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ABSTRACT

Title: Peristaltic Punping of Fluid.
Effects of Poiseuille Flow.

When a fluid is set into nmotion by a steady progressive
si nusoi dal wave of npoderate anplitude in a channel, a
basic Poiseuille flow caused by a uniform pressure becane
present giving rise to problem of peristalsis. Peristal sis

is a nmuscle controlled flow. Since nuscles are invol ved

as the walls are flexible or not flexible depending upon
each case, the fluid is propelled by rhythm c waves of
contraction called peristalsis (meaning to send around).

A typical peristaltic wave is preceeded by relaxation.
However, the strength and velocity of peristaltic con-
tractions are increased by inpulses carried over the walls.

As the structures relax, the cycle begins again.

Peristalsis has been one of the major mechani sms
for fluid transport in many biol ogical systemns. The
study of mechanism of peristalsis in mechanical and
physi ol ogi cal situations has recently become the object
of scientific research since its first investigation by
Lat ham (1966) both experinmental and theoretical because of

its inportance to human |ives.

The first chapter fives a survey of the literature

review, the contributions nmade to date, aim and scope of



peristaltic fluid punping to biomechanical systens.

The second chapter describes the interaction effect of

Poi seuille flow on peristaltic fluid-particle suspension
transport in a two-dinmensional mathematical nodel when

the wall (inelastic) of the channel executes sinusoidal
notion of small anplitude. The approaches and fornul ations
in solving the mat hemati cal nodel were for closed form
solutions, solution for |ow Reynolds number, higher order
Reynol ds nunber, Stokes approximation, |ong wave approxi-
mation and for series solution. As the volume fraction
density is negligible, it has no effect on D In chapter
three, the walls of the channel are flexible. The influence
of Poiseuille flow on pure peristalsis is investigated an:
the mean flow reversal is found to occur at the centre and
at the boundari es. when the walls of the channel are
elastic, pure peristalsis involves flow reversal only at
the centre. Anal ysis of the problem include formulation
of the problem method of solution, pure peristalsis,
elastic wall, dissinative wall, closed form solution,
series solution and the results and dissicussion centring
on the effect of C and D, F(y) - F(l) etc thus increase

or decrease in C greatly affects other outputs. Chapt er
four describes the notion of mcropolar fluids as having
translatory degrees of freedom the ability to rotate and

can support couple stresses which affected the node of



motion, a mark difference from other fl uids.

The approach used were introducing the subject

m cropolar fluid, analysis of the problem
solution for free punpinp case, interaction wth
Toiseuille flow, Stokes approximation and sol u-

tion for higher Order Reynol ds nunber.
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CHAPIER 1:

1.1 INTRODUCTIOH /ND LITERATURE REVTEW

Peristalsis is kpown to ~hysioloagists to be one of

the najor mechanisms for fluid transpert in many biological
systems., In particular r:ristaltic mechanism may be involved
in urine transport from kidney to bladder through the ureter,
movenent of chyme in the gastro-intestinal tract, transport
of sperm in the ductus efferentes of male reproductive tracts
and :n the cervical canal, mcvement of ovum in the fallopian
tubes, lymph transport in the lymphatic vessels and in the
vasonotion of small blecod vessels., In addition, peristaltic
pumping processes occur in many practical applications

invoiving biomechanical systeus.

The study of the mechanism of peristalsis, in both
mechisnical and nhysinlc_ ical esituations, has recently become
the ¢bject of scientific research. Since the first investi~-
gaticn of Latham (1266), several thecretical and experimental
atterpts have been made to understand neristaltic action in
¢iffecrent situations. All such investigations seem to differ
in verious details. A review of much of the early literaturc
is presented in an excellent article by Jaffrin and Shapirc
(1971). A summary of mecst of the theoretical investigation
reported so far, arranged according tc the geometry, fluid
nature, the Reynoclds number R . _‘, the wavelength parametcr

o (tte pipe radius/channel half-width divided by the wavelan-cz'),



the amplitude parameter € (the wave amplitude divided

by the rire radius/channel half-width), and the wave

shape is presented in Table 1. In addition, Fung (1971a,
1971b, 1971c) studied peristaltic flow, taking muscle
action ia the tube wall, int> account. Some new ideas

on peristaltic flow are also given in a book by Liron
(1¢78). Considecalble experimental investigations of
peristaltic pumping have also been undertaken (Latham
(1966);: 4ank (1976): Shapiro and Latham (1966), Eckstein
(1970): Weinberg (1979); Yin and Fung (1971); Hung and
Brewn (1.76,;: <imserman (1977)). Of greatest interest to
this study are Zien and Ostrach (1969), C.H. Li (1970)

anc Liron (1976).

1.2 AIM AND SCOPE

Iu the Ltrief introduction outlined above, various
autors have been working on the topic peristalic transnort
as given in the summary of theoretical contribution te
peristaltic motion (sec Table 1), Since the topic is of imense
and important 2r.a in human endeavours, and peristaltic

fluid pumping Occurs in many practical applications involving

bio-mechanicnl systems, more research work is being undertal ..

Chapter II deals with a two-Jimensional fluid-particlc



Table 1: Summary of theoretical contribution to peristaltic motion

b:nJona-u. geometry and fluid « VWaveshape -
e (1966) PN (] 0 arbitrary sinusoidal
(1967) PN 1] 0 arbitrary sinusoidal
Burns d Parkes (1967) PAN (1] arbitrary aec<<l sinusoidajl
Barton and Raynor (1968) AN 0 0, arbitrary arbitrary ae<<l sinusoidal
Shapird et al. (1969) PAN ] g arbitrary sinusoidal
Meginniss (1970) AN 0 o arbitrary sinusoidal
Lykoudis and Roos (1970) AN 0 0 arbitrary sinusoidal
Roos and Lykoudis (1971) AN 0 0 arbitrary sinusoidal
Lee et hl. (1971) AN 0 0 arbitrary non-sinusoidal
Tong Vawter (1972) AN 0 arbitrary Iﬂvuanﬂvw sinusoidal
Negrin ¢t al. (1974) AN 0 arbitrary arbitrary -»u.,._..oun.;
Gupta UJn Seshadri (1976) PAN 0 0 arbitrary sinusnidal
Shukla Jn al. (1980) PAN 0 0 arbitrary sinusoidal
Srivastava and Srivastava (1982) PAN 0 Q arbitrary sinusoidal
Srivastava et al. (1982,a,b,c) PAN 0 0 arbitrary sinusoidal
Srivastava (1982) A (Casson fluid) 0 0 arbitrary sinusnidal
Srivastava and Srivastava A(1983b) .
(Nun-Newtonian) 0 0 arbitrary sinusoidal
Hanin (1268) PN arbitrary Q. small lateral bending
Fung and Yin (1968) PN arbitrary arbitrary small sinusvidal
Yin and Fung (19€8) AN arbitrary arpitrary small sinusoidal
Chow (1870) AN small and arbitrary arbitrary & small small sinusoidal
Raju and Devanathan (1972) A (Non-Newtonian) small arbitrary swall sinusoadal
Mittra and Prasad (1973, 74) PN small and arbitrary arbitrary small sinusoidal



FES—

Author(s), geometry and fluid a £ Waveshape |
m 1

“Bevi and Devanatham (1975) A (Micropelar) small arbitrary small sinusoidal
Wilson et al. (1977) PN arbitrary arbitrary small lateral bending
Wilson and Perel (1979) PN arbitrary arbitrary small sinmusoidal L
Wilson (1979) PN arbitrary arbitrary small sinusoidal
Srivastava and Srivastava (1983a) AN arbitrary arbitrary small sinusoidal
Zien and Ostrach (1970) PN small small arbitrary sinusoidal
Li (1870) AN small small arbitrary sinusoidal
Jaffrin (1971) PN small small arbitrary arbitrary
Manton (1975) AN small small arbitrary arbitrary
Liron (1976) PAN small small arbitrary arbitrary “t
Mank (1976) PN high arbitrary high unsymmetric B
Mahrenholtz et al. (1878) PN high arbitrary high unsymmetric 9
Rath (1978) N (Elastic tube) arbitrary - arbitrary -mﬁ:uo»nuw _
Kaimal (1978) AN arbitrary small small arbitrary
Wilson and Pantomn (197%9) PN arbitrary small 0(1) lateral and complex r

bending +

v:vpaumniﬁapumuw»Obnu
A - axisymmetric

N - Newtonian




suspension in which the walls of the channel were considared
inelastic because the travelling wave motions had no accom-
panying area change. Starting with the Navier-Stokes eguationz
ami using the stream function ¥, equations of motion of the
fluid were obtained. Expansion of ¥ in power series subioet
to certain boundary conditions gave rise to coupled fourth
order equations cof Crr-formerfield type whose solutions were
got, Calculations werc alsc made for closed form soluticne

Egeen for finite valuce of
R and K and ccnsequently for the series solution, Stoke's

approximaticn and higher order Reyrolds number pertaininp to

long wave lcngth.

Chapter III basically is treatiap the case when the fluid
particle suspension confined to the channel as the walls
exhibit some mcvewent because it is a muscle contreolled motion
due tv a membrance <r a thin plate. Because of these movimernts
the walls are flexible thus we ref er teo it as elastic. The
governing equations were Navier-Stcrkes equations with ruepect
to the fluid and particle phases subrect to certain boundary
conditions. After the ncndimensicnalization of scme parameters
and intensive calculaticns solutions were obtained for pur:
peristalsis ( free pumping K = 0). 1In *his case the Pouis:V¥illec
flow is zero. Alsu considered were the role played by the
properties of the wall for the solution in zero damping.

Other sclutions were for finite and small values of R and ¥ and

the series soliution.



In chapter IV, some flow properties subjected to steady
and oscilatory flow throurh the channel in terms of the
motions of the individual suspended particles and their
effect on the surroundins liquid are described. The fluid-
particle suspension is set into motion, the fluid stresses
on the surface of the suspended particle cause them to¢ rotate
as they travel down the channel, and because of the velocity
gradient in the fluid K the suspendcy particles are at times
brought into close preoximity and inter=2ction since there is a
marked change in the tramslational and rotational motion,
Proceeding analytically, the zeroth, K first and second order
equations were obtained. Also considered was the free pumpiﬁs
and the interaction with Pcisepille flow as it affects the
impos=d pressure gradient. The solving. ~f higher crder

differential equations were als.o dene.

To get quantitative ideas of the r~roblems, some of the
results obtained are computated and displayed by granhs and

Tables.



CHAPTER II: INTERACTION OF PERISTALTIC

FLUID -~ PARTICLE SUSPENSION IN

A CHANNEL,

2.1: INTRODUCTION

In this chapter, the interaction of peristaltic
fluid-particle suspension, based on Mittra and Prasad (1974)

model 18 studied,

Mittra and Prasad (1974) discussed the effect of
Poiseville flow on peristaltic transport in a two-dimen-
sional mathematical model of peristalsis for the case when
the wall of the channel excutes ninunoid;l motion of small
amplitude. Small amplitude wave motien in this context is
characterized by the parameter wave amplitude diyided by
characteristic tranverse¢ diwmension being "small! That is,
when the zquations are pronerly non-dimensionalized, this
beccmes the perturbation parameter, typically referred to

as €.

One nntes that a viscous incompressible fluid is filled
in the channel of finite length and the walls of the chaanecl
are not flexible in which we termed as in-elastic (4. e.

include wave wall motions without an accompanying area

Change). Its motion is studied. A perturbation solution

is found satisfying the complete Navier-Stokes equations
for the case of small amplitule ratio. The mean flow is fouad

to depend lipearly vn amplitude ratiov when an imposed pressure



for the case of small amplitude ratio, The mean flow

is found to depend linearly on amplitude ratio when an
imposed pressurugrq;liepg axists, Calculations up to the
second order perturbations are carried out. Closed foru
solutions have been obtrined for limiting values of Revanlds
number R and the Poiseuille flow parameter while the

Stoke's Approximation, the long-wave approximation and the

method of Frobenius series solution have been used.

Our model is an extension of Mictra and Prasad but
differ in many respects. In this case, a particle~fluid
suspensicn (notably bleood) is employed inplace cf a sinple
ohase fluid. The suspension is treated as 2 two phase
fluid, having a fluid phase and the particle phase, resul-~
ting in six sets ol simultaneous cquations. When solved,
the solutions are rewarding such that when C is zero, it

reduces to the result pot by Mittra and Prasad.



2,2 FORMULATION OF THE PROBLENMS

Consider a two - dimensional infinite channel of
unifoirm thickness, 2d (see Fig. 1), filled with a mixture
of sme¢1l spherical rigid particles in an incompressible
Newtorian viscous fluid. The walls of the channel are
flexible, on which are imposed travelling, sinusoidal
wave of small amplitude. The equations governing conser-
vation of mass and linear momentum for both the fluid and
particle phase using a continuum approach are expressed as

(Drew, 1979; Srivastava and Srivastava, 1983) fluid phase:

-
u du u
- f]
Lot X ay

ap
--(1-c)—-+(1-c)u5(c)v’uf«35(up-ufl

X
(1)
[ave B, v + o 3p _
(1-C)p +u *vg =-(I¢C33Y +CI—C)usﬁ3)vzvf*CS(vp-vF)

3t © ax dy .
;;; {()-—C)uf} + -37 {(H:)vf} ol (3)

Particulate nhasa:

Kk 2u u ®p
Co —EE +tu —L +y Bl =-¢ 3§ * CS(uf - up) (1)

P | ot P oax D ay
[ Ay v -
Cop -l * Y s v avg ==C 2 4 Cﬂ(vf - v.) (5)
Ploat D ax o - ay D

_E.;{c%}hg;{:vp}wo (6)

In equations (1) - (6), x and y arc cartesian coordi-
nates with x measured in the direction of wave propagation

and y measured in the direction normal to the mean position



PERISTALTIC MOTION OF THE WALLS
Fig- (
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of tle channel walls, (uf, vf) denotes fluid phase velo-
citips, (up, vp] denotes particulate nhase velocities, P
and Py be the actual densities of the materials consti-

tuting fluid and particulate phase respectively, (l—c)pf

the fluid phase density, Cp_, the pnarticulate nhase

P
density, p denotes the pressure, C denotes the volume
fraction density of the particles, u(C) is the particle
fluid mixture viscosity (also the effective viscosity of

the suspension), and S the drag coefficient of interaction
for the force exerted by one phase on the other.

The number density of the particles is considered so
small that the field interaction between particles may be
neglected. Thus the diffusivity terms, which can model
the effects of particle-particle impacts due to the Brownian
motion are neglected., It is worth mentioning here that the
effects of Brownisn moiion was considered by others inclu-
ding Batchelor (197%, 1976). The volume fraction density,

C of the particles is chcsen also constant. This is a good
assumption for low concentration of small particies.

The expressior for the drapg coefficient for the present
problem is selectcq as
u

-= 2 Y , (7)
a

v
L]
n o

sy
.4+ 30sc - 321 + X
fz2-3]?
where p is the fluid viscosity, and a is the radius of the

A7 (C)

particle. Relation (7) represents the classical Stoke's drag




> IR -

for small particle Reynolds number, modified to account for
the finite particulate fractional volume through the function
A“(c), obtained by Tam (1969).

Many empirical relations have been suggested to express
the viscosity of the suspension as a function of particle
concentration and viscosity of the suspending medium.
Einstein was first to obtain theoretically that the visco-
sity of the suspension ug Was related to that of the suspen-
ding medium u, for spheres in suspension by: ug= ug/(1-2.5C).
However, the Binstein formula expresses the viscosity of the
suspension only when C is less than 0.05. As C increases
from 0.05, the suspension viscosity varies from the Einstein
equation. For the nresent problem, an empirical relation for
the viscosity of the suspension.

ug (€) = u, !
1-qc

(8)

q = 0.070 EXP[:2.49C + 2101 exn(—l.ﬁQCﬁ]
where T is absolute tcnpcraturl (OK), suggested by Chorm
and Kurland (1974), is used. The viscosity of the suspension
expressed by this formula is found to be reasonably accurate
upto C = 0,6, Chorm and Kurland (1974) tested equation ()
with a cone and nlate viscometer and found to be in agreement

within 10% in case of blood supension. Now introducing the

stream functions for two nhase as

oY ¥
ay 2x
(9
. ay . oY
lln = _2 ’ vu 2 - _...E
oy ax



- 13 =

Eliminating the pressure gradient from equations (1)

and (2) and (4) and (5) to get stream function equations

d 2 - 4 R ol
(I-C)pf[-;-; v‘wfwf},v wfx-vfwify] (1-Cou )7 ¥CS(V ¥, -7"Yp)

(10
Cp [iv"r vy 9 -y Ty :]-CS(v’v - vy )
Dla P DY PX DX by £ P
2 ) 32 _az
where V denotes the laplacian operator {- * - ] and
3*2 ayz

the second subscripts x and y stand for partial derivatives.
The boundary conditions that must be satisfied by the
fluid on the walls a2are the no-slip and impermeability condi-
tions. The walls of the channel are assumed to be flexible
but extensible with a travelling sinusoidal wave, and disnla-
cement in channel walls are in transverse direction only.

Hence boundary conditions are :

U, * ?fy = 0

. .
Vg Win 9, & s ony = +d+n (12)
v L L = 4 —

d v at

The transverse displacement, n, of the walls is represented as
n(x,t) = a cos 3§(x—ct) (13D

where 2 is the amplitude, A the wavelength, and C the wave

snecd. The followine st of non-dimensional variables and

parameters are selecied |

u
- - f -
% -% ’ Y =% » uf-_c"'_ 9 Vf-z_ 7
u 4 L 4
3 = B e "-..T.]... '-..._f.
up = P VT_) e 3 n 3 P ‘I’f cd °



VE- ZE t’-._t. » p'-.P__—. B \’ = uo
- ’ 1 pct? =
cd f P
& edp
Suspension Reynolds number R = f (14)
[l—C)Ms
wave number a = 2nd
A
amplitude ratio € = a
d
suspension parameter M = §d?
(1-Cdug
2
suspension parameter N - 8d Pg
(1-Copjug

Thus the system of equations (1@ - 13) now becomes, after

dropping the primes,

a _2 2 2 =0 " 2y _o?

3 2 " 2 - 2
CR[:Etw YP ' ?PYV ?Px Yox" lF'tb)' ] = CN(Vz'i'f - Vz?p] (16)
n = e cos a (x-t) (17)
and ny = 0
Yex * o€ sina (x-t) on y =+ (1 + qj (18)
pr =+ o € sin a (x-t)

2.3 METHOD _OF _SOLUTION

Assuming the amplitude ratio € of the weve to be small,
we obtzin the solution for the stream function as a power

series in terms of €, by expanding Y., ¥ and %g in the form

p

‘l‘f"*'fo"'e‘?fl+£2\f€2+----.-.-... (lg)
2

L wL . e?pl + g vpz + {(20)

2p [ 2p [_32 5 2B Yeiwainga

ox ’&]o”ax]*‘f%]‘- : (21)

: 2
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In equation (21), the first term on the right hand
side corresponds to the imposed gradient asscciated with
the primary flow and the other terms correspond to the
parigtal tic motion, or higher imposed pressure gradient.
Substituting eguations (19) and (20) in equations
(15) and (16) and collecting like powers of e, the following
c2t of differentiazl equations for v(f,p)o’ ?(f.p)l’

w(f p)artorece arc obtained.
t

2 2
(1- C)R['"‘ V¥ * Yeoy" Yeox Y fox" Vfoi]-v“?fo*CM(Vz?UD-vzvfo)

. 2 2 (22)
fJ—C)R[—.&-? ‘?ft +Wfﬂ::i)rw \Pflxwfwv vfox fox w’f iy vflx' Vfoy]

_ b 2 2
v “’f: + CN(V Yy~ ¥ vfl] (843
(l-C)R[ ‘y, w fzx fox v Yfzwazyv’vfox fzxv "'foy

a2 ; 2 = Ty 2w _p2u
Yeix? vf:walwalyv 'Fflq v “fzﬂ“(u ‘ypg v vfz] 24)

2,2 2 " 8
CR[?'C oo™ poy” ¥oox ¥pox” TBOY]".' CN(V¥ g -T2v,,) €25)

F
doiy o 2 ” o2 N 2y 2 2
o e, L IO vmﬂv *o0x Tpox" Yoy Tp1x Yooy | CN(VY, v Y J

(26)
z, z < 2
__.V o4y i
CPI a0y Youx TrSpay Tper” por Tper ooy oax’ oy’ pay "'m;l

- . - p? 27
CN (V¥ -0 \rpz]
Since € appears both explicitly and implicitly in the
bcinda -y conditions, expanding Ye o about the mean position
L]
0f the wall disvlecement, 7irst equation of (18) may be

writtey as
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v 4 L B -
Teg(e D 2 ¥ o)+ Lvg (1) + 0’ = 0

After substituting equation (19) ,Lnto equation (28%8)
and cgllecting like nowers of e, the following set of

bound. ry ~onditions are obtained:

Yeoy(2l) = 0 (29)
Ve Y‘il) = % cos a (x-t) wfoy§il) (30)
Ve (21) = ¥ ocos a (x-t)¥p (D) ~joostaletivg (1)

(31)
Similarly, the sccond »nd third equations of (19) , yields the

following set of boundary conditions

?fcxfil) = ?pox +1) = 0 (32)
Yo o(21) = * cos a (x-t]vfoxy(il) + o sin a(x-t) dnd
?plx(ilJ = * cos afx-t)Wpoxy(il) + o sin a(x-t)
- i & cuatulit)y )
Yo = % cos aOeTHY o (41) - 5 cos®alx-t)¥p 511 o
_3 1 .
szxﬂzl) = + Cos a(x-t)?plxytil] - Ecos‘a(x-b)vpoxyyC:l)

Solsing each of the two three sets of equations using
the foregoing boundery conditions, subiect %o the steady
parall:l flow and transverse symmetry assumption; equations
(22) and (25), under the boundary conditions (29) and (32)
and fo - constant nressvre gradient in the x-direction,
yields the following classical poseuiliec flow for fluid and
particnlate phase :

Yeo ° K{y - %73) (3s)
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" 1 s
Rf2p
K = - z[ax)o : (37]

K is the Poiseuille flow varameter

Thus the effect o7 the pnarticles on the fluid
velo:ity nrofile is to cause an increass in the viscosity
i.e. fluicu viscosity ¥, is replaced by suspension visco-
sity u, = Mol (1-0C) (see eaquation (8)), and thus for a
given pressure difference less fluid will flow through
the channcl further, the narticles lead the Fluid by a

1

rela:ive velocity proportional to g[%&] .
)

Using equations (25) and (36), the remaining two sets
of eouvations for fluid and particulate phase along with
their boundary conditions can be written as first order

pertirbation :

4
3 g2 _ g (.= 0¥+ CM(V2y_ 7%y
(I-C}Q[—a—f v ‘Pflﬂi(l y“)v ‘I'flx+2KWf1xJ f1 ( p)x fJ
38
nl9 o2 w248y 02 ‘ ‘o2 2 !
IR[;'? ‘Fpl-l-l((l } +;)V ‘pmx*‘?mpxx]' CNCV2¥ ¢, =V g:‘)
5 (39)
wfxy(:l) = &+ 2K cos a(x-t) ) |
wflx(il) =+ a sin a(x~-t) !} (40)

?DIX(LI) = + a sin a(x-t)

Second order pérturbation :

= 19 o2 e ol - 2y 2
- “ 2 2
= V 'l’fz ¥ Cl-!(V "I'pz - Vz‘l'f!) (‘1)
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|9
:‘:1.[-_ vz‘{r - 2 ‘é 2 » +
T e K(l-y v ‘Yp + XY ‘?pl)’ !plyv qll:ij

2X pz2X Tple

= CN(P?yg, = 9%y ) (42)
wfzytll) = ¥ cos a(x-t)?fayﬁil) + K cos®a(x~t))
feux(21) o 3 cos a (x=-t)¥ (1) r (43)
fixy — ;
szx(xl) = + Cos a(x—t)vplxy(il)

Tie equations (38) and (39) representing the inrst
order effects, are coupled linear, fourth order, homogeneous
differ:ntial equations with variable coefficients. The
solution of these equations subject to the non- homogeneous
bounda -y conditions (40) will be obtained using normal mode
method As the domain extends to infinity in the x-direction,

the problem admits a solution of the form

+o0
2 _inax
?tf’p)(x,y,t] B HZ_N ?(f’n)(x,y,t)e (44)
which #fter substituting into equations $38)and @9, yields for
each a
L -] -
. - (y) _imat
‘(f,p)na(y’t) mz_n Em qb[f,p)m o (45)

Further, it is noted that the only term remaining in
the expansion for @ are n = m = * 1, as the present problem
is of ¢ disturbance involving a specific wave number.

Thus,
29, (x,y,t) = B () o 3 E)s g2 (y) emialx-t)

prl{x,y,t) = gpl(y) elal(x-t) ﬁ;i(y] o~ia(x-t) (46)

where the asterisk denotes the complex conjugate.



Substituting cquation (46) into eguations (38)~-(40),

Opp - Sommer field type of equations is obtained :

| ez a:
L or T atia-c R [1kCiny? 1] [E,Tz' - o ]"fl

2
e R [ ML
y

p ol

2 2
iCeR }-K(l-y’+é)][3;2‘031ﬂp,'ZiKC“Rﬁp1'CN[§;z'°z](gpx-g” )

wit: bLoundary conditions : “9
'f1(+13 = XK
#o (+1) = +1
e (49)
A = +
Pl(_tl) *1

Fur her, equations (41) -(43) can be satisfied by the
solition of the form

25, (5,7,t) = b, )+, P 1ot g () gm2a(x-t)

a?pz(x,y,t] =¢_. (y)+ g iy)e’i“(x't)+ﬁ;a£y)e-‘“(x't)

pP2al
A s bstitution of ecuation (50) into equations (41) - (4%)

lears to the differcntial equations :

’

" i!l*C!aR B o ? o
¢t -- 2 (Bes #6,-75,% ¢, *CM{B ) (5D

1CaR[ .

: | = -
' 2 p1 P pl px]

PEN() bg ) (52)

d? z”cﬁ 2 ‘l ; dz
— =da? | (== ~2a?+2i(1~C)aR A 2,=2i(1-C)K ~-y?) (=, ~4a2)4
[dy’ G te (1-C)aR A g2 5=2i (1-C)KaR (1-y )[dy‘-' a?)

Fa2

v 43 (1t 1(1-CdaR{a” 4% ¢ a*yuou[9d a2

47 (1-C)KaR fg,,* 2 ['flﬂfx ¢fl'fr]-‘CMEy-a Y (Ffﬂ-ﬂﬂ“]
(53)
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AL . 2, [d? R
1 - 2 w7 - 2.-_. —— = 2 |
21&&[3;2 4o ]ﬁpzz 2iC¥aR(1-v M)[dya Loy ]ip22+41CKaR ﬁpzz

. - S oq 20 d2 R o a
AQ%E [ﬂpx ﬂp: ﬁpx“PlJ + CN {‘— ‘402)('Paa Pep,) (S

w1th ihe boundary conditions :

i
W

;20(4.1) ¥ i ?[rj (1-1) + ¢f (+1):l

it

- K - __1_ o h
fzz(ﬂj T " 2 ’Jf1(11)
gfz"(il) + % ﬂ;l(:l) = 0 ;.;[ ;,;Fgﬂ; , (555
R T T

Thus we.dbfaineﬁ a sct of differénéial eqﬁafions
together with the corresponding boundary conditions which
are sufficient to determin. the solution of the nroblem
un to the sccond order in €. Girr main attention is to
find oit solution of Aifferential equations for be, and ¢p1
Althoush the ecuations (47-48) for Of. and ¢D1 are coupled
fourth- ordcr ordinary differential eguations with variable
coeffirients, it would he, verhaps, impossible to obtain
solution of these differential equations for arbitrary values
of R, o and X, This is just because of tho moving boundary
considered in the present problem. The condition of moving
boundary has made the boundary condition non-homogeneous and
thus tke nroblem is not an eigenvalue problem as in all
problems of hydrodynamic stability for which sclutions are
availatle in the literaturc. However, we can obtain the

“soluticn of the problem under various restrictions imnosed

on R, « and K.
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2.8  CLOSED FORM SOLUTICNS FOR SMALL R AND K

Our main aim is to soive zcuvations (47-48), (51-52) subject

to their boundary co-<itjons for values of K # O.

let bgys Dpao0 & . e expanded in increasing powers of
Pzo

K as:

B 2
¢f: = ¢fln * l"t',:“:'ll * K cbfzz ¥oae

¢ = K4 X?
p: ¢p1o ’ ‘D11 ok dkDzz (56)

¢fzo' §fzo " Kﬁle * Khsfzz IR
¢ -9 v w2
P2o pz2o *+ hﬁle + K §p22 ¥ ww e
A substitution of (55) in (47) and{48), and coefficients

0of like nowers of K colle-ted, the following equations are

obtained :

2
[-(l-—- - %+ i(l—C)ﬁR]

d? - = d? ol .
dy? “ }¢f10 CM[:l;Z ¢ ](¢f10 4?)‘)

dy?
42 42 (57)
B - 8 % “
iCaR[-Egg . }¢ﬂ|o CN[dvz = ](ﬁpxu ¢f1a]
L . (58)
with boundary conditic o
bg,, (2D = O
g, (21) = 21
¢mu(1n =3 1 (59)
Also
*2 2 2
9. _c2+i(1-C)aR [E_q-a2)¢f -i(1—6)mn(1-vz)[§- -u’]¢f,o
dy? dy * bis dy?

2 - @
- 2i(1-C)aR b, +CM[9— - a’J [ bf11 ¢p“]
dy?
eee  (60)
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o far
+ EM [E;z ][ px:n¢£11] . {61)
With bPupdary conditions '
6%11(11) = 2 R EEEE
be (21 = 0 ._;  IR C 75
e =0 R

etc.

Similarly, . subst1tut1~ﬂ (R3) in (51 52) 1eads to

- .

8 . _ ioR wA A%~ I
§f20 2 ¢f1a¢fzu ¢f1°¢ J * CM[}fzn §P2;] - (63)
iCtR R T T - CN{s® -52 ) =0 (64)
L Pi1o Plo ‘Tr1g ?1o‘J T ma0 Tfao :

" iaR ] w2 * x>
§f21_ [¢fln¢f11 ¢f1 1¢f10 (tbflnd)f“‘-q’f::q].f;b ; ]]+
IC*[[ . R AP cb"' oNfs. -5
—5 ¢“11¢D11 ¢p11 Piagf l“’pm‘ppn "p11” plo]]““ ['921-51521];-.0
etc. S - T (66)
With boundary condlclons ' T
(+1] T - l[cﬁfl (-I-"} + ¢f1 (+1)) (57)
52 e *# o
ﬁgl(iI? ; £[¢£“fil) +op (1)) . (68)
Now eiliminating ¢p1° betwesnr [(57), (58) the eauations reduce to
r o2 2 . . : . - :
g_z- 82] {g“z“ az}q,f:lo =0 " (6a)
\gy dy : - - .
pdz ” &_2 ) 2] _ - . -
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Solutions of (69), (70) suhject to the boundary conditions

(5¢) may be obtained as

tpf”(y) = A sinmy | + B sirhgy: s (71)
4p,,(¥) =E, sinhay + E, sinhgy . (72)
where B2 = o -~ dafL " 4. (73)
i ) on e
L =1 ™ (7w
A = - qacoshf (75)
SRR o cosho  sinaB — BcoshB sinha
B = - gcoshg (76)
- acCshg sSinhp — pcoshp sinha
B, = L1z E,sinhg BN G20
sinha . SR
E, = - igW INB 78
N=-iaR

We will now coﬁsider *he effects nf ?eygolds
numberR on the gemeral »at_ern of the wave, in perticular
to low Reynolds nvmber, One on recall that a Reynolds
number R represents the ratio of the inertiza terms to the
frictional terms in the eguatiens of motion, i% gives an i~ -
indication of the corruesponding fluid motion. A small Reynolds
number implies that ihe viscosity is nredominant. Therefore
when Reynolds number ¥ 4s small, and for the approximations
to hold, only the first power of R is retained. Exmandine

8 thus

+ . | ceewe (79
2 Ba . (79)

Since the first power is to be retained for low Reynolds

. .
Ly



t
[
e

I

number (79) reduces o

g - . dBL T

> (80)

The vilue of 8 is to be substituted in equations (75-78)

. - iR 3
But sinh 8 = sinrh o - &%L cosh o
cosh 8 = cosh ¢ - i%— sinh o
: >
B cosh B = ¢ cosh o - w%-(cosh o+ sinh o (81
2 - _ 2_-.¢ ir{L - 2 “ .
g*sinh B = a®sinh o == {2 sinh ata®cosh o) J

Equations (75 - 78) become

A = g sinh o + [21“ + 1 ) cosh o
. ' R L

T e I (82)
sinh o coesh o - o N

B = . Z2iz cosh o (83)
RL{sinh « cosh a-a)
(1-sinh w; 4 iR , .
. = . = [MNL ¢ - Ao 3l
E. zm( LILOSh o~ 20 sinh a) (84)
. sinh o
.2 . o« . iEHi. o
P, == Zetcosha (1 v ees (85)

sinh o cosh a-o
For small values of R and K equations (71), (72), (87D

respectively reduce te

¢f10(y) = A siniey + B sinhiu—igk]y N (86>
¢p10(y) = B, sinhay + E, Sinh(a—l%L)y B SR ¢ 1)

51}20(&13 = -%[(A-’-A*)u’ sinh o + Ba%sinh p*B*8**sinh a‘]

a® (simh o Cosh a + o)

= S ':" .‘_ o (28)

sinph o coshi o - o
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S0lutions of eauations (60) and (61) subject to the

boundary conditions (62) are N

¢f11( y) = Ay sinh ay + B, sinh By + f(y) .. (89)

)

where f{y) = - 0?(1-€)R%LB sinh Sy-Zi(l-c)mR{%.sinhay +

' -[ihsinh By]*é‘ [zCI_C)R+1CME LaRJ
B

iaR-MN

A0y wmﬁhﬁﬁzo 5‘“2 By J

+i£ﬂg3l‘- - (14-’)51nh By+2(E, 51nh O¥+ Eas1nh Byi] (90)
iaR-N}' B aY _

is non-approximated value.
Takinp limit as R - 0 therefore £{v) = 0 and
¢fll(y) = A, sinh ay + B, sinh By e eeae (¢2)

Z sinh B
acosh a sinh B8-f cosh B sinh o
- RL cosh a = 21sinb « '

where A, =

. (9%

RL(sint ¢ cosh o - )
g, = Zisish o e (9
RL(sinh a cosha-a) _
2 . .
Eliminating §D2° in equations (63) and {64)
4 ao daR T *s % * _C]_1 *? z
§fz_a 2 Erflu¢flﬂ b0 107 N[¢pla¢plu¢p1° p1o]]
ees (95)
Integrating (95) thrice
sfza = No(y) - lez LA O R S : ‘v (96)

where t,, T,, T, arc constants and

N o g[ JA*B-CME?Ez cosh(a+B)y _ cosh(a-B)y +
o7 qiﬁ"%[ N ][ (a+p)? (a-B)’]
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+ ;[An*-CME,E;][cosh(g:g‘)y - cosh(a—a*)y]

(.+B*)? (a=8")2
- Bg* - C.‘-iFEE;] COSh!B"f ;_]_Y _ COSh(B"B:)Y] S {(‘;7)
N (B+g™)? (B=8%)
substituting (9¢) in (64) and on integrvating
Sp2o = TU) - 8g, 0+ T, P 99)
where

T(y)==" ;NL[ 122 [roqh(w+ﬁ)y-cosh(u-ﬁ)y)+___1[cosh(a-a )y
2

- cosh(a=B")y)+E,E; (cosh (608*)?—cosh(ﬂ—8')y)] .«+(99)

Also, elimination of 5321 in (65) and (66) gives

2 : 3

] = _ 1oR -t * * —a* *3

Ef“ 2 [[i‘f” ¢'f1n)¢’f”]¢fn+ [6{-'11 'bfll]f‘fu]
Integrating thrice leads to : +oo (1003

5;21 = ¢ (y) + hoy2 + h,y + h, iae (101D
where h_ h,7, h, are constants of integration and

G (y)=

ma%[m 2274, A ]f‘osh "’rw+——[ﬂ..E+A"B..}]msleb¥8)yr;:;3[:z--f-‘?}'J-;
(ave)2  (a-8)

PR T ="
_%z (A" "3 ]L_oshgcﬁ-ﬂ "y - Cosh_____g_z_}']*'a [IA—A )Bi+

(c+8”3’ (=8 2
CA.,-&.,)B][COS' (a+8")y_ cosh (=R )y *—Ei(B" "n BJ{cos (81 )y cosh §-87) y ]
(8"} (a-8")2 4 2 38" 8-69 9
veue[I02)
And from (66)
§;21 =fg, + N vee (193

The boundarvy valve of 5;21 is obtained from (68) and (89) as
¥ n?sinh a cosh o

§ e . (108>
£2: sinh a cosh a-o

The boundary value of ¢. is obtained from
4 fao

Peen * Feaa * Big,, at y =% 1 vie  C108)
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Cenoting the above by 0 apd using (88) and (10C4)
y = @%(sinh a cosh a+a) ,  [; _ @?sinh o cosh o
sinh o cosh ¢ = o sinh a cosh a=-a
L (106)

2,5 Solution for Law “eynolds number and for arbitrary K.

2.5.1 (a) Particle free fluid.

Followine Fory ond Yih (1968) and taking € = O in
equatiorns (38), (40), ('1), (43) the following differential
egquations are recerdec for the first an second order
perturbation

-

R[i- Vi, + K(1-v?)Vy, + ZKWIXJ =Y, ... (107)

at
?ly(il) = + 7K cos a (x-t)

Yix(+1) = + a sin a (x-t) (108)

3 . ) , _ T y
R[«-é?v??z'*K(l-y’]Vz'J:,,,_-!'?!"",:,,-WIKVZH'IY*‘P:YW ‘PIX‘J’ = U Y‘z -.-(109“.

+1

2 -
Yoy(21) = *+ cos afv—*)w,y_v(.il)*‘l( (cos®a(x=t)

(110D

+1

Vax(#1) = cos o (x-t)wlxy(gl)

It would be convenient, in this case if we seek the

solution in the foX7 sing form :
¥ =-g,(y) cos =({7=%) + t;(y) sin a(x-t)
(111)
Yo = Fo(y) + 7,{7) ccs 2a(x~t)+t,(y) sin 2a(x-t)

where €,, t,, F,, g,, and t, are real functions to be

deterrined. ¥With equntion (111), eauation (107) reduce to

i N ) _ 2, 2 2
aREi.;z a?-2K)t,-x(1 YD) %z a )t;} =( is;z- o2 ]3-1 (112)
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2 A2 o2 2
aii{{s- -a‘-zx]g,-K(l-th_ - n.-?}gJ e f—., = a? t, (113)
das? Loy? o (dy?

Subje:t tn the boundary canditinns

2 (21) = 2K )

(21 = 0 3 (114)
g2y * 1

1 3'(:.1) = 0 ;

whrile equation (10¢) is nb-ained as

! (?2 : dg -
Fo+ {—— -4u2} g2+2aR[I—K(]—yz)][g—z-dazft2~2Kﬂ32
y

cy?
1 4 5 .
R - - ; - .
¥ - L.,[t:[w +g;'-“-’[:_-,-*g‘]]*a,[t1+t1-u=[:1+t;]]] e
2 2 2 B -
4 <292} ¢, - ZuR[}-&(I-yzj][3_2-4a2]g2 2KRt,
d)"z dy

R z i - Ee 2,
- -'33[i1(t1‘t1+m2(c,-t1)] - {8y E, -g:gl] ] (116)

3 -
d - Gn r g 27 , - '3 ; -
{”‘ ZKR]Fz . “”Ltl{wx'a 2 ‘21]‘Q‘]"g1[t1't1+“2[tl't,]]]
(117)
With thae boundary conditions

27,(+1) + gi(#2) =0

t,(£1)
g (x1) = 4g (1) '
t.(+1) =0

0
(1

21,(21) + 25(#1) =

2-3(#1) + ti(21) = 9
To solve for g,(v), ©,(y) and F,(y) without considerinr

¥ = 0, frec numping as done by Fung and Yih, the nroblem
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will he solved in the fora of a power se~ies of the Reynolds

number R, Hence the ;oinutions may be expaned in the form

= v AL . : ' 3
gl = gln + R 51? r [ » + . -
t, =t,,R+ OR) : N
Pz = on . Rz:{?zz* ¢ & . 0

As R+ 0 (112), (r:3), (117) give

4,

#

Z -
2 - \ .

gl-Za gl + .3 gla': 0

- wa

2
- 20%*t] v o't =0

t 1

(119)

(120)

(121)

(1272)

2e5e7 Zero Reynolds miumber @ Stokes Approxination

Considering the case when Reynolds number is very

small only g, (¥}, Fyn(y} need be solved, thus

g ., |
g:o - Zazg;b ﬁ'u”ﬁlc = Q
-0
51_1133'5?'5_.':@ Fio(x1) = 2K - 1 )
o gty = 1

T

. a
0 g, (a1) = 0

F

Yhose solution to (123, (224) are respectively

=B'\"+{]
£y0 14 -

3
o - X dn
cm . (y 3 ) q’l

where = : G;
By = 2K, q=1- 2K, M=~ 73~ and €, remains

(123)

(124)

(252

(126)
(1zn

arbitrary
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2,5.27 Higher Order Reynolds number

The higher order Peoynolds number equations are got by
substituting into ecuatic:.s (112~ 114) and (117-118)

since the interest is to calculate F;, then t,, and g,,

must be found by comparins the coefficients of Reynolds
number.

The first order nerturbation

dz b 2 2 d? 2
[— - a ] Ciq ™ r-.[rl--ﬁ(l-y )l[d—z-u ]8”- 2Kg,

dy? y
(128)
With the boundary conditions
t:,(ll) =0
(129)
€..(¢1) = 0
While the second order nerturbation equations are
4 2 2 :
dy? J L ~ gyt 11
r
:}11(11) S (131)
g,,(21) =0

- 5 . i . 4
Foy ™ --5[§’t11(nib-gla}+gla(tll-tll-az(t‘l-tllji] (132)
Fo (1) + 1g =0 (133)
i2
The solutions to ecuations (128), (130, (132) are resvec-

tively riven by

t = Gl e“zy!y-z + EZ, e“z)’ + G y + G
11 -4 i az (1" 3 I
a

- l’[éz(l-K(l-yz]) + 2%][Bjy+q3 + i%[SBJ + q) (134)
o o

¥
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? 2 .
o= 8 [ -1 e b
a a

- o2 {G,)HG,,]+—I: (1=¥ (1~ ’11+2K] (B;wa)—ﬂFB *ZK(B;YMJ l]

: (135)
' 2 3
Faz = [(S(y) - 8(1) - q,{y - ¥-1L)
2 3 -
2T o 2K |
""%[(Q;*'Qz)ea +Q5L[G1+G2]eq - ?(331*'“.]]} (136)
where : .
G, - Mgo [1-sinh a? N ¢ K. 10
M'l 1..:11'1}{(‘.& L .
- 2[1 smh a?_ 1]_[coth aZ-1)+ cosh az_',Z*siI:h a2+(}_ —1]&“2]
az 0‘.2 a az
' : e (138)
| T1 2 . ] 2 7| . 40kq B
= - = th i) - = + 139
’ G 1 ';12 0‘.2 . o :
G, = - S21f{1-= - Gye - o
3 a'[ az]e 222 R (140)

o

- | R
G, * _Q[sl[z cosh o? —ninly az].. k2(;05-,}) o +21{q(a-2)] (141)

o 0,2
1 G
a? -~M +0) Gl 14“—] + Z_ W
Q= 72 (wz o ? ) [a"‘ a’ e uze“z ¢
M, , [1+§J] ae
ot : ST
-~ L(2KkB.+ 20%K(B,-a) + 1”‘3 ]+ Mg,] L (142
al a .
| iz csno?
Qy = - slnhaz[Ql{cnshaz--——-s;?ha ]+o;20~5[__:_z:-[coshm2-"5:—1;—‘1-'--L ]‘
+ G,sinh a? - .Kg‘l ; (143)
_ a? o & o
Qy = Q) My ~ 0, M5y + My o S {144)

Q= = 2Q, {cotha?+Hy, )=, cosha?+L- [Gi [{1—1- ) sinho+ cosha®) JK{a-R,)
a"Qs. o az uz d“ p
* (1-2)6, cosh u’:] (145)

34
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o al + 7 B o
Qs o ] L
- R 46
My = a? +1 ) S
o” J

. O y B X .
My = = [§11[1_ _z]cosh at + =, sinh afJ+ azfl-—z]51nh o

[+ o : o L M o 4 1
- ; (147)
M, = M,, sinh a®-cosh a? (148)
a’Qs
- 2 ..
My, = sinh o7 (149)
37Q5

2.5.84 (B) Suspension Fluid

Ve woutld seek solution of equations.(38¥43) in the
following form:

¥, = 6, cos a{x=t) *+ &5, sin a (x-t) )

2

wpz i.epl cos ax=-t) + FPI sin o (x—t)

P, = lﬁ1+ A, sz 2ax~-t)] + S, sin Z2o(x-t)

1}

¥

+ 8 non 2 - in 2 -
p2 an Dpz ros 2alx-t) + sz sin Zo(x t)J

real functions of y to be determined. Substituting
equation Q5@ into@uatigns (73-13), eonations obtained

are given below :

‘:‘ Lrg2 2 .4 ] '1 | |
€3 [—-— - 0.2] .91 + C‘f‘[epl"al-az(8p1— 01]_’1 = @(?fC)RK

dy ?
- (42 B |
[[1+K(1-y2))_| [.f‘.-(; . 02)81 + 2K S, ] e (151)
Yy I

a2 2]2 ' ‘['5 I ].ﬂ S
!

. . E .
ot : . . - SR - M [ . ".'."’
L% : .
-
v

|



Bl

o (-9 R[[ 1+ K(l-—y )] (2 - az] eﬁl - 2K a,] (152)

€2

. , ) ) } . ' +2._ . dz
N[e, © ::ﬁ[e1 epl]] mR[[K(l-yz - 1l [_.é:y2~<;:2]sp1 *

2 K SIHJ | e {(153%)
3 2 -y - . ‘12 _
N|S;-S ~a?(5,-S = “K(1-v2+2YT 12D o2 -
[ 175, (Sa pI]J aRJ:[l K(1l~-y +M}"'I [dy2 o )OPI ZKGPIJ
a,(x1) = +31 ]
0,(+1) = 2 S
B 't':;_\‘f-l: (1 S 5)
Gpl(:-l) =2l h , o _
51(i1) = 0
$1(x1) = 0

Spy(el) = 0

2 2 - - - | a I
3_2-4.::2] 9, +CM l 9,, = 02.- 4a’(o_ - 0:) ]
y '

A2
= 2(1-C)aR [[K(1-v2} 1] [-—-—2-40. ]s,+?xsg-—1-]: [ea1 2020, -
o dy
a%e, + el] -0, s1 - a%8,) + o, sf]] (156)
4 RO .,
[.é.;z- 2a ] S, *+CM [s -85 - Sz—4a2{8p2- s,]]
2 ' z
- 2(1—C)(1R[[1 ~K(1-32)] [-w- - 4o ]82-2}( ez--l-[ele'f—e{e’,' s

Ly
"+s[o-?azs]+ss]] (157)
l - - A 2 .’;
Ly + cn[r_;-)z-LEJ S0 -C)R[ (@1-2a ) )+ e,sl+@ s -$,0, :l

e - SR (158)
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1

g 2
E]JE—ﬂ” ~q2]en"+zxo Lls " Lo o

M

-2l 2 E
?QR[}+ Kﬁ.y ! Dz 4y P1 P11 P Dl+

ot o Sal o onls?es? caar(s,-s (
" -8 || = NiS;~S_ -4a®(S,-S  }}.e.e 159)
BD1OD1 DISDIJJ ' - P

-~ g? 2} 1 i ;
ZaR[Il+K(I ) 4 +*JI T;‘ £44J0p2+2K S Z[gﬂ 901+[0p1-8p1]5pr

z f

-8 o ]J - ?iic;--l‘)’;-4a’(€2- om}

‘:’1 Di .D LA ] (160]

2 - -
2(14)@[{1{(1 ~y?)- \,[_‘_2_‘;& ] +2KS -..[s -2a’el-a’e,+el]-
f ]

y

4
.l -%2]0 +0~1[o dce ](Op," 0,) - eﬂ (161)

- B (ql a8, ) v‘

aR o o3 . 2 . d ] " .
2 [eplspl+ T’Il"pi ul’lapl smem N[Lz - ]"Pz) (162)

With the boundary conditions

-
- 0, K
+ = + 1 V-
t; (21) 2= x1) 5
. 2 K
€,(#1) = #+ }o,(+1) + 3
- <
Ss(21) = * 18,721}
S55,(21) == 2 0. (#1) | (163)
3
sz(il] = 0
sz(ll) = 0
0,(x1) = * % 9,
S,(#1) = 0O
S;(#1) = O )

It can be seen *hat C = 0 in equations (151 - 152,
156 - 158) coresponds to equations.obtained by Mittra.

T2 solve those real! functions, it is necessary to solve



the equations in

1€ the real

s, =
o, =

q =

.!pl

- 35 -

a nowver series of R.

funceione are expanded thus
0., + ROy, * wus ‘
. . rop?d
RS, . + O(RY)
n + 2 37

¥ OMR?) -

2 -

bend Laa A
$ + D2 4
20 Q22 see

2.5.5 Stokes Approximation

(164)

As the Reynoids number is very small ecouation (164)

is suhstituted in equations (151 - 163), thus

d? 2 B fras d?
— u’] 0,0 = = Ch[[ﬂ— 2-(12]T10 = [—-_raz]ﬂxo J

dy? dy dy? "
- e (165)
2 A2 "
[d— - 01.2]610 i I(__ -02]'1‘]0 » 0 TR (166)
dyz _r_'r..,?
whose solution is
Tyo =C,, Sinh ay + G,, cosh ay (16R8)
Subject to
070(*1) = 7K
p]{i‘l) - i] esn (160)
Tioltl) = 1
where Asg '@ 2 sec?q - t2Bh @ (170)
acosh a a e
By, = cosh a = 2K tanh g

i COSH o



. 1
Q2 =0 and €y, = S
sinhn
’ .
o, 4 * -
and L,, * CM[(J” - L J =0 (171)
2 3 _ A
ko =y 2 6 (172)
Subject to
- - - K
L, [*1) = % 191a(i1)+5 (173)
The tolvutions to envations are
Lo (¥) = - C13[Y"%‘] +*Chu ¥y? v ey +e,  (174)
Qao = L [Y) + 2, ¥y * e, (175)
where C,,C,, e, €, €,, e, are constants of integration.
25 5. € HHigher Reynolds nurber
The solutions to other liisher Reynolds number in the
suspension fluid are
S,.(¥) = Ty 5inh ay + T, cosh ay (176)
with S,,(x1) = ¢ . 20 fs1) =0
e ,(y) =P, sinh ay + cosh y sin (177)

v- |
& [ a®lPy zinh 2ay
L, (y) \1—c)? [ [ =

8a?

-y cnshZu

n ’ K . ¢ |
(Pe-Psly* - 5~ L) + 5 - Sosh oy

24 - - |
Ozz(Y) = La2(y) + 2,7 + a,

Qn()'] = 0
vhere P,

Q‘"IN Q lm

[ 17, ) w v *N; B,
L

+ (py-p ]cosh 7av

+C}’ LI

LI I

tanh ‘o -

16 o

(178)

(179)

(180)

gl

—-..-](] A 12+Nz)t"nh o+ Nl 12(1’.&!‘1}12&' %]]

-



P; = “{T-g A, + T, Bli] .- (T,' By, + T, Aiz]
Py = [ Ta(hy, = 2B,,) + aTy By,|
B :
Py = %[ TyfaBys = 2h,,) + a Ty Ay, J
v " & (181)
Pg = = tanh a )
iy = = 2 o K(1=7) ‘
N = -~ 20 CMX g
" r 182
Uy = T [ Ny A, + Ny + “hpl 1
o 2
" LE" [N‘ g‘2+a?P,J J
Caiy Oy, 3,, a5 2are corstants of integration.
2.5.7 7 _ter tave Appioximation
‘£ the lengt' o :he wneristaltic wave is much greater

than them wave numhe~ ~ but the Reynolds number may not be
small then expanding a4 in ceries form under th2 same restri-
ction on ¢ then equations (151 - 155, 158, 167 -~ 163) are
valid- acceording to Thoy (1970). Also eaquation (164) can he

reporesentcd in the forr

_* #*
€1 = 0,4 * “?elz * e 1
*
- O o 3
F! = 0 Sll“‘ L ’,.}
L 2.*
Ep1= TIG + o 7 2 L P
¢ Qi‘ _( LY P LN 183]
: S - + Ha®)
1
P1 A
- *
by =Lly ¥ @% Loy * weawes
& ’ ~ W
L - 0 * 5" 4 + a " ® 8 a0
22 g
P2 20 J
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* w Y * &

#here °;B> 25 Yase Tios Tazs Qirs L;up Q:o» Mz2 are
functions to be deterniner as before without asterisk,

To get the solutions of these functions,equation (183)
is suystituted in thc valid equations mentioned earlier
and tie ccefficients ol a in its ascending nowers are
equat:d. Thouph c2lcuviavions are tedious and lengthy, one

still pot the follovirg solutions :

als
. 3
e = agly =L 3) - KA-y) 4 (184)
Vo = 0}, * a,(y=1) (185 )
y y2 3.
.20 = ‘19(_\7 + L = .z ) + !IVV + dg {135)
2 3
ﬁ:o - L;n + HY + hl (186)
wvhere
ﬂ.l. = '—ag = 2!( e 1 ]
(187)
:.‘5 = - El,.
J
a s
s* (yo = (1-C)r|22 * + 2Xa ['25- L ] - ZKI“ a f%i* N
Tt ' 0 "994120 840 *T20
b 5 -]
Seom 36 | 24 12 24 N 60
2520 6

I AMNES LA o T a, D ATND AR 4 IS I AN A )
120 2520 36 24 IZOJ

-

B : ; ] 2
"'L_(l*':’s) t A, =t j*hz% +ha-¥2- +h, y + hy (188)



Q (y) = s8], - «|| iil -~ 2K ag[al

.
- 2K[Z ’ 13] ¢ X1+ ay) +a, % l_
2 6 p

Where
{LER
by = (CIRJEE 23i _ 3267k a,
5 5 9555
+ 4539 - 52 -
SM 6
“Aa
hy = .ﬁ(].,r;]KR[ = - K + 1] ¥ Hﬂ_
3 : 3N
_ (1-C)R [ » a9 13K a;] CMR
h, = K — +
' 6 2 15 6N
(i -1y LK [' v aq)J - th,
M 15] 2
1, = (LCOKR (20 ,) ) cmxa[ii
6 .3 ] 6N + °
¥ (1) y « K22
i . : Ll . 1} + _._...._ZK[-
6 i 1 N 3
y 9
iq = B’]_ZK(‘Q["’_S 'lbl] ZKl_ -h+i(1+1
N 2 W
“2

Ry (y)=£(y)) =2

,z(;) = J[ 1-C) Rl

X: +Z2)I_ ?xlag[zz-13+ 15}
M 36 0
tagy +a, (189

+CMR_235_6K39+

NLOS 105

(190)

- k4100 4 2]
(191)

(199)
~K+] (14 s} -1 h:
i (193)
s K . Zull (104)
et N
20 3 U

J] @y, (14811 (-1))
(195)

1 (- T-ea-y s

B ﬁr!%[{ﬁ[(1+;)O:,—F(y)+£(y)]-0* +2KR(Y)'H(YT}]*

+ 7

*+hy, v + h,,

-ag(l -'ﬁi . T ] 7r{! y ] + i I] .

(196)



....;0-

ith boundary conditions 0:2(11] = 0
(197)
® "(x1) = 0
Thus
y2 y?
0. = IZ(y] + hag *hel +hy ¢ by, (192)

vhile L,, is a fourt® order cowmled differential equations

whose solution is too comulex for determination. The counled

esuations are

‘ - - - F
*” * - R *o mkL il > * 2 *o nd
Q22- Lzz = EE[Qll Lo ° 'H}Q)'I—O. T =Q : } (199)

_ i o3 . 2
L*"’ CMR[O*,- T:; + e a*” . o , S Q;I r:ul(l;clﬂx

g -
* &* * Xy * 2 -
[011 03s * O30 Si1a * 9y, le Ql,e:;] (200)
¥ith “oundary condition
Rl ' O (20D
22 = T 7
Where
&, 3 & a r
v(y) = 3][(1~Cﬁﬁ (=X « zxn,[X- - L 1+ 2K (agx
360 720 672

e ————

120

[a_sz 2!(:19[_..15.. L } : 21([- ag[_ﬂ A
60 20 5720 36 (14 720 20160

5 5 i 5 6
- | e T "'t]* "[1+as]+ff~_.’i]+

(AR SRR iy P iy ol S |
720 20160 1 4C 120 %20 N

-
n |

+hs y ]] (202)



] y i 6 - & 8
£(y) = [(1--(;)&'(1-, & ?Kaq( & « & ]" 2K [39 {L - L -
J (e 160 36 480
3 5 G 5 5 T c 6
b i \+ 2% [ 4 i J g + MR[ag Y. - 2 agX
15/ 10 46 e A N 18
¥ g 6 ,6 ] (6 v 5 ]
- o L S 281= apgl = = &0 = Lo
| 3 L60 8M L L 3¢ 480 15
_.{Kr}ts___‘/"] ¢ L2 gy +a,,£] +hy L2 e n, L
10 36 10 36 4 3
a y { .3 5 3 (203}
N RIf. vy y 4 y
n(y) = “- S Yo - le- e g "
r:“ ' 37 6 60 SMJ
] 3 2
ZK[- 1y fit -y - y’ ]_ 2]([)’.3- .-f:. ] + X (1+a,) + akzh]J .
{24 360 9 6 24 6 24
+agy? + Y*':‘—:!J (zow
2
1 w5 (% s B § 7 "
0iy) = 3f[Bla k- 2 o f2'- X+ L) zs.-{.ag[x L. r).
Nk s 4 18 2 - 10 84 6
[ 5 . 5 :
_ny_z].g.zna’as)a,aqLJ (205)
Kl 10 e 10 -

Mo« P _ : : '
L(y) = ”( CIR(S], * K{y(M)-£y)- 2[ag[v-* {- 33}+2K(1-v)—-11
R cn(ﬁ[[vtfw?: }f‘r’;rfty‘ ey ]- 07 +2Ke () -my) 1]
& ol TFY . P2, ¥ . ZK[ZZ- 2l .21 206)
TRl " %o l-] 2 6 2 J” :
\

»
I

hy, = 3” Z(2) - 2{-1);} - [2(1) - z(-n]

b = = | (1) - Z2(-1)]

=~ [z + 2(=1) + D8 { (207)
By [ z(1) (=1) _‘f—]
by, = [ 2en -] sz - 2en



2.6 Series Sclutircn

When £ and R arz nct saall, solutions to (47), (48)
are cbtained by expressing ¢, (¥) and Hblfy) in terms cf
an infinite series in pewers of y. Using Frcbenius series
method for solving differcntial equations with unknown

coefficients, let

¢f1 - z An yn

- > (208)
b, ™ g L

s

Expanding and differentiating (208) in the following form

. L)
* ]va * A.y * e

'#:1 s .:\O + A 1 v & 1'-\‘_- vV - )
& = Ap 2N,y ¢+ Tyt e 2 AL ¥E 4+ L.
f1 4 (209)
¢E1 2-"\2 w 6 J‘\s :}' * 12 .’\u yz + « 00
3 e ] 4 \
¢'f1 - .4 .t" + 120 n5 y + R J

and likewise
S 1n : 2 3 P
¢, =8+ b,y + B,y? + Byy? + By* + ,....)

nl 3]

¢ = By + 2By * 3B,y + 4By + ...,

P1

i b 210
¢ = 25, + 60,y + 12 B6,y? + ( )
p1 s “3 WY rags s

| ;
¢ = 243, + 120 Bgy * ...,




Inserting (209), (217) iat  (47) and (48) and collectiae
like povers of y and equeating the coefficients of each
power of y, the folloewing are got with some cocefficients

remaining arbitrary.

From (47)

A, =2 [z.-gz + i(1-C)aR(K-1) + CM] + j'ﬁ_q [21(1-c>:<rm .
12 4 24

a*® + i (1-C)u’R - CM - %K ] + CH[!ZBQ- ZBZJ (211)

Ay = D3 [Z-x’-iu-cm-lc)xm} A [ 2i-c)kr - at -
120 120°

i(1-C) (K-1) a’R - CM az] + oM [(1281 -6 “3] (212)

B e
A = Ay [.gd? = 1{1=C) A~k juw # CTJ + 22 121 (1-C)XuR-

30 360

gy - i(l-C)nR[(Z - a?)K - c’1- CMuz_J + ; Ci[l-C}X

a%kR + S [-a’ B, - 12 S“J (2132)
560 :

whose recurrence formula is

A . [ 2a%-i(1-CX1-K)aR + CM]A

n+é
BE (1+6) (n+5)

+ [ 21 (1-C)XaR= 5*-i(1-C)sR[(2-02)K-a?]-CMa®]A
(n+6) (n+5) (n+4) (n+3)

n+2

3 3 A f 3 - =
i(1-C)a’kKR A, . CM [r®B - 12 B,

PR S Il-l-‘il

(n+6) (n+5) (n+1) (n+2) (n+6) (n+5) (n+4) (n+3)

+

(217)



For equaticn (-8)

) . - .
B, = ;121K“R + ia®RQ + - N . gﬁbzﬁo . ZA,]
. K : . X ;
iaR(1 - = K) - N (iaR(1 - 5 - K)-N]

¥ N 2
. By 2iKak+ic?R(1-5 - K)-a?N] + % [a?A; - 6 A,]

’ e 6 2K
6 icR(1 - 2X - K) - N IGR(I-——'E - Y- N
M
EoR
B, = 22 oM - ihy o i &
12 1eRCL-2K - KD~ #  iaR(1-2K -K)-K
% Bl
v oy TiatR(- 25 - - o - 21aka)
M .
12 st
S i - K) - N
B s s
+ 0 1o K.R -
12 jed{l-2k - K)-u

M

The recurrence forrmula for (217) is

. _o’N N n?S,~-(n+2)iakR "~ B.io
Boesd e ez ~ S Ay * - n+c
(n+4) (n+3)5, 1 (n+1) (n+3}$,
+  ie’KR By (218}
(n+4) (n+3)5,
Where
& o AR 2K
_J! = 1!’,,\\_1 - _"'q - K) - N (219)

an examination of (214), (218) together with equations
(211), (2i?), (215) and (216) reveal that all A , n > 4

can be expressed in terms of A, Ay, A2, Ay, B B,, By, Bj

0’



while all Bis 02 2 can be similarly expressed in terms

cf Ay, A, A,. 30. By. Thc boundary condition (49) demands

that ¢f1(?} and $p1(Y) be antisymmetric with respect to

y leading to

(220)

Since all A_, n > 6 from equation (214) are expressed in
terms of A,, Ay, U,, By and C_, n > 4 from equation

(218) are expressed in terms of B, the solution

o

, . n v n v n
af,(y) Y E 2in y + Ay E aan y o+ By I b:n y ¢«

n=o n=o =0

+ By i b Y ense [221)

@ o
o n . - n , . n
Jpl(y) =A, L a;my *+ A Pamy +5&, ] bavy *

n=o
+ B § b y" vees (222)
' a0 O

Equations (221N~ {222) can be exprcssed as shown below

since G, 1is a function of A,, A,, 8

10
ro (=] @
N n 2 n n
r-fl r‘-’) = 'll & 11:'; y * "'J )« aﬂn y g El E bln y
= n=o h n=o

"i



=] - * . o0 A n
‘:’pl {Y) » Al E @ln y“ " "\3 E n3n Yn+ By Z bln b4 J

n=o n=0 n=o
. % & (22;)

waerc

.\n - azp AI + aan A; + bxn t?ll

iz = -

5 a2y Ay + a’l Ay + b1n 1
f.00  @,-, b, b =1, 3 and n =0, 1 .....
jem» T3, Tj,a 7 Ty,n . .

denote the coefficients of Aj, Bi in the expression for

A, B determined for n > 6 and n > 4 respectively, Morc-

“owity UL L= vy Ly, sana 9 ajn * bjn are glven by (211) >
(212) and (215) , (z.®} So that Ao' Ay, A2, A, and Bo»
Gy, E;T 'y are indepenuenc vi each other therefore
aln fllz - -‘113 L 3;|_ - :‘au ks 331 3132 = 8,.. = ()1
a = a = a =g mgt g G J®
bl 12 13 1k 30 291 84,8, = 0
r (227)
} = » z =
= - = £ =
b . hlz b, - bxu 0 i
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1
Ay, = Ay, - 1
a’ = 3° = ]
11 3z
(225)
bll = 0
b- =
11 : ;
The troundary conditions (43) using (223) reduce to
(el o [} '
Ay ) na ¢ Ay ) nﬂBR * B, N nb = K
n=c n=o0 n=0 In
o @ ®
l‘t.
Al z a N ) “'3n 3 Gy E b],n = 1 ’ (226)
n=o tn n=0 n=oc
ﬂl ﬂi l‘ﬂ + : ) "I;:: +* b, Z bln = ]
n=o ' n=o0 Bmo J
In this case
D o= K-3 (., @)+ ¢ ) (227)
' f1

is obtained from (552}, thus from the above using (221) . b
is finally obtained as shown below

o L5 @

D =K - ;I:I“l E !'!(ﬂ“'i}-'lln + ;‘3 z n(n—l]a,n # [‘-1 Z n(n-—l)bl.]
n=o n=o n=o :
* b * * ] 4 * - - l
+ A E n(n-l)?ln + A, Z n(n—l)asn + B, E n(n-1)b, |
n=o n=o n=o

{228)



& JdB -

where asterisks * denctes comnlex coniugates to A,: Ayq,
!gs %gns By, byn »- Intesrating (51) twice where it

represents a steady inertia component in the presence of

particle phase due to convective acceleration corresponding

t nd
(¢} ¢p1 an °p1

-
- -

beas () = - AR [(1-c)[¢f1(y3 bga ) = 6L () 05 (1)) +

CM v g* e I Iy 7 ’.,
=(0,, () o tp ) 0 )

+C,py+C, (229

-

where C,, €, are constants of integration.

tedefining ¢ .. (v) =s

- (230)

"~
—
~
p—
it
o~
P
~

then 0. M = I x y",

b8, = 1 Xo v . (231)

and ¢:;(Y) = ] nXx =t

and :p‘(y} defined as

® m
A (232)



“n

- & >
So 5 = J niz_; ST S A o
pl n=og n pl m=o ¥
(233)
o 1
- g -
and o - I nz* y"
pl n-"\ n
=
Where
Xm - xn'\l .‘.!.”n + -":‘3. -'1,1’:! + 81 blm 1
Xn = Al aln + 1‘3 “an + “1 bl:n
r (234)
- . ’
p = Ay am * Ay agy + 5; by
.
In = Ay 85 By Byn * 3y By J
* * Z* * - - 1 o z -
and  Xp, X, w Zn are complex conjugates te X Xnymo
respactively.

Substituting (230) ~ (253) and integrating (229) once
Oy ) = Fly) + Cp y* + C, ¥y +Cy (235)

wher2 Ci, C,, €, are constants of integration

&

) -3 Ta-of 11 ong Boymn

B=0 n=c -

2] o (=-] oy
B T v* m__ . mn C—M[ Z. 2 x
nz;o m;r:- xn Sl m+n * } : . Z E m n



n_ gmen ? i &; n__ go+n 1] (236)
m+n n=o n=0 m+n ~
but ;220(11) = D at the boundaries demands that C, = 0
.. €y +C3 =D - F(1) (237)
Therefore o, () = Fly) = F(1) + D = C, (1 - y?) (23%)

From equation (52)

: - iR
¢P‘°[y) 2N

Integrating once

-

b, -
v (}r} = G
p2o

iR

2N

¥here G(y) =

I nfn-1) 2]

% #* 2 - -
u == s
[ ‘opl (Hl‘l r’p1 ‘rpl } ¢f2 {)’}
vy - F(1) + D - ¢ (1 -y?) +« C, (240)

v % - * m+n-2
[ {. ] n(n-1) 20 0 Y -
m=C Ni=0

7 ),m"'n"z ] {231)
"

m=go =L

Since the mecan pressure cradiéent K

mean average of the axisl velccity

o & {law®y + B
%(YJ K{T=y°) 8
= o - 2
U, (y) = K(1-y%) + »

is not zerc , the time

is given by

r.

Fly) - F{1) + D - C; (1-y?) ] (242)
5(y) * F(y) = F(1) + D= C, (1-y- %:)]
. 1



o calculate

can b2 re-written as

\‘:

e 8

e I

the

sy, Ay and O, , equation (226)

= 2T )
B! C(S Soah
B, ag = 1 )
B, ag = 1 |

¥ By ¥ Bis T e

(244)
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Sclving (244)

Al = {[ 2K .;5-12][-;;6 q,a-usq.gj * Lﬂ.s-an [.3{15 - O, GG}}
[:!:‘5—.&2““] [’35[‘10- \%5&5]"[&..85‘3514?"[{1!35 - az \:s l

(245)

=
"

-
1 { K ag - a, - Al[ B “5'“2ab.J},/Ta,as - @y “s}

(246)
A, = XK -[A a +0 ay]

“,

(247)

Other ccefficients in A, n =1 3, 5, 7,7...29 are

» r
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11¢s and Tiscussicr

Mimeri aql

veloity i

’
> L

c~Tculations show that thes mean axial

“iLut on (averaped over n ire) due to

eristaltic metion in the case of frz2 vruapine is dominate’

Yy *the const=21t ", The constant D, wh =l 'efines the

- . A . - -
boual~=- veluz of Ae,y in equation (7™, “ag its oriein
in tie radi=1 -vadient of the first=or’'ar axial velocity

dist-ibutice

from the cffqat

~8 This comes

can he saen in eanation 7)),

>

loundary conditions i,e, 5 the second- or'nr

non .inec~r 2ffz2ct of the fact that the nonslip condition
apnl-es to th2 wavy wall and not to rhe mean nosition of
the *all. The eoastant D is a functisn of the wave numher
w ant the “evncolds number R, but its vari-tion with o an
P is slight. “rr 85111 values of R apd Z we can express
Per T - Xlegn
wvhere Q.. d ¢f11 sre ohtained Fyror (86) and (92)
respecetively. Thae values of the coast nt D for various

values o€ o
term ip (1I0%
R. ¢
with the v-’
Table 2

flow paramat
the wave nuw
has no sieni

predominant i

-

cally then

v

The first

-

nre *tAhulated in Tatla 2 .,
¢

Y ra~resents the valus nf ™ -t X = N apnd gmal?

comprricen »f thig value of D M-8 Leen made in Tahlae 3

van ecalceculated by Tune »n? Yil's exnressian, TIn

ig decreasine with ‘nerc<se in Poisecuille

” vhile it is incrensin< with ircrease in

2y

-

Since o

QY and R ~r> wvery small, °
£fi~an*t effect on N hut Uazre offact o7 C is
s in the series solution., “"ne notes that thenre* -

H

‘n the above chanter, the equations assume



the form of Mittr- modal but differ ian riany respect in

that ours is = conbhination of particle and fluid nhases,
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Table 2 Value of D for small E and

K = (P | 0.2 0.3 s 0.5

a n

+ | 2.01%41 2.T1576 c.73211 2.6884% 2.64450
0.2 ¢5,61 2.90510 Z.3526¢0 2,.80009 2.74759
3.3 277123 <.92106 2.86489 2.80872 2.75255
). 4 3.9¢551 2.96373 1.32241 2.84119 4.75978
9.5 3.33647 2.96872 2.901C1 2.53331 ~2.76560
V.6 3.327659% 3.00098 2.92537 2.3497F 2.77415
2.7 3.1251% 3.04011 &, 95510 2:87T019 Z2.,78529
2.3 3.18427 3.08s82 2.9°277 2.83673 Z.3006%
G.9 3.2544: 3.14576 3.03711 2.92¢46 2.819389
1.0 333573 3.21280 3.08987 2.96693 2.864400

chee . —

-.60115
2.69501
2.6963¢
2.69846
65789

BCE54

[ 2]

L]

2.,100u0

Z.704E4

2,71115
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Table 3 Comparizon of U for small R with D
of Funpg, Vih's Model (¥ = 0)

o 9(R £ 1)
Pl | 3.7904732
0.4 3.0162D
0.3 3.03a55
N4 3.tnb62
0.5 3.10288
0.6 3.15t35
0.7 3.21080
0.8 S.40003
0.9 3.363M)

1.0 3.45L73

Values of D as obtained

by Funp and Yih

3.00401

3.01619

3.03651

3.96560

3. Y347

3.15197

3.21062

3.28068

3.36307

3.45382
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CEAPTER III: THE INFLURINCES OF WALL PROPERTIES

AND POTSEUILLE FLOW OF A FLUID -

PARTICLE SUSPENSION IN PERISTALSIS

(ELASTIC)

X 1 INTEODUCTION.

This chapter treats the influence of wall properties
and Toiseuille flow of a fluid-particle suspeunsion in
perintalsis (Elastic) based on Mittra and Prasad (19713)

model .

Mittra and Prasad (1973) discussed that since theorctic-l
rosults depend upon solutions of Navier-Stokes eaquations,
an assumptiecn of either inertia-free flow or flow with sm=zll
anplitude was found convenient, In this chaster, a cwo-
dimensinral peristaltic flow of 2 Newtoaian viscous fluiad:
part'cle suspension is filled in a channel of infinite len-th
but “inite depth (width), When the fluid is setc into motien
by a steady procressive sinuscidal wave of moderate amplitu’.
the walls considered as flexible (Elastic) a basic Poiscuill
flow caused by a uniform pressure becane »>resent given rise
to sroblem of peristalsis., (Note here that no effect will
be made as to elaborate how the wave oripginated nor to considor
loss or gzin in energy of the system). Peristalsis is a muscla
controlled flow. Since muscles are involved as the walls

are flexible, the fluid is propelled by rhythmic waves of



- H5 =

contractizn called peristalsis (to send arcund). A typical
peristaltic wave is preceeded by relaxation. However, the
strength and the velocity of peristaltic centracticons arc
increased by impulses carried »ver the walls. As the
structurce relax, the cycle begins again. The action of the
muscles are j;overned by a set of equaticns related to the
wall displacement. Its mechanism is a2ssumed in the foru

of a sinusvidal wave of mcderate amplitude imposed c: the

flexible walls of the channel.

s

The chaster fecllows same nattern and methods of solut
as the Mittra and Prasad., The twn [ rverning equations werw
solvzd for fluid phase and the particle phase taking intc
consideration the action of the wall!s since there may te a
fore:d oscillation of th: fluid due to . harmonic trave.liug
wave. Sclutions regarding pure peristalsis, cleosed forms
solutions, effect of damping and series solutions were

nbtainel.



- have been explained in chanter 2,

- b -

3.2 Formulation of the problem
e — . e

Consider a two- dimensional infinite channel of
uniform thiéknesq 23 (Fig.2 ) filled with a mixture of
small spherical rigid narticles in an incomnressible
Newtonian viscous fiuid, The walls of the channel are
flexible, considered as either thin elastic wlates or
membranes on which are immosed travelling, sinusoidal
waves of moderate ampnlitude. The equations governing both
the fluid and particle vhase are exnpressed as

~ fluid vhase: |
Buf Buf auf

(1 - C]p [ +u + v ] = - (1 - C)Eﬂ + (1- Clu x
I £ £ 3X £y ay =+ ax S

av v fﬂ' éf | B ,
(1~ C}Df[ + uf_“f + Vv -1 ] = - (1- C)EB + {(1-€) x
. 3 t ! .

)T ve * CSQvy =~ vg) "0 T 2

3 {a- oot 3 da- e }=o (3
X { uf} 3y _ vf L _ N

Particzulate phase:

du au Ju B ,
- {;—2 e .] = - ¢+ CS(ug - Up) (4)
P

9t Pax Py ax

Cp [__._p + 1u 2 + _._.B J= - E-E + CS(Vf'V ) (5)
PL ae P ax r Yy 4 = P

L{CU}J'L{CV}EO'--" ()
83X D Iy P‘ ' )

Hote here that all symbols used in the above equationrs
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Intrcducing the streanm functinns for the two phase

uf = iqit H VC * - a...q_rf
S ﬂ§Y L ﬂ".?h~. -3*a_ | (75
u = B‘J]E v = o Bq’n o
. » .
F 3y 7 A X

Eliminating the pressure gradient £rom cquations (L) and
(2) and (4) and (§), the squations of motion of a viscous
fluicd in terms of steam functlons are
- 5

(1-c]pf [5; vzwf Ve 02 fo 57 fi} (1-Cou(C)Ivty, +

2y .oyly). S 8

*.Csfﬁiwp . Vi) : N s?-* e (8

3 9iy o+ v viy - v gy J - Sy, - Y @
Cpp[atv Yo T ¥py" Yex T Vpx” Ty V¥ P

In the above equations, X and y are cartesian coordinates

with x measured in the direction of wave nronagation and y
measured in the direction normal to the mean position of the
elastic walls. The veaiocisy components in the directions of

. increising x and ¥y are ug, u, and v, v and the origin is

D
at th2 centre line of the channel, pg, p  are densities of
fluid and particles respectively, p is the nressure vhile v

the XKinetic viscosity. The subscripts indicate »artial

~ differentiation and 72 is the two-dimensional laplace

oneTraor: 3 . ﬁi A,
x? ay? R

Dynamic bouvndary conditions are imposed on the fluid by
the symmetric motion of the flexible walls, In reality, the

e ’ R



w~ {G -

ureteral wall is exicited by the muscles whose tension will
control its deformation. The field equations representings
the action of these muscles will involve variables, which
through continuity conditions, will be related to those of
the walls and the fluid, 7o simplify analvsis, aﬁsume that
they yield solutions in terms of displacement variable

" n, (x,t) at the middie nlane of the wall so that

S w ™

4

Ty, t) = alx, )
where n{x,t)} is the displacement aof the wall of the channel.

- Further n, is assumed to be in the form of a éinﬂﬁoidal

. wave of amplitude a, wave length X and wave speed ¢,

Therefore - e e R

mo=oacosam(x-ct) o Qao
) ..'.-' l
The governing equations of motion of the flexible walls may

~ 'be expressed as : B )

‘ ¥ = p-bvy ”7fm§"_" L an
~ where i is an operator, which is used t:o 'renlr;eséht the motion - °
"of a classical thin nlate or that of a stretched membrane with

. viscous damping forces such that

I._ . 32 . 32 ) 3 ' .
Z - T2 4+ m % + H —(menmbrane) oo (12)
ax? 3’ . .
- T = L r_2 o v
Lewar 0 2 (thin vlate) Clan

ax*  ot? 3t
whefe

T is the tension in the membrane o
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W the flexural rigidity of the plate
ﬁ the mass per unit area
H the coefficien: ol vis.uus damping forces
p the interaction presure due to the motion of the

fluid on the wall.
» the pressure on the outside surface of the wall *
~due to the tensior in the muscles,

This tension may be obtained through the constitutive relation
of the muscles when the displacements are known, but p, = O will
be assumed. It is assumed that the walls arc inextensible so that
only their lateral wmotions normal to the undeformed positiors
occur. The hnrizontal displacement, thus is assumed to be zero,
which rffults into - -

“rzlg-: o at oy =xdsom (18
Continuity of stresses wvegulres thatv at the interfaces nf.the
walls and the fluid, 1 must tan ﬁ:#-.samz as that which acts on the
fluid at y =+ d * n. By uasing x - morentum equation, this leads

to S \

(1-C) 3 I[n

' = ]
(1 C] 3 Pe vy l{;f ?ftl C)( fyt ny fyx

- + -
Y £x wfyy) ) ‘?py
and the boundary condition of the particle assuned as . -

e T 1_- o )
ox ‘1("] C[vp;f{' oy YEyx Wpywax] P (Vg = ¥oy)

(16)

Ygy) aty = +d tq '_' (15)

It may be mentioned that (14), (16} are thie counterparts

of the boundary conditions known as no-slip and no-seperation
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conditions, resnpectivelvs, .n» hvdrodynamic stability with
rigid boundaries,
The above set »f ecvations are nondimensionalised hy

introducing the followine narameters.

1 u 3
- X - . . - == f - - f
il o, B o w Ty " ¥
P ER . p ol n* = Ak ?; = £, (17)
¢ cd
¥ -
l{:l; = ...E s t’ C_‘. 5 P‘ = _T..)..... ,\’ - E'E
Cd 1'1 L‘z
Pe Pe |
Suspension Reynolds number R = cdog )
(1-C]us
Wave number o = E%E
amplitude ratio £ = % ! (12)
- 942
Suspension nara2nic M s —-1-
fl-C)us
S 42
Susnension paramcier N = Sa Pg J
(1-C)ppHg

Droping the primes (8, 9, 17, 14 - 16) yield the following

) 2 2w - Y 2 2g2 ¥ 2 -2
(1{)(?5 Vg Ve VoW o - Y, ¥ ‘*’fy} = -Hj ViV + CH(VRY -VEV )
-

c [-"’-vzw +y vy -y Uy ] « £X [v*w -v’v] =
2 Dy PpX pX py f D
ot R & (20)
n =€ cos a (x - t) (21)
\I’py = 0
at y = (d + n) (22)
i - C

—
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and '
-0 xl W = n? Yoy = 1-0 {fyt Yoy Yeyx™ Yix ! fY;l
W -
T ]_ Py fyl 3
L v, [ - 1
pre " T ?fyx, wpx PYY fy ~ Ypy] @9
at y =% (1 + 1)
. : -\‘ 1 : _ : 0 ) S o T , H
where q, = C8d ’ p = 2 Lo - (25)
;_. = - gi 3_3 PR ) +‘Ei 8?2 (membrane)
Coe L RTad et T
- {26)
o B k] 2
i__iz LCAN. + Ko 37 (thln nlate) (27)
R* 3x® axdt? R 3xd:

ax

The following nondimensional quantities related to the

“ wall are introduced in (26) and (27). 'lﬁ'ﬁ.'ﬁ”
- = Tped 3
Kz . _‘E:I_i{ 9 K3 __......f_. R K‘l = Wpfd‘ . mJ = -rl- (?R)
. u 102 | 12 ped

3.3 Method of sclution

v
nd

Expanding the the strean functions ¥, ¥, and %E in nower
. r x
. series of e, assuming ¢ to be small

i ) L o
Ye = Yo 78 Vg P eV Con - (293
- + . + - 2 4+ r s - .. ) (3(‘)
?p Tpo € TDI £ an . ) :
.?.E = E..rl ) + g_[ ..a.I-E ) + 32( .?.2 ) + o | (31)
] 2 - B B .
ax Ax ¢ ax 1 X

Substituting (29) and (30) in {19} and (22) and collecting
- like powers of =

(29) Dbecomes
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0. 9 o2y W 2, N 2. ,__ 2
et . (I—C)[:atv Yo + foyv Yeox = Yfox’ ffo;] v2y? Yo'

1 2 - g
CH(viy o = v%¥c) ] (32)
. (1-r d 2 2 2 _
» 2 11, 7 2 . o
Wflxv ?fo;] ﬁl 4" CM(v ?pi % ?fl]:] (3%)
2 . L 2 ] 2 2 -

- 2 - 2 - 2 &,
Wfoxv szy wfxx v 1i’fly ?fzx v vfovj = é[ﬁ’v’wfz +

+ CM(9%y, = v’wfzi] (34)

(?70) hecomes

5 .
0, & 2 _ 2 = CN|o2 _g?
et Cf =920+ ¥oy " ¥oox ~ ¥oox” Ynov g V¥ 0" Yon
(35)
e? cfi_v’w 12 S L S : -y 9% -
' lay Pt noy 1¥ D1y pox nox T pry
o) L "
w 2 = 2wy - 2
BER v Vnﬁél = I vy ’J (26)
: 3 g2 2y 72w 2 -
£ C[Btv o ¥ W + wply Fone ¥ Vou Wi 0
2 . 2y
- Wpoxv s T vy - pn;]
. CN " o2 - g2
: L_v ¥ *nz ] (37
(?23) becomes
1
0. = =2 s " +1 -
e"! 0 . Y fa (1 c}[ wgﬁyl + wfovwfoyx ¥ enx WfOYfl

[‘vnnv ™ i ] (3R)
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5. in(x=t)_ lg2 -
"% (1 C)6 e V ‘Pfx \I“C)[ fl','t wf{\y flyx ~ll,‘!“'lY' 'fOY'X f"\‘
~I’flyy *fxx thyv‘] + Q2 Yooy " Yoy ] (3
1

2. = 272 - 1M w
E°: ¢ Rv wfiy ( 'J. ?ZyL+ wFowaiyx+ wfiwaxyx +

& vfzwanvv_ " fox *fzyy' wflx?flyyﬂwaxwayyi1

* a, [\me - \Pny-] (40)

and (24)
4 ) ia(x-t) _  =_ T, -
€73 C 6, e = = pC l?nlvt+ Yo B T wplwanyx
- v - Y y ' "
DOX Dlyy Pi1Xx ?nyx ¥ qzl_wfiyﬁ wplx] (41)

e?; 0=~ pC [ szYt ’ Wnoprzyx . trmwalyx* pry anyx*

- ‘Fpﬁxvmw - *me "IH)’Y " Toax \pry ]+ 9, ﬁfz)'- me]

(42)

Expanding equations (14) about the mean position of the wall

py
and substituting (21), (79),

2
¥(:1) ¥ (1) + 2V (1) + ..., =0
fY ' z VYY (43)
y (¢1) n ¥ &513 + Ny o (s1) 4 ... = 0O
e 2 pyyy
(

30) intn (43) 2and cnllectinyp
like nowers of €

¥ (+1) = 0
foy \

Y (21) + ¥ (£i) cos a (x~t) = O
fay foyy

¥ (#1) + ¥ (21) cos a (x-t) + 1 ¥ (11) cos?a(x-t)
{ ; leY an\r
= Q

(44)
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A well~known srluticns 2f thc Novier- Stokes equations

(32) and (35) are given b the classical Poiseville flow as

- a il
v K(v 3]

fo
(45)

‘PDO K(Y "{y ’ 151 )

where

2K = -n[?-ﬁ]
ax J

. . ap . y 2 i
The uniform pressurc sradient P in the x=-directionn is
ax

constant, In addition to the Pniseville flow, the travell*ﬁs
wave motion in the w21l will create, in a steady state situs-
tion, a reristaltic mean flow, This mean flow will denend
ujon the physical quantities relevant to the motion of the
systen. The case of “urc —ersistalsis, K = 0 has been terme-
"free pumping" by Funo a»" Vih (1068), indeed, their studics
wvare concerned with only this case, In the aresent study,

nn extensive investipgation~ is nresented to include the

effects of wall nronerties for both cases k¥ = 0 and K # 0,

"sing equatien (25), the first order nerturbation enua-

tions (3%), (36) reduce tr

T'a 2 2yo2 . 1‘22. 2 2
a=c> tSE \Y Ve, * K(1-y*)v wf;x + 2% wflxj -Et? i c(v YDI-V ?fljl.

; . aR)
[ e AT CN|o2 (45

s — - T o i -

L [ ﬁtv wnl + k(1 4 *ﬁ]w wﬂil+ ZKwDIXJ v qFl

- vzmr1 ] 147]



- 16 -

Subject to the boundary conditions

‘}‘fly(tl) = + X cosa (o=t (48)
~ ia x-t) 152 - 1w =
(1-0 8, RV ¥ey - 070 I*r1yt* ftryx ¥
+ mwfixl +q, [wply - v“yJ (49)
i (x-t) _ _ = [ i : ' l' .
Cé, e BCIY ot Syt Z'(wplx_l* a2 {¥e,y Yo,y
(50)

while the second order perturbation equations (34 , (37)

also tend to

9 2 i g co) 2 N 2

. ! 1 |, j
+ 2K \szxJ = l-vhyfz + CM(VZ'{'DZ -vzwf_z)J (5D

and its boundary conditions

‘szy (1) + ¥

rd

Eiyy (1) cos an(x -t) - K cos’u(x—t)-' 0 (53

/ 2K
1 - (1-0 |¥ + oy .y v -
ﬁv’wfzy ( C’{ fayt = M f2yx fiy fiyx 1

- ¥ +K Ve, (54)

f1x- ' f1yy T I Ypey ~ Yray

- XK

v pc[?myt * W Ypeyx® Tpay Yriyx™ Ypax Ypayy?

R I ' qz[ Yty ~ Ypay | bk
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Although the me¢an veristaltic motion is caused by a
single harmonic wave of wave number a, the details of flow
are auite complex because of the nonlinearity in the
aoverning equations. The velocity field in the channel
consists of all harmonics and solutions to ecuations (46) -
(50) may assume the form

: ) 2 SRGIERE)
y = 1 [ é BIG(X Ll 4 ¢t e”10 1
f1 f1 f1 (56)

_ io(x=t) + _=ia(x-t)
Yoo 7 [ o * T :] |

where the asterisk denotes the complex conjupgate .

Substituting (56) irnto (46) - (50) yield the Orr =

somerfield tyre of equation,

2 P 2
E%-Z- a? + ia(I-C)REI—KCI—yz]J][5;1- a2]¢f1 = 2ia(1~C)KRé ¢,

y 48
= Ciil —m = 2 -
C [ ™ o ](¢f1 c'th] (57)
. 241 [d? 2 . gt
iaC [1-K(1-y?+ ~j}[- - a’lé_ = 2iaCKR ¢ _ = cm[—— -a’][¢_ TP
[ M gy 2 Jm P dy? 1 £
' (58)
7ith the boundary conditions
¢7,(#1) = K (59)
%
(1<)s, = %E[";‘“” - et (an))-i (1)a]- 107, (21)
. 4 )

+ x[¢;‘(11) + bg, (21)

| - ‘h -
T u h’-_[ beyt) =i, 00 ] (6o

- Zours b * + '¢‘ + . P r e
J: 1(10[ ;d’rglc—l) + K{ _1:_;{ ¢pl(-‘?1)]‘] + q_;[‘pfl(ﬂ')-‘bp;(tl)l

(61)
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Also equations (51) - (55} can be satisfiod by the solution

of the form

= 2ia(x-t) * ~2ia(x-t)
Ygs l[ ¢fzo T e, © ! ¢fzz . 1

i i[ ¢P20+ ¢?za erialx=t) ¢*

P22

o-2ia(x~t) J

(62)
giving

. " .t ‘.98 '+ W2 .2 1 (6
Pgp0 7 7 AALLLIR] bg0p - g bp, | ¢ CM[0g, m0p,, |

iaCR 02 _ v @ ]" A s

N1 p1
(64)
dz 2 £ -I? 2 -
—_— = 4a°+2ia(1-C)R [ —_ = da ]¢f2 = 2ia(1-C)KoR %
_ ,.]yz " ,1\,2 2
dz A ]
(I'Yzl[ E;Z - i ] $gay * MELIIRR dg,, LLE;EE: X

[¢;l tb;‘:'l - r‘h..’_’l r_h;J ¥ CH[—" - 4 ][rﬁ -dlnzz
(65)

] - Tqu’ " ]
21aCRfI ~K(1=y? +-)][__ =44 ]¢Pzz [¢r1¢n1 1% 1 !

2 -~
+ Cl" é_ - “ 2] [ = d‘b D (DF]
[dyz " ¢hzz ¢f22 ’ IGK'C¢v22

with boundary conditions

¢;zo(:'.'1 =K - 1 [¢;—1(t1) + ¢z~:(i1] J (67)

¢;zz(i1) + §¢;£11) - % = 0 (58)



=

-

b (£1) + lmf (+1) -

= Q A9
P22 RSS! (A9)

ra |2

11;¢;“(ﬂ) + L:‘-_%C.li“[lafl(u) 3, (1= 4% (21) ¢;,(ﬂ)J +

taq, [ b550e2) = ¢}”m)J = 0 (70)

4 - n I 2K o
%R[ tgzz(:l] - fﬁ2¢fzz(i1)}' in(lJ?][[Lj+—)¢fzz[tl]+

¢ 30220100, (41) $7,061)) * 2K, (4] +

+ 92

- [%“(m - rssf“(ﬂ}]:o (71)

-

- iupCll(¢f1(fl) ¢€1(11] - ¢ﬂ1(t1) ¢}1(11)‘¢f1(*1}4a41"
¢;f(il) + ¢;1(11) ¢:l('—‘l) ¢;](i’1]ﬂ+ q2[¢:2°({:1]_¢;20(4_1‘\;_1

=0 (72)

- dapc[-10g,, (1) + 2o, F(o7, (a1)eg, 1) -
o ¢px(il]¢;l(_-'.1)+ 2K¢p“ ] + giliq,_f,“(:kl] - cpp“(il)l
= 0 (23)

Note that in eauation (49) downwards &6, “c given hy

';’ 3 2
§, = TH% 4 20" = im o (membrane)
. 2
§; = iK,a + Kao - im a® (thim »late)
p‘:’. R
3.4 Pure Peristalsis

Pure nmeristalsis occurs when K = ¢; th’s has been terred

"free numning' by TFung and Yik, In this case the Poiseltille
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flow is zero and the first order equations reduce to

2 2 2
[-El-— - a® + ia(l-C)RJ [-f‘-- - r\(2)¢:_.l = CM a . ai]x.
d)’z dyz ' dyz
( $g." ¢_‘}l] (75)
iacn d? - g2 = a2 2] -
Ia”‘[ E;z S ]¢PI S [5;2_ o [¢p1 ¢f1]
(76)
N . ) 3
$p,(¥1) = O
2 . = 2ié
¢,, (1) = ! P (In
pq, (1+a)
2 an = OO, |

Solving (75) and (76) subject to (77) the solutions are

¢fl(y} = A, sinh ay + B, sinh B ¥y (78)
¢pl(Y] = C,;, sinh av + E;, sinh B ¥ (79)
i
where B = [a= - Ya(1-CIR + CM{1 + D ]} (80)
: igR-N

Ay = - E§£%
Tla cosha (R1)
216

By, = % (82)
Ticx,ﬁ cosh B

Cl1 .. . [ 2i8, + B;, B cosh %] (£3)

E11 = Bll N (84]
H=iaR

T2 = 7 4 CM (85)

(1-C) (N=iaR)



- 81 -

Eliminating ¢D“ f-om enur*ions (A2} ax’ (64)

3 :
bess = E%Eh]_ (1 (8. fl ¢f1 ’l]
QJﬁ[¢n1¢;: - 01 n;)] (86)

N

Integrating thrice
deap = FY) #C, ¥y + Chpy + C, (R 7)

where F(Y') - 02(1"’{:]”{2[ T? ["* Bll+ g.'_ C:;E“-IX
2 ;‘ N(1-C)

iy *
[ cosh (a+3) _ cosh (a-B)y 1 W E41 B,, *
(a+B)? (e - )2 2

CM ‘] [:cosh (0 + B*)y _ cosh (a - 8")y ] .
N(1-C) - (a0 + g*)?2 (0 = a*)?

. (T’+§;} [Pn: a* 4 CM_E g J[:cosr(s+a')v "

N(1-c) 4P (g+p*)?
- cosh (B - f*zly “ (88)
(R - g")

Since we are interested in the real part -~° F{y) then it ‘can be

written as

F(y) = az‘?!(l_r:)zne ______E\ll B F — - 11 Ell COSh(ﬂ"'B ))’ =
{ 2 N(1=C) (a+B )2
1 ¥ CN
h (o= 2 2 R,, ¢ E,,EY
CosTé%E$%YJJ+ qzrz(jdt)z(Ti+T12] [311 1:3 N(1-C) 11711
A
[ cosh (p+8")y _ cosh(B - 8")y ] (89)
(p+p*)? (B - B*)?2

C, = - 19f35— [ iaRC1-c)(p - 5] [2”eT; 7, E1, sinh aSenh B

. * *2, s i *
sinh 8 + (T, *+ T, JE,;;E], sinh B8 sir B ] *+



-

- 82 ~

+ p[§2C11A:1COsh2a + aB*C,,B],cosh a cos" g*+

*“EA:1£:1C°Sh a cosh 8 + BB B} E,, cosh g cosh 8*]]

To determine N, the boundary condition demands that

¢;20 (#¢1) = D

L]
- L

D

D

% « 3 c
- -1 [¢f1rm + o, (:1) ]
=~ ] [.(A“ + A7 Ja’sinha + B, B%sinh B +

B,, B*" sinh g” l

= -1 [ (A;'1 *: All)a’sinh o + ZReB B?sinh ﬁ]

At this noint using (27)

.
- -

To calculate ¢

D
D

C

¢

L

F(1) +C, +C, +C,

F(1) +C, =C, + Cs

D-F(l) ~Cy, C, = ©

3

;zo(y) = F(y) - F(1) + D -~ C,(1--%)

;20 , equation 764) is used therefore
s _ iaR #d _ e om T, s
P20 2N [ o1 %p1 " Ppy fm ] " g

Integrating once

¢‘

nie G(y) + H,

subject to 4. (21) = é%g [?DI(il} ¢fl(il) . ¢pl(¢1)x

where,

r}ZD
¢;; (1) - ¢;1 (£1) ¢;; (tl)J .

* g (1)
G(y) = I,(y) + F(y) - F(1) + D - C; (1 - y?)

190)

(°1)

(92)

(93)

(94)

(05)

(96)

(97)

(98)
(99)
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X i : . *2
I, (¥) "}%NE [(“2'92}'::1 Hyy Sirh ay siph gy ¢ ¢ - o) €.y B3,

sin ha y sinh 'y + (8"-8%) EnﬁhsﬁmaysﬁmaW] (100)

However, ,
-y o die [ MY sy [ ez aon
bpo 1) =555 1 ar | ‘
Where

*
1(y) = a?A}, C,, cosh?ay + C,, B}, a B'cosh ay coshB ¥

¥

+ af Eyy A}, cosh « y cosh By + BR'E B} cost fy X

cosh By (102)
Jsing (97) and (101)

H, =D, - G(}) (10%)
Therefore (97) becomes
b5z = GO - G(1) » D, (104)

The neristaltic mean flow =ro obtained ns

- Ez - Ez 2

2 - 2'
f' E_ 4 ik ! e sa. 2 N
o) = & dg,e = | 33 = 6(D) + B } (106)
The sclutions formally cn®-~" 7> with that of Fung and
Yik however, the results differ in many resnects and are

discusses below. Interestinely cnough, whor the equation

ti a i5 satisfied O, . .
of motion of the wall is satisfie y fis dotereined conplarelv.

In the cited rcference T, remained arbiirary and its deter-
mination was attributed t¢ the considerations of conditions
at the ends of the channel,

3.5 ilastic Wall (K, = 0)

In order to clearly sec the role played by the onropertins
of the wall,we consider zers damping, K2_= N and ohtoin
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Ay, = 28 (107)
T-k*cosha o |
\ BI 1 = - ..g._..a._..@._ . ; * L ‘ -’ (1 08)
- T2r?g cosh B ' PG
' - 2
Cy1 = = 1 [ 20568 + E;; B cosh B L {(109)
aCoShn (1+a)BR? :

and C; same as (9C} with A.,. B,;, C defined by

11
equation (107 ~ 109), where & = K, ~ mR?¥(wembrons) .

The quantities D and Dy simplify to

.- . 60;3 . .2 .2 '
D= - tanh o {(T2+T )+ R B,,B sich B} (111)
L T21*2R?
. b, = & [;Eli M1 J en
2_3 - &R . . R )

The mean welocity distrihutisns are pgiven by the following
expression in which F(y), (G(y) ~re obtained from (29} and

(89) resnectively

SRR

Uftv) == [ F(y) - Fkl) + D - C,y(1-y" {J (112)
U, (y) = Ei G(y) - G(1) + D, ‘J - (113)

in order to investlgate flow reversal we €irst consider

R <1 s0 that explicity expressions for D, D, and

F(0) - F(1}, G(Q®) - G(1) may &s okta’=ed. When onc
considers the limit R + O, one finds that the differential
equations are regular and y:e1d flnlte solutions inderendent
of R but the boundary condwr1ons nossess singularitv,

A finite solution can he cobtained in the limit R + Q0 hy
considering expansion in oowers of R A, is complex and

B,; way be expanded as
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B _A;;a cosh o

: I

B cosh R
) 2
= - qll [1 + .l_g_l.'_b.i + R2 Lz(ﬁl"’%l] + .ll] (11'1]
noting that
iRL , P22

B = o = + + {(115)
2 8o

iRL
cosk B = cosh a = 5~ sin h a R*L?(sinh o - a cosh o)

8a (116)
2, 2
sinh § = sinh a - cosh o + LL (cosh o - o sinh a )
£ A
where 2, == (1+taha _ 1 )
8 (a4 (!2
) . (117)
b, = tanh a + 5

Estimating other quantities recoded in D, D,, C,,,

C,, I,(2 1), I(21) are pgiven below
$ i - 2o 2, 2 2
B,,B%sinh B =- A,,a%sinh a[&-iRL(d;—Eu)+ RL*(a,;=b,
- 2 4

+ bldl - C1}1 (110]

2
where
(119)
a, = % + CB%EE

E,,B cosh 8 = = A, 0%sinh o cosh a[l - i%;[} ¢ Canbn +

R2L2 3 i - 1 80‘.2 =
-y { tarh a - o == W [d1 by & ;]

?

-8 a[:af-%"*Eégl-cl+%if]+tmiln)(dr'%lxl*“541 ]J (120)
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+ 2
Ey, E,, Sinh B sin » g8* = A,, Afl[sinh’a + Rz[% {Siﬂh a

o
. 2 2
x(cosh a = a sinh a) - cosh’n'} + sinh?g {ZLZ (a,- %‘] - “—2 }ﬂ (121)
M [

Then (109) becomes

La

\.il

]- Aji1a’sinh a X

¢

1 [‘_zaﬁ [1 o 3K

acosha (1+a) R2 2aR

cosh « [1 - 3Rtb, _ Rszbs}] (122D
2 8
where
b, o 3
b, =1 + tan! ct+2[d1---—-—-—~}
Z NL

—-

1 8 2 -1 + [,
by =3 tanh a - 0 -~ = - ﬁ%_— (¢, - 3 1) NZL2 |
b, byd,

AN

-y + 2-(1+ tanh ) (d,- 2 )]

- . (123
Sdbstha (LK, by,

. i ---LL-[ 1+ R? g4 2
C,, E,, sirh 8 = SEadha (1 + a) 8a o

SLsinha _ RLby

(1 + )R 2

1133 ﬂi"_"‘z!. cosh a

a® sinh?a cosh o + i[

i 5 , 205t
. 2adb; _ RLby A,; o?sinh?a cosh a - 800 = ApalRb, ®

(1+a)R (1+c)R

sinh a cosh a] + %E-Féﬁ'@ %+ b, bu] A, o sirh o cosh a] G0
L
2

2 -
where b, = L (cosh o - o sinh a)+

|C
Smku[m[g -ﬁ]- uaz] - €125
1 e N 5 -
b; = a, sinh « - = cosh a
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» 2
5‘“ r 708 Sinha {l - i + hy + L‘.}.]_i] - )

* : - 2 2
2 . by byl A, ,0sinh a:|
Ay @® sinh?a cosh o« + %[b, sinha * 73 "] 1®'s
A
— (126)
- 28 [1 L2 L2
Ci, B* £* coshg* = .‘,1[— - [— " — ——(‘61"' S;]* V;Lz]-
11 ‘ 1+ R2 8&2 Ay
' . 2 1 1 RL 2
- Ayy a’ sinh a cosh o + 1(.(- _1:1{5__[____ L (by*s,) + ,®
= 1* al2aP ZR 1600
ag |
2 H |
(hy + 5;) # LlLB-] + Ay a® sinh a cosh a [——}3-5- + %——(hl*-el]h
2a” 2

—

2y
+ R’L‘E“m" sinh o cosh r-[hi + Du (b, + s,)-V,) + BV, ]1 C127)
8 4 fo (14e) 4

* 2 L
E,,B8"B},cosh B cosh B*= o?A &, ,cosh?a [1 + :R(dz—; (by+ s1))

T L §
¢+ RE[ V, + L2V + ;['Dz + S:)dz]J (128)
here
S; =1 + tanh o
Sz='3tan?:rx-o—-é
-
Vi =dy - By - 0a 51, (129)
A 4 ',i:
Rt T
2
SOSit o 70, L LbydS, oy 20 b
Ve N TS TR __("2 §) * e T]J
Using (114) ~ (119) equozion {110) turns out to he

* 2 2 .
po=e | (T 2T 1) rt2fa,-Ba s uds o fﬁx]]A a2sinh o (130
2T 2 4 2 L
1

while (121) - (176) pive

~ . P 1 e Lh
T (1) = - a? (L=COR [ 20,77 sinha  [. 208 sinha [—-2- -—— b+ 3 ]-
2N : R
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AL A::(T?+ th]rusinhzd + Rz[-ﬁ; [Sinh‘d (cosh a -
a sinh o) - cosh?a) * sich?a{20¥(a,- "1} - E? ]JJ] (131>

and (127) - {129)

*

. o . v 2
l I(z1) A e cost a[} gﬂéh{ lz o ék—} = Ay’
- _

1+ 2!"“‘*: 8(}(,2
:i I Z 2 ?
sinh a cosh « [1 - a;i;jii - ELl;Jlﬁ) 208 [l - 3LT
2 8a fret Lg2 8al
i .
" T“[hl + 51] + Vle] - ﬁ11a3 sinh o cosh o
+0, o

' . ) ) '
+ iL'[- 2(;6 { B {p1 *+ s,) + RL (b, + s, « L°V4R } +
1% 2oR R 162 2a

-~
I

. T f '
RA;, o sinh o o [’b“ o, .]]
. : 1 5

' 2
+ RzLZ[ A a’sinh o cosh « [Ei + 21[b1+ §,)~Vy )+ 3LV, ]
84 d 4a(l+a)
AN ini
- Allﬂr COS‘I a[szlLZ '+ ;—2‘_1;[1_)1 'f‘ ""l)dz— l'z_;:"i;[bl + SI]]] (1“").)
and . _ s
2 .

.; - . c‘\\ ) = .

C, = 2oRC [ iaRC1-c){p - ﬁ 2800 T papn m[— 708 _sinha ¥
4 o
o 1 + o

RzL[bssin ha
2

2 . |
[l oS b, * Lb, ]—A,;uasi“hza cosh a +
20 dg

R 82
+ babg) Apie®sink o cosh a }

* i 2
+ T:+T:2)k1,ﬁjl[sinh2u - P2[§;[Sinh @ (cosh « - o sinh a) - coshla)

2 - 2 i -
ot S )t ool e )

3 2y 2 : 2 2
- A 0%sinh o cosh a [1— iRLby _ R7L7Ds ]]+mﬁ* Coshu[qggg{l- U
2 fx 11 2 S
. T+plR® 80 ho
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(b, +s,) +Wn L?) - A,,a’sinh a cosh o + 11__1 ?u.u[}__ - I—Cbz“sl) RL* [b1 S,)
1*tal2gr 2R 16a2

2 Seq
, L*viR ] + RA,07sinh a cosh {!"u+b1+sl]1+ RZLZ[A“a’sinh a cosh o x

20 2

[-g—; +,;_1(b1+sl)-vz] *L%'ff;]]
+ a’A“A;ICOSh:u[HiQ[dg- %fh""*;))* R?(vy + L2 + "[b1 d:)]
- Ay ALa" sinh o cosh?qa [1 - il;Lb" - Rzls';bs ]}} (133)
where

1

. - h + -

k, i (tanh o u] (134
K e k> + t_ . tanh a

1
8c? 4 o

1
R

Taking the limit as " » (O , eauations (130), (111) reduce to

. 2
p = 8o [- .;.i. + (2 + 1} taph o + tenhle _ 5 tan}‘sa] (135)

4T: a? @
3iaV,pcL s’
p, = - V20Tt S , (17%6)
4C1+a)T,?

While (123) and (103) respectively become

C; iG’C“’[ia(M)[E- tﬂ[" 2L [— Sinhes [ %‘ + hyatle ] -.___“'51“"'2 ]
? o coshao 1+a

2 *2 2 -
+ 2[_'1%:22_]“ : [i—[sinha [cosha=a sinhal - r:ﬁs‘*zrx} +sinh’aE-’
Ty T,*cosh

+ sinh®« I'z('i - 7K,) - E;]J] * ':6'15 {Vx * “z]] (137)

2
2728

H, = . diovgpeL's? , a’s?(1-C) [2 sinhu[-f‘_ [-3‘-2 + bo+ L—b-’]
4C1+a) TS NT} cosh?a - 1+al 8a? 200

3 2 B e 2 2
« 2% [P.!.S_}.‘.Fl._“ + bab.”+ (rlﬂ‘; Jot [coﬂh’mﬂ sinh2q (k}-2K, -~ -—--]
T I . 242 N2ES

* sithe(cosh o - a sink a)] :l (138
o
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The constant terws of velocity are promortional to § and that

D) ﬂl > 0., The mean flow reversals if exist therefore

demend uvnon F(7) ~ F(1)} and G{(C} -~ G(1), and in this case
take place at the cenire of the channel. To really comnute
these values, one needs to go back to equations (R9) and

(99)

| . M n oy 1 1
F(Q) = cez(l-C)szRe[T; [Auﬂn + "\'J'EI_C)CHEU]((&%)Z” (G*B)z]l

CM e 1 1
EriEyy 2

N(1-0) (R+87)" (8-R*)?]

2 - (139

1

= a2R2(1-CY¥2R_ 5 | AY e cosh(a+g) _ cosh(a-R))
F) = ofREC-0) Re[rz {’” Bis + roChiE) | 0+ 8?2 (on M2

+ QPR2(1-CY? (To+ T32) [B,1 Bl ,*
4

+ o?R2(1-0)2(T] + T} [B“Bj,+ cH E”Efl)[ cosh (848 ,COS"I_EE::?:"J
A NC1-~C) (B+R™)* (B-B")*?
Ciund
On using _ _
. ' . 2 [ €
cosh(a+B) _ - 1 + (a*R) ", (eB)", (o + 8)°, Ve (141)
(a+B)? (atp)? Al 6! 8! .
etc,
> M ct E 2.
F(0O) - F(1) = - qu?‘(l-C)zTi[ReE&“B“i- Neey 1 11‘1[(0“’?) .

48

GO R TSI - PN (Bl
Z

+ asz(l—C)iTi[Fﬂ[A:1 Byt CM_ CT1EII]{FﬁiﬁlE.+ iﬂ:ﬁJs * .]

20 NC-C) et o8
EAEYYE N X I T
2 NC1- A6l ! ,

in the above certain texms which inwolve order of © more than -~

y
B have been neglected,
n




Noting the following
Re A1y By, (o+p)"= A11,&:1(2a“¢)n[—1+R21.3 [xz-xl%‘i‘ - [1;‘—‘52 -
0 gv)

- n(n-1)a? ]J+] (143)

Ra?
L n n
Retgll[“*ﬂ) =A,;,(2a) [h:+R2[¢11M3+ 38L°M; + [anaz +
acoshn 4a(1+a) 20
+ n(n-l)LG: ]M1J+.,,_, } . (aan
Bov?

B,:B1:(B+8*) "= A, AT, (24) "1+ R’L’-.[E%’ + K;- zx2]+...] ‘

(145>
* - z
E11E21(3+3 )n . “11A1l(za)n[1+R2[Lz(Ki-ZKQ]-3§2+ E%*j+,,]
Re A1y B”(a - f)? = A:lf?.ﬂ.)z %-;- R*¢®
" 2 - A 2 2 (146
ccosha 2a
* kky 2 2 2, 2}
Byy By, (B - 87) = - (2007 A, A, B*L;
2, 2
Eyy EN, (R - B*)® = - (20)% A, AT, RL
(2a)? /
where -
“l = - ;’ 0y = _];G
' > (118)
5 s
M, = - 208 [12_ 3L2 |, Las , M;:l
1+ o B2 20 J
2
Mp = L2(a, - K;) - "%
N
2 ', T ]r1Q)
My = a’sinh a cosh « [L by + P ’ Mq ] (
oz
Substituvtine eauations (143) - (149) dinteo (142) 2 Y]
202 2.2 Koyl [3e, 1 S
R(0) = P(1) = - ZRLOTT, [ﬁnﬁ‘i’.(?al*['l“""“[ ol -

48
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2 *2 . o
+ T: MELE []+°2L2{ 2“2 + K, X, + a1'J .]]
2 o P

2"' 2
. CM . Fll(zﬁ) Moy +R2 [_‘"*11”'5 + 38L" My
acosha *

2
+ L M — -1_ = (o | -
e 4ol 2;%2 ] J 1

2 o . | 2 2 |
P IETE [t 002 [ (-2 2 Juo- 22, 2] |

> N! a
2p2 2ot n
+ a_._._____._R (E“C) T zd {_ZQL [i\xlA;IE‘l*RzLE {Kz"'l(lng‘L -
2 n=4,b,8 (n+2)1 2a

- [ - B a ) ]
20 8 ﬁz L B

2 2
+L(T1+T:2)A]1 A:l [1+R2L2[£Ei W KI e 2K2]+ Il...]

2
A
+ EM { i IM +R2rnll * 3L26M, szlrn“z +
NC(1-C)' acosha Aa(1+a) l

n(.t_l.:.l_,]._ai .JJ

8 ar
Tz"'T*g]A * 2 2 . E!z no
+ [ 1 1 1!‘\11[1 + R L [KI-ZKZ]— — F mZ +lll -8 ]
2 NE o«
i :6180)
putting A, ,, = 208 and its coniupate, and taking
R2T2cosha

limit as R = O .

FCO) = F(1) = - a“cz-c)zazlgg [[-K: oy -[3u Sl ] .
4 o’

2 coshza_5t*z » 20,
T2 +7*? [La ’ a’ cM 2a] 1 [i-
L -1 | I RN 1 R W
2 a NC1-c) 13 L 14q
1 2 B 32
*L[Ez-**al - 83 I-——L-"'L'az*'MJ L T ]-r
o ;:; 212 | Bo? T?cosha



- g3 -

2 ( 2
& Tl i T:z 222 { Ki - 2K2 * a; JLZ = Ei + 2“2 }]
2 3 \ (!2 Nz a
N 2 T 2 2 %2 .
+ Z (Zcﬂn k. Ka—K,IE‘ L [ﬂ.ﬂ..?._ w n[.n—"ll ﬂ]ﬂ‘Tl*'Tl ) ._..zﬂ(f._z](!”
*2 ] 20 20 8 8 ‘_;"' o -

n=4,6,8 (n+2)! T

2 111 . 2 '
+ M {- 1. I..:‘L - L’-[nf_g_ + n(n-1o, ] —3-11 5 E_z + HzJ + H-’— cosh o
—e—— 2

NC1-0) T+a o 20 8 ? ) 8a? 2o i
o , m 1
2 * 37 W o Bt 5
* (T, * 10 [l. (x; - ?x,) N a I} (151)
*2
2T1
G(0Y - 6C1) = FCO) - FC1) - 1,(1) (152)

But

2 4
I1,(1) ==~ azgl—c)R’I_?. ReT;Cy3E,, Sinha sinh B +
2N

2
(ry + T}?)E,, Ey; Sinh B sinh B" j (153

where
: 2
Reci;ﬁn sinh g =1 - 28 sithe [%2 -3 sp, + ol Ay sinh?o x
— 1*a Bar? 2n

acoshe
2
cosh a + B-é-"-[ bs sinha + b, b.,]fillogz‘.nha cosho [ (154
4a '

. < 2
E“E“sinh g sirh g* = A g Aj,[sinhza * qu‘[coshza + 4 sinh?q

2 . : '
[x, - 2K, - 2 } + S$3nhe (oouh o - o sinh a)]l (155)
(s -

substituting (153)inte (152) and taking I1imit as R + 0

G(0) = G(1) = F(0) - F(1) + a®C1-C)62 [Ba sinh a{— 1

2Nchnsh2a l+g

i 3
[_ ;:z + b, + %;3 ]+ %%T [bs sinha + by ba}} +
1 4
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+ (T2 + T*z] @ L lcoshza + 4 sinhza[k’2 ~ 26, - Ei— ] +

sinha fcosh o - o s:!n" ]J (1563
o

+

Investigations into (151) and (15€) show that FO- FQ) <O
and | G{CY - 6(1) < 0, The magnitude of velocity
distributions attributed to F(O) - FC1) an’ ACO) -~ G(1)

are nroportionsl to 8%, Tlow reversals occur at the centre

as sajd earlier and the criteria

D

§ = C T O asD
© FCOD=FC1) o o :
8o, = Dy it ' S ) ~i',hf (1582
c(Q)-6(1> R .
3.6 Dissinative wall '

For nonvanishing demping 6, and 8 are to be re-defined,

recalling that

. i}
“;1 = J_m__ - Kza - inm aa
122 L
' - iK ” - S
The §, = 8 - ——1~ _ § (189D
where & = K,2> - ma?

2

i R

: ff'The following that contains 8§ are re-defined

A, = A [ 8 - 1K, } L v (1603

a?T?cosha R
o _ N 2 ) . ’ E I'J-.
By, = - _2 [ § - iKpa ] o S Qs
aBt%cosh B R : ' '
_ - 2N ) | 3
E,, = NE+K 07 + 1a(R6- raly (162D
11 2202 2
| (N*+a?r®>aBTricosh B R N
: . i -3 2 N ]
o -2 [ 1 (8-iK, %Y+ e Tz[wa + Kl +
acosh a+ o B(1+a) R NEALE



o Y o

+ ia [Ra - EE%E ]11 (167

- 2 -
C - 1G2c 52 2 \2!’ 26 - Kza“l !ia(l"'C) (5"' F‘IM— ] [LI. t.!;j.‘.h_(}. »
L 2 —a i cosh «

[- sinh o [_ 5L 4 p, o+ Lbs } -~ a’sinh’a ]*
2 S i
¥
1

, — =
+ ?(T,+ T:z] ['Ei [sinh nLFoqh o - o sinh a]- cosﬁza]
2
hoak 4o

2 SiL? *
+ sinhzu[Lz(ﬂf—ZKz]- 3_1]] ¢ PIL7CY, * y) 1 (164)
N2 2T (8 - iKa?)

n
2 o2 ‘¢ » : - ey ;
H, - [5 . 2iKpa’s _ Koo l[} 3o vypcL’, a1 cgz.[?sinh -
R R2 4(1+0)T; NTicosha

(
['2 l"'.-:_l:. +h2+l-lj_a]

1 + ¢ 8c? 200

2
«. % [bssinha . hgbk]] . (T1+szmL2£¢ocq2a+4 sinh?a y

'1',2 4o 2'1";r l
o2 7

[Kf - 2K, = — ] + Sinh [Cosh a = o sinh a]]ll (1655
NoLe o

For this case D anc Pl v be exnresse- -.co

D =D, + D, (166
Dy =D+ Dy €157)
where De is givern Lr (110) and De1 saive 2as D,
Dd = K,¢ 1Im (R tanh R) (16R)
R
D = -i-?Lc -—?r'l_r‘)'\ T2 ta h K 1 3' 2 Lb
d1 2 LASL APy LA G Ra (3 OU +h, + 3 Isinh o
ol + a)pR? R2 8c? 20
o
. 2 -
+ Zkzau A],cosh alZ oib = 3L 4 L_[hl+sl+vle+ b S
2 2aR  ha? Yo 2aR

(1+a)R
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. : . .
. (b, +s,) + RL (b, * 5.} * L V3R ] (169)

2R : 16a? 20
For R 21 |
5. = KoL (tanh?a - tanh o - 1) (170)
d 2 o |
Dy, = i%g E—Z(L{DALleK, tanh o sinh & x
) aCl + @)
[1- 22+ b, o LRa]s
: 8a2 2¢,
. 2K,0"A cosh u[; L ik _ 3L Li[b1+sl]+V1L2+ 1 _ i(by+s,)
1+a 2a 4@2 4o 2&
2 . _
PO [bl + 51] + L7V ]] _ (171>
_ 1602 _ 20 .

2.7 Interaction of Poiscwille flow with Peristaltic motion

For the presence of the basic flow, first order nerturbation
in the strecam function results into a linear fourth order
differential equation with variable coeffuricnts. Closed
form solutions t0 - this tyne of equation in terms of known
functions are not possible but the solution can be obtained
for small K in the clesed form. The method of solution will

be discussed for small and finite values of K.

3,8 Closed form solution for K < < 1

let ¢gy 5 ¢p, 5 bgye 2nd 4 in cquations (57) -

p2o
(61), (63) - (64}, (57) bhe exnanded in ascending powers of

K in the form

2
¢fl = ¢f1o * I(tbfu * K ¢f12 Foovean ]
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¢y, = 0 ‘

wie % Kﬁpll . ¢P12 *

%20 = Xf2o * Kxfzi + szfzz e

The equatiors bhccome

(172>

d? 2 : d? 2 ] L
(£ ot ][ 5 - ons o b

L _ a’ 2
iacC 3;2 o ¢p1u = - CN E;z' o (¢f1a = ¢p19]

Subject to the boundary conditions

07,,(¢1) = 0O ’
. B 2i8,

b (£1) = - ——r i
pre (1+a)af

2

b¢, (¥1) = 2R(1 - C)§, J

and

-dz 2 d? (c2
[32 - o’ + iaﬂ(l—'.‘,)} [;2 - uz]‘bf, Mot iu(l—C)R(l—Yz‘Jl-'f—z" a?
ay

(175)

}¢f:o-

(177)

C177)

: d?
= 210(1-CRé¢,, = CM[E;Z_qz][¢f'1— ¢'Pn]
- dz - 2 - .; 2 2 dz - 2 .
1aCR[E;2 " ]¢P11- ‘GCR[I-Y ' ﬁ"][é?z ? )vplo'
2iaCPéd_ = = CN 4 . a?) (de,,~ ¢ ..)
o "P1o d)'z fi1 pll

subject to the boundary conditions

¢fllfil) - 2

(17%)
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q »
l—[¢= - Za’] - (1—6)1a[¢f1a(11)-1] o [¢ (:1)-2]
2R\ f11 2 P11

= (1-C)&, (179)

-i0p (-16,, , (41) 44, (21)) + %A[z - 4, (1)) =8, (180D

For closed form solutions of small valucs of R to be taken
into account, B can be expanded thus

. 2 :
Bza-L”"-{-B——L"oo'.
o 8a

When the Reynolds number is small, it is sufficient in

this case that only the first power of R be retained. Thus
B = o - -]-'-R;L_- (181)

The solutions to ecuations (172) and 174) subject to

(175) are given below

®fi0 = Ay, sinh ay + B,, sinh By (182)
®p1o = C,, sinh ay + E_, sinh By (183)
where )
206
A =
v T2R%*cosh a
i o y ) (184)
B!l - (4 1 6
Rzﬁzscosh B
. 3
Ell = NBII
Cyy *« : [; 2078 + E , B cosh 8 ]
acosha (1+a)BR? y
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For small values of 7

¢, = Ay, sinh ay + B, si nh (a - —E—]y (186)
p1o = C,, sinh ay + E,, sinh(a - i%L]y (187)
and
B . sinh{u-i%h)y = - A,][sinhuy + 11}"[}31 sinhay-y coshay+..
: (188)
2 2 -
1+0 140t
sinh(a - E%L]y = - All[sinhay + iR(U2 sinhay -
- Ly coshayy, . . .. ] oo
2
where

U, = 1 + tanh o

Lb,
2

— ¥

a
N

substituting (188, - (190) in equations (186) and (187), they

turn out to be
bero(Y) = - ﬁ4¢i5¥[p, sinhay - y cosh ay ] (191)
2
2

T?c¢ sinhay iRL } ]
= A 7 9 20 cosh ay + |-+ - U
¢p;a 11[ : : > [? Y sy 1 x

1l + o

sinh ay J} (192)
Also, on solving equations (176) and (177) subject to

(178) - (180) under the assumption of small values of R and

as well as in the 1imit as R » O
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_ sinhay [2 ) i:1+ D) [az = zl_hrﬁgq'” [Y +4a6

¢
f1r " cosha a? (1+a)

[azY, 2T LCMS ] + ZLCMS [l v zas]] -1 [ya 4
a?(1+a) a?(1+c) @ 202

L 436[02Y.- ZLETE] + 2 Lcnail = j%%}J] + sinhay x

T"; i*a 1+a ;
2
[__1 {Yl + Eg_(sl—zmz‘(2+ CMET, [bl-lr-L - .‘.LL.] +
2acoshat T:L a(l+a) a? @
: 2
" 4[b1 . Lz]T,cms ﬂ 1 v +20 cms[bi L ]+
@7 14q - 2a’cosha 1+a o
- L.
, das [azn _ 2LeMs 2a’cms[bl+ k ]:I_ gl +[b,+;2]x
T= 1+a 1+q a?
[aaYh . 2LCM6]]] _ Ly coshqy[_ 1 2CM8
1+a 2 - acoshal a(l+a)
2 2 .
o Sacs®] | 2oMsCrieiedd T,y L s ey,
1+a a(lm)'ricoshul Ticoshalk
CHML T2 ini
~ , Sinh ay €193)
a®(1+ a)
While
; 1 Za"ﬁa. I 1
¢ = J, sinh ¢y - ——[ ginh cy - ~—[a' sinhay -
P ) CNL 7 coshak g a? ’ '

4ay cosh ay + ¢ sinh w.y)] * %—QL- .ME)’X

cosh a
[ ik | 43 iLbysinh a s, ia'sinh d]
2 (1+a) sz 1+a NTf

208
= [ + U, ) o+ ic
T *cosha | ;

. i%x cosh ay ]]
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- €N [_ iL [ sirh ay [ _ iigﬂi[: + ﬁuﬁ]] + 2 sinh ay,
a? 2acosha U T4g @

- 2 - -
iCM68 (T, * 4oy .Y, - 4iCM sinhay , Z2aé 2a%Y, -
a(l+a)T? cosh « a(l+a)cecshe Ticosha

2CMLT:sinha%]
+

88CM sinh oy _ 1 |, _y" _ 4iCM Sinhay
a(l+a)N cugia 2’ V2 a’(l+a)cosha

, 2a8b [azYayz_ 2LCM sinhay! + 28C" sinhay ]]] (194)
o

a®(1+ a)

T:cosha (1+a)a’ a(ira)N cosh
where
Y, = 2L6(1-C)[a +b, + 224341 . (Beapp
uz o o 1.1
S 2
_ 2CMad I_ L [q_.l._ _ Q_\J ” Q_tanho. | L [tanho: + B-Ulé] !
T2 ‘l 02 M az o -4 a! 1+a (s J.:
1
(195)
Y, = a-0u [b1 -a -1 + [-19— - 1}[tanha o 3 ]]
U.I' 44 L a
| . i
- K:M's[- L[% + 5—? - '3:‘9 tanh a - %[Ll_ - Ul-—5-+ tanh “]J
Tld.z . o M+ @
; ‘24a) (196)
v, = 2a8L(1-C) [ by = t 1 - % tanha +
2 8
L
(2+a)  20’CMS !7 1 1 2 tanh &T L T:
10 B 2 et I ol Ll
a 15 1 a? a el
- =+ tonh o ]J €197)
Y“ (I-E]L[bl & - ..t " D T.’!Ill’l o * 'lé -
o o
& Con
_zcm[_ g_k+6taﬂa_,__:_L_Ul_.}_q,tanha]
Ti M o o jro @
(198)

- - 2
y = 22600 [{bl,a]sinh O 4 pie "‘11]' Za%CH6
Ticosh a >

X
a ) T?L‘C)S_h__n-__\"
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i

[— a LUI :+ é} é'_i_-{};.iflt..#?”.;- MJ -L ra;l + [ﬁ_ - Ul)smaj}f‘—ylj (199)

ot a

1+
Yo = a-00L[ (b, o) S~ (u, ) - cul- (1) sih oY

‘oM - L{M“ + [ Y- U1] Si“hayﬂ o (200D
1+q, af R
1
M=“1-- [}’2 sinhmy-»-i [Zycoshay- 5?..1{’].30"3’]]
CL“ i o (44 A4
) S €o1)
- 1 | 4 shﬂlay} N &
= o 1 it )
M, , ol y cosh o y Ta . ] .
- _ ° . ERTE .-~ . 1
M, = L1y sinhay -2 [6 y coshay - ! ginh o “Y]-J
. af | a .
o .- [ (202)
1 7 . .
M, = = [ y cosh o y - 8_sinh ay ] N
SRR o . S
J, = » [ - ﬁg_: + L Ilzazkgg_ [- afl + E}ccsh o
acosho a{ip-1) CN Ticosh o M .
b . o
O - -14_}[2 sinh o - a cosh « - 2 cosh OI-]_}]
. oal
2iC [_ 208 fie , it , (1*o)o®sinh ol] _ 4iaC6 |
o 1+ al N 20 T? T:
v, -8 -t L a_” - CN[-.'%.L"EEE’EE,'
L. 202 2a T 20,2
U (1L i 1 g ziast(] - tanh )]
. 1+a Ti & o 2 .
. (203)
3.9 Series sbluticn

Closed form solutions for R and XK are not possible.

Using Frobenius series method for solving differential
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equat1ons Blth un’ﬁOuH*COEffIClgﬂ
let 9gy = E Al y'oo

| L 2o

be the solutions of equations (57), (58) when substituted

and comparing the coefficients of like powers of y then
A, =1

2 [Za2 + 1{1+C)arR(K~1) + CM

+'§0[?i(1-0)xan- ot s
T 24

+ i(1-C)a’R =~ CM - af %] + CM|a®*B - ZBa]

€205)
_A . . A (,. Y o
A, =R 2 _1(1-C)(1-K)a§]+ -L[Zl[IHC]aKR- 6"-i(1-C) X
120 120k | | :
(K-1)a®R ~ CM g? 1 + M [:az B, - 883’] o (2067
_ A, 2
A, = =k [Za - 1(1-C)(1 ~K, aR*CM]** — [ i(1l- C)KaR - a" -
30 | 4 360
- iy - c)aRT(Z 52)K-o? 21 cnai] + Ro i(l-C)aSKR +
A o [-azﬁi - 12 B, ] . (207)
: - 360 L
and the recurrence formula is
A - [202-i(1-C) (1-KjaRr+CM] .
nre  (n+6) (n+5) - e
. [2i0-CeR - o'~ i(1-C)aR[(2- a?)K - a2] - CMa'lA_,,
~(n + 6)(n+5) (n+4) (n+3} B
._.'.: ) . 2 _ -
L 1(1-C)a’kR Y CM [0‘ Bnes 1ZBnH_l
(n+6) (n+5) (n+4) (n+3)

(n+6) (n+5) (n+4) (n+3)
(208)
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While
[2iakr+i ‘R’[I—ZK - ] "] N[a®A - 27, ]
B, & § (SAORRTIR H O e By + Fro—as =2
: 2K 2K
1&R(1-"':;1' - K) - N iaR(l-TK)'N
(209)
: : 2K 2, '
g » B [ 2Kk + da'R(1- M K)-o’NT N[ oA - 68 ] (510
v T ek
M
2
B, = A, a’N - -y N "
3 o p— - 9
12 ioR(1- 5 - K)- N ioR(1-"% - KO- N
- 1 '
B, [ia’R(1- 2 - K)- a®N - 2ia kR + Do 12-KR
— 12
: - 2
12 o R(1 -iE-K]-N ioR(1- =5 - K)- N
The recurrence formula for (211) is (2115
2 2 -
B - _a*N A _ N A + Sy ~-(n+2)iakR 8 -
n+s (n+4)(n+3]$:T+2 S, n+4 o n+,
* (n+4) (néS)Sl
. i a’kR B (212)
(n+4) (n+3)$S, "
Where
= 5 - -21(- - -
S, iaR(C1 M K) N

The recurrence relaticns of equations (208), (212) and an
examination of (205) -(212) show that all A, n > 4 and
Bhp, n > 2 can be expressed in terms of Ay, Ay, A,, A, B,
B,. The boundary condition (59) require that ¢f1(y) be

antisymmetric with respect to y thus
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B, = B, = O (213)

Also examining (208}and (212} reveal that all A, n 26
and B, n > 4 respectively may be exrressed in terms of

A,, Ay, B;, B, . The solution may be written as

= v n v T n
¢f; (Y] A: E E'.ln)’ + \3 E asn )'n * B], f hlny
n=e n=o n=o (214)

o0

= A a’ +A i S od
¢Pl(y) : ngo “in 4 ’ nzo Ain y' + B, nzo bln Y

Since B, 1is a function of A;, A, B; . Where ajnj ajn,

- -

bsns Bne

j=1,3 and n=0, 1, 2,..... denotes the coefficients of 'Aj' Bj

in the expression for Ay, n > 6 and By, n > 4

where

An = a‘ln AI A a-_,1 AJ + bln B. 1

. . ) (215)
Bp * @ynA; + agp Ay + Li, B1 |

Moreover, for n = 0,1....5 a b. are given by (205),

jn’ “jin
(206) and (209), (210) so that Ay, A,, A,, A; and B,, B

B,, B, are independent of each other, thus

= = 1
@9 F @y, T A3 T a3, T A39 T Ay, T 8y, = a,, =0
- - - - - - -~
= = £ = - = = |- = =
ay0 8,2 B39 T &34 T B30 Byy = Bgx ™ 85 C
- )
byo ® b2 =by; =b;y = O
- - - -
byg = b13 = byy = by, = 0

(216D



B, = B = 1
&, * &, = 1
4 (217)
b, = 1
The boundary conditions (59) - (61) reduce to
A, J nap+A, ] nagn+B }] nb,, = XK (218)
n=0 n=o n=o

-] -}
A,[ %R { ] nt-1@-2)a, -o® ] a,, } - §(1C)a |- ;mz) a,

n=o n=o
1 -3 s 1 - oo 1 - -] _
+K[= ] nap+ ] aanJ - ) nay J] v A3["‘"{ ! n(n-1)x
M n=0 n=o > D=0 ‘ 2R | n=o0
o0 1 - o 1 o0
(n- 2) a,_ - aof a - i(1 - Cla}- } AgntK {"— Nag, +
O G
@ . o
l -
o - }1 - % | n-zo na, - ?:_ noac -‘]]
p n=o 4 3 bk n=o .

o =]

1 . N re AR 2 b, '-i(l-C)a[—ian"'
+Bl’—ZE{ 1Lwﬂn(nl 1} (n=Zjbyy - @ nzo n} . —

+K{ 1 ‘f nbl + v b }.]
n 1n -
n=o nZO :
-— q o o . -
= [ ] nb,- I nby, H = (1 - C)8, (219)
n=o n=o
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2§ nby - Iabiu|] - s

Equations (218) - (220) can be written as

A, a; * Ay o, * B, a, = 2K |
A, a, *A, a; *+ B, a, = (1 -C)§,
A, a, * Ay ag *+ B, a, = 6, |
where
«, = ]} napy
n=o

2 in
n=o
=]
By } nb,,
n=o

a, = Z — :n[n-—l]ln'z.}aln -0 al'ﬂ -
n*ol 2R |

-i(1-Qal - %in Da_+a } - 9 ;
[ TN "X {M "8 o S ~ B ]

n=o. 2R

2

ool 2 o

2

ag = ) [ %ﬁ {n(n-l)(n—Z)bln - a’byp } - i(143)al“
n=o

+ K { g bin * bin }] ‘.gi [ nb,, - n b;n ']

(221)

in
+

ag = ) l’l— {n(n-l) (n-2)a,, - a’a,p 1 ifl-C)Ct[ - 2m

1n +

T
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Cy, ©, are constants of integratioa

Redefining ¢f1(y) as

¢f1 [Y) - I Xm )"m
m=0
then
* - b * m 1
b, () mZO X, ¥
- i n-l
¢f|(y) = E n x"‘. y
n=o
* - - * n_l
b1 nzo % Y X
J
and ¢p1(y) re-defined as
m m
= Z
¢p, () mzo o (¥
* ot * m h
so ¢ _(y) = Z_Y

0
o * n 1
o = InZ_ vy
pl n=o n
so that

X, = A; ay + Ay agy + By by

- - + -

-

Z n

- + -
n= Ay a3, tA;aj, + B, b

*

L3
where Xm, xn, n’

Z, respectively.

(227)

(228)

(229)

(230)

(231)

z Zn are complex conjugates to Xm, X, Zm
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Substituting equations (227) - (230) in (226) and integrating

once gives

®f20(y) = F(y) + C,y? +C,y +C, (232)

where

s o0 o™ “ % » S
F(y) = "8 [(1'C3| 1L Xy X -y o] ) XT Xpx
2 Mm=0 n=o m+n m=o0 n=o "

n m+n M - 3 * +

—— g + 9.-.[ ) Zo Zn 2. )’m » ~

m+n N L n=o0 n=o m+n

1 § ztgz* n_  mn T~

] — Y (233)
e n=o " h m+n -

The boundary condition ¢c  (+1) = D at the boundaries and
demands that C, be zero. Therefore

C, +Cy = D - F(1) (234)
o ¢;zo‘ F(y) - F(1) + D = C,(1 - y?) (235)

Integrating (64) once

-

020(¥) = G(y) + F(y) - F(1) + D - Cy(1 - y) +cC,

(236)
where,
. iaR L @ . % - ) [e-] oo " . —’
s 2N L\ZO nzon(n l)zm zn)Jm mzo nzon(n I)Zm Zl'lyllrr‘q'l ]
( 237)

Qur solutions for the mean speed (average over time) flow

are given as

Ufl ="2'¢

-

ez 2
= - P - F{1 0 - G(1 - 238
g e s v o-ca -y ] ase



- 110 =

2

-

2
ﬁp(y) =Z ¢ == {Giv) + "(y) - F(L) +D- c,(l-y=)+ck_

3
? Pzo

-

I~

(239
The constant C, must be d.termined from considerations f
conditions at the ends of the channel in series form

using the solutions of equations (227) - (230) into (86)

subject to the boundary concditions (7C) and (72) that reducc

to

1 E ia . ‘e p }
S0, (81 + 22 {n-o [d:fl{m 00f - o2 (1) W

- o - : & * 3
bc [ oyt of, (1) - 0, (£1) 022 (21) ¢

* # ‘r* x 2 + =
- ¢p1(¢1) oF, * qpl( 1) ¢P:(“11]1 0 (240)

Integrating cquation (86) once subject to the boundary

condition (240C) then

. - o« : o o
. =l§!£&_{£‘l[z J oz Znnm-1) ] J x
1 L N M=0 n=0 2 m=0 n=o

=

oo
* = 2y N 2 7
Zm Zp ni(n -1) ! + p ] n h; An nZo n* X 2

'n=o B oA
) 2, 2 n(n-1) + § ] 2;1 Z, n(n - 1]]1
m=oc n=o0 M=0 p=g f



2.07 Numerical Results and Discussion

For nure neristalsis ( = 0) Tables 4 and 5 show
the distribution of F(y) ~ F (1) which controls the direc-
tion of neristaltic mean flow across the cross section
For various values of ¢ and R and for K5 = 4. Fly) - 7(1)
is seen to be maximum near the centre of the channel and
remains constant over a certain range. This rance widens
with increasins 7 hence “low reversal occurs in that
F(@ -~ T(1l) becomes nerative. The values of D for various
a and R K, = 1) are given in Table 6 showing D is always
nositive. A nlnt of some of these values in Tigures
£ will be used to annlize the effects of C (the volume
fraction density)l on Jeiseuille flow which is our main
contribution to the thesis. TFor dissinating walls, viscous
damning forces in the boundary walls is renresented by ¥ ,.
For non zero, C, # O, it gives rise to foiseuille type flow.

some values of D for this case 2re shown in Tig, 6: as the

wave nuiber a becomes verv small damping occurs showing that
there are some disturbances during meotion. For influence of
Poiseuille flow cn peristalsis, values of D ottained by serics
solution for finite R(1, 10, 20, 100) are listed in Table 7
for various values of a and X = C.1, 0.2 at X, = 1,100, and
1000. A study of the results indicate that there exists a

narticular Jfoiscuille narameter K at which D is nepative

suggesting flow rcversal occurs at the walls.



To discuss the effect of C, in tables 4 and 5 when
C is very small F(y) - (1) is positive, as C increases
F(y) - F(1) decreases. [n Table 6, as C increases D
decreases, this arises from the fact that the fluid
density p, and the narticle density Py of the body
interact. In Table 8 the values of C, is always nositive
which increases as € increases. This shows that as the
volune fraction density between the two densities one of
them being greater than the other, its result is nositive.
Figures 3, 4, 5 show various combinations of C on the

effect of damning on o .



Table 4: Lffect aof danpinc F(v) = P(1) (X, = 0, R 1, X, 1},
ﬁ n = ON
8 = 0.1 0.3 0.5 0.1 c.3 0.5
v 7{v)-F{1)
- oty - - - -~

xxer 1J x10 7 x10 ~ x10 ” %10 ' x10 3
(9] 0. 11043 -2.3%40 -1.1410 0.1025 0.2546 Q.2122
[5 P s & I IR -2.36820 ~1.1360 0.102] 0.254%2 0.2116
Q.4 -0, 3728 -2.2160 -1.05%70 0.088 D.2i484 C,2077
0.9 ~0,281°8 ~1.6460 ~0,7887 Q.0863 0.2229 0.1883
D.8 6.1141 -0.0667 -0.31355 0.060G7 0.1526 0.1315
1.0 O 0 0 0 (8] 0

e e . . S—

-

e ————————
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m = N)

Table 5 D for pure perictalsis (K, =0, K, = 1,
= r,1

ol C =0 .1 .2 3 <A Sl
1 [0.245133 0.2221 0.198766 0,175083 0.151095 {0.227137
2 {0.683238 0.619077 0.534000 0.4879%91 0.421131 (0.63237C
3 [0.856240 0.775837 D.694284 0.611563 0.52777¢ }0.820385
4 |1.036610 ©£.939273 0.840543 0.740399 0.630963 (1.0140453
5.11259932 1.141627 1.021629 0.839910 0.776622 }1.243762
6.)1.562282 1,.361220 1.213141 1.073011 0.9226008 |1.459343
7 (1.750415 1.586053 1.419343 1.:57°242 1.078959 [1.739434
8.12.00001" 1.,812211 1.641729 1.423517 1.232%11 {1.990411
10/2.499926 2.265181 2.017090 1.7855b4 1.540962 _mnbwmmum
. 2 =10 U
1 |0.032850 0.029347 0.025983 0.022687 0.019420 |0.001269
2,]0.124945 <€.111206 0.092544 0.086321 0.074217 |0.00653¢
3.{0.270634 0.23%470 ©0.212133 0,126291 O0.160785 {0.017005
4.]10.460030 0.404694 0.358242 0.315291 0.273042 10.033377
5 |0.680265 0.595063 0.520334 0.464180 0.403262 [0.056760
6 ]0.921025 0.801260 0,706057 0,625702 0.545253 (0.065133
7 [1.174992 1.016909 0.897607 0.794762 0.694623 |0.121266
€.]1.437152 1.237680 1.091086 0,967%04 0.848387 [0.164036

1011.973682 1.604659 1.48059C 1.317985 1.161667 [0.27010
T —— : s

B P —— -

0.205523
0.571985
N.742305
0.917779
1.125803
1.3%3090
1.574403
1.801461

2.255265 1.016110

-t P il WS e

*

—— Ly

0.001123
0.005843
0.015327
0.030234
0.050915
06.077574
©.110323
0.149216
N.245414

0.183720
0.511468
0.663803
G.820959
1.007174
1.206128§
1.4086¢1
1.611205

= 100

0.000978
0.005014
0.013155
0.026090
0.044152
N.067617
0.096477
0.1307385
0.215015

L]

0.161¢79
0.64992

0.584478
0.723054
0.287185
1.064520
1.2410238
1.4§22137
1,778185

0.000350
2.004273
2.010°876
0.021438
£.036180
0.255306
0,0795007
0.107341
0177832

0.139402
0.388012
0.504261
0.623991
0.765733
0.917131
1.071267
1.225925

1.335118

0.000734

0.003639
0.009379
0.01805)
0.029811
0.044783
0.062961
0.084452
0.13744%

———



Ky, = ]
P =1 1. 10.0 20.0 100.0 -
X = 0.1 0.2 0.1 0.2 0.1 0,2 0.1 0.2
a
it .
0.1 0.0491 0.1080 0.0912 0.1940 0.0732 0.1840 ~0.2580 0.0168
9.2 .0969 0.1950 0.0656 0.1780 ~0.0013 0.1510 -0.4990 -0.2080
.3 0.0975 0.1920 ¢.0224 0.1490 ~0.1160 0.0813 -1.3900 0.5300
c. C.1.080 0.1970 -0.0380 0.0939 -0.2470 -0.0655 -0.7330 -0.56430
0.3 0.1360 0.2160 -0.1110 ~0.0071 -0.3610 -0.2020 ~0.9120 ~0,633C
0.6 0.1860 0.2560 -G.1890 ~0.1680 ~0.4100 ~0.5290 -1.0800 0.7180
Ky = 100
0.1 0.0974 0.1930 0.0733 0.1740 0.0721 0.1830 -0.2590 0.0439
c.2 0.1530 0.2070 -0.0455 0.0653 -0.0234 0.1330 -0.5080 -0.2200
.3 0.6640 0.5750 ~6.209C ~0.05%05 0,193 ~0.0077 -1.1000 0.3740
9.4 2.3300 1.9400 0. 3200 ~0.2320 ~0.3790 -0.2710 ~0.7600 -0.5800
0.5 5.9000 5.1500 -0.2450 ~0.2530 -0.4540 ~0.5500 -0.3880 ~0.5920
0.5 11.90000 10.6000 0.2100 0.0434 -0.0191 ~0.3290 ~1.2700 ~0.6830
K, 1= 1000
0.1 0.0822 0.1430 ~0.0898 -0.0023 0.0618 0.1800 ~0.2660 0.0377
0.2 ©.6620 0.3140 -1.0600 ~0.9550 -0.2240 ~0.0313 ~0.5950 -0.3380
0.3 . 5.8100 4.1600 ~2.3100 -2.2700 -0.9010 -0.8170 1.5100 ~1.1400
0.4 22.5000 17.8000 ~2.8900 -3.2000 ~1.5900 ~2.1400 -0.4600 -0.0054
0.5 58 . 3000 49.0000 ~1.4700 ~2.4800 -1.3000 -%.8000 -0.4600 -0."054
0.6 1190000 105.000 38400 1.9800 3.5400 11,1900 ~0.9240 -0.3570

e —

s ——— i .
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0.1552E~04

[

N1215E-03

~

Hmwwn B Yalues of C, for pure peristalsis {non = series).
SRR kS R = 1
B : ,m.,_ .
X, = 0 ¥, = .1
¢ | €= .1 .2 w3 A L S A
. 20 G.&336E-Q7 0, 7688E-G7 0.1006E-0¢ O 0.8671E-07 N,1538E -06 CQ,2012E-00
.50 C.10858E-03 0.1952E-03 0.2559E-03 0 C.1142E-03 0.2031E~ 03 0,2662E-02
1.G0 C.1GELE-0QZ 0.1921E-02 0.2507E-02 G 0.1062E-02 0.1940F 02 0.2532E-02
<., 00 Q,.55¢1E-02 0.950KE-G2 0.1172E-01 0 0.5575E-02 0.8529E-D2 0.1175E-01
3.60 0.16330-01 Q.2773E~-01 0.3361E-01 C 0.1635E-01 0.2776E-01 Q.2355E-01
< . B R = 100
-1 0.2275E~12 0.3646E-12 0.42_.1E-12 0 N,2275C 08 0,3647E~02 D,4221E-056
. 5¢ 0.13%371E-03 0.33853E~08 2.4005E-08 0 0.79C5E~06 Q01350E-05 0.1606E-05
1.5 0.5280E-07 0.1165E-06 0.14805-06 0 C.5919E- 05 n.1176E o4 5.1495E=-C4
2.°C1 O0.8f31E-05 0.2359E-05 0,3609E-0D5 0 0.2249%5-04 0.6135C-04 DL, 9IBAE-CL
3.0 0.29B1E-05 0.1004E-04 ¢ 0.3610E-04 0.2243E-03

c Q2 2 O ©

Lo T e T [
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_ CHAPTER 1V: MICROPOLAR PERISTALTIC TRANSPORT OF

A FLUID - PARTICLE SUSPENSION

bol: INTRODUCTION,

The basis for this chapter is an extension of Chew's
‘ : " . . . . . bl
paper on 'FPeristaltic transport in circular cylindrical pnipe
to a micronolar neristaltic tranmsport of a fluid- particle

suspension in two-dimensional domain model,

Chow described the flcw of an incompressible viscous
fluid throueh a circular pipe for the case of an axisymmetricz
wave travelling al~-ng the wall when the initial m~tion is

assumed to be a Hapen-Poliseuille flow.

To understand the apprcach to micronolar fluids mnqj
nuthors like Eringen (1966), Stckes (1966), Cowin (1974) rave
proposed micro~continuum theory to study the particle size
effects in the flow of suspensicns, From the theory of sinpce
microfluids, Rao and Napu (1280) noted that it takes of the
effect arising frew the local structure of fluid elemeats
and their intrinsic motions consequent tc these effects.
Apart from the usual translatory degrecs of freedom, the
fluid element has additional derrces of freedom enabling
it to underge intrinsic retati-n as wall as deformation an'
the latter features are reckoned by the gyration vector
fields. The simnle version leads to the micronolar fluids
in which local moticn of a fiuvid element is a rigid rotariens
(i.2. the spin and rotation give rise to micropolar ). Thus

Parvathamno and Devanathan (1983) noted that micrcpolar flx:df




can supnort couple stresses an' boly counles and alsc cxhilbils

microrational effects and micrerotaticnal inertia.

The fluid de-nrts from Navier—Stoke's theory becaus-
nf sustennnce rf ccuple strass and the non-symmetry of the
stress tensor. Qur fluid is taken as blcoed. EBloed undir
certain flowv situations can be represented by a polar £1uid
It consists of a suspension of a variety of cells in an 2qQuadus
sslution of orpanic and inourcanic substances (called plasma)
Lens anl Fun; (1970) and that in the wicrocirculation, the
radii uvf the bluod cells are larger than the radii of the
blood vessels aad hence clearly behaves like a ncn-Newtini@na
fluid. At low shear flow rates, the rheolcgical preperties
of the Lisod are very e¢'mnlex. A viscoug incempressible
fluid is =2ssumed tu be confirmed in a2 channel which symnetrid
travellin, transverse waves are imp.sel. The motion is otudied
The sclution is renresented by 2 power series expansion 2o the
second order of amplitude - to - radius ratio, £° which is
te be much less than unity (£%<<1). Another assumption is
that the tangential motion of tho wall is nepgli~ible. Thc?tf‘ﬂ?

an expansion solution is valid te within 0(e?).

We started the 2nalysis parallel tc Fung and obta’nod
the Zeroth, first ant second order equations. The solutions
for free pumpiap (the zerc pressure gradient) and the cics:e
form solutions obtained in which the hijher nrder soluticar
are concerned. Sclutinns were obtained in relation to Skokﬁ;
Lpnroximation, 2 situaticon in which the Reynolds number is
small ¢nounh te ke considerel inertia-free and seolutions fex

hicher order Reynnlds nusler.
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4.2 Formulation of the Problem.
The general balence equations in the absence of body

forces, couples, and thermal effects for a micropolar fluid

given by Kline and Allen (1970C) are

f + pvV. . = C (1)

t.. . = pV. (2)

= — - (3)
Ir. I
PAliK ijJ

h r - »
K E * Epia
[1313 [1]]
where for &n arbitrary second - order tensor A

Acagy = HAgy * Agg) 0 Apggy = b (Byy - Agy)
In the foregoing p is the mass density, V the velocity, t
the Cauchy stress, U the couple stress, 1 the substructurec
inertia coefficients, w[ij] the substructure angular
velocity, and W(ij) is a mecasure of substructure deformation

rate. The dot denotes the material derivative and the comna

partial differetiation.
The inertia tensor 1 satisfies

+ I

I35 % Tik gy Kj "Ki (4)

For the case of rigid spherical substructure

= 2
Iij k ﬁij (5)
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Equations (4) and (5) require that the substructure defor-
mation rates w(ij) vanish. The constant X in equation (%)

measures the average substructure radius of grsration,

Constitive equations for ircompressible fluids with
rigid spherical substructure have been discussed extensively

by Allen and Kline (1970s), (1960) and are summarised nex:

: : - : Lo T g
Big TR Oyy v BV gy - 2V gy W) ) (6)

B : : ’ " :

-

hifks] =™ sy, * R Mgy e Yk )

o 1
B - -

s e me g YngYm 7 Si5 Wnk],m)
The coefficient h is the usual viscesity, h, the vortex
viscosity, the n's have been spin viscosity, and p is

undermined pressure. S . - A

The entropy production inequality requires that

, By > 0, ~men, <M/,
At this noint, attention will be restricted toc two- dimen-
sional unsteady motion with the velocity, spin, and pressure

fields having the form - L ST
TR e TR

Lo

vi = (U(x.,y':t'):;. V(Ka}’,t]:?) ’Wl-lJl = (w[12'1 = W =.W(X,}’J;O;{)),

. "’hi_!__f. .‘ : , "-._ . op = ch: Y, t) (3)

o

Consider the flow of a micropolar fluid moving in

axi symmetric form jn a flexible and extensible two dimen-
) e S A - ;. . i\"’ﬁf:" - . ‘:ﬁ?‘*?,
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sional channel. The fluid is set into motiom by imposing
an axisymmetric sinusoidal travelling waves of small ampli--
tude a. The appropriate equation describing the flow are
obtained using equations (5), (6) and (8) in halance ecquatiorns

(1) - (3) as

 au , .2 g2
p[ 22+ ULx + Vuy}* - 922 5 (h + Ll)vu + 2h, my (%)

ot 9xX
p[ AN vvy] =-20 4 (h+ r)VV - 2, W
ot 3y .
' (10}
e dw - 2,2 .
pK [ E: + wa + wa] = hk'V o - hlfdy-Vx + 2wy (11)
and the equation of continuity o _ 33_”? (12)

. . 2 2 z 2 . .

in which v =3 /3x + 2 /ayz is the lLaplacian operatnr
and where x and y subscripts denote differentiation with
respect to the x and y coordinates respectively. In addi-

tion use has been made of the relationship

B n, +n, *n, . L'l | .ll.'f~ﬂ(13)

Sl

which arises from the requirement that substructure spin
identically equal to the local fluid vorticity should be a
possible solution of ihe balance ecquations. This require-~

ment appears to be a natural one and has the desirable
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result of reducing the number of constitutive coefficients.

The fluid is subjected to boundary conditions imposed
by the symmetric motion of the flexible walls. Let the
vertical displacements of the upper and lower walls be n
and - n then

n(x, y) = a cosz§ (x- ct) (14)

where a is the amplitude, 2 the wavelength and c the wave

speed. Introducing cdimensionless variables

i’y‘:z’u‘=g’v’sg’w’aﬁq,t‘aﬂ
d d C c c d
5 5 (15)
P H_R._’\J = .Y_., RBQ.E._., K’u.l.(.
pc? cd V4V, d
where v = = v, - hy
P p
Using equation (15) in equations (9) - (12) yield the
following after dropning the accents,
R[E.E+ UEE-I- VE,‘_J. & = R_B_P. 4 vzu +2’E .?_".." (16)
ot X ay ax 1+o 3y

R[ N,y 33:1 = - R3P + y2y . 20 3u (17)
2t ax 3y ay 1+0 3x

(1+0)R [ Wiy y EE‘] =7 - 52[32 - 3V, 24] (18)
at ax Ay - y  ax -

u, . g (19)

ax ay



.12@_

e o
| =

21
L]

where o E .

h K
Introducing the steam function ¥ as
3t v -3¢

¥

Ay X

U = (27)

and a substitution of equation (2C) in equations (6) -

(19) gives

2 2 Y 2 2
[ 2 L2ralr. ovate]l_gie, (2,28,
ax* 23y?jay

& — (21)

—_— s I i

2 2 2 2 2
R[ %y Ay 2%y _ 3y ?’¥ | _ o 3p , [g_ , 8% |ay

atax  ay 3x? aX X3y dy ax?  ay?)ax
+ 20 3w (22)
1+0 3x

(1+c)al_32+3_‘??_2_3,‘f_§g'1 _ a2, 32 ]w_
at 3y 3x ax iyl L oax? ay?

- 2 2
g (2%, 2% 0 (23)
| ax?  ay?

Assume that there is ne horizontal displacement in
the wall then the relevant boundary conditions of the
problem are the classical non slip boundary on the velocity
and a new constant spin condition are due to Ariman et al

at the wall are given by
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¥ =0, ¥, =+ a . sin a(x-t)
at y = +(1+n) (24)

where ¢ = =g cos (x - t)

8
d A

4.3 Analysis

The solution for ¥ is obtained as a power series in
terms of the amplitude of the wave ¢ by expanding ¥, w and

p in the following form

Y=Y +ey, e’y I
- " 2

w=w +ew e, + , ., | (25)
- 2

PR YRR, YRR Y wnasw |

also the boundary con?ition (24} can be expanded as

?y(tl] i nqyy(11) +Zﬂzwyyy(tl) + ... 0)
2

¥, (1) &y, (#1) + g—w yyyE * o0 L (a6
2

wy(:l] +n myy(ix) + %_ wyyy(:!} 5w 0 ]

Eliminating pressure gradient between equations (21) and

(22), one obtains

3 2 2 - 2 _20'
R[ —TY + ‘?YV ‘¥x 'I’XV ¥

vie = viviy  (27)
at b4 1+0
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and equation (23) ray be rcwritten as

(1 + )R 3w , 3¥ gﬁ . EE.EE

] FAT(VRY + 20) = Ve (22)
Lot ay 3x ax Ay

Substitution of equations (25) and (26) into (27) -
(28) and (24) respectively yield the following set of diffe-
rential equations along with the boundarv conditions for

zeroth, first and second order perturbations.

Zeroth order equations

20 2 202
v = 7 Y 29)

B g2 72w 2 | _
R. ;?V wo + ?oy ﬁox ?Oxv Yoy

(1+U]R[ 2w ey

W - “&(yv? 20 2w (30
3t oy ‘ox " Yoy moy] LU

Woy(il] - ¢Ox(31] - moy(tl) = 0 (31)

first order equations

o2 . 2 q 2 - ® 2% N 2 ]
R[- S0, 4 Y VR ¢ ¥ Ty Bl ey -~ H AV

| 3¢ Y 0X
(1+U)R['§_- W + q" w y 4 + ‘{"1 vm - 'F m}y - ‘PIXPJO)'
at ! oy 1! Y ox 0x ) :

+ &’ (VY + 29)) = Vi, (33)



o W Lo o 13;2__
e e .”.'.' i i
iy . R

- = )
. ?1y(t1) t Woyy(:l) cos ¢ { X ~t) =0
Wlx(t:) + woxy(il) cos a {x - t) = + o sin a(x-t);
L7 wl‘(tl) * Noyy(il) cos a (x -~ t) = O _ﬁg"; J
Second corder equations Fe B o (34)
S T i L S S N
R| 2 g2y« v, 92y o+ ¢, Vi, 4 ¥ T,k - ¥ VY, -
. s 2 @y’ tox - TWYT TIx - Toy' T2X - Tox' T2y
ua o 1xv2\[" 1 | . o zxvg v 1 ) ‘E(_]' vz ﬁiz vzvzwz
P d o 1
¥ .g‘: o : _ e (35)
" . 9 e l_ . ' " . . f L
(1+ U)R[.';:'“’z Yy Wax Yoy Pax Yy Pax m B Wy - Yix Yy -
. _ _ . o
Yoo W b+ g Wiy, v 2w) = viu S .7?(36)
T Yax oy a 2 ! 2 e e

L Y (1) ¢ lljlW(i:) cosa(x-t) +3¥_ _ (+1) cosfa(x-t)} = 0 )
: Sy b EERTIS

I';-\R%sz(tlj + Wlxy(il) cos a(x-t) + } Woxyy(il) cosa(x-t) = Of

e

I+

iy (21)

| mlyy{tl) cos o (X-t) + 5m0yyy(t1) cos?a{x-t) = O |
.. r'-'-'.' - Wk ' o A o (37]

Equations (29) - (31} together with the condition of

‘..symmetry and a uniform pressure gradient in the x-direction

(3p/3x) , = constant, yield the following classical Hagen-

Poiseville flow in the two dimensional channel for micropolar

a M F) i

fluid as T . . o
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r = = ol > -
v = kly - 1,0 _ 20 oy cth a_- sinh ay J (33)
3 1+a a” cosh n
% "k y-sinhay j €39)
a cosh «o

where K

"
NII—'
e o
e

1
cuLéJ
-

T —

Using ecuations (38) - (39) into equations (32) -~ (37),

the first order reduce to

R [_g viv 4 K [1 -y - 29_cosh a - cosh ay ] vy - 2x|.o cosh %Y-;}”
_ =

at 140 &° cosh & Y 40 cosh
-3‘.’.?’-&;1 =, Vipty, (40)
1+o
(1 + g]R[-i_ w, + K 1_y2_ ngh o - Ecsh ay]uﬁx 5
at . @ cosh o
cosha y 1 + a2 (Viy, + 2W) = 92u, (41)
KL 3 = coshg ¥ix

:

. fx1) 2 ZK[ 2 finh = _- 11 cos a (x-t) = 0
+ 140 o cosh a -

¥, x(#1) = + a sin o (x-t) L (42)

wly(il) + K a Eiﬁh_ﬁt cosh (x-t) = O

coch o )

while the second order

20 cosh a - cosh a ]V*? "

2 axrd w 2Y T 2X

R[ 3 72y, + lev ¥one * K[l y " = coer o
™ o a? cosh o



< (B2 o

2. "o cosh a ' k
-~ ¥,x V¥, - 2K X -1 ]vzx J
- 1+0 cosh a

v, = vy, (43)

(1+a]a[ L. KLI - y? - 29 cosh a - cosh 5y]wzx +
at 1+¢ a’cosh a

. cosh a y '
¥y iy - Yix g - I(,rl . coshay szx] 5
cosh o

v (VPY, + 2W) = v, (44)

Y, (+1) * y o (¥1) cos a (x-t) + k| & cosh & _ j{
Y e l+c cosh a A

X cos?a (x = t) =0

,'sz(tl) x "Plxy(")) COS A (X v t) = Q0 !

_--—2 -
wzy(ilJ % wlyy(til cos af{x-t) - Ka cosha'_.x
2 cosh «

cos?a (x - t) =0 )

Equations (40) - (42) can be satisfied by the solution of

the form

v, = 1] 0, B0 4 gty gmia(x-t)
) (46)
w e ;[ a, (y)eld(X-t) | gt ( )y mia(x-t) J

where the asterisk denotes the comnlex conjugate. A sub-

stitution intoc equations (40) - (42) yvield the following
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R .
v Tyt T
il . g

Fd? 2. ian{l - K[l-yz— Zg coshq - cosh &y]]] X
L dy? e . .* 140 a’cosh &
G g o \
e [ dr a2)¢1 _ 4iarK| S__ €Osh a y 1J¢1
S dy? L 1+g cosh o )
% o i Lo
G, 2 ) T
T + Lo [ “E:—- alfR, =0 ' o (87D
1+¢ [ dy S
qr . - ' -
[ - - a? - 2a2 + ia(1+g)R{1 - K[l— y2-
dv N ) "
- _2_9_ Cof}: 5. - crjsh a, ¥ :I}‘l Ql ... -2[ 51_2* s .
N 1+g o cosh“a s dy?
CE : : ' .
. in 09K [1 . 99.5_1_1_9:)7]3 ]¢1 so BT e
2 cosh « 40 - a e
¢:(¢1] = % K{ g finh 2 1'] 1 »
l+¢ a cosh a T
L e k) s o1 | R )
1 .
HEgl(en) = 2 Ko sinh g
2 cosh a Fa

The equatibns governing ¢: and Qf are conjugate to (47}-(49) and

;azneed not be considered Equations (43 -@&5 ) can be

by the soiution of the form

€
i

q L .

= 1os0 ) + 4, 0T 1 o7 (iG]

, = iE’rznb’) I P GO NS e-zia(j;-t)]

satis ied

A TE
-,

(50)

v ;Mz L a
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Since the mean flow is concerned with the part of the

solutions ¢,  and &,, then

. * 2 * s, »
o ¢ 28 ol o . doR (4, ¢ - 9 ¢,) (51)
1+o 2
z - g
wzu - 2a? Wpg = O ¢2° = 0 (52)
z 2 . dioily 2~ )
0z20(21) = 3(o,(21) + o* 7 (£1)) + xlﬂ__qgglﬂi..;]. o
) 1+0  cosh o
- ’
W (21) - K a‘cosh a - i
20 e
2 cosh a )
4.4 Solution for the free pumping case (532

The solution for the free pumping case can be obtained
by taking (2B) = 0 i.e X = O. In this case, there will bc
ax O
no flow if wall motion stops. Thus equations (47) - (49

become

- 2
[ - TERY el]n1 g [ i a2]¢1 = 0 (55)

1 r (56)
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Since equations (54) and (55) are subject to equation

(56), their solutions are

¢1(y) =A,, sinh a y + B,, sinh B y (57)
Q,(y) = C (58)

where

(59
sf = o + 2 a? - ig(1+0)R
A, = - _Bcoshg .
a cosh a sinh B - B cosh 8 sinh «
(60
Ba.; ® a cosh o
a cosh o sinh B - B cosh B sinh aj
while (51) *(53} reduce to
H 26 2 iaR 5 2)7
2 = w, = — i -
of, + 28 W, - 1R o, 07 g; o)
W, =23 we-a 4, = O
a -
¢“(“) wt § ¢,(£1) + ¢‘:'(+1)] = 0
mgofti) 5 0 (61)

Equation (43) reveals that there vanishes the first order
term of micro rotation, when the fluid is originally sta-
tionary which is analogous to the pronerty observed by

Devi (1975) whereas eauation (57) is same as obtained by

Fung and Yih (1968) as exvnected.
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Solving (51) and (52) subject to (61)

w,, = Az cosh 51y + B,, sinh a,y + Fi1(y)- %(M,g M, )

Applying boundary condition (61), A,,

where C = F:(l) - }5— M,
a
1
- - 2_0-
@« = a 146
Finally

sinh
“zo=C12|Y"_a‘3‘—z

a, cosh «a,

where

a’a?Rr?

=0, M,, =0

sinh (a+8)y

AYB !
Foly) = 22—— | 551 .
' 2 L 2] (a+8) [(a+B)2-a]]

oy

(62)

3
16

r (63)

|+ o -y @ 6

_Sinh (a - B)y

(a-8) [(a-8) ’-af}l
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N ggf['sinh(a+ 8 )y _ sinh (a - M)y
2 Lta+rg") [(a+8*)2- a2 ] (a-B") '[(e-B8")%-d,
4 BB*[ 51111*1(8 * B:)y — sinh (B___:_ B:)); - ] (65)
(8+8™) [(e+e*)*-a]  (e-8*) [(B-8")" - &7]
= 20 C - i
and ¢ - — - [] - EEEE_Ell.] - EE_[ JF:(Y]" JFxfl) +
oy (1+0) cosh a, 1+o
+0 + F(y) - F(1) - C, (1 - y*) (66)
with
Fly) = EiE’[A,;ﬁ,lcosh(a+g)y . CUE&ELJQ)} 5
A e 2
2 2 (a+B)2 (a-B)
. Ay By ['cosh(a+8*)y cosh (o-g")y B* lcosh(ﬁ+5*]y
: (a*B*)? (a+8%)7 B+g*)?
cosh (B*- B )y ]1 (67)
(B e B )z =

D=-1 [(A,*l + A:,)agsinh

and are same as that obtained by Fung and Yih.

a + %8, sinhg + g*°B! sinh e‘}

b1

The solution

(66) 21so involves an arbitrary constant which is proportiona!

to the mean pressure gradient.

9x

|

< |m

- o,

The mean pressure gradient

-
+
20

Ly, * DLe)

2 w = * .
c [¢1¢1 - 6100 ] +0en)
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ax ax J, 2R 1+0 4 g
Ez
+ 0 (e?) = —cC, +0Ce?)
R
1.6 [ p ] « Uy
ax 2 E—-

2
Thus C =C apart from the factor % , the timc

12 27
average of the pressure gradient accomnanying the peristaltic
motion. Note that the time - averaged pressure gradient

distribution [ 3p ] turns out to be uniform over the
ox ‘2

cros-section: i.e. it is independent of the y- coordinate.

In the case when o = 0, equation (66) reduces to that
of equation ('6) of Fung and Yih. The constant C,, =C,
must be determined from considerations of conditions at the
ends of the channel., With C;, = C, specified, our solution
for the mean speed (average over time) of flow is

_20C,
e o

2
(1+0)a?

[ 1 - osh 8y ] L 2o JFI(y) - [R@]] oo
cosh o) 1+o

. 2
U=, =8 [F - F) + D -, a-y7)
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It may be observed as a special case that when the
second order mean pressure gradient due to peristaltic
motion vanishes, C,, =C, = 0. Further, it may be noted
that existence of C,, = C, means there is a Poiseville flow
induced entirely by the peristaltic motion. Thus the

solution is complete up to the second order. Extension

to the higher orders is of course possible.

4.5 Interaction with PoiseUille flow

In order to observe the interaction with Poiseuille
(i.e. the case when K # 0), W¢ further return to equat.uns
(32) -~ (34) and by suvhstitution of equations (33) and (39)
in these ecuations yield the following equations for the

first order perturbostion along with the boundary condition:

R{ 3 g%y, « K[i-vz _ 20 cnsh a - cosh &y]vzw .

L oat 1+0 a? cosh a ¥
i ¢ cosh a ' . 29 g%y (69)
# 2K 1 - 2 -——-Y]le‘l=vwl+1+ 1
- o
.- 1+o cosh o

"3 20 cosh a - h a
(1 + cJR| — w, + K[] - y2 . <0 a (;OS ay lwlx =

. 5t 1+0 a® cosh a

= KIY = m ] = vz(ﬁl - (1 + G)(iz w,y = («]_-_;_9_',)&2?21?1
3 cosh « -

(70)

R

¥, (21} - ZK[ 1 - & %iﬁh_ﬁ__] cos a(x-t) =0
y 1+0 @ cosh &

Yiplta) = +a sinha (x - t)
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(*1) - K a Eiﬂﬂ—g_ cosh a (x - t) =0 } (7D
cosh a

Wyy
In view of the boundary conditions (71), the solutions

for ¥, and w, may bc assumed as

¥, = $y) cos ¢ (x-t) + §,(y) sin a (x-t)
(72)

w, = Q,(y) cos a (x-~t) + ﬁz(y) sin a (x t)

Substitution of (72) into eauations (69) and (70),

yield the following esuations for ¢ , 52 and Q,, 0, .
1

[ az]; , 20 [_ci_ ) 02]ﬁ1= er[l*KLl-yz- 20 cosh a-coshay |},

dy? 1+0 a? cosh o =/

. ) ) .
a7 _ az] ® + 2 a RK [ 1 -2 Co8hBY | 493
- 1+c cosh a

2. 2 W
[gi - az] ¢, * %ﬂ [ 3—; - az]Q, - aR[K[l—yz—
+0 )’

£

1

20 cosh a - Eosh &y'JhlJ [Qz R “2]&-‘1 . ZQRK[].— g cosh'cE_};
1+0 a? cosh a dy? 1+o cosh a

(7%

2 - I . 2 =
A az]ﬂl -(1+0)a?0; - [lig)az [ﬂ__ - az]¢l= - a(l+o)R
dyz 2 dyz

[1 K[l—yz _ 20 cosh a - cosh &y]]ﬁ -
i 2

1+0 a? cosh a

cosh a



a2

a(1+c)R[1-K[1-y2 _ 2o cosh a - co&h“&zjlé 5
1+0  a? cosh a :

+ o (1+0) -Rx[i - cosh a y ]5 (76)
cosh a 41!

It may be noted that equations (73) - (76) are complicated

enough and cannot bec solved in closed form even for Newtoniua

fluid. iHence following analysis of Chow and introducing

further valid simplications namely, assuming that the Reynold:

number for the flow is very small. Therefore expressing

¢,, ¢, and Q, , R, in terms of R as

¢l= ¢1° + Rz QJ:?*---onoo I‘

) 3
l‘z = RQ + I! ‘3‘2 ¥ eweaa @ e
2 s (77
- 2

Qz - RQZI + R- Q:z * L B J

It is understood that ¢,,, ¢,,, 210, 2;, etc. are functions
of y alone. Substituting (77) into (75) yields the following

equations for ¢,, and Q;,

2 2 2
[ - a’] §5e ¥ 2L [ . a’]n,o =0 (78>
dy? 1+o0 \ dy?

- (1+0) - :
[E-y-z - ﬁz - (1 + (X) 0.2 1910 - —T)Clz -a-)-r-? - G2J¢lo‘ (8]
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The boundary conditions ior ¢,, and Q2;, are obtained as
10(£1) = 1 |
10

$7,(21) = 2k | 1 -9 simha ]
b

1+c & cosh a% } (80>

Q19(21)

i

-
=21
wn
Jts
[ |
b =2
=1L

J

On solving (78) and (79) one finds the expression for

$,0 and 2,, as

$ = B, sinh ay ~ 6 sinh ay (81)

He )
o
W

Az sinh o,y + A3 sinh a y (82)

s sinh
B, = l1 + a, ¢ sinh a,

sinh «

Ay = 20K a sinh a - a,(1+0)a’ § cosh a cosh a,| (8

“

2 o o« cosh a

5 = 20 Az
(1+o)a?

Similarly, substitucion of (77) in equations (74) and (76)

gives the following equations for ¢, and 2,
d 2 20 (¢ | 2
(L w)ion 2 [, oy -a [ 1 22
dy? 1+g\dy 1+o



-

cosh a - cosh ay' . 1‘[ a2 02]¢1o . Za([} _ o cosh ayJ¢1u

" GosA. o ay” 140 cosh a
(84)
? - = 2
[ﬂ_ - o?]0,,- (eo)ate,,- LD52 [51*' s
“(1+°)I'1—K[1-y2 20 cosh_a - cos? ay Jnlo
i i+o a? cosh a s
* &(1+U)K[l - My ¢lu (85)
cosh a -
The toundary conditions for ¢,, and Q,, are
$,0(23) =0 , \
¢,,(31) =0 b, (86)
q,,(#1) " O J

On Sclving (84), (05, under the boundary conditions (86),

one finds that the soluti-r for 4,, and Q;, are

$,, = Dya sinh a y + D;, cosh a y + F,(y) (87)
2,, = V3 sinh a y + V, sinh o,y + F,(y) (88)
Where
DJ.J = _Fz(l} -,D1|. - - F2 (1) $ - =0 (89,
a cosh o 2 cosh «

notinz that F,(y) is an odd function



P _ 3
(B, cosh ay - o,

G:G sinh ~ y) + o’
+ [1

(c?

_ cosh &x](uu
cosh

B, cosh wy

2 = R
a, & sinh ay) + Py {_ KI

1406 -

.,y) + 2 & cosh dy(a® B,

sinhay -

sinh ay(e B, cosh ay - a16 cosh cly)]

b

» Sinh ay -

3

2 +

até sinh a,y) -

_ a’cosh Ey(ag B
cosh a

2¢

2

 sinh av

cosh &

sinh ay-

a?P, cosh &y] sinh a;y

— a 2 el
- 2K a,[Zy + a P, sinh ay) cosh a,y + a, {Kll_yz + P

(caali & ~ aosh ZY)J ke }}* P;{{ 1 + P, cosh 5* X

(«* B, sinh uy

%1 & sinh c,y) + 2 & P, sinh ay R

( @ B, cosh wy ~
PO = a(l + o) }
P, = - _20 .
a?(1+o)cosh ¢
P, = a®K s |
- 0
P, = -
rocosh o
P = ai + o
n? ol
¥ [#1 3 J

- & sinh aly]}]

(o)

(oh)

A

«, & cosh a;7) + a’P,cosh ay(B, sinh ay -
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2 (y)
-2 =
w vV, (1*tg)a” sinh ay + - — Vu 8inh a,y - Fyly) #
a3(1+q] o2 %y
P I([l— B, sinn o)y - L sinh o,y - 1 _- By a
0L g2 2 2(cosh «a
1
[ sinh {u+3)y 4 Sinh (a--:-t)y] - Gl [smh(_x;*- a)') sinh (a, - rxy)L
(a + a)? (a - &)® (ay » &y* (g -a)2
- 112 Aa -
P[ [ 1-K(1+ P, cosh a)] [ ~ s5inh a,y +— sinh a,yl*-
o:l fll

KP, [A [sinh (¢y *+ &)y  sinh (a, = a)y]
! ¥ ' -~ 2
(x, + W 2 (a, = a)

N A,[ sinh (a + 3)7 . Jl‘_}*%_'__‘l)’” - K['\’{y sinh o,y -
(u + :1)2 (n.t"’ﬁ.)z JI
2 =

}y’rinh xy - 4 cosh ay ]J] + [a o g]
u ’

\

1
F-S
o
w
= o
~
| S
-
Q|+
w

& {[1“"-(1 + Py cosh a’)] [Az_.-._Sinh a1y .

2
r‘tl

P—-——c
2 |
- N
=
~
i T
-]
o
1
~N

+ A, sinh ay ] i El{ﬁz[s-i-nh("“l + aly, sinh(a;-a)y ] N

- 0 BT ey iy
. A [ sinh(a + a)y , sinh (o - E]y”
’ (a + a)? (¢ - @)?

-~ ) ll
K L&f(yz sinh o,y - 4 cosh ayy) + '5_:{),2 sinh ay 4cos}mv 1]
]
1



v, = @ cosh a« ¥F,(1) - s inh a F;(l)
" —

o, sinh o cosh u, - o cosh o sinh o, X
. : (9g)
v, = - V, sinh a, + F,(1}
sinh o

-

 Fyly) = i \ [\PO[T a? {1~K[l-y2 + P (cosh a - cosh &y{J}x

a (54

(A, sinh a; v+ Ay sinh o y) + {1-KL1~yz *
P; (cosh a - cosh ay)}{af A, sirh oy y + a® A; sinh uy}+
+ ZK[Zy +a Py osinhay :l[ a; A, sinh a;y +
+a A, sinh oy ] + K[2 + af P, cosh &y] E?nz sinh a,y +

"ﬂks sinh « yﬂ‘-*f’c}([@ [ _ M][Bz sinhay -
_ N cosh q

§ sinh a, ﬁ] - a" cosh &I[%z sinh ay - & sinh a1}1
' cosh o :

- EE_&iEQQY['a B, sinh ay - o, & cosh ulf] + [I-EEEE%X
cosh o | coshay:

M

[cxz B2 sinh ay - uf& sinh alyll + P, {K[ﬁwyz +

pl[cosh o - cosh 5y]J~ 1} sinh o,y + Ps[? + P, cosh &31&

' [B2 sinh a ¥y -« § sinh o, Y]]

| ) e - A
+ ps[_ o? {[}"KE-YLF P, (c.os-ha—cosha):)jj " A, sinh a,y +

a? A, sinh ay'1+ 2K[2Y + P, a sinh &y][glﬁz cosh a,y + a A, x
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. - 1T ,
sinh ay] + K[& + a?P, cosh J.lL . sinh a,y + A3 sinh a f]}
-
- - "
+ [1~ KLl—yz + ¢, (cosh ¢ - cosi 9?)]]l‘u; A, sinh a,y *+

" . Y
a A; sinh ay

-

+

- ), I 3
+ 3K[?y + aP,; sinh ayJ[_a, \; cosh a,y +

+ a® A, cosh ay + 7KL? + a?P, cosh &y\[}i /., sinha,y +

+ a? A, sinh uy] + 4XP a’sinh &Y[mlhz cosh ayy + « A,coshayi

-~

+ ZK[[ZV + P,a sinh EY]l_lz A, cosh a,y + a® A, cosh ay]

& - ¥
C 2[2 + P,a? cosh uyltﬁaf A, sinh a,y + a? A; sinh ay ]

¢ P, Q’E;!.xz cosh a,y + » Ag¢ cosh 5yl+ K[é a®P, sinh ay«

[‘a, A, cosh a,y + o Ay cosh iy J + (2 + a?P, cosh ay)A

2 . - . . s -4
(xy A, sinh a.y * a? A, sinh -v) + a*Py(A2 sinh L5 Asgsinicr)

y * f shoav 2 2 2 ) .
- cosh ay) ¢ . .
#cost 6yL ! PKL ; 1[1 T cosi A ][ 2'Bz sinh ay - q;¢ sinha,Y)

.- w5 3" m
r a

- 2a s1nh_my( a B, coshay - «;6 cosh a,y) - —»EiEE:EYx

cosh o cosh a

cosh ay(a?B, sinh ay -

]

( B, sinh ay - & sinh aly]}-
cosh a

nfé cinh o,y) + 2 & sinh Gy (o B, cosh ay - a,8 cosh a,y)

- f 2a 2
~3 inh ay - 8§ sinh a,y l - — _[§inh 3
+ a? cosh ay(B, sinh ay sinh oyy) cosha Yy A
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F ol oo {[ 1-K(1+P, cosh a) ]
O

{Az sinh n,y , A, sinh u:;.'] . KPi[,\ [sinh(a1 + a)y .
e PSS T A
uz a”

s Sinh (a, - a)y , ,ﬁ.;!’.ﬁ:iph (+ + 1)y , sinh (a - Ei)y]]

(ay - a@)° U (o 5)? G -8
- K[‘B’- [)‘2 sinh », - --cosh *"1}'] # 83 fotpink ay -4 cosha)r]i’
&3 1 * g2 U _l
1

+ [ 1 - X(1 + P, cosh -3)] (A2 sinh o,y + A, sinh ay] - KI;\z %

[}’2 sinh o,y - ¢ cosh -"-1_}’] + As[yi’sinhf‘ty - 4 cosh ai’rﬂ

u.l Qa -
+ Ex[-f A, [si;;}: (cty :f-) N ' ., sinh(a, - "}1'
4 (c.‘11 + q2 (g = 7y L
+ a? Ag [Sinh_______(a + 2)y 4 sinifa - a) r-i)y] + 21([2 { é.i‘!(
(a0 + )2 (v=a)? %1

-: [Y RIS g & 2 r“}']*, 1Y [)’ sinhay - 2 €OSh r:Y}}
it 'u —

1

+ '[E_l[ &, A, [CUSh{ 2 ! EJY - cosh *‘-"L(a ‘_-azy] +a A X
i (% &2 (4= )
[cosh_(n ba)y - % _ cosh(n_- E!y)] +
\ (e+)? . (U"E’;)z

s i bes e
+ K[ 2[&3 sinh ""ly + ﬁ;. sinh qy] + ':."_2_]:1 [A:(Slnh(a1+ (!); +
2 ('L
al
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1]
+ sinh (a, - a)y) + A, {5‘“1 (“+“)7 + Sinh (o - “}Y]}}J

( (¢ + a)2 (¢ - a)?

+ PK[— w? { i—; 2, cinhay - é—; sinh o,y - 1 b

o o) 2 cosha

[ 3 [ sinh (o + o)y %Y sinh(a - 5)y)
a e :

J, (a+q)? ‘ : (=) ?

_ 6[sinh(u1 + a)y , sinh(y,- E)y]]}] . a* T3 [shm{aéby
Ta,*a)? (o, -1) 2 2 cosha L°°  (wa)?

, sinh(a_- E]y] -8 [sinh(u]t@-y . sin(al-ﬁl): ]] _a X
(n=- a)? (z,+ Q)2 (a,-a)? cosh

[u Bz[ cosh(e + 7))y _ cosh(a - 52}’)_ uls[Sinh_(_g._L:__é]Y N

(x + 3)? (x - )7 (o, + )2

sinh(g,~- o E]V‘J + B, sinh ay - 8 sinh vy - i o
(y- @) 2 2 cosha

[“ng [S'inh (a0 + a)v _i_.‘i'i“h (o - ;I:y.l _alél.‘.inh ({:,*ﬁ-j’y &

(¢ + a)? {a - (a1+a)'2

, Sinh(a, )y]J 3 le'[ -1+ K(1 + P, cosh )] lz- &inh . 7
("51"-‘)2 ' *

POK [sinh (cry*+a) y & Sinh_g:}_l:i-})’] - L{y’sinh a,y

2 ("tl*";) ‘ (a~a)? "'f
- EEEH_ELF]! + P, %; B, sinh ay - %; sinh a,y + %‘ X
”-1 4 Lo (Y ul
_ ) o N
[Bz [51nh(rz + a)y i <inh (”_'G-j‘“' ]_,, {Sinh ('3'.1..__.9..)_)'+ lnhm I
(e+) 2 (=) ? (a,+a) 2 oy~ %)

” ps[._ at {I 1K (1 + P, cosh o) (A, sinh ayy + A, sinh ay)
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=

T

" _15_P1]' o2 Az[sinh(g,_t__ﬁ)v._ -_:inh(__”ﬂy] . uth [5,;_;,&,(;; + 3)y
- 3

() +) * (ay~4) 2 (a+ a)

sinh ja_ﬁ_)}’” * K i A r}"’;-:inh o,y = 4 cosh ayy

(a-a) 2 a a,

ch riv)’ I f & )

“+ Aa[)'z sinh ay - ' E_U:‘_‘,_J.V]j + ?“\"2 { ;}_2 [}r cosh a,y _2 S;thtl'x]
o L., o i

" iﬂ.[y sinhay - ° coshuyn_ * lz.l(f[“l‘*z[s"“h(iﬁa]y-
| o 2 (a +a)?
1

sinh (a;-a)y] . oon [cosh(g—c'i)y _ cosh{a - E'i)y]ﬂ
i » 3 - ——

((‘1 "a) & (fl"'t_l)z (EI*-&) 2
- o _
+ K [z[ﬁ; sinh a,y + Ay Sinhay] + Lpl[Az[smh l’a,*cf)y "
ml ,’-2 2 (u1+u)2

sirh @, y)]+ Ay Ginh - + i?inh@_—_@vm} + 11K (1+P,cosh ;)'1!::

[ af A, sinh a;y* u? 4, sinh -;.v] + K[a; .\2[)'25111}1 a;Y -

i

L
# A

4 cosh ;1;?'] + \‘:-..\‘3sz sinh ay - 4 Cosh_{!.y]'
{ 2

Ty %

[sinh(a + -E)y + sinh g, -_5}_}']+ o As[sinh(u + )y +
{ay * a) 2 (g - a)? (a ~ a)2

I[Z {f!; A, (y cosh a;y - 2 sinh a,}’) + 0 ,\3[}- coshay -2 5_3:3_"_1_-13’}‘}
oy . J

i 'P:l a:‘.‘z[sinh[al*‘ By sinh(al-&)y] i a’A,[smh!m’ a)y.

2 r-’- +-‘ = C: a) 2
(8 g ¢ - oo
1 J (o . -a) 2 ( )

3 - ' r 2
. sinh (a-a)y }J} * 7x|2(A,cosh a;y + As sinhay) + 8 21y
(a )2 ‘
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2 ,

sinh (o - i)y}
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sinh(a; + )y, Sinh(a, :ﬁé}y] + a’n3[sinh(g_1_§}y-
(o, +at) ? (a,-n)2 (ata)?

+ gxgapll a Az[sinh(gl_i_é)y - sinh(g;;ély]
(a-a) | (U (e + )2 (ay-a)?

+ 22

'S

&l sinh (¢_+ a)y . sinh(a = u)y]
! (@ * a)? (@ - )2

oy Az[y cosh a,y

-

.2 siﬂh__w'] + o A, [ y cosh ay - 2 sinh ay ]I

M (8]

- k] ped

qpll %y Az[ sinh(a; + a)y - sinh(og - ')y] ¥ A ; -

= S L. - ( sinh (a+a!y
(@, + a)? (e~ a)? 3[

eta)?

sinh(x_- a)y ]i + 4’2[»\2 sinh a,y + A, sinh ay) + E_Li'.‘.x
et =

(x - a)?

2 ( -
e, A\, : sinh (u . )y + suxh(uI - a)y] + azAalsinh(a+a)yf

(@, + 0}2 (x, iy (a+c)?

. - =9 :

sinh(: - a]y] + 1’ ty fbl"h( 1 Wy sinh(a,- 5y }
(ﬂ"‘ C-l) 2 ? . \ \:.:(1 - f;) 2 i

(ul - :i)z

a Aa[ sinh(a_+ a)y . sinh(az - a)y ” + K[ &aPII.-l:rl A, X
(@ + a)? (@ - a)? |

sinh (o + a)y

[sinh (4, + a)y - sinh (o, - a)y } + aA,
(@ + a)?

(@, *+ a)? (a, - @)? |

sinh (¢_- a)y] +a'p I A [51nh(a: ta)y + sinh (@, - a)y ]
@ -a)? 2 (@, *+ a)? fo, = a)®
-*\3[ sinh(u + a)y - smh(u - an“] + Pn - o {[ $,, 0 -
fa + 8)2
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h“l:_.'\.'.
1 [ﬂz . [s;i,.{- + a)y , sink (a - Qd)y 3ot
il ™ ‘2 = e —
2 cosh al (@ + a)? (a0 - a)?
Ir int = ~ s
v [~ + r 32 e - 1 » T
tsm.(..1 ,;.)3: . Slnh(.l! L‘;)) ” @ [c'. Bz[sinh(a + ay-
v + - - . =
{4y @) v, - 3)2 cosh « (@ + a)?
sinh (a- u)y] . é{smh(a_f Y. sinh(a - &)y ]
- ¥ 2 = -
(=) (o + a) (@ - a)? )]
a? [ Bz[ osh(a + &)y _ cosh(a - &)y] -8
2 cosh a (e+ a)? oo = 3)?
a a[cosh(u + a)y _ cosh(x, - ()yﬂ} - _{[a + 2) x
(a0, - a)? (1, - a2 2 cosh al.
L
[c:z B, [sinh (x + )y _ sinh{a - E:.)y)- :'.i G[Siﬂh (ay + o)y
(e 2 (- )2 -

(Ql + ;'\2
s sinh(a; - o}y

H + (7 + A« Bz[sinh(c .__.';_)v] _sinh¢ -0 v
Cr i ,')2 \
Lo

{2 -ia'-:h )

-ty cIsmn(n aly -

ah(a, - a)y ” + .‘;3[1%; [sinh (g___i-_»é_]y
{a;+ @)? o, - a)? - (@ + a)?

+ sinh(a - a)y ) - !

sinh (4, @)y + sinh{a, - u}y]]
@- a)? (@, + @)? (@, - @)
£ 201+ @) [ «? B, [

sinh(« + 3y _ sinh(a -__r.'_;_)y] - o, 8x
(. + n)? (a0 - @)?
[sin{a] + @y = sinh{z, - I)

2
Ly = % }-] + [uzgz sinhay -a ¢ sinho
(a;+ a)? (¢, = a)?
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1 (sink(: + vy . sinh(a - & 4
i - ra%[ (. A (0 - a)y _

- f e ) 2 . 2 1
2 coshn (x + a) (- 8)

. - . - 4 . 2
f51nh(a + @)y . sink(c, - @)y Y]] * E, {- Kl_u—Sinh'i ¥
L ——— - - a)2 _I 1

(@, + @)? (%

azp, [sinh(a1 v a)y , sinh{uy -0 )y) . x al[-z

2 @, * a) 2 {:-«.,- a)? a";
2 sinh ay ) , Eil[sinh{q + @)y _ sinh(c] T;g)y]_
o, 2 ( {a, * a)? (c:1 - g)?

" cosho 1y V.
-* —_——
Gy

oty {K—z [1 + [, cosh | sinh 1, ¥ - IE-2—[}-"sinh oy Y-
1 - (.'.1

5§1[sinh (@, *+ Dy . sinh(ﬂl;_é)y]}} 5 ?3{ B, sinh -~y

2 (e + a) 2 (cey- @) ?

& sinh 2,y ‘4 ..;.)..-"_ ‘l;:\iz'-‘zr clﬂ}‘fv. qu + s11:n (@ - a)vl]
2 { (l~+r‘l) (u u)2 i

a? s[slnh (a,+)y sinh (a_- ﬂ)y]] + gpk[:u B,[sinh(@m;;;y
(u +a) 2 (i- &) 2 (a+e)?

sinh{u_- &)y ] - u,e[sinh (a_+ &)y - sinh{g_:hé)y]J B

(- )2 (@ + @)? (a- a)?

B, fsinh(z * Dy 4 sink(@_ &y ) - 5[sinh(a,*--f}f'
(o # §)° t w5 ) a2
sinh (& - 9}y H l (93)
(f\ lt)z J

If in place of equation (50) we define the following
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¥, = J,(y) + Vo(y) cos 2a (x-t) + {,{y) sin 20 (x-t)

w, = Z,(y) + T,(y) cos 2a(x-t) + N, (y) sin 2a(x-t) J
then using (94), (72) in (43) - (45) and (71), the
eocuations reduce to

(a2 PR - -.=3 - - .
B RH%‘ - ety - { 07 (F; - 20%8).% 6,8, + 8,00 - -
y
FR 2 2
- b, ¢l 1] - E_q 2‘. - ’uz]?{z = [-(-i-— - fuz]nz (9¢5)
I 1+o\ dy? dy?
- _ P i |

2 d2 Aoe 2 + L T o B Zaz = 3 A i [

aR|- 4 ——2“’ o QZ 3 ¢1 ¢2—¢z ¢1" ¢1 ¢1¢51 - ¢2 ")1
dy “
2 2
. 20 [ . S wﬂz]T~ = { g - i“z]Vz (96)
1+ ! dy? ay?
> ; 2
aR{ = 2% ot 174 + I % 20 725
lsiie i geaion ] b
(97)
(1+0)aR|?2 [T; - 192 T,) + }[:; Q,~ $,Ry- 515:- 325;]] +
gl [ Q; - vl'lz‘z + 2 2 | - N: - 4("&2 M2 (98}
_ 5 o -t - . e
(1 + O)er| - 2(N, - 2a®N,) + ;[r:lnz- ),0,% 6, 0, * wz;ﬁ g

(0
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- - - -

(1+0) 2RI &, -0,i;-F, &,- 7, R

2 2
(100)
and its boundary conditions
J;(tl] + ;.;;(gx‘, = 0
V.31 £ 137 (#1) = ¢
£
Q1) ] 6,(x1) =0
V,(#1) F ] 3, (+1) =o0 |} (1o1)
Qa(*1) = o0
_!
Z;(il) + ] Q;(2) = 0O
o -
T,(x1) = 3} Q@ (1) = 0 J
N C+1) % Q:(tl} = 0

To solve J2 _ 2,  thke real functions need bLe expanded thus

in terms of R

7
!.az

Note here that V,, ¢,, T,, N, are not conside.ed.



.6 Stokes Approxin.tion

As Reynolds nurber R is very small | the solutions to

equations (78) - (79) wusing cquation (80)

Cr
]

» Z; sinh ay - § sirdh o,y (1033

N, = Az sinh a,y + A; sinh ay (104>

vhich coincides with eguaticns (81) and (82).
Equations (7)) and (1C0) reduce to

= 3 -

afd,, + 22,,) =2, (10%)
%

i =5 28 % (10¢
- I+ %0

Subjrct to the boundary conditions

-

Ji,(21) ¢t 18 (#1) =0
10
107
Z;,(41) ¢ § @, () = 0
Solving gquations (105) .nd (10%)
2,0 = B, cosh Oy 4+ g (108)
62
=
Tiy 20 B,cosh Oy _ Sy y? + sh“sz(Y" g ] (109
0" (1+0)
where 5, = - [ a® B, sinh a _ o By sinh © (110)

0¥ (1+ o)
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2 e L2 .
B, = - H (a, A, sinh a, + u__A3_E}EE~E) (111)

2 sink @

g = ( 2 a (112)
N1+

In the following, a perturbation sclution will be
presented to see the effect of convective inertia term

at higher Reynolds number

4,7 Sglution for higher - crder Rgynolds Number

v 2 r 2 (
'q"'z - a? b + 'g‘g‘ é—- - ol Nay = O.[K 1-}'2-. ig_ X
dy 21 1s+g| dy [

- - 2 2
CUSE 8= Cofh ay 1- 11 g8 = a2]* + 2ak {i . S
a? cosh a i

cosh az]q,” (113)
cosh a -
d? - 1+0)a? _

& [1+0)L 1 - (rl_y; _ 29 cgsha - cosh-aj 0y,
[ 1+0 a’cosh «

+a(1+c)x[1-92§_’.1_‘§)’]¢ (114)
cosh & L
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with bcundary conditions

i
=

& (1)
21

8 =
-~
I+
o
L=
"
o

(115)

+2ak [ 1 -9 cesh ay ¢, (116)
L 1+ h oo 1
iL+g CnSs (g ]
[ - a?in,, - (1+0)a? o,, - (L+g)a” e - a2]¢12 =
\ dy? R TR 2 dy?

- a(l+o) [ 1 - K[l—yz - 20 cosha - cosh a7]]921
140 @a% cosh @

- a(1+0)K L i - gosh gy, i
cosh o
} = 3
¢12(i13 (o
*1alsa) = 0 & (118
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R2
{14..1)‘,‘ . 0 4+ o - - _| " + 22 ]t Z;
e B Tty A, . lenlgj,+ |52 221
(119
a - ' - 2 A A | L
—2- \vllc(:jzl ﬁzltr‘lﬂ" 2 (:'IG] b [:1; rz; 921 (fle} -
20 ;% %
1eg 0= Jy, (120)
and boundary conditions
Jap{t1) = 1 sz(fz) = 0
i 2 (121)
Z,,(#) = 1 a;/,(1) = 0

The scluticens to ¢ ueciocns (113) and (114) are same as that

cf (87) and (83)., VFhil. the seoluticns to .quations (116),

(117) are
Q,, = Jg sinh a,y + F,(y) + Jy; cosh a,y {322)
¢y, =Jyo Sink ay + Fa(y) + J,, cosha y (123)
Where Joz = O
J = 0

11



(124)

a al 1+o @2cosh a

F.,(Y) - é"z-‘(i:'g')(n (1 + 1([ I_Jz - 20 L‘-«‘Sh(i - COSh ('!_X]}

A I h o
F-(y) - alF w] + 20K [ p .o cosha’l
[ s ) = @'y ) l 1+ coshe

[ D,, sinhay + D,, cosh ay + FZ(Y)J

(1*0)[1 - K{l-y?- _?._g ct_Jsha - €. '-:hay]JE,a sinhay +
1+6 &2 cosh a

+ Vy sinh a,y + Fa[Y!l - u(1+a]K['l - ngﬂﬁz‘lx

cosh a -

. o
= | *
| Dy, sinh ay + D;, ¢t vy + Fy(y) J + ;%{ﬂ[%z‘y)
e & 1 -

-

3 z %
= «*Fyly) + Klfz(yJ - @*F2 (y) - 2(F2 ()~ a’F2(y))
“f - Z 24n * 2
-2y (F,(y) = a®F,(¥)) - 2y(F (y) - a’F;(y)) - y*x

2 ST
[y) - ,,_21:2 [),)) = E,(_'____- - O sinh a9y (rz(}')
‘1+o0)22cosha

(F

N \\p

- ung(y)) + (cushc - cosh ay) (F ‘( $] - ot (F)]

- qhgh;y{r;(YJ - u’Fz(y)]- a sinh v x

(F:(y) _ azpz (y))_ﬂj* 2ak [uz (:"Sinhu}' ~ ﬂl,‘cnqhuy) , +
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2 g -
*RO) - - : -1 3fc ayiD sinh ay + D coshay +
(I*U)Cﬂsha[ t“cosh “y( 13 y 1%

+

Fz()')) + 0 sinl‘:iyru D, ., cosh ay + D,, sinhey)+ F/(y) |
L : (0|

a sinhay [ a (D, coshuy + D, sinh ay) + El (y) ]* cosh ay £

{ C[Dxa cosh ay + D;, sinh ay) + F;(ij]W

St
.

a(l+o) !Il - K[l - v’ - _E... GDSha" COSh‘EY]}[Qa V, sinka
k& 1+o a? cosh «

a? Vy sinh ayy + F (y)

-

- 2§ [2[- y + 5:__._..._‘-_.XSinh & ][a V! cosho

& (1+0) cosha

'11 I‘F'! Cf}fh_’tl)' + F:(y‘] + L— 1 + o C”Sh'l f ) '._.rs Slnh oy
(1+0) cosha

. 11 )
Ve iph a;y + I‘-,(vﬂl} - n(1+0)K {u’(D”| sinhay + D;, coshx

-4 4

’ frca - - r .
uz (y) - —"l"-'”—_ a*coshay ( ,; sinhay + D,;, cosh ay + F,(y)]

cosha

& sinhay [u (D,, coshay + D,, sinh ay) + F, (y):] + & sinhay x

(D,, sinhay + D;, cosh ay + F,{y)) + cosh&}’[m(ﬂmccsh ay +

b, sinhey) + B, ||} 125)
SO | | 20 (* 2 ] S I 2 20
Fo(v) = - 1. |- F - a?F () |+ +l1 o+ k1 o+
s (7] o? 149 ! 0 v ) { ol 140

- : ) _ -
C‘--S'h. t._:»h vy }'} (Fw - ~'F,00) :K[l . o__cosh n)j ;
a* Cosh i+o crcsh o/
L2
(D,, sinhay + D,, coshay + F,(3) + fs [- 20 (R, () -
o? 1+o
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F
» . - - F
- a?F (y)) + @ [1 + K[;l - yia 29 COShO > _....,,CUSh_“..)’]] [Fz (y) ~
‘ 1+0  o? cosh a

"
|

g S iT:r L

— )'r +

L r_;-.u-‘-c.'.) -:LZI ol

+ GOl

ng?(y]

-

- 4 - 5 cehay 2 :
[F;[y) - a’F, (f:)] + 20 \- 1w B SRR _H_F (y) - a®F, ()i
- (1+0) coshal = ? »

r g e T
+ Jak |1« Sas SEEDSY [ «?(D,, sinhay + D, cosh ay) + F, (;):-
i+o0 coshnd b '

400 K sifth 2 y
(1+0) cosh o

[a[Dl3 coshay + D,, sinhay) + F;(Y) -

2 = a%K cosh ay
{1+0) cosh 3

[913 sinhoy + qu crshay + FQ(y) J] (126"
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The solutions to (113), (1202) subject to (121) are

2‘22 - J\Wz i‘l%lﬁ—@-y ’ 1’&2 _(_:_C-_.S}"l 2y * Fa (Y} (1"?'
8 0
Jiza = Fely) * Cgy ¢ C° (128,
where
3 ; ‘1 ]
Ay2 -9 KZFB(I) | {lE:i]
sh €
2 cosh ! (129}
B, - - u,i o3 Jg sinh 0y
2 sinh ©
. sy 134,
C;s = - [F?(I) + 3(-';2 Jio sinh o + Fi(l))_] (3.)

mite Clecan wu/\’-’!ry onstat

: r
FE(Y) ! i é? é; { % l{ - a, & cosh o,y + B, cosh ay } X



- 165 e ,-i,.'.
{ a® Dy sinh ay + D, coshar) + F;(y) } - a’ [%{Dla cosha:

D,, sinh ay) + F;(yjl! E, sinhay - § sink uiv‘W

1

Y B,sinhay - § Sinb“[]{_“x(ﬂl3 coskay + D,, sinh ay -

F ) | -

il .
[st sinhay + D,, coshay + Fz(y{J‘u’Bz coshay - 18 cosho

(1+a) o
2a

F,(y)} + {Dl3 sinhay + D,, coshay + r,(y)} {u B, cosh ay -

[ { B, sinhay - 6 sinhuly}'{va sinhay + V4 sinhu,y +

( P
a, § cosh a,y } - ¢ a(D,, coshay + D1y sinhay + F, (y) }1
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.
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A
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™~

F,(y)) + (D,, sinhcy + D, coshay + F,(y)) (« B, coshay -
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(y) cosh a, ¥y dy

W

“7“21 Ny, sinh 2ay + Dy, (1+cosh 2ﬁy)]'*

+

re
I

+ a B, LFz (y) coshay - 2n f F, () sinhny dy 4 o2 |

) X

coshay dy ] - gt fs 08 913[ sinh(x, + )y _ sinh(a, - )Y

—— —— e + Jﬂ——n-—-—— a‘
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- 167 - g

Jetiy
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'-1-{.2 2 [ ‘12 2

2 e 2 3 == 2 2
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- - < 3
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