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ABSTRACT

This thesis deals with the application of the ellipsoid

nmethod to the solution of Linear Programmng problens wth
Integer data in polynomal tinme. The thesis is divided into
four chapters.

In chapter one, we discuss the general Linear Programm ng
probl em the sinplex nmethod and duality in |inear programm ng.

In chapter two, we discuss the ellipsoid algorithmfor
the systemof linear inequalities with rational or integer
data and show how it can be used to determne the feasibility
In polynomal tine. In this chapter we also discuss sone
antecedents of the ellipsoid algorithns and nodifications of
the algorithmto achieve better rate of convergence.

Chapter three deals with the application of the ellipsoid
algorithmto solve a linear programmng problens. Herein, we
have di scussed Gacs and Lovasz approach, bisection nethod and
the nethod of sliding objective function. Fnally, in this
chapter we discuss how exact solutions can be obtained from
appr oxi mat e sol uti ons.

Chapter four deals with the conparison of the ellipsoid
algorithmwith the other linear programmng al gorithns. First
we have conpared the ellipsoid algorithmdi scussed in chapter
two with the sinplex algorithm discussed in chapter one.

Before going for its conparison with Karnmarkar's al gorithm we



X

have briefly discussed Karnmarkar's al gorithmand then we have
critically examned its relation with the ellipsoid al gorithm

Finally we have presented concl udi ng renarks.



CHAPTER ONE
LINEAR PROGRAMMING AND THE SIMFLEX METHOD

1.1 INTRODUCTION

The problem of maximizing or minimizing a linear function
subject to linear constraints and non-negativity restrictions
on variables, is called a linear programming problem. These
days line;; programming happens to be one of the most
frequently used decision making tools in the industry,
administration and various other spheres of life. An extensive
bibliography of Linear Programning Applications can be found
in “Linear Programming Methods and Applications” by S.I. Gauss
(pp. 469-529).

In the years following its inception in 1947, in
connection with the planning activities of the military,
linear programming has come irto wide use.

In academic circles Mathematicians, Operations
Researchers, Economists and Computer Scientists, have written
hundred of books on the subject and of course, an
unaccountable number of research papers.

Interestingly enough, in spite of its wide applicability
to everyday problems, linear programming was unknown prior to
1947. It is true that two or three individuals may have been
aware of its potentials; for example Fourier in 1823 and de la

Vallee Poussin in 1911. But these were isolated cases. Their



works were soon forgotten. Kantorvich in 1939 made an
extensive proposal that was neglected by U.5.5.R, 1t was only
after the major developments in Mathematical programmning had

taken place in the west (1959) that Kantorovich’s works became

known.

1.2 GENEFAL LINEAR PROGRAMMING PROBLEM
A general linear programning problém can be stated as
follows:
Find X, X2s -0+ %n
So as to optimize {(maximize or minimize) the linear function
7 = %, t CXp * eo0 F CoXe
subject to the constraints:
a; Xt L AaXa (S, =,2) b,
a,xt.. LHay X, (5, =,2) b,
cee (1)

amx1+...+amxn(s,=,z) bn

Xys Hpr sres %n 2 0,
where an,an,...,am;i=1,2,...,n1 are called activities;
(chcz,...,cg is a row vectoer called the price vector and
(b,, 0z, .+ .,/bs) 13 called the reguirement vector.

Without any loss of generality we can assume that all b,
are positive. If any b, is negative, we can make it positive

by multiplying that inequality by -1.



In matrix notion, the above linear programmning problem

can be stated as follows:

Optimize 2 = C™X
Subject to the constraints:
AX (g<,=,2}b
Xz 0
where C, X eR® and A is an m X n matrix and beR . For the
simplicity of description we consider a linear programming

problem in maximization form as follows:

Max X = C™X
5.t. AX 5 b ) ... (2)
X220

1.3 TMPORTANT DEFINITIONS
The following are some basic definitions of LPP.
1.3.1 FEASIBLE SOLUTION {F.S8.)
A feasible solution to a linear programming problem is
the set of values of variables which satisfies the set of
constraints and the non-negative restrictions of the problem

{2). . .n



1.3.2 BASIC SOLUTION (B.S.}

We consider the system AX=b of m-equations in n’
variables, where n’>m and the rank of the augmented matrix
(3:b)=m. Then non of these equations is redundant. If any m
X m non-singular submatrix B is chosen from A and if all the
n’-m variables not associated with the columns of this matrix
are set equal to zero, then the solution of the resulting

system of equation BX=b is called basic solution.

1.3.3 A BASIC FEASIBLE SOLUTION
A feasible solution to a linear programming problem (1)

which is also basic is called a Basic feasible solution.

1.3.4 DEGENERATE /NON-DEGENERATE BASIC FEASIBLE SOLUTION

A basic feasible solution of a linear programming problem
is said to be degenerate if at least one of the basic variable
is zero otherwise it is called a non-degenerate.

ja

1.3.5 OPTIMAL SOLUTION : ' ik

A solution to a linear programming problem is called an
optimal solution if it gives a maximum (for a maximizing
problem) or a minimum (for minimizing problem) value of the

objective function 2=CTX,



1.3.6 UNBOUNDED SOLUTION

A linear programming problem is said to have an unbounded
solution if its objective function increases of decreases
arbitrarily i.e. there is no finite optimum value for the

L

objective function. _ ~

1.3.7 SLACK AND SURPLUS VARIABRLES

{(a) SLACK VARIABLE

In a linear programming problem (1) if a constraint has
a sign <, then in order to convert this inequality into
equation we add a positive variable to the left hand side.

This positive variable is called Slack variable.

{b) SURPLUS VARIABLES

In a linear programming problem (1) if a constraint has
the sign 2, then in order to convert this inequality into
equation we subtract a positive variable from the left hand

side. This positive is variable is called Surplus Variable,

1.4 SIMPLEX METHOD
The simplex method is the most powerful tool for solving

linear programming problem. This method is an algebraic



procedure which progressively approaches the optimal solution.
This method was developed by George B. Dantzig in 1947 which
was made available in 1951. The method start with an initial
basic feasible solution and prcceed systematically to other
basic feasible solutions. Thus in a finite number of

iterations it obtains the optimal basic feasible solution,

1.5 SOME IMPORTANT NOTATIONS
{a) Let B be an m x m non-singular square submatrix of the
constraints matrix A whose column vectors are linearly
independent i.e.,

B = (BisBareeesBrls
where B,,..%,8. are linear independent. The matrix B is called
the basic matrix. "
(b} The variables corresponding to By,B,,...,B, are called
basic variables and are denoted by  Xp, %5, Xzze - -, Xn
respectively.
The vector of m basic variables Xy, Xp;, X3+ .., Xy 15 denoted by
Xp = (Xpys Xpzr Xp3- -+ %p,) and is called a basic feasible solution
to the linear programming problem (2).
(c}) The coefficient of the basic variables X, Xp, ..., X, iN
the objective function

i = CiX t CXy, + ...+ X,

are denoted by Cg;,Cxgy,Cz...,Con) respectively and we put



Cs = (Cs1,Cp2,Cp3e« <7 Cpi)

(d) we have

B = [B1rBarererBpnl
L]
N
-bll blz blm.
- bZl b22 me
bm, bm‘? bm-

since By, Byr+..,Bn are linearly independenﬁ. 50 they will from
a basis for R" i.e., each vector in R' can be expressed as a
linear combination of B;,B;,..., Bn. If o denote jth column
of matrix A, then o; ¢ R" and we can write

oy = B +tyHL + ... ty¥% B, wherg y , i=1l,...,m are

scalars.

Yy
B.By--B,)
Vs



Yy
= BY where Y, =
ymj

- Yj = B-Iaj
(e) Finally we write

2, = CgY,

1.6 SOME IMPORTANT THEOREMS

The following are the basic theorems of LPP, whose proof
can be found in any standard book on LPP. They shall be
stated without proofs. |
- Theorem (1.6.1) Min-Max Theorem o

The maximization of a function 2 = .C'™X where C, XeR" is
equivalent to minimization of the negative of the same
function and conversely. i.e.,

max C™X = min (-C™X)

In view of this theorem a linear programming problem can

be considered in any of the form either maximization form or



minimization form, as the two forms can be converted to one

another.

Theorem 1.6.2
(Fundamental theorem of linear programming)}

If a linear programming problem has been an optimal
solution, then at least one of the basic feasible solutions

must be optimal.

Theorém l.6.3 {(Determination of improved B.F.S.)

Let ¥z = B™'b be a B.F.S to a linear programming problem
with 2=C"X, as the objective function. If for any column o ;in
A but not in B the condition Cy - 2, > 0 hélds and at least one
yi3 > 07 i=1,2,...,m then it 1is possible to obtain a new

B.F.8., by replacing one of the columns in B by o; and if the
L

new value of the objective function is 2/ then 2/22. 1If given '~/

B.F.S. is non-degenerate then 2/>Z.

Theorem 1.6.4 (Optiinality conditions)

Let Xz = B'b be the B.F.S. to the linear programming

problem
Max 2 = CX
S.t. aAX = b
X=z0



and Z* = CyX, be the value of the objective function for this
B.F.S.. If Cy-2; < 0 for every column ¢ in A but not in B
then 2Z* is the optimum (maximum) value of the objective

function Z and this B.F.S. ¥Xp is an optimal B.F.S.

1.7(a) TO DETERMINE STARTING B.F.S FOR CONSTRAINTS WITH
INEQUALITIES SIGNS =.
We consider a linear programming problem
Max Z = Cx+...+C X,

Soto anxl‘l'. - .+alnxn$ bl

a,x;t...+ta;x.s b,

amXit. . +3X < by

XirooerseXe2 0
After introducing slack variable X.u,...,Xn, above linear
programming problem can be stated as follows:
Max 2Z = CiXp+...+Cx,+0x .+, . +0x 0

S,t. apX;, + apx, + ...+ 3,%+X,,+0+..,..+0=b,

AmXy t CuXy + ...+ X tx, t0+0+. . L+ =b,

KipXopooosKnsXpstroeoasrXpem 2 0
In matrix form the above linear programming problem can be
written asi
Max 2 = C™X
s.t. AX = b

X =z0

10



where C = (Cy,Cprev«sCne0yv..,0)
X = (XI,XZ;...;Xn,...,Xm.mJ
and
ay, 4 a, 100 .. 0
A = d, Gy a, 010 0
@y Ay - 4y, 000 1

Here we take B = I, {unit matrix of order m X m} as basic

matrix and consequently we get the initial B.F.S. as Xz=B~

p=I,b=b20.

1.7 (b) TO DETERMINE STARTING B.F.S. FOR CONSTRAINTS WITH
INEQUALITIES SIGNS 2.

Step I

In this case we convert inequalities into equations by
subtracting positive variable called surplus variable from the
left hand side of each inequality with sign 2. Thus after
introduction of the surplus variables X, ...;X,.. constraints
take the form:

anxt. .. Fa X, =%,,,+0+, . .40 = b,

11



AmXyte o« TRy FO+0+ . L LKy = by

In matrix form, these equation can be written as:

.xl
'a“ a, . a, -1 0 0] x, %l
ay dy - @&, 0 -1 0 _ b,
Ty
% Bz O ¢ o . —l‘ ; PMJ
.x”*”J
Thus the initial basis matrix B = -I, and consequently we get
Xg = Blb = -Ib = -b < 0
So the basic solution is not a basic feasible solution, In

order to create an identity matrix we add one more variable

called artificial wvariable to each constraints. Thus after

12



adding surplus Xug,....%um and artificial variables
Knsms1s « « » s Xnemens  Lhe constraints of a given linear programming

problem can be written as follows:

anpx;, + apX t ...+ anXem®atXama =b,
AnXy + AxpXy t o+ apX, —Xpp tXume =b,
amlxl + Qm2X2 + ... amnxn -xnﬂ\t xmmi-m =bm

In matrix form, these equations can be written as:

*)
. ox, -
@), ay - a, -1 0 . 0 10 .0 b,
x"'
Gy @y - @y O -1 .. 0 01 .0 ™| s,
: xﬂﬂﬂ
Gy Gy o @y 00 L -1 00 . 1) b,
T Preme|
_xﬂ*mﬂﬂ-
13
O



Then Basis matrix B = I,
. Xz = Blb=I_b=b20
which is a B.F.S.
Thus the B.F.$. can be obtained by writing all the non-basic
variables X, ..., X, Xoi1r » + » 1 Xpem equal to zero and solving the

equations for the artificial variables X ,.1sXnwmezr v« o s Romeme

1.7(c) THE SIMPLEX ALGORITHM

Step 1
If linear programming problem is a minimization one, we
convert it into a maximization problem using min-max theorem

1.6.1.

Step 2
Make all b; positive, if some b, is negative multiply both

sides of the corresponding inequality equation by -1.

Step 3

14



le

E

Convert inequalities into equation using slack, surplus

and artificial variables (whers applicable).

Step 4

Find the initial starting basic feasible solution.

Step 5

Construct a simplex table like table 1 in the appendix.

Step 6
Use theorem 1.6.4 to test the starting B.F.S. for
Optimality i.e.
(I) If a8y = C;-2y < 0 ¥ the solution under the test is
optimal.
(a) If some of A; are zero then the other
optimal solution will exist with some
value of Z.
(b} If Ay < 0, VJj then unique solution will
exits. |
(ii) If Ay > 0 for any j then the solution under the test
is not optimal and in view of theorem (1.6.3) it is
possible to get an improve B.F.S., so, go to step

7. To get an improved B.F.S.

15



Stap 7 o
To find entering and out going vector. The incoming
vector will be taken as o, if &; = Max Ay,

The out going vector B is taken correct to that value of r

for which
X X
Ve Vik
Remark

If the minimum 1s not unique solution will be

degenerated.

Step 8
If o, be entering vector and B, be the outgoing vector
then the element
Vi (= ay) is called key element or pivot element.
We will continue the process cf improving B.F.S. until we get

an optimal solution.

1.8 DEGENERACY IN LINEAR PROGRAMMING
As we have discussed in section 1.3.4 that a B.F.S. of a

linear programming problem is said to be degenerate B.F.S. if

16



at least one of the basic variables is zero. So far we have
considered linear programming problems in which by the minimum
ratio rule we get only one vector to be deleted from the
basis. But there are linear programming problems with more

than one vector to be deleted from the basis. Thus if

X s . N
-Jﬁ,xﬁ>0 (&, is incoming vector) occurs at 1=i;,1 ...,1; 1e
Vi

minimum occur for more than one value ¢f I. Then the problem
is to select the vector to be deletéd from the basis. In such
cases if we choose one vector say PB; where i is one of
i;,i,...,i; and delete it from the basis then the next
solution may be a degenerate B.F.S. i.e the objective function
value is not improved. Sﬁch problem in linear programming is
called the problem of degeneracy. In some cases due to the

presence of degeneracy the same sequence of simplex table are

o
repeated forever without ever reaching the optimal solution. -

This problem is called cycling. The procedure which prevent
cycling within the simple routine and an optimal solution is
obtained in a finite number of steps is called the resolution
of degeneracy. |

Degeneracy in linear programming can be resol&ed by

either Charne’s Perturbation method or by Generalized simplex

17
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method. b Ve
. Fogine -
1.9 DUALITY IN LINEAR PROGRAMMING

INTRODUCTION

In linear programming, each linear programming problem is
associated with another linear programming problem called the
dual of the primal problem. Both the primal and the dual
problem having the same problem data. 'Optimal solution of
either problem reveals information concerning the optimal
solution of the other i.e., if the optimal solution of its
dual is known then the optimal solution of the primal is also

avalilable.

1.9 (a) SYMMETRIC DUAL PROBLEMS

We consider a linear programming problem
Max 32, = C™X
s.t. AX < b ] {... (3)

© X 20

Then with the same problem data we construct ;;other
linear programming problem
Min Z, = by
s.t. ATy =2 C eos {4)
Y =2 0

Thus problem (4) is dual of the primal problem (3),

18



We consider minimization if the new objective function

Zp=b;yi*t. .« tba¥n-

1.9(b) UNSYMMETRIC DUAL PROBLEM
Consider the linear programming problem: Find XeR" so as
to
Max 2, = C™X
s.t. AX=b
X=z20
Then the dual of this problem can be written as follows:
Find yeR" so as to
Min 2, = b'Y
s.t. A'y 2 C
1.9(¢c) DUALITY THEOREMS
Theorem (I):
The dual of the dual of a given primal problem is the
primal itself,
Theoraem (II):
I1f X be a feasible solution to the primal problem
Max Z,= C'X
s.t. AX < b
X220
and Y is a feasible solution of the dual problem

o

Min 2, = bTY SN

19



s.t. Aly = C
Y20
Then C™X s b'W.
Theoxrem (III):
If X is a feasible solution to the primal problem:
Max 2= C'X
s.t. A X s b
X 20
and ¢ is a feasible solution to the dual problem:
Min 2, = b%Y
s.t. ATy 2 C
Y 20
such that C™ = b'®, then & and ¢ are optimal solution
[Procf of theorem (I), (II) and (III) can be found in Hadley
131 _ _
Theorem (IV) (Fundamental'duality theorem) :

If a finite optimal feasible solution exist for the
primal, then there exist a finite optimal feasible solution
for the dual and conversely. The value of the two objective
functions are equal.

Proof:

We consider a pair of primal and dual problems as

follows: |

Primal

20



0

Max 2,= CX

s.t., BX s b ' vae (1.9-1)

Dual
Min 2, = b™Wl
s.t. ATW 2 CT e (1.9-2)
W20
Now introducing slack vectors
Xs = (X1g¢X2sr -1 %ps) - Then the primal problem (1.9-1) can be
restated as follows:
Max Z, = CX ' S
s.t. AX+IX, = b | bae (1.9-3)
and Xz 0, X, > 0
Let X, be the finite optimal feasible solution to the primal
problem {(1.9-1). Let B be the basic matrix corresponding to
the feasible solution ¥X; and C; = (Cgy;,Cpy+.+,Cay be the vector
containing the prices of the basic variables. Since X; is the
optimal solution to the primal problem.
So, 4y £ 0 for all 3}
i.e., -2,4C,; 5 0
i.e., ~CeBloy+Cy 5 O

for all oy including surplus variables we have,

21



CaBla,+C, 2 C | P -V

i.e.,QCBB‘l(al,aZ,...,an)z(cl,cg,...,cn}
for all vectors of A = (Qus0ay ... rO) ve.  (1.95)

or CsB'A 2 C |
If we write (W)F = (Wi, Wosee.,Wy)
= [WyrWarvserWal?

.~ From (1.9-5) we have

(@)*A 2 C
or

(™™} 7
By taking the transpose of both sides
or AT[(W)T)T> C?

At@zCt
which proves that @ satisfies the constraints of the dual
problem (1,%9-2).

Now we consider the equation (1.9-4) with o
corresponding to slack variables. . Therefore in this case
¢,~0. |
 From (4) we have

CeBl{ey) 2 0

for all 3 =1,2,...,m

Or (wWy,Woyeeu,W,) &5 2 0
wy 2 0

ie w = [wy,wWy...,w,] is the feasible solution of the dual
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{(1.9-2).

Now we proceed to prove that w is an optimal solution to
the dual {1.9-2}

Now Z, = b'&

= [(®)"b}"

n

()b

(CsB™)

{Cs (B™'b)

Cekp = Max 32,.

Thus & and X, are feasible solutions of the dual (1.9-2) and

the primai}(l.Q—l) respectively such that

2y = Zp. ' _ n

Hence by Duality Theorem III, W is the optimal soclution of the

dual problem (1.9-2} which proves the theorem.

Thecrem (V) (Complemantar& Slackness Theorem) :

For the optimal feasible solutions of the priﬁal and dual
system.

(a) Whatever inequality oc¢curs in the ith relations of either
system, if the corresponding slack or surplus variable is
positive, then the ith variable of its dual is zero.

{(b) If the jth variable is positive in either system the jth
relations of its dual holds as a strict eqguality (i.e.

the corresponding slack or surplus variable W,,

vanishes).
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pProof

The primal and the dual problems in explicitlform after
introducing the non-neggative slack variables

xm»lf Xn+2f LI ) xn+m

in the primal constraints and introducing the non-negative
surplus variables

Wmﬂr Wm+2r .y Wm.n

in the dual constraints, can be written as

Primal problem

max. Zp = Cix, + G% + ...t G X . ... {1.,9-6)
s.t. auxl + 2%z F .. +ainxn+xn+1 = bl
?21}(1 + Qg% + ... +aznxn+xn+2 = bz P (1 .9. ?)
am¥y + apzXy + oot ApXptXoa = bm
and :

Xis Xz oo+ Znr Xperr oo Xpum 20

Dual Problem
I'l'lin. ZD = blwl + szz + .. .t bnwm . ... (10 9_8)
s.t apw, + aw, + ...+ AgWn=Wpa 10+, . .0 = ¢

3wy + axWy .. A X, ~Wgeat.s ot 0= Cp ... (1.9.9)

a, W, + axWy + ... QuWpt O+...=Wgn = Gy
and

WirWar eos Wop Wnear ooe Woum 2 0

p
Now, multiplying the equations of {(1.92.7) by

Wiy Was o+ Wp
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respectively and then adding, we have

o |
m m m . .

: . L = L3 1- ""1‘
X, D AW, bt x”i)?{ G, + X Wt oWy L X W = Y w19
[:l = .

-
1
—

~
subtracting (1.9-10) from (1.9-6), we have (cl—;ahw’:)xi
=3

m L
ot (e, - Z_l:aﬁwt) Xy " WiXppg " Whaea "o Woam = (Ep - gbtu’l)
= Z,~2Z, e (109-11)
from (1.,9-9), we have
“Woey = €5 = (agy Wy + a3 Wy + ...+ 8y W,

j = 1;2; LR n.

-W .=c1,-2agwi | .-.(1-9—I1)

for all 4 = 1,2, ..., n.
Using (1.9-12) in (1.9-11), we have

-(Wm+lxl + Wm+2x2 + LY + Wm+nxn) -

(wlxn.”_ + szn.,,z + ... + ann+m)= zp - Zp .. (l- 9"'13)
Now if x* = (X"3,X5, ..., X'} and
W= (Wwy o, W)

be the optimal solutions of the primal and the dual problems

respectively, then by Duality theorem 1IV

Thus for the optimal solution X" and w" of primal and the
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dual problems the corresponding slack and surplus variables

X‘n,.i 2_0; i = 1; 2; ERER m

I

Wiy 20, 3 1, 2, ..., n
From equation (1.9-13), we have
(WX ey * Wik + o0 + WiX'pyn) +
(W' X'y + WX + o0 + W) =0 .00 {1.9-14)
Since all the variables in (1.9-14) are non-negative and
so their product terms in (1.9-14) are also non-negative. The

sum of these positive products in (1.9-14}) will be zero if

each term is individually equal to zero.

i.e. W'y =0 Vi = 1,2, tie) Nuvenisesnas (1.9-15)

and
WX,y =0 Vi=1,2, ..o, M coiiiinnnnns (1.9-15)
(a) from (1.9-16), if x"py > 0, them we must have 'y = 0,

i.e. if the slack variable in the ith relation of the
primal is positive then ith variable of the dual is zero.
Again from (1.9-15), if w'ny > 0, them we must have

*

Xy = 0, i.e if the surplus variable in jth variable of
the primal {dual of the dual} is zero.
This proves the part (a) of the theorem.

(b) Alsoofrom (1.9-~15), if %’y = 0, then we must have w,,
0 i.e if the jth variable in the primal is zero then the

jth relation in the dual is strictly an equality

(as w'y,y = 0).
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Again from (1.9-16), if Ww'>0 then X' = 0, i.e. if
the ith variable in the dual is positive then the ith
relation in the primal (dual of the dual) is strictly an

equality (as Xy = 0)e

ALTERNATIVE STATEMENT OF THE COMPLEMENTARY
SLACKNESS THEOREM
A necessary and sufficient condition for any pair
of feasible solutions to the primal and dual to be optimal is
that
WXy = 0, 1 =1, 2, +..; M
where x,., is the sack variable in the primal and
XyWey = 0, 3 =1, 2, ...y I

where wg is the surplus variable for the dual.
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CHAPTER TWO
THE ELLIPSOID METHOD

2.0 INTRODUCTION

In this chapter we describe the ellipsoid algorithm for
a system of linear inequalities and linear programming
problems with integer data. Also we outline the modifications
introduced by Khachiyan and the arguments used by him to prove
that the feasibility or infeasibility of such a system can be
determined in a polynomial time using this algorithm.

In section 2.1 we state some important definitions and in
section 2.2 we describe the Ellipsoid Algorithm in R",

In section 2.3 we describe the development of the
ellipsoid method and give some perspective on its place in
mathematical programming.. We shall see that it is closely
related to {I) the Relaxation method for linear inequalities
(II) the subgradient method and (III) the method of central
section for convex minimization.

In section 2.4 we describe several simple modifications
to the basic algorithm to improve it rate of convergence. The

deep cut will be described in details.

2,1 DEFINITIONS

Def. 2.1.1 The Ellipsocid in R"
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An efiipsoid with centre at x, in R" is represented by the
set
E, = {XeR": (x-%,"D, ' (2-%,} <1}

where D, is a positive definite symmetric matrix.

Def. 2.1.2 Polynomial Algorithm

An algorithm A is called a polynomial algorithm for a
problem P, if the number of steps to solve P on applying A is
bounded by a polynomial function ¢(m,n,L) of the dimension and

input length of the problem.

Daf. 2.1.3 INPUT LENGTH

We consider a system of m linear inequalities in n
unknowns.

XireoorRysoeesX, as féllows:

a;X; + apX, + ...+ aX,s b

%) * @pXy, * ...+ X, s by

AmX; +* CpX, + ... + X, < b,
where a;; and  are integer coefficient and (X ,...,x )eR".

Then the input length L of the system of linear inegqualities

can be defined as follows:

L=-TY Y 108;(|0y|+1)+¥(Ibi|+l)+log2mn"| ‘1

=1 j=1
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where [x] denotes the least integer greater than or equal to

x.

2.1.4 LINEAR CONVERGENCE
The sequence <Xx,> generated by an algorithm A converges

there is an ae(0,1) and

to x, linearly if for some norm

k, 2 0 such that |x.;-x.lls alx, -x,] for all k2 k,

Ixe, =%l
1@y S g (<)
lx, x|
2.3.5 SUPERLINEAR CONVERGENCE

The sequence of points <x,> generated by an algorithm A

converges to X, superlinearly if

Let the sequence <f,> of the functional values of the

points generated by an algorithm converges to f, then if
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LEH lf;"‘l-'f;‘i =

A V;‘_f;!p B < o ’

&'“w;u$

then the suprimum of non-negative numbers p is called the
speed of convergence. The number f$ used above is called
convergence ratio. If B < 1, p < 1, then we say that the
algorithm admits linear convergence. If p=1,8=0 then we say
that algorithm admits superlinear convergence,Further details
about the rate of convergence can be found in Bazaraa and

Selty [2), Dennis and More [5) and Sing and Singh ([38,39].

2.2 THE ELLIPSOID ALGORITHM IN R"

In this section we'discuss how to. use the ellipsoid
algorithm o determine the feasibility of the system of linear
inequalities with integer (rational) data in polynomiaixtime.

Suppose we wish to find an n-vector x satisfying:

a;x = apX; + apit... + apx, < By

ax 8,1%; T AxpXt... + a,X, < B,

X = a8mX) + am2x2+" . Bpa¥n £ Bm

which can allso be written as;
a;™x < B, , i=1,2,...,m

In matrix notations the above inequalities can be restated as
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ATx < b | | eee  (2.2-1)
Where ATeZ™", x¢R" and beZ®, And we assume that n>l1 for n=1 is

the trivial case.

THE BASIC ITERATION

The ellipsoid method constructs a sequence of ellipsoids:

E; = {xeR": (x-x%,)"Dy (x-%;) <1)

for all j=0,1,2,...,k, and each of the E; contain a point
satisfying (2.1}. At any (k+l)the iteration, we check, if the
centre x, of the current ellipseid E satisfies all
inequalities, if s0 we stop and x, will be the solution ¢f the
system of linear inequalities. If not, take some constraint

violated by x,, say

a'x > B, for some i , l<ism cee o (2.2-2)

is chosen and the ellipsoid of minimum volume that contains

half ellipsoid

{xeE,:a;"x s aTx,} .. {2.2-3)
O
is constructed using the following formulae. ~
tDa
X =%~ {2.2-4)

«a’l&a
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o(Da)D,a)
D“=6[Dt--—££)£—ﬁ—a)— (2.2-5)
’ T
a'Da
where 1 is called the step parameter
5 is called the dilation parameter
0 is called the expansion parameter.
where -
2
- A -2 snds=T (2.2-6)
(n+l) n+l n-1

If no feasible solution is obtained after performing 6n°l
steps. Then we stop and conclude that the system of linear

inequalities is infeasible,

2.3 THE ANTECEDENT OF THE ELLIPSOID ALGORITHM
In this section we describe some earlier methods-which
are closely related to the ellipsoid method. These methods

are the Relaxation method for linear inequalities

{1,9,29,52), the subgradient method (8, 37, 43, 56) and the
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methoed of the central section [17, 25, 28, 30, 48] for convex

programming problems.

2.3.1 THE RELAXATION METHOD

Agmon [1l]) and Motzkin and Schoenberg [239] simultaneously
introduced the relaxation method to solve the system of linear
- inequalities.

They considered the problem (2.2-1) and produce a
sequence of iterates {x,}. At any k' iteration, if,x is
feasible solution then the algorithm, stops. If X, is not

feasible then a violated constraint'say {2.2-2) is chosen and

we set,
AalaTx, - B)
xhl=xk*“j£*__£__— (2.3-1)
(a’a)
where A, is called the relaxation parameter. Motzkin and

Schoenberg’s [29] consider A, = 2 whereas Agmon [1] takes X\
between 0 and 2. The choice A=1 corresponds to the
projection of x, onto the hyperplane {xeR":a’x = 8}.

It also follows that if A, is between 0 and 2, then it
correspond to the ball method , see Bland, Goldfarb and Todd

{11, p. 1Q§6].



2.3.2 THE SUBGRADIENT METHOD
Shor [43) introduced the subgradient methed for.
minimizing a convex, (not necessarily differentiable )
function
f:R" - R.

it has a general form

xhl=xk—££& vee (2.3-2)
I8

where ¢, is a subgradient of the function £ at x..

Note: If we wish to solve (2.2-1} we can minimize

Then a=a; is the subgradient of £(x) at x.; if a;"x < B, is the
most violated constraint from (2.,2-1). Thus (2.3-2) includes
as a special case of (2.3-1) in which a constraint of most
violation is chosen.

Ermolev [6] and Polyak [37] give choices for p, that

ensure global convergence for this method.
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2.3.3 THE METHOD OF CENTRAL SECTIONS

The third method on which the ellipsoid algorithm is
based, is developed independently by Levin [28] and Newman
[30] who addressed the problem of minimizing a convex function
f(x) over a bounded polyhedron P.cR".

The method produces a sequence of iterates {x;}] and
polytopes {P,} by choosing x, as the centre of gravity of P,
and |

P = 1% € PigTx < g%}
where g, is the subgradient of f(x} at x, since f(x) is convex,
P.., contains all points of B, whose objective function value
is not greater than, that of x,. 1In this case the volume of
P,,; is at most (l-e!') times that of B,. However calculating
the centres of gravity of polytopes with many facets in high
dimensional spaces is an almost cumbersome task. Levin [28]

proposed some simplification for n=2.

2.4 REFINEMENT OF ALGORITHM

In this section we describe several simple modifications
to the algorithm discussed in this section to improve its rate
of convergence. The most obviocus way to do this is to use
deep cuts or at each iteration to generate smaller ellipsoids.
We also discuss the surrogate cuts and the parallel cuts to

achieve better rate of convergence.
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o
(a) DEEP CUTS

. al
We consider the system (2.2-1) and suppose (2.2-3) is the
violated constraints for some x,. Then, it follows that the
ellipsoid E,,; determined by formulae (2.2-4) to (2.2-6)
contains the half ellipsoid
{x € E.:a’™x > B}.
Thus, it is clear that an ellipsoid of smaller volume is

obtained by constructing a minimum ellipsoid that contains the

hyperplane
instead of the cut aTx s a’x,

which passes through the centre of E;, as shown in the figure

1A and 1B.
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ELLIPSOID WITHOUT DEEP CUT

Figure la

ELLIPSOID WITH DEEP CUT

Figure 1b
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Such smallest ellipsoid is given by Xy; and Dy, as in (2.2-

4) and (2.2-5) with parameters 1,0 and & chosen as:

L = 1 +na
n+l
o = Hino) L. (2.4-1)
(n+1)(1-o)
201 Lol
s . ni-ed)
ni-1
T.
a‘'x, -
where o = ——*—E co. (2.4-2)
a’Da

o]
[

The formulae (2.2.-4) and (2.2-5) with the choice of
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" parameters 1,9, and o given by equations (2.4-1) and
(2.4-2) are only valid for determining E,,, for -1/n < o < 1.
If @ < -1/n, the smallest ellipsoid containing E, N H is
E, itself, where H is a half space given by
H= (xe R:a"x < B}.

Now if -1/n s o s 1, then

n-1
2 x[f-(lli‘l] ... (2.4-3)

Volume (E,.)) |n¥}1-a?)
n+}

Volume (E)) ni-1

where a = -1/n then this volume ratio decreases
monotonically from one to zero. When o=1, E,,, degenerates
to a point. Now by compdting o for each inequality in (2.2-
1), we can select the deepest cut possible, i.e., the cut
corresponding to the largest possible value of a. If we get
" some value of & which is greater than one, then the system
of linear inequalities {(2.2~1) is infeasible. We expect,
that the use of deep cut can increase the speed of
convergence, But it has been observed in Bland, Goldfarb
and Todd [11l, p.1085) that the improvement achieved by the

use of deep cut is not much encouraging.
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{b) SURROGATE CUTS

One can sometimes obtain cuts that are deeper than any
cut generated by a single constraint in (2.2-1), by
combining inequalities in it. Any cut of the form

u™A’x < u |
{(i.e., a'%x < B with a=Au and f=u"b) is valid as long as u 2
0 for then no points that satisfy (2.2~1) are cut off by
inequality. | |

Goldfarb and Todd [11l] introduce the term “Surrogate”
cuts, while Krol and Mirman [26] proposed that this idea of
using surrogate cuts with ellipsoid method. |

Thus the “best” or deepest surrogate cut is one which

can be obtained by solving

4T, -b
Max f.&.fi_l

uzl /u TA TDAH

which is equivalent to solving a quadratic programming

—

problem. Let A’ X < b - - (2.4-4)

be any subset of constraints (2.2-1), where the columns of A

are linearly independent and at least one of the constraints
A .
41



in (2.4-4} is violated by'xk. It has been observed in

Goldfarb and Todd {11] that if

i = (4 DAy \(dx,-b) ce. (2.4.5)

is non-negative, then the surrogate cut

. Y
2TAd'xsu'p

is deepest with respect to that subset. It is shown in
Goldfarb and Todd [11] and Todd (521, that if A™D,A has non-
positive off-diagonal entries i.e. the constraint normals in

A are mutually obtuse in the metric given by D, and if x,

violates all constraints in (2.4-4), then the # given by

(2.4-5) is non-negative.
The price to obtain the deepest or nearly deepest

surrogate cut is too high a price to pay in solving

quadratic programming problem or computing & by (2.4-5).

Consequently in Goldfarb and Tedd [11] it is recommended
that only surrogate cuts which can be generated from two
constraints be considered. |

Krol and Mirman (26] given necessary and sufficient

conditions for forming surrogate cut using a deepest cut

o .
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together with another less violated possibly even satisfied

L8
constraint.
A

These condition indicate whether or not the # in

{2.4-5) for the two constraints case is non-negative. Thus
the surrogate cut is deeper than the cut produced by either
the two-constraints.  The process can be repeated
iteratively using the newly formed surrogate cut and a
regular cut. If a valid surrogate cut cannot be formed,
then either the point on the current deepest (surrogate} cut
closest to the centre of E, in the metric D, is a solution
to the system of linear inequalities (2.2-1) or that system
is infeasible.

This iterative procedure described in Krol and Miman
{26) which is based on thése observations, can be seen as a
relaxation method for the determining feasibility of the
system of linear inequalities (2.2-1) independent of the

ellipsoid algorithm.

(c) PARALLEL CUTS

We consider the system of linear inequalities (2.2-1).

If (2.2-1) contains a parallel pair of constraints say

a"x £ B and -a%xs- ﬁ then we can generate a new ellipsoid
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E,., by using both constraints simultaneously.

a Txk—B

(a TDta)

Let «

and suppose that o« & = 1/n and a < & < 1.

Then, formulae (2.2-4) to {(2.2-5) with
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2
5~ 1 |1-1 a%ﬁz—ﬁ]
ni-1 2 n

and

p = V4l - &)1 - @) + n¥@ - o

generate an ellipsoid that contains the slice

{x e E.: B <a™x < B} of E,

when B =f ie a'x = B for all feasible x, & = -a and we get

45



n’ l—.l_(azq-&z - f.)
nz-—l 2 ]

n? [ n(1-02)+(1 -ocz)]

n:-1 n
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n(1-0?)
n-1

That is, rank (D.,} = rank (DJ)-1 and Ei,;, becomes flat
in the direction of a. As in the case of deep cuts Shor and
Gershovich [48] were the first to suggest the use_of.
parallel cuts and provide formulae for implementing them.
They also provide formulae for circumscribing an ellipsoid
{of close to minimum volume) about the region of the unit
ball bounded by two or more hyperplanes which intersect in
the interior of this ball and whose normals are mutually
obtusé.

The fgrmulée for parallel cuts were also derived
independently by Konig and Pallaschke [24] show how to”

generate a parallel constraint.

-a™x g - B

which does not cut off any point in E, that satisfy (2.2-1)

and which yields a slice

{x € E,: B s a'™x s B}

of E, that has minimum volume,
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CHAPTER THREE
THE ELLIPSOID ALGORITHM FOR LINEAR PROGRAMMING

3.0 INTRODUCTION

So far, we have addressed the problem of detecting
feasibility of the system of linear inequalities using the
ellipscid algorithm.

In this section we show how the ellipscid algorithm cén
be used to solve a linear programming problems. In section
3.1 we discuss the primal and the dual solution in R™", 1In
section 3.2 we discuss the Bisection method and in section
3.3 we discuss the sliding objective function method and
lastly in the section 3.4 we discuss how to obtain an exact

solution for linear programming from approximate solution.

3.1 PRIMAL AND DUAL SOLUTION IN R™"

We consider a linear programming problem as follows: -

L
Maximize 2, = C'x

subject to the constraint: | ..;' (3.0-1)
A™x s b
X 20
where C ¢ R*, b € R" and AT is an m X n matrix. The linear
programming problem (3.0-1) is called the primal problem.

Then, the dual of the primal problem (3.0-1) is:
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Minimize Z, = b"y
Subject to the constraints: cee (3.0-2)
Ay 2 C
y 20
Exploiting Duality thecem (II} of section 1.39(c}, the
problem (3,0-1) and (3.0-2) can be combined in the form of
inequalities as follows:
A’™x s b
-x £ 0
~Ay s -C ’ cee (3.0-3)
-y 5 0

C’x - by < 0

1f Cﬁf) be the solution of system of linear

<

inequalities (3.0-3) then in view of the fundamental duality

theorem (theorem {(IV) of section 1.9(c)).f is the solution

of the primal problem (3.0-1) and Y is the solution of the

dual problem (3.0-2}.

Gacs and Lovas [5] pointed out that the ellipsoid

method can be applied to (3.0-3) to solve (3.0-1} and
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(3.0-2). Cleérly, a polynomial algorithm for linear
inequalities yields in this way a polynomial algorithm for

linear programming problems.

3.1.1 DISADVANTAGES TO THIS APPROACH

The ellipsoid algorithm is applied to a system of
linear inequalities in R™" thus the high dimensionality
slows convergence.

In many practical problems the feasible region of (3.0-
1) is bounded and explicit bounds are known. Thus the
method working only in the primal space can be initialized
with an ellipsoid of large but not very large volume
speeding convergence. Bounds on the dual variables may be
difficult to obtain and hence the initial ellipsoid for
(3.0-3) lie in the hyperplane.

C’'x = bly

Moreover even if (3.0-3) is feasible the volume of the
feasible set of the perturbed problem will be very small and
in such a circumstance the number of iteration is expected

to be reasonably very large.

3.1.2 “HOW TO OVERCOME THE PROBLEMS OF THIS APPROACH
To overcome these difficulties to some extent one'can

use a strategy ¢f choosing constraints of (3.0-3) to
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generate cuts for the ellipsoid algorithm. Since the system

{3.0-3) is separated into:

(1) feasibility problem for the primal;
{ii) feasibility problem for the dual and
(iii) Optimality problem for the primal and dual.

Thus, if no cut is base on this last constraint, the matrix
D, defining the ellipsoid E, remains block diagonal with two
blocks corresponding to the x and y variables. When such a
matrix D, is updated, as long as the final constraint is not
used as a cut only one of the blocks is updated and only one
of x, and y, changes. 1In this case the high dimensionality
is not too drastic a problem until feasibility is reached.
It seems réasonable to base cuts only on the primal
constraints until a primal feasible x® is generated; then
only the dual constraints until a dual feasible y is
generated. Then a cut based on the coupling constraint is
used.

Suppose that before perturbation of (3.0-3), L bits are
necessary to define the system. Then one can show that
using the strategy above if no primal feasible sclution is
generated in én{m+n+l}L steps, then (3.0-1}) is infeasible.
If a primal feasible solution is generated in k steps but
then no dual feasible solution is generated after a further

p

minimum {k+ém{m+n+1)L, 6((m+n) (m+n+l)L-k} steps:; then {3.0-
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1) is unbounded.

Jones and Marwil [19] present a variant of this

approach of simultaneously solving the primal and dual using
[

the complementary slackness conditions as discussed in-

theorem V of the section (1.9(c)) for (3.0-1) and (3.0-2}) to

reduce the dimensionality of the problem as iterations are

performed.

If o given by (2.4-2) is less than -1 for one of the
constraints of (3.0-1) or (3.0-2) then the ellipsoid E, is
contained in the interior of the half space associated with
that constraint hence one can conclude that the
complementary constraint must be binding at any solution to
(3.0-3).

Consequently when such a situation occurs, Jones and
Marwil [19] project the current iterate X, onto this binding
constraint and collapse the e€llipseoid into its intersection
with the constraint. All constraints with a<-1 can be
temporarily eliminated. When a solution to (3.0-3)
excluding these constraints is found. 1If they are satisfied
by that solution then we stop. Otherwise it is necessary to
continue iteration after reintroducing any violated

constraints into the problem.

3.2 BISECTION METHOD
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We consider the system of linear inequalities of the

form
A’x < b
-x s 0 .ee (3.0-4)
-C™x <-¢

for various values of €.

The method initially applies the ellipsoid algorithm to
constraints of (3.0-1) to obtain a feasible solution x. if
it exists, if there is none we stop. Thus, we take

£. = C™x.
as a 1owef bound on the optimal value of (3.0-1).
To obtain the upper bound §" on this value first we

check whether the feasible region of (3.0-1) is bounded and

contained in the current ellipsoid E, given by (2.4) then;

£ =C'% + JC'DC

is such an upper bound.

Otherwise we may apply the ellipsoid algorithm to the
constraints of (3.0-3) to obtain a dual feasible solution y’
if one exists; and set £ = bT'y*, if (3.0-2) is infeasible
we stop.

From now on each major iteration starts with an
interval [§.,£"] of the real line R, that contains the
optimal value, where
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£. = C™x.
for some known feasible solution x. and applies the

ellipsoid algorithm to (3.0-4) with

If a feasible solution x, is generated we set,
Xo = Xy
£, - CTx,
and proceed to the next major iteration.
If it is determined that (3.0-4) is infeasible we set,
£ «— &
and proceed to the next iteration.
The process stop when
§ - &

is sufficiently small.

3.2.1. ADVANTAGE OF THE APPROACH

This bisection method has the advantage that it is
operating in R" (except for possibly one application in R").
Polynomial time algorithm combining the bisection with
ellipsoid method are given by Padberg and Rao [33] for

linear praegramming.
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3.2.2 DISADVANTAGE OF THE APPROACH
The system (3.0-4) will be infeasible if ¢ is too large

and in such a case we used the deep cuts of section 2.4 and

the resulting tests for infeasibility to allow early
termination in such cases.
It is important to note that:

(1) If a feasible solution x. has just béen generated and
if we can start a major iteration with a new { greater
than the old one then the final ellipsoid of the
previous major iteration with centre x%. can be taken as
the initial ellipsoid of the new major iteration. |

{2) If on the other hand & has smaller value than the older

»

one then we can initialize with the last recorded.
ellipsoid with feasible centre x., then the algorithm
backtracks. Avoiding such backtracking leads to the
another method called sliding objective function method

which we shall consider in the next section 3.3.

3.3 SLIDING OBJECTIVE FUNCTION METHOD
We conéider the system (3.0-1) then determine the
feasible solution x. to (3.0-1), then we also consider (3.0-
4) with |
£ — & = Cx,

Although x. is feasible in the problem, we may proceed with
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the ellipsoid algorithm using the cut
C™x » C™x, = &,
Since the next ellipsoid can be defined even when the
current iterate lies on the chosen cut. Hence in this
method we are always considering feasible system. It
follows that whenever a feasible iterate x. satisfies
CTx, > C™x. = &,
then we set x - x, and § « &, « C'%. and proceed as above.
This method is probably the most efficient for
practical implementation. It always consider feasible
systems and never backtracks. All computation takes place
in R*. 1If the feasible region of (3.0-1} is bounded and
known to lie in the initial ellipsoid “E,” then the upper

bound §,” can be found as

.

£ = minimum &, C'x, +(CD,0%

The computation can stop when £. and &' are
sufficiently close. -
To improve the performance of the method we set
X — X, + 68
whenever x, is feasible, here S is a ascent direction (e.gqg.
S=C or S=D,C}) and o is as large as possible so that x is
feasible.

The modifications required to obtain a polynomial
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algorithm using this method are:

First we use the ellipsoid algorithm to determine
whether (3.0-1) is feasible.

If so, we next determine whether it is unbounded by
applying the ellipsoid algorithm either to the constraints
of (3.0~-2} or to the system

ATx < b

~x £ 0

~C'x < -1
any solution to these inequalities gives an unbounded ray
for (3.0-1).

Suppose we determine that (3.0-1) was a finite optimal
solution. |
Let x"° be the unknown solution with a value &',

Let assume that the feasible region of (3.0-1) contains
a ball

B(a,, r).

Otherwise, we can assume this by making suitable
perturbations. Then the feasible region also contains the
“cone” C with‘vertex x"" and this ball as it base.

For any § < &
we can easily obtain a large enough lower.bound on the
volume of

C"=Cn {x e R:C"x2¢},

O
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So that the sliding objective function method for (3.0-1)
obtains feasible solutions with objective function values
with € of £ in number of steps polynomial in L, |log 1/r|
and log l/e. |

It is important to note that, C' assumes the role
played by ball B(a,,r) in the inequality case. From these
solutions optimal solution can be obtained when e is
sufficiently small.

The sliding objective function method was first
proposed by Iudin and Nemirovskii [17} and Shor [42].
Grotschel et al [l2] use it as a tool for demonstrating
polynomial equivalence of certain combinatorial optimization
problems. Goldfarb and Todd [ll]) added the refinement of
stepping as far as possible in a steepest ascent or Newton
like direction, while still remaining feasible, before
effecting an objective function cut. Pickel [34] proposes
stepping to a vertex by a simplex like approach before

effecting an objective function cut.

3.4 TO OBTAIN EXACT SOLUTIONS FROM APPROXIMATE SOLUTIONS
In this section we discuss how exact solutions can be
obtained from approximate solution.

g-approximate solution of a LP problem: For € > 0, x is
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defined to be an e-approximate sclution of (3.0-1) if there

exist a feasible solution y and an optimal solution X of
{3.0-1) such that |y-x|<€ and C" ¥ -C'x se€.

Suppose that ¢ is a positive integer and £ is a

rational vector of the form

i |
ﬁ,fi,...,f’l | .. (3.0-5)
q, 49, q, ' _

where P, q; are integers and [q,|s¢, i=1,2,...,n.

Given x€R" such that - ¥ 1is in the interior of the ball

B(x, 5&; ), then X is the unique rational vector of the

form (3.0-5) in this ball. For

1
ye€B(x, — )
2¢?
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but if y is also of the form (3.0-5) and for some j, yy; * X

then

lyi~ £ 512 —

implying that jy;- ¥ |2 — .

Therefore if x and X are as above, X is known and *

<
~

is not. We can obtain ¥ by rounding each component'of X

to the nearest rational p/q having jq|s¢ by the method of

continued fractions, Niven and Zuckerman [32].

Consider a situation where X 1is an optimal extreme

point of the linear programming problem (3.0-1) and x is

obtained from the ellipsoid method, Grotschel et al [12]
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point out that one can replace the objective function vector

C of (3.0-1) by a perturbed vector.

d Yn + (YO" LI Yn—l)T

such that the problem
Minimize 2 = d™x
ﬁgubject to the constraint -+.(3.0-6}
A"x s b
X290

Thus (3.0-6) has a unique optimal soluticon at an extreme

peint £ and X also solves (3.0-1), for example we can

get

y = oltar*LD)

it is important to note that logy is a polynomial in L and n

s0 that the size of (3.0-6) is a polynomial function of the

size of (3.0-1). By Cramer’s Rule ¥ is of the form (3.0-5)

for ¢ greater than or equal to the absolute value of the
largest determinant of any n X n submatrix of the constraint
matrix of (3.0-1) in particular we can take ¢=2%,

For sufficiently small € > 0
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||5c‘-x||<2—-— ce.  (3.0-7)

for every e-approximation solution x of (3.0-6). If in

addition € can be chosen so that

log(l] ...{3.0-8)
€

is a polynomial in n and L then an e-~approximation solution
x of (3.0-6) can be computed by ellipsoid method in time
polynomial’ in n and L. It follows from the derivation in
Grdtschel et al {10] that one can specify € as a funct;on of

n and L and |e| so that (3.0-7) and (3.0-8) are satisfied

with

$=2! and y-= yaaett

one can set

1 _ s omanadiams 1|C]| | 2223k s
€

Since x; < 2! for each component x; of x, the rounding of x
by continued fractions requires at most O[n(P+L)] arithmetic

operations each involving number with the most P+L binary
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digits, where P is the number of binary digits of precision
maintained in ellipsoid method.

Continued fractions are also used in Kozlov et al.
[251 to round an approximate optimal objective function

value to the exact optimal value in polynomial time.



CHAPTER FOUR
4.0 COMPARISON WITH OTHER LINEAR PROGRAMMING

ALGORITHMS AND CONCLUDING REMARKS

In this chapter we present a comparison of the
ellipsoid method with other algorithms for linear
programming.

In section 4.1 we compare the ellipsoid method with the
simplex algorithm. 1In order to facilitate a comparison
between the ellipsoid method and Karmarkar’s algorithm, we
first present Karmarkar’s algorithm in section 4.2. After
a brief presentation of the Karmarkar’s algorithm in section
4.2, we cdmpare it with the ellipsoid method in section 4. 3.

Finally in section 4.4 we present concluding remarks.

4.1 RELATIONS TO THE SIMPLEX METHOD

Like the ellipsoid method one can of course view
simplex pivoting in a similar way. If one uses it to find a
feasible point satisfying the constraints Ax=b, x20, given
in standard form, then each simplex pivot (on an infeasible
row) can be tAOught of as an affine transformation from one
space of nonbasic variables to another obtained by
exchanging one nonbasic and basic variables . Partitioning

A and x into basic and nonbasic parts A=[B|N] and x"=[x",
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xT], it is clear that simplex steps are performed until x,=0

is contained

in the transformed polytope

P={Xy|%420, B xysB"'b} or infeasibility is detected.

Like the simplex method, there are many ways to

implement the ellipsoid method. These includes

(1) the positive definite matrix D, as described in

chapter two, Gacs and Lovasz [7] Padberg and Rao

[33] and Grotschel et al [12].

(ii) the matrix J, whic¢h transforms an sphere into the

ellipsoid E, translated to the origin, Shor [43],

Khachiyan (21] and Krol and Mirman [26].

{(iii) the Cholesky factorization of D, Jones and Marwill

(18]. Goldfarb and Todd {11) and

(iv) the problem data under the transformation induced

by

One of
drawbacks of
to implement
problem data

work, it has

J, Halfin [(14], Krol and Mirman [26].

the principal computational and practical

the ellipsoid method is that it is not possible
it and takes advantage of any sparsity in the
other than block diagonal structure. To save

been suggested that the ellipsoid and

relaxation method be combined into a hybrid algorithm.

(Goldfarb dnd Todd (11] and Telgen [51]). If « is large

enough one can simply scale D,; it, set 1==, &=1-a? and o=0

in (2.2-4) and (2.2-5). If =21/n the volume ratio is less
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than

{1~ Lz }n/2 < a-lien ;

n

_ hence such an algorithm which combines the ellipsoid method

with simplex method is proposed in Pickel [34].

4.2 KARMARKAR'S PROJECTIVE METHOD FOR LINEAR PROGRAMMING

As discussed in Karmarkar’s [20], Singh [3%9] and Singh
and Singh {41] a linear programming problem in standard form
with (n-1) variables can be transformed to the following

canonical form.

Minimize Z = C™X
Subject to‘ AX=0 , .o (4.0-1)
eTX=1 |
X20

where (i} A is an m x n matrix of integers and rank A=m.
(11) C=(C,,Coy.r.,ColE 27
X=(X1, X3, +0esX%X,1€ R"
e’™=(1,1,...,1}) is a .vector of ones, and
{iii) the minimum value of the objective function is zero,.
Let a>0 be a feasible solution to the problem {4.0-1)
and D=diag{a,;,a;,...,a,} be a diagonal matrix whose diagonal

elements are n components of vector a. We consider a
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projective transformation T of the simplex
S={XeR":X20, eTX=1},

onto itself defined by

-1
X"=T(X)=—£m ... (4.0-2)
£

whose inverse map is given by

DX’

TR +e. (4.0-3)
€

X=TYxH=

Karmarkar’s projective algorithm generates a sequence

XO g x@a, .. X" of points in R", starting with

X0 = g0 =

- K

At any k! iteration, the point X' is mapped to the
center a, of the simplex S and a peoint b is obtained in the

following substeps whose inverse image gives the next point
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of the sedquence.

Step 1:
Let D=diag{X;,¥X.,...,%,} be a diagonal matrix whose
diagonal elements are n components of the current

iterate X'® then the projective transformation T, is

X o X
T, | T
a, Optimize b
<
given by -
-1y (k)
.Y’=TKX)=—JZ—§;—-
e ™D 1X®

1
which maps X' to the center ao=(—]e of the
n

simplex s.

Substep 1.1
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Substep 1.2

Project DC orthogonally into null space of B to obtain,
fal

C,= [I-BT(BBT)"'B]DC

Substep 1.3

Compute unit vector ¢ in the direction of C, ie

Cp

o

|Cpl|

Substep 1.4

Take a step length «r in the direction ¢ and obtain

a point b=ao-ar ¢ where r = 1 is the radius of
yn(n-1).

the largest sphere inscribed in the simplex and “a” is
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a parameter such that 0<«<1 Karmarkar [20] suggests to

take «==-3}.

Substep 1.5

Step

Apply inverse projective transformation T,~1 to b, so

Db
e Db

that X® -

2

Check for feasibility or unboundedness: since linear
objective function C'™X is not invariant under the
projective transformation, so Karmarkar [20]) has
exploited a potential function f(X) defined as

(8D, ¢
X,

J

eee (4.0-3)

X =3 In

This potential function f£(X) is used to measure the
progress of the algorithm. We expect a certain
decrease y {(which depends on the parameter «) in the
potential function f£(X) at each iteration of the
algorithm. TIf we do not observe the expected

improvement i.e, if
<



FIX™Y) > £(X*¥ - v then we stop and conclude that the
minimum C™X>0. This situation corresponds to the case
that the original problem (ie, the standard form linear
programming problem from which the canonical form (4.0-
1) has been obtained) does not have finite optimum ie,

it is either infeasible or unbounded.

Step 3
The iterations stop when the current iterate X' meets
the required convergence check CTX™®'<2-9CTX® where q is

L)

a positive integer. -

4.3 COMPARISON BETWEEN ELLIPSOID AND KARMARKAR'’S ALGORITHMS
Both for the ellipsoid method and Karmarkar’s algorithm
the number of iteration t6 solve a linear programming
problem are bounded by some polynomial function of m,n, and
.. It has been observed in Karmarkar [20] that the
ellipsoid algorithm requires about 0(n®L?) bits operations
whereas Karmarkar's algorithm requires 0(n*°L?) bits
operations. Thus, it has been claimed in Karmarkar (20}
that his algorithm is better than the ellipsoid algorithm by
a factor of n®*?, But it has been reported in Khachiyan’s
latter work [22] whose algorithm requires only 0(n’L?} bits

operations. Thus the real improvement on the complexity
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bounds due to Karmarkar [20)} is only by n®® and not n%*°® as
claimed in Karmarkar [20]. Thus there is only a little
advantage to Karmarkar’s algorithm from the stand point of
theoretical bounds. In practical performance the difference
becomes marked. The ellipsoid method appears to require a
number of iterations closed to its worst-case bound of
0(n*L?). On the other hand, a number of studies have
established that many variants of Karmarkar’s algorithm only
take a number of iterations between 20 and 50 to get a very
accurate solution and this number appears to grow slowly
with n.

In contract to the overwhelming computational
superiority of the projective algorithm over the ellipsoid
method its theoretical implications are far more limited.
Grotschel et al [12] and others have use the ellipsoid
method to show that certain combinatorial optimization
problems are in P (ie have polynomial algorithm) and others
are NP-hard (ie are unlikely to have polynomial algorithms).
A key to its use is the fact that the ellipsoid method does
not need to hgve all the constraints listed in advances,
they can be generated as neéded. Thus it is possible to
handle problem with an exponential number of constraints.

On the other hand, it appears that Karmarkar’s algorifﬁm

requires all the constraints and variables to be explicitly
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present, and thus it cannot be used to solve such problems

with our present knowledge.

Many researchers have noted that Karmarkar’s algorithms
and Ellipsoid algorithms use many similar concepts; - ideas
from nonlinear programming, geometric motivation and
infinite iterative scheme that can be truncated after a
polynomial number of step when applied to rational data,
with exact optimal scolution then available by rounding.
However, the details of the two algorithms seem very
different. It has been observed in Singh [40] that the
heart of each iteration of either algorithms is the solution
of a weighted least-squares subproblem and that this
subproblems are very closely related. This view point
allows further insights into the two methods, in particular
suggesting reasons for the very slow convergence of the
ellipsoid algorithm compared to apparently very fast
convergence of the Karmarkar’s algorithm. The weighted
least-squares subproblem has other important features. Both
the ellipsoid and Karmarkar’s algorithm appears at first
sight not to Provide solutions to the dual linear
programming problem, but-a closer examination shows that
dual solutions are indeed generated during the course of the
methods essentially from the least-squares subproblems,

Singh [40].
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Naturally, optimal dual solutions can be generated from
optimal primal solution at termination. However approximate
dual solution at intermediate stage are very useful in
guaranteeing the quality of current solution or certifying
infeasibility. |

In singh [41] a similarity between the inequalities
governing volume reduction in the ellipsoid method for
linear inequalities and convergence in Karmarkar’s
projective algorithm for linear programming has been
established. In fact the RHS of the volume reduction

inequality

e
wE) _ . w
w(E,)

And the convergence inequality

Tvk .|

C Tx(O)

.

becomes identical when, we achieve y=ls,

4.4 CONCLUDING REMARKS

It b%pomes clear from the comparison of the ellipsoid

I
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Al

method with the simplex and Karmarkar’s algorithms that the
ellipsoid algorithm is unable to take full advantage of the
sparsity of the problem data, where the simplex and
Karmarkar’s algorithms fully exploit the sparsity of the
problem data. Although relatively little computational
experience with the ellipsoid algorithm is available,
general consensus is that it is not a practical alternative
to the simplex and Karmarkar’s algorithms. A list of few
papers reporting computational results can be found in Wolfe
[56]. Dantzig (4] on the basis of computaticnal results has
estimated that the number of iterations to solve a linear
programming problem lies between m and 3m, where m is the
number of row in constraint matrix of the liner programming
problem. This empirical upper bound on the number of
iterations is quite small in comparison to the upper bound
0(n'L?) as established in the ellipsoid method [22]). This
situation happen, with most of the linear programming
preblems of moderate sizes encountered in real life., Klee
ad Minty [23] have identified a class of linear programming
problems which compels the simple method to take exponential
number of iterations. But the examples constructed by Klee
and Minty [23], contrasting average behaviour of the simplex
method, though constructed Mathematically inherit an

essential artificiality which hardly can have correlate in
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. real life. Thus it may be generally accepted that unless
some further break through in its implementation aspects
take places, it cannot plausibly be said that the ellipsoid
algorithm can be a successful alternative of the simplex and
Karmarkar’s algorithms. However as discussed in the
foregoing sections despite showing some unsurmountable
difficulties in its practical applicability, the overall
impact of the ellipsoid method especially on theoretical
develcopments, combinatorial optimization and in handling
problems with an exponential number of constraints cannot be
denied. It is a strongly believed that the dilemma
“theoretically significant but practically improverished”
indicates some serious reconsideration of various

complexity measures.
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