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ABSTRACT

The motion of an electrically conducting fluid in two types of geometries is
studied; namely a channel formed by two parallel plates and an annulus formed
by two concentric cylinders. The fluid flow is assumed to be unsteady, |aminar
and incompressible with a magnetic field applied perpendicular to the flow
direction. It is also assumed that no applied or polarization voltage exists.
We have considered different physical situations and factored the effect of
Hall and ion-slip currents in some cases. The system of partial differential
equations describing the different flow problems has been formulated and
unified closed form expressions are obtained for both cases of the applied
magnetic field being fixed to either the fluid or the moving wall where applicable.
The Laplace transform techniques are used to reduce the system of partial
differential equations to ordinary differential equations; the resulting boundary
value problems are then solved analytically. However, the Riemann-sum
approximation method is used to invert the Laplace domain to the time domain
where direct inversion is difficult. The corresponding steady state equations are
derived where appropriate and solved analytically to double check the results.
Also, the implicit finite difference method is used to verify the Riemann-sum
approximation method. MATLAB programmes are written to compute and
generate the graphs for the velocities and the skin frictions. A parametric study
depicting the effect of the various dimensionless parameters on the velocity and
skin friction is conducted. These parameters include the Ekman number E, the
Hall parameter /3, ion-slip parameter /3, the suction/injection parameter S, the
Hartmann number Ha and time r\ amongst others. The effects of changing the
parameters mentioned above are observed either to increase, to decrease or to
have no effect on the velocity profiles and the skin friction.
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CHAPTER 1

INTRODUCTION

Magnetohydrodynamics (MHD) is the study of the interaction of electrically
conducting fluids and electromagnetic forces. Examples of such fluids include
plasmas, liquid metals, and salt water or electrolytes. MHD describes the
phenomena in electrically conducting fluids, where the velocity field ¥, and
the magnetic field &, are coupled. Alfvén was the first to introduce the
term “Magnetohydrodynamics” and he is also usually regarded as the father
of MHD. He described such astrophysical phenomena as an independent
scientific discipline’. However, the birth of incompressible fluid MHL is the
study of the influence of a transverse uniform magnetic field on the flow of
a viscous incompressible electrically conducting fluid between two infinite
parallel stationary and insulating plates by Hartmann and Lazarus (1937). MHD
problems arise in many natural phenomena in geophysics and astrophysics,
for instance the generation of the magnetic field of planets and stars, the
interaction of Earth’s magnetic field with the solar wind as well as lightning. Its
relevance is also found in engineering problems such as plasma confinement,

liquid metal cooling of nuclear reactors, electromagnetic casting, the prediction

1 Available online at
http://plasmavniverse.info/people/alfven.html.



of space weather to the damping of turbulent fluctuations in semiconductor
melts during crystal growth and even the measurement of the flow rates of
beverages in the food industry amongst others. Current research on methods
to target chemotherapy drugs in the human body includes the investigation of
biocompatible magnetic nanocarrier systems, for example magnetic liquids such
as ferrofluids. The model developed to investigate an external magnetic field
and its interaction with blood flow containing a magnetic carrier substance is
based on the MHD equations; where a static magnetic field is coupled to fluid
flow. Therefore, MHD is also very important in magnetic drug targeting.

The description of MHD flows involves the equations of fluid dynamics
{(Navier-Stokes equations) and the equations of electrodynamics (Maxwell’s
equations}); which are mutually coupled through the Lorentz force and Ohm’s
law for moving electrical conductors. The flow between two boundaries due
to the movemnt of one of the boundary is called Couette flow. There are two
types of Couctte flow; the flow between two walls one of which moves parallel
to the other at a fixed distance. In this case, the modified pressure is constant
or there is zero pressure gradient along the direction of flow, the velocity is
zero everywhere for that flow field. In order to maintain a flow field, there is
the need to set one of the walls in motion. This type of Couette flow in which
the flow is driven only by the movement of one of the walls is known as plane
Couette flow. However, if the flow is driven by both pressure and the movement

of one of the walls the Couette motion is referred to as generalised Cauette



flow. In this dissertation, we shall be concerned with the study of the MHD
fluid flow relating to the plane Couette flow. Schlichting (1965) presented the
analysis of flow formation in Couette motion as predicted by classical fluid
mechanics. This problem reveals the relationship between the velocity and time
and how the boundary layer spreads throghout the flow field. It also provides
the exact solution of the non-linear Navier-Stokes equation. Couette flow can
be used as a fundamental method for the measurement of viscosity and as a
means of estimating the drag force in many wall driven applications according
to Muzychka and Yovanovich (2006}. The unsteady MHD Couette flow problem
has been considered in several works considering various effects as in the work
of Mazumder (1977a) who investigated the combined effect of Hall current
and rotation on hydromagnetic flow over an oscillating plate in the presence of
suction and injection. The importance of suction/injection on the boundary layer
control in the field of aerodynamics and space science was emphasized by Singh
(1984). 1t is well known that suction/injection can change the flow behaviour
and as a consequence affect the skin friction. Injection tends to increase the
velocity and the skin friction, while suction acts in the opposite way. Suction or
injection also plays important role in the control of flow past an infinite plate or
within parallel plates, hence its importance in practical problem involving film
cooling, geophysical, biomedical, engineering and environmental applications.
Shojaefard et al. (2005) carried out a numerical investigation of flow control by

suction and injection on a a subsonic airfoil and came out with the conclusion



that suction significantly increases the lift coefficient while injection decreases
the surface skin friction, which transitively resulted in a considerable reduction
in energy consumed during flight of subsonic aircrafts.

The study of fluid/particle mixture is important in petroleum transport,
powder technology, fluidization transport of solid particles by a liquid and
liquid slurries in chemical and nuclear processing and metalized liquid fuel
slurries for rocketry. Its relevance is also seen in the field of mining, agriculture
and food technologies. The high possibility of particle entrainment in these flows
made the formulation of the equation of motion for a two-phase fluid/particle
System a necessity in order to understand the role of particles on the flow. The
study of the effects of magnetic field on the free-convective flow is important
in liquid-metals, electrolytes and ionized gases. For these reasons, the effect of
magnetic field on the free convection flow has attracted many authors. Natural
convection effects on Stokes problem was studied by Soundalgekar (1979). Ozoe
and Maruo (1987) also investigated numerically the two-dimensional natural
convection of a fluid under a magnetic field. The MHD flow and heat transfer
problems have become important industrially, mainly due to the fact that many
metallurgical processes involve the cooling of continuous strips or filaments by
drawing them through an inactive fluid. Nanousis et al. (1980) inferred that
a technological application of free convection can be found in the cooling of a
nuclear reactor, providing heat sinks in turbine blades etc. The structures of stars

and planets are also known according to Weir (1976) to be greatly influenced by



the thermal convection in their interior.

1.1 GOVERNING EQUATIONS OF MHD

In this dissertation, we are interested in the equation of an idealized version of
the MHD system, wherein the fluid body has perfect conductivity, and so the
local electric field is zero. The complete set of MHD equations for a Newtonian,
constant property fluid flow includes the equation of mass continuity, the
complete set of Maxwell’s equations and the Navier-Stokes equations of motion

(i.e. momentum equation}.

111 Equation of Continuity

The basic tool in the study of fluid flow is the continuity equation otherwise
known as the mass conservation. We consider an arbitrary volume of fluid ¥,
bounded by a closed surface o; let the surface have an outward normal, 4. The

mass within this volume is fy pd ¥, while the rate of change of this mass is

d
= L pd¥ (1.1)

In the absence of sources and sinks, eq. (1.1) must be equal to zero. This integral
can change with time in two ways (i) by intrinsic variation of p,dp # 0; or (if)

through flow into or out of the volume, at a rate pV - # per surface area. The sum



of (i) and (ii) must be zero:
if W~f§£d1f+f V-fdat =0 (1.2)
dt 'yp ~ Jy ot gzp - :
The surface integral can be written as
Veidat = [ V-(p7) =0 13
f P g (pV) (1.3}

Since ¥ is arbitrary, we can set the integrand to zero and get the differential

form of this basic equation:

ap Sy
~§F+V-(pv) =0 (1.4)

This is the mass continuity equation. However, for an incompressible fluid p is

constant and thus the equation of continuity reduces to
vV.V=0 (1.5)

which is the form to be used in this dissertation.

1.1.2 Maxwell’s Equations

The Maxwell’s equations describes the behaviour of electric £ and magnetic B
fields, see Fleisch (2008) for a deeper comprehension of the Maxwell’s equations.

However, the following set of differential equations are the simplified form of



the Maxwell’s equation:

Ampere's Circuital Law V x B = poJ (1.6)
Charge Conservation V-J=0 (1.7)
Faraday'slaw Vx E = _%:E (1.8)

Solenoidal Constraint V- -§=0 (1.9)
Ohm's Law J= o(E +V x B) (1.10)
Lorentz force F=J7xB (1.11)

It should be noted that the total magnetic field 7 is related to the magnetic field
H as B = yofl. In the present study, the polarization effects are negligible (£ = 0)
and the magnetic Reynolds number is very small i.c the induced magnetic field
is also negligible. If the Hall and ion-slip currents are considered, Ohm’s Law

will be defined as follows:
> s Bu B
J=0g VKBg—ﬁH(JXBQJ-FT(JXBo)XBQ {1.12)
0

Equation (1.12) is normally referred to as generalized Ohm's Law.



1.1.3 Navier-Stokes Equations

It is a usual practice to obtain the Navier-Stokes equations from the Euler’s
equation. We will adopt this method here. Let us again consider the same
surface & and enclosing volume ¥ used in Subsection 1.1.1. The momentum
within the surface is [y, pVd¥. The net rate of change of this quantity again
must reflect intrinsic (2/9r # 0) variation and advection (flow across the surface).

Thus , the net rate of change of momentum is
f ) V)d’V+/( V)V-ﬁdaf—] L if')aw/+fv-( Py (113)
e P “=lyaP v P -

We have used the Gauss's Law for tensors (noting that pVV is a second rank
tensor). As it is the case with the continuity equation, the net rate of change of
momentum in the volume must be equal to the net force exerted on the volume.
We consider external forces which act throughout the volume (body forces, such
as gravity, electomagnetism, bouyancy, radiation pressure if the fluid is optically
thin; we let ¢ be the net force per mass) and also the force exerted on the surface

by the fluid outside ¥". The net force on the volume ¥ is, then

[y ped¥ ~ L pidat = /,, ped? — /; Vpd¥ (1.14)



In differential form, we have
a = —+ or
g(ﬂV)“FV'(PVVJ =—-Vp+pg {1.15)

It is a usual convention to expand the derivatives on the left hand side of eq.

(1.15) and using eq. (1.4) to obtain

>y

p%:,- +p(V-VV=—-Vp+pg (1.16)

Equation (1.16) is known as Euler’s equation, when we add viscous stresses to

the equation, the equation is called Navier-Stokes equation, which is

—*

o2 p(F IV 4 Vp =gt YTV 4yt pVIV(TY) (1L17)

If Stoke’s hypothesis holds, this equation simplifies to

p%g+p(l?-V)V+Vp=pg+PVV2V’+*;;PVV(V"7) (1.18)

In the absence of gravity and considering incompressibility (le g =0and V- V =

0), the equation now becomes

-

p%‘;: +0(V- VWV + Vp=pvViV (1.19)

This is the normal Navier-Stokes equation for an incompressible fluid.

9



1.13.1 Geometric Configurations

The coordinate employed in applying the Navier-Stokes equations depends on

the geometry of the problem involved; so that the equations are kept relatively

simple. In this dissertation, we will use cartesian coordinates for flow between

infinite flat plates and cylindrical coordinates are used for flow in an annulus.

Based on the simplifications made in this study, the equation of continuity and

the Navier-Stokes equation for an incompressible Newtonian fluid of constant

viscosity are obtained by expanding equations (1.5) and (1.19) which are in

vector forms as shown below:
Cartesian Coordinates

Continuity Equation
du dv Idw _

FAF PR M

x-momentum

(EJF ou  Ouw ou\_ dp (fﬁ+ﬁ
ar  “ox "ay ‘9z) " T ox H 32 9y2+
y-momentum
(&J, W2 91)__5.13+ (i‘"’g’z"
P " Hm T es ) "y T HlaeTaE”

10

9%u
-a—zi-) +F

2
3v)+5

2

(1.20)

(1.21)

(1.22)



-momentum

%'4_ i'f.i.v?_“.’.}.s(zﬂj _E?_pi &V+82}V}_€2—W + F.
SV I "R "RAT T A “(axz a2 TR )T

Cylindrical Coordinates

Continuity Equation

r-momentum

+ — —_ = ==

o T g

2 2
B 3p+p[§r(l¢9(mr)){ | P, 2 0u  Puy]

(QE[ du, g Jii, uf, (?u,)

f-momentum

dug dug  ug dug Urtg dug
(aT*“fTr* 98 " r a“)

Clap d[1a l&zug 2 du, ama
ae“‘[a_ (Fartrme)) + 558 + 355 + 98| +Fo (120

-momentum

du. i ou. ugai Q_
ot re]r “3;

dp () 3u I i,
‘a—z”[;ar( )ﬁa—““ az]*ﬁ

o 4G0024 |

(1.23)

(1.24)

(1.27)



where F is the body forces added to the equations.

1.1.4 Magnetic Induction Equation

Using the Ohm’s Law to express the electric field we have
E=-VxB+Jl/o (1.28)

Taking the curl of this expression and substituting into Maxwell’s equation for
V x E and using Ampere’s Law to substitute the current J, we have the induction

equation
JB oo :
a_f:Vx(VxH] FAV2E (1.29)

where 4 = | /ig0 and is the magnetic diffusivity

1.2 BOUNDARY LAYER CONCEPT

The theory of boundary layer effects was first presented by Ludwig Prandtl
in the early 1900°s. The general fluids equations had been known for many
years, but solutions to the equations did not properly describe observed flow
effects. Prandt] was the first to realize that the relative magnitude of the inertial
and viscous forces changed from a layer very near the surface to a region far
from the surface. He first proposed the interactively coupled, two layer solution

which properly models many flow problems. As an object moves through a

12



fluid, or as a fluid moves past an object, the molecules of the fluid near the object
are disturbed and move around the object. Aerodynamic forces are generated
between the fluid and the object. The magnitude of these forces depend on
the shape of the object, the speed of the object, the mass of the fluid going by
the object and on two other important properties of the fluid; the viscosity, or
stickiness, and the compressibility, or springiness, of the fluid. To properly
model these effects, aerospace engineers use similarity parameters which are
ratios of these effects to other forces present in the problem. If two experiments
have the same values for the similarity parameters, then the relative importance
of the forces are being correctly modeled.

Aerodynamic forces depend in a complex way on the viscosity of the fluid.
As the fluid moves past the object, the molecules right next to the surface stick
to the surface. The molecules just above the surface are slowed down in their
collisions with the molecules sticking to the surface. These molecules in turn
slow down the flow just above them. The farther one moves away from the
surface, the fewer the collisions affected by the object surface. This creates a thin
layer of fluid near the surface in which the velocity changes from zero at the
surface to the free stream value away from the surface. Engineers call this layer
the boundary layer because it cccurs on the boundary of the fluid. The details of
the flow within the boundary layer are very important for many problems in

aerodynamics, including wing stall, the skin friction drag on an object, and the

13



heat transfer that occurs in high speed ﬂight.2

1.3 ROTATING FRAME OF REFERENCE

Suppose that a given object has position vector ¥ in some non-rotating inertial
reference frame. Let us observe the motion of this object in a non-inertial
reference frame which rotates with constant angular velocity £ about an axis
passing through the origin of the inertial frame. Suppose, first of all, that
our object appears stationary in the rotating reference frame. Hence, in the
non-rotating frame, the object’s position vector ¥ will appear to precess about
the origin with angular velocity Q. It then follows, from the equation of motion
that :

[ _Ox¥ (1.30)

&%

Suppose, now, that our object appears to move in the rotating reference
frame with instantaneous velocity V. It is fairly obvious that the appropriate
generalization of the above equation is simply

&7

Z_17’+Q><r (131}

Let d/dr and d/dt’ denote apparent time derivatives in the non-rotating and
rotating frames of reference, respectively. Since an object which is stationary in

the rotating reference frame appears to move in the non rotating frame, it is clear

2 Available online at
http://www.grc.nasa.gov/WwwW/k-12/airplane/boundliay.html.
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that d/dt # d/dt’. Writing the apparent velocity, 7, of our object in the rotating

reference frame as d7/dt’, the above equation takes the form

dF  dF
Z::E;+QXF (1.32)
or
d d =
E:EF.{_QX (133)

since 7 is a general position vector. Equation 1.33 expresses the relationship
between apparent time derivatives in the non-rotating and rotating reference
frames. Operating on the general position vector 7 with the time derivative 1.33,
we get

F=9 +QxF (1.34)

This equation relates the apparent velocity, ¥ = d7/dt, of an object with position
vector 7 in the non-rotating reference frame to its apparent velocity, V¥ = d7/d/’,
in the rotating reference frame. Operating twice on the position vector 7 with

the time derivative 1.33, we obtain
- d = t e —_
a:(%-i—ﬁx)(v +Qx7) (1.35)

or

G=d4+QxQxH+2QxV (1.36)

15



This equation relates the apparent acceleration, & = d%7/dt*, of an object with
position vector ¥ in the non-rotating reference frame to its apparent acceleration,
d = d?7/dr'?, in the rotating reference frame. Applying Newton’s second law of

motion in the inertial {i.e., non-rotating) reference frame, we obtain

F =mid (1.37)

Here, m is the mass of our object, and F is the (non-fictitious) force acting on it.
Note that these quantities are the same in both reference frames. Making use
of Equation 1.36, the apparent equation of motion of our object in the rotating

reference frame takes the form

miZ =F —mQ x ({2 x 7) — 2ml x v (1.38)

The last two terms in the above equation are so-called “fictitious forces”.
Such forces are always needed to account for motion observed in non-inertial
reference frames. Note that fictitious forces can always be distinguished
from non-fictitious forces in Newtonian dynamics because the former have
no associated reactions. The two fictitious forces appearing in Equation 1.38 are
the centrifugal acceleration and coriolis force (Fitzpatrick 2011). Notice that the
centrifugal acceleration depends on the frame rotation € and the position vector
7, the coriolis force depends on the flow through the velocity vector ¥. This is

an important difference because it means we can simplify the appearance of the

16



centrifugal acceleration to something perhaps less threatening than a double

cross-product

1.4 MATHEMATICAL METHODS

1.4.1 Laplace Transform

The Laplace transform is essentially a mathematical tool used to solve several
mathematics and engineeering problems, This transform was first introduced
by Laplace in his work on probability theorem. The main idea behind the
Laplace Transformation is that we can solve an equation (or system of equations)
containing differential and integral terms by transforming the equation in
“t-space” to one in “s-space”. This makes the problem much easier to solve.
If needed we can find the inverse Laplace transform, which gives us the solution

back in “t-space”.
1.4.1.1 Definition of Exponential Order

Suppose f(1) is piecewise continuous function and if it has an additional property

that there exist a real number £ and a finite number 2, such that

Tim | f(1)le <2 fore>e (1.39)



and the limit does not exist when £ > g, then such a function is said to be of

exponential order £ also written as
Lf(1)] = O(e™™). (1.40)

Variables such as velocity and current are always finite, which means that £(7) is
bounded. Thus, for any bounded function f(r), | f(r)!{e @) = Oforall £ > 0. The
order of such a function is zero. However, variable such as electrical charge and
mechanical displacement may increase without limit but of course proportional

to 2. Such functions are also of exponential order.
Definition

Let f(r) be continuous and single valued function of the real variable ¢ for all
0 <t < o, and is of exponential order. Then the Laplace transform of f(1) is

defined as a function f(s) denoted by the integral
LU0 ;f(s)-—/u F(nedt, s> 0 (1.41)

over that range of values of s for which the integral exist. Here s is a parameter,

real or complex. Obviously, 2| f{r)| is a function of 5. Thus,

Z\f()| = f(s)

I 4’-|HW

=27l =5 | Jetds, (1.42)

18



where ¢ is the operator which transforms f(t) into f(s), called the Laplace

transform operator, and .#~! is the inverse Laplace transform operator.
Theorem (Laplace transform)

If f(z) is piecewise continuous in the range ¢ > 0 and is of exponential order ¢,

then the Laplace transform f{s) of f{r) exist for all s > €.
Proof

From the definition of Laplace transform,

- o F o
LI = F(s) = fo Fl)e i = fa e+ [y FBe dt =1 +1 (1.43)

Since f(t) is piecewise continuous on every finite interval 0 < .7} < 1, /| exists,

whereas

h< f; F()e " dt (1.44)
T

But f(r) is a function of exponential order, therefore,

|F ()| < 216" for & real. (1.45)
Hence
™% f(1)| < Ze 2N, (1.46)
Thus
—(s—&)
ih| < [: Dye~l6Eligy = %j—s—, s> € (1.47)
i -
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In order words, f; can be made as small as we like provided 7 is large enough
and therefore I, exists. Hence #[f(t)] exists for s > £. (See Widder {1941)).
The inverse Laplace transform which is used to return a Laplace transformed
function to its original state are given in Abramowitz and Stegun (1965) and

Churchill {1972).

14.2 Riemann-sum Approximation

An efficient and accurate method of Laplace inversion is the Riemann-sum
approximation method of inverting difficult functions into their time domain.
In applying this method, we use the Fourier-series (simplified by the Poisson
summation formula) to replace the integral by a series which corresponds to the
trapezoidal rule with a specified discretization error. The Fourier integral thus
obtained can be approximated by its Riemann-sum. Denoting @ as the wave
frequency and 1 the half-period of its oscillations, i.e., @ = kx /1 for the nth wave
mode and Aay = /1 for all modes

et

L Flas=y+ Bhytns (1.48)
k

s

f(ZsTT) =

[
]

Since the series is nearly alternating, we apply Euler summation to accelerate

convergence.

Flay+ g)e‘“‘“"f'” + fy- i'—’lf)e—"(’"?"/*? (1.49)

2Re [f(z,'}’+ %E)ei(kﬂm'l)]
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eq. (1.48) can then be expressed as
Ml o 7 19,
fem =" S Fn+Re L Flay+ = )e ) (1.50)
k=1

The Fourier-series method for numerically inverting Laplace transforms was
first proposed by Dubner and Abate (1968). The use of the Euler summation in
this context was proposed by Simon et al. (1972). Since the function ¢/4"#/!) has
a fundamental period of 2%, the physical domain of f ineq. (1.50)is 0 < n < 2.
At 11 =, more precisely, eq. (1.50) yields

ik

N
femy = |5H @D +Re Y Flar+ o1 (151
fe=1

which is the inverse solution for f(z, ). In eq. (1.51), Re refers to the ‘real part
of’, i = v/—1 is the imaginary number, N is the number of terms used in the
Riemann-sum approximation. The Riemann-sum approximation for the Laplace
inversion involves a single summation in the numerical process. Its accuracy
depends on the value of ¥1. and the truncation error dictated by ~. The value of
¥ must be selected so that the Bromwich contour encloses all the baranch points.
Any positive number can be selected for ¥, because the branch points are all
negative. For faster convergence, however, numerous numerical experiments

have shown that the value of y satisfying the relation

m=47 (1.52)



gives the most satisfactory results (Tzou (1997)). The criterion shown by eq.

(1.52) is independent on the dimension 7.

1.4.3 Finite Difference Method

The finite difference techniques are based upon the approximations that permit
replacing differential equations by finite difference equations. These finite
difference approximations are algebraic in form, and the solutions are related to

grid points. Thus, a finite difference solution basically involves three steps:

a. Dividing the solution into grids of nodes.

b. Approximating the given differential equation by finite difference

equivalence that relates the solutions to grid points.

¢. Solving the difference equations subject to the prescribed boundary

conditions and /or initial conditions.

Given a a function f(x) and its derivatives which are single-valued, finite and

continuous, then using Taylor’s series.

T+ = Jla)+ a1 (r0) + 35 (AxP S (x0)

+ g 0) + OB (1.53)

Jloo=0%) = flro) = A (r0) + 35 Ax £ (x0)
— O )+ O (1.54)
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where prime indicates the differentiation with respect to x and O(Ax)? is the
error introduced by truncating the series. Subtract egs. (1.53) from (1.54}, we can
oblain,

f!(xo) o flxo+ &I)zgl{(x() - &x) + O(&x)z (1.55)

which is the central-difference formula. Note that (O(Ax)? means the truncation
error is of the order of (O{Ax)? for the central -difference. The forward-difference
and backward-difference could be obtained by re-arraanging eqs. (1.53) from

(1.54) respectively, and we have for forward-difference

flgy = LRt Agi =) ) ogan? (1.56)

and for backward difference

oy = LI ZED 4 oyt (157)

Upon adding (1.53) and (1.54) we have

flxo+Ax) ~2f(xp) + fxo — Ax)

(BR)? +O(Lx)? (1.58)

Fxg) =

Higher order finite difference approximattion can be obtained by taking more

terms in Taylor’s series expansion.
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Finite difference approximation to partial derivatives

We will approximate partial derivatives of f, a function of two independent

continuous variables x and 7, such as

2 .
%, % and g%erc. (1.59)

by finite difference method. For this purpose, the continuous variable x and
are discretized, so we consider f(x,n) to be evaluated only at the intersections
P (mesh points) of the grid lines parallel to x and 1 axes. Let the coordinates

(x,7n) of the mesh point P be

x=iAx, t=jAn, (1.60)

where i, j are integers and Ax,An are constant grid spacings in the x and 1

directions respectively. Let the value of f at £, be denoted by

fij = Flilx, jAn). (1.61)

We then borrow an analogy between ordinary and partial derivates from calculus
and the concepts introduced earlier in this section, we now have the following

centre-difference approximations to partial derivatives, each with a leading error
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of order (Ax)?

P | |
(;}_{)” o [+ DAY A - fi— 1) Ax, jan) (1.62)

IR

|
E[ﬁu.j—ﬁ—l‘j],

d’ 1, _ o
(gg)”. . (m[j(ir-+|)m,;/_\n) 2f(iLx, jAn) (1.63)

flli= 1) Ax, jAn)]

-
T

| . 1
Ay [fisrj= fi-1.5],
With this notation, the forward-difference approximation for df/dn at P, is

_'_}l ~ ﬁ,jil fl;
i (1.64)

with leading error of the order An).
Average finite difference approximations to partial derivates

For a better approximations to partial derivates, we develop approximations to
partial derivates at the mid-way between the time levels jand j+ |. Furthermore,
the function f is also approximated at the midpoint (iAx,(j + %)An) as the

average

|
f*'d"i = §If:‘.jil + fi4l (1.65)
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The temporal first derivative can be approximated at time level j + 3

Ot .
Gy =gl fid (1.66)

The spatial first derivative can be determined at the midpoint by averaging the

difference approximations at the jth and (j + 1)th time levels

a3
(3{)5,345 = E‘i_x[(ﬁﬂ,j-rl ~ ficvgr)+ (fivr = fieng)] (1.67)

Similarly, the spatial second derivative can also be approximated at the midpoint
by means of averaging as
d? 1
(a_x{), i+ 2 [Frrrgas — fimrjit = 20 j0) H (i1 = 260+ fim, )
(1.68)

For a thorough study of the finite difference method, see Leveque (2007).

1.5 OBJECTIVES OF THE STUDY

The aim of this dissertation is to study the motion of an electrically conducting,
viscous and incompressible fluid flowing in a channel formed by two parallel
plates and an annulus formed by two concentric cylinders with a magnetic field

applied perpendicular to the flow direction. The specific objectives are

a. To analyse the MHD Couette flow in a rotating porous channel.

b. To examine the effect of Hall and ion-slip currents in a rotating channel.
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¢. To consider the Hall and ion-slip effect in a rotating channel with porous

walls.
d. To study the MHD Couette flow in an annulus.

e. To obtain the solution of the unsteady MHD Taylor-Couette flow with

transpiration.

f. To analyse the problem of two-phase MHD flow in both parallel and

annular channels.

g To examine the influence of free convection on MHD flow.

1.6 RESEARCH METHODOLOGY

The methodologies adopted in the realization of the above objectives are

enumerated below in sequential order:

a. Review existing literatures and extend them to include different boundary

conditions and physical situation.

b. Solve the BVPs analytically where possible and use the Riemann-sum

approximation approach if otherwise.

¢. Obtain the numerical values of the analytical or semi-anlytical solutions to

the BVPs using MATLAB.

d. Derive the corresponding steady state equations where appropriate and
solve analytically to double check the results.
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e. Generate line graphs or contours for the numerical values using MATLAB.

f. Interpret the plots in order to explain flow behaviours in the physical

situations and draw conclusions.

1.7 OUTLINE OF THE DISSERTATION

In this Chapter, we have provided a background information on the basic
equations describing coupled MHD behaviour. We then gave some underlying
physics common to the motion of fluid and MHD. This Chapter also describe
the mathematical methods used in the dissertation. Motivated by the facts in
Chapter 1, the rest of this dissertation is divided into five chapters. In Chapter
2 we look at the MHD Couette flow in a rotating channel by considering three
problems; the first problem is concerned with the time-dependent MHD Couette
flow in a rotating porous channel, the second is the combined effect of Hall
and ion-slip currents on MHD Couette flow in a rotating system while the last
problem extended the second to include the effect of suction and injection,

In Chapter 3, we commenced the study on the annular geometry by
considering three problems; the first is the unsteady MHD Couette flow in an
annulus, the second is the MHD Couette flow in an annulus having ramp motion
of inner cylinder and the last is on the MHD Taylor—Couette flow in a porous
annulus. The intent of Chapter 4 is to analyse a two-phase unsteady MHD
Couette flow considering the effect of the particle-phase viscous stresses. In

Chapter 5, we have carried out an analysis of the unsteady MHD free convective
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flow of a viscous incompressible electrically conducting fluid. Literature survey
suggests that no previous attempts have been made to examine the problems
studied in Chapters 2-5. Finally, the summary, conclusions and direction for
future work are given in Chapter 6. A whole lot of reasonable advancement has
been made in the context of MHD flow both analytically and semi-analytically
in this dissertation. It is hoped that this dissertation will give further insight into

the problems of MHD flows with great applications in industries.
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CHAPTER 2

MHD COUETTE FLOW IN A ROTATING CHANNEL

The MHD channel flow was first investigated by Hartmann (1937) who
considered plane Poiseuille flow with a transverse magnetic field. Since then,
the study of MHD flow has received considerable attention due to its importance
from the energy generation point of view and one may envisage MHD generators
for power generation. MHD Couette flow is also important in the design of
high temperature cooling systems for reactors, turbine blades, MHD power
pumps, aerodynamic heating and in the purification of crude cil. Katagiri (1962)
investigated the formation of Couette flow of a viscous, incompressible and
electrically conducting fluid between two infinite parallel plane walls in the
presence of transverse magnetic field. Muhuri (1963} extended the problem
by imposing uniform suction velocity on the walls. Singh and Kumar (1983)
studied the unsteady MHD Couette flow by assuming that the magnetic lines of
force are fixed relative to the moving plate for both impulsive and accelerated
motion of the moving plates and came out with the deduction that magnetic
field increases the velocity field in both cases. A study on oscillatory Couette
flow in the presence of an inclined magnetic field was carried out by Guria et al.

(2009).
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The study of the interaction of the Coriolis force with the electromagnetic
force is important in MHD Couette flows. Rotating MHD problems are found in
turbo machinery, solidification process in metallurgy and in some astrophysical
problems. Taking these facts into account, the effect of rotation on the unsteady
MHD Couette flow when one of the plates has been set into impulsive motion
was examined by Chandran et al. (1993), they noticed a decrease in velocity
due to rotation and an increase due to magnetic ficld. The transient features
of the Couette flow of an electrically conducting fluid when one of the plates
is set into an accelerated motion was studied by Singh et al. (1994). Seth et al.
(1982) investigated the unsteady MHD flow of an electrically conducting viscous
incompressible fluid in a rotating system under the influence of a uniform
transverse magnetic field when one of the plates is set into motion with a
time-dependent velocity in its own plane. Guria et al. (2006) carried out a
study on the unsteady Couette flow in a rotating system. The steady MHD
Couette flow of a viscous incompressible electrically conducting fluid in a
rotating system in the presence of an inclined magnetic field was studied by
Seth et al. (2009). Das et al. (2009) studied the unsteady MHD Couette flow in
a rotating system. Many other authors Jana et al. (1977), Seth and Jana (1980),
Singh (1983}, Mazumder (1991), Ghosh (1993) and Guria et al. (2006) amongst
several others have discussed the MHD Couette flow in a rota ting system.

In partially ionised gases, the phenomenon of Hall currents occurs when

the magnetic field is high or when the collision frequency is low {Sutton and
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Sherman 1965). The current induced in a fluid is usually carried predominantly
by electrons, which undergo successive collisions with other charged or neutral
particles and are usually more mobile than ions. The electron drift velocity in
most cases, leads to a second component of velocity, which in turn leads to a
secondary force and causes anisotropic electrical conductivity in the flow. The
current component created by this anisotropic conductivity is known as the
Hall current. The dimensionless product w, 7. often called the Hall parameter,
is an important characteristic number in MHD design, where @, is the electron
cyclotron frequency and . is the electron collision mean free time.

On a microscopic scale, the Hall parameter indicates the average angular
travel of electrons between collisions, while on a macroscopic scale, the value
of ®,7, indicates the relative importance of the Hall field and Hall current. If
both the electron @, 7, and ion w;7; Hall parameters are large simulataneously
as is the case in some weakly ionised gases, the conductivity is then reduced
due to a phenomenon called ion slip. Though, 7 is ordinarily larger than 7., a;
is much smaller than @, such that the product @;7; is usually negligible (Tillack
and Morley (1998}). These Hall effects play a very important role in determining
the flow features. Ahmad and Kumari (2009) studied the effects of Hall current
on steady MHD Couette flow within a parallel plate channel in a rotating system
in the presence of a uniform magnetic field applied perpendicular to the plane
of the plate. Deka (2008) investigated the simultaneous effect of rotation and

Hall currents on the hydrodynamic flow past an accelerated horizontal plate
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relative to a rotating fluid. The Hall effects on MHD Couette flow in a rotating

system were variously investigated by Ghosh and Pop (2004). Debnath et al.

(1979), Mandal and Mandal (1983), Tiwari and Singh (1983) and Ghosh and
Pop (2003) under varying conditions. The MHD Couette flow with temperature
dependent viscosity and the ion-slip was investigated by Attia (2005b). Attia
(2005a} also examined the unsteady Couette flow with heat transfer considering
ion-slip while Ram (1995) studied the effect of Hall and ion-slip currents on free
convective heat generating flow in a rotating fluid. The unsteady hydromagnetic
Couette flow of a viscous incompressible electrically conducting fluid in a
rotating system in the presence of a uniform transverse magnetic field was

recently studied by 2.

2.1 TIME-DEPENDENT MHD COUETTE FLOW IN A
ROTATING SYSTEM WITH SUCTION/INJECTION!

In this Section, the motion of a viscous, incompressible and electrically

conducting fluid filling the gap between two infinite porous plates is considered.

An exact solution for the accelerated motion of the lower bounding plate is
formulated. Analytical solution of the governing equation is obtained by using
the Laplace transform technique. The analysis of the results obtained shows that

the primary velocity increases with increase in the suction/injection parameter

lJha and Apere (2011c) Published in
ZAMM - Journal of Applied Mathematics and Mechanics/Zeitschrift fiir Angewandte
Mathematik und Mechanik 91 832 (2011); doi: 10.1002/zamm.201000049
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while the secondary velocity increases in magnitude near the moving plate and

decreases in magnitude near the fixed plate.

2.1.1 Mathematical Analysis

A Cartesian coordinate system (x’,y,2') rotating about the Z-axis with an
angular velocity €' is introduced. The motion of a viscous, incompressible
and electrically conducting fluid filling the gap between two infinite porous
plates is considered. The two plates are located on 7-axis at distance # apart.
At time ¢ < 0, the fluid, the porous plates and the magnetic lines of force are
assumed to be at rest. When s > 0 the lower porous plate begins to move in its
own plane with a velocity Ut" where U is a constant and the upper plate remains
fixed. The fluid flows between the two porous plates in the x'-direction with a
uniform suction applied from above and injection from below and a uniform
magnetic field By acting perpendicular to the plates, the 7/-axis is assumed to be

normal to the porous plates (see Figure 2.1). Adding the Coriolis force and the

Figure 2.1: Schematic diagram of the model

Lorenz force to eq. (1.12), the basic equation governing the flow of the fluid in
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the present problem is as follows

g+(‘l7.V)'?+ZQ’tcxV:—%VP+VV2V+-;~I>< B. (2.1)
Since the porous plates are infinite, all physical variables except the pressure are
functions of z’ and  only. Integrating the equation of continuity eq. (1.5), we have
w! = wy, the constant wg representing the normal velocity at the plate is positive
for injection and negative for suction. The induced magnetic field is neglected by
assuming a small magnetic Reynolds number as shown in Pai (1962), therefore,
the uniform magnetic field Bis a constant B = (0,0, 8;) and is considered as the
total magnetic field acting on the fluid. The equation for the conservation of
electric charge V- J = 0, results to J= constant where J = (Lo s dysdzr).

In the case of vertical velocity, we immediately see that J; = 0. Thus, from eq.

{ 1.12 on page 7), we obtain
Jo =By and Jy = — o8 (2.2)

. Under these assumptions, the equations in the component form are obtained

W W ., oW o,

o g A = vam - @3
& ., I oB}

Gt gy H =V == v, (2.4)
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The initial and boundary conditions for the present problem are

W = vV=00<7<handt <0, (2.5)
W = U V=0ad=01>0
W = V=0, ad=h1>0.

Eq. (2.3} is valid when the magnetic lines of force are fixed relative to the fluid. If
the magnetic field is fixed relative to the moving plate, eq. (2.3) can be replaced
with

o’ du’ _ 0% oBj

't P ppont
—a~;+W08—zr—mV _VW—T(H Ut ), (26)

egs. (2.3) and (2.6) can be combined together to obtain

ou' du’ % oB? n
2 w20ty =Ly @7

where

K {0 when Bg ix fixed relative to the fluid

1 when By is fixed relarive to the moving plate

If we define the complex velocity ¢’ = i’ +iv' subject to the boundary conditions
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above; egs. (2.4) and (2.7) now becomes

aq aq
a_f -+ W’()a—z"r

d%¢ oB}
dz"

The initial and boundary conditions become

q’ = 0,0<7< handt <0,
g = Ut"at?=0,t>0;

0, ard=h1t>0.

RS
[

—2iQ0¢ =v— — > g — KUt).

(2.8)

29

Eq. (2.8) subject to the boundary condition (2.9) is the general representation of

the velocity distribution for the MHI» Couette flow between two infinite parallel

porous plates in a rotating system. Now we have to find the solution of eq. (2.8).

We have considered the uniformly accelerated movement of the lower plate

2.1.2 Solution of the Problem

Substitute n = 1 in eq (2.8) the equation reduces to

%4 % 2 —L—Hz( K7)
an T, T EIT gp T TR

37

(2.10)



The equation is subject to the following dimensionless initial and boundary

conditions

g = 0,0 <z<landn <0 (2.11)
g = fatz=0,7>0

g = 0, atz=1,n>0.

The dimensionless quantities used are as follows z =2 /h, ¢ = vqg'/(UR®), 1=
vi/R?, Ha® = Boh\/a/vp, €= v/QR,8 =hwy/V.
The solution of eq. (2.10) can be obtained using the Laplace transforms technique.

Define the following transform variables
d(z,s) -—-f 4(z,m)e dr, (s > 0) where s is the Laplace parameter,
0

and taking the Laplace transform of eq. (2.10) with the corresponding boundary
conditions (2.11) we obtain the following ordinary differential equation,
d*q _dg Ha’K

gz S =T @1

where m = Ha +2i/£. The boundary condition now becomes

G=s5s‘atz=0,and g=0arz= . (2.13)



The solution of (2.12) subject to the boundary condition (2.13) is

- _ oSsre e~ B e HAKSY | & e~8 g8 B e b8
§(z,5) = &* Eo( 52 §2 ) + m [HE_O (m(s+m) * 52 sm )
e e—ns e—ms e——ns Hang{Siz_'l)fll
B 2_;6 (m(s-i-m) 2 sm )] h m
oo e——c5 e-(.‘5 e—ﬂs o €~d6 e—dﬁ e—-da
% [Eo(rn(s+m)+ 2 sm )*Eo(m(5+m)+ £ sm )]
atk
+ — ] (2.14)

wherea=2n4+2, b=2n+2—-2, c=2n4+1—-z,d=2n+1+3z k=32/4+mand
6 =+vs+k.
We can then obtain the velocity distribution ¢(z,77) on inversion of the above

equation as

g(nn) = &2 ‘Z Lfi(n,a,k) = fi(n,6,k)] + A5 f [f2(n,b,k)
n=0 a=0

— A k)] +ASED2 Y (f(n,d,8) ~ fa(n,e. k)]

=0
+ Age® )oi (A(7.8.8) ~ fi(n,a,k)] + AgeSE 12
n=0
X i [fl(n’dik)_—fl(nrcik)] +43, (215)
n=0

where Ay, Az, A3 and the functionals f| and f, are set in Appendix I



2.1.3 Skin Friction

The primary and the secondary components of the skin friction can be obtained

from the following expression.

T =T, +iT,. {2.16)

7 is obtained by differentiating eq. (2.15) with respect to z and expressed in the

following form

%‘zf = eSz/z{ f: [A(n.a,k) - fr(n.b,k)] + % f [fi(n.a,k) mﬁ(ﬂ,b,k)]}
n=0 =0

+ Aleslr'z{ i [f4(nvb!k)_f4(n1a=k)] + g iu[fz(nabakJ —fZ(n‘la!k)]}

=0

o3

b ML T [ d k)~ fune )] + 5 Y [a(n.d b
n=()

n=(}

- fg(n,c,k)]}+AzeSd2{ fb[.ﬁ(n:blk) “'f3(n1a;k)] + 12"' i [fl(nsbsk)
n= n=0Q

- fl(n!alk)] } +A2‘-’{S(Z_I)/2{ Z [f3(n:d’k) —f3(7?=€:k)]

n=0

b3 Cn

i [fl(nad;k)“fl(f:f-“k)]}- (2.17)

n=0

Eq. (2.17) represent the general expression for the skin friction between different

layers of fluid flow within the channel. On the wall where fluid is being injected



into the channel (z = 0) we have the skin friction to be

3 i [£3(n,a1,k) ~ f3(n, b1, k)] + ):, [Ai(m,a5,k) - fi(n,b1,4)]
Z lz=0 a=0 n—*O
+ { f4 n, blyk) f4(7? ay J] +§ i [fz(n!bhk)_fZ(naa]:k)]}

n-0

+ Ane_m{ E [Fa(n,dy, k) — faln,c, k)] + E [A(n.d .k

n=0 u—O

- fz(n,c.,k>]}+Az{)°i Us(m,61,) — fa(m,a0,0)]

+ “E [f2(n.61,k) — f2(n1, a1, k) }+A2€ Sﬂ{ Z, fi(m,d1,k)

n—O

- f3(nscl!k)] + g Z [fl(nsdhk) _fl(tvclak)]}- (218)

n=0

where a4 = 2n, by = 2n+2 and ¢| = d|, = 2n+ . The functionals f5 and f; are
defined in the Appendix I.

while on the wall with suction (z =1}, we have

ot = e’“{go[fstr,az,k)—fs(r,bz,k)] +§5’; (a2, fie b))}
+ A[.:‘SH'Z{ i [f4(!,bz,k)——f4(t,ﬂ2,k)1 +§ i [fz(: by k) — fols az,k)]}
n=0 n=0
+ A1{i [fa(r.d2, k) — falt,c2.8)] + 1;
n=~0

f [f2(t,d2,k) -—fz(!,c‘z,k)]}
=0
+ AzeS/Z{ i [A3(0,62,k) — f3(t,a2,k)] + g i [A1(t,b2,&) — fi (I,az,k)]}

:[ =

+ Az{ Z [faltsda k) = fa{t e, k)] + = Z [i(2,d2,k) — fi(t,c2,k))] }2 19)

nO

whereags =ba=2n+ 1, cx=2nand &> =2n+ 2.

We can then obtain the primary and the secondary velocities and the associated
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skin friction components by separating the real and imaginary parts of the
complex equations obtained in equations (2.15), (2.18) and (2.19) using MATLAB,
The resultant skin friction is obtained by taking the absolute value of the axial 7,
and the transverse 1, skin frictions using MATLAB, the results are then computed

and are presented in Section 2.1.4,

2.1.4 Results and Discussion

In order to have a physical insight into the problem, we have written a MATLAB
programme to compute and generate the graphs for the primary and secondary
velocities and the associated skin frictions. The dimensionless parameters used
to analyse the fluid flow inside the channel are the suction/injection parameter
S, with the suction and injection applied simultaneously at the opposite porous
plates of the channel at the same rate, the Hartmann #Ha and the Ekman numbers
£. The different values of the dimensionless parameters used in calculations
are as follows: Ha = 1.0, £ = 1.0 and 1} = 0.4, except otherwise stated. Some
representative results are presented in the form of contour graphs in Figures
2.2-2.11 to interpret the effects of these parameters. A comparative analysis is
made when the magnetic field is fixed relative to the moving plate on the right
panels of the figures. Figures 2.2 and 2.3 show the profile of the primary velocity
u and the secondary velocity v respectively for various values of S.

The primary velocity decreases from its initial value at the boundary to

zero at the fixed porous plate through layers of different depths, while the
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magnitude of the secondary velocity first increases and then decreases to zero at
the upper fixed porous plate. It is observed that increasing injection result into
the enhancement of the primary velocity and the magnitude of the secondary
velocity, while suction tends to retard both components of the velocity. A
marginal increase in the magnitude of both the primary and secondary velocities
is noticed when the magnetic lines of force are fixed relative to the moving
plate on the (b) part of the figures. It can be deduced that both the primary
and the secondary velocities are sensitive to suction and injection. We set out
to study the flow behaviour at the middle of the channel (z = 0.5) towards the
different dimensioness parameters in Figures 2.4-2.9. The influence of £ over
Ha on the flow behaviour is presented in Figures 2.4 and 2.5. The primary
velocity is observed in Figure 2.4 to decay with suction as the magnetic field is
strengthened when K = 0 and increases with injection as the magnetic field is
further increased when K = 1. We noticed that for high values of Ha, the impact
of & on the flow field becomes negligible, the effect of S on the flow behaviour
eventually vanishes when Ha is large enough. The behaviour of the flow field
towards Ha is in consonant with earlier results obtained by 5ingh and Kumar
(1983) and Das et al. (2009}.

The combined effect of the S and £ on the flow behaviour is shown in Figures
2.6 and 2.7. It is noticed as expected in Figure 2.6a that £ has no significant effect
on the primary velocity when the magnetic field is fixed relative to the fluid but

when it is fixed relative to the moving plate in Figure 2.6b, it is interesting to

43



note that the Ekman number has an increasing effect on the primary velocity.
This phenomenon is due to the time-dependent motion of the magnetic field as
such phenomenon did not occur when magnetic lines of force are moving with
constant velocity in the impulsive case. Figure 2.7 reveals that the magnitude of
the secondary velocity reduces as the Ekman number and the suction/injection
parameter is increased. This can be explained physically; Ekman number is
inversely proportional to rotation and therefore an increase would result to a
reduction in rotation which predictably reduces the secondary velocity. We also
observed that as S is increased negatively (that is the system is subjected to more
suction), the effect of £ reduces and eventually disappears. It is observed in
Figure 2.8 that the primary velodty increases with time as S is increased while
the magnitude of the secondary velacity also increases with time for the two
cases under consideration (iefor X =0and K =1).

The resultant skin frictions on the two plates are presented in Figures 2.10
and 2.11. It is discovered that on both plates and irrespective of where the
magnetic field is fixed relative to, the resultant skin friction increases with
time. On the plate (z = 0) where injection takes place, the resultant skin friction
decreases as the suction/injection parameter is increased as shown in Figure 2.10
and approaches zero as § is further increased. On the stationary plate (z = I)
however, it increases with & for the two cases considered. It is noticed that
the skin friction on the plate (z = 1) vanishes as S is increased negatively. The

decrease in skin fricion is a contributing factor to the enhanced velocity noticed
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near the plate where injection of fluid takes place.
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Figure 2.2: Primary velocity u showing the effect of & with K = 0 and K = |
represented by a and b respectively with fixed values of Ha = 0.5, £ = 1,11 =04
where § € [-5,5)
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Figure 2.3; Secondary velocity v showing the effect of S with K = 0 and K = |
represented by @ and b respectively with fixed values of Ha —~ 0.5, = 1,7 =04
where § € [-5,5]
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Figure 2.4: Primary velocity u showing the effect of § and #a with K = 0 and
K = | represented by a and b respectively with fixed values of z = 0.5, £ = |,
n = 0.4 where Ha € [1.5]
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Figure 2.5: Secondary velocity v showing the effect of § and Ha with K = 0 and
K = 1 represented by a and b respectively with fixed values of z = 0.5, £ = 1,
n = 0.4 where Ha € [1,5|
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Figure 2.6: Primary velocity u showing the effect of § and & with K — 0 and
K = 1 represented by @ and b respectively with fixed values of z = 0.5, Ha = 1,
n =04 where £ € [1,5]

Figure 2.7: Secondary velocity v showing the effect of § and £ with K = 0 and
K = 1 represented by @ and b respectively with fixed values of z = 0.5, Ha = 1,
n = 0.4 where £ € {1,5]
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Figure 2.11: Resultant skin friction at the plate where fluid is being sucked (z = 1)
with K = 0 and K = | represented by a and b respectively with fixed values of
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2.2 COMBINED EFFECT OF HALL AND ION-SLIP
CURRENTS ON MHD COUETTE FLOW IN A
ROTATING SYSTEM?

We develop an exact solution for the MHD Couette flow in a rotating system
considering Hall and ion-slip currents. We consider the same physical situation
as in Section 2.1. However, the plates are impermeable and the electron-atom
collision frequency is assumed to be relatively high, so that the Hall and the
ion-slip currents effect cannot be neglected. The combined effect of Hall and
ion-slip currents gives rise to a velocity in the y'-axis. It is found that the influence
of the Hall and ion slip parameters have a retarding effect on the magnitude
of the secondary velocity especially when the magnetic lines of force are fixed
relative to the moving plate. It is also interesting to note that the presence of
Hall and ion-slip currents led to an increase in the time it took both the primary

and the secondary velocities to achieve their steady state values.

i

2.2.1 Mathematical Analysis

For the case under consideration w’ = 0. Recall the generalised Ohm's Law with

Hall and ion-slip currents from eq. ( 1.12 on page 7)

J:cr{V’xﬁo—ﬁH(.}xBo)+%§—&(Jng)><Bg (2.20)

0

Tha and Apere (2010a) Published in
J. Phys. Soc. Jpn. 79 104401 (2010); doi: 10.1143/JPS].79.104401



Under the assumptions given, we now have

Jy=oBy(xi +8V) (2.21)
Jy = C)'J[‘_f(].(_‘xv'r - ﬁrh‘f), {2.22)
where
_ 1+ B.f
= BB+ B 223)
B (2.24)

r= )
(1+B.B:)? + B
and f, = ofiyB; is the Hall parameter and fiz is the Hall factor. The
Navier-Stokes equations of motion in a rotating frame of reference under this

condition are

' , 2 gR?
jl} —20V = v% + —p—”—(xv’ — Bu) (2.25)
2.7 2

The initial and boundary conditions for the present problem are

= V=0,0&7<hand <0, (2.27)
= UV =0,ad=01>0
W = V=0,a7=h1>0
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Equations (2.25) and (2.26) are valid when the magnetic lines of force are fixed
relative to the fluid. If the magnetic field is also accelerated with the same
velocity as the plate, we must account for the relative motion. Thus, eqs. (2.25)

and (2.26) turn to

] 2.t 32

%*:_ 20y — v% -0~ 0w - KU) (2.28)
I 2.7 2

%}.— 2 = v% _ "T%[x(u* KUY+ V), (2.29)

where X is as defined in Section 2.1. If we define the complex velocity ¢’ =
' + iy’ subject to the boundary conditions above; equations (2.28) and (2.29) now

becomes

dy’ ol az‘?’ UB% : 68{2) . n
_87_2’9" =Vaz T(zs‘+:;c)q'+—p—(m-ex)w: : (2.30)

The initial and boundary conditions (2.27) also become

d = 0,07 < handt <0, (2.31)

g = Ufat?=0,1>0

M
I

0,atz =h,t>0.
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Equation (2.30) describes the general flow in that the initial motion of the moving
plate is given by a power law in the time variable. The equations are valid for
both cases of when the magnetic lines of force are fixed relative to the fluid
and when fixed relative to the moving plate. We are going to solve the above
equation for the impulsive motion of the moving plate which corresponds to

when # = 0in eq. (2.30).
2.2.2 Solution of the Problem
Using the following dimensionless quantities and setting » = 0 in eq. (2.30)

z=2/h, g=4' /U, 1 =vi/h®, Ha=Boh\/c/vp, £=v/Q¥h* Wenow have

g dq

_ 2 R \ - 2 :
32~ o [Ha* (B +ix) +2i/€] g = ~Ha"K (S +iy), (2.32)

subject to the following dimensionless initial and boundary conditions

q = 0,0<z<landn £0 (2.33)
q = larz=0,1>0

g = 0,atz=1,1n>0.

Taking the Laplace transform of eq. (2.32) with the corresponding boundary

conditions, we obtain the following ordinary differential equation



d’g _HaK(B +ix)

iz (m+s5)q= p (2.34)
where m = Ha®(9 +iy) +2i/€. The boundary condition now becomes
g=s'atz=0and g=0at z=1. (2.35)
The solution of eq. (2.34) subject to the boundary condition is
- _ VR e ke HaK(D+ix)
gzys) = S}E{,}(e e )+ 52
x |1— z(~l)"‘ [ee0 + e_d‘s] , (2.36)
k=0

where 8 = /m+s5,a=2k+2, b=2k+2 -z, c=k+z,and d =k+1 —z. We can

then obtain the velocity distribution ¢(z,77) on inversion of the above equation,

CI(Z-']) = iLfZ(nvasm)_fZ(nvbimJ] +A4e_mqi('"ljk[f5(nsfsm)
k=0 k=0
+ fS(n!d!m)] _A4E(_Uk[fZ(nsC’m)+f2(n!d=m)]
k=0
+ Ag(l—e™™M), (2.37)

where A4 and the functionals f2 and f; are setin the Appendix. The primary and
the secondary velocities are obtained by separating the real and imaginary parts

of the complex equations obtained in eq. (2.37) using MATLAB.

54



WERTEY
2w

,57- - 55

2.2.3 Skin Friction

The skin friction T is defined as gﬁzf, which is obtained by differentiating eq. (2.37)

with respect to z as

a - 3 :
r=29 2 [fa(n,a,m) — fa(n,b,m)] + Age™™7 E (—1)* [fs(n,e,m)
az far k=0

+ folmdm)] =AY (=D [fa(n,e,m) + fa(n,d,m)]. (2.38)
k=0

The axial z, and the transverse 7, skin frictions can be obtained by separating
the real and imaginary parts in equation (2.38) using MATLAB.

T="T%+iy (2.39)

Equation {2.38) represents the general expression for the skin friction between
different fluid layers within the channel. On the lower plate (z = 0) we have the

skin friction to be

= i [fa(m,a,m) ~ fal11,b1,m)) + Age™™" i(—l)k [fs(m.c1,m)

k=0 k=0

+ folmdim)] - As Y (= DF[fa(,com) + falmdi,m)],  (2.40)
k=0

where ¢y = 2k, by =2k +2, ¢ =k and d| = k+ 1. The functionals f5 and f; are

defined in Appendix I.
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while on the upper plate (z = 1), we have

T = %q = i [fa(n,az,m) — fa(n,b2,m)] + Age™™" i(—l)"{fe(n,cz,m)
dzlz=1 k=0 =0
+ fﬁ(n!dZ!m)] _Af-l z('_])k [f4(nv62$m) +f4(n;d2!m)]a {2-41)
k=0

wherea: =2k+ 1, b2=2k+ 1, c0=k+ 1 and ¢ = &,
The resultant skin friction is obtained by taking the absolute values of the axial

T; and the transverse 7, skin frictions.

2.2.4 Steady State

The expression for the steady state velocity ¢, is obtained by setting dq/dr in eq.

(2.32) to be zero. We now have the following ordinary differential equation:

dqy
dz2

—mg, = —Ha*K(D + i¥) (2.42)

The solution of the above equation with the boundary condition {2.33) yields,

e~ VMz _ o= VM(2-2) Ha*K (6 +ix) [l e~V | p=Vm(l=2)
+ —

#&) =37 - T ] (2.43)

The corresponding skin friction t; for the steady state is obtained by

differentiating equation (2.43} with respect to z

dz e 2vm i

o= 99 _ (e VM2 4 82} HaPK (S +ix) [e—ﬁz_ef

mz
| @9
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2.2.,5 Results and Discussian

In order to discuss the results, some numerical calculations are carried out
for the dimensionless velocities and the skin friction. The general expressions
for the velocity and the skin friction are given by eqs. (2.37), and (2.38). The
solution given in the equations are in complex form; so with MATLAB, one can
separate both the velocity and skin friction into real and imaginary parts and
then calculate the numerical values of the primary and secondary velocities and
the associated skin frictions. Contour and line graphs of the velocity profiles
and skin friction are presented in Figures 2.12-2.23 to reveal the influences of the
governing parameters. The value of the Ekman number £ is fixed throughout as
one in order to concentrate on the effect of the Hall and ion slip currents.
Figure 2.12 shows the effect of the Hall current in the presence of ion-slip
current on the primary velocity for fixed values of Ha = 35.0, £ = 1.0, r = 0.1
and B; = 5.0. From Figure 2.12a, the primary velocity u is observed to increase as
the Hall current increases when the magnetic field is fixed relative to the fluid
(K =0), the reverse is the case when the magnetic field is fixed relative to the
moving plate (K = 1}. In Figure 2.13a, the secondary velocity reduces as the
Hall current increases when K = 0, while for K = I, three distinctive regions
can be noticed. Near the moving lower plate, it is observed that v decreases
with an increase in the Hall parameter, while at the middle of the channel it

increase. A reversal of this trend is noticed as we move towards the stationary
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plate. Figure 2.14 and Figure 2.15 shows the effect of the ion-slip current on the
velocity profiles for fixed values of Ha =35.0,£ = 1.0, 1 = 0.1 and 8, = 10.0. The
effect of the ion-slip parameter on the primary veloicty as observed in Figure
2.14 is similar to the effect the Hall current have on the primary velocity as seen
in Figure 2.12. However, the secondary velocity v when the magnetic field is
fixed relative to the fluid (K = 0), is seen in Figure 2.15a to increase with the
ion-slip parameter close to the plate at z = ( {i.e the moving plate). As the ion-slip
parameter is increased further and close to the stationary plate, the effect of the
ion slip on the flow behaviour is reduced to the barest minimum. An opposite
behaviour is noticed when the magnetic field is fixed relative to the moving
plate (K = 1) as observed in Figure 2.15b.

The primary velocity « is seen in Figure 2.16 to increase with both the Hall
and the ion-slip currents when K = 0, while when X = 1, it decreases with both
Hall and ion-slip currents. The behaviour of the secondary velocity with respect
to Hall and ion-slip current is depicted in Figure 2.17. The ion-slip current is
a decreasing function of the secondary velocity at all times, the Hall current
behaves in a similar manner when XK = 0. However, the behaviour of the Hall
current towards the secondary velocity when K = 1 is somehow erratic, it reduces
with Hall current close to the moving plate until it reaches zero at the middle
of the plate and started increasing at the other half of the channel. Figure 2.18
shows that the primary velocity increases with time until it reaches its steady

state for both cases. However, the primary velocity is seen to attain its steady
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state quicker in the case when K = 0 than when K = 1. The secondary velocity
behaves in an opposite manner towards time as seen in Figure 2.19.

The influence of the governing parameters on the skin friction are presented
in Figures 2.20-2.23. The skin friction on the moving plate (z = 0} decreases with
increase in both the Hall and ion-slip parameters for fixed values of £ = 1, Ha =
35.0 and 11 =0.1 when K = 0 as seen in Figure 2.20a, while the opposite behaviour
is noticed in Figure 2.20b when K = 1. At the stationary plate (z = 1), we noticed
that when the magnetic field is fixed relative to the fluid (K = ) in Figure
2.21a, the skin friction tends to zero as both the Hall and ion-slip parameter are
decreased. However, the influence of the Hall and ion-slip parameter on the
skin friction on the stationary plate when (K = 1) is the same as when (K =0)
on the moving plate. Figures 2.22 and 2.23 reflect that the skin friction decreases
with time on both porous plates when magnetic field is fixed with respect to
the moving porous plate. Moreover, the skin friction decreases with time at the
moving porous plate when the magnetic field is fixed to the fluid while the role
of time is just contrast at the stationary plate. The skin friction when the magnetic
field is fixed relative to the moving plate is seen to behave in an exact opposite

manner to that of the accelerated motion studied by Jha and Apere (2012b).
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Figure 2.12: Primary velocity profile u showing the effect of Hall current in
the presence of ion-slip current with K = 0 and K = | represented by a and
b respectively with fixed values of Ha = 35.0, £ = 1.0, n = 0.1, f; = 5.0 and
B. € [1.0,10.0]

Figure 2.13: Secondary velocity profile v showing the effect of Hall current in
the presence of ion-slip current with K = 0 and K = I represented by a and
b respectively with fixed values of Ha = 35.0, £ = 1.0, n = 0.1, ; = 5.0 and
B € [1.0,10.0]
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Figure 2.14: Primary velocity « showing the effect of ion-slip current with K = 0
and K — | represented by a and b respectively with fixed values of Ha = 35.0,
£E=10,1=0.1,8.=10.0and B; € [1.0,5.0]
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Figure 2.15: Secondary velocity v showing the effect of ion-slip current with K =0
and K = | represented by a and b respectively with fixed values of Ha = 35.0,
£=10,n=0.1,p,=100and f € [1.0,5.0]

61



3 R G e = T \ — \ 7——19‘ \' g
o | N \_ \ “\ T Y * "
N\ b v% \\\ \0‘
N N ™ A \
. e e "\
} \ \ . ~
\ N\ ‘- ~ 5
. = \ . 4 a8
N (Y ™~ ~, -~
[ Ny \\ e A %
4 \ - Tl » 4
1 S > "\,‘ e h -
. ‘H‘\‘"
ahe Hk“*-& T i P
~— ~—
» T ——— —-—___ -
— 8 —
e %
£ . .
. (a) " (b)

Figure 2.16: Primary velocity u showing the effect of Hall current over the
ion-slip current with K = 0 and K = | represented by a and b respectively with
fixed values of z = 0.5, 7 = 0.1, Ha = 35.0and £ = 1.0

Figure 2.17: Secondary velocity v showing the effect of Hall current over the
ion-slip current with K = 0 and K — | represented by a and b respectively with
fixed values z = 0.5, 71 = 0.1, Ha = 35.0and £ = 1.0
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Figure 2.18: Primary velocity u showing the effect of time with K = 0 and
K = | represented by a and b respectively with fixed values of Ha = 35.0, £ = I,
Be = 10.0, B; = 5.0 and 1 € [0.01,0.15]

(a)

Figure 2.19: Secondary velocity v showing the effect of time with K = 0 and
K = 1 represented by a and b respectively with fixed values of Ha = 35.0, & = I,
n =04, B, = 100, = 5.0and 1 € [0.01,0.15]



Figure 2.20: The resultant skin friction at z = 0 showing the effect of Hall and

"

(b)

ion-slip parameter with K = 0 and K = | represented by a and b respectively

with fixed values of £ = 1, Ha = 35.0and n = 0.1

“(b)

Figure 2.21: The resultant skin friction at z = | showing the effect of Hall and
ion-slip parameter with K = 0 and K = | represented by a and b respectively

with fixed values of £ = 1, Ha = 35.0 and n = 0.1



(b)

Figure 2.22: The resultant skin friction at z = 0 showing the effect of Hartmann
number and time with K = 0 and K = | represented by a and b respectively with
fixed values of £ = 1, B, = 10.0, f; = 5.0 and 7 € [0.01,0.15]
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Figure 2.23: The resultant skin friction at z = | showing, the effect of Hartmann
number and time with K = 0 and K = | represented by a and b respectively with
fixed values of £ = 1, B, = 10.0, ; = 5.0 and 1 € [0.01,0.15)
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2.3 HALL AND ION-SLIP EFFECTS ON UNSTEADY MHD
COUETTE FLOW IN A ROTATING SYSTEM WITH
SUCTION AND INJECTION?

Despite the effects the integration of suction/injection, Haill and ion-slip
currents and rotation is known to have on MHD flow and their applications
in cosmical fluid dynamics and solar physics, the combined effects of these
parameters appears not to have been given adequate attention. With this fact
in mind, we have extended the approach of Section 2.2 to include the effect of
suction /injection in this section. However, the lower porous plate is stationary
in this case, while the upper porous plate is moving. From investigation, we
observed that fixing the magnetic field relative to the moving porous plate

always results into the phenomenon of backflow on the secondary velocity.

2.3.1 Mathematical Analysis

The fluid and the porous plates of the channel are in a state of rigid body rotation
about the 7'-axis with uniform angular velocity Q'. At time ¢ <0, the fluid, the
plates and the magnetic lines of force are assumed to be at rest. When ¢ > 0 the
upper plate (' = #) begins to move in its own plane with a velocity /1" where U
is a constant and the lower plate (7 = 0) remains fixed. The z-axis is assumed to

be normal to the porous plates. Then the equation of continuity, on integration

IJha and Apere (2011a) Published in
J. Phys. Scc. Jpn. 80 114401 (2011); doi: 10.1143/JP5].80.114401
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gives

w = constant = wj, (2.45)

where w/, is the normal velocity of suction or injection at the plate according as

w, < 0 or wj, > 0 respectively and wj, = 0 represents the case of non-permeable

plate. Under the assumptions made, the present problem which is a combination

of the physical situations in Sections 2.1 and 2.2 is governed by the following

equations:
du’ du’ %’  oh’ "
—aT—‘ZQFV’—FW;}‘a—Z—I = Va—z}-z—-f*—](;g[xvr—‘ 6(“’—KU! J] (246)
av rr 0V v GB{% s P '
§T+29u ‘f‘Woj‘z}*—V—a“z—Q——-T(x(u — KUt ]+19v]. (247)
The initial and boundary conditions for the present problem are
W V=0, art <0 0<Z<h (2.48)
W = 0,V=0 at>0and7=0
o U, V=0, att>0 andZ =h.

Defining a complex velocity ¢ = &' + i/, egs. (2.46) and (2.47) now becomes

g .
-—at——2qu’+w0

¢

dg
=V

a7

% o8}

2
-~ Ot + 9—}—?—@(13 Fig)KUP.  (249)
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The initial and boundary conditions also become

g = =0, at1<0 0<<h (2.50)
g = 0, art>0and 7 =0

g = Ut", at1>0 and7 =h.

We are set out to determine the solution for the impulsive motion where n = 0.

2.3.2 Solution of the Problem

Using the same dimensionless quantities used in Section 2.2 and S as defined in

Section 2.1, we now have

99 | 94 208 4 iy 2 2i] 0 = O 1 2g2 -
3n +5az + [Ha? (O +ix) +2iQ) g = 32 + Ha’K(O +iy). 2.51)

The corresponding initial and boundary conditions of the differential equations

are

g = =0, aan<0 0<z<1 (2.52)
g = 0, aan>0andz=0

g = L, an>0 andz=1.



Applying the Laplace transform, we obtain the following ordinary differential

equations

d%g . HPK(O+ix)
d—zz_.s (m+s]q————s—, (2.53)

where m = Ha?(3 + ix) + 2iQ. The boundary condition now becomes

F=0atz=0,andg=s" arz=1. (2.54)

The solution of eq. (2.53) together with the boundary condition (2.54) is

i eS@-1)/2 e=8(1-2) _o-8(143) 1 HG2K(B +
Q[Z,S) = [ ]+ ( 2’)

5 s(m+s)

X

[1_€S(z-l]_{2(e_ s
| —e-

~8z _ p=8(2-2)
—— )]

eSz/z(e —— {2.55)

Using the series expansion for (1 —e72%), eq. (2.55) can be written in the following

form
g(z,5) = &b SJ‘EZ( Ha 2K(B +ix)e )2
- _’:;) Y I -bsm 2 ) 52/2
< |5 Gem f+m)',,§,[es e
< L LG
2 .
+ Ha K('f"l-:x)(%;s—:m)’ (2.56)
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where § = Vs +k k=82/4+ma=142n—2,b=14+2n+z,c=2n+z, andd =
2+ 2n— z. We can then obtain the velocity distribution ¢(z, 7} on inversion of the

above equation as:

g(zn) = e‘g(“wzi[fv(n,a,k)—fv(n,b,k)}+AeS(z-'}f2

n=0

x ¥ {e ™ Uptmak) = f2(nb.0) ~ f(n,0,k) = fr(n.b, )]}

r=()

£ AeSY Lm0 - fr(n,d,0)

a=0

— 1o k) - fi(md, k)] } +Ag(L - e, (257)

where
? .
Ag = Ha'K(B+iY) (2.58)
m
and the functional f7 is defined as
Filx,x,x3) = l[exp(xg\/ﬁ)erfc( 2+ VEI%3)
e 2 ) 23
+ exp(—xg\/x_g)erfc(% — \/’x|x3)].

2.3.3 Skin Friction
The skin friction can now be calculated. This is given by

dg du dv

-a—z—'[—'g'z'-l"la—z. (259)
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It is obtained by differentiating eq. (2.57) with respect to z and expressed in the

following form

-] S o0
‘;—‘j = SEORLY [finak - fkinb o] +5 L [Hnak) - finb6.0]}

a=0 =0

A8V 0 k)~ fole,b, )] - ((ilanb) — (e, )]
n=0

o«
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where the functional f3 is

Jelxi,m,x3) = %[\/x_gexp(xz\/.ﬁ)erfc( X2 + /x1x3)

2%
- VEep(-nyEette(5 1 - vFi)
2 -x3
- \/ﬁexp(Tz —xtxs)]-

Equation (2.60) represents the general expression for the skin friction between
different layers of fluid flow within the channel. The skin frictions at the upper
plate and that at the lower plate can then be obtained by substituting z = | and
z == 0 respectively in eq. (2.60).

The primary and the secondary velocities and the associated skin friction
components are obtained by separating the real and imaginary parts of the
complex equations obtained in egs. (2.57) and (2.60) using MATLAB. The
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resultant skin friction is obtained by taking the absolute value of the axial and
the transverse skin friction, the results are then computed and are presented in

Section 5. The real part of eq. (2.60) is 7, (%—f,_‘) while the imaginary part is 7, (g—: .

2.3.4 Steady State

Following the same approach as in Section 2.2, we obtain the steady state

equation to be

dzq‘v d‘h 2 .
Tz ?z—-—mqs=—?{a K(®+iy). (2.61)

Equation (2.61) is solved with eq. (2.52) to obtain the steady state velocity thus
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The numerical results of eq.(2.62) is found to be in excellent agreement with that

of eq (2.57) when the value of 7 is large.

2.3.5 Results and Discussion

In order to study the effects of Hall and ion-slip currents and suction/injection
on the flow field, the velocity profiles for the primary u and the secondary v

flows are drawn for various values of rotation parameter £, suction/injection



parameter S and Hall 8, and ion-slip §; parameters in Figures 2.24-2.31. Itis
shown in Figure 2.24a that « decreases with increase in £ when K = 0. However,
in Figure 2.24b, the opposite trend is noticed when z < 0.4, after which u is
again observed to decrease with an increase in . The secondary velocity is
seen in Figure 2.25 to increase in magnitude with Q. This is expected as v is as a
result of coriolis force. It is interesting to note in Figure 2.25b that a backflow
occurs for small values of the Q when the magnetic field is fixed relative to the
moving porous plate. Figure 2.26 depicts the effect of S on u. We observe that
for suction, 4 increases with &, while for injection it decreases with an increase in
the value of 8. This behaviour is consistent for both K = 0 and K = 1. In Figure
2.27, v increases in magnitude with an increase in S for suction and decreases in
magnitude for injection. It is however observed in Figure 2.27b that fixing the
magnetic field relative to the moving porous plate results into the occurrence
of a backflow. The primary velocity is noticed in Figure 2.28a to increase with
increase in 3, when the magnetic field is fixed relative to the fluid, however, a
decrease in u as a result of an increase in 3, is noticed when the magnetic field is
fixed relative to the moving porous plate.

In Figure 2.29 it is seen that v increases in magnitude as the B, is increased
when K = 0, although, the effect of the 8, is seen to be negligible close to the
moving porous plate. For K = 1 in Figure 2.29b, v decreases in magnitude as
B is increased while the effect of f3, is observed to be insignificant close to the

stationary plate. The phenomenon of backflow is also observed in Figure 2.29b.
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Figure 2.30a shows that u increases with an increase in f§; for K — 0 and decreases
with it when K = 1. A decrease in the magnitude of the v is noticed in Figure
2.31a as f, is increased while the opposite behaviour occurs when K — 1 in Figure
2.31b with a backflow everywhere within the channel. Although not shown, it
is observed that it took both # and v a longer time to achieve their steady state
values in the presence of Hall and ion-slip currents and suction /injection.

The absolute skin friction 7 at the two plates are presented in Figures 2.32-2.35.
The skin friction on the stationary plate (z=0) is shown in Figure 2.32. It is
observed in Figure 2.32a that the 7 increases with B.. It also increases with §; for
small values of B,, but as the value of f, is further increased, t is seen to decrease
with increase in the value of §;. However, when K=1 as shown in Figure 2.32b,
7 decreases steadily with both f, and ;. On the moving porous plate (z = 1),
decreases with both , and f when K = 0 as seen in Figure2.33a, although, the
effect of B is seen to wane as the value of §, get bigger. Figure 2.33b depicts the
behaviour of T when K — 1, the figure shows that for small values of f§; (< 0.4),
t increases with 3, but as the value of f; is increased further, a decrease in the
value of 7 is noticed at small values of fi,. Further increase in i, however leads
to a reverse behaviour. The response of 7 to time and the suction/injection
parameter S is depicted in Figures 2.34 and 2.35. In Figure 2.34a, we observe on
the stationary plate (z=0) that for suction, an increase in S leads to an increase in
T while for injection it leads to a decrease in 7.

It is also noticed that when n < 0.25, 7 decreases with time, but the effect
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of time on 7 is observed to dissappear soon after. In Figure 2.34b, t increases
with time for a while, and thereafter the effect of time remains constant. The
effect of time on T when K = 0 on the moving porous plate is almost constant
throughout the channel as seen in Figure 2.35a, though a marginal decrease at
very small time is noticed. The skin friction however increases with increase in
§ for injection and decreases for suction for both K = 0 and K = 1. It is however
interesting to note the reaction of t with respect to time when K — 1;at n < 0.2,
T decreases with time and between 0.2 < 11 < 0.3, 7 is observed to increase with
time and from this point onwards the effect of time remains constant. In order
to assure the existence of backflow, the graph of 7, is plotted against § as a
function of ff; in Figures 2.36 and 2.37 for z = 0 and z = | respectively. We noticed
that positive values of t, is obtained on the moving porous plate (z = 0), which

actually confirms the existence of a backflow for the secondary velocity.

Figure 2.24: Primary velocity profile u showing the effect of rotation parameter
with K = 0 and K = 1 represented by a and b respectively with fixed values of
S =05, Ha=100,17=0.1,B=50and f - 1.0
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Figure 2.25: Secondary velocity profile v showing the effect of rotation parameter
with K = 0 and K = 1 represented by a and b respectively with fixed values of
S§=0.5,Ha=10.0,n=0.1, Be=50and B = 1.0
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Figure 2.26: Primary velocity u showing the effect of suction/injection parameter
with K = 0 and K = I represented by a and b respectively with fixed values of
Ha=100,2=2.0,n=0.1,8,=50and §; = 1.0
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Figure 2.27: Secondary velocity v showing the effect of suction/injection
parameter with K = 0 and K = | represented by a and b respectively with fixed
values § = 0.5, Ha= 10.0and Q = 2.0,n = 0.1, ., =50and B, = 1.0

T8z 83 64 ¢:n P I TR TR (b)

Figure 2.28: Primary velocity profile ¥ showing the effect of Hall current in
the presence of ion-slip current with K = 0 and K = | represented by a and b
respectively with fixed values of § = 0.5, Ha = 10.0,Q=2.0,7=0.1, B, = 1.0



Figure 2.29: Secondary velocity profile v showing the effect of Hall current in
the presence of ion-slip current with K = 0 and K = 1 represented by a and b
respectively with fixed values of § = 0.5, Ha = 10.0,Q =2.0,n = 1.0, ; = 1.0

Figure 2.30: Primary velocity profile # showing the effect of ion-slip current with
K =0and K = | represented by a and b respectively with fixed values of § = 0.5,
Ha=100,Q=2.0,1=0.1,8 =50and f = 1.0
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Figure 2.31: Secondary velocity profile v showing the effect of ion-slip current
with K = 0 and K = 1 represented by a and b respectively with fixed values of
S=0.5Ha=10.0,Q=2.0,1=10,B =50and f; = 1.0

L] " 7 s "- " . a5 ‘(a}
Figure 2.32: The resultant skin friction at z = 0 showing the effect of Hall and
ion-slip parameter with X = 0 and K = | represented by a and b respectively
with fixed values of § = 0.5, Ha = 10.0, Q = 2.0 and np = 0.1



Figure 2.33: The resultant skin friction at z = | showing the effect of Hall and
ion-slip parameter with K = 0 and K = | represented by a and b respectively
with fixed values of S = 0.5, Ha = 10,0, Q = 2.0 and 1 = 0.1

Figure 2.34: The resultant skin friction al z = 0 showing the effect of time and &
with K = 0 and K = | represented by a and b respectively with fixed values of
Ha=10.0,Q=2.0p.=50and f = 1.0.
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Figure 2.35: The resultant skin friction at z = | showing the effect of time and §
with K =0 and K = | represented by a and b respectively with fixed values of
Ha=100,Q=2.0p,=50and ;= 1.0.
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Figure 2.36: The secondary skin friction at z = 0 showing the effect of §, and S
with K = | and fixed values of Ha = 10.0,n =0.1,Q =20and f, = 5.0.
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Figure 2.37: The secondary skin friction at z = 1 showing the effect of fi; and §
with K = | and fixed values of Ha = 10,0, n = 0.1, Q2 = 2.0and B, = 5.0.
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2.4 PARTICULAR CASES

a. In the case of impermeable plates i.e. § =0, the results of Section 2.3 are

reduced to that of Seth et al. (2011).

b. In the absence of Hall and ion-slip currents i.e 8, = 0, §; = 0, the result of

Section 2.3 are reduced to that of Section 2.2 (Jha and Apere 2010a).

¢. In the case of a impermeable plates and in the absence of Hall and ion-slip
cutrents i.e S =90, B, =0, i =0 and K = 0, the results of Section 2.3 are

reduced to those obtained by Das et al. (2009).

d. In the casc of impermeable plates and in the absence of magnetic field i.e
S =0, Ha =0 and K = 0, the results of Section 2.3 are reduced to those

obtained by Guria et al. (2006).

e. In the case of non-permeable plate and in the absence of Hall and ion-slip
currents and rotation i.e. $ =0, 8, =0, f; = 0 and Q = 0 respectively; the
results of Section 2.3 are reduced to those obtained by Singh and Kumar

(1983).

2.5 CONCLUDING REMARKS

The unsteady MHD Couette flow of a viscous incompressible electrically
conducting fluid between parallel plates in a rotating system is considered. Three

problems have been discussed in this Chapter, the first is the time-dependent
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MHD Couette flow with suction/injection, while the second is the combined
effect of Hall and ion-slip currents and the last problem took into consideration
the effect of suction/injection, Hall and ion-slip currents. It has been observed
that injection has an increasing effect on both the primary velocity and the
magnitude of the secondary velocity while suction has the opposite effect. It
is fascinating to note that the Ekman number has an increasing effect on the
primary velocity when the magnetic lines of force are fixed relative to the moving
plate; this is due to the time-dependent motion of the magnetic field. An increase
in injection leads to a decrease in the resultant skin friction on the plate with
injection, while it increases on the plate with suction, suction has the opposite
effect on the flow behaviour. It is observed that the effect of both the Hall and
ion-slip parameters is to increase the primary velocity and reduce the secondary
velocity.

The resultant skin friction on the moving plate decreases with increase in
both the Hall and ion-slip parameters when the magnetic field is fixed relative
to the fluid, while the opposite behaviour is noticed when the magnetic field
is fixed relative to the moving plate. On the stationary plate however, the skin
friction increases with both the Hall and ion-slip currents when (K = (), an
opposite behaviour is observed when (K = ). We also observed that fixing
the magnetic field relative to the moving porous plate always results into the
phenomenon of backflow on the secondary velocity due to the presence of the

Hall and ion-slip currents.
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CHAPTER 3

MHD COUETTE FLOW IN AN ANNULUS

The analysis of the fully developed laminar MHD flow in an anniular channel
by Globe (1959) is believed to be the first MHD flow problem in an annulus.
Jain and Mehta (1962) extended the problem by imposing suction/injection on
the walls. An exact solution of electrically conducting viscous incompressible
flow in an annulus with porous walls under an external radial magnetic field
was obtained by Nandi (1973). Antimirov and Kolyshkin (1984) studied the
unsteady MHD flow in an annular channel with radial magnetic field while
Takhar et al. (1989) examined the stability of MHD Couette flow in a narrow
gap annulus. The flow of an electrically conducting fluid through a channel or a
circular pipe in the presence of a transverse magnetic field is encountered ina
variety of applications such as MHD generators, pumps, accelerators, and flow
meters. The annular geometry is also widely employed in the gas cooled nuclear
reactors in which the cylindrical fissionable fuel elements are placed axially in
vertical coolants channel within the graphite moderators and the cooling gas
is flowing along the channel parallel to the fuel elements (Singh et al. (1997))
and also in drilling operation of oil and gas well. Makinde et al. (2009) studied

the steady, axisymmetric, MHD flow of a viscous, Newtonian, incompressible,
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electrically-conducting fluid through an isotropic, homogenous porous medium
located in the annular zone between two concentric rotating cylinders in the
presence of a radial magnetic field. The unsteady MHD generalized Couette flow
and heat transfer characteristics of a reactive variable viscosity incompressible
electrically conducting third grade fluid in a channel with asymmetric convective
cooling at the walls in the presence of uniform transverse magnetic field was
investigated by Makinde and Chinyoka (2011).

The first aitempt fo study the laminar flow in a uniformly porous rectangular
chanrel is believed to be that of Bearman (1953); where he showed that a solution
for the flow between porous plates with constant and equal suction at both walls
could be obtained by assuming that the velocity component normal to the walls
was independent of the distance along the channel. Bearman (1958) extended his
investigation to the annular space by considering the Navier-Stokes equations
for the case of steady state in an annulus with porous walls assuming constant
influx through one wall is equal to the efflux through the other. Folllowing
Berman's pioneering effort, many other authors has investigated laminar flow
in a porous annulus.

Mention can be made of the work of Wang (1971) who extended Bearman’s
work to the case of the pulsating flow in a porous channel (between parallel
walls) and for the corresponding problem in a porous annulus, Banks and
Zaturska (1992) studied theoretically the axisymmetric flow of a viscous fluid

through a porous annular pipe with constant and equal fluxes through each
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pipe wall; while Zaturska and Banks (1995) studied the axisymmetric flow of
a viscous fluid through a porous pipe driven by suction at the pipe wall. They
investigated the temporal stability of known exact similarity solutions of the
Navier-Stokes equations for various values of the Reynolds number and stable
and unstable parts of the solution branches are delineated. Verma and Bansal
(1969) investigated the laminar flow in an annulus with porous walls of different
permeability.

The analytical solutions of the equations of motion of a Newtonian fluid for
the fully developed laminar flow between two concentric cylinders when an
oscillating circumferential pressure gradient is imposed (finite gap oscillating
Dean flow) was presented by Tsangaris et al. (2006). Tsangaris and Vlachakis
(2007) extended the problem to the case when the walls of the cylinders are
porous. A general review of the exact solutions of the Navier-Stokes equations
including those with porous boundaries can be found in the articles of Wang
{1989, 1991). All the aforementioned works does not consider the situation where
either one or both cylinders are rotating. The flow of viscous fluid in the annular
gap between two rotating cylinders is normally referred to as Taylor-Couette
flow.

Taylor (1923) showed that when the angular velocity of the inner cylinder
15 increased above a certain threshold, Couette flow becomes unstable and a
secondary steady state characterized by axisymmetric toroidal vortices emerges,

this phenomenon is known as Taylor vortex flow. Further increase in the angular
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velocity of the cylinder result into the system undergoing a progression of
instabilities which lead to states with greater spatio-temporal complexity, with
the next state being known as wavy vortex flow. If the cylinders rotate in different
directions then spiral vortex flow arises. Beyond a certain Reynolds number
there is the onset of turbulence. The study of fluid flow in a rotating annulus
is very important, because of its many application in electrical, mechanical and
nuclear engineering field and other related fields.

The applications of the rotating annulus is found in rotating extractors,
rotating membrane filters, co-axial rotating heat pipes, cylindrical bearings,
rotating power transmission systems and drilling operation of oil and gas wells
etc. (Sukumaran et al. (2010)). The transient flow in a rotating porous annulus
due to suction at the walls was investigated by Aruna Prasad and Venkatasiva
Murthy (1991). In their study, they use the Brinkman's law to represent the
fluid motion and obtained exact solution of the unsteady flow using the Laplace
method. Dizaji et al. (2008) studied the flow field of a third grade non-Newtonian
fluid in the annulus of rotating concentric cylinders in the presence of magnetic
field and obtained numerical solutions using the finite difference method. The
same problem was treated by Ellahi et al. (2009); albeit analytically with and
without magnetic field. Flow fields in an annulus between two rotating cylinders
with a porous lining have also been numerically examined by Subotic and Lai
(2010). They assume in their study that the outer cylinder is stationary while the

inner cylinder is rotating with a constant angular speed. Survey of literatures on
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the annulus problem revealed that there are few works that address flow problem
in the annulus of two rotating concentric porous cylinders in the presence of

magnetic field.

3.1 UNSTEADY MHD COUETTE FLOW IN AN ANNULUS:
THE RIEMANN-SUM APPROXIMATION APPROACH!

The unsteady MHD Couette flow of a viscous incompressible electrically
conducting fluid between two concentric horizontal cylinders of infinite
length have been analysed when the outer cylinder has been set into
uniform accelerated motion. A unified closed form expressions are derived
corresponding to the cases of the magnetic field fixed relative to the fluid or to
the accelerated outer cylinder. The well known Laplace transform technique is
applied to solve the time-dependent governing equations, while the method of
Riemann-sum approximation is employed to invert the Laplace domain to the
time domain in order to obtain the velocity and the skin friction. The variations
of the velocity and the skin friction with respect to the Hartmann number and

time have been discussed.

3.1.1 Mathematical Analysis

We consider the motion of a viscous, incompressible and electrically conducting

fluid filling the gap between two horizontal concentric cylinders of infinite

Tha and Apere (2010b) Published in
J. Phys. Soc. Jpn. 79 124403 (2010); doi: 10.1143/JP°5].79.124403
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length. The inner and the outer cylinders have radii « and b respectively. The
motion of the fluid is due to the sudden movement of the outer cylinder in the
presence of magnetic field acting perpendicular to the flow direction. The Z'-axis
is assumed to be on the axis of the cylinders in the horizontal direction and
Y-axis is on the radial direction. At time 1 <0, the fluid and the cylinders are
assumed to be at rest, when ¢ > 0 the outer cylinder is set into motion with a
velocity Ut" where U is a constant and the inner cylinder remains at rest. All

physical variables are functions of +* and .

(3.1)

?E— ﬂ,’_li{ _ﬁ’
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Eq. (3.1) is valid when the magnetic field is fixed relative to the fluid. If the
magnetic field is fixed relative to the moving cylinder, Eq. (3.1) can be replaced

with
o % 194 oB
ﬁz\?[W—F;’-'B?} —‘p—O{H’—UI") (32)
Egs. (3.1) and (3.2) can be combined together to obtain

gt~ o ror

2
} - 9—‘?(“’ — KU, (3.3)
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where

0 when By i fived relative o the [fluid
K= {

| when By is fixed relative to the moving cylinder

The initial and boundary conditions for the problem are

¥ = 0,as<r<bandr <0, (3.4)
W = 0,ar=a:t>0
W = UM et =bt>0,

The flow described by eqs. (3.3) and (3.4) is the general representation of
the velocity distribution for the Couette flow between two infinite concentric
cylinders of any conducting medium due to the movement of the outer cylinder.
In order to analyse the specific flow profiles, we have considered the case when

a = 1, which correspond to the accelerated motion.

3.1.2 Solution of the Problem

Introducing the following dimensionless quantities;

r=rja, u=u'v/Ua®, n=vi/a?, Ha=Bya\/a/vp and ¢ =b/a
where Hu is the Hartmann number and ¢ and b are the radii of the inner and the

outer cylinders respectively and ¢ is the annulus dimension ratio and is fixed as
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2 in this problem. Eq. (3.3) can then be written in dimensionless form as

du la_u

A B TN ¥ o Y
3= 9R Trar e lu—Kn) 35)

subject to the following dimensionless initial and boundary conditions

g = 0, 1<r<¢gand n <0, (3.6)
u = Gar=1,1n1>0

¥ = nmatr=g,n>0

Taking the Laplace transform of Eq. (3.5) with the corresponding boundary

conditions (3.6). Eq. (3.5) then become

HalK
s

d’z  1di
dart ' rdr

(s+Ha*)ia=— (3.7)

The solution of eq. (3.7) which is a Bessel equation under the modified boundary
condition (3.6) is
Ha’K

&(r,5) = Culo(8r) + CoKo(8r) + - (3.8)

wherte
0 =vs+Hat (3.9)

2
Ko(8) _ Ha’k [Ko(8¢) — Ka(8)) (3.10)

N T ¥or:
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1(6)  Ha’K
€= BC) 4 ZLe5 10(65)) ~ 1o(8) @11)

B = Ko(86)1o(8) — fp{5) Ko(8). (3.12)
Using the Riemann-sum approximation for the inversion of Laplace transtorm,

eq. (3.8} can be inverted to the time domain as follows:

e |1 N ikm .
ulrm) =g |38n N +Re Ll y+ 2= | (3.13)

3.1.3 Skin Friction

The skin friction 7 is defined as 9%, it is obtained by differentiating eq. (3.13)

with respect to ras

¥ N ik
T=§=% SE{nY) +Re Y m(ny+ %)(—1)"], (3.14)

where

i (ns) =[C11(8r) - CK\(81)]8. {3.15)

Eq. (3.14) represent the general expression for the skin friction between different
fluid layers amidst the two ¢ylinders. The skin frictions at the outer surface
of the inner cylinder (r = 1} and that at the inner surface of the outer cylinder

{r =2) can then be obtained from eq. (3.14).
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3.1.4 Results and Discussion

In order to understand the effects of the Hartmann number Ha and time 7
in the problem, a MATLAB programme is written to compute and generate
the graphs for the velocity and the skin friction. The velocity profiles and the
skin-friction have been discussed by assigning numerical values to the two
parameters. Figure 3.1 shows the velocity profiles against » (which is on the
radial direction). It depicts the effects of Ha on the velocity. It is observed in
Figure 3.1a that the velocity decreases with increasing Ha when the magnetic
field is fixed relative to the fluid (K = 0) and in Figure 3.1b increases when fixed
relative to the moving outer cylinder (K = 1). The velocity is also observed
to increase exponentially from the outer surface of the inner cylinder until it
reaches its maximum value at the inner surface of the outer cylinder.

Figure 3.2 shows the effect of time 1 on the velocity against r when Ha — 0.3,
while Figure 3.3 is depicted for the value of Ha = 4. It is obvious from the figures
that as time moves on, the velocity shows a significant increase in its value
and also increases steadily until it reaches its equilibrium value. It can also be
seen that the effect of fixing the magnetic field to either the fluid or the moving
cylinder is very pronounced and distinct at high values of #a as shown in Figure
3.3 as this is not the case in Figure 3.2 when Ha = 0.3. The behaviour of the
velocity inside the annulus is similar to that of the channel as earlier studied by

Singh et al. (1994).
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The skin-friction T against Ha is presented in Figures 3.4 and 3.5. In Figure
3.4a, we see that increasing 1) results to an increase in 7 at the outer surface of
the inner cylinder when K = 0, while an increase in Ha lead to a decrease in
the value of 7. However, when K = | as shown in Figure 3.4b, 7 is observed to
increase steadily with both time and the magnetic field. Similarly, on the inner
surface of the outer cylinder, 7 increases with both time and magnetic field as
illustrated in Figure 3.5a when K = 0, but for the case of K — 1, it is noticed that

although 7 increases with time, it was found to decrease with the magnetic field.

Figure 3.1: The velocity profile « showing the effect of Ha with K =0 and K = |
represented by a and b respectively and 1 = 5.0.
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Figure 3.2: The velocity profile « showing the effect of 7 and K = 0 and K = [

represented by a and b respectively with #a = 0.3.
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Figure 3.3: The velocity profile u showing the effect of n and K =0 and K - |

represented by a and b respectively with Ha = 4.
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Figure 3.4: The variation of the skin friction with 1 at the outer surface of the
inner cylinder (r = 1) with K =0 and K = | represented by a and b respectively.
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Figure 3.5: The variation of the skin friction with 7 at the inner surface of the
outer cylinder (r = 2) with K = 0 and K = | represented by a and b respectively.




3.2 MHD COUETTE FLOW IN AN ANNULUS HAVING
RAMP MOTION OF INNER CYLINDER?

A semi-analytical solution for the unsteady MHD Couette flow of a viscous
incompressible electrically conducting fluid between two concentric horizontal
cylinders of infinite length whose inner cylinder is moving with ramp moticn is
presented in this Section. Unified closed form expressions are derived for the
velocity and the skin friction corresponding to the cases of the magnetic field
being fixed relative to the fluid or to the moving inner cylinder. The combination
of the Laplace transform technique and the Riemann-sum approximation
method have been used to solve the time-dependent governing equations. The
variations of the velocity and the skin friction with respect to the Hartmann

number and time have been discussed.

3.2.1 Mathematical Analysis

The same model in the previous section is still being considered. However, in
this section, the fluid flow is induced by the inner cylinder which is set into ramp
motion with a velocity U f(t) where U is a constant having the dimension of
velocity and the outer cylinder remains at rest. Since the cylinders are of infinite
length and the flow is fully developed, all physical variables are functions of v/

and r. Under these assumptions, the mathematical model governing the problem

2Under consideration in
Applied Mathimatical Letters

98



is given as

2.4
31:'=V[8u 1auf]_c_ag,_ 3.16)

EIARM TTCREF ) e
Eq. (3.16) is valid when the magnetic field is fixed relative to the Auid. If the

magnetic field is fixed relative to the moving cylinder, eq. (3.16) can be replaced

with

o' [  1dd] oBE

j—v[mﬁ"?w] —T[u —Uf(!)] (3.17)
Egs. (3.16) and (3.17) can be combined together to obtain

o' [32u’ t i

- + B 1 — K (3.18)
5= [t g ks -

where

4] when By is fived relative to the fluid
K= {

i when By is fixed relative te the moving cy.l’mder‘

The initial and boundary conditions for the problem are

W = 0, a<r/<bandt <0, (3.19)
W = Ufith, atr =a,1>0,

W = 0,/ =b1t>0.
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where f(t) is defined as

& ar <
w={"

@ g

Therefore

76y = £H(0) - %(: o)l (t - 10),

where H(t) is the unit step function.
Introducing the following dimensionless quantities in eqgs. (3.18) and (3.19);
r=rja, u=u{U, §1=vt/a% to=viy/a®, Ha=Bna\/c]vp and ¢ = b/a.

We now have

du u |ou 2
E =372 + T3 —Halu—Kf(n)] (3.20)

subject to the following dimensionless initial and boundary conditions

u = 0, 1<r<gandn €0, (3.21)

u = fm),ar=1,n>0;

u = 0,atr=¢,n1>0

where

_n Yn _
f(n)—nOH(n) Tm(n o) (N — ng).
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Using the Laplace transforms technique, eq. (3.20} then becomes

2= -
i;—;; + %% —~(s+Ha)i = —Ha*K f(s), (3.22)
where
_ 1 1-exp(=sno)
flo)= - [——]

The solution of eq. (3.22) which is a non-homogeneous Bessel equation is

Ha’K f(5) -

i(rs) = Cilo(6r) + CrKo{8r) + D

(3.23)

Using the boundary condition eq. (3.21), C| and C; are obtained as follows:

K()(gﬁ) Ha’K

C = "f(&‘)T‘l'f(SJ 8,52 [Ko(8g) — Ko(0))] (3.24)
2
€2 = 1168 - sy X t(35) - (63, 325)
where
§= Vst Ha (3.26)
and
Bi = 1o(6¢5}Ko(8) — Ko(85)1(8). (3.27)

Using the Riemann-sum approximation for the inversion of Laplace transform,

~ 580025 o
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eq. (3.23) can be inverted to the time domain as follows:

N i
u(r,n}:%q— %ﬁ(r,y)+RetZ’la(r,y+ %r-)(_])k . (3.28)

3.2.2 Skin Friction

The skin friction 7 is defined as %‘5, it is obtained by differentiating eq. (3.28)

with respect to r as

_au

T_ar

N -
L +Re Y a(ny+ EE) -1y (3.29)
n |2 =l n

where

a(r,5) = 8[C1 | (8r) — C2K  (67)). {3.30)

Eq. (3.29) represent the general expression for the skin friction between different
fluid layers amidst the two cylinders.The skin frictions at the outer surface of
the inner cylinder (7)) and that at the inner surface of the outer cylinder (7;) can

then be obtained by substituting » = 1 and r = 2 respectively in eq. (3.29).

3.2.3 Mass Flux

Another very important quantitity for this problem is the non-dimensional mass

flux. These is defined by the following:

3
0=2n fl ra(r,s)dr, (3.31)
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which is obtained from eq. (3.23) as

2
0~ 27| Hen(86) - 1)} - Feri(be) - K@) + L))

(3.32)

3.2.4 Steady State

In order to confirm the accuracy of the Riemann-sum approximation method,
we set out to find the solution of the steady state, which should coincide with
the transient solution at large time. The expression for the steady state velocity
distribution « at this state is obtained by setting du/dn in eq. (3.20) to zero. We

then obtain the following ordinary differential equation
—3 +- o~ Ha'u=-Ha'k. (3.33)

The solution of eq. {3.33} together with the boundary condition (3.21) is

u(r) = Cylo(Har) + CaKo(Har) + K, (3.34)
where
Cy = — Kﬂfg:{“) - % IKo(cHa) — Ko(Ha) (3.35)
Cy= DD 2 lga) - o) (3.36)
By = Io(cHa)Ko(Ha) — KogHar)lo(Ha). (3.37)
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The corresponding skin friction 7; for the steady state is obtained by

differentiating eq. {(4.18) with respect to r as

T = % = Ha|C3d)(Har) — C4K\ (Har)] (3.38)

while the steady state mass flux is

=2 |2 - -4 ~-K Z(gt— 1.
Qs =27 | o {eh(Hag) — h(Ha)} — o {cKi(Hag) - Ki(Ha)} + 5(¢° — 1)
(3.39)
The results obtained for the velocity, skin friction and the mass flux for the steady
state are found to be in excellent agreement with those of egs. (3.28), (3.29) and

(3.31) when the value of 37 is large.

3.2.5 Results and Discussion

In order to see the effect of the controlling parameters occuring in this problem,
we have presented the variation of the velocity and the skin friction for different
values of these dimensionless parameters. The variation of the velocity with
respect to the dimensionless time has been shown in Figure 3.6. It can be seen
that the velocity increases with 7} until it reaches its steady state around n = 0.6.
We also noticed that the velocity decreases steadily from its peak value on the
outer surface of the inner cylinder to zero on the inner surface of the outer
cylinder. A close study of Figure 3.6 also reveals that the ramp motion of the

cylinder is accelerated motion when 11 < np and impulsive when 1 > 1. This
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pattern of behaviour is synonymous for both when X = 0 and when K = |. We
have also presented the velocity profiles for various values of the Hartmann
number Ha in Figure 3.7. It is clear from this figure that the velocity of the
fluid decreases with #« when K = 0. However, when K = 1, a reversal in this
behaviour is noticed.

The skin friction t at the outer surface of the inner cylinder and that at the
inner surface of the outer cylinder are presented in Figures 3.8 and 3.9. From
Figure 3.8, we observed that when X = 0, the magnitude of 7 increases with time
unitil when ) = 0.5 when we see a reversal in behaviour, this reversal is as a
result of the ramp motion changing from accelerated to impulsive at this point.
A stagnation in 7 is however noticed when 1 = 0.6 where a further increase
in the value of 1 does not have any effect on the skin friction. The magnitude
of 7 is also seen to increase with Ha in this case. A similar behaviour towards
7 is noticed for the case when K = 1, we however noticed an increase in the
magnitude of T when Ha is increased. On the inner surface of the outer cylinder,
we notice that the magnitude of 7 decreases with Ha when X = 0 and increases
with Ha when K = 1. For both cases however, an increase in Ha leads to an
increase in the magnitude of 7.

Figure 3.10 shows the dimensionless mass flux within the annulus against
the dimensionless time for different values of the Hartmann number #a, It is
observed that an increase in Ha when (K =0) lead to a decrease in mass flux,

this is due to the retarding nature of the Lorentz force which tends to slow down
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the fluid motion and hence the mass mass flux. However, when the magnetic
field is fixed relative to the moving cylinder (K = 1), an increase in #a leads to
an increase in mass flux. This is as a result of the ramp motion of the magnetic
field which acts in support of the velocity, thereby enhancing the mass flux. The
mass flux is also noticed to increase with time until it reaches its steady state for

both cases.

W 3 ) T ) ' O Y ) ] (b)
.

Figure 3.6: The velocity profile « showing the effect of n with K = 0and K = |
represented by a and b respectively and 0y = 0.5, Ha = |.

Figure 3.7: The velocity profile u showing the effect of Ha with K =0 and K = |
represented by a and b respectively and 1o = 0.5, n = |
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Figure 3.8: The skin friction at the outer surface of the inner cylinder (r = 1)
showing the influence of Ha and 71 with K = 0 and K = | represented by a and b
respectively and 1y = 0.5.
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Figure 3.9: The skin friction at the inner surface of the outer cylinder (r = 2)
showing the influence of #{a and 1 with K = 0 and K = 1 represented by aand b

respectively and ng = 0.5.
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Figure 3.10: The dimensionless mass flux 0 showing the influence of Ha and 711
with K = 0 and K = | represented by a and b respectively and 1y = 1.
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3.3 UNSTEADY MHD TAYLOR-COUETTE FLOW WITH
TRANSPIRATION?>

In this section, we have presented a semi-analytical solution for the unsteady
MHD flow of an incompressible laminar fluid in an annulus of two co-rotaing
concentric porous cylinders. The fluid motion is due to the angular rotation of
both cylinders with different angular velocities. The solution of the problem
is obtained using the Laplace transform technique in conjuction with the
Riemann-sum approximation method of Laplace inversion. The analytical
solution of the steady state is derived separately to validate the solution. The
effects of the various dimensionless parameters entering into the problem are

studied with the aid of graphs.

3.3.1 Mathematical Analysis

We consider the motion of an incompressible and electrically conducting fluid
filling the gap between two horizontal concentric porous cylinders of infinite
length in the presence of magnetic field acting perpendicularly to the flow
direction. The inner and the outer cylinders have radii a and b respectively. At
time ¢ < 0, the fluid and the cylinders are assumed to be at rest, when ¢ > 0
the inner and the outer cylinders are impulsively rotated at constant angular
velocity @ and @; respectively, which are lower than the threshold required

to initiate Taylor vortices. In the absence of pressure and gravity, the flow is

3Under consideration in
IEEE
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governed by the following equations in vector form

V-V=0 (3.40)
pr PV V)V =pvVPV + Tx B (3.41)
F=0(E+V x B). (3.42)

The 7/-axis is assumed to be on the horizontal axis of the cylinders while ¥ and
9’ are on the radial and tangential axes respectively. We assume that there is
no applied and polarisation voltage (i.e., £ = 0) and that the induced magnetic
field is negligible which translates to only a constant uniform magnetic field By

acting on the fluid. Therefore
J=06By/ and Jh=—ocByd. (3.43)

Based on the assumptions made; eqs. (3.40) and (3.41) are simplified in

cylindrical polar coordinate as follows:

¢ s
() =0 (3.44)

o oV WV LT P T o8B}
(ﬁ*“EJFT) {W*Fﬁ‘ﬁ paratd (3.45)
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Integrating eq. (3.44), the radial velocity distribution at the outer surface of the

inner cylinder (v’ = a) is defined as
' ina
= - {3.46)

Substituting « into eq. (3.45), we have

i [
= 4+ lpti

1oV V] [o% 13/ V] B
ot =V

EE AN I IO o

subject to the following initial and boundary conditions

V = 0,a<r/ <bandi <0, (3.48)
vV o= aof,atr =a,>0

vV = ba,att =b,t>0.

3.3.2 Solution of the problem

Introducing the following dimensionless variables in egs. (3.47} and {3.48)

r=r/la, v=v/aw|, 1=vt/a*, Ha=Bya\/o/vp, S=upa/v, ¢c=b/a, ﬁ:&%"

and ¢ = B¢, we have

av 1dv v tv 1av 9
5‘;4‘5[;54-,_—2]—5’_—24-;9;—;5'—%01’, (3.49)
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and the initial and boundary conditions also become

v = 0,1<r<gand n <0, {3.50)
v = Lar=1,1n>0;

vV = §,atr=g,n>0.

The solution of eq. (3.49) can be cbtained using the Laplace transforms technique

as follows:
-i‘ﬂ—‘?+1(1_3)d—‘?—[r2(-+% D+ (S+1)] % =0 (3.51)
dr2 " r dr S 2 )
and the following boundary condition,
P = 0,1<r<¢amdn <0, (3.52)

|
Vo= }-,atr=l,n>0;

vV = %,arr:g,n>0.

Using the approach of Tsangaris et al. (2006), eq. (3.51) can be reduced by using

the following transformation variable

f(r), (3.53)
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to the following Bessel equation

&Ff 1df .8, .42 .3 a | F
d—rg + ;{}f— I:(z +1)"+ r"{.s-r'Ha‘) r{? =/t (3.54)
The solution of eq. (3.54) is
f(r.s) = C 1L (8r) + CK, (8r). (3.55)

Here 1, and K; are the modified Bessel’s function of the 1-th order of the first and

second kinds respectively and

S
t=5+1. (3.56)
5= Vs+Ha. (3.57)
Substitute f into eq. {3.53) we have
#(r,s) = r3 [C11(87) + oK, (87). (3.58)

Using the boundary condition (eq. 3.52), €, and C; are obtained as shown below:

o [ps K@) Ko .
1 SR (c8)K,(8) — Ki(68)1(8) L

o |PSEIN@) 1is0)] -
o slh(cd)K,(8) —K,(g&){,(ST]' :460)
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It is difficult to invert eq. (3.58) in closed form, we then use the Riemann-sum
approximation to carry out the inversion as follows:
ikn X

e™M |1 &
V(ﬁn)‘_? iv(r'rYJ—i'_Rek;V( ¥+ N )(_]')

(3.61)

3.3.3 Skin Friction

The skin friction is obtained from eq. (3.61) as follows:

c o [
— dr r
e |1 ik

N
? [E-I(r)?)+Re’§] l'-’l (ﬁ]"i‘ ?)(_])k 1 (362)

where

o= (g - 1) H5-1) [C11(8r) + CoK, (67))

+ 8RO 1 (8) — CaKy 1t (87)]. (3.63)
On the outer surface of the inner cylinder (r = 1), ¥ is simplified as

Pl = (g—l) (CLL(8) +C2K,(8)]

+ 5[C|f;+.|(3) — Ky |(5)], (3.64)
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while on the inner surface of the outer cylinder v, is obtained by setting » = 2 in
£q. 3.63 as shown below.

Vllr=2 = (g-—1)2@"')[C1I[(25)+C2K,[25)]

+ 82F [Chy41(28) — oKy 01 (26)). (3.65)

3.3.4 Steady State

The expression for the steady state velocity distribution v, is obtained by setting
dv/an in eq. (3.49) to zero. We then obtain the following ordinary differential

equation,

d?v; 1 dvy
a2 8,

~[Ha P +(S + 1)];2di =0, (3.66)

using the following transformation variable
v(ry =r¥ £(r), 3.67)

the above equation is transformed into the following homogeneous differential

equation
df. ldf, [ 8 ., 22| fs _
The solution of eq. (3.68) is
fg(r) _— C3]| (Har) ‘+‘C4K; (?{ar), (369)
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substitute eq. (3.69) into eq. (3.67) we have the velocity for the steady state v, to

be

ve(r) = #3 [Caly (Har) + CoK, (Har)],
where C3 and Cj are obtained using eq. (3.50) as shown below

[ﬁg{—%-i-”x[(%a) - K;(QHGJ]
= W(HaK, () - K(GHa)h (He)

[Bs\~$+01,(+a) - 4,(sHa)

C=- [f(cHa)K,(Ha) — Ki(gHa)l,(Ha)]

The steady state skin friction 7 is obtained similarly as follows

T, = (%— 1) AE0UCL (Hat) + CoKy (Har)]

4+ Har? (Ol 1 (Hat) — Gy (Har)].

3.3.5 Results and Discussion

(3.70)

(3.71)

{3.72)

(3.73)

The variation of the velocity v profiles with time 1 for different values of the ratio

of the angular velocities § is shown in Figure 3.11 when & = 0.5 and Ha = 2.0.

Figure 3.11{a)~(c) shows the velocity profile when the cylinders move in the

same direction {+ve values of 8) and Figure 3.11(d)—(f), when the cylinders move

in the opposite direction (-ve values of B). It is observed in Figure 1(a); when the

inner cylinder is moving at an angular velocity twice that of the outer cylinder

(i.e B = 0.5) that the fluid velocity on the outer surface of the inner cylinder
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and that on the inner surface of the outer cylinder are the same. However, we
noticed in Figure 3.11(b) that when the two cylinders are moving at the same
velocities (8 = 1.0}, v on the inner surface of the outer cylinder is twice that on
the outer surface of the inner cylinder. We also noticed in Figure 3.11{c) that
the v on the inner surface of the outer cylinder is 3 that on the inner cylinder
when 8 = 1.5. For the case of the cylinders moving in the opposite directions as
depicted in Figure 3.11(d)—(f), we observed that the v decreases monotonically
from one on the inner cylinder to the negative of their corresponding values
when the cylinders are moving in the same directions as earlier explained. The
velocities are found to increase with 71 when the cylinders are moving in the
same directions (i.e for positive values of ) and decreases with 17 for negative
values of 3. But for the case when § = —0.5, an initial increase in v is noticed
and thereafter a turnaround in behaviour around the middle of the annulus.
In Figure 3.12, we observed that the velocity reduces with increase in Ha.
This is expected as increase in Ha results into an increase in the Lorentz force
which is known to retard fluid motion. The behaviour of the velocity with
respect to B for a fixed 7) == 0.05 is shown in Figure 3.13, the result obtained
is in tandem with that of Figure 3.11. The effect of the suction parameter S
is presented in Figure 3.14 for a fixed value of § = |, The effectof Son vis
found to be quite remarkable; we observe an increase in v when & is increased
positively and a decrease when & is increased negatively, a reversal in behaviour

is however noticed around r = 1.4. The combined effect of & and 3 on the flow

117



field at the centreline of the annulus (r = 1.5} is depicted in Figure 3.15. It is
shown in this figure that for small values of B (=0.2 for example), an increase in
S leads to an increase in v. If B is however increased, v is found to decrease with
increase in S.

The changes in skin friction T with 8 and B on both the outer surface of the
inner cylinder and on the inner surface of the outer cylinder are shown in Figures
3.16 and 3.17. These figures shows the variations of 7 for 11 = 0.03, since changes
are more pronounced at small time. It is seen in Figure 3.16 that t increases
marginally with § on the outer surface of the inner cyiinder and then start to
decrease steadily with it. We also noticed that increasing § leads to a decrease
in the magnitude of T for negative values of S. The effect of  on 1 is seen to
gradually disappear as § is further increased. On the inner surface of the outer
cylinder, we noticed that the magnitude of T decrease with an increase in § but
increase with increase in B. The rate of change T with respect to § is found to be

obvious at r = 1, while it is more pronounced with respect to f at r = 2.
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Figure 3.11: Velocity v vs r with § = 0.5, Ha = 2.0 and various values of B varying
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Figure 3.12: Velocity v vs r with § = 0.5, n = 0.05 and f§ = 1.0 for different values
of Ha.

- -— — —
" i
v g .
IL\.& - .

e " n
Yo e ) e 1
—
o o -
"‘“-‘\\_\

e .

h

—JF M
X J
e e e e |

2 “ s s a2 M ]

Figure 3.13: Velocity v vs r with & = 0.5, Ha — 2.0 and 1 = 0.05 for different
values of .
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Figure 3.14: Velocity v vs r with n = 0.05, Ha =

values of S.

Figure 3.15: Velocity v vs & at the centerline
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Figure 3.16: Skin friction 7 vs § at outer surface of the inner cylinder (» = 1.0)
with Ha = 2.0 and 7 = 0.05 for different values of .

Figure 3.17: Skin friction T vs S at the inner surface of the puter cylinder (r = 2.0}
with Ha = 2.0 and 1 = 0.05 for different values of 8.
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3.4 CONCLUDING REMARKS

We have analysed the fluid flow between two concentric horizontal cylinders
of infinite length, We have considered three problems; the first is due to the
sudden movement of the outer cylinder, the second is due to the ramp motion
of the inner cylinder and the last problem is the unsteady MHD Taylor-Couette
flow in the presence of suction and injection. A unified closed form expressions
are derived for each problem corresponding to the cases of the magnetic field
being fixed relative to the fluid or to the moving cylinder. It is observed that the
velocity decreases with increase in Hartmann number when the magnetic field
is fixed relative to the fluid; this is expected, as the magnetic field has a retarding
influence on the flow fields.

The skin friction increases with time, while it decreases with Hartmann
number on the outer surface of the inner cylinder when K = 0 and on the inner
surface of the outer cylinder when K = 1. An opposite behaviour is noticed on
the inner surface of the outer cylinder. For the MHD Taylor-Couette flow, we
have observed that increasing B leads to a decrease in the magnitude of the skin
friction for negative values of § on the outer surface of the inner cylinder. This
effect of B on the skin friction is seen to vanish as & is further increased. [t is
also evident form the results that rate of change 7 with respect to S is found to
be more pronounced on the outer surface of the inner cylinder, while it is more

pronounced with respect to 8 on the inner surface of the outer cylinder.
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CHAPTER 4

MHD TWO-PHASE COUETTE FLOW

Two-phase flow is a particular example of a multiphase flow, Multiphase flow is
a generalisation of the modelling used in two-phase flow where the two phases
are not chemically related (e.g. dusty gases) or where more than two phases are
present. Each of the phases is considered to have a separately defined volume
fraction (the sum of which is unity), and velocity field. Strictly speaking all
flow are multi-phase since no fluid is so clean. In describing flow, one of the
challenges we face is therefore deciding whether we need a multi-phase model or
not. Sume examples of two-phasc flow are; bubbles rising in a carbonated drink,
raindrops falling through the air, gasoline and air reacting in an automobile
engine, water and steam circulating in a nuclear reactor and in petrochemical
industries amongst others.

Rahmatulin (1956) developed a model which examines the unstable
movement between fluid and particles and thereby included the particle-phase
viscosity term in his model. Saffman (1962) observed the effect of dust particles
on the laminar flow of an incompressible fluid with mass concentration of dust
particles. The equations he obtained neglected the interaction between the

individual dust particles and also assumed that in the continuum hypothesis,
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the cloud of dust particles form a pseudo-fluid and therefore excluded the
viscosity of the particle phase. However, in Rahmatulin’s model, each phase
of the suspension has a local velocity and material properties, also, the phases
are assumed to interact mutually in a continuous manner and the phases are
homogeneous and evenly distributed per unit volume of the mixture. The
following partial differential equations describe the unstable maovements of the
two-phase incompressible fluids for a plane channel geometry according to

Rahmatulin.

-

av - - - —

pfﬁarf = —feP+ frm VNV + K(V, V), V-Vp=0 4.1
v - o = 5

Py a:’ = —fpP+ [V, + K(Vy - V,); V-V, =0 (42)

Using Saffman’s model; Nag et al. (1979) studied the Couette flow of a dusty gas
between two parallel infinite plates for both the impulsive and the accelerated
start of one of the plates. Singh and Dube (1973) studied the laminar flow of
an unsteady, incompressible viscous fluid with uniform distribution of dust
particles through a circular pipe under the influence of pressure gradient. The
effect of particulate diffusion on the compressible boundary-layer flow of a
two-phase suspension over a horizontal surface was examined by Chamkha
{1998). Makinde and Chinyoka (2010) investigated the unsteady flow and heat
transfer of a dusty fluid between two parallel plates with variable viscosity and

electric conductivity. Several other researchers; Gireesha et al. {2007), Rashmi
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et al. (2007) and Ghosh and Ghosh (2008) studied the flow of dusty fluids under
varying condition. All of these studies excluded the paticle-phase viscous effects.

The Rahmatulin (1956) model has been improved by Fayzullyev {1966),
Latipov (1963) and Drew (1983) among other researchers under different
conditions. Other works which use the concept of the particle-phase viscosity
includes Gidaspow (1986), Gadiraju ct al. {1992) and Chamkha and Ramadan
(1998). Chamkha (2000) studied the unsteady laminar flow and heat transfer of
a particulate suspension in an electrically conducting fluid through channels
and circular pipes in the presence of uniform transverse magnetic field which is
formulated using a two-phase continuum model. He assumed the particle-phase
viscosity to be constant in order to obtain a closed form solutions. Recebli and
Kurt (2008) examined the effect of the electrical and magnetic field applied
perpendicular to the flow and each other on the two—phase steady flow ina gas
pipe. Gupta and Gupta (1975) discussed the flow of a dusty gas in the annular
space between two concentric cylinders when both cylinders are moving with
arbitrary time-dependent velocities. The flow and heat transfer of a dusty fluid
within the annulus of circular cylinders under a pulsatile pressure gradient has
been studied by Datta and Dalai (1995).

The problem of two-phase unsteady MHD Couette flow between two
concentric cylinders of infinite length has been analysed when the outer cylinder
is impulsively started. The system of partial differential equations describing

the flow problem is formulated taking the viscosity of the particle phase into

126



consideration. Unified closed form expressions are obtained for the velocities
and the problem is solved using a combination of the Laplace transform
technique, D’Alemberts and the Riemann-sum approximation methods, The
governing equations are also solved using the implicit finite difference method
to verify the method used for the inversion. The variation of the velocity and
the skin friction with the dimensionless parameters occuring in the problem are

illustrated graphically and discussed for both phases.

471 UNSTEADY MHD TWO-PHASE COUETTE FLOW OF
FLUID-PARTICLE SUSPENSION®

4.1.1 Mathematical Analysis

The motion of an unsteady, laminar, viscous fluid / particle suspension between
two infinite horizontal plates jocated at the 7' = 0 and / = & planes is considered.
The fluid phase is assumed to be electrically conducting, while the channel walls
are assumed to be electrically non-conducting. A uniform transverse magnetic
field is applied normal to the flow direction and it is assumed that no applied or
polarization voltage exists. When ¢ > 0 the lower plate (¢’ = 0} begins to move
in its own plane with a velocity U/+” where U is a constant and the upper plate
(¢ = h) remains fixed. The magnetic Reynolds number is assumed to be small

so that the induced magnetic field and the Hall effects of MHD are negligible.

IUnder consideration in
Applied Mathematical Modelling
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It is assumed that the fluid and the particles are interacting as a continyum,

Following Rahmatulin’s model, the equation of motion with electromagnetic

force added is given as shown below

—

ov s L
Prgl = ~crPtesupvii, k(7 VI+ix B V=0 w3

oV 5 s o "
Prge = ol + ety Vo kKT~ T,y V.7, o, 44)

where V; = (u}, v/, wy) and ¥, = (u,,v),, ') denotes respectively the velocity
components of the fluid and the particles and J' = o(E + 7y x B).

Under the assumptions made in the present problem eqs. (4.3) and (4.9)

becomes
EW, I . oB?
arf - vfff azaf +K:!(“L - uf) _ p 0 ' (45)
i %
-—r‘g = Vpﬂ‘pgza—e +K:r(l{}' - M;J) (4.6)

Equation (4.5} is valid when the magnetic field is fixed relative to the fluid.
If the magnetic field is also accelerated with the same velocity as the plate, we

must account for the relative motion. Thus, eq. (4.5) turn to

du o B2
f id el oy L TN
3 = Vfcf__-az"z + K u, ur) ———p (uy ~Ut") 4.7)

Egs. (4.5) and (4.7) are combined together to obtain

au; 82“’ , 0—32
W:\,’,«:fg‘%,—;fw'c(w;',-,-,‘jr)——“_J—O(u}-um"), 4.8)
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where

K {0 when By is fixed relative (o the jluid

1 when 8y is [ixed relative to the moving ploie

The initial and boundary conditions for the present problem are

! =0, 0<d<handr<0, (4.9)

X
i
x
Il

u} = u,=Ut", at =0,¢>0

X
I

u;,=0,atz'=h,r>0.

4.1.2 Solution of the Problem

It is convenient to non-dimensionalise the equations by using the following

z = 2Z/h, Wi, = (W)U, 0 =tepni /B, Ha = Boh /G [Vipres, K =

KB fvpcy.

Considering the impulsive motion of the lower plate which corresponds to
n =0 and substituting the dimensionless quantities into the governing equations
and the boundary condition, the following dimensionless equation results,

duy _ Py
on 9z

+ K (up—~ug) — Ha*(ug — K) (4.10)
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du, a?up
—a—n— = RL‘RV‘é'ZT' + K:(uf —up),

(4.11)

where the parameters used in eq. (4.11) are defined as R. = ¢, /ey and Ry = v,/ vy.

The initial and boundary conditions (4.9) also become

up = up,=90, 0<z<Vandn<0,
up = up=1, arz=0,1n>0;

ug = up=0atz=1,n>0

(4.12)

Taking the Laplace transform of egs. (4.10) and (4.11} we have the following

ordinary differential equations

d:"ﬁf

—EZT. e (.’i+ Hﬂz +’C)ﬁf+}6§p = "'HG'ZK

dta, (s+K) K
3 - up +
dZ RCRv R{'RV

iy =0,

where

@:[) u;(z,n)e""dq and ﬁp=£ up(z,m)e dn,

and s > Q.
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The Laplace transformation of the initial and boundary conditions are

iy = dp=0, 0<Lz<landn <9, (4.15)
dp = Gp=1/s, atz=0,n>0;
ip = @p=0,az=1,1>0.

We choose the D Alembert’s methoed to obtain the solutions of eqs. (4.13) and

(4.14). In order to solve the equations, we multiply eq. (4.13) by A and add it to

eq. (4.14).
d? Ha’AK
2 Ay ) - 87 (i i) =~ “s : (4.16)
where
Als+Ha® +K0) — B
- S ad (417)
iR~ a

The general solution of eq. {4.16) is

Aily + i, = Creosh{8z) + Casinh(8z) + ’H:{?:K. {4.18)

Using the boundary condition (4.15), C; and C; are obtained as follows
i~ (I-L-A)_H:;::K @19)
G [ - sy @™
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where

(4.21)

2 (S+K)‘_
d —-["EL—R:;— KA}

Upon substituting €; and G, into eq. {4.18), the general solution now becomes

S sinh(6(1 - z)) 2 U sinh(8z)
ALY +A) ssinh(8) tHaAK s 5625inh(5)
24 - SinR(8(1 — 7))

From eq. (4.17) we have

2 (s+’Ha2+lC)_(s+IC) L
A% 44 [H KRR |~ iR = (4.23)

The roots of eq. (4.23) are

ApA, =

H_ ((.$+H£2+K)_ (S-HCJ)

KR.R,

[y B —

1 (s +Ha? + ) (s-i—;'C)) 4
=3 [ ( X KRRv) " RR, (424

Replacing A with A, and A3 one after the other in eq. (4.21) and {4.22) the

following are obtained

ssinh(8, ) 5

§ sﬁlzsinh(ﬁl)
2 Si‘ﬂh(al (1 —ZJ)

Avtr+a, = (I+A|)‘—“——————ﬂm(5](l—zn+Ha2AK[l __ _Sinh(iz) J
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Maip+ity = (1+a) 2O -2) ) ik [lq____“'"h(azz)J

ssinh(8,) §87sinh(8;)
2, Sh(&(1 ~z))
+ Ha AzKW. (426)
Solving eqgs. (4.25) and (4.26) we have
— 1 sinh(8;(1 - 7)) sinh(&(1 - z))
“ o= s(A) — Ay) [““'J sinh(&,) -+ 2)_1-;‘:1;;(62)—]
Ha*K A (, sinh(812) _ A2 (L sink(By)
" s{A| - A)) [5.2 (I ﬂ'ﬂh(atJ) 87 (1 -ff"h(Sz))]
Halk [A, sinh(6(z— 1)} Az (sinh(8(z- 1))
* A [5—3( Sinh(3,) )“EE( Sinh (&) )J w27
_ 1 sinh(8 (1 — 2)) sinh(&(1 —- 7))
o= s(Ag—Al)[(A2+AIA2) sinh(5y) A1+ AIA) sinh(8) J

. Ha2A|A2K[1 (s:'nh(5|(2"|)l) ! (M)J

$(Az — Ay) _3? sinh(8)) - 522- sinh(6;)

(4.28)

Egs. (4.27) and (4.28) are inverted using the Riemann-sum approximation

method of Laplace inversion as follows:

e N ;
uf(zs ’?) = {%Ef(zs Y) +Re E Ej'(Z,'}"l‘ Ik_’c)(— I)A] (429)
n Paey n
e N ;
up(z, ) = — [%a,.,(z, V+Re Y a(z, v+ @)(— [ J*J : (4.30)
n k=1 n
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4.1.3 Skin Friction

The dimensionless skin friction on the plates for the fluid and the particle phases

are obtained by differentiating egs. (

zas
N ,
= %qu = e—n}i [%m(z, 7) +Rek§ 2z, 7+ %ﬁ)(—l)k] (4.31)
N .
rp=a—;f=—:— [%zz(z;?)**f\'fgzz(z,?%" dc{)(—‘)k}, (4.32)
where |
B 1 B cash(;(1 - z)) cosh(8(1 —z))
“ = oy B sy (1 +An) )
Ha’K Ay (cosh(8iz) Ay {cosh{b,z)
" 5{(A; —Az) [_31- ( sinh(&) )+$(an}1(52) )}
Ha’K Ay [cosh(8(y—1)) _ A2 [ cosh(B(z— 1)) ]
* A=Ay [6[ ( sy ) -5 ( sink(8) ) “33)
n = @ITAI—) {—51 (A2 +A1A2)%3—@+52(A| +A|A2JEEWJ
4 Ha’A\ArK 1 (cosh(8z) + 1 [ cosh{8,2)
s{A; —Ay) [_ ) (sinh(&) ) & ( sinh(8,) )J
Ha’A1AK [ | ( cosh(By(z— 1)) 1 {cosh(B(z~ 1))
T s@ - ay) [57( sinh(8y) )‘E( sinh(3,) )J *.34)

4.29) and (4.30) respectively with respect to
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The skin friction on the upper and lower plates for the two phases can then be

obtained by substituting z =0 and z = | respectively in egs. (4.31) and {4.32),

414 Steady State

We set out to validate the accuracy of the Riemann-sum approximation method
employed in this present problem by obtaining analytically the solution of the
steady state. The expression for the steady state velocities for the two phases
are obtained by setting @()/@7 in egs. (4.10) and (4.11) to zero. The following

ordinary differential equations then results

dzus f

a2~ KA H Yy + Ky = U’k (4.35)
dy X K
‘EZ—;E - musﬂ + ﬁuﬂ- ={. (4.36)

The solutions of eqs. (4.35) and (4.36) using IY Alembert’s method are

_ 1 sinh{e (1 ~ z)) sink(o (1l - z))
ey = (3,—32)[(”3‘) sinklay) BT s J
HIK B sinh{ ¢ z) By sinh(0z)
T B8 [a“ﬁ(l‘sfnh(a.)) -a;('-m(az)ﬂ
HIK  [B sinh(oy(z— 1)) _ By fsinh(on(z—1))
B =5 [a?( ) = Sy )] 67
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I sinh{ay (1 —2))
Hsp = (Bg_—B|)I:(BZ+BIBZ) sinh(ey)

Ha?B,\B K [ 1 (senh(a;(z—l)))__li(iﬂﬂtifx_z(zl_n)], (4.38)

— By + BBy B2(l —2) _Z”}

sinh(cy)

(B;—By) lo? sinh(q) o sinh{ o)
where
2 [ K
o _[Rch }CB] {4.39)
B(Ha® + K)— %
N ) W) w40,
[#25 - 18]
1 (H+K) 1 (Hat+K) 1 \*> 4 |
B"Bz‘z[_( K _RCRv)i\/( K "RCRV) T RR |
(4.41)

The numerical values obtained for both u;; and u;, are the same with those

obtained from eqs. (4.29) and (4.30) at large time.

4.1.5 Result and Discussion

In order to have a physical insight into the problem, we have written a MATLAB
programme to compute and generate the graphs for the velocity of the two
different phases and the skin frictions. The different values of the dimensionless
parameters used in calculations are as follows: X = 50.0, R, = 1.0, R, = 0.25,
17 =01 and Hu = 2. Some tepresentative results are presented in the form
of line graphs in Figures 4.1-4.12 to interpret the effects of these parameters.

A comparative analysis is made when a marked difference is noticed on the
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behaviour of the flow when the magnetic field is fixed relative to the moving
plate; this is depicted on right panels of the affected figures. We observe in
Figure 4.1 that an increase in time leads to an increase in the fluid phase velocity
when K =0 and X = 1. The velocity of the particle phase is also noticed to follow
the same trend in Figure 4.2. The fluid phase velocity is noticed in Figure 4.3 to
decrease with increase in #a for both when X = 0 and K = 1. Figure 4.4 shows
that the particle phase velocity also decreases with increase in Ha. It is observed
that the effect of #a on the flow last longer when K = 1 than when K = 0. We
can conclude from both Figures 4.3 and 4.4 that the veocities can be controlled
by increasing or decreasing the magnetic field.

Figures 4.5 and 4.6 depict the variation in the values of 4y and «,, respectively
brought about by the changes in the ratio of the kinematic viscosity R,. As
Ry increases, which translates to an increase in the particle phase viscosity, the
velocity of the two phases decreases. The effect of the substance quantity of
mixture on the flow field is shown in Figures 4.7 and 4.8. We observe that an
increase in R, when K = 0, result into an increase in the velocity of both velocities.
Also, at small time (n < 0.4}, when K = |, the same trend is observed. However,
as the time is increased further we observe in the "b” part of the figures that an
increase in the particle concentration slows down the flow. It is found out that
the fluid velocity is always greater than that of the particle for all the dimensional
quantities considered.

The response of the skin friction to the ratio of the viscosities R, and time 7 is
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depicted in Figures 4.9-4.12. In Figure 4.9, we abserve that on the moving plate
(z = 0), an increase in both R, and 1 leads to a decrease in 75, the same pattern
of behaviour is noticed for the particle phase skin friction 7, in Figure 4.10. In
order to observe the accurate behaviour of the skin friction on the stationary
plate, we set R. =1, 7y and 1, are seen in Figures 4.11 and 4.12 respectively to

increase with Ry but decreases with 1 until the flow reaches its steady state.
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Figure 4.1: Profile of the fluid phase velocity u; showing the effect of time with
K =0and K = | represented by aand b respectively (X =500, R, =1.0, R, =0.25
and Ha = 2).
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Figure 4.2: Profile of the particle phase velocity u, showing the effect of time
with K = 0 and K = 1 represented by a and b respectively (K = 50.0, R, = 1.0,
R =0.25 and Ha = 2).
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Figure 4.3: Profile of the fluid phase velocity u; showing the effect of Ha with
K=0and K =1 represented by a and b respectively (K = 50.0, R, — 1.0, R.=025
and n = 0.1).
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Figure 4.4: Profile of the particle phase velocity u, showing the effect of #a
with K =0 and K = | represented by a and b respectively (K = 50.0, R, = 1.0,
R.=025and n = 0.1).

)

Figure 4.5: Profile of the fluid phase velocity u showing the effect of 8, and 7
(K =50.0, R, =0.25, z = 0.5 and Ha = 2).
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Figure 4.6: Profile of the particle phase velocity u, showing the effect of R, and
n (K =500, R =0.25,z= 0.5 and Ha = 2).
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Figure 4.7: Profile of the fluid phase velocity 1, showing the effect of R, and 7
(K =50.0, Ry = 1.0, 2= 0.5 and Ha = 2).
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Figure 4.8: Profile of the particle phase velocity u, showing the effect of R, and
1 (K =350.0,Ry = 1.0, z= 0.5 and Ha = 2).
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Figure 4.9: Variation of the fluid phase skin friction on the plate at z = 0 showing
the effect of Ry and n (X = 50.0, Ha = 2.0 and R, = 0.25).
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Figure 4.10: Variation of the particle phase skin friction on the plate at z = 0
showing the effect of Ry and 1 (K = 50.0, Ha = 2.0 and R, — 0.25).
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Figure 4.11: Variation of the fluid phase skin friction on the plate at z = | showing
the effect of Ry and 1 (K = 50.0, Ha = 2.0 and R, = 0.25).
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Figure 4.12: Variation of the particle phase skin friction on the plate at z = |
showing the effect of R, and N (K =500, Ha = 2.0 and R, = 0.25).
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4,2 UNSTEADY MHD TWOQ-PHASE COUETTE FLOW OF
FLUID-PARTICLE SUSPENSION IN AN ANNULUS?

42,1 Mathematical Analysis

Consider the motion of an unsteady, laminar, viscous fluid /particle suspension
between two concentric cylinders of infinite length. The fluid phase is assumed
to be electrically conducting, while the particles are assumed to be electrically
non-conducting. The Z’-axis is assumed to be on the axis of the cylinders in
the horizontal direction and r/-axis is on the radial direction. The fluid-particle
suspension exists in the region @ < v < b between the two cylinders in the
presence of magnetic field acting perpendicular to the flow direction, where a
and b are the radii of the inner and the outer cylinders respectively. Initially, the
fluid, the particles and the two cylinders were at rest. However, whenr > 0, the
outer cylinder begins to move in its own plane with a velocity U#", where U is a
constant and the inner cylinder remains at rest. Since the cylinders are of infinite
length and the flow is time dependent fully developed one-dimensional flow,
all physical variables are functions of r' and ¢. The magnetic Reynolds number
is assumed to be small so that the induced magnetic field and the Hall effects
of MHD are negligible. It is further assumed that the fluid and the particles are
interacting as a continuum. See Figure 4.13 for the schematic diagram of the

problem.

“Tha and Apere (2011d) Published in
AIP Advances 1, 042121 (2011); doi: 10.1063,/1.3657509
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Under the assumptions made in the present problem and using Rahmatulin’s
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Figure 4.13: Schematic diagram of the problem

model for a cylindrical geometry, the equation of motion for the problem is

g’ %u 1 du B2

or p [8:’2+H8H + K, —up) Py 4y (4.42)
du, u A%, | du
i R __r
3t _ppc"{aﬂ T aﬂ} TRy =), (343)

where all the parameters used are defined in the nomenclature. Eq. (4.42} is
valid when the magnetic field is fixed relative to the fluid. If the magnetic field

is also moving with the same velocity as the moving outer cylinder, we must
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account for the relative motion. Thus, eq. (4.42) turn to

av’ o, 1o, oB: ,
a_:f = vyes [W{ + F??f + K, — ) — p—;(uf—m").

Egs. (4.42) and (4.44) can be written as one to obtain

ou 82;;’ i au 0'32
I £ f te ! / Oy f 7
ar fcf l:a ) ; 9 . -I-K:(up u!) % (Hf t ),

where

0 when By is fixed relative io the [luid
K= {

1 when By is fived relative 1o the maoving cyiinder'

The initial and boundary conditions for the present problem are

j Wy = wy=0, a<r <handr <0,
; .
' ! ! ;
uf = “pzos at r:a’l‘)O’

‘ Uy = wp=Ut" atr'=bt>0,

4.2.2 Analytical Solution

(4.44)

(4.45)

(4.46)

It is convinient to non-dimensionalise the equations by using the following

r=rja, upu,= (u};u},)/U, N =tcyvy/a®, Ha= Bya, fa/vpicy,
K=K'a*/vjc; and ¢ =b/a.

Considering the impulsive motion of the outer cylinder which corresponds to
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n=0and substituting the dimensionless quantities into the governing eqs. (4.45)
and (4.43) and the boundary condition, the following dimensionless equations

result,

auf 32Mf | (}uf

on "o Tygy TR —up) - Ha(up - k) (4.47)
2

where the parameters used in €q. (4.48) are defined as R, = cpfcrand Ry = v, /vy,

The initial and boundary conditions (4.46) also become

ur = up=0, Il<r<¢andn <0, (4.49)
U = wup=0, @ r=1,1>0
U = up=\1,atr=¢, n>0.
42 1da _ _ Ha’k
Fﬂ—f+;9}£—(s+%a2+muf+xupz- (4.50)

dzap+1@£_(s+zt)_ X

7= 451
& Y dr T Rk, T RR =0 (4.51)
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The Laplace transformation of the initial and boundary conditions are

iy = =0 1<r<gandn <0, (4.52)
Hr = dp=0, atr=1,n>0;
iy = dp=1/s,atr=¢6,n>0

We choose the D’ Alembert’s method to obtain the solutions of eqs. (4.50) and

{4.51). In order to solve the equations , we multiply eq. (4.50) by A and add it to

eq. (4.51) which gives:

a2, d, o Ha’AK
E(Auf-l»up)%-;E‘(Auf-t—up)—ﬁz(fluf-l-up]2— T (4.53)
where
Als+Ha* + ) — 5%
A= [ (s+KC) W} #54)
[ 4]
The solution of eq. (4.53) is
2
Ha’AK (4.55)

Adip+ip, = Clg(8r) + CrKp(6r) + — 5

Using the boundary condition (4.52), C, and C are obtained as follows

+4) &) (4.56)

2
K AK[KU(fs)‘KU(Ga]* Py

Cr = sad?
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&2 = 20K 1 o8) - o011+ L3, (4.57)

where -
- \/ (‘;;f) - u] (4.58)
a = Ko(gd)ln(8) — Ko(8)in(8) (4.59)

From eq. (4.54) we have

2, 4|t HEHK) (s+K)] 1 _
“ A[ K J'CRerJ Rl (4.60)
The roots of eq. (4.60) are
) _ (ST‘HHE“?'__K.:-_)*(S'FK:J)
Andz = 3 { ( K KRRy ]
I (s+Ha*+K) (s+K)\* 4
* 3 [\/(_— E KRRy) ~ ReRy i)

Replacing A with Ay and A in eq. (4.53) and & with &, and 8. The following are

obtained:
2A
Aviig + iy = Dylo(Bir) + DaKo(81r) + L AIK (4.62)
I
Ha’AK
Aoiiy + fiy = Daylo(8yr) + DyKo(Sor) + ‘;622 ' (4.63)
2
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where D| and D, are obtained by substituting & in C; and C; respectively while
D3 and Dy are also obtained by substituting & in C) and C,. Solving egs. (4.62)

and (4.63) we have

__ Diip(dir) — Ds3lo(6yr) + DKo (81 r) — DaKy(Bar)

o= Al —A;
Ha’K [A, Az
5(A; —A2) [6_,2 - @] (464)
1. = [Po(81r) +DaKo(dir)jAs — [Dako(Brr) + DaKo(B2r)]A
LA Az — A
Ha?A ALK 1 1
+ s{(Az — Ay) [3? - 3_22] ‘ (2.65)

Eqs. (4.64) and (4.65) are inverted using the Riemann-sum approximation

method of Laplace inversion as follows;

N .
up(n,m = i [%‘_‘f(f; Y +ReY af(ry+ I—Ic—’f)(— l)"] (4.66)
n k=1 n
N i
up(nm) = all {%Ep(n Y +Re Y ap(ry+ iE)(—l)"‘] : (4.67)
n k=1 mn

4.2.3 Skin Friction

The dimensionless skin friction for the fluid and the particle phases are obtained

by differentiating eqs. (4.66) and (4.67) respectively with respect to r as
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N ,
[%z.(r,?)mf;):z,(nw E)(—-l)"] (4.68)
: n

=1

duy el

Y= T

du, MM |1 N ikn
T = 2= ) [522('3 Y) +R€k§| z(nY+ —;?")(—Uk“ ) (4.69)

’
where

2 = 811D 11 (81r) — DoK (81 7)] + 8:[DgK((82r) ~ Dah {Spr)
A —As

(4.70)

_ [Dili(81r) — DK (81r)]A2d) — (D311 (8r) — DaKy (&0))A1 &
= yveury .

(4.71)

The skin frictions at the outer surface of the inner cylinder and that at the inner
surface of the outer cylinder for both the fluid and the particles can then be

obtained by substituting = | and r = 2 respectively in eqs. (4.70) and (4.71}.

4.2.4 Steady State Solution

We set out to validate the accuracy of the Riemann-sum approximation method
employed in this present problem by obtaining analytically the solution of the
steady state. The expression for the steady state velocities for the two phases

are obtained by setting 9()/d! in egs. {4.45) and (4.46) to zero. The following
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ordinary differential equations then results

doug | 1dus

a7 T ray ~ KA HE Ky = —Ha’K “.72)

doup ddu, K K
@ RRTTRRM T 47

The solutions of egs. (4.72) and (4.73) using I’Alembert’s method are

Filo(nr) = Blo(pr) + FaKo(r) — FaKo(12r)

welr) = % "B,
Ha*K [B, B,
(8 - By) [_?;Z;_E} @70
_ [Aknr) +BKo(n )8y — [FRh(pr) + Faka(1pr)] By
uplr) = By — B
Ha’B\B:K _l_i]
B Bi) [yz 2 @

F| and F, are obtained by substituting 7 in £/ and £ respectively while £3 and
Fy are also obtained by substituting 1 in £; and E> while £, and £, are obtained

using the boundary condition (4.45) as

2
£ =B e — ot - D (76
) 2
= 8K ien - i+ S B ) (477)

o
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and

K

P [Rch K B] (4.78)
B(Ha®+K) ~ %
_ [ . Rch] (4.79)
[#t% — 8]
L 1| (k) 1 (Ha£K) 1\ 4
Bibz =5 [ ( X R(-Rv) * \/( K Rer) X

(4.80)

4.2,5 Numerical Solution

The momentum equations for fluid and dust particles given by egs. (4.47) and
(4.48) under the initial and boundary conditions (4.49) are solved numerically
using implicit finite difference method. The procedure involves the replacement
of the partial differential egs. (4.47) and {4.48) into the finite difference equations

at the grid point. They are in order as follows:

uf(f?j)_uf(f:j"l) = [“f(i'i-lsj)_zuf(isj)""uf(i_l:j)]
An (Ar)2
Il = 1,5)
r(i) 24r

+ Klup(iy ) —uplis )] - Hallup (5, ) — K] (4.81)

“p(fsj) - up(ixj_ 1) __ RCRV[up(E+ la.f) - 2“;1(1.,}:) +u.ﬂ(f'— lsf)l
An (Ar)?

R.Ry [up(i-l- L, - up(!' — l,j]]

r(f) 2Ar

+ Klup(h, ) —up(t, )] (4.82)

+
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Here the index i refers to » and j refers to 7. The time derivative is replaced by
the backward difference formula, while the spatial derivatives are replaced by
central difference formula. The above equations are solved by Thomas algorithm
by manipulating into a system of linear algebraic equations in the tridiagonal
form. Ateach time step, the process of numerical integration for every dependent
variable starts from the first neighbouring grid point of the outer surface of the
inner cylinder at r = 1 and proceeds towards the inner surface of the outer
cylinder at » = ¢. The process of computation is advanced until a steady state is
approached by satisfying the following convergence criterion:

VIA; j1— Ay

. < 1078 (4.83)
M |A|max

with respect to the fluid and dust particle velocity fields.

Here A; ; stands for the velocity field of the fluid and dust particle, M* is the
number of interior grid points and |A} ., is the maximum absolute value of 4; ;.
In the numerical computation special attention is needed to specify Ay to get
steady state solution as rapid as possible, yet small enough to avoid instabilities.

It is set, which is suitable for the present computation, as

AN = Stabr x (Ar)? (4.84)

The parameter Srabr is determined by numerical experimentation in order

to achieve convergence and stability of the solution procedure. Numerical
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experiments show that the value 2 is suitable for the present numerical
computation. In order to confirm the validity of the numerical solution, the
numerical results are compared with analytical solution derived for steady state
problem. The obtained numerical values using implicil finite difference method
at steady state are in excellent agreement with numerical values obtained from
analytical solutions. Also, the result obtained using implicit finite difference and
Riemann-sum for fluid and dust particle velocity and skin-friction are presented
in Tables I & II respectively. These tables reveal that there is an excellent
agreement in numerical values for both method. An alternative accurate and
also efficient numerical method of solving this problem is the pseudo-spectral
methods. This method was used by Avilla et al. (2007) in the stability control and
catastrophic transition in a forced Taylor-Couette system, details can be found in

Fornberg (1998).

Table 4.1: Numerical values of the velocity obtained using the Riemann-sum
approximation method and that obtained using finite difference method for both
the fluid and the particle phases when 1 = 0.2, K = 1, K = 50, R, = 0.25 and
Ha=2.

Velocity -
Riemann — sum  Fimite Dif ference
r Ry Fluid  Particle  Fluid  Particle

12 1.0 0.2669 0.2448 (0.2650  0.2426
1.5 02735 02508 02716 0.2486
20 02796 02567 02778 0.2546
14 10 04523 04264 04493 04229
1.5 04651 04411 04622 04377
20 04763 04538 04735 04506
e 10 0.6254 06023 06223  0.5987
15 06397 06199 06369 0.6165
2.0 (.6518 0.6343 06490 0.6311
1.8 1.0 0.8103 07969 08084 0.7946
15 0.8197 08086 08179  (.8065
20 0.8273 08179 0.8257 (.8159

155



Table 4.2: Numerical values of the steady state skin friction obtained using the
Riemann-sum approximation method and that obtained using finite difference
method when X = 50, B, = 0.25 and Ha = 2.

Steady srare skin friction

Riemann— sum  Finite dif ference

r K Ry Flutd  Perricle  Fluid  Particle
10 0 10 1.6659 14403 1.6637 1.4456
1.5 1.6200 13605 16176 1.3647

20 1.5828 12987 (.7884 09935

1 10 04416 (04487 04414 04486

1.5 04592 04694 04591 04693

20 04744 04873 04743 (0.4872

20 0 10 0.8831 0.8974 08825 0.8968
15 09185 (95388 09178 0.9382

240 09489 09746 0.9483 09740

1 10 23919 21660 23880 21705

1.5 23458 20858 23416 20892

20 23083 20237 23041 20265

4.2.6 Result and Discussion

In order to get a physical insight into the problem, a MATLAB programme is
written to compute and generate the graphs for the velocity of both phases
and their skin frictions. Unless otherwise stated, we employed the following
parameters: KX = 50.0, Ry = 1.0, R, = 0.25, Ha =2, ¢ =2 and 1) = 0.5 in generating
the line graphs in Figures 4.14-4.25. We however plotted contour graphs where
necessary in order to see clearly the effect some parameters. It is important
to know that the graphs on the left side of the figures corresponds to when
K = 0, while that on the right corresponds to when K = 1. Figure 4.14 shows
the effect of time 5 on the fluid phase velocity u;. In Figure 4.14a, we see that
uy increases with time until it reaches its steady state, similarly, when K = |

as observed in Figure 4.13b, u; also increases with time. The particle phase
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velocity u, follows the same pattern of behaviour in Figure 4.15. The velocity
of both the fluid and the particle phases increases from their initial value at the
boundary to one at the moving cylinder through layers of different depths. The
numerical values obtained for the velocities are always less when the magnetic
field is fixed relative to the fluid than when fixed relative to the moving cylinder.
The variation of u; against the Hartmann number Ha is shown in Figure 4.16,
us is observed in Figure 4.16a to decrease with an increase in Ha when £ =0,
however, in Figure 4,16b, an increase in #Ha is seen to lead to an increase in ;.
This physical facts can be explained because the magnetic field is supporting the
fliud motion when the magnetic lines of force are fixed relative to the moving
cylinder. In Figure 4.17a, u, is seen to follow the same trend of behaviour as u;.
The effect of the viscosity ratio Ry and time 7 on both u; and u,, are depicted
in Figures 4.18 and 4.19 respectively at the centre of the annulus gap (r = 1.5),
uy is seen to increase with Ry and 1 for K = (0 and K = 1. Figures 4.20 and
4.21 shows the effect of R. (= f,/fr} on the behaviour of both fluid and particle
velocities, where fr and f, depicts the substance quantity of mixture of fluid
and particle respectively. We observe that an increase in K; when K = 0, results
into an increase in the velocities of both phases. However, when K = | the same
trend is observed only at small time (77 < 0.5). As the time is further increased,
an increase in the particle concentration leads to a decrease in the velocities of
both the fluid and the particle phases as observed in Figures 4.20b and 4.21b.

The skin frictions for both phases at the outer surface of the inner cylinder

157



(r = 1) and at the inner surface of the outer cylinder {r = 2) are presented in
Figures 4.22-4.25. The variation of the fluid-phase skin friction 7, is observed in
Figure 4.22 to increase with time on the stationary cylinder for both K =0 and
K = 1. It also increases with R, when K = (), however, when K = |, we noticed in
Figure 4.22b that at small time, the effect of Ry on the skin friction is negligible.
As the time is increased, a decrease in t; due to an increase in Ry is noticed. The
particle phase skin friction, % is observed in Figure 4.23 to follow a similar trend
with that of the fluid phase. On the inner surface of the outer cylinder (r =2),
we noticed in Figure 4.24a that 7 decreases with R, and increases with time
when K = 0. In Figure 4.24b when K = |, an increase in the magnitude of 7, due
to an increase in Ry is noticed. However, a reversal in behaviour is seen when
7 > 0.5; where an increase in Ry leads to a decrease in the magnitude of 75. The
response of 7, to Ry is depicted in Pigure 4.25, the magnitude of 7, is seen to
decrease with Ry and decreases with time when K =0 and X = 1. The behaviour
of the skin friction is in agreement with the behaviour of the velocities of the
two phases earlier discussed. In addition, a careful study of Figures 4.22-4.25
reveals that the skin frictions at the opposite cylinders are seen to be of opposite
sign; at the outer surface of the inner cylinder it is positive and negative at the

inner surface of the outer cylinder.
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Figure 4.14: Profile of the fluid phase velocity uy showing the effect of time
with K = 0 and K = | represented by a and b respectively (K = 50.0, Ry = 1.0,
R. = 0.25 and Ha = 2).

s =z .

-
-

Figure 4.15: Profile of the particle phase velocity u, showing the effect of time
with K = 0 and K = 1 represented by a and b respectively (X = 50.0, Ry = 1.0,
R, = 0.25 and Ha = 2).
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Figure 4.16: Profile of the fluid phase velocity uy showing the effect of Ha with
K =0and K = | represented by a and b respectively (K = 50.0, Ry = 1.0, R, = 0.25
and np = (1.5).
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Figure 4.17: Profile of the fluid phase velocity u, showing the effect of Ha with
K =0and K = 1 represented by a and b respectively (K = 50.0, Ry = 1.0, R, = 0.25
and n = 0.5).
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Figure 4.18: Profile of the fluid phase velocity u; showing the effect of Ry, and

n with K = 0 and K = | represented by a and b respectively (K = 50.0, r = 1.5,
R. = 0.25, Ha = 2.0 and n = 0.5).
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Figure 4.19: Profile of the fluid phase velocity u, showing the effect of R, and
n with K = 0 and K = | represented by « and b respectively (K = 50.0, r = 1.5,
R. =025, Ha=2.0and n =0.5).
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Figure 4.20: Profile of the fluid phase velocity u; showing the effect of R, and
n with ¥ = 0 and K = | represented by @ and b respectively (K = 50.0, r = 1.5,
Ry = 1.0, Ha = 2.0 and n = 0.5).
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Figure 4.21: Profile of the particle phase velocity u, showing the effect of R, and
n with K = 0 and K = | represented by a4 and b respectively (K = 50.0, r = 1.5,
Ry = 1.0, Ha = 2.0 and i = 0.5).
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Figure 4.22: Variation of the fluid phase skin friction on the outer surface of the
inner cylinder (r = 1) showing the effect of Ry and 1 (K = 50.0, Ha = 2.0 and
R. = 0.25).
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Figure 4.23: Variation of the particle phase skin friction on the outer surface of
the inner cylinder (r = 1) showing the effect of Ry and 1 (K = 50.0, Ha = 2.0 and
R. =0.25).
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Figure 4.24: Variation of the fluid phase skin friction on the inner surface of the
outer cylinder (r = 2) showing the effect of Ry and 1 (X' = 50.0, Ha = 2.0 and
R. = 0.25).
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Figure 4.25: Variation of the particle phase skin friction on the inner surface of
the outer cylinder (r = 2) showing the effect of Ry and n (K = 50.0, Ha = 2.0 and
R. = 0.25).
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4.3 CONCLUDING REMARKS

In this chapter, we have employed the combination of the Laplace transform
technique, D’ Alembert’s and Riemann-sum approximation methods to obtain
the solutions of unsteady MHD two-phase flow of fluid-particle suspension in
both the parallel plate channe! and the annular gap of two concentric cylinders.
We have considered the effect of various dimensionless parameters occuring
in the problem such as the Hartmann number, the viscosity ratic and the ratio
of the substance quantity of mixture on the flow field. It is observed that both
the velocity of the fluid phase and the particle phase decrease with increase in
Hartmann number.

The skin friction for both the fluid and the particle phases decreases with
time on both plates until a steady state is reached, it is also observed to decrease
with increase in the particle viscosity on the moving plate while an opposite
behavipur has been noticed on the stationary plate. For the annulus, the skin
frictions at the opposite cylinders are seen to be of opposite sign; at the outer
surface of the inner cylinder it is positive and negative at the inner surface
of the outer cylinder. The results obtained demonstrates the reliability of the
Riemann-sum approximation method as comparisons made with those obtained

using the implicit finite difference method shows consistency between the two.
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CHAPTER 5

MHD FREE CONVECTIVE FLOW

Free convection flow field is a self-sustained flow driven by the presence of
a temperature gradient. This is opposed to a forced convection flow where
external means are used to provide the flow. As a result of the temperature
difference, the density field is not uniform. Buoyancy will therefore induce a
flow current due to the gravitational field and the variation in the density field.
In general, a free convection heat transfer is usually much smaller compared to
a forced convection heat transfer, it is therefore important only when no external
flow exists.

The effect of magnetic field on the free-convective flow has been presented
by Georgantopoulos et al. (1979) and Raptis and Singh (1983) for the cases of
the magnete field being fixed relative to the fluid and the plate respectively.
Singh and Singh (1989) extended the classical Rayleigh problem to the case
of the hydromagnetic free-convective flow of an electrically conducting and
incompressible viscous fluid past an infinite vertical naturally permeable wall
in a rotating system. Ferdows et al. (2004) analysed free convection flow with
variable suction in the presence of thermal radiation while Alam et al. (2006)

studied Dufour and Soret effect with variable suction on unsteady MHD free

166



convection flow along a porous plate. Singha and Deka (2006) investigated
the unsteady viscous incompressible free convection flow of an electrically
conducting fluid between two heated vertical parallel plates in the presence of a
uniform magnetic field applied transversely to the flow. Jha (2001) examined
the combined effect of natural convection and uniform transverse magnetic field
on the Couette flow of an electrically conducting fluid between two parallel
plates for the impulsive motion of one of the plates. Recently, an exact analysis
of the natural convection in unsteady Couette flow of a viscous incompressible
fluid confined between two vertical parallel plates in the presence of thermal
radiation was performed by Narahari (2009).

Entropy generation due to fluid flow and heat transfer inside a horizontal
channel made of two parallel plates under the effect of transverse magnetic
field was numerically investigated by Damseh et al. (2008). Aldoss et al. (1996)
investigated analytically the effect of a radial magnetic field on the flow and heat
transfer characteristics of mixed convection from a horizontal circular cylinder.
Using Green’s function method, Al-Nimr and Alkam (1999) presented analytical
solutions for transient MHD fully developed natural convection in open-ended
vertical concentric annuli. The analytical solutions for fully developed MHD
natural convection flow in open-ended vertical porous channels was presented
by Al-Nimr and Hader (1999), while the effect of magnetic field on natural
convection in a vertical cylindrical annulus was studied by Sankar et al. (2006).

The numerical study to understand the effect of rotation on the axisymmetric
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flow driven by buoyancy in an annular cavity formed by two concentric vertical
cylinders which rotate about their axis with different angular velocities was
conducted by Venkatachalappa et al. (2001). Weng and Chu (1996) carried out a
numerical study of the effects of thermal radiation on the heat transfer of steady
natural convection in a participating fluid contained inside a cylindrical annulus.

More recently, Ravi and Singh (2011) considered the natural convective
flow of a polar fluid in open-ended vertical concentric annuli. Despite the
vast amount of works that has been done on the free-convective flow under
different conditions, little work seems to have been carried out on the MHD
free-convective Couette flow. We therefore considered the MHD free convective
Couette flow between two parallel vertical porous plates. We also carry out
a theoretical analysis of an unsteady MHD free convective flow of a viscous
incompressible and electrically conducting fliud between two concentric vertical
cylinders considering thermal boundary condition of the second kind at the
outer surface of the inner cylinder. The solution of the governing equations has
been abtained by using a Laplace transform technique. The effect of the various
flow parameters entering into the problem such as Prandtl number, Grashof
number and the suction/injection parameter on the temperature, velocity, rate

of heat transfer and the skin friction are presented graphically and discussed.
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5.1 MHD FREE CONVECTIVE COUETTE FLOW WITH
SUCTION AND INJECTION!

This section considers the unsteady MHD free convective Couette flow of
a viscous incompressible electrically conducting fluid between two parallel
vertical porous plates. Both cases of the applied magnetic field being fixed either
to the fluid or to the moving porous plate are considered. The skin friction
have been seen to decrease with both suction and injection on the surface of the
moving plate when the channel is being cooled, while on the stationary plate,

the magnitude of the skin friction increases with injection.

5.1.1 Mathematical Analysis

The motion of an unsteady two-dimentional viscous, incompressible and
electrically conducting fluid filling the gap between two parallel vertical infinite
porous plates is considered. The two porous plates are located on the '-axis
and extend from x’ = —o0 10 0 and 2 = —eo to . The fluid flows between the
two porous plates in the x'-direction which is taken along the vertical porous
plate in the upward direction and the z’-axis is taken to be normal to the porous
plate. A uniform magnetic field By is assumed to be acting perpendicular to the
porous plates. At time t < 0, the fluid and the porous plate are assumed to be
at rest and at temperature Ty, When 1 > () the left porous plate begins to move

in its own plane with a velocity Ur" where U is a constant and its temperature

'Jha and Apere (2011b) Published in
Trans. ASME ]. Heat Transfer 133 092501 (2011) ; doi: 10.1115/1.4003902
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instatanoeusly rises or falls to T,,. Under the usual Boussinesq approximation,

the governing equations are

ou' v’ 3’ chB?

a_t—WU-a—-z-T = Vﬁ-i—g'g'(?"—ﬂ}] - Tﬁu} (5.1)
ar’ ar’ K 22T’
"7 T pc, e 2

where wy is the normal velocity of suction or injection at the plate according as
wo > 0 or wy < 0 respectively. wp = 0 represents the case of non-permeable plates.

The initial and boundary conditions for the problem are

i = 0, =T, for0<Z<hatt<0 (5.3)
W = U, T'=T,, when =0 at t >0

W = 0, T =Ty, when? =hat >0

Eq. (5.1) is valid when the magnetic field is fixed relative to the fluid, if the
magnetic lines of force are fixed relative to the moving porous plate, we must

account for the relative motion, then eq. (5.1) can be replaced with

o o o8Bl
j—woa—z,zva—z,z'i'gg(Tr—TO)_To(”;_U‘") (5-4)

170



Eq. (5.1) and (5.4) are combined together to obtain one single equation

a I 3 t 32 t , Bz
—ai:- - wog‘;_, _ Vﬁé% + (T —Ty)— ~°p—“(u’ — KU, (5.5)

where

& {0 whent By is fixed relative ro the fluid

1 when By is fived relative to the moving porous plate

The flow described by eq. (5.5) is the general representation of the velocity
distribution for the Couette flow between infinite parallel vertical porous plates
of any conducting medium due to the movement of the left porous plate in the
presence of free-convective currents. In order to analyse the specific flow profiles,
we have considered the case when n = 0, which corresponds to the impulsive
motion. Introducing the following dimensionless quantities in eqgs. (5.2)-(5.5);

e=2/h u=u[U, n=1v/h, H,=Boh\/o/Vp, 8 = woh/V,Pr= uCp/k, Gr =

gE(Ty — TR /UV, and 0 = (T' —Ty)/ (T~ T). We now have

a6 20 | %0

ET R P oo
ou _du Fu _,
ﬁ...sa_z._z?--z-f—5'1(a(;¢ﬂﬁr)+Grfil, (5.7)
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and also the following dimensionless initial and boundary conditions.

u = 0, 0=0, for 0<z<1 ;#an<0;
u = 1, 0=1, whenz=0an >0

u = 0,0=0, whenz=1 arn>0.

(5.8)

The solutions of egs. (5.6) and {5.7) can be obtained by using the Laplace

transforms technique as follows:

d*a dé ~
d—z2+SPrd—z —.?Pr9 —0

da
dz?

dii 2, - = HIK
Sdz—(?{a—l—s)u— Gr8 .

The solutions of egs. (5.9) and {5.10) are respectively:

8= | ) P50

¥

i(z,s) =[Acosh(ufz]+Bs£nh(wz)]exp(——§z_)+s HoK
Gr _ [exp(8(1—-2)) exp(-6(1—2))
2ssinh{8)} C D
SPr
2

x  exp(—
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(5.9)

{5.10)

(5.11)

(5.12)



where

_ I H?!K Gr exp(ﬁ] exp(_S)
A= s s(H2+s) + 2ssink(8) c D ] (5.13)
— cosh(¥) H2K 8 Gr
8= - sinh(y) .9(?{3+S)Sinh(w)cxp(§) * 2ssinh(8)sinh(y)
1 1 S
[E - 5] exp((5 {1~ Fr)) (5.14)
2
¢= (5+%) ‘S(“%)—(%ﬁﬂ) (5.15)
2
= (5 B %) s (5 - %’) —(Ho+9) (5.16)
SpPr\?
0= (""2") +sbr (5.17)
S 2
V= \/(-2') +(HZ+s). (5.18)

Using the Riemann-sum approximation method to determine the temperature

and the velocity in the time domain, we have as follows:

o(z,m) = % [%9(”) +Re§ 6(z, 7+ ”‘—”)(—1)*} (5.19)
i=1 n
er |1 il ikn
)= — |zu(z,7) + R iz, 7+ —)(—1)*]. 5.20
u(z,m) ; [2 (z,7) + fk);,‘u(z T ) J] (5.20)
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5.1.2 Rate of Heat Transfer and Skin Friction

The rate of heat transfer which is represented by the Nusselt number Nu and the

skin friction 7 are similarly obtained by differentiating the temperature and the

velocity, respectively, with respect to z as follows:

By nature

a8 e (1, Y, 2 A
Nu=-T =T [59.(z,w)+nek)=:] iz, +50)(=1) ]

i N

_du €)1 , LIV
t_dz_ 0 [2u1(z,}')+Rek§ur(Z"J’+ 1 N ])}1

where

) _ s;nh((S(l—Z))
6i(z,5) = —Sﬂ—m)'—

cosh(8(1 — z))

- —m-)—exp((—sprﬂ)z)

exp((—SPr/2)z}

2 exp(~ 5% [Acosh(y2) + Brink{yz)

afz,s) = — FeXp

+ weoxp(— %) [Asink(yz) + Beosh(yz)

SPr

Gr
.ZJ

T Sssinh(3) [exp(-(5+ 5;’r)z)exlz:(5) 6+

+ exp((d-

SPr . exp(—6) SPr
= 8-
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(5.22)

(5.23)

(5.24}



Egs. (5.21) and (5.22) represents the general expressions for the rate of heat
transfer and skin friction respectively between different fluid layers amidst the
two porous plates. The rate of heat transfer and the skin friction on the two
porous plates can then be calculated by setting z = 0 and z = | in eqgs. (5.23) and

(5.24).

5.1.3 Validation of the Method

In order to validate the accuracy of the Riemann-sum approximation method,
we set out to find the solution of the steady state, which should coincide with the
transient solution at large time. The expression for the steady state temperature
and the velocity distribution u at this state is obtained by setting d{)/dt in
eqs. (5.7) and (5.8) to zero. We now obtain the following ordinary differential

equations

1 d*8, _.d6,

E"-—dzz +S—dz = () (5.25)
d2
- s‘%ﬁ = H2{u~K) — Grb,, (5.26)

. The solutions of egs. (5.25) and (5.26) using the boundary condition (5.8) are

_ sinh(SPr/2(]1 - 2)) SPr

O = —misprizy  SP(-—73 (5.27)
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us = |Ajcosh{y1z)+ B,sinh(y z)| exp(—gz)+l(
Gr [exp(SPr/Z(l -z) N exp(—SPr/2(1 — z))]

2sinh(SPr/2) Cy M2
SPr
X exp(——z—z], (528)

where

. Gr EXP(SPr{Z) exp(-&£r/2}
Av=1-K+ 5pismr P+ 2k H ]

— cosh{y) X & Gr
By =-A Gt — smen©¥P2) + mniser oematers

X [%I + ’H_IE} exp((%(l —Pr))

Ci =8P~ 82Pr—H2and y; = /()" +72.

The resulis obtained for the velocity and the skin friction for the steady state
are found to be in excellent agreement with those of egs. {5.9) and (5.10) when
the value of n is large. Also, the numerical values of the velocities obtained in
this problem in the absence of suction and injection was compared with those
obtained analytically by Jha (2001) in Table I. The excellent agreement between

the two numerical values is evident in the Table 9.1.

5.1.4 Resulis and Discussion

In order to have a physical insight into the problem, a MATLAB programme is
written to compute and generate the graphs for the temperature, veloci ty, rate
of heat transfer and the skin friction for different values of the dimensionless
parameters. Some representative results are presented in the form of line graphs

in Figures 5.1-5.11 to interpret the effects of these parameters. A comparative
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Table 5.1: Numerical values of the velocity obtained analytically in Jha’s problem
and that of Riemann-sum approximation method when Gr = 10, Pr = 7 and
& = 0 in the present problem

n Z K Velocity (u)

Jha (2001)'s Result Present Result
IH:: =2 .H-u =3 IHH =2 .H-n =3

02 02 0 07483 04379 07479 04375
1 09665 10538 09667  1.0563

4 0 04701 01752 04707 0.1752

1 07878 09905  0.7884  0.9935

6 0 0255 00638 02595 0.0639

I 05766 08792 05772  0.8820

08 0 01129 00202 01129  0.0202

1 03312 06361 03317 06389

04 0.2 0 08372 04715 08350 0.4696
1 1.0681 10879  1.0669 1.09117

04 0 05927 02148 05928 0.2149

1 0.9301 1.0309 09313 1.0367

06 0 03600 08898 03601  0.0898

1 06975 09059 06986 09116

0.8 0 01666 00311 01666  0.0311

1 03975 06475 03984  (.6533

analysis is made when necessary between the cases of the magnetic field being
fixed to the fluid and to the moving porous plate; this is depicted on the left
and right panels respectively of the affected figures. It is obvious from egs.
(5.11) and (5.19) that the dimensionless temperature does not depend on the
Grashof number Gr, the Hartmann number H, and K. Hence, the variation of
the temperature profiles are carried out on time 7, the Prandtl number Pr and
the suction/injection parameter & as shown in Figures 5.1 and 5.2. The variation
of the temperature with respect to time is shown in Figure 5.1, we observe that
the temperature increases with 1 until it finally reaches its steady state. The

temperature is also observed to be higher near the left plate (z = 0) than at the
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right plate (z = 1), this is due to the temperature raise of the left plate (z = 0).
The variation of the temperature with both the Pr and the S at the centre of the
channel (z = 0.5) is itlustrated in Figure 5.2. It is observed that as Pr increases, the
tempearature decrease and a further increase makes the temperature to tend to
zero. This is because fluids with high Pr have a small thermal conductivity and
high viscosity, which normally result into low heat penetration and a reduced
thermal layer. Similarly, temperature is seen to decrease as § increases.

The velocity profile when the left plate is being cooled by the free convection
currents is shown in Figure 5.3. This figure shows that the velocity is always
positive and increases with time. It is at its peak on the impulsively started
porous plate and decreases gradually to zero at the stationary plate, this
behaviour is same for K = 0 and K = 1. In Figure 5.4, the velocity profile is
shown for a plate that is being heated, a flow reversal is observed in this case as
negative values of the velocity is obtained at all times. This phenomenon is due
to the free convective currents which is moving within the channel, during this
movement, the flow is opposed to these currents and hence there is a reverse
flow in the channel. Figures 5.5 and 5.6 shows the effect of the Hartmann number
on the flow velocity for both the cooling and the heating of the moving porous
plate respectively. The velocity is noticed to decrease with an increase in H,
when K = 0 for both the cooling and heating of the porous plate, the reverse is
the case when K = 1. It is observed in Figure 5.5 that the velocity increase with

injection and decrease with suction for the cooling of the porous plate. This is in
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total contrast to the heating of the porous plate as noticed in Figure 5.6. The rate
of change of velocity with respect to S is observed o be higher when K = 1.

The combined effect of the Gr and S on the velocity at the middle of the
channel (z = 0.5) is shown in Figure 5.7. The velocity increases as Gr increases
positively and decreases as Gr increases negatively. The behaviour of S towards
the velocity is influenced by the status of the porous plates; whether it is being
cooled or heated. For the case when the porous plate is being cooled (Gr > 0),
the velocity decreases as S increases, while for the heating (Gr < 0) the velocity
is seen to increase. In the absence of convection current (Gr = 0), the velocity
of the fluid is observed to be non-zero, this is the reaction of the fluid to the
impulsive movement of the porous plate.

The rate of heat transfer on the two plates, which is represented by the
Nusselt number Nu is presented in Figures 5.8 and 5.9. On the moving porous
plate (z = 0) in Figure 5.8, Nu is observed to increase with injection and decrease
with suction. Whereas, Pr has a dual effect on Nu depending on whether the
channel is subjected to suction or injection. It has an increasing effect when the
channel is being injected and a decreasing effect when the channel is subjected to
suction. Contrarily, on the stationary porous plate (z = 1) as observed in Figure
5.9, Nu increases with suction and decreases with injection, while it increases
with Pr notwithstanding whether the channel is subjected to suction or injection.
The skin friction on the surface of the porous plates is presented in Figures

5.10 and 5.11. The skin friction decreases with both suction and injection on
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the surface of the moving plate when the channel is being cooled (Gr > 0) as

observed in Figure 5.10, while on the stationary plate, the 1 increases with

injection and decreases with suction for the heating of the channel. It is noticed

that the effect of suction on the stationary plate is to suppress 7.
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Figure 5.1: Temperature profile @ showing the effect of  (Pr=0.71 and $=0.5.
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Figure 5.2: Temperature profile 8 showing the effect of Prand S at 1 =0.1 at

z=0.35
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Figure 5.3: Velocity profile u for the cooling of the plate showing the effect of
n with K = 0 and K = | represented by a and b respectively (Pr - 0.71, 8 = 0.5,

Gr=10and H,=2).

Figure 5.4: Velocity profile « for the heating of the plate showing the effect
of time 1 with K =0 and K = | represented by a and b respectively (Pr = 0.5,

8§ =05, Gr=-10and H, = 2).
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Figure 5.5: Velocity profile u for the cooling of the plate showing the effect of
H, and S with K = 0 and K = | represented by a and b respectively (Gr = 10,

Pr=07,z=05and n=0.1).
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Figure 5.6: Velocity profile « for the heating of the plate showing the effect of
H, and S with K = 0 and K = | represented by a and b respectively (Gr = — 10,
Pr=0.71,z=05and n =0.1.
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Figure 5.7: Velocity profile u showing the effect of Grand § with K = 0and K = |
represented by a and b respectively (z = 0.5, Pr=0.71,n = 0.1 and H, = 2).
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Figure 5.8: Rate of heat transfer at z = 0 showing the effect of Prand S at n = 0.1.
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Figure 5.10: Skin friction on the plate at z = 0 showing the effect of Grand §
with K = 0and K = | represented by a and b respectively (Pr = 0.71, n = 0.1 and
Ha = 2).
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Figure 5.11: Skin friction on the plate at z = | showing the effect of Gr and S
with K = 0 and K = | represented by a and b respectively (Pr = 0.71,n = 0.1 and

Ha=2)
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5.2 MHD TRANSIENT FREE CONVECTIVE FLOW IN A
VERTICAL ANNULUS WITH THERMAL BOUNDARY
CONDITION OF THE SECOND KIND?

The problem of MHD free convective flow within the annulus of two concentric
cylinders is analysed in this section. The transient free-convection current is set
up within the annulus due to the sudden imposition of constant heat flux at the
outer surface of the inner cylinder, while the inner surface of the outer cylinder
is maintained at constant temperature. In order to capture the present physical
situation, the thermal boundary condition of the second kind is used at the outer
surface of the inner cylinder, while the thermal boundary condition of the first
kind is utilized at the inner surface of the outer cylinder. The results obtained are

compared with the steady state solutions which have been obtained separately.

5.2.1 Mathematical Analysis

We consider the MHD free convection motion of a viscous, incompressible and
electrically conducting fluid filling the gap between two vertical concentric
cylinders of infinite length. The Z'-axis is assumed to be on the axis of the
cylinders in the vertical direction and r-axis is on the radial direction. The
fluid flow between the two cylinders in the presence of magnetic field acting
perpendicular to the flow direction. Initially, (+ < 0), the fluid and the annular

surfaces are at the same tempeature 7 and there is no fluid motion. At timer >0,
i ’Jha and Apere (2012a) Published in
Trans. ASME J. Heat Transfer 134 042502 (2012) ; doi: 10.1115/ 1.4005109
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heat is supplied at a constant rate to the fluid trapped between the two cylinders
through the inner cylinder (r = a) while the inner surface of the outer cylinder
(r = b} is maintained at constant temperature Ty which causes the transient
natural convection inside the annulus. Since the cylinders are of infinite length
and the flow is fully developed, all physical variables are functions of ¢’ and 1.
The walls of the cylinders are assumed to be electrically non-conducting. The
magnetic Reynolds number is assumed to be very small which corresponds
to negligible induced magnetic field compared to the externally applied one,
therefore, the uniform magnetic field B is a constant B = (8,0,0) and is
considered as the total magnetic field acting on the fluid. It is assurmed that no
applied, polarisation voltage exists and the Hall effects of MHD are negligible.
Also, all fliud properties are assumed to be temperature independent, while
the viscous and Joule dissipation terms are neglected. See Figure 5.12 for the
schematic diagram of the problem. Under the usual Boussinesq approximation,

the present problem is governed by the following equations

or' _ x [T 10T (5.29
ot pC, | art " ¥ ar )
o %' 1 oB3
Wy [W 4 ;ﬂ -0 4 g (') (5.30)
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Figure 5.12: Schematic of the problem
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The initial and boundary conditions for the problem are

W = 0,T=7, a<r/<bandt<0, {(5.31)
a7’

! = —_— = Jr: :

Ww = 0, 37 Q/x, at¥=a,t>0

W 0, I'=T,, ar=b1>0

Il

5.2.2 Solution of the Problem

Introducing the following dimensionless quantities in egs. (5.29) - (5.31);

r=v/a, u=§%%5, n=vt/d?, 8 ="LZNE pr—uC, ik Ha= Boa\/o]vp

and ¢ =b/a

Eq. (5.29) and (5.30) can then be written in dimensionless form as

36 _ 1[0 199
an =P [ﬁ * ;:7;:] (5:32)
du .  1ou 2
a—ﬁmﬁ'F*;-a—r—Ha u+9 (5-33)
subject to the following dimensionless initial and boundary conditions
u = 0,0=0, 1<r<candn<9, (5.34}
30
U = 0,3?——1, atr=1n>0Q

u =0, 0=0, atr=¢,1n>0.
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The solutions of eqs. (5.32) and (5.33) and the corresponding boundary

conditions (5.34) can be obtained using the Laplace transforms technique as

follows:
d*e 1dé ~
?;+;E~3Pr6 =0 (5.35)
da  ldi . ,
Ef—2+FE;‘_(S+Ha )u-——G (5-36)

=—s'ar=lL,andi=0=0ar=c, (5.37)

The solution of eq. (5.35) together with the boundary condition (5.37) is

8(r,s) = ALl 1ar) + A2 Ko 1), (5.38)
from where we obtain,

a0

5 =" [Ah(nr) - AK (0r)] (5.39)

Eq. (5.39) and the boundary condition (5.37) are used to calculate A| and 4,,

while the solution of eq. (5.36) is

Ao{yir) + ArKo(nir)
(82~ 1) '

i#(r,s) = Aafp(8r) + AsKp(Br) + (5.40)
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where 1 = V5Pr, 8= \TM?, A= -8 4 B0D, 4, BlIG

Ay =— fo{8¢)C,
62(8 _;]J’

C=Kmhn)+Kins(ne), Cr=Ado(n)+AKe(11), C2 = 1Io(85)Ko(8) -
Ko(8¢)io(9).
Egs. (5.38) and (5.40) are inverted using the Riemann-sum approximation as

follows:

£ - N -
00nn) = ?‘"’ |:%G(r, " +Rekz' 8(rv+ ""”)(—1)*} (5.41)
=]

u(rn) = 5’;? [%ﬁ(rsr)JrReg a(ny+ ‘%’r)(—l)} (5.42)

5.2.3 Rate of Heat Transfer and Skin Friction

The rate of heat transfer which is represented by the Nusselt number {Nu) is

obtained by differentiating the temperature with respect to r as follows:

de e N n’cJ'r
Nu=3-;lr=g— 0 [ Bi(r,Y) + Re ; ry+——— (~ 1) (5.43}
where
61(r.s) = n{Ah(1ir) — A2Ki (117)]. (5.44)

The rate of heat transfer on the inner surface of the outer cylinder is obtained by

substituting r = 2 in eq. (5.44).
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The skin friction 7 is defined as %, it is obtained by differentiating equation

(5.42) with respect to r as
e | N ikm ‘
T=o-=— |S@(zY) +Re Y iz, v+ —)(-1)|, (5.45)
n (2 o n

where

111(1’*‘)—1"‘2!?1(?’")].

ai(ns) = 8|Ash (8r) — A4K,(Br)) +’J’[A 57—

(5.46)

Equation (5.45) represents the general expression for the skin friction between
different fluid layers between the two cylinders. The skin frictions at the outer
surface of the inner cylinder (r = 1) and that at the inner surface of the outer

cylinder (r = 2) can then be obtained from eq. (5.45).

5.2.4 Steady State

The expression for the steady state velocity distribution #, is obtained by setting
d()/dn in egs. (5.32) and (5.33) to zero. We then obtain the following ordinary

differential equation as

4’6, 1486,

a2 + ; E" =0 (5.47)
d®u, 1d
-(% - % —HaPu = -6, (5.48)

The solutions of eqs. (5.47) and (5.48) together with the boundary condition
(5.34) are

85(r) = —In(r) + In(g) (5.49)
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s (F) = Dy lo(Hat) + Dok (Har) — ﬂl;;[ln(r) —In(g)), (5.50)

where
- Ko(gHa)|tn(1) — tn{g)]
D)= Ha? |Ko(M)lp(gHa) ~ Ko(¢Ha)ly(Ha)] (5.51)
Dy = fo(sHa)lIn(1) — in(¢)] 552

"~ Hat|Ko(Ha)lo(gHa) — Ko(cHa)lo(Ha)|

The numerical values of the velocity obtained analytically for the steady state
are compared with those of the transient state obtained using the Riemann-sum
approximation method in Table I. The values of Ha and Pr used to generate the
results in the Table are 2 and Q.71 respectively. We observed in Table [ that at a
particular point in the annulus, the transient velocity increases with time until it
reaches its steady state. The values of the transient state velocity when i = 10.0
are observed in Table I to coincides with the steady state values. It can then
be concluded that, there is an excellent agreement between the Riemann-sum

approximation method and the analytical method.

5.2.5 Results and Discussion

From the solution, we observe that the temperature is dependent on the time
and the Prandtl number, while the velocity depends on time, Prandt] number
and the Hartmann number. Numerical solution for the temperature, velocity,
skin friction and the rate of heat transfer are computed from the semi-analytical
solution with the help of MATLAB 7.2, the results are depicted graphicaily in

Figures 5.13-5.20 for various values of time, Prandtl number and the Hartmann
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Table 5.2: Comparison of the numerical values of the transient state velocity
obtained using the Riemann-sum approximation method and the steady state
velocity obtained analytically when Ha = 2 and Pr=0.71

n r Velucity

Transient State  Sieady State

0.2 1.2 0.0106 0.0234
14 0.0109 0.0275
1.6 0.0077 0.0218
1.8 0.0038 0.0115
04 1.2 0.0180 0.0234
1.4 0.0205 0.0275
L8 0.0158 0.0218
1.8 0.0082 0.0115
100 12 0.0234 0.0234
1.4 0.0275 0.0275
1.6 0.0218 0.0218
1.8 0.0115 0.0115

number. The behaviour of the temperature with respect to time and the Prandil
number are shown in Figures 5.13 and 5.14. The figures shows an exponential
decrease in the fluid temperature from the outer surface of the inner cylinder
to zero on the inner surface of the outer cylinder. The temperature is seen to
increase with time in Figure 5.13, while it decreases with an increase in Prandtl
number in Figure 5.14. This is expected as fluids with high Prandtl number have
a small thermal conductivity and high viscosity, which normally result into low
heat penetration and a reduced thermal layer.

Figures 5.15-5.17 shows the velocity profile, the fluid velocity is observed
to be parabolic in these figures with maximum velocity shifted towards the
outer surface of the inner cylinder due to the asymmetric heating of the annular

surfaces. In Figure 5.15, we noticed that the velocity increases with time on
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the outer surface of the inner cylinder until it reaches its equilibrium value and
then decreases to zero on the inner surface of the outer cylinder. An increase
in the Prandtl number leads to a decrease in velocity as seen in Figure 5.16,
this is physically true because as Pr increases, the thermal diffusivity of the
fluid decreases causing weak convection current, hence a reduction in velocity.
Similarly, we observe in Figure 5.17 that increasing values of the Hartmann
number results into a decrease in the fluid velocity. This is due to the retarding
nature of the Lorentz force which slow down the motion of the fluid. The effect of
time and the Prandtl number on the flow velocity is seen to be more pronounced
at small values of the two parameters.

The contour graph of the rate of heat transfer is depicted in Figure 5.18, we
noticed in this contour that the rate of heat transter increases with the Prandtl
number and decreases with time on the inner surface of the outer cylinder, The
increase in the Nu as the Pr increases is expected, as Pr increases the thermal
diffusivity of the fluid decreases thereby causing weak penetration of heat (that
is, accumulation of heat causing high temperature gradient), this results into
high Nu. The variation of the skin friction with respect to Hartmann number
Ha and time 7 is depicted in Figures 5.19 and 5.20. The skin friction decreases
with Ha and increases with 17 on the outer surface of the inner cylinder, while
an increase with Hartmann number and a decreasc with time is seen on the
inner surface of the outer cylinder. This is physically correct as the Hartmann

number decreases the velocity which invariably led to a reduction in the velocity
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Figure 5.13: Temperature profile 8 showing the effect of 1 with Pr=0.71 and

Ha=2.
gradient (skin friction). The numerical results obtained for the steady state for
both the temperature and the velocity are compatible with the transient ones at

large values of time.
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Figure 5.14: Temperature profile @ showing the effect of Pr with 77 = 0.2 and

Ha =2,
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Figure 5.15: Velocity profile u showing the effect of n) with Pr —0.71 and Ha = 2.0.
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Figure 5.17: Velocity profile 4 showing the effect of Ha with Pr = 0.71 and
n=02.
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Figure 5.18: Contour graph of the rate of heat transfer at the inner surface of the
outer cylinder (r = 2) showing the effect of Prand 1.
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Figure 5.19: The skin friction at the outer surface of the inner cylinder (r = 1)
showing the effect of Ha and 1.
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Figure 5.20: The skin friction at inner surface of the outer cylinder (r = 2)
showing the effect of Ha and n.
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5.3 CONCLUDING REMARKS

This chapter investigated the unsteady MHD free convective Couette flow of a
viscous incompressible electrically conducting fluid between two parallel porous
plates and in two concentric cylinders. Using the Riemann sum approximations
method, one can solve the transformed governing equations and consider the
effects of flow parameters such as Ha, Pr, S and Gr on the flow behaviour and
the dependence of the temperature, velocity, rate of heat transfer and skin

friction on these parameters. The main deductions of the Chapter are as follows:

a. The velocity increases as Gr increases positively and decreases as Gr is

increased negatively.

b. For the case when the porous plate is being cooled (Gr > 0), the velocity
decreases as S increases, while for the heating (Gr < 0) the velocity is seen

to increase.

¢. The rate of heat transfer Nu decreases with increasing values of both the

suction/injection parameter and the Prandtl number on the moving plate.

d. The skin friction decreases with both suction and injection on the surface of
the moving plate when the channel is being cooled, while on the stationary

plate, the skin friction increases with injection.

198



CHAPTER 6

SUMMARY, CONCLUSIONS AND FUTURE
DIRECTIONS

6.1 SUMMARY

This dissertation has investigated the flow of viscous incompressible fluid in
a channel formed by either two parallel plates or an annulus formed by two
concentric cylinders under different physical situations. The different physical
situations considered include: MHD Couette flow in both the parallel plates
channel and in an annulus, MHD two-phase Couette flow as well as MHD free
convective flow. The dissertation also factored the effect of Hall and ion-slip
currents, rotation and transpiration in some of the problems.

The system of partial differential equations describing the different flow
problems has been formulated and unified closed form expressions are obtained
for both cases of the applied magnetic field being fixed to either the fluid
or the moving wall where applicable. The Laplace transform techniques
are used to reduce the system of partial differential equations to ordinary
differential equations; the resulting boundary value problems are then solved
analytically where possible or the Riemann-sum approximation method where

direct inversion is difficult. The implicit finite difference method is used to verify
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the Riemann-sum approximation method. MATLAB programmes are written to

compute and generate the graphs for the velocities and the skin frictions.

6.2 CONCLUSIONS

This dissertation is devoted to the mathematical analysis and solutions of the
MHD flow of an incompressible Newtonian fluids in two different types of
geometries. In Chapters 2, we have studied the MHD Couette flow in a paralle]
plates channel; while Chapter 3 deals with flow in an annular channel, Chapters
4 deals with the problem of two-phase flow while Chapter 5 examined MHD
free convective flow. We have investigated the effect of different dimensionless
parameters on the flow regime. From our investigations, our contributions to

knowledge are the following:

a. The velocity increases with Ha when the magnetic field is fixed relative to

the maving wall.

b. Injection has an increasing effect on both the primary velocity and the

magnitude of the secondary velocity while suction has the opposite effect.

¢. Theeffect of both the Hall and ion-slip parameters is to increase the primary

velocity and reduce the secondary velocity.

d. Fixing the magnetic field relative to the moving wall always results into
the phenomenon of backflow on the secondary velocity in the presence of

Hall and ion-slip currents.
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e. The skin frictions at the opposite walls are seen to be of opposite sign; at

the stationary wall it is positive and negative at the moving wall.

f. The skin friction decreases with both suction and injection on the surface

of the moving wall.

g The velocity of the fluid phase and the particle phase decrease with increase

in Hartmann number.

h. The skin friction for both the fluid and the particle phases decreases with

time on both walls.

i. The skin friction is also observed to decrease with increase in the particle
viscosity on the moving wall while an opposite behaviour was been noticed

on the stationary wall,

j. The velocity increases as Gr increases positively and decreases as Gr is

increased negatively.

k. For the case when the porous plate is being cooled (Gr > 0), the velocity
decreases as S increases, while for the heating (Gr < 0) the velocity is seen

to increase.

1. The rate of heat transfer Nu decreases with increasing values of both the

suction/injection parameter and the Prandtl number on the moving plate.

m. The skin friction decreases with both suction and injection on the surface of

Je cd%wingp}@hen the channel is being cooled, while on the stationary
.,I_ .:‘»_ - : *“"‘h-....._\ - . i ﬂ gg 2 ﬁ
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plate, the skin friction increases with injection.

6.3 FUTURE DIRECTIONS

From this dissertation, there are several apparent options available for future
research in thie field of MHD. Our focus on future research will be directed
towards these questions. The magnetic fields studied in this dissertation are not
sufficiently strong to create an induced field, therefore, we expect that future
study will capture the strong field limit and eventually consider the cases were
the magnetic field will be the dominant factor in the analysis. Further, there
has been some development in the area of MHD recently, we will also direct
our research to the field of MHD in fusion plasma which has generated a lot
of interest in the scientific community. On the whole, we have only scratched
the surface of all the different effects and possible configurations in the study
of MHD. We list below a few of the extensions that we find to be the most
interesting, which is not a complete list of all the possibilities but gives an idea

of how much more research is still available in the field of MHD.

6.3.1 Induced Magnetic Field

We have neglected the induced magnetic field in this dissertation by assuming a
small magnetic Reynolds number. However, in a system where the magnetic
field strengths are sufficiently large, some induced field will be created within
the channel (Sutton and Sherman 1965). For a realistic analysis, these induced
magnetic ficld must be accounted for. Investigations considering the effect
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of the induced magnetic field have been carried out by Mazumder (1977b);
Soundalgekar and Uplekar (1986); Mazumder et al. (1976} and Niranjan et al.
(1990) amongst others. We intend to consider the effect of induced magnetic

field in future research.

6.3.2 Non-Newtonian Fluid

This dissertation aimed at providing analytical solutions; to that effect, we
have assumed the fluids to be Newtonian and incompressible in order to
simplify the analysis. The Navier-Stokes equation bocome complicated when
MHD flow of realistic interest (turbulent, chemically reacting, multiconstituents
and/or non-Newtonian) are considered. The governing equations become
highly non-linear and it is almost impossible to obtain analytical solution
for non-Newtonian fluids taking all the aforementioned factors into account.
However, with the advent of high powered supercomputers and the persistent
study of higher accuracy, approximate sclutions to the MHD equations of
non-Newtonian fluids can be obtained. We intend to probe further into the
true behaviour of MHD considering non-Newtonian fluids in the nearest future.
Some of the literature on non-Newtonian fluids include those of Oldroyd (1951);

Hayat et al. (1999); Rajagopal (1983) and Erdogan (1995) amongst others.

6.3.3 Compressible Fluid

Gases are normally modeled as incompressible fluids in both microscopic and

macroscopic calculations as long as the pressure changes are less than about
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20 per cent of the mean pressure. (See Geankoplis (1993) and Denn (1980)).
However, for flow that experiences a significant variatiions in density, the
assumptions of incompressibility cannot hold. For example, when dealing with
gases at higher velocities and liquids with large pressure changes; significant
variations in density can occur. We have to account for the change in density
in the analysis if accurate results are to be obtained. We intend to continue our
studies of MHD flow by investigating a more general case of fluid beyond the
assumptions of incompressibility. Analysis on the compressible MHD fiow have
been carried out by some authors like those of Yee and Sjogreen (2003) and Gasol

et al. (2000),

6.3.4 MHD in Fusion Plasma

Having it in mind that the major use of MHD is in plasma physics, we hope
to redirect our attention to that area in the nearest future. The growth of MHD
instabilities in toroidal fusion devices can be prevented or reduced by the control
of conducting walls and external magnetic field. Also, strong magnetic fields
may be used to confine rings or columns of hot plasma that (it is hoped ) will
be held long enough for thermonuclear fusion to occur and for net power to be
generated.! Most fusion power scenarios require wall stabilisation to reach high
fusion power density and low recirculating power. The research area that is of

interest to the larger scientific community includes the fields of space research

! Available online at
http://www.pma.caltech.edu/Courses/phl36/yr2004/0418.1.K.pdf
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and nonlinear dynamics.? It will enhance the understanding of basic non-linear
MHD phenomena, like mode-mode interaction, which is relevant to a large
variety of plasmas. We intend to carry out numerical simulations of MHD flows

in complex, electrically coupled geometries for fusion applications.

2 Available online at
http://researchprojects.kth.se/index.php/kb_7943/i0_9%195/i0.html

205



APPENDIX I

List of constants used to define the velocity and the skin friction in Chapter 2

2 2K
A= Hﬂgx(f""" -1), A= L.
m m
2K 2 :
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