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ABBREVIATIONS

thickness of arch at the Crown
lenght of arch

lenght of a straight element
Young's Modulus of clasticity
Cross~-sectional area

Moment of inertia

moment of inertia at the Crown
the Section at the suppoit

moment of inartia of a Section Situated at a distance x
from the coordinate origin.

one half of the arch sprn
Bending stresses due to 2 load unity at Section i
Normal stresses due to Joad unity at section i
Shear stresses due to "oad unity at section i
Bending stresses due to actual state
Normal stresses due to actual state
Shear sgrcsses due to actual state
angle of the tangent of an arbitrary section i
obscissa of the metral line referred to a Coordinate origin
coinciding with the centroid of the crown section
relative deflections and rolations of cut ends due to
applied load,
relative horizontal, ‘ertical or rotational displacement

due to unit loads on cut ends.



Actual state =

Imaginazy state =

Rudundant structure =

Influence linee <«

referred to the cage when a Structure ig
acted by the combination of actiong effectively
applied,

referred to the cage when a loag unity jg

applied to A structure,

Redundant here doeg not mean Superfluous or
useless put Simply refers to a gtructyre
requiring additiona) €quationg namely deformation

€quationsg for the Computation of the stresses
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ABSTR..CT

This study ha:jgﬁ&;fly outlin;& the development of theories
for tﬁe stress analysis of arches frcmlthe eighteenth century to the
present day. The method of forces haa?been presented as an exact
means of analyzing the stresges se¢t np in redundant siructures (og.
fixed end arches}. The elastic centre, usc of symmetry, symmetrical
and unsymmetrical loading and load transformation are explained with
examples to illustrate how their use simplifies considerably the
calenlations based on the method of forces.

The effects of temperature changes, shiinkage and setilement
of supports which can be disastrous to redundant structures when
not properly taken care of, havi?ﬁeen explained.,

Sometimes, zrches neutral line and law of cross-—gectional
variation cannot be expressed by analytical equations fit for practical
purposes, it thus become necessary to resoft to ap roximate methods,
two of which ha#éf%%enndescribed and examplified.in Chaptey--foun,

The use of influence lineg ag explainod in.dtgpiigagﬁ;ée, and
one of the approximate method;;;zscribcd_in Chapter—four, have been
utilized for the full stress analysis of the arched beam of the City
aircraft hangar of San Dicgo having a clear span of 102m and a clear
height of 27m at mid span,

Finally some constructional aspects of arches such as centering,

formwork, reinforcement, foundation selection, thermal insulation

and waterproofing are discussed.
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S : CHAPTER ONE

-

INTRODUCTION

1ol [URPUSE OF STUDY

The existence of arch structures dates back centuries ago
because of the advantages they have among which is the possibility
of using them to cover very large spaces. Ever since their
inception numerous changes have taken place both in terms of
the materials of construction and their application. Since
arches are often used in present day structures, the necessity
of structural engineers getting themselves equipped fully with
the stress analysis, design and methods of erection of these
" type of structures requires no overemphasis and argument.

Thus this study is aimed at learning mainly from literature,
the stress analysis of fixed—end arches under simple and
complicated loading and effects of some physical phenomena like
tenperature changas, shrinkage and settlement of supports. Also
the development of the theories for the stress analysis and
design of arches and some practical problems associated with the
design and erectlon of arches will bc learnede A full stress
analysis for an existing arched structure for an aircraft hanger
of 102 metres clear span and 27 metres clear he right at midespan

t

wlll be presented. ) v



1a2 SCOPE AND LIMITATION QF STUDY

The presentation of the development of theowies for the
stress analysis and design of arches from before the eighteenth
century to the present day has been based mainly on literature,

The method of forces as an exact method in the stress
analysis of redundant structures, and mest sultable for arches
i3 the nain theme of chapter three. The use of the elastic
centre mcthod, influence lines, use of symmetry, grouping of
unknown symmetrical and antisymmetrical loading, and load
ransformation method which allows to simplify very much the
caleulations based on the method of forces ie presented in this
chapter. Each of the methods have been illustrated with working
aexamples. For the simplicity of these caleulations the advantage
of using the elastic centre methed, influerce lines, load
transformation and other possibilities of simplification are
illustrated with working examples on mostly frames, though some
examplaes are for arches. Effects like temperature changes,
shrinkage and support settlement in strees analysis are limited
to reinforced concrate struétures only.

Chapter three deals with twe approximate methodslof stress
analysis of fixed=end redundant arches. Both methods are prescnted
with working examples. These two approximate methods can only be
applied for reinforced concrete arches.

A complete stress analysis of a beam from a practical
exlsting bigger arched structure, for an aircraft hanger, with

a clear span of 102 metres and a clear helght of 27 metress at



mid span is presented in chapter five to demonstrate the practical
application of the methods presented in chapter three and four,

Lastly, the presentation of some practical considerations is
the design and erection of reinforced concrete arches like forre
work concreting and thermal insulation.

1.3 DEFINITION OF ALRCHES AND TYPES

Arches are thrust developing structures whose general form
is that of a curve. Depending on the mumber of hinges an arch
may be either a three-hinged arch, a two-hinged arch a one<hinged
arch or a fixed end arch i.e. a hingeless arch. Alsoc an arch
mey be symmetrical or unsymmetrical, right or skew, or a single
arch or cne of a series of arches mutually dependent upon each
othere Arch construction may comprise an arch slab (or vault)
or a series of parallel arch ribs.

Three-hinged arche Is an arch with a hinge at each

springing and with a hinge at the crown, and statically
determinates The thrusts on the abutments and therefore the
bending moments and shearing forces on the arch itself, are not
affected by a small movement of one abutment relative to the
other. For any load in any position the thrust on the abutments

can be determined from the statical equations of equilibrium,

=) Three-~hinged arch
;7"‘-,‘. + S~y )Q‘_‘,__’: }T’W -



Jwo-hinged Arch, The hinges are Placed at the abutments

and thus only thrusts are tran~witted to the abutnents, with no

bending moments at the springings.
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One-hinged arch. Has only one hinge placed at the crown,
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Hingless fixed~end arch. They have no hinges and are fixed

ot their two ends. The fixed ends exert bending moments on the

abutment in addition tc the vertical and horizontal thrust.
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All arches except the threewhinged ones are statically indeferminate,
In all caleculations in solid masonry or relnforced concrete

arches it ismbustomary to consider strips of unit separated in

inmagination from the rest by two parallel planes. The whole

structure becomes thus replaced by a series of parallel arches,

the defections of which remain strickly identical as long as each

one of them carries the same loade 1In this way the stress analysis



remain exactly the same for all the arched structures of the
same type irrespective of thelr depths.

1e4 THE CHOICE OF ARCH NUETRAL LINE

Great care should be taken when designing arches, so as to
reach as close coincidence as possible between the outline of
the axis (nuetral line or centre line) of the arch and the
pressure line (or equilibrium polygon). Such coincidence provides
an arch with maximum cconcmy. Complete coincidence can only be
achieved in the case of three-hinged arches. It is impossible
to cbtain full coinciderce of the arch axis with the pressure
line in the caszse of statically indeterminate arches, for bending
monents in such arches are ashsolutely unaveidable. Therefore
the most economical design of an nrch will be the cne providing
winimum fibre stresses in the arch.

The preassure line for statlcally indeterminate arches can
be obtained only if the redundant reactions are already determinateda-
However, these reactions depend on the deformations of the arch
and for this reason it becomes extremely difficult to find the
mest economical configuration of an arch of this type even when
dead loads are involveds The problem con be solved by a series
of approximations, This may be done by selecting first some
arbitrary curve (usually a parabcla) for the arch nuetral line
which is then corrected on the grounds of comparison with the
pressure line obtained for that particular arch, Alternatively,
the centre line of the arch may, in the first approximation,

follow the pressure line of a three hinged arch of the same span



and rise. Upon correction of the arch nuetral line o new
pressure polygon is constructed for the corrected arch. The
cperation is repeated as many times as is necessary to obtain
o satisfactory colmcidence of the two lines.

For arches carrying moving loads the choice of the nuetral
line becomes even more complicateds. 1In actual practice thisz
cholce is mest frequently based on the simple comparison of
several arches differing both in cutline and cross sectional
dimensions.

The configuration of masonry arches must be selected wlith
the view of maintaining the pressure line for all possible load |
conbinations as close as possible to the muetral core boundarles,
masonry being incapable of resisting tensile stresses of any
apprecioble magnitude.

1e5 ARCHES WITH VARTABLE CROSSaSECTIONAL DIMENSTONS

The coefficients to the unknowns and frec terms of the
simitaneous equations used for purpcses of stress analysis of
redundant arches depend on their crosssectional dimensions and
the moments of inertia of the structure, Neither of these two
remdin constant throughout the whole lenght of the arch, Thus,
for instance, in fixed-end arches the height of the section and
consequently its moment of inertia increase frequently from the
crown to the abutments because the bending moments are as a rulc
much smaller at mid span than the immediate neighboorhood of the

cupports. ©On the other hand, the thickness of two=hinged arches



decreases usually from the crown to the abutments following the
bending moment dlagram.

Direct computotion of the coefficients to the unknowns and
of the free terms of the simultaneous equations regquirces the
integration of expressicns contalning the values of T and J and
therefore it becomes necessary to express mathematically the
variation of these quantities nlong the arch, The followlng

equation has been found very useful in practical designs

Jx = u—-:-]'—c-_-—-—-
1-(1~n)x Cos®
4
n =
T Cos@

Modifying the value "nY we modify at the same time the law
governing the variation of cross-sectional dimension along the
arch. Frequently, "n" is taken equal to unity in which case the

expression for Jx becomes

Jc

K S et m——re—
v Cogfix

For a rectangular arch of censtant width b, Jx may be roplaced by

3 3
dx"b de b
and Jc by ——22
12 Y-
Wheh n = 1
dx3b B dcab
12 T 12Cos8®x

whare from d3 = dz

Cos®x

F¢ and Fx become in this case Fx = bdx and Fg = bde



It follows that F° = Fe

Cosex

where from Fx = Fe
3/Ccs@x

For simplicity this expression is very frequently replioced by

Fx = Fc¢
Cosex

It has been proved that this simplification entadls an
error in the bending moment and thrust values which does not
exceed 1 persent,When the rise of an arch is less than 3: of its
span (flat arches) the value of Cos@x for all the cross-scctions
will remain very close to unity, thus permitting the adoptation
of a constant thickness of the arch throughout and therelfore
Fx = Fc = constant,

In the design of flat arches the lenght of the elascentncy
segment ds is also usually replaced by the lenght of its horizontal

projection dxe



CHAPTER TWC

DEVELOPMENT OF THEORIES FOR THE STRESS ANALYSIZ AMD
DESIGN OF ARCHES

From the earliest times when people started to bulld, it
was found necessary to have information regarding the strenght
of structural materials so that rules for determining safe
dimensions of members could be drawn up though this informtion
was lacking, some of the structures erected many centurdes back
are still in use to the present day., This chapter will present
briefly the developments that have taken place in the theorles
used for the stress analysis and design of arches from before
the elghteenth century to the present day.

2e1 ARCHES BEFORE THE EIGHTEENTH CENTURY

There is no known theory that was used before the eighteenth
century for the stress analysis of arches and consequently the
design. And of all the arch structures erected within this
period, the design was based mainly on empirical rules for
determining the safe dimensions. Though, the stress analysis
that enable accurate design of arches was lacking, it is a known
fact that some of the structures still exist to the present day.

ThﬁjRomans who were reckoned great builders during Ltlds

an
period‘Pften used arches in their buildings. The arches in the

famous Pont du Gard, a bridge in Southern France is still in

service up to the present day.
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A comparison of the proportions of the Roman arches with
those of the present times indicates that nowadays much lighter
structures are built, this is because the Romans had not the
advantages provided by stress analysis, They did not Know how
to select the proper shape and usually took semi circular arches
of comparatively small spans.

The materials of construction used were bricks made up of
clay and stone which was extensively used by the Roman, The
clay bricks were prepared by adding water and treading-in
chopped straw or dung to prevent werping or cracking. The
bricks were then shaped usually two at a time, in a rectengular
wooden mould with no top or bottom, and were afferwards lefl to
dry, being turned over from time to time. With a large addition
of water the same clay mixture was used both for mogtar and
plastering. These bricks were then used in erecting the corbelled
false-arch, with which small doomed burial chambers werce built
up of limestone rubble and the truewarch ~ surnouni’ne gateways
through walls. Brick vaults were made out of arches, in which
each successive seml=circle of bricks was tilted slightly
backwards so that no temporary wooden framework was nceded for
centering.

The Romans were fortunate in having available a Voo U@
earth called bozzolana, which when mixed with 1ii.: formed a
cement that resisted both water and fire. BHlended with hrick
or stone, it made concrete as hard as stone or stone itsulf.

Such concrete was used between brick arches or ril:  served in
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particular to reduce the welght of vaulted structures.

Arches of wedged-shaped stones, requiring little mortaring
were extended to form a vault merely by the provision of additional
matérial of timber framework during construction. The rosull
was not orly dark but dangerous because of the outward thrust
upon the walls on which the vault rested. The Romans thorciore
constructed cross-vaults to buttress the walls,

Most of the knowledge that the Greeks and Romans accumulated
in the art of huilding in general was lost during the middle ages.
The advent of the Renalssance revived the economic life of the
Eurcpeans and it became necessary for the bullders to releorn a
now the art of building.

2e2 ARCHES IN THE EIGHTEEN CENTURY

Within this period the materials of erectlon were the same
with those of before the eighteenth century. It was in this
period that some French englineers made attempts to evelve a
theory for the stress analysis of arches,

A member of the french academy named Lahire (1640-.1712) was
the first to apply statics to the solution of arch problemsa
Lahire employed the use of funicular polygon for the first time
in the stress analysis of arches.

He considered a semiecircular arch and assumed that the
surfaces of contact of the wedges forming it, are perfectly smooth;

so that only normal pressures can be transmitted through them.
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Figure 2.1

With that assumption Lahire investigated the following

ob Fgeee must the wedges forming

the arch have inorder to cnsure stability of the structure. The

prcblem: what weights P ' P

problem was solved geometrically as shown in figure 2.1e
Drawing a horizontal t ngentMN to the outer surfocc and
extending the radii which subdivide the arch into wedges to the
intersection points M,K,L,N. Lahire found that the requircment
peee Are in the same
ratio as the lenghts Mk, Kl, LN. He also found out that tle

of stability is met if the weights P‘l’ P

pressures acting between the wedges of the arch arc representod
in such a case by the lenghts CK, CL and CN,

Using todays interpretation it will be stated that fiqure
ABCDE is the funicuar polygon constructed for the systan of

vertical forces P 1 Pz, P, and that the figure MKLIC represcnts

3
the polygon of forces rotated by 90 degrees about the pole €,
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This method of stress analysis and design by Lahire was
first put to practical use and suggested that the angle in
figure 2.2 should be taken equal 45°, Lahire's method was also,
later used by Perronet and Chezy in a preparation of a table for
use in calculations of the thickness of the arch,

Further progress was done by Coulomb in the theory of arches,

It was known that the typical failures of arches are <howm in

figure 2.3. |
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From figure 2.3 in investigating arch stability it is not
sufficient only to consider relative sliding of the wedge:s, but
also the possibility of relative rotation must be checliad.

Coulomb, in 1773 took all this into consideration,
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In figure 2.4 ABDE represents one-half of a symmetrical
arch which is symmetrically loaded. Denoting the horizontal
thrust at the crossesection AB by I and the weight of the portion
ABmn of the arch by Q, Coulomb found out that the normal and
tangential components of the resultant force acting on Lhe plane
mn arc HCos® + QSin and QCos® - HSin respectively, § is the angle
between this plane and the vertical AC. The smallest volue of
H required to prevent the portion ABmn of the arch from sliding
down along the plane mn is given by the equation, QLosb « 11Cind =
U (HCosQ + QSinQ@) + rA. V = coefficient of friction and ra

the total resistence of the arch to shearing aleong tha plane mne

------

Sin0 » WosO

2,3 ARCHES IN THE PERIOD 1800-1833

During the periocd 1800-1833, designers of arches followed
Coulomb's thecory and assumed that if an arch falls it does so
as figure 2,5 and breaks into four pileces. The main difficulty
in the stress analysis laid in finding the location of the croSse
section of fracture Be of figure 2.5.
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The theory supposes thot the herizontal theust i, arplied
at the top most point A of the cress—section AD, togethesr wlth
the welght P of the portion ABCD of the nrch and thoe load on
that portion gives a resultant R passing through the point D.
The cross-sectlon HC is located such thot H has its mamtinw values
The prcoblem of finding the location of this lecation aof the
cross—soection of fracture was usually solved by a trial and
error methoda

For some assumed pesition of the soection, the weight P auid
the point of its application can be found and the correspinding
value of the thrust H con be caloulated from the equation of
statics, To find the maximum value of H with sufficicntc accuracy,
this calculation must be repeated several times, and since this
work demanded the expenditures of much times. To silmpllfy the
work, tables were prepared giving the weight and the posltion
of the centre of gravity of the portion BCAD of the arch for
any location BC in certain types of arches. When thie crosse
gsection of fracture and the corresponding value H max have been
found, the dimension EF of the lower portion EFCE of the ztruvcture
rmust be fixed such that the moment of the weight of the half
arch ADEF with respect to the axis F will withstand the action
of H max applied at A with a factor of safety.

Some interesting extensions of this theory were made by
MeGs Lams and E. Clapeyron who at that time were in the saervice
of the Russian Government. Both of them were Professops at the

Institute of Engineers of Ways of Communication in St. Petershurg.
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They were asked to investligate the stability of cylindrical arches
of the dome of the St. Isaac Cathedral which at that tiue was
being constructeds. For a circular arch of constant cross-section,
they found the position of the crossesection of fracturc
analytically and gave a formula for Hmax. They also showed that
for symmetrical arches of any shape, the calculation ol the
position of the cross-section of fracture can be greatly
gimplified, 1f instead of padial cross—section vertical ones
are contemplated, They proved that if this were done the required
cross=section would be found from the condition that if the
tangent, to the intrados at B passes through the intorsection
point of the forces P and H.a A very simple graphic method of
locating the cross-section BC follows from this face.

In 1826 Navier added important discussions on streuzes in

arches, Coulomb had already mentioned that the forces H and P

must at some distance from points A and B so that there will be
sufficient areas for the distribution of stresses, Navier assumed
thot normal stresses along the cross—sections AD ond DBC axe
distributed according to¢ a linear law and that they vanish at
points D and € where according to Coulomb's theorye Splltting
comences when fallure occurss From this it follows that at
peint A and B, the stresses are twilce as great as those which
would be cbtained on the assumption of a uniform distribution
of stresses {over the cross-section AD and CB}. Tt alsc follows
that the resultant forces H and R must be applied at distances

of one=third of the depth of the crossesections from points A and Be
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Taking tﬁese new lines of action of the forces H and R  [lavier
finds somewhat larger values for Hwax than those arrivoed at
hitherto, He applies thouse new valuss in computing the dimension
EF of the structure. The new positions of the forces H and R
won gencral acceptance and were adopted in future work on the
stress analysis of arches, It is worth mentioning that the
sclution of the problem of eccentric compression of bars obtained
by Thomas Young (1607) was not noticed by Navier who arrived at
his conclusion regarding the significance of the third points
quite independently.

Navier was the first to solve several problems of the
deformation of curved bars, it did not occur to him thalt these
sclutions could be appiled in calculating the nagnitude ol the
thrust H in stone acches. |

The view that arches should be treated as curved clastic
bar was expressed, perhaps for the first time by poncolet.

Though it tock a considerable lenght of time to effect the
practical design of arches.

2.4 ARCHES IN THE PERIOD 18331867

Within this period though Bresse had given a complete
solution for an glastic arch with built-in ends, enginecrs
continued to consider stone arches as a systems of absolutely
rigid stone blocks in the design of arches. In the yerx 1830
FeJe Gestner introduced the notion of line of pressure and a

line of resistarce into the analysis of arch designe
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He started hig analysis on suspension bridges, treatcd the
catenary and gave tables for the curve construction, He then
indicated that the inverted curve was tho proper one for an arch
of constant cross-section. And under the action of it own
weight such an arch will work under compression onlye Jie
investigated the question of how the intensity of load should
be distributed on ¢ircular and elliptic arches, in such a way
that circles or ellipses are pressurc lines, In practicce he
showed what the load distribution differs from that cbtained
theoritically for the ideal case. This meant that in conjunction
with compression there was bending. He showed that the problem
is statically indeterminate and that 1t was possible Lo construct
an infinite mmber of pressures lines which gatisfy the conditions
of equilibrium and pass through variocus points of the keystone
and of the abutments. To each of these curves, there corresponds.
a value of the horizontal thrust He To make the problem definite,
Gerstnermade some arbitrary assumption regapding the position of
the true pressure curve.

An English Scientist Henry Moseleoy brought some general
idea regarding the position of the true pressure lines

In his paper titled "On the theory of the Arch" writton in
1839 and published in the first volume of "The theory Proctice
and Architecture of Bridges" edited by John Wale in 1843, it was
shown for the first time that the pressure line and the rocistance
line arc two different curves. The sketch in the next page

illustrates this,
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}The“Arrowla.represents the force acting on the cross~section
1=2 at point a. A&dding the welght of the stone 1234 4o ihis
forcey the force B acting on the c¢ross—secticon 3-4 at point b
is obtained, Continuing in this way the forces C, Dy Eas. applied
at points ¢, 4, C.ee are chtained.
The polygon formed hy the intersections of forces iy By C,
Dy E... gives us in the limit, the line of pressure and the
polygen a, b, ¢, d, @... similarly gives the line of resistance;
For the construction of the pressure line for a symmetrical
arch Moseley began with an arbltrary chosen point C and applies
a thrust H of such magnitude that the pressure line becomes
tapgent to the intrados of the arch at a certain point Be Dy
changing the position of C an infinitc number of pressire lines
were obtained. To szlect the true position curve from all thoze
possible Moseley uscd his principle of least resistance and
statés that the requircd one is that curve corresponding to the
minimum value of He By moving the point € upward we shall dimmish
H, and so Moseley finally found that the true pressure lines
passes through the points A and B. This conclusion is in
agreement with the Basic assumption of Coulombts thecry which

he said was upknown to him at the time he carried his researches.
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German engineers were interested in Moseley's work and Ids
book "The Mechanical Principles of Engineering and Architectural®
was translated into German by Scheffler (1844) who latcr improved
Morseley's theory by introducing a consideration of the strenght
of the material of the arch, Scheffler noted that if (e
pressure line passes through points A and B the stresses most
be infinitely large at those pcintse In a bid to elindncte
difficulties, scheffler proposed that the pressure line be moved
into the arch and considers that line for which the mocdmun
stress at A and B reaches the value of the ultimate strenght of
the material as the true pressurc line.

Further progress in arch analysis was made by Poncelet wio
introduced graphic methods in his investigation. He uscd
Coulomb's theory as the basis for his analysis and showed that
the position of the cross-section of rupture could be Jdetormined
graphically.

It was proved in his investigation,; the theorics that the
point on the intrados cf an arch, corresponding to the crocse-
section of rupture is that at which the tangent to the intrados
passes through the point of intersection of the horizontal
thrust, acting at the keystone, and the gravity force of the
portion of the arch between the arch stone and the cross—sceciion
of rupture.

Ke Culmann made an improvement in the graphical annlysis
of arches. Assuming that the material of an aprch cannot withe—

stand tensile stresses, he deduced that the extremes position of
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the pressure line is that for which it passes through the upper
third point at the keystone and the lower third point at the
cross-section of rupture, Using those two points he construetnd
the funicula polygon for the gravity forces of the stone and
of the external load and determines the forces acting on {and
the corresponding stresses) each cross—section of the arch in
this waya

With the work of K. Culmann, that periocd in the development
of the theory of arches during which no regard was given to

elastic deformation was brought to a conclusion,

In 1840 yvon Villarcean made important contributions to
the analysis of archese In his work on arches he was mainly
interested in the selection of the most favourable shape of
the center line of an arch. He saw clearly that the problem
1s statically indeterﬁinate and that its complete solution
requires consideration of the elastic deformations. But
congcluded that there was insufficient knowledge of the elastic
properties of arch materials and therefore decides to treat
the problem by considering the arch stones as being absolutely
rigid. He believed that the forms found in this way would be
sufficiently good when the elastic deformation were token into
consideration. This lead Villercenu into considering cases in
which the pressure curve coincides with the center linge of the
arche. Villarceau went further and considers not only the

external pressure, which he assumes acts normally to the exclrados
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{or externanl surface), but also the weight of the arch. Under
this assumptions, the differential equation of the pressure
line becomes involved andits integration requires the use of
elliptic functions. To render the solution useful in practlce,
he caleculated mumberous tobles which enabled practical enginecrs
to obtaln the required center line and the necessary thickness
of the arch in each particular casc. With these tables,
Villarceau applied his theory to mony existing bridges nnd
showed that often the thlckness of the arch ccould be reduced
without increasing stresses by using his shope of the centoer
line, He discussed the effect of the elzsticiiny of 4
materials which was neglected in his theory nnd considers the
increase which must be given to the helght of the arch in order
to get the correct shape of the center line after defiection.
Villarceau's idea of toking the funicular curve constructed for
the assumed external loads fq; the center line is widely used.
And by this means the preliﬁiﬁary shape of an arch and ts
thickness are usually established and the selected dimensions
are later checked by means of the elastic theory of archos,
Although Bresse drew up the theory of curved b and
discussed as examples a two-hunged arch and an arch with built
in ends. But in his time engineers did not consider thnt an
elastic theory could be applied to the design of stone arches
and continued to threat them as if composed of absclutely rigld
bodies. Very gradunlly however after considerable experimental

work by Winkler and de PeroQil and espacially after ./io. . .¢: Lests



made by a sﬁecial committee of the societf of pustrlan Engineers
and architects, engineers came to accept the theory of elostic
curved Pars as giving the proper dimensional of stone arches
with accuracy. Winkler and Mohr were chiefly responsiblc fox
the introduction of this theory into practice.

Winkler treated two-hinged arches and hingless arches and
applied the notion of influence lines for the stress analysls
of arches. Winkler also used the principle of least energy to
investigate the positions of pressure lines of arches. Mohx
also contributed to the stress analysis of arches using
graphical methods.

2«5 ARCHES FROM 1867 TQ THE PRESENT DAY

The Introduction of Reinforced concrete into siu-uc o0l
engineering practice has made arches have a wide application
aespecially in bridge constructions The methods of stress
analysils are still an object of researche In hingless arches,
there is three statically indeterminate quantities and analysic,

He showed that 1f the reactive forces acting at an arch
abutment are represented by a force applied at its elastic
center and by a couple, the three unknowns (two components of
the force and the couple) may be determined, each from one
equation with one unknown. For determining the position of the
elastic center and for calculatidg the reactions, he used a
graphic method in which fictitions forces, similar to those
used in calculating the deflection of beams, are applieds Various
méthods of arch analysis have been presented by E. Morschy Je

Melan and by A, Strassner. Numecrous tables for thrust and bending
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moments in arches of various proportions are given in their bhooks.
It is advantageous to make the centre llne of an arceh
colrncide with the funicular of permanent loads, If this condition
is fulfilled in a three-hinged arch, the resultant force on each
cross section is tangential to the centre line, producing only
uniformly distributed compressive stresses., In a hingless anch,
internal forces depend on the deformation of the structure and
bending stresses cannct entirely be eliminated., If thc cenire
line of such an arch coincides with the funicular curve for
dead load initially, there will be a certain contraction of the
axis of the arch due te compression of the materlal, shrinkage
of the concrete, and lowering of temperaturce. The thrust of the
arch calculated as for a three-hinged structure, will be
somewhat diminished. As a result of this the thrust line of
a hingless arch ls dilsplaced upward at the crown and downwards
at the abutment from the asstmed centre line {coinclding with
the funicular curve for the dead load). This displacement
becomes particularly great in thick and flat arches where we
may expect the appearance of undesirable tensile stresces at the
abutments. Various methods have been developed to roeduce these
displacements in large arch structures. 3Sometimes temporory
hinges are put at the crown and abutments, these parmit free
rotation during decentering. In this way displacementlof the
thrust line, which occur as a result of the compression of the
centre line by the dead load, are eliminated. By filling up

|
the gabs at the temporary hinges with concrete after decentering

|
|
|
@
l
|
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we obtain a ﬁingeless arch, the center line of which coincides
with the funicular curve for dead load. To allow for thae thrust
line displacements due to shrinkage and lowering of tanparaturc,
the temporary hinges must be placed with proper eccentriciides
such that when the gabs have been filled after decentering, .
bending moments are produced at the crown and the abutments, the
signs of which are opposite to those expected later from shrinlktage’
and temperature drop. E. Freyssinet suggest putting jocks In the
temporary gab at the crown between the two halub of the arch,

By using them, the most favorable position of the thrust line

at the crown can be ascertained before £illing up the gab with
concretes, In the case of an arch with a tie beam, F. Disclinger
proposed the use of tie cables, by stretching these, the benhding
moments resulting from dead load action and shrinkage of concrete
can be greatly reduced. J
+ v Deslgners of arches usually assumed that the displacements
which result from elastic deformations are small and consider the
initial underdeformed center line of the arch in their analysis.
In large-span arches, the effects of deflections on the magnitude
of the redundant forces may becomc considerables If this 1s so,
calculations made on the basis of the initial undeformed centre
line can be taken only as a first approximation using them,
better accuracy can be cbtzined by taking into account the

deflections indicated by the firsgt approximation,
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CHAPTER THREE

STRESS ANALYSIS OF FIXED bND ARCHESR
2Y THE METHOD OF FORCES

Fixed end arches are statically indeterminate or redundant
structures, hence the computation of the stresses set up in them
requires the use of additional equations namely deformation
equations. In the method of forces these equations are cbtained
through the transformation of the given structure to the ath
degree inte a statically determinate one,

The method of forces is one of the exact methods that can
be used in the analysis of the stresses ilnduced in these redundant
structures. The elastic centre method based on the method of
furces simplifies considerably the computation of these stroecses
sét upe Influence lines quickens also the pace of work involved
in the stress computation of redundant structures, hence will
be presented in this chapter and examplified.

The use of symmetry, symmetrical, antl-symmetrlcal loading,
grouping of unknowns and load transformation are also other
methods that simplify the calculations of the method of forces
and consequently they are explained in this chapter with some
exampless The effect of physical phenomena like tempercture
changes, shrinkege and settlement of supports will be presentcd;

31 CANONICZL EQUATIONS

Cancnical equations are a standard form of a system of

simultanecus linear expressions for unknowns which are the reactive
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forces developed by the eliminated constraints. The number of
these equations normally equals the degree of redundancy of any
given structure., It is important to mote that both the mumber
of terms in each of the separate equations and the total nunber
of these equations depend solely on the degree of redundancy
of the structure and are in no way influenced by any othor of
its peculiarities;

To obtain these canonlcal equations the redundant structure
has to be transformed inte 2 simple statically determinote ones
The elimination of constraints introduces e alteratlons neither
in the distribution of stresses nor in the strains and deflections
if in place of the removed constraints, forces equivalent to
the reactions developed by these constraints are introduceds

The displacements of the conjugate simple statically
determinate structure is gzero because no displacemcnt of the
given redundant structure is possible. This indicates that the
reactions developed by the redundant constraints will be such
as necessary to render nil the deformations of the statlcolly
determinate structure along thedirection of these reactions,

The equations translating the above statement into a
mathematical symbol is as follows: Qda i1 +A12 Bueess Alynet +
Adn +8ip = 0 wees (3.1).

In the expression the letter i following A shows the
direction of the displacement (the latter coimelding with the
eliminated constraints) and the second one the action causing

this displacement. Thus Aik indicates a displacement along the
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direction i caused by the reaction of the constraint k and Aip
- will indicate the disélacemént along the direction of construing
1 caused by applied loads.
Let the magnitude of the reaction developed by the constraint
X be indicated by #k. Let alsc the displacement caused by unit
action be designated by M. Therefore Aik can be roplaced
by Xk i 1k and consequently expression (3.1) becomes NAi =
X133k & X212 4 cen 4+ X1 L, mmt 4 X P in 4 Adp = 0w(342)4
By this way the equivalence of the criginal structurce and
of the simple statically determinate one will be mathematically

interpreted by a systen of n linear equations

e W -~ - -

hY
yH
F
!

. v d c_

+X3C33 4 eeee # X003+ AP =0
-~

.4/ \\'

naln diagonal

~ i
sedundary diagonals

Equations (3.3) constitute the additicnal expressicns based
on the deformations of the system which permlts complete
determination of all support reactions and all stresses induced
by the given system of loads in the original redundant structure,
All the above equations expresses the idea that the displacement

of the simple structure along the direction of the eliminated
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constraints are all equal to zero. These are the equations called

Canonical equations. The coefficients to the unknowns of equations

(3.3) represent the deflection of the simple structure obtained
by the elimination of the redundant members, These deflecticns
being due to unit loads and moments acting in the dircction of
the eliminated constraints,

The coefficients Aik entering the above equations will
represent the deflection along the direction k., The unit
displacement il situated in the maln diagonal of the caronical
equations are characterised by two identical indices will be
called principal deflections whereas ik standing in the
secondary diagonals of the aforesaid equations will be termed
secondary deflections. Due to Maxwells theories of reclprocal
works, secondary deflections situated symmetrically about the
main diagonal will always equal themselves 5:‘.!: = éld.. By this
the volume of work necessary to determine the coefficients to
the unknowns 1is considerably reduced,

The diagrams of bending moments induced in the conjugate
simple structure by each of the unit actions ()t'.1 = 1) will be
traced separately each of those graphs bearing the number of
the eliminated constraint, the same applying to the actual
loading (the M graph). The unit deflections f1ik will be obtained
through the multiplication of the unit graph Mi by the graph Ti:
whereas the deflection due to the applied loads woip by the graph

of the actual bending moment Mp.
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The main or principal deflections will be always positive
whilast the secondary ones as well as thosedue gpplied loads
might be positive or negatives, .

When all the coefficients te the unknowns entering the
similtaneous equaticns {(unit displacements) as well as'the
deflections due to applied loads are known, one may proceced vwlth
the solution of sald equations. The roots of these equations
will furnish the values of the unknown stresses acting in the
redundant members., This will permit the construction of the

bending moments diagrams induced by xl, X, oeee Xi etce in all

2
the necessary members of the structure,
Several simple structures may be used for the computation
of the same redundant structure, these different structures being
obtained by the elimination of different members regarded as
redundant. Its important to choose the one leadlng to the
greatest possible simplification of the computation through the
reduction of a maximm number of secondary deflections. Also an
endeavour to obtain bending moment graphs of the simplest possible
configuration for the members of the simple structure.
:i:: The portal frame appearing below will be used to clear
the above statement. The portal frame is similar to fixed end
arches 1« the sense that both are redundant to the third degree
and only different in terms of its members 1s the membors in the

portal frame are straight while these of a fixed end arch are

curved.
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Figure 3.4

To begin with, eliminate the three constraints which prevent
both the horizontal and the vertical movements andd the angulay
rotation of the extremity of th~ left hand e¢elumn. The simple
structure obtained in that case appears in figure 3,1bs The
unknowns X Xy and X, will represent the reactions developed
by the eliminated constraints and the simultanecus egquations vAll
express the ldea that the deflections and rotation along the
directions of the eliminated constraints remain nlil,

Another way still could be used to render the redundant
structwre statically determinate by cutting in two the top bham
as indicated in figure 3,1c. This is equivalent to the
elimination of three constraints preventing mutual displacement
of the two faces of the cross-bar situated to the right and to

the left of the cut. Hence each of the unknowns Xi’ X, and Xﬁ.

- will represent in this case a group of two opposlte forces on

cauples acting over the twe cross-sections just mentionads
The canonical equations will remain in the same form regardless:

of the way in which the simple statically determinate structuve-

]
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has been cbtained., In the case of the simple structure of
figure 3.1b the 6;2 represents the horizontal motion of the

lower end of the left column caused by the vertical unit load

X =1
3.2 METHODS OF DISPLACEMENT COMPUTATION

Two different states of one and the same system are considered.
The first is acted upon by any number of loads and moments whose
values are chosen at will (figure 3.,2a) and in the second by one
single load unity p.2 (figure 3.2b) compute the work A2‘1 produced
by the load unity P2 along displacement A,, due to all the actions

21
of state 1.

A = P2 esese (3.2)

21 21 21 21
This work is expressed in terms of internal formulas
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‘The displacement caused by any combination of loads may by

expressed in terms of the siresses developed by the said combination

and those due to a load unity. The line of action of this load

unity must coincide with the direction of the displacement under

congideration.

When a linear displacement is required line a deflection

at any point of the system, the load unity must be a concentrated

non-dimensional load acting at this particular point. If on

the other hand, it is required to find the angular rotation of

a certain cross—-section; the unit action must be a non-dimensional

concentrated moment applied to this section.

The state when a single load unity is applied to the system

is referred to as the imaginary or unit state, while the casc when

the same system is acted upon by the combination of actions

¢ffectively applicd will be refered to as the real or actual state.

In certain cases it is more convinient to usec alphabetical

indices in expression 3.4
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instead of numerical cnes say m, and n or P and d ke The
expression then becomes; ;
A ~1 oA 1 |
Amn = S{g Modx | Nifm Nodx | 5 2 aQodx
. o Wi
L

when the cross-—secticons of all the members remain constant the
expression (3.4) can be written as

ﬂm:;&_ri -4 ¢ N
. LB ) Mo + 7 Er )M v e | Bonax (3.5).
3 ,

i o

The ahove three equations are referred to as theiéenﬂral
displocements equations or Mohrs equation., For the computation
of displacement with the help of these expressions the following
sequence will be adopted.

1« Determine the stresses Mnh, Nn and Qn due to the applied
lvads for an arbitrary cross-section In terms of its
asscissa x.

2. Apply a unity action at the créss-séctiOﬁJwﬁose
deflection or angular rotation is requiredy, a concontrated
load corresponding to deflection or any other tranglation
and a moment due to an angular rotation.

) 3. Compute the stresses Mm, ﬁ, and Qm due to unit actions
for the same cross=section situated a distance % from
the arigih\éf éﬁ-ordinates. ST,

A. Introduce the values of the stresses Mn, Nn, and Qn as
well as those of Mm, Nm and Qm in one of the three
expregsions and integrate along all the elements of

the entire structure. When the displacement £ mn thus
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cbtained is positive, its direction coincides with that
adopted for the unit action and when it is negativae,
it is opposite to the cone adopted for the unit action;

In majority of cases only cne term of Mohrs formula has to
be retaineds Thus the structure works mainly in bending (this
being generally the case for rectilinear beams portal frames;
building frames and flat arches); it will suffice to use only the
term containing bending momentse. Similarly when the members of
the structure work mainly in direct tension or compression as in
the case of all hinged systems, both terms in thoe bending moment
and shears may be neglected without any appreciable reduction in
the accuracy of the results cbtained.

If the element under consideration is a curved bar whose
fadius of curvature is at least ten times as great as the depth
of its cross~section, Mohrs formula for rectilinear bars may be
used provided the lenght of the straight element dx is reploced

by the lenght of the arch ds,

I lﬁp |
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Example

Determine the deflection of an end supported beam of
constant cross-section acted upon by a concentrated load Pn at
midspan.

The .maginary state of this beam will correspond to the
application of a concentrated load unity in the direction of
the deflection required., The normal stresses will remain

constantly nil and therefore Mohrs formula will become

:

[w- Sk 1 <o
LB | 2—- Seandx = Al o Al

¥
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1

e 1 -
;_EF | FMmMndx is the deflection in pure bending
b
while \ 2 '1— ) ) i
{_GF | GmQndx is the part of the total deflection caused

ad

solely by shearing forces.

Where Agna

For all the cross-—secticns of the beam to the left of point
C the bending moments Mn and Mm and the shearing forces Qn and
Qm are given by

M = Pnx Mn
2

It

ol m&l‘n-\

f
! These values are given in the

Qn corresponding graphs

mlgl
gl

1
3
#

o

/! M2 172 3
Cmn T B X Pnxdx Pnl
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-rma GP 1 Pndx = pnil
s 2 2 AGF

3.3 DISPLACEMENT COMPUTATION TECHNIQUES

In some cases displacement computations can be simplified

by the introduction of a special technique for the calculation

) §
of Lt:he integrals belonging te the typej FmMndx, jFMNndx and
i

gﬁnﬂndx. | ©

k The technique is called graph multiplication method because
it is based on the fact that the expression preceeded by the sign
of the integral containsthe product of two ordinates to the

Mu and Mn curves., This technique applies on the condltion that

at least one of the curves reduces to a straight line. The

other diagram may be bounded by any curve ar bhroken line,
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The crdinate to any straight line may be always expresced by

Mm = xtan @

Introducing this value intc the integral under consideration

we obtain
'\’ MnMndx

H

= tan @ | xMndx = tan @ \xd ..,
: )

n

where Mndx = -| . represents the differential of the arca

bounded by the Mn curve (fiqure 3.4).
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The expression "xd S

-

represents the statistical moment of the

.
graph area about the 0-0 axis (figure 3.4). This statical moment

may be expressed by }

 xd iy = [T

xc represents the obscissa of the graph centroid, From this it

{)

follows that | FmMndx = xctan®-/,, but since xctan® = yc we cbtain

b
finally }Mm-lndx- LNYCe
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Hence the product of the graph multiplication of two graphs one
of which 1s at least bounded by a straight line equals the area
bounded by the graph of arbitrary outline multiplied by the
ordinate yc to the first graph measured along the vertical
through the centroid of the second ohe. The product i=s reckoned
positive when the graph of arbitrary cutline and the ordinate

to the rectilineayr graph are both of the some signe. This method

is called vereschagin's methods, In the final expression
i

E'-

| o = ~7yc the left part differs from Mohrs expression by

-

the lack of-i- Hence the result of the graph mltiplication

BJ °
carried out by vereschagins method must be divided later by EJ.

The ordinate yc must be measured on the graph bounded by
a straight line, If both graphs are bounded by straight lines
the ordinate ye could be measured on any cne of the two.

3.4 THE ELASTIC CENTRE METHCD

The stress analysis of redundant structures requive the
simultaneous solution of several equations with severadl unknowns.
The higher the degree of indeterminacy the greater the muber of
these equatiovns, the harder their solution and the lowar the
accuracy of results, Attempts are therefore ﬁade frequently to
form the above equations in such a way that each of them should
contain only one unknown, or, alternatively that the systoem of
these equations should fall into separate groups each containing

a reduced number of unknowns not entering the next group.



To investigate the possibility of simplifying the analysis
of a closed contour of arbitrary configuration such as shown,

for instance in fiqure 3.5.
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Having eliminated the constraints at the left hand abuliment
and having replaced them with three unknown reactions X,l, X.‘,
and x3 as indicated in figqure 3.5b, three standard equations
should be normally formed with three unknowns,

In order to avoid the simultanecus solution of these
equations let us fix to the free end of the simple structure an
infinitely sliff brecket as both the lenght and direction of
which remain as unknown.

At the free end b of this bracket apply at right angles
two forces Z, and 2; (the dircction of these forces coinclding

with that of a new set of coordinates axes u and v) and moment Z3e
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If the magnitude of this actions were such in a way that
they would unmobilize completely the end b of the brackct,
preventing both its rotation and translation, the left extrumity
of the simple structure (point a) would also become fixed and
thus from the view point of their deflections the given recdundoant
structure and the simple structure of figure 3.5c would be in
the same conditions, In other words the structure figure 3.5a
and figure 3.5b acted upon both by load P the forces 21 and 42
and the moment Z4 would be equivalent.

The system of equations expressing that the end b of the
bracket is held fast is as follows,

z,!"-n + 2, 12 + z3i£13 + AP =0

21'5\2'1 5 zzinzz + 23

211_' 31+22f32+23?33+113p-0 \

-

023+ A2 =0 [ 3ee

The coefficients 5 ik entering these equations represent the
displacement of the free end of bracket as induced by load unities
following the direction of the unknowns 21'22 and 23. The
magnitude of these displacements depends of course, both on the
size of the bracket and on the direction of the axes u and v,

The parameters are chosen in such a way as to render hill all

the secondary displacements of point b. In this case each of the
three equations above will contain only one unknown, thesc

equations reducing to

2, ==Mp -
TR



Below are the mathematical expression for the conditions
governing thecholce of the aforesaid parameters, Denoting
by u and v the coordinates of an element ds of the glven

structure it can be written,
{

{
5)'12 = \Mleds s - (‘L '
Er— S = ¥l o0 :
\) o JEU
t}t &y -
( .- -
A3 = MM A
v 3}31-‘3"15 = vl , g
v J \ EJ .
b by
23 = | M.M A !
2 3 gu 1ds
—l —a— 7
)EJ 4 EBJ °
Wip v

Dividing each of these equations by E we obtain

ds
5= = 0, v %5 = 0 and uw_%__ =0

these
For / expressed conditions its easy to find a geometrical

interpretation, For this purpose subdivide the whole structure
into elements ds and apply at the centre of gravity of each

of these elaments an imaginary load ds. 1In that case the [lrst
two of the above integrals will meathhat the statistical
moments of these imaginary loads about the coordinate axes u and
v having for origin point b are nil. This will happen only
when point b coincides with the centre of gravity of 10adsi§y
The third of the integrals means that the peolar moment of tiese
loads about point b is equally nil, this becoming possible only

when the coordinate axes coincide with the principal axes of

inertia of the system.



Flgure 3.6

It follows that all secondary displacements of a structure
redundant tuv the third degree and forming a close contour will
reduce to zero.provided the new origin of coordinate axis 1s
brought in coincidence with the centre of gravity of the imaginary
loads ds and the directlion of this axes with that of the
princi;al axes of inertia of these same loads. If the structure
is gymmetrical, the principal axes of inertia will coinclde
with the axes of symmetry.

The origin of the new coordinate axes ray be determined

using formulas provided by theoretical mechanics, thus using the

notation of figure 3.6 the centre of gravity of the loads ds will
J

be given by ‘
(s} J J YO = " Y J
) 1 ' I":
‘s y 98
wi J AJ
I

1]
In each case the numerator represents the sum of the statical

moments of the imaginary lvads ds about some axils of coordinates
J



{the summation beinyg carried over the whole lenght of the contour)
and the denonmipator equals the total of the some loads.

The angle furmed by the principal axes of inertia with
the x-axis is given by the following formula developed in the
treatises on the strenght of materials

tan 20 = -2ch¥E

Jxc-Jye

Jrcye = ﬁchc~§§

(12,
Jyo = 12 U8
ELRT
4
i
T o | x2 88
yc.'nl_lch

o

The imaginary loads gé are some times called elastic loads o
masses and the centri of gravity of these clastic masses - the
elastic centre of gravity or simply the elastic centre.

For unsymmetrical systems the amount of work required to
determine the pogition of the new coordinate axes may hecome
so tedious that it outweigh the advantages gained from the

simplification of equations, The elastic centre methad ylelds

tangible results for symmetrical structures,

ExamEle
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Determine the position of the elastic centre for the fixed
end arch of the figure above, The neutral line of thls axch
follows a conle parabola by y = 4f(1-x)x and its crossesecticnal

12
moments of lnertia vary inversely to cos@x

J}C = JS
COS&X

Sclutior: Start with determining the position of the elastic
centre with reference to the coordinate axes xoy., Owing to the
symnetry of the structure both as regards its dimensions and
the stiffness of its cross-sections, one of the coordinate

axes is known off hand, 1t is wvertical in direction and passes

through the crown, Therefore, the abscissa of the elastic contre

xo equals y,
Dlg = dx J = J
cosbx T Tx _5_3
cos
AL (1-x)x ds
) s
Y = 5f
o ds 3
Ja

3.5 USE OF INFLUENCE LINES

The use of influence lines simplifies very much the
calculation of stresses induced in a structure and most usceful
when the loading applied to the structure is a moving fpo.

It fasten the checking of stresses of any given section of
the structure. The use of influence lines is begt illustrated

by an example,
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Required the influence lines for the redundant reactions

X0 X, and Xy as well as for the stresses Mk, Nk and Gk acting
at section K of the arch presented below (figure 3,7) the obelissa

of this section is taken equal to 6m.

Ty~ = - — e Skl
, St T N
|
i'! a a 4‘ i
: 2 AT TR L
i -~ | - X : ,
! } M . 1 '.u, I ~ !
() ! ', i _[‘(:f i m ] I f“.‘;‘iu
& ‘:- (;I ' & lﬂ' ; ]
i j o ﬂil ; ’ ﬂ\’ ‘:‘1 \ '

Figure 3.7
Solution.
The coordinates of the inscribed polygon as well as the
YS are assumed to have been determined and has the values

written on figure 3.7b.

Y = 2.,0625n



47

The simultaneous equations permitting the determination of the

redundant reactions due to a moving load unity P becoume

X, 511 +1p = 0

1
x,822 +52p

0

x3ﬂ'-' 33 +03p = 0

from which }(,1 = - ?‘
511

and X, '-Tt.:;_ga
or xiiﬁ
x2=__%%§
o }%-?33

The graphs ép'l, L p2 and q.‘.p3 for various positions of the load
unity P constitute the deflection graphs of the simple structure
due to the application of the redundant reactions =1 X =1
and X; = 1 respectively. Divided by -{11, =/ 22 and -(‘ 33 the
ordinates to this graphs will represent the ordinates to the
influence lines for xi’ x2 and JLJ.

The deflection graphs for this purpose would be cbtained
using the elastic load methods. To achieve this purposc the
H‘.l’ MZ and M3 graphs due to unit loads X

1* 72
to be constructed and elastic loads will have to be calculated

s X, and x3 will hove

using the expressions set out below.
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Below also are the unit diagrams due to xi, x2 and x3.
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Figure 3.8

The elastic load w2 (at peint 2) when the simple structurc is

loaded by x1-1 is given by

W, = a
2 (M1 + 4AM, + H3l =3 21
e % 1% =16 '13&3;“
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W, due to the application cf forces x2 = 1 to the structurc will

amount to
W, o sndea | M) = 3 (=3 + 2x0) o =3 ..
4 =T My + M) =TT Shde

The values of elastic loads is as follows for all points of

applieation,
TABLE 3,1
Load point } % Uni; Jorces -
1 2 o N
0 7345 -33 3/2EJc
16EJc 2EJc
1 69 -54
16EJc 2EJc 6/283c
~21 =3
’ Tetue | e ad
-75 -18
3 16EJc | 2EJc 6/283c
~46
4 Ao ~3 3
Tk | Foe PEdc

In order to cbtain the deflecticn diagram;“pi apply to the

left hand part of the imaginary structure the elastic load
corresponding to the unit action xi. These elastic loads must
be parallel to the displacement in question and must be direccted

towards the more extended fibres of the simple structurce (ficure

3.9a). js AL’
=% 1L
R |
Bl _~ 7}
P §
i ¢
/ '
r‘/ \: { 7,
// :’( ,1 rCI)
r - ‘
v £e < Figure 3.9a. ot )
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Since the rigid bracket fixed to the simple structure may not be
rotated by the unit load Xi, the algebralc sum of all the
elastic loads applied to the system figure 3.9(a) must equal zgero

w o 1350 89 —-21 ~75 -46,50 _
= 98EJc T 46EJc 16EJc  16BJC 16EdC

Thig relation is used as a check on the accuracy of the computed
elastic loads.

The vertical displacement;fpi due to the unit action Xi will
gqual the ordinates to the Magram of bending mopents induced in
the imaginary structure by the elastic loads,

73.5x%3 - 2205
16EJc 16.EJc

73.5%6 + 69x3 648
16EJc ~ 16BJc

Ap1l at point 1

[

E; pl at point 2

73.5x9 4+ 69%6 = 21x3  1012,50
16EJ¢ - 16EJc

opl at point 3

73.5x12 & 69x9 = 21x6=75x3 _ 1,152

© -
' 16.E7 16EJC

pl at point 4 =

Thé displacement E;.‘l‘l is obtained rotating the imaginary loads
through 90° until they become horizontal as in figure 3.9c¢
caleulate the moment of these loads about the elastic centre
and double its value, for the displacement én represents the
total change in the distance between the lower onds of the

bracket along the directiocnm of the horizontal unit loads X e

1
73,5 48  16.5, 69 27 16.5 21,1645
511'2 J6Eic ‘B ~ T8 O 'Ese B TR f TRy Cumd o+
75 (6.5 _ 3,  16.5 _ 16.5 _ 1228.50
16EJc © 8 8’ ¥ 16EJC 8 - T16BEJC

Dividing all the ordinates to the 5 pl graph (= g{_‘.l'l) we cbhbtain

the ordinates to the influence line for xi. This influence llne
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shows the variation of x1 when the unit load P travels along the
arch. See figure 3.10.

Following the same procedure the displacement +'p2 is

determined:
33x3 99
?)p2 at 1 = SEJc =
33x6 + 54x3 360
Sp2 at 2 = T -
) 33 54x6
’p2at 3= X9 + + 36x3 729
33x12 + 54x9 4+ 36x6 + 10x3 1152
5p2 at 4 = o = S
AT
//":, l&"ii ..x _'\\\
!ﬂ PR lr ’ix:.' g H-\_‘
’ -
VI \
(A )
'I';i.?r\ - — —--‘ _.--_,- r— — - -.:' - -—'J-p',-r!
T e T
e e r— <
/. $- ‘\-.._I r\{ef-[ P [ ,—‘.--.,_ ’J‘—\, Cy,
{ i ) P
v et | {‘}. b I
A R .
'\l’ - ‘1 o - ~ b |
‘l\
~ S
> ‘-‘,: ‘?‘} 7 -‘\
S N & =l = \I\“--__
g \l (_f-T I :]‘ ) . -
Ll R& ¢
““ I‘c - .- ‘.
- Deflochon =~<pb L),
//'_ “"\

E‘Cf(pc f'h;-r; f"f"fﬁpf) E\,C)

/‘i‘\

<l 1 | & | i\\\

4
(el T | -
- 7 L‘:" +y 3 ™ I

e ¥ Figure 3.10
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The ordinates are set up as in figure 3.10. The disploconent
{§22 representing the mutual translation of the free ends of

the brackets along the direction of X This displacement must

be the double of ,p2 at point 4

2x1,152 _ 1,152
2EJc EJdc

3}22 = 26;}2 at point 4 =

The influence lines for X, are then determined by dividing

Sp2 by = 0 22.

arly O o .
Similarly (‘p3 at 1 Sede = JEjc
& 3x6 + 6x3 36
Up3 at 2 = =555 = S6oc

3x5 + bxb + 6x3 81
2EJc ¥ 2EJc

~p3 at 3

Qc_l_2+6x9+6x6+6x3h 144
2Jc 2EJc

Op3 at 4 =

The displacement graph of (ng is figure 3.10(d). The

displacement<§33 representing the mutual angular rotation of

1

the brackets (faces 4 and 4~ of the semi arches) its value

will be equal to the sum of the elastic loads).

3x2 = 6x3 ) = 24
2t ¥ 2B’ T EJc

(?33 = 2(
The influence line for Xﬁ is obtained by dividing the ordinates
to the {3133 by (= .."-33).

Once the influence lines for all the redundant reactions
xi, x2 and x3 have been found, the construction of the influence
lines for bending moments, shearing and normal stresses at any
cross section of the arch can be proceeded,

The influence lines for any section of the arch can now

be plotted with the determination of the redundant recactionse
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Lets constructs the threc influence lines for section I
situated 6m to the right from the left-hand abutment section 2

of figure 3,7b.
The angle 02 between the neutral line of the axch and the

horizontal equals for this section 26°34) and in 0, = 04447 and

= 0,894, The lever arm of the force X with rclercnce to

Couse
1

2
section K equals

Yo ¥, .33 _3_3
§=-"2 = T T
P2
. [} ! 1 =
£ - f"‘ I I
- '@ :.' i i
‘. " ) Ras et /_'
- X ; B " ~ 4
~ I'¢ N
(€4) | : ’_ ¢
y, s )
”u r"
.""r-—- T S S ——p— S E— e —— —_— wem— m— = — —— - - ’7'1.
B 7 ) L 7 P 2 ey
o _r Py f_ P ~ -f-- o 4 Cir — ¥ ., & r s M“::‘ _l._.-'_-_-_t.. é i i
-_.":' |l| L
-~ .
o ¥ d."

B _..--"'I-'""--...,_“ ,.)i ~

v Ao d _/';. ! L& T 2 "

/ J, } . // - i ) e *

N ‘— ///I ".‘ ' ’ ‘\‘ ’-:
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e —— e —— o —— . . e B T — e A . e .




54

""'h.\‘-.
fey = > 3 2 e
._ ":) B -‘I A ‘«J i m‘-‘ -
o 2 ~ ki + s [ e
' 3 £ < a ; r o
\--I o) e ‘__-_I PE— - p— - o — - —
i e L R P c
— \ - | > <
: -~ . 1l | 5 4 s ‘-' _:‘
- _“‘.‘l !v-‘ "“. - ‘-..‘
e T~ S :
Vg iy ) \\ ! ‘
- o SRS o ,‘-’ v X’J’
& i, Sl
Pl A
AR
/ '
-# -
'J i ‘\\
~ | ™~
(', {° ! I ~
) ,// i . | \‘ _
.—r‘"fﬂl I I e <
= :” ! : : | —
o S S Tt s Mo e Y
x o g -
= = 'y = & k. e
O S S ! ”
; 'y . & ~
in t-{' i (L ;‘_( !‘w s
I ———— s Lt I e ML 58

and lever arm of force X, with reference to the same

2

Figure 3.12

section equals 6metres, The cordinates to the influence

lines Mk, Qn and Nk are calculated using the following

expressions,

(a)

When unit load P is between the left-hand abutment

and section K or when it has shifted tc the right-hand

semiarch

9
MK = = T X25+x3



(b}
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K = x131n02 + x2C0502 = -x10.447 + x20.894
= C 51 Q = - -
Nk }{,l 0302 + Xzoln 5 X10 804 4 X20 447
when the unit load P is between section K ot the

crown Mc = «X, 9

where r
section
Qk

Nk

1:1"5 - X26+X3 - 1Ir
is the lever arm ©f the unit lead P about

K and

%

-X10.894 + X20.447 + 1x0.447

It

0,447 + X20.894 + 1x0,894

The ordinates tv the Mk, Ok and Nk are tabulated below

TABLE 3.1

Ordinates te the Mk Influence line

Logd X1 —X-—g X2 -x26 Xé —-r Qrd%nates to the

peint 116 M influence
linez, metrees

0 0 0 0 0 0 - -

1 041795] =0.101] ~0,0430] 0,258 | . 187 | ~ 00344

2 0.5275 | —0.297! -0.15620.937 l0.750] © 14390

3 0.8242] 0,464 | =0,3164 1,698 | 1.687 | -3 0.124

4 09377 ~0.528| ~0.5000{3.000 13.000 | -6 | =0.520

4* | 0.9377] ~0.528) ~0.500013.000 } 3,000 | - | -0.528

31 048242{ «0.4641 0.3164{4.898 {1687 { « | ~0.675

2* | o.5275] —0.297E 0,156240.937 | 0,750 | - P ~0.14

1%} 0.1795] «0,101] 0.0430h0.258 {0,187 - | 0.172

o | o Poo ! 0 o | o 0 0




TABLE 3.2

Ordinates to the Gk Influence line

56

) ..
Load X1 —xt 0.447 X2 X20.894 0,894 | Ordinotes to
point 1
line
o 0 0 0 0 0 0
Trne~ ‘
diately |
to thel !
left O.ﬁ O. 3275 -0, 236 -‘0. 1562 -y 140 - O. 376
sectior
2
Inme~
diately
to right 0,527 «0.236 | =0.1562 | =0.140 | 0.8%4 04518
of sec-
tion 2
3 0.8242] ~0.368 | «~0.3164 | ~0.283 0.894 04243
4 0,9371 0,419 | =0.5000 }-=0.447 | 0.894 0,020
41 0,9377|=0.419 | 0.5000 | 0.247 - 0.028
3l 0.8242-0,368 { 0.3164 | 0.283 - -0.085
2t 0.5275)0.236 | 0.1562 | 0.440 - 0 (036
11 0.1795}-0.080 | ©.0430 | 0.039 - 04541
o 0 0 0 0 0 0

the Qk influence

e ]



TABLE 3.3

Oridinates to the Nk Influence line

57

Load point] X X, 04894 X X,00447 | 0,447 | Ordinates to
1 1 2 2
the ke
influence line

0 0 0 0 0 | 0 0

1 J0.1795} 0,160 -0,0430 | -0.019 - Ue141
Inmediate-~
1y to the |0.5275) 0,474 —0a1562 { ~0,070 - Gad01
left of
section 2
Immediatea
ly to the aan
right of |0-5275{ 0.474 =0.1562 § <0.070 (0,447 | 0.24c
section 2

3 0.8242f 0,737 ~0.3264 | 0,141 0,447 | 1043

4 0.83771 0.838 =0.5000 | ~0.223 0,447 | 1.061

a' 0.9377] 0.638 0.5000 | ©0.223 - 10061

31 {o.e040 0.737 0.3164 | Qu.141 - 0,875

2t Jo.sas 0.471 021562 |  0.070 - 0.541

11 {0.17951 0,160 0.0430 | 0.019 - 0a178

0 0 0 0 0 0 0




L 4 A 58
' - - X
| i el
2‘ _-_.:," ) 5 !.o . "-...“\ 21’
- Sum T e
gy | g . [ e fy ~
) {:_\ 3 ‘ I 2 7 \\‘,l
///// " \\\\
9’:. ~ ‘
s e =

e e —— .

‘/ If _r:]\'*',’l_-ﬂ. M ;_? ,,.‘- ;m ’.v‘lfd.
I!

v
!"—{) # - 7 = |
- o 4.
-1 t -
P i, e ~ o
t/ : L& ) E\ .:\‘
------ - s
) - = | e
= ~" Ty > s
% - ’ ‘-_ -
- I ! 'f‘.
n ' -
' e \.-"—"
(P N
a - ~~ ~ ~
1‘ :-.’) L.'\! ( .-""‘ = T .
' - . .
It \1 :
o I \\-\_ & B o
) [ 1 . e e s g """_" el S —
.__r_‘_-- i T o~y s — N =) i .-4"".‘-
\ . - I::: & ™ - e ——— LR
~ o = I ~ Q . oo
T R & [} # _ / .
. b o L) ,.L"f'f"( a N4 }I Wl r {_‘I(
L - S : 1 o
(W i e
J i : i
(1) ol (v | ; »
& %
- // | ! \\
- ] ¢ ™~
e ! i N
e T S A S ... 0
3 3 3 $ s e
. =] ~J o i - 2
} 3 - - o o y -
[z ('H € Ca "'\( , ,’\‘-’k

Figrue 3.13

Using the entries in last column of tables 3e1y, 342 and 3.3

the influence lines appearing in figure 3,13 have been
constructed,



Y e

89

Now using these influence lines the magnitudles of Mk,
0k and Mk induced by uniformliy distributed loads acting over
the whole of the semlarch, the intensity being equal to 2 tons
per metre, For this purpose the uniformly distributed loads
are replaced by concentrated ones acting at points 0, 4, 24 3

and 4 of the polygonal arch. These concentrated loads will

a 2x3
amcunttoP0=P4~ -i--——2—==3tons 3
P, =P, =P, = as=2x3 =06 tons :

1 2 3
The desired values of Mk, Gk, and Nk wil] be obtained

multiplying the magnitudes of these concentrated loads by the
corresponding ordinates to the influence lines which are then
summed up as belows

Mc = 3%0 + Gx0u344 & 6x1.390 + E6x0e124 — 3x065208 = 9,564

il

ton~inetres.
Ok = 3xX0 = 6%06119 + 63=~0,37640.518 4+ 6x0.243 & 3%x0,020 =
2
1e254 EOnS.

Wk

3

3k0 + 6204114 + 6x0.401 + 0,848 4+ 6x1.043 4+ 3x1.001 =
) 2 ' }
W Nged
14,034 tons. | ":*1

3.6 USE OF SYMMETRY ' i

In analyzing the stresses arising in structurces with a
large mumber of redundant constraints, a large number of
simultancous equations equal to the structures degree of redundancy
aach of these equations containing the same number of unknowhs oare

involved.
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ror example figure 3.14.
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In figure 3.14(a) the structure consist of twe closed contours
and consequently is redundant to the sixth degree, I1f all tha
computations pertaining to this frame were carried out,
.adopting as conjugate statically determinate structure the one
glven in figure 3.14(b) it wculd be necessary to form and to

solve a system of six simultaneous equations with six unknowns

cachs

x,lfjn
x, D21
x 031
xS a1
X154

xiﬁei

The sclution of these system of
labourlous and require a ot of

very considerably due to symmotry.

+ X,012 + X, D13
+ x2622 + x3623
+ X3é33

+ X3C§43

Xzé 32

x2(5 42

+
+

xzb 52

+ Xzé

+ Xaé 53
+ )(3(563

+

62

N x4(514 + xs,&ls . xeé» 16 +Adpe ©
+ 4,02 + x&2s + xsé% A e O

X4é34 + @35 + XGE}BG +A3p = C

« %,$44 & X445 o %546 +dip = 0

-+

)
X,d50 4 X A55 4 X @56 +A5p =

5

0
X, 464 + X065 + X Q66 w0y = 0

e

aquation would be exbtremcly
time. The work can be simplificd

In a symmetrical structure not



only the arrangement of its members but also their crossescctional

rigidity are symmctrical about a certain axis., The simplificas

tion is based on the possibility of finding a conjugatc statigally

determinate structure for which the Mi dlagram for each redundant

reaction Xi = 1 will be cither symmetrical or antisymmetrical,
Thus for the frame under consideration figure 3.14(a) a2

simple structure of figure 3.15 could be adopted.
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In this case !'-12, i:i’ ¥, and ﬁs diagrams due to symmetrical unit

forces x?' x!’ xs and xs would themselves be symmetrical (fiqure

3.15 ¢, d and g) while the ﬁ‘l and M4 diagrams induced by

antisymmetrical unit forces x1 and X, would also be antisymmetrical

unit forces X, and X, would also be antisymmetrical figure 3415 b and e,

1



The producé of a symmetrical graph by antisymmetrical one

is always nil, Thus for instance if the M 4 9raph were multiplicd

by the lle graph the product pertaining to the left=hond half
frame would equal,
op 2hl 2 ) . )
= + 2h e +h"l while that pertaining to the right
hand frame would amcunt to =2h -2;-% = -hzl. As a result the

displacement 612 equal to the algebraic sum of these two
amounts to nil. For the same reascn all the other secondary
displacements whose values arc obtained multiplying grophs Ly
antisymmetrical graphs will alsc reduce to zero,.

For the frame under consideration such will be the case
for displacements (12, (A3, «_5,"15, %16, .--“21, 24, (31, 84, 5‘43
c -'43,&46, :‘)51 .f:54 -'561 and V64. If follows that the system of
simultaneous equations would bhecome.
X 11+ X,014 +a1p = 0

1 %

xzc_’_"zz i x3{.-23 N x55 35 % X 26 4 £2p = 0

xzé 32 + X,C 33 + X;¢"35 + X 36 + A3p =0

X,I(: 41 + Xd'.'. 44 + Ldp = 0O

X, 52 + Xy 053 + X(155 + X556 +/i5p = O
X 4 ;
X2£)62 + Xt 63 + Xs s . xﬁf}e,s + N6p = 0
and would consequently fall intc two independent systemse

Xif;}'l‘l + X4""14 + O40 = 0

xiéﬂ-’li + X4(>44 + 2 4p =0
!“ A f (\ )
Xy 222 4 X 023 4 X (25 4 X (326 4 £ 2p = O
Xy 32 4 X V33 4 X35 4 XL 36 4 £3p = O



0

X,052 + X053 4 X555 + X556 + ASp

N66 + L16p = O

X062 4 Xy 63 4 X II65 & X
The first of thgse systems contains two equations with iwo
antisymmetrical unknowns and the second four equations wlth
four symmetrical unknowns,

Thus the cholce of an adeguate simple structuré of
symmetrical pattern has resulted in the replacement of a system
of six simultanecus equatlions containing six unknowns each by
two independent systems, the filrst comprising two equations
with two unknowns and the second four eguations wlth four
unknownse. This simplifies enormously the computations enhancing
at the same time very conslderably the precision of the
results obtaineds Additional reduction of computation work
has been obtained due to the fact that all displacemcents can be
caleculated for cne=half of the conjugate simple structure only.
The total displacement willl be the double of that for the hqlf
frame, |

If the symmetrlcal frame contains a central column, the
displacement due to the redundant antisymmetrical reaciions can
be computed multiplying at first the diagrams relative to one
half of the frame (without the central column), where after
the product cbtained shcould be doubled and increased by the

product of graph multiplication pertaining the central column.

e



3.7 GROUPING OF UNKNOWNS

If a structure consists of several spans it becomes
impossible to transfer the points of application of all the
redundant reactions to the axis of symetry., But symmcetrical
and antisymmetrical bending moment diagrams may still be obtoined
if the unknowns representing a single force or couple are
replaced by unknowns representing whole groups of forces,

The structure appearing below is six times redundant, if
the conjugate structure appearing beside it is adopted six
simultaneous equaticns with six nonsymmetrical unknowns :-;1",;.J

=

xd x5 and x(. will have to be solved, And in these equations
i H 5

none of the coefficients would normally equal zero,

\ e S ; I i = -~ [ /’l S~
~ | ~ T |
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-3 et = S — i , Lo G = . 2 r 2
- . 1 ’ \:I'.' . 4\{_;’
e i (O r “_1,,./}' L3l
= ' ?-(_.
fa) 5 (¢

Flqure 3,10

However if the groups of unknown forces 21,22.23 2, '7“5

shown in fiqure 3.16(c) are adopted as the unknowns, a very

and Z.
L]

large number of secondary displacements in the simultancous
equations would reduce to zero, for these displacements
(coefficients) would result from the multiplication of symmetrical

graphs by antisymmetrical ones.
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The unknown 2 1 represents two horizontal forces X 1 and x4

equal in value and opposite in sign.

22 = two horizontal forces equal both in value and in sign

N
n

two vertical forces of equal amount, both directed upwards,

24 = two vertical forces equal in amount and oppositce in (drection,

N
n

two couples equal in amount and copposite in dircction, and

N
]

two couples of the same magnitude and acting in the same direction,
The ben¢irg moment diagram due to the above groups of unit

forces are given in figure 3.17. It is readily observed thot

the ﬁ:l M, and ﬁs diagrams are symmetrical while the W

-—
1T
.

0 iy and

'ﬁs dlagrams are antlsymmetrical,

L
-2 Y ,; ,-‘. al '
e AR T
AN SN el
22 N iy - |
— ' = ey |
= 1=y = (M |
P \ = 5
— (Mf. = i
et B a Rl
T L ‘
(€)
JZg=1 o &y -1 Figure 3.17
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Comparing the structurcs in figure 3,17(a) and (b) the
following relationships exist between the unknowns X and Z,

xitzi-i-zz; X4-21-22

Xy =2y + %5 X = 2, = 2,

x3-25+56; xsuzs—zs

This can be rewritten as:

21-X1+X4; Z4=X2-X5

hy @y Filel Qg Wiy > Xg
2

Grouping the unknowns as indicated above permits the replacement
of a single system formed by six simultanecus equations DLy two
independent ones. The first containing symmetrical ones and the
second antisymmetrical ones,

(a) The first system:

Z, (c_'-:'n) +2, (("13) + 2 (D1S) + (Alp) = O

2, (531) + 2, (333) + 25 (335) + (A3p) = 0

z, (O51) + 2, ((53) + z, (O55) + (AS5p) = 0
(b) the second system:

2, (C22) + 2, (C28) + 2, (D26) + (62p) = 0

z, (542) + z, ((44) + 2, ()46) + (Adp) = 0

Z, (C'62) + 2, (1,64) 4+ Z, (O66) + (/16p) = O

In thespove expressions the ccefficients ((:Z‘ik) and the free
terms (£ 1ip) represent the displacements induced by and along the

aforesaid groups of unknown forces.



Thus the system of six squations with six unknowns hos
5een reduced to two independent systems of three equations with
three urknowns. ' e
! The displacements are camputed as usual, multiplying
diagrams pertaining to une-half of the structure and doubling.
the results obtained, If the frame contains a central column,
grophs pertaining te one half=frame (excluding the central
column) will be first multipled one by the other and the result
will obtained will be added to the product of graphs for the
central column.

3.8 SYMMETRICAL AND UNSYMMETRICAL LOADING §

If a system of load acting un a structure is cithor
symnetrical or antisymmetrical all the computations cre further
simplified, because in this case 1t becomes possible to find a
conjugate simple structure for which the bending mement dlagrams
due both to the unit actions and to the nctual loading become
elther symmetrical or antisymmetrical. As a result o nunber of
free terms of the simultaneous equations together with somae
coefficients to the unknowns will reduce to zero,

The sixth degree redundant freme (flgure 3.18) will illustrate
the above description, This Irame is acted by a system of

symmetrical loads,
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Fiqurc 3.18

A symmetrical statically determinate structure with
symmetrical and unsymmetrical unknowns may be obtained cutting
in two the upper cross-bar and eliminating three constraints at

the supports as indicated in figure 3.18(L).




The redundant reactions which cannot be transferrcd to the
axis of symmetry such as the horizontal components of the left
and of the right-hand column reactions will be replaced by two
group of forces X, and XS-

The bending moment diagrams for the conjugate structure
due both to the unit actions following the direction of the
unknows are shown in figure 3.18 ¢, d, ¢, f, g, h, and i, aAll
the unknowns being either symmetrical {x'l’ Xye Xy and x‘i) or
antisymmetrical (xs and xﬁl, the simultanecus equations form

two independent systems given heresunder:

X, 011 + X012 + X013 + X, 14 4+ Alp =0 |
X,021 + xz.fzzz 'R Kok I xa.-“f--m + A2p =0

< " § < i Symmetricnl
x,l(.-31 + th‘-32 + )LSC‘:33 + x4(,-34 + A3p =0 |

]
{
¥ 1 o Y oa4 . 0
Xil_‘ 1+ sz 42 + XBC 43 + X‘lf__, 44 « Adp = 0

ll

Xs1355 o XE'I:(' 56 +AS5p = 0!/
{ antisymmetrical,

0 '

¥ ‘66 + X, 66 +/\6p
In the last two systems the displacements ASp and 7\ Gp arc
both nil, their value being obtained multiplying antisymmetrical
graphs ES and ﬁs by the symmetrical graph M due to the applicd
loads (figure 3,18i). Consequently, those twoe equations Dbecome
X 055 + xﬁff': 56 = 0
X0 65 3 X, 66 = 0
This indicates that both antisymmetrical unknowns x5 K ::G are
also nil, were the frame of figure 3.,18(a) actced upon by a systam

of antisymmetrical lcads it would be the symmetrical unknoims that



would become nil,

From the above the following rules can be formulated:

1¢ When a symmetrical structure is acted upon by a
symmetrical system of loads only those of the unknowns
which represent the symmetrical redundant reactions
remain different from zero, while all the unknowns
representing antisymmetrical reactions become nil.

2. When a symmetrical structure is acted by antisymmetrical
system of loads, only those of the unknowns which
represent the antisymmetrical redundant recctions
remain different from zerc, while all the unknowns
representing symmetrical unknowns become nil,

3,2 LOAD TR/ANSFORM,ATION METHOD

The two rules formulated above are applicable to any
symmetrical structure regardless of the actunl distrilbution of
loading, for the reason that any system of loads con be casily
replaced by an equivalent combination of two separate systams,

one of which is symmetrical and the other antisymmetrical,

. o l
L I T T J

| ! )
by 7 E 72 e e
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The symmetrical structurc of figure 3.19 is acted Ly a
uniformly distributed locad of gkn per unit lenght and by cne
concentrated load P, both are nonsymmetrical, These two loads
may be replaced by two groups of components appearing in
figure 3,20a end b, The first (a) being symmetrical an:l the

second (b) being antisymmetrical.

H | o
- | ,E
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[ | & . O | K. Rt
, ! = ! }}i { 7
: a
{ ' ! '
.: | |
D s e j— s e
{' Y (t 5

Figure 3,20

When a symmetrical structure is acted upon by symmetrical
loads alone the symmetrical unknowns remain different from zero.
Consequently, for the simple statically determinate structure of
fiqure 3,.,19{(a) acted upon by the loads appearing in fiqure 3,20
only the symmetrical unknowns xl, X, and Xy must be calculated,
The cceresponding equations become:

X011 + ,E12 + X013 +NAW = 0
X021 + X,822 4 %,323 442 = 0
532 4 x3¢, 33 +A3p = 0

xie. 31+ X,
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For the same reason the same reason the system of loads in
figure 3.20L applied to the simple structure of figure 3.21b
will provide three antisymmetrical unknowns Agr %o and X

consequently, these equations becomes

‘

X544 4 X545 + X546 +A4p = O
lx r\ > ( —
xﬁlt" 54 + XSE__, 55 + },6(:)56 +A5p =0

5 : »
X4~.J 64 + X5(565 + KGE_-GG +A6p =0

In certain cases the replacement of loads by their symmcetrical
and antisymmetrical components may compllicate the computations
instead of simplifying them and as a result the applicetion of

this procedure cannct he recommonded utconditionally.

3,10 ACCURI/CY CONTROL OF ALL THE TERMS ENTERING THE STULTANEOUS
EQUATIONS

The ccefficicnts to the unknown and the free torms of the
simultanzous egquaticns represent displacements induced in the slmple
statically determinate structure by unit forces acting along the
direction of the unknown reactlons as well as those due to the

actual loads. These displacements are usually chtained through



the multiplication of the corresponding bending moment dlagroms,
Errors which cecur while carrying out these operations Influence
further calculations and therefore render erroneous the valies
of the redundant reactions finally ol'taincd,

Errors in the displacement valucs can usually be detccted
using the procedure descrilbed hercunder.

Suppose that for the analysis of a structure redundant
to the nth degrec reactions or groups of reacticns xi, Toeee
Xi Xpe» have been adopted as unknowns., Apply to the simple
statically determinate structurc all the unit forces corresponding
to these reactions and construct the diagram ¢f the resulting
bending moment., This diagram is given the name summary unit

- wa

bending moment diagram designating its ardinates by Tise in any

cruss-section the ordinate RS will thus equal the algebrcic sum

of all the ordinates ﬁ,l, i'»iz

Multiply successively the lig graph area by the unit bending

a0 e .Hi-u’ Mnl

> etc. each of the products this obtcined

will be equal to the algebraic sum of all the coefficlents to

moment diagrams ﬁ‘l’ M

the unknovms of the corresponding equations Lecause

i=n . , , ( el
? *ﬁ = (11 "‘(_-12 +a:~_13 + weoa +,_,in ={.‘ \M ﬁ-—:_-: +
i=1 - 5 11
-\_1 -—ds \-‘_-'—— ds I!_ - e - ‘-1;3
! ‘5M1MZEJ +eee 4, MMnES = B AN, (Mlﬂqzﬂ.,...:,n).sj =
e OB
\ —
M1M2 B3 tis

For the same reason we may write

021 4022 4723 4 ceen #2320 = 28
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It follows that the algebraic sum of a2ll the coefficicnts to

the unknowns contained in equation i must be equal to 13 where

5 Limoy S8
s = ;) M MeEd

Hence the values of all the unit displacements forming the
coefficients to the unknowns f the first of the simultoncous
equations can be checked comparing their sum with the vidu. ol
dis

is_n
‘F& s H=1s
i=i

The algebrailc sums of the coefficients to the unknowns of
all the other simultaneous equations may be checked in acxactly
the same woYe

The above procedure permits the verification of the
coefficients to the unknowms ¢“ ench equation separatcly,

— H v
- denotes the sum of all the values & 184 ¢ 28eee) (NS

fe€e, ! = 18 4+ '28 41 35 4 aaa. 4008
But since B _ 'Bﬁirs-%sj-
2D, \:ﬁzﬁs%
ERLLT -

Its found out that

s o Ll w de = cs i mds
Wiz = i — H e - aa 3 1. 55
!_\I' Z\FBH‘IEJ + MsH — + + ‘-'-Hs =5
¢ e = ds < i=2ds ¢
eees ¥ = \ =
AL + B Es 19gy =088

Consequently ' ss = . \[i§ -3-

and § |, = (s
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The last expression permits a simultaneous check on the
accuracy of all the coefficients to the unknowns contained in
all the equations of the given systeme The check is corricd
out as follows:

(a) Find the algebraic sum of all the couefficicnlis to the
unknowns {unit displacements) contained in a1l the
equations cof the given system,

5 Ra (F11 67722 4033 4 ves s1/m) » 20812 4013 &

eees +(2in + 023 L2 4 wee B0 $CBL b sene 4

;‘-n-i,n).

(b) Using the method of diagram multiplication £ind the

3 . =2ds
(" & i & =
values of /iss . ] M?-EE

(c) Compare the two values obtained as describad ohove,
In a2 number of cases the following inequality may help
erroneous
in finding / coefficients to the uninowns.
M1 x 2ikk ('i"‘k
The contrel of the free terms of the canonical equations will be
carried out in a similar waoy.

- s .
2 MSH;;E-E where I-;p

(a) First compute the value of “'sp =
represents the bending moments induced in the conjugate
simple structurc by the actual loads.

(b) Check whether |, i = £1p +3 P + seee + LT = £ SPe

In general it is quite sufficient to verify simultancously the
coefficients to the unknowns of the whole system of equation.,

If this check reveals an errcr. it is recommended to veriiyv these
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coefficients equation by equatiocn as described at the beginning

of the present article,

3,11 EX\MPLES

The examples below will be used te illustrate the various

methods meant for the simplification of the calculations of the

method of forces as described in this chapter.
Example 1: Construct and check the My Q and N diagrams

for the double span symmetrical frame shown in figure 3,24.
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The frame under consideration is three times staticolly
indeterminate figure 3,25 shows one of the simple structures
which could be adopted for the solution of the probleme This
will invelve the simultanecus solution of three equations with
three unknowns. The problem will be considerably simplilfled 1
the unknowns are grouped as indicated as in figure 3.206.
In this case the canonical ecuations become

xic‘; 11+ X, -fl"‘12 +/ 1 =0

J{,l.-" 12 + X,.722 +/.2p = 0

-
X333 +03p = 0

The unit bending moment diagrams ﬁ‘l’ EZ and Fia corresponing to

the case under considerction are given in figure 3,27a, b and ¢,

while that due to the applied lcad is presented in figure 3,28

| e
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g f\l i C Lf ) O M‘
Figure 3,28 Figure 3,29

Multiplying the appropriate graphs cne by the other we shall
obtain the values both of the coefficients to the unknowns ond

of the free terms of the above equations.



3
11 = 2(a.-3-.-2-a-1- + deasagi=—'= 2a
1 3En

&

) + 2&'2'.-3'1"“'" -::a'-
EJq e R |
A -3Pa.23,a _ _ -3p,3
- 3P2,2,1 2.a . _a 3,a. JdPa_ 2P g
Lpe 558 23542 PFut W 2 rEes
Jra, IRa2a, -1
44 YAV %2 192EJ4
3p
Pal1 =3+ 3
é3pu(-§a-§.-§+ 8 ‘_1"" 2_1a _a = B
2 27472 283 IGET,

The displacements thus computed are checked using the “owanmory®
unit bending moment diagram ﬁs due to the simult:acous appliection
of all unit forces alons the unknowns (figure 3.29). The vialue

of c‘" ss is obtained roising to the secund power the T:s diagrame

: v ! w=2ds aa a a 5 'Sa S
o~ = 2\ = (e merrgm s & == > s s llle dd Prtrarpeh]
. 88 ; MS*EJ (2232 U(Z—'ﬂz-'~21+22‘12 +2d )
%
3
1 2_2_ a 21a
£, * 2'2“'2'3'1::.11 v AET,

checking that the condition = 88

- 21’ 520 o 30 2.0 2180 21
B01 ~ 3EJ1 Y 12oa t BEor Y AEo1 O ZEg1 T UGM

It folluws that all the unit displacements are corrects



Determine also the value of / sp by multiplying the FMs diagram
(figure 3,29) by the Mp one (figure 3.28)

fzpds -1 3pa12a a 3 2, Y2
Asp "ZJ FePgs = 26T, (§E‘2‘2'3'4 +'3.6 ‘2°n% Groegnat
3
2 =35k
— a

- ——

192501

3 a 1P a 1P a 5 1
g 3 * 73 a.d) + 7 e (3.-5:-1 ¥ 3.2.'1) =

check alsoc that the conditicn isp =} /A is also satisficd.

3
=35 _ -3P3 _ 1.3 P3 =35p 3 ~35p 3
- 2 O, a o

192EJ4  16EJ + . B
1 %I T 6B Tpmsr D,

This also implies that the displocements due to the applied
loads are also correct. Introduce the values of the coefTlicients
to the unknowns and free terms into the system of canordeal
equations deduced for this problem,

Miltiplying the first of these equations by 3.5_'.33.‘3.:‘- aaa

a

the last one by%‘ﬁ'—ﬂ we obtain
a

320X1 + 48Xy =~ 36P = O
48)(1 + 16X, - 1P = C
48x3 +P=0
The solution of these equations leads to

X, = 383 X, = TB; X, = =P
1 56 2 T 3 a8

The construction of the resulting bending moment diagrom Zo: the
given redundant structure will be carried out in the followlng
sequence, First, determine the bending moments induced in the

simple structure by the redundant reactions xi, X, and 5 obtrined



above. For this purpose multiply all the ordinates to the unit

bending moment graphs El

of these reactions, The three diagrams thus cobtained are

5 ﬁz and ﬁa by the respective magnitudes

represented in figure 3430, 3,31 and 3.32. 4 v,
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Figure 3433
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The ordinates to the resulting bending moment diagram con now
be obtained summing up the crdinates to these diagrams with

those to the Mp diagram given previously in fiqure 3,20.
MCB = D = —3Fa ~7Pa Pa 3P,
176 44 48 Tgo

MBA = MBC = -ig_ +°—E& 40 = -Spa

176 48 132

oo o By Ty B e By me
176 22 48 4 "g'é""
MDE = -3Pa -7P:*. o f_a_ * fg N -‘].'J"Pa
‘173 22 48 4 LT
MDG = 0 + 0 + -P_c} + 0 = i?_
24 24
HED:PEF::-:;PJ"'O*E*O:Pa
176 48 264

In all the above expressions MBA denctes the bending moument at
cross=section B of member BA, MBC denotes the bending rmoment
at cross-section B of member BC and so forthe. The diagrin of
the resulting bending mcments are plotted as in figqure 3.332.

ifter the bending moment determination, that of the
shearing forces are proceeded as shown below,

QAB = QB = MBA=MiB = =5P, - 0 = <5P

a 132 132
a
QBC = QCB = (o7Fa  5Pa 1 57R
264 132 a/2 ~ 132
QD = Qic = (Fa | 47Py 4 ~75p

QDE:=QED=(.}_E_+'17PE1‘1 3p



g2

-P
QEF‘QFE.,_ai_i
264°a 264

QDG = QGD = fas1 _ _P
24 a 24

These values are plotted as in figure 3.34.
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The values of the normal forces will be derived from the
equilibrium of joints B, D and E isclated in succession
(figure 3.35a, L and c). In those computations unknown noraal
stresses will be reckoned positive i.e. causing the extension

of the corresponding member.
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Joint B (figure 3.35a).
-NBA = 57p = O

132
where from NBA = 1%%% (compressiocn).

= 5P 4+ NBD = 0 therefore NBD = 222 (compression)
132 e

Joint D (figure 3,35L)

y o ~NDG = 75p = 3P = 0
N 132 44

where from NDG = -%- (compression)

= =NDB 4+ NDE = 5= = O but since NDB = NBD we finally have

P =3P B

NDE = 57 ~132 = 264

(extension),

Joint E (figure 3.35c).

¥ % ob w NEF = 0 wherefrom NEF = k-
44 ";4
(extension).

P NED = e

X = =NED + el = 0 therefcre NID = Se

(extension).

The diagram of normal stresses is given in fiqure 3,36,
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Example 2, Required the complete stress analysis for the two

storey frame for a factory building loaded unsymmetrically



along the top crossbeam. The different rigiditio of all

the frame members are indicated in figure 3.37.
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Solution:

The conjugate simple structure will be obtained sectioning
both cruss bars at mid span figure 3.37(b)e. The bending moment
diagrams due to unknown unit forces are given in fiqure 3.38&,
The diagram of the bending moments induced in the samc simple
structure by the actual loading is given in figure 3.39.

Owing to the proper choice of the simple structure all the
following secondary displacements reduce to zero, 12, ¢ 15,

23, /24, (26, (35,45 and (56,
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Figure 3,39

In this case the system of simultanecus equations will

fall into two separate groups,

the first containing four

unknowns cut of the six and the second two unknowns only,

(a) The first group:
x,l{_) 11 + )%L‘ﬂ
< p
X, 031 + X,033
x,l{, 41 + xaf& 43
.
\
X1(,¢61 . x3(-63
(b) the second group
K o .
Xzf__ 22 + AS._.»ZS

- ("
xzfl 52 + X255

+ X,C18 4 X (16 = =AY
+ X, 0130 & X236 = ~A3y
+ x, (044 4 xGéws = =lid)p
+ x,064 4 4166 = =4 6p
= =/A2p
= -AS5p
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All the displacements will be calculated assuming that EJ =

1 ton sq m.

i dxl 2 2 6 2 2 2
+ oo e—— ——- - ;.'1‘ = 4.0
11 5 x3x4:ri-+6 {2x1" +2x10 +2x4x10)-§ 354,7
13 =4xa L 2 4410 2
5 x1x1+6x 5 x1x2.,58
Cx6 2 2
A = —=2ra = = 14
D11 = Sx6)5 = 14
5'1‘-.16:6x1x‘1x-%+4x'1x1x+6x'1x1x1='1'?
6x6 1
I“" | e T =
i 34 > y2x2 18
({'-36=1x6x-%x2=6
a4 = 6x6 2 6x2 72
2 3 2
Aae 6%6 1 _
A6 = 3 x2x2_1c5
d 1 p
.,._.66=6x1x1x1xz+6x1x‘lx-§x¢=75
é22=§-%3-x-§-x3x—%x2+4x3x3x2+6x3}c3:t'.f.==135
«?.}.25=3x6x3x%x2=54
3x3 2 1 1 a
&g 3%3 2 1 = 58450
";55 2x3x3x4x2+6x3x3x-2-x2 5
4x4x9 6(10+4)Yx9
Alp =559 = “ g = %1
~9x3 3 . 693
A2p =5 x5 %3 - ax9x3 - = 199,12

2
L“-Sp =-3x9x1 4x9%1 _ 6x9x3 = 67,50

T 3x2 1 2
A4p = _i]g'%g' = —81

A Sp = ~-6x9%3 - -84

a 6p = ~-6x9x1 - 27
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The values of these displacements are checked to malie

sure to the expressions

a . --st i - ——ds
Gss = Fggr and sp = ,MsMpEJ
i.e. .88 ="{and /.sp =; A « Both of these cond.tions

being satisfied, we may be sure that no error has becn cumnitted
in calculating the unit displacements, 3ubstituting the values
of these displacements in the two groups of simultanecus
equations, we obtain

354-7}(1 + 53)(3 4 ‘144}(4 + 421(6 = +261

58X1 + 17X3 + 18X4 + 636 = 67.5

‘14411 + 113)(3 + '?23(4 + 18}{6 = 81

42){1 + 6)% + 18}(4 . 75}(6 = 27

135X, + 54X, = 199.12

2 5

54.){2 - 58.5}(5 = 81

The solution of these equations leads to the following pedundant

reactions
)(:L = 0,607 tons x4 = =0,692 ton
x2 = 1.46 tons xs = 40,037 ton
X3 = 2,753 ton-metres g = <0340 ton-metre,

Applying all the forces to the simple statically detcrizinate
structure and calculating the bending moments induced both by
the reactions just obtained and the actual loads we find,

M56 = 4+1446x3 + 2.753-9 = 1,87 ton-metres

ME5 = =1.46x3 + 2.753 = =1.63 ton-metres

M34 = ‘10.037}:3 = 0,340 = =0.23 ton-metre.
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M43 = =0,037x3 = 0,340 = ~0,45 ton-metre
M35 = 40,607x4 + 1.460x3 4+ 2.753=9 = +0.56 ton-metre
MA6 = 40,607x4 = 1.460x3 + 2,753 = 40,80 ton-metre
M31 = +0,607x4 + 1.460x3 + 22753 4+ 0.037x3 = 0,340-9 = 40,33 ton-metre
M42 = +0,607x4 = 1.460x3 4+ 2,753 = 0,037x3 = 0,340 = 40,36 ton-netre
M13 = +0,607x10 + 1.460%x3 4+ 2,753 = 0,692x6 4+ 0.037x3 -~ [4340=9 =
0.18 ton-metre
124 = +0.607x10 = 1.460x3 + 2.753 = 0,692x6 — 0,037x3 «« Ue3240 =

-0, 16 ton-metre

The final bending moments are entered into figure 3.40.
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Figure 3.40
Example 3

Required the complete stress analysis of a double-span

symmetrical frame loaded with one horizontal force fiqure 5.41.
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The frame under consideration is redundant to the third
degree. The statically determinate structure adopted is
represcnted in figure 3.41(b). The bending moment diagrans
induced by unit reactions will be constructed for the follow'ng
groups of unknowns:

x‘1 consisting of two horizontal antisymmetrical forces,

x2 consisting of two vertical reaction at the central cupport,

x3 consisting of two two symmetrical horizontal forces,
The corresponding unit bending moment diagrams are ~hown in
figure 3,42. The force acting on the frame is resolved inte
two groups of components, one symmetrical and the othor

antisymmetrical as indicated in figure 3.43(a) and (b)e <he

bending moment diagrams due to these components arc also given



in the same figure.
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The displacemonts  induced by the actual loads will be obtalned
multiplying the bending moment graph due to antigymoeetrical unit
forcas X1 figure 3.42(a) by the graph of figure 3,43(k) duc to
the antisymmetrlcal camponent of the actual load. The sane
operation is repeated with the graphs due to the symmetrlceal
unknowns X, = 1 and X

2 3
the symmetrical componoents of foree P given in figure 3.43(a)

= 1 on on¢ hand, and the graph duc to

on the othar., The secondary displacements 12 and 13 will
reduce to zero, Consequently, the three simultaneous oquations
become

X, F 11+ jidp = 0

1
]

xzdjzz + x35;23 +.52p

il
(=]

x2ﬁ332 + X, 033 +A3p

The: displacements are calculated assuming that EJ = 1 ton som

(111 = 2 x 10244 x 7.5%0 + 2 X 10.44x3%905 + 2x745x745%5 +

- . S—— —_— P ——

3 2x3 2x2

.1915X21x1i = +2253.1
2x1

3
%

.22 x 10.44x5x2%5 = +58

3

2x3

(133

Il
b

X 10244x7.5x9 + 2 x 10.44x3x9.5 + 2 x 7.5x7.5%5 = +709.60
3 2x3 2x2

]
b

’{.d‘23 X 10-44}(53{905 = +165-3

2x3

It
ro

X 10.44x15,75x9.5 + 10.50%31.50x11 = +2835,90
2x3 2x1

Afp

A2p = 2 x 10.44%5x3 = 452420
2x3

X 10.44%4.50%x9.50 = 4+148.77
553

1]
N

./\3p
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Substituting these values into the above system of equations we
obtain
2253..‘1)'(,l = =2835,90

58]{2 + 155.3){3 = «=5242

‘155.3X + 709.5){3 = -148.77

2
The solution of these equations yields xl = 1.259; X, = 0,000 =
0.9 X3 = 0.
The bending moments at different crossesections of the structure
will be

M45 = $1.259 x 7.50 = 4+9.44 ton-metres

M54 = $1.259 X 10.5 + 0e9%5 = 4,5-15.75 = =2,53 ton-mectres

M56 -1-259 X 10-5 + 0-9)(5 - 4.50 + 15.75 = +2¢53 ton~nctres

FB5 = 14259 X 7.5 = =9.44 ton-metres
M52 = =1.259 X 21 + 31.50 = 5.06 ton-metres

The corresponding bending moment graph is represented in

figurc 3.44.
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SUPPORTS ON FIXED-END REINFORCED CONCRETE ARCILS

Temperature changes, shrinkage and settlement of supports
leads to the appearancce of stresses in fixed arches,

Temperature Changes

Vs P e (T
/ of T NN

_/ / t / o \
{ / AN i ,/ 4+, S /
Co I/ Bx
k‘{ / 'LLEéqyw Vs
_}k Lro Lr"z_
; . 1;}ﬁ_
Figure 3.22 Fiqure 3.23

Expressions will be established to enable the prediction of these
stresscs, PFor this purpose assume that the temperaturce at the

extrados has been increased by t © while at the intrados by tﬁo.

1
It is admitted that within the thickness of the arch the

temperature varies linearly and therefore the increase in

temperature at the ncutral line will equal t1 + t2. The difference
2
in the temperature (ti—tz) is denoted by t, and half thn» sum

-

of these tamperatures by t. The simultaneous equations epressing

that the displacements aleng the redundant constraints transferred to
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the elastic centre of the arch are nil figure 3,23 beconc ‘n

this case

(\
XtC11 + At = 0

0

X,t 022 + At

x3t2533 + At =0

Since all the displacements of the arch caused Ly tamperiture

change arc symmetrical, the displacement Atz must be emal zero

and consequently xzt is equally nil, The deflections dua to a
temperature change are given by
| '~ ds toat. ¢
A‘lt = "“tf’tzj \hi I ot 1 2 \ﬂds
et 2 ! 1
.o ‘{m 8s
Ast =Xt (g
-5
or ‘ﬂ'lt s YAt ( (Y—ys)fh‘-?-}%s- - vt i Cosexds
J-
‘ds
A= wor|E
J

In this expressions h represents the thickness of the. arch and
OX is the coefficient of thermal expension. The value (11
(with due regard to the influence of normal stresses) is given

by ) B
95‘11 {|(y—y5)2% + (Coszcbe-g—;

while the value of () 33 is provided by the expression (33 = \ »g-g-.

A

Introducing the values of A‘it’ A3t’ ((‘:11 and (333 in the

simultaneous equations of the redundant constraints we obtain

n
_ ds {
X ﬁt-!: {y-y‘)-E- + xt J CosOxds ~ A1t

= = X t
2ds = 2_ds 11 1
E‘(y—ys) = \SCos e E;

L
-

- =
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The fixed end moment dU® to a temperature change can be computed

using the expression

MAt = x3t . Xit (f=-ys)

For a parabolic arch whose neutral line follows a curvae given by
2

Y <]
ML

Y = and whose cross=sectional moments of inertia and

thickness vary is accordancce with the expression

Jc hc
J=Goasd D ™Tosb

Jc and hc represents the moment of inertia and the thicinecs at
the crown respectively

xit and xat arc glven in this case by

Xt = < tl 45 X tEJc

‘1 e = - e e
(ltu) 4 2 1 4(1+u)f2
75° Bie

(1)

Xyt = -}-é—-‘)c,_‘ltmc

\ 2..ds

where u = Cos Oxg—

(oo 2 85
.}(Yhys J

The first ex;ression indicates that the thrust due to a
temperature change increases with the rigidity of the arch and
with 2 redunction of its rise. While a reduction in tic cross-—
sectional dimensions and the usc of the materials with lower

modulus of elasticity will reduce the stresses caused Ly

temperature changes,
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Shrinkage

Stresses sct up in a reinforced concrete arch by the
shrinkage of concrete can ke calculated in the same way as those
due to a temperature change. IFG¥ is the coefficient of thermal
expansion of concrete, t would be the strain per unit LlLenght
caused by a change in temperaturc equal to £%.

The shrinkage of concrete leads to a shortening of all
linear dimensions by approximately 04025 percent, Tf the
coefficient of thermal expansion of concrete is equal to
0.00001, the shrinkage may be regarded as equivadent to g
drop in temperature of about 25%. DBut in actual design this
is usually reduced to 10 or 15% for in reality the arcihws are
cast scection by section and therefore only a certain fractlon
of the total shrinkage must be teken Into consideration, Thus
the stresses set by shrinkage in a fixed end arch may be
computed in exactly the same way as the stresses due to o drap
in tempernture from 10 to 150c.

Settlement of Supports

Statically indeterminate arches may become severcely stressed
riot only due to the application of external leads or due to
temperature changes or shrinkage but also in the event whon one
or more o, thelr supports suffurs a linear translation, an anqular
rotation or both. Using the figure below, if supports I3 moves
and attends a new position B!y The horizontal and vertlceol
displacements of the support will be taken equal to 'at and 'b}

respectively and its angular rotation to 4.
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The influence this movements has on the structure will e:amined
using fiqure 3.,24b, ¢ and de In the first case the direction of
the redundant, The canonical equations will then kave the
following shape.

xS 11+ X812 + xarqﬁ +a=0

X921 + xzoczz + %,023 + b + 10 = 0

)[1631 + thi‘B?. - X3(533 + 44 = 0
for the simple structure of figure 3,.,24d this same equatiors

would become
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X1911 « X,012 + 5,013 +4,4 = 0

xS 21 + X,022 + 5523 WDy A =0

x1631 + X,032 4 x3633 Ayp =0
A ? Azd and A3/J are the displacements of the conjugate
simple structure along the directions of xi’ xz and £ cue to the
horizontal and vertical morements of the righé hand supports

The displacements are recadily computed using the axgpresslion

xiﬂi,’_\ +E|.26= 0
the computed values of 4\1_6 5 A‘z’
Aop “5‘3’*%“ 0 Au,“%"%mﬂm -

Introducing these values into the simultancous equations we

A and AB& are as bhelow

obtain,

Constraints coincide exactly with those of the support
displacements the unknown reaction X 1 follows the direction of
the horizontal displacement, the reaction X2 that of the vertical
one (though being opposite in sign) while the moment 5 acts
along the direction of the rotation suffered by the cross—
section at the support. The magnitudes of these reactions must
be such as to render the displacements of the simple statically
determinate structure exactly equal to thesc stipulated in the
problem, The canonical equations expressing this idca will be
in the following forme

x@n + xzéaz + %013 = a

xibzi + xzé 22 + x3é23 = b

xié)n + X,032 4 x_‘daa =0
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The negative value of the last term of the second equation is
due to the fact that reaction xz is directed upwards while the
support moves dowrwards.

If the simple structure of figure 3e24c were adopted it
would become necessary to regard the displacements of suphort
b as a system of external loads. This would be reflected by
the introduction into the canonicnl equations of firee terms
corresponding to the said loads, these terms being desiqgnnted
as usual by A, A, and A, and these tems will have

the following values

A= 4_2,4 = =b +10; A3,} = Q

\ a b

X,lé‘.l‘l + xzé}ﬂ + )(3(}.‘1.3 -G+ =0
5 a b

Xib21 + X2022 + )%(5\23 - ('-é?l'-'i“) =0

x1(331 + x2632 + xaf_;‘:sa +2 =0

From the foregoing chapter it can be seen that the method
of forces is a very convinient method that can be uscd as an
exact means for the computation of the stresses induced on
redundant structures., The elastic centre method as has been
presented is most convinient for arched structures only, Ilethods
like the use of symmetry, grouping of unknowns, symmetrical and
unsymmetrical loading and load transformation have been exanplified
using highly redundant frames which are similar to arches in

many aspects,
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CHAPTER FCOUR

APPROXIMATE METHODS OF STRESS ANALYSIS OF REDUNDANT ARCIES

Resort is often taken to approximate methods of stress
analysis of redundant arches because the nuetral lines of these
arches and the law governing their cross-sectional vari:tion
cannot be expressed by analytical equations which befits
practical purposes. Consequently the analysis of the dellcctions
of the conjugate simple structure is rendered impossible, because
this analysis is based on integral calculus,

Two approximate methods of stress analysis of redundant
arches will be described and illustrated with examples as a
means te explaining concisely their applications. Thorealtor
one of these methods will be employed in the stress analyvols of
an alrcraft hangar in chapter. five.

FIRST APPRUXIMATE METHOD WITH EXAMPLE

The arch meutral line is replaced by a polygon of from
8 to 20 sides, The cross-sectional areas remain constont along
each of these sides, Their dimensions are equal to those of
the given arch as measured over the centre of that particular
are replaced
side, All the loads applied to the arcl/by concentrated loads
acting at the apices of the polygon, The magnitude of these

loads is taken equal to the combined support reaction of two

contiguous simple beams carrying the same loads and having the
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same lenght as the corresponding portion of the arch, A simple
conjugate structure is adopted with or without the tronsfor of
the redundant constraints to the elastic centre, The deflagticns
and rotations can be calculated using vereshchagin's methed of
graph multiplication, The stresses obtained by this produce

are practically equal to those induced in the curved arcli.

EXAMPLE BASED ON THE ABOVE METHOD
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Figure 4.1 is a structure (arch) with a 24m span and 6m risc,
The nuetral line of this arch fcllows a conic parabola and the

cross-sectional moments of inertia vary in accordance with the

Jc
Cos0x”

distributed load of 2 tons per metre run. The bending noments

expression Jx = The left semiarch carries a uniiorndy
(M), the shear (Q) and the normal (N) stresses are reqiired,

To compute the stresses the arch span has been divided
into 8 ecqual parts thus adopting n = 8 and a = 3 metro:,
Inscribed into the given arch a polygonal one as indicatcd in
figure 4.16, The equation of conic parabola in the ccordinate
systen ‘! 06, whose origin coincides with the centroid o7 the

section at the left hand support becomes:
af ; AxX6 on 20
=30 =) = 2 O =@ &

The values of '} at the boundaries of all the differcnt segments
are indicated in the same ficure. A conjugate simple structure
is obtained by assuming that the arch has been cut at the crowm
as indicated in figure 4.1c with the transfer of the rcdundant
constraints to the elastic centre.
The cordinate ys of this elastic centre in the coordinate
system xy is computed by the expressicn
o
3ka

Since Ji is assumed constant for each side of the polygonal arch

the expression for ys becomes
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i=n
‘-'.:' yi-1 + yi. Si

?-'fgi' 2 Ji

il.’] Sj.

¥s

i=1 Ji
where Si = lenght c¢f the segment
Ji = moment of inertia of the same section

yi=1 + yi and the ordinate to the centre of this side,
2

In the case under consideration where Ji = Jc __ whare
CosQ:

i 18 the inclination of side i of the polygon tc the horizontal

and therefore Si S8iCos@i _a

. fa Jec Jc
a isn
hence 353G \ i=n
% (yi= 4+ yi) .
;’ (yi=1 + v3)
Ys . =1‘. - 2 -
a 2
b - e n
or with due regard to the symmetry of the arch
i=n/2
2 <; (yi-1 + yi) i=n
&
yo = _i=] - | 3 (yi-1 + yi)
2 n .
n i=1
i 27
wherefrom ys =3 (6 + 5~ %2+ 15x2 + 0,375 x 2 + 0) =

2.0625 metres
The exact value of ys for a parabolic arch whose moment of

inertia vary in accordance with the Jx = Jc and equal to -%f
Cosex
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The figure 4.2 (a=c) represcnt the bending moments induced in
the simple structure by unit actions applied at the elastic
centre, Figure 4.3 represent those induced by the actunl loads
concentrated at the apices of the left half of the polygonal
arch. At both ends of this arch (points 0 and 4) these loads
are gqa = 3 tons and at the intermediste points (1, 2, 3) these
2
loads amount to qa = 6 tonss. The reaction of the unlnown
constraints will be given by:

SN 5 =229 o ik, = EH

D
'1 = ‘ri'l-l -2 T/?.j 3 [ 33

Displ-:cexm.-nts}.‘- and A will be obtitined by multiplying the gropis

of figure 4.2(a-c) by those of figure 4.3 using vereshchaoints

method, The ratioc between the lenght of cach side of the

polygon and the moment of inertia of the corresponding cross—

section remains constant and equel to 8i = SiCosQi
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Figure 4.3

The unit displacements v ill be cbtained by using Zormulas
peculiar to trapezoidal stress diagrams,

Therefore by raising tho ﬂ: araph to thce second power
we obtain,

22 63 63 2121 63 21 21 21 )

o —— 2

Caq o 22 23 ©J <€l €1 23 22 X S IR A A
@11 = gE5e (203876 + 249616 * 2*16716’ * @*36°16 * 276" 16
213 3.9  ,2121 ., 927 27 21
‘16.713) + {2.16.'16 + 2.16"16 + 2.15.‘16) . (2.1:)_‘_1‘: +
33 33 27 33,, 2,457
2616 * > %) T Imc

The values of tgzz and ;33 will be cbtained in the same way

i.e. raising to the second power the M, graphs i.e. figurc 4.2

2
(b and ¢):



oo

522 = goo (2412012 + 2.9.9 + 2.12.9) + (2949 + 24646 +
o 5N
20906) + (20646 + 2.3.3 + 2.6.3) + (2.3.3) = ‘L=

a 24

% = ghex © - g

The displacements /149, Z32q and A3q due to the actual

loading will be given by the product of the M " Ez and i"13
graphs by the Mq graph {(figure 4.3.3).
AN = g (252 144 - 22081 - 2.8 --2-63.144) +
(-2.%.81 » 2.-;]%.36 - 136 4 —i-g-.aﬂ .
(2052436 + 2529 + 2.9 + 21.36) +
(2.—,21%.9 +%%.9) = -'3-;-;‘3,3-2-3-

A 2q = ?aETJE (20120144 + 2.9¢31 + 12.81 + 9.144) +

(2.9.81 + 2-6ﬁ36 + 9&36 + 6-31} + (206-'36 + 2-3.9 +

6.9 + 3.36) + (2.3.9) = 22

EJc

a 144 =594

ey (AR GY g e

Q3q 3 ( > + 81 + 36 4+ 9) Eie

From these values of displacements are used to compute the

redundant constraints,

- 19 7,371 x 32 _ '
Ry =i =T x 2,457 = 12 tons

x2 = -'—‘3%" B%"% = =1,594 tons
r

X, = -__g.g. R .g%i = 24.75 tons-metres

The bending moment diagram (M) the shear force diagram (Q)

and the normal forces diagram (N) can now be obtained by applying
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to the elastic centre ¢f the conjugate structure two forces

x1 = 12 tons, x2 = =4,594 tons and a couple x3 = 24,75 tor-metres

together with the uniform loads distributed over the letft

semiarch,
The following formulas may used provided, the ordinates
pass through apices of the polygonal arch:

(a) for the left semiarch (figure 4.4)

2
X

H=X,1(Y-ys)+xzx+&.!-q§

Q= X,l Sind + X Cus8 - gxCos@

2

N =X Cos& + X

1 > S5ing - gxSind

(bﬁ?-tl"
o S e VU P
- ‘ K
2 - b
/ ; t J"
i 6_---—-' -
i . i .
| £y” S Figure 4e4a
»’fl
I X { ;J . \
' ' [ 1
i s am— | Y . 7

M T = T
-‘n |7~ L 3
T x| S
" A }x hy Ny . 9
43 | l ¥y .
o l X0 i ‘.-l\'\ ks Figure 4.,4b
< | | y \
]
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(b) For the right semd arch (figure 44b).
M= X, (y=ys) + Xx + X5
Q= - xi SinG + X2COSO

N= X,lCosG + x2$3.n0

In the expressions above x and y are the coordinntes of
the nuetral line of the arch, x becoming negative to the left
of the axis of symmetry (sce figure i.4b), while @ is the
angle between the tangent to this nuetral line and the
horizontale. The values of this angle are positive for the
left half of the arch and negative for the right one,

Normal stresses are reckoned positive when they cause
compression of the arch, The siresses induced in the left
semiarch is different from thc right semiarch because ol e
distributed load on the left simiarche The values of the angle
Q will be deduced from the nuexral line equation

-Ea-foe

wherefrom tan® = dn %(1-2‘;-) - 3x6 (24-26": - 1:—4&-'

CE_ 242 12



The values of x, y and & corresponding to different

creoss=sections of the arch
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_ TARLE 4.1 o
Section{ EM | tan @ e [ Sink [ Cos® | xm| ym
No. ) 1
3 1] ] .
0 o} 1 45° 1 0.%07 ) 0,707 }=-12] ©
1 3 ) 0.75036%52t | o.600 | 0,800 | 9] 3.375
2 6| 0.50126%341 | 0,447 | 0,894 | -61 1.500
3 5t 0,25 14702 0.2425] 0.970 <31 0.375
4,4 12 o] o° 0 1 ol o
3 15 | =0.25}-14%0211-0.2425] ©.970 31| 0,375
20 18 } —0,50{ -26"341-0,447 | 0.894 6| 150
1t 21 | =0475| -367521|~0,600 | 0.800 9} 3,375
0 241 -1 45° |-0,707 t 0,707 2] 6
TABLE 4,2
Ordinates to the ¥ Diagram
. 2 I Ordihates
Sect -l = : =l[3e -
:E.lon g veys [ X Gr=ys) o x]ox HXox K -% X |to the M
For left K,% agr;trgr
. seriarch - f _m es
) 3.9575| 47.25 ~12.00{ 55.13]  }-144.00 | ~16.a7
1 1.3125] 15.75 -9.00 | 241.35] | -81.00 0.85
2 —~0.5625] =6.75 -6.00 | 27.56] |-36.00 9456
3 ~1.6875] 20,25 | u | =3.00 | 13.7g 2 ] =9.00 9428
4.4' | Q| 2,0625{-24.75 fi: 0 o |8 o 0
L ]
30 N | =1.6875]=20,25 3,00 }~13.78 - 0420
ot ~0.5625; ~6.75 | 6,00 p27.56i - ~9.56
» '] #
1 143123! 15.75 [ P 9.00 }41.35 - ~0.85
o | 3.9375} 47.25 E bz.oo }.55.13 - 16487
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TABLE 4.3

Ordinates tc the Q Diagram

Sec X Sin@ | - X xz Cosh | X. Cos@ aqx | —=dose |Ordinates
1 4 s 2y
tio Sind or the |to the Q
No. | left semi diagram
arch
- - . aﬁbub}-rim
0 v 0,707 | =8.484 0727 : -3.248! =24,000 16.9G8 5024
] ] [ ]
" [} ] .
2 0,447 1 =5.364 {0,894 } =4.109 -12,00; 10,720 o 26
: b
3 ' 0424251 =2.910 0.510 t =A.457 ! «6,00] 5.820 ] «=1.55
4,4' 8 0 0 | 1000 |} -4,594 0 0 =4459
o o
3 o }=0.2425] 2.910 11 0,970 | =4.457 - - 1a55
A <
2 ~0,447 | S.364 t]o0.894 | -4,109 - - 1426
1 =0,600 7.200 0.800 | =3.675 - - 3.53
0 0.707 8,484 0.707 | =3.248 - - S5e24
e — L—--——-d-—-———-- ke amgn - --L-—_-—
TABLE 4.4
Ordinates cc the N Diagram
Sec~-| X Cos@ | X xz CLng x231n0 ¢ |=gxsine | Ordinates
tion| ! e Por the |to the N
Noo e left send] diagrom
e arch __ jtons
0 0,707 B.484 0,707 =3,248 | =24,009 16.960 22421
2 0.894 | 10,728 o 10,447 | =2.054 | =12.00Q 5.36G4 14.04
n
3 0.970 | 11.640 <]: 042425 | -1.114 -6,00Q 1.455 11.98
de4r & 1.000 | 12,000 0 0 0 0 12,00
3 3 0.970 | 11.640 042425 | 1.414 - - 12.76
2 "'l 0.894 | 10,728 <0.447 | 2.053 = - 12,79
1 ' 0,800 9,600 -0.600 i 2.756 = - b 12,36
' 1]
0 0,707 | Ba.d64 | =0,707  3.248 - } - 1173
: { ! : :
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Le? SECOKD APFROXIFATE 10270,

In this method the arch is subdivided into a number of
segments generally consisting of 8 awd 20. An appropriate
Simple structure deemed fit for the purposes is chosen and the
Construction of stress diagram duc to the actual laad and
unit loads is proceeded. After this has been done, the
calculations of the coefficients and free terms of the simul-
taneous equations are carried out assuming that within the
limits of each segment the expre~sion under the integral sign
vary linearly. Consaquently, th: corresponding integral will
be equal to the lenght of the segment multiplied by half the
sum of the values of the expression under the integral sign
calculated for the sections limi“ing this particular section.

Thus for instance the displacement (€12 will be equal

iy

8

C oM1oM2. N Ui (CF1,i-1 M2,i-1 M1,iM2,i-1
12 = N o 7 2 LB WL,

ft

i=n

T Min2,d (53 i)

Z EJi |2 2 ,)

i=o

where fi = lenght of the segmont i limited by sections (i-1)
and 1

M1, i and M2,i = bending mome - ts induced at section i by the

unknown X1 and X2

Ji = moment of mertia of the rame section

n = number of segments into vieh *he arch has been divided
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The above expression can alsna be written as

i=n
Sz = X Mi,i M2, i8i
= i

=0

Si is half the sum of the segment lengihs contigous to section i

- 1 o
3i = 51+;i+1

Adherance to the following will enable the determination of the

displacements 5 or A.

1. Compute the values of the exprossions under the integral sign
correspending to each section situated at the boundaries of the
segments forming the arch,

2. Multiply each of the values obtained in this way by half the
sum of the contiquous segment lenghts.

3. Calculate the sum of all the values obtained as explained above.

lb é

- i e
T

1 S &~ -
. J’;. =L
~ L ‘:, ‘ ')

S =14
) o9

4.2 (b) Example: Below is a mrabolic arch carrying a horizontal
load of q=2 tons per sq metre. The span of the arch i=36m, its rise
f=18m. The thichness at the crown is 1.20m and at the adutments

it is 1.80m thick. The M, G znd I i.e. the Moments the slear and

the Normal stresses respective == ~=n »ranired,
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At intermcediatc scetions the thickness of the arch ig given

by dx = dc + da-de i x‘.
0.51
x = the horizontal distance of the cross-section under considera-

tion to the crown. The width of the arch (in  the direction

normzl to the plane of druwing) will be assumed equal to 1,0m.

Cy 2 I-U-(“
e —— e — g = ot
K o i T

H ]
‘.L“ v rl‘ ras ]h‘

The Confugate Zimple structurce with all redundan* reactions

transferred to the elastic cunlre appears below,

\
/IE
:

‘3-.. = — xl \ \\ g: . L‘. "Lf} N
5 L r—t —— % '
“h! J( ' #Ix. jj, o E;
! ’ l,' i £_"’;;,
3 '
) l [ 4 n
AL, i T _Ya Z



The Corresponding Canomical ¢c ations become
X1C11 + Alg = ¢
A2q =0

A3q

2&322 N

(o]

>
ot
-~
.
i
A %]
+

therefore ){1 P C:__;H‘I_

s

Xy= - Q43
033

.

"

To determine the displacemoents ¢11, 222, {;‘:33 Llg, A2q A3a
Subdivided the arch into twelve divisions having equal

horizontal projazctionz as below =

[ 8 =l =l§_ =j.(m:.
12 12 *

The ordinates to the metral line of the arch presented
above, are computcd by using the above expression,

3
“

Lf 2 Lx1 2 _ x
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The angle & between the tangent to the unctral line of the arch and

the horizontal is computed using the expression:

= 2x = X =

T 9

gl

tan

The data necessary for furthcr calculation is given in the tasle
next page. For the right semiarch tan ¢ is positive and for the
left semiarch they are negative. The mean values of segment lenghts

contiguous to section subdivicding the arch will be eczalculated

using the approximate rclation Ji = a with the exception of
cos
gections 0 and 6 for which So = =2 = 1.50m and
2cos

B o el e = Q3
Y6 = 2cos 2x0.0472 T 3.35m

The arch thickness at different cross-gectione has been calculated
using the relationship specificd above

1,80 = 1.20 ] _|
_! b 4

d =1.20 + " = 1.20+ 1x1

30
b |
The moments of inertia are given by =47
12
The Ceoordinates of the elastie Contire with reference to the

adopted axes will bo Xssﬂ and

= '}_96.?0 = Sa}lom.
91.90

MY
el iB
ﬁ
pM
~j c*lcq

The values 496.70 and 91.90 i.c. the numerator and the denominator in

the above expression have been tcken {rom table .5 1in page 117,



e

caction K tzn Sines 5 d, J, £ iz
20 Leit,| Right Y, Mwmwd Cos0 Teft, | Right, . B L v
semi semi .wwm.b seni semi
2xca z1ch b zrech arch 1
o O O ¢ O 1 G G 1.501 1,20} 0.1idd 100 ©
 IUVNIUEN SV SO -
1 -3 3 0.5 12.3333% 0.9Li7 | -~0.3162) ¢.3162 | 3.16 1.30) ©.183) 17.30) E.70
2 -6 € 2.0 10,6667 0.8321 |-0.5547] ©.5547 | 3.61| 1.LO| 0,229 15.80] 31.60
3 -y 9 4,50 11,0000 ! 0,7071 |-0.7071] €.7071 | L.2k! 1.50] G.284) 15,10} £7.90 i
, e — i N SO
L -1z 12 £.0 1.3333 C.60C0 In.:mm..:“xu.u 0. 5C00 5.00F 1,6G] .31 1L.20111€,8
5 -1E 15 12.50 11,6667 | 0.5145 -0.8575] G.857% 5.831 1.701 0.509) 11.80§1L7.50 ,
& =18 18 18 . 2.0000 1 0. L4472 =G .89k | 0.89L4 3,351 1.80] 0. LB&l &6,901124.20
TOTALR 91.90 L96.70
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Computation of unit displaccmeats

Displacement 611 will be obtaincd using the relation
\

F_(Sn .,;z(p{;‘ = L3R )

The above expression tak.s carc of the normal stresses

"ﬂ'U’.’!

K1 = 1(Y=Ys) i.c. 41 (Y=Ys)
N1 = 1(coe®) i.c. i1

F=14 T = Crouss-sectional ard,

- - 2 - 2 .
- D11 = 2| S(Y-¥s)® & + SCos®, &

The term in bracket is wmultiplied by 2 becausc the
summation is carri.d 2long half the arch only. All calculations
relating to EU11 have been .ntered into taste lie6
Using the data obtained from this ta.ﬁstu

BA11 = 2(2702.L + 9.02) = 5L22.80

The diaplacumcnt(fZ? will be e mputed neglecting the influence

o

of the normal stresscs, conscqunutly . ¢ 2N 22 B
we22 = "L.l?

et

Since 1.2 = 1x' this cxprussion reduces to ?}C';: 20 = 22):2

L;I:fn

The corresponding caleulution is entercd into taste L.6
Using the total shown at the oot of the last column we obtain,
22 = 2x8,941 = 17,862
Displacfrnu;nté‘jj will be obtaincd in cxaectly the same way
-2 §
Eé'33 = 2 }}.33

C i
where r-'.3 = 1, leading to ! ;33 = 2;.-34

Using the values of tasle L.7 we obtain F.CS]} = 2x91.9 =

183.8.



Section| T,m | Y-ve |(v-vs)® ) Cos*? oommw S,m |Pynd g OOmmmw 4
no. J : W25 ¥
{¥=Ys) =
1}
0 0 =5.50 129,16 11c.hol302.3 1 1 1.50 11.20
1 Gu3 | =490 {2h.01 [17.30)015., n,9L9 | 0.901)3.16 §1.30
2 : ~3.50 [11.86 }15.8 {132.,6 0,832 1 ¢.69213.61 11,40
3 L. { G.90 10.B81 15.101172,2 0.7071 ¢.5001 k.24 {1.50
L & 75D {6.76 14,60{98,7 0.600 | 0.360]5.00 §1.60
5 12.50 7.10 50,41 11.80)5¢,.8 0.514 ) 0,264]5.83 11.7D
6 18 12.60 [158.76 16.90 [1095.4 0.LL710.200[3.35 i1.80 1 1.66
TOTAL 2702.40 - - - -




120

TABLE 4.7

: . b2
Section Xym X 5 i X 8
no J | J
0 0 0 0.4 |} o0
I
1 3 9 173 | 156
2 6 36 15.8 | s69
3 9 81 15. 1 1223
Iy 12 14 L6 2102
5 15 225 il 2655
6 18 2] .9 | 2236
|
]
Total 91 .90 8941
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Displacements due to applied lo:d

The unit displacements E 3 d will be obtained by

using the following cxpressions.

‘E 4 1 -.'L= K—E“ O L:]U-
Eaﬁﬁ }

|
]
« N
-
N
|
|
-
2%

Consequently

- = o= N (7-ys) 22
Eé“ltl—_‘ L(“ &") 1 J

' 3¢ i ] s Xy

]
~
ol

&D-,_r‘] = - 3x Y di

In all three of these expressions the Summation will be
carricd over the right Semi arch only. The bending moments
remaining constrantly nil.

The correspending calculations arc entured into table 4.8

‘ = ¥V & -

pection VS Y Ve 2 ] e e

XNo X Y N T=Ys Y 50 (Y-rs)x Xt 3

0 ¢ lo howi-s.iolo o Eo 0

1 3 0.50 17.3 | =4.90 1 6.25 | L.30 =21 13

2 6 2,00 {15.8 | =3.40 | 4,.00 [62.20 ~215 379

3 9 L.50 15,10 =0.90 | 20.25 |3C5.8 |-275 2752

L 12 |8 hu.60f 2.60 J€L  lo3n.h ' 21,29 11213

5 15 12.5011.80] 7.10 156.2Q1Uh3-: i*5n91 27657

£ 18 18 6.900 12.60 |32 2235.60 126169 . o241

1 - '
i

momaL 15387.10 ‘1;31‘(8 ' 82255

———— o —— . —
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Using the results of this calculation we obtain
Eda = - UL3,178, EA2q = - 82,255; 430 = - 5,387.10

Intreoducting these values into the expressions for deriving the
redundant constraints, the magnitvde o the unknown redundant

reactions

X, = = M = = 3,178 == 7.96 tons
1 &.'1"11 422,38

X, = - = - 82,2 = [.60 tons

# YR 17.832

. = - AN = - 87.10 = 29,31 ton-metres
3 Sé% 183.?:0

These forces are applied at the clastic centre of the statically
determinate conjugate structure. 7Together with the uniform loads
applied to the arch, they constitvie the complete system of loads
permitting the computation of all the strestes and reactions.

The ordinates to the M, A and U graphs will be obteined using
the following equations
a) For the left semi-arch

X ko

M= X, (Y-¥s) +X,

Q= X Sin® + X, Sin@
b) For the right Semi arch
M= X, (¥=¥s) + Xx + Xy = 912
- 2

2
Ces™ - qy Sin S

-
Q X1 .,1nl'3+ Xz

N X, Cosgg - X, Sinl -~ qy Cos@

2



The expressions for the le.'t sem’ arch differ from thosze

for the right one solely because of the term accounting for the

uniformly distributed load q

A1l Caleculatiocns relative to the ordinates M, N and Q Diagrams

are carried out in tables L.9

J.lt’IO

ared

TABLE 1.9 ORDINATES TO THE M DTAGRAM
Section ¥ =Yg X, (Ye¥e) X5 X X2x 3 -_q.xZ:y? Ordinq"tus
nec. 1 2 to M diagram
For the ton-metres
right
Seml
arch
0 540 | ~L2.96 o |o - ~13.67
- 1,00 | ~39.00 ~3 | -13.8d - -23.149
§ 2 -3.40 | =27.06 -6 | =27.60 - ~25.25
a 3 ~0.90 | -7.16 —5 | -41.40 - ~19.25
@ L 7.60 20,70 -1z | -55.20 - ~5.19
L5 7.10 56,52 —15 | -69.00) - 16,83
6| , f12.80 [100.30 | o |-18 |-62.80 - L6.81
o] > j-s.h0 | -u2.96 R o {m | o 13,67
1 |-4.90 | -39.00 3 | 13.80 © | -0.25 3.86
§ 2 -3.40 | ~27.06 6 | 27.60 -k 25,85
23 ~0.90 | -7.16 9 | L1.40 -20.25 | 43.30
§ 1 5,60 | 20.70 12 5,20 -6l 41,21
2 5 7.10 | 56.52 15 | 69.00 -156,25 | -t.42
g 6 12,60 |100.30 16 | 82.80 ~32K.00 | =111.59

-
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TABLE L.10 CRDINATES TO TuE Q, DIAGRAM

Section X1 Sines Aiblﬂa £2 X, CosB| -qys =] =-qysin |Ordin-tes to
- ’ ™D L -
no. - 2y For the|the  diagram
right tons
semi
arch
{) 6] 1 L - |]_: . tl':..'
-0,216 -2.52 C.949 - - 1.85
-0.555 =L 142 0.832 - - -0,59

0,707 1 -5.63 0.707 - - -2.36
-0,800 | -6.37 ). 600 - - -3.61

t semi arch
i & w 11%) -y o

& -0.858 | -6.83 0.51 - - SN
5 ” ) - o
6 - =0,0894 -7.11 - 0.4l - - -5.05%
0 ) 0 0 213 0 0 L 60

~ =

-4

0,316 2.5% 0.949 -1 -0,32 6.57

f < 2 0.555 L.1y2 0,832 -4 -2.,22 6,03
O
:‘:T. 3 Uo?r)T 5."‘3 f‘I- 'I'r.‘"i "'9 -Gl 36 :}- 5“-‘

F

N 0.800 €.57 0,600 -16 -12,80] -3.67
0.858 | 6.83 0.514 -25 | =21.L8] -12.26
0.894 T«11 0.Lh7T -36 -32,18] =23.01

Right semi
o
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TABLE L.11 ORDINATES TO THE N DIAGRAM

Section HT ka:g X1 CosP| =X, Sing |-X, 8ind)] -qy = | -qybs | Crdinates
number : ) = = 2y| For to the N
right ] diagram,
semi tons
arch
0 1 7.96 0 0 - - 7.96
1 0.949 7.55 -0.316 Teli5 - - 2.00
2 0.832 6,63 -0,.555 2.55 - - 9.18
D3 0.707 | 5.63 -0707 3.25 - - {u.88
o L 0.600 L. 78 =0.800 3.68 - o B.L6
]
. 5 0.514 ). 08 -0.858 3.95 - - 6,04
b=t 6 0 Oolllj.;,'" ,10/6 o -l .l'._.-'l:_ -1.'1 - -~ -'-"JJF
O D
4) e~ 1 T.96 - 0 0 0 0 7.96
1 0.949 7+55 0.316 =1.45 -1 1-0.9515.75
2 0.832 6.63 0.555 -2.55 =L | =3.33]0.75
& 3 0.707 Ce63 C.707 -3.25 -y -6.36 | -3.98
1=
o . ;
R 0,600 L. 78 0.800 -3.606 =16 | =9.60 | -8.60
o
2 5 0.514 L.08 0.8586 =3.95 =25 | =12.85 -12.T1
s ]
®§ 0.L47 3.56 0.29), =l 11 -36 | =16.09| -16,6L
(5 = *
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In the two approximate methods of the stress analysis of
reinforced concreted fixed end arches described in this chapter, the
work i.e. the calculations have been considerably reduced by the
various approximations, Though these approximations affect the
accuracy of the final results but the errors are sc slight and

pause no dangerto the structure if the results are used for the design.
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CHAFYT'R FIVE: BTOLSE ANATYSTO OF AN ARCTTD JBEAL OF A REINFORCTD

CONCHRT™_HATCAR.

The firgt approximate method deserihed and illustrated
with the example in Chapter four will he used for the stress
analysis of the arched beam of the hangar structure. Effects
due to wind on the structure will best he caleoulated using
the second approximate method of chapter four. Influence lines
will also he used for the stress analysisg of this gtructure.
The arched beam refered tn is one of the structural members
of the Bapid City hangar erected between 1947 and 1946 in

Gan Diego U.t7. A,

B, DATA

The rapid "ity Fangar is supported on piles, with tie
.reds connecting the arch abutments. The arch ribs vary from
1.50m to 2.10m in depth and are about é0cm wide spaced 7.50metres
on ¢entres, The slab is shuped like an inverted catenary 17.50cm
at the spring line and 12,%0cm at the crown.

The hangar comprises roinforeed concrete abutments
supporting the arch ribs and extending up to the spring line,
In crder to simplify the construction of forms and facilitate
their movement as the slab is cast section br seetion, the ribs
project above the roof. This results in a smooth unobstructed
intrados., Contraction pints arc placed at 15metres intervals,
Those that fall at third points extend throush the abutment
to the floor of the hangar the intermediste joints are carried
only to the tops of the abutments. The structure has a clear

span of 102meters and a clear height of 27metres at mid-sgpan,
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5.2, ASSUMTIONS

For the purpose of the stress analysis, the arched beam
has been divided into 16 segments. 'The appropriate simple
conjugate structure for this redundant structurc is assumed to
have been cut at the crown, The cross-sectional dimensions
are assumed to remain constant along each of these sides, their
dimensions being cqual to those of the given arch as measured
over the centre of that particular side. ARl the loads applied
to the arch are replaced by concentrated loads acting at the
apices of the polyson, All the deflections and rotations will
be calculated using Vereshchasin's method of graph multiplica-
tion,

The structure is assumed situated in Zaria for the
purpose of determining the wind pressure. ‘The situation of the
strveture is also considered exposed with 2 desipn wind velocity
of 1lkm/h,

The rise of the arch is Trenter than one~fifth of its
span, consequently the calculation of the deflections and
angular rotations may be carried out neglecting the influcnce
of shears and normal stresscs., Put shear ~nd normal stresses
are assumed to be prescnt for the purposcs of familiarization
with their computation.

The most criticsl loading for this struecture is taken
to be, when one half of the beam is loaded with the imposed
load and dead load while the other is only loaded with the dead
loads.

The imposed load used is 0.75KN/m°.
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563 OTRESS  ANALYSIS PY THE FIRST APVROXINATE MYTEOD

The nuetral line of this arch follows a conic parahola
and the cross-sectional moments of inertingvary in accordance
with the expression Jx = Jc The M, © and N calculations
will be done assuming t!‘;atuzl‘:g left semi-arch and the right
one are uniformly loaded with the dead load.

The arched beam his been divided into 16 equal parts thus
adopting n = 16 "nd a = 6,51 nmctres, The equation of a
conic parabola in the co-ordin~t@ systom ?Oi;_whose origin co-

incides with the centroid of the section at the left hand

abutment becomes

= L (L -t)t"’ = 7,75 (27.75-2)F = L(27.75- £)%
L2 27.75x27.75 27175

The ordinate Ys of this elastic centre in the coordinate

system xy ES ';-T‘-é.-
Ys =
te

2|

~a

Since Ji is constant for each side of the polygonal arch

the expression becomes

i=n
¥ S Yi-14¥Yi x 5i
2 J
Ys = Lo i=1
i=n
!
o B

€1 rcpresentd the lenght of side i and Yi - 1+4Yi is the ordinate
2
to the centre of this side.
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In the case under consideration we bave Ji = Je wvhere @1
Coalj
is the inelination of side i of the polygon to the horiszontal

and therefore §i = SiCos@i = a
Ji Je Jc
hence
i=n
a ; (Yi-14Yi)
2ie {=n
i=1 : :{:
> (vistv)
Ts = - <~
- i=1
an
Je 2n
with one regard to the symmetry of the arch
i =n/f? i=n
™ (Yi=14Yi) 1/n \\\\ (Yi=14¥1)
< ' ~
Ys = iz 1 - //
2n -

tan & is obtained from the cxpression

dan = Lo (h-28)
T @2

? is also obtained from the expression

T=4t 1- ) or Y = A{;Q
12 12

The values of x, y and & correaponding to dAifferent cross

sections of the arch appear in table 5.1

Table 5.1
Seotion No. | & tan © o ! sine | Cos © Xm Ym
H C_‘ :
0 o |1.07 Ls° [0.70?1 0.7071 | =52.081 27,751
1 6,51 ] 0.9398 | 13°13°10.680L7 | 0.7288 | —u5.57] 21.27
2 13,02 10,8096 | 39° [0.6293 ] 0.7771 | 39,06 15.62
3 19.53 {0.6794 | 3u° jo.5592 | 0.8290 } ~32.55] 10.85
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) 26,04 | 0.5492 | 28%46" | 0.L813] 0.8766 | =260k | 6.9
5 32.55 | 0.4190 | 22°40" | 0.3854 | 0.9227 | -19.53] 3.91 |
¢ 19.06 | 0,2688 | 16%5" | 0.2770 | 0.9607 | <13.02] 1.7 |
7 4557 | 01586 | 9°1" | 0.1567 | 0.9877 | = 6.51] 0.43
g, 52,08 | 0,028, | ¢° o | 1.000 0 0
7 58.59 | 0.1586 | 9° 1" | 0.1567 ! 0.9877| 6.51 | 0.43
&' 65.08 | 0.2888 | 16%51 0.2770 | 0.9607 | 13,02 | 1,74
5" 71.51 | 0.4990 | 22°40" | 0.385L | 0.9227 | 19.53 | 3.91
e 78.1 | 0.9492 | 26%0" | 0.1813 | 0.8766 | 26.01 | 6.9
3 84,61 | 0.6794 |31° 0.559?] 0.82¢0 | 32.55 |10.85
o 91,12 | 0,8096 |39° 0.6293 | 0,7771 | 39406 |15.62 |
11 97.63 | 0.9398 {13°137 | 0.68,7 ! 0.7288 | 15.57 {21.27
0 104,10 | 1,07 4,5° | 0.7071 | 0.7071 | 52.08 | 27.75

-
From table 5.1

Ye = 1 (27.75 + 21,27x2 + 15.62%x2 + 10,85x2 +

’ 6.94x2 + 3.91 x 2 4+ 1,74x2 + 0.43x2 +0)=

= 149.27 = G,.3%m
1

The exact value of Ys for a parabolic arch whose moments vary
in eccordance with the Jx = Jc 6 equal 'f which in this

Cose
case is greater by Bem. This

5iffﬂrenue can be further reduced
by increasing the sides of the polygonal arch,

Fig. 5.2a, b and ¢ represents the bending moments induced
in the simple structure by unit actions applied -t the elastic
centre. Pig 5.3 represent those induced by the actual loads

concentrated at the apices of the arch. At both ends of the

arch (points O and B) these loads are a
2

and those of the intermediatc jointe ie 1,2, 3, L, 5, 6 and 7 = q=a,
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The unknown reactions are ygiven by
Xt = - é‘!g; X2 = {l?&: x3 — S :‘:ﬂ
a11 d22 033
(al
{}l
Q!

2y

DUAD_LOAD CALCULATION

The arch tickness at different cross sections will be calcu-

lated using the expression di = dc + ga-gc X

di = thickness at the considered section
de = " - "  erown
[ 1]

da = " " abutment

X distance of given section from considered section.

"

1 = span of arch structure
Using the above expression the following results have been obtained.

d8 = 1,50m, d, = 1.58m, d6 = 1.65

7
d2 = 1.95”]. d1 = 2.03.['5. do = 2,10m
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Prom which the weight of the beam at the various cross sections are

obtained

Crown Section 8 = 1,50m x 0,60 x 2.h0KN/N3 -
-1le 7 = 1,58 x 0,60 x 2,y " = 2.28KN/m
wff te 6 = 1.65 x 0.60 x 2.4, " = 2.38
-11- 5 = 1,73 x 0,60 x 2.4 * = 2.49
i s L = 1,80 x 6,60 x 2,1, " = 2,59
== 3 = 1,88 x 0.60x 2.4 " = 2,71
- 2 = 1,95 x 0,60 x 2,4 " = 2,81
-11= 1 = 2,03 x0.,60x 2.4 ". = 2,92
-11= 0O = 2,10 x0.60x 2.4y ™ = 3,02

2.16KN/m

For the purpose of simplicity the average load will be used

= Q.GOKN,/ITi.

Self weight of rib = 2.60KN/m

Thermal insulation = fireboarids = 0.0SBVN/mwt due to slab = 2,70KN/m

Flaster = 0,02 x 2,20 = 0,04LKN/n

l.ater proofing asphalt = 0,02x22.6x75 = 0.006KN/m

Total Dead Load = 5L 11 /m

Live Load is taken to be 0,75¥N/m.

Design dead load = S.LIKN/m x 1.4 = 7.57 ¥i/m.

The loads acting at the apices are computed - asg

Section 0 and 8 = ga = 7,57x6,51 = 2L .6LKN/m
2 2

The intermediate scctions arecs
Q@@ = 7.57 x 6.5/m = };9.2BKN
Moments due to applied loads.
Section B8 = 2L4.6L4x0 = 0
- 7 = 2l 6Lx6.51 = 160KNm
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" 6 = 24.64x13,02 + 19,28 x 6,51 = B2BKNm
"5 = 2.6l x19,53 + Lh9.28x13,02 + 149,28 x 6,51 = 1143 Kim.
"oy o= 2L .64 x26.0L + 49.28x19,53 + 42.28 x 13.02 + L49.28x6,51 =

= 2567KNm.

32.55 x 24,64 + L9.,28 x 26,04 + L9.28 x 19,53 +

(o
il

L49.28 x 13,02 + L9.28 x 6.51 = LO10 BKNm
2 = 39,06 x 24.6l & 49,28 x 32,55 + 49.28 x 26,04 +
49.28 x 19.53 + L9.28 x 13,02 + L9.28 x 6,51 =

= 5775 KNm

Section 1 = 24,64 x L5.57 + L9.28 x 39.06 + L49.28 x 32.5%
+ 149.28 x 26,04 + L9.28 x 19.53 + L9.28 x 13,02 +
- hg.?s x 6.51 = 7860 Kim

Section 0 (abutment)= 24,64 x 52,06 + L9.28 x L5.57 +
+ 49,28 x 39,06 + 19.28 x 32.55 + L49.28 x 26,0
+ L49.28 x 19.53 + 49.28 x 13,02 + L9328 x 6,52 =

The unit displacements will be detcrmined using formulas peculiar to
the trapezoidal stress diagrams. Thus rising to the sccond power,
The M, graph. But first the ordinates of the centroids of the
various cross-sections will have to be determined by substracting the

y-coordinate of the elastic centres from Y.

Section 0 = Y-¥s = 2775 = 9.33 = 18.043
1 & ol 21,27 - 9.33 = 11.94

2 = =11- = 15,62 = 9,33 = 6.29

3 = =11= = 10.85 - 9,33 = 1.52
6.9k = 9.33 = 2.39

h ow il



5 = =1~ = 3.91 = 9.33 = =5.42
6 = =11- = 174 = 9.33 = =7.59
7 = =11= = 0.43 - 9.33 = =8,90
8§ = -1~ = 0 - 9.33 = =9.33

M1 = 22 [T(2x18.43x18.43 + 11.94x11,94x2 + 2.18.43 x 11,94)+
BEJc
+(2x11.94x11,94 + 6.29x6.29x2 + 11.94x6.29 x 2)+
+(2%x6.29 X 6,29 + 1,52 x 1.52.2 + 1.52 x 6.29 x 2)+
+(2x1.52 x 1,52 + 2x2.39 x 2.39 «+ 2x1,52 x 2,39)+
+(2x2.39 x 2,39 + 2x5.42 x S.02 + 2.x S.42 x 2.,39)+
+(2x7.59 x #.59 + 2x8.90 x 8,90 x 8.90 + 2x7.59 x 8.90)+

+(2x8.90 x 8,90 + 2x9.33 x 9.33 + 2 x 8.90 x 9.3}

= 3795 x 2 x 6.51

6EJe

way
The value of 022 and 033 arc obtained in a Sila‘til-lf{ii‘: by raising te

the second power the M, and M, grophs (fig 5. 1b and <)
-

3

(N
(§?2 =22 (52,08 x 52,08 x 2 + 1,5.57 x L45.57 x 2 + 652.08 x 45.57 x 2 )
TEJ

+{45.57 x 45.57 x 2 + 39.06 x 39.06 x 2 + 45.57 x 39.06 x

N

)+

N

+(39.06 x 39.06 x 2 + 32.55 x 32.55 x 32.55 x 2 + 39.06¢32.55 x2)+
+(32.556 x 32.55x2 + 26,04x26.0Lx2 + 32,55 x 26,04 x 2 )+
+(26.0Lx26.0Lx2 + 19,53x16,53x2 + 26.04x19,53 x 2)+

+(19.53%x19.53x2 + 13.02 x 13,02 x 2 + 13,02x2 + 19,53 x 13,02 x2)+

+(13.02x13,02x2 + 6.51 x 6,51 x 2 4+ 13,02 x 6,51x2)+
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+(6.51 x 6,51 x 2) = 43397 x 2x6.51
6EJe

= 9L171
EJe

033 =a x16 = 10410
EJe EJc.

The displacements Alg, A2q and A3q, due to the actual loading will
be given by the product of the H.l, P12 and MB graphs by the Mg graph
fig 5.3

Alg =2 [:f-zx10265 x 18.L3 - 2x7860x11.9) -

TEJe
10266 x 11,9, - 7860 x 18.43)+

+(=2 x 7860 x 11,94 = 6,29 x 5775 x 2 = 7860 x 6,29 -
- 5775 x 11,9L) + (=2x 5775 x 6,29 - 1,52 x LO10 +
+ 2,39 x 2967 x 2 = 1,52 x 2667 + 2.39 x LO10)+

+ (2x 2,39 x L4010 + 2x5.42 x 1143 + 2,39 x 1143 +

+ L4010 x 5.42) + (2x5.42 = 1143 + 2x7.59 x 828 +

+ S.42 x 828 + 7.59 x 1143) + (2x7.59 x 828 4+
+ 2x8.90 x 160 + 8,90 x €28 + 7.59 x 160) +

(8.90 x 160 + 9433 x 16qi1= - 1280652
- FJe

A2a= 2 [ (2x10266 x 52,08 + 2 x 7860 x L5.57 + 10266 x
BEJC
x L45.57 + 7860 x 52,08) + (LS.57 x 786Cx2 + 5775 x
x 39.06x2 + 7860 x 39.06 + 5775 x L45.57) + (39,06 x
x 5775 x 2 + 32.55 x 4010 x 2 + 32.55 x 5775 + 39.06 x
x 4010) + (32.55 x LO10 x 2 + 26,04 x 2567 x 2 4+ 32.55 x
x 2567 + 26,04 x 4010) + (26.04 x 2567 x 2 + 19,53 x
x 1143 x 2 + 26.0 x 1143 + 19.53 x 256?i]+
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+ (19.53 x 1143 x 2 + 13,02 x 828 x 2 + 19,53 x 823 + 13,02 x
x 1143) + (13.02 x 828 x 2 + 6.51 x 160 x 2 + 13,02 x
x 160 + 6.51 x 828) + (6.51 x 160 x %i]s

= 6L00729 x 6,51

6RJe

FJe

Ak =5[Pw%+7&0+5W5+wm+2%?+ﬂm+

EJc 2
+ 828 + 1sgj] = 178869
¥Je

Introducing these values into the displacement equations are obtain

) 3-4;13 = -1280652 = 156KN
&1 8235

X

X, ="A2q = -69,791 ~TLK

2
22 L1

Xy =-43q = 178869 = 1718KNm
22 104,10

The M, Q and N diagrams will now be obtained by applying to the
elastic centre of the conjugate structure two forces X1 = 156KN

X2 = =7LKN and a couple X, = 1718 Ki-m.

3

a) For the left arch and right since they are symmetrical

2
M =X, (Y-Ys) + X,x + Xy - gx_

2

Q=X, Sin & + X, Cos 8 - gqx Cos O

1 2
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. ORDINATES TO THR NjDIAGRAM ?able_?.2 -
Section fx1 'gﬁ-y §x1(Ys-y)i'x2 VX X% ; X ' ~3i2 ézdiﬁ:t;s
No. | 2 b diagram
0 =18.43 ] ~2875 -52.08 | 3Bch -10266 | -7569
1 =119k | -1863 “U5.57 | 3372 7860 | -4633
2 - 6,29 ~981 i ~39.,06 | 26890 =5775 ; -2148
3 - 1.52} =257 -32,55 | 209 4010 b =120
Lopg | 239 31 & -26.04 {1927 Ei -2567 | 1451
5 5.42 ( B8u6 -19.53 [ 1Lhs ~1Lhh 2565
6 7.591 118} -13.02 E 963 ~512 3223
T 8.901 1388 ~5.51 i L2 1 =160 3428
8 9.33| 1455 g 0 i o | 0 3173

i 1

ORDINATES TO THR ¢ ~ DiAGRAM TARLE G.3

section

Cos @ échosgiqx
! : !

—qxCos8 Ordinate

X, | Sin @] -X X
! isa& G 2; i o to the
No., | ; ! ; ' Qk-Dia.
| + !
0 | 07071 | 119 Josrorii —s2 w39 219 17
i { E :
1 -G 68T 1 =107 | l0.7288! =54 r3h5 ~251 90
2 ~0,6293 , - 98 i }o.???1: -h6 296 228 7h
3 ] ~0.5592 | = 87 '0.8290) -61 }2&61 200 | 36
_ _ e aom i
L < ~0,L813 } - 75 E? '0.8?66! 65 ! 197i 173 i 33
5 T -0,385h |~ 60 | 0.9227] =68 148" 137 | 9
: | : : t
6 ~0.2770 |- 13 10.9607] ~71 |- 99 .95 i -19
7 b -0.1567 |- 24 0.,98771 -73 !* h9é LB E =49
{ ! : i
0 0 [1.0000; =74, { 0 ¢ O =Tk
! ! ‘ : ;
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ORDINATES TO THE N-DIAGRAM TAYLE 5.4

L] H i [ i H
' Section x1 Cos® ! x1 X, Sine 32?1n0’ gx, =qx5Sin®’ Ordinate
¢ o N to the N-
i No, | Cos0 : | :
: | i diagram
| ‘ ' 1
T T : ! .
o ! 0,7071] 110 | 0.7071 .52 ~394' 279 |, 337 !
{ : : | : ; !
I N R 0.6847 {-51 b3uS! 236 299 }
; 2 10,7771 121 f 0.6293 !-hT ~296° 186 ' 260
' i | : I
3 0.8290] 129 0.5592 |-L1 246! 138 | 226
I . 0.8766| 137 0.4813 (=36 =197, 95 : 196
| O | ,E ) | |
5 21 0.9227] WL Y 10.385, |-29 8] 57 172
6 } 0.607 | 150 0.2770 ! =20 =99 {27 157
\ { {
E 7 ! f 0.9877] 154 l 0,1567 | -12 =49 : 8 150
' ' H L
! 8 ' 1,0000| 156 ; ! o !o 0 f 0 . 156

The Bending moments, shear force and normal forece induced in the
structure due to the live loads will be calculated 2~suming that the
left semi-arch is loaded with a2 live load of 0,.75KN/mx1,6 while the
right scmi-arch is not loaded.

The live load = 0.75 x 1.60 = 1.20KN/m

(!':11, 622 and (}33 will remain the same with those of the dead load
because they are due to the unit actions applicd at the elastie centre,
The displacements Alq, A2q and Alq, due to the live leading will

be given by the product of the M1, M2 and M3 graphs by the Mq graph,

The loads at the apices of scetion © and 8 = qa = 1,20 x 6,51 = 3,906 =
2 2

and those of section 1, 2, 3, L4, 5, 6 and 7 are = qa = 1.20 x 6.51 =
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Moments due to applied live load

scetion 8 = LxC=0
A T = L x 6,51 = 26KNnm
» 6 = L x 13,02 + x 6,51 = 104 KNm
" 5 = L x 19,53 + 8 x 13,02 + B x 6.51 = 2340m
" L = L x 26,04 + 8x19.53 + 8x13.02 + 8x6.51 = L1TKNm
o 3 = h x 32,55 + 8x26,0L + Bx19.53 + Bx13.02 +

+ 8 x 6,51 = 651Km

» 2 = L x 39.06 + 8x32.55 + B;26.04 + 8x19.53 +
+ B8 x 13.02 4 8x6,51 = 93TKNm

» 1 = L x 4L5.57 + Bx39.06 + 8x32,55 +
+ 8 x 26,04 + 8 x 19.53 + 8x 13.02 +

+ 8 x 6,51 = 1276 KNm

n 0 = L x 52.08 4+ 8xL5.57 + 8 x 395.06 + 8 x 32,55 +
+ 8 x 26,04 + 8 x 19.53 + 8 x 13.02 + Bx 6,51 =
= 166?1‘3‘“!1

Alqg = a I:F-2 x 1667 x 18,43 - 2 x 1276 x 11.9L4 ~ 1667 x 11,9, =
6EJe
1276 x 18,43) + (=2x1276 x 11,9, - 2 x 937 x 6.27 -
1276 x 6.27 = 937 x 11,94) + (=2 x 937 x 6.27 - 2 x 651 x

1.52 = 937 x 1.52 = 651 x 6.27) + §2x 651 x 1,52 + 2 x

o

L17 x 2,39 - 6051 x S-h:} + L17 x 1.52) + (2 X h17 x

E

=

2.39 + 2 x 234 x 5.42 + 17 x 5.42 + 234 x 2,39) +
+ (2% 23 x 5,42 + 2 x 10 x 3.59 + 23 x 7.59 + 104 x

5.42 ) + (2x 104 x 7.59 + 2 x 26 x 8,90 + 104 x 8, 8.90 +

B3

+

26 x 7.59)4 (26 x B.9 + 26 x 9.332]:
= 6,51 x 194964 = 211536
EJc

EJe
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(321~= 6%5J:(2 x 1667 x 52,08 + 2 x 1276 x 1,5.57 + 1667 x L5.57 +

+ 1276 x 52,08) + (2x 1276 x 4%.57 + 2 x 937 x 39.06 +

+ 1276 x 39.06 + 937 x L45.57) + (2x937 x 39.06 + 2 x 651 x
X 32.55 + 937 x 32.55 + 651 x 39.06) + (2x651 x 32455 +

+ U117 x 26,0 x 2 + 651 x 26,0l + 417 x 32.55) + (2 x

x U117 x 26,0l + 2 x 23h x19.53 + U417 x 19.53 + 234 x

x 26,0L)+ (2 x 23h x 19,53 + 2 x 104 x 13,02 + 234 x

x 13,02 4+ 104 x 19.53) + (2 x 104 x 13,02 + 2 x 26 x 6,51 +
+ 104 x 6.51 + 26 x 13.02) & (2 % 26 x 6.51z}= 1135927

Flc.

A= al(1667 + 1276 + 937 + 651 + L17 + 234 + 104 + 26)|=
EJe

5312 x 6,51

EJe

= 3L5E1
Elc

X, due to live load = - A1 = - 211536 = 26N
b .-:,'%’i 8235

X2 due to live load =_A2? 113592 =.41,2KN
53% OLITT

13 due to live load = = A3g 81 = 332KNm.
$33 105,10

The M, @ and N diagrams will now be obtaincd by applying to the elastic
of the conjugate structure two forces X, = 26K, X, = 1.2KN and a

couple X. = 332KNm.

3

a) For the left semi-nrch

2
M=X, (y=-ys)+ Xyx + Xq - qs

Q
N=X

—X1 Sin @ + B, Cos® - qxos ©

2

1 Cos® + X2 Sin @ = gxfine
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b) For the right Semi-arch,

I-I=X1 (y-ys)+)(2x-l-x

;
Q= -K1 Sin 9 + K2 Cos ©
N = X1 Cos6 + X2 Sin &
) ORDINATES TO M DIAGRAM TAFLE 5.5 ‘
!St-c.t‘_-m Xy | Yg¥ X1(ys-y) i X | X !13(23: Xy ; "_""EE? : Ordinates
50 , [ [ § b ! :‘Izd::;'r'un
' A ! j 1 - i‘ L in KNm
| 0 L, =18.43 1 =L79 1 i=52,08 162 2-1627 :-1712
: ~11.94 | =310 U557 |55 | f-12u6 1= 177
2 - 6.29 | =162 %—39.06 N ;-915 i-698
5 3 - 1.52 | -4 ‘I Laz.ss | 39 | =636 | =305
z L 2.39) 62 } 26,04 | 31 =407 !-106
§ 5 5.42 1 141 i t-19.53 23 -729 1 267
E% 6 ! 759 l19? | '~13.03 i 16 -102 { LL3
" 8.90 {231 ! L 6,51 |8 -25 | su6
6,8" |8 | 9.33 243 !° | o ol | o 1 575
7! | 8.90 | 231 PV st ls | R - | 555
¢' | 7.59 fagy 302 e - |13
5! 5.42 {141 [19.53 5-23 - | 80
g ) 2.39 | 62 26,0l :-31+' - | 363
.:; 3: ~1352 1-40 | ]32.55 :-3q - '! 253
‘E 2 6,29 |-162 39.06 {-b71 - 123
!E 1 1.9k =310 w57 issi | - |33
| o' ! i-18.43 =79 : l52.03 62 | i - o209
:F : i — ; :
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ORVINATES TO THE @ = DIAGRAM Tabl» 5.6

—————————— —— —

: Seclion 1 X, | 8in @ | =X, X, -0930 a?Cosg jqx i-quoaO | Ordinates
Ko | 8ing : : to the Q
” i ! Diagram
0 0,70714 =18 | 0.7071 =0,80 | =62 | ik 25,20
1 0.6847| -18 0.7268 =0.90 }-=551 40 21,10
2 0.6293] -16 0,777} =0.90 | <71 37 20,10
23 0.5592¢ =15 | 0.8290| -1,00 | =39 | 32 16.00
Bl 0.4813] =13 0,8766} -1.05 | =31 |27 12.95
%5; 0.3854) ~10 0.92271 =1.12 | =23 | 21 9.88
R6 w| 0.2770f =7 o |0.9607|-1.15 | -16 |15 6.85
7 L 0.1567¢ <4 | 7 |o.877l-1.19] - 8| @ 2.81
;8,&51 o lo 1,00 |-1.20] o} 0 -1,20
7! -0.1567; 4 0.9877 1.19i - 5419
6 -0.2770 7 0.9607| 1.15] - 8.1
51 -0.38514510 : 0.,9227] 1.12 - M.12
: g:ﬂ -0.!4813;13 0.6766] 1.05| - 14.05
g3’ -0.5592315 . | o.8290] 1.00] - | 16,00
§21«5 3-0.6293i16 | [erml o) - 16.90
Ay 0,681,718 | 0.7288] 0.90f - 18.90
of -0.70715!18 ;0.7071_ 0.80| - l 18.80
: ' ; S | !
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ORDIN/TES TO THF N-DIAGR/M TIALE 5.7  _

!

Section ! X,f cos® | x, | x4 sin 01 %,8in0  qx -qxSing| Ordinatés
. 1 = toN
I No. [ Cos © : i diagrom |
l in N
[} m_.-'____l-
0 0.7071 | 18 0.7071 1=0.85 |62 |Lk.00 61
o1 0.7268 19 0.6847 '.0.82 |-55 |38.00 56
5 .
G _
o 2 0.7771 20 0.6293 1~0.76 |47 |30.00 b |
3
23 0.8290 22 0.,5592 |~0.67 (=39 |22,00 L3 II
|§}L 0.8766 23 0.4818 |<0.58 (431 | 15,00 37
- 0.9227 2l 0.388 [-0.46 |-23 | 9.00 33
6 0,.9607 25 0.2770 !~0,33 !-16 4 .00 29 .
i
7 0.9877 | 26 | & o0.1567 :~o.19 -8 | 1.25 27 |
B K
8,8 & 19,0000 | 26 oo 1o o 0 26,00
|
ok 0.9877 | 26 567 { 019 | - | - 26,19
| 1
'3 | 0.9607 1 25 j-r.2770 P 0.33 | - - 25.33
55 |0.9227 | 24 0,385 o6 | - | - 2l L€
5 L' io.&766 23 -0.,818 ; 0.58 - - 23.58
el z
E 3! 10,8290 22 -0.5592 | ©.47 : - - 22.67
' j |
& 5! Lo | 20 -0.6293 | 0,76 | - | - 20.76
— 1 ) )
! 1! { 0.7288 19 -0.6847 | 0.82 | - - 19.82
[ . |
i o i0.7071 | 18 1-0.7071 | 0.85 | - | - 18.85
: i i
i
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The first method of approximate stress analysis of fixed end

arches, described will be used for the calculation of the wind forces.

The Design wind velocity is 14LKm per hour (LOmls), For & wind velocity

of this megmitude the wind pressures corwvesponding to this wind velocity

for varicus heights are given

0
Im
6m
9m

12m
15m
18m
21m

2Um

Wind ward load

3.0m
6m
I
12m
15m
18m
21m
2hm
2Tm

70 x 7.5 x 0.67

80 x
95
110
125
140
155
158
170

"

"

L

below, (NCP)

= 70M/n°
= 80}:/:::2
= 95N/n°
= 110N /m‘?
= 125N/m2
= 1LON/m>
= 1558/m
= 1581/n°
= 170}:/11:2
lee ward load
= 352N/m 173N/m
= 396N/m 198N/m
=  L77N/m 235N/m
= 553N/m 272N/m
= 6288/m 3098 /m
= TOLN/m 3TN/
= TI9MN/m 38UN/m
= 791N/m 390N/m

= B85.N/m L21N/m
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The wind load is taken to be uniformly distribvted on the whole structure's
height, with cvery two successive scgments having the same value of the

UDL due to the wind.

For scgment 1 and 2 the UDL due to the wind is (352 + 396 + LTT + 953)
0.25 = U.;';N/ﬂ

Segment 3 and = (553 + 628 + 704) 3 = 630N/m
Scgment 5 and 6 = (704 + 779 + 791 + 854) 0,25 = 782N/nm

Scgrment 7 and 8 = 8SLN/m

For the lecward side :-

Segment 1 and 2 = (173 + 198 + 235 + 272) 0,25

= 220H/BI
Segment 3 and 4 = (272 + 309 + 347) x & = 309N/m
Scgment € and 6 = (347 + 3BL + 390 4+ L421) 0.25 = 386N/m

Segaent 7 and 8 = L21N/m.

The unit displacements have been caleuniated and are

S = 823515,

EJc

622 = 2[1171
EJe

and 33 = 104,10
EJC
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The displacements .{\1q, A2q and _A3q due to the actual loading will
be given by the product of the M1, VM2 and #3 graphs by the Mq graph

(fig 5.3)

rr——— 6 _1—1R

5
U
630»‘n___7 2/3/ & j;’-\_l

| Xy
aysah
— /) .
652

Lenghts of Sections = 1 = 9.20m
2 = 8,93m

3 = 8.38m

L = 7.85m

5 = Teli3m

6 = 7.06m

7 = 6.76m

g = 6.59m

loads at the points:-

Point O

)—1}45 X 2.20 - O O
2
Paint 1 = hhS x 2.20 + 8.93 = [;.OBKN
]

Point 2

LuS x 8.93 + 8.38 = 3.85KkN

2



Foint

Point ;4

Point

Point

Point

i

Point B8
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630 x 8,38 + 7.85 = 5.11KN

2

630 x 7.85 + 7.43 = L.BIKN
2

782 x T.L3 + 7.06 = 5,67Ki
2

782 x 7.06 + 6,78 = 5_L1KN
2

854 x 6.78 + 6,59 = 5.T1KN

2

2

Moments due to the wind loads ;=

Section

Section

Section

Section

Section

Section

Section

Section

8

- 281 x0 = 0

= 2.81 x 0,43 = 1,20KNm

= 2.81 x 1,74 + S.71 x 1,31 = 7.L8KNm = TKNm
- 2,81 x 3,91 4+ 5.71 x 3.L8 + 5.41 x 2,17 = L43KNm

= 2.81 x 6.9L + 5.71 x 6.51 + 5.4 x LoT77 +

o

+ 5.67 x 3.03 = 142KNm

= 2.81 x 10.85 + 5,71 x 10,142 + S5.41 x B.68 %

+ 5.67 x 6.94 + L.B1 x 3.91 = 195KNm

2,81 x 15.62 + S.71 x 15.19 + S.41 x 13.45 +

+ 567 x 11,71 & L.81 x 8.68 4+ S.11 x 4,77 =

= 330KNn

= 2,81 x 21.27 + 5.71 x 20,84 + 5.41 x 19,10 + 5.67 x
x 17.36 + Lo81 x .33 #+ 5.11 x 1042 + 3.85 x
x 5.65 = 52L2m



152

Section 0 = 2,81 x 27.27 + 5.71 x 27+32 + 5.41 x 25,58 +
+ 5.67 x 23.84 + 1,81 x 20.81 + 5.11 x 16,90 +
Alg = 5[(-21?67 x 1843 = 2 x 52 x 11,9 - 767 x 1.9 -

6EJc
52k x 18.43)+ (-2x336 x 6.29 - 2 x 195 x 1.52 -

336 x 1.52 - 195 x 6,29) + (=2 x 195 x 152 4
+ 2 x W2 x 2,39 - 195 x 2,39 &+ 142 x 1.52) %

(2x 142 x 2.39 + 2 x 4,3 x 5,12 + L2 x 5.2 +

+

+ 43 %x239) + (2x L3 x 542 + 2 x T x 7.59 +
b3 x 7.59 + 7 x 5.42) + 2 x 7 x 7.59 + 1,20 x

+

x 8.90 x 2 + 7 x 8,90 4+ 1,20 x 7.59) + (1.20 x
8.90 + 9.33 x 1.20) |

= -~ 9,864
FJe

=

A2q = 51 (2 x 767 x 52,08 4+ 2 x 52 x L45.57 4+ 767 x L5.57 +
FJe
+ 52 x 52,08) + ( 2x52h x L5.57 + 2 x 336 x 39.06 4
+ 524 % 39.06 + 336 % 55.57) + (2 x 336 x 39.06 +
+ 2% 195 x 32,55 + 336 x 32,55 + 195 x 39.06 )
(2 x 195 x 32.55 4+ 2 x 42 x 26,04 + 195 x

+

26,04 + 142 x 32.55) 4 (2 x 142 x 26.04 & 2 x L3 x

-

19.53 + 142 x 19.53 + 142 x 19.53 . L3 x 26.04) +

=

&

(2x 43 x 19,53+ 2 x 7 x 13,02 4+ 43 x 13,02 +

+ T x19.53) + (2 x 7 x 13,02+ 2 x11,20 x 6.51 & -
+ 7 %651 + 1,20 + 1,20 x 13,02) + (2x 1,20

x 6,51) =

= _L36397

EJe



Ada = 6,51 (767 + 524 + 336 + 195 + 142 + L3 + 7 + 1.20)
EJc

o 121 Q
Fbe.

Introducing these values into the displacement equations we obtain:-

X, for the wind ward side = ~Ailq = --9u86}
T U238
= 11.52 = 12KN.
X1 for the leeward side will be apprexinate 6HKN.

X2 for the windward side = fgﬁéggl -
L1171
= "Llcﬁla = -BKN

X2 for the leeward sice = =2.5KN

]

X3 for the windward side = 13119 126¥0Nm

104,10
X3 for the leeward side = 63¥Nm.

The M, ¢ and N diagrams will now be constructed or obtained by applying
to the e¢lastic centre of the conjugate stimcture two forces 12KN, =SKEN
and couple 126KNm for the wind ward side and GKN --2,5KN and 63KNm for

the lecward side.

a) For the left semi~-arch and right scmi-arch
2
M= X1 (ys-y) + X% + KB - gg

Q= x1 Sin 9 + x2 Cos @ =gy cos?

H= x1 cos @ + X, Sin © = qy sin O

2
A1l calculations relative to the ordinntes to the M, Q and N diagrams

are entered into tables 5.8, 5.9 and 5.10 respectively.
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ORDINATES TO TVF M-DIACR.AM Table 5,8

1 ; e ¥ i
i ; 4 :
) 4 y =y X,y =y) | X, | x 1 X,x Xq | =gy Ordin-tes
v]7e 1" ? T I to the M-
[ | | diagram.
' in KFm
{ =18.43 | =221 -52.08 | 260 -171 =0
=119 § =143 -145.57 | 228 -101 110
- €.,29 | - 75 -39.06 | 195 -7 169
L - 1.5‘? - 18 ’ -3'.",?_, 16} - 3 9314
g - 1.' }b‘
4 " 2.39 29 =260, | 130 | -15 | 270
8
a5 5.42 65 19.53 | o8 - 6 | 283
o |
% 7.59 | 79 13,02 | 65 - 1 | 269
H |
8,90 107 -6.51 | 33 -0.08 | 26€
9.33 112 0 0 o | 238
I 9,33 | 56 0 0 0 | 19
8.90 ol { .61 | =17 -0,0L | 100 |
|
7459 LO 13.02 | --33 -0.5 70
5,42 33 ' 19.53 | L9 -3 Ll .
'
0 2.39 15 ) 26.04 | -€5 -8 5 i
H %) (Y] A I
o i : O
“ 1.52 -9 | 32,55 | -8 =19 =19 l
D i ! i
N -6.29 | -38 39.06 ; ~96 -39 112
G
| -11.94 | =72 Lb5.57 | -1 52 | -175 |
!
! ; -18,43 =111 l c2.08 =130 =86 ' =378 |
I i : i ‘.J__ - i i : ..’
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ORDINATES TO THE @-DIACEAM Table 5.9

| —
——

: - = T -
I | | :
Section X, | Sin® -)(1531119 i X2 | Cose | )Z:, -qy | -0y Ordinates
No. : Cos © Cos @ tl'.’ the Q
| diagram
; ‘ : "
. n '
0 0.7071 | <8.50 8,7071 | =3.85L| =12 |-8.50 | =20,54
| 2 0.6293 | =7.60 0.,7771 | =3.89| = 7 |-S.Lk | -16.93
3 0.5592 | =6.70 0.8290 | “K.4} - 7 ]=5.80 | =16,65)
o 1
5 U “ | 0.4813 | -5.80 1 0.8766 | <4.38| - L |-3.51 | -13.69
;; 5 0.3864 | -b.60 | 0.9227 | 1] = 3 |-2.77 | 1.8,
a g 0.2770 | =3.30 0.9607 | =480 = 1 |-0.96 | - 9,0¢ |
-
® 7 0.1567 | =1.90 0.9877 | ~h.9u} =0 1 = | - 6.84
H
8 0 0 1,0000 | -5.00{ @ - - 5.00]
g 0 0 t 1 1.0000 | 2.50] - | - | -2.50
" |
3! 0.1567 | 0.85 0.9877 | ~2.1;7i - | -} =62
g |
&' 0.2770 | 1.65 0.9607 ! -2.40| -0.50|-0.48 | - 1.23
5! 0.3854 | 2.30 o 1 0.9227 ; -2.31] =1,50 -1.89i - 1.90{
l .
5 ) 10,4813 | 2.90 : 0.8766 | ~2.191 =2.0 |=1.86 | = 1.15i
R H
i Z 31 0.5592 | 3.35 | ; 0.6290 | ~2.10} =3,50i =2.4,0 | = 1.15
| @ 2° 0.6293 | 3.80 L 0.7771 | 1995 | ~3.50l-2.72 | - 0.87!
i » ' ' i 1
i . i i i :
I o' ! o.7071 ih.?f: | 0.7071 ! <1.771 =600 =425 ° = 1.77

; i L L4 1




ORDINATES TO THE N~ DIAGRAM Table 5.10 3
| seetion X, i Cos@ X, Cos® i X, | 8in 8 | X,Sind | -qy ;gyg 2rdiﬁatls
Mo, i [ | o d?agr:mQ
0 0.7071 | 8.50 | 0.7071 | -3.5L | ~12 | B9 | 13.L5 |
1 0,7282 I 8,70 0,687 | =3.h2 -9 £ 16 1144
2 0.7771 | 9,30 0.6293 | =3.15 | =7 L. | 10,56
3 0.8290 | 9.90 0.5592 | ~2.80 -7 3.91 11.01
‘% L o | o766 | 1050 e | ou@r3 | <2l | =k | 1,93 | 10.02
-% 5 i 0.9227 | 11.10 0,308L ¢ -1,93 -3 1.1€ 10,33
; 6 0.9607 | 11.50 | 0.2770 | =1.39 | =1 | 0.28 | 10,39
3 7 0.9877 | 11.90 | 0.1567 | -0.76 |0.23 | 0.04 | 11.16
6 1,0000 | 12.00 4 0 0 0 0 12,00
5 1.0000 { 6.00 E 0 0 0 0 6.00
7] i 0.9877 | 5.95 / ~0.1567 | 0..9 - | -0.02 6.32
6 [ 0.9607 | 5.75 ~0.2770 1 0.66 | =0.50 | 0,14 6.27
5] | 0.9227 5.55 | ~0. 3854 C.97 1 =7.501~0,58 5.9k
'g ) 0.8766 | 5.29 9 [-0.u813 | 121 [-2.00 | 0,97 | 5.9
a3 o 0.6290 | L.95 Y 1059 | 1.0 {-3.50 | 1,96 L.20
E o] 0.7771 | hub5 | ~0.6293 | 1,58 {-3.50| -2.21 .02 i
a1 0.7260 | .35 L osesn | 1071 -bso|-3.08 | 2.8
o | 0.7071 § b.25 lao.7071 177§ =1.77 | k.25 1.77 ;
i I | . L : k

The bending moments, shears and Normal forces dus to the combined offects

of dead lond, live load and wind loads are given tables 5.1, 5.12 and

5.13 respectively.



TOTAL,  ORDINATES TO THE BENDTING

i Moments duc

MOMENTE DIAGRAM Table 5,11

fection Moments due ‘ Moments due | Total Moment
Mo to dead to live load: tce wind | IN WM
load l 1oad
0 ~7569 -1712 - ~9287
1 -1,633 -1177 110 ~5700
2 ~-21,8 ~£96 169 -2677
'g 3 -120 ~305 23l —191
= L 1051 =106 270 1615
_E 5 2565 267 283 3115
)
5 & 3223 Lh3 2€9 3935
7 3428 546 266 L2L0
8 3173 575 238 3986
0 ~7569 -209 =376 -B156
1 =433 - 33 -175 L8R
2 ~2148 123 -112 -2137
3 120 253 |- B,
g L 57 363 5 1819
o 5 2565 450 Ly 3059
E 6 3223 513 70 3806
E’ 7 3428 555 100 4083
i b 3173 575 119 | 3867

157
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TOTAL OKDINATES TO THE SHEAR LiAGHAM ABLE 5.12

! Sectivn ; Shear due Shear cue | Shear due Total Shear
| No. to the dead to the live ! to the wind in KN i
load load load ! I
. ,
i [ |
0 117 25,20 | -20.5L 122 !
1 90 21.10 ! ~-18. 10 93 l
| i
2 T4 20,10 -16.93 | 7 ‘:
3 56 16.00 -16.65 55 '
’c -
g 33 12,95 ~13.69 32 |!
o
"5 9 9,88 -11.98 3 i
-3 |
w - e
ey 6 “"19 riasg -90L'( 21
e
e 7 —hg 2 lu" "‘":l. Eh —53
! =-Th -1.20 =5.00 ~30 i
, !
Bt =74 =120 -2.50 | -78
7" -L9 5,19 ! 1,62 45 |
: 6t =19 8.15 | -1.23 -1z E
5! 9 11,12 | =1.90 18 '
: |
N 33 W05 1 =115 46 |
g 3 56 16.00 ‘ -1.15 71 '
1]
i
e T4 16.90 -0.87 90 i
| B | ;
H 1! 90 1890 ~0.50 108 l
|
o 117 18,80 | =1.77 134 !

g e sre -



TOTAL ORDINATES TO THE N-DI.LGRAM

Table §.13
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E

|
! Normal foree

Section Normal force ¢ Normal force Totel Normal
Ne, due to dead due to live due to force
load load wind load
0 337 61 1 13.48 17
1 290 56 1.4 366
2 260 ho 10.56 320
3 226 b3 11,01 280
§ l 196 37 10.02 213
25 172 33 10.33 218
@ ¢ 157 29 10,39 196
E 7 150 27 1115 188
156 26 12,00 194
g 156 26 6,00 188
71 ‘ 150 26.19 .32 182
¢ ! 157 25.33 627 188
.5 172 21216 5.9 202
5oy 196 23,67 5,49 225
‘é 31 226 22,67 L.20 253
g 2 260 20.76 L. 02 285
2 11 299 19,82 2,98 302
o' ! 337 18,85 1,77 358
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Selis STRESS ANALYSIS OF LHCHED BE:M BY INFLUENCE LINES

Under this section the influence lines for the redundant

reactions X X, and X, as well as those for the stresses Mk, Nk and

1r =2 3

@k acting at section K of the arch represented in Fig. 5.1 will be
calculated and drawn. The Section K is taken at 13.02m from the
left abutment.
The coordinates of the inscribed polygen apices as well as

the ordinate ys of the elastic centre of the arch have been calculated
under Section 5.3 in Figs. 5.16 and c.

The bending moments induced in the structure due to the unit
actions X,, X, and X_ applied along the redundant constraints are

1 2 3

given in the figures below:







163

The Simplified expressions for the clastic loads will be nacd,

Wn = Sn (Mn=1 + 2Mn)+ Sn+1  (2VMn+Mn+1) = Entan 8n + En+ltan Bn
GEJn GEIn+1

The longitudinal strains of the arch arc neglected because i ratios
Ji
remain Constant znd equal to a2 +the above expression thus becomes
Je
Wn =a (2Mo + M1)
GkJe

at the Crown and the abutwente Sn = 0 and Sn + 1 = 0 and therefore
the elastic loads will cqual

Wo = a (2Mo + M1)
(AL

6EJe
The Simultaneous equations permitting the determination of the
redundant reactions duc¢ to a lond unity P boecome

x1611 +Alp =0

x20'22 +H2p = 0
1(3033 +£3p = O
wherefrom
11 = - 5_12 or = Q_m_
> 11 <1
X, = -G2p or - ¢p2
c2? &22

andsz-

¥
N

O3 3

The graphs of é;:ﬂ, .pr and épB for various positions of kad unity

P constitute the defection graphs of the simple structure due to the

1
respectively. Divided by -411 . —622, and = 333 the ordinates to

application ¢f the redundant reactions X, = 1, X2 = 1 and XB =1

these graphs will represent the crdinates to the influence line for

Xy» X, and X



16h.

These deflection graphs will be obtained by tha use of the
elagtic lead method,

Values of the elastic laads

Using the expressions

for the Crown Vo = a (2Mo + M1)
6Bdc
fbutment = W, = a (M., + 2M,)
8 €BJc 7 Me
for intermediate spans = Wn = a (Mn~1 + LMn + Yo+),
6BJe

Values of Flastic loads (multiplied by EJc) Table q)

Load Unit Forces
Point
X, X, X,

8 =30 ~7.06 3.26
7 =57 ' ~42.38 6.51
6 49 -8L,76 6.51
5 =34 -127.14 6.51
L -15 -€9.52 6,51
3 1 ~211.90 6.51
2 L2 -252 6,51
1 79 -296.66 .51
Y 53 -162.46 3,26

The algebraic Sum of all the elastic load applied to system must equal
Zero (=30) + (=57) + (<49) + (-3L) + (=15) + 11 + 42 + 79 + 53 = 0
This relation is utilized as a check on the accuracy of the computed

elagtic loads.
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The vertical displacanentstrp1 of the simple - tructure due to
unit action X1 will equal the ordinates to the diagram of bending
moments induced in the imaginary structure by the elastic loads

Sp1 (7) = 53x 6.51 = 3U5

EJe
ésp1 (6) =53 x 13.02 + 79 x 6.51 = 1204
EJe
St (5) = 53 x19.53 + 79 x 13.02 + 42 x 6.51 = 2337

Ele
S o1 (L) = 53 x 26,04 + 79 x 19.53 + L2 x 13.02 + 11 x 6.51 =

= 201
EJc

Srt (3) = 53 x 32.55 + 79 x 26,04 + L2 x 19.53 +

+ 11 x 13,02 = 15 x 6.51 = L6LB
EJec

Op1 (2) = 53 x 39.06 + 79 x 32.55 + L2 x 26,04 +

+ 11 x 19,53 = 15 x 13,02 -~ 34 x €.51 = 5534
EJe

éSP1 (1)

63 x L45.57 + 79 x 39.06 + L2 x 32.55 +

+ 11 x 26.04 = 15 x 19.53 - 3 x 13.92 - Lbx6.51 =

= G}gz
EJe

éSp1 (o)

53 x 52.08 + 79 x L5.57 + 42 x 39.06 + 11 x 32.55 +

- 15 x 26.04 - 34 x 19.53 - LE x 13,02 -

- 57 x 6,51 = 6666
EJc,

The displacement(511 is cobtained Ly rotating the imaginary loads

through an angle of 90o until they bLecome horizontal, Calculate the

moment of these loads about the elastic centre and double its result.

2511 = 2 [:}30 x 9.33) + (57 x 8.90) + (L9 x 7.59) + (3k x 5.42) +
+ (15 x 2.39) + (11 x 1.52) + (L2 x 6.29) + (79 x 11.94) +

+ (53 x 18.h%£] = 3580 x2 = 7160
Ee
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The ordinates to the 8;:1 are divided by (= C11) to obtain the ordinates
to the influence line shows the variation of K1 when the unit load P

travels along the arch.,

ORDINATES TO THE INFLUEKNCE LINE FOX X1

Section lo

8 = €666 = 0.93
T1E0

? = 6 = Oo 89
71%0

6 = 58 %h = Q.77
7160

5 = 6 8 = 0-(5
7120

L = 2041 = 0.49
7160

3 = 2 = 0.33
T160

2 = 120 = 0.1?
7160

0.08

e <]
]
-3
—
o C%
I



i
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- The same procedure is adepted as above to obtain the displacement

C§p2. The elastic locads will be applied once more to the imaginary

gtructure and the corresponding bending moment will be determined.

For this purpose the extended fibres of the simple structure acted

upon by the force X2 will be situated at the oxtrades and therefore

the clagtic loades are dirceted upwards.

Se, (1)
dr, (6)

&r, (5)

orp ()

e, (3)

épz (2)

.(51:2 (1)

1i

i

162.46 x 6.51 1058
BJc - Elc

162,06 x 13.02 + 296,66 x 6.51 = 5978
Ele EJe

162,46 x 19.53 + 296,66 x 13,02 + 252,28 x 6.51 = 8678
EJe EJe

162,46 x 26,0l + 296,66 x 19.53 + 252.28 x 13,02 x 211,9x%6.51
Edc

14688

Elc

162.46 x32.55 + 296,€5 x 26,04 + 252,20 x 19,53 + 211.90 x

At

EJe
013,02 + 169,52 x 6,51 = 21603

BJe I'Jc

162.46 x 39.06 + 296.66 x 32,55 + 252,28 x 26,0h + 211.90 x
EJe

19,53 + 169.52 x 13,02 + 127.1L x 6.51 = 29745
EJe BEle

162,46 x L5.57 + 296,66 x 39.06 + 252,208 x 32.55 + 211.90 x
Ldce . :

26.0L + 169.52 x 19.53 + 127.14 x 13.02 + 84,76 x 6.51
Bl

= 38238
e



ed

6;;2(0'): 162,46 x 52,06 + 296.66 x 4S.57 + 252.28 x 39,06 + 211,90 %
: Edc

32.55 + 169,52 x 26.04 + 127.14 127.14 x 19.53 + 84,76 x 13.02 +‘
EJc

L2.38 x 6,561 = Hh7008
EJe

The displacement 1522 refresenting the mutual transliation of the free

ends of the brackets along the direction of x_, this digplacement must

72
be the double of (SpQ(o}
622 = 261}22[0).—_ 2 x L7008
= 94016

Ordinates of the influence lines for the Xg‘

(8) = LJOOB = 0.50 3 = 8678 = 0,09
91,016 aL01é

7 = 38238 = 0.1 2 = 521@ = 0,06
9,016 9,016

6 = 29745 = 0.32 1 = 138 = 0.0
9L016 oLo16

5 = 21803 = 0.23
9,016

L = 1!688 = 0,16
9,016

The Bje¢ is eliminated in both the numerator Aa4d denominator

In order to find the displacement{i‘,p3 the eclastic loads mugt
be applicd to the imaginary structure, these loads bYeing directed

ag usual towards the oxtended fibres that mesns downward.

(Spg = 3.26 X 6.51 = 21
Ble 2le



i
i

Fey!
Eiux

Eipg 3,26 x 13.02 + 6.51 x 6.51
' Edc

il

CSI% 3.26 % 19,53 + 6.51 x 13.02 + 6,51 x 6.51
Ede

YL

Gp) = 326 x 26,0l + 651 x 19.53 + 6.51 x 13.02 + 6,51 x 6.51
EJe
- 339
Ele
épg = 3.26 x 32.55 + 6.51 x 26.0L + 6.51 x 19.53 + 6.51T x 13.02 +
Ele
+6,51 x 6,51 = 530
' Elc Ele

Py

+ 6,51 x 13.02 + 6.51 x 6,51 = 763
EJe EJe

.1

d 3,26 x 29.06 -« 6.51 x 32,55 4 6.51 x 26,04 + 6.51 x 19.53
e

= 3.26 x 45.57 4+ 651 x 39.06 + 6,51 x 32,65 + 6,51 x 26,04 +

2
3 Tic

£.51 x 19.53 + 6.51 x 13.02 + 6,51 x 6.51

=

1039

EJe

EJe

S1®) & 3.6 x 52,08 + 6.51 x 4557 4 651 x 39.06 5 6.51 x 32,55

EJc
6,51 x 26,04 + 6.51 x 19,53 + 6,51 x 13.02 +
e
+ 6.51 x 6,51 = 1356
Efc EJe

Ordinates to the influence line for X3 are obtained by di\i’ic'l.:i.ng(51:»3

by (O33)

The displa.cementéB} representing the angular rotation of brackets

(faces 0 and O' of the seni circles), itsvalue will be equal to the

gum of the elastic loads

(533 =2 (3.26 x 2+ 6.51 x 7) = 104
EJc

EJe
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The Ordinates:

8:1156:13 0!2_‘!_=0.2
104 104
7 = 1039 = 10
10,
623&187
104
5 = 530 =5
10

h=;%%=3

3 = 191 = 2
10

2=1%E_=1

The construction of the influenc: line for Section K situated at
13.02 metres from the left abutment. The angle @2 between the
tangent to the nuetral line of the arch, and the horizontal equals
for this section 390. Sin 6,2 = 0.6293 and Cos Qa = 0,717
The lever arm of the foree X1 with reference to section K equals.

ys = ¥y = 9.33 - 15.62 = 6.29m, and the lever arm of force
X2 with reference to the same section equals 39.06m to the right
from the left hand abutment. The ordinates to the influence line will
be calculated using the following expressions
a)_ When the unit load is between the left-hand abutment and section K
or when it is shifted to the right-hand eemi-arch,

Me = = X1 X 6,29 - X, x 13.02 + ¥

2

Qk = = X1 Sin 0.2 + X2 00312

3

= - X, 0.6293 + X, 0.7771

1
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(b) when the unit lcad P is beiween section K and the crown

Mk = - X, x6.29 - X, x 39.06 + X

3

- ir

r is the lever arm of the unit load P about section K and

Qk =

- X, 0,6293 + X2 0.7TT1 + 07T

1

Nk = = X1 0.7771 + XZ 0.6293 + 0.629

INFLUENCE LINE TABLE 19

ORDINATES T0O THE Mk
?logd i X1 —X16.29 X2 —X239.06 x3 - Ordinates to tpe
Point Mk influence line
inm '
t
8 0.93| -5.85 -0,50 19,53 13 1-39.06 | -12,38
7 0.89] -5.60 =0.41 16.01 10 [=-32.55 1 -12.1Y4
6 | 0.77 ] =L.84 ~0.32 ! 12.50 7 F.-26.01; -11.38
5 | 0.65 =4.09 | =0.23 8.80 S [=19.53 ! = 9.72
L 0.49 | -3.08 ~0.16 6.25 3 |=13.,02 | -~ 6.85
3 | 0.33] -2.08 | -0.09 3452 2 |- 6.51 | - 3.07
2 | 0,17} =1.07 | =0.06 2.3L 110 + 2,27
1 0.05| -0.31 | =0,01 0,39 0.2{ - +0.28
) 0 0 0 0 0 | - 0
or| o 0 o} 0 0 | - 0
1* | 0.05 | -0.31 0.01 | =0.39 0.2| - -0.50
2' | 0,17 -1.07 0,06 | =2.34 1 - 2,41
3' | 0.33|-2.08 0,09 | =-3.52 > |- -3.60
L' | 0.49| -3.08 0.16 ; ~6.25 3 - -6.33
5' | 0.65] =4.09 0,23 -8.89 5 - -7.98
6' | 0.77] -L.BL 0.32 -12.89 7 - =10.73
7 0.89% -5.60 0.41 f -16,01 10 | = -11.61
8 | 0.93! -5.85 | 0.50 | =19.53 | 13 | - -12.38
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- - — —— e —— — T ——— —

———— i ———— ———.

. B
Load | Xy r-x1o.az93 X, | X071 0. 7771 i Ordinates to i
Paintl I : the Qk influunce;
| | i | line
t ! B R :
8 § 093 <0.59 {-0.50 [ 0.6 i 0.7771 | =0,20 '
7 : 0.89 | =0.56 | =0.41 l 0.32 N l ~0.10 ,
6 | 0.77 0,48 | =0.32 | -G.2% ! 0.7771 +0.05 :
5 | 0,65 | -0.41 |-0.23 RSN (AR BERF |
L l 0.49 0,31 | -0.16 | .0.12 0.7771 0.35 '
3 I 0.33 "0.21 "0-09 .).0' 1 0.7771 I 0.50
Immediately y { ;
to the Right \ !
of Section | .
2 0,17 | =0.11 | =0.06 -0.C5 0.1 0.62
Tmmediately
to the left
of section \
2 0417 =0.11 | =0.06 <005 ! 0 ~0.16
i I
1 0.05 -0.03 | =0.01 -C.01 i = i -0.0l
0o {o g 0 L 0 0 .0 Lo
\ ]
1 | 0,05 | -0.03 |0.01 | 0.0t - 0,02
2' | 0417 -0.11 | 0,06 1 0.05 - -0.06
3 | 0,33 | -0.21 | 0,09 | 0.07 j ~0.11
4 | 0,49 ) =0.31 E 0.16 0.12 ' - -0,19
:
5. 0.65 : "'0.2.‘1 } 0.23 0-18 } - “"0.23
' ! .
61 ! 0.77 { =-0.48 i 0.32 ' 0.25 ) - '-0.23
\ i I . |
8' 1 0.93 -0.59 | 0.50 0 3¢ ~0.20
‘ :
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|
1
|
|
4

o —— -

Load | X, 1407771 X, | X,0.6293 1 0.6293 ! Ordinates to the !
Point? i | . i Nk influence line
! 1 - ]
8 1 0.92 0.72  © 0.50 | =0.31 P 0.6293 i 1.0k
7 0089 0‘69 _D¢1|.1 "0026 Oe 6293 1 .06
5 0.65 0.51 -0.23 1 -0.14 0.6293 1,00
L | 0.49 0.38 ~0,16 | «0,10 0.6293 0.91
: i
3 i 0.33 026 -0.09 | ~0.06 0.6293 0.83
Immediately -
to the left
of Section
2 0.17 0.13 -0,06 | =0.04 0.6293 0.72
Immediately
to the left
of Bection;
i
0,0" 0 0 0 } - 0
1 0,08 0.0l 0.01 0,01 . 0.03
2t 10,17 | o0.13 0.06 | 0.0l - 0.17
3 | 6.33 0.26 0.09 ! ¢.06 L - 0,32
b' 0.1*9 0.38 0-1() On"o : - O.L]—B
5t | 0.68 0.51 0.23 | o.14 - 0.65
6' O-TT 0.60 X 0032 0020 ! - Oo65
70 1 0.89 0.69 ' 0.4 | 0.26 . 0.95
. t !
|
A 0.93 | 0,72 f 0.50 0.31 b 1.03

PR,
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Using these influence lines the nignitudes oy Yk, Gk and Nk
induced by the uniformly distributed loids acting over the whole arch.

For this purpose the uniformly distributed load are yeplaced by
concentrated onces acting at Points O, 1, 2, 3, L, 5, 6, 7 and 8.

These concentrated loads will amount to

Pa = Py = 9% = B.77 x 6.;1 = 29kn

P2 = P3=Pl;=P5=P6=P',7 = 8.77 x 6.51 = GTKN

The desried values of Mk, @k and Nk will be cobtained multiplying the
magnitudes of these concentrated loads by *he corresponding ordinates

to the influence lines which are then Swmmed up as indicated below

Mk = (0.28 x 57) + (2.27 x 57) - (3.07 x 57) - (6.85 x 57) -
-(9.72x57) - (M.3Bx57) - (12.1 x57) -
- (12.38 x 29) = 2819,1k Knm.

& = = (0.04 x 57) = (0.16 x 57) + (0.62 x 57) + (0.50 x 57) +
+ (0.3 x 37) + (0.19 x 57 + (0.05 % 57) - (0,10 x 57) -
- (0.20 x 29) = 7L.57Kn

Nk = (0.03 x 57) + (0.09 x 57) + (0.72 x 57) + (0.83 x 57) +
+ (0.91 x 57) + (1.00 x 57) + (1.03 x 57) + (1.06 x 57) +
+ (1.04 x 29) = 353.35Kn.
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CHAPTER SIX:  SOME PRACTICAL CONSIDEFATION IN THE DESIGN AND

ERECTION OF REINFORCED CONCRETE AKCHES

A considerable portion of cost ol an arch is due to the false
work i.e, centering and formwork, etc. Consequently to ensure
rigidity and maximum economy great care should be taken in their
design., Also to minimisc stresses sct up in the final structure
the specified method of concreting in arches should be strickly
followed. In this chaptdr the centering of arches, formwork for
arches, reinforccment in arches, conereting arches, thermal insulation

and waterproofing are discussed.

6.1 ARCH CENTEHRING

The principles underlying the construction of centering for
arch construction are

i) absolute rigidity

ii) easc of romoval

iii) economy
Because a coneciderable portion of cost of an arch is due to the false
work, rigiaity and economy are better assured if the centering and
formwork is properly designed.

The main supporting members a2re cazlled soleplates and they
should be so designed that they can efficiently carry the estimated
weight of the false work, the weight of the wet conerete, and any
incidental loads that may be present during construction.
Arrangements must be made to enable the centering to be eased off
easily before it is dismantled. For this purpose wedges or Jacks
may be used.

All the post and struts should be well dbraced, and unless

calculations are made to cover cases of slender colums it is
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advisable, if the struts are tc carry their full lead, to arrange
the bracing so that no piece has an unbraced lenght of more than

15 times its width. Thus with 150 mm 3 150 mm post braces should be
2.10 m a apart in both directions., With 230 mm x 7Smm post the
braces in the 230mm direction must be placed at 3 meters centres or
less while those in the T5mm direction must nct he more than 1.05m
apart.

It is also important to take into account the fact that the
strenght of timbcr which has become wey die to exposure such as may
be experienced with arch centering is very much lower than when
the wood is dry.

The effect of wind should also te allowed for in the design
of the main centering especially in high narrow bridges and hangars
in exposed positions. Centering composed of steel seaffolding or
steel trusses and girders is frervently used and mry be economical
when wide waterways or other clearanees have to be spanned.

The principzl supporting members of arch centering follow one
of three principal arrangements, but numerous variations of these
methods occur in practice depending on site conditions and requirements,

The arrangements of fig. 6.1 illustrate the principal arrangements.,

Type (a). its suitability is when little clearance is required
and where the ground beneath is capable of providing a satisfactory
foundation for the post of a continuous treetle. This is usually in
timber, but tubular stecl scaffolding may be nsed for this purpose.
Suitable timber sizes for this design are 150 mm ¥ 150 mm or 200 mm
x 200 mm, Pine posts of 3.60 m lenghts. the post and horizontal
braces being arranged to form panc¢ls about 2 metres square, Each

panel is doubly crossed bLraced with 150mm x 50mm, 200ma x 75mm or
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230mm x 75mm braces. 'The transverse anc¢ longitudina. braces being
either 150um square or 230mm x 75mm. 11 connections are bolted
where practicable. Tconomy of material and time have been claimed
for the use of nailed joints throughout.

When the arch spans over a wide waterwny type c¢ is more suitable,
type b is used when large spans extend over deep valleys.

Type (b) consist of a support at each end of the span with one
or more intermediatc pievrs supporting longitudinal members which in
turn carry the braced posts supporting the fermwork, In this type the
minimum number of prinecipal supports is founded on the bottom of the
valley or in the river bed, and struts arc spread out fanwisce to
produce a series of close supports for the arch soffit to produce a
series of close - supports for the arch goffit, the picturce on the
bottom of the scvcond photestat copy shows this type of centering.

Foundation of the posts or struts for centering should be given
careful consideration. For type (2) mentioned above, when the bottom
of the valley is firm ground,thc post can be anchored into a bloek of
conerete. Excavation is teken down to firm ground and levelled off.
When the post bears on a rocky surface a mild steel dowel-rod driven
into the rock and penctrating the foot of the pest as in Fig. 6.1n
can be used to secure the foot of the post. Sometimes the construction
of a pier for centering is most effected by driving three, four, or
more timber piles intc the river bed and bracing the piles above low

water level as in Fig. 6.1c.

6.2 FORMWORK
The main stagings are templates or profiles carrying in the case

of arch slabs, the sheeting to the soffit or in the case of independent
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arch ribs, the boxing for the ribs. The usual arrangements is to
form the templates from longitudinal beards laid on edge as shown

in Fig. 6.2a

1 i830X150m }2&1—&
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rj' 3 W"E}(‘Cs\‘(—"ﬁ ISOM“"KS(”-""
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Fig. 6.2a Timber formwork for arch slab
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Fig. 6.2c Arch slab formwork supported on steel beams.

The upper edge is cut to the required profile making due allowance for
the combined thickness of the transverse bearers and sheeting. If

the template joists are placed sufficiently close together, the sheeting
can be laid directly on templates but if the templates are placed too
far apart for the thickness of the boarding, the sheeting would bhe
carried on bearers spanning between the templates. In the construction
of some large spans, steel girders with the upper booms accurately
curred to the arch profile have been used in place of built-up timber
templates Fig. 6.2b shows an interesting adaptation of steel beams as

templates as can be seen in Fig. 276(b) on the photostat copy.
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Various ways of arranging the formwork are given in Fig., 6.2.

Vertical poste, wedged off the main longitudinal bearers, are
braced diagonally and horizontally., Suitable sizes being given in the
diagram. Cross-heads bolted across the heads of the posts support the
shaped ends of the templates. The templates boards could be in short
lenghts between the cross-heads. Where the adjacent templates overlap
they are bolted together.

Sheeting, although necessarily - substantial does not usually
exceed 50 mm in thickness as it must have sufficient spring to
conform to the soffit profile when laid longitudinal.

When a good surface to the suffit is particularly required, the
sheeting can be covered with plywoocd cr other smooth lining in which
case wrought boarding is necessary and adjacent boards need not be
bolted together,

An alternative detail for an arch slab is ghown in the cross-
section of the formwork illustrated in Fig. 6.2b. Here the principal
longitudinal bearers are steel beams connected by bolts and spreaders
and supporting a timber centering similar to that of Fig. 6.1a,
except the posts are supported on heavy transverse carried on the steel
beams. The wedges in this case are directly under the templates, the
latter consisting of pairs bolted together and extending the full span
of the structure under construction.

Since the templates are closely spaced, the sheeting spans
transversely, an overhang at the outer edge of the arch providing a
support for blocks maintaining the facing block in position. When
the structure is of arch-ridb desism with ribs closely spaced, a

completely sheeted soffit as for an arch ie sometimes provided and
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upon this surface the boxing for the sides of the ribs is erccted,
Hearers placed on edge carry the curved bottom
boards and the side forms are kept in position by inelined struts
or by props from adjacent boxes. Occasional spaccrs between the
tops of corresponding side board mountain the shape of the box.
Where the slope of the rib is steep, as necar the springings, short
lenghts of transverse boarding are nailed across the top of the

side boards as concreting proceeds.

6.3 REINFORCEMENT IN ARCHES

heinforcement meant for fixed end arches should not be
excdssive, a little more concrete of higher strenght is preferable
to closely packed bars for longitudinal thrusts, The bars must be
properly bonded and tied, A reasonable amount of transverse
reinforcement perhaps 0.25 per cent of the corresponding of concrete.
Narrow deep ribs do not need such heavy transverse steel, reasonable
stirrups being adequatec. Solid barrel arches should not be too wide
perhaps 15m to 18m othorwise a longitudinal contraction joint may be
desirable to prevent shrinkage and temperature cracking of the arch

when on strong relatively non-deforming foundation especially rock.

6.4 CONCRETING IN ARCHES

The specified method of concreting arches should be strickly
followed, since it is deviscd to minimise stresses due to shrinkage
in the final structure and teo vrevent distortion of the centering

during construction.
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Concreting should proceed symmetrically about the centre of
the arch, commencing cither at the crown or at the springings. In
large arch slabs it is best to commence concreting on the longitudinal
centre line and work outwurds towards the cdges: in arch ribs if
possible the central rib should be concreted first and the remainder
in outwards successions: that is with seven ribg, No. I would be
first, No, 3 and 5 would follow at the zame time then Los. 2 and 6
and finally kos. 1 and 7. alternatively work can be started at the
outer ribs and continucd inwards, reversing the foregoing order.
Vhen there are only two ribs supported on a common centering, both
should be concreted at the same time,

Each rib should be divided into an even number of parts
constituting a days placing. Two adjacent parts should be concreted
consecutively. Thus the conerete in = number of isolated parts will
be placued first the intervening gabs being filled as late as possible
afterwards, This allows each part to undergo its initial shrinkage
before it is bondcd to the completed parts.

The illustrations in Fig. 6.3 shows an arch rib in parts with
1.20m spaces left tc ve filled in after the bulk of the shrinkage
has taken place. Fig. 6.3 shows typical examples of the proccdure.
In some cases as Fig, 6.3¢ the parts are more or less equal in
length or in volume, while in others the parts in the first series
to be placed are longer than the final closure or shrinkage keys,
the later being 0.6m to 1.50m long. These structures comprise of
spans from 6m to 60m. To ensurc a better key for the parts concrete

later, the faces of the first parts are grooved.
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is a precaution against movement of the piers during
construction a symmetrical sequerce of construction in adjacent
spans or by shoring against unbalanced foreces is adopted. If the
arches are designed without hinge at the springings small movements
of the piers either translational or rotational, produce appreciable
concrete stresses for which the arches may not have been designed.
These stresses may occur at a time when the concrete is not fully
matured and unable to resist overstrain. It is possible to relieve
piers of ubbalanced, thrusts from arches vy retaining the centering
in position until adjacent spans arc completes The stresses in an
arch due to its weipght and some other factors are sometimes reduced
by introducing in the arch during construction stresses of the
opposite sense. For this purpose one or more jacks inserted in a
gab (afterwards filled in) at the crown are operated simul taneocusly,
The placing and operation of th. Jacks must be ca ‘efully controlled

by the enginecr.

6.5 FOUNDATION TYFES FOR AHCH CTHUCTURES

This is very important especially for fixed end arches or
structures. The sketches Lelow are somz of the arrangements that
have bea;?gggtch (a) is a Simple footing on rock, the thrust is
transmitted directly to the rozk, but the depth of footing should be
sufficient to develop the dowels which transfer the stresses out of
the longitudinal reinforcement to the enlarged section of conerete.
End moments may bLe with stood by shifting of the reaction Ha sc that
Ma = kae where e is soue eccentricity. THis causes a tendemey

to increase the edse pressure so that bars "a" may be useful in

tieing the footing together. Another way to resist Ma may be by
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means of rock anchors shown Ly bars "b"™ and "c¢" which are grouted

into holesg drillcd in the rocks., However, these anchors are no

better than the rock to which they are attached, and the later mey

be sericusly weakmned against pulling ocut because of eracks or seams.
Sketch (b) shows o simple footin; placed on gravel or coarse sand,
Part CD is necded to resist the vertical rcaction during erection as
well as to help recact against the thrust and bending moments.

Sketeh (¢) is a hollow box like footing which was used because the
required bearing area was so large and the good so0il so deep that this
was considered prefcrable to 2 solid concrete footing.

Sketch (d) shows the general [oatures of an arch foundation which was
built on piles. In such cascs the piles muet be stiff and durable, and
they should go to a strong end heavin..

Sketeh (e) shows the left foundations used under z bridge. The rock
wos 6 metres below grade. . massive block of conercte was used $o

as to "pull"” the pressure lin: downward to the bearing arca,

6.6 THERMAL INSULATION 4ND W.TER POOFING

Heat insulativn is a necessity in arch structures because it
reduces consideracly the temperature variations that can be present
and consequently reduccs cracks that may result, The materials
that can be used for insulating purposes can be briefly classifed
into two ;roups. The first comprizes those with low density and
comparatively low conductivity. They offer resistance to the
passase of heat by conduction, The second group has a more limited
but still wvaluable application and comprises mctallic
surfaces used in boundaries of air spaces witithin the construction
of walls, ceilings or roofs. They act as reflectors of the radiant

heat waves.
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The first group is divided into three classes identifiecd as
rigid insulation, flexible types and insulating fills. The second

group has no classifications but varicus metals arc used to accomplished

the purpose.

RIGID INSULATION: These are generally in the shape of boards 12,5mm

to 25mm thick. One of the varieties is composed of wood, Cane and other
vegetable fibres pressed intc shects. Sufficiently rigid to be nailed
upon joists or studding. Many of these insulating boards may be used
under built up waterproofing or as a base for plaster on ceilings or
exterior walls, and somc are attractively finished one face for use as
exposed interior surfaces, Others are coated with bitumen or enclosed
in a waterproof paper to guard against the passage of waste vapour.
Some insulation beoards of this type are furnished with one face
surfaced with aluminium foil in order to combine the functions of

low heat conduction with the refloction of radiant heat. This same
groups includes units such as bloucks and short boards or slabs formed
of inorganic materials. One of the better varieties in this class isa
foainglass, supplied in blocks of 30cm x L6cm and 30em x 92cm,

varying in thickness from 2.5¢cm to 10em. These two materials

compcte with slabs of comparable size made of pressed granulated cork.
They are mainly used for roof :nsulation and are laid in coal tar

piteh or asphalt, Detween the roof deck and the built-up waterproofing,

FLEXIBLE INSULATION: These types of insulation are not sufficicntly
rigid to be used directly beneath built-up water-proofing, but have
their application as fillers between wood studs in exterior wall

construction and between the joiste of flat roofs and raftcrs of
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pitched roofs. Althou h very widely used in connection with wood=-
frame structures, they are¢ also appropriate for application between
furing strips on the inside of mansory walls and between floor or
roof Joists in stecl framed assemblies if provision is made for
their attachment,

One type is composed of various organic materials such as wood
fibre and cotton, treated in a manner to render them very light and
fire resistant. Ancther variety is derived from inorganic materials
and identificd as mineral, rock or glass wool, Mineral wool is in the
form of fire interlaced mineral fibres.

When installing either the rigid or the flexible type of
insulation, particular attention should be given to avoiding any
cracks or openings between the sheets, batts, or blankets through
which heat transfer can occur, including filling around floor
bridging.s .Care should be taken to place the insulation in a manner
to protect water pipes.

Insulating fills: Many insulating materials are furnished in a

grapulated form. Often the size of small pellets. Several of the
newer varieties particularly vermiculite and pertite arc mixed with
portland c.ment to form an insulating fill over concrete roof

decks. Pumice is also employed for the same purpose.

FRELECTIVE INSULATION

Several types of mctals are used for this purpose. They are
generally in form of foil mounted on ' paper, or very thin all-metal
sheets. The better types maintein their effectiveness under service
conditions. If installed as continous surfaces, they also provide

an excellent vapour seal. Aluminium foil mounted upon a strong

paper backing is a popular design.
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CONCRETE VATERP:COFIRG ;1=

Concrete structurce like arches without adequate waterproof
protection cannot be claimed to have any satisfactory waterproofed
qualities when exposed to rigorius water conditions. There are three
methods of waterproofing gencrally in use at the prescnt times.
1. Integrel watcrproofing
2, Internal Coatings )

) Uurface waterproofing,

3. Ixternzl Coatinss )
Integral waterproofersi-= These consist of materials added to the
cement or concrete. The additicn to the cement is usuzlly made 2t
the works, and the waterproofer in this case is in the form of a
waterproofed cemcnt, When the waterproofed is added to the conecrete
during mixing at the site. In this case, much depends on the skill
of the pcrsons at the mixer, and the deligent observance of strickly
corrvet proportions of waterproofer to concrete. It is assumed thnat
the admixture fills 211 the voids through which the water may pass,

Integral waterproofers may contain caleium chloride, soaps,
hydrated lime etc.
Internal surface Contings:= They are usually employed to stop leaks.
Mortars with impervicus mixturcs in them, paints, with waterglass or
other kinds of chemicals, ferric compounds ete are the common types.

External Surface Coatings:i- These are usually bituminous or
asphalt coatimngss with or without strenghtening membranous layers
ingide the layers of the surfacing, It is essential that the
concrete should be sufficiently dry. Most external water-prcofers
are usually iron compoundis, cement coatings, transparent coatings,

paints and vanishes, but the most commonly used are asphalt emulsions
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cr butiminocus solutions.

One of the moet widely used wator preofer is mastic asphalt.
It is a physical mixture of mincral agpresnte and Situmen., aephalt
when hardening on cooling docs not chemically change the original
naturc of the matericl. There is no risk of a less of waterproofing
ability from this couse, The plasticity and ductile properties
of asphalt are sufficicnt for it to conform te any normal movements
of the structure. /sy halt has a very little heat insulaticon
value but this can be considerably improved by placings a good
insulating medium underneath it. s asphalt has the property of
clinging securely to vertiieal cr stecply sloped surfaces, it ecan

be employed on sloping and vertical csections of roofs,



194

CONCLUSTON

Though, there are many methods available for the stress analysis
of redundant structure, the method of forces has been used as an
exact method because of its suitability.

The use ;f the elastic centre, and the application of influence
lines which enables fast checking of internal forces or deflections
at any given séction of the redundant arch structure, have been
learned and presented.

The uze of Symmetry, Symmetrical and antisymmetrical loading,
grouping of unknowne and leocad trancformation have been used as methods
for Simplifying the calculations based on the method of forces.
Physical phenomena, like temperature changes, shrinkage and settlement
of support have eflfects on redundant structures and therefore a
careful consideration of their effects should be carefully examined
as done in this thesis,

The two approximate methods which are useful for the stiress
analysis of reinforced concrete archeés arc used when the nuetral line
and the law of cross-sectional vixiation cannot be expressed by
analytical equations fit for pra:tical use. With the use of one of the
approximate metnods a full stress analysis of the arched beam of the
aireraft hanger has been presentied.

Some vital consideration In erection of reinforced concrete arches
has also been learned and presented.

Arches have undergone changes since their inception, both in the
materials of consfruction, the theories used for the stress analysis
and design. In the cvent of any changes the future, structurel

engineers might be faced with challenges in the development of new
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theories or new methods in the stress analyeis, design and erection
of arches. It is in the light of this that the importance design
and erection of nrches used in buildings and other engineering structure
can be clearly seecn,

This study has helped the author immensely with the knowludge
of the strees analysis, design and methods of erection of fixed <nd
arches and has conseguently equipped him with adequate knowledge to

meet future challenges in this field.
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