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Abstract

In 2001, Surles & Padgett introduced Generalizegldigh Distribution (GRD). This
skewed distribution can be used quiet effectivalynodeling life time data. In this work,
Bayesian estimates of the shape parameter of a @RER determined under the
assumption of both informative (gamma) and nonsimfative (Extended Jeffery’s and
Uniform) priors. The Bayes estimates were obtauneder both symmetric and asymmetric
loss functions. The performances of these estimat® compared to the Maximum
Likelihood Estimates (MLEs) using Monte Carlo siation.
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CHAPTER ONE: INTRODUCTION
1.1 Background to the Study
Statistical Inference is the branch of statistioeaerned with using probability concept to
deal with uncertainty in decision-making. It reféosthe process of selecting a sample and
using a sample statistic to draw inference abagit@n population parameter. The field of

statistical inference is divided into the theoryestimation and hypothesis testing.

1.1.1 Theory of estimation

Statistical estimation or simply estimation is cemed with the methods by which
population characteristics are estimated basechfmmmation drawn from a sample. The
theory of estimation is further sub-divided intoifRoand Interval Estimation. A point
estimator is a random variable varying from samgplsample and its value is called point
estimate i.e. a point estimate is a single valtiease for the parameter. There are several
methods of finding a point estimator which cankalbroadly classified into the Classical

Methods and Non-classical/ Bayesian Methods.

In classical approach, the unknown param@tex assumed to be fixed quantity. Inferences
in classical approaches are based on a random saomty i.e. if a random sample
X1,X,, -+, X, is drawn from a population with probability funatigf(x; ) and based on
the sample knowledge the estimateddé obtained. The classical approach is based®n th
concept of sampling distribution and it does na any of the prior information available
as a result of familiarity with previous studieshefe are different methods of point
estimation under the classical approach. ThesedecIMaximum Likelihood Estimation
(MLE), Method of Moment Estimation, Percentile Bsdtion, Least Square Estimation,

Weighted Least Square Estimates, and so on. Oatliee hand, in Non-classical/ Bayesian



approach, the parametgiis assumed to be a random variable which can berided by a
probability distribution (known as prior distribati) that is, the unknown parametér
(being random) follows a prior distribution. Hendgayesian approach combines new

information that is available with prior informatido form basis for inference.

The fundamental difference between the Bayesianframgientist approaches to statistical
inference is characterized in the way they intarpmbability, represent the unknown
parameters, acknowledge the use of prior informatiod make the final inferences. The
frequentist approach considers probability as atitign long-run frequency, while the

Bayesian approach regards probability as a meadube degree of personal belief about

the value of an unknown parameter

1.1.2 Generalized Rayleigh distribution (GRD)

Twelve different families of cummulative distribati function used in modeling lifetime
data were suggested by Burr (1942). Burr Type Xribigtion is among the most popular
distributions that receives the most attention agnahese families of cummulative

distributions.

In 2001, two-parameter Burr Type X distribution wiasroduced by Surles & Padgett.
Kundu and Ragab (2005), Liet.al, (2011) and Abdel-Hady (2013) prefer to call this
distribution GRD which will be adopted in this workor a>0 andA>0, the Cumulative

Distribution Function (CDF) of the two-parameter GE given by:
Fx; o,0) = (1 — e=@)" for X, o, A >0 (1.1)

Its probability density function (pdf) is given:by



2,(1 — o~A02)* 1 —(ax)?
f(x; o,h) = {20{1 x(l e X ) e W) x>0 (1.2)
0, elsewhere

whereo and\ are shape and scale parameters respectively.

Shape and scale parameters are used to determirshdpe and location of a distribution.

Shape parameter allows a distribution to take vargety of shapes depending on the value
of the shape parameter, while the scale param&ttclses or squeezes the graph of a
probability distribution. In general, the largeethcale parameter, the more spread out the
distribution and the smaller the parameter, theentmmpressed the distribution appears to

be.

GRD is widely used in modeling events that occudiffierent fields such as medicine,
social and natural sciences. In Physics for ingatiee GRD is used in the study of various
types of radiation such as light and sound measemé&ésnlt is used as a model for wind
speed and is often applied to wind driven eledtgesmeration. For details, see Samaila and
Cenac, (2006). It is also used in modeling streragttl lifetime data (Surles and Padgett
(2001), Lio,et.al (2011), Kundu and Ragab, (2005)). Hence, the GBR® asurvival and

hazard functions as shown in equations (1.3) arj (&spectively.
Survival functionS(x; 0,4) = 1—F(x 0,0) = 1— (1 — e~ @%)* (1.3)

2\a-1 2

. sl 2a22x(1—e~ %) e~ (Ax)
Hazard functiorh(x; a,1) = flaah) _ ( ) :
S(x; a,) 1— (1_3—(Ax)2)

(1.4)

Survival function is the probability that the swai time X takes a value greater than a

specific value x i&5(x) = p(X > x), while the hazard function is a measure of howljik



an individual experiences an event as a functiohig@her age. These two functions are

used to describe the distribution of survival tidata.

Density function of generalized Rayleigh distribution for different shape parameters and scale parameter one
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Figure 1. 1: The Graph of Generalized Rayleigh Disibution for different values of shape parameters vinen the
scale parameter takes the value one

The graph of the distribution is shown in Figur# flor different shape parameter values. It
is clear from the Figure that the pdf of a GRD idezreasing function i < %2 and it is

right skewed uni-modal whan> %. (See also Kundu and Ragab, 2005).

1.2  Statement of the Problem
Bayesian inference requires appropriate choiceiofgfor parameters. But there is no way

to conclude that one prior is better than anothera situation where one have enough



information about the parameter(s) then using madive prior(s) will be the best practice

for choosing a prior, otherwise, a non-informagprer suffices.

1.3  Aim and Objectives of the Study
The aim of this work is to estimate the shape patanof GRD using Bayesian approach.

We wish to achieve the stated aim through the folg objectives

i. By estimating the shape paramet@ryhen the scale paramet&j {s known using
both informative and non-informative priors undgmsnetric loss function
ii. By estimating the shape paramet®rWhen the scale parametj (s known using
both informative and non-informative priors undsyrmmetric loss functions
lii.  To compare the performances of the proposed estimaith that of Maximum

Likelihood Estimators in terms of Mean Square Error

1.4  Significance of the Study

In Bayesian approach, the parameter is viewedratom variable behaving according to a
subjective (prior) probability distribution that st#ibes our confidence about the actual
behavior of the parameter, whereas in classicatoagp, the parameter is assumed to be
fixed but unknown. In Bayesian inference, conclosicare made conditional on the
observed data i.e. there is no need to discusslsgnistribution using this method. While
in the classical approach one needs not be cortcabm@ut any prior knowledge other than
the available information observed. Bayesian infeeealso provides a convenient model
for implementing scientific method. The prior distition is used to state the prior

knowledge we have about the parameter of intendste the posterior distribution reflects



the updated knowledge about the population paranretene with the new information

collected from data.

1.5 Motivation

Statistically, modeling of real life scenario hels to better understand and explain
unforeseen eventualities when they take placegliyeenabling us to reproduce such a
scenario either on a large and/ or on a simplifiedle aimed at describing only critical
parts of the phenomenon. These real life phenoraemaaptured by means of statistical
distribution models, which are extracted or leardedctly from data gathered about them.
Every distribution model has a set of parameteet tieeds to be estimated. These
parameters specify any constant appearing in thdemand provide a mechanism for

efficient and accurate use of data.

1.6 Limitation
The study will focus only on estimating the shapg fparameter when the scalg) (
parameter is known under the symmetric and asynonédss functions assuming

informative and non-informative priors.

1.7 Definition of Terms

1.9.1 Estimator

Let X be a random variable that follows a probabilitstdbution functionf (x; 8) indexed

by a parametef. Let X;, X,, -+, X,, be a random sample from the given population. Any
statistic that can be used to estimate the parame@tés called an estimator af. The

numerical value of this statistic is called anrestie ofd and is denoted b§.



1.9.2 Prior distribution
A prior distribution is a probability distributiothat captures the information about a
parameter(s) before data are taken into accouiat. @istributions are sub-divided into two

classes: Informative and non-informative priors.

Let X;,X,,:-- X, be a random sample from a distribution with dengifx/60), whered
(assumed random) is the unknown parameter to lomagetl. The probability distribution

of 6 is called the prior distribution & and is usually denoted a$0).

1.9.3 Posterior distribution
Let X;,X,, - X, be a random sample from a distribution with dgngitc/0), whered is
an unknown parameter to be estimated. The conditidensitym(6/ x1,x, =+, X,) IS

called the posterior distribution éfand is given by

f (x/6)[](6)

(6% %, %) =
I_l g(x) (1.5)
whereg(x) is the marginal distribution df and is given by
Yo f(x/6)m(0) when 0 is discrete
9@x) = {f_oooof(x/Q)ﬂ(H), when 6 is continous (1.6)

wherer(0)is the prior distribution of.

1.9.4 Loss function
Let X;,X,, - X,, be a random sample from a distribution with dengitx/0), wheref is

an unknown parameter to be estimated. A &te an estimator of. The functionL(é,B)

represents the loss incurred wiéeis used in place .



CHAPTER TWO: LITERATURE REVIEW

Kundu and Ragab (2005) considered different estimgirocedures (maximum likelihood
estimation, modified moment estimator, least squesgmator, weighted least square
estimator, percentile-based estimator and modifiedoment estimator) to estimate the
unknown parameter(s) of a GRD. The study companedperformance of the different
estimators using Monte-Carlo simulations mainlyhmiespect to their biases and mean
square errors for different sample sizes and diffeparameter values. (Kundu and Ragab,
2005) showed that, when the sample size is smaj| (=10), the performance of most of
the methods are quite bad. In particular, the edion of the shape paramete) becomes
very difficult for small sample sizes. The biasdsath the methods are quite severe for
small and moderate sample sizes<(20). The study also showed that, the least square
estimate performs quite well fo<R0 and for > 30, the weighted least square estimates
outperforms the least square estimate margindilyndan square error is considered, the

weighted least square performs better than thamesbst of the cases considered.

Different methods of estimatinB = P (Y < X ) whenY and X both follow GRD with
different shape parameters but the same scale pwamere compared by (Ragab and
Kundu, 2005). When the scale parameter is unknaws,observed that the MLEs of the
three unknown parameters can be obtained by sobneghon-linear equation. An iterative
procedure for computing the MLEs of the unknownapagters and the MLE of R was
developed. The asymptotic distribution of R wasaot#d and this was used to compute the
asymptotic confidence intervals. It was observeat,teven when the sample size is quite
small, the asymptotic confidence intervals worktguivell. Two bootstrap confidence

8



intervals were also proposed and their performamem® also quite satisfactory. On the
other hand, when the scale parameter is known toeypare MLE and UMVUE with
different Bayes estimators. It was observed thatBhayes estimators with non-informative

priors behave quite similarly with the MLEs

In similar studies, Mahdi (2006), estimated theapaeters of a Rayleigh distribution using
five different estimation techniques namely: maxmmilikelihood, method of moment,
probability weighted moment method, least squar¢éhate and least absolute deviation
method. He proposed the modified maximum likelihoestimation method for the
parameters and compares it with the above methodsis comparison, all the methods
performed reasonably well except the method of nmiseOn the other hand, the modified
maximum likelihood method provides better rasties for the parameters when the
sample sizes are not smal>®), while in the case of small samples, the podiha
weighted moment method outperforms the maximunitiked method for the estimation
of the threshold parameter and performs almastgood as the maximum likelihood
method for the estimation of the scale paramétence, Mahdi (2006) recommended the
use of modified maximum likelihood method for thergmeter estimation of the Rayleigh

distribution if the sample size is large.

A conventional method for estimating the twarameters of generalized Rayleigh
distribution for different sample sizes (small,diuen and large) was suggested by (AL-
Nageeb and Hamed, 2009). The estimators were ceohday using mean square error

(MSE) as a performance measure based on the sedudata used in the study.



Abdel-Hady (2013) extended the Marshall and Olkbiisariate exponential model to the
Generalized Bivariate Rayleigh (GBR) Distributiohhe CDF, pdf and the conditional
distribution of the GBR distribution were comput@the maximum likelihood estimation
procedure for the estimation of the GBR parametdrsn all parameters are unknown and

the observed Fisher Information Matrix were alsovael.

Al — Kanani and Abbas, (2014) studied the Bayesaawd non-bayesian methods in
estimating the parameters of the GRD. The non-layesiethods considered are the
maximum likelihood estimator and the moment estimathile the single stage shrinkage
estimator was determined and derived for the Bayesiethod. Reliability function and

hazard function were also obtained.

Pak, et.al, (2013) study the problem of estimating the sgaéeameter of Rayleigh

distribution under doubly type-ll censoring schembken the lifetime observations are
fuzzy and are assumed to be related to underlyiisg cealization of a random sample. A
new method to determine the maximum likelihoodnneate of the scale parameter was

proposed and its asymptotic variance was derivetyube missing information principle.

Pathak and Chaturvedi (2014) explored and comp#nedperformance of uniformly
minimum variance unbiased estimators as well asirmar likelihood estimators of the
reliability functions R(t) = P(X > t) and P = P(X >Y ) for the two-parameter
exponentiated Rayleigh distribution. (Pathak andatGivedi, 2014) showed that, the
uniformly minimum variance unbiased estimatorsR{f) and ‘P” are superior to their

maximum likelihood counterparts.

10



Lio, et.al. (2011) developed three methods to estimate thenpeters of the two-parameter
GRD under progress interval censoring. Abbatal. (2013) studied the Bayesian
estimators for the unknown parameters of Gumbeg tiypdistribution using the idea of
Lindley’'s approximation under the asymmetric (LINEXss function and general entropy
loss function with gamma prior. Predtal. (2010) obtained the Bayesian estimators of the
shape and scale parameters of modified Weibultibigton using Lindley’s approximation
under the squared error loss function, LINEX logsction and generalized entropy loss
function. The study also compared the performarmfeshese estimates with that of
maximum likelihood for different sample sizes. Gaiand Ibrahim (2014) used Lindley’s
approximation to estimate the parameters of thepgarameter Weibull distribution under

the squared error loss function and LINEX loss fiamc

Zaka and Akhter (2014) estimated the scale paranodtéakagami distribution using

Bayesian approach. In their study, the scale paenweas estimated under three prior
distributions, namely; Uniform, Inverse Exponentidd Levy priors based on three loss
functions: Squared Error Loss Function, Quadratisd_Function and Precautionary Loss
Function. The study of Zaka and Akhter (2014) shobwieat the Precautionary Loss
Function produces the least posterior risk wherfioami prior is used while Squared Error
Loss Function is the best when inverse exponeatidlLevy Priors are useld.was further

shown that, the posterior risk is inversely projporal to the choice of values of the scale
parameter using all priors. Sanku and Tanujit (3Gktimated the parameter of Rayleigh
distribution via Bayesian technique. The estimatgse obtained under Jeffrey’s and
extension of Jeffrey's priors using a new loss fiamcintroduced by Al-bayyati (2002).

Monte Carlo simulation was used to compare theanegés in terms of biases and MSE.

11



Credible and the highest posterior density inter¥at the Rayleigh distribution parameter
were derived. It was observed that when sampleis@eases from 10 to 50, the bias and
MSE both decreases quite significantly and as $abiases are concerned, the estimate

under the extended Jeffrey’s prior is better thendstimates under the Jeffrey’s prior.

The shape parameter of Generalized Power DistabuyisPD) was obtained by Almutairi
and Heng (2012) via Bayesian approach under theimformative (uniform) and
informative (gamma) priors using the squared doss function. The Bayesian estimators
were found to be dependent upon the parameterkeoptior distribution. Monte Carlo
simulation was carried out in order to make congmriamong the estimates and it was
observed that, the shape parameter obtained @B function also explored the fact
that, the Bayesian method could be used in thegss of estimating the shape parameter
ranging from small to large samples (n=10000). 8aifRk010) estimated the shape
parameter of generalized exponential distributismg extended Jeffrey’s prior under the
guadratic loss function, squared log error losfion and general entropy loss function.
The estimators were compared by obtaining the afsthe estimators under the different
loss functions and relative efficiency of the estiors. Monte Carlo simulation was
performed in order to compare the estimators. Ties 1of the estimators were all found to
be minimax for the shape parameter of the distidbuand it was further found that the risk
of general entropy loss function was the leasaddition, the researcher shows that, as the
sample size increases, the risks for all the estraalecreases as expected. Hence, (Sanku,
2010) recommended the use of general entropy losgibn for the estimation of the shape

parameter of generalized exponential distributisimg the non-informative prior.
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Similarly, (Himanshu and Arun, 2009) estimatedshape parameter of Generalized Pareto
Distribution (GPD) using quasi, inverted gamma andorm prior distributions under the
LINEX, precautionary and entropy loss functionseTstimates were compared with that
of the Bayes estimators under the squared errsrflogction. In the work, it was shown
that, none of the estimators under quasi prioraunmify dominates any estimator under the
various loss functions and hence, they recommentiatf the estimator be chosen
according to the value of the hyperparameter(d)taadsituation at hand. The risks of the
inverted gamma prior were further found to be delpain on the population parametéy (

which is not separable.

The Bayesian estimate of the scale parameter ofdéaki distribution under uniform
prior, inverse exponential and levy prior distribus using squared error, quadratic and
precautionary loss functions were obtained by Azaith Ahmad (2014). Relative posterior
risk and Monte Carlo simulations were used to asHes performance of the estimators. It
was discovered that, when uniform prior is used, ghecautionary loss function have the
least risk while the squared error loss functiors Wescovered to have the least risk when
inverse exponential and levy priors are used. Algasif and Navid (2015) estimated the
scale parameter of Nakagami distribution via Bayesipproach using uniform and gamma
priors under the assumption of weighted loss famctbalanced weighted loss function, and
precautionary loss function. Assessment of theoperdnce of the estimators reveal that,
the performance of inverse gamma prior is betten tthat of uniform prior and weighted
balance loss function is better than weighted aredgutionary loss functions. Sagd.al.
(2012) estimated the scale parameter of Laplaceemasing different asymmetric loss

functions comprising precautionary, weighted sgdamodified (quadratic) squared loss
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functions. Symmetric loss function was also usdte &stimators were obtained under the
assumption of inverted gamma, inverted chi-squargdrmative levy and Gumbel type Il
priors. The estimates were compared using the postasks under the different loss
functions. It was discovered that Gumbel type lbpresults are more precise than other
priors and modified squared error loss functionenthe least posterior risk. Hence, it was
concluded that Gumbel type Il prior is the bestopror the estimation of the scale
parameter of laplace model. Also, as discoverednbyy researchers, the posterior risk
decreases as sample size increases. Uniform, ylefiveaxwell, Rayleigh, Chi and normal
(considering the location parameter to be zera)rprivere used under the squared error,
guadratic, entropy and precautionary loss functiopdNavid and Muhammad (2012) to
derive an estimate of the scale parameter of éarmstion distribution. Bayesian credible
interval under each prior was also derived ancetamators were evaluated and compared
using simulation study. It was discovered that, #stimators based on entropy loss
function under informative priors were the best whestimating the scale parameter of

error function distribution.
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CHAPTER THREE: METHODOLOGY

3.1 Maximum Likelihood Method
In this section, the definition of Maximum Likelibd Estimator is given and the definition

will be use in finding an estimator for the shapegmeter of GRD.

Let x4, %5, *+, X, be a random sample from a population X with prdidglalensity function

f(x; 0), where is an unknown parameter. The likelihood functioft), is defined to be the

joint density of the random variableg x,, ---, x,,. That is,L(6) = ” f(x;0)

The sample statistic that maximizes the likelihdodction, L(0) is called the maximum

likelihood estimator o6 and is denoted byA9. The GRD(a, A) has probability density
function equation (1.2). If the scale parameté& known and without loss of generality let

A=1, then the probability density function@RD(a, 1) is given by

2

flx; a,1) = Zax(l — e_xz)a_le_x (3.1)

If xq4,X5,:*, Xy, IS @ random sample from tG&D (a, 1) distribution as in (3.1), then the

joint density function is

C 2
a-1

L(xa,1)= Ii! 2a%€e* (1— e“z)a_1 = Jq" égx Ii! ?<(1_ @6) (3.2)
and the log likelihood of the joint distribution is

n

L(xa,1)=r n2+ rfm—zn: ﬁ+zn:£ nxt(a -1 ¢ |61— ‘é*z)
=1 i=1 i=1 (3.3)
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By partially differentiating equation (3.3) withgeect ton and equating the result to zero,

then the estimate of denoted by, is given by

n
a = 3.4
MLE 7 n 1) (3.4)

and the variance of the estimatdj;,  is obtained as

2
var(QyLg) = (n_l)nz—(n_z)“z%mz (3.5)

3.2 Bayes Estimation of the Shape Parameter of GRD

In this section, the Bayesian estimates of the eslpgpameter of th6RD(«, 1) is obtained
using the extended Jeffereys prior, uniform priod gamma prior under the symmetric
(squared error loss function) and asymmetric lasstions involving entropy loss function
and precautionary loss function. The Risk functodrine estimates were also obtained in

this section.

3.2.1 Posterior risk and Bayes estimator

3211 Posterior risk

Let X,, X,, - X,, be a random sample from a distribution with detf$it/6), whered is an
unknown parameter to be estimated. fdte an estimator 0B and let£(8,8) be a given
loss function. The expected value of this loss fiomc with respect to the population

distributionf (x/6), is called the posterior risk function and is givey
R:(6) = 7 £(8,0)f(x/6)dx (3.6)
The posterior density(8/ x,, x, -, x,,) contains all information abo#@t an estimatoé

for 6 is chosen such thm(é/ X1, X -'-,xn) is maximum subject to a loss function.
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3.2.1.2 Bayes estimator
The risk averaged over the prior distributiorfois called Bayes risk. The Bayes risk of an

estimatord under a prior distribution is given by

B.(9) =R(m,8) = [~_R(6,0)n(6)do

Bo(9) = [I”,, 1 (6,00:)) £ (x, 0)dxdo (3.7)

wheref (x, 0) is the joint density oK and@. The value of that minimizes the Bayes risk

is called Bayes estimator.

Theorem 3.1:The Bayes risR(r, §) satisfies
R(m8) = ["_R(6,0)n(6)do
Let O(x;, x,, -+ x,,) be the value of that minimizek(8, §), thend is the Bayes estimator.

Proof
Let f(x,0) = f(x/0)m(0) denotes the joint density &f and6, = be a prior distribution

and the observation$§, X,, ---, X,, = X,,. Define the posterior density

L(x,/6)7(6)
122, L(xn/6)T(6)db

n(9/xn) =

(8 /x,) [° L(x,/0)m(8)dO = L(x,/0)m(6)
also letm(x,) = fjoooL(xn/H)n(B)dH thenL(x,/0)m(0) = n(0/x,)m(x,)
rewriting the Bayes risk in the form

B.(6) = R(w,8) = [~ [/~ R(6,8)n(8)dx,|n(6)d6
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= [1° L (9, é(xn)) F(x,0)dx,do
= ff_oooo L (9, é(xn)) w(8/x,)m(x,)dx,do
= %17, 1.(6,6Ge)) m(8/x)d6] m ()t

= [, R(6,006,) ) m(xa)dity (3.8)

If 8(x,) is chosen to be the value 6fthat minimizesk (9,§(xn)), then the integral at

everyx is minimized and thus the integral equation (3s8ninimized.

3.2.2 Symmetric loss function

The squared error loss function is defined as
£(8,0) = (6 — 0)? (3.9
The Bayes estimatd relative to the squared error loss function isaotetd as follows:

The Bayes estimatdr minimizesR(6,8) = [~ (6 — 6)°n(6/x)d6. Taking the derivative

under integration oR(B, 9) with respect t@ and equating to zero, yields
2[7 (0 —0)m(8/x)do = 0 (3.10)
solving ford, yieldsd = E(8/x)

Hence, the Bayes estimatoréflenoted by, relative to the squared error loss function is

given by

05, = E(0) (3.11)
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The squared error loss function is classified asrsgtric loss function, because it assigns
equal importance to the losses due to overestimaiiml underestimation of a parameter.
This is impractical in real life situations sinceeoestimation of a parameter can lead to
more severe or less severe consequences than esititeation or vice versa as in the
estimation of reliability or failure rate functiofence, the loss function which associate
greater importance to overestimation or underesibmaand serves as alternative to

symmetric loss function is the asymmetric loss fiamc

3.2.3 Asymmetric loss function
Several asymmetric loss functions have been prapasd studied by many researchers
such as Entropy loss function, Precautionary lasstfon, LINEX loss function, weighted

loss function, etc.

3.2.2.1 Entropy loss function
The Entropy loss which was discussed by Dey and(1892) and De\et al. (1987) is

defined as
£;(0,0) « (g)k — klog (g) —1 k#0 (3.12)

wheref is an estimator of.

The Bayes estimatd relative to the general entropy loss functiontisamed as follows:
A ~ w 8\ 9
The bayes estimatérminimizesR(6,0) = [~ w [(5) — klog (5) - 1] m(6/x)de.

wherew is constant of proportionality
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Taking the derivative oR(6, §) with respect td and equating to zero, yields

wh [% (L =2 m(@/x)d0 = 0 (3.13)

1

Solving for8, yieldsf = (E(H"‘))_E

Hence, the Bayes estimator ®fdenoted bydg, relative to the entropy loss function is

given by

By, = [Eo(07)] (3.14)

provided E4(67%) exist. If k=-1, the Bayes estimate (3.14) coinsideith the Bayes
estimate under the squared error loss function fank=1, the Bayes estimator (3.14)

coincides with the Bayes estimator under weightpaged error loss function.

3.2.2.2 Precautionary loss function
Norstrom (1996) introduced an asymmetric loss fionctalled Precautionary loss function

which is defined as

£(6,0) = (3.15)

The Bayes estimatd relative to the precautionary loss function isaiméd as follows:

—~ 2
The bayes estimatd# minimizesR(8,0) = f_‘);@n(e/x)de. Taking the derivative

under integration oR(B, 9) with respect t@ and equating to zero, yields
o) 02
it (1 - ﬁ) 7(6/x)d8 = 0
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o @2

5 m0/x)do = [*, = n(8/x)d6

1==[" 0?n(6/x)d0 = 62 = E(6?)

1
Solving ford, yieldsd = (E(8%))?

Hence, the Bayes estimator @fdenoted byd,, relative to the precautionary loss function

is given by

Op, = (E(Hz))% (3.16)

3.3 Bayesian Estimates under the Extended JeffreyPrior
Jeffrey (1946) proposed a method for generatinginfemmative priors which is based on

the Fisher Information Matrix

I(@) = —E (M) (3.17)

6ai6aj

The Jeffrey’s prior is defined by

m(a) x /I(a) (3.18)

Al-Kutubi (2005) proposed an extension to Jeffrgy'®r which is defined as

m(a) o« (1(0[))r, r € R* (3.19)
where I(a) is defined as in (3.17)

from equation (3.3)

0%¢nL(x; a,1) _ 1 (320)

da? a?

and hence the Fisher Informatibfwx) = —

1
a?
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Hence, from equation (3.19), if the constant ofpmrtionality is assumed to be one (1),

then it is easy to conclude that the extendedelgffprior is defined as follows;

n(a) =% (3.21)

Let x, x5, -+, x,, be a random sample froiRD («, 1), then the likelihood of the observed

data is given in (3.2), the product of the liketdoand the prior is given by

n

_inz n _2\a-1
Q=L(x, %, %:a,)m@)=2a"" e" I_! x( 1- &% ) (3.22)
while the posterior distribution of is given by
ﬂ(alxrxzf"’)‘]):m L(X:I.’XZ"”’)%;ayl)ﬂ(a) (323)

[LOG %00, % 50, yr(@ ) da

Integrating (3.22) with respect tg leads to:

n

3% n

TQda=T2”a"‘re‘Z=1: ” >|<(1— é*z)a_l adr
0 0

letu= I'j (1-e7) ma=p—™  andar= du

! izzl:ﬁn(l— e“z) —uiZ;:é r(l— é*z)_l

‘2’9 n

B IR
(an(l e ) j

letq=-/nu= du=- & dq

n

fizm

2 n

2o ] x(1- )"
_ [ifn(l— e“z)_ljn_r+l

i=1

n-r+1

22



-Zn‘)ﬁz n 2\-1
2"e 7 [ x(1- &
n II] (2 1 n—r)+1
—a
(;Kn(l e ) j

Equation (3.22) can be written as follows:

TL(xl,xz,---,)g;a,l)n(a)da: nr+1 (3.24)

n
2

L(X, %0+ %@, (@)= Za“‘fe_;x' ﬁ )|(( - éxz)a—l

letu= il(l— e“z)a = nu= aif |(1— é‘2) =—azn:f (11‘ _ész)_l

i=1

taking exponential of both sides, we have

U= e—aé(fn(l—e”?)_l

then,

n n 2 -1
_ X‘Z n -1 —aZm(l—e’x')

L(X, X0, X0, D@ )= Z“a“'re; I_J ),((1— é‘z) e = (3.25)

and finallyusing equations (3.24) and (3.25) in equation (328 posterior distributio(B3.23)

becomes

an—rM n—r+1e—Ma

m(al %, %, %)= =1 (3.26)

which is gamma distributed with parametérs— r +1) and M.
whereM =" In(1- eX )t
i=1

using equation (3.26) the expectatiorvdfwheregeZ can easily be obtained as follows
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E(ag):_]iagﬂ(a/x) dar

letq= Ma:>a=—andch=%
M M

Thereforethe expectation at¥ is given by (3.27)

1 T oreg n-r+g+1
E(g®)z———Mn0u e ddog=l——2 = 3.27
( ) Mgn—r+1;[q q M n-r+1 (3:27)

Let g =1,9 = 2and g = —k, then equation (3.27) becomes (3.28), (3.29) &hd0f

respectively

E(a)— n-r+2 _n-r+1l

“Min—r+1 M

E(az)— n-r+3 _(n-r+2)(n-r+1

" MIn-r+1 M ?2

(3.28)

(3.29)

n-r-k+1

) T

(3.30)

The Bayes estimator of under the squared error, entropy and precautidoasyfunctions

are given by equations (3.11), (3.14) and (3.16peetively. Hence, the Bayesian

estimators of the parameterunder the aforementioned loss functions denoted}l&y,

e and @ are respectively given by (3.31), (3.32) and (3.33)

aJSL = E(O’) = n—NI‘|+1

(3.31)
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. RN e R P e AT
e =(E(a) [M_HJ ﬁl[ﬁﬂ @.32)
aJPL:(E(az)); =\/(n_r+i2|(2n_r+1) :Mi\/(n—r+2)(n—r+1) (3.33)

3.3.1 Transformation of the random variableM and its distribution

The need to know the probability distribution ofaandom variable’ = @(x) where® is
some known function when the probability distrilbatiof the random variable X is known
arise in many statistical applications. Various et for finding the distribution of a

transformed random variable have been developegselimclude

i Distribution method
ii. Transformation method

iii. Convolution method, etc.

Transformation method and convolution method wallused in this work to find the

distribution ofM

Theorem 3.2: Let X be a continuous random variable with proligbdensity function
f(x). Let y=T(x) be an increasing (or decreasing)dtion. Then the density function of the

random variable Y=T(X) is given by

dx

dy f(w(y) (3.34)

g(y)=

where x=W( y) is the inverse of ()
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Proof
Supposey=T( x) is an increasing function. The distribution funntiﬁ‘-( y) of Y is given

by

g(y)=d(j—yy)=§y[w_(j (4 de
=f(w(y) dv;(/;o
= f (w( y))%‘ sincex =W( y) (3.35)

by
Yy
X=W(y)) sinceT (X) is decreasing

on differentiating, the density function of Y isrgh by

a(y) = f(W( g):_; (3.36)
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combining (3.35) and (3.36) the distribution ofsrgiven by

dx

9(¥) =g, F(WY) (3.37)

Theorem 3.3:let the joint density of the random variables Xl ahbef (x,y). The

probability density oX + Y is given by
hew (V)= fuv-4 du (3.38)

Proof
LetU=XandV =X +Y,sothatX = R(U, V) =U andY = S(U, V) =V — U. Hence,
the jacobian is given by

__0xdy 0x0y _

J dudv dvou (339)

The joint density function of U and V is given by

g, v) = JIf (R(w,v),S(u, v))
f(R(u, v),S(u, v))
flu,v—u)

Hence the marginal density Bf= X + Y is given by
hew (V)= fuv-4 du
If X and Y are independent and have pdt) andg(y) respectively, then

hx+Y(V):Iog(Y) f( z- 9 d

3.3.2 Convolution

Let f andg be two real valued functions. The convolutiorf ahdg is defined as
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0

(100)(2)=[ f(z= ) d § dy:IO (z XK (3.40)

Hence, the convolution dfandg is equal to the convolution gfandf (i.e. f g = glf)

n 5\-1
Now, if M :ZI n(l—e“ ) , and X ~GRD(«, 1) then, the distribution of M can be

i=1

obtained as follows:

2\—1 .. .
Leti =1, thenM; = #n(1 —e*1) this impliesx? = —In(1 — e™1) and

dx; e~ M1

dml

1
2(~In(1-e~M1))2(1-e~m1)

- 1
2(—ln(1—e—M1))2(1—e—m1)

dxq

The jacobiari

dmq

Therefore, the pdf a1, if X; has the pdf (3.1) is given by
d i
f(m)=f(w( 4))‘% =aem (3.41)

Following the same technique, for 2,3,-- n the distribution ofx,, X;,---, %, are
respectively given byf (m,)=a €™, f( m)=a &™,--, { m)=a €™. But our interest

is to find the distribution ofn; + m, + --- 4+ m, and sincen,, m,,---,m,, are
independent, the convolution method will be usefind the distribution oin; + m, +
.-+ m,,. First, the density of the random variable m, + m, is the convolution ofn,

with m, that is

o

h(2)=(f0g)(9=] f(z m) ¢ m dr (3.42)

—00

Note that the sum = m; + m, is between 0 ang and0 < m; < z, hence (3.42)

becomes
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h(z)=(f0g)(2=[a &=a & dyra? 7€ (3.43)

0

This shows that the distribution af = m; + m, following the same technique is
h(m+m)=H 3=a® Z&. Following the same procedure, the distributiorzcf m, +

m, + m3 + m, IS given by

4.3 saz

h(z)=< 266 (3.44)

Careful examination of (3.41), (3.43) and (3.44)icates that

f(m)=ae™ ~ GamméLa)
f (z) =a*z€"” ~ Gammg2,a) and
f(z)=2

(Z 423

saz

e
6

~ Gammg4,a)

Hence, by inductionf (m; + m, + -+ m,,) is given by

f(m+rrb+'”+ rm): f( M):W'- Gamm(a ,W) (3.45)

n 5 1
Therefore ifM = ZE n(l— e’ ) , andX ~GRD(a, 1) thenM ~ Gamma(n, a).

i=1

3.3.3 Variance and relative efficiency of the estiates under extended Jeffrey’s prior
using the various loss functions

From equation (3.45), it is easy to show that
E(M®)=[M°f(M)dm

M9 LM e gM

O3
>

let p=aM =M =P and dM=@

a a
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n n ©

then E(Mg)za—nz(gjwl e‘pdp=ﬁ£( B e d

hence,

ot (3.46)

In order to find thé/ar (%) we substitutingy = —1 and g = —2 in equation (3.46), so as
to obtainE (%) andE (%) hence, we have

o n-1 (3.47)

(3.48)

var(ﬁj = E(lez —( E(ﬁljjz = #zn_z) (3.49)

Using (3.49), the variance of the estimates urteeektended Jeffrey’s prior for the various

loss functions given in equations (3.31), (3.32) éh33) are obtained as follows:

var(ErJSL) = Va’[n_l\/rl +1j =(n-r+79° va(ﬁlj (3.50)

substituting equation (3.49), the variancenok, is obtained by
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(n_ r +1)2 a2

var(cArJSL) WY
(n-1)"(n-2) (3.51)

following the same procedure, the variancesaof and e, are respectively given by

equations (3.52) and (3.53) respectively

2

el (T
(n-1)°(n-2)\In-r-k+1 (3.52)
Var(a'JPL)Z(n_r+2)(n_r+l)a2 (3.53)

(n-2(n-2)

Various statistical properties of point estimators aeduo decide which estimator is most
appropriate, will give the least risk, the most infation at the lowest cost etc. Relative
Efficiency (R.E) is one of these desirable properii¢® R.E of two estimato@ andd, is

defined as the ratio of their variances, that is

_ var(8,)
var(3,)

(3.54)

If R.E > 1, thend, is more stable thafy otherwiseg, is more stable thaf,. The relative

efficiency of the estimators under the various losstfans are as follows:

The relative efficiency o seL with respect toxs. of @ is

EJl

V AJSL — E
_Varla _):(n—r+1)2(n r k”] (3.55)

_Var(ZIJEL) n-r+l
E, >1for k=1, E;, =1for k=-1 and E,, <1for k<-1 (see fig. A.1&A.2 in appendix I)

The relative efficiency o seL with respect tox sy Of @ is
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E

~ 2
_Val’(O’JPL) n—r—k+1]" (3.56)

1 _mz(n— r+2)(n—r+l)(ﬁ

E,, >1for k=-1, E;, =1for k=-2 and E,, <1for k<-2 (see fig. A.3&A.4 in
appendix 1)

The relative efficiency ofrssLwith respect tax e Of @ is

_Var(aJpL) _ (n—r+2)
’ _Var(a'm) ) (n_r+1)

E, (3.57)

E,; >1whenn-r >1(see fig. A.5 in appendix I)

3.3.4 Posterior Risk

Recall that the posterior risk is defined as theeetation of the loss function with respect
to the population distributiorf(x/8). Hence, the posterior risks for the various loss

functions using the extended Jeffrey’s prior arédsws:
Posterior risk under squared error loss function
R@& a) =E(L(& @) = E(a — @)% = E(&@® — 2&a + a?) (3.58)

recall that, the Bayes estimator @funder the squared error loss function is given by

a = @s;, = E(a) substituting this in equation (3.58) yields
E(a®) — (E@)” (3.59)

therefore, the posterior risk @fs,, is given by

(n-r+2)(n-r+1) (n-r+1)? _ (n-r+1)
M2 T Mz T M2

(3.60)

The posterior risk under entropy loss functionbsamed as follows:
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R(dy.a)= E(d,q.0)= WE{(“—] - klog(é“ﬂj—l} (3.61)
a a

substituting equation (3.32) yields

W{lnTld n-r+l ( n-r+1

[ ﬁ}kbg(”_g_l} 562

and finally, the posterior risk under the precangity loss function is obtained as follows

R(dy.a) = E(Gpe.a) = E(@} E(fr—zm"—fj (3.63)

substituting the Bayes estimator under the precaaty loss function in equation (3.63)

(that is substituting (3.14) in (3.63)) yields

()] o

therefore, the posterior risk @, is given by

\/(n—r+2)(n—r+1) n-r+l
M M

R(Ap.a)=2
(3.65)

3.4  Bayesian Estimates under the Uniform Prior

Let’'s assume the shape parametés a random variable having a uniform prior giBn

m(a) = b% fora<a<b (3.66)
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Let x;, x5, -+, x, be a random sample froRD(«, 1), then the likelihood of the observed
data is obtained as in (3.2) and following the saneeedure as in section 3.3, the product

of the likelihood and the prior is given by equat(@.67)

lea o g & Ij"(l_ &) (3.67)

equation (3.67) can be written as follows:

|—(X1,X2,~~~,>g;a,1)n(a):lea Zane'i‘zlj >|<( - éﬁz)a-l
letu = Ij (1_ o )0/ . e—aézn(l-ewe]-l

Then,

L(xl,xz,---,&;a,l)ﬂ(a)=é pare’ o2 I_l 1+ &) @es)

Integrating equation (3.68) with respecitas as follows:

n

—2”a“e§ ux(l—é‘z) dr

= 1= I(—Enu)n udu
0

bEa[i fn(l— e )-1j”*1

i=1

letq=-/nu= du=- €& dq

n
2

e % I_J x(1- &)

S - _[n+1 (3.69)
b_a(Zm(l—e“) j

i=1
Finally, substituting equations (3.68) and (3.B80he posterior distribution (3.70) yields

(3.71):
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(3, 00 1) = O X 0100 @) (3.70)
LG %0 x50 @ ) da

O’nM n+1e—Ma
al J Xy, = - 3.71
Al %, %, %) Y] (3.71)

It is clear that, the posterior distribution (3.74pamma with parameters (n+1) aid

whereM =" /n(1- e¥)?

i=1

Expected value at9 whereg € Z can easily be obtained as follows:

letq= Mcr:>0/=i andctrzﬁq
M M

n+g+1

1 % g
(@) = et ) OO ol

(3.72)

In order to obtain the estimates under the Squawe,eEntropy and Precautionary loss
functions, we letg = 1,g = 2 and g = —k in equation (3.72). This gives (3.73), (3.74)

and (3.75) respectively

n+2 _n+l
Min+1 M

£(a?)= [n+3 _(n+2)(n+])
M2n+1 M?

, -k+1

E(a)=

(3.73)

(3.74)

(3.75)
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The Bayes estimator of under the squared error, entropy and precautidoasyfunctions
are given by equations (3.11), (3.14) and (3.16&peetively. Hence, the Bayesian

estimators of the parameter under the aforementioned loss functions and usiey

uniform prior denoted b)a'USL’ aueLand aueLare respectively given by (3.76), (3.77) and

(3.78)
CAYUSL:E(O’)=nV+1 (3.76)
~ oy [ In-k+1 '%_1 et )
O'UEL—(E(O' )) —[Mk—lm-j —W(mj (377)

ZrUPL:(E(aZ));: %=ﬁq/(n+2)(n+l) (3.78)

The variance of the shape parameter under themaémtioned loss functions are

respectively given by (3.80), (3.82) and (3.84)

Var(a'USL) =(n+9)° var(ﬁj

(3.79)
substituting equation (3.49 ) in equation (3.7@Jds equation (3.80)
~ n+1)*
var(O/USL) =% a’
(n-1)"(n-2) (3.80)

The variance of the estimator under Entropy losstion Var(a,,., ) is obtain as follows:
2

var(aUEL)= m kva i
[n-k+1 M (3.81)

substituting equation (3.49 ) in equation (3.8&)ds equation (3.82)
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a’ (ln_ﬂf

(n-1)*(n-2)\In-k+1

var(&UEL) =
(3.82)

The variance of the estimator under precautionasy functionvar(a,,, ) is obtain in a
similar way as follows:

Var(aUPL) =(n+2)(n+]) va(ﬁlj

(3.83)

substituting equation (3. 49) in equation (3.82Jds equation (3.84)

(n+2)(n+]) _,

Var(aupL) = (n—1)2(n— 2)

(3.84)

The relative efficiency of the estimators underthdous loss functions are as follows:

The relative efficiency ofrue with respect toaus. of a is

_Var(aUSL) _ S(Tn=—k+1 %
EUl—m—(n+1)[ 1 J (3.85)

E,, >1for k=1, Ej, =1for k=-1 and E; <lfor k<-1 (see fig. A.6 & A.7 in appendix

1)

The relative efficiency ofrue, with respect toaueL Of @ is

_Var(a'upL) _ In-—k+1 %
Euz—m—(n+2)(n+l)( s J (3.86)
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E,, >1for k=21, E,, =1for k=-1,—-2 and E,, <1for k<-2 (see fig. A8 & A.9in

appendix 1)

The relative efficiency ofrusLwith respect toaueL Of @ is

Var(aupL) n+2

Var(aUSL) n+l

(3.87)

3

E,; >1for n>1(see fig. A.10 in appendix I)

The posterior risk is obtained following the sanmecedure as in section 3.3.4. The
posterior risk of the estimators under the aforeimaad loss functions using the uniform

prior is given by equations (3.88), (3.89) and @3.@spectively

~ 2
R(dys.a) = E(a®)-( E(a)) = Ve (3.88)
(? k A~
R(ﬁUEL’a) = E(aUEL’a) = WE{(%) HOQ( UELJ_ 1}
(3.89)
=w| " —jog| _M*2 +klog(n-1)-1
n-k n-k+1
: (n+2)(n+1) n+1
R(Que,.a) = 2{ Y Y (3.90)
3.5 Bayes Estimates under the Gamma Prior
Let « have the gamma prior distribution given by:
b® a-1,-ba
w(a) = watle fora,b,a >0 (3.91)
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and letxy, x5, -+, x,, be a random sample froGRD(«, 1), then the likelihood function of
the observed data is given in (3.2), the produtheflikelihood and the prior is given by

n
2

L0g, 300,10, 7@)= Za™ e émﬁ {r &) (3.92)

while the posterior distribution of is given by

(3, 00 1) = X 100 @) (3.93)
LG %0 x50 @ ) da

equation (3.92) can be written as follows

n

L4, %, %0, @)= zam et émlj A+ &)

a-1

L a aYm(re?)
Ietu:rj(l—e“z) = u=e g )

Then,
zn:xz . —azn: frr{l— ¥ jil

L(x, %, -, %50, T (@)= Pa™Fped g o = |i| i>(1— 'éz)_1(3.94)

Integrating (3.92) with respect tq leads to:
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[LO %0 x50, @ )da

n
2 n

:ojoz”cr“”‘lbae_éX e‘“’rJ >|<(1— e )H ar
? L

Ietu:ﬁ(l—e"z)a:a: - ~fnu —anddr =— du o
- > n(1-¢) - 1 &)
i=1 i=1
-3¢ - s
= zre” D X(l_ ei) | T(—fnU)ma_lu?n(:ﬁzrdu
—(iﬁn(l— e“z)_lj °
i=1
letg=-¢/nu= du=- €& dq
2”b""e_‘z=1:&2 : x(l— e“z)_1
(b+ifn(1— e"z)_lj
i=1
. 2”bae_;lell| >|<(1— é‘z)_l
L(x, %, %a, @ )do = = nH a (3.95)
[ I+ e
0

n -1 n+a
(b+Z£n(1— e ) j
i=1
and finally the posterior density (3.93) becomes

a,n+a-1H n+ ae— Ha

Al %, %, %)=
n+a (3.96)

From the above distribution, it is clear that tlsterior distribution under the gamma prior

is gamma distributed with parametérs+ a) and H
whereH =b+)" /n(1- €)= b+ M
i=1

The expectation at? wheregeZ, can be obtained as follows:
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E(a®)= T a’(a/x)da
=]:a,g iﬂiama—le— Ha da,

letq= Ha:>cr=—andctr:$4
H H

Therefore

E(ag) -1 J.q”*""“-}"le'qdq:m (3.97)
H%n+ay H%n+ a
Let g =1,9 =2and g = —k, then equation (3.97) becomes (3.98), (3.99) &d00)

respectively

_In+a+l_n+a

" Hln+ta H

_[n+a+2 _(n+a+1)(n+q)

E(az)_H2|n+a_ H?2

E(a_k)_ n+a-Kk

- -k
H In+a

E(a)

(3.98)

(3.99)

(3.100)

The Bayes estimator of under the squared error, entropy and precautidoasyfunctions
are given by equations (3.11), (3.14) and (3.16peetively. Hence, the Bayesian

estimators of the parameterunder gamma prior using the aforementioned losstions

denoted byaGSL’ deeLand QcpLare respectively given by (3.101), (3.102) and(@3)1

n+a

acs.=E(0) = (3.101)
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QeeL :(E(a-k))-i :(LHJ_k _1 [ nt a ]k (3.102)

H'ln+a) H{ln+ta—k
aGPL:(E(az)); :\/(n+a+Hl)2(n+ a) :%\/(rﬁ a+1)(n+ @ (3.103)

3.5.1 The distribution of the random variable H

If H=b+ M, and M ~ Gamm, @) then, the distribution of H is as follows
M=H-b (3.104)

The jacobiar% =1

Thereforef(H) = f(w=1(M)) is given by

f(H)=
(H) n (3.105)
E(H*)=[H™f(H)dH="[H*(H-b"" e dH
0 In 0 (3.106)
Let q=a(H-b)= H=1+ bandd= dH
a a
Therefore,
AT L A (3.107)
E(H")=—|—"——¢€"d :
( ) n ,!(q_'_ab)k q
n-1
The expansion of the denominator ?fqib)k using binomial expansion yields
q+a
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qn—l k: qn—
@) st (oo D sy

:q“‘k‘l_k(ab) qn-k-z k(k+1)( @ drk—3 (k+:2'( k+2)( 63 q—k—4+

k(k+1)(k+2)(k+3)(ab)4q ~k-5 _ k( k"'])( 3( k- 3( ke A)( )5 q1-k-6+...

4! 51

Hence, (3.107) becomes

_qn—k—l_k(ab) drk—z k(k+1)( t)z qr»rles_
KD e KA A s

k(k+1)(k+2)(k+39(k+4)(ab)sorkG (3.108)
51 |

and finally (3.107) becomes

- IB i(kﬂ)(kﬁ)( )lﬁm. (3.109)

3!

|_k k(al:)|71+( )( t)lﬁ}

Substitutingk = 1 andk = 2 in equation (3.109) yields equations (3.110) &hdi1(1)

respectively

1 1 ab)’ 3
i) [ =N s ](3”0’
i 1 2ab 3(ab)2
(1) T3 NCIES (1
)| o{at)
(33w 4( 5




Taking two terms irE( H‘l) and three terms in the expansionEJ(fH‘z) , then,Var(ﬁj

is approximately given by:

vl =3 () e
2a°b 7o a a’b i
(n-0(n-2(n-9  (n-3(m 3(m3( ‘)_( A ?J (3.112)

This becomes

V(1) () (33 (mF(m 2 A g

2 “p?(2n° - 2n- 6
Var(ijz( a 4o a ( n n )
n_

3.5.2 Determination of variance, relative efficieng and posterior risk of the shape
parameter under the squares error, entropy and preautionary loss functions

The variances of the estimators under the varioss flunctions are as follows:

var(ZrGSL) =(n+a)’ va{%)

(3.114)

substituting equation (3.113) in equation (3.11d¥eg equation (3.115)

~ Vet wh otf(2t-2n-4
o)< [ oD (e (A3 (nF gl

The variance of the estimator under gamma priargiEntropy loss functioWar(a, ) is
obtained as follows:

2
var(cAreEL) = nta ‘ va{ij
n+a—-k H

substituting equation (3.113) in equation (3.116¥eg equation (3.117):

(3.116)
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i[ &7 1% o' (2rf-2n-9 a7

~ \_[ In+ta
var(aG'i)_ "1t 2 B 2 + 2 2
n-k+a) {(n-1°(n-3 (-3 (n-3(r3 (3w (¥ np
and finally, the variance of the estimator undenga prior using precautionary loss

function Var(a,,, ) is obtain in a similar way as follows:

var(EerL) =(n+a+1(n+a va{%) (3.118)

also, substituting equation (3.113) in equatiod18) gives equation (3.119)

ae| = n-a) ( a b ' {2rf-2n-g
Var| s =2 {(n_])z(n_a oA (33 (wFm F( H)4(3.119)

The relative efficiency of the estimators underthadous loss functions are as follows:

Relative efficiency ofree ith respect tades. of a is

~ 2
_ Val'(O'GSL) - a)z( n+a-— k]k

1= = = (3.120)
Var(O'GEL) n+a
Es, >1for k=1and Eg, <1for k< -2 (see fig. A.11 & A.12 in appendix I)
Relative efficiency ofree ith respect tadeeL Of @ is
Var(a'epL) n+a-k %
Es, =—F—+ =(n+a+1)(n+ g (3.121)
Var(aGEL) n+a

Es, >1for k>1and E;, <Ifor k<-2 (see fig. A.13 & A.14 in appendix I)
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Relative efficiency ofres with respect taeeL Of O is

Var(ach) n+a+1

3= ~
Var(aGSL) n+a

(3.122)

Es; >1whenn>0(see fig. A.15 in appendix |)

3.5.2.1 Posterior risk
Following the same procedure as in section 3.Belpbsterior risk of the estimators under

the aforementioned loss functions using the gamria s given by equations (3.123),

(3.125) and (3.126)

R(Gesu @) = E(a?)-( E(a))" =12 (3.123)
R(Age. @)= E(Agea) = WE{(%) - klog(%}—l} (3.124)

wherew is constant of proportionality

substituting equation (3.102) and taking 2 termggoation (3.113), the posterior risk of

a;g, becomes

|n+a(| n- k- lor b n- lel)

In+a-Kn

| (i rl-a |bﬁ2)

I+ a kn

R(dge . a) = - klog -1/(3.125)

and finally, the posterior risk of the estimatodanprecautionary loss function is given by:

\/(n+ a+1)(n+ @) _n+a

H H

R(Agp.a)=2 (3.126)

46



CHAPTER FOUR: ANALYSIS AND DISCUSSION

In this chapter, results of some numerical expeanisi@vere obtained in order to compare
the performance of the different estimators progasethe previous chapter with that of
maximum likelihood estimator. Extensive Monte @Gasimulations were carried out to
compare the performance of the different estimatith respect to biases and mean-
squared errors (MSESs) for different sample sizes1®, 20, 30, 50 and 100) and different
shape ¢) parameter values of 0.25, 0.5, 1.0, 1.5, 2.0 28d All results were replicated

10000 times and averaged over.

Table 5. 1: Average estimates and corresponding MSEwithin parenthesis) fora and n=15

n method o=0.25 a=0.5 0=1.0 o=1.5 a=2 a=2.5
15 | MLE 0.2856 | 0.5700 1.1428 | 1.7144 | 2.2883 2.8564
(0.0183) | (0.0732) | (0.2865)| (0.6458) | (1.1617) | (1.8124)

JSL,r=1 |0.2679 |0.5366 |1.0683 |1.5996 |2.1370 |2.6748
(0.0129) | (0.0516) | (0.2012) | (0.4479) | (0.7942) | (1.2616)

JSL,r=2 |0.2493 |0.5009 |1.0037 |1.4935 |1.9903 |2.4931
(0.0102) | (0.0399) | (0.1619) | (0.3551) | (0.6301) | (0.9989)

JEL, k=1, | 0.2494 |0.5022 |1.0038 |1.5060 |1.9934 |2.4928
r=1 (0.0100) | (0.0407) | (0.1613) | (0.1892) | (0.6324) | (0.9936)

JEL, k=-1,| 0.2668 |0.5341 |1.0764 |1.6072 |2.1409 |2.6884
r=1 (0.0126) | (0.0499) | (0.2069) | (0.2290) | (0.7978) | (1.2854)

JEL, k=1, | 0.2328 |0.4668 |0.9288 |1.3939 |1.8605 |2.3164
r=2 (0.0084) | (0.0339) | (0.1307) | (0.1735) | (0.5245) | (0.8291)

JEL, k=-1,| 0.2488 |0.4988 |1.0038 |1.4983 |2.0008 |2.5103
r=2 (0.0100) | (0.0394) | (0.1639) | (0.1895) | (0.6302) | (1.0225)

JPL,r=1 |0.2756 |0.5521 |1.1085 |1.6551 |2.2100 |2.7613
(0.0142) | (0.0570) | (0.2298) | (0.5130) | (0.9155) | (1.4251)

JPL,r=2 |0.2591 |0.5197 |1.0369 |1.5584 |2.0645 |2.5729
(0.0111) | (0.0458) | (0.1823) | (0.4079) | (0.7143) | (1.0847)
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USL 0.2852 |0.5714 |1.1446 |1.7179 |2.2857 |2.8548
(0.0164) | (0.0660) | (0.2614) | (0.5977)| (1.0525) | (1.6267)

UEL K=1 | 0.2786 |0.5545 |1.1053 |1.6824 |2.2375 |2.7857
(0.0148) | (0.0601) | (0.2377)| (0.5469) | (0.9591) | (1.4714)

UEL K=-1|0.2789 |0.5534 |1.1009 |1.6714 |2.2427 |2.8012
(0.0149) | (0.0595 ) | (0.2362) | (0.5297) | (0.9707) | (1.4948)

UPL 0.2955 | 0.5871 1.1755 |1.7654 | 2.3570 2.9504
(0.0191) | (0.0735) | (0.2958)| (0.6612) | (1.1801) | (1.8512)
GSL 0.2742 | 0.5408 1.0625 | 1.5659 | 2.0624 2.5196
a=b=.5 (0.0135) | (0.0498) | (0.1850)| (0.3902) | (0.6984) | (1.0563)
GSL 0.2802 | 0.5489 1.0649 | 1.5356 | 1.9808 2.4022
a=b=1 (0.0146) | (0.0520) | (0.1940)| (0.4439) | (0.8383) | (1.4826)
K=1 0.2677 | 0.5318 1.0423 | 1.5289 | 2.0098 2.4670
GEL (0.0124) | (0.0464) | (0.1725)| (0.3582) | (0.6267) | (0.9861)
a=b=.5
GEL 0.2748 | 0.5356 1.0332 | 1.4968 | 1.9336 2.3395
a=b=1 (0.0132) | (0.0477) | (0.1755) | (0.3957) | (0.7688) | (1.3227)
K=-1 0.2666 | 0.5288 1.0400 |1.5342 |2.0121 2.4723
GEL (0.0121) | (0.0465) | (0.1674) | (0.3623) | (0.6447) | (0.9968)
a=b=.5
GEL 0.2733 | 0.5360 1.0417 |1.5028 | 1.9364 2.3421

a=b=1 [ (0.0131)| (0.0474) | (0.1780) | (0.4057)| (0.7757) | (1.3174)

GPL 0.2831 |0.5610 |1.0971 |1.6182 |2.1172 |2.6025
a=b=.5 |(0.0157)| (0.0584) | (0.2100) | (0.4480) | (0.7628) | (1.2036)

GPL 0.2892 |0.5662 |1.0980 |1.5816 |2.0364 |2.4639
a=b=1 | (0.0165)| (0.0605) | (0.2242)| (0.5057)| (0.9619) | (1.6558)

As expected, it is observed that the performanddsoth the Maximum likelihood and
Bayesian estimates become better when sample s@eases. Also the MLEs and

Bayesian estimates become closer as sample sizagss. The MSEs of the Bayesian
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Table 5. 2 Average estimates and corresponding MSHsithin parenthesis) for a and n=20

n method 0=025 0=05 =10 o=1.5 o=2 oa=2.5

20 MLE 0.2756 | 0.5502 |1.1088 |1.6564 |2.2164 |2.7721
(0.0121) | (0.0485) | (0.1959) | (0.4331) | (0.7773) | (1.2145)

JSL, r=1 |0.2629 |0.5261 |1.0507 |1.5799 |2.1063 | 2.6361
(0.0087) | (0.0343) | (0.1336) | (0.3083) | (0.5439) | (0.8565)

JSL, r=2 | 0.2502 |0.4980 |1.0029 |1.5019 |1.9947 | 2.4985
(0.0073) | (0.0281) | (0.1142)| (0.2532) | (0.4499) | (0.7165)

JEL, k=1, | 0.2493 | 0.4993 | 0.9997 |1.5022 |2.0000 |2.4953
r=1 (0.0072) | (0.0285) | (0.1136) | (0.2595) | (0.4576) | (0.6997)

JEL, k=-1,| 0.2628 | 0.5276 | 1.0556 |1.5785 |2.1165 |2.6392
r=1 (0.0085) | (0.0350) | (0.1365) | (0.3042) | (0.5591) | (0.8544)

JEL, k=1, | 0.2357 | 0.4735 |0.9476 |1.4218 |1.8889 | 2.3657
r=2 (0.0063) | (0.0246) | (0.1023) | (0.2236) | (0.4018) | (0.6278)

JEL, k=-1,]| 0.2491 | 0.5009 | 1.0043 |1.5009 |2.0009 |2.4949
r=2 (0.0072) | (0.0288) | (0.1159) | (0.2584) | (0.4617) | (0.7191)

JPL,r=1 |0.2708 | 0.5387 |1.0744 | 1.6149 |2.1609 | 2.6961
(0.0097) | (0.0376) | (0.1474) | (0.3312) | (0.6042) | (0.9402)

JPL, r=2 |0.2554 |0.5119 |1.0255 |1.5434 |2.0507 |2.5744
(0.0079) | (0.0312) | (0.1248) | (0.2797) | (0.4982) | (0.7841)

USL 0.2765 | 0.5535 |1.1046 |1.6563 |2.2104 |2.7694
(0.0106) | (0.0423) | (0.1646) | (0.3745) | (0.6615) | (1.0597)

UELK=1 |0.2703 | 0.5396 |1.0802 |1.6321 |2.1673 |2.7188
(0.0097) | (0.0387) | (0.1558) | (0.3525) | (0.6085) | (0.9703)

UEL K=-1 | 0.2709 | 0.5382 |1.0766 |1.6313 |2.1627 |2.7119
(0.0098) | (0.0379) | (0.1556) | (0.3493) | (0.6069) | (0.9672)

UPL 0.2818 | 0.5656 |1.1300 |1.7060 |2.2635 |2.8195
(0.0117) | (0.0462) | (0.1847)| (0.4262) | (0.7445) | (1.1482)

GSL 0.2676 | 0.5310 |1.0516 |1.5554 |2.0409 |2.5230
a=b=.5 (0.0091) | (0.0344) | (0.1283)| (0.2763) | (0.4661) | (0.7369)

GSL 0.2727 | 0.5357 |1.0444 |1.5310 |1.9898 |2.4380
a=b=1 (0.0096) | (0.0352) | (0.1280) | (0.2840) | (0.5223) | (0.8864)
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K=1 0.2616 | 0.5209 |1.0371 |1.5200 |2.0075 |2.4875
GEL (0.0084) | (0.0316) | (0.1216) | (0.2571) | (0.4481) | (0.6944)
a=b=.5

GEL 0.2670 | 0.5291 |1.0287 |1.5009 |1.9566 |2.3851
a=b=1 (0.0088) | (0.0329) | (0.1206) | (0.2682) | (0.4973) | (0.8280)
K=-1 0.2621 | 0.5225 [1.0303 |1.5258 |2.0023 |2.4724
GEL (0.0084) | (0.0325) | (0.1220) | (0.2596) | (0.4468) | (0.6750)
a=b=.5

GEL 0.2676 | 0.5280 |1.0289 |1.5065 |1.9545 |2.3842
a=b=1 (0.0089) | (0.0335) | (0.1227)| (0.2680) | (0.4956) | (0.8168)
GPL 0.2738 | 0.5449 |1.0732 |1.5939 |2.0950 |2.5831
a=b=.5 (0.0101) | (0.0385) | (0.1390) | (0.3041) | (0.5187) | (0.7995)
GPL 0.2776 | 0.5516 |1.0749 |1.5660 |2.0328 |2.4934
a=b=1 (0.0104) | (0.0395) | (0.1437)| (0.3157) | (0.5694) | (0.9723)

estimate is lower than the MSEs of the MLEs. Heltlbe, Bayesian estimators are more

stable than the MLEs.

The estimates under the extended Jeffrey’s priordee stable than the estimates under the
uniform and gamma priors since the MSEs under #izey’s prior is smaller than the
estimates under these priors. Also, the estimatdgruthe gamma prior were observed to
be more stable than the estimates under the unifoion. Under the extended Jeffrey’'s
prior, the MSEs when r=2 were found to be smalantthe MSEs when r=1. Hence, the
estimates are more stable when r=2 than when %.i3 also the case for the entropy loss
function the estimates are more stable when k=Ipeoed to when k=-1. Estimates under
the entropy and squares error loss functions wetbdr discovered to be more stable than

estimates under the precautionary loss function.
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Table 5. 3: Average estimates and corresponding MSEwithin parenthesis) fora and n=30

n method 0=0.25 a=05 =10 o=1.5 o=2 a=2.5

30 MLE 0.2665 | 0.5351 |1.0702 |1.6018 |2.1323 | 2.6624
(0.0072) | (0.0299) | (0.1139)| (0.2548) | (0.4523) | (0.7021)

JSL,r=1 |0.2584 |0.5174 |1.0380 |1.5560 |2.0693 | 2.5864
(0.0053) | (0.0202) | (0.0816) | (0.1846) | (0.3274) | (0.5111)

JSL, r=2 | 0.2502 |0.5003 |0.9993 |1.5006 |1.9937 |2.5001
(0.0048) | (0.0181) | (0.0728) | (0.1651) | (0.2856) | (0.4515)

JEL, k=1, | 0.2488 | 0.5002 |0.9998 |1.4995 |1.9991 | 2.5086
r=1 (0.0047) | (0.0182) | (0.0738) | (0.1635) | (0.2916) | (0.4520)

JEL, k=-1,| 0.2584 | 0.5165 | 1.0344 |1.5540 |2.0701 |2.5844
r=1 (0.0052) | (0.0202) | (0.0825) | (0.1850) | (0.3301) | (0.5116)

JEL, k=1, | 0.2408 | 0.4835 |0.9681 | 1.4454 |1.9269 |2.4215
r=2 (0.0043) | (0.0166) | (0.0671) | (0.1476) | (0.2675) | (0.4107)

JEL, k=-1,| 0.2492 | 0.4990 |0.9965 |1.4970 |1.9988 |2.4918
r=2 (0.0047) | (0.0179)| (0.0716) | (0.1618) | (0.2938) | (0.4569)

JPL,r=1 |0.2623 |0.5275 |1.0521 |1.5828 |2.1033 |2.6278
(0.0057) | (0.0217) | (0.0870) | (0.1966) | (0.3496) | (0.5479)

JPL, r=2 |0.2533 | 0.5069 |1.0174 | 1.5246 |2.0343 | 2.5450
(0.0049) | (0.0193) | (0.0760) | (0.1731) | (0.3054) | (0.4842)

USL 0.2668 | 0.5325 |1.0698 |1.6047 |2.1379 |2.6787
(0.0060) | (0.0230) | (0.0951) | (0.2110) | (0.3839) | (0.5915)

UELK=1 |0.2641 |0.5266 |1.0499 |1.5851 |2.1159 |2.6354
(0.0057) | (0.0224) | (0.0883) | (0.2033) | (0.3561) | (0.5437)

UEL K=-1 | 0.2635 | 0.5242 |1.0509 |1.5812 |2.1118 |2.6434
(0.0057) | (0.0220) | (0.0888) | (0.1957) | (0.3498) | (0.5641)

UPL 0.2701 | 0.5428 [1.0896 |1.6300 |2.1708 |2.7094
(0.0065) | (0.0253) | (0.1008) | (0.2293) | (0.4070) | (0.6293)

GSL 0.2616 | 0.5229 [1.0331 |1.5368 |2.0303 |2.5233
a=b=.5 (0.0055) | (0.0211) | (0.0789)| (0.1707) | (0.3011) | (0.4599)

GSL 0.2638 | 0.5247 |1.0347 |1.5191 |1.9924 |2.4523
a=b=1 (0.0056) | (0.0211) | (0.0800) | (0.1714) | (0.3044) | (0.4908)

51




K=1 0.2584 | 0.5161 |1.0203 |1.5164 |2.0098 |2.4845
GEL (0.0051) | (0.0200) | (0.0753) | (0.1638) | (0.2827) | (0.4362)
a=b=.5

GEL 0.2618 |0.5187 |1.0190 |1.5083 |1.9781 |2.4301
a=b=1 (0.0054) | (0.0200) | (0.0750) | (0.1676) | (0.2936) | (0.4774)
K=-1 0.2572 | 0.5150 |1.0205 |1.5192 |1.9983 |2.4854
GEL (0.0052) | (0.0196) | (0.0766) | (0.1671) | (0.2813) | (0.4446)
a=b=.5

GEL 0.2600 |0.5181 |1.0208 |1.5009 |1.9732 |2.4204
a=b=1 (0.0054) | (0.0198) | (0.0752) | (0.1628) | (0.2987) | (0.4726)
GPL 0.2654 | 0.5306 |1.0536 |1.5616 |2.0644 |2.5569
a=b=.5 (0.0058) | (0.0224) | (0.0844) | (0.1827) | (0.3158) | (0.4845)
GPL 0.2689 | 0.5350 |1.0480 |1.5465 |2.0218 |2.4952
a=b=1 (0.0060) | (0.0231) | (0.0842) | (0.1819) | (0.3192) | (0.5247)

Under the uniform prior, it is observed that they&san estimator under entropy loss

function performs better than the Bayesian estimateler the squared error loss function
when the sample size is smalk{d) and/ moderate £30), while the performances of the

estimates under both the squared error loss funetial entropy loss function is almost the
same for large sample size. Furthermore, the ettgnader the squared error loss function
are better than the estimates under the precawidmss function. When the sample size is
less than fifteen, it is observed that the MLE eutprms the estimates under the

precautionary loss function marginally.
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Table 5. 4: Average estimates and corresponding MSEwithin parenthesis) fora and n=50

n method 0=025 0=05 =10 o=1.5 o=2 a=2.5

50 MLE 0.2601 | 0.5218 |1.0423 |1.5594 |2.0774 | 2.6015
(0.0042) | (0.0159) | (0.0625) | (0.1394) | (0.2489) | (0.3889)

JSL,r=1 |0.2540 |0.5106 |1.0194 |1.5288 |2.0364 | 2.5559
(0.0031) | (0.0114) | (0.0452)| (0.1004) | (0.1792) | (0.2854)

JSL, r=2 |0.2488 |0.5005 |1.0016 |1.5005 |2.0019 | 2.4998
(0.0029) | (0.0106) | (0.0422) | (0.0948) | (0.1709) | (0.2622)

JEL, k=1, | 0.2497 |0.4999 |1.0014 |1.5008 |2.0001 |2.4976
r=1 (0.0029) | (0.0104) | (0.0419)| (0.0948) | (0.1678) | (0.2637)

JEL, k=-1,| 0.2549 | 0.5100 |1.0223 |1.5355 |2.0391 | 2.5551
r=1 (0.0030) | (0.0113) | (0.0452)| (0.1035) | (0.1807) | (0.2833)

JEL, k=1, | 0.2442 |0.4882 |0.9791 | 1.4708 |1.9555 |2.4488
r=2 (0.0027) | (0.0099) | (0.0403) | (0.0896) | (0.1604) | (0.2515)

JEL, k=-1,| 0.2495 | 0.5013 |1.0022 |1.4994 |1.9977 | 2.4990
r=2 (0.0028) | (0.0105) | (0.0427) | (0.0934) | (0.1700) | (0.2611)

JPL,r=1 |0.2566 |0.5152 |1.0317 |1.5444 |2.0651 |2.5766
(0.0032) | (0.0118) | (0.0475) | (0.1059) | (0.1904) | (0.2930)

JPL, r=2 |0.2511 |0.5049 |1.0110 |1.5177 |2.0202 |2.5332
(0.0030) | (0.0108) | (0.0439) | (0.0982) | (0.1734) | (0.2753)

USL 0.2589 |0.5214 |1.0382 |1.5606 |2.0826 |2.6046
(0.0034) | (0.0124) | (0.0491) | (0.1114) | (0.1982) | (0.3087)

UEL K=1 |0.2573 | 0.5163 |1.0330 |1.5498 |2.0640 |2.5767
(0.0032) | (0.0121) | (0.0476) | (0.1059) | (0.1896) | (0.2952)

UEL K=-1 | 0.2572 | 0.5158 |1.0287 |1.5460 |2.0673 |2.5748
(0.0033) | (0.0119) | (0.0468) | (0.1063) | (0.1895) | (0.2916)

UPL 0.2613 | 0.5255 |1.0509 |1.5751 |2.0994 |2.6224
(0.0036) | (0.0129) | (0.0518)| (0.1159) | (0.2075) | (0.3212)

GSL 0.2562 | 0.5134 |1.0207 |1.5224 |2.0178 |2.5072
a=b=.5 (0.0032) | (0.0115) | (0.0437)| (0.0981) | (0.1718) | (0.2626)

GSL 0.2584 | 0.5148 |1.0173 | 15126 |1.9977 |2.4682
a=b=1 (0.0032) | (0.0115) | (0.0436) | (0.0969) | (0.1715) | (0.2660)
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K=1 0.2540 | 0.5077 |1.0144 |1.5101 |2.0023 |2.4872
GEL (0.0030) | (0.0109) | (0.0432) | (0.0945) | (0.1654) | (0.2527)
a=b=.5

GEL 0.2562 | 0.5116 |1.0118 |1.5051 |1.9833 |2.4514
a=b=1 (0.0032) | (0.0110) | (0.0433) | (0.0952) | (0.1647) | (0.2648)
K=-1 0.2540 | 0.5086 |1.0104 |1.5120 |2.0040 | 2.4909
GEL (0.0030) | (0.0109) | (0.0427)| (0.0948) | (0.1652) | (0.2590)
a=b=.5

GEL 0.2562 | 0.5111 |1.0129 |1.5040 |1.9816 | 2.4543
a=b=1 (0.0031) | (0.0111) | (0.0429) | (0.0950) | (0.1667) | (0.2652)
GPL 0.2588 | 0.5174 |1.0291 |1.5400 |2.0348 |2.5361
a=b=.5 (0.0033) | (0.0120) | (0.0462) | (0.1025) | (0.1754) | (0.2710)
GPL 0.2604 | 0.5197 |1.0312 |1.5286 |2.0198 | 2.5048
a=b=1 (0.0035) | (0.0120) | (0.0462)| (0.1003) | (0.1793) | (0.2811)

Careful examination of the estimates under the garprior (conjugate prior) reveal that
when a=b=0.5, the estimates are slightly bettem tha estimates when a=b=1 in terms of
MSE. Also as in the case of the extended Jeffrpyiar, it is observed under the gamma
prior that the Bayes estimates under the entrogg Fanction is more stable than the
estimates under the squared error loss functiod pmacautionary loss function. On the
other hand, the estimates under the squared es®siflinction were found to be more stable
than the estimates under the precautionary losgiam For the entropy loss function, it is

also observed that the estimates when k=1 is ntabdesthan the estimates when k=-1.
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Table 5. 5: Average estimates and corresponding MSEwithin parenthesis) fore and n=100

n method 0=0.25 0=05 «a=1.0 0=1.5 o=2 o =25

100 | MLE 0.2529 | 0.50974 | 1.0199 |1.5303 |2.0387 | 2.5502
(0.0024) | (0.0072) | (0.0288) | (0.0651) | (0.1161) | (0.1813)

JSL,r=1 | 0.2504 |0.5049 |1.0103 |1.5137 |2.0221 | 2.5287
(0.0018) | (0.0053) | (0.0213)| (0.0480) | (0.0849) | (0.1343)

JSL, r=2 |0.2478 |0.4996 |1.0012 |1.5005 |2.0022 | 2.4967
(0.0018) | (0.0051) | (0.0207) | (0.0459) | (0.0823) | (0.1266)

JEL, k=1, | 0.2484 | 0.5005 | 0.9990 |1.4999 |2.0012 | 2.5005
r=1 (0.0017) | (0.0052) | (0.0205) | (0.0460) | (0.0823) | (0.1286)

JEL, k=-1,| 0.2508 |0.5048 | 1.0101 |1.5148 |2.0210 | 2.5282
r=1 (0.0018) | (0.0053) | (0.0214)| (0.0481) | (0.0853) | (0.1339)

JEL, k=1, | 0.2453 | 0.4947 |0.9902 |1.4821 |1.9806 |2.4705
r=2 (0.0018) | (0.0050) | (0.0201) | (0.0449) | (0.0804) | (0.1261)

JEL, k=-1,| 0.2479 | 0.5001 | 0.9980 |1.4992 |1.9991 | 2.5033
r=2 (0.0018) | (0.0051) | (0.0201) | (0.0459) | (0.0817)| (0.1285)

JPL,r=1 |0.2517 |0.5067 |1.0143 |1.5230 |2.0331 |2.5403
(0.0019) | (0.0054) | (0.0217) | (0.0489) | (0.0878) | (0.1346)

JPL, r=2 |0.2494 |0.5032 |1.0048 |1.5093 |2.0074 |2.5134
(0.0018) | (0.0052) | (0.0207) | (0.0473) | (0.0823) | (0.1299)

USL 0.2532 | 0.5093 |1.0194 |1.5256 |2.0425 | 2.5555
(0.0018) | (0.0055) | (0.0220) | (0.0487) | (0.0894) | (0.1408)

UEL K=1 | 0.2526 |0.5081 |1.0154 |1.5245 |2.0331 |2.5409
(0.0017) | (0.0054) | (0.0221) | (0.0492) | (0.0866) | (0.1367)

UEL K=-1 | 0.2525 | 0.5079 |1.0138 |1.5274 |2.0334 |2.5462
(0.0019) | (0.0055) | (0.0218) | (0.0491) | (0.0870) | (0.1389)

UPL 0.2549 |0.5129 |1.0235 |1.5384 |2.0496 |2.5641
(0.0019) | (0.0057) | (0.0228) | (0.0514) | (0.0905) | (0.1430)

GSL 0.2513 | 0.5065 |1.0097 |1.5117 |2.0071 |2.5022
a=b=.5 (0.0019) | (0.0054) | (0.0211)| (0.0471) | (0.0823) | (0.1284)

GSL 0.2523 | 0.5076 |1.0132 |1.5056 |1.9985 |2.4852
a=b=1 (0.0019) | (0.0054) | (0.0214)| (0.0463) | (0.0824) | (0.1287)
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K=1 0.2511 | 0.5061 |1.0053 |1.5059 |2.0022 |2.4947
GEL (0.0018) | (0.0054) | (0.0205) | (0.0465) | (0.0808) | (0.1264)
a=b=.5

GEL 0.2511 | 0.5055 |1.0069 |1.5022 |1.9936 |2.4743
a=b=1 (0.0019) | (0.0053) | (0.0210) | (0.0463) | (0.0821) | (0.1282)
K=-1 0.2505 | 0.5050 |1.0050 |1.5051 |2.0002 |2.4933
GEL (0.0018) | (0.0053) | (0.0206) | (0.0457) | (0.0812) | (0.1263)
a=b=.5

GEL 0.2512 | 0.5053 |1.0060 |1.5014 |1.9892 |2.4765
a=b=1 (0.0018) | (0.0052) | (0.0206) | (0.0451) | (0.0817) | (0.1278)
GPL 0.2524 |0.5085 |1.0152 |1.5207 |2.0216 | 2.5207
a=b=.5 (0.0020) | (0.0054) | (0.0216) | (0.0484) | (0.0840) | (0.1293)
GPL 0.2536 | 0.5101 |1.0161 |1.5127 |2.0117 | 2.5002
a=b=1 (0.0019) | (0.0055) | (0.0217)| (0.0469) | (0.0840) | (0.1303)

Finally, it is further observed that for the squhesror loss function, the estimates under
the extended Jeffrey’s prior are more stable theen dstimates under the uniform and
gamma prior. For the entropy and precautionary fasstions, the estimates under the
gamma and the extended Jeffrey’s priors were fdarioe more stable than the estimates
under the uniform prior even when the hyper-paramsaikes the value one for the gamma

prior and when r=1 for the extended Jeffrey’s prior

Figures 1-15 in the appendix, show the Relativackeficy of estimators for different
values of n, r and k. The graphs provide an impoessn how the efficiencies change with
changes in the values of n, r and k. The graphglateed using efficiency against sample
sizes. It is observed from figures 1, 3, 5, 6, 8, 11, 13 and 15 that as sample size
increases, the efficiency decreases while theiefittes increases as sample size increases
in figures 2, 7 and 12 when< —2. In figures 4, 9 and 14, the efficiency also imses as

sample size increases wher< —3.
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It is further observed that the rate of decreasefease in the relative efficiency of the
estimators under the Entropy loss function wittpess to any other loss function varies for
different values of k and as sample size becomeslagye, the effect of k on efficiency is

negligible.
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CHAPTER FIVE: SUMMARY, CONCLUSION AND RECOMMENDATIO NS

51 Summary

The primary goal of this work as initially statedthe objectives, was to estimate the shape
parameter of a GRD when the scale parameter is kngsing Bayesian approach. The
shape parameter was assumed to follow an Exteref&e\ds prior distribution, Uniform
prior distribution and Gamma prior distribution.rf@yetric and asymmetric loss functions
were considered in estimating the parameter. Sduarer loss function which is classified
as symmetric loss function because it assigns aquadrtance to the losses due to both
over estimation and under estimation was assumel@ whthe asymmetric case Entropy
and Precautionary loss functions were consideredle Bayes estimators of the
aforementioned loss functions were obtained. Redatificiency and Posterior risk of the
estimators under the various loss functions wer&ioed and finally, Monte Carlo
simulation was carried out in order to compare pleeformance of the estimators using

Mean Square Error as a performance measure.

5.2  Conclusion

In this work, MLE and Bayesian estimation of theah parameter of a generalized
Rayleigh distribution is considered. Three priostdbutions on the shape parameter is
assumed and the Bayes estimators under the syrorfetsi function (squared error) and
asymmetric (Entropy and precautionary) loss fumsiovere provided. Comparison
between the performances of the MLEs and the Bag#@mators were carried out and it
was observed that the Non-classical/ Bayesian asiih were more stable than the

classical estimators in terms of Mean Square Effbe estimates under the extended
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Jeffrey’s prior were found to be more stable thaa éstimates under uniform and gamma
priors. It was also observed that under the infdiregprior, that the estimates under the
entropy loss function is better than the estimateder the squared error and precautionary

loss functions.

5.3  Recommendations
Based on our observations in the previous chaptirs,ecommend the following for the

estimation of the shape parameter of GRD whendalke parameter is known

i. If you have enough information about the shape rpater that is, it follows
gamma, then use entropy loss function in ordestonate the shape parameter.

ii.  If on the other hand you have little or no inforroatabout the prior distribution of
the shape parameter, assumed extended Jeffregs ymder the assumption of

squared error or entropy loss functions.

54 Contribution to Knowledge
In this research work, we were able to contributéhte body of knowledge in so many

ways, which include the following:

i. We were able to give some formulae for estimatimg shape parameter of GRD
when the scale parameter is known under threerdifteprior distributions and
three different loss functions.

ii.  We were also able to give the variances of theouariestimators proposed in this
work.

iii.  Finally, we were able to show that the estimatorden extended Jeffery’s prior is

more stable than estimators under uniform and gapmnioes in terms of MSE and
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5.5

we further show that, when loss functions are @wrsid, the estimators under
Entropy loss function is more stable in terms of BMhan the estimators under

Square error and precautionary loss functions.

Areas of Further Research

The scale parameter of GRD can be estimated wieeshidpe parameter is known
The shape parameter can be estimated when thepsralaeter is unknown and
The scale parameter of GRD can be estimated whenstiape parameter is

unknown
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Appendix |
The graph of the relative efficiency of the estionatunder extended Jeffrey’s prior, uniform prinda@amma prior
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Figure A. 1: Graph of relative efficiency of entropy loss with respect to square error loss functionsnder extended Jeffrey’s prior for different valuesof k=1, 2, 3, 4 and
r=1, 2 when n=15, 20, 30, 50 and 100
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Figure A. 2: Graph of relative efficiency of entropy loss with respect to square error loss functiongnder extended Jeffrey’s prior for different valuesof k=-1, -2, -3, -4
and r=1, 2 when n=15, 20, 30, 50 and 100

65



Graph of RE of ELF w.r.t. PLF using Ex Jef.

T T T T T
20 40 il &0 100

sample size

Graph of RE of ELF w.r.t. PLF using Ex Jef.

T T T T T
20 40 il &0 100

sample size

Graph of RE of ELF w.r.t. PLF using Ex Jef.

T T T T T
20 40 il &0 100

sample size

Graph of RE of ELF w.r.t. PLF using Ex Jef.

@ @ @ @
- B =1 k=t - B =7 k=1 - B = f=2 - B— =2 k2
" " " "
- - - <7Ta
5o \\K‘;\Q 5o G\K‘;\Q 5o \\\v\ﬂ 5 47
g - g - g - g - =
o o o o s
g o] g o] g o] g o 0
E - E - E - E -
w w w w
@ @ @ @
o o o o
o o o o
o o o o
| | | | | | | | | | | | | | | | | | | |
20 4 &0 &0 100 20 4 &0 &0 100 20 4 &0 &0 100 20 4 &0 &0 100
sample size sample size sample size sample size
Graph of RE of ELF w.r.t. PLF using Ex Jef. Graph of RE of ELF w.r.t. PLF using Ex Jef. Graph of RE of ELF w.r.t. PLF using Ex Jef. Graph of RE of ELF w.r.t. PLF using Ex Jef.
@ @ Q] 9 7
- B— =1 k=3 - O0— r=2 k=3 e O— r=1, k=4 - O— r=2 k=4
< <" < <],
< < =1 ¢ <
o
= O = O z = O & = O '
g - g - g - a g - o
[ [ o [ = [ =
5 o 5 o °l g ol Mg el !
E - E - E - E -
w w w w
@ @ @ @
o o o o
o o o o
o o o o

T T T T T
20 40 il &0 100

sample size

Figure A. 3: Graph of relative efficiency of entropy loss with respect to precautionary error loss funtions under extended Jeffrey’s prior for differentvalues of k=1, 2, 3,
4 and r=1, 2 when n=15, 20, 30, 50 and 100
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Figure A. 4: Graph of relative efficiency of entropy loss with respect to precautionary error loss fuaotions under extended Jeffrey’s prior for differentvalues of k=-1, -2,
-3,- 4 and r=1, 2 when n=15, 20, 30, 50 and 100
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Figure A. 5: Graph of relative efficiency of squarel error with respect to precautionary error loss functions under extended Jeffrey’s prior for differert values of r=1, 2
and 3 when n=15, 20, 30, 50 and 100
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Figure A. 6: Graph of relative efficiency of entropy loss with respect to squared error loss functionsnder uniform prior for different values of k=1, 2, 3, 4 when n=15,
20, 30, 50 and 100
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Figure A. 9: Graph of relative efficiency of entropy loss with respect to precautionary error loss funtions under uniform prior for different values of k=-1, -2, -3, -4
when n=15, 20, 30, 50 and 100
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Graph of R.E of SELF w.r.t. PLF using uniform prior
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Figure A. 10: Graph of relative efficiency of squaed error loss with respect to precautionary error bss functions under uniform prior for different values n=15, 20, 30,
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Figure A. 11: Graph of relative efficiency of entrgy loss with respect to precautionary error loss foctions under gamma prior for different values of k=1, 2, 3, 4 and
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Figure A. 12: Graph of relative efficiency of entrgy loss with respect to squared error loss functionunder gamma prior for different values of k=-1, 2, -3, -4 and a=0.5,
1.0 when n=15, 20, 30, 50 and 100
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Figure A. 13: Graph of relative efficiency of entrgy loss with respect to precautionary error loss foctions under gamma prior for different values of k=1, 2, 3, 4 and
a=0.5, 1.0 when n=15, 20, 30, 50 and 100
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Figure A. 14: Graph of relative efficiency of entrgy loss with respect to precautionary error loss foctions under gamma prior for different values of k=-1, -2, -3, -4 and

a=0.5, 1.0 when n=15, 20, 30, 50 and 100
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Figure A. 15: Graph of relative efficiency of entrgy loss with respect to precautionary error loss foctions under gamma prior for different values of &0.5, 1.0, and 1.5
when n=15, 20, 30, 50 and 100
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