enter The Rows And Cloumns Of The First Rhotrix:");
scanf("%d %d",&n,&t);
printf("\n IS THE DATA CORRECT ? <Y/N>\n");
getchar();response = getchar();
Ywhile (response == "N’ || response == 'n");
do{
printf("\nEnter Elements Of The First Rhotrix:\n");
for(i=1;i< n+1;i++)
{
for(j=1;j< t+1;j++)
scanf("%d",&ra[i][j]);
}
printf("\n IS THE DATA CORRECT ? <Y/N>\n");
getchar();response = getchar();
Ywhile ( response =="'N'|| response == 'n’);
do{
printf("\nEnter The Rows And Cloumns Of The Second Rhotrix:");
scanf(""%d %d",&n,&t);
printf("\n IS THE DATA CORRECT ? <Y/N>\n");
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getchar();response = getchar();

Ywhile ( response =="'N'|| response == 'n’);
do{
printf(""\nEnter Elements Of The Second Rhotrix:\n");
for(i=1;i< n+1;i++)
{
for(j=1;j< t+1;j++)
scanf("%d",&rb[i][J1);

printf(""\n IS THE DATA CORRECT ? <Y/N>\n");
getchar();response = getchar();
Ywhile ( response =="'N'|| response == 'n’);

}

/************

ERROR_HANDLE

*************/

void error_handle()

{

/************************************/

/* Error Code */
/************************************/
/* IERROR=0 No Error */

/* IERROR=1 Normal Exit */

/* IERROR=2 File Open Error */

/* IERROR=3 problem is infeasible */

/************************************/

if IERROR==0) return;

else {
printf("\n%s\n",ERR_MSG);
fprintf(fp,"\n%s\n",ERR_MSG);
fclose(fp); exit(0);

}

int main(void)

{

Ilclrscr();
START;
fp =fopen("rhotbsl.out","wt");
printf("\nSerial Processing : Rhotrix Multiplication\n");
fprintf(fp,"\nEZUGWU, EI-Shamir Absalom MSC/SCIE/00043/2008-2009\n");
fprintf(fp,"\nDate : %s",_ DATE_);
fprintf(fp,"\nTime : %s", _ TIME_ );

fprintf(fp,"\n::::::::::::::::::::::::::::::::::::::::::::::::
::::\n");
do{
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TITLE();

if SW =="I'|| SW =="i") { INTEMODE(); break; }
else if(SW =="F' || SW =="f") { FILEMODEY(); break; }
} while(1);

error_handle();

fprintf(fp,"The First Rhotrix R(A)[%1d,%1d] Is:\n",n, t);

for(i=1;i< n+1;i++)

{

for(j=1;j< t+1;j++)

fprintf(fp," R(A)[%1d, %1d] = %6d ", i, j, ra[i][j]); //print the first rhotrix

fprintf(fp,"\n");

}

fprintf(fp,"The Second Rhotrix R(B)[%1d,%1d]Is:\n", n, t);

for(i=1;i< n+1;i++) // print the second rhotrix

{

for(j=1;j< t+1;j++)

fprintf(fp,” R(B)[%1d, %1d] = %6d ", i, j, rb[i1[j]);

fprintf(fp,"\n™);

}

* count loops for one second, used to time rhotrix operation*/
clock_start = clock();

while(((clock() - clock_start) / CLOCKS_PER_SEC) < 1)

time_count++;

fprintf(fp,"\ntime_count = %Id", time_count/1000000);

for(i=1;i< n+1;i++)

{

if(1%2==1){
for(j=1;j< t+1;j++)
{

r[i][1 = 0;
for(k=1;k< t+1;k++)

{
;[i] (1 = r[i1 0] + ra[iT[k] * rb[2*k-1][1;

}
}
}
for(i=1;i< n+1;i++)

{

if(1%2==0){
for(j=1;j< t+1;j++)
{

r[i]10] = 0;
for(k=1;k< t;k++)

{
;[i] 01 = r[i10] + ra[iT[k] * rb[2*K][1];
}
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}

}
STOP;

fprintf(fp,"\nMultiplication Of The Above Two Rhotrices Are:\n\n");
for(i=1;i< n+1;i++)

{

for(j=1;j< t+1;j++)

{

fprintf(fp,” R(C)[%1d, %1d] = %6d "i, j, r[i1[J]);

}
fprintf(fp,"\n™);
}

PRINTTIME;
getch();
return O;

}

A.2.3 Rhotrix_prod.c

SEQUENTIAL RHOTRIX PROBLEM IN C LANGUAGE

PROGRAMMED BY EZUGWU, EI-Shamir Absalom
Department of Mathematics
Faculty of Sciences
Ahmadu BEllo University
Samarua, Zaria
Kaduna State
SUPERVISED BY PROF. S. Juniadu
AHMADU BELLO UNIVERSITY
PROGRAMMED ON FEB, 2010

PROGRAM MODE: HEART-ORIENTED RHOTRIX MULTIPLICATION

#include<stdlib.h>

#include<stdio.h>

#include<ctype.h>

#include<math.h>

#include<time.h>

#include <conio.h>

#define START if ( (startm = clock()) == -1) {printf("Error calling clock™);exit(1);}
#define STOP if ( (stopm = clock()) == -1) {printf("Error calling clock™);exit(1);}
#define PRINTTIME fprintf(fp,”%6.3f seconds used by the processor."”, ((double)stopm-
startm)/CLOCKS_PER_SEC);

int ra[1000],rb[1000],r[1000],ha,hb,i,j,k,m,n;

clock_t startm, stopm;

/[const char name;

char SW;

FILE *fp;
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int IERROR;
char ERR_MSG[100];

/******************************************************

TITLE
prints the program title and asks whether
interactive mode or file mode is used for input.

******************************************************/

void TITLE()
{

p r i n tf(' ' **************************************\n ' ') -
L

printf(*  WELCOME TO SEQUENTIAL RHOTRIX PROBLEM SOLVER \n");
printf(" RHOTRIX SINGLE TO ALL MULTIPLICATION SOLVER \n");

p rl ntf(" **************************************\n\n ! ') ,

do{
printf(*  YOU CAN ENTER YOUR DATA BY \n\n");
printf("* > INTERACTIVE MODE ---------- 1\n\n");
printf(* > FILE MODE ----------------- F \n\n");

printf(""  IF YOU WANT FILE MODE, \n");
printf("  MAKE A FILE CONTAINING DATA BEFORE SELECTING F. \n");
printf("  ARE YOU READY ? NOW \n\n");
printf("  SELECTIORF!'");
SW = getchar();
if SW!="I' && SW I="I' && SW 1= "f' && SW I="F'){
printf("YOU TYPED A WRONG CHARACTER \n");
printf("SELECT AGAIN WITH CARE \n");

}
} while(SW !I="1' && SW I="I' && SW !="f' && SW !I="F");
}

/*******************************

FILE MODE
reads data from a data file

******************************/

void FILEMODE() /* function FILE INPUT */
-

inti, j;

char filename[60];

char filename2[60];

FILE *fin;

printf("\n\n Write the input file name ? ");

scanf(%s" filename);

if ( (fin=fopen(filename,"rt"))==NULL ) {
puts("\n\n  Caution !!1'\n");
sprintf(ERR_MSG,"%s Cannot open file " filename);
IERROR=2; return;

}

else {
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fscanf(fin, "%d %d", &n,&ha);
for (i=1; i <= (0.5*(pow(n,2)+1))+1; i++)
fscanf(fin, "%d", &ra[i]);

printf(""\n\n  Write the scond input file name ? ");

scanf("%s" filename2);

if ( (fin=fopen(filename2,"rt"))==NULL ) {
puts("\n\n  Caution ! \n");
sprintf(ERR_MSG,"%s Cannot open file ", filename2);
IERROR=2; return;

}

else {
fscanf(fin, "%d %d", &n,&hb);
for (=1 ; i <= (0.5*%(pow(n,2)+1))+1; i++)

fscanf(fin, "%d", &rb[i]);
}

fclose(fin);

}

/*****************************

INTERACTIVE MODE
reads data interactively.

******************************/

void INTEMODE() /* function INTERACTIVE INPUT */
.

inti;

char response;

printf("\n\n\n");

prl ntf(" kkhkhkhhhkhkhkkkkkhikiihikikx \nu) .

printf("  INTERACTIVE INPUT \n");
prlntf(" *kkkhkkhkkikkkhkkhkhkkikhkkihkikikk \n\n\n")’
do{
printf("Enter The Dimension and heart Of The First Rhotrix:");
scanf(%d %d",&n, &ha);
printf("\n IS THE DATA CORRECT ? <Y/N>\n");
getchar();response = getchar();
Ywhile (response =="'N'"|| response == 'n');
do{
printf("\nEnter Elements Of The First Rhotrix:\n");
for(i=1;i< (0.5*(pow(n,2)+1))+1;i++)
{
scanf("%d",&ra[i]);
}
printf("\n IS THE DATA CORRECT ? <Y/N>\n");
getchar();response = getchar();
Ywhile ( response =="'N'|| response == 'n’);
do{
printf("\nEnter The Dimension and heart Of The Second Rhotrix:");
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scanf(""%d %d",&n, &hb);
printf(""\n IS THE DATA CORRECT ? <Y/N>\n");
getchar();response = getchar();

Ywhile ( response =="'N'|| response == 'n’);

do{

printf(""\nEnter Elements Of The Second Rhotrix:\n");

for(i=1;i< (0.5*(pow(n,2)+1))+1;i++)

{

scanf("%d",&rb[i]);

printf("\n IS THE DATA CORRECT ? <Y/N>\n");
getchar();response = getchar();
Ywhile ( response =="'N'|| response == "'n");

}

/************

ERROR_HANDLE

*************/

void error_handle()

{

/************************************/

/* Error Code */
/-k-k-k-k-k-k-k-k-k-k**************************/
/* IERROR=0 No Error */

/* IERROR=1 Normal Exit */

/* IERROR=2 File Open Error */

/* IERROR=3 problem is infeasible */

/************************************/

if IERROR==0) return;
else {
printf(*\n%s\n",ERR_MSG);
fprintf(fp,"\n%s\n",ERR_MSG);
fclose(fp); exit(0);
}
}
int main(void)
{
inti;
START;
fp =fopen("rhotAji.out”,"wt");
printf("\nSerial Processing : Rhotrix Multiplication\n");
fprintf(fp,"\nEZUGWU, EI-Shamir Absalom MSC/SCIE/00043/2008-2009\n");
fprintf(fp,"\nDate : %s",_ DATE_);
fprintf(fp,"\nTime : %s", _ TIME_ );

fprintf(fp,"\n::::::::::::::::::::::::::::::::::::::::::::::::
::::\n");
do{
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TITLE();
if (SW=="1"|| SW=="i"){ INTEMODE(); break; }
else if(SW =="F' || SW =="f") { FILEMODEY(); break; }
} while(1);
error_handle();

fprintf(fp,"The First Rhotrix R(A)[%1d] Is:\n",m);
for(i=1;i< (0.5*(pow(n,2)+1))+1;i++)

{

fprintf(fp,” R(A)[%1d] = %6d ", i, ra[i]); //print the first rhotrix
fprintf(fp,"\n™);

}

fprintf(fp,"The Second Rhotrix R(B)[%1d]Is:\n", m);

for(i=1;i< (0.5*(pow(n,2)+1))+1;i++) // print the second rhotrix

{
forintf(fp,” R(B)[%1d] = %6d ", i, rb[i]);

fprintf(fp,"\n");

}

for(i=1;i< (0.5*(pow(n,2)+1))+1;i++)
{

if(i==0.5*(pow(n,2)+1)/2)

{
r[i] = hb*ha;
}

else

{
r[i] = ra[i]*hb + rb[i]*ha;
}

}
fprintf(fp,"\nMultiplication Of The Above Two Rhotrices Are:\n\n");

for(i=1;i< (0.5*(pow(n,2)+1))+1;i++)
{

fprintf(fp,” R[%1d] = %6d ",i, r[i]);
fprintf(fp,"\n™);

}

STOP;

PRINTTIME;

getch();

return O;

}

A.2.4 Strassen.java

o e

* Rhotrix Multiplication - Java Application Version
* Algorithm Implementation: Strassen's

* Multiplication Method: Peeling
*
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* Version  : Still in Progress
* Written: Date: January, 2nd 2011

* Author: Ezugwu EI-Shamir Absalom
* MSC/SCI1/0043/2008-2009

* Department of Mathematics

* |nstitution: Ahmadu Bello University, Zaria

* Supervised under Prof. S.B. Junaidu

import java.io.*;
import java.util.Calendar;
import java.util.StringTokenizer;
public class Strassen
{
public static String [][] matrix;
public Strassen()
{
String stringone="i";
String stringtwo="1";
String stringthree="f";
String stringfour="F";
String SW;
intn;
int k=1;
int[][] a, b, c;
do{
title();
SW = readInput();
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if (stringone.compareTo(SW)== 0 || stringtwo.compareTo(SW)==0) { interMode();
break; }
else if(stringthree.compareTo(SW)== 0 || stringfour.compareTo(SW)==0) { fileMode();
break; }
} while(k==1);
System.exit(-1);

}
public void title()

String stringone="1";

String stringtwo="1";

String stringthree="f";

String stringfour="F";

String SW;

do{
System.out.printin(" ****xskkkdkkddkkdkkkddkdddkddkkrdkrxF*n");
System.out.printin(" WELCOME TO SEQUENTIAL RHOTRIX SOLVER \n");
System.out.printin(" STRASSEN'S ALGORITHM \n");
System.out.printin(" ***xxkkktdkkkiokkdkkkikkkikk ik kR F\n\n");
System.out.printin("  YOU CAN ENTER YOUR DATA BY \n\n");
System.out.printin(" > INTERACTIVE MODE ---------- I \n\n");
System.out.printin(* > FILE MODE ----------------- F\n\n");
System.out.printin(" 1F YOU WANT FILE MODE, \n");
System.out.printin(" MAKE A FILE CONTAINING DATA BEFORE SELECTING F.

\n");
System.out.printin("  ARE YOU READY? NOW \n\n");
System.out.printin(* SELECTIORF!'");
SW = readlnput();
if (stringone.compareTo(SW)!= 0 && stringtwo.compareTo(SW)!=0 &&
stringthree.compareTo(SW)!= 0 && stringfour.compareTo(SW)!= 0)
{
System.out.printin("YOU TYPED A WRONG CHARACTER "\n");
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System.out.printin("SELECT AGAIN WITH CARE "\n");
}
Ywhile(stringone.compareTo(SW)!= 0 && stringtwo.compareTo(SW)!= 0 &&
stringthree.compareTo(SW)!= 0 && stringfour.compareTo(SW)!= 0);

}

public void interMode()
{
int[][] a, b, c;
String br;
System.out.printin("Enter the number of rows and colums: ");
String colRow = readlnput();
int n=Integer.parselnt(colRow);
a =new int[n][n];
b = new int[n][n];

¢ = new int[n][n];

System.out.printin("\nEnter entries for first Rhotrix:\n");
for(int i=0; i<n; i++)
{
for(int j=0; j<n; j++)
{
System.out.printIin("Enter the value of
cell("+(i+1)+""+(j+1)+"):");
String cell = readlnput();
a[i][j]=Integer.parselnt(cell);
}
}

System.out.printIn(*\nEnter entries for second Rhotrix:\n");
for(int i=0; i<n; i++)
{

for(int j=0; j<n; j++)

{
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System.out.printin("Enter the value of cell
()" D))
String cell = readInput();
b[i]1[j]=Integer.parselnt(cell);
}
}

Calendar t1 = Calendar.getinstance();
System.out.printin("\n Rhotrix 1 X Rhotrix 2 is:\nBy Standard method:\n");
standardRhotrixMultiplication(a, b, c);
printArray(c);
Calendar t2 = Calendar.getinstance();
System.out.printIn("Time taken to solve: "+(t2.getTimelnMillis() -
tl.getTimelnMillis() ));

t1 = Calendar.getinstance();

System.out.printIn("\nBy Strassen Rhotrix Multiplication method:\n");

¢ = strassenRhotrixMultiplication(a, b);

printArray(c);

t2 = Calendar.getinstance();

System.out.printIn("Time taken to solve: "+(t2.getTimelnMillis() -
tl.getTimelnMillis() ));

}
public void fileMode()

{

try {
BufferedReader fileName = new BufferedReader(new FileReader("C:/mdata.txt"));

String line;

int order = 0;

int rowlndex = 0;
int counter = 0;
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while ((line = fileName.readLine()) != null) {
counter++;
if(counter == 1){
order = Integer.parselint(line);
matrix = new String [order][order];

System.out.printin("order: " + order);

if(counter == 2){

String source = line;

System.out.printIn("source: " + source);

if(counter 1=2 && counter 1=1){
StringTokenizer theLine = new StringTokenizer(line);
int colindex = 0;
while(theLine.hasMoreTokens()){
String st = theLine.nextToken();//.trim();
matrix [rowIndex][collndex] = st;
collndex = colindex + 1;

}

rowlndex = rowlndex + 1;

for(int x = 0; x<matrix.length; x++){
for(int p = 0; p<matrix.length; p++){
System.out.printin(matrix[x][p] + " ");
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fileName.close();

}
catch (IOException e) {}

}

private static String readlnput() {

try {
BufferedReader in = new BufferedReader(
new InputStreamReader(System.in));
return in.readLine();
}
catch (IOException e) {}
return "";
}
public void standardRhotrixMultiplication(int[][] a, int[][] b, int[][] c)
{
int n = a.length;
for(int i=0; i<n; i++)
for(int j=0; j<n; j++)
for(int k=0; k<n; k++)
c[i][] += ali][k] * bIK]LiI;
}

public int [J[] strassenRhotrixMultiplication(int [1[] A, int [1[] B)

{
int n = A.length;
int [1[] result = new int[n][n];

if(n%2!=0) && (n '=1))
{
int[][] a1, b1, c1;
int n1 =n+1;
al = new int[n1][n1];
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bl = new int[n1][n1];
cl =new int[n1][n1];

for(int i=0; i<n; i++)
for(int j=0; j<n; j++)
{
al[ili] =Al10;
b1[i]0] =BLIDI;
}
cl = strassenRhotrixMultiplication(al, bl);
for(int i=0; i<n; i++)
for(int j=0; j<n; j++)
result[i]1[j] =c1[i][j];

return result;

if(n == 1)

{
result[0][0] = A[0][0] * B[0][O];

else

int [1[] A11 = new int[n/2][n/2];
int [1[] A12 = new int[n/2][n/2];
int [1[1 A21 = new int[n/2][n/2];
int [1[1 A22 = new int[n/2][n/2];

int [1[] B11 = new int[n/2][n/2];
int [][] B12 = new int[n/2][n/2];
int []1[] B21 = new int[n/2][n/2];
int [1[] B22 = new int[n/2][n/2];

divideArray(A, Al1, 0, 0);
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divideArray(A, A12, 0, n/2);
divideArray(A, A21, n/2, 0);
divideArray(A, A22, n/2, n/2);

divideArray(B, B11, 0, 0);
divideArray(B, B12, 0, n/2);
divideArray(B, B21, n/2, 0);
divideArray(B, B22, n/2, n/2);

int [1[] P1 = strassenRhotrixMultiplication(addRhotrices(A1l, A22),
addRhotrices(B11, B22));

int [1[] P2 = strassenRhotrixMultiplication(addRhotrices(A21, A22),
B11);

int [][] P3 = strassenRhotrixMultiplication(A11,
subtractRhotrices(B12, B22));

int [][] P4 = strassenRhotrixMultiplication(A22,
subtractRhotrices(B21, B11));

int [][] P5 = strassenRhotrixMultiplication(addRhotrices(A1l, A12),
B22);

int [][] P6 = strassenRhotrixMultiplication(subtractRhotrices(A21,
All), addRhotrices(B11, B12));

int [][] P7 = strassenRhotrixMultiplication(subtractRhotrices(A12,
A22), addRhotrices(B21, B22));

int [][] C11 = addRhotrices(subtractRhotrices(addRhotrices(P1, P4),

P5), P7);

int [1[] C12 = addRhotrices(P3, P5);

int [1[] C21 = addRhotrices(P2, P4);

int [][] C22 = addRhotrices(subtractRhotrices(addRhotrices(P1, P3),
P2), P6);

copySubArray(C11, result, 0, 0);
copySubArray(C12, result, 0, n/2);
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copySubArray(C21, result, n/2, 0);
copySubArray(C22, result, n/2, n/2);

}

return result;

public int [][] addRhotrices(int [1[] A, int [1[] B)

{
int n = A.length;
int [1[] result = new int[n][n];
for(int i=0; i<n; i++)
for(int j=0; j<n; j++)
result[i][j] = A[i1L] + BLi1L]:
return result;
}

public int [][] subtractRhotrices(int [J[] A, int [1[] B)
{

int n = A.length;
int [1[] result = new int[n][n];
for(int i=0; i<n; i++)

for(int j=0; j<n; j++)

result[i][j] = A[ILI - BL10T

return result;

public void divideArray(int[][] parent, int[][] child, int iB, int jB)
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W,

for(int il = 0, i2=iB; il<child.length; il++, i2++)
for(int j1 = 0, j2=}B; jl<child.length; j1++, j2++)
{
child[i1][j1] = parent[i2][j2];

public void copySubArray(int[][] child, int[][] parent, int iB, int jB)

{

for(intil = 0, i2=iB; il<child.length; il++, i2++)
for(int j1 = 0, j2=}B; jl<child.length; j1++, j2++)
{
parent[i2][j2] = child[i1][j1];

public void printArray(int [][] array)

{

int n = array.length;

System.out.printIn();

for(int i=0; i<n; i++)

{
for(int j=0; j<n; j++)
{
System.out.print("R["+(i+1)+","+(+1)+"] = "+array[i][j] +
}
System.out.printin();
}

System.out.printIn();
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public static void main(String[] args) throws IOException

{

new Strassen();

A.2.5 MPI_rhot_prod.c
#include <stdio.h>
#include <math.h>
#include <mpi.h>
#include <malloc.h>
/I Global variables
int processor_rank = 0;
int processor_count = 1;
int main(int argc, char **argv )
{

int myid, numprocs;

int ans,i,w,n,index, ha,hb;

int complete = 0;

/lint iter = 13;

int *a,*b,*r,*worker;

int dispatched = 0;

int returned = 0;

int Rhotrix[2];

int *result;

int Work = 1;

intidle =-1;

FILE *fp;

int RhotrixA_FileStatus = 1, RhotrixB_FileStatus = 1;

double time0, timel;

MPI_Request *recv_req;
MPI_Status status;

MPI_Init(&argc, &argv);
MPI_Comm_size(MPI_COMM_WORLD,&numprocs);
MPI1_Comm_rank(MPI_COMM_WORLD,&myid);

if (numprocs >= 2)

if (myid == 0) // Master
{

// Record starting time

time0 = MPI_Wtime();
if ((fp = fopen ("C:/data/rdatall3 1.txt", "r")) == NULL){
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RhotrixA_FileStatus = 0;
}

if(RhotrixA_FileStatus '=0) {
fscanf(fp, "%d %d\n", &n, &ha);
a = (int *) malloc(n*sizeof(int));
for 1=0;1<n;i++){
fscanf(fp, "%d", &al[i]);

}
fclose(fp);

if((fp = fopen ("C:/data/rdatal13 2.txt", "r")) == NULL)
RhotrixB_FileStatus = 0;
}

if(RhotrixB_FileStatus '=0) {
fscanf(fp, "%d %d\n", &n, &hb);

b = (int *) malloc(n*sizeof(int));
for(i=0;i<n;i++){
fscanf(fp, "%d", &bl[i]);

}
fclose(fp);
}

r = (int *) malloc(n*sizeof(int));

worker = (int *) malloc(numprocs*sizeof(int));

result = (int *) malloc(numprocs*sizeof(int));

recv_req = (MPI_Request *) malloc(humprocs*sizeof(MPI_Request));

for (i=0; i<n; i++) { a[i] = a[i]; b[i] = b[i]; r[i]=0; }
/I initialize worker status

for (w=1; w<numprocs; w++) { worker[w] = idle;}
while(complete < n)

{

for (w=1; w<numprocs; w++)

{
if ((worker[w] == idle) && (complete < n))

printf ("Master sending Rhotrix_A[%d]=%d Rhotrix_B[%d]=%d to Worker
%d\n",complete,a[complete],complete,b[complete],w);

Rhotrix[0] = a[complete];

Rhotrix[1] = b[complete];

/I Send the rhotrix elements

MPI_Send(Rhotrix,2,MP1_INT,w,0,MPI_COMM_WORLD);

// Post a non-blocking Recv for that Rhotrix Elements

MPI_lrecv(&resultfw],1,MP1_INT,w,0,MPI_COMM_WORLD,&recv_req[w]);

worker[w] = complete;
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dispatched++;
complete++; // next rhotrix elements to send out

} // foreach idle worker
/I Collect returned results

returned = 0;
for(w=1; w<=dispatched; w++)
{

MPI_Waitany(dispatched, &recv_req[1], &index, &status);

printf(*"Master receiving a result back from Worker %d
R[%d]=%d\n" status.MPI_SOURCE,worker[status.MP1_SOURCE],result[status.MP1_SOU
RCE]);

r[worker[status.MPI_SOURCE]] = result[status.MPI_SOURCE];
worker[status.MP1_SOURCE] = idle;
returned++;
}
dispatched -= returned;
} //while work to be done
/Isignal each worker to that there is no more work to be done
Rhotrix[0] = -1;
Rhotrix[1] = -1;
for (w=1; w<numprocs; w++)
{
printf(*"Master telling worker %d to shut down\n",w);
MPI1_Send(Rhotrix,2,MPI_INT,w,0,MPI_COMM_WORLD);
}

for (1I=0; i <n; i++)

if(i==(n+1)/2)
{
printf("hb x ha => %d x %d = %d\n",hb,ha,hb*ha);

}
printf(*a[%d] x hb + b[%d] x ha => %d x %d + %d x %d =
%d\n",i,i,a[i],hb,b[i],ha,r[i]);
}
} // Master
else // Workers

{

printf(""Worker %d Ready\n",myid);

while (Work == 1)

{
MPI1_Recv(Rhotrix,2,MPI1_INT,0,0,MPI_COMM_WORLD,&status);

printf("Worker %d received message: Rhotrix_A = %d and Rhotrix B =
%d\n",myid,Rhotrix[0],Rhotrix[1]);
if (Rhotrix[0] == -1) && (Rhotrix[1] == -1))

Work = -1;
printf(""Worker %d Shutting Down\n",myid);
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}

else

ans = Rhotrix[0]*hb + Rhotrix[1]*ha;

printf(""Worker %d Returning an answer for Rhotrix_A x hb = %d x %d + Rhotrix_B x
ha = %d x %d = %d\n",myid,Rhotrix[0],hb,Rhotrix[1] ,ha,ans);

MPI_Send(&ans,1,MPI1_INT,0,0,MPI_COMM_WORLD);

}

}
} // Workers

/I Record finish time

timel = MPI_Wtime();
/I Print time statistics

printf ("Total time using processors [%d] : [%f] seconds\n", myid, timel - time0);

}

else
printf("ERROR:Must have at least 2 processes to run\n");

MPI_Finalize();
return O,

}

A.2.6 MPI _coupled.c

PARALLEL RHOTRIX PROBLEM IN C LANGUAGE

PROGRAMMED BY EZUGWU, EI-Shamir Absalom
Department of Mathematics
Faculty of Sciences
Ahmadu BEllo University
Samarua, Zaria
Kaduna State
SUPERVISED BY PROF. S. Juniadu
AHMADU BELLO UNIVERSITY
PROGRAMMED ON FEB, 2010

ROW-COLUMN RHOTRIX MULTIPLICATION

#include <stdio.h>
#include <stdlib.h>
#include <unistd.h>
#include <math.h>
#include "mpi.h"
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/* Timer for the *C*omputation */

double cstartwtime,cstopwtime;

/* Timer for how long the whole procedure *A* actually took */
double astartwtime,astopwtime;

void printrhotrix(FILE *outfp, int m, int n, float *rhot) {
inti,j;

for(i=0; i<m; i++) {
for(j=0; j<n; j++) fprintf(outfp, "%6g ", *(rhot+(i*n)+j));
fprintf(outfp, "\n");

}

}

void doparamult(int Am, int An, int Bm, int Bn,
float *rhotA, float *rhotB, float *rhotC) {
float *currA, *currB, *temprhotA, *temprhotB, *sumrhot;
int i, j, trank, nprocs, num;
int *distlist=NULL,;
MPI_Status stats;

MPI_Comm_size (MPI_COMM_WORLD, &nprocs);
MPI_Comm_rank(MPI_COMM_WORLD, &trank);

/I Allocate space on all processes

temprhotA = (float *) malloc(Am * An * sizeof(float));
temprhotB = (float *) malloc(Bm * Bn * sizeof(float));
sumrhot = (float *) malloc(An * Bn * sizeof(float));

for(i=0; i < (An*Bn); i++) rhotC[i] = 0;
for(i=0; i < (An*Bn); i++) sumrhot[i] = 0;
for(i=0; i < (Am*An); i++) temprhotA[i] = 0;
for(i=0; i < (Bm*Bn); i++) temprhotB[i] = 0;

if (trank ==0) {

distlist = (int *) malloc((nprocs-1)*sizeof(int));
for(i=0; i<(nprocs-1); i++) distlist[i] = 0;
for(i=0; i<Am; i++) (*(distlist + (i%(nprocs-1))))++;

currA=rhotA;
currB=rhotB;

for(i=1; i<nprocs; i++) {
MPI_Send(distlist+(i-1), 1, MPI_INT, i, 0, MPI_COMM_WORLD);
MPI1_Send(currA, An*distlist[i-1], MP1_FLOAT, i, 0, MPI_COMM_WORLD);
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MPI1_Send(currB, Bn*distlist[i-1], MPI_FLOAT, i, 0, MPI_COMM_WORLD);
currA+=An*distlist[i-1];
currB+=Bn*distlist[i-1];

}

free(distlist);

}else {
MPI_Recv(&num, 1, MPL_INT, 0, 0, MPI_COMM_WORLD, &stats);
MPI_Recv(temprhotA, Am*An, MPI_FLOAT, 0, 0, MPI_COMM_WORLD, &stats);
MPI_Recv(temprhotB, Bm*Bn, MPI_FLOAT, 0, 0, MPI_COMM_WORLD, &stats);

}

if (trank '=0) {
currA = temprhotA;
currB = temprhotB;
while(num) {

for(i=0; i<An; i++)
for(j=0; j<Bn; j++)
*(sumrhot+(i*Bn)+j) += currA[i] * currBI[j];

currA += An;
currB +=Bn;
num--;
}
}

MPI_Reduce(sumrhot, rhotC, An*Bn, MPI_FLOAT, MPI_SUM, 0, MPI_COMM_WORLD);

free(temprhotA);
free(temprhotB);
free(sumrhot);

}

int main(int argc, char **argv){
int Am=0, An=0, Bm=0, Bn=0;
FILE *fpA, *fpB, *fpC;
float *transrhotA=NULL, *rhotB=NULL, *rhotC=NULL,;
int res,trank;
char *f1=NULL, *f2=NULL, *f3=NULL;
int i, j,nprocs;
MPI_Init(&argc, &argv);
MPI1_Comm_rank(MPI_COMM_WORLD, &trank);
MPI_Comm_size (MPI_COMM_WORLD, &nprocs);
MPI1_Comm_rank(MPI_COMM_WORLD, &trank);

astartwtime = MPI_Wtime();
if (trank ==0) {
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fpA = fopen("C:/data/mdatal.inp", "r");
if (fpA == NULL) {

fprintf(stdout, "UNABLE TO OPEN FILE 1\n");
}
fpB = fopen("C:/data/mdata2.inp", "r");
if (fpB == NULL) {

fprintf(stdout, "UNABLE TO OPEN FILE 2\n");
}

fscanf(fpA, " %d ", &Am);
fscanf(fpA, " %d ", &An);
fscanf(fpB, " %d ", &Bm);
fscanf(fpB, " %d ", &Bn);

if (Am<=0 || An<=0 || Bm<=0 || Bn<=0) {
fprintf(stdout, "UNABLE TO PARSE DIMENSIONS\n");
}

if (An!'=Bm){
fprintf(stdout, "MATRICES ARE INCOMPATIBLEN\n");
return O;

}

transrhotA = (float *) malloc(sizeof(float) * Am * An);
rhotB = (float *) malloc(sizeof(float) * Bm * Bn);

if(transrhotA==NULL || rhotB==NULL) {
fprintf(stdout, "INSUFFICIENT MEMORY \n");
return O;

}

for (i=0; i<Am; i++)
for (j=0; j<An; j++)
fscanf(fpA, " %f ", (transrhotA+(Am*j)+i) );

for (i=0; i<(Bn * Bm); i++) fscanf(fpB, " %f ", rhotB+i);

fclose(fpA);
fclose(fpB);

MPI_Bcast(&An, 1, MP1_INT, 0, MPI_COMM_WORLD);
MPI_Bcast(&Am, 1, MPI_INT, 0, MPI_COMM_WORLD);
MPI_Bcast(&Bn, 1, MP1_INT, 0, MPI_COMM_WORLD);
MPI_Bcast(&Bm, 1, MP1_INT, 0, MPI_COMM_WORLD);

/* Allocate space on all processes for the rhotrix result.
This makes it easy to code cause we can use Allreduce */
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rhotC = (float *) malloc(Am * Bn * sizeof(float));

[* Start the timer */
cstartwtime = MPI_Wtime();

/* Notice the Am and An have been swapped because of the transposition */
doparamult(An, Am, Bm, Bn, transrhotA, rhotB, rhotC);

[* Stop the timer */
cstopwtime = MP1_Wtime();

if (trank ==0) {
fpC = fopen("'C:/data/absalom.out™, "w");
if (fpC == NULL) {
fprintf(stdout, "UNABLE TO OPEN FILE FOR WRITINGI\n");
return O;
}
fprintf(fpC, "%d %d\n", Am, Bn);
printrhotrix(fpC, Am, Bn, rhotC);
fclose(fpC);
}else {
printf("A* B =\n");
printrhotrix(stdout, Am, Bn, rhotC);
}
astopwtime = MP1_Wtime();
if (trank == 0) {

if (res==0) {
fprintf(stdout, "\nRhotrix Multiplication Failed...\n");
}else {

fprintf(stdout, "\nRhotrix multiplication done.\n");
fprintf(stdout, "%f seconds of computation, %f total seconds\n",
cstopwtime-cstartwtime, astopwtime-astartwtime);
}

MPI_Finalize();
return O;

}

A.2.7 SystolicRhotrixMultiplication.pas

unit SystolicRhotrixMultiplication;
interface
uses
Windows, Messages, SysUtils, Variants, Classes, Graphics, Controls, Forms,
Dialogs, ExtCtrls, jpeg, StdCtrls;
type
TCell = record
A : integer;
B : integer;
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R : integer;

Aln : integer;

BlIn : integer;
end;

TfrmMain = class(TForm)
pnTop: TPanel;
pnRight: TPanel;
pnDown: TPanel;
pnLeft: TPanel;
pnCenter: TPanel;
pnimage: TPanel;
imgll: TImage;
img12: TImage;
img13: TImage;
img41: TImage;
img21: TImage;
img22: TImage;
img23: TImage;
img42: TImage;
img31: TImage;
img32: TImage;
img33: TImage;
img43: TImage;
edBl: TEdit;
edB2: TEdit;
edB3: TEdit;
edB4: TEdit;
edB5: TEdit;
edAl: TEdit;
edA2: TEdit;
edA3: TEdit;
edA4: TEdit;
edA5: TEdit;
C11A: TEdit;
C11B: TEdit;
C11R: TEdit;
C12A: TEdit;
C12B: TEdit;
C12R: TEdit;
C13B: TEdit;
C13R: TEdit;
C13A: TEdit;
C14B: TEdit;
C14R: TEdit;
C14A: TEdit;
C15B: TEdit;
C15R: TEdit;
C15A: TEdit;
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C43B: TEdit;
C43R: TEdit;
C43A: TEdit;
C44B: TEdit;
C44R: TEdit;
C44A: TEdit;
C45B: TEdit;
C45R: TEdit;
C45A: TEdit;
C41B: TEdit;
C41R: TEdit;
C41A: TEdit;
C32B: TEdit;
C32R: TEdit;
C32A: TEdit;
C22B: TEdit;
C22R: TEdit;
C22A: TEdit;
C21B: TEdit;
C21R: TEdit;
C21A: TEdit;
C31B: TEdit;
C31R: TEdit;
C31A: TEdit;
C33B: TEdit;
C33A: TEdit;
C23B: TEdit;
C23R: TEdit;
C23A: TEdit;
C24B: TEdit;
C24R: TEdit;
C24A: TEdit;
C25B: TEdit;
C25R: TEdit;
C25A: TEdit;
C42B: TEdit;
C42R: TEdit;
C42A: TEdit;
C52B: TEdit;
C52R: TEdit;
C52A: TEdit;
C53B: TEdit;
C53R: TEdit;
C53A: TEdit;
btStep: TButton;
btReset: TButton;
gbMatrix1: TGroupBox;
Ab55: TEdit;
Ab4: TEdit;
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A52:
A51:
Ab53:
A45:
Ad4:
A43:
A42:
A41:
A35:
A34:
A33:
A32:
A31:
A25:
A24.
A23:
A22:
A21:
Al5:
Al4:
Al3:
Al2:
All:
gbMatrixB: TGroupBox;
B11:
B12:
B13:
B14:
B15:
B23:
B22:
B21:
B24:
B25:
B31:
: TEdit;
B33:
B34:
B35:
B41:
B42:
B43:
B44:
B45:
B51:
B52:
B53:
B54:
B55:

B32

TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;

TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;

TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
TEdit;
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Labell: TLabel;
Bevell: TBevel;
Label2: TLabel;
Label3: TLabel;
edStep: TLabel;
edOperation: TLabel;
Bevel2: TBevel;
Imagel: TImage;
Image2: TImage,;
Image3: TImage;
C34A: TEdit;
C34B: TEdit;
C34R: TEdit;
C33R: TEdit;
Image4: TImage;
Image5: TImage;
C51B: TEdit;
C51A: TEdit;
C51R: TEdit;
Image6: TImage;
Image7/: TImage;

C54A: TEdit;
C54B: TEdit;
C54R: TEdit;

C35A: TEdit;
C35B: TEdit;
C35R: TEdit;
C55A: TEdit;
C55B: TEdit;
C55R: TEdit;
Image8: TImage;
Image9: TImage;
Imagel0: TImage;
Imagell: Timage;
Imagel2: TImage;
Imagel3: Timage;
Buttonl: TButton;
{ B51: TEdit; }
{B52: TEdit; }
{B53: TEdit;}
{B54: TEdit;}
{B55: TEdit; }

{A53: TEdit; }

procedure btStepClick(Sender: TObject);
procedure btResetClick(Sender: TObject);
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procedure FormCreate(Sender: TObject);
procedure Button1Click(Sender: TObject);
private

BuffA : array [1..5] of integer;

BuffB : array [1..5] of integer;

ISA : array [1..5, 1..5] of TCell;

Tact : integer;

Step : integer;

procedure BindBuffA;
procedure BindBuffB;
procedure InitializeBuffers;
procedure InitializelSA;
procedure BindISA;
procedure PopulateBuffA(ATact : integer);
procedure PopulateBuffB(ATact : integer);
procedure Advance;
procedure InitializeAll;
public
end;

var
frmMain: TfrmMain;

implementation
{$R *.dfm}

procedure TfrmMain.InitializeBuffers;
var
i : integer;
begin
fori:=1to5do
BuffA[i] :=-1;
fori:=1to5do
BuffB[i] :=-1;
end;

procedure TfrmMain.BindBuffA;
begin
edAl.Text :='Al: ';
if BUuffA[1] <> -1 then
edAl.Text := edAl.Text + IntToStr(BuffA[1]);
edA2.Text :="'A2:";
if BuffA[2] <> -1 then
edA2.Text := edA2.Text + IntToStr(BuffA[2]);
edA3.Text :='A3: ';
if BUffA[3] <> -1 then
edA3.Text := edA3.Text + IntToStr(BuffA[3]);
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edA4.Text :="'Ad: ";
if BuffA[4] <> -1 then

edA4.Text := edA4.Text + IntToStr(BuffA[4]);
edA5.Text :="A5: *;
if BUffA[5] <> -1 then

edAS5.Text := edA5.Text + IntToStr(BuffA[5]);
end;

procedure TfrmMain.BindBuffB;
begin
edB1.Text :='B1: ;
if BuffB[1] <> -1 then

edB1.Text := edB1.Text + IntToStr(BuffB[1]);
edB2.Text :="'B2: ';
if BuffB[2] <> -1 then

edB2.Text := edB2.Text + IntToStr(BuffB[2]);
edB3.Text :='B3: ';
if BuffB[3] <> -1 then

edB3.Text := edB3.Text + IntToStr(BuffB[3]);
edB4.Text :="'B4: ;
if BuffB[4] <> -1 then

edB4.Text := edB4.Text + IntToStr(BuffB[4]);
edB5.Text := 'B5: ';
if BuffB[5] <> -1 then

edB5.Text := edB5.Text + IntToStr(BuffB[5]);
end;

procedure TfrmMain.InitializelSA;
var
i: integer;
J: integer;
begin
fori:=1to5do
forj:=1to5do
begin
ISA[i,j].A :
ISA[i,j].B :
ISA[i,j].R :
ISA[i,j].Aln :
ISA[i,j].BIn :
end;
end,;

-1’

i o

1
-1’

procedure TfrmMain.BindISA;
var

i: integer;

J: integer;
begin

CllA.Text:="A:";
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if (ISA[1,1].A <> -1) then

C11A.Text := C11A.Text + IntToStr(ISA[1,1].A);
Cl12A.Text :="A: ";
if (ISA[1,2].A <> -1) then

C12A.Text := C12A.Text + IntToStr(ISA[1,2].A);
C13A.Text :="A: ",
if (ISA[1,3].A <> -1) then

C13A.Text := C13A.Text + IntToStr(ISA[1,3].A);
Cl4A.Text :="A: ";
if (ISA[1,4].A <> -1) then

C14A.Text := C14A.Text + IntToStr(ISA[1,4].A);
C15A. Text :="A: ",
if (ISA[1,5].A <> -1) then

C15A.Text := C15A.Text + IntToStr(ISA[1,5].A);
C21A.Text:="A: ";
if (ISA[2,1].A <> -1) then

C21A.Text := C21A.Text + IntToStr(ISA[2,1].A);
C22A. Text :="A: ",
if (ISA[2,2].A <> -1) then

C22A.Text := C22A.Text + IntToStr(ISA[2,2].A);
C23A.Text :="A: ";
if (ISA[2,3].A <> -1) then

C23A.Text := C23A.Text + IntToStr(ISA[2,3].A);
C24A. Text :="A: ",
if (ISA[2,4].A <> -1) then

C24A.Text := C24A.Text + IntToStr(ISA[2,4].A);
C25A.Text :="A: ";
if (ISA[2,5].A <> -1) then

C25A.Text := C25A.Text + IntToStr(ISA[2,5].A);
C31A.Text :="A: "
if (ISA[3,1].A <> -1) then

C31A.Text := C31A.Text + IntToStr(ISA[3,1].A);
C32A.Text :="A: ";
if (ISA[3,2].A <> -1) then

C32A.Text := C32A.Text + IntToStr(ISA[3,2].A);
C33A.Text :="A: "
if (ISA[3,3].A <> -1) then

C33A.Text := C33A.Text + IntToStr(ISA[3,3].A);
C34A.Text :="A: ";
if (ISA[3,4].A <> -1) then

C34A.Text := C34A.Text + IntToStr(ISA[3,4].A);
C35A.Text :="A: ",
if (ISA[3,5].A <> -1) then

C35A.Text := C35A.Text + IntToStr(ISA[3,5].A);
C41A.Text :="A: ";
if (ISA[4,1].A <> -1) then

C41A.Text := C41A.Text + IntToStr(ISA[4,1].A);
C42A. Text :="A: Y
if (ISA[4,2].A <> -1) then
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C42A.Text := C42A.Text + IntToStr(ISA[4,2].A);
C43A. Text :="A: "
if (ISA[4,3].A <> -1) then

C43A.Text := C43A.Text + IntToStr(ISA[4,3].A);
C44A.Text :="A: "
if (ISA[4,4].A <> -1) then

C44A.Text := C44A.Text + IntToStr(ISA[4,4].A);
C45A. Text :="A: ",
if (ISA[4,5].A <> -1) then

C45A.Text := C45A.Text + IntToStr(ISA[4,5].A);
C51A.Text:="A: "
if (ISA[5,1].A <> -1) then

C51A.Text := C51A.Text + IntToStr(ISA[5,1].A);
C52A. Text :="A: ",
if (ISA[5,2].A <> -1) then

C52A.Text := C52A.Text + IntToStr(ISA[5,2].A);
C53A.Text :="A: ";
if (ISA[5,3].A <> -1) then

C53A.Text := C53A.Text + IntToStr(ISA[5,3].A);
C54A.Text :="A: Y,
if (ISA[5,4].A <> -1) then

C54A.Text := C54A.Text + IntToStr(ISA[5,4].A);
C55A.Text :="A: ";
if (ISA[5,5].A <> -1) then

C55A.Text := C55A.Text + IntToStr(ISA[5,5].A);
C11B.Text :='B: ';
if (ISA[1,1].B <> -1) then

C11B.Text := C11B.Text + IntToStr(ISA[1,1].B);
C12B.Text :='B: ';
if (ISA[1,2].B <> -1) then

C12B.Text := C12B.Text + IntToStr(ISA[1,2].B);
C13B.Text :='B: ';
if (ISA[1,3].B <> -1) then

C13B.Text := C13B.Text + IntToStr(ISA[1,3].B);
Cl14B.Text :='B: ';
if (ISA[1,4].B <> -1) then

C14B.Text := C14B.Text + IntToStr(ISA[1,4].B);
C15B.Text :='B: ';
if (ISA[1,5].B <> -1) then

C15B.Text := C15B.Text + IntToStr(ISA[1,5].B);
C21B.Text :='B: ';
if (ISA[2,1].B <> -1) then

C21B.Text := C21B.Text + IntToStr(ISA[2,1].B);
C22B.Text :='B: ';
if (ISA[2,2].B <> -1) then

C22B.Text := C22B.Text + IntToStr(ISA[2,2].B);
C23B.Text :='B: ';
if (ISA[2,3].B <> -1) then

C23B.Text := C23B.Text + IntToStr(ISA[2,3].B);
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C24B.Text :="B: ;
if (ISA[2,4].B <> -1) then

C24B.Text := C24B.Text + IntToStr(ISA[2,4].B);
C25B.Text :="B: ;
if (ISA[2,5].B <> -1) then

C25B.Text := C25B.Text + IntToStr(ISA[2,5].B);
C31B.Text :="B: ';
if (ISA[3,1].B <> -1) then

C31B.Text := C31B.Text + IntToStr(ISA[3,1].B);
C32B.Text :="B: ;
if (ISA[3,2].B <> -1) then

C32B.Text := C32B.Text + IntToStr(ISA[3,2].B);
C33B.Text :='B: ';
if (ISA[3,3].B <> -1) then

C33B.Text := C33B.Text + IntToStr(ISA[3,3].B);
C34B.Text :="B: ;
if (ISA[3,4].B <> -1) then

C34B.Text := C34B.Text + IntToStr(ISA[3,4].B);
C35B.Text :='B: ';
if (ISA[3,5].B <> -1) then

C35B.Text := C35B.Text + IntToStr(ISA[3,5].B);
C41B.Text :="B: ;
if (ISA[4,1].B <> -1) then

C41B.Text := C41B.Text + IntToStr(ISA[4,1].B);
C42B.Text :='B: ';
if (ISA[4,2].B <> -1) then

C42B.Text := C42B.Text + IntToStr(ISA[4,2].B);
C43B.Text :="B: ;
if (ISA[4,3].B <> -1) then

C43B.Text := C43B.Text + IntToStr(ISA[4,3].B);
C44B.Text :='B: ';
if (ISA[4,4].B <> -1) then

C44B.Text := C44B.Text + IntToStr(ISA[4,4].B);
C45B.Text :="B: ;
if (ISA[4,5].B <> -1) then

C45B.Text := C45B.Text + IntToStr(ISA[4,5].B);
C51B.Text :='B: ';
if (ISA[5,1].B <> -1) then

C51B.Text := C51B.Text + IntToStr(ISA[5,1].B);
C52B.Text :="B: ;
if (ISA[5,2].B <> -1) then

C52B.Text := C52B.Text + IntToStr(ISA[5,2].B);
C53B.Text :='B: ';
if (ISA[5,3].B <> -1) then

C53B.Text := C53B.Text + IntToStr(ISA[5,3].B);
C54B.Text :="B: ;
if (ISA[5,4].B <> -1) then

C54B.Text := C54B.Text + IntToStr(ISA[5,4].B);
C55B.Text :='B: ';
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if (ISA[5,5].B <> -1) then
C55B.Text := C55B.Text + IntToStr(ISA[5,5].B);

C11R.Text :='R: " + IntToStr(ISA[1,1].R);
C12R.Text :='R: ' + IntToStr(ISA[1,2].R);
C13R.Text :='R: " + IntToStr(ISA[1,3].R);
C14R.Text :='R: " + IntToStr(ISA[1,4].R);
C15R.Text :='R: " + IntToStr(ISA[1,5].R);
C21R.Text := 'R: ' + IntToStr(ISA[2,1].R);
C22R.Text :='R: " + IntToStr(ISA[2,2].R);
C23R.Text :='R: " + IntToStr(ISA[2,3].R);
C24R.Text :='R: " + IntToStr(ISA[2,4].R);
C25R.Text :='R: ' + IntToStr(ISA[2,5].R);
C31R.Text :='R: " + IntToStr(ISA[3,1].R);
C32R.Text :="'R: " + IntToStr(ISA[3,2].R);
C33R.Text :='R: " + IntToStr(ISA[3,3].R);
C34R.Text := 'R: ' + IntToStr(ISA[3,4].R);
C35R.Text :='R: " + IntToStr(ISA[3,5].R);
C41R.Text :='R: ' + IntToStr(ISA[4,1].R);
C42R.Text :='R: " + IntToStr(ISA[4,2] .R);
C43R.Text :='R: ' + IntToStr(ISA[4,3].R);
C44R.Text :='R: " + IntToStr(ISA[4,4].R);
C45R.Text := 'R: ' + IntToStr(ISA[4,5].R);
C51R.Text :='R: " + IntToStr(ISA[5,1].R);
C52R.Text :='R: ' + IntToStr(ISA[5,2].R);
C53R.Text :='R: " + IntToStr(ISA[5,3].R);
C54R.Text :='R: ' + IntToStr(ISA[5,4].R);
C55R.Text :='R: " + IntToStr(ISA[5,5].R);
end;

procedure TfrmMain.PopulateBuffA(ATact: integer);

begin
case ATact of
1:
begin

BuffA[1] := StrTolnt(A11.Text);
BuffA[2] :=-1;
BUffA[3] :=-1;
BuffA[4] :=-1,;
BUffA[5] :=-1;

All.Color := clRed;

Al12.Color := clHighlight;
Al13.Color := clHighlight;
Al4.Color := clHighlight;
A15.Color := clHighlight;
A21.Color := clHighlight;
A22.Color := clHighlight;
A23.Color := clHighlight;
A24.Color := clHighlight;
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2

A25.Color
A31.Color
A32.Color
A33.Color
A34.Color
A35.Color
A41.Color
A42.Color
A43.Color
A44.Color
A45.Color
A51.Color
A52.Color
A53.Color
Ab54.Color
A55.Color
end;

begin

BuffA[1] := StrTolnt(A12.Text);
BUffA[2] := StrTolnt(A21.Text);

:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;

BUffA[3] :=-1;

BuffA[4] := -1,

BUffA[5] :
All.Color
Al12.Color
Al13.Color
Al4.Color
Al15.Color
A21.Color
A22.Color
A23.Color
A24.Color
A25.Color
A31.Color
A32.Color
A33.Color
A34.Color
A35.Color
A41.Color
A42.Color
A43.Color
A44 .Color
A45.Color
A51.Color
A52.Color
A53.Color
A54.Color
Ab5.Color

= cIHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
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end;

3

4

Begin

BuffA[1] := StrTolnt(A13.Text);
StrTolnt(A22.Text);
StrTolnt(A31.Text);

BuffA[2] :
BUffA[3] :
BuffA[4] :
BUffA[5] :
Al1l.Color
Al12.Color
A13.Color
Al4.Color
A15.Color
A21.Color
A22.Color
A23.Color
A24.Color
A25.Color
A31.Color
A32.Color
A33.Color
A34.Color
A35.Color
A41.Color
A42.Color
A43.Color
A44.Color
A45.Color
A51.Color
A52.Color
A53.Color
A54.Color
Ab5.Color
end;

begin

BuffA[1] := StrTolnt(A14.Text);
BuffA[2] := StrTolnt(A23.Text);
= StrTolnt(A32.Text);
= StrTolnt(A41.Text);
= -1’
:= clHighlight;
:= clHighlight;
:= clHighlight;

BUffA[3] :
BuffA[4] :
BUffA[5] :
Al1.Color
A12.Color
Al13.Color
Al4.Color
Al15.Color
A21.Color
A22.Color
A23.Color

_l’
_1’

:= clHighlight;
:= clHighlight;

;= clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

;= clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;
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A24.Color
A25.Color
A31.Color
A32.Color
A33.Color
A34.Color
A35.Color
A41.Color
A42.Color
A43.Color
A44.Color
A45.Color
A51.Color
A52.Color
A53.Color
A54.Color
A55.Color
end;

begin

BuffA[1] := StrTolnt(A15.Text);
BuffA[2] := StrTolnt(A24.Text);
BUffA[3] := StrTolnt(A33.Text);
BuffA[4] := StrTolnt(A42.Text);
BUffA[5] := StrTolnt(A51.Text);
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;

All.Color
Al12.Color
A13.Color
Al14.Color
A15.Color
A21.Color
A22.Color
A23.Color
A24.Color
A25.Color
A31.Color
A32.Color
A33.Color
A34.Color
A35.Color
A41.Color
A42.Color
A43.Color
A44.Color
A45.Color
A51.Color
A52.Color
A53.Color
A54.Color

:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

;= clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

;= clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

214



6

A55.Color := clHighlight;

end;

begin

BuffA[1] :=-1,

BuffA[2] := StrTolnt(A25.Text);
BUffA[3] := StrTolnt(A34.Text);
BuffA[4] := StrTolnt(A43.Text);
BUffA[5] := StrTolnt(A52.Text);
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;

All.Color
Al12.Color
A13.Color
Al14.Color
A15.Color
A21.Color
A22.Color
A23.Color
A24.Color
A25.Color
A31.Color
A32.Color
A33.Color
A34.Color
A35.Color
A41.Color
A42.Color
A43.Color
A44.Color
A45.Color
A51.Color
A52.Color
A53.Color
A54.Color
A55.Color
end;
7:
begin
BuffA[1] :
BuffA[2] :
BUffA[3] :
BuffA[4] :
BuffA[5] :
Al1l.Color
Al12.Color
A13.Color
Al4.Color
A15.Color
A21.Color
A22.Color

;= clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

-1’
_1’

= StrTolnt(A35.Text);
StrTolnt(A44.Text);
StrTolnt(A53.Text);
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
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A23.Color
A24.Color
A25.Color
A31.Color
A32.Color
A33.Color
A34.Color
A35.Color
A41.Color
A42.Color
A43.Color
A44.Color
A45.Color
A51.Color
A52.Color
A53.Color
Ab4.Color
A55.Color

end;

8:

begin
BuffA[1] :

BuffA[2] := -1,

BUffA[3] :

BuffA[4] := StrTolnt(A45.Text);
BUffA[5] := StrTolnt(A54.Text);
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;

Al1l.Color
Al12.Color
Al13.Color
Al4.Color
Al15.Color
A21.Color
A22.Color
A23.Color
A24.Color
A25.Color
A31.Color
A32.Color
A33.Color
A34.Color
A35.Color
A41.Color
A42.Color
A43.Color
A44 .Color
A45.Color
A51.Color
A52.Color
A53.Color

:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;

:=clRed;

:= clHighlight;
:= clHighlight;

;= clRed;

:= clHighlight;
:= clHighlight;
:= clHighlight;
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A54.Color

A55.Color := clHighlight;

end;

9:

begin
BuffA[1] :
BuffA[2] :
BUffA[3] :
BuffA[4] :

BUffA[5] := StrTolnt(A55.Text);
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;

Al1l.Color
Al12.Color
A13.Color
Al4.Color
A15.Color
A21.Color
A22.Color
A23.Color
A24.Color
A25.Color
A31.Color
A32.Color
A33.Color
A34.Color
A35.Color
A41.Color
A42.Color
A43.Color
A44 .Color
A45.Color
A51.Color
A52.Color
A53.Color
A54.Color
Ab5.Color
end;
else
begin
BuffA[1] :
BuffA[2] :
BUffA[3] :
BuffA[4] :
BUffA[5] :
Al1.Color
Al12.Color
Al13.Color
Al4.Color
Al15.Color
A21.Color

;= clRed;

1 1 1
e

:=clRed;

i
1
I

-1:

:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
:= clHighlight;
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A22.Color := clHighlight;
A23.Color := clHighlight;
A24.Color := clHighlight;
A25.Color := clHighlight;
A31.Color := clHighlight;
A32.Color := clHighlight;
A33.Color := clHighlight;
A34.Color := clHighlight;
A35.Color := clHighlight;
A41.Color := clHighlight;
A42.Color := clHighlight;
A43.Color := clHighlight;
A44.Color := clHighlight;
A45.Color := clHighlight;
A51.Color := clHighlight;
A52.Color := clHighlight;
A53.Color := clHighlight;
A54.Color := clHighlight;
A55.Color := clHighlight;
end;
end;
end;

procedure TfrmMain.PopulateBuffB(ATact: integer);

begin
case ATact of
1:
begin

BuffB[1] := StrTolnt(B11.Text);
BuffB[2] :=-1;
BuffB[3] :=-1;
BuffB[4] :=-1;
BuffB[5] :=-1;

B11.Color := clRed;

B12.Color := clLime;
B13.Color :=clLime;
B14.Color := clLime;
B15.Color :=clLime;
B21.Color := clLime;
B22.Color :=clLime;
B23.Color := clLime;
B24.Color := clLime;
B25.Color := clLime;
B31.Color := clLime;
B32.Color := clLime;
B33.Color :=clLime;
B34.Color := clLime;
B35.Color := clLime;
B41.Color := clLime;
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2

3

B42.Color
B43.Color
B44.Color
B45.Color
B51.Color
B52.Color
B53.Color
B54.Color
B55.Color
end;

begin
BuffB[1] :
BuffB[2] :
BuffB[3] :
BuffB[4] :
BuffB[5] :

B11.Color :

B12.Color
B13.Color
B14.Color
B15.Color

B21.Color :=
B22.Color :
B23.Color :
B24.Color :

B25.Color
B31.Color
B32.Color
B33.Color
B34.Color
B35.Color
B41.Color
B42.Color
B43.Color
B44.Color
B45.Color
B51.Color
B52.Color

B53.Color :

B54.Color
B55.Color
end;

begin

BuffB[1] := StrTolnt(B13.Text);
BuffB[2] := StrTolnt(B22.Text);
BuffB[3] := StrTolnt(B31.Text);

;= clLime;
:=clLime;
:= clLime;
:=clLime;
:= clLime;
:=clLime;
:= clLime;
:=clLime;
:= clLime;

StrTolnt(B12.Text);
StrTolnt(B21.Text);

:=clRed;
:=clLime;
;= clLime;
:=clLime;

:= clLime;
:=clLime;
;= clLime;
:=clLime;
;= clLime;
:=clLime;
;= clLime;
:=clLime;
;= clLime;
:=clLime;
;= clLime;
:=clLime;
;= clLime;
:=clLime;
:= clLime;
;= clLime;

BuffB[4] :=-1;
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BuffB[5] :=-1;

B11.Color
B12.Color
B13.Color
B14.Color
B15.Color
B21.Color
B22.Color
B23.Color
B24.Color

B25.Color :
B31.Color :

B32.Color
B33.Color
B34.Color
B35.Color
B41.Color
B42.Color
B43.Color
B44.Color
B45.Color
B51.Color
B52.Color
B53.Color
B54.Color
B55.Color
end;

begin
BuffB[1] :
BuffB[2] :
BuffB[3] :
BuffB[4] :
BuffB[5] :
B11.Color
B12.Color
B13.Color
B14.Color
B15.Color

B21.Color :

B22.Color
B23.Color
B24.Color
B25.Color
B31.Color
B32.Color
B33.Color
B34.Color
B35.Color

:=clLime;
:= clLime;
;= clRed;

:= clLime;
:=clLime;
:= clLime;
;= clRed;

:= clLime;
:=clLime;

:=clLime;
:=clLime;
:= clLime;
:=clLime;
;= clLime;
:=clLime;
;= clLime;
:=clLime;
;= clLime;
:=clLime;
:= clLime;
:=clLime;
:= clLime;
:=clLime;

StrTolnt(B14.Text);
StrTolnt(B23.Text);
StrTolnt(B32.Text);
StrTolnt(B41.Text);

-1’

;= clLime;
:=clLime;
;= clLime;
;= clRed;

;= clLime;
:=clLime;
:= clLime;
;= clRed;

:= clLime;
;= clLime;
:= clLime;
;= clRed;

:= clLime;
;= clLime;
:= clLime;
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B41.Color := clRed;
B42.Color :=clLime;
B43.Color := clLime;
B44.Color :=clLime;
B45.Color := clLime;
B51.Color :=clLime;
B52.Color := clLime;
B53.Color :=clLime;
B54.Color := clLime;
B55.Color :=clLime;

end;

begin
BuffB[1] :
BuffB[2] :
BuffB[3] :
BuffB[4] :
BuffB[5] := StrTolnt(B51.Text);
B11.Color := clLime;
B12.Color :=clLime;
B13.Color := clLime;
B14.Color :=clLime;
B15.Color := clRed;
B21.Color :=clLime;
B22.Color := clLime;
B23.Color :=clLime;
B24.Color := clRed;
B25.Color :=clLime;
B31.Color := clLime;
B32.Color :=clLime;
B33.Color := clRed;
B34.Color :=clLime;
B35.Color := clLime;
B41.Color :=clLime;
B42.Color := clRed;
B43.Color :=clLime;
B44.Color := clLime;
B45.Color :=clLime;
B51.Color := clRed;
B52.Color :=clLime;
B53.Color := clLime;
B54.Color := clLime;
B55.Color := clLime;

end;

6:

begin
BuffB[1] :=-1;

BuffB[2] := StrTolnt(B25.Text);
BuffB[3] := StrTolnt(B34.Text);

= StrTolnt(B15.Text);
= StrTolnt(B24.Text);
= StrTolnt(B33.Text);
= StrTolnt(B42.Text);
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BuffB[4] := StrTolnt(B43.Text);
BuffB[5] := StrTolnt(B52.Text);

B11.Color
B12.Color
B13.Color
B14.Color
B15.Color
B21.Color
B22.Color
B23.Color

B24.Color :
B25.Color :

B31.Color
B32.Color
B33.Color
B34.Color
B35.Color
B41.Color
B42.Color
B43.Color
B44.Color
B45.Color
B51.Color
B52.Color
B53.Color
B54.Color
B55.Color

end;

7.

begin
BuffB[1] :
BuffB[2] :
BuffB[3] :
BuffB[4] :
BuffB[5] :
B11.Color
B12.Color
B13.Color

B14.Color :
B15.Color :

B21.Color
B22.Color
B23.Color
B24.Color
B25.Color
B31.Color
B32.Color
B33.Color
B34.Color

:= clLime;
:=clLime;
:= clLime;
:=clLime;
:= clLime;
:=clLime;
:= clLime;
:=clLime;

:= clLime;
:=clLime;
:= clLime;
:= clRed;

;= clLime;
:=clLime;
;= clLime;
;= clRed;

;= clLime;
:=clLime;
:= clLime;
;= clRed;

:= clLime;
:=clLime;
:= clLime;

_1’
-1’

:=clLime;
;= clLime;
:=clLime;
clLime;
:=clLime;
:= clLime;
;= clLime;
:= clLime;
;= clLime;
:= clLime;
:=clLime;
:= clLime;
;= clLime;
:= clLime;

StrTolnt(B35.Text);
StrTolnt(B44.Text);
StrTolnt(B53.Text);
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B35.Color
B41.Color
B42.Color
B43.Color
B44.Color
B45.Color
B51.Color
B52.Color
B53.Color
B54.Color
B55.Color

end;

8:

begin
BuffB[1] :
BuffB[2] :
BuffB[3] :
BuffB[4] :
BuffB[5] :
B11.Color
B12.Color
B13.Color

B14.Color :=
B15.Color :
B21.Color :
B22.Color :

B23.Color
B24.Color
B25.Color
B31.Color
B32.Color
B33.Color
B34.Color
B35.Color
B41.Color
B42.Color
B43.Color
B44.Color

B45.Color :
B51.Color :

B52.Color
B53.Color
B54.Color
B55.Color

end;

begin
BuffB[1] :
BuffB[2] :

;= clRed;

:=clLime;
:= clLime;
:=clLime;
;= clRed;

:=clLime;
:= clLime;
:=clLime;
;= clRed;

:=clLime;
:=clLime;

-1:

:=clLime;
:=clLime;
:=clLime;

:= clLime;
:=clLime;
;= clLime;
:=clLime;
;= clLime;
:=clLime;
;= clLime;
:=clLime;
;= clLime;
:=clLime;
;= clLime;
:=clLime;
clRed;

:=clLime;
:= clLime;
;= clLime;
;= clRed;

;= clLime;

_]_;
1

StrTolnt(B45.Text);
= StrTolnt(B54.Text);
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BuffB[3] :=-1;
BuffB[4] :=-1;
BuffB[5] := StrTolnt(B55.Text);
B11.Color :=clLime;
B12.Color := clLime;
B13.Color :=clLime;
B14.Color := clLime;
B15.Color :=clLime;
B21.Color := clLime;
B22.Color :=clLime;
B23.Color := clLime;
B24.Color :=clLime;
B25.Color := clLime;
B31.Color :=clLime;
B32.Color := clLime;
B33.Color :=clLime;
B34.Color := clLime;
B35.Color :=clLime;
B41.Color := clLime;
B42.Color :=clLime;
B43.Color := clLime;
B44.Color :=clLime;
B45.Color := clLime;
B51.Color :=clLime;
B52.Color := clLime;
B53.Color :=clLime;
B54.Color := clLime;
B55.Color := clRed;

end;

else

begin
BuffB[1] :=-1;
BuffB[2] := -1,
BuffB[3] :=-1;
BuffB[4] := -1,
BuffB[5] :=-1;
B11.Color := clLime;
B12.Color :=clLime;
B13.Color := clLime;
B14.Color :=clLime;
B15.Color := clLime;
B21.Color := clLime;
B22.Color := clLime;
B23.Color := clLime;
B24.Color := clLime;
B25.Color := clLime;
B31.Color := clLime;
B32.Color := clLime;
B33.Color := clLime;
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B34.Color := clLime;
B35.Color :=clLime;
B41.Color := clLime;
B42.Color :=clLime;
B43.Color := clLime;
B44.Color :=clLime;
B45.Color := clLime;
B51.Color :=clLime;
B52.Color := clLime;
B53.Color :=clLime;
B54.Color := clLime;
B55.Color :=clLime;
end;
end;
end;

procedure TfrmMain.btStepClick(Sender: TObject);
begin

Advance;
end;

procedure TfrmMain.FormCreate(Sender: TObject);
begin

InitializeAll;
end;

procedure TfrmMain.btResetClick(Sender: TObject);
begin

InitializeAll;

btStep.Enabled := true;
end;

procedure TfrmMain.Advance;
var
i: integer;
j: integer;
S: integer;
E: integer;
begin
case Step of
1:
begin
PopulateBuffA(Tact);
PopulateBuffB(Tact);
BindBuffA;
BindBuffB;
fori:=1to5do
ISA[1,i].BIn := BuffBJi];
fori:=1to5do
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ISA[i,1].Aln := BuffA[i];
edOperation.Caption := ‘refreshed buffers’;
end;

2:
begin
//move Alnto A and BiInto B
fori:=1to5do

forj:=1to5do

begin
ISA[i,j].A = ISA[i,j].Aln;
ISA[i,j].B := ISA[i,j].BIn;
end;
/lexport A and B
fori:=1to5do
forj:=1to5do
begin
S:=i+1;
E:=j+1;
if E<6 then
ISA[I,E].Aln := ISA[i,j].A;
if S<6 then
ISA[S,j].BIn :=ISA[1,J].B;
end;
edOperation.Caption := 'exec. comunication’;
end;
3:
begin
//lsum A and B
fori:=1to5do
forj:=1to5do
begin
if (ISA[i,j].A <> -1) and (ISA[i,j].B <> -1) then
ISA[i,j].R := ISA[i,j].R + ISA[i,j].A * I1SA[i,j].B;
end;
edOperation.Caption := ‘computed new value';
Inc(Tact);
Step :=0;
end;
end;
Inc(Step);
edStep.Caption := IntToStr(Tact-1);
BindISA;
if tact = 15 then

btStep.Enabled := false;

end;

procedure TfrmMain.InitializeAll;
begin
Tact :=1;
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Step :=1;

InitializeBuffers;

InitializelSA;

BindBuffA;

BindBuffB;

BindISA;

edStep.Caption :=";

edOperation.Caption :=";
end;

procedure TfrmMain.Button1Click(Sender: TObject);
begin

Application.MainForm.close;

end;

end.

B.2  Program Output Results
B.2.1 Sequential Rhotrix Product [ Rs(A) X Rs(B) ]

EZUGWU, ET-Shamir Absalom MSC/SCIE/00043/2008-2009
Date : Nov 30 2010
Time ! 06:08:47

The First Rhotrix R(A)[13] Is:
R(A[1] = 2

RCA[2]
RCA)[3]
RCA) [4]
RCA[5]
R(A)[6]
RCA[7]
RCA)[8]
R(CA)[9]
R(A)[10] =
RCA)[11] =
R(A)[12] =
R(A)[13] =

I ]
W U ANANAKNKNW

S N KB N

The Second Rhotrix R(B)[13]Is:
R(B)[1] = 2

R(B)[2] =
R(B)[3] =
R(B)[4] =
R(B)[5] =
R(B)[6] =

W kN WU RN
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R(BI[7]
R(B)[8]
R(B)[9]
R(B)[10]
R(B)[11]
R(B)[12]
R(B)[13]

10

o
nonon o
ANNKNKN e

Multiplication Of The Above Two Rhotrices Are:

R[1]
R[2]
R[3]
R[4]
R[5]
R[6]
R[7]
R[8]
R[9]
R[10]
R[11]
R[12]
R[13]

28
46
30
48
44
32
40
70
42
18
54
48
76

B.2.2 Parallel Rhotrix Product [ Rs(A) x Rs(B) ]

NNumbe

Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master

worker
worker
worker
worker
worker
worker
worker
worker
worker
worker
worker

r of Processor = 3

sending Rhotrix_A[0]=2 Rhotrix_B[0]=2
sending Rhotrix_A[1]=3 Rhotrix_B[1]=4
receiving a result back from worker 1
receiving a result back from worker 2
sending Rhotrix_A[2]=1 Rhotrix_B[2]=5
sending Rhotrix_A[3]=4 Rhotrix_B[3]=2
receiving a result back from worker 1
receiving a result back from worker 2
sending Rhotrix_A[4]=4 Rhotrix_B[4]=1
sending Rhotrix_A[5]=2 Rhotrix_B[5]=3
receiving a result back from worker 1
receiving a result back from worker 2

sending Rhotrix_A[6]=4 Rhotrix_B[6]=10 to Worker 1

sending Rhotrix_A[7]=5 Rhotrix_B[7]=5
receiving a result back from worker 1
receiving a result back from worker 2
sending Rhotrix_A[8]=3 Rhotrix_B[8]=3
sending Rhotrix_A[9]=1 Rhotrix_B[9]=2
receiving a result back from worker 1
receiving a result back from worker 2
sending Rhotrix_A[10]=5
sending Rhotrix_A[11l]=4
receiving a result back
receiving a result back
sending Rhotrix_A[12]=6
receiving a result back from worker 1
telling worker 1 to shut down

telling worker 2 to shut down

from worker 1
from worker 2

Ready

received message: Rhotrix_A = 2 and
Returning an answer for Rhotrix_A x
received message: Rhotrix_A = 1 and
Returning an answer for Rhotrix_A x
received message: Rhotrix_A = 4 and
Returning an answer for Rhotrix_A x
received message: Rhotrix_A = 4 and
Returning an answer for Rhotrix_A x
received message: Rhotrix_A = 3 and
Returning an answer for Rhotrix_A x

PR RRREEE R

Rhotrix_B[10]=
Rhotrix_B[11l]=

Rhotrix_B[12]=

to Worker 1
to worker 2
R[0]=28
R[1]=46

to worker 1
to Worker 2
R[2]=30
R[3]1=48
to worker
to worker
R[4]=44
R[5]=32

N

to wWorker 2
R[6]=80
R[7]1=70

to Worker 1
to Worker 2
R[8]1=42
R[9]=18

1 to worker
2 to Wworker
R[10]=54
R[11]=48

4 to worker
R[12]=76

Rhotrix_B =
hb = 2 x 10
Rhotrix_B =
hb =1 x 10
Rhotrix_B =
hb = 4 x 10
Rhotrix_B =
hb = 4 x 10
Rhotrix_B =
hb = 3 x 10

228

N

Rhotrix_B
Rhotrix_B
Rhotrix_B

o .
Rhotrix_B

+w+t R+ R+ +N

Rhotrix_B

X

X

ha
ha
ha
ha
ha

2 x 4 =28
5x4 =30
1 x4 =44
10 x 4 = 80
3 x4 =42



worker
worker
worker
worker
worker
worker

worker
worker
worker
worker
worker
worker
worker
worker
worker
worker
worker
worker
worker
worker
worker

XX X X XX X XXX

[ U VI VI I VI VI P D s D DI s o

N RO e

Total parallel time :

B.2.3
Number

Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master

a[0] x
al[l] x
a[2] x

1 received message: Rhotrix_A = 5 and Rhotrix_B = 1
1 Returning an answer for Rhotrix_A x hb = 5 x 10 + Rhotrix_B
1 received message: Rhotrix_A = 6 and Rhotrix_B = 4
1 Returning an answer for Rhotrix_A x hb = 6 x 10 + Rhotrix_B
1 received message: Rhotrix_A = -1 and Rhotrix_B
1 shutting Down
2 Ready
2 received message: Rhotrix_A = 3 and Rhotrix_B = 4
2 Returning an answer for Rhotrix_A x hb = 3 x 10 + Rhotrix_B
2 received message: Rhotrix_A = 4 and Rhotrix_B = 2
2 Returning an answer for Rhotrix_A x hb = 4 x 10 + Rhotrix_B
2 received message: Rhotrix_A = 2 and Rhotrix_B = 3
2 Returning an answer for Rhotrix_A x hb = 2 x 10 + Rhotrix_B
2 received message: Rhotrix_A = 5 and Rhotrix_B = 5
2 Returning an answer for Rhotrix_A x hb = 5 x 10 + Rhotrix_B
2 received message: Rhotrix_A = 1 and Rhotrix_B = 2
2 Returning an answer for Rhotrix_A x hb = 1 x 10 + Rhotrix_B
2 received message: Rhotrix_A = 4 and Rhotrix_B = 2
2 Returning an answer for Rhotrix_A x hb = 4 x 10 + Rhotrix_B
2 received message: Rhotrix_A = -1 and Rhotrix_B = -1
2 Shutting Down
hb + b[0] x ha = 2 x 10 + 2 x 4 = 28
hb + b[1] x ha == 3 x 10 + 4 x 4 = 46
hb + b[2] x ha = 1 x 10 + 5 x 4 = 30
hb + b[3] x ha == 4 x 10 + 2 x 4 = 48
hb + b[4] x ha =>4 x 10 + 1 x 4 = 44
hb + b[5] x ha = 2 x 10 + 3 x 4 = 32
hb + b[6] x ha == 4 x 10 + 10 x 4 = 80
hb + b[7] x ha = 5x 10 + 5 x 4 = 70
hb + b[8] x ha == 3 x 10 + 3 x 4 = 42
hb + b[9] x ha = 1 x 10 + 2 x 4 = 18
hb + b[10] x ha => 5 x 10 + 1 x 4 = 54
hb + b[11] x ha =>4 x 10 + 2 x 4 = 48
hb + b[12] x ha => 6 x 10 + 4 x 4 = 76

[0.066955] seconds

Parallel Rhotrix Product [ Rg(A) X Rg(B) ]

of Processor = 6

se
se
se
se
se
re
re
re
re
re
se

sending Rhotrix_A[6]=4 Rhotrix_B[6]=10 to worker 2

Rhotrix_B[

nding Rhotrix_A[ 0]
Rhotrix_B[1]
3

0]
nding Rhotrix_A[%%
]

BRwN
NV AN

nding Rhotrix_A[ Rhotrix_B[
nding Rhotrix_A[3 Rhotrix_B[3
nding Rhotrix_A[4]=4 Rhotrix_B[4]=1
ceiving a result back from worker 1
ceiving a result back from worker 2
ceiving a result back from worker 3
ceiving a result back from worker 4
ceiving a result back from worker 5
nding Rhotrix_A[5]=2 Rhotrix_B[5]=3

to
to
to
to
to

worker
worker
worker
worker
worker

R[0]=28
R[1]=46
R[2]=30
R[3]=48
R[4]=44
to Worker 1

VA WNR

sending Rhotrix_A[7]=5 Rhotrix_B[7]=5 to worker 3
sending Rhotrix_A[8]=3 Rhotrix_B[8]=3 to Worker 4
sending Rhotrix_A[9]=1 Rhotrix_B[9]=2 to worker 5
ceiving a result back from worker 1 R[5]=32

re

receiving a result back from worker 3 R[7]=70
receiving a result back from worker 4 R[8]=42
receiving a result back from worker 2 R[6]=80
receiving a result back from worker 5 R[9]=18
sending Rhotrix_A[10]=5 Rhotrix_B[10]=1 to worker 1
sending Rhotrix_A[11]=4 Rhotrix_B[11]=2 to Worker 2
sending Rhotrix_A[12]=6 Rhotrix_B[12]=4 to Worker 3
receiving a result back from worker 1 R[10]=54
receiving a result back from worker 3 R[12]=76
receiving a result back from worker 2 R[11]=48
telling worker 1 to shut down

telling worker 2 to shut down

telling worker 3 to shut down

telling worker 4 to shut down

telling worker 5 to shut down

hb + b[0] x ha => 2 x 10 + 2 x 4 = 28

hb + b[1] x ha = 3 x 10 + 4 x 4 = 46

hb + b[2] x ha = 1 x 10 + 5 x 4 = 30
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54
76

46
48
32
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Rhotrix_B

Rhotrix_B

Rhotrix_B
Rhotrix_B

Rhotrix_B
-1

Rhotrix_B
Rhotrix_B

Rhotrix_B
-1

Rhotrix_B

Rhotrix_B

Rhotrix_B
Rhotrix_B

Rhotrix_B

al[3] x hb + b[3] x ha == 4 x 10 + 2 x 4 = 48

al[4] x hb + b[4] x ha == 4 x 10 + 1 x 4 = 44

a[5] x hb + b[5] x ha == 2 x 10 + 3 x 4 = 32

a[6] x hb + b[6] x ha => 4 x 10 + 10 x 4 = 80

al7] x hb + b[7] x ha == 5 x 10 + 5 x 4 = 70

a[8] x hb + b[8] x ha == 3 x 10 + 3 x 4 = 42

al[9] x hb + b[9] x ha = 1 x 10 + 2 x 4 = 18

a[10] x hb + b[10] x ha => 5 x 10 + 1 x 4 = 54

a[11] x hb + b[11] x ha => 4 x 10 + 2 x 4 = 48

a[12] x hb + b[12] x ha => 6 x 10 + 4 x 4 = 76

Total time using processors [0] : [0.173322] seconds

worker 4 Ready

worker 4 received message: Rhotrix_A = 4 and Rhotrix_B = 2

worker 4 Returning an answer for Rhotrix_A x hb = 4 x 10 +

worker 4 received message: Rhotrix_A = 3 and Rhotr1x_ =3

worker 4 Returning an answer for Rhotrix_A x hb =3 x 10 +

worker 4 received message: Rhotrix_A = -1 and Rhotr1x B =

worker 4 Shutting Down

worker 3 Ready

worker 3 received message: Rhotrix_A = 1 and Rhotrix_B = 5

worker 3 Returning an answer for Rhotrix_A x hb = 1 x 10 +

worker 3 received message: Rhotrix_A = 5 and Rhotrix_B = 5

worker 3 Returning an answer for Rhotrix_A x hb = 5 x 10 +

worker 3 received message: Rhotrix_A = 6 and Rhotrix_B = 4

worker 3 Returning an answer for Rhotrix_A x hb = 10 +

worker 3 received message: Rhotrix_A = -1 and Rhotrix_B =

worker 3 Shutting Down

worker 1 Ready

worker 1 received message: Rhotrix_A = 2 and Rhotrix_B =2

worker 1 Returning an answer for Rhotrix_A x hb = 0 +

worker 1 received message: Rhotrix_A = 2 and Rhotr1x B =3

worker 1 Returning an answer for Rhotrix_A x hb = 2 x 10 +

worker 1 received message: Rhotrix_A = 5 and Rhotr1x =1

worker 1 Returning an answer for Rhotrix_A x hb = 5 x 10 +

worker 1 received message: Rhotrix_A = -1 and Rhotr1x B =

worker 1 shutting Down

worker 5 Ready

worker 5 received message: Rhotrix_A = 4 and Rhotrix_B = 1

worker 5 Returning an answer for Rhotrix_A x hb = 4 x 10 +

worker 5 received message: Rhotrix_A = 1 and Rhotrix_B = 2

worker 5 Returning an answer for Rhotrix_A x hb = 1 x 10 +

worker 5 received message: Rhotrix_A = -1 and Rhotrix_B = -1

worker 5 shutting Down

worker 2 Ready

worker 2 received message: Rhotrix_A = 3 and Rhotrix_B = 4

worker 2 Returning an answer for Rhotrix_A x hb = 3 x 10 +

worker 2 received message: Rhotrix_A = 4 and Rhotrix_B = 10

worker 2 Returning an answer for Rhotr1x A x hb =4 x 10 +

worker 2 received message: Rhotrix_A = 4 and Rhotrix_B = 2

wWorker 2 Returning an answer for Rhotrix_A x hb = 4 x 10 +

worker 2 received message: Rhotrix_A = -1 and Rhotrix_B = -1
2

worker 2 Shutting Down

B.2.4 Sequential Rhotrix Product [ Rg(A) X Re(B) ]

EZUGWU, ET1-Shamir Absalom MSC/SCIE/00043,/2008-2009
Date : Nov 30 2010
Time : 06:08:47

The First Rhotrix R(A)[0] Is:
RCA)[1] = 1

R(A[2]
R(A)[3]
RCA) [4]
RCA)[5]
R(A)[6]
RCA[7]

NN KNANWN
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X

X

X

X

X

X

ha
ha

ha
ha
ha

ha
ha
ha

ha
ha

ha
ha
ha

4 x 4

10 x 4 =

2 X 4 =

48
42

30
70
76

28
32
54

44
18

46
80
48



RCA)[8]
RCA[9]
R(A)[10]
RCA)[11]
R(A)[12] =
R(A)[13] =
R(A[14] =
R(A[15] =
R(A[16] =
R(A[17] =
R(A)[18] =
R(A)[19] =
R(A)[20] =
R(A)[21] =
R(A[22] =
R(A[23] =
R(A)[24] =
R(A[25] =
R(A)[26] =
RCA[27] =
R(A)[28] =
R(A)[29] =
R(A[30] =
R(A[31] =
R(A)[32] =
R(A)[33] =
R(A)[34] =
R(A)[35] =
R(A)[36] =
RCA[37] =
R(A[38] =
R(A[39] =
R(A)[40] =
R(A[41] =

A N
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The Second Rhotrix

R(B)[1] =
R(B)[2]
R(B)[3]
R(B)[4]
R(B)[5]
R(B)[6]
R(B[7]
R(B)[8]
R(B)[9]
R(B)[10]
R(B)[11]
R(B)[12] =
R(B)[13] =
R(B)[14] =
R(B)[15] =
R(B)[16] =
R(B)[17] =
R(B)[18] =

6

N W NN NKN©OY

WhANNKNXDWY

R(B)[0]Is:
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R(B)[19]
R(B) [20]
R(B)[21] =
R(B)[22] =
R(B)[23] =
R(B)[24] =
R(B)[25] =
R(B)[26] =
R(B)[27] =
R(B)[28] =
R(B)[29] =
R(B)[30] =
R(B)[31] =
R(B)[32] =
R(B)[33] =
R(B)[34] =
R(B)[35] =
R(B)[36] =
R(B)[37] =
R(B)[38] =
R(B)[39] =
R(B)[40] =
R(B)[41] =

AKNNWHUWUKNKNANSNANWKNNNKNGGKNULANN

time_count = 10701083
Multiplication Of The Above Two Rhotrices Are:

R[1] = 17
R[2] = 16
R[3] = 33
R[4] = 28
R[5] = 19
R[6] = 14
R[7] = 49
R[8] = 11
R[9] = 28
R[10] = 15
R[11] = 21
R[12] = 56
R[13] = 7
R[14] = 14
R[15] = 49
R[16] = 28
R[17] = 7
R[18] = 21
R[19] = 49
R[20] = 28
R[21] = 10
R[22] = 7
R[23] = 42
R[24] = 7
R[25] = 49
R[26] = 14
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R[27] =

R[28] =

R[29] =

R[30] =

R[31] =

R[32] =
R[33] =
R[34] =

R[35] =

R[36] =
R[37] =
R[38] =
R[39] =

R[40] =

R[41] =

B.2.5
Number

Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master

Parallel Heart-Oriented Rhotrix Output][ Rg(A) X Rg(B) ]

of processor = 12

sending
sending
sending
sending
sending
sending
sending
sending
sending
sending
sending

receiving
receiving
receiving
receiving
receiving
receiving
receiving
receiving
receiving
receiving
receiving

sending
sending
sending
sending
sending
sending
sending
sending
sending
sending
sending

receiving
receiving
receiving
receiving
receiving
receiving
receiving
receiving
receiving
receiving
receiving

sending
sending
sending
sending
sending
sending
sending

=6
=3
=9
=4
=7
=2
=7
=3
=4
=5
0]=3
back
back
back
back
back
back
back
back
back
back
back
=8
=1
=2
=7
=4
=1
=3

Rhotrix_A
Rhotrix_A
Rhotrix_A
Rhotrix_A
Rhotrix_A
Rhotrix_A
Rhotrix_A
Rhotrix_A
Rhotrix_A
Rhotrix_A
Rhotrix_A
a result
result
result
result
result
result
result
result
result
result
a result
Rhotrix_A[
Rhotrix_A
Rhotrix_Al[
Rhotrix_A[
Rhotrix_A
Rhotrix_A
Rhotrix_A[
Rhotrix_A[
Rhotrix_A[
Rhotrix_A[
Rhotrix_A[
a result
result
result
result
result
result
result
result
result
result
a result
Rhotrix_A[22]=6
Rhotrix_A[23]=1
Rhotrix_A[24]=7
Rhotrix_A[25]=2
Rhotrix_A[26]=1
Rhotrix_A[27]=3
Rhotrix_A[28]=1

I—‘L.OOO\IO\U'IAWN}—\O

a
a
a
a
a
a
a
a
a

11

[12]
[13]
[14]
[15]
F 18]

a
a
a
a
a
a
a
a
a

Rhotrix_B
Rhotrix_B
Rhotrix_B
Rhotrix_B[3]=4 t
Rhotrix_B

Rhotrix_B
Rhotrix_B
Rhotrix_B
Rhotrix_B
Rhotrix_B

=3t

LOOO\IO'!U‘IAWN}—‘O

U U Lo U U U L L |

=6 to
=3 to
=9 to

=7 to
=2 to
=7 to

=4 to
=5 to

Wi
Wi
Wi
Wi
Wi
Wi
Wi
W
Wi
Wi

o

(0]

orker
orker
orker
orker
orker
orker
orker
orker
orker
orker

LOoONOUVITAWN R

10

Rhotrix B[lO] 3 to worker 11

worker 1
worker
worker
worker
worker
worker
worker
worker
worker
worker
worker
[11]
[12]
[13]
[14]
[15]

from
from
from
from
from
from
from
from
from
from
from
Rhotrix_B[
Rhotrix_B
Rhotrix_B[
Rhotrix_B
Rhotrix_B

RO NOUVTA~W
LI L e {1 O [ Y (Y

RPUBRANWREREBRANNR O

Rhotrix_B[16]
Rhotrix_B[17]
Rhotrix_B[
Rhotrix_B
Rhotrix B'
Rhotrix_B[
from
from
from
from
from
from
from
from
from

worker

worker
worker
from worker
from worker
Rhotrix_B[22]=6
Rhotrix_B[23]=1
Rhotrix_B[24]=7
Rhotrix_B[25]=2
Rhotrix_B[26]=1
Rhotrix_B[27]=3
Rhotrix_B[28]=1
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to

to
to
to
to
to
to
to

]1=21

=63
]1=28
1=49
=14

worker 3 R[13]=14
worker 5 R[15]=28
worker 7 R[17]=21
worker 10 R[20]=35
worker 11 R[21]=7
1 R[11]=56
worker 2 R[12]=7

4 R[14]=49
6 R[16]=7

8 R[18]=49
9 R[19]=28

worker
worker
worker
worker
worker
worker
worker

RFEROONOUVIRWN

RO

NoOUThWN R



Master sending Rhotrix_A[29]=4 Rhotrix_B[29]=4 to Worker 8

Master sending Rhotrix_A[30]=1 Rhotrix_B[30]=1 to worker 9

Master sending Rhotrix_A[31]=6 Rhotrix_B[31]=6 to worker 10

Master sending Rhotrix_A[32]=2 Rhotrix_B[32]=2 to worker 11

Master receiving a result back from worker 1 R[22]=42

Master receiving a result back from worker 2 R[23]=7

Master receiving a result back from worker 4 R[25]=14

Master receiving a result back from worker 6 R[27]=21

Master receiving a result back from worker 8 R[29]=28

Master receiving a result back from worker 9 R[30]=7

Master receiving a result back from worker 3 R[24]=49

Master receiving a result back from worker 5 R[26]=7

Master receiving a result back from worker 7 R[28]=7

Master receiving a result back from worker 10 R[31]=42

Master receiving a result back from worker 11 R[32]=14

Master sending Rhotrix_A[33]=4 Rhotrix_B[33]=4 to worker 1

Master sending Rhotrix_A[34]=1 Rhotrix_B[34]=1 to worker 2

Master sending Rhotrix_A[35]=3 Rhotrix_B[35]=3 to worker 3

Master sending Rhotrix_A[36]=5 Rhotrix_B[36]=5 to worker 4

Master sending Rhotrix_A[37]=3 Rhotrix_B[37]=3 to worker 5

Master sending Rhotrix_A[38]=2 Rhotrix_B[38]=2 to Worker 6

Master sending Rhotrix_A[39]=1 Rhotrixworker 6 Ready

worker 6 received message: Rhotrix_A = 2 and Rhotrix_B = 2

worker 6 Returning an answer for Rhotrix_A x hb = 2 x 5 + Rhotrix_B
worker 6 received message: Rhotrix_A = 1 and Rhotrix_B = 1

worker 6 Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B
worker 6 received message: Rhotrix_A = 3 and Rhotrix_B = 3

worker 6 Returning an answer for Rhotrix_A x hb = 3 x 5 + Rhotrix_B
worker 6 received message: Rhotrix_A = 2 and Rhotrix_B = 2

worker 6 Returning an answer for Rhotrix_A x hb = 2 x 5 + Rhotrix_B
worker 6 received message: Rhotrix_A = -1 and Rhotrix_B = -1
worker 6 Shutting Down

worker 8 Ready

worker 8 received message: Rhotrix_A = 3 and Rhotrix_B = 3

worker 8 Returning an answer for Rhotrix_A x hb = 3 x 5 + Rhotrix_B
worker 8 received message: Rhotrix_A = 7 and Rhotrix_B = 7

worker 8 Returning an answer for Rhotrix_A x hb = 7 x 5 + Rhotrix_B
worker 8 received message: Rhotrix_A = 4 and Rhotrix_B = 4

worker 8 Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B
worker 8 received message: Rhotrix_A = 4 and Rhotrix_B = 4

worker 8 Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B
worker 8 received message: Rhotrix_A = -1 and Rhotrix_B = -1
worker 8 shutting Down

worker 9 Ready

worker 9 received message: Rhotrix_A = 4 and Rhotrix_B = 4

worker 9 Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B
worker 9 received message: Rhotrix_A = 4 and Rhotrix_B = 4

worker 9 Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B
worker 9 received message: Rhotrix_A = 1 and Rhotrix_B =1

worker 9 Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B
worker 9 received message: Rhotrix_A = -1 and Rhotrix_B = -1
worker 9 shutting Down

worker 7 Ready

worker 7 received message: Rhotrix_A = 7 and Rhotrix_B = 7

worker 7 Returning an answer for Rhotrix_A x hb = 7 x 5 + Rhotrix_B
worker 7 received message: Rhotrix_A = 3 and Rhotrix_B = 3

worker 7 Returning an answer for Rhotrix_A x hb = 3 x 5 + Rhotrix_B
worker 7 received message: Rhotrix_A = 1 and Rhotrix_B = 1

worker 7 Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B
worker 7 received message: Rhotrix_A = 1 and Rhotrix_B = 1

worker 7 Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B
worker 7 received message: Rhotrix_A = -1 and Rhotrix_B = -1
worker 7 shutting Down

worker 3 Ready

worker 3 received message: Rhotrix_A = 9 and Rhotrix_B = 9

worker 3 Returning an answer for Rhotrix_A x hb = 9 x 5 + Rhotrix_B
worker 3 received message: Rhotrix_A = 2 and Rhotrix_B = 2

worker 3 Returning an answer for Rhotrix_A x hb = 2 x 5 + Rhotrix_B
worker 3 received message: Rhotrix_A = 7 and Rhotrix_B = 7

worker 3 Returning an answer for Rhotrix_A x hb = 7 x 5 + Rhotrix_B
worker 3 received message: Rhotrix_A = 3 and Rhotrix_B = 3

worker 3 Returning an answer for Rhotrix_A x hb = 3 x 5 + Rhotrix_B
worker 3 received message: Rhotrix_A = -1 and Rhotrix_B = -1
worker 3 Shutting Down

worker 1 Ready
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worker

received message: Rhotrix_A = 6 and Rhotrix_B = 6

X

ha
ha
ha
ha

ha
ha
ha
ha

ha
ha
ha
ha

ha
ha
ha
ha

1
worker 1 Returning an answer for Rhotrix_A x hb = 6 x 5 + Rhotrix_B
worker 1 received message: Rhotrix_A = 8 and Rhotrix_B = 8
worker 1 Returning an answer for Rhotrix_A x hb = 8 x 5 + Rhotrix_B
worker 1 received message: Rhotrix_A = 6 and Rhotrix_B =
worker 1 Returning an answer for Rhotrix_A x hb = 6 x 5 + Rhotrix_B
worker 1 received message: Rhotrix_A = 4 and Rhotrix_B = 4
worker 1 Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B
worker 1 received message: Rhotrix_A = -1 and Rhotrix_B = -1
worker 1 Shutting Down
worker 5 Ready
worker 5 received message: Rhotrix_A = 7 and Rhotrix_B = 7
worker 5 Returning an answer for Rhotrix_A x hb = 7 x 5 + Rhotrix_B
worker 5 received message: Rhotrix_A = 4 and Rhotrix_B = 4
worker 5 Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B
worker 5 received message: Rhotrix_A = 1 and Rhotrix_B =1
worker 5 Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B
worker 5 received message: Rhotrix_A = 3 and Rhotrix_B = 3
worker 5 Returning an answer for Rhotrix_A x hb = 3 x 5 + Rhotrix_B
worker 5 received message: Rhotrix_A = -1 and Rhotrix_B = -1
worker 5 Shutting Down
Total time using processors [5] [74919.148762] seconds
worker 4 Ready
worker 4 received message: Rhotrix_A = 4 and Rhotrix_B = 4
worker 4 Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B
worker 4 received message: Rhotrix_A = 7 and Rhotrix_B = 7
worker 4 Returning an answer for Rhotrix_A x hb = 7 x 5 + Rhotrix_B
worker 4 received message: Rhotrix_A = 2 and Rhotrix_B = 2
worker 4 Returning an answer for Rhotrix_A x hb = 2 x 5 + Rhotrix_B
worker 4 received message: Rhotrix_A = 5 and Rhotrix_B = 5
worker 4 Returning an answer for Rhotrix_A x hb = 5 x 5 + Rhotrix_B
worker 4 received message: Rhotrix_A = -1 and Rhotrix_B = -1
worker 4 shutting Down
Total time using processors [4] [74919.144545] seconds
worker 2 Ready
worker 2 received message: Rhotrix_A = 3 and Rhotrix_B = 3
worker 2 Returning an answer for Rhotrix_A x hb = 3 x 5 + Rhotrix_B
worker 2 received message: Rhotrix_A = 1 and Rhotrix_B = 1
worker 2 Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B
worker 2 received message: Rhotrix_A = 1 and Rhotrix_B =1
worker 2 Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B
worker 2 received message: Rhotrix_A = 1 and Rhotrix_B =1
worker 2 Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B
worker 2 received message: Rhotrix_A = -1 and Rhotrix_B = -1
worker 2 shutting Down
Total time using processors [2] [74919.144336] seconds
worker 10 Ready
worker 10 received message: Rhotrix_A = 5 and Rhotrix_B = 5
worker 10 Returning an answer for Rhotrix_A x hb =5 x 5 + Rhotrix_B x ha
worker 10 received message: Rhotrix_A = 5 and Rhotrix_B = 5
worker 10 Returning an answer for Rhotrix_A x hb =5 x 5 + Rhotrix_B x ha
worker 10 received message: Rhotrix_A = 6 and Rhotrix_B = 6
worker 10 Returning an answer for Rhotrix_A x hb = 6 x 5 + Rhotrix_B x ha
worker 10 received message: Rhotrix_A = -1 and Rhotrix_B = -1
worker 10 Shutting Down

Total time using processors [10]

[74919.149089] seconds

_B[39]=1 to worker 7

Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
a[0] x
a[l] x

sending Rhotrix_A[40]=4 Rhotrix_B[40]=4 to Worker 8
receiving a result back from worker 1 R[33]=28
receiving a result back from worker 2 R[34]=7
receiving a result back from worker 4 R[36]=35
receiving a result back from worker 6 R[38]=14
receiving a result back from worker 3 R[35]=21
receiving a result back from worker 5 R[37]=21
receiving a result back from worker 7 R[39]=7
receiving a result back from worker 8 R[40]=28
telling worker 1 to shut down

telling worker 2 to shut down

telling worker 3 to shut down

telling worker 4 to shut down

telling worker 5 to shut down

telling worker 6 to shut down

telling worker 7 to shut down

telling worker 8 to shut down

telling worker 9 to shut down

telling worker 10 to shut down

telling worker 11 to shut down

hb + b[0] x ha == 6 X 5 + 6 X 2 = 42

hb + b[1] x ha => 3 x5+ 3 x 2 =21
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Number

Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master
Master

hb + b[2] x ha = 9 x5 + 9 x 2 =63
hb + b[3] x ha = 4 x5 + 4 x 2 = 28
hb + b[4] x ha == 7 x5 + 7 x 2 = 49
hb + b[5] x ha == 2 x5+ 2 x 2 =14
hb + b[6] x ha == 7 x5 + 7 x 2 = 49
hb + b[7] x ha == 3 x5 + 3 x 2 =21
hb + b[8] x ha == 4 x5 + 4 x 2 = 28
hb + b[9] x ha = 5 x 5 + 5 x 2 = 35
X hb + b[10] x ha = 3 x 5 + 3 x 2 =21
X hb + b[11] x ha == 8 x5 + 8 x 2 = 56
X hb + b[12] x ha == 1 x5 +1x2 =7
X hb + b[13] x ha == 2 x5+ 2 x 2 =14
X hb + b[14] x ha == 7 x5 + 7 x 2 = 49
X hb + b[15] x ha =>4 x 5 + 4 x 2 = 28
X hb + b[16] x ha == 1 x5 +1x 2 =7
X hb + b[17] x ha = 3 x 5 + 3 x 2 =21
X hb + b[18] x ha == 7 x5 + 7 x 2 = 49
X hb + b[19] x ha == 4 x5 + 4 x 2 = 28
X hb + b[20] x ha == 5 x5+ 5 x 2 = 35
X hb + b[21] x ha == 1x5+1x2=7
X hb + b[22] x ha == 6 x5 + 6 x 2 = 42
X hb + b[23] x ha == 1x5+1x2=7
X hb + b[24] x ha == 7 x5 + 7 x 2 = 49
X hb + b[25] x ha == 2 x5 + 2 x 2 =14
X hb + b[26] x ha == 1x5+1x2=7
X hb + b[27] x ha == 3 x5 + 3 x 2 =21
X hb + b[28] x ha == 1x5+1x2=7
X hb + b[29] x ha == 4 x5 + 4 x 2 = 28
X hb + b[30] x ha == 1x5+1x2=7
X hb + b[31] x ha = 6 x5 + 6 x 2 = 42
X hb + b[32] x ha == 2 x5 +2x 2 =14
x hb + b[33] x ha =>4 x5 + 4 x 2 =28
X hb + b[34] x ha == 1x5+1x2=7
x hb + b[35] x ha == 3 x5+ 3 x 2 =21
x hb + b[36] x ha == 5 x 5 + 5 x 2 = 35
X hb + b[37] x ha == 3 x5 + 3 x 2 =21
x hb + b[38] x ha =2 x5+ 2 x2 =14
X hb + b[39] x ha == 1x5+1x2=7
x hb + b[40] x ha =>4 x 5 + 4 x 2 = 28
time using processors [0] : [0.344110] seconds
11 Ready
11 received message: Rhotrix_A = Rhotrix_B = 3

11 Returning an answer for Rhotr1

11 received message: Rh

11 Returning an answer for Rhotr1x_

11 received message: Rh )
11 Returning an answer for Rhotrix_A x h

11 received message:

11 shutting Down

Parallel Heart-Oriented Rhotrix Multiplication] Rg(A) X Rg(B) ]

of processor = 20

sending Rhotrix_A[
sending Rhotrix_A[
sending Rhotrix_A[
sending Rhotrix_A[
sending Rhotrix_A[
sending Rhotrix_A[
sending Rhotrix_A[
sending Rhotrix_A[
sending Rhotrix_A[
sending Rhotrix_A[
sending Rhotrix_Al[
sending Rhotrix_A[
sending Rhotrix_A[12]=
sending Rhotrix_A[13]=
sending Rhotrix_A[14]=
sending Rhotrix_Al[
sending Rhotrix_A[16]=
sending Rhotrix_A[
sending Rhotrix_A[18]=

receiving
receiving
receiving
receiving
receiving
receiving

a

a
a
a
a
a

result back
result back
result back
result back
result back
result back

h

h
otrix_A = 2

Rhotrix_B[0]=6 to
Rhotrix_B[1]=3 to
Rhotrix_B[2]=9 to
Rhotrix_B[3]=4 to
Rhotrix_B[4]=7 to
Rhotrix_B[5]=2 to
Rhotrix_B[6]=7 to
Rhotrix_B[7]=3 to
Rhotrix_B[8]=4 to
Rhotrix_B[9]=5 to

Rhotrix_B[10]=3
Rhotrix_B[11]=8
Rhotrix_B[12]=1
Rhotrix_B[13]=2
Rhotrix_B[14]=7
Rhotrix_B[15]=4
Rhotrix_B[16]=1
Rhotrix_B[17]=3
Rhotrix_B[18]=7

b =
b =
b =

worker
worker
worker
worker
worker
worker
worker
worker
worker

3 x 5 + Rhotrix_B x ha

1 x 5 + Rhotrix_B x ha
Rhotrix_B = 2
2 x 5 + Rhotrix_B x ha
Rhotrix_A = -1 and Rhotrix_B = -1

and
_A X
otrix_A = and Rhotrix_B = 1
A X
and

LooNOUVIhWNE

worker 10

to
to
to
to
to
to
to
to
to

worker
worker
worker
worker
worker
worker
worker
worker
worker

from worker 1 R[0]=42
from worker 2 R[1]=21
from worker 3 R[2]=63
from worker 4 R[3]=28
from worker 5 R[4]=49
from worker 6 R[5]=14
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Master receiving a result back from worker 7 R[6]=49
Master receiving a result back from worker 8 R[7]=21
Master receiving a result back from worker 9 R[8]=28
Master receiving a result back from worker 10 R 9] 35
Master receiving a result back from worker 11 R[10]=21
Master receiving a result back from worker 12 R[11]=56
Master receiving a result back from worker 13 R[12]=7
Master receiving a result back from worker 14 R[13]=14
Master receiving a result back from worker 15 R[14]=49
Master receiving a result back from worker 16 R[15]=28
Master receiving a result back from worker 17 R[16]=7
Master receiving a result back from worker 18 R[17]=21
Master receiving a result back from worker 19 R[18]=49

Master sending Rhotrix_A[19]=4 Rhotrix_B[19]=4 to worker 1
Master sending Rhotrix_A[20]=5 Rhotrix_B[20]=5 to worker 2
Master sending Rhotrix_A[21]=1 Rhotrix_B[21]=1 to Worker 3
Master sending Rhotrix_A[22]=6 Rhotrix_B[22]=6 to Worker 4
Master sending Rhotrix_A[23]=1 Rhotrix_B[23]=1 to worker 5
Master sending Rhotrix_A[24]=7 Rhotrix_B[24]=7 to Worker 6
Master sending Rhotrix_A[25]=2 Rhotrix_B[25]=2 to Worker 7
Master sending Rhotrix_A[26]=1 Rhotrix_B[26]=1 to Worker 8
Master sending Rhotrix_A[27]=3 Rhotrix_B[27]=3 to Worker %O
Master sending Rhotrix_A[29]=4 Rhotrix_B[29]=4 to worker 11

Master sending Rhotrix_A[30]=1 Rhotrix_B[30]=1 to worker 12
Master sending Rhotrix_A[31]=6 Rhotrix_B[31]=6 to worker 13
Master sending Rhotrix_A[32]=2 Rhotrix_B[32]=2 to worker 14
Master sending Rhotrix_A[33]=4 Rhotrix_B[33]=4 to worker 15
Master sending Rhotrix_A[34]=1 Rhotrix_B[34]=1 to Worker 16
Master sending Rhotrix_A[35]=3 Rhotrix_B[35]=3 to worker 17
Master sending Rhotrix_A[36]=5 Rhotrix_B[36]=5 to worker 18
Master sending Rhotrix_A[37]=3 Rhotrix_B[37]=3 to worker 19

Master sending Rhotrix_A[28]= Rhotrix_B[28]=1 to worker

Master receiving a result back from worker 2 R[20]=35
Master receiving result back from worker 3 R[21]=
Master receiving result back from worker 4 R[22]=42
Master receiving a result back from worker 6 R[24]=49
Master receiving result back from worker 8 R[26]=
Master receiving a result back from worker 9 R[27]=21

result back from worker 13
result back from worker 15
result back from worker 18
result back from worker 1 R
result back from worker 5 R
result back from worker 7 R
result back from worker 10
result back from worker 11
result back from worker 12
result back from worker 14
result back from worker 16 R[
Master receiving result back from worker 17 R[35]=21
Master receiving result back from worker 19 R[37]=21
Master sending Rhotrix_A[38]=2 Rhotrix_B[38]=2 to worker 1
Master sending Rhotrix_A[39]=1 Rhotrix_B[39]=1 to worker 2
Master sending Rhotrix_A[40]=4 Rhotrix_B[40]=4 to worker 3
Master receiving a result back from worker 2 R[39]=7
Master receiving a result back from worker 3 R[40]=28
Master receiving a result back from worker 1 R[38]=14
Master telling worker 1 to shut down
Master telling worker 2 to shut down
Master telling worker 3
Master telling worker 4 to shut down
Master telling worker 5 to shut down
Master telling worker 6 to shut down

7

8

9

Master receiving
Master receiving
Master receiving
Master receiving
Master receiving
Master receiving
Master receiving
Master receiving
Master receiving
Master receiving
Master receiving
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to shut down

Master telling worker 7 to shut down

Master telling worker 8 to shut down

Master telling worker 9 to shut down

Master telling worker 10 to shut down
Master telling worker 11 to shut down
Master telling worker 12 to shut down
Master telling worker 13 to shut down
Master telling worker 14 to shut down
Master telling worker 15 to shut down
Master telling worker 16 to shut down
Master telling worker 17 to shut down
Master telling worker 18 to shut down
Master telling worker 19 to shut down

a[0] x hb + b[0] x ha = 6 X 5 + 6 x 2 = 42
al[l] x hb + b[1] x ha == 3 x5 + 3 x 2 =21
a[2] x hb + b[2] x ha == 9 x5+ 9 x 2 =63
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Total

worker
worker
worker
worker
worker
worker
worker

worker
worker
worker
worker
worker
worker
worker
worker
worker

worker
worker
worker
worker
worker
worker
worker

worker
worker
worker
worker
worker
worker
worker
worker
worker

worker
worker
worker

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
>

tim

+ b[3] xha == 4 x5 + 4 x 2 =28

+ b[4] x ha == 7 x5+ 7 x 2 =49

+ b[5] x ha == 2 x5 +2x2 =14

+ b[6] x ha == 7 x5+ 7 x 2 =49

+ b[7] x ha == 3 x5 +3x2-=21

+ b[8] x ha == 4 x5 + 4 x 2 =28

+ b[9] x ha == 5 x5+ 5x 2 =35

b + b[10] x ha == 3 x5+ 3 x 2 =21
b + b[11] x ha = 8 x 5 + 8 x 2 = 56
b+ b[l2] x ha=>1x5+1x2=7
b + b[13] x ha =2 x5 +2x2 =14
b + b[14] x ha == 7 x5+ 7 x 2 = 49
b + b[15] x ha =>4 x 5+ 4 x 2 = 28
b + b[1l6] x ha == 1x5+1x2=7
b + b[17] x ha == 3 x5+ 3 x 2 =21
b + b[18] x ha == 7 x5+ 7 x 2 = 49
b + b[19] x ha =>4 x5+ 4 x 2 =28
b + b[20] x ha = 5 x 5 + 5 x 2 = 35
b+ b[21] x ha=>1x5+1x2=7
b + b[22] x ha => 6 x5 + 6 x 2 = 42
b+ b[23] xha=>1x5+1x2=7
b + b[24] x ha =7 x5+ 7 x 2 = 49
b + b[25] x ha =2 x5+ 2 x 2 =14
b + b[26] x ha=>1x5+1x2=7
b + b[27] x ha =3 x5+ 3 x2 =21
b+ b[28] xha=>1x5+1x2=7
b + b[29] x ha =>4 x5+ 4 x 2 =28
b+ b[30] xha=>1x5+1x2=7
b + b[31] x ha =6 x5+ 6 x 2 = 42
b + b[32] x ha ==2x5+2x2=14
b + b[33] x ha =>4 x5+ 4 x2 =28
b+ b[34] xha ==1x5+1x2=7
b + b[35] x ha =3 x5+ 3 x2 =21
b + b[36] x ha =5 x5+ 5 x 2 = 35
b + b[37] x ha =3 x5+ 3 x2=21
b + b[38] x ha ==2x5+2x2=14
b+ b[39] xha==1x5+1x2-=7
b + b[40] x ha =>4 x 5 + 4 x 2 = 28

e using processors [0]: [1.008339] seconds

Ready

received message: Rhotrix_A = 3 and Rhotrix_B = 3

Returning an answer for Rhotrix_A x hb = 3 x 5 + Rhotrix_B x ha =
received message: Rhotrix_A = 1 and Rhotrix_B =1

Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B x ha =
received message: Rhotrix_A = -1 and Rhotrix_B = -1

Shutting Down

Ready

received message: Rhotrix_A = 3 and Rhotrix_B = 3

Returning an answer for Rhotrix_A x hb = 3 x 5 + Rhotrix_B x ha =
received message: Rhotrix_A = 5 and Rhotrix_B = 5

Returning an answer for Rhotrix_A x hb = 5 x 5 + Rhotrix_B x ha =
received message: Rhotrix_A = 1 and Rhotrix_B =1

Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B x ha =1 x 2

received message: Rhotrix_A = -1 and Rhotrix_B = -1
Shutting Down

Ready

received message: Rhotrix_A = 8 and Rhotrix_B = 8

Returning an answer for Rhotrix_A x hb = 8 x 5 + Rhotrix_B x ha
received message: Rhotrix_A = 1 and Rhotrix_B =1

Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B x ha
received message: Rhotrix_A = -1 and Rhotrix_B = -1

Shutting Down

Ready

received message: Rhotrix_A = 9 and Rhotrix_B = 9

Returning an answer for Rhotrix_A x hb = 9 x 5 + Rhotrix_B x ha
received message: Rhotrix_A = 1 and Rhotrix_B = 1

Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B x ha
received message: Rhotrix_A = 4 and Rhotrix_B = 4

Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B x ha
received message: Rhotrix_A = -1 and Rhotrix_B = -1

Shutting Down

Ready ) ]
received message: Rhotrix_A = 7 and Rhotrix_B = 7 )
Returning an answer for Rhotrix_A x hb = 7 x 5 + Rhotrix_B x ha =
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worker 5 received message: Rhotrix_A = 1 and Rhotrix_B = 1

worker 5 Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B x ha =1x 2 =7
worker 5 received message: Rhotrix_A = -1 and Rhotrix_B = -1

worker 5 Shutting Down

worker 11 Ready

worker 11 received message: Rhotrix_A = 3 and Rhotrix_B = 3

worker 11 Returning an answer for Rhotrix_A x hb = 3 x 5 + Rhotrix_B x ha
worker 11 received message: Rhotrix_A = 4 and Rhotrix_B = 4

wWorker 11 Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B x ha = 4 x 2 = 28
worker 11 received message: Rhotrix_A = -1 and Rhotrix_B = -1

worker 11 Shutting Down

3 x2=21

worker 9 Ready

worker 9 received message: Rhotrix_A = 4 and Rhotrix_B = 4

worker 9 Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B x ha = 4 x 2 = 28
worker 9 received message: Rhotrix_A = 3 and Rhotrix_B = 3

worker 9 Returning an answer for Rhotrix_A x hb = 3 x 5 + Rhotrix_B x ha = 3 x 2 = 21
worker 9 received message: Rhotrix_A = -1 and Rhotrix_B = -1

worker 9 Shutting Down

worker 13 Ready

wWorker 13 received message: Rhotrix_A = 1 and Rhotrix_B = 1

worker 13 Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_.B x ha =1x2 =7
worker 13 received message: Rhotrix_A = 6 and Rhotrix_B = 6

worker 13 Returning an answer for Rhotrix_A x hb = 6 x 5 + Rhotrix_B x ha = 6 x 2 = 42
worker 13 received message: Rhotrix_A = -1 and Rhotrix_B = -1

worker 13 Shutting Down

worker 15 Ready

worker 15 received message: Rhotrix_A = 7 and Rhotrix_B = 7

worker 15 Returning an answer for Rhotrix_A x hb = 7 x 5 + Rhotrix_B x ha =7 x 2 = 49
worker 15 received message: Rhotrix_A = 4 and Rhotrix_B = 4

worker 15 Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B x ha = 4 x 2 = 28
worker 15 received message: Rhotrix_A = -1 and Rhotrix_B = -1

worker 15 Shutting Down

worker 18 Ready

worker 18 received message: Rhotrix_A = 3 and Rhotrix_B = 3

worker 18 Returning an answer for Rhotrix_A x hb = 3 x 5 + Rhotrix_.B x ha =3 x 2 = 21
worker 18 received message: Rhotrix_A = 5 and Rhotrix_B = 5

worker 18 Returning an answer for Rhotrix_A x hb = 5 x 5 + Rhotrix_B x ha =5 x 2 = 35
worker 18 received message: Rhotrix_A = -1 and Rhotrix_B = -1

worker 18 shutting Down

worker 14 Ready

worker 14 received message: Rhotrix_A = 2 and Rhotrix_B = 2

worker 14 Returning an answer for Rhotrix_A x hb = 2 x 5 + Rhotrix_.B x ha =2 x 2 = 14
worker 14 received message: Rhotrix_A = 2 and Rhotrix_B = 2

worker 14 Returning an answer for Rhotrix_A x hb = 2 x 5 + Rhotrix_.B x ha =2 x 2 = 14
worker 14 received message: Rhotrix_A = -1 and Rhotrix_B = -1

worker 14 Shutting Down

worker 16 Ready

worker 16 received message: Rhotrix_A = 4 and Rhotrix_B = 4

worker 16 Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B x ha = 4 x 2 = 28
worker 16 received message: Rhotrix_A = 1 and Rhotrix_B =1

worker 16 Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_ B x ha =1x 2 =7
worker 16 received message: Rhotrix_A = -1 and Rhotrix_B = -1

worker 16 Shutting Down

worker 19 Ready

worker 19 received message: Rhotrix_A = 7 and Rhotrix_B = 7

worker 19 Returning an answer for Rhotrix_A x hb =7 x 5 + Rhotrix_B x ha =7 x 2 = 49
worker 19 received message: Rhotrix_A = 3 and Rhotrix_B = 3

worker 19 Returning an answer for Rhotrix_A x hb = 3 x 5 + Rhotrix_.B x ha =3 x 2 =21
worker 19 received message: Rhotrix_A = -1 and Rhotrix_B = -1

worker 19 Shutting Down

worker 1 Ready

worker 1 received message: Rhotrix_A = 6 and Rhotrix_B = 6

worker 1 Returning an answer for Rhotrix_A x hb = 6 x 5 + Rhotrix_.B x ha = 6 x 2 = 42
worker 1 received message: Rhotrix_A = 4 and Rhotrix_B = 4

worker 1 Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B x ha = 4 x 2 = 28
worker 1 received message: Rhotrix_A = 2 and Rhotrix_B = 2

worker 1 Returning an answer for Rhotrix_A x hb = 2 x 5 + Rhotrix_.B x ha =2 x 2 = 14
worker 1 received message: Rhotrix_A = -1 and Rhotrix_B = -1

worker 1 shutting Down

worker 10 Ready
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worker
worker
worker
worker
worker

worker
worker
worker
worker
worker
worker
worker

worker
worker
worker
worker
worker
worker
worker

worker
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worker
worker
worker
worker
worker

worker
worker
worker
worker
worker
worker
worker
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Date :
Time :

10 received message: Rhotrix_A = 5 and Rhotrix_B = 5

10 Returning an answer for Rhotrix_A x hb =5 x 5 + Rhotrix_B x ha = 5 x 2
10 received message: Rhotrix_A = 1 and Rhotrix_B =1
10 Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B x ha = 1 x 2

10 received message: Rhotrix_A = -1 and Rhotrix_B = -1
10 shutting Down

4 Ready
4 received message: Rhotrix_A = 4 and Rhotrix_B = 4

4 Returning an answer for Rhotrix_A x hb = 4 x 5 + Rhotrix_B x ha = 4 x 2
4 received message: Rhotrix_A = 6 and Rhotrix_B = 6

4 Returning an answer for Rhotrix_A x hb = 6 x 5 + Rhotrix_B x ha = 6 x 2
4 received message: Rhotrix_A = -1 and Rhotrix_B = -1

4 shutting Down

6 Ready

6 received message: Rhotrix_A = 2 and Rhotrix_B = 2

6 Returning an answer for Rhotrix_A x hb = 2 x 5 + Rhotrix_B x ha = 2 x 2
6 received message: Rhotrix_A = 7 and Rhotrix_B = 7

6 Returning an answer for Rhotrix_A x hb = 7 x 5 + Rhotrix_B x ha =7 x 2
6 received message: Rhotrix_A = -1 and Rhotrix_B = -1

6 Shutting Down

17 Ready
17 received message: Rhotrix_A = 1 and Rhotrix_B =1

17 Returning an answer for Rhotrix_A x hb = 1 x 5 + Rhotrix_B x ha = 1 x 2
17 received message: Rhotrix_A = 3 and Rhotrix_B = 3
17 Returning an answer for Rhotrix_A x hb = 3 x 5 + Rhotrix_B x ha = 3 x 2
17 received message: Rhotrix_A = -1 and Rhotrix_B = -1
17 shutting Down

Ready

received message: Rhotrix_A = 7 and Rhotrix_B = 7

Returning an answer for Rhotrix_A x hb = 7 x 5 + Rhotrix_B x ha =7 x 2

Returning an answer for Rhotrix_A x hb = 2 x 5 + Rhotrix_B x ha = 2 x 2
received message: Rhotrix_A = -1 and Rhotrix_B = -1

7
7
7
7 received message: Rhotrix_A = 2 and Rhotrix_B = 2
7
7
7 Shutting Down

Sequential Row-column Rhotrix Multiplication [ R21(A) X R21(B) ]
El1-Shamir Absalom MSC/SCIE/00043/2008-2009

Nov 28 2010
11:00:56

The First Rhotrix R(A)[21,11] 1Is:

R(A[1, 1] = 2 RCAI[1, 2] = 3 RCA)[1, 3] = 5 R(A)I[1, 4] =
R(AY[1, 5] = 3 R(A[1, 6] = 6 R(A)[1, 7] = 7 R(A[1, 8] =
R(A[1, 9] = 3 R(A)[1, 10] = 6 R(A)[1, 11] = 2

R(A[2, 1] = 1 R(A)[2, 2] = 4 R(A)[2, 3] = 9 R(A)[2, 4] =
R(AY[2, 5] = 3 R(A)[2, 6] = 5 R(AI[2, 7] = 4 R(A)[2, 8] =
R(A)[2, 9] = 6 R(A)[2, 10] = 5 RCA)[2, 11] = 0

R(A)[3, 1] = 2 R(AI[3, 2] = 3 R(A)[3, 3] = 3 R(A)I[3, 4] =
R(A)[3, 5] = 4 RCA)[3, 6] = 6 RCA)[3, 7] = 5 R(A)[3, 8] =
R(A)[3, 9] = 5 R(A)[3, 10] = 6 R(A)[3, 11] = 3

R(A)[4, 1] = 2 RCA[4, 2] = 6 R(A)[4, 3] = 2 RCA)[4, 4] =
R(A)[4, 5] = 7 RCA)[4, 6] = 1 RCA[4, 7] = 5 RCA)[4, 8] =
R(A)[4, 9] = 7 RCA)[4, 10] = 6 R(A)[4, 11] = 0

RC(A)[5, 1] = 1 RCAI[5, 2] = 5 RCA)[5, 3] = 3 R[5, 4] =
R(A)[5, 5] = 3 RCA)[5, 6] = 1 RCA[5, 7] = 4 R(A)[S5, 8] =
R(A)[5, 9] = 7 RCA)[5, 10] = 5 RCA)[5, 11] = 4

R(A)[6, 1] = 1 RrRCA[6, 2] = 4 R(A)[6, 3] = 5 R(A)[6, 4] =
R(A)[6, 5] = 2 R(A)[6, 6] = 0 RCA)[6, 7] = 3 R(A)[6, 8] =
R(A)[6, 9] = 2 R(A)[6, 10] = 3 RCA)[6, 11] = 0
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RC(A)[7, 1]
R(A[7, 5] =
RC(A)[7, 9] =

R(A)[8, 1]
R(A)[8, 5] =
R(A)[8, 9] =

R(A)[9, 1]
R(A)[9, 5] =
R(A)[9, 9] =

R(A)[10, 1] =
R(A)[10, 5] =
R(A)[10, 9] =

R(A)[11, 1] =
R(A)[11, 5] =
R(A)[11, 9] =

R(A)[12, 1] =
R(A)[12, 5] =
R(A)[12, 9] =

R(A)[13, 1] =
R(A)[13, 5] =
R(A)[13, 9] =

R(A)[14, 1] =
R(A)[14, 5] =
R(A)[14, 9] =

RC(A)[15, 1] =
R(A)[15, 5] =
R(A)[15, 9] =

R(A)[16, 1] =
R(A)[16, 5] =
R(A)[16, 9] =

R(A)[17, 1] =
R(A)[17, 5] =
R(A)[17, 9] =

R(A)[18, 1] =
R(A)[18, 5] =
R(A)[18, 9] =

R(A)[19, 1] =
R(A)[19, 5] =
R(A)[19, 9] =

R(A)[20, 1] =
R(A)[20, 5] =
R(A)[20, 9] =

R(A)[21, 1] =
R(A)[21, 5] =
R(A)[21, 9] =

0

(9]

N

R(A)[7, 2] =
R(A)[7, 6] =
R(A)[7, 10]

R(A)[8, 2]
R(A)[8, 6] =
R(A)[8, 10]

R(A)[9, 2]
R(A)[9, 6] =
R(A)[9, 10] =

R(A)[10, 2] =
7 R(A)[10, 6] =
1 RrR(A)[10, 10] =
9 R(A)[11, 2] =
R(A)[11, 6] =
R(A)[11, 10] =
R(AY[12, 2] =
R(A)[12, 6] =
R(A)[12, 10] =
R(A)[13, 2] =
R(A)[13, 6] =
RC(A)[13, 10] =
R(A)[14, 2] =
R(A)[14, 6] =
R(A)[14, 10] =
R(A)[15, 2] =
R(A)[15, 6] =
RC(A)[15, 10] =
R(A)[16, 2] =
R(A)[16, 6] =
R(A)[16, 10] =
R(A[17, 2] =
R(A)[17, 6] =
R(A)[17, 10] =
R(A)[18, 2] =
R(A)[18, 6] =
R(A)[18, 10] =
R(A)[19, 2] =
R(A)[19, 6] =
R(A)[19, 10] =
R(A)[20, 2] =
R(A)[20, 6] =
R(A)[20, 10] =
1 R(A)[21, 2] =
4 R(A)[21, 6] =
6 RCA)[21, 10] =

The Second Rhotrix R(B)[21,11]1Is:

R(B)[1, 1] =
R(B)[1, 5] =
R(B)[1, 9] =

R(B)[2, 1] =
R(B)[2, 5] =
R(B)[2, 9] =

3
3

3
6

7 R(B)[1, 2] =

R(B)[1, 6] =
R(B)[1, 10] =

4 R(B[2, 2] =

R(B)[2, 6] =
R(B)[2, 10] =

2 R(AI[7, 3] =
2 RMAWI[7, 7] =
2 R(A)[7, 11]

4 R(A)[8, 3] =
5 RCA)[8, 7] =
4 R(A)[8, 11]

3 R(A[9, 3] =
6 RCA)[9, 7] =
5 RCA)[9, 11] =

3 R(A)[10, 3] =
3 RCA)[10, 7] =
4 R(A)[10, 11]

4 R(A)[11, 3] =
4 R(A)I[11, 7] =
1 R(A)[11, 11]

6 R(A)[12, 3] =
0 R(A)[12, 7] =
2 RC(A)[12, 11]

R(A)[13, 3] =
6 R(A)[13, 7] =
8 R(A)[13, 11]

1 R(A)[14, 3] =
0 R(A)[14, 7] =
2 RC(A)[14, 11]

9 R(A)[15, 3] =
2 RCA)[15, 7] =
3 RCA)[15, 11]

6 R(A)[16, 3] =
8 R(A)[16, 7] =
9 R(A)[16, 11]

8 RCA[17, 3] =
8 R(CA)[17, 7] =
7 R(A)[17, 11]

8 R(A)[18, 3] =
1 R(A)[18, 7] =
R(A)[18, 11]

5 RCA)[19, 3] =
2 R(A)[19, 7] =
7 R(A)[19, 11]

8 R(A)[20, 3] =
3 R(A)[20, 7] =
5 R(A)[20, 11]

2 R(A)[21, 3] =
3 RCA)[21, 7] =
7 R(A)[21, 11]

3 R(B)[1, 3] =
6 R(B)I[1, 7] =

6 R(B)[1, 11] =

4 R(B)[2, 3] =
5 R(B)[2, 7] =

5 R(B)[2, 11] =
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6 R(A)[7, 4] =
7 R(A)[7, 8] =
5
2 R(A)[8, 4] =
5 RCA)[S8, 8] =
0
2 RCA[9, 4] =
1 RrR(A[9, 8] =
7
5 R(A)[10, 4]
5 RCA)[10, 8] =
0
2 R(A)[11, 4]
3 R(A)[11, 8] =
2
1 R(A)[12, 4]
3 RCA)[12, 8] =
0
4 R(A)[13, 4]
4 RCA)[13, 8] =
3
8 R(A)[14, 4]
9 R(A)[14, 8] =
0
1 RCA)[15, 4]
9 R(CA)[15, 8] =
1
4 R(A)[16, 4]
4 R(A)[16, 8] =
0
4 RCA)[17, 4]
3 RCA)[17, 8] =
9
2 R(A)[18, 4]
1 R(A)[18, 8] =
0
3 R(A)[19, 4]
5 RCA)[19, 8] =
7
3 R(A)[20, 4]
9 R(A)[20, 8] =
0
6 R(A)[21, 4]
2 R(A)[21, 8] =
1

2 R(B)I[1, 4] =
7 R(B)[1, 8] =
1
0 R(B)[2, 4] =
4 R(B)[2, 8] =
0



R(B)[3, 1] = 2 R(B)I[3, 2] = 3 R(B)[3, 3] = 0 R(B)[3, 4] =
R(B)[3, 5] = R(B)[3, 6] = 6 R(B)[3, 7] = 5 R(B)I[3, 8] =
R(B)[3, 9] = 5 R(B)[3, 10] = 6 R(B)[3, 11] = 2

R(B)[4, 1] = 5 R(B)[4, 2] = 6 R(B)[4, 3] = 1 R(B)[4, 4] =
R(B)[4, 5] = 7 R(B)[4, 6] = 1 R(B)[4, 7] = 5 R(B)[4, 8] =
R(B)[4, 9] = 7 R(B)[4, 10] = 6 R(B)[4, 11] = 0

R(B)[5, 1] = 7 R(B)[5, 2] = 5 R(B)[5, 3] = 2 R(B)[5, 4] =
R(B)[5, 5] = 3 R(B)[5, 6] = 1 RrR(B)[5, 7] = 4 R(B)[S5, 8] =
R(B)[5, 9] = 7 R(B)[5, 10] = 5 R(B)[5, 11] = 3

R(B)[6, 1] = 2 R(B)[6, 2] = 4 R(B)[6, 3] = 4 R(B)[6, 4] =
R(B)[6, 5] = 2 R(B)[6, 6] = 0 R(B)[6, 7] = 3 R(B)[6, 8] =
R(B)[6, 9] = 2 R(B)[6, 10] = R(B)[6, 11] = 0

R(B)[7, 1] = 8 R(B)[7, 2] = R(B)[7, 3] = 2 R(MB)[7, 4] =
R(B)[7, 5] = 3 R(B)[7, 6] = 2 RMB)[7, 7] = 7 R(B)[7, 8] =
R(B)[7, 9] = R(B)[7, 10] = 2 R(B)[7, 11] = 5

R(B)[8, 1] = 9 R(B)I[8, 2] = R(B)[8, 3] = 3 R(B)[S8, 4] =
R(B)[8, 5] = 2 R(B)[8, 6] = 5 R(B)[8, 7] = 5 R(B)[8, 8] =
R(B)[8, 9] = 6 R(B)[8, 10] = R(B)[8, 11] = 0

R(B)[9, 1] = 5 R(B)[9, 2] = 3 R(B)[9, 3] = 9 R(B)[9, 4] =
R(B)[9, 5] = 2 R(B)[9, 6] = 6 R(B)[9, 7] = 1 R(B)[9, 8] =
R(B)[9, 9] = 0 R(B)[9, 10] = 5 R(B)[9, 11] = 7

R(B)[10, 1] = 3 R(B)[10, 2] = 3 R(B)[10, 3] = 8 R(B)[10, 4]
R(B)[10, 5] = 7 R(B)[10, 6] = 3 R(B)[10, 7] = 5 R(B)[10, 8] =
R(B)[10, 9] = 1 Rr(B)[10, 10] = 4 R(B)[10, 11] = 0

R(B)[11, 1] = 7 R(B)[11, 2] = 4 R(B)I[11, 3] = 3 R(B)[11, 4]
R(B)[11, 5] = 5 R(B)[11, 6] = 4 R(B)[11, 7] = R(B)[11, 8] =
R(B)[11, 9] = R(B)[11, 10] = 1 RrR(B)[11, 11] = 5

R(B)[12, 1] = 3 R(B)[12, 2] = 6 R(B)[12, 3] = 7 R(B)[12, 4]
R(B)[12, 5] = 3 R(B)[12, 6] = 0 R(B)[12, 7] = 3 R(B)[12, 8] =
R(B)[12, 9] = 6 R(B)[12, 10] = 2 R(B)[12, 11] = 0

R(B)[13, 1] = 6 R(B)[13, 2] = 1 RrR(B)[13, 3] = 0 R(B)[13, 4]
R(B)[13, 5] = 2 R(B)[13, 6] = 6 R(B)[13, 7] = 4 R(B)[13, 8] =
R(B)[13, 9] = 9 R(B)[13, 10] = 8 R(B)[13, 11] = 1

R(B)[14, 1] = 8 R(B)[14, 2] = 1 RrR(B)[14, 3] = 1 R(B)[14, 4]
R(B)[14, 5] = 3 R(B)[14, 6] = 0 R(B)[14, 7] = 9 R(B)[14, 8] =
R(B)[14, 9] = 5 R(B)[14, 10] = 2 R(B)[14, 11] = 0

R(B)[15, 1] = 3 R(B)[15, 2] = 9 R(B)[15, 3] = 1 R(B)[15, 4]
R(B)[15, 5] = 6 R(B)[15, 6] = 2 R(B)[15, 7] = 9 R(B)[15, 8] =
R(B)[15, 9] = 4 R(B)[15, 10] = 3 R(B)[15, 11] = 1

R(B)[16, 1] = 5 R(B)[16, 2] = 6 R(B)[16, 3] = 1 RrR(B)[16, 4]
R(B)[16, 5] = 0 R(B)[16, 6] = 8 R(B)[16, 7] = 4 R(B)[16, 8] =
R(B)[16, 9] = 7 R(B)[16, 10] = 9 R(B)[16, 11] = 0

R(B)[17, 1] = 8 R(B)[17, 2] = 8 R(B)[17, 3] = 3 R(B)[17, 4]
R(B)[17, 5] = 9 R(B)[17, 6] = 8 R(B)[17, 7] = R(B)[17, 8] =
R(B)[17, 9] = 5 R(B)[17, 10] = 7 R(B)[17, 11] = 1

R(B)[18, 1] = 1 R(B)[18, 2] = 8 R(B)[18, 3] = 5 R(B)[18, 4]
R(B)[18, 5] = 2 R(B)[18, 6] = 1 RrR(B)[18, 7] = 1 R(B)[18, 8] =
R(B)[18, 9] = 0 R(B)[18, 10] = 9 R(B)[18, 11] = 0

R(B)[19, 1] = 6 R(B)[19, 2] = 5 R(B)[19, 3] = 4 R(B)[19, 4]
R(B)[19, 5] = 1 RrR(B)[19, 6] = 2 R(B)[19, 7] = R(B)[19, 8] =
R(B)[19, 9] = 3 R(B)[19, 10] = 7 R(B)[19, 11] = 1
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R(B)[20, 1]
R(B)[20, 5] =
R(B)[20, 9] =

R(B)[21, 1]
R(B)[21, 5]
R(B)[21, 9]

2
7
2

4

6 R(B)[21, 10] =

R(B)[20, 2] =

R(B)[20, 6] =

R(B)[20, 10] =
1 r(B)[21, 2] =

R(B)[21, 6] =

Multiplication of The Above Two Rhotrices

R(OI[1, 1]
R(O[1, 5] =
R(OI[L, 9] =

R(OI[2, 1]
R(O)[2, 5] =
R(O[2, 9] =

R(OI[3, 1]
R(OI[3, 5] =
R(OI3, 9] =

R(O)[4, 1]
R(C)[4, 5] =
R(O)[4, 9] =

R(CO[5, 1]
R(OI[5, 51 =
R(OIL5, 91 =

R(O[6, 1]
R(O)[6, 5] =
R(O[6, 9] =

R(OI[7, 1]
R(O[7, 5] =
R(O[7, 9] =

R(OI[8, 1]
R(CO)[8, 5] =
R(OI[8, 9] =

R(OI[9, 1]
R(O[9, 5]
R(O[9, 9] =

R(O)[10, 1]
R(C)[10, 5] =
R(O)[10, 9] =

R(O[11, 1]
R(C)[11, 5] =
R(C)[11, 9] =

R(O)[12, 1]
R(C)[12, 5] =
R(C)[12, 9] =

R(O[13, 1]
R(C)[13, 5]
R(CO)[13, 9]

R(O[14, 1]
R(C)[14, 5]
R(C)[14, 9]

279
172
256

187
158
171

252
153
216

153
179
134

242
180
211

132

99
118

237
171
236

132
120
130

182
147
193

169
146
161

290
199
211

178
132
187

311
207
249

208
113
172

R(OI[1, 2] =
R(O[1, 6] =
R(O[1, 10] =

R(O)[2, 2] =
R(O)[2, 6] =
R(C)[2, 10] =

R(OI[3, 2] =
R(OI[3, 6] =
R(CO)[3, 10] =

R(O[4, 2] =
R(C)[4, 6] =
R(C)[4, 10] =

R(OI[5, 2] =
R(O[5, 6] =
R(O)[5, 10] =

R(OI[6, 2] =
R(C)[6, 6] =
R(O)[6, 10] =

R(O)[7, 2] =
R(O)[7, 6] =
R(O)[7, 10] =

R(OI[8, 2] =
R(C[8, 6] =
R(C)[8, 10] =

R(OI9, 2] =
R(O)[9, 6] =
R(O)[9, 10] =

R(O)[10, 2] =
R(C)[10, 6] =
R(C)[10, 10] =

R(C)[11, 2] =
R(C)[11, 6] =
R(C)[11, 10] =

R(O)[12, 2] =
R(O)[12, 6] =
R(C)[12, 10] =

R(C)[13, 2] =
R(C)[13, 6] =
R(C)[13, 10] =

R(C)[14, 2] =
R(C)[14, 6] =
R(C)[14, 10] =

3

8 R(B)[20, 3]
R(B)[20, 7]

5 R(B)[20, 11

2 R(B)[21, 3]

= 2

1= 0

R(B)[20, 4] =
9 R(B)[20, 8] =

= 1 RrR(B)[21, 4] =

3 R(B)[21, 7] = 2 R(B)[21, 8] =
7 R(B)[21, 11] = 1
Are:
195 RCOI[1, 3] = 111 RrR(OI[1, 4] = 244
183 R(O)I[1, 7] = 228 R(OI[1, 8] = 203
236 R(OI[1, 11] = 127
235 R(O[2, 3] = 166 R(Q)[2, 4] = 167
90 R(OI[2, 7] = 211 RrRCOI[2, 8] = 252
211 RrR(O)[2, 11] = 0
157 R(Q)[3, 3] = 116 R(O[3, 4] = 225
182 R(QOI[3, 7] = 169 R(OI[3, 8] = 162
219 R(O)[3, 11] = 119
208 R(O)[4, 3] = 137 R(Q)[4, 4] = 141
88 R(O)[4, 7] = 206 R(O)[4, 8] = 177
211 R(O)[4, 11] = 0
189 R(O[5, 3] = 101 RCO)[5, 4] = 205
185 R(QO)I[5, 7] = 205 RCOI[5, 8] = 185
237 R(OI[5, 11] = 105
135 R(O[6, 3] = 77 R(OI[6, 4] = 97
75 R(O[6, 7] = 142 R(O[6, 8] = 141
138 R(O)[6, 11] = 0
183 R(O)[7, 3] = 90 R(O)[7, 4] = 200
175 R(OI[7, 7] = 206 R(O)[7, 8] = 181
236 R(O)[7, 11] = 100
179 RCOI[8, 3] = 115 R(QO)[8, 4] = 119
62 R(CO)[8, 7] = 160 R(CQ)[8, 8] = 165
167 R(O[8, 11] = 0
166 R(OI[9, 3] = 86 R(O)[9, 4] = 204
127 RCOI[9, 7] = 191 R(Q)I[9, 8] = 148
177 RrRCO[9, 11] = 98
178 R(C)[10, 3] = 133 R(O)[10, 4] =
110 RrR(O)[10, 7] = 203 R(O)[10, 8] =
182 R(C)[10, 11] = 0
188 R(O)[11, 3] = 125 R(O)[11, 4] =
234 R(OI[11, 7] = 220 R(CO)[11, 8] =
238 R(CO)[11, 117 = 129
206 R(O)[12, 3] = 90 R(O)[12, 4] =
143 R(CO)[12, 7] = 179 R(O[12, 8] =
240 R(QO)[12, 11] = 0
229 R(O[13, 3] = 129 R(Q)[13, 4] =
221 R(O)[13, 7] = 227 R(CO)[13, 8] =
271 R(C)[13, 11] = 107
186 R(C)[14, 3] = 120 R(C)[14, 4] =
117 R(O)[14, 7] = 214 R(O)[14, 8] =
212 R(C)[14, 11] = 0
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144
191

220
186

157
155

269
148

176
234



R(O[15, 1] = 193 R(OI[15, 2] = 129 R(AI[15, 3] = 92 R(O[15, 4] = 171
R(O[15, 5] = 134 R(OI[15, 6] = 200 R(OI[15, 7] = 149 R(O[15, 8] = 159
R(O)[15, 9] = 196 R(O)[15, 10] = 226 R(O)[15, 11] = 101

R(O[16, 1] = 176 R(O[16, 2] = 276 R(O)[16, 3] = 146 R(C)[16, 4] = 181
R(O)[16, 5] = 184 R(O)[16, 6] = 96 R(O[16, 7] = 233 R(O[16, 8] = 228
R(O[16, 9] = 198 R(O)[16, 10] = 235 R(O)[16, 11] = 0

R(O[17, 1] = 326 R(OI[17, 2] = 241 RrR(OI[17, 3] = 185 R(O)I[17, 4] = 344
R(O[17, 5] = 235 R(OI[17, 6] = 283 R(OI[17, 7] = 250 R(OI[17, 8] = 239
R(O[17, 9] = 297 R(OI[17, 10] = 340 R(OI[17, 11] = 178

R(C)[18, 1] = 161 R(OI[18, 2] = 209 R(O)[18, 3] = 76 R(O)[18, 4] = 114
R(C)[18, 5] = 163 R(CO)[18, 6] = 129 R(O)[18, 7] = 209 R(O)[18, 8] = 135
R(O)[18, 9] = 181 R(O)[18, 10] = 201 R(O)[18, 11] = 0

R(O[19, 1] = 279 R(OI[19, 2] = 191 RrR(O[19, 3] = 99 R(O[19, 4] = 266
R(O)[19, 5] = 182 R(O)[19, 6] = 198 R(O)[19, 7] = 263 R(O[19, 8] = 200
R(O[19, 9] = 255 R(O)[19, 10] = 277 R(OI[19, 11] = 113

R(C)[20, 1] = 229 R(O)[20, 2] = 226 R(O)[20, 3] = 135 R(O)[20, 4] = 212
R(C)[20, 5] = 217 R(O)[20, 6] = 125 Rr(O[20, 7] = 279 R(O[20, 8] = 241
R(CO)[20, 9] = 229 R(O)[20, 10] = 232 R(O)[20, 11] = 0

R(O[21, 1] = 264 R(O)[21, 2] = 241 RrR(OI[21, 3] = 125 R(O)[21, 4] = 225
R(O)[21, 5] = 190 RrR(OI[21, 6] = 165 R(O)[21, 7] = 233 R(O[21, 8] = 203
R(O)[21, 9] = 210 RrR(O)[21, 10] = 222 R(O)[21, 117 = 116
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