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CHAPTER O
INTRODUCTION

§ 0.1.

The classical theory of dynamical systems is based on the
so-called qualitative theory of ordinary differential equations.
In this theory, usually, we are not interested in solving.
explicitly the differential equation, but rather, we are looking
for Theorems that deal with the general properties of solutions
of equations belonging to some classes of equations or ﬂm:t
properties of families of equations, as well as about properties
of some subsets of spaces in which we consider corresponding
equations with respect to solutions of those equations.

In particular, to that theory belong such topics as:
stability of trajectories and motions given by differential
equations, asymptotic behaviour of solutions (including
existence and non-existence of limit sets and the properties
of thosé sets), invariance of some sort with respect to mappings
induced by solutions; topological properties of families of
curves representing trajectories of solutions and many others,

The theory of dynamical systems has as its background the
qualitative theory of (autonomous) ordinary differential
equations with uniqueness while ‘the theory of semi-systems
generalizes that part of the theory of (autonomous) ordinary
differential equations without uniqueness to the left and the
delay differential equations as well, o

The theory of processes and pseudo-processes generaliszes
the theory of non-autonomous ordinary differential equations
together with delay-differential equations as well.



‘A processes is a direct generalisation of the concept of

~ topologieal dynamical system, The transition from dynamical
system to processes is, roughly speaking analogous to the
transition from autonomous to non-autonomous nm-l of ormlry
differential equations.

The clasaical theory of dynamical ly-tm has been duJ.t with
by many authors, some of them generalised it by :I.niroduouc the
so-called dynamical cemi-gystems, pseudo-dynamical systems

semi-systems, generalised dynamical systems, local dynamical
semi-gystems and many others. -t '

Also, some particular theories (or rather, lub-thnou.'iui.
for example the theory of stability, has been investigated and
was generaliged independently of the general ones. There
. appeared some natural trénds with a view to making such general-
isations which would give rise to some kind of uniformity and
& good classification of various types of general theories of
(gunwmm) dynemical systems, as well as the possibilities
' of reasohable unuom presentation of various versions of
stabilities, asymptotic behaviour, limit sets, prolongational
limit sets, prolongations and so on. '

§ 0.2, CLASSICAL DINANICAL SYSTEMS

In order to introduce some fundamental notions in a natural
way, we comsidsr first of all, classical dynumical systems
induced by the system of autonomous differential equations.
Tet £: R® —9R” be a given continuous function., Consider the
following ordinary differential squstio

L
"

(0.2.1) x'w 2(x), (where xa g)

(remrece ting in fact the “ollowing system of n ord!rary
differential egquatiens )



e p
(0.2.10) x

i-f1(x1 .12...o.xp); (1’1.2..0..“))'

Let us consider the following in general:

Agsumption (A):

For every x eRrR" s there exists mt:l.y one solution of tho
equation (0.2.1) passing through the point (xo.ol belonging to
R®x R (which means that, the unique solution satisfies the
initial condition :

(002;2) 1(0) - xo

defined and being of class C' in R, We denote this solution
by x(x_3°+). ‘

'.!hus x(x 3+)t R =—>R" is such a function of the class o .
that is,

x'= (x3t) = £(x(x ;%))  for t€R and

x C) m x
(10‘ / 0.

We use here, the natural notation:
My +4) =
xf(x 5%) = (& %(x it))

if x is considered as a function of two nrhblu t (inter-
preted usually as time) and X, e

Remark 0,2,1

Assumption (A) above is equivalent to the following
condition (A'): For every (xo,t)sli."un there exists exactly

one solution x of the equation (0.,2.1) satisfying the initial
condition x(t ) =x_ defined and being of the class o' tnn, -
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It :ls wpll known that for every z ¢R” ana every t.se-n, \n
, have Caed Sarget Panr e

+ ML e LY

. [ LI . .,}#f ‘
(0.42.3) fx(x(x .tJ,a) - x(z Jtes). ot
) j‘ m& *‘.‘(hrbfu.é ur-' o -
¥e now state the followings 1Tom R 13!’% s Baphd L

i Lk ‘ : AT «Mww w
unm‘ jon (B): - |
Por every fixad t &R, the mepping ’x i—-—’x(z ;t}én

':l.l coptinuous,

In the classical 'bheory of ordinary dir:tcrontisl eqnat.tonn,
there are proved well imown theorems about the oontinuous )
dependence of solutions on initial data. Such theorems permi’ '
us to replace the above assumption (B) with suitable condition:
that appeared as assumptions in those theorems. Thig is however
not essential here and we shnll limit ourselves to assumption (B}
" only. * S ' e T
It i porumt to notice thn.t the mpping

(0.2.4) ) n :na(: .t) t--vx(x 3%) en

o & o
induces a family of napp:l.nga of n into itnel:t. This tln.tly :la
:l.nﬁqxad by 3; ¥or each ﬁ.xea_. t<R ,m oonsider the mapping
(0.2:5) ° hn§'x i-:-b x(x ;:-t)(-;lln.

= ol m&w e

. The oonditiom . 2.2) mpne& that for t=0 we have the
1dentity mapping R© —=> " while condition (0.2.3) gives the
"following connection between composition operation of family
0f our mappings and the sAdition: the composition of twe
mappings corresponding to t and s {s the mapping corresponding -
to tes, S e

"
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_In that sense, we approach the elementary and classical
th'o.or;y ‘'of (continuous) dynamical systems.

We now forget for the moment about how we arrived at the
mapping (0.2.4), instead, we consider it together with the
assumption that the conditions (0.2.2) and (0.2.3) are
satisfied as a given mapping from ) v | into R, Repeating
now formally the observations given above, we can state that .
the mepping (0.2.4) induces the family { t}t en ©f mappings
of R into itself, defined as followas

For every fixed t€R, the function Tl't is given by the
formula

(0e246) T (x ) =TWx jt) for x, €R".

(0,2:7) 1M, = identity mapping of R"
(0.2,8) T, o™, = ._"tu for every t,s€R.

The mapping
(0.2,9) R xR (x,4) > T (x)€ R

is continuous (since it is in fact the mapping (0.2.4)).

So, we obtain a family of mappings {1‘!‘1_3 indt:od by R,
having a group structure with respect to the group opetration
being the composition, with the neutral element being the
1dentity mapping. This group is abelian and it is isomorphic
with the additive group (R,+). 0f course, each of the mappings
belonging to the family above is a bijection of R into Ltlolt;
the inverse mapping for 1I' is clearly Ft i

All the mappings are oontinnou and moreover, the dependence



of the elements of the family on the parawmeter (index) t ia
not onlﬁ continuous but also is anch that the mapping {0.2.9)
is continuous, Such a family forms the so-celled dyneamical
system on R". '

Remark 0.2,3 : ' "

If the system (0.2.1) dvep not satisfy the unigoeness

; eqnhition, to the left or to the right, then we caen define _
,dynamieal semi~sratems. : '

Roughly speaking, 8 dynamlcal semi-gystem ia defined in
tha same manner as a dynamical eystem in one direction of
time (either positive or negative) and becaune¢ of lack of
uniqueness or existence in the cother direction it is not
defined for t£ 0 (or +29 reapectively).

Remark Cq.204 Lo .

The ‘evolution of the theory of dynamicel systems has given
rise to some clase of problems which do not need the topological
structures in R" and R as well as the continuity of T , neither
for the formulation of problems nox fop their golutione.
Because of this fact, there appeared the notion of pnaﬁéﬂ-'
dynamical system (R®,Ryw} in which R is a simple zet, (R,+),
a4 group and the mapping W fulfils cnly the first two conditions,
(1.e. the'identity property and the group pecperiy}. Since every
dynamical system is evidently a pseudo-dynamical system, wes have
some kind of generalisation. R

§ 0.3. HONAUTONOMOUS DIFFERENTIAT, EQUATIONS
It 1s known that the systén of non-zutonomous differontidi
" equations of the form: '

(0.3.1) x! - f(‘.t}i (X‘ '%‘x%‘)
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in i—eﬁmo, where f:¢R®x R =P R" is continuous and satisfies
-the umniqueness condition does not basically give rise to
dynamical systems or semi-systems without further adjustmenis
being made. In this case ome can propose gemeralisations by
using the theory of so-calldd processes. _
The system (0.3i1) can be hovever reduced to an autonomous
system of the form | -

(032 Fe ot Fe

in the (ne1)-space. This is arrived at by treating the indepen.:..
variable t es a new coordinate. -

While the construction (0.3.2) above is valid, it has the
effect of destroying some of the latent structure of the
original equation, For example, the new equation will not have
any bounded motions, nor any periodic motioms, nor any almost

:I.od:l.o motions. Because of this fact, the theory of topologic-
Mu has not developed into a powerfe) technique in -
applications to non-asutonomous differential equations.

. Howbeit, Sell (1), using the suggestion given in Miller (15:)
developed the basic theory for viewing the solutions of non-
autonomous differential equations as dynamical systems, He
affirmed that such system like (0.,3,1) that satisfies natural
existence and uniqueness candi.tion. for molutions irnduce a
dynamical system in the lptco iad :

Instead of troutml xlluth.mphuo space, one can
consider the product R”x‘F , where F 1s the function space
consisting of the tramslates of f. That is, a typicel elemer*
of F would be f.. where 2,(x,t) = 2(x,T+t). By introd.oing
an appropriate topology on g- s One can define ,a local
dynamical system” on R°x‘F . If the solution of (0.3.1J is
defined for all time ¢, th:l.l becomes a dynamieal mtel on R”



CONSTRUCTION OF THE DYNAMICAL SYSTEM.

Let £ C(R"% R,R) be an admissible function that satisfies

the global existence property and let i be the product spase
“ L ]
R%xF . A metric 4 on X is defined by

(0.3.3)  a((x,2),(%,£)) = |x-&]+ f(r.i)

vhere P 1s any metric on '3'
We define the mapping T : xnn -—-’I by

(0.3.4) T(x,£;T) = (t?(x.r.t) .tt)

where @(x,f;T) denotes the solution of (0.3.,1) that satisfies
the condition '

(00305) Q(I 48 0) = x. ' N

We have that ﬂ'(‘:.f 0) = (P(x,2,0), £, ) = (x,2)}. So, T ut:.-:m-
the idemiity property. Frowm ths doﬁn.ttlon Qf W, it ocould bo
easily proved that the triple (x.nm is a dynamical system,

Suppose that r >0 is a given real number, R" is an n-dimen-
sional space over reals, c([a.b',],ln) is the space of continuous
functions mapping the interval [a,b’ into R™ with the topology
of wmiform convergence, It [a,b] =[-r,0], we let 0= O(E-c.ﬂj,l‘).
If ¢ 6R, X320 and x¢ C([0" =r, "+t JR"), them for any se[oy0vel]
ve let x ec be defined by

-~

vy

(0.4.1) "t‘("” = x(t+0), | < T < 0.

If D 18 a subset of RxC, £: D —>R" is a gived function
W

and + represents the right-hand derivative, we say tw 3
the equation ‘ -

[
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(0vhe2)  X(%) = £(t,x,)

“is a nmntommua delay d:l.frmtm equation on D end we will ‘
denote it hy m '

A function x is sald to be a solution of (0.4.2) on (a'-z-.rw)
if there are @ €R and &0 such that xGO(Ed'-r,rn] o ); |
(+,x,) €D and x(t) satisfies equation (0.4.2) for t¢[o e,

ror given 0" € R, 9&0, we say that x(0,§ ,2) is » solubion
of equation (0.4.2) with initial value @ at @ or uisply a
* solution through the point (67, @) 4if there is ©> 0 vuck that
x(a'.ep.:) is a solution of equation (0.4:2) on [rer,c+ct] and
x ("39 ) =P,

Bquation (0.4.2) is a very general tm of equaticn and it
includes ordinary differential equation (x=0), x(t) =1'(x(%)).
We say that equation (0.4.2) is autonomous if £(%,9) = g(9),
where g(® ) does not depend on t,

§ 0v5. EUSDAMENTAL NOTATIONS

By ﬁ'. we shall dencte the space of real numdbers, iu,

R™ @« RxX esex R (n times) is the n-dimensional real Euoliisan
space. This usual notation had already been used in sactions -
0.1 = 0,4,

The set R will be considered sometimes as a set only, mad
sometimes as a topological space (provided with the natueal
topology) sometimes as a group (R,+) or a topological group
as well as an ordered group (R,+,$). It will be clear in oeseh
particular context (otheruinc it will be stuted expli '11 1),

' The same is with respect to R, _ ‘

We shall use the usual logic notation and the clasnisal
set theory terminology and netation, The symbel := gtaadn _
for ,equal by the definition”, the symbol =) gtandn for
»if and only 1£” while the q-huq-ﬂg. stands for ,1f
and only if by the definition™,
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" We put R = Jt&R; t20], R = {teRs tsof.
The set of all integers will be denoted by Z while N
denotes the set of all positive integers and N v § O} will be
denoted by KN,.

§ 0.6. OR 0LOGIC

The name "Dynamical system” (in French "systéme Uynamique®”)
"and (in Polish "Ukady dynamiczme”) is a natural ertension of
the terminology taken from the theory of ordinary differential
equations., In the classical Theory of ordinary diff(rential
equations, this name has been used for systems havirz tihe right-
hand side independent of the time (in the usual mechimical
interpretation of the independent variable as time).

Nowadays, the name " Autonomous systen"’ is used wost
frequently for such systems of @ifferential equations..

We know that such systems of differential eguations ianduce
the fundamental examples of dynamical systems in the general
sense, Because of the topological assumptions required in the
definition of the general dynamical ayitm, there is also
used, the name "Topological Dynamics™ in the place of
» dynamical systems”, n

Recently, many authors proposed their terminologies for
generalized systems, including local ones, There are for
example, dynamical semi-systems (or semi-dynamicel systems)
and local dynamical semi-systems and so on, The deti-.utioma
are not compatible with one another and because of tais fact,
we camnot keep to a particular terminology met in the methe-
matical literatures. ’

It is impossible to present here the full bibliograph’s
concerning the theory (or rather theories) of dynamic2l nystems
and their generaligzations, Let us mention only some irpo. tant
books and papers. Generally, theory of global dynamical (ystems
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l.n:"nn nnd general metric apaces is treafud in the Yook of
Bhatia and Szego as well as in their earlier soript (preprint)
of then (see Bhafia and Ssego(4ut7)and (1970)), while the local
dynamical systems and semi-systems are inveatigated in the
script of Bhatia and Hajek(19-)) (where the term semi-dynamical
. systems is used) and in the book by Sell, GeR. (Sell (1vtby (06z) and
(4475¥, in which the name "Topological dynamica”™ is employed,
together with Sibirsky (1775).
A very good introduction for the generalised dynamical
systems is sivu# in the paper by Sell (19, while some apecial -
cases of local pseudo-dynamical semi-systems are considered by
Pelcsar (see Pelczar @975 and (19%30)), '
Generalized systems are discussed in particuler by Bronastedin(:?)
(A961), (3ka,5) Polcng(«;ﬁ-j%)(pm II) and (19%), Roxin@s))., Por further
refefences, the rich bibliography presented in the book of
Bhatia and Ssego(‘:7) and Sell ©97)will be of great help.
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This thesis is concerned with the theories of
Dynamical systems and semi-systems (and their generali-
zations - for example, pseudo-dynamical semi-systems) and
the so called pseudo-processes as well, and families of

such systems.

The theorems that answer the following questions are
stated and proved.
-~ What kind of properties of dynamical systems (and
their generalizations) are preserved passing to the limits

of sequences of such systems?

~ Which properties of the trajectories, inverse
trajectories, limit sets, prolongational limit sets and
prolongatiess in dynamical semi-systems and processes are
preserved when passing to the limits of the sequences of

such semi-systems and processes?

The main results are all the theorems in sections 3.1
and 3.2, theorem 3.3.2, thecrems 4.3.1 - 4.3.4, - )
Supplementary results that are also original and new are
dealt with in chapter 5 with respect to cartesion products
of dynamical systems and processes together with asymptotic
hulls of processes as well.

There are some results which are extensions and
generallzations of known ones. For instance, we mention
in particular that from theorem 3.1.3 we obtain as

corollany (see Remar 3.1.3) the known result on the upper



A4 )

semicontinuity of the mapping

x f——— A'(x)

and

x SWANIED

The thesis contains also sgme known results which are
mentioned in order to make it self-contained and so, it
presents the original results which form its main part and
also a complete outline of that of the theory of dynamical
systems and semi-systems which deals with limit sets,

prolongational 1imit sets and prolongations.



CHAPTER I

GENERAL IONS

We recall the definition of (continuous) dynamical ivstem -
in the classical sense., In particular, we eﬁploy only tc¢he
notations which will be used often in thia study. 3 _

Along with the above, we give the definitions in the classical
sense of the concepts like: periodicity and almost periovdicity
of motions, Stability of sets and of motions, Limit set.,
prolongational limit sets and prolongations inecluding their
resnective properties.

Ve state briefly the pointwise and uniform converrence in
one variable and also in two variables of the sequeices
{(x,n;rg‘)} ana {(X,R_, )} of pseudo-dynamical systems und
~also pseudo-dynamical semi-systems respectively.

The fundamental definitions of systems and senmiegyotems in
general topological spaces are discussed. However, onr study
deals with systems and semi-systems in metric spaces only and
the group R or semi-groups n+ and l!_. Some known theorers are
stated without proofs.

§ 1.1,

Definition 1,11

Let X be a topological space, (G;+) be a topologicel abelisn
group and let Tr be a mapping from X %G into X. Tha iriple
(X,6;™ 1is said to be a dynamical (continuous) gyste if and
only if '

(1.1.1) “(x,D) = X for every x &X



.

(1.1.2)  TW(w(x,8),8) = Wix,t+6) for every x €X, for every
t, 820G :

(1.1.3) T is continuous.

We should note that we put the "continuity" in brackets
because in our definitions, the term "dynamical * will cover
the continuity property of the considered systems, while in
some books and research papers, the "continuity™ is expliocity
underlined in the terminology. = o

It is clear that the conditions (1.1.1) and (1:1.2) above
are equivalent to the following conditions: The mapping
‘induces the family 3T T}, g ©f mappings of X into itself .
provided with the abelian group structure with respect to the -
composition operation with the neutral element being the ‘
identity in X, so that relations (0.2.7) and (0.2.8) are
satisfied, Of course, the definition of 'll' is such tht '
"ll'(x) = W(x,t) (see (0.2.5)).

A special case and simultaneously a fundamental model (ﬂ
an example showing clessical applications) of such dynamical
system is that obtained previously on the basis of differemtial .
equation theory; in this case, X = R", G = R, 1T = mapping
(042.4). Repeat now that starting with equation (0.2.,1) for
which the existence and uniqueness of solutions are assumed ¢
only for t20, we can repeat our reasoning and we shall obtain '
&8s a direct ma:uliutl.an the so~-called dynamical ul:l.-qnm'
in the sense more general than was discussed in section 0,2.

Definition J.1.2 : |

Let X be & topological space, (Gj+) be an abelian semi-group
with the neutral element O, and let finally T be the mapping
of X% G into X. The triple (X,G;w) is said to be a dynamigal
gemi-pystem if and only if the conditions (1.1:1) = (1.1.3)
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in the above definition i.1.1 are satisfied.
' It'is clear that in this case the family Jw,}, .o hes
a natural semi~group (abelian) structure with the neutral
element being the identity in X. '
If vwe assume the unigueness and existence properties for
. local solutions only, we can obtain in a similar way, the
theory of the so-called local dynamical systems (or somi-
systems) (see Bhatia and Hajek (4959) and Pelesardsio)). There
are also more general theories (see for instance Pelczar(1ywm),
(4578 ) concerning such cases in which we omit the topological
~ structures in X and G (and necessarily, the condition (1.1.3)
in definition 1.1.1). For details, see the next section,

§ 1.2. 1OOAT AND GIOBAY PSEUDO-DYNAMICAT, AND DYNAMICAL
SISTEMS AND SEMI-SYSTEMS

Let X be a non-empty set and let (Gj;+) be an abelian semi-
group with a neutral eleint O and let A be a subset of the
cartesian product X = G such that

(1.241) Xx{o}jC a.

We should note that condition (1.2.1) implies that A £ #.
‘Let us put for xe X

(1.242) I t=ftea : (x,t)ea].

Since O€ ix for every x ¢X, wo have that I_# ¢ for
every x&X. Let now W be the mapping from A iante X.

~ The guadruple (X,G,A;7).is said to be a local pgeudo-
Aynamioal semi-system (shortly written as loc.PDSS) if and

only if P
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(1.2.3) w(x,0) = x for every x &X
(102.4)  If x4X, t eI and 8 &L .y then tes €I,

(1.2.5) Por every x4X, t &I, sGI*(x.t), we have
ﬂ'(“(x,t),.l) -“(I.”t). :

Definition 1.2.2 | :
If (X,G,A3w) is a loc.,FRSS nuch that .l = Xx G, then

(X,6,A;¥) is said to be a glob

or simply a n@ﬂw (mﬂly written as
 PDSS); in that case, we write (X,G;¥) instead of (X,G,Xx@&;w.

Definition 12,3 r
1f (X,G,A;%) (or (X,63w)) is a loc.PDSS (respectively: PDSS)

| such that (G3+) is. a2 group end moreover: if x4X ani tGI

- then "t‘I\t(x,t) (and s0 necessarily we have: T(I‘(x.t),-t) - }
for every x&X and tGIx). then (X,6,A;m); (respectively:
(X,630) 1s said to be a MMW' -

(respectively: pseudo-dynsmical system (shortly written
respectively as: loc. PDS and m).

Remark 1,2.1 4
It is clear that the condition (1.4.1) above is automatically

satisfielif A = Xx G, 50 in the case of global PDS, we do mot
need to assume napa.ratoly this oondition.

Let (X,G,A;w) be a loc.PDSS-(or PDSS or loc.PDS or YDS);
in the case of FDSS or PDS we have of course (X,G; )e Ve say

that (X,G,A;¥) is a local dynamical semi-gystem (or mmnl:
= @ dypamica) gemi-gygten; or a Laumsm.lmg u'
s dwamical eystem)if and only if

LY
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(15246) ° X is a topological space

(1.2,7) (G3+) is a topological semiegroup (or in the case
-of loc.PDS or PDS - a topological group)

(142i8) A is open in the product topology in X &
(this condition is trivially satisfied in the
global case: A= XnG :

(1.2,9) tr: A —>X is continvous.

We like to point out that some authors use the terminology
,semi-dynamical systems® in the place of ,dynsmical semi-
systems”,

Henoe forth, we replace the set G with R, the set of real
numbers, Instead of triple (X,6;¥) we have the triple (X,Rsw).

Given a dynamical system-on X, the space X and the map

are respectively called the phage space and the phase map
(ef the dynamical eystem). The sets W(x)= W(x,R), r(x)-'lr(z.n -
and T_(z) = W(x,R_) are ret ectively refered to as ~the 'h'm
the positive semi-trajectory and tho limti'n ul!.-ftruau‘tm

Srough the point xeX,
For every x€X, the map W induces a continuous map

(162410) T3 R ~=>X
defined by the formule:
(12411)  W(t) =Tz, t) e

This mapping w. is called the metion through the point x¢ X,
Moreover, for every t &R, the map T induces & map

o

v

(1e2:12) T3 X —3X

defined by

(142413)  T(x) = (x,t). |
© The map T, is called the mm (or ution) ;

f i ,:a* e
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. Zheorem 152.1
‘The map W defined by TW_,(x) =W(x,~t) is the inverse
of the map ‘It.

Tt 4s worth it to mention that in some standard text books
on Dynamical systems, the symbol W is deleted. In those
books, the image T(x,t) of a peir (x,t) ¢XxR is simply
expressed as xt. The identity and group properties are as
follows:

X0= x for every x &X
(xt)s = x(t+a) for every x ¢X, eand t,s€R.

In this study, we adopt throughout the nmotation used in the
definition 1.1.1 above. (The above definitionsare due to
Pelczar [5)).

‘ 1.3.

In this section, we give the definitions of periodicity
and alrost periodicity of motions and the stability of motioms
and sete. :
Definition 1531
The motion l’ through the point x4 X ia said to be periodic
if there is a T ¢ 0 such that TW(x,t)= W(x,t+) for all teR.
~ A number T &R will be called the period of the motion,

A set D of real numbers is called relatively dense if there
is a T 70 such thet

DN(teT,t+7) { @ for all t€R.,

The motion <y through the point x X is said to be almost
periodic if for every € »0'there exists a relatively demse
svbast of numbern {tr_}. called displocement, such that

y(t(x,t) W(x,t4T ))<E for ell £ &R, and each T .



Let (I,P) be a given metric space.

Definition 1,3.0 .

A set M is said to be positively Lyapunov stable (or positivel
stable in the Lyapunov sense) if for every £ 0 and x &M thu'o
1s a ¥ = 8(x,8) >0 suoh that T(s(x,8),R, )cs(K,e).

The stability of the trajectory T(x) through the point x&X
could be obtained by substituting W(x) in the place of M in |
definition 1.,3:3 above,

Defipition 1:0:4

The motion Tf° through x € X is said to be positively stable
in the ILyapupov sense if given £ O there is a §®&DO such that
p(x,y) < §(2) implics that p(W(y,t),m(x,t})<& for teRr .

A motion W through x&X is said to be negatively Wmv
stable or stable in both directions if the condition in the
above definition 1:8:4 1s satisfied with t R, bo_u:g replaced

by t&R_ or with t&R.
" Phe definitions 1.3+ = 1:3.4 are due to Bhatis and Szego (1970).

Refinition .30
A get MCX is said to be invariant in the dynamical system
(semi~system) (X,G;W) if snd only if .

™M) = U {‘.r(x}z x (-M}c. M.

If G = R then M is said to be positively (negatively) invarian
if and only if

™ (M) -lf{r+(x): xs.-rf}c M
(mpcct:l.vo)y:
m () -l"tr (v} ycw‘-cn )
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U'§ 4ede LIMIT SETS, PROLONGATIONAL LIMI? SEPS AND
PROLONGATIONS,
In this section, we give the definitions of limit sets,
prolongational limit sets and prolongations and some of their
properties.

Assume that (x,y) is a metric space and_(x.llt_l" is a
dynamical system,

Definition 1.4.1
Let x€X be given, Put

(13441) A*(x):={ y€X: there 12 a sequence Jt } in R
with ¢ —>+m and w(x.tn) -—by},

(1.4.2) AT (x) :n{ y€X: there is a sequence {tni in R
with tn —b -0 and Tr(x.tn) —-!vy}

Por x€X, the set A'(x) is called its pogitive (or omegs)
limit jet, and the set A (x) is called it: pegative (or alphs)
limit set, In cases (1.4,1) and (91.4,2) the point yeX is

. called the pogitive and negative limit point of the point
x & X respectively. ‘ :
The set of all positive limit points of all points x€BCX

will be called the positive limit sei of the set B and is
denoted by A'(B). Thus

A'@) = U{Ax: xeB], simtlerly

A (B) =) {A‘(x): xeB;.

Bemazk 1.4.1

Let I be a contin cns map, Shen ‘% is possible to prove
in ow aase that '
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(1043) . A"(x)e= ) { T () “R*i’ and similarly
(15434) A"(x) = N {Tft('ll'_(x): t &n_].

The maps A': Xox+—> A'(x) and A"t X3 x +=—> A(x)
play important roles in the theory of stability in pseudo-
dynamical systems and dynamical systems,

Ve now state of the properties of limit sets which ‘ve often
meke use in this study. These properties are stated eitlher as
Lemmas, propositions or Theorems in standard text bocks on
dynamical systemsg, hence we omit their proofs.

Let (X,p) be a given metric space and (X,RjW) a IS (so T is
continuous), Then the statements of the following theorems
hold true

(1.4:5)  A'(x) ena A"(x) are closed invariant sets
(edeb) T, (0 = T (0 VA mnd T =T_(DV A
(1e4:7 (D) =TV Alx), —
Zheorem .42 -
For any x¢X, W (x)= A*(x) if and only if T* is periodic.
Zheorem 1,4.0

If for x€X, 'u'x io a periodic motion, then A"'(::) - A(z) = '
al(x) = -

Zheorem 1,4.4 '
For any x€ X, 1]'3:5 is compact if and only if I\J'(z) is
compact. :

The concept of trajectory has been memtioned in the previous
section.The form and the properties of W(x) do not contain
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usually any information about the properties of neighbouring
trajectories. To overcome these limitations, the cemoept of

 prolongational limit sets and prolongations were developed,
Let x €X be given where (X.f) is a metric space, Put

(1.4:8) J'(x):= {yex: there is & sequence {x‘& in X and
a sequence {t } in R auhthltr.n—-’x, 2
1;--)+cnn¢'ﬂ'(x.t)-—¥y} .

(14490 T (x):= {yqlz there is a sequence ,"ni in X and
a sequence {t | in R_ such that x ~—¥x,
ty, =P -» and T(x ,t ) —> v}

(104010) D'(x) 1= {yex: there is a sequenoce i"n‘ in X and
a sequence }tn} in R, such that x =»x,
and T(x ,t ) =y}

(1:4411) D 7(x)t= § y& X: there is a sequenoe }x } in X and
a sequence {tn} in R_ such that x, —Px,
and 'I'I‘(xn.tn) ——"y}. '

For any x €X, the sets J (x) and J™(x) are respectively called

-the pogitive and pegative prolopgational limit petg of the poins
x€X while the sets D' (x) and D"(x) are respectively called the

Popitive and pegative prolongationp of the point x X,
We ocan oconsider mappings

x5 (x), & x>
and
p*: x =30"(x), D": x =>D"(x).

These mappings play importan®t roles in the thao:ry of stability.
It is wovthwhile to note that for any x<X, D > (:),

PN (2, 3T 5 A'(x) and F(x)DAT(x). , "

These inclusicm. nv M7 yicre, &
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From the definitions and the properties of the sets ()
and D*{x) 1t follows (see for instance Bhatia and Szego(1.7), (1579)).
that
(1412 ') = JUT(: plx,3) < }s o430

(1.4.13) @) = N{p*(mx,)): ter}

These formulae are considered even as definitions in several
books; here we limit ourselves to metric spaces and so we adopt
(1.4.8)=(1,4.11).

J7(x) and D" (x) can be presented analogously.

We state some of basic properties of the above sets.

Theorem 1.4,0
For any x X
(1.4.14) D*(x) is closed and positively invariant

(1.4.15) J*(x) is closed and invariant
(1.4.16)  D'(x) =T (x)UJI"(x).

Analogous results hold for both J (x) and D (x).

Theorem 1.4.6
Let the space X be locally compact. Then for amy x€X, D' (x)
is connected whenever it is compact. If p'(x) is not connected,

LAl

then, it has no compact component.

Theorem 1,4.7
Let X be locally compact, Then A'(x) ¢ # whenever 1'(x) is
non-empty and compact.

Theorem 1.,4,.8
Let X be locally compact, Then J (x) # # and compact if and
only if D*(x) te compact.

Theorer 144,09 ‘
Tet x,y6X. Then y&J (x) if and only if x50 (x).

The definitions and theorems stated in this rection are “sken
from Thet's 5.4 J.:80 (967), CT97S),
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§ 1.5, SEQUENCES OF DYNAMICAL SYSTEMS

In ordgrt:oxaludo any nisfu:.u we state formally in this
section definitions pertaining to sequences of pseudo-dynamical
systems (x.n;'lrn) and pseudo-dynamical semi-systems (I,R'.tl'n) |
and (X,R_ m'n).

Definition 1.0,1
The sequence {11' ] 1s said to be convergent (pointwise) to T

on X%R if and only if ¥x ¥t ¥£>0, Tn :f('rr (x,t) ,M(x,t))<E
Va>n .

Definition 1,0,2
The sequence {'ﬂ‘ } is said to be oonnrslnt m.tﬁn.‘l.; in .

t€R te T, written ahortly as:
T, =>T  uniformly in t,
. 4f and only if ¥xeX ¥E0 TFa
| -fﬂ&(x,ﬁ),ﬂx,t))(& IVn )no; ¥+ eR.
Definition 1535.3
The sequence {wn] is said to be convergent m:oul.y to -
if and only if V'€>0 Fn :
POT (=48) Wx, 8) )< € Vnon , ¥(x,t) eXx R.

Analogous statements hold for pseundo-dynamical. nn:.-qctm
with R or R replacing R.

§ 1.6. PSEUDO-PROCESSES

Let (R,+) be an abelian semi-group with neutral element O,
H be a sub=-semi-group of R, such that 0¢H, and let X be a
non-empty set (called in this study) a space.
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Suppose that A is a mepping from RxX xH into X,

We m that the quadruple (x.n.n;,) is a pseudo-procsess
if and enur ir

(1:641) /u(g.x,o) w x for g¢R and xeX
and

(1:642) ﬂ(mh../((g.x,h),k) '-/Idg,x,hn:) for gel, teX
| and k.htl:ﬂu

The notion of the pseudo=process (see Pelesar(f9iss)md (1573)), -
s a direct mira:l.iutiun of the notion of processis !ntrpd\loog
by Dafermos (1571). : ‘

In this study, wo limit ourselves to the cace> of I baing
. a metric space, R being additive group of real numbsrs md 0
‘equal t» the semi-group R > of nen-negative real numdars. '

_ There are some fundamental commections between pseudd=
moouu and the classical dynemical systems, If /A Goes not
deper. on the first varisole, thm putti.g formally:

v(x,n)z-/l(t,x,u) for (x.c)(-.l:n-, teR

-

we obtain a Mcnl semi-system in the sense of Pelosax (1953)
(called in Pelcozar(197%), pseudo-dynamical semi-system), that is
the triple (X,H;W) miach that * .

s XxH~=—>X satiafies the conditiens

T(x,0) = x md Tr('lr(x,t).-) «T(x,t+8) for xel
and t,s €H.
If X is a topological space, H a topological sem .«group .
(growp) amd T is continuous, then our triple is . -
a dynamical uu-ayntu (aynesitcal system). On the other hand,
if we have a pseudowprocess (x.n.n;p. then we can oins’ruct o
. associated semi-system (X,H;¥). by putting
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wd IR SRR g

g,'%g;,:; RS ;.;5':=94<t,x,a) ovs) for ((xytp0)le Tkt

aSuch '1 redur*tion of pseudo~processes 'tc corregnonding

3"’”‘1'93 stems is presented in Pelozar(@»73) in order to inveatisate’f

car‘c.ain stability Guestions concerning pseudo-prooesaes ‘ny

“eplacing them with suitable stability problema, reated with

regpect to seml-systems or dynamical systeme.

o

- DIFFERIMTIAL EWUATIONS. ., - -

.3
.‘_.__._
3

.“.?3 Let f be a continuous f»nctlon from Rx.R 1nto R -3uah
that for every (t A Ye ® xR there exists exactly one-
 (saturated to the righ*) solution of the initial Cauchy
"problem ' '

Uty 3/ = 10, 7ty =

. &
S
S

ﬁ;fined on the intcrval [‘c s ) o We denote this unique B

solution by A ,t ) and we put .

(i.B.S) ;i(t,x,sJ = Pt+s,x,t)

:fmrteﬁ,eeP ,xeﬁ
. We obtain in that way a process (rR™ SRR /’i) Indeed, “we
have first of all'__-ﬁ.w,wrf.J ' :

/J-(t,\’.,OJ ud;?(t 'Ix,t) = x for every téR.

-

’:A

o E
e -':&-5\&:&‘3.‘&?.‘3‘&33;;;

"% HOW_PSEUDO-FROCHSSES ARISE FROK THE SOLUTIONS OF DERAY .. .

A g



‘Moreover, putting for fixed t,s
Y(r) = P(teasr;x,t)

A(r) 1= Pltesers PL485x,t) ,tes)
we get :

'lp'(r) = f(teser, P(tessrix,t) = £(teaer, Ylr))
i similarly

C A/(x) = f(teesr, P(teaer; P(tesix,t) ,ten)) =
= £(t+ser,A(r)).

We have also

A(0) =yY(0) = P(tes;x,t).

So we get two solutions Wand X of the initial Cauchy

problem

y's &(§,y)
(1.6.6)
y(0) = P(t+s;x,t)

where
s(;.y) 1= £(teseg,y).

Prom the assumptions on the uniqueness of solutions of our
original Cauchy problem (1,6.,4) for every (to,yo) <R gn“,
it follows that we have also the uniqueness of (1,6.6). '.l'hi.s
implies that WY(r) = Alr) fcr every r and so

P (t+eersa,t) = D(teser; Q(tes5x,t),tes)

which means that
. L
_/t(t,x,mrJ « JCors, )l t,x,8) ,x)
for every t€R, s,r G.-R_._ and x &L,

This proves our assertion: (Rn,n,.‘?._& ;;'.') ie a psevdo-mrocess,
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As e have in the cases of dynamical semi-systems, dynamical
systems and pseudo-dynamical systems and semi-systems notions
of limit sets, prolongational limit sets, prolongations and
stability and sc on, so also we have parallel notions in pseudo-
processes.

Definition 1462
Suppose fol is a pseudo-process on X, the trajectory ﬂ,[o',x'_l

through the point (g,x) €R xX is the set in Rx X defined by

/tfr.x'.l- {(ﬂ'i-t./da'.x,t)): tﬁn‘.} g

Definition 1,6,
Suppose M is a pseudo-process on X, the orbit /x(d‘,x)
through the point (¢,x) is the set X defined by

/a.(d",x) - {/(r.x,t)z ttn_‘}.

Definition 1,644 .
A praudo-process /115 B¢ .d to be T-pericdic if there is a

T >0 such that /g(l‘-i-'l',x.t) -/u.(d',x,t) for all J €R, t&R,_ and
x€X.

Definition 1,65 |
A point x&X is said to be an equilibrum or critical peint

of a pseudo-process J~ if there is o <R such that mryx) = x,
that is fx(d‘,x,t) = x for all teR_.

LIOGR CAL NOTE.

The definition of limit sets is due to G.D.Birkhoff (n; ;}o;.u
PP.654~6T72]), This concept has been previously used by HiPoincare .
without a formal definition. Alternative equivalent definitions
of 1imit sets were used by S.Lefschetz (1257 and by T.Ura (199,
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The formal definition of prolongations is due to T.Ura (1964).
This concept has been previously used by H,Polcare E‘I. Vol.1,
Pe 44 in a speciel case without a formal definition. The
concept of prolongational limit set is due to J.Auslander,
N.P,Bhatia and P.Seibert. |

A definition of stability (of motion) was given in a precise
form by A.M.Lyapunov(4%k), The concept of stability of equilibrum
was previously discussed by Lagrange and by Dirichlet.

The first complete development of stability theory of
dynamical systems is due to V.I.Zubov (1;4) and S.Lefdchdi@% RE
In a sense, in the theory of stability of dynamical systems
or semi-systems, one has achieved a synthesis between the
point of view of Lyapunov and that of Poincare, In fact,
Lyapunov was interested in local_ (stability) properties of .
n-dimensional systems, while Poincare was interested in a
global property of planar systems. '

There is no definiteé bibliography about the definition
of processes., However, .here appears definition of processes
in Hale ©127)).In the same year of the publication of Fale’s
book, Dafermos(i97) appeared and later Pelczar(1973)

(The references quoted in the first four paragraphs of
this bibliography are as in Bhatia and Szego (157), while
those in the last paragraph are as in this study). '



We give some properties of trajectories, semi-trejectories,
inverse trajectories and the family of trajectories, Thay are
discussed respectively in sections 1,2 and 3 of this chapter.
Some additienal remarks on inverse trajectories are given in

the last section 4. We also give some general definitions that
are pertinent to the results dealt with in this chapter gemerally,

§ 2.1.
Let us recall the classical definition of upper semi~
continuity of multivalued mappings.

Refinition 2.1.1
Suppose that (Iip) is a metric spoce.

_ ht_ﬁboamppingttoutho -pacpzi.ntoﬂx.'!ho-ppj.n‘!
ls said to be upper semi-continuous at the point x € I if end
only if '

x_€X vy, eH(x )
» n€ =) y &H(x )
zn—-l': A —y y

Theorem 2.1.1

Let (X,p) be a given metric space and (a,R;mw) be & dynamical
system (or dynamical semi-system). Suppose that x &I end
J"'(xo) ¥ § and J+(x°) C Tr+(x°); Then the mapping

'“'*: X x =3 ‘ll;(x.)

is upper semi-continuous at the point :oex.
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Let {x ] and y | be sequences of elements of X suck that
(2.1.1) .zn—?x. as n > ®
(2.1.2) - M} as n ——%
(2.1.3) ,’n'e";(xn)' for ,1.2.... -

We have to show that
(2.1 :") ,0 e'll;('xo) . r
Relation (241.3) implies that for some t 20 we have

(24145) - A -"lT(xn.tn) .

We consider tw ouos' here:

Case (1°): {t }u bounded
Case (2°): {t _l, is not. bnunaea from above.

~ Case '(1°); It means that there exists a convergent smﬁmeo
itkh} of, {t } such that tk-—}t 20 as n > @ , 30 we have that

(241:6) 1t - ItW( ) = T( ot,)
. o Wit U
n~»®® n -—)e

App:um relation (2.142) we have that y -Tf(x oty e, (x Je
Thus, we have proved (2:1:4) in the case (17).

Case (2°); It means that there exists a subsequence itp-} or

{t"s -nchthtt -—d>® as n ~—>w.,
ﬂ

!humhsnthstypnnﬂ(x tP‘) t -—!'n as n>w,

Using relation (2.142} we get:
(2:137) A HT(xpn.ipn!
n—>w® .
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and tals implies that

(2.1.8) y.ea""(xo) (see relation (2.1.1)) |
From th- assumptions, we have that -T*(zo) c':'lr*-(xo) and

using relation (2.1:8), we obtain again (2.1i4).

We have shown in both cases that y, < T,(x,), so the mappisg
Xs x == T (x) is upper semi-continuous at the point z‘el.' '

Qerollary 2,1.1
Let (x._y) be a given metric space and (X,Rym be a DS (or DES)

with 11"(:) being periodic and positively Lyapunov stable, Then

Xox > "I’r+(x)

is upper semi~continuous at the point xo'-q-x.

Eroof:
Prom the assumptions we hln that T _(x) is periodic. This
means - that

(2.59) T, (x) = T(x) = AD.

Relation (2,1.9) itpl.tu that J'(x) ¢ §.
Moreover, from the assumptions, we have that M, (x) is poutlvola
Lyapunov stable, This implies that

(2.1.10) ' (r,(x)) =W (x) (see Bhatia and sugo “1962)),
Relation (2.1.10) implies that . _ '

(2.1 1) D= c, (x). . L5
From the definition of D'(x) we get |

(241412) J_'f_(x}c T, (x). .

Thus, by virtue of Theorém 2,1.1 we obtain the assertiom,
The next theorem is the symmetric case of Theorem 2.1.1,
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P v
- Let Ofp) be a given metric space and (X,R;U) be a DS er DSS.
Let J"(xo 4@ ana J-(xo) cw,(x,) for any x,6X, Then the
.mapping '

Xo x> T _(x)

is upper semi-continuous at the point x eI.

. The proof of Theorem 2,1.,2 is parnl'l.ol to thn proof of
!hnru 241414 Wo-need only to replace J* by J ’ 1l' L
and t‘ — +0 DY tn -5 =@ respectively.

- heorem 2.1.7
Let (x,f) be a given metric space and (X,R;W) be dynamical
seni-system (DSS) or dynamical system (DS). For fixed x€ X,
let W be positively Lyspunov stable, Then D'(x)C ..

Eroof: .
Let ped'(x), This meens that there exist sequences {5} 1:: &
énd it }in R euch that

%

(2.1.13-) X, =>x a5 n—de .
(2:1414) t 20 |

o
(241415) W t)) -—)p as n —>wm,

Cage (1): i ) 18 bounded.

The sequence {tn} is bomdcd. and 8o we cen assume without
loss of gemerality that t —-)ten .
© - Using rolut.ton (2.1.1§J and oonthuty axiom we get

mu.nn; rohtiun (2.1;15). then relation (2.1.15) ve get
(2.1017) P'("n' (x).
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M.W. {t} is not bounded.

This means that we can assume thatt — ® un-—?o.
 Prom the assumptions, we have that ]'! u positively Lyapuov
stable; This m that .

(2;1.18) Ve 3 Mo :P(z.yk? —— |
PUNlx,t) My, t))<E V620 ‘ .

- Pix 'Q)o. Yor this ‘rL , ve can find 8)0 such th t m
relation (2:1418) holds true for € =7/2, For this § we take
n, sush that - -

(2.1519) plxex <8 forn>n

Such an n exists since x —>x as n—>w®, _
For n >n , we then have from relation (2.1418) that

(241420) f(!r(x.t )Wz 4t ))<E = 'Uz V‘n)no.
. We now take n, such that ' |

(2.1.21) f("’( .t ).D)CE © W2 for n)n .

-

A

Such n, exists since relatien (2. .15) helds.

l'orn*-m(n .n) nhsn
(241422) er(x.t }op) sf('n(xn.t ).p)+ P(Tr(x ot REACHRD
< gseml/24/2an 3 forarm,
In other words, we proved that
(241423) 'Vrpo '3*% : P(Tr(x.t )y p)<1t ror n>n .
Relation (2.1423) implies that '

‘(241424)  pae IT(x,t).
| n~-»w® | | _ :
Relation (-z.uu) combined .with the fact that ¢ L —2® implie
that © . '

(2:1425) p.e 'A"'(x).



nnt 1r T (x) -, (x) v N (x).

80, we nu thut pPeET Z J. In both cases, we showed ths'-'
PET [xi. This couylotu the proof of the themu.

Corellsry 2.1.2

Undu: the assumptions of Theorem 2.1.3, ve have thtt

‘. (x) = D (:J.
The next theorem is the symmetric cese of Theorem 2.1.3.

‘mheorem 2,14 |

et (x.f) be a given metric space end (X,B;W be a dynamical
‘system or dynamical semi-system. For fixed xeX, let T be
negatively Lyapunov stable, Them D (x)CTr_(x).

We omit the proof of Theorem 2.1:4 since it is similar to that

of Theorem 2,13, ~ ,_

Let (x.f) be a given metric space and (X,R3w be a dynanical
‘system, For x_eX, l.tJ\x)Jﬂ,J\x)-ﬂ,J(x)c'rr (x
and J (x )C'nr (x )y then’ the mapping

x =—»1(x)
is upper semi-continuous at the point xoex.
" Zpoef: |
It is sufficient to observe that if any two mappings
A:xv>A(x) and B 3 x—>B(x) |

with A(x), B(x)CX are upper semi-comtinnons at some point x €X,
then the mapping _

x =3 A(x)U B(x)

is slse upper semi-continuous at the point x . So, by applying
Theorems 2,1,1 and 2,1;2, the assertion helds. |
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§ 2.2. JNVERSE TRAJECTORIES.
¥e shall adopt the usual notation:

By gXX) we denote the family of all non-empty subsets of X,
ir (Ifi is a metric space, then for any subset A of X (A # §)

and x €X we put . " ’
f(x,L):- M{P(-x.yls yeAJ

and for E>0
B(A,8) = {:z plyAi<e } .

0f course, B_({x},t) = B(x,8) is the usual open ball centred
at x with it radius being £ .

Definition 2:2.1 (see Adewale and Pelcrar (/952).
 Let (I.R’;‘ﬂ be a dynamical semi-system and x ¢X be fixed.

Ulm »
| (2:2.1) (k) s-{-exs xi-'ﬂ'(l)}

and we call the set (2,2,1) tuwmmm
poi.lt x€X, - .

Definjtion 2,2,2 (see for instance Bajal @sw)).
Let (X,R_;w) be a dynamical semi-system. A point x¢ X is said

tohamulﬁomﬂthwﬂm:e‘xamtm
xem(y) s y = x. This is to say that :tornut>0, toz-uuyu,
'“'(,.t)‘xo ;

If we have the dynamical system (X,RjW), then formula (2.2:1)
gives the negative semi-trajectory of the point xeX.

Romark 2.2:2

If a mapping G: x b-—m(x)e?(n") is such that G(x) is compact
for every x<X, then G is upper semi~continuous at the peint =
X, € X 1f and omly 1f V€50 - 3T30: p(x,x, <8 -—n(:)c:l(l(q,).e).
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.: (Adewale and Pelosar(19%3)).
Let tn‘.n’m be » Jynamical seni~-system. Suppose

(2.2:2) for every x &R there is exactly one start point e(z)
such that x€T(a(x))

(2.2:3)  the set of all start points in R® is closed

(2.2.8) -7 (x) = [s(x) xTse fralx) ,8)s Ot 54, ]
where t_ = inf {tz_o_a x = W(a(x),t)}

(242:5) the mepping R23x b 'Il""1 (x)& 9!”) is upper semi-
continucus. '

Then the mapping
% x b s(x)
4is continuous.
Broef: _ |
¥We obaserve that the set 1"1 (x) is compact because the
mapping f‘ is gontinmua-and [o.tz] is compact.

S0, we can apply the cbove Remerk 2.2.1 with respeot to the
mapping

oz T ().

Thua, for every Iixed x"e 1™ and every £ >0 we ocan finda >0 -
such that ' '

(2.2:6) o) cF w TN (pCBr (),0.

Tet now x be firsd. Let {x.} be a sequence of elements of
R‘ such that x‘ — x"'.
o

Tor every €50, there is m
(2:2:7) T"(xn)cn(u? }-(:?f ) for m>ut.

Because of the compactness of (=¥ we have the mtnau
ol JL‘ .'(x' }'ac -

such that
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Consider the sequence {S(x ll)]. For m sufficiently large, l(l‘..)
belongs to BT’ (2*),8); (because slx )€ Tﬂ(xJCB(‘!"(:’).Q).

Since the set B(T ' (x*),2) is compact, we can find a sub-
sequence {l(z")} of a(xn) which is convergent to some element
yer®,

So, we have that

(2.2.8) ¥ = It slx, )
/i quar L 00) Zkl

On the other hand, 9 611'-1 (x*) (because from our essumptions,
(see (2.2.4)) 1t follows directly that T (x%) is closed).
By the uniqueness of start points, we have that

(2.2.9) ;- a(x') and so, the sequence a(:.k.)}ia convergent
' to s(x™).

We apply now the classical reasoning which permits us to
observe that if a acquence {a.} of elements of R" has the following
~ properties

a) “here is at most one acoumulation point of §%]

'b) for every subsequence {ap.} of iq.}. there is a sub-

sequence {aq § which is convergent to some a,

then the sequence {a‘} is convergent to the unique accumulation
point.

So, {a(z‘)} is convergent to s(x™). This means that the
mapping '

2D x beesed g(x)

19 continuous,

Zheorem 2.2,2 (Adewsle anA Palaraw [1]),

(e) for sverv v &Y +thave is vuictly oue gfx) sush that
xem(s(x)), where s(x) is a start point
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() T (x) = [s(x),x]

(¢) the mapping x > s(x) is continuous

(a) for every £>0 there is ©>0 such that f(s,xks >
‘tz'ts |< €

then, the mapping x F—> 1'!"1 (x) is upper semi-continuous.

Proof:
Let £>0 be fixed and we take ¢ >0 such that if lt-‘cxko then

(2,200 p((s(x),t), T(alx),t K5 .

We take &, >0 such that 1f P(z,x)<0, then
(222011 It =t I<ec.

We take 7)>0 such that if y €B(s(x) "L) then
(2.2.12) Pm(y,t).ﬂs(x),t)k%

for t€ Eo,tx+c]; (this is possible because of the uniform
eontinuity of T on compact sets).

We take 8,50 such that if z& B(x,S‘zJ, then
(2.2.13) s(z)GB(s(x).il)

(Thie is possible because of assumption (c)).
We take D= min(§.,85,).
Now, if z€B(x,5), then a(z)éB(a(x),‘rl) and s0

(2.2414)  P(W(a(x),t), Malz),t)) £

for t€ [o,t-xw].
So, in particular

(2.2015)  plm(a(x),s), Wa(2),1))< 5 for t€[o0,8 ],

If tz >tx, then we have

(242416) [teot, 1 [tertyete e
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How,. it ¢ t[tx,tz'], then

(2.2.17) fi(ma(s),t).wfa(x),tﬁn Sf(ﬂs(s),tl;ﬂ(a(x),t)) +
+ plr(alx),8), T(a(x), 8IS 5 + 5 = €.

S0, we have proved that _

(2.218)  P(W(a(a), 1), Ma(x),t,)) = pma(a) ,t),x)

for t €[t ,t. 7.
Moreover we have also

(242419) fcwr(s(z),t);rr(a(x).tncg

for t€[0,t ] and so
(2.2.20] TT-1 (‘)C B(TT‘-1(:I:) .&) .

Thus, we have shown that if element z GB(x,g) then T (z)CB(T 1(::J.ts:l
Thus the mapping R"S x b—> 'rr-1 (x) is upper semi-continuous at the
point 2, with z being an arbitrary element of R"

§ 203.

Suppose (I,r) is 2 metric space and (I,R‘_;'n’) is a PDSS. For
t<£0, and x€X we put

(2.341) T (x,t):= {uex: W(wy=t) = x }

Definition 2,0.1

Let x €X be fixed., We say that the point x is pegatively quasgi-
stable if and only if for every € >0 there exists & >0 such that
1f yeB(x,8), tS0 and zemw(y,t), then there exists waW(x,t) such
that P(z,wI<E . |

Theorem 2.3,1
Let (X,p) be a given metric space and (X,R ;W) be a PDSS. Let
x_€X be negatively quesi-stable. Then the Bapping x — 1 (x)

is upper semi-continuous at the point X,




Proof:
We know (see Definition 2.2.1) that _
= (x) -{yexz xeﬂ(y)} (-{yexs 3 £20, T(y,t) -x} .
So,
T(x) = U{Tl'(x,t): tso}.
Let {xn} and {yn} be sequences of elements of X such that
(2.3.2) x =—>x, as n~—®
(2.3.3) T, Y, as n —— @

—

(2.3.4) yn¢.1r-1(an for n=1,2,60e

We have to show that
(2.3.5) - e-'n:l (x,).

For every fixed n, tim:ce is a sequence -{y:} of elerents
of T (x o) such that
(2.3.6) y: -y, as m ~>» ®, for every fixed n.

Since yn -—)yo as n —>®, we can apply the usual method
and find a sequence {nn} of positive integers such that

(2.3.7) m o as n = o

and

m m
(2.3.8) ynn € 1['1(an. ynn — Yo as n—>w.

So, putting

"
(2.3.9) W i= Y

we obtain w_ —>y, asn—>® and wne'u'-1(xn). =1,25000 o

Let now £>0 be arbitrarily fixed, We find & >0 such that
for Eeﬁ(xo.s) we have such that for t£0 and zﬁ‘ﬂ'(},t)
there exists w eTI'(xo,t) such that



o 4% -

(2.3.10) P(z,v)s, -25-' .

We choose n, so large that
(2:3,11) JD (xn.xo) < for n ;no
and

(2.3.12) Plw oy, J-. for nyn .

Relations w_ emw (x ) (=1,2,40.) mean that for every n
there exists tn<0 uuch that

(243.13) w(un.-tn) - x (or wneﬂ(xn.tn))-
For n?.n we can find z_ e‘ﬂ'(xo.tn) such that
(2.3.14) P(z o )<-§ .
From triangle inequality, we obtain
(2.3.19) P(yn’yo)‘ € for n}.no.

-1

Since z €W (x ,t ), (with t <0) we have 2z €T (x,) and so,
we have proved that for every fixed E£5 0, there exists a point
g e (xo) (being of the form z = g for a suitable n, for
instance n= no), such that

(2.3.16) P(s,yo)< E -

This means that relation (2.3.5) holds true.

This completes the proof of the Theorem,

(The Author is indebted to Professor A.Pelczar for suggestions
owing to which the definition 2.3.1 was stated which enhances
the proof of the Theorem 2,3.1).

§ 2.4,

In this section, we give some properties that are preserved
passing to the limits of the families of trajectories and
inverse trajectories.
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(2.408) FNX,O),X) = 0
So
(2.4.9) TT(x,O) = X.

Continuity property is automatically satisfied, since T is
the uniform limit of the sequence {‘Tl"n’].

We shall finish the proof by giving the group property:

Since 'ﬂ‘n is a PDS, n=1,2,..., we have ‘

(2.4,10) T QW (x,t),8) =70 (x,t+s), VxeX, t,seR.

Moreover, we have

(244.11) Lt TTn(vn(x,t) ,8) = Lt 'l'l"n(x,t+s) (see relation (2.4,10))
n-» o n->w

From the fact that iTTnk is convergent uniformly to T we
have

(2.4.12) Lt (x,t+s) = W(x,t+s)
n—>»o" '

From triangle inequality we get .
Pﬁf(‘l'r(x,t),s).cl;l(vn(x,t),s)) <
(2.4.13) j’(ﬂ'(ﬂ'(x,t),s).‘n'('ﬂ‘n(x,t),a)) +
+ P(T"'(ﬂ‘n(x,t) ,sl‘%(%(x,t),s) )
The wniform convergence of { Trn} to T (together with the
continuity of T and TTnJ implies that the right hand side of

relation (2.4.13) tends to zero as n —> .
So,

-

(2.4.14) LtTn(rrn(x,t),s) = Wmx,t),=)
n =>

and then (see relations (2.4.11) and (2.4.12)) we get the
equation



Theorem 2,4,1
Let (X.F) be a given metric space and (X,R;Yﬁl} be {(for

every n), a DS, such that the sequence {1{n} converges
uniformly to T where T is the mapping from Xx R into X,
Then the triple (X,R3W) is a DS.

Proof:
For the triple (X,R;w to be a PDS, the map T should
satisfy the properties of a PDS viz:

{2.4.1) Initial value or identity property, i.e. for every
gex. 'n'(g,o) -; i
(2.4.2) Continuity.
(2+4.3) Group property:
'Tr('ﬂ'(g,t).al -'n‘(;,tq-al V;cx, t,s &R,
From the assumptions, {Trn} is convergent uniformly to T .,
This implies that
Y &350 Fn:
(2.4.4) P(ﬂ'n(x,t),mx,t)ka ¥n >, W-(x,t)e Xx R

S0, in particular we have that
V€50 3Fn en:

(2.4.5) (™ (x,0),m(x,0))<€ Vmn>n, ¥(x,0)€XxR.

From the assumptions, we have that 1Th is a PDS for every n.
This implies that
(2.4.6) TTn(x,O) % .20 0

Combining relations (2,4.5) and (2.4.6) we get
(2.4,7) for every £3>0 P(Tr(x,o),x) <€

and this implies that
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(2.4,8) P(“(x,o),x) = 0
So
(2.4.9) w(x,0) = x.

Continuity property is automatically satisfied, since W is
the uniform limit of the sequence {TT .

We shall finish the proof bty giving the group property:

Since Tl'n is a PDS, n=1,2,..4, we have '

(2.4,10) T (W (x,t),8) =70 (x,t+s), VxeX, t,seR.

Moreover, we have

(2,4.11) Lt 'n'n(ﬂ'n(x,t) y8) = Lt 1Tn(x,t+a) (see relation (2.4.10))
n=»o n=->w

From the fact that ST‘I'n} is convergent uniformly to T we
have

(2.4.12) Lt (x,t+s) = W(x,t+s)
n =9 o .

From triangle inequality we get .
f(""(ﬂ‘(x.t),s).‘l;l('rrn(x,t) »8)) &
(2.4.13) P(ﬂ‘(ﬂ'(x,t).s),‘ﬂ'('frn(x,t).s)) +
+ P(Tl"(Trn(x,t) .s))'ﬂ;('ﬂ;(x.t).a)) 5
The uniform convergence of { 'rrn} to T (together with the
continuity of T and Trn) implies that the right hand side of

relation (2.4.,13) tends to zero as n —> .
So,

-

(2.4.14) Lt'l!‘n(rrn(x,t),a) = wﬁkx.t),a)
n =2 o

and then (see relations (2,4,11) and (2.4.12)) we get the
equation






