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ABSTRACT

Computer simulation is carried out for some Waiting Line Models in this
thesis.Before the models are described a short mathematical summary of the
most fundamental tool for stochastic simulation on a computer is given,
namely the problem of generating pseudo-random numbers and stochastic vari-
ates,In this summary the authér refers to the "Mixed and Multiplicative
Congruential Methods",and list, some basic definitions and theorems by which
all statementsand conclusions can be proved.However,the purpose of this
dissertation is not to deal with special verifications of these theorems
(so proof's are omitted),but to make use of them as important aids in the
simulation of the models.

Computer subroutines,based on a strict mathematical background(developed
by Neumann {50],Lehmer [37] greenberger L22],Hutchison (30],Coveyou(12],
Good [1& and 19),Juncosa |32 ],Theichroew [69] etc.) have been employed in
the development of both the random number generators and the stochastic va-
riate generators (for frequently used probability distributions such as
uniform,exponential and Poisson).These subroutines are included in the
introductory part of the paper.

The author ggnaeda to simulate six stochastic modelsjthe analytical so-
lution of the first five are known,but it is of'ten useful to make an ap~
proximation by simulation even when other solutions are available.In these
cases the opportunity presents itself to check the validity of simulation
and to compare the results obtained by both methods.It turns out that there
is a very close agreement between the results got by different ways,

In the formulation of computer models,a flow-chart has been used in each
case,which the author considers to be a good,precise and abbreviated
language so as to avoid long worded descriptions.Flow-chart language has
the additional advantage that it is not orientated to any particular com-
puter,.Hence in this paper models appear in flow-chart form.-The computer
model is,in fact,the simulgtion i.e,the set of statements that model
stochastic systems,

Annexed to each model a diagram giving a graphic representation of the
waiting line in question showing the changing values of some important va-
riables during a short period of the simulation.The construction of the
included diagrams is fairly self-evident and makes it possible to follow
the flow of events,

In the actual caleulations made,it is supposed that arrivals follow
Poisson’s law and service distributions are governed by exponential disri-
bution.However,the models given in flow-chart form are common models,not
restricted to any particular probability distribution and can be used,with
little effort,for other distributions as well,e.g, for queueing processes
involving the Pearson Type III,Chi-sqare,Brlangian or Gamma distributions,

In the final 3 models (Models 4,5 and 6) sequential queueing systems
have been simulated.In Models 4 and 5 Poisson arrivals and exponential serv-
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ice time have been assumed.-The analytical study of systems in series is
difficult,especially when the interarrival and service time distributions
differ from Poisson and exponential,The usual approach is by simulation.-
Model 6 is independent of any particular probability distribution,

Pinally,let it be noted that calculations were carried out on a computer
having 24-bit words,so this had to be taken into consideration in designing
the pseudo-random number generator,
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PART 4
INTRODUCTION

14  Sempling

For simulation purposes,a sample is usually utilized to reﬁresent the
population as part of the input information into a more extensive model.

A sample should be representative of the population from which it is drawn;
yet in actual practice,it is often quite difficult to assure such a result,
If the information contained in the sample is to be of any value to us as
representing the salient characteristies of the population,then the seleo -, .
tion of the elements in the sample must be accomplished in a proper manner.
It is obvious that the aample must be selected in a random fashion,In other
words,if the sample is to portray the characterigtics of a process, then
each of the elements produced must have an equal chance of being included

in the sample.Sampling is sometimes is the direct selection of a sample from
a population,while at other times it involves a simulation,

It is easy te vigualize the random selection of a sample froma population
when all the possible items in the population are equally likely to ocour.
We oan randomly selsct s ball from a hat containing 20 identical balls,num-
bered 1 through 20.However,if the balls numbered 1,2, ...,7 are coloured red
and the remaining balls are coloured green,the event of drawing s red ball
is not equal to the event of drawing a green one,Nevertheless,a randomly se- -
lected ball from the hat is considered a random sample,becsuse the drawing
of any one of the 20 balls is a aimpler an equally likely event.We cen sim-
ulate the tossing of a fair die by placing 6 identical balls in a hat,the
balls are numbered from 1 to 6,defining the 6 surfaces of the BB ,and then
randomly drawing a ball from the hat, successive samples being drawn with
replacement .4 ball selscted by this manner is considered a random sample If
we have an unfair die,snd the surfaces to be made appear have the probabil-
ity of 0,2,0,16,0,46,0,15,0.17,06 corresponding to the surfaces denoted
by 1,2,3,4,5,6, then we can simulate this experiment by placing 100 balls
in a hat numbered 1 through 100,We shall assign the value 1 to the 20 balls
numbered 1 through 20,the value 2 to the balls numbered 21 through 36,the
value 3 to the balls numbered 37 through 52 etc.By selecting one of the 100
balls,we arae randomly selecting a value from the underlying distrib%g%ﬂ%g-
In this cese we have transformed a distribution containing unequelly likel§\/(
into an equivglent distribution comprised of equally likely,simpler events,

Distributions containing unequally likely events can glways be trans-
formed into equivalent distributions comprised of equally likely events by
employing some artificial sampling device.This will be true even for contin-
uous distributions.The basic idea ia that every "simpler event" in the
transformed distribution has an equal and independent chance of being se~
lected, . _

4 sampling procedure that possesses the property,that successive repeti-
tiocns of the experiment are independent and also the density function of the

random variable remains unchanged for all succeasive repetitions,is said to
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be random sampling.This is the case with the continuocus and as well as the
discrete distributions {sampling with replacement) tco,
One can use simulation of artificial methods in selecting samples from

& population for which the distribution functiom of the pertinent random
variable is unknown.True simulated sampling usually refers to the sampling
of a known distribution without collecting data from the original populatinn
of physical objects.We are not trying to learn anything about the random va-
riable {it is known),rather we are trying to select a sample to represent
this distribution in a more complex model.The basic problem of simulated
sampling is how to select the values of the random variables,whose distri-
butions are known,so that we have simulated their ocourences as rendom pro-
cessea,If we have a sequence of independent observations of a random vari-
able whose distribution function is known,then we can construct a sequence
of independent cbservations of any other random variable whose distribution
is known,The original known sequence is often referred to as the basic se-
guence and, in practice,it is usually a sequence of random numbers from a

uniform distribution, ' i

Whenever we use such a basic sequence t0 generate a sequence of indepenw
dent observations of another random vardiable with a known distribution,it

is said to perform Monte Carlo sampling. ' f

konte Carlc anslysis is a simulation technique for preblems having a
stochastic or probabilistic basis,Two different types of problems glive rise
to the use of this technique. Firast,there are those problems that involve
some kind of stochastic process.In simulated waiting line models arrival
and service times; in inventory models customer demand and delivery times;
in research and development events of new product discoveries aere examples
of economic variables which may be considered to be stochastic in nature,
Second,certain completely deterministic mathematical problems cannot ba 7
solved easily{if at all) by sirict deterministic methods,.However,it may be
possible to obtain approximate solutions to these problems by simulating a
stochastic process whose moments,density funotion,or cumulative distribution
function satisfy the functional relationship or the solution requirements
of the deterministic problem, j

The main objective of any Monte Carle procedure is the determination of
outcomes at random at oritical decision points in a stochastic process,The
simplest type is a "yes-no" decigion point,such as a situation where there
are only two possible outoomes.Suppose that H and H2 are the only possible
outcomes of a particular trial and the probability that H, occcurs is P, and

4
the probability that H2 Qoours is P2 = 1«PF, J/Thus t¢ determine whether H, or

1 1
H2 occurs in g given trial,we genernte g uniform random number U between
the interval 0 and 1,and perform a teat.ﬂ1 ocours if U < F, ; otherwise H2
000UrS . ' : - _

Ancther type of decision that must be mads in aen extension of the pre-

vious case.lere,there are several possible ocutcomes with given probabilities

of occurence of each.Suppose that H

1’H2"‘°’Hn arc the poasible outcomes of

. _ "
i Ty ,} N AT



a particular trial,and the probability that ecach occurs is 31,P2,...,F;)
respectively,and P$+P2+"'+};;= 1 ,Thus to determine whether Hl’HZ""’Hh'
oecurs in a given trial,we generate o uniform random number U,and we per-

o form a test.H1 occurs if U £ P ,H2 oceurs if P < U ¢« P, +P ,...,Hk occurs

1 1 170
i e K 1
z P. < U '-<-. E Pj (k:z,},.oo,n). (1 .1—1)
= 7 34 |

Frequently,such simulations require thousands and sometimes hundreds of
thousands. of draws from the probsbility distributions contained in the mod-
el,S50 the basic builing block for simulating complex random phenomena is

the generation of random digits.

.1 42 TRandom Number Genaration

The main characteristics of rpndom numbers are the underlying distribu-
tion of the population of such numbers and the independence aasociated

a
~with the order of occurence of the numbers,The probability of occurence ofs

" a specified number should always be the same -~ not affected by post occcur~
_rencese¢dne of the principal requirements of the sequence of random numbg;g
is statistieal independence. -

In complex sampling experiments we often find it useful to be able to
repeat the calculations,including the selection of the random numbers,as a
method of* checking our results.Further,the accuracy of sampling experiments
can be improved if we can repeat the sequence of random numbers.Since any
repeatable procedure that has been devised cannot produce truly‘random Dum-
bers otherwise,it would not be repeatable, the need for the generation of
a set of such numbers that can be regenerated is selfcontradictory - because
of the definition of random numbers.On the other hand,we can generate a set
that is almost random.A sequence of numbers can be generated,usually through
a computer program by a deterministic formula that permits reproducibility
in such a way that any reasonable statistical test will show no significand
departure from randomness,From this point of view the method of generating
a segquence is totally irrelevant.

Since such a process is not really random,the generated secuence is
referred to as being ps e ud o~-r ando mn.Numbers so generated are
used as if they were truly random.A sequance of pseudo-random numbers is
always cyeliojhowever,if the cycle is long enough this will present no dif-
ficulties.Most pseudo-random number gzeneration schemes attempt to generate
a uniformly distributed set of random numbers to become = basic sequence
for Monke Carlo simulation purposes.

Four alternative methods have been used by practioners to generate se
quence of random numbers: (1) manual methods,(2) library tables, (3} snalog
computer methods, (&) digital computer methods.The first three suffer from
several disadvantages so we apply the last method only. _

Three modes of providing random numbers for use on digital computers have
been suggested by Tocher{7 }:{1) external provision, (2) internal generation

by a random physical process and (3) internal generation of sequences of



digits by a recurrence relation,

Without discussing the first two alternatives it is worth mentioning
that the (3) alternative overcomes some of the objections to the other
methods since there is no problem of input or computer memory capacity and
the whole process,depending only on arithmetical steps,is reproducible.The
main objection to this solution is that s sequence of digits generated by a
purely deterministic rule is the direct antithesis of a random sequence,
This objection,as mentioned before,can at least partially be overcome by
taking the view that a sequence may be considered random if it satisfies
some predetermined set of statistical test of randomness.

We require sequences of numbers which at least appear to be drawn from
certain probability distributions and restrict our attention to sequences
of numbers which might appear to be drawn from a uniform distributian.
The principal value of the uniform distribution for simulation techniques
lies in its simplicity and in the fact that it can be used to simulate ran =
dom varisbles from elmost any kind of probasbility distribution,

There are several ways of generating such sequences and nearly all com-
puters use some variation of thecongruential methods developed by
Lehmer [37].

It would appear that an acceptable method for generating such numbers must
yield sequences of numbers which are

{i) uniformly distributed,

(11) statistically independent,

(iii) reproducible and nonrepeating for any desired length,
Further such a method must also be capable of(iv)generating pseudo-random
numbers at high rates of speed,yet (v) requiring a minimum amount of com-
puter memory cavacity.We will concern ourselves only with the methods as
mentioned (congruential methods) so much the more because they seem to be
best for use on a stored program computer,

‘? Congruential methods for generating random numbers are completely deter-
ministic because the arithmetic processes involved in the calculations
uniquely determine each term in a sequence of numbers,Formilas are available
for calculating in advance the exact value of the :i.th nunber in a sequence
of numbers {x1,...,xi,...§ bef'ore the sequence is asctually generated.
Although these processes are not random processes at all,we treat them as
though they were,if the sequences that result pass a certain number of
statistical tests designed to test various properties of random varicbles,
It turns out rather surprisingly that the statistical behaviour of the
sequences is geod,with only a few exceptions,as long as they are not repeat-
ed too soon.A sequence of numbers generated by one of these methods satisfies
requirements from {i) - (v).Our main objective will be to establish the basic
number theoretic properties of such sequences,and to summarize the results in
two theorems.In order to develop the congruential methods for generating
pseudo-random numbers,we use some of the definitions and theorems of number
theory and modem algebra, Ve refer to the definitions and theorems listed
in chapter 1.3 many times in the later section of this paper.
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Congruential methods are based on a fundamental congruence relationship

whioh may be expressed as the following recursive formula

X, = ax, .+ 0© (mod m) (12+1)
We can define a sequence [xi} of non-negative integers,each less than m,
by means of this congruence relation if we have selected a positive inte-
ger xo,oallad the starting value,an integer a,called the constant multi-
plier,another integer c,called the additive constant and a fourth integer
m,called the modulus,which is positive and greater than the other three in
magnitude ,From the integers in sequence fxi },rational numbers in the in-
terval [0,1] can be obtained by forming the sequence lxilm].

It is clear that any sequence must repeat itself eventually because it
cen contain at most m different numbers,each number in a particular se -
quence being determined solely by its predecessor.There exists a smallest
positive value of i, i=p, such that xp=xo!"h9r°.2 is the period of the
sequence {in.It folows from Theorem 5 section 1,3,2 that the existence
of such a period is equivalent to saying that it is impossible to obtain
nonrepeating sequences by congruential methods.However,the period of a se-
gquence can be set satisfactorily high by choosing a sufficient technique,
8ince such a period does exist,we must prescribe conditions on X 2850
and ¢ which will ensure maximumpossible period.

In practice we usually find it desirable to choose m to be a power of
2 on a binary machine,or a power of 10 on a decimal machine.We are then
able to avoid the devision which is implicit in the congruence and also
the d?vision to form [xi/h] by shifting the binary or decimal point to the
left of the number.Other choices are possible,however m will be teken as
given and now the next problem is to find what choice Of.anE and pessibly
& will ensure a maximum period.The case in which ¢ # O is the simpler and
will be treated first.This class of generators is called Mixdd Congruential
Method,

1.3 Mixed Congruential Methods

The first part of this chapfer:contains a set of definitions,examples and
theorems of number theory that are pertinent to the understanding of the
methods discussed in this and the following chapters,
1.34 Definitions
1.For a glven a the smallest positive integer x such that a = x(mod m)
is said to be a residue modulo m,
2.,For a given modulus m,the set of m integers congruent in some order
to the residues 0,1,,...,m~1 form a complete residue system,
JeA subset of a complete residue system containing all integers that
are relatively prime to m is a reduced residue system, ,
4eThe number of positive integers which are less than m and relative-
ly prime to m is derined as Buler’s phi-function and is denoted by e(m),
A reduced residue srstem contains ¢(m) integers.If m=p is a prime,
¢(p) = p-1.

5.Power residvss are the residues of the succesive powers of an integer
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& modulo m.If the residue of the 5B power of a (mod m) is denoted by X;s
then all power residues sat::.sf; the congruence relation
X, = B. (mod m) (1—4 ,2,...) .
 6,If (a,m) = 1,the least positive exponent i = g,such that
2% = 1 (mod m),is said to be the order of a (mod m).Ihe least positive
exponent q is also called the indicator of m when a is said %o belong to
n.In this case g is denoted q = A(m).The order q of a {mod m) is equal
to the total number of distinet numbers,that is,the length of = nonrepeate
ing sequence of power residues of s,called the period of the sequanoe
[xil (i=1,0005q) (mod m). :
) 7.An integer with order gq = ¢(m) is the primitive robt of m,
(It is obvious that Am) € ¢(m).) |

1+3.2 Theorems

1,If a=Db {mod m) and c= d (mod m),then o £ ¢ = b £ & (mod m )
and ac = bd (mod m),

2,If ca = ob (mod m) and (c,m) = 1,then a= b (med m).

3.Jf ca = ob (mod m) and g = (o,m),then a = b (mod m/g).

L.Any integer m (other than O or 1) can be faotored uniquely into
primes,that is,m = I p, €l (11,2, 404)

5¢If (a,m) = 1,then a? m)' 1 {mod m) (Permat-Euler theorem),
from which it follows that

(i)the largest possible order of a is g = ¢(m) ywhen & is a prim-

ju|

" ‘," - itive root of m;
| (1i)for x < m such that (x,m) = 1,%al = x (mod m),where q = ¢(m);
(1i1)the order of an intoger & (mod m) is a divisor of ¢(m).
i 6.Primitive roots exiast for gll power of a prime number p > 2,that
is a number exists such that (a,p°) =1 and
acp(p )E 1 (mod m),where q = <p(pe)

TIf m ﬂpil,then p(m) =1 (pi—d )pei"‘l .

8.If m = p° end p 1s an odd prime,then g = l(m) _(p—1 )p _q(m)
for values of a that are primitive roots of m. '
Corollary“fp = 2,that is q = Mm) = 2572 for o > 2,then
M) A o(m), ) . |

(Example:for m = p°= M = Mm) = A2 ) = 2% and 7.(2’*) _;é_cp(z"') = 23.)

H

9.If m = I'pzi (i =1,2,...,t) then:

(i) Mm) = least common multipile ['h(p,le[) )\(p22),...,7\(ptt)]
(i1) there exists value of a that have order equal to F;.-jybelong
simultaneously to) each ?\.(pel) w

Ir p1 = 2,then Mm) = l,c.m, [M2e1 ,¢fp;2),¢(p§3),...'],

Note: e - “ B

Theorem 9-(ii) follows from the du.nese Remalnd.er Theorem, acoording
to it: ' R
if the positive integers m {i— 1 2,...,1:) are relatively prime in

L T
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-

any,
pairs and if ai(i:'l 3236aa,t) areVélven intepgers,then the t congrusnoes
X E a8 {mod mi) (=) 42,4.9,5) have a common solution which is uniqus

(mod m, m, essly) o

Vo33 Example

Suppose that m = 11 .It follows that ¢ (11) = 10 and there are ten
distinect residue classes corresponding to residues of 0,1,2,,..,,10,Powsr
Besidues for & = 0,1 y2,4..,10 rre indicated in the next table

.exponent '?_12 i 3 b 5 6 {7 . 8:8 10 Order
8 | O‘repeatTi . : . 1
) 4 1 repeat{ 1
2 2ty B {51101 9 7 1316 1 10
3 3 9 5 |4l 1 irep.) 5
b 4{5 9 31 [rep. 5
5 513 L } 911 |rep. 5
a & 6| 3 7 (96§55 B l4ije 1 10
7 i15 2 {3004 6 918 1 10
8 8; 9 i & Lino 3 2 517 1 10
9 o1 |3 (5|1 frep.] 5
| 10 01 ‘rep. | | 2

| ¢{11) = 10,therefore the order of g {mod 11) may only be 4,2,5 or 10,
A{11) = 5 when 3 belongs to 11, since }5 =1 {mod 11),but A{41)=9(11)=A0
when 2 belengs to 11,since 2% 4 (mod 11) and 2% 1 (mod 11) if q < 10,
hence 2 is a primitive root of 11,but 3 is not. | '

Some imporitant features of power residues can be seen from this exampde,
nanely ' |
(i) If m bas a primitive root,it will haveg[¢{m)] of them.
Now ¢{9{11)] =4,the primitive roots of 14 are 2,6,7 and 8,

(i1) Whenever (a,m) = 1 then in any one sequence a cycle returns to the
original first number generated,and no number is repeated within a cyecle.
The cycle for all sequences begins with the value of a and ends with the
number of 1,

(iii) Any value of 2 greater then or equal to m will be congruent to one

of
of those less than m and will produce the same sequence as those\é’s leas
than m,In other words, -

e

ot o aw+tnza (mod m) T (a3+)

(a + tm)ia a*(mod m), _ | (1 .3-2)



1.3.4 The Method

Theorem Al ' ' S .
The sequence defined by .the congruence relation (1.2-1) has a full
period m,provided thet
(i) £ is relatively prime to m;
(1) e
., (441) a

1 (mod p) for every prime factor p of m; f l B
1 {mod 4) if 4 is a factor of m. :

[C1IUN

'
I
v

If m = 2% as 1t is used on a binary machine,we need only have ¢ odd and

from (1i) and (iii) a=1 (mod 4).{(If m = 40P »¢ not devisghle by 2 or
5, and g = 1 (mod 20},since a = 1 (mod 5),a = 1 (mod_h).)

When a = 1 and (c,m) = 1,the period is cbviously m, (x; ,=x +c (mod m)
if (c,m) = 1 ylelda m distinct residues (mod m).Example:if m = 8,¢c = 3,
x,= 2,then the series:2,5,0,3,6, 7))

We therefore assume that a # 1.

i
i

From X3 4% 8%+ © with 1 =03 ,..,,n-1 we easily obtain
X = ax_ + -(-Er-l:j-)-g {mod m) (.32
n 2%t e . e

The period of the x, sequence is the smallest positive integer n,for
|
which x = x_,that is .
)

Xz a'x (a’)e {mod m) (1 3—!;.)
e o * ¥ot FTIrC ’ ¢
and after arranging it we have | | ""
n ’
-(2—:::)- [xo(a—"l) +0)20 (modm)e (1 o3=5)

Since ¢ and a are both odd integers the bracketed expression is alse
odd.A condition therefore,which is completely equivalent to this

) | 1

congruence rel-tion i1s that N

B =0 (mod m) . {1 .3-6)

It will be shownm that if 2 satisfies the conditions of the Theorem A

then this amallest value of n is equal to m, ! |

Lat us consider the first case when m = pa,where @ is a pousitive

integer,and p is an odd prime.When a = 1,then from the (ii) condition
a =1 + lch ( B is a positive integer),but a < m,thersfore & =1,
which has been mentioned as the trivial case.We therefore need only
conglider w 2 2. : !

It is cbvious that s can be written as

a =1 4+ dpf U 03D

where (k,p) =1 and k # 0 (and B is a positive integer)s | |

There are twb things now to prove: . '
1« n=p"% satisfies (1,3-6), |
2 no value of n smaller than p* will satisfies (4 +3-6).

To see part 1. we replace a by 1 + kpp,and by means of the binomial
theorem we have

n .
8 =1 (B’ +(3) (kpﬁ)2+...+(2) (kpﬁ)l-1+---+(kpﬂ)n-1 ( «3-8)

a-1



than replacing n by pﬁt we obtain

a o i :
S R +P—(P—-l e =2)opfy2y L

s.-1

P )l “’i*"l(kpﬂ)i** RTLLE A e

We must prove that this expression is congruent to O (mod p®),that is,
it ls devisable by pa.

In fact it turms out that esach term in this expreasion is duvisable by p“.
To see that it is enough to show that the i'" term devisable by p*.The

ith term ozn ba written as : ' : |

& ¢ o a . o
2 ({e=t g.j.::)(g! =it ) A1 pﬁ(i-‘\J K {4 .3-10)

The first Part of this term preceeding the factor ki'1 is a binomial
eoefficlent (p },and is therefore integar.’l‘he term in square brackets
is also a binomial coefficient { P ) and hence integer,.S0 i is a divi-
sor of p end aince § is prime,i 13 one of the integral powers of p,that
iz p or onr pj,...,or pa.If this exponent of p is denoted by y,that is
i= pT,‘chen v 12 less than | .
%r;i? +-3=3 +.“.‘,:_-£"17 . ; (1.3 .-11)
: .
Since p > 2, =5 = 1M .Bu'l: the fact ear: this many times in )St ”ﬂ
_{p21),80 wo need not devide p” by 1. |- =
It follows that sach term on the right side of(1,3-9) d"vis&ble by p
“and (1.3-6) 45 satisfied by n = p ,at least under the stated conditions,
To prove (il) it is possible to show that a value of n will satisfy
(4 ,3-6) if and only if it is a multiple of the samllest such value.We
know that n = p® satisfies (1.3-6),we therefore need to consider only

values of n which are powers of p.It is suffioient to show that n = 1>""l
-does not satisfy (1.3-6). 1

Substituting n = p“”‘1 into (4 ,3-6),and using that a = 1 + kp ,Ae Ob.
tain N

-

n =1 a-1 c:-ﬂ.. a1 . A . N
a2 oyt e ) of) 2 G 22) P2,
&=1 ,
Tl «(xp)¥ -, 0 (1.312)

The right side of this equation is nor devisable by pa.Sinoe the firat
torm is obviously not deviseble by p%,and so it will be sufficient %o
show that each of the other terms is devisable by p . - i :
The proof follows exectly the one given before for the ith term in (1.3-9),
but this time we have p™ ,instead of p%as a factor in the binomial cow
efficient .Another factor can be cbtained from p(i"1 )pprovidsd we now
make use of our assumption that p is odd.It is obvious thet in this caae
pi1 is less than or equal to i-2,instead of 1-1 .

So thus Theorem A has been proved when m = p and p is odd.The proof
when m = 2% is only slightly different.We must consider the case where
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& » 2 (the case when a = 1 is again trivial) which is similar to that of
the previous case with the only restriotion that >4 in (1.3-7).

In the second case Theorem A can be generalized to the case where m
is composite.Then we write

Gy a3 ﬂt By Pa 51;

n= Py Pp +eePy and a8 = ‘\+kp‘1 Pp «edby
with p, prime, o, a positive integer,k # 0 and (k,n) = 1,8y > 1 or,if
Py = 2 and ay 2 2,51 2 2,The argument proceeds almost exaotly as before,so
Theorem A is established in general case,

1.4 Maltiplicative Congruential Method

Another class of generators can be obtained from the relation
x5 = ax,  +o (mod m)
by taking ¢ = O,and is oalled Multiplicative Congruential Method or some-
times Power Residue Method because

x, = p.nxo (mod m) (A 41)
and if we take x to be relatively prime to m,we are led to
a"=1 (mod m). (1 &4 ~2)

(8ince x B anxo (mod m),the period of the x, sequence is the smallest
positive integer n such that x = x ,that is x = anxo (mod m) .But
being (xo,m) = 1,according to theorem 2 (page 6) a’z 1 (mod m),)

After Lehmer [37] bad first introduced the congruence theory and pow-
er residues into the generation of pseudo-random nmubers,most persons
were inclined to choose m as a prime number and g as a primitive root of
this prime m ( ,(m,a) =1 and (m,xo) = 1).The reason for this choice was
the assurance that m-1 numbers would be generated through the power
residues of x.(See definitions 5,6 and 7,and theorem 5;p.5-6.)But this
technique does not take advantage of characteristic peculiar to the avail-
able computer,.In computerized version of the multiplicative congruential
method a modulus m = 1:;° can be employed,represenbing the word size of
the computer,where p denotes the number of numerals in the number system
utilized by the computer and g denotes the number of digits in a word.

There are two reasons for choosing m = p'.Firat,roduotion modulo m
is accomplished by trunceting and retaining only the low order e digits;
and second,conversion to the unit interval (to obtain uniformly distrib-
uted variates) involves only moving to binary or decimal point to the
left of the number.

We choose m to be a power of 2 on a binary machine,or a power of 10
on & decimal machine.If either m = 2° or m = 10d,thon Mm) ¢ @m) (see
theorems 8 and 9;p.6.),80 we are not able to choose & 80 that the sequence
of numbers has full period m,but so that the period is quite large.(One
of the properties of power residues is that only numbers of the form ]'Jn
or 2p° s where p > 2 , have primitive roots,with the exception of the
nuuber of L,)

Our main problem is to describe conditions on 2 which will ensure that
the smallest value of n satisfying (1,4~2) is a maximum,This value is the
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w @
indicator of m, AM(m) when a belongs to m.If m is composite as m=p, ...ptt,

where pi’a are distinet primes then according to thearem 9

oy a,
Mm) = lesst common multiple [k(g,l ),...,?\(ptt)] ,and

there exists g belonging simultaneously to each }\(pf ) .We must therefore
oonsider the case whete m = p“(g is a prime):

1.If p is odd,then A(p™) = (p- }pa'1 (theorem 8) and the corresponding
values of a are primitive roots for p* .
2.If p = 2,then we have primitive roots if and only if ¢ =1 or a = 2,
otherwise Aa(2%) = 2%2 :p(Zd) and 2% i the maximal order
(theorem 8),
If we oonsider 2 binary computer then m = 2% ,and according to theorem 8
fop u >2,the maximum attainable period is q = 2° 2.We have to find ocon-
stant nultipliers having order 2% °,Prom definition 6 and theorem 5,it
follows that g must be relatively prime to m.
In order to have (a,m) = 1,we must choose .a as an odd integer.But
all 0dd integers are of the form &t¥ or 8t:3 (where t is an integer),
and it can be shomn [22] that the latter ylelds the maximm period 2%°2,
that is g must satisfy the congruence relabion a = £3 (mod 8).
We can summarize now the main properties of the multiplicative oon -
gruential methods as follows

Theorem B:
The maximum period of the sequence defined by taking ¢ = 0 in
x; = ax, ,4c (mod m) is achieved provided that

(1) x, is relatively prime to m;
(i1) a is a primitive root for p",if p® is a factor of m,with p odd
and a as large as possible,or with p = 2 and a =1 or 2;
(1i1) a belongs to 2%°2,if 2% is a factor of m,with a 32,
Furthermore,for any m therpexists values of a satisfying these condi-
tiona,a.ng the maximum period is the lesst common multiple of the periods
(p;=1 )Py 3 o 2%°2 with respect to the prime power factors.
In practice it is easy to satisfy condition (i) and (iii) (by insisting
that a = 8t*3),Condition (ii) can be satisfied if we find primitive
roots of prime powers.
It can be proved [52,p.265-288] that if
(i) a is a primitive root for p (p prime) and

(ii) " 1+kp,where k is not devisable by p,then & is e primitive
root for p“.lloreover,if 2 satisfies the conditions above,then so will any
nunber which is congruent to a (mod pz).

For example,if p = 7,then 3,5,10,12,17,19,24,26,3 ,33,38,40,45,475e0e
are primitive roots for 7.It is easy to verify that 3,5,10,12,17,19,24,26,
38,40,45,47, vus satisfy the second condition requiredfer a,while 3 and
33 do not.In this case the maximum period 6(?“) provided we choose x_
to be not devisable by 7,and a= (3,5,10,12,17,19,24,26,38,40,45,47)

(mod 49).
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Considering the relative merits of the mixed and multiplicative ocon-
gruential methods on the basis of the theoretical evidence obtained so
far,it appeargthat the mixed method has some small advm%gea over the
multiplicative.

The mixed methods has larger periods (but the periods are in any case
very long,s0 this is not usually a real advantage) .Another ad?aﬁ‘ge of the
mixed method lies in its relative simplicity.The basic theorem is easier
to establish and the conditions are much easier to remember.

The only disadvantage of the mixed method is in its statistidical behaviour

In spite of the fact that 1ts behaviour in this respect is generally good,
in some cases it is completely unacceptable,.There are no such cases among
the multiplicative method,

The statistical properties of pseudo-random numbers generated by the
methods outlined in the previous section should coincide with the statis-
tical properties of numbers generated by an idealized chance device that
seleocts numbers from the unit intervel [0,1) independently and with all
numbers equally likely.Clearly,the pseudo-rendom numbers are completely
determined by the starting data,but these pseudo-random numbers can pass
the set of statistical tests and can be treated as "truly" raendom numbers
even though they are not,The following statistical tests are among the more
important tests for randomness cited in the literature:Frequency test,
serial tests,"poker test","gap test”, and so forth,

Before choosing the parameters for generating pseudo-random numbers
we must refer to some theoretical results developed by Coveyou [12] and
Greenberger [22],The formulae given by them present theoretical conditions
on the optimum values of a,c and @ in the congruence relation
x; = ax; ,+c (mod m) from the point of view of an a priori determination
of the serdial correlation between the numbers,The magnitude of the serial
correlation coefficient p(xi,xi_,l) lies between values

o=k -2, (1 45-1)

Greenberger points out that very small or large values of a are to be
avoided,end that values of a near to m1/2 will yield the smallest value
for p regardless of the value of ¢.This rcsult provides a necessary con-
dition for minimizing p for a sequence,but it is by no means a sufficient
condition.

They showed by a further investigation that the sequence congisting of
every kth number of the original sequence is itself a sequence of the
forn x, & x;_ +o (nod m),but with mltiplier a*,and additive constant

o) = (ak-1)0/1a-1) (toth parameters should be caloulated mod m).
By selecting a constant multiplier which satisfies the Coveyou-
Greenberger conditions
a = 2“'/21-1 (or a= 10p/2+1)
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on a binary (or on a decimel) machine,is not a sufficient condition,in
the case of mixed gongruential methods,for minimizing first order serial
correlation for these sequenceaOnly by empirical testing we can have
confidence in the statistical properties of sequences.

1,6 Stochastic Vardiates

Stochsstic simulation methods oan be used for solving strictly de-
terninistic problems mainly in cases when solutions areYeasily ob-
taingble by standard numerical or analytical metheds.For 2 great num-
ber of mathematical problems it is possible to find a stochastie pro-
cags with suitable probability distributions and paremeters that sat-
isfy the required mathematical properties of the problem,It may he more
efficient to conagtruct such a proﬁéas and generate statistics on a comw
puter rather than attempt to use standard methods.Among the delermindstio
problems for which stochastic simulation hags been found to be useful
are included complex queueing,inventory and job-shop scheduling prob-
lems, s0lutions of higher order differential equations and so forth.

Simulation is merely a technique of numerical analysis and is to be
preferred only if its efficlency is superior to that of other tech-

- niques. a

Stochastic simulation ean also be used for problems in which some
method <of statistical sampling is indicated,but in which the actual
taking of a sample is either impossible or nect feassible.Such might be
the case with date on nmachine breakdowns in a factory where no accurste
records are available,or with demand data for a firm’s product at some
future dats or time interval between accldents,or the arrival of orders
at a firm,the arrivals of patients in a hospital,the arrival of cuatom-
ers of s supermarket ete.Statistical data are not easily to obtain,but
some knowledge may be agvalilable about the statistieal population from
which the data would originate if they were possible to obtain,In such
cases the basic problem for simulation consists in sampling from sta-
tistical distribution, o

Thus we give a process of selection from the distribution which by
repetition will give rise to s frequency distribution of sampled val-
ues which matohes the frequency distribution required in the aimulation,

We use a common souree for all typea of distribution needed.The
generation of simulsted statistics (random variates) is oarried out by
suplying pseudo-random numbers into the process or system and obtaining
from it as answers, _ S '

In a stochastic simulation we replace an actual statistioal popula-
tion by its thecretical counterpart,describing 1t by some assumed probe
ability distribution end then sampling fromthis theoretical Eo ulation
by wmeans of some random number generator . fhen a standard tgégrgt gg
can not be found then the perticular stochaatic process can be simu-
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lpted by sampling from empirical diatribﬁtions. : _

Specific techniques for generating - on a computer ~ randem variates
fron standard probability distributions,ss well as from any empirioal
distributions tHat may arise in attempting to solve stochastic problems,
are known.Three hasic methods are,the Inverse Transform-
ation Msthod,the Re jeetion Method and the Cothp 0 s i
t i on Method.Sometimes gome variation of these can also be applied,
(Subrm.ltines for generating stochastic varlates are attached in the .
Appendix,)



1.7 APPENDIX:Computer Subroutines
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4

1.7 Paeudo—ran_dcm ,”t'zmber Cenergtor

" Neme and dwmy arguments of subroutine:RAND(IA,IX,URN)
" language:FORTRAN IV,
Method
The RAND subroutine can be used to generate uniformly distributed
pseudo-random numbers by the Multiplicative Congruential Method.The con-
gruence relation y

Xi4 5 6%y (mod m) : (4a74)

o

hes been aplied to generate random numbers,where %y 38,0 and x are

i
positive integers and m is greater than the other three In magnitude.To
obtain numbers in the interval [0,1) the sequence {:ci/ml is formed.The
sequence defined by taking (1.7-1) hag maximum period provided that

he (1) b= 2%

(14) x_ (starting velus) relatively prime to m;
(i11) g (multiplier) 1s also relatively prime to m; _
(iv) a= +3 (mod 8),that is s = 8tt3,where t 15 a positive integerj
{v) & must be close to 2“‘/2.3110!1 a value of a will satisfy the
Coveyou {12] - Greenberger [22] ocondition.
The maximum attainable period with these conditions 1a p = 2{;-2(&111
and Dobell [27]).
In consequence the above reasons the following values of the para-
meters are selected for the subroutina:

() m = 2°° ..
(v) X, 9234 (it might be eny odd number)

(o) a = 2'14+348% (t positive integer and 0 €t < 64).
2]

With these values of the param'etera the period p = 27 ,that is 2 097 152

', different numbers can be generated in a random sequence in the interval

- {0,2 097 152) and can be transformed to cbtain a random sequence of num-
© bers in the interval [0,1), i - A

When choosing a value for a,different sequences are obtained us:mg |
different values of t,but each of them has the same period 22 .« o

Control of Randomness

The randomness of the numbers generated by RAND can be controlled by
another subroutine,named TESTS(see chapter 1.7.2)Two statistical tests
~ one frequency and one serial test - are applied for control in this sub-
routine,

RAND 1s ocontrolled for the value of a = 2114-3 and the numbers cbtained
supply very good statistical behaviour,
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Use

Using the notations of the subroutine the arguments correaponding teo
the parameters applled in the formula (4.7-1) are as follows: '

Parameters Argumenta
x; X
s IA
xi/m URN

Before using RAND velues mugt be sssigned to the (input) parameters IA
and IX,
The RAND subroutine generstes one whole number (IX) devides it by the
modulus (225) to have a number (URN} in the interval [0,1).That is the
whole number generated by RAND is also denoted by IX and therefore can
be used es the next "starting value”,

‘.

Output i

The RAND subroutine does not print any value,but stores the number
generated in the IX variable and ocan deliver up IX to the main progrem,
where 1t can be used (possibly printed) for further processing.

The Subroutine !

SUBROUTINE RAND(IA,IX,URN) :
I = IX* Ia [
IFP(IX) 200,300,300
200 IX = 8388607 + IX
IX = IX +1
300 XI = IX
URN = XI}8388608.
CALL OVERFL{) ,
END B

o Exsmple

FRI
1=

In the example shown below 4024 random numbers are generated and pirinted.
The values of IXS (starting value) and IAS (multiplier) have been given
and two veotors (INT and SI) of 8 elements have been defined for collect-
ing 8 numbers generated and printed in one line,8 integers in one line
and the oorresponding 8 freotions falling into the interval [0,1) in
the next line, - : I P

IAS the value of the multiplier) is not changed during one pai"iod,
but the whole numbers generated 1s used as a starting value for IXS in
the next ocall of RAND,
Program:

MASTER PROB R
DIMENSION INT(8),SI (8) AR S
IXs = 8 388 607 | ,
%AS 2"%M1 + 3 |
DOS T =1,02 . ) | ‘
CALL RAND(IAS, TXS,URNA) . .

N N +1 . . i

o




Ear]

INT(N) =
SI(N) = URNA \ ,
IF(N-8) 5,4,k
4 WRITE(2,6) (m7(1),I = 1,8),(31({1),I =
N=0
. 5 CONTINUE
~ §TOP
6 FORMAT (szm/sw; A0)
BND
SUBROUTINE RAND (Ia, IX,URN)
. B .

: |

BND . !
PINISH _ N ]

1.7.2 Statistical Teats for Pseudo-random Numbera

- Neme and dummy arguments of subroutlne‘TESTS(ﬂA,NB 1a Ix)
Language :FORTRAN IV, : 1
Location:Source Cards,Computer Cenire, Ahmadu Bello University

.&u (written and documented by Gy.Nemeth in February,t973)

P

Mothod - ll
|

The TESTS subrcutine investigates the numbers generated by the RAND
generator from a statistical point of viewjwhether the asquence of numbers
oan be considered to be draw, at random from s uniform distribution.{It
is known that these numbers are not drawn at random from a uniform dis-
tribution,but for practioal purposes it is sufficient that they have the
appearance of being so drawn,The Multiplicative Congruential Method whioh
is applied for RAND is completely deterministic,but we can use it to sim-
ulate a random process).

The fundamental requirement for the asequence of numbers is to be uni-
formly distributed over the interval {0,1).To test them for this festure
the unit interval is devided into k equal subintervals and the number of
EETE?’“ in the 1" subinterval,or in other words,the frequency f, oan be

. obtained for this sequence,The statistic

x - r
W< F(fi -9° (.7-2)

= _ |y
is used where n is the length of the sequence (the number of numbers
generated) and k is the number of subintervals.This statistic haa,for
large pn,a 12 - distribution with k-1 degrees of freedom. ' - ‘

The result of the above "frequenoy" test,however,does not depend an the

order in which the numbers are generated.Hence,other so-called seriasl -
testa are applied attempting to determine whether or not there is any edél
relation between numbers in the order of their generation.We form a k by k
matrix by determining the frequency of numbers f )3 ,that ere the numbey
of numbera in the ith subinterval followed by e number in the 3 gub-
interval(i an j referring to row number and colwm number of the matrix,
respeotively) ,Then we compute
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> (£, -,,) (1 47-3)
i,
i,3
It. has been determined by Goodfi8-49land Juncosa [32] that,for large n,
Xg y statistic has asymptotlcally a x? distribution w%th k2-k
degrees of freedom,and also that xQ - 2',\\:.I is asymptotically X~ with
(k-1) degrees of freedom,

Funection

The TESTS subroutine
(i) generates 1024 numbers by means cof the RAND generator;
(i1) computes both 3. and x5 for blocks of n = 1024 nunbers,using k=5
equal suhdivisians of the intarval [0,1);
(111) forms the 5 = G - % and "# # .2,5‘2 qua.ntitias;then

(iv) checks up the aigniflcanca for 11 ’ 13 and X& with k -1 =7,
Kok = 5 and (k41] = 49 degrees of freedom,respectively,on
both the 0,05 and 0,01 level,
It is possible to test any block of 1024 successive numbers within one
period (221),hut when the first number of the block is differant from
that of the full sequence,one must generate the numbers of the sequence
preceding the first number of the block in the main program using the
RAND generator,

Any number of successive blocks of 1024 numbers can be tested by
repdtitive application of TESTS,but a suitable value {for the number of
successive blocks) must be assigned to the second argument (NB) of the
TESTS subroutine,In each repetition of the process UND generates a
block of the next 1024 numbers.

Use

TESTS may only be used together with WLWND,therefore the RUND genera-
tor must aypear in the list of the subroutines in the program.In addi-
tion,before calling TESTS adequate values must also be assigned to the
(input) parameters TA and IX.(These values might be IX = H388607 or any
cdd number and,Ii = 205 + Bt where t can be substituted by an integer
from O to 64),

T_;STS contains two other integer arguments N. and NB for which values
must be assigned.When NA = 1,then all the 1024 numbers of the block will
not only be calculated,but also pi...ted.Otherwise (when NA any integer
different from 1) the first number is merely printed.The argument NB means

the number of successive blocks und it depends on the choice of the user,



Output

TESTS prints "new block" when starting a new block followed by the
first integer generated and the corresponding fraction being transformed
into the {0,1) interval,is indicated above,when Ni = 1,the rest of the
1024 numbers in the block will alsc be printed,

Further on the values of the quantities xf, x;, x% and xi are printed,
Then,after testing the quanti’c:'w.s;y(f,){gamilxl+ the subroutine prints either
the level of asignificance or that there is no significance,{The signif-

icance on the level of 0.05 is still acceptable.)

Exgmple

The progran below generates the first 214= 1638, numbers of the total
period by the RaND generator without printing and testing them,TESTS is
then used for generating and testing 4 successive blocks of 1024 numbers
(NBB = 4).The program prints the first number of cach block only(NAA# ).

MASTER STAT
IXS = 2%%23 = 1
TAS = 2%¥M4 4+ 3 4 8
DO1 I =1,1638y

4 CALL R:ND(Ins,IXS,URNA)
NAA = 2
NEB = &
CALL TESTS(NA4,NBE,IAS, IXS)
STOP
END
SUBROUTINE R:ND{Ia,IX,URN)

END
SUBKOUTINE TE57S(Na,NB,Li, XX)

END
FINISH

nm

1e7e} Generation of Stochastic Variates (Uniform,Exponential,Poisscn

Name and dummy arguments of subroutines:
1 JUNIRA(,B,X, 1A, TX) (for uniform distribution),
2B A (ALAMB, X, TA, IX) (for exponential distr,),
«  3PosRA(ATAM,X, IA,IX) (for Poisson distr.)

Language :FORTRAN IV,

Method

Inverse transformation is applied for gencrating uniform and exponential

rendom variates.
Let us consider n statistical pepulation having probability density
function £(x) and cumulative distribution function F(x).Since O<F(x) <1

and li% E(ﬁ) =1,we can find a set of uniformly distributed random numbens
(ui,where O<u,«1) suoh that
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u, = F(xi) (1 7~4)
and x; is uniquely determined by (1 7-4) ,where x, an element of the popu-
lation (Oecie.w).lt follows,that for any u,

-‘ ]
xi =F [.ui) (1 -7"'5)
and F"1 (ui) is an inverse transformation cof uy on the unit interval into

the domain of g.c_._That is

u= F(x) = ? f(v)dv, (147-6)
then Bl
P(xsx) = Fluf(x)] = P[F (u)<x] = F(x). (1.7-7)

Thus the cumulative distribution function of x is F(x) and consequently
FA (u) is a varisble that has f(x) as its density function,

80,if we wish to generate randon{variatea xi’s from some particular
statistical population whose density function is given by f(x),we must
first obtain the cumulative distribution function F(x) and its inverse
F (u) ,then use repeatedly the relation x ;= F (ui) ywhere u i(i=1 . -
uniformly distributed random npumbers in the (0,1) interval,

(1) Uniform Distribution

The density and cumulative distribution functions over (a,b) are de-
fined as

1
=  adx<b
£(x)= {b:*‘ (1.7-8)
. 0  otherwise
'xdv X~-8
and F(x)= el v (1.7-9)
a

If u is a uniform random number over the range 0 to 1, then

u=Rx) = %—E—E ,hence

x =a+ (b=a)u, (1.7-10)
The relation (1,7-10) transforms u from the (0,1) interval to the (a,b).
S0,by generating values of u we can obtain a set of uniform random vari-
ates (x) falling into the interval (a,b).

(2) Exponential Distribution
The corresponding density and cumulative distribution functions having
exponential distributifn are defined as

f(x) = Pl for x 2 0 and A0, (1.7-11)
and x
F(x) =é7l e May a4 - eﬁh, (1.7-12)

where the only parameter M describing this distribution can be expressed
as the reciprocal of thg expected value E(x) of x
1

k=357 - (1 .71 3)

Since F(x) exists in explicit form we can accomplish the generation of
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exponential random variates by inverse transformation technique.

Let v i denote a uniform random number and set

viy=1-e "1 (17<14)

30 that x, =( !i )1059(1 - Vy)e (147-15)

Beecause of the symmetry of the uniform distribution F(xi) and 4 - F(xi)

are interahangabla,ui =1 - vy is itself a uniform random number,therefore

3
x; = =( 5 )logu, . (1.7-16)
Thus for each value of u, a unique value of x, is determined taking only

i
non-negative values (103a u,<0 for O<u

i i
function Xe %,

i
<1) and having the density

(3) Poisson Distribution

The Poisson distribution can be given by the density function
x
£(x) =2 & x=0,,2,... (1.747)
To simulate a Poisson distribution with parameter \,we take advantage of
the relationship between the exponential and Poisson distribution,If the
time intervals between occurence of events,obeying some rather strict
rules,are exponentially distributed,then the probability of x events ocour-
ing during a certain time is «
l -
— e
x}
that is the pumber of events in a fixed period of time has the Poisson
distribution,

A

»

For generating Poisson variates x,consider the following product of
unif'orm random variables: i
11 ui.
i=0
n
The probability density function ofigdxi is
n
- . 1.718
¢ tx)a [( log x*) /my 0 €x< 1 (1.7-18)
B 0 otherwise,
and the cumulative distribution funetion [73,p.37]

n i
!n(x):x 3 (-log x)° (1.719)

1=0 ni’
Now let us teat that T u.>e % (1 ,7-20)
1=0 * .k
The nrobsbility of this is 1 - F (e”%) =1 - e L = and,the distri-
. k=0 k!
bution of the product of the firast n uniform random varisbles for which
n
o> e % 15 (1.7-21)
i=0
-a - T
Fn(e )-g—‘l (g l'.l) - -“;-!-3 ® {1 .?—22)

Son has a Poisson distribution of parameter g .With the notation used
in equation (1.7-17) we must calculate the products
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b x+1 :

n ui;a'l> nu, (1 47-23)
. . i !
i=0 i=0

to obtain Poissom vardates x.
Use

Bach of the thrse subroutine generates one random variate by means of
one of the reletions(4,7-10),{(1.7-16) and (1 .7-23) and we can use it in
the main program {argument X)A set of stochastic variates can be obtained
by reneated asylicationa of any of these subroutines,

All of the subroutines uase RAND" for generating uniformly distributed
pseudorandom numbers over the interval {0,1),therefore RAND must appear
in the 1list of the subroutines in the program,

UNTRA and RAND,EXPRA and RAND,POSRA and RAND contain common arguments,
denoted by Ia and IX (the two last ones in each subroutine ).Before call-
ing any of these subroutines proper values must be assigned to IA and IX.
Ia= 2051 + 8t (0 ¢ t € 64),.The starting value of IXmight be 8 388 607
or any odd number,IXvaries after each calling of RAND,oonsequently the
starting value must be assigned to in the beginning of the main program,
but this instruction must not ccour in any loop,

The other arguments correspond to the parameters of the particular
distribution and one of them (X) is the random variate genesrated in each
subroutine, '

UNIRA oontains two arguments A and B indicating the values of the
limits of the interval between which uniformly distributed variates are
generated, !

EXFRA 8lso has arguments AIAMB and X as well as IﬁV%k.ALAMB corresponds
to A in the exponential distribution. |

The argument ALAM in POSRA corresponds to the parameter A determining
the Poisson distribution, !

When using any of those subroutines suitabls values must be assigned

to the input arguments (A and B in UNIRA,ALaB in EXPRA and ALAM in

The Subroutings

1 JUNIRA
- SUBROUTINE UNIRA(A,B,X,Ia,IX)
CALL RAND(IA, IX,URN)

X = A+ {B-a)~URN

RETURN

B0
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2.EXPRA
SUBROUTINE EXPRA(ALAMB, X, IA, IX)
CALL RAND( Ia,IX,URN)

Y= 1./ALAMB
X = ~Y»ALOG(URN)
RETURN
END

3.POSRA
SUBROUTINE POSRA{ ALAM, X, 14, IX)
A = EXP(-ALaM)
B=1,
X =0,

100  CALL RAND(IA,IX,URN)
B = B*URN

IF (B-a) 300,200,200
200 X = X+

{10 100
300 RETURN
BND

Example

The program represents a simple application of EXPRA generating

1536 exponentially distributed random variates by meana of a DO-loop and
printing these values,8 in a line.

The same program can generate a set of uniformly  distributed or
Polsaon variates if applying UNIRA or POSRA,respectively,instead of EXPRA.
Of oourss,proper values of the input arguments (corresponding to the
parameters of the particular distribution) should be assigned.

MASTER VAREX

| v
DIMENSION SI(8) | | (LK‘J‘ //
4

TXS = 8388607 Q(

N =1 y [
, e
DO 20 I =4,4536 ] / /?.ﬂi
CALL EXPRA (0.1,XE,2067, IXS) 7 '
SI(N) = Xg V .,/
N = N+ W
IF (N-9) 20,10,10 y -
10 WRITE (2,30} {SI(K),K=,8)

= 1
20  CONTINUE
STOP
30 FUAT (8FiL,8)
D
SUBRCUTINE RAND( I, IX, URN)

END

SUBROUTINE EXPRA(ALAMB,X, TA, IX)
. BND
., FINISH S
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PART 2
SIMULATION MODELS
2.1 Introduction

Many system simulation experiments are driven by input processes
containing elements of random hehavié}.ln such simulations,statistieal
reliability must be considered if exézrimental results are to be interpreted
properly.Statistical considerations also enter into the evaluation of sim-
ulation model designs.Verification,validation and problem analysis are
tasks demanding careful statistical consideration.Verification determines
whether a model with a particular mathematical structure and data base ac-
tually behaves as an experiment_er assumes it does.Validation tests whether
a simulation model reasonably approximates a real system,Problem analysis
seeks to insure the proper execution of the simulation and proper handling
of its results;consequently it deals with a host of matters:the concise
display of solutions,efficient allocation of computer time,proper design
of tests of comparison,and correct estimates of sample sizes for specified
levels of acouracy.

In other words,verification and validation insure that a simulation
model is properly designed;only after a model has been verified and val-
idated can we Jjustifiably use a model to probe system behavior,.Problem
analysis mainly deals with the results of experimental probing,

Every simulation model comprises two systems - a data system and a
logical system.Both present the model-builder with problems;both contrib-
ute equally to the validity of a final simulation model.,

When we first look at a simulation model,we see its logical structure,
the way in which a system’s operations have been analysed and factored
into discrete units,and how these units are combined so that the model can
be made to reproduce the gsystem’s behavior,Locking at the model more deep-
ly,we see that is contains sequences of data comparisons and logical tests.
These tests cause a model to take dif'ferent actions depa%ing on numer-
ical values that are either input from the world outside its boundaries or
computed within the model,

The model’s behavior is conditional by these data values,and its results
are gensitive to data represantations and methods of data generationg

Almost all simulation models have queueing systems imbedded in them.

Let us consider a basic queueing model with one service station ,shown in
FPigure 2.1 .Items arrive at the station for processing with average arrival
rate M. If the station is free when a job arrives,it immediately begins serv-
ice,Which is performed at an average service rate K .A job that arrives

when the service station is engaged, waits in line until it can be process-
ed.When a job is completed,it leaves the service facility (arrow going to

the right) freeing the station for another job.If jobs are waiting in the
queue,one is selected for service according to a queue discipline



A ob enters
brx‘ival (n) ¢ ueue if service——){ Sexvioe(p) Job departs

tation is busy

! Arrival aétivity l I_ELG rvice activity __J

; - Flgure 2.1
and the service station is engaged agein. If no jobs are waiting,the serviee
station remains idle until the next job arrives (systems such ss this are

 called gueueing systems).

The activities pictured are jobs arriving and jobs being serviced.dobs
arrive at the station st rendom times.Let the jobs’arrival times be denoted
by TP1 , .....,'.1‘13':‘:.H ,then thse times between job arrivals are:RAR, =TP2-TP1 svees
BAerTPryi—TPr.Ihputs to the qQueueing system sre simulated by generating
interarrival times at the service facility.When a job arrives,the time when
the next job will arrive is computed by random gampling from an inter-
arrival time distribution,Two data problems associated with this simulation

are
{1 )determining the correct statistical sampling distribution and,

- {2)generating random samples from it.
A sequenoce of job arrival times constitutes a sample froma s imu -
lation input proce s s.Bach arrival generates an inter-
arrival time for the next job and a service time for itself ,Figure 2.2 il-

lustrates the sequence of simulation activities when an arrival event cooury!®

. A Jjob
T errives

Datemnine time of
next arrival 1

: G&neration of sn
E ) nterarrival time

P : _ Generation of =a
o "}" o S service time for
S £ o the last job

t job in
service

Schedule
end of
service

rhit for end
of service

Pigure 2.2

" the generation of an interarrival time and a service time and placement
of a new arrival in provess or in queue,¥hen a job arrives,it is placed in
service if the server is free ;otherwise,it is placed in queue,

The sequence of service times (RSR1,...,RSRr) also constitutes a simu-

lation input process,as random samples are drawn from some service time
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distribution whenever a job is processed.For each job that passes through
the service station,two (random) guantities muat be determined - RARk and
RSRk¢In this model,both of the quantities RARkand RSRk are generated when
a job enters the station,

411 simuletion models are driven by some basic force, generdlly the
arrival of a task,job or a request in the simulated system.Bach job has
gome characteristica that contribute tc its simulsted behavior.A job with
n characteristics can be deseribed by a list of these characteria~
tics,which we call an n-tuple.i job in our queueing model is characber-
ized by s 2-tuple (RARk,RSRk).A typical problem encountered when construct-
ing a aimulaticn model ia the generation of job characteristics and while
checking out g model the examination of a sequence of generated job char-
acterizations.

The sequences of variables whose values are &eteﬁnimed by the metivities
that take place within the simulation model are called s imula tion
output procesaes.If TSk denotes the time that job k leaves
the station,then WI, = Tsk'(TPk+RSRk) is the time it spends waiting for
service,The sequences of ’I‘S1,...,TSr and WT ,...,WTr ere simulation
output processes.

A simulation model is designed to generate output procesaes that ocan
be studied to cbhserve a system’s behavior as its data and/or logloal
structure are changed.Data influence a model through the selection of
statistioal sampling distributions,random sampling procedures and,activ-
ity levels.

The opersting rules used to seleot a Job from a waiting line ¢learly
ere part of the model structure end influence system behovior.A complex
model generally contalina many different kinds of operating rules;decision
mechanisms, search-and-choice procedures, scheduling heuristics are some
that are found most frequently,

A simulation model must therefors be examined in two ways. 'Its data
muat be examined,both with respect to the partiocular representation chosen
and the way the model selects samples in its simulation process;its struo-
ture must be examined tc see that mechanism have been chosen that produce
oorrect system responso.

One purpose of system simulation experiments is to compsre system re-
sponses to different operating rules.Another purposse is to determine func-
tional relationships between input faetors and syatem responsc.Regardless
of purpose,there are geveral statistical questions common to all problem
enalyses and to structural verification and validation as well,Some of
them will be discussed in the following chapters,
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2.2 Simulation of a tmiting yine With a Single Station (Medel 1)

2.2 Abstract i

A mathematicel model is formulated in this chapter to describe a aingle-
ohannel single-service-station waiting line situation.Varisbles and fune-
tional relstionship among the variables are specified to determine the sys~
tem, After defining the mathematical model,it is converted into « flow chart
form that may appear as a computer subroutine being useful to evaluate a
modsl of s queueing process by means of simulation on a digital computer,
A detalled flow ohart has been drawn that can easily be programmed on
any stendard ocomputer.The cbjeoct of this chapter is to describe some
expaeriments concerning a teshnique for simulating the behavior of walting
lines on a digital oomputer.However the characteristics of the model are
known and can be determined,under sertain conditions,by strict analytical
means,its simulated counterpart may be useful

to compare the results obtained by simulation to -that of analytical
methods;
to anply this simuletion when one cannot fit any theoretical dls-
tribution well to the experimental datajor
to davelope more complicated queueing models. i

|

2.,2.2 The Model !

The medel simulates g waiting line with single service station
where srrivels occur singly and the queus discpling is spe¢ified accord-
ing to the rule that “first in,first out".It is assumed that the veria-
bility of the time intervals at which successive items join the queue
follow a probability distridution (I),and this interarrival time distri-
bution does not change its statistical character in time i.e.is atation-
ary.Furthermore it is supposed that all oustomers’ servioe time belong
to the same probability distribution and the service time distribution(1I)
is gtationary as well,The sets of consecutive service and interarrival
times are assumed to be independent. I

Sample values for both of the distributions mentioned vefore are
provided by random veriate generators made for particular (theoretical
or empiricel) distributions and written in aubroutine forms.In these
extornal subroutines Monte Carlo technique has been applied %0 generate
uniform random numbers,then stochastic varistes from required probabil-
ity distributions (Appendix p.20s23,)and,the generatora can be fitted
to the model to simulate stoghastic processes,These subroutines are de=-
fined separately from the model and may be altered depending on the
specific distributions regquired for sampling,in the coursgoef simulatioen,
Thls particulay simulstion technique lends itself to relatively easy

interpretation of the simulated asystem, |



?2.2.53 The Subroutine

It was mentioned bvefore that the model oppears in flow chart form
which can be handled as a subroutine,This formulated subroutine deter-
mines

(1) the total waiting time,

(2) the total idle time,

(3) the number of arrivals who wait,

(&) the number of ocourences of idle time,
(5) the total arrival time,

(6) the total service time,and calculates

{7) the frequency and probability distribution of the number of
items in the gystem (5o the maximum queue size as well),

(8) the frequency and probability distribution of the number of
waiting units in the gystem,

(9) the frequency and probability distribution of the number of
waiting units when assuming non-empty queues.

The symbols used in the subroutine are defined and described bhelow:

RAR:the random timg interval between two sucosessive arrivals,
RSR:the random service time for a particular errival unit,
SMax:maximum gueue size that has been reached during the simuletion,
Lp:limit for the number of performances,
k:the current number of units in the systemn,
nithe current number of units in the queue,
i:the ourrent number of arrivals,
iw:the number of arrivals who wait,
iﬂc:the number of occurences of idle time,
Jia marker tc denocte whether the server is astive or not

(3 = 0 if idle;j = 4 if active)
Jnia counter to determine the correct values of the totsl waiting time,
TC:current time that has been reached in the simulation,
TPipredicted time of the next arrival,
T8itime for the end of a single arrival’service,
WT:iwalting time for a single arrival, \
IDiparticular i1dle time, Y
Tkzamount of time that k units spend in the system i

(k = 0,15 00058, 1) i
Whh:amount of time that n units spend in the queue l

(m = O,1,...,Smax) 3 i
TWT:total waiting time,
TID:total idle time, \
T8T:total service time, SR N
TAT:total arrival time, , l
TATS:interval between the times that the first arrival enters and the

last arrival finishes the service (total time of simulation),

b
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Some obvious relationshipsare shown by the fesllowing identities:

TAT = 2 RAR
i
TST = £ RSR
i
T™WT = £ WT
i
TID = £ ID
ido
TATS = TAT + (Ts(laSt)—TTQ,where TS(laSt] is the time for ending the

simulation,and TE the time when the last arrival enters the system,
Using the notations introduszd the following calculation are executed
by the subroutine:
the probability that there are k units in the system

Tx

P, = TRTE (k = 0,1,...,smax+1)

the probability that there are n units in the queue
W
9, = TaTS? (n = 0’1’""8138.3()
the probability that there are w units in a non-empty queue

WA
W

r =
w SUM*?

(w = 1,2, oco,sm) aﬂd, SUM = w-)}‘iwﬂw .

It is obvious that

5 # S S
max max max
k=0 k n=0 " wal T

(ana T = WA yoPp = Q) , whenm >1).

Other characteristios of the system are calculated as follows:
Spaxt!
(1) Expected number of units in the system:B(k) = %xkpk
k=0

Smax
(2) Expected queue length:E(n) = 2 nq,
nso

Smax
(3) Expected length of non-empty queues:E(w/% >0) = z wr%
w=1

(4) Expected time which an arrival spends in system:

TWT+TST

Nl =T

(5) Expected waiting time of an arrival:

E(WT) =

(6) Expected waiting time of an arrival that waits:

B(WD/WT > 0) = _T‘:-'-l'-
w



(7) Expected idle time:

5(1) = 22

(8) Expected fraction of total time service-station is idle:
E(f,,) = P,
(9) Expected fraction of total time service station is ocoupied:

E(I"::ucc.) - 1—p° .

Before describing the flow chart of the model a simple diagram is
glven (Figure 2,2-1) to show a part of the process and to indicate the
current values of some characteristic variables.,In this case neither
the interarrival nor the service time distributions follow any theoret-
ical distribution.The variable TP(i)indicates the time when the ithunit

enters the system and TS(i) means the time for ending the service of the

1% onit,

2.2.4 The Flow Chart

The flow chart consists of several main parts:

(1) generation of stochastic variates for arrival times (block 9),

(2) generation of stochastic variates for servie: times (block 15),

(3) calculation of waiting times (block 22),

(4) caleoulation of idle times (block 30),

(5) condition for finishing the simulation process (blocks 8 and 28),
and after ending the simulation

(6) to perform the caleculations using the data collected and calcu-

lated so far (block 37).

At the start of the simulation,that is when i = 1,the queue is empty,
the service station is idle and the total arrival time,total waiting time,
total idle time,total service time and the length of the queue are all
assumed to be equal to zero.In other words the following starting condi-

tions are assumed to be in effect:

TAT = O
™ =0
71D = 0
T8T = 0
n=20
and furthermore
Tk =0 (k= Smazﬁd)
TC = 0
™ = O
w:O
tin =%

and so the first arrival enters the system at zero time.,The starting con-

ditions appear in bloek 1 by setting all the listed variables equal to 0,
Due to the start of the process,j = O (the service station is idle)

and a large number is set to TS indicated by TS = » in block 2,to make
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its value larger then TP in order to generate arrival time in the first
run and whenever idle time occurs.

Customers are served in the order of their errivels,and the simulation
is finished when the number of generated arrival times exceeds a pre-
determined limit (Lp).The number of performances of the process is con-
trolled by a counter (i),which is incremeneted by one each time a new
arrival enters the system,Vhen i > Lp the process stops as soon as the
items that have entered the system have been serviced,

As a unit arrives,the time for arrival of the next unit can be pre-
dicted by drawing a saemple from I (see p.27)and as a unit commences serv-
ice the time at which it will be completed can be predicted by drawing a
sample from II,At any stage the next event to occur is found from the
minimum of these two sample values (block 5).In other words,the sub-
routine is constructed so that the next arrival time is generated only
if' the current value of the total service and idle time is greater than
or equal to the present value of TP,S50 the condition for generating the
next value of TP is

T3T » TP,

uurrent+TIBcurrent
On the contrary,a new service time is generated only,if

TST +TID < TP,
current current :

In the course of the simulation run the distinct time periods (Tk)
that k units spend in the system are calculated every time an item
enters,starts or ends the service (blocks 6,24,27 and 34 are provided
for this purposes),

Before generating the next value of the arrival time the current
value of TP is assigned to TC,and the new value of TP is obtained by
adding the sampling value (RAR) to the previous value of TP.Then the
number of items in the queue (n) and the number of arrivals (i) are
increased by one (blocks 7,10,11).(When i = 1,RAR denotes the time inter-
val between the first and second arrivals.)After this checks are made
to decide whether to continue the process,If there are more than 1 wait-
ing items or the service station is occupied,then the number of waiting
units is inereased by 1 (blocks 19,21),and a control is transferred to
label 4 (possibly to 3) to calculate the current and the total waiting
times (block 22).If n = 1 and the service station is idle (blocks 12,13),
a service time (RSR) is generated,sampling from the distribution II by
an external subroutine (block 15).This time the current number of wait-
ing units (n) decreases by one (block 17).

Waiting time is calculated if n > O,Then a prompt or indirect return
to the front of the next run is made depending on the decision arrived
at in block 23,

The process may be repeated or can be branched out at block 5 going
on to block 25,1t is obvious that new service time must be generated
when there are waiting units in the system (n > 0),s0 the simulation

carries on at label 3,0therwise,the subroutine caloulates the current
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and total idlaliimes and increpses the numﬁer of idle times (block 30).
~ Bvery time one returns to label 4 TS < TP,all the arrivels but cne bave
been serviced,so a large value is set to TS (to be larger than TP) end
the process is repeanted, . | _ ' S
When the condition i > Lp is true,the system may be in two states:
(1) M1 the units that have arrived - exoept the last - have been

f

serviced, or S RS

(2) Thers are one or more units waiting for service or a service
o .. 1s teking place. o
ﬁcoording to thess possibilities,the subroutine generates one more
{the 2ast) service time and finish-es the simulation run,or so many serv-

.- doe times are generated as are necersary to service all the unita wait-

ing for service,By using blocks ¥ and 32 the subroutine assures condi-
tions for the approvriate end,Block 35 is used for csloulating the total
. time that has elapsed between the start and the end of the simulation,
| The final value of T, can be obtained by subtructing TID from it,
since the time intervals for idle time appear twice,both in block 30
bloek 6, . _ E

Finally the subroutine executes the calculation by mesns of the
relationships smong the variables whioch have been defined pevicusly, .

2.2.5 Check on the Validity :}

The validity of the wodel has been tested in the caae when both the
interarrival and sexvice times follow negative exponential distribution
with a given expected value.These diatributions are most frequently
encountered and theoretical results for such parameters are sasily avail-
able,It ia known that if the probability of a certain number of arrivals
in unit time has Poisson distribution,the interarrival time distribution
follews expoenential distribution.The probability density function of the

interarrival time of duration it is Ae~ M

,where A is the mean arrival
rate,and 1/ is the mean time between arrivals.The same density Function
has been applied for asrvicetime of duration t with parameter p being
the mesan service rate and 1/u the mean service time per customer.

By using the notaticn introduced beforehand the corresponding theoret-

ical velues {supposing exponential distribution) can be caloulated from

the following identities when }/u< 1,[6h,pAN-1331: Wl
T E(k)theoretical - H=2 . Y
12

: ':r;"'\ : ,ﬂ ll I E(n) t -

3

E(W/ w>0) = TaSY .. ‘:
A 1 |
E(Tws)t * M=h y



A
E(wD™Y, = ~I~——-T
1
E(WT/WTM)t = TR
E(fOcc.)t = M

E(f )y =1 - Mu,and

the probability that thers are k units in the system:

B, = G - MO G2 0.

The velues of characteristic quantities of the model obtained by simuia-
tion using various values of the parameters ) and y have been compared to
the thecretical values.later experimenta werc repeated with different
starting values in the multiplicative congruential random number genera-
tors to test the effiects of changes.Then the model has been tested by
altering the values of Lp,that iz the limit for the number of perform-
ances By increasing the value of Lb the results are getti?g better.In
each case the model provided geod results. I

The comparison of the values of some variables,and the probability
digtribution of the number of itmes,with a few varying values of the
parameters »and  and with difforent values of Lp {200 aqd 1200) are
listed in .sble 2.241, |

It is worth mentioning that the subroutine can be enlarged and tests
can be performed to check the answers when the interarrivsl and service
time distributions follow other probability distributions{
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2,3 Simulation of a Waiting Line With a_Single Station and a Limited
Number of Units (Model 2)

2.3.4 The Model

A birth and death process in which both arrival and service times are
Poisson distributed is given by the system

TR = = Oy s ) A py (8 sy () k>0

d

TP () = - p () + u p, (t)

.whare hk and H Bre functions of k (the number of units in the qyatem),
constitutes the mathematical model of the waiting line in the case of a
single station,

The source considered in the case of a limited number (m) of units has
a special property: the rate of arrivals is proporticnal to the number of
units in the source.The parameters of the birth and death process now are
defined such that:

‘x*“}ao

pk = 0
and
= (m-k)n"
M ]0 <k <m
B = B
By these conditions we have the equations
» _ -
po(t) = -m Xpo(t) + pp1(t), k=0
» = o =
Pe(t) = =[ (m-1)a +p] p(t) + (w = k + 1)ap,_, () + pp , (1),
when 0 <¢ k <m
P;i(t) = -p.Pm(t) i (t), when k = m,
In a permanent system pk(t) =p k=0,1,...,m and the former equations
become
mAp, = WP,
[(m - X)A + p]pk = (m—k+1)lpk_1+ B 4
7“‘pm-“l = WP
The recursive formula
Pk=(m-k+1)$pk_1 O<k sm (243-1)

is obtained from the previous system {(§ = \ubeing the traffic intensity).,
From (2.3-1) we have

k
i
Pe = Toky 1P 0 <k €m, (2,3=2)
and
- 1
Py = m oy k
1 + I

k=t b0k} (2.3-3)



e

By mezns of the equations (2,3-1) and {2,3-3) the following characteristics
of the system ocan be derived:

Bxpected number of units in the system:

BK) = m - =(1 - p) | o (243-4)
- W 0 _
Expected number of units in the waiting line: i
Bo) =m - =3 - p) o (2.3-5)
Expected nunber of units not in the system: _ _
m-E&):Lﬁﬁo - (2.3-6) J
Expected walting time in the system: _ _ | :
' 1 m 1
R(WT) = (8w - L 2,3-7
om) - LB - ) s

Expected waiting time in the line:

B(WT/WT > 0) = lem_ J__t_i) (2.3-8)
v~ P, ¥
Expected fraction of total time service station is idles
E(f‘id) = P, (2.3-9)

The probebility of waiting any time at all (expected frasotion of
total time service station is occupied): '
B(f,,,.) = p(>0) =1 - p, : (2.3-10)
(33,p.366-367].

2.5.2 The Flow Chert

The present simulation model is an extension of Model 4 ,with the
restriction that the number of weiting units cannot arbitrerily increase,
As soon as m takes up a predetermined value (mp),no further unit is
allowed teo enter the system,until the next service starts;however a new
arrival time generated by a stochastic variate generator occurs,possibly
before the start of the next service.

The new variebles of sModel 2 are m, and Lg,where

i .mz the number of maximum possible units in the system
mp:tha number of meximum possible units in the queue |
D (g, =m - 1) R
153 a marker to indicate whether the system is in state with
. maximum queue size (if there are m unitas in the queue then
Lo ls = 1,ctherwise 1S = 0}, '
Blocks * ~nd 4 of Model 1 are unnecessary,nevertheless we keep the old
numberinéfz%he blocks (from Model 1) and the new blocks are numbered from
100 - 106,In addition,a new label (designated by 6) is placed between
blocks 7 and 8. ' i
The process branches at block 100, when n = mp- 1.,At this moment the

system may be in two states according to the momentary values of TP and

TS.Wh P <
en T current N Tscurrent

number of waiting units is increased by 1,that is 1t obtains the maximum

the process proceeds in bloek 402.The
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' Generate RSR
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TS = TC + RSR
TST «=TST 4+ RSR

w (17)
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value (n = mp) and,based on the instructions of block 102,all character-
istic data for every event will be calculated until the time Tscurrent
required for frwther calelations.The program continues at label 3 with
generation of a .uw serviiu time,and the start of the next interarrival
time will be caloulated from the recently generated service time,

Let us suppose that m machines work in a workshop,machine-breakdowns
occur according to Poisson distribution,and cne mechanic repairs broken
down machines.In the critical case,when none of the machines works
(1 machine is under repair and mp machines are waiting for repair),the
Poisson distribution is lef't out of consideration until the current
repair is finishod,The next arrival time is generated from the time when
at least 1 mach’ne starts to work.

Every time the above "eritical case" occurs (m = mp} the number of arri-
vals obtained by simulation departs from the Poisson-rule to a certain
extent,Coneidering the whole simulation only the distribution of arrivals
between the "critical cases" can be taken into account as strictly
Poisson distribution,The distribution taking place actually during the
total simulaticn moy be a better or worse approximation to it,Obviously,
the results obtained by simulation reflect the real events,and the analit-
ical formulae,inthis cnecial case are only approximations to it.

When the event n = m, ocours, the process,according to the flow-chart,
branches to label 6 (ond not to label 2,since at this moment TC > TP
and T, would take up a false value in block 6),This branch is guaranteed
by introduction of blecks 105 and 106,where there is a check on the value
of 13 and it is set to 0 if it was 1 previously,On the contrary when

™ > T8
current surrent

the velction n < mp is truc,and the process carries on,generating new
service time af.i: pacaing blocks 101,103 and 104,

The rem-ining part of the flow-chart is self-explanatory,

Figure 2.3-1 displays a possible sequence of events of the simulation
model by presenting current values of some essential variables when m=5,
On this figure the first"critical case" (n = m ~ 1,and TPg TS) occurs
when units 5 and 6 enter the system (TFI5), Tg(6),TP(7))L2 takes up
the predetermined maximum value (n=4) and the process (passing blocks
1M - 102 - 104) continues. After this sequence of events the next inter-
arrival time is considered to be TP V)~ 75(?) 50 the perioa 15(2)-7p(6)
is lef't out,

Another series of events can also be followed in the case of n=mp-1,
when TP _ _.> g OE—— (it is determined by TP(Q),TS(1)and TP(S)).

The analytical formul~e »occssary for calculation are given from
.2:3-1) = (2,3-10) on page 38-37 (this chapted.The corresponding quantities
of the system cbtained by simulation are calculated by the same formulae
as in the prcvious mode) "that is pk,E(k],E(n),E(WTD,E(WT/WT > 0),E(fid_)
and Elfooc.) ,but now k = 0,1,,...,m and n = 0,1,...,mp (p.29-30).,

In additio» *h2 expected number of units not in the system is
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calculated as

m
m - ZXp. (2.3-11)
k=0

2.3.3 Check on the Validity

The anslytical formulae giving the base for comparison areas follows

m!
' ki m-k)!
and B
my ¥ 0<ck €£m (2,3-13)

Py = oK) Po?
(or the latter in recursive form is Py = (mek+1)¥ pk_1).'l‘hese formulae
can be easily derived.It follows from them that the theoretical prob-
ability that there are k units in the system,and the other theoretical
results,depend upon ¥(=A/p) and m,By proper selection of these para-
meters there would be short waiting times,and the probability that
there are waiting units in the system in not very large.(Considering
the former example with a workshop having m identical machines each
operating independently of the other,one mechanic being available and
supposing Poisson breakd® ms and service times,breskdowns are rare and
repairs do not take long).E.g. when ¥ = 1 ( A = Jd,and g =1.),and
m=5 then p_ = .5659,p1= .2320,p2= .1128,p3 = .OjjS,ph = .OOGB,p5 = 40007
or in another case haveing the same ¥ and__ hen p = o 2“:-5.131 = 2146,
P, .2931.1)3 = o 5&5,;:& z o 080,;:5 = J06L9,p, = .052h,p7 = 0130,
Pg = .00)9,1)9 .0008,1310 = 0001 ,

When¥ > 1,and either ¥ or m,or both of them are inceasing we are

Ll

i

dealines with a congestion phenomenon,sc the number of machines out of
service increase considerably (that is the case with too many machines

to be repaired by one mechanic,or frequent breakdawns and long repair-
time),as the following table shows:

m=5
v Py Py Py p 3 P# 135 kgzpk
1.00 }1.0023 0124 0535 AL 3672 « 3934 .9853
1.2 [[.O015 .0087 19 1509 3623 ol 347 9898
2.55 (10004 .0009 .0086 0598 2792 651 L «9990

The probability that there is at least 1 unit in the waiting line is
very high (last column),and the probability that the service station
is idle is practically O,
The expected waiting time in the system also increases,when ¥ >1.
The table below shows some values of E(WT) (following on the next pagejwith
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e e T

different values of the parameters ¥ and m: T

A7 e 1,36 .07 2.33

o — s

b o me e m ChmMeas e - A M Wes

T 5 3.61 & 10 7.7 1247 30.48

6 L.48 5.45 9.58 15.33 37434

10 7.96 9.66 16,85% 26,75 63,80

.L
Cemrlote simulation has been carried out for each combination of the
values of the parametersY,and m given below (with 3 different start-

ing valves for the stochasticevariate generators):

e = 5,6,7,8,9,10

M| 3] 5 W7 19 | a5 1 (13 |15 3 LS

w012 4.4 1.6 1.8 L3071 2.0 2.2 (24 1 |5

¥l 201 W57 WA WD ) WD 551 W59 1 L6259 751 W9

i W6 L7580 9 rn,05p1,350.,2 14510 .85 1 J751.051 .35
61 701 .8 .9 nasp.o WO51 751 W55 .351 45
Y0107 A2 A7 AT7N.L2 1,21 ] 1.267{1.36 1 .57 112.33

TR

On the comparison of the analytical and simulated vaives we have to
consider the standpoint that the analytical probability dlstribution
of the number of units being in the system has been gained from the
hypothesis that the number of units that entered the system during s
certain period follows Poisson distribution.Nevertheless in practice
a rough approximation of the above mentioned distribution comes into
being;namely . ~henever the number of waiting units attains the critical
value (n = mp),new arrivals may not enter the system until n decreases
by 1, However a new input unit may enter before this time,according
to the Poisson arrival,whereas it may not heppen on the basis of the
conditions of the model,because the number of arrivals would be greater
thaen thz predetermined value of mp.Owing to thease reasons one cannot
speak of oxact Poisson arrival in practice during the actual operation
of the model. |
It follows from this fundamental fact that there is a great departure
in many cases between the quantities calculated analytically and the
results obtained by simulation,especially when ¥ %1, One cannot
¢xpect as good an argument between the analytical and simulated results,

as in the case of Model 1,where therec was an excellent fitting between

the corresponding quantities,

.
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Obviously the number of occurences of the critical case (n = mp)
is always less than the frequency of occurences of waiting lines with
mp - 1 units,no matter how the parameters X\, § and m are selected,
That is,when n = mp in the previous and next stage of the system,the
number of waiting units has to be n = mp -1

Since times are taken into acoount in the calculations (that is,
times spent in line by D,1,...,mp waiiing units),when ¥ >1 the period
that i units spend in the waiting 1lie is longer than the total wait-
ing time of i -1 units,Namely,

T, > Ty (k=1,2000m)

where Tk is the period spent bykunits in the system (or the period spent

by k-1 units in the waiting line) in the course of simulation,

T
Since p, = -—JE: by increasing the value of k, the simulated
k  TATS il

probabilitiee incrense sinuiaﬁeousxy as well,The analytical probabilities
digplay the same tendency,but discrepances can be observed between the
analytical and simulated probabilities,

Table 2.3-1 displays the sbove mentioned facts for a series of values
of ¥ when ¥ > 1, namely

(1) even if fmp < fmp~1 yet T > T in some cases,where f and

p P
by are the frequences of oOccurences of mp and mp-1 waiting

Mpy=1
units in the queue (that is n and m units in the system);

(2) Ty <D < eaa ¢T, S0P <P < ooe <Py (however sometimes
there is slight departure from this principle in the simulated
results when ¥ is not far from 1);

(3) there is a comparison between some characteristics of the system
calcule*ed analytically and obtained by simulation,

Wher 4be +oaffic intensity is small and the number of waiting units
utus not reach the critical value mp,simulation: models 1 and 2 com-
pletely agree. Notwithstanding this,without changing the distributions
of interarrival and service times the analytical values deviate sig-
nificantly as regards model 1 and 2.As soon as the constraint of pre-
soribing a maximum value for the number of units in the system is neg-
lected (Model 1),the simulated values fit prominently the analytical
values,

When ¥ < 1,congestion rarely occurs,or not at all.In these cases

the probabilities obtained by simulation better fit the analytical

values given in Model 1.

In .Tables (2.3-2) and (2.3-3) the same sort of results as in the
previcus table in the case of ¥ < 1,completed by the analytical prob-
abilit’es used for Model 1 .,As can be seen,the results obtained by sim-
ulation approximate the real situation much better.

If Y<1 and n = mp does not oceur then by inereasing the number of
iterations the results obtained by simulation approach better and better
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the analytical values of ilodel 1 and move away from the onalytical ones
of Model 2.This tendency can be well perceived in Tables (2.3-2) and
(2.3~3) where the basic characteristics of the system are registered
when Lp = 200 and when Lp = 1200 to provide a.basis for comparison with
the anelytical values of both of the models,

The situation changes when the event n = mp ocours whenever “Wh.h.
At s time by increasing the number cof iterations the simulated stea-
tistics approach better the analytical results although one cannot
speek of a really good it due to the deviation beftween the simulation
and theoretical models,

A conspicuous improvement can be observed when m keeps growing.,

The same trend is shown in Table (2,3~4) with other characteristics
of the system,namely,when Lp is growing the siimulated results it
better the theoreticel ones.

- Considering the above model and results derived from it,thers is
no doubt that the real situation can better be approximated by simu-
lation.is has been mentioned {in what has gone Before) the method of
simulstion is worthy of application when itg efficiency is superior

to that of other techniques.
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2.4 Simulation of a Waiting Line at Several Stations (Model 3)

2.4,1 The Model

The simulation of a waising line system consisting of several serv-
ice stations operating in parallel is discussed in this chapter.It is
supposed that arrivals follow Poisson’s law,the average rate of ar-
rivals is ) ,and arrivals are admitted to the first vacant service
station on a first-come,first-served basis.Bach station has its own
particular probability distribution for service time,

When an input-unit arrives in the system a check will be made
whetheor all of the stations are occupied.If so,then this unit has to
wait until & service is ended,.Vhen a service station becomes vacant
before another unit arrives at the system,idle time occurs until the
next unit arrives and enters the vacant station,

For the description of the model a flow-chart is used,where every
instant and all characteristics of the simulation can be followed,.The
flow-chart consists of three parts:

(1) the multichannel model iiself (FLOW CHART MODEL3,p.53-5),

(2) the random arrival and service time generators .(these have

been described in details in the Appendix,p.15-23),

(3) a separate"program flow-chart"(p,55-5¢) joined to the model

in order to simulate some variables and then to use them for

calculating the simulated statistics,

24,2 The Variables of the Model

: the number of service stations,

u i " arrivals that have been simulated,

.u'l.""t"

¢ the current number of arrivals,

. 4 n " " generated service times,

¢ the number of arrivals who wait,

e e

. 1 *® " " oceurences of idle time,

RAR : the random time interval between two successive arrivals,
RSR: " "  service time at the h' station,

Anmh= random time of the arrivals,

'I'Sh ¢ complition time of the current service at the hthatatiOn,
STD,: total idle time at the h'" station,

SWT,: " waiting " " " " oy

TRSRh: " service " " " 0

"
L ’
TST : service time (TST = I TRSR ),

TWT : total waiting time (TWP = 2 SWTh),

TID : total idle time (TID = £ SID,),



EEE

O given:

e

TAT: arrival time of the unit which has been waiting the longest

for service,

TSHIN: the minimum TS, over ell b (h=1,00a,0)5 *% |
' WTh= current waiting time at the hth station, o
D.Th= M i dle " 1] n 1 1] ’ ‘ "

TATS: total time of sgimulation.

24443 The Flow Chart . o

" At the start of the simulation the following relationships are

,AR'I[1 =0 _
TSh = 0 (h = 1 g ety L) : "‘I
SIDh = O (h = 1 » o-O)L) E B ’l .
sWT, = 0 (h =1,,..,L) ' . E 'Ti .
TRSB}lz O (h =1 prruy ]J) . d
i = 4
i =0
s5er T
i = Q b
W
TST = 0O .
TWE = O S 7
TID =0

thus the first arrival enters the system at zero time,

After setting the starting conditions (block 1) as many arrival -
times are generated as there are service stations (AREH,...,ARTL),and
simultaneously a service time is generated for each station (RSIQ| sevey
RSRI). Then the total service time that has ocoured until this instant
is determined (blocks 2-12).

In block 13 the number of input units that has entered the sysiem,
and the number of generated service times are assigned to i and iser'
The starting value of TAT necessary to the next value of TS5 is set in
bleock 14. S

By means of blocks from 15 to 22 the minimum of the mom;ntézy TS
values 1s selected,Notations j and TSMIN are used to indicate the se-
riel number of service station that becomes vacant first,and the
mipimim TS value,respectively,

Before the calculation of the current waiting HM idle timew and
genereting the next service time in blocks from 24 to 45

(i) the T, Quantities required for the simulated system -charaoter-
isties are determined,

(i1) the values of the parameters varying during the simulation
are set, |

(1ii) new arrival time is generated,and

(iv) a proper valuc is assigned to the next TAT by the "program -

flow - chart™eginning at label E.ut this moment TAT = AR.TLH
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After these assignments are performed the total and partial waiting
and idle times at the separate service stations are calculated by the
series of blocks beginning at label C,In block 24 we take the difference
(DEP) between the total arrival time (TAT) that has been reached during
the simulation and the ending time of the last service.,Depending upon
whether this difference is negative or positive,waiting or idle time
is computed and added to either TWT and SWT‘j or TID and SIDj,and the
jo 1s increased by onme,respectively (blocks 24-35),

Then a new service time is generated f'or the vacant station in one
of the blocks 37,39,41.In block 4L the ending time of the recently
generated service time is assigned to TSJ.The current number of gener-
ated service times is increased by 1 in block 45,then a check is made

to decide whether to return to label A and repeat the process or to

value of iw or i

finish the simulation,If iaer 2 Lp the last service is about to take
place at each station and the ending times of all these services
(TS1,...,TSL) are arranged in increasing order of magnitude and are
denoted by FM, ,eee, B (block 47),where FM, = minimum(TS1 seeesTS5))

and Fl; = maximum(TS1,...,TSL).It is obvious that the completion time
of the simulation is FHL which is assigned to TATS in block 48.later
on the simulated process does not return to this section of the flow-
chart,but it ends by using the "program flow-chart" beginning at

label Bl

2.4} The Program FLOW CHART

As mentioned above a separate subroutine named "program flow-.
chart" is used for calculation,Its objective has been given in the
previous chapter.

It is necessary to introduce some new variables for the purpose of
computer program (some of them agree with that of Model 1),simulta-
neously '"program-variasbles" are alsoc used.These variables are as
follows:

LSS:maximum number of units in the system during the simulation,

Lsmax:maximum number of units in the waiting line during the simu-

lation (LSS = LS ot L),

TP:predioted time of the arrival being serviced next,

TCicurrent time that has been reached during the simulation,

kicurrent number of units in the system,

Tkzamount of time that k units spend in the system (k = 0,1,...,LSS),

JT:subsoript for ART indicating the current number of arrivals

(n = JT = L) that have entered the system but for which service

times have not been assigned.Whenever a new arrival occurs JT

is inereased by 1,except at the starting phase of the simulation
when not all the first L arrival times have been generated yet,

ic:indicator to set correct value for k when the current Tk is
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determined (ic = O whenever the completion time of any service does not

fall between two subsequent arrival times,otherwise ic 2 1),
k scounter used in the starting period of the simulation (1 €« L and
JT < L) indicating the number of new arrivals that have entered
the system before the process passes the time ARTL,

i toounter in the starting peried of the process (ik < L during the
simulation),

micounter indicating the number of TAT’s that have been assigned
(if m = O then TP = TAT,if m # 0 then TAT > TP and m=JT-L),

This subroutine is used when

(1) a service is ended,

(2) a new TP is to be defined,or

(3) both a service is finished and a TP is to be defined simulta-

neously.At the starting block (100) the program may branch out
3 possibly ways.When TSVIN > TP a new TP must be generated.At

the outset of' the simulation before all the 'I‘k values have been collect=
ed until the time ART, (ik < L),the program branches to the right at
blocr 128 (to blocks 12%9-131),but as soon as ik = L it will not return
to this branch again,

According to the decision based on block 132 we can return again
to label B through either the blocks 134-135 or 136-140 until all the
units that must be simulated arrive inthe system (i < Lp).During this
period (ik 2 Land 1 < Lp) whenever control is transferred to this
bransh a new value is assigned to TP and the simulation is carried out,
Obviously the value of i is increased by 1 as well.It may turn out
during the simulation that several units are waiting for service,but
only the minimum of the arrival times is used here.For this reason i
is increased only in these blocks (135 and 140) whereas generation of
new arrival time may also ocour in blocks 112 and 114,

Ir iz Lp the block 142 is used to determine the current value of
k
trol is transferred to label E to perform the finishing period of the
simulation (blocks 149-151),If 1< I.p (block 143) then one return to
B ocours (blocks 1L44-147) .After the simulation has been completed the
required simulated statisties and probabilities are caloulated (by
block 152),

Blooks 119 and 122 are formed for those unlikely cases when two
rendom times coincide;that is TP = TSMIN,(The probability of such an
event is theoret’cally equal to 0,)

T, «Vhen all the service times have been generated (iaer) Lp) a con-

In most of the cases the program branches to the left according to
the condition TP ¢ TSMIN,At this moment ic takes up a value greater
than O0,If ic > 1 the block 104 1is used;that is when there are at least
2 stations becoming vacant between the two subsequent random arrival
times in question,Blocks 1M ~107 are seclf-explanatory.Decisions and
branches are made according to the momentary value of iaer and i,
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When either of them is equal to Lp then the ending part of the program
follows, R _ .

The ¢counters L and JT are used to assign correct values of the fol-
lowing TAT or TP,or both,As soon as a service is finished and JT € L
a new arrival time must be generated by block 114 at the starting stage
of the process (i € L) or by block 112 further on the simulation,
(Sinece JT 2 L when i > L,control will not he transferred to block 114
later on,)The purpose of both blocks is to determine the next correot
value of TAT which is used to fix the ending time of the following
service (by block 44).If there are some waiting units in the system,
new arrival time 1s not generated but the above mentioned assignment
cccurs in block 115,After each of these boxes (112,114,115) control
returns to label G in order to generate new service time.

Figures 2,4-1 and 2.4-2 are sttached to the flow chart,where the
veriation of the most important variables of the model can be followed

in two particular cases, 3 o

S

2.4.5 Application

KR

To describe a waiting line at several staticns anslytically some
hypotheses which are the usual cnes for the most frequent kinds of
delay phenomens must be assumed. -k |

When a service station is free,the first sustomsr in the line is
served by that station.There is no customer preference for any station,
The model has been tested in the case whon all the stations have the
same average rate of serviee p ,governed by the exponential distribue.
tion.Arrivals follow Poisson’s law with average arrival rate of A,

We assume we have a permanent system in which the probabilities Py
that there are kX units in the system are independent of time,The
traffic intensity per station is given again by ¥ = A ané the
restriction —%} ¢< 1 1is adopted.Under the zbove conditions the char-
acteristio quantities of the model {33,p.95-98 and 362-365] can be
derived from the "equations of state",

The probability that a number of units k are in the system

P = :pxm T <kl L (2.4-1)
and -
P = "1 Pied k» (2.4-2)
where L o - ‘
Po © T e pmsl (2.4-3)
¥ p . L
ooy ¥t 5 :
L{t - 1) s=0 s! '
and

z =1,
k:Opk

ER

Expected number of units in the weiting line
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