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CHAPTER O
INTRODUCTION

§ 0.1.

The classical theory of dynamical systems is based on the
so-called qualitative theory of ordinary differential equations.
In this theory, usually, we are not interested in solving.
explicitly the differential equation, but rather, we are looking
for Theorems that deal with the general properties of solutions
of equations belonging to some classes of equations or ﬂm:t
properties of families of equations, as well as about properties
of some subsets of spaces in which we consider corresponding
equations with respect to solutions of those equations.

In particular, to that theory belong such topics as:
stability of trajectories and motions given by differential
equations, asymptotic behaviour of solutions (including
existence and non-existence of limit sets and the properties
of thosé sets), invariance of some sort with respect to mappings
induced by solutions; topological properties of families of
curves representing trajectories of solutions and many others,

The theory of dynamical systems has as its background the
qualitative theory of (autonomous) ordinary differential
equations with uniqueness while ‘the theory of semi-systems
generalizes that part of the theory of (autonomous) ordinary
differential equations without uniqueness to the left and the
delay differential equations as well, o

The theory of processes and pseudo-processes generaliszes
the theory of non-autonomous ordinary differential equations
together with delay-differential equations as well.



‘A processes is a direct generalisation of the concept of

~ topologieal dynamical system, The transition from dynamical
system to processes is, roughly speaking analogous to the
transition from autonomous to non-autonomous nm-l of ormlry
differential equations.

The clasaical theory of dynamical ly-tm has been duJ.t with
by many authors, some of them generalised it by :I.niroduouc the
so-called dynamical cemi-gystems, pseudo-dynamical systems

semi-systems, generalised dynamical systems, local dynamical
semi-gystems and many others. -t '

Also, some particular theories (or rather, lub-thnou.'iui.
for example the theory of stability, has been investigated and
was generaliged independently of the general ones. There
. appeared some natural trénds with a view to making such general-
isations which would give rise to some kind of uniformity and
& good classification of various types of general theories of
(gunwmm) dynemical systems, as well as the possibilities
' of reasohable unuom presentation of various versions of
stabilities, asymptotic behaviour, limit sets, prolongational
limit sets, prolongations and so on. '

§ 0.2, CLASSICAL DINANICAL SYSTEMS

In order to introduce some fundamental notions in a natural
way, we comsidsr first of all, classical dynumical systems
induced by the system of autonomous differential equations.
Tet £: R® —9R” be a given continuous function., Consider the
following ordinary differential squstio

L
"

(0.2.1) x'w 2(x), (where xa g)

(remrece ting in fact the “ollowing system of n ord!rary
differential egquatiens )



e p
(0.2.10) x

i-f1(x1 .12...o.xp); (1’1.2..0..“))'

Let us consider the following in general:

Agsumption (A):

For every x eRrR" s there exists mt:l.y one solution of tho
equation (0.2.1) passing through the point (xo.ol belonging to
R®x R (which means that, the unique solution satisfies the
initial condition :

(002;2) 1(0) - xo

defined and being of class C' in R, We denote this solution
by x(x_3°+). ‘

'.!hus x(x 3+)t R =—>R" is such a function of the class o .
that is,

x'= (x3t) = £(x(x ;%))  for t€R and

x C) m x
(10‘ / 0.

We use here, the natural notation:
My +4) =
xf(x 5%) = (& %(x it))

if x is considered as a function of two nrhblu t (inter-
preted usually as time) and X, e

Remark 0,2,1

Assumption (A) above is equivalent to the following
condition (A'): For every (xo,t)sli."un there exists exactly

one solution x of the equation (0.,2.1) satisfying the initial
condition x(t ) =x_ defined and being of the class o' tnn, -
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It :ls wpll known that for every z ¢R” ana every t.se-n, \n
, have Caed Sarget Panr e

+ ML e LY

. [ LI . .,}#f ‘
(0.42.3) fx(x(x .tJ,a) - x(z Jtes). ot
) j‘ m& *‘.‘(hrbfu.é ur-' o -
¥e now state the followings 1Tom R 13!’% s Baphd L

i Lk ‘ : AT «Mww w
unm‘ jon (B): - |
Por every fixad t &R, the mepping ’x i—-—’x(z ;t}én

':l.l coptinuous,

In the classical 'bheory of ordinary dir:tcrontisl eqnat.tonn,
there are proved well imown theorems about the oontinuous )
dependence of solutions on initial data. Such theorems permi’ '
us to replace the above assumption (B) with suitable condition:
that appeared as assumptions in those theorems. Thig is however
not essential here and we shnll limit ourselves to assumption (B}
" only. * S ' e T
It i porumt to notice thn.t the mpping

(0.2.4) ) n :na(: .t) t--vx(x 3%) en

o & o
induces a family of napp:l.nga of n into itnel:t. This tln.tly :la
:l.nﬁqxad by 3; ¥or each ﬁ.xea_. t<R ,m oonsider the mapping
(0.2:5) ° hn§'x i-:-b x(x ;:-t)(-;lln.

= ol m&w e

. The oonditiom . 2.2) mpne& that for t=0 we have the
1dentity mapping R© —=> " while condition (0.2.3) gives the
"following connection between composition operation of family
0f our mappings and the sAdition: the composition of twe
mappings corresponding to t and s {s the mapping corresponding -
to tes, S e

"
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_In that sense, we approach the elementary and classical
th'o.or;y ‘'of (continuous) dynamical systems.

We now forget for the moment about how we arrived at the
mapping (0.2.4), instead, we consider it together with the
assumption that the conditions (0.2.2) and (0.2.3) are
satisfied as a given mapping from ) v | into R, Repeating
now formally the observations given above, we can state that .
the mepping (0.2.4) induces the family { t}t en ©f mappings
of R into itself, defined as followas

For every fixed t€R, the function Tl't is given by the
formula

(0e246) T (x ) =TWx jt) for x, €R".

(0,2:7) 1M, = identity mapping of R"
(0.2,8) T, o™, = ._"tu for every t,s€R.

The mapping
(0.2,9) R xR (x,4) > T (x)€ R

is continuous (since it is in fact the mapping (0.2.4)).

So, we obtain a family of mappings {1‘!‘1_3 indt:od by R,
having a group structure with respect to the group opetration
being the composition, with the neutral element being the
1dentity mapping. This group is abelian and it is isomorphic
with the additive group (R,+). 0f course, each of the mappings
belonging to the family above is a bijection of R into Ltlolt;
the inverse mapping for 1I' is clearly Ft i

All the mappings are oontinnou and moreover, the dependence



of the elements of the family on the parawmeter (index) t ia
not onlﬁ continuous but also is anch that the mapping {0.2.9)
is continuous, Such a family forms the so-celled dyneamical
system on R". '

Remark 0.2,3 : ' "

If the system (0.2.1) dvep not satisfy the unigoeness

; eqnhition, to the left or to the right, then we caen define _
,dynamieal semi~sratems. : '

Roughly speaking, 8 dynamlcal semi-gystem ia defined in
tha same manner as a dynamical eystem in one direction of
time (either positive or negative) and becaune¢ of lack of
uniqueness or existence in the cother direction it is not
defined for t£ 0 (or +29 reapectively).

Remark Cq.204 Lo .

The ‘evolution of the theory of dynamicel systems has given
rise to some clase of problems which do not need the topological
structures in R" and R as well as the continuity of T , neither
for the formulation of problems nox fop their golutione.
Because of this fact, there appeared the notion of pnaﬁéﬂ-'
dynamical system (R®,Ryw} in which R is a simple zet, (R,+),
a4 group and the mapping W fulfils cnly the first two conditions,
(1.e. the'identity property and the group pecperiy}. Since every
dynamical system is evidently a pseudo-dynamical system, wes have
some kind of generalisation. R

§ 0.3. HONAUTONOMOUS DIFFERENTIAT, EQUATIONS
It 1s known that the systén of non-zutonomous differontidi
" equations of the form: '

(0.3.1) x! - f(‘.t}i (X‘ '%‘x%‘)
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in i—eﬁmo, where f:¢R®x R =P R" is continuous and satisfies
-the umniqueness condition does not basically give rise to
dynamical systems or semi-systems without further adjustmenis
being made. In this case ome can propose gemeralisations by
using the theory of so-calldd processes. _
The system (0.3i1) can be hovever reduced to an autonomous
system of the form | -

(032 Fe ot Fe

in the (ne1)-space. This is arrived at by treating the indepen.:..
variable t es a new coordinate. -

While the construction (0.3.2) above is valid, it has the
effect of destroying some of the latent structure of the
original equation, For example, the new equation will not have
any bounded motions, nor any periodic motioms, nor any almost

:I.od:l.o motions. Because of this fact, the theory of topologic-
Mu has not developed into a powerfe) technique in -
applications to non-asutonomous differential equations.

. Howbeit, Sell (1), using the suggestion given in Miller (15:)
developed the basic theory for viewing the solutions of non-
autonomous differential equations as dynamical systems, He
affirmed that such system like (0.,3,1) that satisfies natural
existence and uniqueness candi.tion. for molutions irnduce a
dynamical system in the lptco iad :

Instead of troutml xlluth.mphuo space, one can
consider the product R”x‘F , where F 1s the function space
consisting of the tramslates of f. That is, a typicel elemer*
of F would be f.. where 2,(x,t) = 2(x,T+t). By introd.oing
an appropriate topology on g- s One can define ,a local
dynamical system” on R°x‘F . If the solution of (0.3.1J is
defined for all time ¢, th:l.l becomes a dynamieal mtel on R”



CONSTRUCTION OF THE DYNAMICAL SYSTEM.

Let £ C(R"% R,R) be an admissible function that satisfies

the global existence property and let i be the product spase
“ L ]
R%xF . A metric 4 on X is defined by

(0.3.3)  a((x,2),(%,£)) = |x-&]+ f(r.i)

vhere P 1s any metric on '3'
We define the mapping T : xnn -—-’I by

(0.3.4) T(x,£;T) = (t?(x.r.t) .tt)

where @(x,f;T) denotes the solution of (0.3.,1) that satisfies
the condition '

(00305) Q(I 48 0) = x. ' N

We have that ﬂ'(‘:.f 0) = (P(x,2,0), £, ) = (x,2)}. So, T ut:.-:m-
the idemiity property. Frowm ths doﬁn.ttlon Qf W, it ocould bo
easily proved that the triple (x.nm is a dynamical system,

Suppose that r >0 is a given real number, R" is an n-dimen-
sional space over reals, c([a.b',],ln) is the space of continuous
functions mapping the interval [a,b’ into R™ with the topology
of wmiform convergence, It [a,b] =[-r,0], we let 0= O(E-c.ﬂj,l‘).
If ¢ 6R, X320 and x¢ C([0" =r, "+t JR"), them for any se[oy0vel]
ve let x ec be defined by

-~

vy

(0.4.1) "t‘("” = x(t+0), | < T < 0.

If D 18 a subset of RxC, £: D —>R" is a gived function
W

and + represents the right-hand derivative, we say tw 3
the equation ‘ -

[
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(0vhe2)  X(%) = £(t,x,)

“is a nmntommua delay d:l.frmtm equation on D end we will ‘
denote it hy m '

A function x is sald to be a solution of (0.4.2) on (a'-z-.rw)
if there are @ €R and &0 such that xGO(Ed'-r,rn] o ); |
(+,x,) €D and x(t) satisfies equation (0.4.2) for t¢[o e,

ror given 0" € R, 9&0, we say that x(0,§ ,2) is » solubion
of equation (0.4.2) with initial value @ at @ or uisply a
* solution through the point (67, @) 4if there is ©> 0 vuck that
x(a'.ep.:) is a solution of equation (0.4:2) on [rer,c+ct] and
x ("39 ) =P,

Bquation (0.4.2) is a very general tm of equaticn and it
includes ordinary differential equation (x=0), x(t) =1'(x(%)).
We say that equation (0.4.2) is autonomous if £(%,9) = g(9),
where g(® ) does not depend on t,

§ 0v5. EUSDAMENTAL NOTATIONS

By ﬁ'. we shall dencte the space of real numdbers, iu,

R™ @« RxX esex R (n times) is the n-dimensional real Euoliisan
space. This usual notation had already been used in sactions -
0.1 = 0,4,

The set R will be considered sometimes as a set only, mad
sometimes as a topological space (provided with the natueal
topology) sometimes as a group (R,+) or a topological group
as well as an ordered group (R,+,$). It will be clear in oeseh
particular context (otheruinc it will be stuted expli '11 1),

' The same is with respect to R, _ ‘

We shall use the usual logic notation and the clasnisal
set theory terminology and netation, The symbel := gtaadn _
for ,equal by the definition”, the symbol =) gtandn for
»if and only 1£” while the q-huq-ﬂg. stands for ,1f
and only if by the definition™,
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" We put R = Jt&R; t20], R = {teRs tsof.
The set of all integers will be denoted by Z while N
denotes the set of all positive integers and N v § O} will be
denoted by KN,.

§ 0.6. OR 0LOGIC

The name "Dynamical system” (in French "systéme Uynamique®”)
"and (in Polish "Ukady dynamiczme”) is a natural ertension of
the terminology taken from the theory of ordinary differential
equations., In the classical Theory of ordinary diff(rential
equations, this name has been used for systems havirz tihe right-
hand side independent of the time (in the usual mechimical
interpretation of the independent variable as time).

Nowadays, the name " Autonomous systen"’ is used wost
frequently for such systems of @ifferential equations..

We know that such systems of differential eguations ianduce
the fundamental examples of dynamical systems in the general
sense, Because of the topological assumptions required in the
definition of the general dynamical ayitm, there is also
used, the name "Topological Dynamics™ in the place of
» dynamical systems”, n

Recently, many authors proposed their terminologies for
generalized systems, including local ones, There are for
example, dynamical semi-systems (or semi-dynamicel systems)
and local dynamical semi-systems and so on, The deti-.utioma
are not compatible with one another and because of tais fact,
we camnot keep to a particular terminology met in the methe-
matical literatures. ’

It is impossible to present here the full bibliograph’s
concerning the theory (or rather theories) of dynamic2l nystems
and their generaligzations, Let us mention only some irpo. tant
books and papers. Generally, theory of global dynamical (ystems
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l.n:"nn nnd general metric apaces is treafud in the Yook of
Bhatia and Szego as well as in their earlier soript (preprint)
of then (see Bhafia and Ssego(4ut7)and (1970)), while the local
dynamical systems and semi-systems are inveatigated in the
script of Bhatia and Hajek(19-)) (where the term semi-dynamical
. systems is used) and in the book by Sell, GeR. (Sell (1vtby (06z) and
(4475¥, in which the name "Topological dynamica”™ is employed,
together with Sibirsky (1775).
A very good introduction for the generalised dynamical
systems is sivu# in the paper by Sell (19, while some apecial -
cases of local pseudo-dynamical semi-systems are considered by
Pelcsar (see Pelczar @975 and (19%30)), '
Generalized systems are discussed in particuler by Bronastedin(:?)
(A961), (3ka,5) Polcng(«;ﬁ-j%)(pm II) and (19%), Roxin@s))., Por further
refefences, the rich bibliography presented in the book of
Bhatia and Ssego(‘:7) and Sell ©97)will be of great help.
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This thesis is concerned with the theories of
Dynamical systems and semi-systems (and their generali-
zations - for example, pseudo-dynamical semi-systems) and
the so called pseudo-processes as well, and families of

such systems.

The theorems that answer the following questions are
stated and proved.
-~ What kind of properties of dynamical systems (and
their generalizations) are preserved passing to the limits

of sequences of such systems?

~ Which properties of the trajectories, inverse
trajectories, limit sets, prolongational limit sets and
prolongatiess in dynamical semi-systems and processes are
preserved when passing to the limits of the sequences of

such semi-systems and processes?

The main results are all the theorems in sections 3.1
and 3.2, theorem 3.3.2, thecrems 4.3.1 - 4.3.4, - )
Supplementary results that are also original and new are
dealt with in chapter 5 with respect to cartesion products
of dynamical systems and processes together with asymptotic
hulls of processes as well.

There are some results which are extensions and
generallzations of known ones. For instance, we mention
in particular that from theorem 3.1.3 we obtain as

corollany (see Remar 3.1.3) the known result on the upper



A4 )

semicontinuity of the mapping

x f——— A'(x)

and

x SWANIED

The thesis contains also sgme known results which are
mentioned in order to make it self-contained and so, it
presents the original results which form its main part and
also a complete outline of that of the theory of dynamical
systems and semi-systems which deals with limit sets,

prolongational 1imit sets and prolongations.



CHAPTER I

GENERAL IONS

We recall the definition of (continuous) dynamical ivstem -
in the classical sense., In particular, we eﬁploy only tc¢he
notations which will be used often in thia study. 3 _

Along with the above, we give the definitions in the classical
sense of the concepts like: periodicity and almost periovdicity
of motions, Stability of sets and of motions, Limit set.,
prolongational limit sets and prolongations inecluding their
resnective properties.

Ve state briefly the pointwise and uniform converrence in
one variable and also in two variables of the sequeices
{(x,n;rg‘)} ana {(X,R_, )} of pseudo-dynamical systems und
~also pseudo-dynamical semi-systems respectively.

The fundamental definitions of systems and senmiegyotems in
general topological spaces are discussed. However, onr study
deals with systems and semi-systems in metric spaces only and
the group R or semi-groups n+ and l!_. Some known theorers are
stated without proofs.

§ 1.1,

Definition 1,11

Let X be a topological space, (G;+) be a topologicel abelisn
group and let Tr be a mapping from X %G into X. Tha iriple
(X,6;™ 1is said to be a dynamical (continuous) gyste if and
only if '

(1.1.1) “(x,D) = X for every x &X



.

(1.1.2)  TW(w(x,8),8) = Wix,t+6) for every x €X, for every
t, 820G :

(1.1.3) T is continuous.

We should note that we put the "continuity" in brackets
because in our definitions, the term "dynamical * will cover
the continuity property of the considered systems, while in
some books and research papers, the "continuity™ is expliocity
underlined in the terminology. = o

It is clear that the conditions (1.1.1) and (1:1.2) above
are equivalent to the following conditions: The mapping
‘induces the family 3T T}, g ©f mappings of X into itself .
provided with the abelian group structure with respect to the -
composition operation with the neutral element being the ‘
identity in X, so that relations (0.2.7) and (0.2.8) are
satisfied, Of course, the definition of 'll' is such tht '
"ll'(x) = W(x,t) (see (0.2.5)).

A special case and simultaneously a fundamental model (ﬂ
an example showing clessical applications) of such dynamical
system is that obtained previously on the basis of differemtial .
equation theory; in this case, X = R", G = R, 1T = mapping
(042.4). Repeat now that starting with equation (0.2.,1) for
which the existence and uniqueness of solutions are assumed ¢
only for t20, we can repeat our reasoning and we shall obtain '
&8s a direct ma:uliutl.an the so~-called dynamical ul:l.-qnm'
in the sense more general than was discussed in section 0,2.

Definition J.1.2 : |

Let X be & topological space, (Gj+) be an abelian semi-group
with the neutral element O, and let finally T be the mapping
of X% G into X. The triple (X,G;w) is said to be a dynamigal
gemi-pystem if and only if the conditions (1.1:1) = (1.1.3)
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in the above definition i.1.1 are satisfied.
' It'is clear that in this case the family Jw,}, .o hes
a natural semi~group (abelian) structure with the neutral
element being the identity in X. '
If vwe assume the unigueness and existence properties for
. local solutions only, we can obtain in a similar way, the
theory of the so-called local dynamical systems (or somi-
systems) (see Bhatia and Hajek (4959) and Pelesardsio)). There
are also more general theories (see for instance Pelczar(1ywm),
(4578 ) concerning such cases in which we omit the topological
~ structures in X and G (and necessarily, the condition (1.1.3)
in definition 1.1.1). For details, see the next section,

§ 1.2. 1OOAT AND GIOBAY PSEUDO-DYNAMICAT, AND DYNAMICAL
SISTEMS AND SEMI-SYSTEMS

Let X be a non-empty set and let (Gj;+) be an abelian semi-
group with a neutral eleint O and let A be a subset of the
cartesian product X = G such that

(1.241) Xx{o}jC a.

We should note that condition (1.2.1) implies that A £ #.
‘Let us put for xe X

(1.242) I t=ftea : (x,t)ea].

Since O€ ix for every x ¢X, wo have that I_# ¢ for
every x&X. Let now W be the mapping from A iante X.

~ The guadruple (X,G,A;7).is said to be a local pgeudo-
Aynamioal semi-system (shortly written as loc.PDSS) if and

only if P
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(1.2.3) w(x,0) = x for every x &X
(102.4)  If x4X, t eI and 8 &L .y then tes €I,

(1.2.5) Por every x4X, t &I, sGI*(x.t), we have
ﬂ'(“(x,t),.l) -“(I.”t). :

Definition 1.2.2 | :
If (X,G,A3w) is a loc.,FRSS nuch that .l = Xx G, then

(X,6,A;¥) is said to be a glob

or simply a n@ﬂw (mﬂly written as
 PDSS); in that case, we write (X,G;¥) instead of (X,G,Xx@&;w.

Definition 12,3 r
1f (X,G,A;%) (or (X,63w)) is a loc.PDSS (respectively: PDSS)

| such that (G3+) is. a2 group end moreover: if x4X ani tGI

- then "t‘I\t(x,t) (and s0 necessarily we have: T(I‘(x.t),-t) - }
for every x&X and tGIx). then (X,6,A;m); (respectively:
(X,630) 1s said to be a MMW' -

(respectively: pseudo-dynsmical system (shortly written
respectively as: loc. PDS and m).

Remark 1,2.1 4
It is clear that the condition (1.4.1) above is automatically

satisfielif A = Xx G, 50 in the case of global PDS, we do mot
need to assume napa.ratoly this oondition.

Let (X,G,A;w) be a loc.PDSS-(or PDSS or loc.PDS or YDS);
in the case of FDSS or PDS we have of course (X,G; )e Ve say

that (X,G,A;¥) is a local dynamical semi-gystem (or mmnl:
= @ dypamica) gemi-gygten; or a Laumsm.lmg u'
s dwamical eystem)if and only if

LY




“ 16 -

(15246) ° X is a topological space

(1.2,7) (G3+) is a topological semiegroup (or in the case
-of loc.PDS or PDS - a topological group)

(142i8) A is open in the product topology in X &
(this condition is trivially satisfied in the
global case: A= XnG :

(1.2,9) tr: A —>X is continvous.

We like to point out that some authors use the terminology
,semi-dynamical systems® in the place of ,dynsmical semi-
systems”,

Henoe forth, we replace the set G with R, the set of real
numbers, Instead of triple (X,6;¥) we have the triple (X,Rsw).

Given a dynamical system-on X, the space X and the map

are respectively called the phage space and the phase map
(ef the dynamical eystem). The sets W(x)= W(x,R), r(x)-'lr(z.n -
and T_(z) = W(x,R_) are ret ectively refered to as ~the 'h'm
the positive semi-trajectory and tho limti'n ul!.-ftruau‘tm

Srough the point xeX,
For every x€X, the map W induces a continuous map

(162410) T3 R ~=>X
defined by the formule:
(12411)  W(t) =Tz, t) e

This mapping w. is called the metion through the point x¢ X,
Moreover, for every t &R, the map T induces & map

o

v

(1e2:12) T3 X —3X

defined by

(142413)  T(x) = (x,t). |
© The map T, is called the mm (or ution) ;

f i ,:a* e
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. Zheorem 152.1
‘The map W defined by TW_,(x) =W(x,~t) is the inverse
of the map ‘It.

Tt 4s worth it to mention that in some standard text books
on Dynamical systems, the symbol W is deleted. In those
books, the image T(x,t) of a peir (x,t) ¢XxR is simply
expressed as xt. The identity and group properties are as
follows:

X0= x for every x &X
(xt)s = x(t+a) for every x ¢X, eand t,s€R.

In this study, we adopt throughout the nmotation used in the
definition 1.1.1 above. (The above definitionsare due to
Pelczar [5)).

‘ 1.3.

In this section, we give the definitions of periodicity
and alrost periodicity of motions and the stability of motioms
and sete. :
Definition 1531
The motion l’ through the point x4 X ia said to be periodic
if there is a T ¢ 0 such that TW(x,t)= W(x,t+) for all teR.
~ A number T &R will be called the period of the motion,

A set D of real numbers is called relatively dense if there
is a T 70 such thet

DN(teT,t+7) { @ for all t€R.,

The motion <y through the point x X is said to be almost
periodic if for every € »0'there exists a relatively demse
svbast of numbern {tr_}. called displocement, such that

y(t(x,t) W(x,t4T ))<E for ell £ &R, and each T .



Let (I,P) be a given metric space.

Definition 1,3.0 .

A set M is said to be positively Lyapunov stable (or positivel
stable in the Lyapunov sense) if for every £ 0 and x &M thu'o
1s a ¥ = 8(x,8) >0 suoh that T(s(x,8),R, )cs(K,e).

The stability of the trajectory T(x) through the point x&X
could be obtained by substituting W(x) in the place of M in |
definition 1.,3:3 above,

Defipition 1:0:4

The motion Tf° through x € X is said to be positively stable
in the ILyapupov sense if given £ O there is a §®&DO such that
p(x,y) < §(2) implics that p(W(y,t),m(x,t})<& for teRr .

A motion W through x&X is said to be negatively Wmv
stable or stable in both directions if the condition in the
above definition 1:8:4 1s satisfied with t R, bo_u:g replaced

by t&R_ or with t&R.
" Phe definitions 1.3+ = 1:3.4 are due to Bhatis and Szego (1970).

Refinition .30
A get MCX is said to be invariant in the dynamical system
(semi~system) (X,G;W) if snd only if .

™M) = U {‘.r(x}z x (-M}c. M.

If G = R then M is said to be positively (negatively) invarian
if and only if

™ (M) -lf{r+(x): xs.-rf}c M
(mpcct:l.vo)y:
m () -l"tr (v} ycw‘-cn )
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U'§ 4ede LIMIT SETS, PROLONGATIONAL LIMI? SEPS AND
PROLONGATIONS,
In this section, we give the definitions of limit sets,
prolongational limit sets and prolongations and some of their
properties.

Assume that (x,y) is a metric space and_(x.llt_l" is a
dynamical system,

Definition 1.4.1
Let x€X be given, Put

(13441) A*(x):={ y€X: there 12 a sequence Jt } in R
with ¢ —>+m and w(x.tn) -—by},

(1.4.2) AT (x) :n{ y€X: there is a sequence {tni in R
with tn —b -0 and Tr(x.tn) —-!vy}

Por x€X, the set A'(x) is called its pogitive (or omegs)
limit jet, and the set A (x) is called it: pegative (or alphs)
limit set, In cases (1.4,1) and (91.4,2) the point yeX is

. called the pogitive and negative limit point of the point
x & X respectively. ‘ :
The set of all positive limit points of all points x€BCX

will be called the positive limit sei of the set B and is
denoted by A'(B). Thus

A'@) = U{Ax: xeB], simtlerly

A (B) =) {A‘(x): xeB;.

Bemazk 1.4.1

Let I be a contin cns map, Shen ‘% is possible to prove
in ow aase that '
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(1043) . A"(x)e= ) { T () “R*i’ and similarly
(15434) A"(x) = N {Tft('ll'_(x): t &n_].

The maps A': Xox+—> A'(x) and A"t X3 x +=—> A(x)
play important roles in the theory of stability in pseudo-
dynamical systems and dynamical systems,

Ve now state of the properties of limit sets which ‘ve often
meke use in this study. These properties are stated eitlher as
Lemmas, propositions or Theorems in standard text bocks on
dynamical systemsg, hence we omit their proofs.

Let (X,p) be a given metric space and (X,RjW) a IS (so T is
continuous), Then the statements of the following theorems
hold true

(1.4:5)  A'(x) ena A"(x) are closed invariant sets
(edeb) T, (0 = T (0 VA mnd T =T_(DV A
(1e4:7 (D) =TV Alx), —
Zheorem .42 -
For any x¢X, W (x)= A*(x) if and only if T* is periodic.
Zheorem 1,4.0

If for x€X, 'u'x io a periodic motion, then A"'(::) - A(z) = '
al(x) = -

Zheorem 1,4.4 '
For any x€ X, 1]'3:5 is compact if and only if I\J'(z) is
compact. :

The concept of trajectory has been memtioned in the previous
section.The form and the properties of W(x) do not contain
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usually any information about the properties of neighbouring
trajectories. To overcome these limitations, the cemoept of

 prolongational limit sets and prolongations were developed,
Let x €X be given where (X.f) is a metric space, Put

(1.4:8) J'(x):= {yex: there is & sequence {x‘& in X and
a sequence {t } in R auhthltr.n—-’x, 2
1;--)+cnn¢'ﬂ'(x.t)-—¥y} .

(14490 T (x):= {yqlz there is a sequence ,"ni in X and
a sequence {t | in R_ such that x ~—¥x,
ty, =P -» and T(x ,t ) —> v}

(104010) D'(x) 1= {yex: there is a sequenoce i"n‘ in X and
a sequence }tn} in R, such that x =»x,
and T(x ,t ) =y}

(1:4411) D 7(x)t= § y& X: there is a sequenoe }x } in X and
a sequence {tn} in R_ such that x, —Px,
and 'I'I‘(xn.tn) ——"y}. '

For any x €X, the sets J (x) and J™(x) are respectively called

-the pogitive and pegative prolopgational limit petg of the poins
x€X while the sets D' (x) and D"(x) are respectively called the

Popitive and pegative prolongationp of the point x X,
We ocan oconsider mappings

x5 (x), & x>
and
p*: x =30"(x), D": x =>D"(x).

These mappings play importan®t roles in the thao:ry of stability.
It is wovthwhile to note that for any x<X, D > (:),

PN (2, 3T 5 A'(x) and F(x)DAT(x). , "

These inclusicm. nv M7 yicre, &
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From the definitions and the properties of the sets ()
and D*{x) 1t follows (see for instance Bhatia and Szego(1.7), (1579)).
that
(1412 ') = JUT(: plx,3) < }s o430

(1.4.13) @) = N{p*(mx,)): ter}

These formulae are considered even as definitions in several
books; here we limit ourselves to metric spaces and so we adopt
(1.4.8)=(1,4.11).

J7(x) and D" (x) can be presented analogously.

We state some of basic properties of the above sets.

Theorem 1.4,0
For any x X
(1.4.14) D*(x) is closed and positively invariant

(1.4.15) J*(x) is closed and invariant
(1.4.16)  D'(x) =T (x)UJI"(x).

Analogous results hold for both J (x) and D (x).

Theorem 1.4.6
Let the space X be locally compact. Then for amy x€X, D' (x)
is connected whenever it is compact. If p'(x) is not connected,

LAl

then, it has no compact component.

Theorem 1,4.7
Let X be locally compact, Then A'(x) ¢ # whenever 1'(x) is
non-empty and compact.

Theorem 1.,4,.8
Let X be locally compact, Then J (x) # # and compact if and
only if D*(x) te compact.

Theorer 144,09 ‘
Tet x,y6X. Then y&J (x) if and only if x50 (x).

The definitions and theorems stated in this rection are “sken
from Thet's 5.4 J.:80 (967), CT97S),
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§ 1.5, SEQUENCES OF DYNAMICAL SYSTEMS

In ordgrt:oxaludo any nisfu:.u we state formally in this
section definitions pertaining to sequences of pseudo-dynamical
systems (x.n;'lrn) and pseudo-dynamical semi-systems (I,R'.tl'n) |
and (X,R_ m'n).

Definition 1.0,1
The sequence {11' ] 1s said to be convergent (pointwise) to T

on X%R if and only if ¥x ¥t ¥£>0, Tn :f('rr (x,t) ,M(x,t))<E
Va>n .

Definition 1,0,2
The sequence {'ﬂ‘ } is said to be oonnrslnt m.tﬁn.‘l.; in .

t€R te T, written ahortly as:
T, =>T  uniformly in t,
. 4f and only if ¥xeX ¥E0 TFa
| -fﬂ&(x,ﬁ),ﬂx,t))(& IVn )no; ¥+ eR.
Definition 1535.3
The sequence {wn] is said to be convergent m:oul.y to -
if and only if V'€>0 Fn :
POT (=48) Wx, 8) )< € Vnon , ¥(x,t) eXx R.

Analogous statements hold for pseundo-dynamical. nn:.-qctm
with R or R replacing R.

§ 1.6. PSEUDO-PROCESSES

Let (R,+) be an abelian semi-group with neutral element O,
H be a sub=-semi-group of R, such that 0¢H, and let X be a
non-empty set (called in this study) a space.
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Suppose that A is a mepping from RxX xH into X,

We m that the quadruple (x.n.n;,) is a pseudo-procsess
if and enur ir

(1:641) /u(g.x,o) w x for g¢R and xeX
and

(1:642) ﬂ(mh../((g.x,h),k) '-/Idg,x,hn:) for gel, teX
| and k.htl:ﬂu

The notion of the pseudo=process (see Pelesar(f9iss)md (1573)), -
s a direct mira:l.iutiun of the notion of processis !ntrpd\loog
by Dafermos (1571). : ‘

In this study, wo limit ourselves to the cace> of I baing
. a metric space, R being additive group of real numbsrs md 0
‘equal t» the semi-group R > of nen-negative real numdars. '

_ There are some fundamental commections between pseudd=
moouu and the classical dynemical systems, If /A Goes not
deper. on the first varisole, thm putti.g formally:

v(x,n)z-/l(t,x,u) for (x.c)(-.l:n-, teR

-

we obtain a Mcnl semi-system in the sense of Pelosax (1953)
(called in Pelcozar(197%), pseudo-dynamical semi-system), that is
the triple (X,H;W) miach that * .

s XxH~=—>X satiafies the conditiens

T(x,0) = x md Tr('lr(x,t).-) «T(x,t+8) for xel
and t,s €H.
If X is a topological space, H a topological sem .«group .
(growp) amd T is continuous, then our triple is . -
a dynamical uu-ayntu (aynesitcal system). On the other hand,
if we have a pseudowprocess (x.n.n;p. then we can oins’ruct o
. associated semi-system (X,H;¥). by putting



s

wd IR SRR g

g,'%g;,:; RS ;.;5':=94<t,x,a) ovs) for ((xytp0)le Tkt

aSuch '1 redur*tion of pseudo~processes 'tc corregnonding

3"’”‘1'93 stems is presented in Pelozar(@»73) in order to inveatisate’f

car‘c.ain stability Guestions concerning pseudo-prooesaes ‘ny

“eplacing them with suitable stability problema, reated with

regpect to seml-systems or dynamical systeme.

o

- DIFFERIMTIAL EWUATIONS. ., - -

.3
.‘_.__._
3

.“.?3 Let f be a continuous f»nctlon from Rx.R 1nto R -3uah
that for every (t A Ye ® xR there exists exactly one-
 (saturated to the righ*) solution of the initial Cauchy
"problem ' '

Uty 3/ = 10, 7ty =

. &
S
S

ﬁ;fined on the intcrval [‘c s ) o We denote this unique B

solution by A ,t ) and we put .

(i.B.S) ;i(t,x,sJ = Pt+s,x,t)

:fmrteﬁ,eeP ,xeﬁ
. We obtain in that way a process (rR™ SRR /’i) Indeed, “we
have first of all'__-ﬁ.w,wrf.J ' :

/J-(t,\’.,OJ ud;?(t 'Ix,t) = x for every téR.

-

’:A

o E
e -':&-5\&:&‘3.‘&?.‘3‘&33;;;

"% HOW_PSEUDO-FROCHSSES ARISE FROK THE SOLUTIONS OF DERAY .. .

A g



‘Moreover, putting for fixed t,s
Y(r) = P(teasr;x,t)

A(r) 1= Pltesers PL485x,t) ,tes)
we get :

'lp'(r) = f(teser, P(tessrix,t) = £(teaer, Ylr))
i similarly

C A/(x) = f(teesr, P(teaer; P(tesix,t) ,ten)) =
= £(t+ser,A(r)).

We have also

A(0) =yY(0) = P(tes;x,t).

So we get two solutions Wand X of the initial Cauchy

problem

y's &(§,y)
(1.6.6)
y(0) = P(t+s;x,t)

where
s(;.y) 1= £(teseg,y).

Prom the assumptions on the uniqueness of solutions of our
original Cauchy problem (1,6.,4) for every (to,yo) <R gn“,
it follows that we have also the uniqueness of (1,6.6). '.l'hi.s
implies that WY(r) = Alr) fcr every r and so

P (t+eersa,t) = D(teser; Q(tes5x,t),tes)

which means that
. L
_/t(t,x,mrJ « JCors, )l t,x,8) ,x)
for every t€R, s,r G.-R_._ and x &L,

This proves our assertion: (Rn,n,.‘?._& ;;'.') ie a psevdo-mrocess,
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As e have in the cases of dynamical semi-systems, dynamical
systems and pseudo-dynamical systems and semi-systems notions
of limit sets, prolongational limit sets, prolongations and
stability and sc on, so also we have parallel notions in pseudo-
processes.

Definition 1462
Suppose fol is a pseudo-process on X, the trajectory ﬂ,[o',x'_l

through the point (g,x) €R xX is the set in Rx X defined by

/tfr.x'.l- {(ﬂ'i-t./da'.x,t)): tﬁn‘.} g

Definition 1,6,
Suppose M is a pseudo-process on X, the orbit /x(d‘,x)
through the point (¢,x) is the set X defined by

/a.(d",x) - {/(r.x,t)z ttn_‘}.

Definition 1,644 .
A praudo-process /115 B¢ .d to be T-pericdic if there is a

T >0 such that /g(l‘-i-'l',x.t) -/u.(d',x,t) for all J €R, t&R,_ and
x€X.

Definition 1,65 |
A point x&X is said to be an equilibrum or critical peint

of a pseudo-process J~ if there is o <R such that mryx) = x,
that is fx(d‘,x,t) = x for all teR_.

LIOGR CAL NOTE.

The definition of limit sets is due to G.D.Birkhoff (n; ;}o;.u
PP.654~6T72]), This concept has been previously used by HiPoincare .
without a formal definition. Alternative equivalent definitions
of 1imit sets were used by S.Lefschetz (1257 and by T.Ura (199,
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The formal definition of prolongations is due to T.Ura (1964).
This concept has been previously used by H,Polcare E‘I. Vol.1,
Pe 44 in a speciel case without a formal definition. The
concept of prolongational limit set is due to J.Auslander,
N.P,Bhatia and P.Seibert. |

A definition of stability (of motion) was given in a precise
form by A.M.Lyapunov(4%k), The concept of stability of equilibrum
was previously discussed by Lagrange and by Dirichlet.

The first complete development of stability theory of
dynamical systems is due to V.I.Zubov (1;4) and S.Lefdchdi@% RE
In a sense, in the theory of stability of dynamical systems
or semi-systems, one has achieved a synthesis between the
point of view of Lyapunov and that of Poincare, In fact,
Lyapunov was interested in local_ (stability) properties of .
n-dimensional systems, while Poincare was interested in a
global property of planar systems. '

There is no definiteé bibliography about the definition
of processes., However, .here appears definition of processes
in Hale ©127)).In the same year of the publication of Fale’s
book, Dafermos(i97) appeared and later Pelczar(1973)

(The references quoted in the first four paragraphs of
this bibliography are as in Bhatia and Szego (157), while
those in the last paragraph are as in this study). '



We give some properties of trajectories, semi-trejectories,
inverse trajectories and the family of trajectories, Thay are
discussed respectively in sections 1,2 and 3 of this chapter.
Some additienal remarks on inverse trajectories are given in

the last section 4. We also give some general definitions that
are pertinent to the results dealt with in this chapter gemerally,

§ 2.1.
Let us recall the classical definition of upper semi~
continuity of multivalued mappings.

Refinition 2.1.1
Suppose that (Iip) is a metric spoce.

_ ht_ﬁboamppingttoutho -pacpzi.ntoﬂx.'!ho-ppj.n‘!
ls said to be upper semi-continuous at the point x € I if end
only if '

x_€X vy, eH(x )
» n€ =) y &H(x )
zn—-l': A —y y

Theorem 2.1.1

Let (X,p) be a given metric space and (a,R;mw) be & dynamical
system (or dynamical semi-system). Suppose that x &I end
J"'(xo) ¥ § and J+(x°) C Tr+(x°); Then the mapping

'“'*: X x =3 ‘ll;(x.)

is upper semi-continuous at the point :oex.
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Let {x ] and y | be sequences of elements of X suck that
(2.1.1) .zn—?x. as n > ®
(2.1.2) - M} as n ——%
(2.1.3) ,’n'e";(xn)' for ,1.2.... -

We have to show that
(2.1 :") ,0 e'll;('xo) . r
Relation (241.3) implies that for some t 20 we have

(24145) - A -"lT(xn.tn) .

We consider tw ouos' here:

Case (1°): {t }u bounded
Case (2°): {t _l, is not. bnunaea from above.

~ Case '(1°); It means that there exists a convergent smﬁmeo
itkh} of, {t } such that tk-—}t 20 as n > @ , 30 we have that

(241:6) 1t - ItW( ) = T( ot,)
. o Wit U
n~»®® n -—)e

App:um relation (2.142) we have that y -Tf(x oty e, (x Je
Thus, we have proved (2:1:4) in the case (17).

Case (2°); It means that there exists a subsequence itp-} or

{t"s -nchthtt -—d>® as n ~—>w.,
ﬂ

!humhsnthstypnnﬂ(x tP‘) t -—!'n as n>w,

Using relation (2.142} we get:
(2:137) A HT(xpn.ipn!
n—>w® .
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and tals implies that

(2.1.8) y.ea""(xo) (see relation (2.1.1)) |
From th- assumptions, we have that -T*(zo) c':'lr*-(xo) and

using relation (2.1:8), we obtain again (2.1i4).

We have shown in both cases that y, < T,(x,), so the mappisg
Xs x == T (x) is upper semi-continuous at the point z‘el.' '

Qerollary 2,1.1
Let (x._y) be a given metric space and (X,Rym be a DS (or DES)

with 11"(:) being periodic and positively Lyapunov stable, Then

Xox > "I’r+(x)

is upper semi~continuous at the point xo'-q-x.

Eroof:
Prom the assumptions we hln that T _(x) is periodic. This
means - that

(2.59) T, (x) = T(x) = AD.

Relation (2,1.9) itpl.tu that J'(x) ¢ §.
Moreover, from the assumptions, we have that M, (x) is poutlvola
Lyapunov stable, This implies that

(2.1.10) ' (r,(x)) =W (x) (see Bhatia and sugo “1962)),
Relation (2.1.10) implies that . _ '

(2.1 1) D= c, (x). . L5
From the definition of D'(x) we get |

(241412) J_'f_(x}c T, (x). .

Thus, by virtue of Theorém 2,1.1 we obtain the assertiom,
The next theorem is the symmetric case of Theorem 2.1.1,
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P v
- Let Ofp) be a given metric space and (X,R;U) be a DS er DSS.
Let J"(xo 4@ ana J-(xo) cw,(x,) for any x,6X, Then the
.mapping '

Xo x> T _(x)

is upper semi-continuous at the point x eI.

. The proof of Theorem 2,1.,2 is parnl'l.ol to thn proof of
!hnru 241414 Wo-need only to replace J* by J ’ 1l' L
and t‘ — +0 DY tn -5 =@ respectively.

- heorem 2.1.7
Let (x,f) be a given metric space and (X,R;W) be dynamical
seni-system (DSS) or dynamical system (DS). For fixed x€ X,
let W be positively Lyspunov stable, Then D'(x)C ..

Eroof: .
Let ped'(x), This meens that there exist sequences {5} 1:: &
énd it }in R euch that

%

(2.1.13-) X, =>x a5 n—de .
(2:1414) t 20 |

o
(241415) W t)) -—)p as n —>wm,

Cage (1): i ) 18 bounded.

The sequence {tn} is bomdcd. and 8o we cen assume without
loss of gemerality that t —-)ten .
© - Using rolut.ton (2.1.1§J and oonthuty axiom we get

mu.nn; rohtiun (2.1;15). then relation (2.1.15) ve get
(2.1017) P'("n' (x).
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M.W. {t} is not bounded.

This means that we can assume thatt — ® un-—?o.
 Prom the assumptions, we have that ]'! u positively Lyapuov
stable; This m that .

(2;1.18) Ve 3 Mo :P(z.yk? —— |
PUNlx,t) My, t))<E V620 ‘ .

- Pix 'Q)o. Yor this ‘rL , ve can find 8)0 such th t m
relation (2:1418) holds true for € =7/2, For this § we take
n, sush that - -

(2.1519) plxex <8 forn>n

Such an n exists since x —>x as n—>w®, _
For n >n , we then have from relation (2.1418) that

(241420) f(!r(x.t )Wz 4t ))<E = 'Uz V‘n)no.
. We now take n, such that ' |

(2.1.21) f("’( .t ).D)CE © W2 for n)n .

-

A

Such n, exists since relatien (2. .15) helds.

l'orn*-m(n .n) nhsn
(241422) er(x.t }op) sf('n(xn.t ).p)+ P(Tr(x ot REACHRD
< gseml/24/2an 3 forarm,
In other words, we proved that
(241423) 'Vrpo '3*% : P(Tr(x.t )y p)<1t ror n>n .
Relation (2.1423) implies that '

‘(241424)  pae IT(x,t).
| n~-»w® | | _ :
Relation (-z.uu) combined .with the fact that ¢ L —2® implie
that © . '

(2:1425) p.e 'A"'(x).



nnt 1r T (x) -, (x) v N (x).

80, we nu thut pPeET Z J. In both cases, we showed ths'-'
PET [xi. This couylotu the proof of the themu.

Corellsry 2.1.2

Undu: the assumptions of Theorem 2.1.3, ve have thtt

‘. (x) = D (:J.
The next theorem is the symmetric cese of Theorem 2.1.3.

‘mheorem 2,14 |

et (x.f) be a given metric space end (X,B;W be a dynamical
‘system or dynamical semi-system. For fixed xeX, let T be
negatively Lyapunov stable, Them D (x)CTr_(x).

We omit the proof of Theorem 2.1:4 since it is similar to that

of Theorem 2,13, ~ ,_

Let (x.f) be a given metric space and (X,R3w be a dynanical
‘system, For x_eX, l.tJ\x)Jﬂ,J\x)-ﬂ,J(x)c'rr (x
and J (x )C'nr (x )y then’ the mapping

x =—»1(x)
is upper semi-continuous at the point xoex.
" Zpoef: |
It is sufficient to observe that if any two mappings
A:xv>A(x) and B 3 x—>B(x) |

with A(x), B(x)CX are upper semi-comtinnons at some point x €X,
then the mapping _

x =3 A(x)U B(x)

is slse upper semi-continuous at the point x . So, by applying
Theorems 2,1,1 and 2,1;2, the assertion helds. |
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§ 2.2. JNVERSE TRAJECTORIES.
¥e shall adopt the usual notation:

By gXX) we denote the family of all non-empty subsets of X,
ir (Ifi is a metric space, then for any subset A of X (A # §)

and x €X we put . " ’
f(x,L):- M{P(-x.yls yeAJ

and for E>0
B(A,8) = {:z plyAi<e } .

0f course, B_({x},t) = B(x,8) is the usual open ball centred
at x with it radius being £ .

Definition 2:2.1 (see Adewale and Pelcrar (/952).
 Let (I.R’;‘ﬂ be a dynamical semi-system and x ¢X be fixed.

Ulm »
| (2:2.1) (k) s-{-exs xi-'ﬂ'(l)}

and we call the set (2,2,1) tuwmmm
poi.lt x€X, - .

Definjtion 2,2,2 (see for instance Bajal @sw)).
Let (X,R_;w) be a dynamical semi-system. A point x¢ X is said

tohamulﬁomﬂthwﬂm:e‘xamtm
xem(y) s y = x. This is to say that :tornut>0, toz-uuyu,
'“'(,.t)‘xo ;

If we have the dynamical system (X,RjW), then formula (2.2:1)
gives the negative semi-trajectory of the point xeX.

Romark 2.2:2

If a mapping G: x b-—m(x)e?(n") is such that G(x) is compact
for every x<X, then G is upper semi~continuous at the peint =
X, € X 1f and omly 1f V€50 - 3T30: p(x,x, <8 -—n(:)c:l(l(q,).e).
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.: (Adewale and Pelosar(19%3)).
Let tn‘.n’m be » Jynamical seni~-system. Suppose

(2.2:2) for every x &R there is exactly one start point e(z)
such that x€T(a(x))

(2.2:3)  the set of all start points in R® is closed

(2.2.8) -7 (x) = [s(x) xTse fralx) ,8)s Ot 54, ]
where t_ = inf {tz_o_a x = W(a(x),t)}

(242:5) the mepping R23x b 'Il""1 (x)& 9!”) is upper semi-
continucus. '

Then the mapping
% x b s(x)
4is continuous.
Broef: _ |
¥We obaserve that the set 1"1 (x) is compact because the
mapping f‘ is gontinmua-and [o.tz] is compact.

S0, we can apply the cbove Remerk 2.2.1 with respeot to the
mapping

oz T ().

Thua, for every Iixed x"e 1™ and every £ >0 we ocan finda >0 -
such that ' '

(2.2:6) o) cF w TN (pCBr (),0.

Tet now x be firsd. Let {x.} be a sequence of elements of
R‘ such that x‘ — x"'.
o

Tor every €50, there is m
(2:2:7) T"(xn)cn(u? }-(:?f ) for m>ut.

Because of the compactness of (=¥ we have the mtnau
ol JL‘ .'(x' }'ac -

such that
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Consider the sequence {S(x ll)]. For m sufficiently large, l(l‘..)
belongs to BT’ (2*),8); (because slx )€ Tﬂ(xJCB(‘!"(:’).Q).

Since the set B(T ' (x*),2) is compact, we can find a sub-
sequence {l(z")} of a(xn) which is convergent to some element
yer®,

So, we have that

(2.2.8) ¥ = It slx, )
/i quar L 00) Zkl

On the other hand, 9 611'-1 (x*) (because from our essumptions,
(see (2.2.4)) 1t follows directly that T (x%) is closed).
By the uniqueness of start points, we have that

(2.2.9) ;- a(x') and so, the sequence a(:.k.)}ia convergent
' to s(x™).

We apply now the classical reasoning which permits us to
observe that if a acquence {a.} of elements of R" has the following
~ properties

a) “here is at most one acoumulation point of §%]

'b) for every subsequence {ap.} of iq.}. there is a sub-

sequence {aq § which is convergent to some a,

then the sequence {a‘} is convergent to the unique accumulation
point.

So, {a(z‘)} is convergent to s(x™). This means that the
mapping '

2D x beesed g(x)

19 continuous,

Zheorem 2.2,2 (Adewsle anA Palaraw [1]),

(e) for sverv v &Y +thave is vuictly oue gfx) sush that
xem(s(x)), where s(x) is a start point
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() T (x) = [s(x),x]

(¢) the mapping x > s(x) is continuous

(a) for every £>0 there is ©>0 such that f(s,xks >
‘tz'ts |< €

then, the mapping x F—> 1'!"1 (x) is upper semi-continuous.

Proof:
Let £>0 be fixed and we take ¢ >0 such that if lt-‘cxko then

(2,200 p((s(x),t), T(alx),t K5 .

We take &, >0 such that 1f P(z,x)<0, then
(222011 It =t I<ec.

We take 7)>0 such that if y €B(s(x) "L) then
(2.2.12) Pm(y,t).ﬂs(x),t)k%

for t€ Eo,tx+c]; (this is possible because of the uniform
eontinuity of T on compact sets).

We take 8,50 such that if z& B(x,S‘zJ, then
(2.2.13) s(z)GB(s(x).il)

(Thie is possible because of assumption (c)).
We take D= min(§.,85,).
Now, if z€B(x,5), then a(z)éB(a(x),‘rl) and s0

(2.2414)  P(W(a(x),t), Malz),t)) £

for t€ [o,t-xw].
So, in particular

(2.2015)  plm(a(x),s), Wa(2),1))< 5 for t€[o0,8 ],

If tz >tx, then we have

(242416) [teot, 1 [tertyete e
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How,. it ¢ t[tx,tz'], then

(2.2.17) fi(ma(s),t).wfa(x),tﬁn Sf(ﬂs(s),tl;ﬂ(a(x),t)) +
+ plr(alx),8), T(a(x), 8IS 5 + 5 = €.

S0, we have proved that _

(2.218)  P(W(a(a), 1), Ma(x),t,)) = pma(a) ,t),x)

for t €[t ,t. 7.
Moreover we have also

(242419) fcwr(s(z),t);rr(a(x).tncg

for t€[0,t ] and so
(2.2.20] TT-1 (‘)C B(TT‘-1(:I:) .&) .

Thus, we have shown that if element z GB(x,g) then T (z)CB(T 1(::J.ts:l
Thus the mapping R"S x b—> 'rr-1 (x) is upper semi-continuous at the
point 2, with z being an arbitrary element of R"

§ 203.

Suppose (I,r) is 2 metric space and (I,R‘_;'n’) is a PDSS. For
t<£0, and x€X we put

(2.341) T (x,t):= {uex: W(wy=t) = x }

Definition 2,0.1

Let x €X be fixed., We say that the point x is pegatively quasgi-
stable if and only if for every € >0 there exists & >0 such that
1f yeB(x,8), tS0 and zemw(y,t), then there exists waW(x,t) such
that P(z,wI<E . |

Theorem 2.3,1
Let (X,p) be a given metric space and (X,R ;W) be a PDSS. Let
x_€X be negatively quesi-stable. Then the Bapping x — 1 (x)

is upper semi-continuous at the point X,




Proof:
We know (see Definition 2.2.1) that _
= (x) -{yexz xeﬂ(y)} (-{yexs 3 £20, T(y,t) -x} .
So,
T(x) = U{Tl'(x,t): tso}.
Let {xn} and {yn} be sequences of elements of X such that
(2.3.2) x =—>x, as n~—®
(2.3.3) T, Y, as n —— @

—

(2.3.4) yn¢.1r-1(an for n=1,2,60e

We have to show that
(2.3.5) - e-'n:l (x,).

For every fixed n, tim:ce is a sequence -{y:} of elerents
of T (x o) such that
(2.3.6) y: -y, as m ~>» ®, for every fixed n.

Since yn -—)yo as n —>®, we can apply the usual method
and find a sequence {nn} of positive integers such that

(2.3.7) m o as n = o

and

m m
(2.3.8) ynn € 1['1(an. ynn — Yo as n—>w.

So, putting

"
(2.3.9) W i= Y

we obtain w_ —>y, asn—>® and wne'u'-1(xn). =1,25000 o

Let now £>0 be arbitrarily fixed, We find & >0 such that
for Eeﬁ(xo.s) we have such that for t£0 and zﬁ‘ﬂ'(},t)
there exists w eTI'(xo,t) such that
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(2.3.10) P(z,v)s, -25-' .

We choose n, so large that
(2:3,11) JD (xn.xo) < for n ;no
and

(2.3.12) Plw oy, J-. for nyn .

Relations w_ emw (x ) (=1,2,40.) mean that for every n
there exists tn<0 uuch that

(243.13) w(un.-tn) - x (or wneﬂ(xn.tn))-
For n?.n we can find z_ e‘ﬂ'(xo.tn) such that
(2.3.14) P(z o )<-§ .
From triangle inequality, we obtain
(2.3.19) P(yn’yo)‘ € for n}.no.

-1

Since z €W (x ,t ), (with t <0) we have 2z €T (x,) and so,
we have proved that for every fixed E£5 0, there exists a point
g e (xo) (being of the form z = g for a suitable n, for
instance n= no), such that

(2.3.16) P(s,yo)< E -

This means that relation (2.3.5) holds true.

This completes the proof of the Theorem,

(The Author is indebted to Professor A.Pelczar for suggestions
owing to which the definition 2.3.1 was stated which enhances
the proof of the Theorem 2,3.1).

§ 2.4,

In this section, we give some properties that are preserved
passing to the limits of the families of trajectories and
inverse trajectories.
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(2.408) FNX,O),X) = 0
So
(2.4.9) TT(x,O) = X.

Continuity property is automatically satisfied, since T is
the uniform limit of the sequence {‘Tl"n’].

We shall finish the proof by giving the group property:

Since 'ﬂ‘n is a PDS, n=1,2,..., we have ‘

(2.4,10) T QW (x,t),8) =70 (x,t+s), VxeX, t,seR.

Moreover, we have

(244.11) Lt TTn(vn(x,t) ,8) = Lt 'l'l"n(x,t+s) (see relation (2.4,10))
n-» o n->w

From the fact that iTTnk is convergent uniformly to T we
have

(2.4.12) Lt (x,t+s) = W(x,t+s)
n—>»o" '

From triangle inequality we get .
Pﬁf(‘l'r(x,t),s).cl;l(vn(x,t),s)) <
(2.4.13) j’(ﬂ'(ﬂ'(x,t),s).‘n'('ﬂ‘n(x,t),a)) +
+ P(T"'(ﬂ‘n(x,t) ,sl‘%(%(x,t),s) )
The wniform convergence of { Trn} to T (together with the
continuity of T and TTnJ implies that the right hand side of

relation (2.4.13) tends to zero as n —> .
So,

-

(2.4.14) LtTn(rrn(x,t),s) = Wmx,t),=)
n =>

and then (see relations (2.4.11) and (2.4.12)) we get the
equation



Theorem 2,4,1
Let (X.F) be a given metric space and (X,R;Yﬁl} be {(for

every n), a DS, such that the sequence {1{n} converges
uniformly to T where T is the mapping from Xx R into X,
Then the triple (X,R3W) is a DS.

Proof:
For the triple (X,R;w to be a PDS, the map T should
satisfy the properties of a PDS viz:

{2.4.1) Initial value or identity property, i.e. for every
gex. 'n'(g,o) -; i
(2.4.2) Continuity.
(2+4.3) Group property:
'Tr('ﬂ'(g,t).al -'n‘(;,tq-al V;cx, t,s &R,
From the assumptions, {Trn} is convergent uniformly to T .,
This implies that
Y &350 Fn:
(2.4.4) P(ﬂ'n(x,t),mx,t)ka ¥n >, W-(x,t)e Xx R

S0, in particular we have that
V€50 3Fn en:

(2.4.5) (™ (x,0),m(x,0))<€ Vmn>n, ¥(x,0)€XxR.

From the assumptions, we have that 1Th is a PDS for every n.
This implies that
(2.4.6) TTn(x,O) % .20 0

Combining relations (2,4.5) and (2.4.6) we get
(2.4,7) for every £3>0 P(Tr(x,o),x) <€

and this implies that
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(2.4,8) P(“(x,o),x) = 0
So
(2.4.9) w(x,0) = x.

Continuity property is automatically satisfied, since W is
the uniform limit of the sequence {TT .

We shall finish the proof bty giving the group property:

Since Tl'n is a PDS, n=1,2,..4, we have '

(2.4,10) T (W (x,t),8) =70 (x,t+s), VxeX, t,seR.

Moreover, we have

(2,4.11) Lt 'n'n(ﬂ'n(x,t) y8) = Lt 1Tn(x,t+a) (see relation (2.4.10))
n=»o n=->w

From the fact that ST‘I'n} is convergent uniformly to T we
have

(2.4.12) Lt (x,t+s) = W(x,t+s)
n =9 o .

From triangle inequality we get .
f(""(ﬂ‘(x.t),s).‘l;l('rrn(x,t) »8)) &
(2.4.13) P(ﬂ‘(ﬂ'(x,t).s),‘ﬂ'('frn(x,t).s)) +
+ P(Tl"(Trn(x,t) .s))'ﬂ;('ﬂ;(x.t).a)) 5
The uniform convergence of { 'rrn} to T (together with the
continuity of T and Trn) implies that the right hand side of

relation (2.4.,13) tends to zero as n —> .
So,

-

(2.4.14) Lt'l!‘n(rrn(x,t),a) = wﬁkx.t),a)
n =2 o

and then (see relations (2,4,11) and (2.4.12)) we get the
equation
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(2.;¢15) T(M{x,t),s) = T(x,t+s) Yx €X, t,5€R.

The ?roo_f_ is completed, |

Theorem 2,4,2 | , . :

Let (K,R+;1r) be a PDSS in the”gi.ven metric space (X,P) and
(X,R 3 ) be & PDSS for every n in the same metric space such
that the sequence T} converges uniformly to T~ . If for
every n, the motion T.'i is positively Lyaptmcv stable, then
'n‘ is positively Lyapunov gtable. , . _- - .

The motion 'n': (ne=1,2,000,) i8 .positivély Lyapunov stable, .

This means that '

Ynen Yexe 3850 : Pl e § m—b

(" (x,t),7W (y,t) )< & for t 20
P n |

We fix £%0 and we find n ¢ N such that

. (2.4.17) f('cr (x,t) v(x,t))< ’b‘mn 'V-(x,t)e X xR .

- For +he fixed €>0, we Find n, €N auch that
(2.4.18) POT (yot) My, 1) )< -e- 'V"n>n >n -'Jty,t)e XxR_. |

(The choice of n, is possible because of the uniform convergence
of ™, to ). T O T ST
We take n>n, (for ingtance, we can put n-n1+1) in such a way

that p(x,y)< § implies |
(2.4.19) P(“"n(x,t) ,TTn(y,'t))< -§' for t > 2,045

Thus, for t&R_ we have chosen y such that P(y.x)( &
: From triangle *nequality we get

| Py, t),mix,t)) ¢ plw (x,4) 17'(::,1:}) +
(244420) +F(1r (x,¢),T (y,t))-u-f)(’n’ (yyei miy,t))

§+s+§,&

“"3 373"
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S0, we have proved that

Ye>o 3r>0:P(x,y)<$ >
(2.4.21) 1.
pr(x,t), m(y,t/)<& for t20

which means that 'rrx is positively Lyapunov stable, This
completes the proof of the Theorem.

Remark 2.4.1
If we assume that the convergence of {Trn} to T is pointwise,
then the assertion of Theorem 2,.4.2 need not be satisfied,

(An example is given by A.Pwlezar -[ not published yet)).

Theorem 2.4,2
Let (X .f) be a given metric space and (X ,n+;-n;1) for every n

as well as (X,R ;W) be pseudo-dynamical semi-systems such that
the sequence {Tr } converges to T uniformly in t€R_; then
f (w (x),Tr(,x)) —>0 as n —>® where .9 is the Hausdor:l’f
netric.

Proof:
We recall that

fH(A,B) - mx{ff'(a.a), F(B,A)} -
- m{sup{?(a,ﬁ): aeA} ,lnp{f(b,n); b_eB}}

From the assumptions we have that

Y£%o0 3n, VieR, Vn)no

POr (x,) (v, +Y) < &

(2.4.22)

(2.4.23)

In our case, we have for every x €X:
P (r (x).ﬂ(x))nm{sup U)(y,ﬂ’ (x)): yﬂl‘(x)_} aup{?( z,m(x)): z€w (xJ
-m{sup{inf{f (y,2): seﬂn(x)}. yeﬂ(x)}.
sup{:l.n!{f(y,s): y€T(x) 5: u—ﬂn(x)ﬂ}
-m't{-“p[*“f -E o(mix,t),m (x,8): uen‘_‘lz teg‘.},
supiinf § p(m (x,8) ,m(x,t)): tend»: aeaJ}}:__



" Let us fix x €X and E€>0, We the choose n  according to
relation (2.4.23). For every fixed t€R_ we have:

(2.4.24) m{f‘(ﬂ‘(x.t),rrn(x,.a)h ncn+}_{ f(ﬂ(x,t),frn(x,t))
"0"n’>n°.
So, we have th:;u.'c _
(2,4.25) -aup{inf{f(ﬂ‘(x,t).‘ﬂ;‘(x,s”: s‘-R‘_}: ten‘jsg 'V‘n>n°.

Similarly we can show that there is n1 such that:

(2.4.26) aupfinf{f(rrl{x,ahﬂ'(x.t))g tea;'} : 363‘} <& ¥n> n, .

So, for n_ = max(no.n1) we have
PH(TT;;(::).“‘(:)HE Vn?rs‘:

Thus we have proved that for every x, ?H(T!;(x) ,(x)) =50
asn—>®o.

Re k 4
Let the statement of Theorem 2,4.2 hold true. Then for every
&>, £.6C(x),mx))< € for n sufficiently large.

&uﬁf%
From Theorem 2,4,3 we have that

(2.4.27) f’H(ﬂ;‘(x) ,mMx))4 ¢ for n sufficiently large.

Relation (2,4.27) means that for n sufficiently large:
(204028)  P(T(x),m(x)) S E
(244429) f'(‘n'(x) 7 (x)) |
Observe that: ;
ﬂ(A,B) - aup{P(.a,B) : aé A}- supr(a.-B-): a (I) -f)"(l,ﬁ).
So, we have that for large n |
(2,430 Fom (0,mx) = D )




and
(24031 fmx),m (x)) « D, T,

Since Trnixi and TT(x) are closed sets, we may assume without
loss of generality that there are elements y(-'ﬂ'nzxi and
z € TW(x) such that

(204032) PGS ply,e).
From triangle inequality we get

(2.4.33) P(y,zls f(y,'n;l(x)J +P(z,1r(x)) + an‘n(x) ,mix))
O+ 0+E=¢F.

Combining relations (2.4.32) and (2.4.,33) we get

(2.4.34) ﬁ'(frn(x)m(x))s y(y.z)se for n sufficiently large.
Using similar reasoning, we can show that _

(2.4.35) g(ﬁ—;} '-"_n(;) )& & . for n sufficiently large.
So, we have that

(2.4.36) P Tx),(x)) = max(g*6T, ) Wx)), FEE T <L
fo. n sufficiently large.

Qorollary 2,4.1
If the assumptions of Theorem 2.4.,3 are satisfied, then

PH(Wn(iT.ﬁ'(x))-—)O as n ~—> .

Lemma 2.4,

Suppose that (I'Rmﬁ) for n=1,2,es. end (X,R;w) are PDS with
b f) being a given metric space. Let x<€X be fixed. Let the set
1rn(xJ for every n be bounded and the sequence {ﬂ'n} converge
uniformly to T 4in t€R, then the set T(x) is bounded.

Eroof:
Suppose the contrary; thus ™(x) is not bounded.
So, in particular, there exists a sequence it‘} of real

numbers, such that the sequence {f(ﬂ(x,tn) ,x)} is not
bounded.
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Without loss of generality, we can assume that
(2.4.37) P(“‘(x,tn),x) —>® as m > o,

We take so*:o fixed arbitrarily and we choose n, & N in such
a way that

(2.4.38) P(Tfn(x.t).ﬂ'(x,t)) <& for n >n, -‘ﬂé—n.

This is possible because of the uniform convergence of 1'l"n
to T in tE&R.

We consider now the set T!'n (x)+ Since it is bounded, there
- 0
is a positive real number r % such that

o
(2.4.39) F(Trno(x,t),x)'c rno ¥t €R.

From triangle inequality we get
(2.4.40)  PM(x,t),x)g pTlx,t), T (x,8)) +
0

+ P('rrna(x,t'),x) < Eo + rno

and so, the sequence {9(11‘(:,1:“),:)} is bounded,
This gives a contradiction, and proves our Lemma.

Corollary 2:4.2
If X = R® and Tnfx) is for every n compact and the sequence
{Trn] convergea uniformly to T in t€R, then the trajectory
T(x) has its closure being also compact.

Theorem 2,4.4
Let (n“,n;vn), ne1,2,4.s and (nk,nnr) be D33 and let x<R®
be fixed, Suppose that the sequence {Tn} converges to T uniformly

in t€R and vntxs is compact for every n, then fn(ﬁ_'n{x).m) - o
as n—>w. ’

Proof:
We recall that

fn(;,BJ - nu{aup{f(a,B) s ae&},uup{f(b,i]: bé Bﬂ
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with

(a,B) = 1n£fp(a.y)= y €B}
f(b,.&) = inf iy (b,x): xeA}.
Let €50 be fixed, We take n, guch that
(2.4041) P (x,t),m(x,t))<€ Vn:»no, t<R.

We fix n>n_ in the sequel, Let z'ﬂr‘n(x) be given.
This element z is of the form 2 -‘lr'n(x,s) for some seR,
Since P(ﬂ(x,s) .Tl;l(x,a))'ii for n>n_, we have

(2.4.42) f(z,‘n'(xJ) = p(m (x,s),mw(x)) <€ .

This is true for every element ze"ﬁ';'(':'c')' and this implies that
(2.4.43) ?(s,ﬁ)i € for every seTr;Tﬁ.

So, we have that
(2.4.44)  sup § p(z,T(x)): zeT (W] s €

Similarly, for every w&W(x), we have w =T (x,s) for some
s &R and

(2.,4.45) f(",ﬂ‘n(x)) - Pfﬂ(x,a),'a‘n(x,a))<£.
Thus
(2.4,46) P(wﬂrn(x)) = f(‘ﬂ'(x,u).'lrn(x)) LE .
This is true for every w&m(x) and this implies that
(2.4.47) P(U,Trntxj) <€ for every wem(x)
and so,

(2.4.48) fH(ﬂ;tx).ﬂ-T(;;) = m{aup{?(w.'uhlx)}: wer(x) ,
aup{f(d,‘n(x)): IWnIX)}}.sS.

This is true for every fixed n>n . Thus we have proved
that

(2.4.49) Py 0T ) —>0 a8 n—>w.



CHAPTER III

L14AIT SETS, PROLONGAT1UNAL LIMIT SETS AND FROLONGATIONS.

In this chapter, we state some properties of limit sets,
prolongational limit sets and prolongations -together with
these properties that are preserved passing to the limits
of the families of pseudo-~dynamical systems.

Section 1 of the chapter is devoted to limit sets end
prolongational limit sets while the properties of prolongations
are treated in section 2. Some known results from other
papers are quoted in section O,

§ 3.0,

Theorem J,0,1
Let (X,R3m) bde a FDS in the given metric space (:{,fL Por
x€X, let the motion T be positively Lyapunov stable and
A*(x) ¢ ¢, then the nappi-g
A X3k A'Bre
is upper semi-continuous at the point x€X.
Proof':

Let sequences {xm} and iym} of elements of X be such that

(3,0.1) xm—-'""x as m —> o
(3.0.2) Yy =7 as n—>wm
(3.0.3) T, & /\+(xm) for mm=1,2,e0e «

We have to show that
(3.0.4) y € A‘.(I) .
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‘Let
o w1
(3.0.13) tm= Bm(m)a .
Without loss of generality, we may assume that ‘tn —P

as m —>» . If not, we can find a pubsequence. Such a sub=
sequence exists because g'c } cannot be bounded, So, we

have proved that, there exists a sequence {t k of real numbers

tending to +® such that

(3.0.14) Pm(xm.fm),ym)é‘& for me1,2,e e

From triangle inequality we get

(3.0.15) f('r(x.g).y)‘ p(ym.y) +P('rr(xm.'cn).ym) +
B ?(‘I'(xn.tm).l(x,qn)).

Let now €0 be given, We put Yl- E + There is n, eN
such that
(3.,0.16) P(ym.ykn 'V-u)no (see relation (3,0e2)).

Since P(Tr(xu.r‘).ym)d %, we can find n, €N such that

|
(3.0017) Pm(xm'tm) .ym)412 ¥m>n1 .

From the aasumptions ‘l'l‘I is positively Lyapunov stable.
So, there is a S}O such that P(x,xm)tzg implies that

(3.0.18) P(Tr(x,t).v(x,t)kq for t20.

Thus plr(x ,3),mx,5 ))<n if plx m,x)<8 .

But P(x.xﬁ)(&' holds true if m is sufficiently large,
say if m)nz.

So, if ng = max(no.n1 .nz). then for m>n, we have from
relation (3.0.15) that

(3.0.19) P(Tr(x,'l.‘,n),y)s,_ 11-!- 12 +n = € .
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'Ihus, we have proved that Tl’(x,linJ —Py as m-——>wm and
from the fact that T, ~P® as m —> ® , we have shown
that y € A (x). )

This completes the proof of the assertion. (Theorem 3,0.1
with its proof is due to Pelczar [1J). We present it here
because we want to make this study reasonably self-contained).

T em 3,0,2

Let (X,R;W) be a PDS in the given metric space (X P). For
x€X, let the motion 1[ be negatively Lyapunov stable and
A (x). # #, then the mapping

AT x > A(x)

is upper semi-continuous at the point xoe X.
(Theorem 3.0,2 is the symmetric case of Theorem 3,0.1, hence
we omit its proof).

8 3ste

Let (X BT )y, (n=1,2,...) and (X,R;W) be PDS., Por a given
point x €X we denote by AY (x), AT (x). Ax), Ax):
the positive and negative linit sets in the n=th FDS and
positive and negative limit sets of x in (X,R;m) respectively.
Analogous notations: J;(x), J;(x), J(x), 37(x) and
D;(x). D (x), D*(x), D™(x) will be used for corresponding
prolongational limit sets and prolongations respectively.

-

Theorem 2',1,1

Let (x,PJ be a metric space; (X,R{W ) (n=1,2,...) and
(X,R;w) be dynamical systems. Suppose that x&X is such that
™ (x) is relatively compaot and that {1r } converges to TT

unifornly in t. Then for nory € >0 there exists n, QN such
that

(3.1.1) A:(I)CB(K(XJ.E) for n)no.
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‘Broof:
Agsume the contrary., So, there exists Eo %0 such that
for every n° there exists n?,no for which

(3.1.2)  AZEBAT (), €).

This means that there exists a sequenwe {yn} of points of X
such that .

(3.103) Y!le A;(XJ nm1,2,000
but
(3u1e8) ¥ &B(AT(),E).

Phe relations (3.1.3) mean that for every neN there exists
a sequence {t:}n_1 2. e guch that
(3.145) ti—-)a: as m —>
and for every fixed n:
(3.1.6) f(ﬂn(x.t:).yn) —30 as n =P,

From (3.1.6) it follows that for every n there exists m
such that

n 1 :

(3.1.7) Pmn(x'tnn),yn)-‘; n=1,2,0¢e o

Without loss of generality we may assume that
n

(3.1.8) t —> ® as n =—»o.
n
Let us put
. I
(30109) Bno- tll .
n

Since ( ) is compact we may assume without loss of
generality that the sequence {'rr(x.a )} is convergent to some
y belonging to +( X) e
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From (3.1.8) it follows however that y€ N"(x).
The relation {3.1.7) implies that

P(Tfn(x,an),yn) - 0 as n —> ®
and so
(3.1410) n — y as n —>® .
Since y € A'(x) we get from (3.1.10) in particular that
(3e1a11) Py, N(x)) —>0 as 1 —>®

which contradicts (3.1.4) since (3.1.4) implies necessarily
that

(3.1 .12) P(yn’ A+(X)) 2.800

This completes the proof of our Theorem.

Rg!_a_;! 2,111
If the compactness of the set 1T+(x) is not assumed then
the above Theorem 3.1.1 does not holds true.

Theor 142

For the given metric space (I,’J) let (X,R;'ﬂ'n} (n=1,2500e)
and (X,R;w) be PDS. Suppose the sequence {'rrnj converges to
uniformly in t€R_ and the sequence {sn} of elements of X is

+ ]
such that izn} converges to z€X and lné l\n("yJ (n=1,2,00e)»
then z € A (y).
in )
We have sné An(y). n=1,2,ece ¢
So,

¥ neN 3-{9‘

k 3
n£h1.2,...' *n ® sskT>®

and
(3.1 013) Wn(y.t:) L 4 zn as k "ﬁm .

Let E£>0 be fixed, Take n 80 large that -111-<§’ for n) n e
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X
(3.1.14) f(ﬂn(y,tnn),zn):sﬂ-.

k
We may assume without loss of generality that tnn 2n for

every fixed n. This means that tn —>® as n > o .
From the assumptions, we have that -311'&} converges to
uniformly in t€ R+. This means in particular that there exists

n, such that
X X
(341415) P(‘lfn(y,tnn),ﬂy,tnn)1<§; ¥n>n .

Moreover, since P(zn,s) ~>»0 as n —> @, we have that

there exists nzell such that

(3.1.16) P.(""n)(% ’v‘-n;»nz.

From triangle inequality we obtain
k k . X
Gaan  paly,t "), 8< plrly,t "), (y,8,7)) +

+ P('rrn(y,t:“).zn)s -§ + % + g -
for n :nll:ax(nc’,n1 ,an s

Thus, we have proved that
k
(3.1.18) Tr(y,tnn) —>»z asn—>w.

This means that z € A"'y).

Theorem 3,13
Let (X,!)) be a given metric space; and (I,R;TG ) (001,2,000)

ang (X,R;T) be PDS such that the sequence ‘?"‘n} converges
to T uiformly in te—R‘_. Suppose that x€X is such that

for every E>.0 there exists >0 for which
(341419) J X€B(x,5) == pOm (x,t),m (%,t)) <€

for every t 20 and every n.
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: +
1f {sn} and fxn% are such that z —>g, xn->x. sni An(xn)

for n-1'2'.o.. then z-(-.l\*(x).

R K 32142

From the assumptions, it follows in particular that every
motion 'l': is positively Lyapunov stable, but our condition
is stronger: ({ is chosen for & only, wniformly for every n).
The stability of every 11': means of course that:

¥ £%0 ¥neN 38 §, . such that
¥eB(x,5) weip Par (xy8),m (%,1))< & for 32 0.

Proof of the Theorem

The sequence {'rrn} is assumed to be convergent to T
uniformly in t€ R+. This means that,

Vyfx ¥ £50 3'110:
(3.1:20)
P(T"n(y,t);lr(y,t))<£ for n>n , tE€R,

-

The relations z < A;(xn) (n®=1,2,¢es) mean that there
exists a sequence {tg} et 2 of positive numbers such
L

that trk1 —> +0 as k ~—>» o, and
k

(341421) wx ,t) —>2 ask—rm.

From the assumptions, we have that z, —>Zasn—>w.
This means that,
(30’.22) f(zngz) -0 as n ~—>m,

Relation (3.1.21) is equivalent to the condition

k
(3.1423) plm (x ,t )yg) =20 ask—>m.
k

Since t_ > +00 as k —~» w, we can find a ucquenné { kn} of
- LN
natural numbers, k, —>® as n -2 oo such that t, " 2n, neN,
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‘ So, we may assume that
(3.1.24) t:n——) +0 as n =~y .
Let £ >0 now be fixed, Let us put Vz = f'- B
Applying (3.1.20) k:e find n, such that |

k
(3.1.25) f(ﬂn(x,tn J.Tl‘(x,t:hn'”[ for n>n13'b‘tnn.

Using (3.1.22), we find n, such that
‘ (3.1.26) P(z.zn)érl for n>n,.

Relations (3.1,23) implies that there exists ny such that
k .
n
(3.1627) f('ﬂ;(xn.tn J.znif-l? for :1):13

Using the assumption (3.1419) we find & >0 such that
% €3B(x,§) —; f(n‘n(x,t),‘lrn(i’,t))vq for 20, n€N,

‘We f£ind n, so large that

4
f(x,xn)< g for nd> n,.
Now, putting D, = max(n1.n2,n3.n4) we obtain for n)n,, :

PUACENSTCINES BN TCR P

(3.1.28) X X X X
f(‘rr;l(xn,tnn) YT (x, % n“)krt and f(ﬂ;l(x.tnn) ,mx,tn"lkrl
The triangle inequality gives
X 5 X
P(mx'tn },l) < ?(Tr(X.tn J'“i(x.tn JJ +
k
(3¢1.29) n f(‘iTn(x,t:n),'u;(xn,tnn)) +
4
+ f(‘lrn(xn.tnn),zn) + f(:n,l)

and then by using (3.1.28) we get
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.

"
(3.1430) f(‘“'(x,tnn},z) <'yl +‘l”+71+’q- & for ny L
' Thus, we have proved that  *
"
T (3.1431) W(x,t ") —Da as n —>® .

This means (see (3.1.24)) that z € A'(x).
The proof is completed.

Theorem J.1.4

Let (I,r) be a given metric space with (X,R;‘Wr‘ll (i1, 2, 600)
and (X,R3w) being PDS. Suppose the sequence !Tl'n} converges
uniformly to W and o is positively Lyapunov stable, Let
the sequences fxnl, and {yni of elements of X be such that
x, — Xy - y and - A;(xn) for n=1,2,400, then yel\*(z).

Proof:
Let yn-e A;(xn) for every n€ N. This means that, for every

fixed n, there exists a sequence {tl;}b1 2 of positive
pponn

numbers such that

(3-1 03?) 1'-: — as >

and | P

(3.1.33) Trn(xn.t;;) —_— y, @as kK —>wm.

Relation (3.1.32) means that

Moreover we have
(3e1.35) P(y.:rn) —>»0 asn—>0o

By virtue of relation (3.,1.32), we can find a strictly

increasing sequence of positive integers {Yh} such that t:n;n
and so .
(3.1.36) 'tn —> as n —>» o

*n



‘Applying relations (3.1.34) and (3.1.36) we observe that,
for every fixed n, there is r(n)€ N such that

n

(3.1037) f(wn(xn’tk

).Y )-‘...'1- for n=1,2,40¢
n'ra

r(n)
Without loss of generality, we may assume that r(n+1)> r(n)>n,

n=1,2,ee¢ . In particular, we have that r(n) —> ® asn—> w.

Putting

(3-1.38) . a'nzt tk ’ m1,2,...
r(n)
we have
(3.1.39) o, —> © as n >
and
1
(3.1.40) F(Trn(xn'd'n),yn).&; s MTm1,2,500 o

such that

Let € >0 be given. Ve put ’l = % « We can find n,

(see (3.1.35))

(3e1441) P(y,yn)'( n for n>n,
and n2 such that
(3.1.42) f(-lrn(xn,rn) .ynl < n for nd> n,

(BQQ (3.1.40) )o
Because of the Lyapunov stability of 'n-x we can find S" >0
such that

€3.1443) P(x.’fMS =3 prix,t)m(Rt))ce for t20
Let n3 be so large that

(3e1.44) ’:J(x,xn)f-'g for n>n,.
Combining (3.1.43) and (3.1.44) we observe that

(3.1."5) f(mX,a"%W(xn.a'n)) <YZ for n )njl
Finally, using the uniform convergence of 511'113 to T, we

can find n, so large that



(3.1.46) f(ﬂ‘n(xn ,a-n) mfxn.a'n) )< )? for n >n,.
From the triangle inequality we obtain
(3e1.47) P(ﬂx,c;!),y)s P(y.yn) +P('U;l(xr;,a;1).yn)) v
+ f('n‘n(xn.d‘n) .Tl'(xn.a'n)) *

v p(mx, pap) w0 )

which gives (see (3.1.41), (3.1.42), (341.45), (3.1.46))

(341,48) f(ﬂ'(x,crn).yl ‘-lrrlnl-nz-i :forh)m(n.‘.nz.n).n‘).
Thus we have proved that

(3.1,49) ﬂ'(x,o';l) -y as N =—>o

and by virtue of(3.1.39), we obtain y& A (x) which finishes
the proof, -

Corollary 3,1,1 (of Theorem 3.1,2)
In the given metric space (X,p), let (X,R;ﬂ;l) (r=1,2,000)

and (X,R;m) be PDS such that the sequence i"lrn} converges
uniformly to W , Suppose that the sequence {sn of elements -
of X is such that g —> z&X and 2 € A;(x) for every n and
for fixed x€X, then z € A'(x).

0 1.2

In the given metric space (X,f), let (I,R;'u;ll (De1;2,000) °
and (X,R3W) be PDS. Let the segquence {Tni converge uniformly
to W, For fixed x€X, let zel\;(x) for every n; then zi-A"’(x).

Remark 31s3

If in Theorem 3.1.3 above, we assume that (X,R;w )= (X,R:m)
for every n€N; which means that 1rn =T for every n and so,
A;(xn) = A"'(xni for every n, then we have the same result as
in Theorem 3.0.,1 above, which means that the mapping -
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X3x => A'(x)

is upper semi-continuous at the point x€X,

Remark 3,1.4 _

Let (X,J:) be a given metric space. If (X,R;n;l) (0=1;2,000)
and (X,Rjm) are DS, the statements of Theorems 3.1.2 = 3.1.43
and of corollaries 3.,1.1 and 3,1+2 hold true for A;(x) and

A (x).

Theorem D140 , :
Let the metric space (x,PJ be given with (X,Ryw) being a DS.
Then, the mapping

X3 x > J+(x)

is upper semi-continuous at the point xoe X.

Eroof: 2
We have to show that if sequences ;xn} and fyni of elements
of X are such that

(3.1450) X, —>x, as n —>» ®
(3e1.51) e P as n —>» ®
(3+1452) y € ¥(x)  for me1,2,ee. o
then

(341453) yoc.r*(xo).

Relations (3.1.52) means that for every n there exists a
sequence {t:} of real non-negative numbers and a sequence ix; }
of elements of X such that for every n:

(3.1.54) ° xi_--) x ag 8 ~>» ®
(341655) t, —>® + ass—>®
and

(341456) T(x:.t:) — as 8 —> ® .
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Relations (3.1.56) mean that for every n

(3.1.57)

paTCxr, b)),y ) —>0

while (3.1.50) and (3.1.51) mean that

(3.1.58)

P(xn,xo) ~—>0

and respectively

(341.59)

P (yn,yol - 0

as n > w
as n > w

as n —> o,

From (3.1.54) = (3.1.56), it follows that we can find
a sequence of positive integers {an} such that

(3.1.60)
(3.1.61)
(3.1.62)

(3.1.63)

8 —9m

n

tan n n=1,2

n: Z plpgone
Bn 1

f(xn .xn)..*s.; n=1,2,000

s S
?(“(xnn!tnn) ,Yn)ﬁi' m1,2’ see @

So ', putting

(3.1.64)

we get

(3.1465)
(3.1.66)
(3.1467)

We have

n
Opi= 1-'n ’

P(‘in,xo).i p(xn.?nJ +p(x ,x )

and so, (see (3.1.66)

(341.68)

f(';:n,xo) —> 0

The triangle inequality gives also

as n >

I"’.a.coo

n-1,2. see &

as n —> o



(3.1469)  p(W(X ,0)s¥ )< p(ME L )oy,) + P03, 07,)
which implies (see (3.1.67) and (3.1.59))
(3.1.,70) f(rr(‘in.a-n).yo) —> 0

and so

(3.1 071) —Tr(‘inyd'n) -—iyo as n >0 .

This means (see (3,1.65)), that
Y, € J+(x°) .

This completes the proof of the Theorem.

Theorem J3,1.7

Let (X.f) be a given metric space. Suppose that (I,R;H;IJ
(n=1,2,4.0) and (X,R;wW are PDS. Assume that x€X and there
are positive real numbers A and s such that the sequence J'Irn}
converges uniformly in the set [s,® ) x B(x,A) to T, Assume
that the soquoncufxnj and S’nj of elements of X are such that

(3.41.72) x —2>x as n —> o

(3.1.73) zn — g as n ~—>w
+

(3.1 .T‘) zne Jn(xn] fOr m1 ’2'...

then

(3.1.75) zed (x).

Eroof:

The relations (3.1.74) mean that there exist seqnonocl'{ }
of elements of X and {t j of real numbers such that for
every fixed n:

(3.1.76) x; —>x as m —>
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(3.1.77) tl:; ) as m —> ®
and
(3.1.78) Trn(x:,t:) --)zn asm—>m,

From (3.1.72), it follows that for every n there exists
-:cn such that

(3.1.79) f(x:.xn).s% for m2 mi.

For every fixed n we can find also (see (3.1.73)) a positive
integer ml such that

(3.1.80)  p(m (L, t7),s ) 43 for m2my

and moreover, there exists ni such that

(3.1.81)  t72n for mazm..
We put now
(3.1.82) m i= max(mz,m:‘,mi)

and we take n,, 80 large that

2

> for nS>n, .

&
(301.83) n>»s and n< ™

Without loss of generality we may assume that
large that '

n*isao

(341484) P(x,xn)‘C% for n‘)n*

(see assumption (3.1.72)).
Thus, by virtue of the inequality

m m
(3.1.85)  p(x, "0 (xFx e plx %)
we obtain

m
f(xnn,x) <A-§ + % =X for nd> n, -



(ﬂ“ (3-1.79), (3.1.83} and (3-1-84)), vhich means thﬂt
m
n
(3.1.86) x &B(x,\) | for n>n..
Simultaneously we have (see (3.1.81) and (3.1,.83))

o
n
(3.1.87) t >s for n>n. .

m m
Thus for n>n,, the points (x n' n) belong to the set
[s,® ) x B(x,}) in which the sequence {'n- } oonv.rgu to T
uniformly.

From the triangle inequality we obtain for every n:
un mn -n n nn
(3.1.88) (xSt ),s)-‘.’-.f(ﬂ(xn .ﬂ;(x ot ) +
n :
f('n' (xn ,tn .ﬂ(xnn.tnn)hf(ln.l)
Let now £>0 be arbitrarily fixed. Find n_>1n, so large that

(3e1.89) f(‘"t: ot nJ,'n' (xn JJ< 5 for n>n,

this is possible because ¢f the uniform convergence of }Tl‘n} to T .
Because of (3,1.80) we may find n > n, such that

m m
£
(3.1.90) f(“;(xnn,tnn).ln)(-j' for n>n,.
Finally, we find n,>n, such that
£
(3.1.91) f(z.znk 3 for n>n,

(see (3.1.73)). We take now 0 i= max(no.n1.n2).
By using (3.1.89), (3.1.90) and (3.1.91) we get from (3.1.88)

the inequality

2y ®n y A
f(v(xn bt )2)< E for n>n.

Thus we have proved that




: n n
(3.1.92) '"'(In 'tn ) » g asn—%om,

We know that

m m
P(xnn,x) £ f(xnn,xn) + P(xn,x)

and then

m
(3.1 093) xnn sl o ac n _")'m

(see (3.1.79)) and (3.1.72)).
We know also that

m
(3.1.98) ¢ —w as n —P @

(see (3.1.81)). The relations (3.1.92), (3.1493) and (3.1.94)
give (3.1.75) . The proof is completed.

Corollary 3,143
Let (X,P) be a given metric space and let (I.R;ﬂ;l) (n=1,2,000)

and (X,R;w) be PDS, Suppose that the sequence hn converges
to W wmiformly. If zne J;(y), z, —>z, then 2 €J (y).

Coroll 1
Assume that (X.R."n;‘) and (X,R;7) are as above,(soe Corollary
3.1e3)e If ze J;(y) for every n, then seJ"(yJ.

Remark J.1.4
Putting in the assumptions of Theorem 3.1.7_, o T, we
obtain in that way the upper semi-continuity of the mapping
+
yH—>J (y)

(see Theorem 3.1.5).




‘Remark 3.1
It is obvious that sin_lar (symmetric. results hold true
for J; and J~ considered in the place of J; and J" respectively.

§ 3.2.

In this section, we give some properties of prolongations
and a_.lao the properiies that are preserved under suitable
assumptions, passing to the limits of pseudo-dynamical systems,

Theorem 3,2,1

Let the metric space (x.fJ be given and (X,R;w) be a PDS,
The mapping X3 x —>D"(x) is upper semi-continuous at every
point xoex.

Proof:
Let the sequences {xn} and h’m} of elements of X be such
that

(3:2.7) X —>x as m —> @

m o
(3.2.,2) - M -—”yo as m ——> oo
(3.203) Ime D+(xmj for m-1,2,... .

We have to show that
=
(3e2.4) y,eD'(x ).

Relations (3.2,3) mean that for every fixed m€N there are

sequences {x:} in X and S‘t:}h_ 5 . in R, t:;o such that
plpene
(3.2.5) x: — X . as k —>m»

and

(3.2.6) 'ﬂ'(x:,t:) -—9ym as k >



-69 =

" Reiation (3.2.5) implies that for every fixed m, we can
find a positive number kh' such that

(3.2.7) f(xm,x::)_ﬁ%. | ) for k >k .

Similarly, relation {3.2.6) implieas that for every fixed m,
there exists a positive integer T such that '

(3.2.8) f(ﬂ(xz,ti),ym).ﬁ% . ter ko>,

Thus, in particula.r, if p i= max(k T ), then

.(3'2'9) P(x ,xm).ﬁ ; o N | - ' ror k>p_
and aimultanaouai:); S _ o e
(3.2410) ff‘ll'(xm,t )Y )51; _' PR for k>p .

In particular, for k= Ppr We have

' Pa, 1 -
{(3.2.11) f(x'xm Jég v mmt 2,008
and
.. : pm Pm 1
(3.2.12) f(ﬂ'(xm_,tm S AR E S for m=1,2,400
e put S R | C
P T
(3.2.131. 83" tmm, sm?_,o, v = xmm.

From triangle inequality we obtain
(3e2414) f(vm.x )sf(v X )+ f(x X )& 1 +f>(xm.x°)

and by relation (3. 2.12) we obtain

(302015) f(‘“-(v »S )pyo)s ?('“'("T sﬂ )’Y )“'f(y tYo).S f(?fmﬂ‘o)-l’ %



‘Relation (3.2.14) implies that
(3.2.16) . v, —>x, as m —¥»
while relation (3.2,15) gives
(342.17) 'l'l“(vm,sm) —> ¥, sy 20+

These two relations combined means that y e 'D+(x°). This

completes the proof of the assertion.

Corollar 241
Let (X,Ryw) be a PDSS in the given metric space (X, f)’ then
the mapping '

X3x k> D(x) = DY (x)

is upper sami-é:ontinuous at every point xo«ex.

Theorenm J.2,2
Let (X,f) be a given metric space and (X,Rym) be a PDS, then
the mapping ‘

X3 x>0 (x)

ia upper semiwgontinuous at every point xoé-x.
Theorem 3.2.2 is the symmetric case of Thecrem 3.2.,1 hence
we omit its proof.

Theorem 3.2

Let (x.fJ be a given metric space and (X,R;H;IJ (me1,2,004),
(X,R;w) are PDS; where the seguence i'lrnj converges uniformly
to W in R_x B(x,A) for some A >0. Suppose the sequences ?Ini
and {r.nl‘ of elements of X are such that

X, > x@X Y aan—rm {
z, = z€X as n —r D
L .
znenn(xn) : for nm1,2,ese |
+than = ﬁn"[.ﬂ - .j




Ty =T -
R
)

" Proof: \
The relations z &I (r ) (=1, 2,...) mean that for every
fixed n, there ex:.si; gegquences %xn}hﬂ 2 in X and {1; i1, 2
X po s

of real numbers such that

¥

(3.2.18) x, —-.-‘B'xn ' as k —>w
. . .

(3.2.19) | t 20 N

and RERE o . S e

{3.2.20)} | frrn(xn,'tn) -—i'zn as k —> w .

Relations x, ——P X a8 N > © a!.m'.i.zn — g é.s n ==>
imply reapective Y that

(3.2.21) f(xn,x) —38 . a3 n~—>w
(3.2.22) f(z ,z) —-)0 ' asn—Fm .

Reletiong (3.2,18) and (3.2,20) respectively imply thet
for every n&N there exisis kn suCch vnat

Gz pekajad o

and alsc there exists 1:1 such that

(3.2424) f(tr( X, )<;} for k> k. .
. We take k = max(kn.k ) and we tela n. so large that 1}‘> kn
.1.42‘.. for non_ .
3
Thus in particular (see (3.2. 23)) we get ﬁ -
kn A '
(3.2,25) P(xn x )< 35 for n>n,. .
Rocauae of 13,7211 ;:—;_,-_.aﬂm:“ BB Vi Dyt

S ~
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’ P W s .. ) ;l ‘t -
: A |
(3.2.26) f(x x5 . for ndn,
. ‘5:5,.'.. . . i
From (3 2425) and (3.2 26) we get by using the triangle
1nequa.11ty A g
k- k

f(xn ,x)-..f(x » X )+)o(x ,x){--r - -.\

L]

k B
n
(3.2.27) x eB(x,2) . for n >n,.
et €%0 Ye arbitrarily Tixeds Let us put F - _E_ . We find

B, >n, such that )
"
(3.2.28) gl (x "t 2, 'n'( ,t ))<P _for n>n,

. this 1s possible, since }'rrn} converges uniformly to - in .
the set R = B(x,A} and as we have proved, the condition (3,2, 2'?)
is fulfnled. SR

We take now n1 »n, so large that = le¢ ,6 for n>n1. th:l.u will
give (see (3.2.24)) ' '
“ Kk . e
(3. 2.29) f(tr ("n Wty tez) <f for n>n1.
Furthermore there exists n2> n_ such that
(3.2.30) f(z ,z) < P N for B>1n,.
Put T = max(n AL Je

Then from the triangle inequality we get i’or n)ﬁ (aee
(3.2 ,28), (3.2.29) and (3.2.30)):

X ‘ kK k
(342¢31) f(‘f(xnn,tnnJ.zJ_{-F(zn.zJ-!- f(‘wx‘l(xnn,tnn) ,zn) +
s kn kn 1‘n kn

“‘P('";x("n ot ).-u(xn ot ))

+ +

-ﬁ ‘st

i Wi
wim
wim




: =T -

-

* Phua we have proved that

(3.2032) Tr(.xnn,tnn) —— | i ag n =>o00,

Using once again the triangle inequa.lity which has been
uged in order to prove (3.2.2%) we observe easily that

X - - -
9(xnn,x}£-:-; + ’D(xn.x) for m>n, oo
(302033) xn —_— X, as n "">CK}

4.

The relations (3.2.19), (3.2.32} and (3.2.33) mean that
% $D+(X) . |

This completes the 'proof of the ‘I‘heorem? C

In this section :ie .stf*-te gome Theorers with regard to
Poisson Stability,"'"wandering points.

L4

Theorem 3.3,1
Let (X,f} be a metric space. Let (I,R;'n"l) (nw1,2,es4) ang
(X,R;%) be PDS, wherel the sequance iﬂn} converges to W uniformly

Suppose that x€X is such that

for every £30 there exists § >0 for Whi#h
(3.3.1) ¥eB(x,0) mpf(wncx;t),vn(ﬁ',t)ke
for every t20 (t£0) for every n

Let x€X be Poisson stable in the (PD) system (X,Rm'n)

(n=1,2,..4}, then x&X ia Poisson stable in the (¥D) systenm
(I ,R;“) *. '
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Proof:
It is assumed that the point xcX is Poisson stable in
4he triple (X,R; w) for every fixed n.
This means tha'{:

(3.3.2)  x€ /\n(x):u A;(x)UA-;(x) for every fixed n&XN

Relationg (3.3.2) mean that for every 1 we have
(3.3 -3) ) x& A;:(JC)
or | '

(303-4) XGA;(X)-

If the relation (3.3.3) 1is satiefied for infinitely many n,
then we can apply Theorem 3.1.3 obtaining the relation xeAT(x).

If (3.3.4) holda true for infinitely meny n, then (aee
Remark 3et1e4} we get

|  xe AN (x). o S
IR T xel\_(x) - /\"'(:_:) “ / (x) anad then the proof ias finished.

heore 2 _

Let (X,f) be a metric space with (x,n,-n-) (021,2,44¢) and
 (X,RyW bveing FDS. Let the sequence {‘Tr } converge to T

" uniformly and .'JC be Lyapunov steble. Suppose that the point
x€X is Poisson stable in every PDS (X,R"ﬂ‘ ) {n=1,2,...), then
‘bhe point x€ X is Poisson stable in the triple (x R;‘!‘l’).

Proof:
The proof is similar to that of Theorem 3.3.1, with only

one change: i - | |'
instead of Theorem 3,1.3, we have to apply here Theorem 3.1,4

(together with Remark 3.1.4).
Cgt
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We ghall esta‘clish néw aTheorem which {8 a simple corollary
of Theorem 3.,1.7. It will be about non-~wandering points
- Let us recall that a pcint x€X is said to be non-wandering
in the PDS (X,R;m) if er (x),

'
Theorem N

Let (X, P) be a metric space. Suppoae (X R‘T';x) (n=1, 2....}
and (X,R;m) are PDS, Assume that for x€X there are positive
real numbers A and s such that the sequence 211' nj converges
 to W wniformly in the set U's,®) xB{x,\). =
" Assume finally that %xfxll is a sequence of elements of X aucfx
that x ~—»x, x_is non-wandering in (X'Rr“;x) (n=1,2,444),
then x is none-wandering in (X,Rjm .

Proofs

It 1is enough to appl:,r Theorem 3.1.7, by putting g =X,

(n=1,2,00e) and z = x in (3,1.73) and (3.1.74) reapectively.



CHAPTER IV

LIMIT SETS, PROIONGATIONAL LIMIT SETS AND PROLONGATIONS
IN PSEUDO-FROCESSES.. .

In this chapter, we state some properties of limit sets,
prolongational limit sets and prolongations with regard to
Pseudo~procesaes. A

Section 1 of the chapter is devoted to the general definitions
that are pertinent to the study while in section 2 we state some
knovn regults from other research papers, At the same time, we
give some regults that are obtained in this study.
In section 3; we state some properties that are preserved

", passing to the limite of the families of Pseudo-processes and in

sections4 and 5 are devoted to some other related results that
we arrived at in this study.

(-
)

In this section, we state some general definitions that form
the bagis of the results obtained in this study. = |
| Let (X P) be a metrlc space, Let (R,X,R ; /«J be a psuedo-
process (see Def., 1.6.1). -

‘Definition d.1.1

Tet point (t,x}& RxX be given. The limit set of the point
(t,x) is the smet A(t,x) defined by the formula

(4:141) Alt,x)m { ye X2 there exists a sequence {snﬁ
e of non-negative numbers such that s ~—>
and/u.(.t,x,sn) ~—p Yy 28 N "> O .

Remark 1

The definition 4.,1.1 above ia a direct extension df that of
the (positive) limit set in a dynamical system or semi-system.
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So; 3% 1s obvious that A(%,x) will have properties that run
- parallel with those of limit sete 1n dynamical systems or
semi—syatems ’ ’ i

Definition 441e2 -
We defined the (1)-prolongation of the point (t,x) eRxX

by the formula

(4.1.2) (1](1‘.,:&).:{ y€X: there exist sequencea{xm} of
elements of X and { s % of non-negative .
real numbers such that X, ~% x€X and
/((t,x v8 ) —-9}' as m ——bw}

We define the (2)}~prolongation of the point (t,x})€RxX by
the formula o

" {44143} 3(2) (t,x):= {yex- there axist sequences {t ; and
Ism} of real numbers such that s 20,
*a "'_"-'9_'_1: and/\(t $Xp 8, } >y as m--)oa}

WQ deﬁne the prolongation of the point (£,x)e R xX by the
formula

{441.4) Dlt,x) :a{y(- X: there exist sequences jxm} of
elements of X, ?tm} and {ﬂmi of real
nunbers such that 5y 20, t - A
X: —=>x a.nd/\(t ,x T Y ""'-J'y 28
m ——7 m}
Remari 4,1.2 o
We see that the definition of D(t,x) is an extension of that
of D"'(x) in dynamical systems or semi-gyatems. Howsver, we
should note that D(”(t x} and I}{z) (¢,x) are not to be construed
in the same sense as D' (x) in dynemical systems.
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(4.1.8) /Sk(to,x".s)./h(t".x.s)krl
o fore>T, xeX such that glx,x®ea. ...
- T8 =~ ) -
.&'tg;t;on d:1¢3

Let (t,x) be a given point of RxX, We define the (1)-
prolongational iimit set of the point (t,x) by the formula

(441,5) J(”(t,x)zuf y€X: there exist sequences fx l of -
' slements of X and {a 11 of non-negatin
real numbers such that x -—-)x,
8, —>® and/k(t,x By ) -~ v a8
n ---" uo}

We define the (2)-prolongationsl limit set of the point
.{t,x) by the formula ' |

(4.1,6) J(z)(t,x) :-hex- there exist sequences {t } and
’l’ } of real numbers such that t — iy
5, > o and /«(t ¥X, 8, ) —>y as )
n --*) m}

E}

We #flefine the prolongational limit set of the point (t,x)
by the formula

(4.1.7) J(t,x) i={ y&X: there exist sequences §x ] of
: elements qf X, §tm7, and §a‘i af real
numbers such that x —>x, t, —>%,
s, —»>® and /n.(t axm.sm) -y v a8
. m -~ oo}

w‘ | | . L]
¥a mee that the definition of J(%,x) ims an extension of that

B ¥ m,mtmﬂ. - L]



that a point (t°,x°)e R<X is such that A(t°,x°) 1s non-empty
and compact. Then A(t%,x°) is connected.

'y 2.1
If the point (t°,x°) satisfies the condition (S)(‘!)’ then
the mapping

(4.2.2) X3 x > A(t%,x)

is upper semi-continuous at the point x°e ) O

Theorem 4422
If the point (£°,x°) satiafies the condition (8)(,) then the
mapping

(44243) R3 t > A(t,x°)

is upper semi-continuous at the point t°&R.

Theorem 4,243
If the point (t°,x°) satisfies the condition (S), then the
mapping '

(4.2.4) (t.X) b A(t,!)
is upper semi-continuous at the point (t°,x°)

0 on 2
Each of the sets D,)(t,x), D, (t,x) ana D(t,x) is closed.

Zheorem 4,24
For every fixed point (t°,x°), the mapping

(4.2.5) (t ,X} '—,D{t.x} .

is upper semi-continuous at the point (t°,x°). .



Oorollary 4s2.2
For every fixed point (to.xo) the mapping

0
(442.6) X-)xr—-?])(”(t ,X)

is upper gemi-continuous at x°.

Corollary i.g,}
int (to.xo), the mapping

For every fixed po

(#]
(4e247) R> t 2 D(Z)(t,x )

is upper gemi-continuous at £°.

Proposition 4429

For every (t,x)€R x X

(4.2.8) N (t,xJeD(, NSole D(Z)(t,x)nD(t,x) .

Theorem 4:2.5
Let (£°,x°) €RxX be given such that the mapping

(44249) /\(to x,*): R >8 t——b/\(t°,x°,a) &X
o x’ 0 0y - T <27
is continuous. If (t7,X ) is stable, then p(t?,x)C /\[t X ok

Theorem 332,6-
Let (X,¢) be locally compact, (R,I,Rﬁ,.) be a pseudo-process

and let (% x°) be an element of Rx X such that

(4.,2.10) /\(to.xo,a) = x° for every s20.

(4.2.9) is continuous and that

Assume that the mapping
20 the mapping

there exists A0 such that for every fixed s

(4.2411) (£%-), t7+N) 2t n--p/k(t,x".s) €X
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islcon'tiinunua, then (to,x”} satisfies the condition (S)(z) it
and only 1f D(+°,x°) = 4 [+°,x°]

~ The above propositions 4,2,1 - 45‘2.5. Theorems 4.2.1 ~ 44246
and Corcllaries 4.2.1 = 4,2.3 are due to FPelczar (42854 )

Theorem 4,2 . ,
Let (X,P) be a metric space and (R,X,R +',/J be a pseudo-
process, then the set J(t,x} ia closed for any point (t,x}€RxX.

Eg of's
Let {w }he a sequence of points of J(t x) with
- (4.2.12) v, —> weX as p——}m.
_ For every fixed p, there exist gequences {x?} of elements
3 »
of X and {t }m‘! 2. 4n R end {af }n-m,z,... in R_ such that,
(4.2.13) >4  asn—rw
(4,214} xi —>Fx as o —>®

(4.215) & >0 B *
and
‘4.2018) . /\(tp.xp'ﬂp) w— W as n "—960 .
. 0 "p _
Por every pPs we ma.y find np auch that

(4‘2.17} 5np ;P' I".lrfz. LR
. _ ?‘;‘-

(4:2.18)  plx,xP )& T, P1i2p000
| . 0

| ;
P 1
(4.2-19} _ ltﬂtnp|<; » p-1,2:...
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-

LY RN

(452420) PSh(tP .xn ,s‘ )W 14
P p

l‘low.we_gonsider sequences ‘?% ], ;hp}’ {'rp} defined by

[ ] P"'z..t- L

(4.2.21) gi=tY , niexP, Timsf S
n n n
L T A 1%{ P |
and then we get: 'Ep—-)co,hp—_)x, a‘p--ﬁ)'l" a8 p—>
and ’ _ "
| : ;
(4,2.22) /(a;},hp,'tp) - W as p —> .

‘To gee this, from triengle inequality we get
(4|2023) P({u(ﬂ' "1 't} W)if(f\(d’ Wb, -EP) ,W ) + f(w .W}
< -E v f(wp,w) .

Applying relations {4.2.12} we observe that the right hand
side of (4.2,23) tends to zero as p —P ® .
Thus, we have o

(4a2024) w€ J(t,x) (see (4.2.21)).

E

So, the set J(t,x)} 1s closea.

Theorem 4,2,8 _
Each of the sets J(,)(t,x) and T(23(tsx) is closed for any
- glven metric space and_ 8 pseudo-process (R,X,R +;/\_).

We omit the proof of Theorem 4.2,8, because the method of
proving 1t is enalogous to that of Theorem 4,2.7. ‘ K

Theorem 4.2, .

Let (X f} be a metric apace and (R,X,R 3 /\) be a paeuﬁo-process.
- Suppose that m is continuous on every point (+°,x%,8 Ienxxs:n
" +then for every peint {(t,x}€ R xX we have: ’j;

q“g p!
¥ -

v S

R T
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(4.2.25) | D(t,x) u/‘t[t,xJUJ(t,x). o R 2

froof: -

Tet y€D(t,x) for (t,x)e RxX, This means that there exist
sequences {x ){ of points of X and {t } §8_ } of real numbers
such that -

| _(4.2.26) X —> x a8 m == co
| I.‘(.Ia,.z.z'.r) t, >t a8 m >
| (4.2.28) 8 20 | *
(442,29} /.\(tm,xm,sm) =y as'_m__-f-}on .

-

Case (1): {a } is bounded. |
This implies that there exists a convergent subsequence {s I,
or{a }suchthat . "o

(4. +30) anm'--B' s€R_ a8 m ~—> @ .
By continﬁity axiom, we get
(4.2.31) /‘(tm’xm'snm} ——-?/l.(t,x,s) - yel/a\['l;,xj..

Case (2)‘-{5 i is not bounded. .
- This implies that there exists a subsequonce; km} of ‘Sa Ill}
" such that

-

{4.2.32) Bkv'—"? @ as m —»

]

14.2.33) /k(_tm,x ,sk ) =Dy aa n —> o,

. Relations (4.2.32) and (4.2.33) imply that

F.
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(4:2.3-4) yeJ(t,x) . ,

| COmhin1ng (4. 2.31) and (4.2.34} we get
(4.2.35) D(t,x)c:/{t.x:! wI{t, x) .

The inverse inclusion is trivial since airectly from the
definitions -

. (4.2.36) '/'-.[t,xjcb(t,x)
ags well as. . ' ~

(4.2.3T) J(4, %) D(%,%) . :
So [

(4.2.38) AR, 03(t,x)ad(t,x).
So we have that

(4.2.39)  D(t,x) =/ [6,x30 3(5,x) .

- Theoxrem 4,2,10: ' _ '
Tet (X P) be z metric space and (R,X,R ;/.) be a pseudo~-process.

\}
Suppose thet /-\ is continucus on every point (t .xo.BO} €R nXx R+
+hen !

(4-2.40)'._ - '3(1)_(.1;.]{) 5/\ EG’IJUJ(‘])“;’:)
(4:2041) I. D5y (tex) = ATEXIV T (8,%).

 The method of proving Theorem 4,2.10 follows analogously from
tmt of Thearﬂm 4.2-9.

Eorem 4,211
. Let (X,P) be a metric Bpace a.nd (R,X,n /.} 'he a pseudo-proceaa,
thern the mapping - -

(4.2.42) RxX> (t,x} ""“)J(t,][)
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is upper semi-continuous at the point (1’.0,3t0)‘E RxX. v

Proof:
If {zm}, {xm} are sequences of elements of X and {tm} is a

sequence of real numbers such that

(4,2.43) - M as m ~—>
(4.2.44) t —2>t, as m =——> m
(4.2.45) g, —>3z, as m —> ®
(4.2.46) z € J(tm,xm) £Or m=1,2,00

then, we have to show that
(4.2.47) z,€J(t ,x ).

Relations (4'.2.46) mean that for every fixed m, there exist
sequences {xm} in X, itm} in R and {sm} in R, such that
P P P +

(4.2.48) x:: — R as p ~—> o

(4.2.49) t‘; -t as p >

(4.2.50) s: —> o as p —> @

and |

(4.2.51) /‘*(t!;,x':,el;) —p L as p —~>w.

For every fixed m, there exists a positive number pm such
that

1
p,xp = for p me"

.M .M m
(4.2.52) ps,-(t .ap).zm):s
Without loss of generality, we may assume that the sequenca?pm}
is strictly increasing and we have that Py ~y® as m > o .

For every m, we can find a positive integery kh such that

B ——
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(4.2.53) Itm-tzlg% ,  m1,2,00. for PRk .
Moreover, for every m, we can find a number 1m>° such that
1
(4.2.54) P(xm,x;l).*é; » m=1,2,... for p3l.

Without loss of generality we can assume that lm z_km and

lm 2P,
Then putting

m m
m m

(4.2,55) 'B'mz- tl; y V. im xl; ’ xh:- g!;- » » . — O
m

as m —>m we get

(4.2.56)  PUACE v 20 e )< 1: w2,
and _

(4:2.57) |8~ mfsljﬁ P 1,2, 000
also

# ’ m1,25000 o

(4.2.58) y(xm.vm)s
Thus we get

(4259 Plx ) plvgixy) + Plagux ) < T+ plx x ).
Relation (4.2.59) implies that ,

(4.2.60) vpg—>%, asm—>o (see (4.2.43))

and

(4.2.61) 6 —»t .

From triangle inequality we get
(4.2.62) P(Jp(o'm,vm,a.h).zo)i P%(Gm.vm.)«m).zn) - P(‘n"o)
1
£ o +P(nn,zol.

Using (4,2,45) on the right hand side of (4.2,62) we get
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(4.2.53) /«(ﬁm,vm.?\mJ ~> 3z o as m -—?cn
Combining {(4.2.55) and (4.2.63) we get

{442.64)} z & J(to.xoi.
This comnletes the proof pf the Theorem,

Cotrollary 4.2.4.
Let {X,p) be 2 metric space and (R,X,R‘_;/\) be a pseudo-

process, then Tor every fixed vpoint (to,xo) the mapping
(4.2.65) xP—?J(”(ta,x}
is upper semi-continuous at Xge

Corecllary 4.2.5
let (]{.,F) be a metric space and (R,X,R /’J Te a }‘D, then
for every fixed point (t WX, ) the mapping

(4.2.66) t > J )(T"xo)

(2

is upper semi-continuous at t .
Let (R,X,R !‘} be a pseudc-process with (1{ J:)) be:.ng a
metric space.

Definition 4.2.1
For every (#,%) < R xX we put

(4,2.67) /:1 [t,xjns{ y €X: there is s £t such that
/«(t,x,t-s) = x;‘.

Definition 4.2.2
A point (t,x) € R'xX is.said to te negatively quesi-stabdble
if and only if for every £>0 there exists S)O such that

(4.2.68) ye&B(x,8);lt-8]<8; ze/:" (5)Y) miy B(z.mﬁq[t,x:lf ﬁ
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. Remark 4,2.1

The condition B{z,&}N /u [t )EJ # ﬁ is equivalent to
saying that

(442.63) there exists w 6/«-1 {t,x] such that P(z,wk € o

Theoren 4.2.%2

Let {X,P) te & metric space and (R,X,R ,/.) be a pseudo-

proceas. Assume that (t°,x°) € RxX is negatively quasi-stable.
Then the mapring '

(4,2470) (t,x) > /«“' [t,xJ

ig upper semi-continuous at the point (to,xo).

Proof:
Letfl(tn,xn}} and gynZ; be such sequences of elements of Ax X
and X respectively that '

(4e2,71) (b ,x) —>(t°x")  ssm—Pa
(4.2.72) Y, — 3° as n Y@

and

(402-73) !11 -G-_/.\- - tn'xn for n '. 1325000

We have to show that

eyt
(4.2.74) v° E/:1\:t°.x°l

Por every fixed n, there is a sequence {ym}of elements

h
of /\:1|:tn,x J such that

(4-2.75) :?': 2 yn . as m """m . I

W

Since Y --%y , we car apply the usual method in order
to find such a sequence mn} af positive integers for which

1‘ &5

.
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i,
HE
1.

® — 0 as n-—?co”
By o : '3
Y ——p ag n —>o

and n

ynn 6/1‘11}11’:;11‘] for n=1 ,2,--. .

So, putting

n
(4.2.76) Wn = yn | n""z’.an
we obtain
. -.1 .
(4.2077) wn 'E'/‘\ [tntxn.] n’192|ao| .

Let now € >0 be arbitrarily fixed. We may (because of the
negative quasi-stability) fird & » 0 such that for

5 €B(x°,8)  and J1-t%)¢ &

we have _
(4.2.,78) z & /1-1 [ty =mb there is v E/Cﬂ £°,x°INB(z, & 2)
choose n g0 large that '
, o o g

(4.2,79) | 9(;: ,xn)< S and |t tnl-z. for n> n‘>
and
{442,80) (w_,y )% £ " for n>n_.

4o P n’ 2 o

The relations (4.2,77) mean that for every n there exists
8 such that '
n

and

(4.2.81} /\(Bn,wn'tn"sn) -= xna
For npn  we can find (see (4.2,79)}

(4.2.82) z_ e./C" [£°,x°]
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m —r 0 - az M—>w

mn 0

Y —p y as n —>rm
and o

Y e/.\ tﬂn.xﬂ] for n=1,24ese¢ o

So, putting

b1 3
(402.76) wn - Ynn n"1'2’o:o .
we obtain
-l
(4-207?) Wn é/w [tn'xnj n=1,250¢e

Let now € >0 be arbitrarily fixed. We may (vecause of the
negative quasi-stability) fird £ % 0 such that for

SeB(x",E) and 14-t°1< &

we have ' _ ‘

(4.2.78) z & [{’1 (t,T] == there is \:6/:1 t°,x°INs(z,%2)
choose n ao large that : '
e o fo‘ |
(4.2,79) 9(}: ,xn)< £ ana It tn“' for n>n
and
(4.2080) (w_,y )< £ .  for fl)n-
- -] 9 n' 2 Qa

Phe relations (4.2.77) mesn that for every n there exists
s such that
n

s <%
n= 'n
and
(4.2.81) /\(sn.wn,tn-sn) - X -

For nyn, we can find (see (4.,2,79})

} vy

(4-2082) zn e/:" Etorxoj
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such that

(4.2.83)  pla v )< 5

By virtue of (4,2,80) and (4,2.,82) we get
(4.2084) ?(zn,yo) £ E for n?_no.

So, we have proved, tkat for every fixed &> 0 and every n2n,

there exists a peint 2z (—./-.-1 [ta,xoj (being of the form z= z, for

a suitatle n, for instance ns= no) such that
(4.2‘85} P(z'yo)<8 .

So, in particular, for every € >»C there is z (being of the

form z-zno (see (4,2.82)) relonging to
B(y°,8) N <10

This means that (4.2,74) holds true. The proof is completed.

§ 4.3.

In this section we state some properties that are presew¥ed
passing to the limits of pseudo-processes.

Theorem 4.3.1

Let (x,f) be a metric space. Assume that (R.X.R+;/~n) (=1,2,400
is a pseudo-process such that for every fixed t€R and 8€R+ the
mapping

(4.3.1) X'—'}/*n(t.X,s)

is continucus.

Suppose that the sequence ;/‘nl is convergent tc a mapping
Vak Rx X x 1‘i+ - g !
uniformly. Then (R,X.H+ V.J ic a pseudo-process and the mapping
(4.3.2) X F—-"./\(t,x,s)

is for every fixed t€ R, a€R+ continuous.



.

Proof:

Observe fimt of all that the continuity of (4.3.2) follows
directly from the classical Theorem on the continuity of the
limit of uniformly convergent sequences of continuous mappings

Tor every n we have
(4.3.3)  p(5.x,0) = x for x€X, t€R.
Passing to the limit as n —> @ we get immediately
(4.3.4) /-\(t,x,{}) = X ff:‘)i# xeX, t€Rr,

For every n, we have algo

(4.3.5) /\n(t+r,/\n(t,x,r‘),3) =/'\.n(t,x,s+r)

for x€X, t&h, a,reﬁ+.
We have for every fixed t,x,s and n the inequality

r

£ (/kn(t+r,/u.n(t,x,r} ys) ,/,(t-l-r,/.(t,x,rl yell &
(_{.}.6) < f(/\n(tﬂ* /\n( L-,x,r}.s),ﬂ(tw,fn(t,x,r),s))
| ! +P (/\ ('t+r:/tn(t,x,r) yS) ,/‘(t+r,/z(t,x.r) »52 ).

Let €50 te fixed. Find 6’ so large that

f%(t .5,0’),/4(‘5,5,0’) i< % for n> n°
for every t;;m‘-

Thus the first member of the right hand of (4.3.6) is
estimated by % for n;no.
!
Inorder to estimate the second memker fing 5:)0 8o small

that

™

(443.7) P(/\(t"'r,}',u:,/q(t"‘r/k(.t X,1),8))< "'

for y€ B(r(t x,7),8). Such a & existe because of the cont:.nui‘cy
of the mapping (4.3.2) (in particular at the pomnt /A(t,x T)).

We can find now n, &0 large that
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(4.3.8) /(h(t,x;r),/-..(t,x,r))-cs for nyn,. B
The conditions (4.3.7) and (4.3.8) give
A f(f;(t+r,/kn(t,:%,r),s) ./‘(t+r’-/k(t,x,r},s))< % for n¥n,.
Thus : ‘
f(/;n('t*-r,/\n(‘t x r),a),/-\(‘b-l-r/;(t »X, 1), B))‘ ; =8
for nzmax(n o1, ).
So, we have proved that _
/An(t+r,/sn(t,x,r),s) '-"')/1 (t-l-r,/.(t,x,r),s}
as n —>w . Since we have also clearly
ftn('ﬁ,:'t,s+r) -—-)/-.(t,x,a-o-r) as n —» ® ,
we get (see (4.3.5}) the equality | i
{4.3.9) /‘(t-rr,/*(t,_x,r),s) -/L(t,x,m-r) for x¢ X, t€ R; s,ré R;
We have proved that (R,X,R+;/.c) is a pseudo-process °
Remark 1

If/gn (n=1,2,...) are continuous, “then/u_ is obviously
eontinuocus, '

Theorem 4,3,2

Let (X f) be a metric space and let (R,X,R '/‘n} (n=1,2,...)
be paeudo-proceases. Agsume that -[ /gn] converges to /-\ uniformly,
If a point (+%,x°)& Rx X satisfies in every pseudo-process )
(R,x,n+¢~n) the condition (s)m or (3) or S(g) °F S (1=1,2),
then thia point satisfies the same condition (SJ(i) or (5) or.

s( 1) (i=1,2) or - respectively - S in the pseudo-process '

(R,X.R+y~). .
Exoofs ' : ' e
Suppose that (t°,x°) satisfies the comdition (S)(n in every
sseudo-procass (R,X,R+;/'xn) (0=1,2,000)0
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. Phis means that

¥ .
"l >0 _3‘0';1,50 3-1*11; 0:
(4-3-10) o ' . . .
(32 rn,j;(x,xo)c U’n) —n fy‘\n(tovxoyﬂ) w(to,X,B) )""L
Let >0 be fixed and let us take ’Yl -'-g: + Find no 80 large
that | | | '

| (4.3.11) f’(/h(t,x,),/‘(t,x,s))é)l for n;no and for every_t..x,a.

' Gonsider now n=n’ and find g4 ) and r according %o (443,10},
n .

So, we have
a2 pge, (to,xo,a) /.._o(t ,x,s))('tl

for xe€ B(x° ,o‘ ) and sy r 0

From the triangle inequality we get |

f(f(to,xo,aJ/-(to.x.a)ls f(/‘(t" .a}/\ (+°,x°,8) )+
!1

(4.3.13J< Coe -l-O(/\o(t p X 'B):/Mho(t .x.aJJ +

; | : +f(/‘n°(t ,x.s),/u(t ¢Xo8)) .

and aﬁ (see (4.3.12) and {(4.3.,12)) we obtain’
(43.14) pUET 208 87 x,8)) 4 3T = @

o
for 82 rno and x such that f(x,x ¥ a-no.
So, for every ©>0 we con find v (= r ) and 0 (=g= )

- - - R - “n

gsuch that -

(4.3.15) PS’“O ,a)/\(t )X, 31349

if s and f(x,x e o, . _
This means that (t°,x°). satisfies the condition (s)(1 ) in

(R,:J:.R+ /.J
- The same method is used in the proof of the other inplioations.
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(S}(z) in (R'x pR+;/*n) - (S)(z) in (R,I,R+§f\)

(s) in (n,x,n+-7agn) i (S) in (n,x,n+;/‘a)

3(1] in (R’X'_R'i';/“n) iy 3(1) in (3,X,B+w

and ’ .

-4 in (R,x ’R-l-;/h) -» 5 in (R;x ,R+w »
So, we omit details.

We say that a pseudo~process (R,X,R+yk) is periodic if
there exists T >0 such that

(4.3.16) /~(t+T.x,a) —/n.("t,x,s) for t& R, xeX, 820,

Every T> 0 fulfilling the conditlon ’(4.3.16) is called a period
of /-\.

Theorem 4,3,3

Let (X,p) be a metric mpace. Suppoae that (R,X,R+§f«m)
(m=1,2,00s) and (R,Xv,R+w are poeudo-~processes. Assume that
every pseudo~process (R,X,R +;/~m) is periodic and that there

r~ & e
exist T, T >0,?‘>T such that for every m there is a period
Tm of /“m such that

(4307 TFer &F, |
Assume moreover that for every fixed (x,s)e IR, the mapping
(403.18) b Alt,x,8) '

is continuous at evaery point teR.. 1f the sequence W} is
convergent to M pointwise in (x,8) and uniformly in t in every
bounded interval of the form [t“ ,t’+ha.] s (which means that |
€30 ¥(x,8)¢ XxR ¥ teR V>0 Fm such that mym,
te[t*,'&' *ol | mmd ,*J(hn(t,x,a) ./u(t.x.a)kE) then the pseudo~
process (R,X,R +;/d is pericdic and has a period T Gr'fﬁl
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Conslder periods T of /k for m=1,2,e++ » Bacause of the
‘condition (4.3 17} we ma;y sgsume without loss of generalj_.ty.
_ that the seguence {T ; is converzgent to some TE[E,T]

We have: for a fixed (x,s)eX=R_ and t<R,

n

| PUplevt,z,0)3pdt,%,80 P(/-(t-l-’r,x,s_)y..(td-'rm,x,l'))ilv
(4.3.19}~_ o JJ(/~(t+mm,x,a],/~m(t+‘rm,x.a” +

f(h(t+T 2X,8) /,(t,x,s))

_J ' '.‘

Lat vl>o be arbtitrarily fixed. We can find §>0 such that

(4.3.20) g-x(tw Xy8), /Jr.x 8))<« "{é

“tor Jo-(t+®)f<c ¥ .

This is possible because of the continuity of the mapping
" {4.3.18).
Now, we can find m such that

=
LY

(4-3.21) |t+!l.‘-(t+'.1' )|¢. 3 for m2m .

Thua the ﬁ.rst member ol the right hand side of (4.3.19} ia
eativated by ’?/:l if mam . i.

The second member of the right hand side of (4.3 19) is estimated
by 7,'/5 for m gufficiently large, say for m2 m, (bscause of the

uniform convergence of f /‘n’( to /« in 1: in bounded intervals).
Finally we observe that

-
»

/'« (t+% ,x,a) .M (t,x,8)

and so, the third member of the right hand side of of (4..3.19)

is estimated by ?l /3 for m sutficiently large, say for B3 R, .
Patting = -

’:

t 1

(4.3.22) B - max(mo,m1,hz) o SRR ¥
we obtain ‘

(4.3.23) P(/*(t*'l',l,a),/‘t,x,s) )< '1 » .
© Stnoe >0 is arbitrerily fixed, we have "

i iy T LS

JEC R “"-,i: i RSE O ETATY
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(43.24) f(/-.(t-n—T,x,a) ,/n(t,x.a)) = 0
which means that

(443425) ,_-/‘(tﬂ,ﬁt,ﬂ) -/*_(‘b,X,B]'- :
The proof is completed,

Theorem 4o3.4

Lot (X,y) be 2 metric space and (R,X,R+;’;4m). (m=1,2,004),
(R_,X,R+w be pseudo-processes such that the sequence f /u.m}
converges uniformly to & . Let the point (to,xo)_ satisfy the
condition S in the pseudo=-processes (R,X,R ;/q,). Suppose the
sequences -j } ix % in X and itm’j in R are such’ that x —-)x € X,
asm—Pm, w —>weXasm—> oo t*——)t and w eA(m,x)
for m=1,2, .00, th.en we A(t,x} (where _Am(t x) denotes the 1imit
set of (t,x) :I.n.(l,x,l}*_qu)). B

Proofs
The relation w_€ A (t X ) for every fixed m, means that for

every fixed m, there ax:l.sta a gequence { } of real numbhers
" much that 13-—900 as n —> @ and

(4.3.26) /tm(tm,xm.ag) — w, @sn — oo
For every fixed m, there exists a positive number y such that
N .‘ n -1_ - » ' '
(4.3.27) ot ﬂh(tm'xm’%)’wm)sm . fOI' n?pnml
For every m, we oan find a positive number km such that
k ' '
(4’.3‘28) f(fm(-t lx i )’" )sm ’ nh1’2'0.t.

‘and moreavar we require that LS A , _
It is assumed that i ol m} ia convergent to A uniformly. This
_ means that -

VE>O 3m°:
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(63.29) y(m(t g Ay % ATNEE tor mpw’
_ : k v
| 4 |
for (tm.xm).m )-E-R:cx:wcn_'_.

We choose ¢~ and § in such a way that
km km £
(4:3430) fy«(t,x,ﬁm ),/&(to.xo-,}\.m N«

tor te(t, -8,% +S) ‘and x such that plxsx,) <0+ Such & chosce .

. im posaible because the condition S is aaaumed :E‘o:c the point

(t X ) with respect to PP (R X,R /d

_ We can assume that the sequence ikm}( is increaaing as m —> @
and then we choose u:L1 suck that
(4e3.31) It-;mlz £

‘ ‘ n . - ’ g

(4.3.32) P(W'Wm)‘ )

'(4:3.33) f(x X )40

(4.3.34) ‘l sm
and |

B

£ _ -
( —

3 for m}m1
from triangle j;nequality we get

(403.36) f?“(t X ,?L B) Wi P%(t »X ,amkm),w ) +
. - +P$Am(t x .)Lm)/&t L AT) .

m m n

h‘

+ P/u.(t ax oﬂ. p/q_(t X ’Am }) + P(Wo" )

Applying relations (4.3, 28)-(4.3.30) and (4.3.32) we observe
that the left hand side of (4.3.36) 1s estimated by |
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2adis A . 3 <
el Gl f(wn,w) 7 +P(wn,w).._ (3 for m >m,

So, we get
k
(4.3.37) /t(to,xo,ﬁi) —>w as m —> o
(since M(tm.xm,km J,me —»0) .
Combining (4.3.34) with (4.3.37) we get
(4.3.38) we At ,x ).
This completes the proof.

Corollary 4,3.1
Let (X,p) be a metric space and (RGR 3400 (m=1,2,400),

(R,X ,R+;/l() be PD. Suppose the sequence {/‘m} converges to M
uniformly and the sequence {bmf in X is such that bm -—>be€X
as m —» © and bmel\l;(t,x) for m=1,2,++s, then DeA(t,x).

Corollary 4,3,2

Let (X,P) be a metric :pace and (R,X,B+;/-gm) (m=1,.04), (R,X,R‘_"u)

be PD such that the sequence { /'\ni converges to M uniformly.
Suppose the point (fo.xo) satisfies the condition (S)(Z) and the
sequences {sz in X and {tm? in R are such that L ——— zoﬁ X,
t -t , zm&/\m(tm,xoj for me1,2,..4; then zoeh(to,xo).

Corollary 4,3.3
Let (x,f:) be a metric space with (R.X,R*%) (m=1,2,.004) and

(R,X .R+;/4) being PP such that the sequence { /‘m} converges to /\
uniformly. Assume that the point (to,xo) satisfies the condition
(S)(” and the sequence {xmf and {yml in X are such that

X —-)xot- X, Y --Pyoe p yme/\n(to.xm) for m=1,2,e4¢, then
yoth(to,xo).

Remark 4,3,1
If in Theorem 4,3.4 and in corollaries 4,3.,2 and 4.j.3 we
assume that (R,X,R+%J = (R,I,R‘_;/u) for every meé N which means
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that /oh -/u for every m, then we have the same results as in
Theorems 4.2.3, 4.2.2 and 4.2.1 respectively which means that
the mappings

(4.3.39) (t,x) —>ANt,x)
(4.3.40) t —>A(t,x )
and
(4.3.41) x b—-—)l\(to.x)
are upper semi=continuous at the point (to,xo) ‘and at t€R, x€R "
respectively.
Theorem 4.3,5

Let (X,p) be a metric space with (R,X,R+%) (p=1,2,¢4s) and
(R,I.R+;/d being FD., Assume that the sequence i/&p} converges
uniformly tol‘\ . Suopose that the sequences fyp},fsp} in X and
{tp} in R are such that 2, —>» z¢ X, Yy —>yeX, tp ~—>» t€R
and 2, & Dp(tp,yp) £or p=1,2,+.0; then z&D(t,y) (where D°(t,y)
denote: the prolongation o~ (t,y) in (R,X,R+h)). .

Proof:

The relation zDer(tn,y ) for every p€N means that for every
- : 4 r X r r
fixed p there exist sejuences {yp} in X, {tp]‘ inR and jupj in R+
such that

(4.3.42) y; -—)yp as r —> o
(4.3.43) .t; ——-‘rtp as r > @

P YO 9 ¢
(4.3.44) - a;.)_’o 79926
and
(43045) o (t7,37,87) —>z  asr —Dw.

For every fixed p, there exists a positive number rp such that

346 r r . r 1 )
(4.3,46) M(tp,yp,sp),zp}s_ - for T
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So, in particular
| » T Tp 1
P » » £-, 192500
(4,3.47) f(/‘f,l(tp Yp *8p J.zp) ~ p=1,2,

T r
We can assume that rp —>» @® and that tpp — %, ypp —y

as p —> o .
So, putting

rp rp rp
(4.3-48) K = 'tp. ’ W iw= yp H ﬁp:- gp

we have

(4.3.49) 7gp‘_>,0 and X, — 1, v, —>yas p—>o.

Then relation (4.3.46) becomes
(4.3.50) f%(“p|wp’%)'zp)$ %, ]F1,2..¢o L]

The sequence ; /‘pi’ is assumed to be convergent to /& uniformly.
So, if we fix ¥ >0, then we can finad p1eN such that

(4.3.51) f&up(s.y.;_l).ris,y.}\) 74 g' <or p2 P,

It is assumed that zp ~—>z as p > ®, Thus we can find
a positive number pch such that

-1
(4.3.52) P(z,zp)< 3 for p3 p,-
Let now P be such that z?:’ sa- dp ;max(pj.sz.

From triangle inequality we get

(4.3.53) f!(/;(ntp,wp.)b),z)sPy-.(a(p,wp,%),zp) +
+ f}“-p("&,'“p'lp)'/"-(%'“p')-pn"' f(z,zp).
On using (4,3.50) - (4.3.52) on the right hand side of
(4.3.53) we get for p2T

(4.3.54) f(/h(dp.wp.%) »2)£ ¥

Thus we have proved that /k(o{p,wp.)bl ~>z as p —> ©.
So. z€D(t,y).
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: Remark 2
If in the above Theorem 4.3.5, we assume that (R,X,R+%) -
(R,X,R+;,0 for every p€N which means that M M for every
p and so Dp(tp.yp) = D(tp.yp) for every p, then we have the
same result as in Theorem 4.2 which means that +the mapping

(4,3.55) (t,y) > D(t,y)

is upper semi-comtinuous at the point (to,xole RxX.

Theor 6

Let (X,P) be a metric space, (R,X,R+;/qp3 (p=1,2,40e) and
(R,X,R‘.;f.) be pseudo-process auch‘ that {h tends to/&
uniformly, Denote by :n(pd.)(t,y} (respectively D(ﬂ(t.y)) the
corresponding prolongations (see Definition 4.1.2) of (t,y) iu

_th

the p PP (R,X,R";/Jb) and (R,K,Rd/u) respectively. Let
(t,y) € R xX be given., '
‘ Assume that A is continuous at t uniformly with respect
to the second and third variables:

(4.3.56) VE>0 FE>0: 1t-g|c § == P, v,z) pds,vyr) e g
for every (v,r) X xR .

Suppose that sequences {yp} and {zp} of elements of X are-
convergent to y and z respectively and that {tpl, is a seguence
of real numbers convergent to t. If zpe D?i)(tp,yp), P21,25000;
then ze Il(d_)("l:,yJ.

Proof:

The relations xpé%(tp.y ) for every p means that for -—
k k
p there are sequences {yp} in X and {ap} in R_ such that

(4.3.57) y: —> - as k —> @ .

-and

(4.3.58) /«p(tp,y:,a:) ~—>z, ask—>w.
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. The relations (3) permit us to say that for every 7) and
every p there is a kp guch that '

.. M(tp,yp,ap),z )<yt 1 k;kp.

So in particular for every p there is mp such £Mt

) m m'
(463559) f%(tp tprQEPP) :Zp) 4‘% (I"T’zs Y
Without loss of generality we may assume that

(4.3:60) L w—= as p —> »

By using the stendard method, we can prove that there is a'
au‘bsequence of the sequence {ymp} -bhat converges o y.
So, without loss of generality we may require that putting

o _
- % » p .
wp H yp ’ rp. L1 ap we get

(4.3.61) “, -3y a8 p —>®

(4.3.62) .rp;o 'ror every
and (sse (4,3.59))

(4:3.63) f(/ap(tp,wp,rp) ' )< ;

We have now

fyﬂ(tgwp.rp) ’3)‘ th,wp,rp?.Atp,wp.rp)) +

(4-0306"‘-)"1 . . - . 'l'f(/(tpn\'fp’rp) /.b(tp.wp.rp)) +

| ‘ 3 S T S a LI R R

\

Let €0 be given. We £ind & such that
(4365)  phult,w,m) pdo,vim) e §

for |t-sj<$ sand then we find b, suoh that
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(4.3466) .t-t' |48 |  for pp -

Becauss of the wniform convergence of ; /gpj to /ﬁ- we gan
£ind p1 such that ’

(4.3.67) f(lx(t W T }ﬁ(t Wt )J-c- . for p2ry,.
From (4.3.63) it follows that we can find p, such that

(4.3.68) f(/ap(t ’¥ ,rp) 2 )< — for PR D,.

(1t 1s enough to find p, such that —1;< .

Pinally, we can find Py such that
€ |
(443.69) }K‘z,zp){ 7 | | for p2 py,
(since zp--)r. as p —>wm).
- Taking now .
?* = max(p_ .0, +p,P;)
we get by (4.3.64) to (4.3.69)
. . o x
(4.3.70) fsy(?,up,rp).zﬂ £ | for p2p .
We have proved that
'/«(t,wp,ré) —— g 23 p —>®
and oo (see (4.3.61) and (4,3,62)) we obtain
26 D(1)(t,y).
The proof is completed.
Theoxrem ' ' , -
Suppose that all assumptiong of Theorem 4,3,6 are satinfied

with only one change: in the place of the condition (4.3.56)
~ we assume that E
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(4'3.:3571) Ye30 350 f(x N2 -)fsft(s »X r)/u.(s.z,r))a
i for every (s,r}&RxR_

and with the natural extension of the notation: Dl()'z)(t,yJ and
3(2) (t,y) denote the appropriate prolongations in (R,X,R ’/'b)
and (R,X,R /.J regpectively,

It

(443.72) " enl(’ ) (6,57,
then
(4.%.73) Z € D(z}(t,y) .

B

Eroof:

The proof is similar to that of.‘l‘he;arem 4,3.6 with only one
change: we use the condition (4.3.71) inatead of (4.3.56) in |
order to obtain from a suitable inequality (analogous to (4.3.64))
the required condition saying that (4.3.73) holde txue.

Concerning the discussinn of prolongational limit sets (see
Definition 4.1.3) we shall adopt the same natural convention:
for a given (t,x) we shall denote by J(”(t,x), (2](1:,:) and
IP(t,x) (J(ﬂ(t,x), (ZJ(t,xJ, J(:l,lx)) the corresponding
prolongational limit set in the p pseudo~process (R,X,R. ;/\p)

(in (R,X,R_ ./AJ reapectively).

Theorem 4,2,8 , : _
et (X,f) be a metric space and let (R,I,R_'_;/h) (9-1'.2,...)
and (R,x,n_'_;/k) be pseudo-processes such that the sequmce{ /‘pi
tends %o M wiformly. Let (t,y) <R xX be fixed. Suppose sequemoes
fy% }:.nxbesuchthaty --')yandsp—'izaap-—?m. !
it 2 GJf.I)(t,y ) for p=1, 2,..., then & J(”(t,y).

Proof:
The relation & 2® J(”(totf ) for every pc-H means that for

every p, there exist saquencas Sin X and {a' k;n R, such that
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k
(4,3.74) - e Y, as k —>®
(4e3.75) a': -—> ® as k —> @
and
(443.76) (t yk g-k) — g as k > o .
Mp'Ve¥pe0y P

S0, for every p there is qp such that

q
(4.3.77) ﬁm(t,y?,%?),zp)(% .

Without loss of generality we may assume that q‘p -» @ as
p > ® and (by using standard reasoning applied already several
times above) there are subsequences of iygp} and 25'31’} tending
to y and to @ respectively. So, we may assume without loss of
generality that putting

% P
(4.3.78? vte ¥y and T = O
we get |
(4.3.79, Tp —_> Y, 'I:p ——)m
and
1 N
{(4.3.80) f%(t,vp,tp),zp)d - for every p.

Let now £ >0 be fixed., We can find P, such that
1=
(4.3.81) f%(t,g,a).fa.(t,g,a])(g for p2p,

(This is possible because of the uniform convergence of h} _

to/&).

We now find P, such that

(443.82) f(np.z)£-§ and =<¥  for pyp,

|-

and take
P = max(p_,p,).
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- I R R
e have by *triarngle ineuality

(443.83) Fy.dt oo T )2 5)9(/4. by Ve T V.D(t,vs.tn;, +

+f{/««n(:.*.fr.‘tnx,m + )o-zz,z“,'

= p N ' ” A N !
whichk zives (see (£4,3.,81) and (4.3.82,) for r»01 the ertimation

(4,3.84) Fi/u(t,vﬂ,T;,,stE, .
‘ie have proved that
/A('t,'f'),'c‘ll; &

and so0 bty virtue of (4.,3.79, we get

(4.3.85) ze.J(1iiL,y).

This comnletcs the proof.

Kemark 4,.3,3

)

) /
In “he case = f v every we et J;.,(t Jo7, . {(t ,v )
/'(n J Po (1) psyp (1/\ p!}p

and then our Theorem 4.3.3 givec the uprer semi-continuity of

uhe ma::_‘.iuf:
H T ‘:‘ [/
b4 o (1 ) ( ’ }

at the point y.

Theorem 4.3.9

Let (i.,FJ be a metric space, {:\,;-.,F.+;/() (p=1,2,00e) and

o

(2.X,R au) be pseudo=-processes such that the seluence {/kpi
+ !
converges to uniformly. Suppose that (tr,xo)ef%x; satisfies
J
the condition (5) (see Definition 44146) in (R,I,R+; J e
Lssume that secuences {xp} ana ;zq} in X and ;‘tpi in R are

sucn that

xp-—?xo, 2 ---)zo as p —>» @ and tp-—?to.

[ &)

D
If J; £ X 3 TOr DValinee 1 . J o
f zpc (”( 95 for p=1,2, , then zeJ(“(to,on

P
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1"‘1‘00""

The relatiors 4 eJ? (t ,x } Tor p=1,2,4+04 mean that for

{1
every p the:-e exi"t cegquences {x } in X, { p} in :i+ such that

(4.3.86) I:; """"?Xp as ™ —
(4.3487) ;1 P O 28 m — W
and

(4.3.88) /«p(tp,xp,hp) — Z_ as m—>w,

From (4.3.88) it follows that (ty using the same renscning
as before) in the procfs of the preceeding thecrems, there is

& seguence {mp‘t of positive integers such that

mp —p o as p ~» @
and
| m'p B 1
(4.3.89) PF/‘-}:’{tp’xp ssp- J,Zp).é '; . (p=1 ,2,0.0}‘ L]
Moreover, we may assume without logs of generality thet

putting

mp mp
(4.3.90) L
we get
(4e3.91) wp ——?xo and T — o as p ~—» o .

We have, by the triangle ineguality

(4.3.92) | © Pt b rp 2 12 m)% Gl v ar Dol st amp)) o
1 | + f(/Atq,xo,rp)?kitp,wp,rp)) +
+ Fwtp,wp,rp)%(tp,wp,rp)) +
. + f)(/-p(tp,wp,rp),zp) +)o(zp,z)
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et E»uv be “ixed,

Becaucze of the condition (&) assumed for the point {to,xo;‘
we can finéd r>»<C and S)u suczh that if
(4030931 !*S""‘So |¢l., S » f{f{,xcj($ ard sS1r

then

(430900 pipadt iy oyl K 55’- )

Because of <ne convergence (see (4.3.91)) we can find P,

such that

(4,3.,95) P(w"'}:o‘;ig and |t'_\-t°i<s for papo.

“e can find p, such that
]
(4.3,9€) 0 K for DPTye

Comtining (L.3494.~(4,5,96, we obsecrve that for p» p, we have

{ , .
1. I L -_—
(4.3.97) f)"‘to"’p"'. Il aXgsT ) MK T
and
(4.3.98) (At _oX o7 gt oW o> ;}cg-
f_‘/“ 0" o 1" Y P 5
for p2max (po,tc1i'.

The uniform cenvergence oY to implies that we can
. /%3 ¥ i
find p, such thal

: : . -
(4.5.99) fy‘(tf}’wp’rp)ﬁ(tﬂ'wl?'r?})‘-5- for p?.pz.

From (4.3.89) {sece (4.3.90), we get

(4301000 Pl (b pw o= ),z K ?5:

for p sufficiently lerge, say for p2po (it is enough to take

1 § é!
-<=),
p3 such that By 5



- 111 =

‘Finally, we can find p, so large that

(4.34101) f(z,zp)': -g- for P2Pye

Thus for p3 P i= max(p, : i=1,2,3,4) we get from (4.3.92)
(see (4.3,96)=(4,3.100))

f?‘(to'“p’rp) y2)S E

and so, we have proved that
(4.3.102) /ﬁ\(to,wp,rpj —>z as p —>® .

Relation (4.3.101) with (4.3.91) implies that
ze J(”(to,xo).

The proof is completed.

Theorem 10

Let (X,pP) be a metric space, (R,X,R+%) (n=1,2,4.s) and
(R,X,I.+;/|g) be pseudo-proc.sses such that f/‘"n} converges tom.
uniformly. Suppose that (to,xo)cngx satisfies the condition
(s) (see Definition 4.1.6) in (R,X,R;fd. Assume that sequences
1:: } and §y 5 in X and ;tn% in R are such that

n n

*n X Yn ! Yor tn t, = Yn€ #2)“11’111)
for m=1,2,44s, then y g J(2)(t°.xo).

Proof:
The relation Y & Jz(lzj(tn,xn) for every n means that for every

™1 in R, {s:}mn+. s, —>® as

n, there exist sequences {tn

m
m—>o, tn—étn and ‘
(4.,3.103) h(t:,xn,s;’) —_—> Y, as m —>0.

For every fixed n, there exists a positive number m, such that
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(4434104) _ 5« (t7,%_ 48 J.yn)sfl- for mam .

n"n°n

So for every n, we can find a positive number b such that
| o 1 |
(4.30105) f%(‘tn ’x ’B ) ,Y )&'ﬁ 1‘1#1,2,...

and moreover we may reqyire that - - e
(4.3.106) b o as n —~—>w.

It is assumed that {/"hk is convergent to /k uniformly. This
means that

) g >0 In € N:
(4.3.107) ) ‘

fy« (h,v,‘C)/-.(h, ,"C)J< '- for nan

We choose A >0, 8)0 and rY» O such that R

(453.108) fs;«(to,xa,snn)yqit;x,snn))<%:

'b
for s Nor (2=1,2,.00), t&(t° -5.t °+5) and xc—X such that

f(x x°)4'.2-
Such a choice of A, S and r 1s poasi‘ble because the condition
(5) i3 assumed for the point ('b o, ) in (R,X,R /u)

We can assume that {‘b ?’ is increa.sing and we fing n1 such tha't

LY

(4.3,109) lt-t |<S
(4.3¢110) f(x,xn)cl o ;

(43.110) plr< g

S
(4:3.112) s s>n
n
and
. 1.c )
(4.3.113) - for n;_n1_-‘



b
ol n & n
tntg tn ’ Sn- 3
we obtain: - . : ‘ ;
el *
(4.3.114) t —>t and 8 —>® as n > .

We get from triangle ilnequality

(4¢3.115) fﬁp(#n.xn,é';),yO)QP%(ﬁ.xn.s'*),_yn) +

. P?.;(tz,xn,s‘;),/..(t,x',é;]] +

e A ]
+ f()'nf.?o) +f(/uh('tn,xn, sn) ,/‘(‘q;,xn,an)),

Using relations (1.3m10%), (4.3.107), (4.3.108) and (4.3.111)

we see that f *;;,xn.d:).yo] is estimated by
@ ol
£ EoF o phunodi <

L]

P¥is we get

(4.34116) fy«.(%:],xn.s:hyo)& o

which meana that
M x ) —>y as n —>m
n*n’n o . |
and we get (see (4.3.114)) o '
Jo & ‘3(2) (to '_'xo) ‘
Thus is the end of the proof:
Theorem 11 _
Let (X,P) ‘be = metric space, (n,x,n*%) (n=1,2,.s0} ang
(R,X ,R+vd be PP such that the sequence g/uh} converges o /l&

uniformly. Suppose that sequences ;hhi in X and {tnf in R
are such that hn ~% hel asn =% and 'bn ——)to and

h & J‘(‘z) (+,,%,) for m=1,2,..43 then he J(Z)(-to,xoi.‘
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Proof:
The relations hne J'?,._\,(tn,xo) for every fixed n means that
o k s
for every fixed n there exist sequences Itni in R and z).n} in R+
such that

(4.3.117) t: —>t as 1 =i
(4.3,118) ).:f - O
and

X k
(4.3.119) /“n(tn"‘o')\n’ o - as X —>ow .
For every fixed n, there exists a positive number kn such
that

; - K 1
(4.34120) f’9"‘:~.( X R, e e o for kK .
So, for every n, we can find a positive number P, such that
(4.34121) (1-p“ x pn) n)g T, net,2

i f&"n 'n'o')h i it R bt

and moreover we may requ. re that
(4.3.122) p, > .

It is assumed that (‘/“ni is convergent tO/u uniformly.
Thus means that

'V'&N) 3'n°eN=
(4.3.123)

f(/A(T,W,O)VLn('E,w,O)R % for n2n,

for (t,w,8) €RxX xR .

It is assumed that hn —~=>h as n —» o, Thus we find now

n1e N such that .

E 1, &
\ — — —
(4.3.124) f(h‘ yN)< 3 and (3 for n?_n_‘

and putting



- 115 -
Py Py
(443.125) vi=t o, B=AY, AP0 aasn—Fo

and using standard reasoning we e¢an show that

(4.3.126) v ——91:0 as n > o,

We have by the triangle ineguality

(4030127) f(/h(vn,xo, n),h)‘f %(Vn,xo,ﬁn),,hn) +
¥ f(hn’h) +ﬁ§“‘n(vn'xo ’PnJ ’/“L?n’xo')ﬂnn |
Using relations (4434121), (4434123} and (4.3.124) we get
(4.3.128) an,'xo,}sn).hma for n sufficiently 1argg |
which means that i
/i(vnfxo ’Pn) —-—> N as n ~—»m
and we get (see (4.3.125))

he J(g) (to,xc) .

This completes the prcol.

Theorem 4.3,12 _

Let (X,p) be a metric space, (R,X,R_'_;/-h)'(nf‘l,z,...) and
(R,X,R ju) be PD such that i /khj converges to . uniformly.
Assume that the sequences {wn} and {qn} in X and .}tn} in R

| are such that

q ~> 96X, w —DwWEX, t —DIER

and
q &It ,w ) for nai,2,...; then a6 I(t,w).
n n’n
Proof: . :
The relations Qe Jn(tn.'w n} for every n means that for

avery n there exist seguences {wﬁ} in X, ;tﬁ} in R and 57‘:}

in R + such that
!
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(4230129) W, —>w_ as * —>®.
- (4e3.130) A; - asr — (D '
(4.3.131) 8 > as T —> ®

and | | ¢

(403.132)' /‘_h('tr. v ? in) ——— qn as r —>.

el | B-rne N
(4,3.133)

1
| Pleend Aa)e ] tor T2,
S50, there exigts a sequence ;kni of positive integers such that

(4.3.134) (2 2 22,00 4L, m1,2,.00
Py‘n lr.n kn’)'-kn.’qn n'? 144

and moreover we reguire that

(4.3.135) kn"-—a ® as n —> ®©
and putting
o= em A !
(4’.3.136) Elﬂ tk [ Vn- Wk | Sn. l,k .
n n n [
ve get

(4.3.137) T >t v, —Du
and also trivially
(4.30138) a# —>0 asn—>w®.
We have obviously (because of (4.3.134))

(4.3.139) F(/.h('[: ',v '8 )’qn)$l for nn1"2,... .,
It is assumed that g /‘h} :i.a convergent to /g wiformly. This
means that
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¥¥ 30 Fnel: ¢
(4.3.140)
f(/-h(f,g,h) ,/.(r,g,h)k% for n¥n

It is assumed that P(q,qn) ~30 as n —>» ® and we find
now n16H such that '

(4.3,141) P(q,qn)Cg and ':T<g for n‘;,u‘I

and by the tri'anlgle inequality we get
f(f‘tn’vn’ an),Q)Snyfn(tn,vn,sn).qn) +
Chsduttes v pla ,a) + PO (T 0 08, ) M o8, )).

On applying (4.3.139)=(4.3,141) we get

(4.3.143) fyt(tn,vn,an) ) S Y for n;,max(no.n,‘)
which means tl;at
/&(T.‘.v.a)-—?q as n —> o
n n n
and we get (see (%.3.138))
q& J(t,w).
Remark 4.3,4
~In the case /"h n/u. for every m in Theorems 4.3.11 and 4.3.12,
we get respectively Jl(la) (tn,xo} = .]'(2} (tn.xo) and
> (tn,un) = J(t_,v_)), then we have the same results respectively

as in corollary 4,3.5 and Theorem 4,2.11 above which means that
the mappings

(4.3.144) R3>t > J(z)_(t,xo)
and
(4.3.145) RxX > (t,w) > J(t,w)

are upper semi-continuous at t®R and at point (t,w)€R xX.
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B Aube . .

Theorem 4o4,1 - |
~ Let (X,p) be a metric space and (R,}[,R+y‘) be a pseudo-process.
For every (r,x) €« R xX we have '

4,4.1)  No,x) = 0,x,T): T2t
( » Qoif( x } .

Proof:
 Assume that yeAlr,x).
So, there is a sequence {Bmzl of real numbers such that

| ('4-4.2). y = .'.-t-t[-n(q;x,am) a8 @ -—-) o
and | | ’
(4.4.3) B, > as m ~—> 0,

Let t 30 be fixed, For m sufficiently large say mzmo ye have
(eee (4.4.3)) o

smg,‘t.

This means that |
(4.4.4) /a(a-,x.:-amJe{/.(w,x,pia Tt} for mpm,.

So, ¥ being the 1imit of the aquence ?/(a;,x,sm)}, mm= mo,moﬂ,..
of elementa of the set { /-(o',x,'l'.'):' T 2,1;5 belonga to the closurse
of this set, ' ' -

Thus

(445)  ye{ dox, T T2t}
| This is true for every t20. So y'belongs to the intersection
of these sets for t20: . |

(4.4.6)  ye -Qo {/-(U',x,‘t:) : Tyt

Thus we have proved the inclusion

(44.7)  Alync O {;(f,x,t)zf?_t}.

£ »0

PP
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tXet now ¥y te en elemen* of the set which 15 on the right
hand side of inclusion (4.4-7}. Let us consider 1:-1_,2,;..; of
course - | |

(4.4.8) Ye f,-(a’,x,t): T2 n}.
- Thus for every n there is a.seguence E‘tﬁ} such that t:: }.n
and | )

. (4_._4-.9) Y - Ltf {(}',x,’t:J ag m P ® ., : ""__-

So, for every fixed . there exists m  such that

P(a;,./da,x,tz)) <I1-1' for m2m

and in pa.rticulaf for 8, = ‘C:‘: e have.'
_ : : n
('4.4.10) s 0

and | | |
(4.4._.11) f(y,/k(d','.'c,sn)A) < %_. :
From ('4.4.10) ve gt
(4.4.12) 5, —>«
while (4.4,11) gives
/-'-(O'J,Sn) ~»y asn~—>m.
This means that |
. e Al o),

We have proved tl_:__a_t_

“ , Qo {/ala',x;c) : T2 tjc:.!\(q-,x} .

Thus we have that

(4'.4.13)‘ A(o-,x) = r\ {]‘(a‘,x.‘c): 1:';,1;;}. |

_ +20
This completes the proof,

- -
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) ‘Pheorem 4.4.2
Let (X,p) be a metric space and (R,X,R+/:J be & pseudo-process.

-

For every (0, x) e Rx X we have

(4.4018)  D(E30) =ﬂ{u (e, aﬁ,B(x,F),s] o >0 pm}

a»
Praof?
Agsume that

(4.4.15) y & I{a,x]).

So, there are. sequences {x )‘ in X, 2't. 7‘ in R and ;g i in R
such that

(444416) X ~2?»x asm-—>wm

(4.4.17) 'tm —3¢ asm—dcw

(4.4.18) __ s, 20

‘and .

(4.4.49) ¥ = Lt/a(tm,x‘u,sm) as m —>? m, .
Take o>0Q, ﬁ}O fixed, For m sufficiently large we have

(4.4.200  t €B(o0) |

gnd

(4.4.29) x_& B(x,p)

and so _
(4.4.22)  p(t % 3 )€ plB(qya0 4 B(X,p),58 )

and then

(4.4’.23) /“-(t px ps ]e U /‘((B(d-, ’B(x,ﬂ) ,3).
_ g20

Thus y being _j;he limit of { ML X8y )i 'belongsl_to; | |
U JB@0,500,p)0)
o s 20
Thia is true for every >0, p)O a:c'bitrari.ly fixed, So,

(4.4.24) | yen >0/&(B(d',¢),}1(x,p),s): ot>0, p;»oj.
-] .
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Let
(4.4.25) N SU 3o, o) ,B(x,p8) ,8)
yeum{gé ’ P iy
B>0

“ U@ 3G 10 «>0, p>0}.

Then for every ef>0, P)O

(4.4.26) ye \J M(B(o,00 ,B(x48) y8).
:,L:ON ’ P

Thus for every ¢, and p there is a aequencei 3.':1 ’} such that

(4.4.27) voe | (B(g,00) ,B(x,p),8)
o, B Bk;)()/* P
and
(4.4,28) K aapy MOATSNEG
3&,9

Relations (4.4.28) iuply that there i1s s2 O such that
‘n
(4.4.29) yd'PGIM(B(G’.d) QB(X,P) .BJ .
Then, finally, for erery « and P we can find sequences 10-11},

{x:'P} and i&ipk auck that

n n
(4.4.30) ]a’-a;Pud, f(x,xq’PJ(P, a“-P‘)"o

’

and
(4.4.31) /.L(o-n ,xn ,an ) —>y as n ~—>wm.

op d,P o @
Take

and put
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‘For every fixed m we c.n find n 80 large that
| n 1
(4.4,32) la-'-tm|< e for nyn_

(4.4.33) f(x,;:J < 'El' for npn
and '
(4.4.34) - f(f.t(t:, ‘;:,rz),y)l.% for n;,'nm.
Without loss ¢f generality we may assume that
n —>® as m=—>w®

and by standard arguments, we can shdow that there are suitable _
subsequences of {t;’m} and {;E’z tending to ¢ and x respectively.
So, we may assume without loss of generality that these
sequences themselves are convergent to ¢ and x reapectively.
So, we have
o m
(444435) P}u(tm 5 Sm T ),¥9) >0 asm=-—-Dwm
o .
™ n -
v DT , Sm — X as m —>w.
Thus
y&D(o,x).

The proof is completed.



CHAPTER V

CARTESIAN PRODUCTS OF DYNAMICAL SEMI-SYSTEMS AND PSEUDO-
PROCESSES. SUPPLEMENTARY RESULTS.

In this chapter, we give results concern.ing the cartesian
products of dynamical semi~systems and pseudo-processes. We
also mention some supplementary results on processes. They
are treated respectively in sections 1,2 and 3.

§ 2.1.

In this section, we give some results concerning cartesian
products of dynamical semi-systems and their limit sets.

Let (X,Gyr) and (X,G;% be two PDSS and put

(5¢141) Tecul
and
(5-1.2) f = Xx!)?.

We introduce in G the usual algebraic operation. If .

and 3" are additions in the semi-groups G and ¢ respectively,
Then %" 1in G is defined as follows:

For (t,t) and (s,s) belonging to GuE, we put

(5.1.3) (t.’{) :' (B,g) = (t“‘a; ‘:E:g).

It is known that (ﬁ,?) is an abelian semi-group with the
neutral element (0,3) €GxG (0 is the neutral element in G
[ -4

and T is the neutral element in EJ._
We define now '

(5.1.4) ﬁ':- '“',‘,‘l.'r': A;a ——-—-—’i

by
(5.1.5)  f((x,5),(+,%)) edta (r(x,t), FZT)).
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“Pheorem 511
ﬁ,e;ﬁ) is a PDSS.

Proof: |
Por the triple (%,6;%) to be a PDSS, the map ¥ should

satisfy the following axioms:
(5¢146) Identity Axiom
and
(5.1s7)  Group Axiom
We have for every (x,X)< XnX:
(5.1:8)  Tr((x,9,(0,8)) = (rix,0),MES)) = (x,9.
Thus
FUD ,(08) = (1,9 ¥i(x,D < F.
We then have that T satisfies the Identity Axiom.
Tet (x,5) €% ana (+,%),s,5) belong to G o
Fr(fi(x,%),{£,%)),(8,%)) =Trr(x,t),7E,T)),(s,5) =
(5.149) ~ = (Gr(m(x,t),s), HEFH,T),9) =
= (M(x,t+8),7(%,T7%8)) = T((x,¥),(t+s,398))

Relation (5.1.9) shows that the map Tt satisfies the group
axiom.

Remark 5,1.1

If G and ‘(:;are groups (and so (X,G;w and (i,ﬁ’ﬁ) are PDS)
then clearly (i,a;?r) is also a PDS since G is a group.

Let (I.lz.‘!'r) be a PDS. Let # be a point of Y, We put

(5.1.10) /\"(z):-{ye Y: there is a sequence {(tn,sn)} of elements
of 82 such that tn — D , 8, ~——> and
Tr(z'(tnyﬂn)) ->y as n ﬁm}.
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Similarly we define A (z) (by replacing the conditions
t — w®, g ~—>® byt —>- and 8 ~—>~® respectively).

This definition is a special case of the general definition
taken from Pelczar (49os5h)

We shall use definition 5.1.10 above with respect to ¥ = ;
defined previously as: i - X nXs )

Let (X,R;m) and (X,R;3) be PDS where (X,f) and G,f) are
metric spaces, Let i- X xX and e 11‘:'?'1' be defined as
previously, Then ;\f((x,':'c)) = 'I\"'(x)x';\"(ﬂ VxeX, feX.

Proof:
Let
(5.1.11) f = (o) be a point of the set A'((x,3)).
There exists a secuence {(tn.'fn)} in R such that
(5.1:12) ﬁ((x,“i),(tn."{‘_)) — B ac n ~——> .
But
T30, (5 ) = o7x,t ), WET)).

Thus (5.1.12) becomes

(5.1413) Mx,tn),ﬁ(‘fﬁnl) —> 0 = (n,m) as n=—>wm,
Relations (5,1.13) imply that
(5.1.14) Tl'(x,tn) — as n —> o
and \
(5:1.15) TET) —% as n —>@ .
So we get " | p

(5.1.16)  meA*(x)
and
(5.1417) 2 e (D).
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i From réiafio:;s (5.1.16) and (5-;.17) we get
(5.1;18) {(m,DeA’(x) x AE)"
which implies that |
(5:1,19)  fe A'(x)« 7'\;"&1 .
| S0-we have proved theat
(5442200 AM(x,x))C A« AMED.

To prove the reverse inclusion, let us consider a point
ﬁ
% « (7,5) of the set Ax) « NG,

| There exists a sequence {{an,%'n)} 4n R? auch that 8 - e,
'n—-)m'asn-%»doand : = |
(5e1421) (Tl((x,en),—'&'{i',‘é;)) —>»Fu(y5) 2sn—do.
Relations (5.1+21) (ses (5,1.5)) imply that -' -
(50.22) TH((x9,(6,5)) > 5= (7)) asn—>o.
Thus we get (see 1541410)) '
(5.1.23) P& R*x20
whioh means that
C(5a1528) N = RE c At
Combining (5.1.20) and (5.1:24) ve got
. A _ ~ ‘
(5:1.25)  A'((x,x) = A AMGY.
Thus proves the ,aasertion
Corollary 5¢1.4 :
Let (X,Rym) and (X,R{F) be DS where (x,0) and (Top) ave
. metric spaces. It & w X% cnd 4 = WxT be defined as
. previously. Then A ({x,x}) = AT (x) x A7) tor xex, Tt
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o :2. |
In this eection, we give results concerning the cartesian
products of pseudo~processes and their limit sets.
Let (G,I,H;r) and (’&',Y,ﬁ';/'w be two PD and put

, . r.]
(542.1) Ha HeH
and
(5:242) % - ou«C.

~ Por (+,7) and (s,%) belonging to & G we define their addition
as in (5.1.3) above, _Then'H xfﬁ' is a sub-semi~group of Gxﬁ'.
We define now ‘

AA

(54243) /a':.zu/u:?’:: GxXIxE -_-a"i

by
_ (5.234) /t'((t ;T) ._(x.‘i’) ’(B,fg} ) ='f y&(t .X.B) :}:ﬂﬁ.ﬁ) ).

2poorem 52241

(ﬁ,i,ﬁyﬁ) is a paeundo-process.

Proofs ‘ . ‘

Yor the guadruple (5,2 ',ﬁ;/’i) to be a psesudo-process, the map /‘"I
should satisfy both the Identity and group axionms:

(5.2:5) ﬁ((t.’ﬂ (21,5),(0,8)) = (ult,x,0), ;-’:(%’.&',w) -
- - (x,5) WxFeX.

Thus we get '

(5:26)  fUEE D0 = < tor (52 3.

Let now (x,%) €X ana (a:,&':), (5,%) belong to 3. |



| , S -

/&(((t t]-l-(G'.a‘}J/A((t .(x,'i') {rd)),(8,38)) =
.ﬁ(((t T3 (0,7, (/-l.(t x.d")./-t("f ¢ %50 ),(8,8)) )=
-/a.((t-t-a','i‘.""ﬁ‘) yt(t,x.a')ya(‘f %,5)),{8,8)) =
- %(ti-a'./.(t,x,o').s);:('ﬁ'ﬁ",""E,ﬁ,’ﬁ"),'ﬁ” -

- (ﬁt,x,ﬁs)fi’f,ﬁf,’&*ﬁ)) -
=/t((t,%l,(x:i),(a+a.?ﬁ’§ll

(5.2.7)

Applying (5.2.6) anad (5.2.7) we have proved that ('é,i,ﬁ;/m ‘

1s a paeudo-prooess. _

Lot (n,n,nzgf\) be a pseudo-process. Let (o',w) be a poin'\: of

o li_xM. We put

_(5.2.-.'8) Aoy w) :.w{ q€ M: thera iz a sequence f(t 8 )} of
clements of R” such that t ~+ @, 8 —>
' and/-.(a',w o(t o8 )) =3 q as n'—?cn}

orem 542.2 |
Let (R,X,R 7‘&1 and (R,X,R ;/uJ be paeudo-pmocesaes where (X,P)
and (£,p) are metric spaces. et I = IxX and /ﬁ-/w/i‘«’ be
defined as above, then ?\"((t €3] (x,"}) - A' (t,x}x K’ﬁfﬂ.

Proof: .
Let .

(5.2.9) 5 = (p.’ii) be a point of the set 2 vE),(x,%5)).
There existe o sequence fx ¥} 1o R? such that . |
(5.2.10) /«((t ) (2,3 (x 7)) —>F = (0,F) es p—a— ,
" This implies (aee_(5 2.4)) that
(5.2411) gu(t,x,rm)f}"(i,¥,¥m)) —bﬁ - (p.'.'ﬁ) '_'as m—>o.
Relations (5.2,11} imply that

. {(542412) /;(t,_x;,rm) -—> p as » ~>w
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and:: ) -
‘So,we get | ‘ '

(5.2414) p & N (t,x)

and
(5.2:15) e XNE,S.
-Thus we get '

(532;16) 8w (p,F) ¢ AT(t,x) « AT(E,D)
which :meliea that . _'
(5.2.17)  AN(,E) (xE)C ATt,x) « ATES).

" To prove the reverse inclusion, let ue considar g point
h = (n,3) of the set A'(t,x)x K (%,5).
There exists a sequence f(-vmﬁm)} such that

vn;r-)a) ani ‘:ir'm > ® a3 n=—>w
and _ _
(502418) (b, ) KTE ) ~>%- (13 asn—>o
which implies (aee (5.,2:4)) that
(5.2:19)  AULDEDT) —>E wwn—da.
Thus (see (5.2.8)) we get

(5.2:200 - mé AT((5,D),(x3)

. which means that

(5.2.21)  A'(,0)x Z'ERD € X (6,5 o (x,).
. Thus we (aée (542.19}) get

C(5i2.22) AN, (xE) = At x RED.
..~ This completes the proof, -
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8.2
' Iet (R,X,R ;,A-) be a paeudo-proceaa. By H ['f-.J we denote the
family of mappings

(5.341) ReIxR ——>X
defined as follows:

(5:3.2) YGHE/J.:I if and only 1f there exists a
sequence ] T § of real numbers, such that
T, —> ® and for every t.x',seaxxxk*.

/u(t-l-‘.ﬂn,x.'a) ——— w(t,X,8) as n —roe.

It is called the asymptotic hull of (see Dafermos (1571))
R ¢ 2 4 satisfies some additional conditions, then every
veE['/{] is a paendo-procosa, several results concerning that
"matter are obtained Yy Dafermos @9?149?1a,b). Por our purpose we shall
simply assume that certain mapping v¢H I_'!qJ is a pseudo-proocess. -
We shall consider below prolongaticme of the po:l.nt (tyx)e RxX
with respect to distinct pssudo~processas. ,

We use the natations J?'..._(t,x) and Iyz(t,xl for prolongations
Lorx po ond /& respectively and also Jﬂ(t.x). %(t,x) denote the
pmlongational limit sets for /k. and /-t raspaotivaly.

Let (R.I',R_'_;/-,) be a pseudo-process such that for every
(x,8)e X« R, the mapping |

- (5433) t "'_’/k(tgxgﬂ}
is centinuocus and there exists of >0 such that
(5.3.4) /‘*(w.x.s) -/A(‘t x,a8) for every t,x,8.

Assume that /’1 is a pseudo-procesa belonc:l.ns to ‘1[/4,] Phen
for every (t,x}e RxX

%(t,x)c_" U{I')#(ti-r.x)-: refo,«] } .
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-:rrgof:
Let & be a point of I%(t,x). So there ers sequences {tm ’
{xm}, {sﬁ‘t such that
tn —r X w— Xy sm:;o
and
(543.5) Z - Lt/’l(tm,xm,sm) ' ag m -~ m.

' On the other hand, there is a sequence { Tn". of real numbers,
such that Tn ~—»® as n=—>wm and for every m

(5¢346) _/«(tmi;Tn,xm,am) -—-ﬁ:(tm,xm.sm) 88 N ~—P® ,

Thue we can find a sequence fnm} of positive integers such
thatnm-—-?m a8 m ~—» @® and '

. _ | _ L
. (5.307} tmﬂ;xm’xm'am)’/"'(tm’xm'am))'L z *
We have ) : _
(5:3.8)° [ planpbtyel, pipaey))s plagilt ,x om )) +
m

+ )b(/’“u{tm’xm’ s m} %{tmﬂln ,_xm, an‘? )

m
< playiltyxpe,)) + 1
and so |
(543.9) ./'u(_tm-i-mnm.!}m.amJ .—_) z ‘ s —>m.,

We can find sequences {kmi. of integers and § rm} of real
numbers such that -
(I5.3.10f) Ty = kT, r_ e(0, o]

This gives by (5.3.4):

(543411) /L(tm-p-‘rnm,xm, sm} - /A(tm-n-’rm.xm. an) .



- 132 -

.ﬁe may - assume without ross of generalicy that %rm} is
convergent to some number r€{0, 7.
So, we bave ‘ . d

(53.12) b 4T, —>44r’
and then
(.5.3.13) ge b, (ter,x).
- Thus we obtairi
(543:14) . ze_u-i%t-vr,x): relo, ak]}.
The proof is completed,
T heox 2

Let (n.x.a /U) te a pseudo-process such that for overy
{x,s}e Ixn the mapping

(5e3015)  T—=> pu(T,x,8)
48 cortinuous and thet theve exists A>0 such that
(5.3416) -/L('f-bil 24Xy 8) -/u('l:,x.s) for évery T,X,s.

Agpume that /."Z ic a pseudo-process belonging to H[;u] .
Then, for every (T,x) eR xX.

%(r:,xlc U{%(‘B-t-r,i}: ref0, A J } .

Proof:
Let y be a point of J}_-;(t.x} S0, there are seguences {
{x ], a llanch that

'Cm---b'C, xm-—?xanqsn—ém a8 m ~> ®

and

(5.3417) y ;tﬁ(tm.xm,sm] as m —>m.
On the other hand, there is a sequence ia'k }a:t real numbers
such that 0"k —>® as k —>® and for every m

~
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(5.-3.18) /-'-('L’m-l- ,x '8 ) -—-?/u.('l: WX 0By )} a8 k.-—)o .

~ Thus, we cad ﬂnd a aequence {km} of positive integers such
thatk — g a8 W~y © and -

(543:19) f/‘(tm"' X .Bm) Fl'l: LN ))(l
Prom trisngle inequality we get '
f(y. ‘C+a]'; S LW )7 f(y, T %08y ))
(5.3.‘.’20) . + P(/u('c 1% 98 ]/;(1: +0 ,x 2 N
| £ PUa Tyoxgo)) ¢ 3_7
‘and so, (see (5.3417))
..(5.3.'.21) | /u.(tm-l- WX 080 ) ——)y as m;-—-)on .

| We can f:l.nd B segquence ;Pms of 'poaitive integers ud{rm}
of real numbers such that ‘ o

(5.3:22) Tt a"km - Tm+pm),+rm, rm&CO, v I
This gives by (5.3.16)

(5-3'.23) /'L(t + G'k .x ’B ) -/*(.t +T .xngsm)o

Ve may apeume without loss of gemeralitly that {r } is
convergent to some number T efo,xJ.

S0, we have )
(5.3024) 'Cmi-rm-—-é"l: *r | |
and then .. . _ , o

(5.3.25_) i ye .l)u(‘t:'-vr,x).‘

Thus we getl

(5.3.26) yeu{%(mr;:&): x €0, A7 ]
This ie the end of the proof.
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