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ABSTRACT

Computers have revolutionised many fields of scientific
study. Engineering as a discipline has been one of the
beneficiaries of the computerss In this study, efforts have
been made to present a direct spring model approach to
perform the parametric study of frame structures under a single
support settlement and differential support settlements.
In addition, the effects of different stiffnesses on distribu-
tions of displacements and forces of frame structures are
also worked out.

The direct spring model approach presented here will
be of use to compare the additional forces and displacements
which may occur due to the effect of different support
settlement conditions. From the point of view of accuracy
this project gives a better analytical solution leading to
more realistic calculations compared to the conventional
approaches like moment- distribution, slope deflection etc.
FPor higher degrees of freedom, more chances of mistake may
occur in conventional metheds.

The computer programme to analyse frame structures
presented in this work proves to be a2 time saving and
easy system. Once the data with different settlements and
stiffnesses are entered, the computer will give, within
seconds, the displacements and forces. It is hoped the For-
tran = 77 compuer program, presented here for analysis of
frame structures, could be useful for future researchers &

structural engineers.
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CHAPTER ONE

INTRODUCTION AND LITERATURE REVIEW

}
INTRODUCTION

1

Before the advent of the electronic digitel computer,
frame structures were analysed by the classical methods.
Classical methods are treated in most of the structural
analysis books. However, these methods put less emphasis
on some difficulties such as support displacements, effects
of temperature and prestrain, beams and plates on elastic
foundations etc.,

1 Following the appearance of the computer in  sacademic

and professional environmwents, the necessity for analytical

tools specially directed towards its use become apparent,

R I RIS

Consequently, a8 number of powerful analyticzl devices in
sowe methods of analysis are available to the structural
designer, These methods are well established and treated
in a number of technical papers. One of these methods

is the matrix dibplacement method,

|
A
1
i
T

A principal objective of this study is to provide a
direct spring model approach to investigate the effects of
support settlements on stress distributions of frame
structures so that their effects may be made available

to the designer without the need for performing complicated
analysis in the design office. This approach is frOposed

to eage the assessment of offects of support settlements

using a apring wodel without incuring the labour for complete

geometrical changes as implied in the indirect rethod.

A secondary objective is to revise structural properties
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such as stiffnegs with respect to preliminary anslysis
under effects of settlements., The research is concerned
with situations where the arrangement and prbportions :
of structural members and the suppoert conditlions are known.
In practice, the designer must first estimate the wember
sizes, analyse the structure, and compare the calculated
and zllowable stresses and displacements. Then if the
designer wishes to investigate the effects of support
settlements, changes will have to be wmade in the assummed
geometrical configurations of the structure and a complete
analysis should be reperformed, It is therefore mecessary
to develop altermative procedures whereby “he desired effects
of settlements could be investigated lusing the spring model.)
The need for a frame structure, which is more in urban

'areas, varies with places and increases with the congeation
of clties., A frame structure comprises of beams and
coluansg with infinitely stiff members and has =a
high degree of rigidity. Shear walls are sometimes
attached to resist high lateral, vertical and even seismic
loads, Stability problems can, however, arise when the
structure is either imprcperly detailed or constructed

or when a structural portion is subjected tc abnormal loads
€a high earthquake or blast) or differential support

settlement,

i
: Since Irame structures are normally erected on

5011, the settlement of such structures are sometimes

= “ﬁ;



inevitable, Various types of settlements, each being due
to various causes, can occur. Some of the causes can be
quantified and estimated. .
The stability and stiffness of frame structures can be

affected by various factors as follows:
1. Material used in construction,
2. Method of construction of frame structures - i.,e. in situ

or precast,
3. The overall wilidth of the building.
L. The number of storeys.
S. Size of elements.

6. Foundati on conditions.

Under normal loads (dead, imposed, wind etc) frame
structures are stable structures that exibit considerable
lateral stiffness. An abnormal load (eg. a2 high eathquake
or blast) can cause high member loads, resulting in
unstable situations-eg, a load bearing element under high
loads might be damaged to the extent that it becomes unable
to act iIn the designed capacity. If the failure in the
element contributes to the falilure in the adjacent elements,
then there is a possibility that the damage may propagate
to other elements. This may result ip progressive collapse,

" The support settlement of frame structures are
Inevitable unless the foundations (supports) rest on solid
rock. Apart from the increased forces due to single
support settlements, undesirable effects arise when

differential support settlements take place., These




settlemants must therefors bz Xeot to a ainimum and must
also be considered whers necessary in the design of frame
structures, This will nrevent excessiva stresses in the
frame and pravent structural collapcse. The amcunt of
possible settlement depends on the ultimate design load on
foundation and the =801l properties. Most of the types,
causes and estimation of foundation settlements have

been toushed upon in most of the soil mechanics works.

ot
b

1,2 SCCPE CF _STUDY

This diésértétion therefore makes detailed study of
th2 specific aspects of mathematieal modelling as they
apply to the present structural model. Chapter Two
further discusses the idealisation of frame structures
and formulates stiffness of discrete element model, which
relates element-end displacements to element-end forces
through stiffness matrices. In Chapter three, the
matrix displacement method using spring model is presented
and the computer is used to analyse frame structures as
an assemblage of discrete interconnected elements under
sucport settlement and stiffness variations

In chapter four, a simulation model is discussed.
This is based on the following important considerations
of direct springz model aprcroach, settlement of frame,

stiffness variatian and paramne tric studies (shape,



settlement etc.) |
! In chapter five, an important computational aspects
pertaining to the implementation of the matrix displacement
method and spring model are discussed. Though this

chapter is more in the realm of computer programming, it

has direct emphasis on structural engineering, Since

primary responsibility for the entire analysis generally lies
upon the structural engineer, he should have more than
superficial knowledge ©f the important role the computer

rlays in such an snalysls.

% In chapter gix , a detailed calculaticn on frame
structural loadings, load-cases and combinations, satisfaction
gf cpde requirements for deflection and stress levels

which are necessary to aid the frame design at both the

states of ultimate and serviceability limit are presented.
Further, the results of analysis and a brief discussion

on results are also included.

] Finally, a user's guide,verification examples,

a sample input output result of parametric study, and a

source listing program are provided in the appendix.

L
!
}
H



1.3 LITERATURE REVIEW

. The need for research intc the computer alded parametric
st;dy of frame structures under support settlement and |
| stiffness variation is discussed here. The stages of
development in structural researches of settlements are also
discussed.

i - Recent years have seen a rapid increase in the number
of multi storey frame structures being constructed for both
commercial and residential purposes in urban areas. Some
frame structures may be erected on soil where they can be
subjected to differential settlements, For this reason,
there is a2 need to know the behaviour of such frame structures
under settlements and later to see the effects of stiffness

variation. It is therefore necessary to formulate a direct

spring model approach for this study which can be implemented

easily on the computer.
! i

Alayade (1983) has presented the effects of support
settlement on panel buildings. A detailed review of
research development inte behaviour of panel structures,
especially shear walls, is given in chapter two, where

.particular attention Is paid to the researches made on the
problem of differential support settlements,

L
v
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Gould (1972) has presented the differential
settlement of Hyperbolic Colling Towers., A model of the
differential settlement of a column supported hyperbolical
shell of revolution was proposed, The relationship between
the settlement and stress type shell was analysed by

treating the support region as a semi-infinite sheet,

|
i Grimm (1975 ) has presented the design for

1

differential settlement (movement) in brick walls. The

effects of differential settlements are discussed under

following titles:
- Brickwalls that self distruct,

Expansion Jjoint,

Masonry wall deflection,

wall in flexture and shear

Wall supporting slabs,

Wall supportedon frames,

- Wall supported on foundations,

% Bishra (1980) has discussed settlement-induced forces

16 concrete briges. Here:

1. Analysis of differential settlement-induced forces takes
into consideration the time-rate settlewment of different
supports and these forces are evaluated at specific
points,

2. The force inductien factor:E(t)tl iz derived by which o
the elastic solution of settlewent imduced forces should

be multiplied to obtain viscoplastiic solution,

; B



|
oy | °
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.

3. The'E(t) 1s independent of the final settlement," Dy,
but dependent on the rate of settlement.

: A survey of collapse of buildings in Nigeria is
presented by Ometan (1987). The author attempts to y
investigate the reasons for frequent collapse of buildings
especially frame structures in cities. He puts blame on

incompetent professionals, government and public attitude.
A
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i ._ CHAPTER_TWO

MATHEMATICAL MODEL AND STIFFNESS MATRIX

Plane Frame Structures (PFS) pose an important routine
probler to 2 structural engineer. The matrix displacement
method offers an efficient and practical tool for the
analysis of frame structures. In frame analysis, the
structure is idealised as a frame of interconnected elements.
The elements are assigned flexural and axiel stiffnesses
appropriate to the part of the structure which they represent.
Matrix stiffness method is then used to calculate the verticel
and horizontal displacements about y & X axes and the rotation
about the z axis at the Joints. Hence, the axial forces, h
shear forces & bending moments (BM) of the frame elements

at the joints / element ends can be determined.

are discussed., The modelling technique is based on ghe

In this chapter, specific aspects of Frame Modelling

analysis of a mathematical model. As a first step 1n the
construction of the model, generallsed displacements have
been selected. These define the configuration and
determine . the degrees of freedom of the model, Next, the
three basic components of the model, the conditions of
compatibility, the conditions of equil ibrium and the
constitutive laws, are formulated, The synthesis ©of these
components yield %he mathematical model. In addition, the

concept of wodelling process has been introduced and

RS

i 1
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applied to obtalin the continuum models representing flexural
and axial deformations,

1 _ _
'2.* Fundamentals of Mathematical Models

Structural analysis ls concerned with the modelling
of structural behaviour where the model is mathematical
rather than physicazl. The objective is to assess the
adequacy of a proposed design with respect. teo strength and
stiffrness by methods more economical than the physicatl
" model which is to construct and test a prototype,

A mathematical wodel of a structure has three distinct
components that represent significant features of the
structure: conditions of compatibility, conditions of
equ%librlum and constitutives laws, Holzer (1985) states
that the conditions of compitability reflect geometric
properties of a structure such as continuity of deformations
of elements, assemblages ©f elements, and boundary I
constraints., The conditions of equilibrium express the
balance of a structure at rest, while the constitutive laws

model the behaviour of materials,

242 Formulation of the Mode]

The major structural components of a PFS 1s as shown
in figure 2.1 a&b. The PFB modelling of these components can
be accomplished with the alid of a8 linear beam element of

combined flexure and axial deformation model as ifillustrated

in figure 2.1 ¢

N
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The formulation of the mathematical model centres

on the selection of parameters that define the
configuration of the model, Holzer (1985) states that

" the configuration is characterized by the simultaneous
location of all material points. The number of
independent parameters required to define the structural
;onfiguration represents_the degresz of freedom of the model.
lThe;e parameters are called the generalized
displacements of the model,"™

é In engineering analysis, the configuration of a model
is generally described relative to its initial state, a
reference configuration in which the model is not
subjected to actions, Specifically, the configuration is
defined by the displacements of each point from its initial
position., This is illustrated in the following

development of one dimensional elements without reference

to actions that may correspond to these configurations,

'
o
L

2.3. Development of Continu um Models of Elements

; The fleld of structural mechanics contain a variety
éf continuum models, from simple spring models to complex
shell models, (Holzer 19685). Although these models may
eppear unrelated, they have a common basis, which is
displayed in the modelling process of figure 2,2. This
process defines the mathematical relations (steps 1-3) that

-
. b
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CONTINUUM MODEL

Modelling process [Holzer{1985]]
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form the components of the model and it shows how these
relations may be combined to produce the continuum model,
Moreover, it identifies the geometric and material
limitations of lipear models. Specifically, the
deformations must be sufficiently small to justify linear
strain - displacement relations (step 1) and the
formulation of eguilibrium for the undeformed state (step 3);
In addition, the stresses must be sufficiently small to
justify linear stress-strain relatons (step 2).

The construction of continuur models according to
figure 2.2, is illustrated for members experiencing
flexural and axial deformations, which are the basic

deformations of framed structures,

2.3.1 Flexural Deformation Model

The beam in figure 2.3 a is subjected to the distributed
transverse load P (x) and the conce ntrated forces Va

M Vb, Mb; the term force is generalized to refer to forces

it
and moments of forces. All forces act in longitudinal
plane of symmetry of the beam, which lies in the y & z -
reference plane of frame, The initial configuration

of the centroidal axis of the beam concides with the x-axis.
The beaw is prismatic, homogeneous and composed of

linearly elastic material. Hence, the deformation of the
beam is governed by the assumptions of the elementary beam

theory, It follows that the configuration of the beam

is determined by the configuration of centroidal axis.
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t o
The mathematical medel of the beam is formulated

on the basis of the flow chart in fig. 2.2.

Strain-Osplacement Relaticn

 €(x, ¥,2) =B(x,y) = - yd v(x)/ax® (2.1)

€ is éhe normal strain; which is positive in tension, and
v(x) defines the fransverse deflection of the centroidal
axlis,Eq. 2.7 1is only valid for infinitesimal deformations,
Holzer (198%),

Stress~Strain Relsatiorn

b 6 = EE {2.2)
6 1s the normal stress, and E is the modulus of

R

elasticity.

.

Internal Force-load Relations

dV‘/dx - P. m/dx - V (2. 33)
1 or
dzﬁ/dxz = P, ' : ' {2.3b) f

4 |
t ]

V is the shear force and M is the bending moment. The
positive sense of the exteranal and internal forces of egs,

2.3 15 shown in figure 2,73b.

Stress-Displacement Relation

EQS' 2.1 - and 22 Yield
2
6= - BV 42 T (2.4)
1 '
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Internal_Fbrce - Stress Relations

figure 2.3c indicates that
N = 55‘“ ﬁdﬁ = 0 I(2.5a)

and
M= -55‘”‘ 6d Ay (2.5b)

Internal Force-iisplacement Relations

Eqs. 2.4 & 2.5 yield

N = - Ed° v/dx* SA ydA = 0 (2.6a)

and
M = Ed° v/dxszL y°dA = EId®v/dx? (2.5b)

] is the moment of inertia of the cross sectional

areawith respect to the controidal axis. It follows from

Eq. 2.6a that

J:IA ydA = © (2:.7)

which verifies that the neutral axis passes through the

centroidal axis.

Load-pisplacement Relation

The substitution of Eq. 2.6b into Eg. 2.3b yields the

continuun model of a prismatic, homogeneous, elastic beam.

Elddv/dx* = P (2.8)

Observe that the configulations of the centroidal axis
of the beam, which is defined by v(x) determines any
desired measure ©of response reflected by the model of the

beam, for example, from Eqs. 2.6b, 2.3b and 2.4 we obtain
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rree

M(x) = EId%v(x) /dx® (2.9a)
V(x) = EIdv(x)/dx (2.9v)
¥

6(x,y) = ~ M(x) y/I (2+9¢)

Note that when there are no applied forces, the model
is defined by the homogenous differential equation,

.
dhvsad - o (2.10)

' 2.3.2  Axial Deformation Mathematical Model

fo '
The rectangular beam shown in fig, 2.4a is subjected

to the distributed axial force m{x) and the end axial
force Te & Tb. 7The lines of action of all axial force
are collinear with the centroidal axis of the beam. The
sense of a force is determined by right hand rule. The
deformations of the beam are governed by the following
assupnptions{Holzer, 1685): (1) The centroidal axis remains
straight, and{2) all longitudes of cross section remain
straight eand displace through the sawme amount about the
centroidal axis.

The formulation of the mathematical model is based
" on the flow chart in fig. 2.2.
}

Strain -Displacement Relations: (x,¥) = ¥ dw

where € (x,¥) is the axial strain at smy point {x,y) of

the cross section, and wx is digplacement of cross-section,

R R
Stress-Strain Relation: 1t follows the Hooks law, § = EE

where 6a = axial stress . . (2.12)

ol
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Internal Force-load Relation: dT/dx = -m (2.13)

Stress-Displacement Relation: Eas. (2.11)&(2.12) vield

ba = E, y dw/dx (2.14)

Internal Force-=-stress Relation

fig, 2.4 indicates that T = ,j; 6a dx (2.15)

Internal Force=Displacement Relation

eqs. (2.14) & (2.15) vields T = J; (E%i e v dx.

dw
= EA E; (2016)

A = cross sectional Area of beam.

Load-Displacement Relations

Combining egs 2.13 & 2,76, we obtain the continuum model

of a beam subjected to a distributed axial stress:

AE d w
2 = -m (2.17)

Observe that when. there is no applied distributec

8xial force, eq 2.17 reduces to homogeneous differential

equation:

Q.
£

'\J!

dx =0 R (2018)

2¢3.3 BPRING MODEL

Springs play an important role in foundation settlement
problems. If the deflection is known then a spring can be

inserted in the area of concern. The spring's stiffness
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.ii
1
|
should be no more than two orders of magnitude stiffer than
the maximum member axial stiffness (AE/L).

The problem is approximated by applying a force in
the direction of the spring s¢ as to produce the known
deflection, To understand this fundamental let us take a
simple frame example as shown in figure 2.5.

A 50 mm vertical displacement is required at joint No. k.
The maximum member stiffness AE/*10 = 460350 KN/m is used
as the vertical spring stiffness ;t joint number L. A

vertical force of - 23017.5 KX is applied at a joint
number 4 to force a 50 mm vertical displacement,

.i ] C Thus: Qs = qu...-o-oo(?_.19 )

Where Ks © stiffness of the spring. CoEi

2.4 Derivation of stiffness matrix of discrete

mathematical model

In the absence of intefior leoads, thé continuum
models (section 2.3.) beconme homogenous differential
equations of order n, whose solutions contain n arbitraryh
constants, Since the solutions define element configurations,
the constants represent n generalised displacements, Lo
Acdordingly, the flexural and axial continuum models cah;be"'
reduced exactly to discrete models,

This reduction is carried out in the following way:
first, the element configurations are expressed in terms

of the element - end displacements by imposing geometrical

i
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boundary conditions on the solutions of the homogenous
differential equations. Then, the element - end forces

are related to theelement end -displacement relations of
the continuum models (step 6 of figure 2.2 ). The resulting
set of algebraic equations form the basic element models

used in displacement method for analysis of frame structures,

ffness

2alke Flexural deformation model Sti”7;

Figure 2.6 depicts a beam under the action of end forces
but without interior loads. To formulate relations between
the end forces and the corresponding end displaceuments,

we start with the homogenous differential eguation,

avi/axt = 0 (2.21)

which is obtained from equation(2.8)by setting P = O,

The geometric boundary conditions are

V(0) = Va, dv(0)/dx = Ba
v(l) = W, dv(L)/dx = Bb (20 22)

Eg 2.21) has the so6lution,
VaCleC x#Cux®4C x> (2.23)
0 1 2* 3 Pl

by definition, the co-efficients of eq. 2,23 represents
generalized displacements and the element has three degrees
of freedom. The reasons for introduzing equation 2.22

were given by Holzer (1985) as: (1) it satisfies the

homogenrious differential equation of a beam: hence equation
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2+23 characterises the configurations of the beams

subjected to boundary actions,

(2) polynomials form basic building blocks of many
interpretation functions - elso used in the finite elemenf.
method,

Selecting the élement - end displacements, W, 0%, ¥b
6b,as generalised displacements and expressing the '
fonfiguration in terms of them can be accomplished by
imposing the boundary conditions (eq. 2.22) on eq 2.23 which

Yields the set of algebralc equations:

CB = va
C1 = ea
CO +« LC1 + L2 ce L3 c
+ 3 =Y (2.24)
C1 + 2LCZ2 + 3LC3 = Sb
whose scolution is:
Co - 'a
Ci u Ga
. 2
."1 - -2 - [
C2 /L ( 3va Lea + 3vb Leb) (2.25)
3
Cy= /L (2va + an - 2vb + Leb)

Substituting eqs. 2.25 into eq. 2.23 and collecting
terms of like displacements, ithe configuration of the beam

cam be expressed in the form,
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¢ bVb + ) bed (2. 26)

ea-1-352 + 253

Ya = (€ - 2€E°% + €°n | (2427)

fo= 3€° -

Wor= (- € °
and

Y- aa,

0 <& = § £ = 1 (2028)

The co-ordinate transformation is Eq 2.28 was

introduced to simplify the sclution, it results in the

following transformation of derivatives as given by

Holzer (1685).

divayp ™ = Q)" dv/e € R [ 12429)

with the aid of Egs...2.9, 2.26 and 2.29, the

bending moment anc shear force can be expressed as

M(E) = eI’ (.9: v

"

'(E) = EI/L?" (ga va

where

¢-a" --6+‘|2E

L "

"
a x ?a 98 ¥ pb vb + v‘b eb)

m " " T
*¥, 0, +fvy *+ Y,0,) (2.30)

. ¢aﬂi = 12

lfJa“ = ( - L4+6 E N lfJa'" = 6L
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.'E

" = 6~ 12, B =-12 (23)
A b ! :

L,Jh Y - P --. E Lo s L}Jbln - 6L ,

1 b

4 On the basis of the beam sign convention of figure

2.3b, the end forces of the beam in figure 2,4 are defined as

Y

.

. Ma= -mO) , Va = v(0) |

i Mb = M(1); Vb = V(1) O (2.32)

The evaluation of equsation 7,30 and 2.31 according

to eq. 2,32 results in the force displacement relations.

l Va =0 (12V¥a + 6L8a - 12%b + 6LSB)

Vb = C (~12va - 6L8a + 12vb + 6L4b)

‘;- Ma = 0C (6lL.va + l_|,L‘?Ba ~ 6Lvb + 2L26b)
2

Mb = ¢ (6LVa + 2L°%Ba - 6LVb + LLZeb)  (2.33)

i .
|

.
: 1 |
|

2 4,2 Axia)l Deformstion Model Stil i ness

! C;ﬁsider the bar in fig. 2.7, subjected to end axial
forces Ta, and Tb, We seek to establish relations
between the end axial forces and corresponding end
displa;:ements wa and wb.

Without interior load the differential equation of the bar

in eg. 2.18 becomes

X0

dw/dx* = 0 | (2.35)
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Fig 2.7 Axial Deformation Model stiffness
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The geometric boundary conditions are w(0) = Wa
U(l-) = Wb . (:’.?6)

The solution of eq. 2.35, w= C; + C, X, can be
specialised by geometric boundary conditions this gives:

C6= wa
C,= /L (Wb - wa) { 2.37)
and hence, Y= " + x/L (Wb -W¥a3) (2. 38)
dw

we know, T(x) = EA g

:t. Tx = AE/L  (%b - wa) (2.39)

The evaluation of equation 2.39 at x = O and L consistent
with the sign convention in fig. 2.4, that is Ta = - T(o) and

Tb = T(1) yields the desired force displacement relations.

Ta = AE/L (Wi - Wb)
Tb = AE/L  (-wi 4+ wb) (2.40)

2.4.3 Stiffness of combined Axial and Flexural Model

In preparation for meatrix methods of analysis, the
discrete element models (section 2.3) are now expresced
in matrix form. Matrix nctation permits one to uni ty

L

distinct structural elements in a mathematical form that

reveals their common characteristics.
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j“
de
In matrix notation, the conventional x, v =z, designations
of the element cc-Ordinate axes shown in figures 2.3 |
(FDM) and 2.4 (ADM) are replaced by the integers 1,2¢3.
Thus, the 71 - axis, which is directed from the a-end to
the b-end of the element, concides with the centroidal
axis of the element and the 2 and 3 axes correspond to
principal axes of the cross-section fig. 2.8. Since this
co-ordinate systen is intrinsic tc the geometry of the
element,lit is called the local coerdinate system or the
local frame of reference.
The element - enddimplacementsand forces, denoted

di and fi, are numbered in the seguence of the coordinate
axes from the a - end to the b ~ end of the element,

i = 1,2,3,.;.;..m; where m is the number ¢f degree of
freedom of the element. This is, 1llustrated in fig. 2.9 a
ani b for elements with axial and flexural deformations,
respectively and in fig 2,8 and 2,9¢ for element with both

axial and flaxural deformations. Moreover, to
regard the element end displacements and forces as |
coordinates, a local reference frame is assigned to eéch:
end of element (fig. 2.8, This provides a simple sign
convention A displacement or force is positive in the
direction cof coordinate axis. The positive sense of a
rotation or moment about the 3 ~ axis is determined by
the right hand rule: hence, the positive sense is counter

clockwise in the 1,2 - plane, the plane of the element,
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According to these conventions, the elements in fip 2.6
(F D¥) and 2.7 (ADM) are represented as shown in fig. 2.9,

and b and their models are expressed as:

M
£fi = Z kijJ dj 3 4 = 1,2,00000.m  ( 2,45)
I=1

or

f = kd 2.46)

where kij is stiffness coefficient by Eq 2.46. kiJ has
units of force/displacement. k is the stiffness matrix, d

is the displacement vector, and f the force vector.

Flexural Deformation Model

From fig. 2.9b, the substitutions

d, = Va, ¢, = 8a, dy = Vb, d, = € (2.47)

2

and
f1 = Va, f2 = Ma, f3 = Vb, fiy = Mb

transform Egqs. 2.33 into

f, = (1241 + 6Ld2 - 12d3 + 6L44)
£, = @ (6La1 + k172 - 6La3 + 2L%A)  (2.48)
f, =0 (12d1 - 6Ld2 + 12ds - 6LdL)
£, =0 (6Ld1 + 21242 - 6Ld3 + L12d))
or
KASHIN 'BERARIM 1IRR4ARY

AHMADL, BELLE UMIVERSIT
ARIA s NIGERIA.
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Fig-2.9- Deformation Models
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-fﬂ s T & |- 12 6L d17
| 2 2

£ el 6L oL a,

£, = & [-12-6L 12 - 6L d

| 2 2

) le &P |- e w? e, |

where
o= E1/L>

AXIAL DEFORMATION MODEL

From fig., 2.9a, the substitution ¥ = AEJL
and
d1 = ‘-".‘3, {j;" = Wb

£1 = Ta, fo= Tb | (2.49)
Transform Eq. 2.40 into

Y (d1 - d2)

¥ (-d* + d2) - ; (26 50u)

1

f

£
or

£ Y| -1 d

- - 1 3 {r, 00
1 62 oh)

hy

s ‘ where Y= AE/L

AXirl 4+ PLEXURAL DEFORMATICN MODEL

when these two deformationsoccur simulizneously as
“rame, 1t ls necegsary to combtine them into a single
element, To superimpose the models .of the elements in fig.

2.9, b to obtain the model of element in fig 2.%c, we
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introduce the following change in subscripts. The subscript
2 in eq. 2.50 is replaced by the subscript L, and the

‘ subscripts 1,2,3,4 in eq. 2.48 are replaced by subscripts
’, 2,3,5,6, respectively, This yields the combined element
model.

fﬂ B c 0 -B 0 0 a1
£2 0 12 6L 0 2L 6L az
£3 0 6L LL

fly -B o O P 0 0 aly
£S5 0 =12 -6L 0 12 - 6L das

- 2 - 1y 2
fé 0 €L 2L o -6L LL" d6
- - L - L -
f - 4 ]
2.5 Derivation of Stiffness ' E S,

In the support settlement problem, the assumed spring

model has a direct effect on the system stiffriess matrix

model at a particular supprort and direction. The derivation
of the stiffness matriy 'n =uch case is simple. By
ohservation, the plobal stiffnecss matrix for spring mode)

will be of the feollcecwing forii:
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Ks = pK1 0 7 -
0 K2 o© 0
0 0 K3
KG 0 o
0 0 KS
b (o o© k6 i (2.52)

Where the subscripts 1,2,.......6, imply the same meaning

as in the eg. 2.57

And K1 = AE/L similarly
K2 = AE/L
K3 = 3EI/L
where

}‘3 & AT ETe

hotational Stiffnesse=.

KL
KS
K6

The system model for spring is now

Qs = Ksn which can be

superimposed on . = Kqg

And hence

Kg + Ksg = 0 »

where K is defined in eq, 3,20

K8 is defined in eq. 2.52
Q 4is equivalent force vector

Q8 is spring force vector

= AE/L

= 3EI/L

obtained as follows:
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CHAPTER THREE
FUNDAMENTALS OF MATRIX DISPLACEMENT METHOD

3.1 Introduction

A general approach to the maztrix displacement method
is presented in a form, which makesit suitable for
computer analysis of frame structures
represented as an assemblage of discrete elements,
Specifically the chapter developsand reviews the foundation
for the matrix displacement method as applied to frame
structures under support settlement.QOnventions are
introducedto represent frame structures in a form suitable
for computer analysis. Next, the degrees of freedom are
enumerated, conditions of compatibility and equilibrium are
formulated without references to a2 visual image of the
structure and coordinate transformation,required in the
assembly prcceas,is presented. Finally an efficient
procedure is formulzted for the assembly of element models
into the svstem mocdel and element actions are incorporated

in section

;- Notaticrn and Convention:
“n ordi '~ analyse y Troome tructure in a £
uitable for jauter analysis, it is convenient to imape

o106 1o
4 RS B
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A Joint is a point to which at least one element is
incident. It is used to conmect one element to another,
while an element is a structural component represented by
a straight line connecting two joints, A Joint is placed
at each element and several elements have a common Jjoint,

For a typical modelled frame structure see fig. 3.1,

3e2.7 F.pame Xructure Gecmetry

The locationand orientation of the global frame of
reference is arbitrary; HOwgver, the structure is assumed to
lie in the 14 2 global coordinate plane. The global
ccordinate axes are represented by dashed lines to
differentiate them from the soclid local ccordinate axes (fir. 2.2\
The positive element (local) 1 - axis is located from the
lower joint number to the greater joint number, The positive
2 - axis is located 90 degrees counter clockwise to the
elerent positive 1 - axis. Both the global and local

-

3 - axes are chosen to meke the plane of reference ripght-
P

handed.

32 ¢ o =ord innte

3 T be prorperliv 1 ted with respect

to the global system. fFor most frs tructures zreblems,
it is convenirnt, but not necessarv, * orient the positive
Y- A b hiat t run: Cs3t t 1. Fie

irect y c Qpr Gl & h - i ther 1 1
!:\. i;“'.:‘a inyr & L1ind W degree! Aa | " 0 watl res] ect to thu

1 7 - aard o 3 00 3 g S 5 e ~ g P

positive 2 - axis (see fig. 2.3 ) ard finally the positive

3= axis ls chosen to make the glob:l Trame of reference
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FIG. 3.7 TYPICAL MODEL OF A FrRamE STRUCTURE
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§2

FIG. 3.3. SUGGESTED ORIENTATION OF
GLOBAL COORDINATES A FRAME
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'y

right -handed. The reason for this particular selection
of co-ordinate orientation will become more apparent .
when entering joint loads data (Appendix 1). Finally the
Jjoint coordinates are given by the 1,2 axes similar to

conventional x,y - axes.

3.2.3 Joint Numbering

Each joint must be numbered for identification. It
is necessary to number the Jjoint in a particular sequence.
Random numbering is allowed but will require that a large
amount of computer memory (Random Access Memory RAM) devoted
to store the structural stiffness matrix. This will
required a longer analysis routine and decrease the
maximum size of structure that can be analysed.

To decrease the stiffness matrix storage requirement
(hence decrease the analysis run time) an optional numbering
scheme can be employed. Joint numberings optimization is
achieved when the maéximum numerical difference of all the

element joint pairs are minimised., Example of joint

numbering is shown in figure 2.,

The best joint numbering scheme for minimum half
bvandwidth is to have adjacent joint numbers as closely
together as possible. Vften structures are predominate
lonper in one direction. Such ~tructures have inherent

©otin. (Abubakar, 1987)



2 » e " -
! N
{ 4. ) S I3
NJ = \5
Ne =18
FIG. 3.4 TOINT NUMBERING SCHEME

AND ELEMENT CONNECTIVITY
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3.2.4 Element Connectivity

I An element is connected to its joint pairs., The*
local 1- axis is directed from the lower to the higher
number joint to which the element is incident. The
numerically smaller joint number is termed as 'a-end’
wLiie.the numerically nhigher Jjoint is termed as 'b-end ',
Connectivity is achieved by drawing an arrow to each element

pointing to the higher numbered joint to which the

element is incident, See figure 3,), -

3.2.5 Element Numbering

Each element must be numbered for identification.
Elements can benumheréﬂat random. NoO time or storage
space 1s saved by special numbering schemes. However,
element can be numberedin such way as to facilitate data
input and easy to understand output of analysis. See

figure 3.4 .

3.2.6 Spring Data Input

Spring data: Spring data involves data concerning
horizontal,vertical or rotofional springs used in structured
frame (see Appendix<l for spring coding)., If there are no
springs in the frame this data 1o bypassed. The springs
should only act at Joints and their direction and value

are always positive. The nunmber of row s of data that are
ready to receive input asre penersted by the initiclising

datajno, of springs, spring stiffness(s) ot a joint etc

.
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3.3 Generalise Displacements

; By definition (section 2.3 ), generalised displacements
are independent parameters required to define the
configuration of a model. The number of general ised
displacement is equal to the number of degrees of freedom of
the model. 1f the discrete element models of chapter 2

are assanbled into frame structure, the resulting system

model is also discrete; that is, it has a finite number of

degrees of freedom, Holzer (1985),

( 3.1)
n=L%N - Net d
where,
1 = degrees - of - freedom of 3 free joint
( = 3 for frame structures)
NJ = number of Jjoints,
Nct = number of Jjoints constraint.
Lg 3.1 follows from conditions of compatibility, which

-

are boundary conditions, expressed as joint constraints,
and continuity conditions between element and joint
cisplacements, If an element h&s l.ﬁf?ruwa of freedom at
each end, a free joint at an assembla

elements hacs i degree of freedom, Thus, the number of

cegrees of freedom of the assemblage is eaual to l
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Each element require 3 independent unknown internal
forces (Wang 1983), thus working the degrees of
indeterminancy of ‘the model

NI = 3:2MM - n (3.2)

Since the discrete element models do not represent

element actions, assemblages of these elements can only

represent joint actions such as joint loads and prescribed

joint displacements, Element actions will be incorporated
in section 3.8.

3.4 Components of the Model

A mathematical model of a structure is composed of
conditions of compatibility, Conditions of equilibrium,
and constitutive laws JSSecticn 2.2 ). The constitutive laws,
representing material behaviour, are inherent in the element
models. Hence to assemble element models into a system

mode}, only the conditions of compatibility and

equilibrium need to be formulated.

For the sutomatic computer assembly of element models

I Y ’
the conditions of compatibility and equilibrium will be
formulated by the code number tectmique which was intrcduced

by Tezcan (1563),

) 4 Yoot A 14 4
ey . UMD2TI01I L1 TY
- ——— e 7o et s,

The conditions of compatibilitv ceén be expressed in
compact form by the member code matrix, M, which is defined

as in Holzer (1985)%
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M- (M) (3.3)

z

(NE, m)
where
Kif D.j -QR; k-- 1.2...&.“

MiJ =
'0' otherwise

gk = joint displacement corresponding to the system

degree of freedom, k.

DJi = Element - end displacement referred to global

coordinate axes.

Thus the i-th row of M corresponds to the ith element,
the jth column of M corresponds to the jth element
displacement and the entry in the location defined by the
ith row and jth column of M is k if the element displacement
D;Ji corresponds to any joint displacement gk. Otherwise it
is zero.
The significance of the member code matrix is that

once it is defined, no visual reference to the structure is
required to formulate conditions of compatibility or
equilibrium for the assemblage specifically, the displacement
vector of the ith element can be defined by the following

transformation.



e 50

DISPLACEMENT TRANSFORMATION q-—e D*

1. Match the row of D1 with the entries of the ith row

=

of M.
2 Assign the values gk to each component of D1 that

corresponds to a positive integer ke
3» Assign the value zero to each component of Di that

corresponds to a zero integer.

3402 Egquilibrium

Any configuration of a system for which all generaliscd
forces vanish is an equilibrium configuration (Holzer 1985).
Since generalized forces correspond to generalised displncements
in a work sense, the generalised forces of assemblages are
net force in the direction of the joint displacements.
Particularly, the kth generalised forcey Rk, is equal to

the sum of the external force, Qk , and the internal forces

corresnonding to the joint displacement, ake.

Therefore, for an ne-degree of freedom system comnosed
of NE elements, the condition of eguilibrium gives:
NE poo
Q= Q
i=1 (Fets)
where § = n - dirnensional apalied joint force vector,
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Fqi = n - dimensional internal force vector supplied by
element i, that is the generalised force vector of
element 1i.

Since the member code matrix identifies the element

displacements, Dji, that are equated with the Jjoint displacements

gk, it also serves to identify the corresponding element
forces, Fji, that balance the applied joint force, k.

Accordingly, the generalised force vector of element
. ¢ Fqi, can be obtained from the global force vector of

element , Fﬂ as follows,

FORCE TRANSFORMATION: &> M p.l

e ———_

1. Match the rows of Fi with the entries of the ith row of M,

2. Transfer every component of F* that correspénds to a
positive integer k to the k- i row of Fgl.

3. Assign the value zero to every row of Pqi that does not

-
=

receive a contribution from

3.¢ Coordinate Transformation

Eince element models are expressed in local coorcdinzates

-1 - - ) ar 1 . - | . M 1w ~ . + -~ - - &~ g
and 131_::{,‘71.;'."! in 1101-."!1 coorcinzte > \."'."-sl.n;:‘fl' 1"‘.!'.‘.._~ )

TU T 5 depicts the 1¢ ) lobal coordinate
Pt H lement of plane . Ters B!
i 4 it L [ =4 ..f 41 | J -
sC0 that both local and global * axes are conincident, |ive:

Pr \ o : ; - WAV aa " _ e o 7 :
(1978), From figure 3.% , the rotation matrix is
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FIG. 35 LOCAL anD GLOBAL CO-ORDINATES FOR
AN ELEMENT OF PLAE FRAME
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C1 c2 0 c1 = cos ©
A=|-C € 0
o} o) 1J C2 = 8in € (3.6 )

The rotation angle @ is measured from global 1 - axis

to the local 1 - axis; its positive sence is counterclock

wise. The rotation matrix (Eq 3.6) is used in transformation

between local and global co-ordinates to formulate
displacement analysis technique., Specifically, these
transformations are of the form

d =AD (3.7a)

and T
FapAf
(3.7v)
Where d and D are the local and global element disnl
ment vectors, f and F are local and globzl element force
veclors, and s\. is the transforma*tior mzairix {rom global

to local coordinatese.

1
D

O
0 A L."‘I'.';

A

A is defined in Ea. 3.6.

ancsexhly Proces: (Utiffness & force

in this section, the matrix displacement method i:

presented in a form which makes it suitable for

co
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computer analysis of framé represented as an assemplage of
discrete interconnected elements., Specificalily, conditions
of compatibility and equilibrium are formulated without
reference to a visual image of the structure, and an
efficient procedure is employed for the assembly of
element models into the system model.

If the local and global reference frames are distinct,
the local element model.

Fla Ky T e 1 20svenlB (3.9)

must be transformed into the global element model.

i

plo_ ki

pt (3.10)

Where the global element stiffness matrix
Koo AT A Al (3.11)

Eqs. 3.10 and 3.11 are obtained from ¥q. 3.9. and the

contragradient transformation Eq., 2.7, as follows:
= | IT .. i i i iT L iad i
. At o AT klat. AT KiplD
= K0 ( 3.12)
The global element model is next transformed into the
generalised element model

Fq' = Ma'q (3.13)
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by conditions of compatibility. Finally, the
subgitation of eq. 3.13 into the equation of eguilibrium,

‘eq. 3.4, yields the system model
! kg =0 (3.0 )

Where the system stiffness matrix
NE

| (k= 2t (3.15 )

The generalised element stiffness matrix, Khl,
can be constructed efficiently from the global element

stiffness matrix, Kl, with the aid of the member code matrix

as follows Holzer (1985)

'r',;:?‘s:’;//
STIFFNESS MATRIX TRANSFORMATION: 1% A7
KRN
! Ib :‘-«‘)".{‘\.{?‘(‘?
ik M rk@i Q%§<p47(,
4; ('}f &?
o s
1« Match the rows and columns of Ki with the entries f@)

of the ith row of M,
2« Transfer every coefficient of ki whose row and
column correspond to positive integers J and k to the

j-th row and k-th column of Kqo.

1 . :

3, Assign the wvalue zero to every location of kﬁlthat does

not receive a contribution from kl.

Eq. 3.14 represents a set of simultaneous, non-homogen.
alpebraic equations in the unknown joiildisplacements,
The solution to eq. 3.14 is unique if the system stif{fness

matrix is nonsingular, that is, if K has rank n. Physically,
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“v.

this means that .the assemblage 1s sufficiently constrained

to prevent (finite or infinitesimal) rigid-body displacement.

Accordingly, the initial configuration is a configuration

of stable equilibrium.
o .

3.7 Formulation of Global Element

To apply the matrix displacement method to interconnected

framethe global element stiffness matrix need to be formulated,

The local element model (eq. 2.,51).

f=lkd  (3.16a)
where
K = haa hab
hba kbb
- 9
=B 0 0 -B 0 0
12 6L 8 -12 6L
0 6L LL? 0 -6L  2L°
-E 0 0 B & ¢ (3.16b)
0 -12 -6l 0 12 -6L
0 6L oL? o 6L m,z_J
and 3

KX = :-:1/1,3, B = ALZ/I, Y = oap = AE/L

The substitution of the partitioned A - Matrix
(tg. 3.8) and the partiticoned k - Matrix (a.2,16b) yield

the glokal element stiffness matrix in the form.



K
where
Kaa
Kab
Kba
Kbb

= Kaa
Kba
- AT
AT
s A%
- AT

7

Kab
Kbb

k aa
k ab
k ba
k bb

> > >

A

(3.17)

(5.18)

Since K is symmetric, it is sufficient to compute the

coefficient of Kab and the upper triangle portions of Kaa

and Kbb.,

Kaa =

oc

Cc1
c2

-

The resulting global

element can be

-
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g2
g3

- C2
C1
0

g2
g3

stiffness matrix of the frame

Ol |B
ol |C

1] 1O

el
g5
g6

expressed as:

For example, by Eqs. 3.6, 3.16, and 3.18

O 0 C1
12 6L -C2
6L hLQ 0

c2
C1

(3.19)

g6 (3.20)



where

g1 = oo (BC,” + 12C,)
82 = aL,C, (p- 12)
g3 = ac(pcg - 12c‘;" )
B4 = - m 61..(:2

g5 = pe 6LC1

g6 = a LL?

g7 = 2Le

o = EI/Lj

B = ALYI
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3.8 Element Actions

N .
AR - .
In presence of element 1loads, the Jjoint displacement

no longer represents generalised displacements of assemblage,
Holzer (1985); that is, the joint displacements are not
.sufficient to define the configuration of elements

subjected to loads,

o However, the Jjoint disprlacements, the element -end
Ifor;és, and the joint forces can be computed by a procedure
known as resolution of actions. It includes load resolution,
analysis of an eqguivalent Joint load system and resconse
'superposition.

Y .
" 3.8.1 Resclution of Acticns

Element actions may consist of loads, temperatufe
changes, element imperfections, prescribed displacements |
(such as support settlements) etc, The actions of the .
structure are transformed into equivalent joint loads

by the resolution.

T

R R S S - (3.22)
where | :
I = actusl actions of the structure; they may o
} consist of <lement and joint actions | |
e

1 = Fixed Joint actions; they are composed of the
i | actual element actions and joint loads required to

prevent joint displacement.
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l= equivalent joint loads.
= A
Since the jointscorresponding to ) do not experience

displacements, the element - end forces are fixed-end forces
that can be computed from formula developed for specific
element loads.

Note that 1 contains only joint loads because the

element actions are introduced in 1 and it follows from e,
3.22 that
PO, (3.23)
Thus the equivalent joint loads can be obtained by
substracting the fixed joint loads from the actual loads,
Hence, the response to 1 can be determined by the matrix

displacement method.

In matrix form, the eqguivalen. joint load can be

expressed as

g ~
Q =Q-0Q
where
Q = actual joint load vector
A . -
Q@ = fixed joint load vector

]

equivalent joints load vector.

0o

— o

C is prescribed and Q can be computed z= follows:
1« For each element subjected to acticns, the local f
ar y
end f, is computed and transformed into the global fixed

A »
end force vector, F

oy
s

A
5 it
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2. The generalised fixed end force vector, Fqi. is determined
by the force transformation(section 3,4.2 )

3 i
F "% (3.25)

N e

3. The condition of eguilibrium eq 3.4 , is imposed to
vield

i=1

Once the responces to L and 1 are determined, they
are superimposed , eq. 3.22, to yield the actual response.
In particular the actual element force vectors can be

expressed as

?i = fi + ?i (3.27)
where
7 o= i
Then the actual force joint force vector Pj can be comiuted.
Note that the joint displacement correspondin- 1
and 1 are identical because, tho joint displacer nic correse
ponding to ? are zero by def
i.e.
3 = o+ a = {(3.28)
lse
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3.9 Summary
The complete process of matrix displacement method
with element actions is presented in a form, fig.3.6, that

facilitates computerization. The key steps are .

1« The unknown joint displacement are selected as the
independent variables.

2+ The element models are formulated eq. 3.27

3. The element models are assembled into the system
model, the model of the structure, by imposing the
conditions of compatibility and equilibrium. The
conditions of equilibrium balance the applied joint forces
and the element forces in the directions of the unknown
joint displacements. This assures equilibrium of the
assemblages. <he svstem model represents a set of
simul taneous algebriic ecuations in the unknown joint
displacements.

. The system model is solved for the joint displacements.

5. The element end forces are computed by substituting the
values of joint displacements into the element model
eaquationg,

6. The applied and reactive external l'orces at = Jjoin

Are then computed from element forces.
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A UNKNOWNS
n1y
TR W
2.ELEMENT| = o
MODEL | ' S ELEMENT FORCES
g —fi: Kid‘l + ,f\i' | B p; |
T:
Assembly
(Section 3-6)
3 SYSTEM
MODEL
A
1" Kyekeg:=Q+Qs
o SYSTEM STIFFNESS MATRIX
4L SOLUTIONY : .
. K'Y M, kg
o' Mg q , }
d - & Ko - % l«i‘ L
Eq_ 3.70 ' : ' '=1. |
n = number of system dof - EQUIVALENT LOAD VECTOR
m = number of element dot gvOM, BN r\% Ei
; Y T o9
Q -0 -0

NE = number of elements

Matrix Displacament method wath Element

Fig- 3.6 .
Actions And Spring Madel[Holze ) (19 85)
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SIMULATION MODEL

It is necessary to simulate the structure with a

simple model to understand the behaviour of whole structure-.

Three different simulation models and a parametric study

are considered as follows:
1. A Direct spring model
2. Settlement of beam and frame

3.Stiffness variation of beam and frame.

L., Parametric study (e.g. Geometry,settlement & stiffness)

b1 Direct Spring model (William 1978)

A problem of concern to many engineers is analysis
of a structural system resting on an elastic foundation.
Examples of such systems are first, a2 frame structue with
support settlement (fig. 4.%® and second a continuous
building foundation, railtracks, highways or airport-
pavements, which can be idealised as heam on elastic
foundation (fig, L.1b).

The basic assumption is that the intensity of the
subgrade reaction is proportional to the deflection of
support or beam at any pecint. This assumption greatly
simplifies the analysis, as now the frame support or the
beam supports are springs with known spring stiffnesses.
The matrix analysis of such supports on elastic founcation
is easily accomplished with the technicues of frame

analysis.



a:
FRAME SUPPORT SETTLEMENT

BEEEEN

FIG. 4.1 BEAM ON ELASTIC FOUND.



L.2 Settlement of Beam and Frame (Schodek - 1980)

b.

4.3

and

-

Support settlement in a simply supported structure
often causes no bending moment to develop in the
structure since it simply relates freely as it settles.

(see fig. L.2a)

Support settlement in a fixed ended structures cause

undesirable bending moments to be developed.

(see fig. L.2b)

Support settlement in continuous beam can cause incro-:r

BV te be vdeveloped at different locations in the
structures over those normally associated with loading.
Downward settlement of middle support causes point of
inflection to move inward., Thus, increasing the
mid-span bending moments. The reaction at the beam

ends also increase. (see fig. L.2c).

d

Support settlement in frame structure can cause incre-nod

bending moment tn he developed at different
location over those normally associated with loading

jointls), here, becomes most critical. (see fig.lio2d)

‘Stiffness Variations of Beam and Frame

The different cases of =tiffness variaztions of beam

frame are discussed as below:
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FIG. L2 SETTLLIMENT OF B:AM




FIG. 4.2C: SETTLEMENT OF CONTINOUS

BEAM
3 ) liet SR T —— -
@ © ——
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@

BMD wunder
nOrn'nl loodin

FIG.4.20: Settiement of frame
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_CASE - I Stiffness Variation of Beam at the Ends

a, Fixed end beam in which stiffness approaches zero at

each end of the beam. (see fig. L.3a).

b. The reduced stiffness reduces the capacity of the beam
tc result rotation at that points.Consequently this
causes the point of inflextion to be developed at these

locations. (see fig. L.3b)

c. The changed location of inflection points causes a
change in bending moment diagram. In this case, the
BMD is quite similar to that of simply supported beam.
(see fig. 4.3 ¢)

CASE-11 stiffness Variation of Beam at the Midspan

Fixed end beam in which stiffness approaches zero

A

at the centre of the bear reduced stiffness.

(See fig. Lh.?1 @)

e, The reduced stiffness at the centre causes the point

of inflection to deveiop at this point. (see fig.Lh.3e)
f

f. The member behavine like twe cantilever beams each «

length 1/2. The BMD is as shown in fig.h.3d
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E} reduced stiffnes-zj

lk"n.h-) Q

EE BMD

M = WL/, C

FIG. 4.3 ° Stiffness Vaiotion of Beom

=

FIG.4.3 ' Stitfness Variotion of Beom
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IIT creased Stiffness at End o

g. A fixed end beam with increased depth (stiffness) at
each end. (see fig. L.3g).

h. Since the beam is stiffer at either end than in the
middle, the point of inflection tend to move toward
the middle of the beam than they do in beams having

a constant cross-section. (see fig. L.3h).

i. The change (movement) of the points of inflections
inwards affects the moment diagram. C(ompared to a beam
with constant cross section, more moment is developed
at the fixed ends and less at the ™Md-span, More
moment has been attracted to the ends due to
increasing member stiffnesses. Note that the sum of
positive and negative BM remains WLZ/B. The total
moment present has thus not been changedonly its

distribution. (see fig. L.3i).

Thus, moment has been attracted by stiff portions
of the member. This is a point of fundamentzal interest

from a design view point.

o T
CASE IV Increased Stiffness of a frame

Je In simple frame, the Beam BC can be idealised as the
case (III) (See fig. he3)e But if you increase the
overall stiffness of the structure by same amount,

there will not be any difference in force distribution.



72

e

Pl = Points of inflection

le N
[
ﬂ}—fL—
> W12
(72
Loading
8 C
.- Cross section
A D
J
B ?ﬁ ac
K

FIG. 4.3: Stiffness Variaotion of Frame
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Parametric Study_

-

Frame structures are important structures in normal

routine desi gn. The behaviour of frame structures for the

a1 pport settlement conditionsand stiffness variations

should be sufficiently investigated. For this reason, we

select different geometry, settlement and stiffness then

analyse the same configuration and compare with the other

results., This helps us to see how a particular joint will

displace,the magnitude of the forces induced in a

member and which member will be critical.

To know the different parameters, a complete table is

given for identification. The following parameters are

considered.

Two storey flats have been selected and the critical
different sections A/D (3-bay frame) and B/C (2-bay frame)
are analYsed under normal loading, and load cases and

load combinations, The preliminary design cross-

sectional dimensions are considered here.

The geometry of the two storey flats is changed at

sections A/D and B/C i.e. 1 storey and simple frame,

Different conditions for support settlements like
external, internal and differential settlements are
considered for all the different peometries mentioned

in (2) above.



k. . 1 bay simple frame and 1 bay-one storey frame is also

considered and analysed under normal loading conditions

and support settlements,

5. Finally, the analysis of frame at sections A/D and

B/C under various dimensional changes (stiffness) like

10% & 25% increase in cross sectional area is considered,

P
CASE STRUCTURAL GEOMETRY |STRUCTURAL
CODE

NUMBER( SCN)

A. 3 bays and 2 storeys
(See fig. L.l4a)

B. 2 bays and 2 storeys
(see fig.L4.4B)

C. 3 bays and 1 storey
(see fig. Ly C)

Gos
G31
G32
G 33

G06
G35
G 36
637

Glh1
GYy2
GL 3

SUPPORT SETTLEMENT(A )

Undernormal loading
20mm A at (13)
20mm A at (9)
1mm A at (9)
2om A at (13)

undernormal loading
20mm A at (1)
20mm A at (8)
Smm A at (»)
10mm A at (1)

>0omm A at (10)

20omm B at (7)
10mm & 20mm A at

(7) & (10) respectively.,
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]D. ' 2 bays and 1?-lto:‘ey

(see fig.h.L D)

3bays simple frame
(see fig.h.l4 E)

2 bays simple frame

(see figJyoly F)

1 bay simple frame

(see fig.h.l4 G)

1 bay and one storey

(see fig. L4 H)

3 bays and ? storeys

(see fig.Lh.L I)

bays and ? storeyg

(see fig. L.L4 J)

GL5
GL6
GL7

G51
GS2
G53

G61

G62

G10

20mm A at (1)
20mm & at (2)
20wm and 10mm &
at (2) & (1)Resp.

20mm A at (7)
20mm A at (5)
10mm & 20mm B =t (5)

& (7) respectively

at (1)

at (3)
Smm and 10mm A at

20mm A
20mm A

(3) &(1 )respectively.

under normal loading
(95+LL)
10mm at (4)

under normal loadings

(DL + LL)
10mm A (a) (L)

10% increase in
dimension(stiffness).

25% increase in
stiffness.

10% increase in
stiffness.
25% increase in
stiffness.




General theories and formulations of matrix displacement

method for PFS analysis under support settlement are
presented in this study. The objective in this chapter is to
discuss some important computational aspects pertaining to
the implementation of the matrix displacement method,

It seems possible, by using many elements, to approximate
any PFS with complex boundary and loading conditions to such
a degree that an accurate analysis can be carried out.

In practice, however, obvious engineering limitations arise,
a most important one being the cost of analysis. As the
number of elements is increased, the manpower required to
prepare the relevant data and interpret the result will
increase, and also a larger amount of computer time is needed
for the analysis. Furtherwmore, the limitations of the
program and the computer may prevent the use of a larger
number of elements t¢ idealise the structure. The limitations
may be due to high speed and back up (low-speed) storage
available, or the round-off and truncation errors occuring

in the analysis because of finite precision arithmetic.

Also the malfunctioning of a hardware component, if the
analysis is carried out using many computer hours, is
possible, It is therefore desirable to use efficlent

programming techniques,

The effectiveness of a program depends largely
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on efficient programming method and sophisticated use

of the available computer hardware and software. Nevertheless,

some effective computer programs have been developed on
micro computers. ’
In the following, the design of matrix displacement
method of analysis program, in which largely computer -
dependent procedures are used, is discussed. An actual
frame structure idealised as an assemblage of
interconnected elemgnts is assumed. The process of
analysis consists of essentially four phases of
the computer program:
1. Input pre-processing
2. Assembly & Solution,
3. Calculation of element = end forces
anc sunvort reactionse.

4. Output Results of Analysise.

A computer program using all the important features is
presented in Appendix IV.. As might be imagined, there 1is
no unique optimum program organisation and various different
and effective strategies are currently followed as in

datbe andet al (1974), Bathe (1975), and Harrison (1960),
Farts 1 & 11I. In addition, new ideas may be developed,

particularly as new computer equipment becomes available.

Se? Computer Frogram Organisation

The listing of the program PF is presented in
Appendix Iy .. Although, the Code PF is simplified in

various areas, it shows all the important features of more



general codes. The main objective in the presentation

of the progranpia to show the overall flow of_a typical

matrix displacement method program.

Figure 5.1 shows a flow chart of the program modules.

The user's guide is presented in Appendix I. The program

can be understood to be consist of essentially

four modeles: (see fig. 5.2 a, b, c& d)e.

1.

3.

INPUT PROCESSING ~ This module accepts all input data,
computes system degree of freedom and half-band width,
accepts spring data, establishes member-code-matrix,
calculates fixed-end forces, resolves appnlied action
and finally stores data into appropriate file for

further processese.

ASSEMBLY & SOLUTION PROCESS - At this module, first of
all data required for assembly process are read from
file and the module computes global element stiffness
matrix and stores the results into file., Secondly,
the module using K and U, solves the equilibrium
equations using triple matrix dem mposition technique

and stores the resulting displacements, q,into file,

CCMPUTATION OF ELEMENT END FORCES & SUPPORT REACTIONS -
Reads data required for displacement transformations
and computation of element end forces. Performs the
computations and stores the resulting element-end
force into the file, And secondly, it computes the

support reactions.



4. OUTPUT PROCESSING - This post-processing module
' reads displacements, element-end forces, and out put

information from the file.,

These modules are stored as separate programs (pPF 1-4)
on the Mini Floppy Disk  (see Table 5.1 for details)
and the low-speed storage allocations used during the

analysis process, i.e, the file.
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FIG. 5S.2b MODULE - 2
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FIG. 5.2C  MODULE -3

o s

—————



FROM MCDULE-3

USER
DISPLAY

UNIT
W Enquiries
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F
END

FIG. 5.2D. MODULE -4



MODULE p DESCRIPTION

PF 1 Pre-processing Modulet? Accepts all input data,
generates other information necessary to complete
the analysis, and finally stores data into appropriate

file: for further processes.

PF 2 A ssembly and Solution Module:

(a) Performs the system stiffness matrix

transformation.
(b) Solves the equilibrium equations using triple

matrix decomposition technique.

&
PF 3  Computation of hlement- End Forces /5upport keactions
Module? Perform the transformation of assemblage
displacements into local axes and computes the

element-end forces.

PF I, Post-processing ‘odule. Ferforms load combinations

and output’ the desired results,

53 PROGRAM 1INFORMATION FLOW

The first module reads and/or generates all data
required for the complete PFS analysis. The input data

consists of the following categories:



-

Problem Title

Contrel Information

Joint Coordinates

Elements Connectivity

Joints Releases

Spring Stiffnesses

Element's material Properties.

Load Data (Dead, Imposed, Spring Load etc.)
Out-put Information,

The full description of each category is presented
in the user's guide (Appendix I). With all the data known,
the program continues to generate other information necessary
to complete the analysis.

Consider first data that correspond to the joints.
The program is set up to allow a maximum of three degree
of freedom at each joint-two translationsand one jotational.
Corresponding to each joint, it must then be identified
which of these degrees of freedom shall actually be used
in the analysis, that is which of the three possible
Joint degrees of freedom correspond to degrees of freedom
of the assemblage. This is achieved by defining an

identification array as follows:

JR = NJ #* 3 where
JR = Joint Releases
NJ = Number of joints.



Element (i,J) in the JR matrix corresponding to the
Jth degree of freedom at that joint i. If JrR (1,J) = O,
the corresponding degree of freedom is defined in the
element system;, and if JR (I,J) = 1,the degree of freedom
is not defined.

Once all active degrees of freedom have been defined
by zero (in the JR array) the equation numbers corresponding
to these degrees of freedom are assigned., The procedure
is to simply scan row after rows through the JR array and
replace each zero by an equation number which increases
successively from 1 to the total number of equations,
that is, the total system degree of freedom. At the same
time the entries corresponding to the non-active degree

of freedom are set to zero.

At this stage, with element connectivity and joint
releases data known, the program generates the member -
code-matrix, M (see section : ! . 41). This matrix relates to
each element degree of freedom and hence the
corresponding assemblage degree of freedom. It is
convenient to connect array M (1,J), in which entry (i,J)
gives the equation number that corresponds to the ith
element of which degree of freedom j. The procedure of
establishing the connectivity array M (1J) is achieved by
ushg the element connectivity jeint pairs te extract the
element's assemblage degrees of freedom from JR array,

that is, the connectivity array of each element is determined



from the joints to which the element is connected and
the equation numbers that hav; been assigned to these

Jjoints.
Once the array M has been defined, the corresponding

element stiffness matrix can be added in compact form to
the system stiffness matrix, but the process must take
due account of the specific storage scheme used. As
explained in Harrison (1980), an effective storage scheme
for the system stiffness matrix is to store only the
elements on the leading diagonal and up to the half-band
witdh,

The triple matrix decomposition technique described
in Harrison (1680), is then applied to solve the resulting
equilibrium equations. Next, for each element, its
assemblage degrees 0f freedom are transformed to local
axes ane its end forces for each joint are completed to
complete the analysis process,

Once the analysis is completed, PF provides the
results in an output-file. Joint displacements (mowvements
and rotation.), and element-end forces (axial forces,
shear forces and bending moments) may be displayed
numerically on the screen or ;rintc:, 7The numerical
results outP8t is formalted to allow a quick comparison
of all displacements and forces created by each load
combination on an element can cuickly be obtai ned. 1In
addition, out put of results concerning particular

elements can be easily obtained.



CHAPTER SIX
DISCUSSION OF RESULTS

The results of analysis of the parametric study
have been depicted in the appendix III. In this chapter,
special attention is given to mark the effects of
parametric study at a particular Jjoint or member.

Different tables from the results of analysis are prepared
and percentage variations are calculated. The observations
and discussions from the comparison are marked:

Finally comments are made on:

- stress level
- satisfaction of CCDE requirements
- computing time

- computing scheme.



6.1 Loading Calculations
6.1.1 Loads for Section A/D (see fig. 2.1 a & b)

I. Roof Loading )
Dead Load
Z- Purlin & Roofing Sheets (say) = 0.3 kN/m°

x 259 = 0.54 kN/m

Beam self weight = 24 x «3 x .23 = 1.66 kN/m
Rendering = 2(.3 + +23) x .025 x 20 = 0.53 Xkii/m
Total gk = 2.73 kN/m (see fig 6.1)
Live load, gk = 0.75 kN/m°
X 36/2 = 125 kKN/m

II. Floor Loading

Dead Load
150mmth Slab =#150 x 24 = 3.6 kN/m2
finishes = 1.5 kN/m2
partition = 1.8 kN/m°
6.9 kN/m2

FK1 = 6.9 x 3.6/2 = 12,24 kN/m
Beam self wte. 24 X «3 %X 2% = 1.68 kN/m
Rendering = 2(«3 4 «¢23) x 025 x 20 = 0,42
Fk?= 2,08 kN/m
Total gk = 12.42 4+ 2.08
= 14,50 kN/me (see fig. 6.1)

Live Loai gk (required for residential flats) =1.5 kN/m

X 3.6/2 = 2.7 ¥N/m



6.1.2 Load for Section B/C

I. Roof Loading

Dead Load
0.3 kN/ﬂz

Z-purlin & roofing sheets (say)
= o ho1 06
54 B2 waum

1.115 kN/m

Beam Self Weight = 24 X3 %X «23 = 1.16 kN/m
Rendering = 2(.3 4+ .23) (025 x 20) = 0.53 kN/m
Total gk = 3345 kN/m (see fif 6e2)

Live Load QR = 075 (l'ol 3'§)
s 2

= 2.90 kN/m

II. Floor Loading

Dead Load
150mm th. Slab = .150 x 24 = 3.6 kN/m°
Finishes = 1.5 kN/m2
Partitions = 1.8 kN/m2
To tal fieq = 58 kN/m
. De enectn = ..‘ f. 2.6
Byq PET M length = 6 ”(‘?1 + *36) kN/m

= 20498 kN/m
Heam :;ﬂl“ wts = .?14 X e 7 X «23 = 1or’38 k.‘\‘/m

0e 42 kN/m.

"

Rendering = 2(.3 + «23%) (.02% + 20)

2. 080

3
o)
ct
4
]

) = 54775 kN/m

Live Load QY = 1«5 4.1 e O
‘ (5= + =
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96

DATA GO5 DATA GO7 DATA .09

@ (1) + 10% increase 1)+ 25% increase
1. Column
230 A=0,0529 253 A= 064 | 267 A= ,082
230 I=,00023 4,53 I= ,000341 J 57 I= ,00
lm. Beams (1st & IInd floor |
230 A= ,1025 230 A =.1138 230 A=, 1288
4L50mm I= ,0017 495  I=, 0023 | 560 I=,003}
3. Beams at roof level
230 A=,069 230 A=,0795 23 A=, 0862
300 I=,0005 330 I1=,0007 315 1=,0010

Assuming that the dimension will not change much the deac load, all the dead

loads will remain same in the both sections.

Table 6+1. Section Properties for Different Stiffnesses -+ Section A/D






