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ABSTRACT

in this project, two classes of second order
ordinary differential equations, y =f(x,y,y" )

with initial conditions y(xo) =VYo.,Y (Xo0) = Y

and y = f(x,y) wthy(xo)=yo ¥y (Xo) = ¥'o

were solved directly or as a systemof two first
order equations using the classical nethods of
Eul er, Runge-Kutta, Adans-Multon, M| ne, Numerov
and Taylor. Conparison of the nethods and

anal ysis of results were nade.

It was discovered that for the system

y = f(x,y,y' ), Milne's method is better than
Adams-Moulton's method in terms of numerical
accuracies, execution times and memory alloca-
tions for all the step-sizes H considered, while
Taylor series methods are found unsuitable for
the test problem and similar problems. For the
systemy' = f(x,y), however, Nunerov's nethod is
better than Ml ne's nethod, which in turn is still
better than Adans-Multon's nethod also in terns
of nunerical accuracies, execution tines and
menory allocations for all our H especially in
probl ens where y «; can be nmade a subject in the
Nunerov's formula. Here, Taylor series nethod is
found conpletely unsuitable for the test problem

and simlar problens.
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CHAPTER 1

ORDINARY DIFFERENTIAL EQUATIONS

Aim of the Project

As would be observed in section 1.4,
problems jnvolving the solution of a system
of simultaneous first order differential
equations are very common in practice.

They occur in economics, ecology, epidermology,
pharmacology etc, Besides, any ordinary
differential equation of order n can be
reduced to a system of n simultaneous first
order ordinary differential equatjons,
unfortunately, the classical methods of
solution such as Euler, Runge~Kutta, Adams~
Moulton and Milnes could not be used to
solve second and higher order ordinary
differential equations directly unless

they are reduced to system of first order
equations,

Despite the Importance of simultaneous
first order ordinary differential equations,
however, there is a dearth of pedagogical
materials on the subject. Most text books
concentrate on maethods of solution of a
single first order ordinary differential
equaticn and mention systems of sfmultaneous
first order equations i1n passing or not ab

all.



1.2

The aim of this project, therefore,
is to provide a study of the methods of
solving a system of two simultaneous first
order cordinary differential equations or
the solution of second order ordinary
differential equaticns by reduction to

first order systems.

Definition of Terms:

Differential Equation

An equation involving a relation
between an unknown function and one or more
of its derivatives is defined by Conte and

deBoor(8) as a differential equation,

Carnahan, Luther and wWilkes(6), also
defined an ordinary differential equation
of order n as an equation whose highest
derivative is of order n, and ordinary

because only total derjvatives appear (no

partial derivative). Alternatively, the
equation is defined tc be ordinary if
there is only one jindependent variable,
say X. Thus an ordinary differential
equation of order n has the form

(n)

' e X
Y = f(x,y’y,y",..,,,y_(n )’

LR (1)



znitial value problem

A function y(x) that satisfies (1)
implydng that it is at least n times
differenttable, is a solution of the egquation
(1). Generally we have many y(x) that
satisfy (1), Thus to obtain a unigue
solution, values of y(x) and/or of its
derivatives at some values of x must be
given., For an nth-order equation, n such
values are normally sufficient to determine
a unique solution. If all n conditions are
speclfied at the same value of x, then the
problem is termed and initial value problom;
see (19) for example. o0On the other hand when
initial and final values of x are given we

have boundary-value problems,

Linear and Nonlinear Differential Equations

Differential equations are further
classified as ljnear and nonlinear. The
differential equation (1) is sajid to be linear
if £ is a linear function of the variables
Yy y:o¢.,y(n). Linear differential equations
possess the important property that if
yl(x), yz(x), ooy yn(x) are any solution
of (1) then so is Cayq{x} + czye(x) + eee +

=cnyn(x) for arbitrary constants c,.



Two solutions ¥q and Yo of a second order linear

differentjal equation are said to be linearly

independent, 1f the wronskian of the solution
does not vanish, the wronskian beding defined by

Conte and deBoor(8) as:

. ; 1.

- 1 1 iY¥q .
W(Yl)Y2) = Y1Y2 - YZY1 = ; Yl
i R

! 'y

Y2 Y2

The concept of linear independence can be
extended to the solutions of equations of order
n, If xﬂx), YolX)y wcey yn(x) are n linearly
independent sclutions of a homogeneous
differential equation of order n, then

y(x} = C1y1(3) + eas + €y (x) {s called the

general solution;

Among linear equations are those with

constant coefficients. Thus the nth-order

linear differential equation with constant

coefficients 4s of the form -

-1
L, = y(n) + an_iy(n e e+ aoy(o) =0 ... (2)

where the a, are assuned to he real,

1
If we seek solutions of (2) in the form eBx,

then direct substitution shows that B must

-

satisfy the polynomial eguation

n n-1 ,
B + an-1 B . * '] - ao - 0 .030000.000000.(3)



Equatton (3) s callad the characteristic
eguation of the nth-order différential
equation (2).- 1f equation (3) has n distinct

roots By (f = 1,2, 4.4 N}, then §t can be

B B X

X X
B4 2¥ 4 (ea v cen

shown that y(x) = cye + cze

is the general solutiorn. of (2) where c, are

arbitrary constants., If B; = a+ iB is a
complex root of (3) 30 is its conjugate
B, = a - iB. Corresponding to such a pair of

conjugate -~ complex roots are two solutions

ax ax,_, R
Y, = € cosBx and Y = € "sin Bx which are

linearly jndependent,:
B4x

1f 81 is a double root of (3} then Yq= © and

Yy = xeP1*  are linearly independent sclutions

of (2).

Finally if equation (2) j§s non-homogeneous,

tee. 1f LY = g(X) ... (4) and §f h(x) is a

particular solution of (4) i.e. of Lh = g(x)

then the general solution of . ),assuming that

the roots of (3) are distinct, s

B,Xx . . Box B_x
Yy = h{x) + cq€ 17+ Coe 27 + see  + c.en

An ordinary differential equation different
from the form discussed above is said to be

nonlinear,



An example of a nonlinear ordinary differential

equation is given by

@® + a2 : d 4
dx Zex‘——¥ + y'a¥ = X e o s (5)

dx

The term y%§. in equation (S) makes the eguation

nonlinear.

Boyce and Diprima (3) also saia that a nonlinear
equation 1s mﬁfe difficult to soivé anélytjcally
than a linear équation 5inCe analytic methods

of solution of nonlinzar equations are limited,
In some cases analyti: solution of a nonlinear
equation may not exist, However, most of the
nonlinegar ordinary differentjal equations could
be made linear where possible 50 that analytic
solutions could easily be c¢btained; and where
analytic solutions are not possible numerical

solutions are employed.

Stiff and Nonst+ff systehudf'ordinéry

Differentsal Equations

A system of ordinary differential equation
is also subdivided into stiff and nonstiff
ordinary dffferential equations. Deuflhard (13}
defﬁned a stiff ODE system as one whose error
propagation along the solution trajectories
cannot be described in a realistic way in terms

of local Lipschitz constant L.



?
Thus for two solutions u and v of the
autonomous system, yi = f{y), y(o) = Yq vealB)

one has //u(t) - v(t)// ¢ //u(o)~v(0)// in

some norm 3Independent of L.

On the other hand an ODE system is
understood to be nonstiff by (13} 1f the
error preopagatiorn along the solution
trajectories can be reasonably determined
in terms of local Lipschitz constants of
the right~hand side f. Thus using (g)
//E(uY = £(V)// < L//U = v//e usv ED, £EC.
implies that //fy(y)//: LL for some
netghbourhood D of the sclutifon graph.

If u and v are two sclutions of the same

ODE system then the fundamental lemma

ylelds //u(t) - v(t)//< //u(o)= v{(0)//exp(Lt).

Historical Development

The development of the theory of
differential equations came with the general
development of Mathematics and dated back
to the beginnings of the Calculus(16) with
Isaac Newton (1642~1727) and Gottfried
Wilhelm Leibniz (1646-~1716) in the seventeenth
century., Kline(2%) said that Newton did

little in the theory of differentjal
equation, but his development of the

calculus and the basic principles




of mechanics provided a basis for the development

of their applications in the eighteenth century

most notably by Euler, The classification of first
order equations acccerding te the forms

dy/dx = f£(x), dy/dx = f(y) and dy/dx = f(x,y) was
credited to Newton by Edward(16).

He also sajd that Newton developed a method of
solution for the later equation using infinite
series when f(x,y) is a polynomial in x and y, while
Letbniz got the fundamental results of the calculus
independently a little later than Newtcon, Scott(32)
credited the popular notation dy/dx and integral
sign to Leibniz, Leibajz also discovered the

method of separation of varsable for solving first
order homogeneous equations and linear first order

aquations. Eve(l7) also saids

"Leibniz's notation in the calculus is
unquestionably more convenient and

flexible than the fluxiona notation

of Newton. Many of the elementary rules
for differentiatéion that a student learns
early in a beginning course in the calculus
were derfved by Leibniz, The rule for
finding the nth derjvative of the product
of two functiong is still referred to as
Leibnizt rule®,




Following Newton and Leibniz came the
Bernoulli brothers, Jacaob(1654«1705), Johann
(1667~1748) and Johannts son, Dantel(1700-1782),
with the aid of calculus, they formulated as
differential equations and solved many problems
in Mechanics. O©One of such problems c¢redited to
them by Boyce and Diprima(3) was the Brachistochrone
problem.

By the end of the seventeenth century most
of the elementary methods of solving first order
ordinary differential equations were known and
attention was focussad on higher order equations
and partial differential equatsons, Kline(25)
claimed that the search for general method of
integrating - ordinary differential equation was
completed about 1775. Boyce and Diprima(3) said
that Jacopo Riccats ¢1676-1754), an Isalian Mathe-
matician, considered equations of the form
fF(y,y',y") = 0. He also considered an important
nonlinear equation known ag the Riccatt equation:

dy/dx = ao(x) + al(x)y + a2(x)yZ

Leonard Euler (1707-1783), one of the greatest
mathematicians of all times made a tremendous
contribution in ordinary differentfal equations.
His work on the formulation of problems in
Mechanics fn Mathematical Language and his develop=-
ment of methods of solving these problems were

highly commended by Kltne{(25).
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Euler also considered the possibility of reducing
second ousder equation to a system of first order
equations by a suitable change of variables, He
~also introduced the concept of an integrating
factor, gave a general treatment of linear ordinary
differential equations with constant coefficients,
contributed to the method of power weries solutions
and gave a numerical procedure for solving differen-
tial equations, He also made important contribu-
tions to the theory of Fourijer series and gave the
first systematic discussion of the calculus of

varjation,

Later in fhe eighteenth century the great
French mathematicians Joseph-Louis Lagrange
(1736-1813) and pPierrs Simon Laplace (1749-1827)
made thelr own important contributions to the
theory of ordinary differential equations, Kline
(25) credited to them the first scientific treat-

ment of partial differential equations.

In recent years parts of the effort of mathe-
maticians fn the areas of ordinary and partial
differential equations has been to develop a
rigorous, systematic but general thecry. The goal
is not so much to construct solutions of particular
differential equation, but rather to develop
techniques suftable for treating classes of

equations,
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Apart from analytic methods of solution of
ordinary djfferent:al equations, other useful and
popular methods are the Numer%cél Methods of solu~
tion. These jnclude Picard's fteration mzthod,
Taylort's expansion method (1715), Eulert's method,
Runge~Kutta method which started with the work of
Carl Runge (1856-1927) in 1895 and was continusd
by M.W. Kutta (1867~1944) in 1901, and Adams-~

Moultonts method to mention a few.

The important step in the development of
numerical solutsons of ordinary differential eguaw
tions according to Deuflhard(13) was made by
Gragg(23}),(24) who found the missing starting step
for the central difference discretization (called
explicit Euler or explicit mid-pcint rule}. He
first proved the existence of two separate h2 -
expansion, for even and odd grid points, respec-
tively. shortly after that Bulirsch and stoer(5)
implemented a code, which in those days was
regarded as a general-purpose ordinary differential
equations (ODE) solver. This code, however,‘could
not solve stiff ODE's. Attempts to construct a
successful stiff ODE solver of extrapolation type
were made by Dahlquist and Lindberg(10),(11).
However, due to intrinsic difficulties of the
applied implicit trapezoidal rule and the implicit:

mid-point rule, those attempts did not lead to codes
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that were competitive to the Backward Differentiation

Formula (BDF) integrators developed by Gear(20).
Mofeover, because of dificiencies in the stepsize
ceontrol, the rébutation of the nonstiff extrapola-
tion codes alsg gradually decayed in comparison
with the rige of Adams methods according to (34).
However, general interest in extrapolation methods
once more arose with the suggestion of a new
A~stable discretization based on the semji-implicit
mid—po%ﬁt rule by Bader and Deuflhard(1). This
new discretization allowed the construction of a
stiff integrator of ex:trapolation type which
turned out to be a sertous competitor for BDF jn-
tegrators. Moreover, Deuflﬁard(12) proposed a new
order and stepsize conkrol for extrapolation
methods, which also brought nonstiff extrapolation

integrators back to the international stage.




1.4 Applications of Qrdinary Differential Equations

Gellert and osthers{(2l) claimed that
differential eguations are important to both
mathematicians and non-mathematicians because
of their uses in investigating a wide varjety
of problems arising in the physical,
biological and social sciences. For example
the calculation of pendulum oscillations,
satellite trajectories, locad carrying wings,
dams, earthgquake tremors, heat propagaticn,
speed of chemical reactions, radio-~active
decay as well as calculations in electro-
technology and ship bujilding use ordinary
differential equations. 1In fact many prob-
lems of higher analysis presuppose a knowledge
of ordinary differential equations. Such
problems include the potential theory, the
calculus of variations, the theoretical
phys+cs and the partial differential
equations, The following <amples are typical
of some phenomena in which applications of
first and second order differential equatibns

arise,

The equations reproduced in (§) ~ (viii)
and (x) are due to Boyce and _iprima(3)
while the one reproduced in (ix) is due to
paniel and Moore(%) and those in (xiji) and

{x1i3) are from Bochner{2).




(1)

(i1)
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Radioactive Decay

The simplest equation is of the form:

%% = K&, 8(0) = eo where @(t) is

the amcunt of radicactive substance
present at time t,k is a nagative
constant of proportionality and e(0)
is the original amount of the

substance present at t = Q.

Chemistr

In Chemistry, a second corder chemical
reactjon involves the jinterraction
{collision) of one molecule of a
substance P with one molecule of a
substance Q in order to produce

one molecule of a new substance X
such that P+Q = X.

Such chemical reaction could be
described by the differential
equationg~

%% = C(p~x){ge=x) where

p and q are the initial concentra-
tions of-P and g respectively,
Alseo x(t), p=x(t) and g=-x(t) are
the concentrations of X, P and Q
respectively at time t. C 4s a

possitive constant.,




(1i3)
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grthogonal Trajectory

A common geometrical problem
is to f+nd the famsily of curves
that intersects a given family of
curves orthogcnally at each point,
The equatsion describing the slope
of each of the curves passihg

through a given point (x,y) s given

by:

dy d

3% = 2kx or '3§ = C¥X

whare ¢ = 2k and ¢ ¥s a constant,

Mechanics

The moticn of an cbject of
mass m in a medium that offers a
resistance can be described by the
egquation:

m g% = mg - kv

where kv i3 the resistance to the
motion and g is the acc leration
due to gravity.

Similarly, the motion of a body of
mass m projected upward from the
eartht's surface with an initial
velocity Vo and assuming there is
no ajr res‘stance, but the earth

gravitational field which varies with
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the altitude, can be described by the

differential equation:

dv mgR
mar= - ——
{X+R)
2
orv $g- - B
(X+R)
v{0) = v,

where R 45 the radius of the earth and

x 15 the altitude above sea level.

Also the differential equaticon
describing the motion of a space
vehicle of inttsal mass m projected
upward from the surface of the earth
with an infttial velocity Vo is given

by:
dv

az =-—g+-m—-§—%—-§-5 where B is the

o)
constant rate of fuel consumption, s is
the exhaust speed, g is the acceleration
due to gravity and t is the *%ime of

motion,

{v) Brachistochrone problem

The differential equation describing
the famous problem in the history of mathe-
matics - Brachistochrone probl~m which is
to find the curve zlong which a particle

will slide withoutl friction in the minimum

L]
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time from one given point to ancther is

given by

1 +(g¥)2ty = kz, where K is a

positive constant to be determined.

Medicine

Epidemic e.g. Typhoid

A simple mathematical model that
could be used to describe epidemic pheno-
monon is given by %% = Bxy, x(o} = Xq
where x and y denote the proportions of
stck and well members respectively such
that x + ¥ = 1. x and y are continuous and
B i5 a positive constant of proporticnality.

Alternatively, 1f x and y represent
the proportion of carriers and of well, but
susceptible, people in the population at
time t, and the carriers are removed from
the population at a rate B, then the
differentjal equation descr‘ing that aspect
is given by

dx
I - -BX, X(o) = XO
If the disease spreads at a rate proportional

to the product x and y, we have

d
H% = =axy, y(o) = Yoo @ is a1 positive

constant,
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socfal Sciences

Differential equations arce also
used in social science, e.g. Business
studies and Banking, to describe
important physical phenomena, Por
example in Banking a simple mathe -
matical model that can be used to
compute amount accruing from an initial
jnvestment, S, over & period of time
t is g*vén by

%% = RS, S(0) = Sg, Where

Sp is the sum of money deposited in
the Bank at the rate R percent compound
interest for t years. S(t) is the

investment at the end of t years,

Engineering

Important areas of application of
the theory of second-order ljinecar
differentsal cguation are in the fizld
of Engineering and pPhysical sciences,

In these areas a large number of physical
phenomena are govaerned by equations of

the forms
2

m‘2-§ + C %% + Ky = f{X) see (6)

dx

where m, ¢ and k are constants and
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f is a given furction of x, and
d2 d
p(x) G—% + q(x) H% + £(x)y = S(X) «eo(7)
X
where the coefficients p(x), q(x),
r(x) and s{(x) are functions of the
independent variable x. The Bessel
equation
2 g2

dy 2 2
+ % -k ¢ (X -8 )Yy = 0
" s Y

where a is a constant and the Legendre

equatiocn
2

(1-x2} d - 2X %% + r(r+l)y = O
dx

where r is a constant belonging to the

class of equation (7).

simjlarly, the test problems for
the project appearing $n Chapter 3
under Section 3.0 belong to these
classes of equations. Specjifically,
the test problem (5) belongs to the class
of equation (7) above while the test
problem (6) belongs to the class of

equation (6) also above when ¢ = ©

weather Forecasting

The study of weé ther forecasting
can be described by the egu-tion

given by
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2
d SP(Y) X 3
= ————t Y in S,CE
dt sT 7 2

where P 1s a non-constant pressure
distribution over the earthts surface

assumad tc be the sphere

; 2 2 2 e 3
Sp = ({¥s¥p4¥3)3 ¥q + Yo+ Y3 = 1lin BT,

iELXl s a cont!nuous time-independent
o

vector field on Szo

(x) Attraction of Spheroid

The differential equations describing
this phenomenon include the Legendrets

equation of order r given by
2
2, d cl
(1—X)E§--2x-€%+r(r+1)y=0.

The Legendre functions which are
sclutions of the differential equation
bearing his name arose from his study

of the attraction of spheroids,

(x35) Pproblems involving Circular Geometry

The Bessel's equation of order k

is given by

2 .
x2 g—% + X %% + (x2 - k2)y = 0
dx

where k is a constant, often an integer,

arises in many differcnt physical
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situations, particularly in problems
involving' circular geometry such as the
determination of the temperature distribu-
tion *n a circular plate. The sclutions
to Bessel's equat*bns are known as Bessel

functions,

Alqebraic.TopOICQz

Algebraic Topology was stihulated
by a formular due to L. Kronecker (1823 .
1893). The so called Krconecker Integral
is given by the joint solutions of the
following three independent functions:
U= £(xX,¥,2), V = g(X,y,2), W = h{x,y,2)
in a region of three=dimensional Euclidean
space, and similarly for higher dimentjonal

space.

Tensorial Function

Tensorial functions make use of
partial differential equat*ons for thesr
solutions. For example if we let g(u,v)}
denote the height of a building erected
over a domain D in the (u,v) = plane as
base and we introduce a transformation
of co-cordinates,

U = @g{x,y), V =4'(X,¥) .ee  (8)
then the height becomes

F{x,¥) = g(@ (X,¥), H(X,¥)) cus (9)
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Now the shape of the roof is approxi-

mately described by the two functions.

= 29 cee (10)

In the co-ordinate X,y the correspon-
diﬁg functions are

TE  2f

—n—-;x, W a6 @00 (11)

and linked to the functions (10) by the

relations

2t dg T¢  eg ¥
Ix T Su w8V Tx |
g .-:" sae (12)
Of = g ups+dg ¥ 7
N Y cu "y IV ZY -

Hence §n order to obtain efther one of

the two functions(1l1l), both functicns

(10) must be known. In this sense the
pair (10) and (11) cannot be broken up
into singles. Such groupings of functions

are called tensors.

Steps in Problem Investigation

To investigate a problem using diffe-~
renttal equat:ion Boyce(3) and Maki(26)
suggested the following steps:

First it is necessary to translate the
physical situation into ma'hematical

model-defined by 0layi(28) as a
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wset of assumptions about the data/phenomernon
together with the rules of mathematical
reasoning which permits us to deduce implica=-
tions from the assumptions®, To do this

we need to make sujtable assumptions that

are relavant to the observed phenomena, For
example it has been observed that radjoactive
materials degay at a rate proportional to the
amount of the material present, that objact
move about in accordance with Newtonts law of
metion and that isclated jnsect populations
grow at a rate proportional to the current
population. Each of these statements concerns
a rate of change or derivative and consequently
when expressed in mathematical terms takes the
form of a differential equation,

Secondly, it is important to realise that
the mathematical model so formulated is merely
an approximate descriptions of the actual
situation since the model {is ased on chserva-
tions which are themselves approximations.

For example a body moving at the speed
comparable to the speed of light is not
governed by Newtonts 1aw; insect populations
do not grow 1ndef*nitely as stated because

of limitat*ons of their food supplye.
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Moreover, the process of formulating a physical
problem mathematically often involves the con-
ceptual replacement of a discrete process by a
continuous one., For instance, the number of
members in an {nsect population changes by dis-
crete amcunts which is contrary to our assumption.
Although if the population is large, it is
reasonable to consider it as continucus varjable

and thus think of its derivative,

Thirdly, we have to solve our mathematical
equations or at least investigate as much as
possible about the properties of the solution -
whether a sclution exists and it is unique and
depends continuously on the data of the problem,
The initial condition must alsc be formulated
so that @ unique sclution to the problem could
be obtained. 1If the equation is difficult to
solve, the mathematical model may need to be
simplifsed further. For example, if the equation
is nonlinear it may be approxin-ted to a linear
one. Although any such approximations must
be thoroughly examincd £o make sura that the
resulting mathematical model still reflects the
essential features of the physical process under
investigation. A good knowledge of the physics

of the problem will be an asset a. this stage.
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Also Scheid(Bi) claimed that a reduction of
an ordinary differential equation of order

n {(ny1l) to a system of first order equations
may simplify the problem, For example,
consider the second-order ordinary differential
equation (Bessel's equatsion)

2 d2 dy

X

2 2
X " R (X~ = a’)y = O

(o3

where a is a constant. By defining one new
variable P = %%, the second-order equation

becomes a pair of first-order equations,
d
¥ = °F
2 d 2 2
X 3§ + xp + (x  =-a7)y =0
which may be simpler to solve than the

original second order equation,

Finally, after a sclution has been
obtained, it must ke interpreted in relatiocn

to the context in which the problem arose,
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CHAPTER 2

CLASSICAL NUMERICAHAL METHODS FOR
ORRINARY DIFFERENTIAL EQUATIONS

wWhy Numerical Methods of solution

Although m;hy important differential
equations can be solvaed by well known
analytical techniques, a greater number of
physically signfficant differential equations
cannot be so solved. Example of such
equations include nonlinear differential
equations, The free oscillation of a

pendulum given by the equation

2
.Q_% +'% sine = 0 (1) 1is a nonlinear
dt
different’al equatior whose exact solution

cannot be obtainec analytically except &
is very small so that sin® = . In this
case equaticon (1) becomes . ‘'near. Another
example is a problem in Civil Engineering
where an approximation to the rise«time

for a regservoir is expressed as
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dR 4000 i
aﬁ = mz for h = 0-25 to 0.5 . Here

-~ 0.5

R =’ h 4000 dh o oe (2)
10-20h
245

The integral on the right hand side of (2)

cannot be evaluated easily analytically. Also

the differential equatfon-g% =\I-1;L1r-
v X =a

where a is a constant, cannot be solved without
recourse to numerical method. Even if some of
the equations can be integrated directly, it
may be more difficult to evaluate the analytic
solutions than to solve the criginal initial
value problems numerically. For example, the
analytic solution may be in the form of a
complicated f{mplicit relation F(x,y) = 0

that cannot be evaluated explicitly. Another
situation is that in which the mathematical
model of a system is known but exact solution
cannot be obtained. An example is the Blasjus
Problem =~ the boundary layer on a flat plate

- in Fluid Mechanics., After the desired
simplification of the problem it reduces to a
single noplinear ordinary differential

equation given by Carnahan and others(6) as

3 2
23;% + f g;g = 0, the exact solution of
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which cannot be cbtained analytically., Hence

a numersical sclution of such problems must be
preferred, Another situation where a numcsrical
sclution is nescessary is a situation where a
problem is known or defined only at dsscrete
point. Even when analytic solution can be
easily found the advent of the computer has
made numerical solution a lot easier than
analytic solutions. For instance, it is better
and faster to employ numerical methods for
differential equations whose sclutions are in
jnfinite series forms., A typical example of

such equation s the Bessel equation.

2 .
x? 2~% + X g% + (xz-az}y = 0 where
dx
y(x) = xP ;wKi X3 may be used to represent

120
the entire soidtion family analytically,

It should be noted that a numericsal
approximation is useless unless there is some

way to estimate the error of th= mathod.
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2.2 The Classical Methods

2.2,1 Taylor's Method

A procedure for stepping from onc
value of z toc another, that is, from
xi to xi
and is given by Carnahan and others(6) as

1 is based on Taylor's expansjion

Y(x1_+1) = Y(xi+h)=Y(xi)+hf(xi’y(xi)) +

2
h™f (xi,y(xi))

21 + * % % s aw OB +
n_n=1 n+i.n
h 'f (xi, y{xi)) . h Fik,v(k})) <o (3)
ng {n+1)!

K fn (xi,xi+1).

Equation (3) is a Taylor's expansjon of
order n with a truncation error of order

hn+1.

To evaluate the higher order derjiva=
tives of (3) we have to differentiate
f(x,y) by chain rule since t is a function
of both x and y. Thus if y' = f(x,Y),

then y" = f£1(x,y) = £ (x,y)+ fy(x,y)f(x,y)

y* could be obtatned similarly.
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Eulert's Methced

If in equation (3) we let Y be the
approximate value of y(xi) and we retain
the first two terms plus an error term,

then

2
_ h f(K, y(K))
Yy, 1= Yy ¢ hf(xi,yi) + él ees(4)}

which Carnahan and others(6) also give as
Eulert's formula. The error term is called
truncation error and is of order two, that
is the product of h2 and a constant. The

tmproved Euler's formula is given by

h _ -
Yi,o1 =Yg + ?-(f(xﬁ,yi)+ f(x5+h,yi+1))where

§i+1 = ¥y + hf(xg,y,). The error term

3
T = kh

where k is a constant, The one-step

is of order three. That is e

algorithm called the improved polygon
method or the modified gEuler*'s method

is given by

h -
yi+1 Yi+hf(xi+?’ Yi+3§) where
Y343 = yiigf(xi,yi). The error term is

also of order tnree,
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Runge-Kutta Method

In this method one~step procedure
which involves only first-order derivative
evaluations is developed, but which also
prcdyuces results equivalent in accuracy
to the higher-order Taylor's formulas,.
Approximations with accuracjies equijivalent
to Taylor's expansion of y(x) retaining
terms in h2,h3 and h* respectively ree
quire the estimation of f(x,y}) at two,

three and four values respectively of x on

the interval xig_ x:s xi+1
Second order RungesKutta method is

given by Yin1 = Yyt %(k1+k2) ees  (5)

where k

k )}

f(xi-:-h,yi + hf(x

2 §0Yy

f(xi:ph,yi + hkl)

which is the same as the “mproved Euler}s
formula or Heun's formula with the
3

truncatsion error eT = kh™ .

Similarly, the fourth-order Runge-Kutta

method is given by

1
Y3+1 = Yi + -6-(](1 + 2k2 + 2k3 + k4) LN S (6)
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where k1 = f(xi'yi)

!

f(xi+3§h,y1 + kh kq)

ky = f(xg + *h, Yy o+ %h k5)

kg = f(xg +h, g, + hk3)

Equation (6} 1s the classical = Runge-Kutta
formular, It is equivalent to a five~term
Téylor's*formuia. Hahce the truncation error

is of order 5 and is given by e, = khs.

T

It should be noted that without some
measure of the truncatior error, it will be
difficult to choose the proper step size h. A
rough but useful rule by Collatz(15) and
Ralston(29) is as follows:

tk -ki

If E%—:—Egl becomes large (more than a

a few hundredths), h should be decreased usually

by half.

scraton{15) also has shown that an estimate
of the truncation error can be obtained by one
additional evaluation of f(x,y). This may
however, be costly if f(x,y) is a complicated
function,

Other numerical methods given by Carnahan
and others(6) for solving differential
equations y* = f(x,y) and higher o>rders are

the multistep methods,
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These methods make use of the knowledge
of Yi-3 at x1_3, Yyo2 at Xq09 Yi-i at

X401 and Yy at X4 to determine Y51

at

X161
lListed below are some of the most

popular multistep or predictor-corrector
methods.

Fourtheorder Milng Method

Predictor:

4

The error term is of order five and is

given by ep = kh5

Corroector:
h
Yi+1 = y1_1 + g(fi+1 +4fi+fi“1) PR (8)

Similarly ep = khs

Sixth-order Milae Mothod

Predictor:

3h
yi+1“= yi-5 + TU(iifi - 14fi-1 + 26fi-2

- 14f

(o3 1L een (D)

e = kh7_

T

corrector:
e ——————u

2h
Yier = Yqo3 * ol 78,4 + 32f; + 126, 4 +

326, 5+ TEg_3) .. (10)

xh7
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Fourth-order Hamming Method

Corrector;

9 1 3
Y9,1 = 8%1 - ¥¥3.2 F gh (fi+1 +

2f1 - fi—l) -aae

(11)
Predictor:

This algorithm uses the fourth order
Milne's method predictor listed in

equation (7) above.

Adam = Moulton Method

Predictor

h
y1+1 = yj + 23_(55fi - 591_1 +

37fi-2 " 9f1-3) L] (12)
eT = khs'
Corrector:
Y = Y, + h(9f +
i+1 5 Y1 T E 7N
19fi - Sfi-—j. + fi_a) e {13)
e = khs
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Numerov's Method

This ¢s a method for selving second

order ordinary differential equations of

2
tha form 3—5 = Fix4y) in which the first
dx

derivative does not appear éxplicitly,
Numerovts formula is given by

12
Yieq = 8Yg T Yyoq + 7

qérivat*on of s ome of the Basic Methods

Runge=Kuttars Method

| All Runge=Kutta's methods are of
the form y1+1 = Yy + h@(xi,yi,h) ess (15)
where @ is the increment function. ¢
fs a suitably chosen approximation te¢
f(x,y} on the interval x

ik XS X

j+1*
Let ? be a weighted average of two
derivative evaluations k1 and k2 on the

interval x, . x ¢ X

: that is
i

£+1°
9 = akl + bk2 eoe (16)
so that (15) becomes
Yi,1 = Yg + haky + Bky) e.. (17)
let k = f(xi,yi)
ky = f(xi + ph, Yyq * th(xi,yi))
= f(xi + phy, yi + qhkl) eoe (18)

. (F1+1 + 10Fi+Fi_1)oot(14)




36

where p and q are constants to be determined
later., First we expand k2 in Taylorts series
for a function of two variables and drop all

terms with the power of h greater than cne,

Thus k, = f(x,+ph, y +ghf(x )) o+ O(hz)...(19)

1Yy
From equatsons (18) and (19),(17) becomes
y1+1 = yi + h(af(xi,yi) + bf(xi,yi)) +
2
ho(bpf (x,,v) + bqf(xi,yi)fy(xi,yi))
« oh) ... (20

Next we expand the obiect function y(x)

about Xy using Taylort's sertes.

i,e. y(xi+h) = y(xi+1) = Y(xi) + hf(xi,y(xi))

h2 h3 "
Jofr (%, ,7(x)) + Frf (Kyy(k)),

k in (x (21)

1, )(i+,l) L3N -3
By chain- rule

f'(X1,Y(X1)) = fx(xi'ly(xi)) + fy(xiy A
Y(Xi):' f(xi’y(x.l.‘) .ee (22)

putting (22) iR (21) and equating terms

of like powers of h in (20) and (21), we haver
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Power|

e iExpansion of y(x) Runge=Kutta Method
0 1y(x,) Yy
1 (g ,y(x4)) (a+b) £(x,,y,)
2 }k(fx(xi,y(xi)) + (bpE, (x39y,)+
[ Ey(Xg oY (g ) E(xy,¥(%))) | DAE(xg,yy )E(Xy,¥,))

Assuming yj = y(xi) and coefficients of terms in h2
are equal, then a+b = 1,

bp = }5.} LEC N ] (23)

bq = %

Equatijon (23) contains four variables and
therefore cannot be solved exactly.

e« o b must be given an arbjtrary value. The
two common choices for b are b = % and 1

respectively.
For b =%, a =%, p=1and q=1
Then (17) becomes

h
Yep1 = ¥y + 3 (£(Xg,y4) + f(xi +h,y1+hf(x1,yi)))...(24)
or

h .
Tipq = Yg* FEE Vgl #0%p 00 ¥ypq) see (25)

where

Yi""l = Yi + hf(xi,yi) - e (26)
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The one-=step algorithm of (25) and (26) is
known as the jmproved guler's method or
Heunt's method.

Again for b = 1, 2a = 0, P = % and q = %

Then (17) becomes

h =
Yi+.l = yi + hf(xi + '2'.. yi‘f;i) ') (27)

where

h ?

The one-step algorithm of (27) and (28} is
called the improved Polygon method or the modified

Eulerts method,
The higher order Runge-Kutta methods are

similarly developed.,

Adams-~Moultont's Method: Predictor

Adams-~Moulton Predictor formula is given

by bodes (14) as

preYi+1 - aoyi+h( bofi‘}'bifi-1+b2f1-2+b3fi*3) [ ( 29)
while the corrector has the form:

Coryi.;i = aoyi+h(b-lf;i+1+bofi+b1fi_'l‘*'bzfi;z)ooo(30)

The coefficients are not the same in {(29) and (30)
We use the method of undetermined coeffjicients
to find the coefficients of (29). Since there are

five coefficients, we need five equations,
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step 1. mMmake (29) exact for y = 1. Then
Y' = I = Ca
Substituting in (29)
1 = da LR ] (31)

Step 2. Make (29) exact for y = x. Then

Yt = £ = 1. For ease of computation,
we assume that f has been translated

so that Xy = 0. Then Y =X =0,

1

Yy,1 = Xg + h = h, and so on.

substituting in (29)

l1 = b + bi + b

o b

2 * Py ... (33)

Step 3. Make (29) exact for y = xz. Then

yt = £ = 2x, Also, Yy = (xi)2= o

2 2

(x, + h) = h

i

Y141 1

' !
Yi = fi = 2)([. = 0, y1_1 = fi-'l =
Z(xi-h) = =2h and so con. Then

2

h™ = h(.--Zhb,l - 4hb2 - 6hb3) ess (34}



Step 4.

Step 5.

10

Make (29) exact for y = x3. Then
yi = f = 3)(2, AlSO, Yi'i'i = (Xi+h)3 = h3
b A -

1= f =0 Yl or, e 300002 2 3n®

and so on, Then

n3 2

2 2
h(3h b,l + 12h b2 + 27h bé)...(36)

[
1t

3b1 + 12b2 + 27b3 ces (37)

Make (29) exact for y = x4. The

result s

1l = —4b1 - 32b2 - 108b3 evae (38)

Collecting equations (31),(33),(35),
(37) and (38) and soclving them
simultaneously we have |

55 ..’59
ao = 1, bO = -m, b1 = . _zz’

3
Pp="2gb3=- 3
leading to the predictor formulas
v - P(55¢ -59f
Pre Ysu1 = Yy * 727 . i-1 4

Using the sama procedure the corrector
formular given by
h
COrY1+1 = yi+ ?z(9f1+1+19fi—5f1_1+f1_2)
eos {(40)

could be similarly obtained.
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Calculation of Error in Adams~Moulton's Method

The error can be calculated in several
ways (see Hamming, pp.144-151,196), For our
purpose we shall use Taylor series method to

estimate the error.

Thus +f Y1 s the true .value, the error in

the Predictor formula is given by

E = Yo.q - (v + ?§(55y; - Soy;_, v 37}, -
9 _3)) ee. (41)
h ' 4
E = Yy, q = Yy) = 37(55y; = 59y, 4+
37¥y_p = 9Yy.3)
By Taylor's theorem,expansjon about Xg = 0 gives

2 .
t ho 1. 3 ma 1, 4 v
Yie1 ™ Yi + hy1 2 G Eh Yy o+ 4h Y +

T%Uhsy‘; + s * 0 pF o 0D -9 (42)
Also
' " 2 1y 1.3 iv 1.4 v
Yi-l = Yi - hy + %h Y - E'h Y + mh Yi ces{43}

' t " . 2, mt 1 3
Yina= vy ~(2n)y, + Mm%y - 2emylV .

?%(2h)4y; £ oees ces  (44)
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(3% ne (3m)3 gv
S N T TR

l
o
e

1
L)
w
o
o
<
be 3

Yio3

"'—"T_Y;r + sae TR (45)
Wwe line up the coefficient as follows:

"t . 4 v .' 5 v

1 Ii 2 n |
|| ~
hyi : h Yy } h™y 1 h Yy ; h Yy
F i
1 1 i 1 a 1
e f (3 724 120
55
- 0 0 0 0
|
59 | 59
o = oy 59 _ .59, _59
78 TiZ | TT8
37 74 74 296 592
=2z 24 -7 147 | T 59%
!
9 27 | 81 _ 243 729
Iy - 727 18 147 576
0 0 0 0 353
8 ;

We conclude that the Adams~Moultonts predictor
equacion agrees with a Taylor series up to

h4, the error being

251, 5 v

V?Uh Yy (81, &11n (xi,xi+1) soas (46)

The error in the corrector equaticn is derived
simjlarly and 1s given by

19.5 v
=Y (93)y Ooin(xy, Xy.4) ... (47)
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The Adams-Moulton*Mop-Up"

i.et vy be the exact numerical solution
From (39) and (46) we have

251, 5 v
Ep = Y - Pre = 725h Y (01) cew (48)
simﬁiarly from (40) and (47) we have

1
E, = Y~ Cor = —W%h.syv(ﬂz) cee  (49)

Assumﬁng that yv(Ol} and yv(Gz) are equal

EE . 251
EC

251
Ep = - —TgEc

251 . 270
Bp - Ec = - “Tgsc - Ecu'-—TgEc
19 .

Ec s - ?7U(Ep—EC)

But Ec = Y = Cor and

—Ec = (y = Pre} « (y =~ Cor) = Cor - pre
= Cor + E_, = Cor «+ E%%(pre-Cor)
- e =

is called the Adams-Moulton "Mop=-Up"Y.
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Numerov!s Method

The problems are of the form

Y" = F(x,Y)

The basic equation is of the form

It

Y1
sese 150)

"

where F Y

Using Taylor sert‘es to express

Yie1? Fk+1’ Y1 and Fk-l we have

2 3

" "

MR el S re B TRANR S TR

Yyl

t hz t h3. . hs
yk—l = Yk—hyk+§IYk~§: ‘oeatk g:yiv(gz)...(SZ)

" " 6

h
Fk+1 = yk + hYk ¥ e M Z;yv1(03) o s (53)

6
" oy h Vi
Fk*i = Yk - hyk + sae + Z‘;‘y (04) a0 9 (54)

Substituting (51), (52), (53) and (54)
in (50) and matching coefficients of like
powers of h, we find that if y'1 can be

considered equal for 01,02,03,0 y then
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[N (55)

w
~
1
>
W
~
+
lys]
e
=
b
=
+
w
i
ey

-1 see  {56)

]

Y = By o> B

1 n 1 m " " LU
?:yk = QTBYk+Cyk+Dyk+Eyké? HB+C+D+Ex¥ <04(57)
1 vt 1_ vy "t "ty 1 1
.g.:yk — - qayk +Cyk - Eyk-;-_f = - 'B'B'-{-C'-E «ee{58)
1 iv 1. 1v
Y = 7By, + _1. iv EI A
Z‘ k 1 k ZTCYk + 'ZTEYR .....,->
1 1
?Z = HB + %C + %E a o8 ( 59)

Thus from (55} - (59) we have

A=2,B=—’1,C=1%-,D=-gand5=-f%

To obtain an estimate of the error in (20), we

assume that yV1 s the same at the four values

of 8, and then add the coefficients of h6yV1(O):

1 1 1 1 1
_EI+B.E:_+C.Z:+E.Z: =—m .0.(60)

Thus we have the Numerov's formula for

"n

Y =FOGY) as yy 4= 2y, -y, 4 +

2
h

2
where R = - ny¥'(0), 0 ECXy_11 X, q) eee (61)
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CHAPTER 3

SOLUTION OF SECOND QORDER ORDINARY
DIFFERENTIAL EQUATION AS A SYSTEM
OF TWO FIRST ORDER ORDINARY
DIFFERENTIAL_EQUATIONS

Introduction

'we shall cdnsider two classes of second

order ordinary differential equationss

those of the form

i

Y = E(X,Y,Y') ee. (1)

subject to in+s al conditions

1
YX) = ¥o, ¥ () = v,

and those of the form

"

Y = f(X,¥) oo (2)

subject to initial conditions

yix) = v, y'(xo) = Y
The system of equations corresponding to (1)
5S Yy = P av... (3a)

P\ = £(X,y,P) o.. (3b)

with initial conditions

y(x,) = yo,y'(xo) =y, while that for (2)
is y' = 9 eoe (4a3)
clt = f(x,y)ooo (4b)

with initial conditions

Y(xo) = Yor Y'(xo) = YO
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The systems (3) and (4) are solved using

the following classical numerical methods

(a) Euler

(b) Runge-=Kutta
(c) Adams-Moulton
(d) Milne and

(e) Taylor,.

Equation (2) is also sclved by Numerdv's me thod,
For each system, the results of each mcthod are
compared with each other and with other methods,
of solving (1) er (2) where poss*ble. For
example the results obtained from using system
{(4) in solving equation (2) will be comparwd

with the classical Numerov's method for (2).

The following seccnd order equations will

be used as test problems.

(1) ¥ = 3y x -3y 2% =1 aa. (S)
v(1) = 2, y (1) = 10
(11 y" = Y + exp({x) «.. (6)
y(o) = 0, y (o) = 0.5

The regions of comparison of results for (5)

and (6) are DI ={x/1.1‘ x& 2.00  ces (7a)

and D2 | ={x/0.1;£x£1.0'? see  (7D)
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However, the set of error values obtained for

(5) arc compared at Ri:{}1,13,15,17,19 and 20{
vee (7€)

and those for (6) atR2 ={0.1,.3,.5,.7,.9 and.1.04
‘ eee (7d)

The stepesizes H = {9.1,0.05,0.025 and 0.0125}
ces (7}

are the same for (5) and (6). Tn the detailed
outputs under Appendices A and B results for (%)
and (6) are recorded at points

ol = {1.1, 1.2, 1.3, 1.4, ... 2.0} ... (76)
and
p2 = io.i, 0.2, 0.3, 0.4, ... 1.0} cee  (7q)

respectively in D1 and 2. Also in the outputs the
headings X-VAL, EX.SOL, C.SOL, C.Y and ERROR =
represent X-value, Exact Solution, Calculated
Solution, Calculated first dersvative of Y with

respect to x and (Ex.80l - C.sol) respectively.

Flow Charting

A flow chart 4s defined by Chopra and Kumar
{(7) as va depiction of an algorithm which
describes the steps of the algorithm and the order
in which they are to be carrizd out®, The symbols
adopted in the flow charts which are due to

Chopra, Kumar and Organ‘c(27) are as fellow:
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SYMBGOLS :
[_STAHT o Start and Slop
o (in majn Program)
- ' Flow
Read/writa /f;7 Input/Qutput
Add A to B , Processing box
Adg 1 to Counte-
etc

Greater than

Less than S Decision box - |

‘Equal to

—

n

Do n 1=1’ 12, 13

Do Loop
kK ¢~ m

Continue_J

. (::) Go to 1

@,_-_

Connector
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The same flow charts T -~ VII are used for
the system 3 and 4. Even though the flowecharts
were basically prepared for systom 3, thecy arce
equally suitable for system 4 with the following

modificat‘ons,

1. Replacing f(i,y,p) with f{(x,y) {n the flow
charts wherever it appears in the equations,
2e Replacing the test problem (5) with thoe test

problam (6) in the flow charts,

. Programs

The flow charts in the project were coded
into appropriate programs named AWQ1A, AWO1B,
AWO2A, AWOZ2B and so on to produce in the raegions
D1 and D2 approximate solutions as ¥t is described
by Gladwell and Sayers (22) at the points Pl and
P2 respectively,

To ensure the coutputs at pl and P2 ruspec
tively when H £ 0.1, the following programming
statements were added into each progrom
immediately after the programming statemcnt .-
“"ERR = DABS{ERROR)}" Lefore the WRITE statemoent,.
They were also shown in some of the Flow Chirts:
N1 = K |
I/N1

J1 = nl = M1

M1
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IF (I.NE.J1) GO0 TO 106

X0 = X1

where

K = 2 for H = 0.05 sos (i}
K = 4 for H = 0.025 ... (41}
K = 8 for H = 0.072% ... (333%)

I is an integer var‘*able name and is
usually referred to as the index of DO loop

or a po variable,

(i) shows there is a print out at p1 and

P2 in the second iteration since

0,05 x 2 = 0.1

(i1} shows there ‘s a print out at pl and
p2 raspactively in the fourth jtera-~
tion since 0.025 x 4 = 0.1 and

(ii1) shows thero is a print out at pl1 and
P2 respectively in the eighth

{teration since 00,0125 x 8 = 0,1

For H = 0.1 the modifscation is not necessary

since the step-size is also H = 0.1

The statement 106 X0 = X1 1s an
example of the leading statement for the change

of locations for the next steration.
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. Focur sets of outputs for B = #.1 to
H=0.0125 are produced by each program except
in AWOS(R2A) and AWQS(R2B) where the values of
H are reduced beyond 0.0125 for further deductions.
Tables

Each table gives the outputs of each program

at R1 and R2 for the systems 3 and 4 respectively,

Appendices

The Appendices ar2 grouped into Abpendix A
and Appendix B to cater for the program listings
and the detatled outputs which are based on the
appropriate flow charts for the varfous methods

constdered under systems 3 and 4.

Each program s given a name as indicated
earlier and the outputs are properly labelled so
that references are eastly made to any of the

outputs when necessary.

Under Appendsx A the program listings of
AWOS(EA) and AWO9(RA) are ommitted since they are
almost identscal with the corresponding program
listings of AWOB(EA) and AWOB{(RA). The only
difference ¥s that while AWOS9(EA) and AWO9{RA)
include the given jnitial values as part of the
starting #alues, AWOB(EA) an& AWOB(RA) do not

include them.




53

Under Appendix B both the program listings
and outputs of AWO7A and AWO7B are given. On the
other hand only the-outputs of other programs are
given, This is because their program listings
are basically the same as the corresponding
program listings under Appendix A except for
minor changes which have been clarified under

Flow Chart<ng,
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Eular Methods

sxstem 3

system 3

ass
Y+l

where

Pret

X

k+1

Yk 41

Pr+1

The

improved Euler method for solving

is given by born and McCrackaen (15)

Y + BPp + Ppoq) wen (B

h
Py + ?(F(xk,yk,Pk) +

F(Xp, 19 Yee1r Prya?)

kk + h

Y + DCF(Xy Yy 5B )

P + h(F(xk'yk’pk))

Flow Chart I

Flow chart I i a pictorial reprosenw

taticon of the {improved Euler algorithm

which solves systems 3 and 4 numarically

in the regions D1 and D2 respaectivaly,

Furthermore, it records =xact solutions,

calculated solutions and error-values at

each point in R1 and RZ2 respesctively.



xm 'e' XO
Ym - Yo
Zm 40, h variab

Write XY h

m?Zm?

10

1 &« 1, nstep




0
1

Slope € fix ,yv,zz)

h
Yn& Yp v 7T (2, + 22)
Exact & r(xm)

Error & Exact - Y

2, < Z-m + _l:}_ (slupe 1 + slope 2)

e
" & nn
m “— 1/n
b <«
< J‘\ No
Write x yYreXxact,z
error.
L
xm £ m+h ‘&ﬂ_“__q
.‘!‘;L N
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The srogr m nemed AWO1A uscs Euler Method

(&) baszed on the flow chri T,

sroblem (5) in the reginn D1 using

to solve

the

the step

test

- size

H given by (7e). The tatle helow shows the exact

s0lutions and the error vilucs at sclected x -

values in f7¢) and for =1l the step sizes.

Detailed outputs are fouand 1n AWOTS under &

Table 3,

1

Jpendix A

X~-VAL| EX.SOL ABSOLUTE ERROR VALUES

- - H=0,1 H=0,05 | H=0.025}H=0,0125
1,1 3,12986 | 0.00486] 0.00397] 0.00243] ©0.00134
1.3 6.,25741 ) 0,08108] 0,04772{ 0,02593] 0.01352
1.5 10.7h3L4 | 0.25776} 0,14573 1 0.07771 0.04015
1.7 16.83598 ] ¢.5h710| 0.30LC2 ] 0,16121F 0.08299
1.9 2L, 78947 ) 0,959k 1 0.52¢09k | 0,27933] 0.14351
2.0 | 29.5&517E 1,21456 '0;66902i 0,35215{0,18081




58

Observation

1. Compared with the exact solutions the
magn® tudes of the error-values under each
value of H are tolerable. It is obServaed
however, on the error column of each set
of output from the first to the fourth set
that the error is growing as we move down
from x = 1.1 to x = 2.0, Also the error

value reduces as tho value of H reduces,

2e It could be deduced from 1 that if H is
further decreased within the region D1,
error values will further reduce

correspondingly.

3. Finally, if we take any value of x say
X = 1.1 and we look at the error-values
from H = 0.1 to H = 0,0125 it jis observed
that the error value under H = 0.05 is
about % of %the corresponding error-value
under H = 0.1, This feature continues to

H = 00,0125,



3.1.2

59

System 4
The improved Euler method for solving
systaom 4 1s a modification of (B) and {s

given by

h
Yot = Y * TPk + Pryq) ees (9)
where

h .
Pro1 = Pp + 2CE0x v ) £0x 13Y,1))

x + h

]
=

k+1

+

yk+1 = Yk hf(xk, yk)

program:

The program named AWO1BR uses the
improved Euler method given by equation
(%) based on the modified flow-chart 1 to

solve the test problem (6).

Qutputs:

The outputs at the selected points
of x in (74} are as shown in Table 3.2,
The deta+led outputs are obtained in

AWQ1B under Appendix B.
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VALY FX.305n CSGLUTE ERROR VALUZ S )

- - =0, H=0.05 | H=0.0"4 - ¢.,0155
0.1 L05526 . 00026 . 0000k L0000 | L0000
.3 L2021 8 L0015 L00027 00022 0 Lo0013
0.5 L1215 , D00 L0116 | L0007G | .000L3
0.7 L7048 LO032L . 00280 00171 1,000
0.9 11.10682 L00707 L0050 1 LOG320 | L,00173
1.0 {1.3591. 009659 00716 oot | Looers
Observations
1 Error-values nre tolerable for each voluc

of H when compared with the corresponding

exact solutions in column 2. Hence ti.c acthod
is stablce. However, there is general girovih
of error vaslues for H = 0,05 to H= 0,0145

in the region D2, For H = 0.1 epror-v:luc
decreases from x = 0,1 to x= 0,3, Scrond’

this value of x it grows up fto % = 1,0 rs
could be scen in Table 3,2,

This method shows a great degree of sccur cy
which is obwious from the magnitudes oi crror
values, Accurncy increases also as ¢ move
from H=0,1 to ©-=0.0125, It is also Likelyv thot
a high degreoe of cccurecy will be obv -ined in
our region of observation if other wvilucs

of B less trin 0,0125 are used,
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The Classical Runge=Kutto Method

sttem 3

The classical Runge=Kutta method for

solving systom 3 is gtvoen by Dodes(14) as

Yhet

pn+1

where

14

Ky

1l

i

fi

Y o+ 11 cea (10a)

P_ + k1 .o (10b)

é(kli + 21y, + 214a + 14,0 0.(10c)
1

Zlky, + 2k, + 2kgq + ky)e..(10d)
hf2(xn’yn,pn)

hfl(xn+%h’yn+%k11’pn+%111)

..1.

1.
hep(xp + Jhhy, + kg pp+lilyy)
hfi(xn + lgh,yn + %kiz,pn+%112)

hfz(xn + %h,yn EY %k12,pn+%112)

+

hfi(xn h,yn + k13, P, * 113)

+

hfZ(xn h,yn + k13} pn + 113)

1f x and y are not invelvoed explicitly

inliqs 1400 113 @nd 1,, the equations

can be simplifiaed as folleows:
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Step

Step

Step

Stuep

Stup

Stup

G
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l44 = hp

kg4 = hiy{x,y,p)

X = X+ Bhyy=y_ o+ ¥k,q,p = patilyqg)
142 = hp

k12 = hfz(x,y,p)

X is unchangad, y = Yn+%k12' p=pn+%112

ki3 = his(x,y,p)
X = X, + h, y= Yo o+ k13,p=pn+113
kig = bhiy(x,y,p}

Calculate l1 and k1 using (10c)
and (104d).

Cerlculate Y1 and Phit using

(10a) and (10b)

Calculate and record exact solutions,
numerical solutions and error values
at selected poifnts in the regions of

interest,
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Flcw Chart 11

The flow chart IT represents pictorially
the classical Runge~Kutta algorithm steps
1 =« 7 wunder sectfon 3.2.1. It solves systoems
3 and 4 numericaliy in the region D1 and p2
and records exact solutions, calculated solutions
and error values at sach peint in R1 and R2

raspectively.



l B L variable

W

' / Write x, vy, P, h /

A

nstep & k

k1 1 N u(ny!P)

1



P — X+ 7h
A

< Yoy
\

- I+ jl,H

Y < Y+
P, & P+ -}112
113 < hPla
kiz < Rtz v, Pyl

65



Lo (g + 1y, + 200,41, 5)/6
k& (g, Tig * 200, + g 5)/6

wtl € Yw* 1y

P+l €& Pt

Exact &— fl(:m )

Error &~ Exact -y, .4

Write X Y
P

nal?
a1’ errar

(3

66
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Th. program named AWO2A uses the classical

Runge-Kutta method (3) which

is based on the

flow-chart 1T to solve the test problem (5),

Outputs

N PR A S

The Table 3.3 below shows the exact sclutions

and the error valuss at the selected xevalucs

in (7¢) while detaslad cutputs are cbtatncd in

AWOZA in Appundix A,

Table 3.3

o AP R P

A=VAL | EX.S0L ABSOLUTE ERROR VALUES
- - HeO.1 H=0.05 H=0.025| H=0.0125

1.1 3.1298¢ 0.07815 |0.04379| 0.02327[0.01201
163 6.25741.0,36205 {0,20175( 0.,10690 |0.n5508
’1.5 10.74344 0.83396 0046300 0024486 0912604
1.7 16.83598 1.50915 {0.83549]0.44119 0.22694
1.2 24,78947 2,39651 [1.32377 0.69820}7,35891
2.0 29.54517 2,92095 ]1.61191]| 0.84975 10,436 70

Obscervation

The above Table ravenls tho

same feature

a3

obtained in Table 3,1 except that accuracy ‘is

generally better in Table 3,1,

This could bhe

obscrved by the lower values of errors generally

when error outputs of AWOIA and AWO2A in

Appendix A zre compared,
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system 4

The classdcal Runge~Kutta mrethdd
for solving system 4 is a modification of

(10) and is given by:

Yn“hj. - Yn + L1 Lt ow (11a)
Ppe1 = Po*+ kg ... (11D)
where

1 -
L.l = 'G(L.l»l + dL12 + 2L13 + L14)oee(1’lc)

1 -
k1 = ‘E (kli + 2k12 * 2k‘13 + kié)oeo(iid)

Step 1; x = xn,yzyn‘and P=P

11" hf{»,y}

Step 2: X = xn+%t, y:yn+%k11,p = Pn+%L11
k12 = hf(x,y)

Step 3: x is unchanged, y=yn+%k12,P:Pn+%L12
k13 = hf(x,y)

Step 4: % = Xy o+ Ny, ¥ = Yh +k13,P=Pn+L13

= hp

4

1q = DECR,Y)

Step 5: Calculate L4 and k1 using (1l1c) and
and (11d)

Step 6: Calculate Yn
and {11b)

Step 7: Calculate and record exact solutions,

w1 and pn+1 using {11a)}

numerical solutions and error-valucs

&t the required poj' ts in the region D2,
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Progrem:

The Program called AW0Z2s uses the classical
Runge-Kutta method (11) basged on ©¢ modified flowe

chart II to solve our test problem (&),

Qutvuts:

s}

the selected outputs are ng shown in table 3.4

below,
The dctailed outputs z2re also otvtained in

AWOZ2B in Appendia B,

Table 3.4
X-VAL T30, 00L ARSOLUTE TR0 VAT 7,
- - H=0,1 | Hw0,00 | +=0,0251 H=0,0125
: bt 57
0.1 LOS526 | ,00267 | ,00129 | ,0006l © .00032
0.3 L202L8 1 ,00805 | .00391 | ,00193 | 00096

0.5 Ji11218 LO1 366 L00667 | 00329 L0016l
0.7 . 70431 LO1975 | L00967 i ,UGL 7€ .00238

0.9 | 1.10682 LO2658 1 ,0130A8 1 ,G06LT .00322

. ! ! .
1.0 F 1,359 1 .03036 1 L014931 L,007HOY 00369

4s in Table 3,2 error valucs in Table 3.4
are scen to be clearly growing, tocough ncceptable
when comared with the exact solutions in column
2 of Tatle 3., from H=0.1 to .= 0,015, while they
are decrensing rowise at about . tle value of

thne previous error value.
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For cxample looking at row x = 0.7 we obssrve that
the error valuec under H = 0.05 is ~bout ™ the value
of the error under H= 0,1, Similarly, the crror
under H = 0,025 is about % the value of the Qrror

under M 0.05 while the error under i =~ 0,0125

)

is exactly % the value of the error under H = 0,025,
This feature is truc of other rows ce well, It is
also seen thet better accuracy 138 aciieved with
decreasing values of H, Hence if H is further
decreascd beyond H = 0,0125 much bettor acecuracy
will be recorded in our region of oiservation, D2,
Also if Trble 3.} is commared with JTable 3.2, we
discover thet Runge-Kutta method is less accurate
than improved Euler method, Each of the error value
in Table 3.4 is greater than the corresvonding

error valuc in Table 3.2,
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Adams=Moulton's Methods

3.3.1 sysfem 3

Adams-Moulton method for solving system
3 is given by Dodes (1l4) as:
Pre Y = Y h(SSP( Py}
kel = Tk TIEIPCKaYyaby) =
SOPIXy _19Yymq9Pya1)  *
37P(Xk_2,yk*2,pk—2) -

9P(Xk_3’yk_3!pk_3)) ese (12a)

Pre Py g = P+ z%(SSF(xk,Pk.Yk) -
59F(xk_1,yk_1,9k_1)+
STy o 9Y¥ioprFPra2) -
OF (X, _3¥y_3oP_q)) «+e (12D)
Followed bvy:

h
Cor Yk+1 = Yk + ?ﬁ(gp(xk+1!yk+1ipk+1)

+ 19p(xk’Yk’pk)'sptxk-i’yk—i’pk—i)

+ P(Xy o9 Yp_or Pr_n)) eee (12C)
Cor Py,q = Py * ?%{9F(xk+1’yk+1’Pk+1)'

A9F (%) 3Yy oPy ) = SFUXp_q9¥)_19Py_1)

+ F(xk-2’yk_2'pk*2)) vae(12d)

and completed by the mop=-up given bys

Y = Cor vy + 7%%(Pre ¥Y=COr ¥) aoel{lle)

P % Cor P + wms(Pre P-Cor P) ees(12f)
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Program Planning

Step

Step

Step

Step

Step

Step

Step

1.

Se

Se

Read in starting values obtained from
the classical Runge-Kutta method 3in

AWOZ2A.

Calculate Predictor yalues Yk+1 and Pk+1

using equations (12a) and (12b).

Set k = 4, Calculate the corrector

values of Y. using (12¢),

5

fl

h
f1e€e Cory, y4+-2-?l-(9P5+19P4 - 593 + P2)

where PS Cor Pg from equation (12b)

Calculate XS = x4 + h and set Y5 =

"
Cor Yc, Y =F5=F(x5,Y5,P5)

Calculate the corrcctor value of PS
using (12d)_:

Calculate the "mop-yps® using cequations
1l2e and 12f,
Calculate exact solutions and crror valucs

j.@. Exact = fz(xn) and Error = exact - vy,

Then print out results

Inter-change locations and continue

{terations,

Flow Chart TII

The flow chart III is a pictorial repraesentas-

tion of the program planning steps 1-8 above, It

solves numerically systems 3 and 4 in D1 and D2

and records the requirec sclutions at cach point

in R1 and R2 respectively,




"4

| I<— Start .)
|

Read in starting values

from‘Rungeuuutta Method

N

4

n g
n step na

i < {1, pstiep 10

]

h : -
Pre Y &3,(557, - 50B5 + 3TPy=9P,) + ¥, )

)Y
Pre P € P, + —2-1-(5%‘4 - 59F3 + 3T, ~ 9F1)

Y
Cor Y5‘érr4 + —§Z(9P5 + 19P4 - 5P3 + Pz)




TS5

Fy«- F(I5’ Ve Ps)

y

L a j
CexPs ¢ P4 * 5 (9F5 + 19F, — 5F5 + ?2)

|

y < Cery; + ‘é‘%(?ri Yg = Cor I5)

p =-p_+ -12(1’1'0 PS -~ Cer )5)

5 270

Exact - fz(:t)
Errer - KXaczt - ¥y
n w— an
n <« i/m
Medificatien '
J «— nm
fer ;40.1
e

' vrite x,,y, eract, P
Brrer

Cor y < YY «
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Program:

The Progrom called *7U3A uses Adams-Moulton's
method {12) based on the Lflow-chsrt III to solve

the test probhlem (5).

3ince this method c-nnot strrt by itself, port
of the starting values is ouvtrined from the classical
Runge~Kutta method (AWC24) in Aopendix A, The
other part 1s the sel of miven initial values
for the test problem (5), These starting values
zre printed along with thoe outputs in Appendix A,
Qutputs

As usual outnuts are recorded ot selected
points in (7¢), Detailed out:uts are obtained

in AYO3A under Appendix &,

Table 3,5

X-val | mx, SOL| ARsSCOLUTE To00A TALUES

- - H=0,1 | 50,08 [H=0,025 jH=0,0125
1.3 6.257L1 - L13196 | , 04032 §.01119

1.5 110,743 66898 | 23619 1 .07129 |.01966

1,7 {16.83598]1.07778 | 376381 ,11288 |.03103
1.9 [ 2L.,789L7)1.60792 | 55733 ,166L5 | 04568
2.0 | 29.8L517 1.,92255 ! JOBLEBE 10822 1 L0BL35
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Observation

1.

It 1s observed 1n column 3 under H=0,1 that
we could not record error-values for x=1,1

and x=1.3 and also in column 4 for X=1,1,

This is because the first three sets of oute
puts in R1 for x=1.1 to x=1.3 are parts of the

starting values,

It is also observed that a growing error-value
exists, though tolerable when the error values
are compared with the corresponding exact
solutions in column 2, for each value of H
from x=1,5 to 2.0 in column 3,from x=1,3 to
X=2.0 in column 4 and from x=1.1 to x=2.0

in columns 5 and 6 respectively. We can see
also that in columns 6 under H=0.0125 we have
the least values ¢f errors increasing of
course from ,00522 at x=1.1 to ,05435 at
X=2.0, Hence the highest degree of accuracy

is obtained when H=0.0125 in our region D1,

Finally, we can deduce that choosing a

different region below x=1.1, say 0.9% x¥ 0.0

With-xo = 1.0 and with - HE 0.0125 or

less error values will reduce further, which

~implies greater accuracy for this method in

the new region.,
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Systom 4

The Adams-Moulton equations for solving

system 4, where B ound F represent y' ond y

are modfficatson of (12) and are givon as
faollows
Pre Yy, q = gp(S5POx Y0 =5900 1,y ) +

BTy g 1Yy 1) =R (X _39¥y_3Mewa(132)

h ' )
+ 375‘{Xk—2’yk—2}-—9F(xk—3’yk-3))°'°(13b)

followed bys

h
COr Yyp,q = Yyt 2qp(5Pix, 4,y 17+19P(X 4y, )
HSP(xk—l’Yk-l) + P(xk-2’yk_2))'°°(13c)
h
Cor Py q = P+ wr(OF(Xy 49¥y, 1)+ 1P (%Y, )
=SF (X _19¥y 1) +F (X oYy 5))e.(13d)

and completaed by the mop-up:

L8
Y = Cor y + 2%% (Pray~Cor ¥) eee (13&)
19 .
P = Cor P + -Z7U(Prep-Corp) ess (13F)
Programs

The program call:d AWO3B uses Adams-—
Moulton's method ¢giv.on by equations (13}
above and bascd on tho modified Flow.chart
III to sclve the test preblem (6) in cur

region D2 using the same step=sizes (7).
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Since this method crinot gtort by itself, part of
the starting values ig obt-ined Ffrom the classicnl
Runge-Kutta method while the other part is the
set of given initial v-:lues for the test problen
{(6). As usual the st-riting vrlucs are printed

L

along with outputs in ’“ppendisx B.
Qutouts:

The outputs for discusion are given in
Table 3,6 at our selected vnlues of x in (74) while
B

the detsiled outputs ~re obtained as usual in AIDID

under Appendix B.

Table 3,5

X~VAL] EX,S0L ARSNT U RRRCR VALUES

- - H=0, 1 H-0,05 ) H=0,025 |H=0,012%
0.1 .05526 .00047 L0001 1
0.3 .20248 .00166 | 00038 00009

0.5 L1218 006571 ,001356 | ,00032 1.00007

\;—

0.7 70481 L0530 1 00111 | L00026 . 00006

b

0.9 {1.10682 LO0LEO L L0009 | .00021 00005
1.0 J1.3591L L00208 ) ,00082 | .00019 | .0000L
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Observation:

1.

Nothing is rccorded in column 3, under H=0.1

for the values of x = 0.1 ~nd x = 0,3. Also

in column 4 under H= =0.f% nothing is recorded
for x = 0.1, The same ressons given under

Table 3,5 are valid herc,

Frem H = Q.7 to H = 0.0128 error values are
decreasing, The decre-se in values is becoming
more and more as we move from H=0.1 to H=0.0125
with the least error value of ,0004 recorded

at row ¥ = 1.0 under H= 00,0125,

From our observations one could rightly deduce
that further reduction in H values than 00,0125

will preoduce better nccurncy.
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The fourth order Milnoet's Method

System 3
The fourth order Mslnets equation
for solving system 3 43 gsven by Conte

and deBoor (8) as

i

) an
Pre Yyp,1 = Ye-3 * 3-42P(x,Y, 4P ) =

p(xk“1’yk"1’ pk,l .
2P X, o3Yp_29Pr 2)) ae. (143)

. 4h :
pPre Pk+1 = Pk_3+ 1;(2F(xk,yk,Pk) -

FlXp 1 Yyeo19Proq? ¢t
2F(xk~2’yk-21pk_2)) ens(14b)
Folliowaed by:

h
COr Yp,q = Yyoq + FUPOX 49¥y 9Py 1) +
AP(X) ,Y 2Py )+

P(ka1$yk_1! Pk-i)) ees {14C)

h
Cor Pry1 = Prq ?(F(xk+1’yk+1'pk+1) +

AF(X) 3Yy s B J+P (X _99Yy q9Pp_q)
eow (7d)

and completed by the mop-up given by:

1
Y = COF Y+ ogg(Pre vy, - COF Yy,a)
oao(14e)
P = Cor p + ' 1(Pr‘e P —Cor p )
= k+1 5] k+1 k+1

00 (14f)
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Program Planning

Step 1.

Step 2.

Step 3.

Read 4n thoe same scet of storting values
obtasined from Runge-Kutta mothod for
Adams-Moultont's method,.

fce A = 1,35 k¥ = 1,4) in Appendix A

k3l =
Thus wae havos

Ayq = Ayq representing Y= Y,

[ ]

Aga = Ago " Pie Pa=¥Yy

" 11}

Ayz = A3 Fq— Fy=Yy
k = 1,4)

Also 4n tha Mflnats formulae we have

A52 represoenting Prups = prPp
Rg3 " Prer = PO 0¥y 10Py,q)
1]
= Yy41

Calculate the predictor valucs of
Yy and Prsl using step 1 and equations

(14a) and (14b).

) 4h
pre p = P + Ahop +2F )
k+l = Fk=3 7 T T kA ka2

Calculate Cor yk+1 using equation(l4c)

h
f.c¢. Cor Y1 yk“1+‘3(Pk+1+4Pk+Pk_1)

Here sot Pk+1 = Pre Pk+1
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Now to calculate Cor Pk+1, we hewed to

calculate Fk+1 first, Thus xk+1=xk + h.

since this itncremant occurs at each

fteration put 4t as x, = X, + h. Alsco

k k
COF Yyyq = Yyga1 ONd Pre Py g o= Ppoqe
h nl
COr Pyyq = Prog + 3Py g + AFy + Fy_g)
using equation (1d4d)
Step 4. Calculate the mop-ups using ayuation
(14e) and(14f)}
Step 5. Celculate exoct solutions and errors,
Step 6. 1Inter-change locaticns for thoe subscequont

jterations.

Flow Chart Vv

The Flow chart IV represcents pictorially
the algorithm steps 1«6 under program planning
above based on th.: fourth-order Milnets moethod,
Tt solves numerically systems 3 and 4 in the
regicn D1 and D2 and records requiraed scolutions

at cach point in R1 and R2 raspzctivoely.
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-

. ( start j
N

\< i~ 1, 4
/Pw_d Afj'(.,iel,zz/
s hijlic 1,2 ]

h = variable
fistep <= ik

i e -+

x < I.+3h

<11 < 1, astep 2

n < ‘1—3, 3

Yy

S

D




a6

4% -
Pry < y_ + ( 3)(2‘1,2 Ai—1,2 + 211__2’2)

4h .
PrP <« P+ ( 3 )(raili'3 . Ai_1_,3 + 211_2'3)

Ai+1 , 2 = Prp

L]
Oy by + GO, oy e Aj1,2)

<«
L1+1,3 < F(xl’Cry, PrP)

T

x

nth

a,
CrP - 11_1,2 + 3 \11-”’3 + 411'3 + Ai—1,3)

9

1
y < Cry + 55(Pry - Cry)
PECrpe S B - orp)
/
Bxact e fz(xl)
Errer - exact - y
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®
N

Modify aa necessary here to

obtain outputs when the st p
size h #£ 0,1

/Wnte o Yo exact, P, error/

) 4

L, TONY 1.
Ao, 2
4,2 1
45,3 <« b3
<3;c} >—
c
ry < 7
CrP e P
b0 3 = Flx v, P)
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Program:

The program named AWQO4A uses the fourth
order Milne's method given by equation (14)
above which is based on the flow chart IV to solve
the test problem (5).
Since this method cannot start by jitself,
the same starting values used in AWO3A are used

to start it.

outEuts:

Error-values are obtained at the same selected
values of x as could be seen in the following
Table. Detailed outputs are obtained in AWO4A

under Appendix A.

Table 3.7
AX=VAL] EX.S0OL ABSOLUTE ERROR VALUES
= " H=0.1 | H=0.05 | H=0.025} H=0.0125
1.1 3.12986 - - .01325 | .00385
1.3 6.25741 . .10463 | 03159 | ,00486

1.5 10.74344 .58353| .18653 ] ,05657 | ,01585
1.7 16.83598 .88828| .29510| 08969 | ,02514
1.9 24,78947| 1.27285]| .43372| .13207} .03703

2.0 | 29.54517| 1.51437| .51542| ,15708 | .04405
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Observation:

The same features revealed {n Table
3.5 are also revealad in Table 3.7, c&ept
that Milne's method gives better accuracy
in the regicn considered as cculd be scen
from the error-values in Table 3.7 when
compared w'th Table 3.5. This 135 also true
when the error outputs of AWO3A and AWO4A
under Appendix A are compared. Also the
errors arc tolerable when comparced with the

axact scluticon in column 2 of Table 3.7.

3.4.2 sttem 4

Tha fourth order Milne's method for
sclving system 4 is also a modificaticon of

(14) and is gtven by:
Pre y = vy o+ 22 (2pixy, v.) -
k+1 = Ix-37 T k! Yx
P(Xk_«l’ Yk—i) + 2P(Xk-—2’yk-2)) eoo {15z )
pre p = P + 4h(2p (x vy -
e - k' Yy
(X _19Yy 1)+ 2F (X _55Yy 0)) weees (15D)
Followed Dy:
cor = + h(P(X ) +
Yge1 7 k-2 3 k+17Vk+1

AP (X 3 Y I+P{Xy _94¥p 1)) «ee(15¢)
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h
cor Pk-{-’l = Pk—1+ g-(F'(Xk+1,Yk+1)+4F(ngYk) +
F(xkui’yk-l)) sos (154)
and completed by the mop-ups:

1
y Cor y + oz (pre y = Cor y) ... (152)

1}

P

L]

cor p + 2% (pre P = COC P)  +ee (15F)

programs

The program nemed AWCOLAB uses Milnets method
(15) stated above which is based on the modifiad
Flow Chart IV to solve the test problem (6}).

As in Adams—Moulton method, Milne method

cannot start by itself. So we have to use the

same starting values used in AWO3R to start it.

Qutputs:
Selected outputs arce as given in Table 3.8.

Detailed cutputs are obtained in AWO4Be

Table 3.8

X-VAL | EX.SOL ABSOLUTE ERROR-VALUES

- - H=0.1 | H=0.05 | H=0.025] H=0.0125
0.1 .05526 - 00029 | .00007
0.3 .20248 ,00094 | .00022 4 00005
0,5 .41218 | ,00703 | .00067| 00015 | »00003
0.7 .70481 | 00626 | .00044] 00010 | .00002
0.9 | 1.10682 | .00563 | .00025| .00006 | 00001
1.0 | 1.35914 | .00108 | .00016| 400004 | .00000
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Ohszervations

e e

The same fuatﬁros as in Adams-Moultonts
mothod, Table 3.6 arce rovealed by Table 3.8 oxcept
that kthis wothéd 1s more accurate than Adams-—
Moultonts method., This is obvicus from tho
smaller errcor-values recorded in each column of
Takble 3.8, For example ‘n column 6 of Table 3,6
under H = 0.,0125 the last error value recorded
is 00004 whereas in tha corresponding column of

R LTI —

Table 3,8 the last error value recorded is

more accurate than Adams-Moultonts method, Thoe
error values #n beth Table 3,6 and Table 3.8 are,
however, acceptable whan cempared with the
corrasponding axact sclutfons in column 2 of both

tablis,
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3.5 Tayiéf Serias Expansion Mqﬁbodq 1 and 2

3.5.1

In this scction the Taylor sefies
expansion mcthod is divided into two parts
calloed M2thod 1 and Method 2 respoctively.
Method 1 solves the ordinary diffcerantial
equations(S) and (6) after roeduction to
systoms 3 and 4 respoectively, while Method
2 solves.the samso equat?ons dirzctly wfthn

out reducing them to systam 3 or 4.

Method 1

The Taylor serfcs expansion method 1

for sclving systen 3 s gsvon by:

é 3 4

1 h " h "we h v

yk = Yk_1+hyk_1+ ?:Yk_1+ g:yk_1+zryi_1 e e (16a)

. , ,

L h t h W B

P _1+thby_1+5 Py 1+T-Pg_q <+++ (16b)
L !

Py

Thus for k = 1, Equations (16a) and (1l6b)

become
1 h’3 " |—1{'l i
v
Yq = ¥, £ Ry, o+ ?:No * °°°'Z:Yo
ees (16C)
] h? " h3 L1 4
Py = Py + hp, + szo * ?Tpo
Using System 3, we have
’ —
Yq = Pg
L1] f ]
Yo = (xo’yo’po) = Py
L N ) (16d)
T ¥ biJ
Yq = f (xoyyo$po) = P
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and us*ng system 4, wc have

' i ———

Yq = Po
" f L i

Yo = (xo’yo) = Py vas (16¢e)
e fl' " |

Y = (xo1Yy) = Pg

Equations {16c) and (16d) give the starting
valuas for systom 3 while eguaticns (16¢) ond

(16e) give the starting values for system 4.

Flow«Chart Vv

The Taylor series expans‘on Method 1 for
syétums 3 and 4 uses tho Flow-chart v. As usual
it is modificd for system 4 with p = 0. This
Flow chart represents algorithmically equations
1lea-16d and solves numerscally systoms 3 and 4
respzctively 4n the reg'ens Dl and D2. It also
reccords exact solutions, calculated scluticns
and cerror-values at each peoint in R1 and RZ

respactively,
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Start I

X — xo
y = ¥
-
p Po
h <~ variable

!

/ Write z, y, P, h /

Calculate starting values

y <« (s v P)

y, < f)(x 5 P)

iv "
Y, '€ & (e, ¥, P)

L

o h2 " h3 nt h4 iy
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b

] "
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" - ut
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(LN ]
-— v
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Exact < fn(11 )

Bryer < Rxact - y,

Y

Modify Fflow chart and progranm
here for k # 0,1 to enable you
obtaine reasults at X = 1,1, 1.2, .eeeee

2,0

¥

Write xy,52, exact, 2 and orror./

X “
g <R
DL o
Ry
(10 ) >
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Thie Program named AWOS(R4A) uses the fourth..
order Taylor series expansion method 1 given
by equation (16) which is based on the flow chart
solve tho

Vv to test problem (5).

Qutputss;

The ocutputs are as given in Table 3,9.
prror values are compared at cur selected valucs
of ¥,

Detadled outputs are got in AWOS(R4A)

undor Aprendix A.

Table 3.9

A=VAL EX.SOL ABSOLUTE ERROR VALUES
1.1 3.12986 | 1,40920 66782 «32495 | ,16027
1.3 6.25741 | 2.05756 98448 »48141 | ,23803
15 10.74344 | 2.82856 | 1.36234 «66846 | ,33108
La? 16.83598 | 3.72541 | 1.00308 «88693 | ,43985
1.9 24,78947 | 4.75093 | 2.30815 | 1,13757 | 56470
2.0 29.54517 | 5,31273 | 2,58521 | 1,27516 | +63326

Obscervation

i, Table 3.9 reveals a growing error-valuc for

@ach value of H in the selected region D1l. How-

evur, as H decreases, erro-values decreases

correspond®ngly,
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2, If we compare the errcr-valucs with the
corresponding exact solutions ‘n column 2 of
Table 349, we discover that cerror-values undoer
H=0,1 and H=0.05 are two large to be acceptad
whon compared with the exoct solutions. Error-
values under H=0.025 and H=0,0125 could be
tolerated, Hence this method should not be used

when the step-size H )0.025.

3, The Table also roveals that in a region bolow
x=le1 say 0.9 2 x P 0.0 with fnitial value

X, = 1.0, error value for cach value of H will
raduce which means butter accuracy for the

method.

outputs of Third and Second crders Taylor

Series Method 1,

Table 3,10

%:FQL EX.SOL ABSOLUTE ERROR VﬁLU%ﬁﬂu_AuJ
- - He0.1 |H=0.05 |H=0.025(H=0.0125
1.1 | 3.12986| 1.40904 | .66780 | .32495).16027
1.3 | 6.,25741) 2.05704 | .98441 | .48140}.23803
1,5 110.74344 1 2.82756 | 1.36222 | .66844) 33108
1.7 [16.83598 ! 3.72379 | 1.80287 } .88690] 43984
1,9 124.78947] 4.74852 | 2.30783 | 1.13753] .56469
2.0 [29.54517| 5.30985 | 2.58484 | 1.27511}.63325
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Table 3,11
A=VAL| EX.SOL ’ABSOLUTE ERROR—GALUES o
He0.1 | H=0.05 |H=0,025| H=0.0125
151 3.12986} 1.38286] .65988 .32264 .15905‘-
1.3 6.25741) 1.,922028 .92968{ .45700 | 22654
1.5 10474344 2.46748] 1.20290} .59375 | «29495
1,7 16.83598)2.988417] 1.46314]| .72381 | «35997
1.9 24,78947] 3.45327] 1.69358] .83849 | »41716
2,0 29,54517]3.65464] 1,79228] .88730 | «44143
Observation:
1. The same features as obtained in Table 3.9

repeated themselves in Tables 3,10 and 3,11,

Hence the same arguments are valid here,

Looking at the three tables, however,

L

is observed that accuracy in Table 3.10

is better than accuracy in Table 3.9.

Similarly, accuracy in Table 3,11 is better

than accuracy in Table 3.10.

For example

if we look at Column 6 under H=0,0125 of

Tables 3,9 and 3,10 we see that error-values

at x

from X

1.1 to x =

1.5 are the same,

But

1.7 to x = 2.0 each error-value.

in Table 3.9 is slightly greater than
the corresponding error-value in Table
3.10 by 0.00001.
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2. Table 3,11 gives the best accuracy for this
method as could be seen from the least error-
values. One expects that accuracy should be
best in Table 3.9 followed by Table 3,10
and lastly Table 3,11 but it is the other
way round. This may be due partly to the
behavicur of the test problem in the region
of observation and partly due to the
accumulated round off error of Taylor

series method,

Detatled outputs from which Tables
3.10 and 3.11 were extracted are in AWOS(R3A)

and AWQOS{R2A) respectively under Appendix A;

Programs for System 4

The Program named AWOS(R4B) uses the fourth-
order Taylor series expansion Method 1 to solve

the test problem (6) in the form of system 4,

outEuts

- The selected outputs are given in Table
3,12, As usual we could obtain detailed outputé

in AWO5S(R4B) under Appendix B.

o
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Table 3.12

— e —— v ——

X~VAL! EX.S0L o ' ABSOLUTE ERROR VALUES

- - H=0,1 H=0.051 H=0.025 H=0,0125

0.1 | ,05526 . 066881 ,03188 ] 01556 | .00769
0.3 «202481 .09588| .04586 | .02243 | .01109
0.5 «41218) ,13443 ] 06446 | 03156 | .01562
0.7 « 704871 ) .18536 ¢ ,08¢06 | .04365 [ .02161

0.9 11.10682; ,252241 .12138  ,05954 | ,02949

03430

1.0 E1.35914 .29305E . 14111 | ,06924 !.

The description of the third and second
orders Taylor series expansion method 1 are the same
same as that of fourth order Taylor series des-
cribad above. Hence their selected ocutputs will
be given only for discussion. Detailed outputs
can be obtaitned in AWOS{R3B) and AWQS(RZB)

307241

respectively under Appendix B.

Table 3.13

X=VAL]| EX-SCOL ABSOLUTE ERROR VALUE

- - H=0,1 H=0.05 | H=0,025{ H=0,0722

0.1 .055261 066831 .03187] .01556 | . 00769
0.3 .20248| .09562| .04580 .02241 { .01109
0.5 .412181 ,13375] .06431) 03153 | L01561

0.7 .704811 183971 08874} .04358 | .02159

"o T —

0.9 1.106820 249761 ,12080 | ,05940 § .02945

1.0 1.35914; .28984 ] .14036 | 06906 | .03425
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Table 3.14
X=VAL | EX.SOL ABSOLUTE ERRCR VALUES
- — H=0,1 H=0,05 | H=0.025] H=0,0125

0.1 «05526| .06554 | .03148 | .01542 | .00763
D3 .20248| ,08940 | ,04331| .02131 | .,01057
Qa5 «41218 1 ,11773 | 05733 | .02828 | ,01405
0.7 « 70481} .15156 .07404I .03659 } ,01819
0.9 1.10682 | .19201 | .09402 | .04652 | ,02314
1.0 1.,35914 | .21511 | ,10542 | .05218 | .02596

Observation

1. As usual a growing error values occurs in

each column of Table 3.12, Table 3,13 and
Table 3,14 respectively from H=0.1 to
H=0.0125, As H reduces in value, however,
accuracy also increases as could be observed
from the reducing error-values with the least
values of errors in the column H=0.0125 when

compared with other columns.

A better accuracy will result generally if
H< 0.0125 in our region of interest. This
js obvious from the last t. sets of the
detailed error outputs in AWOS5(R2B) under

Appendix B.

We could also observe that the rate of

decrease in error values in each row is
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approximately the same as the rate at which
H is decreasing., H is chosen to decrease by
half its previous value for succeeding set
of cutputs. The outputs in each row alsc
give nearly the same picture., For example
in row 1 of Table 3,12 at x = 0,1, .03188 is
approximately %(.06688) and so on. This is

true for all other rows,

It is also observed that the best accuracy

is recorded for the second order Tavlor series
expansion method followed by the third order
Taylor series and lastly by the fourth order
Taylor series expansion methcd, This §s con-
firmed by the decreasing error value outputs
as we move from the fourth order to the

third order and then to the second corder
Taylor series, although some of the output

for the fourth and third orders Taylor seirics

are correspondingly the same.

For example in Table 3,12 which is the
sclected output for the fourth-order Taylor
series method, the first two cutputs under
H=0,0125 are equal to the corresponding valucs
recorded in Table 3.13. Buf tﬁe third order

Taylor series mathod still produces better
accuracy than the fourth-order and the second
order more accurate than the third order, The
recason for this is - due to the growing round off

arror of the Taylor series expansjon method,
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Taylor Series Expansion Method 2

Y5

The Taylor series methed 2 for solving
ordinary differential equations of the
forms (1) and (2) directly is still given
by (16a). The starting value is also
given by (16¢c) in section (3.5.1) as

h2 " h3 "ne h4 iv

L}
Y = Yo ¥ by + T Y * 310 T TV

2 3 4
1 h " n 'Rl h v
Yq * hy, + =Y, * 3TY, * ZTY? sse{172)

1l

where y: is def<ned by Spiegel (35) as

t Yj_-yo . Y‘l - YO
Yy = Lt —H-—- = —_T:l—_— e (17b)

Putting (17b) into (17a) we have

P 3 4
h [1] h " h iv
Yo = 2Y¥q = Yo oy v oypY ¢ TRy,

L t

Also similarly

2 tH h3 [ 4 h4 iV

h
Y3 = 2¥y = ¥q t yp¥o t IgY  t o ApY2

R v b3 e n? gy

kel = ¥y = Yyoqt TEYotITY2 * ITYS

T faeRA e

To calculate the starting value y, we use
(16e) while y, is obtained from (17b),

The flow chart gives the details.



Flow-Chart vi

The Flow
(16a}, (16c),
solves second

equations (1)

105

chart Vi is based on eqguations
(17a) and (17b)., As usual it
order ordinary differential

and (2) directly in the region D1

and D2 and records solutions at each point in

R1 and R2 respectively.
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(=D

X &— X,

y «— Y,

YI‘—— P
h <4 vgr‘iable

Y

o = flxyy,y")
y" &— f'(xyy')
yiv $— M (x,y,y"

L

1 " " 14
Vie Vo + BY + B! Y0+_1'313Y0 »E: v \
(9]

1
/ Write x, Y, Y, h /

/

nstep €= K \

L

10

i <=1, nstep

4]
—~

B
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Y <« t(x,1,p)
Ytl t - f' (It ,Y“P)

Y“ '.é- f" (x’ ¥, ,P)

2 3 :
hs " h Y +_].?'i v
Yo = 2Y1 Y. + 2= Y. +—----33 t 43 Y';'

Exact = PF(x)

+

Error aig— Exact -~ Y

J

Modify aa follewse fer values ef

2

bf .1 te obtaia ouwiput at
I = 1.1, 1.2 ........2.0
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Write i, Y2, Exact,P,
Errex
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Program for System 3

The program named AWQO6{D4A)} uses the Taylor
series expansion method 2 given by Egs.(16) and
(17) based on the Flow-chart VI to sclve the test

problem (5) which is in the form system 3,

outputs
The cutputs at our selected values of x are

as given in Table 3,15 below while the detailed

outputs are in AWOG{D4A).

Table 3,15

X=VAL|EX.SOL ABSOLUT™ TRTR VRTUITT
- - H=0,1 H=0.05 H=0,025 [H=0,0125
1.1 3.12986}1.,25553) ,55922 023719 , 08251
1.3 6.,2574111.00315] .10849 » 31053 51316
1,5 (10,74344] ,13783}1.23420 1.75188§ 2,00322
1,7 (16,835982.42821}3,73050 4,.34892| 4.,55016
1.2 124,78947}6.13018}7.64316 8.36473] 8,7.689
2,0 }29.5451718.59296[10,21322 | 10,98733111.345558

Observation

1l. In column 3 under H=0,1, the error-value
decreases starting from x=1.1 to x=1.5 and
start to grow from x=21,7 to x=2,0

2, The same picture as revealed in column 3

under H=0.1 of Table 3,15 4s revealed in

column 4 and % under H=0,05 and H=0.025 in
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the detasled output of AWO6(D4A) under

Appendix A, although error s growing from
X=1,1 to x=2,0 4n column 5 under H=0.,025 in
Table 3.15 above. The reason is that x=1,2

is not considered in Table 3.15.

In the last column however the error value
starts to grow from x=1.1 t0o x=2.0, Further
observation of the table reveals that in row
1 at x=1.1 the error value decreases from
1.25553 for H=0.1 to 0.08251 for H=0,01254
But from the rows at x=1.7 to x=2.0 error
value increases from H=0.1 to H=0.0125 with

the largest value of error in the last row,

If the error values undepr ecach walue of H
are compared with the ccrresponding values
of the exact solutions in column 2 we dis=~
cover that apart from the instability of

the error values under H=0,1 to H=0,.025, the
values become so high generally from

x=1,7 to x=2.0 and also increasing with
decreasing values of H. Hence this method
is highly unstable for the test problem and

should not be used to solve such problemse.
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outputs of Third and Second crder Taylor

Series Method 2

Table 3,16

X=VALj EX.SOL ABSOLUTE ERROR VALUES
- - H=0.1 |H=0.05 {H=0.,025|H=0.0125
1.1} 3.12986[1.25545} .55921] .23719] .08251

: ;

1.3 | 6.25741]{1.00289] .10844; .31054 .51316
1.5 | 10.74344) .13838} 1.234310 1.75190} 2.00329
1.7 | 16.83598] 2.42916} 3.73070f 4.34897] 4.65017
1.9 124.7894716.13164| 7.64348| 8.36480| 8,71701
2.0 |29.54517] 8.59472] 10.21361] 10.98742 11.36561

Table 3.17

X=VAL| EX.SOL ABSOLUTE ERROR VALUES
- - |H=0.1 |H=0.05 {H=0.025 |H=0.0125
1.1 ] 3.12986(1.2408Y  .55554( .23604f 08208
1.3 | 6.25741| .95332] .09102| .31763] ,51633
1.5 | 10.74344] .24385 1,27500} 1.77020[ 2.01183
1.7 ] 16.83598[2,61194 3.80745 | 4,38389 4.66680
1.9 | 24.78947}6.41348 7.76629| 8.42188 8.74449
2.0 E29.54517|8.93435 10.36362}11.05767 11.39956
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Table 3,16 and 3,17 reveal similar features
as obtained in Table 3,15. Therefore the same
comments are maintained, It is observed, how-
ever, that each error values in Table 3.15 is
very close to its corresponding values in 3.16
and 3,17, For example in column 6 under
H=0.0125 we have each error value in Table 3.15
equal to its corresponding values in Table 3,16

from x=1.1 to x=1.3

From the results given in Tables 3,15 -
3.17 we could see that the solutions are not
stable, Hence, this method cannot be used to

solve the test problem.
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programs for System 4

The programs named AWO6(D4B), AWO6(D3B) and

AWO6E(D2B) use the Taylor series expansion method

2 based on the modified flow=chart vSs

test problem (6)

Qutputs

in the form of system 4.

toc solve the

The outputs of the programs in the order

specified above at p2 are as given below.

Detailed

outputs are in AWO6(D4B), AWO6(D3B) and AWO6(D2B)

respectively under Appendix B.

Table 3.18
X-VAL | EX.SOL ABSOLYTE ERRQR VALUES
- - H=0.1 |H=0.05 |H=0.025]H=0.0125
0.1 .05526 | 96135 | .02783 | .01323 | .00471
0.3 .20248 | .05886 1 01431 | ,00648 | ,01652
045 .41218 | .03063 | .02811 | .05559 | .06887
0e? .70481 | .03315 | .11004 | .14606 | .16350
0.9 1.10682 ) .14579 .24578 | .29269 | ,31541
1.0 1.35914 | .22599 | .33956 | .39297 | .41884

Observation

1. It is observed that in each column from

H=0.1 to H=0,025 error-value is decreasing

up to a point and then starts to increase up

to the last row.

However,

the last column

under H=0.0125 shows a different picture,

Here error value grows from .00471 to .41884,
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2. It could be seen also that as H is decreasing

in value,error value is seen to be magnifying

correspondingly, especially from row x=0,7

to row x=1.0.

In row x=0.1, however, error

value is observed to decrease with decreasing

value of He

3. From (1) and (2) above it could be concluded

that the Taylor series method 2 is unstable

for system 4,

Outputs for AWO6(D3B)

Table 3,19
X=VAL] EX.SOL ABSOLUTE ERROR VALUES
- - H=0,1 H=0.,05] H=0.025] H=0,0125
1 70 B .05526 | 06132} .,02783]| .01223 | .00471
Da3 .20248 1 .05876) .01429) .00649 | ,01652
15553 .41218 | .03041] .02816 | .05560 | .06887
0.7 «.70481 | .03357] .11013] .14608 | 16350
0.9 1.10682 | .14651] .24593 | .29272 | 31541
1.0 135914 | .22670) .33975]| .39301 | 41885
Observation

1. The same features of {instability revealed

in Table 3.18 repeated themselves here,

Therefore the same comments for Table 3,18

is valid for Table 3.19 as well,



2. It should be observed however that each error
value under H=0.0125 in Table 3,18 is
same as the corresponding error value
H=0.0125
error value of each with a dsfference

00001 in their error values.
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putputs for AWO6(DZ2B)

in Table 3.19 excepl for the

the
under
last

of

Table 3.20
X=-VAL| EX.SCL ABSCLUTE ERROR VALUES
- - H=O.@ H=0,05 | H=0.,025f H=0,0125%
0.1 L05526 ] 06054 02763 F .01217 { .00469
0.3 202481 ,05596 | ,01331 ) .00688 § 01670
0.5 .41218] .02402 ] 03065 ] 056692 | 06938
0.7 . 704811 .,04553% .11508 | .14832 | ,16456
0,9 1,.106821 .16658 1 .25453 1 29669} ,31731
1.0 1.35914] .25200)| .35073 | .39810} ,42130

QObservation

The same comments for Table 3.18 and 3,19

will be maintained

same features are similarly revealed,

here for Table 3,20 as the
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The Classical Numerov's Methoq_

The classical Numerév's method for
sclving the test problem (6) directly is
given by Dodes(B)nas

=

h .
Y1 = DYy g+ 7o PRy g P 10FY APy _q) o0 0 (18)

We shall apply this method to two cases.
Firstly we shall use the formula as we put
it above, but find Y1 and Y, by Taylor

series mathed, Secendly we shall transfer

2
h
Tsz+1 to the left hand side and make Yk+1

the subject of the equation, Here we dcontt

need to expand Y, by Taylor series.

Case 1

in Eg.{(18) if we make k=1 it is
possible to find the starting value Y.
using Taylor series. To improve the
accuracy of Y, we set h to kh, j.e. h- kh,
Thus:

l. Ly i 3 tr
Yi = Y(Xo+h) = Y0+hy0+%hyo+ 3Th YO ae o (19)

]
where the values of Yo and YO arc calculated
from the initial ceondsition xo. Alsc from

EQ.{19) above:

YO = F(XO’YO) g
5_ esscesee (20)
n

' i
Yo = F'(xk’YO?J

substituting (20) in (19) we cbtain the

starting value Yoo
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Next we calculate the predictor wvalue of
Yk+1 = Y, at Xy = X+ 2h using a portion of
cquation (18).

2
Thus Pre Y, = 2Y;-Y_+ %?(10F1+FO) coe  (21)

2 " L1}
fee.Prev(x,)= 2y(x1)—Y(xo)+2?(1OY (x )+ (X))

[1)]
where Y s calculated from the original

2
equation, To correct (21) we add %7Fk+1

where Fk+1 = F(xk+1’Yk+1)‘ Yyeg = Y2 for k=1

using the Taylor serfes expansion againa.

L h2 1"
Y2:Y1+hyt + ?Ty + aw e - (22)

Next we use the definition of a derivative to

evaluate Y:. Thus:

f'(xo) = Lt f(xo+h)-f(xo)
h O h
for small h, f(x0+h) = f(xo)
f‘(XO + h) = Lt f(){O + h) = f(xo)
h= 0 h
: ' Yq = Y,
ioeo Y .2 —-E_— ¢ o (23)
1
Y A=Y
similarly Yﬁé —gﬁ—i
:
NI S |
k= h

"
Also ¥

F(X1,Yq) oo (24)
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Now substituting Egs (23 and (27) in

Ege. (22) we have Y2

Thus we can continue to calculate Yo iteratively

up to the desired limit,

Flow-Chart VII

The flow-chart VII on the next page scolves
system 4 numerically in the region D2 and rzcords
exact solutions, calculated solutions and error-

values at each point in RZ2.

program:

The program named AWQTA uses the classical
Numerovts method given by equation (18) bhased on
the flow chart VII to solve the test problem (6)

directlye.

outputs;

Table 3,21 below shows the error veluss at
the selected values of x. Detailed outpuis are

as usual found in AWOTA in Appendix B.
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| start )

X =X
o} O

yO « ‘YO

11 < Variable

h € h/2

Calculate the staring value x,

yre (e v,)
y“'.& £ (x_ yo)
0,

y¥ e (x, yo)

11
Yy @ Yo + hyh + ries BL y Y

\
X X
1 & o +h

n < 2

nS{eF &= . variable




(f

< ;

O .
1, oastep

-t

F_, & Flz,

F, F(x,.tf,)
\
2
Prey <21, - Y+ 75 (Fn_1 + 10F,)
¥
Cempute Y2 using Eqas 15,16&% 17
[}
T, <« (¥ - Y,)/a
1] .
Y < F(x, 1,)
nt
Y

t
€~ F (xnlru)

é F. (x. , I.)

& B"M(x,,l")

o4

é'- Y"’hY +0‘oo‘ +-_¥'
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5\

F
n+l & F (%
+ 1z ( 2’ Y2)

l

2 Il
Cry <« Prey +Tg ln.q

Lxact e {sol (x2)

tirror <« Exact - Cry

|
l

Modify as follows to enable you get cutputs at

X = 37,402 ticeeeeaes Up to 1,0

T ey - (houagy e Votatiin)
Ho & M K
Yo& M

Y€ Y

&
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Table 3,21

X=VAL | EX.S0L ABSOLUTE ERROR VALUGS
- - H=001 H=0.05 H=00025 H:O'.Ole
0.1 | .05526 | .00000| .00163 | .00221 | 00244
0.3 | .20248] ,02018) ,023671 .02511 | .02575
0,5 | .,41218| ,07130} .07713 | .07964 | .0B07S
0.7 ! .70481 | .16447} 17322} .17707 | ,17886
0.9 | 1.10682 f .31457| .32701 | .33257 | 33517
1,0 | 1.35914 | .41693 | .43158 | .43814 | .44123

Observation

gL

As usual the error values for each set of

outputs in Table 3,21 from H=0.1l to H=0,0125

grow from xx0,1 to x=1.0 with the lecast error

values in row x=0,1 and largest error values

in row X=1.0.

Also as H increases in values,

error values also increase,

One of the major reasons for this jacreasc

in error values apart from the round off error
ar+sing from Taylor series expansion, jis the

introduction of definition of dersvative:

' xo+h)—f(xo) -
f (x,} =Lt — = (y‘ - yo)/h

. h<%¥o

to calculate y: in equation (22},
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As h is decreasing, y: is increasing and
thus Yo is increasing much greater than
the exact solutsion reproduced in column
2 of Table 3.21. This is obvious in row
1 of Table 3.21 and in tﬁe detailed out-

in %WO?A,

It could alsc be observed from x=0,7 to
x=1.0 that error-values are generally
too large when compared with the corres-
ponding exact soluticns. Hence this
method is not suitable for the test

probliem,

Case 2:

Next we consider case 2. As pointad
out earlier, equaticn (18) is given by
Froberg (18) as

h2 2

h
Yk+1 - T?Fk+1 - 2Yk-Yk“1+ T?(iopk+Fk_1).oo(25)

"
where Fk+1 = Yk+1 = F(Xk+1’yk+1)' In

terms of our test problem (6)

_ x
Yee1 = Yyt eTkel o0y

Putting equation (26) in (25), we have:

h2 h2 X
Yk+1(1— Ty) = T?e k+1 f 2Yk -
5 .

h
Ypeoq + (0P, + Fy_4)
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2
12 | h Xg 1
Yk-i-l = —_Tiz_h {Te + -+ 2Y](_Yk-—1 +

h? ¥
(0P, + Fp 1)} ... (27)

which is free from Y:

:

Flow Chart VIIT

| The flo@ chart vII is meodified slightly to
produce the flow=chart VIII based on equation
(27) by replacing the boxes marked swith the

following single box.

e 12/(12 - h°)

b2 & 2y,-y (h2/12)(’lOF‘k+Fk_1)
Pryé bl ., b2

xzér x1l + h

2
Y24 pry + bl, %?exz

As usual the flow-chart VIII solves system
4 numerically in the region D2 and records

necessary outputs at each point in RZ2.

outeuts
The outputs are as given by Table 3.22,

Detailed outputs are in AWQO7B in Appendix B.
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~T¢gple 3,22

Xo VAL EX.S0L | £85CLUTE RROR VALUES.
T T e ] o8 [iimo.0m eo.0175
DUSTRUSRIN RO R B AR
0.1 E -05526 | 00000 ; .000000; 00000 1 & 000N
0.3 | 20248 { ,00000 ,000000; 00000 00000
0.5 L1218 §,00000 ¢t ,000000F 00000 ‘.ooooo
0.7 | 70481 | .0000C ,000000} 00000 | 00010

0.9 1.10682 L00000 1 ,000000f ,00000 | .O0000

1.0 1.3591L | .o0ocoo | .oooooo] .ooooo | Looouo

Observation:-

The table shows »ll zerc error values [Lor
all values of H considered. Thus this method is
very accurate for the test problem (6) when
compared with first method with y: present -.nd
Vo expanded by Tavlor series, Table 3,22 fuct .or
confirms that expansion of Vo by Taylor seri.s
and introduction of y,,which is in fact an
approximation of the rctual definition of

derivetive, incrunzge the crror-values in 'Cnrgc 11,
H
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CHAPTER 4

COMPARISON OF METHODS AND ANALYSIS OF RESULTS

(i} Pprograms for System 3

The programs named AWO1lA, AWO2A, AWO3A
and AWQ4A are put together to produce four
programs named AWOB(EA), AWOB(RA), AWOY(EA)
and AWO9(RA) respectively. AWOB(EA) and
AWO9(EA) use the improved Euler method to
start Adams-Moulton and Milnets methods,
while AWOB(RA) and AWO9(RA) use the classical
Runge~Kutta method to do the same thing.
However, AWOS9(EA) and AWQ9(RA) include as
part of starting values for Adams-Moulton
and Milne's methods the given initial
conditions,

Each program computes x - values, cal-
culated solutions, exact solutions, first
derivatives of y with respect to x and
error-values, but only exact solutions and
error-values are printed at pl = (1,1 , 1.2,
ooy 240).

In the coutputs ER1, ER2, ER3 and ER4
represent error values for Euler, Rungaw
Kutta, Adams-Moulton and Milnet's mc¢thods
respectively in that order, while EX.

represents exact solution for each methced.
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(11) program for System 4

Apart from the changes in the
names of the programs from AWO1lA to
AWO1B, AWOZ2A to AW0O2B and so forth,
and the printed outputs at p2 =(0.1,
0u2y esa, 1.0), the description of

system 3 still holds for system 4,

Flow-Chart 1X

The flow-chart on the next page
caters for system 3 and system 4, It
records exact solutions and error-values
of Euler, Runge-Kutta, Adams-Moulton and
Milne's method for comparison at each

point in R1 and RZ respectively.
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Input (nitial and slep.
ai 2 values

|

V

Improved lsuler
Method

Runge-Kutta Method

Adams-FMoulton
Methnod

Milnos Method

N_
step ek I




[&£1, n step

Modily when neccessary

to enable you get output

it =1t 16 cownee 240

né&=- L
V}"I &— 1i/n
J &« nuw

JWrite exact soi., &rror 1

error 2, error 3 and error &

'!-(') —
—n
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4,1,1 oputputs for System 3
Oonly the cutputs for H=0.0125 are
shown in Tables 4.1 = 4.4 at the selected
values of x for easy comparison. cCorres-—
ponding detatled outputs are however in
AWO8(EA), AWOB(RA), AWO9(EA) and AWO9(RA)
respectively under Appendix A.
Table 4.1
X~VAL] EX,.SOL ABSOLUTE ERROR VALUES FOR H=0,0125
- - ERT ERZ ER3 ER4
1.1 3.12986}1 .00134 ] .01201 } ,00106 | ,00090
1.3 6.25741] .01352 1 .05508 } ,00515{ ,00433
1.5 10,74344 1 ,04015 ] 012604 | .01119 | 00948
1,7 16.83598 | ,08299 | ,22694 } .01948 | .01659
1.9 24,78947 | ,14351 ) .35891 § .03032) ,02592
2,0 29.54517] .18081 ] .43670 § .03678 | 03150
Table 4,2

X=VAL] EX. SOL ABSOLUTU ERROR VALUES FOR H=0.U1Z5

- ER1 = ER2 ER3 ER4

3.12986 | .00134 § ,01201 | .00676 § 00636
©£.25741f .01352 | 05508 | .01454§ ,01285
10.74344 .04015 1 .12604 | 02560} ,02221
16.83598 1 .08299 | .22694 | ,04044 1 ,03487
24,78947 | +14351 1 ,35891 | .05956 ] .05127

29,54517| .18081 }F .43670 | .07089 | .06100
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Observation

1.

4.

Table 4.1 and Table 4.2 sn page 131 reveal
a growing value of error generally in each
column, though acCeptable when compared with

the corresponding exact scolution in column 2,

In Table 4,1, Milne's method is seen to be the
most accurate of all the methods considered,
This 15 obvious from the least error values
recorded for this method., Next to Milnets
methed 1n accuracy s the Adams-=Moulton method
followed by the fmproved Euler method and
least in accuracy is the classical Runge~Kutta

methOd -

The picture is a bit different +n Table 4.2
where in row x=1,1, the improved Euler method
with 0,00134 error value takes the lead in
accuracy. After that row, we have the same

picture as revealed in Table 4.1,

It could be observed also that starting values
affect the accuracies of Adams=-Moulton and
Milnet's methods. For when the improved

Euler method, which is seen to be more accurate
than Runge-Kutta method, §s used to rpoduce

the start:ng values accuracy in Adams-Moulton
and Milne's methods improves greatly., This is
obviocus when Table 4.1 is compared with

Table 4,2,



Table 4.3
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X=VALl EX,SOL ABSOLUTE ERROR VALUES FOR H=0,0125
- - ER1 ERZ ER3 ER4
1.1 3.12986 § .00134 ; .01201 j,00088} ,00078
1.3 6.25741] .01352 }| .05508 }.00403f .00348
1.5 10.74344 | .04015 | ,12604 |.00867 ) ,00737
1.7 16.83598 | .08299 | .22694 ].01504 § ,01266
1.9 24,78947 § 014351 1 .35891 [.02337 | 01953
2,0 29.54517 § ,18081 | .43670 {.02833 | ,02362

AX=VAL] EX.SOL

ABSOLUTE ERROR VALUES FOR H=0,0125

- - ER1 ER2 ER3 ER4
1,1 3.12986 1 .00134 1 ,01201 }.00522 | ,00380
1.3 6.257411 .01352 { .05508 {.,01119}1 ,00891
1,5 10,74344 | .04015 § .12604 }.01966} ,01603
1.7 16.83598 1 ,08295 | ,22694 | .03103| 02547
1.9 24.78947) ,14351 | .35891 |.04567) ,03756
2,0 29.54517 | .18081 | .43670 | ,05435] ,04470
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Qbservation

The features revealed in Table 4.1 and
4.2 repeated themselves in Table 4.3 and 4,4,
Therefore, the same comments will be masintained
for Tables 4,3 and 4.4 as far as those features
are concerned. It should be noted, however, that
accuracy in Table 4.3 and 4.4 respectively for
Adams-Moulteon and improved Euler methods where
the starting values includes the given initial
values is much better than accuracy in the
corresponding Tables 4.1 and 4.2 respectively
where the starting values do not include the given

initial values.
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4ele2 Qutputs for System 4
As usual we shall discuss only the out=
puts in Tables 4.5 = 4,8 for H=0,0125 in
this section. The detalled outputs are how-
ever obtained in AWO8B(EB), AWOB(RB), AWOS2(EB)
and AWO9(RB) in Appendix B, Also as usual
AWQ2(EB) and AWQ9(RB) include the given
initial values as part of the starting values
for Adams-Moulton and the Fourth order Milne's
methods while AWOS(ER) and AWOS(RB) do not
include them,
Table 4.5
X~VAL} EX.SCL ABSOLUTE ERROR VALUES FOR Ha0,0125
- - ER1 ER2 ER3 ER%
0.1 »,05526] .00001 }.00032 | ,C0001] 00001
0.3 .20248} ,00013 {.00096 | ,00004] ,00003
0.5 »41218} .00043 | ,.00164 | .00007} .00006
0.7 .70481] .00094 } .00238 | .0C011]| ,00009
0,9 ¢ 1,10682} ,00173 |.00322 | .00015¢ 00012
1.0¢ 1.35914] .00225 | .00369 | ,00018] .00014
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X=VAL{ EX.SOL ABSOLUTE ERROR VALUES FOR H=0.0125‘
- - ER1 | ER2 ER3 ER4

0.1 .05526 yOOObi +00032 7,00015 | .00015

0.3 .20248 } .00013 }.00096 },0n012 | .00013

0.5 | .41218 |.00043 |.00164 }{.00010 | ,00011

0.7 »70481 | .00094 },00238 §.00008 | 00010

0.9 | 1,10682 | ,00173 |.00322 |.00007 } 400009

1.0 | 1.35914 ] .00225 {.,00369 }.00006 } ,00008
Observation

1. Locking at Table 4,5 from AWOB(ER) for which

the starting values for Adams-Moulton and
Milnet's methods are from the improved Eulerts
method, we could see that error values grow
generally in columns 3,4,5 and 6 from rows
x=0,1 to x=1,0, As usual the fourth order
Milnets method gives the best accuracy which

is obvious from the least error values recorded
for the method when compared with the correse
ponding error values of other methods. Adams-
Moulton method is still second, followed by
the improved Euler method and lastly the
classical Runge-Kutta method. The accuracies
¢f the methods are also acceptable when

compared with the corresponding exact solu-

tions in column 2.
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2. Table 4,6 which arises from AWOS8(RB) for
which the starting values for Adams-Moulton and
Milne's methods are from the classical Runge-
Kutta method, gives a different picture. Here
we could observe in columns 5 and & that for
Adams-Moulton and Milnets methods the error-
values are decreasing from rows x=0.,1 to x=1,0
More importantly, we observed that Adams-Moultonts
method takes the lead for the first time in
accuracy followed of course by the fourth
order Milne's method and then Euler method and
lastly Runge~Kutta method. Buwt the accuracy of
each method is accepted when the errors are

compared with the corresponding exact solutions

in column 2 of Table 4,6

Table 4,7
X=~VAL [EX.SOL | ABSOLUTE ERROR VALUES FOR H=0.0125
- - ER1 ER2 ER3 ER4
0.1 | .05526§ .00001{ ,00032 | .00001 | ,00001
0.3 | .20248} .00013§ .00096 | .C0003 | .00003
0.5 | »41218} .00043 | .00164 | .00006 | .00005
0.7 | 704811 .00094 | .00238 | .00008 { .00007
0.9 {1.10682f .00173} .00322 | .00012 | .00020
1,0 |1.35914} .00225§ .00369 | .00013 | .00012
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X=-VAL| EX.SOL | ABSOLUTE ERROR VALUES FOR H=0.0125
- - ER1 ER2 ER3 ER4
0.1 .05526 } .00001 | ,00032 },00011 ] .70007
0.3 ».20248 | .00013 | .00096 }.00009 | .00005
0.5 «41218 | .00043 | .00164 |.00007 | 00004
0’7 «70481 | 00094 | .00238 |.00006 | 00002
0.9 ) 1.,10682 | ,00173 | .00322 }.00005 | .00001
1,0 | 1.35914 | .u0225 | .00369 |.00005| .00001
Observation
1., Table 4.7 is produced from AWO9(EB) which

includes the given initial values to start
Adams~=Moulton and Milne's methods. As a result
accuracy of these methods as seen in Table 4.7
is better than accuracy for them in Table 4.5.
Similarly accuracy of these methods is alsc
better in Table 4.8 than what obtains in Table
4.6. This is obvious from the reduced error
values of these methods when Tables 4.5 and
4,7 and Tables 4.6 and 4,8 are compared. Thus
to guarantee a better accuracy for both methods
the starting values must include the given
initial values irrespective of whether the

rest of the starting values are produced by

the improved Euler method or the classical

Runge-Kutta method.
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Furthermore a qu+ck look at Tables 4;7 and

4.8 reveals that accuracy of Milne's method

is better than that of Adams—-Moultont's me thod

in both Tables. This +s obvious from the smalle
error-values in M%lne's method when compared wit
the corresponding error-values in Adams=Moultont
method in the Tebles, Alsc Table 4.8 arising fr
AWO9(RB)}, which uses the classical Runge~Kutta
method to start both Adams~Moulton and Milne's
methods, gives a better accurate results for
these methods than what obtains in Table 4,7
for which the starting values for Adams~Moulton
and Milne's methods are from the improved

Euler method,

Accuracy for each of the methods including the
improved Euler and the classical Runge-Kutta
methods are acceptable when we compare the
error values of each method with the corres-
ponding exact solutions in column 2 of each

Takble,
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Observation

1.

Looking at columns 3 and 4 under H=0.1 of
Table 4,9,error value keeps on growing from
x=1.1 to %=2.,0 ‘n column 3 while in column 4
it is reducing from x=1,1 to x=1.5 and then
starts to grow from x=1.7 to x=2.0., Alsoc each
value of error 4n column 3 {s greater than jts
corresponding value in column 4 from x=1,1 to x
x=1.7 and from x=1.9 and beyond that value
of x, reverse could be seen.

Th+s facts suggest that with H=01 and
with a lower region say 0.9% x2 0.0 with xo=1;0,
a better accuracy will be produced for AWO6(D4A)

than for AWOS(R4A).

The same feature is ohserved in other columns
under H=0,05 to H=0.0125 up to a particular
value of x which varses according to the H
value and then the reverse follows up to

)( - 2.0

Finally, a critical look at the table shows

that Method 1 which procduces AWOS5(R4A) gives

a better accurate results especially when

H< 0.025 than method 2 which produces AWO6(D4A).
infact when we compare the error values of

methods 1 and 2 with the exact solution in coclumn
2 we could observe that method 2 is very unstable
and thus unsuitable for the test problem (5}, On
the other hand meghod 1 {s tolerable 3f H ¢ 0.025,
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Observation

The same features as revealed jin Table 4.9
repeated themselves in Tables 4,10 and 4.11.
Hence the same comments will be masintained..
we therefore conclude this section by saying
that Taylor series expansion method 1 is
preferred to Taylor series expansion method 2
in terms of accuracy and stability, Infact
method 2 should not be used for the test and

similar problems,.
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4,242 sxstem 4

Inh this section we shall compare
AWO5(R4B} with AWO6(D4B); AWO5(R3B) with
AWO6(D3B) and AWOS5(R2B) with AWQ6(D2B) for
H=0,1, 0.05, 0.025 and 0.0125 at points PpP2.

compariscn of AWOS(R4§)_w{th AWO6E(D4R)

Table 4.12

I-VAL

BX.50L { ABSOLUTES ERROR VALUES

W05 Law06 | aw05  JAWO6  |AWO5  [AWO6 UAWOS  JAWOG
(raB) Q€p4B) kr4B) |(p4B) {{R4B) {(piB) }(raB) ](D4B)

0.1
0.3
0.5
0.7
0.9
1.0

.055261.06688] .06135{ ,03188].027831.01556].01223] .00769}.00471
.20248] ,09588| , 05886{ . 04586].01431| .02243 . 00648} .01109].01652
.44218| 13443 ,03063] .06446].02811}.03156.05559| .01562].06887
. 70481]1.,1853%6] ,03315] .08906].110041.043651.14606) ,02161 [. 16350
1.10682.25224| 14579 .12138].24578) .05954 | .29269] .02949. 31541
1.35914].29305] . 22579 .14111{.33956].06924 | .39297} .03430|.41884




146

Observation

i,

In columns 3, 5, 7 and 9 under H=0.1, 0,08,
0,025 and 0.0125, the error-values are
growing from rows x=0.1 to X= 0. Also

when they are compared with the corresponding
exact solutions in column 2, it §is discovered
that the errors are generally large to be
accepted for method 1, In some cases error-
values are greater thanp the corresponding
exact solutions, For example in column 3 of
row x=0,1 under H=0.1 the error values ,06688
18 greater than the corresponding exact

solution ,05526,

Looking at columns 4, 6, 8 and 10, the same
features are observed; but in addition the
method 2 of the solutson is unstable. This
is seen from the unstable manner the error-
values decreases from 0.06135 at row x=0.1 to
0.03063 at row x=0.5 and starts to .grow from
0.03315 at x20.7 to 0.22572 at x=1.,0. The
same features are evident in columns 6 and 8.
Column 10 shows a growing value of errors in
Table 4.12, but looking at the detailed out-
puts in AWC6(D4B) under Appendsx B, the
observation becomes similar to what we observe
in columns 4, 6 and 8. Here also error value
starts to decrease from 0.00471 at x=0.1 to
0.,00259 at x=0,2 and there after starts to

grow from 0,01652 to 0.41884,
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Comparing the accuracy of method 1 with method
2, it is discovered that for H=0.1, each

error-value 4n column 3 is greater than i{ts
corresponding value *n column 4. Hence for
H=0.1, Method 2 is better than Method 1. For
H=0.0125, however, Method 1 ig better than
Method 2, although +n rows x=0.1 and X=0,2
we have error values in column 10 larger than
the corresponding error-values in column 9.
This is evident in AWOS5(R4B) and AWO6(D4B).
For H=0.05 and H=0.025, it is not easy to
say categorically which of the two methods
is better than the other in terms of accuracy
as could be seen in Table 4.12 and in AWOS(R4B)
and AWO6(D4B).

For example in columns 5 and 6 under
H=0.,05 Method 2 shows a better accuracy
from rows x=0.1 to x=0.5 while from rows
x=0.7 to x=1,0, Method 1 is better than Method
2. The same feature is revealed in columns

7 and 8 under H=0.025,
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Comparison of AWOS(R3B) with AWQ6(D3R)

Table 4,13
%-vAll EX.SOL ABSOLUTE ERROR VALUES
- - H=0, 1 H=0.05 H=0,025 H=0,0125
AWQS AWOE | AWO5 |AWQ6 | AWOS AWO6 AWOAR AWO6
- - (r3B) | (p3B) [(R3B) |(B3B) |(R3B) | (D3B) KR3B) |(D3B)
0.1 | .05526},06683} ,06133 .03187],02783| 01556} ,01223| .00769| 00471
0.3 | .20248].09562f .0587d .04580{.01429 .02241] ,00649] .01109}.01652
0.5 .41218].13375{ .03041| ,06431 .02816,.03153 .05560] .01561] .,06887
0.7} .70481].18397 .0335% 08874 .11013'.04358 .14608] .02159} .16350
0.9 | 1.10682}.24976] 14651} .12080}.24593 .05940) .29272} 02945 | . 31541
1.0 11.359141.28984} .22670f .14036{.33975] .06906] .393C1| 03425} ,41885
Conparison of AwOS{R8RB) with AWOS{D2B)
Table 4,14
X~VAL{ EX.SOL ABSOLUTE ERROR VALUES
- - B=0,1 H=0.05 H=0,025 H=0.0125
W05 [AW06 | AWO5 [aw06 [AWOS [AWOB | AWOS |AWO6
- - (r2B) {(D2B) {R2B) {(p2B) |R2B) {(D2B) | (R2B) 9231
0.1 | .055261,06554].06054] .93148|.02763] .01542] .01217] .00763) 00469
0.3 | .20248].089%0] 05596} .04331 §.01331] .02131] .00688] 01057} .01670
0.5 | .41218].11773{.02402] .057%3 | .03065) .02828] .05669| ,0*405] .06938
0.7 | .704811.15156}.04553) ,07404 |, 11508} .03659] . 14832} ,01819] .16456
0.9 11.10682[.19201] .16658] .09402 . 25453} .04652] . 29669} .02314] . 51751
1,0 |1.35914 [.21511] . 25200} .10542].35073 .05218’.39810 .0259| .42130




149

Observation

i,

Ze

3.

The same features as revealed in Table 4,12
repeated themselves in Tables 4.13 and 4,14
respectively, Hence the same comments will

be maintained for these observaticns.

In addition to 1, if we look through at the
three Tables, however, 1t will be discovered
that for Method 1 accuricy of the object
function y(x) expanded to second order Taylor
series is better than accuracy of y(x) expanded
to third order and accuracy of y(x) expanded

to third order *s better than when it is
expanded to fourth corder. Hence to use method
1, ¥t s enough to limit the expanston of y{(x)
tc second order Taylor series for a fairly

good accuracy. Furthermore, it is also dis-
covered that as H is reduc’ng in value for

this method, accuracy improves correspendingly,.
This is evident from the last two sets of

error outputs in AWOS(R2B) under Appendix 2,

The §nstability of the error-values of
method 2 makes it difficult to say whether
accuracy is better when the sclution func-
tion y(x) #s expanded te second, third or
fourth order Taylor series. All that could

be said 1s that apart from the instability
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of method 2, error-value increases very
sharply from rows x=0.7 to x=1,0 for all
values of H considered and worst for
H=0,0125 as revealed in Tables 4,12,

4,13 and 4.14 respectively.

Lded Comparison of Execution Times

1430 Introduction

The Execution times in seconds are
obta‘ned from Cyber 72 (Main Frame) at
Ivya Abubakar Computer Centre, Ahmadu Bello
University, Zaria for the various methcds,
The C.P.U. times are not considered
because they were found to be highly un~
reliable, for instance if you get a C.P.U.
time for a particular problem as 0,400
seconds, if the problem §is repeated almost
immediately, the C.,P.U. time will alter.
The reason may be due to the fact that the

system is a Mults-user,

The calculated resulfs are not reccorded
because the same accuracy te 5 decimal
places are maintained on Cyber 72 as
obtained on TRS 80 - Micro Computer at
Kaduna Polytechnic which I used principally

for the project,
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Consideration of execution times of
Taylor Series methods is limited to the
test problems reduced to systems of first-
order equations since the accuracy of this
method +s at least comparable with Numerovts
method *Case 1' with y' computed. Even
though Taylor series method 2 was used to
solve the test problems directly without
reducing them respactively to systems of
two first order equations the method was
found unstable for the two test problems

(3) and (6).
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4.3.1 Test problem (5): ¥y = 3y /x ~ 3y/x° + 2x ~ 1

152

t
Initial conditions: x(1) = 2,y (1) = 10

Solution in the region D1 = (x/1 e x 12,0 ‘,‘-

Table 4,15

Mwthods Execution Times in Seconds _
i TOTAL] RELATIVE
- H=0, 1} H=0,05| H=Nn.025 H=0,012% TIME §ORDER OF
‘ ACCURACY
Improved:

_Buler Methog | ~0% |+059 |.067 |.089 9.269] 3ra
Funge-Kutta | ,064 {.066 [.084 |.117 l0.331] 44n
Adamg—

Moul ton 2085 [,105 [.121 | ,149 0.460!  2nd
Milne 084 1.100 {.,114 [,141 0.439] 1st
Taylor series _

Taylor series

order R3 <055 1,059 .01 |.086 0.2711] 6th
Taylor series

order Ei 086 | .I62 L7 103 0.298 Tth

R2 - R4 . = Second, Third and Fourth order Taylor

sories method of solving the test problem (5) reduced to

a system of two first order ordinary differential

equations,
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4.3.2 Test problem 6: y" = y+ax
Initial Conditions: y(o) = 0,y (8) = 0.5

Solution in the Region D2 = (x/b.1§_x;f1;0}

Pable 4,16
Methods Execu#ion Times iﬂ “§EEonds
TOTAL IRELATIVE
- JACCURACY
Improved 053 1,058 t.068 1,095 0.274 4th
Fuler method : :
RBange~-Kutta L56 ;067 .091 _ 0,128 0.342 . 5th
Ad amge 087 |.100 (.12 o] Q.46 rd
Moul ton 7 - 7 2 4 S ’
Milne .084 1,102 f.114  [.148 0.448} 2nd

Taylor series
order R2

Tayior series
. order R3 .

Taylor series
~order R4

051 |.055 |.059 [.077 0.2421  6th

.052 §.056 071 092 v.2T1 Tth

054 | .063 |].078 113 0.308 8th

Kumsrov :
Method »076 §.098 §.156 . 266 0.596) 9th

Cage 1

Hunerov
Method .062 ] .,080 J07 180 O 43K 1st
Case 2 .
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Comparison of Memory Allocations

The memory allocatfons for our values
of H for each method are obtained on TRS 80 =
Micro Computer at Kaduna Polytechnic, How=
ever, consideration of memory allocations for
Taylor series Method 2 is not considered
since the method is found unstable for

both test problems (5) and (6),.

1,41 Test Prohlem (5}: See Section 4,3.1
Table 4,17
Ny IR .

Methods Memory Allocations in Bytes

H = Total Mamor
H=0.1 |H=0.05]H=0.05|0,0125] p1ioccation b

9250 9414 9414 9414 | 37492

Improved Euler
Method

Classical -
Runge-=Kutta 9633 9797 9797 97971 39024
Method _

Adams-Moulton | 10772 | 10837 | 10837 | 10837 | 43283

Milne 10668 | 10733 | 10733 {10733 | 42867
TaY%gg)Series 9365 | 9529 | 9529 | 9529 | 37952
Tayggg)ser*es 9842 {10006 | 10006 | 10006 | 39860

TaY%gz)Ser*es 10371 | 10535 | 10535 {10535 | 41976




4.,4,2 Test Problem (&):

155

See Section 4,3.2

Table 4.18
Methods emory Allocations in  Bytes '
I H = H = Total Memory
H=C0Wu1l tH=0,0510,025 00,0125 | Allocations
Improved Euler !
Method 82795 8843 8843 8843 1 35324
Classical
runge-=-Kutta 9104 9207 9207 9207 | 36725
Method
Adams-Moulton 10258 10262 |10262 § 10262 | 41044
Milne 10145 110149 110149 § 10149 | 40592
T?g;?r Series 1 g993 | 8890 [ 8890 | sego | 35463
T?g%?r Series | 9413 | 9512 | 9512 | 9512 | 37949
T?gi?r Series | 9665 | 9764 | 9764 | 9764 | 38957
NUmerov s
Me thod 10041 9950 9950 9950 | 39861
tCase 11
Numerov?'s
Method 9858 Q9797 9797 9797 | 39249
1Case 2t
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Discussion of Numerical Accuracy, Executjion

Time and Memory Allocation,

Tables 4,15 and 4,17 show the varjious
execution times ih seconds and the memory
allocations in bytes for all values of H
considered for each method to solve the test
problem (5) reproduced above tnder section
4.3.1 for convenience. It is revealed in
Table 4.17 that, except for H=0.1, the
memory &llocations for each method for all
other values of H considered are respectively
the same and greater than what we obtasin for
H=0.1. This is5 so because of the modifica-
tion of the program for the method which
enables us to obtain our outputs at
X = led, 1.2, 1.3, seeesy, 2.0. Relative
orders of numerical accuracy are also shown
on Table 4,15, A lock at the twc Tables
reveals that in terms of numerscal accuracy,
computer execution times and memory alloca-
tions, the Pourth Order Milne's method §s
better than Adams-Moulton method (both of
themn being Predictor-Corrector methods) for
our test problem and similar problems for
all values of H. However, the least

execution times and memory allocations are
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recorded for the Improved Euler methods for

all values of H when compared with the other
classical methods of Runge Kutta, Adams-=Moulton
and Milne as revealed in both tables.

Similarly, Tables 4.16 and 4.18 for the
test problem (6) alsc reproduced above under sec-
ticn 4.,3.2 reveal that Numerov's method tcase 2!
takes the lead in numerical accuracy. 1In fact
absclute accuracy is recorded for this metheod as
shown in Table 3.22 and the detailed outputs in
AWO7B. Furthermcre, its execution times and
memory allocaticns are much less than those of
predictor-Corrector Methods of Adams-Moulton and
Milne. Here the memory allocation for H=0,1 is
larger than what they are for all other values
of H considered. The reason may be that the
medificatfon of the program menticned above is
dcne for all values of H in this case. Clearly,
Numerov's method tcase 2' is the best for this
type of problem, although 4t ts not sujitable for
a problem that dcoces nct allow Y1 t© be made a

2

subject after %?Fk+1’ where Fk+1=F(xk+1’Yk+1)

has been moved to the left of equality signe.
Here again, of all the four classical methods
referred to above, the Improved Euler method has

the least execution times and memory allocatjons

for our values cf H as revealed alsc in Tables

4,16 and 4.18 respectively. Numerov's method

'"Case 1' in which y; is computed is the least
accurate method also with the largest execution time.
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CHAPTER 5

CONCLUSION AND RECOMMENDATION

Conclusion

" 1 ] '
system 3: y =f(X,y,Y ),¥(x )=y ,¥ (X )=y,

1.

of all the methods considered for
this system, the Fourth Order

Milne's method is found to be the
most accurate method followed by
Adams-Moulton, Improved Euler and
Runge-Kutta methods as we could see
in AWOB(EA), AWOB(RA), AWG9(EA) and
AWO9(RA) under Appendix A., The total
execution Ltime and memory allocatjion
for the Milne's method are also
smaller than what we obtain for Adams-

Moulton's method.

It is shown that when the Improved
Euler Method is used as starters

for Adams-Moulton and the Fourth
order Milne's methods,accuracy {is
better in both methods than when

the classical Runge-Kutta method is
used as starters for them. This is
obvicus whan we compare AWQOB(EA) with

AWOB(RA) and AWO9(EA) with AWO9(RA).
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Accuracy in Adams-Moulton and the Fourth
order Milne's methods 3is still better
when the given initial values are used

as part of the starting values. This

is obvious when AWOB(EA) is compared with
AWO9(EA) and AWOB(RA) is compared with

AWO9(RA) .

It is shown that a higher degree of
accuracy is obtained ror the Taylor
Series method 1 if H{ 0.0125, This is
confirmed in the last wo sets of out-

puts in AWOS(R2A).

It is also shown that Taylor Serijes
Method 2 is found to be highly unstable
for the test problem under this system,
This is obvious from its ocutputs in

AWO6(D4A), AWC6(D3A) and AWO6(D2A).

" L] -l'
5.1.2 system 4: y =£(X,y),¥(X )= Yoi¥ (X)) = vy

1.

Numerov's method 'Case 2' is found to

be the most accurate method fcr the test
problem (6) and similar problems

under this system with zero error values
for all values of H considered as
confirmed in AWO7B. 1Its total executicn

time and memory space are also the least
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when compared with those of Adams-Moulton

and Milne!'s methods.

In numerical accuracy, the fourth order
Milne's method comes next to Numerov's

method followed by Adams-Mculton's method,

the Improved Euler methed and the classical
Runge-Kutta method in that order. This is
obvious from the outputs of AWO8(EB), AWO9(EB)
and AWO9(RB). Even though in AWO8(RB) Adams-
Moulton method *s better in accuracy than

the fourth order Milne's method, we could
still claim in general that the fourth order
Milne's method is still preferred in terms

of accuracy, execution times and Memory
allocations. Of all the classical methods con=-
sidered, the Improved Euler Mcthod has the
least total execution times and Memoery
allocations. This is confirmed in Tables

4,15, 4,16, 4.17 and 4.18 respectively.

It is shown that when the given initial
values are unused as part of the starting
values, the imprcved Euler method should
be used as starter for the fourth order
Milne'*s method while the Classical Runge-
Kutta method 1s used as starter for Adams-

Moulton's method., This is obvious when the
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error outputs of AWO8(EB) and AWO8(RB)

are compared.

It is shown that when the given initial values

are used as part of the starting values,
while the remaining part is from the classi=
cal Runge-Kutta method, accuracles of Adams=
Mculton and the fcurth-order Milne's method
ae better. This is obvious when the error
outputs in AWO9(EB) are compared with the

corresponding errcr outputs in AWOS(RB).

Numerov's method *Case 1' in which yland Yo

are found by Taylor series shows a very high
values of errors generally when compared
with the exact solutions. The error values
aré also seen to be increasing with the
decreasing values of H. Thus the method is

not suitable for the test problem,

Error-values in Taylor series method 1 are
also high when ccmparec with the exact
solution in column 2. Better accuracy is
however obtained when H¢ 0.0125 as could be
seen from the last two sets of error out-

puts in AWOS5(R2B) under AppendiXx Be.
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It is discovered that Taylor series method

2 is found to be highly unstable for this
system as could be seen from the error out-
puts in AWO6(D4B), AWO6(D3B) and AWO6(D2B).
Further investigation of the method for

He¢ 0.0125 will be a worthwhile exercise since
error-values for H=0.0125 starts to be

stable from row »=0.2 in the detajled out=

puts of the programs,

In Tables 4.9, 4.10, 4,11, 4.15 and 4,17 for
the test problem (5) under system 3 using
the Taylor series method 1, it is discovered
that the numerical accuracy, total execution
time and memory allocation of the object
function y(x) expanded to second corder is the
best followed by y(x) expanded to third
order and lastly y(x) expanded to fourth
order. The same features are obvious in
Tables 4,12, 4.13, 4.14, 4.16 and 4.18
respectively for the test problem (6) still
using the Taylor series method 1. This
observation is likely to be due to accumu-
lation of round off error of Taylor serijes
from the second order up to the fourth order

expansion of y(x).
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5.2 Recommendation

1. 1t is observed from Tables 4,15, 4,16,
4.17 and 4.18 for our test problem (5)
and (6) that of all the classical
methods of Runge-Kutta, Adams=Moulton,
Milne and Numerov' 'case 2' considered,
the least execution times and memory
allocations for our values of H are
recorded for the improved Euler
method. The numerical accuracy of the
method 1s also encouraging when
compared with the accuracies of the
other classical methods., I will there-
fore recommend that improved Euler
method be used for similar problems,
However, if the desired accuracy can-
nct be achieved by the improved Euler
method, the Numerov's method tcase 2¢
where applicable or the fourth order

Milne's method should be used.

2. For research purposes, however, where
numerical accuracy is very important,
it is recommended that Numerov'!s
method tcase 2' be used. Otherwise
the fcurth order Milne's method should
be ceonsidered sfnce it is more accurate,

and the executicn times and memory
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allocations are much less than what we
obtain for Adams-=Moulton's method for the

test problems.

Although the classical Runge-~Kutta method
considered does not produce as accurate
results as improved Euler method for
instance, 3t is recommended to be used as
part of the starters under system 4 for
the Multi-step methods, while the other
part of She starting values is the set of

the given initial values.

Even though Taylor's series method 1 and
method 2 are not recommended to be used ror
the t:st problems and similar problems
because of inaccuracy and §instability,
further investigation of their behaviours
on other systems of second order ordinary
differential equations 1s necessary

especially when the step-size H ¢ 0.0125,

Table 4.16 also reveals Numerov's method
tCase 1' as very bad in accuracy and alsc
with the highest execution time. Hence
the method is no% recommended for the test
problem and similar problems. It may
however, be used for teaching purposes for

comparison with 'Case 2+,
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HAEXREXA%XE APPENDIX A H#XFHH%%%%

DATE:14/08/1987

NAME OF FILE: AWO1A

NUMERICAL SOLUTION OF THE SECOND ORDER DIFF. EQUAT.
Y =3Y" /X~=-3Y/X. X+2Y-1 SUBJECT TO THE INITIAL CONDI-
TIONS XM=1.,YM=2,YM'=IM=10.

THE IMPROVED EULER METHOD IS USED AFTER THE ORIGINAL
EQUATION HAS BEEN REDUCED TO A SYSTEM OF TWO FIRST
EQUATIONS

IMPLICIT REAL*B(A-H,0-2)

DEFINE STATEMENT FUNCTIONS FOR EXACT AND CAL.SOLUTIONS.
FSOL(X)=3. #X#x3-2, ¥X+X#X#(1.+X*DLOG(X))
FUN(X»YeZ)=3,%Z/X-3. #Y/ (X%X)+2. ¥X~1.

INITIALIZE XsYsZyH

XM=1.0

YM=2.0

iM=10.0

H=@.1

WRITE(2y100)XM:YMs ZMaH

FORMAT (10X ZHXMsF5.@y Xy ZHYMs F5. @+ 3X» 2HZIM F5. 054Xy 1HH:FB. 4/)
WRITE COLUMN HEADINGS

WRITE(2,101)

FORMAT (10X, SHX-VALBX35HC. S0L s BXy 6HEX . S0L+BX+4HC. Y » 11Xy 3HERR/)
START ITERATION

NSTEP=10

DO 1@ I=1sNGTEP

SLOPE1=FUN(XM>»YMsZM)

XM=XM+H

AA=H*SL OPE1

YY=YM+AA

ZI=IM+AA

SLOPE2=FUN(XMsYY2Z2Z)

YM=YM+(H/2. )% (ZM+ZZ)

IM=ZM+(H/2. )% (SLOPE1+8LOPE2)

EXACT=FBO0OL (XM)

ERROR=EXACT-YM

ERR=DABE (ERROR)

WRITE(2,102)XMs YM) EXACTy ZMs ERR

FORMAT (4X+5F13.5)

CONTINUE

STOP

END



XM 1.
X=VAL

1.10000
1.20000
1.30000
1. 40000
1.50000
1.60000
1.70000
. 1.80000
©1.70000
2.00000

XM i.
X=VAL

4. 10000
. 20000
3. 30000
1.40000
1.50000
4160000
¥1.70000
1. 80000
. 90000
2. 00000

<

Y™

M

2. M

C.S0L

3.12500
4.50779
6.17633
. 15923
10. 48568
13. 18547
16.28888
19.82666
23.83003
28.33061

2.
C.S0L

3. 12589
4.51933
6.2096%9
B8.22578
10.59771
13.355%4
16.53136
2@. 15531
24.235954
28.87615

172

10. H
EX.SOL

3.12986
4.53985
6.25741
B8.31528
10.74344
13.57313
16.83598
20.56397
24,.78947
29.54517

10. H
EX.S0L

3.12986
4.539@5
6.25741
8.31528
10.74344
13.57313
14.83598
20.56397
24.78947
29.54517

. 1000

c.Y’

12. 45669
15.18664
18.19743
21.49587
25.08812
28.97978
33. 17599
37.68B149
42.50068
47.63764

. 0500

C.Y’?

12.54007
15.36403
18.47839
21.88903
25.60130
29.62009
33.249%94
38.59503
43.55929
48.84640

ERR

B3126
. 28108
« 15605
« 25776
« 38766
« 34710
« 73731
1.214546

ERR

. 00397
.01953
04772
. 28950
. 14573
.21720
. 30462
. 40866
52994
. 66902



XM 1.
X=VAL

1.10000
1.20000
1.30000
1.40000
1.50000
L.60000
1.70000
1.B80000
1.70000
2.00000

XM 1.
X-VAL

1. 10000
1.20000
1. 30000
1. 40000
1.50000
1, 60000
1.70000
1. 80000
1.90000
2. 00000
{

|

YM

YM

2.
C.80L

3.12743
4.352816
6.23148
B.26722
10.66574
13.45783
16.67477
20. 34819
24.51015
29.19302

2. M

C.S0L

« 12852
4.53330
6.24389
8.29036

18.70329
13.51368
16.75298

20. 45301
24 . 64596
29.36437

173

1@. H

EX.S0L

3.12986
4.53905
6.25741
B8.31528
10.74344
13.57313
16.835398
20.36397
24.78947
29.54517

10. H

EX.S0L

3.12986
4.3539@5
6.23741
B.31528
10.74344
13.57313
16.83598

28.56397

24.78947
29.34517

. 0250
C.Y’

12.58982
15.46926
18.64423
22.12007
23.90171
29.99367
34, 40016
39.12509
44.17215
49.54480

0125
C.Y’

12.61704
15.52669
18.73452
22,24561
26.06465
30. 19598
34.64365
39.41142
44,.50286
49.92132

ERR

08243
. 21089
« 02593
. 04805
@7771
. 11530
« 16121
« 21578
« 27933
- 3952159

ERR

00134
- 82575
»81352
. 02492
. 24015
. 85945
. 08299
- 11096
. 14351
. 18081
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*BB C DATE: 146/08/1987

2200 C NAME OF FILE: AWO2A

00300 C NUMERICAL SOLUTION OF SEC. ORDER DIFF. EQUATION

20400 C T1=3Y" /X-3Y/ X X+2X-1 WITH INITIAL CONDITIONS

20500 c X0=1.2y Y0=2.8y PO=Y0"=10.0

20600 C THE CLASSICAL FOURTH ORDER RUNGE KUTTA METHOD IS USED

20700 IMPLICIT REAL*B(A-HiKsL+0-2)

20800 C DEFINE STATEMENT FUNCTIONS FOR EXACT & CALC. SOLUTIONS

uo%00 FEOL(X) =3, #X#%#3-2, #X+X#X*(1.+X*DLOG(X))

21000 FUN(X1Y1P)=3,#P/X-3. %Y/ (X¥X)+2,%X~-1.

01100 C INITIALIZE XsYsPsH

21200 X0=1.0

01320 YO=2.0

21400 P0O=10.0

01500 =@0.1

21600 C PRINT INITIAL VALUES

01700 WRITE(Z2,100)X0sYOsPOsH

21800 120 FORMAT(1@Xs"XO0"3F5.0@+3Xs YO 1F5.@+3X+7 P07 1F6. 114Xy "H 1 FB.4/)
illi C PRINT COLUMN HEADINGS

*B WRITE(Z2+101)

22100 101 FORMAT (1@X» SHX~VAL» BX» 6HEX.SOL» 7X+5HC. SOLy8X+ 4HC. Y' » 12X, JHERR/)

02200 C START ITERATION

22300 NETEP=10

02400 DO 12 I=1.NSTEP

22500 L11=Hx*PO

22600 Kii=H*FUN(XO0:YOsPO)

@Z700 XN=X0+0.5%H

22800 YN=YO+0.5#K11

22900 PN=PO+0.5%L11

03002 L12=H*PN

3100 K12=H*FUN(XNs YN, PN}

23200 YN=YO+@.5%K12

B3320 PN=PO+0.5%L12

Q3400 L13=H*PN

83500 K13=H*FUN (XN YNs PN)

R3600 XN=XN+D.5%H

03700 YN=YO+K13

23800 PN=PO+L 13

23900 L14=H*PN

24000 K14=H*FUN(XN> YNy PN)

24100 Li=(L11+L14+2.%(L12+L13))/6.0

24

®



200

L

253020
25400
25500
25600

102
183

10

175

FORMAT(4Xy5F13.5)
INTERCHANGE LOCATIONS
X0=XN

YO=YN1

PO=PN1

CONTINUE

STOP

END



X0 1.
X—-VAL

1.10000
1.20000
1.30000
1.40000
1.50000
1.60000
1.70000

1.80000
1.70000
2.00000

X0 1.
X-VAL

i1.10000
1.20000
1.30000
1.40000
1.50000
1.60000
1.70000
1.80000
1.70000
2.00000

YO

2.
EX.80L

3. 12986
4.539@5
b6.25741
B8.31528
10.74344
13.57313
16.83598

20.56397
24.78947
29.54517

EX.S0L

3.12986
4.539@5
6.25741
8.31528
10.74344
13.57313
16.83598
20.56397

24.78947

29.54517

PO

176

10.0 H

C.S0L

3.85171
4.34123
5.89536
7.74189
9.90948
12.42769
15.32683

18.63799
22.39296
26.62422

10.9 H

C.S0L

3.08606
4.42835
&.03567
7.99640
10. 28045
12.93815
16.00048
19. 49897
23.46570
27.93326

. 100@
C.Y’

12.26119
14.77723
17.55738
20.61025
23.943%4
27.56602
31.4B364

35.70357
40.23224
45.@7575

. 8500
C.Y”

12.43284
15.13886
18,12572
21.40049
24.96969
28.83942
33.01535
37.50283
42,306879
47 . 43230

ERR

.@7815
« 19782
« 36205
« 37339
« 83396
1.14545
1.5@915

1.92598
2.39651
2.92095

ERR

84379
«11050
. 20175
. 31888
« 46300
« 63498
« 83549
1.06500
1.32377
1.61191



X 1.
X-VAL

1.10080
1.20000
1.30206
1.40000
1.50000
1. 60000
1. 72008
1. 50000
1. 20003
. 20000

X0 1.

VAL

1. 60000
1. 7000a
1. 80000
1.90000
= . B0BRY

EX. 500

. 12986
4, 33905
L.25741
8.31528
10.74344
13.57313
16.83598
2@, 34397
2478947
29.045317

EX. 500

- L298E
- 33905
» 25741
31528
o FO344
87313
. 83598
2856397

O W E 0o e

b pet pet

28,78947

29.594517

177

C.80L

3. 106359
4.48043
« 15851
8.1464%
18. 49839
13.2375%
16.37478
2. 20194
2409127
8. 69542

C.50L

3.11785

4.308B82
b. 20233
B. 22835
18.61740
13. 48048
14, 68934
2B 27497
4. 53006
29.10847

NS W1

C.Y?

12.23338
15.33@57
18. 45818
21.86222
25.56828
=9.238151
A3. 90677
S8, 534854
£3.51116
48, 79859

SRLED

C.Y?

12.58804
159.465867
18.563883
22.112%96
25.89311
29.983%4
34,38982
J37.11485
L Y-
49.53754

ERR

Q2327
»B5E63
. L6578
« 16879
- 24586
33959
» 44119
« 56203
6820
88975

ERR

1281
B3B3
23588
ABEFS
« 12604
« 172646
« L26F4
. 28900
- a7l
- 4.3670



20100
20200
20300
20400
22520
206500
22700
20800
2v500
21000
21100
21200
01300
21400
21500
21600
01700
21800
21700
02000
22100
02200

Bii@ﬂ
'
23500
22600
22700
22800
22900
23000
83100
23200

DGO D

@

100

101

102

10

183
124

178

DATE: 1&/08/1987

NAME OF FILE: AWO3A

NUMERICAL SOL. OF THE SEC. ORDER DIFF. EQUATION

Y =3Y" /X-3Y/X.X+2X~-1 SUBJECT TO INITIAL CONDITIONS
X0=1.@,Y0=2.0,P0O=Y"=10.0 USING ADAMS MOULTON METHOD.
THE CLASSICAL RUNGE KUTTA METHOD IS USED TO OBTAIN
THE STARTING VALUES.

IMPLICIT REAL*8(A-H,0-2)

DIMENSION A(5+4)

DEFINE STATEMENT FUNCTIONS FOR EXACT & CAL. SOLUTIONS
FEOL(X) =3, %X %%#3-2, *X+X%X*(1.+X*DLOG(X))
FUN(XsYaP)=3, #P/X-3. ¥Y/ (X%X)+2, %X~1.

H=0.1

WRITE(Z2+50@)H

FORMAT (1@X» 2HH=+FB.4//)

PRINT COLUMN HEADINGS

WRITE(2,100)

FORMAT (1@X» 1HX» 12X 1HY» 11X+ 4HY " =P19XsSHY* "=F /)

DO 1@ I=1+4

READ(1,10@1) (A(IsL)sL=1+4)

FORMAT(4F7.3)

WRITE(2+102) (A(IsL)1L=114)

FORMAT (4Xy4F13.5)

CONTINUE

WRITE COLUMN HEADINGS

WRITE(Z,123)

FORMAT (/)

WRITE(Zy104) ’
FORMAT (1@Xy SHX~VAL+8X»5HC. EOL»B8X+ &HEX. SOL+BXs 4HC.Y" y 11X+ 3HERR/)
START ITERATION

NSTEP=18
N=4
XN=A(Ny 1)

DO 20 J=4,NSTEP
P1=35.%A(Ny3)-59. %A(N-1,3)
P2=37. ¥A(N-2+13)-9. ¥A(N-3+3)
PRY=A(Ny2)+(H/24,. )% (P1+P2)
P3=35.%A(N+4)-59. %A(N-1+4)
P4=37 . #A(N-214)-F. %A(N-3+ 4)
PRP=A(Ny3)+(H/24. )% (P3+P4)
A(N+1+3)=PRP
C1=9.%A(N+1,3)+19.%A(N+3)
C2=A(N-2+3)-5.%A(N-1+3)
CRY=A(N»2)+(H/24. ) *(C1+C2)
MODIFY SOLUTION BY *’MOP-UP’* TECHNIQUE



m
3!733

24800
24700
25000
25100
25200
25300
25400
25500
234600
25700
25800
25700
26000
26100
26200
26300
26400
26500
264600
26700
268020

185

30

20

YY=CRY+(19./27@. ) *(PRY-CRY)
XN=XN+H
A(N+144)=FUN(XNs CRYs PRP)
C3=T. ¥A(N+114)+17. %A(N+ 4)
C4=A(N-214)-5.%A(N-1,4)
CRP=A(Ny3)+(H/24. )% (C3+C4)
PP=CRP+(19./270@. ) *(PRP-CRP)
EXACT=FSOL (XN)
ERROR=EXACT-YY

ERR=DABS (ERROR)
WRITE(2+105)XNsYYsEXACTs PP+ERR
FORMAT (4X25F13.5)
INTERCHANGE LOCATIONS

ANy 2)=YY

DO 3@ I=1+3

A(I+3)=A(I+1+3)
A(Is4)=A(I+1+4)

CONTINUE

A(Ns 3)=PP

A(Ny 4)=FUN(XN»YYsPP)
CONTINUE

STOP

END



H= . 1000

X

1.00000
1.10000
1.20000
1.30000

X=VAL

1.40000
1.50000
1.60000
1.70000
1.80000
1.90000
2.00000

H= . 3500

X

1.000020
1.25000
1.10000
1.150002

X=VAL

1.20000
1.30000
1.40000
1.50000
1.60000
1.70000
1.80000
1.70000
2.00000

i

Z.00000
3.85171
4,34123
5.89536

C.S0L

7.80960
18.07647
12.71462
15.75819
19.23706
23.18155
27.62263

Y

2.00000
2.51271
3.084606
3. 72351

C.SOL

4.44688
6.12345
8.13539
10.5@725
13.27164
16.45960
20@. 18251
24,23215
28.880@59

180

Y =p

10.00000
12.26119
14.77723
17.55738

EX.S0L

B8.31528
10.74344
13.57313
16.83598
20.56397
24.78947
29.54518

!:P

12.20002
11.18278
12.43284
13.75121

EX.S0L

4,3539@3
&.23741
8.31528
10.74344
13.57313
16.83598
20.56397
24.,78947
29.54517

Y =F

25.00000
27.87339
29.29885
31.65189

C' Y'

20.85872
24. 46669
28.36343
32.56216
37.86535
41.87603
46.99751

25.00000
26.21350
27.45636
28.72620

C.Y’

15.22265
18.39102
21.85835
25.62987
29.7096%9
34.10171
38. 80955
43.83665
49.18625

ERR

« 50567
« 66698
. 85852
1.87778
1.32691
1.60792
1.92255

ERR

«@9217
. 13196
« 17989
23619
. 38149
« 37638
46146
« 335733
« 66458



H= . 8250

X

1.00000
1.02500
1.25000
1.07500

X=VAL

1.120002
1.20000
1.300002
1.40000
1.50000
1.60000
1.72000
1.80000
1.90000
2.00000

H= 2125

X
1.00000

1.01250
1.02500
1.0375@

X-=VAL

1.10000
1.20000
1.30000
1.40000
1.50000
1.460002
1.70000
1.80000
1.70000
2.00000

4

2.00000
2.25315
2.52167
2.80600

C.80L

3.11126
4.51067
6.21709
B8.26871
10.67216
13.48248
16.72311
20.42590
24,62301
29.34696

Y
2, 00000

2. 12578
2.25544
2, 38903

C.S0L

3. 12464
4.53114
6.24623
8.3001%9
18.72378
13.54818
16.80495
20.52605
24.74380
29.49082

181

y'=p

19.20000
18.60712
11,.23165
11.8737@

EX.S0L

3. 12986
4.33905
6.23741
B.31528
10.74344
13.37313
16.83598
20.56397
24.78947
29.34317

Y =p
10. 00000

10.30789
10. 62021
12.93698

EX.SOL

3.12986
4.53905
6.23741
8.31528
10.74344
13.57313
16.83598
20.56397
24.78947
29.54517

T e

25. 00000
23.66149
26.32873
27.0e152

C.Y'

12.55767
15.47909
18. 69954
22.22393
26.05672
30.20204
34,66378
39. 44557
44,55084
49.98:284

Yy =F
25. 00000

25.34602
25.69325
26.04166

C.Y?

12.62177
15.55788
18.79441
22.33617
26.18761
3@.35287
34.83583
39.64013
44,.76919
50.22628

ERR

. 21860
. 22838
« 04032
« 85457
07129
« B9066
. 11286
« 13807
« 16646
. 19822

ERR

. 00522
. 00791
.01119
01509
B1966
02496
.23103
B3792
« 84568
« @5435



182

*m c DATE: 16/08/1987
@ ¢ NAME OF FILE: AWO4A
p0302 C NUMERICAL SOL. OF THE SEC. ORDER DIFF. EQUATION
00400  C Y7 =3Y? /X-3Y/X. X+2X-1 SUBJECT TO INITIAL CONDITIONS
22500 C X0=1.Bs20=2.0s PO=20"=10.8 USING THE 4TH ORDER MILNE’S
00600 C METHOD. THE CLASSICAL RUNGE KUTTA METHOD IS USED TO
20700 C OBTAIN THE STARTING VALUES.
20800 IMPLICIT REAL%8(A=H,0-2)
20900 DIMENSION X(431)sA(5y4)
21000 C DEFINE STATEMENT FUNCTIONS FOR EXACT & CAL. SOLUTIONS
21100 EGOL(X) =3, ¥X#%3-2. #X+X#X%* (1. +X*DLOG(X))
01200 EUN(XsZsP)=3, %P/ X~3. %2/ (X*¥X)+2. ¥X—1.0
21300 ¢ INITIALIZE XsZsPyH
?1400 X0=1.0
21500 H=0. 1
01600 WRITE(2150)H
21700 S0  FORMAT(1@Xs2HH=sFB.4//)
21800 C PRINT COLUMN HEADINGS
21500 WRITE(Z) 100)
02000 102  FORMAT (1@Xs 1HX» 12Xs 1HZs 11X 4HZ =Py 1@XsSHZ’ "=F /)
02100 C INPUT STARTING VALUES
02200 DO 10 I=114
22300 READ{1+181)X(Is1)s (ACTIsJ)sd=1+3)
02400 1@1  FORMAT(4F7.5)
22520 WRITE(Zy 102)X(Is1)s (A(I+d)sd=1+3)
ai 102 EORMAT (4X»4F13.5)
0 10  CONTINUE
02600 WRITE(2s103)
02900 103 FORMAT(/)
23008 ¢ WRITE COLUMN HEADINGS
23100 WRITE(2y104)
03200 104  FORMAT ( 1@Xs SHX~VAL1BX1 SHC. SOLyBX1 6HEX. SOL» 8Xs 4HC. Z7 » 11Xs SHERR/)
23300 C START ITERATION
02400 NSTEP=1@
23500 N=4
B3600 XN=X0+3, %H
23700 DO 20 J=4)NSTEP
23800 ZM=A(N=31 1)
3900 PM=A (N-312)
04000 PRZ=ZM+ (4, %H/3. 1% (2. #A (N1 2)=A(N-11 2)+2. %A (N=212) )
4100 PRP=PM+ (4, %H/3, )% (2, #A(Ns 3)=A(N=1y3) 42, %A (N=2y3) )
4200 XN=XN+H

-



&

24600
34709
4820
24900
25000
25100
5200
25300
25400
25500
25600
25700
25800
25900
B6200
26100
26200
26300
B&6400
26500

185

30

28
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A(N+1+3)=FUN(XNs PRZ, PRP)
A(N+1s1)=A(N-151)+(H/3. ) *(PRP+4, #A(N3s2)+A(N~-1,2))
A(N+L1y2)=A(N=1+y2)+(H/3. ) * (A(N+1y3)+4. #*A(N+ 3)+A(N-1,3))
MODIFY SOLUTIONS BY "MOP-UP" TECHNIQUE
ZZ=A(N+1,1)+(1./29. )% (PRZ-A(N+1,51))
PP=A(N+1,2)+(1./29. )% (PRP-A(N+1,2))
EXACT=FSOL (XN)

ERROR=EXACT-ZZ

ERR=DABS (ERROR)
WRITE(Z2,1@5)XNsZZ1EXACT» PP:ERR

FORMAT (4X,5F13.5)

INTERCHANGE LOCATIONS

DO 38 M=1,5

A(My 1)=A(M+1y1)

A(Ms2)=A(M+1+2)

A(MI3)=A(M+1,3)

CONTINUE

A(N+1+1)=2Z

A(N+1y2)=PP

A(N+1,3)=FUN(XNsZZ,PP)

CONTINUE

sSTOP

END



H=  ,1000

X

1.00000
1.10000
1.20000
1.30000

X=VAL

1.40000
1.50000
1.600008
1.70000
1.80000
- 1.90000
Z.00000

H= . 2500

X

1.20000
1.05000
1.10000
1.150002

X-VAL

1.20000
1.30000

1.40000
1.50000
1.60000
1.70000
1.80002
1.90000
2.00000

Z

Z.00000
3.05171
4.34123
3.89536

C.S0L

7.90271
1@. 15992
12.86552
15.94769
17.500:28
23.51462
28.03080

5

2.00000
2.51271
3.08606
3.72351

C.S0L

4.46921
6.13279

B8.17297
10.556%1
13. 33586
16.54088
20.20354
24,35575
29.82975

184

Z'=P

10.020000
12.26119
14,77723
17.55738

EX.S0L

8.31528
10. 74344
13.57313
16.83598
20.56397
24.78947
29.54517

2*=P

10.00000
11.18278
12. 43284
13.75121

EX.S0L

4.339@5
6.253741

B.31528
10.74344
13.57313
16.B835%98
20.56397
24.78947
29.54517

2" =F

23 .00000
27.0733%9
29.29885
31.6518%9

C.2’

21.20048
24.77443
28.99765
33.03418
37.84460
42.55623
47.95938

z'l '!=F

25.00000
26.21350
27.45636
28.72620

C.7°

15.32446
18.53409

22.81935
23.81113
29.91368
34.32953
39.06299
44,11733
49.49579

ERR

« 41257
. 38353
« 78761
. 88828
1.0636%
1.27285
1.51437

ERR

« 86984
« 10463

« 14231
« 18653
. 23728
. 29510
« 36043
« 43372
» 31542



H= « 02350

X

1.00000
1.02500
1.05000
1.27500

X=VAL

1.10000
1.20000
1.30000
1.40000
1.50000
1.60000
1.70000
1.80000
1.70000
2. 00000

1.00000
1.01250
1.02500
1.83752

X-VAL

1.10000
1.20000
1.30000
1. 40000
1.50000
1.60000
1.70000
1.80000
1.70000
2.00000

Z

2.00000
2423315
2.352167
2.80600

C.SoL

3.11661
4.51724
6.22582
B.27215
10. 68688
13.50189
16.74628
20. 45431
24.65740
29.38809

2.00000
2.12578
2.23544
2.38903

C.S0L

3. 12600
4.353292
6.24835
8.3031%9
10.72759
13.55294
16.81084
2@.53323
24.75244
29.50112

185

7' =p

10.00000
10.6@712
11.23165
11.87370

EX.S0L

3.12986
4.539@5
6.25741
8.31528
10.74344
13.57313
16.83598
20.56397
24.78947
29.54517

2'=p

19.00000
10.30789
10. 62021
10.934698

EX.S0L

3. 12986
4.539@5
6.25741
8.31528
10.74344
13.57313
16.83598
208.56397
24.78947
29.54517

2'"=F

25.00000
25.66149
26.32873
27.00152

C.2Z’

12.58538
15.5134%9
18.73818
22.26735
26.10536
38. 25636
34.72420
39.51253
44 .62477
50.06416

27 =F

25. 00000
25.34602
23. 69325
26.04166

C.2’

12. 62959
15.56658
18.8@8413
22.34702
26.19971
30. 36633
34.85075
39.65663
44,78737
5@.24624

ERR

«B1325
02181
«B3159
«@4313
« 85657
- 07204
. 08969
« 10966
. 132087
. 15708

ERR

. 20385
00613
. 20884
. 21209
81585
. 02019
02514
23074
@373
« 04405



20100

D07
2
D200

10500
10609
8700
20800
10700
210020
11100
21150
21200
31300
11400
21500
314600
21700
21800
21700
22000
22100
22200
22300
22400
22500

82900
23000
83100
23200
23320
23400
23508
234600
3700
3800
3900
4000
4100
p4200
4300
4400
4500
4600
4700
p4B00
4900

0 O IC R

100

101

1@2

10

186

DATE: 16/08/1987

NAME OF FILE: AWOS(R4A)

NUMERICAL SOL. OF THE SEC. ORDER DIFF. EQUATION

Y? ' =3Y' /X=-3Y/X.X+2X~-1 USING TAYLOR SERIES METHOD 1

SUBJECT TO INITIAL CONDITIONS XO0=1.0,Y0=2.0,P0=Y0'=10.0

THE OBJECT FUNCTION Y(X) IS EXPANDED TO FOURTH ORDER.
IMPLICIT REAL*B(A-Hy0-2)

INPUT INITIAL VALUES

X0=1.0

YO=2.9

P0O=10.0

H=0.1

WRITE(Z2y10@)X0»Y(0sPOsH

FORMAT (10X " X0 +FS. @ IXs "YO ' s FS5. B+ 3Xy PO s FS. 194Xy TH 1 FR.5/)
PRINT COLUMN HEADINGS '
WRITE(Z2,101)

FORMAT (10X SHX-VAL+BXy5HC.SCLyBX+&HEX.SOLyBXs4HC. Y"1 11Xy 3HERRZ )
CALCULATE THE STARTING VALUES

YOP2=3, %P0/ X0-3. #YO/ (XO*X0)+2, #X0-1.

YOP3=3, *YOPRZ/X0-6. *PO/ (XO*XC)+4, #YO/XO*%3+2,

YOP4=3, #YOP3/X0-9. ¥YOPZ/ (XO*X0)+18. %P0/ (X0*%3)~18. Y0/ (XO**4)
Yi=YO+H*PO+ (H*H/2, ) *YOPZ+ ((F%*%3) /6. ) *YOP3+ ( (H¥%4) /24, Y*YOP4
POP1=YOPZ

POP2=YOP3

POP3=YOP4

P=PO+H*POP1+(H*H/2. ) *POP2+( (H*%*3) /6. ) *POP3

START ITERATION

NSTEP=10

DO 10 I=1,NSTEP

X1=X0+H

YP2=3,.#%P/X1~-3. %Y1/ (X1%X1)+2.#X1-1, '
YP3=3.#YPZ/X1-6. %P/ (X1%X1)+6. %Y1/ (X1%%3)+2,
YP4=3.%YP3/X1-9.%YP2Z/(X1%#X1)+1B,. %P/ (X1%%#3)-1B.#Y1/(X1%x4)
YZ=Y1+H*¥P+ (H¥H/2, Y #YP2+ ((H*%3) /6. ) #YPI+ ( (H®*4) /24, ) *YP4
PP1=YP2

Pp2=yP3

PP3=YP4

Pl=P+H%PP1+(H*H/2. ) %PP2+( (H**3) /6, ) *PP3

EXACT=3. #X1%#3-2, #X1+X1%X1%(1.+X1%DLOG(X1))

ERROR=EXACT-Y2

ERR=DABRS(ERROR)

WRITE(2+1@2)X1+1Y2:EXACTsP1L+ERR

FORMAT (4X.5F13.5)

INTERCHANGE LOCATIONS

X0=X1

Yi=Y2

P=P1

CONTINUE

STOP

END



X0 1.
X-VAL

1.10000
1.20000
1.32000
1.40000
1.50020

1.60000
1.70000
1.800002
1.70000
Z2.00000

X0 1.
X=VAL

1.10000
1.20000
1.30002
1.402000
1.50000
1.60002
1.70000
1.80000
1.970000
2. 00000

YO

YO

2.
C.S0L

4.33906
6.23742
B8.31538
10.74348
13.57318

16.83604
20.56486
24,78959

29.54533

34.86427

Za
C.S0L

3.7976%
5.35770
7.24200
?.48114
12.10614
15.14843
18. 63982
22.61251
27.09901
32.13217

187

PO 10.02 H

EX.S0L

3.12986
4.539@5
b.25741
8.31528
18.74344

13.57313
16.83598
20.56397
24,78947
29.54517

PO 10.02 H

EX.SOL

3.12986
4.539@5
6.23741
8.31528
10.74344
13.57313
16.83598
20.56397
24.78947
29.54517

. 10000

cl Y‘

15.58768
18.83027
22.37857
26.23703
J@. 40981

34.90077
39.71355
44,.85158

50@.31812

546.11623

. 25000

C.Y’'

14.087951
17.17@9%9
2@.56583
24,26865
28.28374
32.61511
37.26650
42.24145
47.54330
53, 17521

ERR

1.4@0920
1.71837
2.085788
2. 42820
2.82974

3.26291
3.72809
4. 22562
4,75585
5.3190%9

ERR

66783

. 81863

« 78458
1.16586
1.3626%
1.57529
1.80385
2.04854
2.30954
2.58700



X0

[N

LA

. 12082
» =000
« 32000
400
. SRR
« &RRDE
. 72000
« 30820
200D
2. 0000

Foab ool fob peh o peb Fuh fah foh ReR

1. 30007
1. 40020
1,500
1. 6009¢
1.70000
1. 88082
L. 70008
2. 0002

Yo

-y

G800,

J. 45481
4, 9.3848
& 738546

2.8863%9

11.41288

14.34499

17.72311
2L.872432
25.92741
3Q.8U281

2
Ham

C.8aL

J.2gele
L. TEE32
& 49545
B.5979L
11.07455
13.9586465
17. 27588
21. 06458

9. 33427
2D, 17854

1£8

1G5 M

EX. 50U

2. 125986
4.53905
P I
2.31528
1@. 74344
13.37313
14.835%8
2@, 56397
24.78947
29.54517

Pe LG8 H

CX.50L

S 12786
%. 33925
5.80741
B.31528
18, 74344
23.57311
16.83598
2D 26397
2&.78%47
2738317

200

C.Y’

13. 35344
14, 36984
19, 68842
23,3138
27220045
31.5@238
36.07343
4@. 946716
46. 18698
51.73628

250

Ca Y7

12, 99740
1597639
19.25691

"y
LA,

Zh.
3@“

25
41
45
=5

84371
741l
P5331
A48T
o 33T HY
«31ESE
D243

ERR

 FEAPS
«3FT43
4BLas
57111
- 66HELS
. 77386
LB8713
1.00844
1. 13794
1.27563

ERR

« TEBET
« 19727
« 23804
NS5 Yt
MRS

38351
- &390
LBR031
« 56479
62338



-

.

20400
20500
20600
20700
20800
20700
01000
21100
21200
21300
01400
21500
01600
21700
21800
21900
02000
22120
02200
22300
02400
22500
B2600
a :

22700
23000
23100
83200
23300
23400
23500
23600
23700
23800
23700
24000
24100
24200
24300
24400
24500
24600

O LIS

100

101

182

10

189

RAME® bR/ BY( L% A0S (rR3A)

NUMERICAL SOL. OF THE SEC. ORDER DIFF. EQUATION
Y??'=3Y"/X-3Y/X.X+2X-1 USING TAYLOR SERIES METHOD 1
SUBJECT TO INITIAL CONDITIONS X0=1.0yY0=2.0,P0=Y0'=10.0
THE OBJECT FUNCTION Y(X) IS EXPANDED TO THIRD ORDER.
IMPLICIT REAL*B(A-Hy0-2)

INPUT INITIAL VALUES

X0=1.0

Y0=2.0

PO=10.0

H=0. 1

WRITE(2y100)X0s Y0y POy H

FORMAT(1@Xs " XO" yF5.@+3Xs’ YO ' sF5.@+3X+ "PO" sF35.1+4Xs "H* 1 F2.5/)
PRINT COLUMN HEADINGS

WRITE(2y101)

FORMAT (10X, SHX-VAL+B8X»5HC. SCLyBXs 6HEX. SOL»8Xs4HC. Y y 11X+ IHERR/)
CALCULATE THE STARTING VALUES

YOP2=3, ¥PO/X0-3.*¥YQ/ (XO*X0)+2, *#X0-1.,
YOP3=3,*¥YOPZ/X0~6. #P0Q/ (XO*X() +6. #YO/XO**3+2,
Y1=YO+H*PO+ (H¥H/2. ) *YOP2+ ( (H**3) /6. ) *YOP3
POP1=YOP2

POP2=YOP3

P=PO+H*POP1+(H*H/2. ) *POP2

START ITERATION

NSTEP=10

DO 1@ I=1.NSTEP

X1=XO0+H

YP2=3.%P/X1-3.%Y1/(X1%X1)+2.%X1-1.
YP3=3.*¥YP2/X1-6. %P/ (X1%*X1)+&. %Y1/ (X1%%3)+2,
Y2=Y1+H*P+ (H*H/2, ) *YP2+ ((H*%3) /6. ) *YP3

PP1=YP2

PP2=YP3

P1=P+H*PP1+(H¥*H/2. ) *PP2

EXACT=3.#X1%##3-2, *X1+X1%X1%(1.+X1%DLOG(X1))
ERROR=EXACT-Y2

ERR=DABS (ERROR)

WRITE(2+102)X13Y2+EXACTsP1+ERR

FORMAT (4X+5F13.5)

INTERCHANGE LOCATIONS

X0=X1

Yi=Y2

P=P1

CONTINUE

STOP

END



X0 1.
X-VAL

1.10000
1.20000
1.30000
1.40000
1.50000
1.60000
1.70000
1.80000
1.90000

2.00000

X0 1.
X-VAL

1.10000
1.20000
1.30000
1.40000
1.50000
1.60000
1.70000
1.80000
1.70000
2.00000

190

YO 2. 10.0 H
C.SOL -EX.S0L
4,53889 3.12986
6.25700 4.53905
8.31446 6.25741
10.742046 8.31528

13.57101 10.74344
16.83291 13.57313
20.55976 16.83598
24.78390 20.56397
29.53799 24,78947
34.85503 29.54517

Yo 2. PO 10.0 H
C.S0L EX.SOL
3.79766 3.12986
5.35762 4,539@5
7.24183 6.25741
9.48083 B8.31528

12. 18566 10.74344
15.14773 13.57313
18. 463885 16.83598
22.61120 20.56397
27.89731 24.78947
32.13001 29.54517

. 10000
C.Y’

15.58549
18.82671
22.37347
26.23022
30.40112
34.89003
39.78061
44,.83628
50.30030

56.09374

. 05000
c.Y’

14.07910
17.17025
20.56471
24,26711
28.28174
32.61259
37.26344
42.23781
47.53903
53.17027

ERR

1.40904
1.71794
2.05704
2.42678
2.82756
3.25978
3.72379
4.21993
4.74852

5.30985

ERR

. 66780

.81857

. 78441
1.16556
1.36222
1.57459
1.80287
2.04723
2.30783
2.58484



X0 1.
X-~VAL

1.18620
L S000R
. 320020
. 40000
. 32009
. HBR20
. 70000
1.080000
1.20000
<. 20s0e

[ R Y A W N N

X0 1.
X-VAL

1.10000
1.20000
1,320
« 42000
. SPEBBG
. L0003
- 70000
. BOBRA
1.590620
2. aeon

pemh pot o pt e

YO

YO

3
B
[y )

C.80L

J. 45481
4.93846

&.73882

8.88632
11.411388
14.34683
17.72286
21.5721z
25.92788
J8.8:0:28

L]

LI
C. 80L

J.2Ree
4.73532
b.49544
8,59792
11.87453
13.95661
17.27382

21.06421
25.35417
AR, 17843

191

PO 12.8 H

EX.S0L

J. 12986
4,353985
b6, 23741
8.31528
18.74344
13.,57313
14.83598
28.56397
£4.78947
29.54317

PG 10.0 H

EX.S0L

3. 12986
4. 53905
6. 23741
8.31528
18. 74344
13.57313
16.83598
20.56397
24.78947
22.94517

82500

C.¥Y’

13.35337
14, 36970
19. 68815
23.31346
27. 264997
31.58178
36.07:2468
40. 94627
46, 18594
531.73487

250
C.yY’

12.99738
15.97633
19.25684
22.84362
2h. 74109
38.95337
35. 48428
4, 337464
£35.91636
51.82403

ERR

« 32495
. 39241
48148
57184
» 6844
. 17389
.BB6T6
1.080815
1.13753
1.27511

ERR

« 16827
« 19727
. 238832
2BI6Z
32188
« 38347
» 43984
. 0024
cD6LLT
63325



20500
20700

21000
21100
01200
21300
21400
21500
01600
21700
21800
21900
02100
22200
02400
22500

22700

(g OO0 O0

100

101

10z

10

192

DATE14/28/1987

NAME OF FILE: AWOS(R2A)

NUMERICAL SOL. OF THE SEC. ORDER DIFF. EQUATION

Y '=3Y" /X=3Y/X.X+2X~1 USING TAYLOR SERIES METHOD 1
SUBJECT TO INITIAL CONDITIONS XO0=1.@3Y0=2.0+sPO0=Y0"'=10.0
THE OBJECT FUNCTION Y(X) IS EXPANDED TO SECOND ORDER.
IMPLICIT REAL*8(A-HyO0-2)

INPUT INITIAL VALUES

X0=1.0

YO=2,0

PO=10.0

H=@, 1

WRITE(2+100)X0s YOy POsH

FORMAT(10Xs " X0 s FS. 093Xy " YO s FS. D9 IXs PO s FS,. 194X "H +F9.6/)
PRINT COLUMN HEADINGS

WRITE(2+101)

FORMAT (12X s SHX-VALyBX+SHC.ECLyBXySHEX.SOL+8Xs4HC. Y " 111Xy JHERR/ )
CALCULATE THE STARTING VALUES

YOP2=3. #P0/X0~3. #Y0/ (XO#X0)+2. #X0~1,

Y1=YO+H*PO+ (H*H/2, )#YOP2

POP1=YOP2

P=PO+H*POP1

START ITERATION

NSTEP=10

DO 1@ I=1,NSTEP

X1=X0O+H

YP2=J, #P/X1-3,. %Y1/ (X1#X1)+2,#X1-1,

Y2=Y1+H®P+ (HxH/2, Y *YP2

PP1=YP2

Pl=P+H*PP1

EXACT=3, #X1##3-2, #X1+X1#X1%(1,.+X1#DLOG(X1))
ERROR=EXACT~Y2

ERR=DABS (ERROR)
WRITEC(2s102)X1+Y2+EXACTsP1+ERR
FORMAT(4X»3F13.5)

INTERCHANGE LOCATIONS

XO=X1

Yi=Y2

P=P1

CONTINVE

8TOP

END



xXe 1.
X-Val

1. 12200
1.20002
1.32000
1. 40000
1.50000
1. 60802
1.70000
1.80000
1.92028
zZ. 20000

X0 1.
X-VAL

1.10000
1.20000
1.30028
1.40020
1.50200
1.60000
1.70000
1.80008
1.70030
2.20992

YO

YO

e

Za PO 10.0 H
C.80L EX.50L
4.81271 4. 12986
&, 1BER2 4.3398%
B. 17944 b 25741
12.5111% 8.31328

13.21992 18, 74344
16.30618 13.57314
19.82439 16.83398
23.79382 28.363%7
28.24274 24, 78947
33. 19982 29.54517

2, 2.2 H
. 80L EX.80L
3.78974 3. 12986
3, 33249 4, 53905
718709 8. 28741
9.38216 B.321528

11.94435 18.74344
14,9@882 13.57313
18.29912 146.83598
22. 14712 28.356327
26, 48305 24, TEFLT
31.33744 29.34517

. 106000
C.Y*

15.2546439
id. 26772
£1.54474
23, 88932
28. 58354
J32.79764
37.3&808
42.82051
4& . 3802
524 1E349

. 50220
C.Y’?

13. 993593
16.9340%9
20. 19528
22, 74197
27.3782%
31.78813
J4.13312
4@.845271
£5.89414

31.22249

ERR

1.38286
1.64976
1,.9z202
2.19587
2. 44748
2. 73297
2. 78841

A o
345327
3. 80464

ERR

« 633788

« 79334
» FER6E
1.8464688
1.20290
1. 33569
1.46314
1.538315
1.469358
1.79228



X0 1.

194

YO 2. PO 10.0 H

C.80L

3.43190
4.92783
6.71442
2. 840%6
11.33720
14,23329
17.33979
21.3473%9
25.62796
30. 43247

EX.80L

3.12986
4.33983
b6.25741
8.31528
10.74344
13.57313
16.83598
20.36397
24.78947
29.34517

Yo 2. PO 10.0 H

C.80L

3.28890
4,73147
6.48396
8.37618
11.03840
13.90129
17.19394
20.93379
235.20664
29.98660

EX.S0L

3.12986
4.339@3
6.23741
8.31528
18. 74344
13.37313
16.83398
20.56397
24.78947
29.54517

« 325000
c.Y’

13.30100
16.26263
19.31489
23.06241
26. 90949
31.06013
33.51808
40.28687
45.36983
30,77817

.212300

c.Y’

12.97376
13.9253%
19.17310
22.72101
26.3736%
30.73521
35.20938
39.99979
43.10982
30.542467

ERR

« 32204
. 38878
43700
« 32368
« 39373
66016
« 72381
« 78362
83849
. 88730

ERR

« 15905
« 19242
« 22634
26090

« 29493
« 32816
« 33997
« 38982
41716
44143



X0 1.
X~=VAL

X0 1.
X-VAL

1.10000
1.20200
1.30000
1. 40000
1.50000
1.60000
1.70000
1.80000
1.90000
2.000022
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YO 2. PO 10.0 H

C.80L

3.20889
4.63477
6£.37020
8. 44324
10.89044
13.73673
17.01547
20.73838
24.99733
29.76333

EX.S0L

3.12986
4.33983%
6.23741
8.31528
10.74344
13.57313
16.83598
20.56397
24.78947
29.34317

YO 2. PO i0.Q2 H

C.80L

3.16923
4.38679
6.31368
8.38014
10.81682
13. 63481
16.92560
20.66105
24,.89337
29.465511

EX.SO0L

3.12986
4.53903
6.25741
8.31528
10. 74344
13.37313
16.83398
20.56397
24,78947
29.34317

. 006250
c.Y’

12.80994
15.73673
19.080179
22.54988
26. 40542
30.37250@
35.@5498
37.83646
44 ,98035
3@. 42988

203123
c.Y'

12.72798
13.67221
18.91603
22. 46421
26.32119
30.491@9
34.97777
39.78483
44.91377
3@.37374

ERR

07903
29571
«11278
« 12997
« 14700
. 16360
« 17950
« 19441
. 20806
« 22016

«B3939
«B4TT3
« 03627

.07338
28168
08963
29708
. 10390
. 10994



O Oonooaonn

100

101

1@2

1@
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DATE: 17/08/1987
NAME OF FILE: AWO&(D4A)

NUMERICAL SOL. OF THE SEC. ORDER DIFF. EQUATION

Y '=3Y" /X-3Y/X.X+2X-1 SUBJECT TO INITIAL CONDITIONS
X0=1.0,Y0=2.0,P0=YQ'=10.0 USING THE TAYLOR SERIES

METHOD DIRECTLY.

IMPLICIT REAL*B(A-H210-2)

INPUT INITIAL VALUES

X0=1.0

YO=2.0

PC=10.0

H=0.1

WRITE(2y100)X0yYOsPOyH

FORMAT (1@Xs ' X0’ yF5.@s3Xs YO 'y F5.@+3Xs "PO*sF5,. 114Xy "H' 1 F2.5/7)
PRINT COLUMN HEADINGS

WRITE(2:101)

FORMAT (18X SHX-VAL»8Xs5HC.S0L 18X 6HEX.S0LsBX+4HC. Y 5 11Xy 3HERR/)
CALCULATE THE STARTING VALUES

YOP2=3, ¥P0Q/X0-3.*YQ/ (XO0*X0)+2. #X0~-1,
YOP3=3,*YOP2Z/X0—-&. ¥PO/ (XO%X0)+6. ¥YO/ (XO¥%3) +2,
YOP4=3,*YOP3/X0-%.*YOPZ/ (X0*X0)+18, ¥PO/ (XO*%x3)-18., *YO/ (XO%*%4)
Y1i=YO+H*PO+ (H*H/2. Y *YOP2+ ((H*%3) /6. ) ¥YOPI+( (Hx*4) /24, ) *YOP4
START ITERATION

NSTEP=10

DO 1@ I=1,NSTEP

P=(Y1-Y0)/H

X1=XO+H

YP2=3.%P/X1-3. %Y1/ (X1%X1)+2,%X1-1.
YPI=3.#YP2/X1-6. %P/ (X1%¥X1)+6. %Y1/ (X1%%3)+2,

YP4=3. ¥YP3/X1-. *¥YPZ/(X1%#X1)+18. %P/ (X1%*3)—-18,*Y1/(X1%%4)
YZ2=2.%#Y1=-YO+(H*¥H/2, ) *YP2+ ( (H#x3) /6, ) *#YP3+ ( (H*%4) /24, ) *YP4
EXACT=3. #X1%%3-2, #X1+X1#X1*(1.+X1*DLOG(X1))

ERROR=EXACT~Y2

ERR=DABS (ERROR)

WRITE(Z2,1@2)X1yYZ2+EXACTYP+ERR

FORMAT (4X+5F13.3)

INTERCHANGE LOCATIONS

X0=X1

YO=Y1

Yi=Y2

CONTINUE

STOP

[ = Niat



XQ 1.
X~-VAL
l.l1o0ee

1.:600008
1.30000
1.40089
1.050e0a
1. 60009
1.7002e
1.80B00
1.92200
Z. 00029

X0 1.
X-VAL

1.10220
1.28008
1. 32000
1. 42200
1. 32028
1. 62008
S 1.72088
i.80020
1.90000
Z.00000

YO

53.76319
7. 26057
8.87529
10. 60542
12,4581 4
14.48776
16.47748
18, 57308

B 23222

-y
o

C.80L.

2. &B90E
4,96806
6. 36590
7.68023
2.50924
11.25137
13.10548
13. 87867
17. 14631
179.33194

PO

197

2.8 H

EX.50L
J. 12986

4.53983
6. 25741
g.31528
10.74344
13.57313
146.83398
28. 5946397
24.78947
29.94517

PG 10,8 H

EX.S0L

S 12984
4,532905
£.25741
B.31528
1@, 74344
13.57313
14.83598
20. 546397
2478947
29.54517

« 1020
CI Y-,
11,:29658

12.55525
13.778138
14.97371
16.14728
17.38323
18. 44520
19.57629
28.59918

21.8lal4

- 35000
C.Y?

11263467
12. 485346
13, 6B442
14. 83479
16. 08532
17. 14004
18.262346
17.37516
28 48093
<1.38181

ERR

Pt

» 22353

122414
1.287315

26001

» L3783
1.127300
£ 42821
4, BE62T
&. 13018
B8.392%6

ERR

. 35922
42701
« 18849
- 43303
23429
321746
- 7 38000
 AR3310
SOHAILE

& o
S N YA

B2 b LT L] B e

e



XG 1.
X—-YAL

. 1 3000
. 20000
- SB04
= 40802
1.50009
1. 60088
1. 73002
1.80028
1. 90a0a
2. 0eBaa

P L

X0 1.
X~VaAL

i.16000
1.20020
1.38000
1. 48800
1. 58003
1. 600683
1.70008
1. 20003
1. 70682
2. BOa0a

YO

Y3

198

o PO 18.0 H

C. 500 EX.50L
= 6705 3. 12984
4,59771 4, 33905
5.9468E b6.25741
7412153 5.31528
B.99157 10.74344
16. 683468 12.57313
12, 48705 14.83598
14. 48099 2Q0.56397
16.42474 24.78%47
18.55785 29.54517
2. PO iD.B H

C. 50L EX.B0L
21237 J.12986
4,.41914 4,53905
3.74425 20741
7.185%5 B2.315:28
8.74016 16.74344
10. 4074 12.57313
12.18581 16.825%8
14.67448 28,5397
16.07248 4. 78947
18.17939%9 29.94517

-@2508
C.¥’

11.24677
12.45741
1.3. 63895
14.79784
153.93632
17.06058
18, 17339
19.27723
2037461
2146761

21238
C. ¥’

11.23843
12.4416%
13.61654
14.,746858
15.9@231
17.82153
18. 12958
19.22891
2332214
21.41123

e

ERR

2371
JA5BEL
31052
- 70313
1.75188
£.88953
4. 34072
. LEETE
8.36473
18.98733

ERR

. BEEG1

11991

31316
1.12003
Z2.0832Y
3. 146371
4, 65814
6. 48957
B.71699
» 36558

[



2650
12700

11000
11100
11200
11300
11400
11500
11602
11700
11800
11900

12400
12500

12900
3100
13200

3500
3700

3900
14200
4100
14200
4300

0O OO00O0000

100

101

102

19

199

DATE: 17/08/1987

NAME OF FILE: AWO&(D3A)

NUMERICAL SOL. OF THE SEC. ORDER DIFF. EQUATION
Y?'=3Y" /X=-3Y/X.X+2X~-1 SUBJECT TO INITIAL CONDITIONS
X0=1.0,Y0=2.0yPO=Y0"=10.0 USING THE TAYLOR SERIES
METHOD DIRECTLY.

Y1 AND YZ ARE EXPANDED TO THIRD ORDER RESPECTIVELY.
IMPLICIT REAL*B(A-H+0~1)

INPUT INITIAL VALUES

X0=1.0

Y0=2.0

PO=10.0

H=0.1

WRITE(2+10@)X0sYOs PO H

FORMAT (10X " X0 " yFB.@v 3Xs "YO ' s FS. 013Xy PO s FS. 194X "H s FR.57)
PRINT COLUMN HEADINGS

WRITE(2,101)

FORMAT (10X s SHX-VALyBXySHC.SOLsBXsEHEX . SOLsBXv4HC. Y 5y 11Xy 3HERR/)
CALCULATE THE STARTING VALUES

YOP3=3, #YOP2/X0=&. #PO/ (XO%X0)+&. #YQ/ (XO%#T ) +2,
Y1i=YO+H#PO+ (H¥H/2. ) #YOP2+( (H#%3) /6. ) #YOP3

START ITERATION

NETEP=10

DO 1@ I=1,NSTEP

P=(Y1-YO)/H

X1=X0+H

YP2=3,#P/X1-3.#Y1/(X1#X1)+2.#X1~-1.

YP3=3,  #YP2/X1-6. #P/ (X1#X1)+6, %Y1/ (X1%83)+2,

Y2=2, #Y1-YO+ (H*¥H/2. ) ®*YP2+ ((H¥%3) /6. ) *YP3

EXACT=3, #X1##3-2, #X1+X1#X1%(1.+X1%DLOG(X1))
ERROR=EXACT-Y2

ERR=DABS(ERROR)

WRITE(Z2+102)X1+Y2+EXACT+PHyERR

FORMAT (4Xs5F13.5)

INTERCHANGE LOCATIONS

X0=X1

YO=Y1

Yi=Y2

CONTINUE

8STOP

END



200

Yo 2. PO 12.0 H .10000

C.S0L EX.80L c.Y’ ERR

4.38331 3.12986 11.29833 1.23545
3.76304 4.33905 12.55474 1.22399
7.26031 6.23741 13.7773% 1.00289
8.874590 8.31528 14.97266 «35962
1@. 60307 10.74344 16.14597 .13838
12. 44940 13.37313 17.30163 1.12373
14, 40681 16.83598 18. 44333 2. 42916
16.47649 20.563%97 19.57415 4.08748
18.65783 24,78947 20.69676 6.13164
20.95046 29.54517 21.81345 8.59472

YO 2. PO 10.0 H .05000

C.S0L EX.S0L c.Y’ ERR
3. 68907 3. 12986 11.26361 «33921
4.96804 4.53903 12.48923 » 42899
6.36383 6.23741 13. 68422 . 10844
7.88018 8.31528 14.83452 «43510
7.30913 10.74344 16. 00499 1,23431
11.25122 13.37313 17. 13964 2.32191
13.10528 16.83598 18.26189 3.73070
15.07042 20,36397 19.37462 3.49355
17. 144600 24.78947 20. 48032 7.64348

19.33157 29.34517 21.38113 10.21361



X0 1.

X~VAL

1.10000
1.20000
1.30000
1.40000
1.50000
1.60000
1.70000
1. 80000
1.90000
Z.00000

2.
C.80L

3.367@3
4,39771
5.94687
7.41213
8.99154
1@.68357
12.48701
14, 40093
16. 42467
18.55776

201

PO 10.0 H

EX.80L

3.12986
4.539@5
6.23741
8.31528
10. 74344
13.57313
16.83398
20.56397
24.78947
29.54517

2. PO 10.0 H

C.80L

3.21237
4.41914
3.74423
7.183524
8.74015
10. 40741
12,.18580
14.07438
16.07246
18.17957

EX.S0L

3.12986
4,33905
6.25741
8.31528
18. 74344
13.37313
16.83598
20.36397
24 . 78947
29.54517

. 02300
c.y’

11.24675
12.45738
13. 463890
14,79697
15.93624
17.060358
18.17327
19.27709
20.37445
21.46744

« 81250
c.Y’

11.23845
12.44168
13,61654
14.76836
15.90229
17.02152
18.12947
19.226888
28.32210
21.41119

« 23719
- 03866
« 31054
« 90313
1.751%9@
2.88936
4,34897
6.16304
8.36480@
10.98742

.28231
11991
«91316
1.13004
2.00329
3.16372
4.65017
6. 48959
8.71701

11.36561



2400
2500
2600
2630
2708
2800

1000
11100
1200
11300
1420
11500
1600
1700
11800
19020
12200

12420
2500
o
3100
3200

13400

3500

3700
3800
3900
40200
4100
4200
4300

O OoOoooo0nn

100

121

102

10
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DATE: 17/@8/1987

NAME OF FILE: AWO&(D2A)

NUMERICAL SOL. OF THE SEC. ORDER DIFF. EQUATION

Y =3Y" /X-3Y/X. X+2X~1 SUBJECT TO INITIAL CONDITIONS
X0=1,0yY0=2.0yPO=Y0"=10.0 USING THE TAYLOR SERIES
METHOD DIRECTLY.

Y1 AND Y2 ARE EXPANDED TO SECOND ORDER RESPECTIVELY.
IMPLICIT REAL*B(A-Hy0-Z)

INPUT INITIAL VALUES

X0=1.0

YO=2.0

PO=10.0

H=0.1

WRITE(2y100@)X0sYOsPOsH

FORMAT (10X " X0 s FS. @y 3Xs "YO ' 1 FS. B9 3Xs PO s F3. 194Xy "H' 1 FR.5/)
PRINT COLUMN HEADINGS

WRITE(2y101)

FORMAT (12X s 5SHX-VAL1BXySHC.SOL.s 8%+ 6HEX . SOL+BX+4HC. Y v 11Xy JHERR/ )
CALCULATE THE STARTING VALUES

YOP2=3, #P0/X0~3. #Y0/ (XO#X0)+2, #X0~-1.,

Y1i=YO+H#PO+ (H*H/2, ) #YOP2

START ITERATION

NSTEP=10

DO 1@ I=1sNSTEP

P=(Y1-YQ)/H

X1i=X0+H

YP2=3, #P/X1=3. #Y1/(X1%X1)+2,.%X1-1,

Y2=2,%#Y1=-YO+ (H*H/2, ) %YP2

EXACT=3, #X1%#3-2, #X1+X1%X 1% (1. +X1#DLOG(X1))
ERROR=EXACT-Y2

ERR=DABS(ERROR)

WRITE(2y102) X1+ Y2+EXACTPHERR
FORMAT (4Xs3F13.53)

INTERCHANGE LOCATIONS

X0=X1

YO=Y1

Yi=Y2

CONTINUE

STOP

END



X0 1.
X~-VAL

1.10000
1.20000
1.30000
1.40000
1.50000
1.60000
1.70000
1.80000
1.90000
2.00000

X0 1.
X=VAL

1.10000
1.20000
1.30000
1.40000
1.50000
1.460000
1.70000
1.80000
1.70000
2.00000

YO

YO
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2. PO 10.0 H
C.80L EX.SOL
4.37067 3.12986
3.73352 4.353903
7.21073 6.25741
8.80003 8.31528

10. 49960 10.74344
12.30798 13.57313
14.22404 16.83398
16.24691 20.56397
18.37398 24.78947
20.61083 29.34317

2. PO 10.0Q H
C.80L EX.80L
3.6B540 3.12986
4.93878 4,33905
b.34843 6.23741
7.85193 8.31528
7. 46744 10.74344
11.19336 13.37313

13.028353 16.83398
14,97202 20.36397
17.02318 24,78947
19.18155 29.34517

. 10000
C.Y’

11.25000
12. 45669
13. 62830
14.77213
15.89302
16.99365
18.08378
19. 16059
20.22878
21.29071

. 25200
C.Y*

11.23923
12.43974
13.60903
14.73313
13.87703
16.98476
18.07981
19. 165028
20.24311
21,31607

ERR

1.24081
1. 19447

« 95332

48473

« 24383
1.26516
2.61194
4.31706
b6.41349
8.93433

ERR

« 33554
41973
09102
46332
1.27600
2,37977
3.8@7453
9.59193
7. 76629
10.36362



X0 1.
X~-VAL

1.10000
1.200020
1.30000
1. 40000
1.50000
1.460000
1.70000
1.80000
1.70000
2.00000

X0 i.
X-VAL
1.10000

1.20000
1.30000
1. 40000
1.50000
1.60200
1.70000
1.80000
1.90000
2. 00000

YO

YO

2.
C.80L

3.36590
4,59423
3.93978
7.40010
B.97324
10.65764
12. 45209
14.333563
16.36760
18. 48731

2.
C.SO0L
3.211%94

4.41766
5.74108
7.17972
8.73161
10.39517
12,16918
14.05268
16. 04499
18. 14561

PO 10.0 H

EX.S0L

3.12986
4.53905
6.23741
8.31528
18.74344
13.57313
16.83598
20.56397
24.78947
29.54517

PO 10.0 H

EX.80L
3.12986

4.33905
6.25741
8.31528
10.74344
13.57313
16.83598
20.36397
24.78947
29.54517

204

« 82500
C.Y’

11.23450
12. 43230
13.60109
14.74597
15.87185
16.98262
18.081460
19.17138
20.25498
21.333%91

.01250
cl Y'
11.23231

12.42921
13.59758
14.74298
15.846999
16.98241
18.08347
19.17592
20.26214
21.34417

ERR

.05518
« 31763
. 71518
1.77020
2.91549
4,38389
6.20834
B.42188
11.85767

ERR
. 28208

« 12139
«51633
1.133536
2.01183
3.17796
4. 66680
6.351129
B. 74449
11.39956
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/
DATE 19/0&6/1987
FILE NAME: AWOB(EA)
COMPARISON OF ERROR VALUES OF THE SECOND ORDER DIFF.
EQUATION Y* '=3Y" /X-3Y/X.X+2X~1 SUBJECT INITIAL CONDITIONS
XO'I - 3’ YO'Z. Bo YO‘ ‘10. an
METHODS OF SOLUTION ARE 1. IMPROVED EULER METHOD
2. RUNGE KUTTA METHOD 3.ADAME~MOULTON METHO AND 4.
THE FOURTH ORDER MILNE'S METHOD.
STARTING VALUES DO NOT INCLUDE THE INITIAL CONDITIONS
X=8TEP-SIZE
EX=EXACT SOLUTION
ER1=ERROR IN IMPROVED EULER METHOD
ER2=ERROR IN THE FOURTH ORDER RUNGE-XKUTTA METHOD
ER3=ERROR IN ADAMS~MOULTON METHOD
ER4=ERROR IN THE FOURTH ORDEF MILNE'S METHOD
IMPLICIT REAL*B(A-HsKsL+0-2)
DIMENSION A(S13):B(5:3)yD(82y6)
DEFINE STATEMENT FUNTIONS FOF EXACT AND CALCULATED SOLS.
FSOL(X)=3, #X##3~2, #X+X%X# (1. +X#DLOG(X))
FUN(XsYeP)=J, %P/ X=J. %Y/ (X%¥X)+2, #X=1,
C INITIALIZE XsYyPaH

X0=1.0

Y0=2.0

PO=10.0

H=0,1
C PRINT INITIAL VALUES

WRITE(2+10@)X0sYOsPOsH

100 FORMAT (10X * X0 9FS.0s3Xs"YO s F5. @9 3X+ PO’ s FS. 194Xe "H ' s FB. 4/)

OO0OOO00O00000O000

(2}

C EULER ALGORITHM FOLLOWS
NSTEP=10
DO 10 I=1,NSTEP
SLOPE1=FUN( X0 Y0y PO)
XO=X0+H
AA=H#SLOPE1L
YY=YO+AA
PP=PO+AA
SLOPE2=FUN( X0y YY) PP)
YO=Y0+(H/2. ) % (PO+PP)
PO=PO+(H/2. Y (SLOPE1+SLOPE2)
D(Is1)=X0
EXACT=FSOL (X0}
D(I+2)=EXACT
ERROR=EXACT-YO
D(I:+3)=DABS(ERROR)
IF(I.GT.4) GO TO 1@
Alls1)=Y0
A(Iy2)=P0




6100

g5g8288
s8888

- L

10

Av].]

ALI,3)=FUN(XO0» YOy PQ)
BlIs1)=A(I»1)

B(I+2)=A(I,2)

B(I+3)=A(1+3)

CONT INUE

RESET INTIAL VALUES FOR RUNGE-KUTTA METHOD
X0=1.0

YO0=2.0

PO=10.0

DO 20 I=1.NSTEP

L11i=H*PO
K11=H*FUN(XQ»sY0sPO)

AN=XO0+@, 5%H

YN=YO+@.5%K11

PN=PO+@.3%L11

Li2=H*PN
K12=H#FUN(XNs YNs PN)
YN=YO+@,5#K12

PN=PO+0,5#%L.12

L13=H*PN
K13=H*FUN(XNs YNy PN)
AN=XN+@,5#H

YN=YO+K13

PN=PO+L13

L14=Hx*PN
K14=H#FUN (XN YN: PN)
Li=(L11+L14+2,#(L12+L13))/6.
Ki=(K11+K14+2,#(K12+K13)) /6.
YNi=YO+L1

PN1=PO+K1

EXACT=FSOL ( XN)
ERROR=EXACT-YN1
D{(1+4)=DABS(ERROR)
INTERCHANGE LOCATIONS

XO=XN

YO=YN1

PO=PN1

CONT INVE

ADAMS-MOULTON'S PREDICTOR-COFRECTOR ALGORITHM
STARTING VALUES ARE FROM EULER'S ALGORITHM.
XN=1,@+4,.#H

N=4

DO 3@ J=5.NSTEP

P1=35, #A(Ny2)~59,. %#A(N-1+2)
P2=37,%#A(N-2y2)~7. #A(N-3s 2)
PRY1=A(Ny 1)+(H/24. )% (P1+P2)
P3=35, #A(Ny»3)~5%. #A(N~-1+3)
P4=37, #A(N-2y3) =9, #A(N~3+ 3)
PRP1=A(N»2)+(H/24. )% (P3+P4)
A(N+1,2)=PRP1
Ci=9.#A(N+1+2)+19.#A(N+2)
C2=A(N~-252)~5,. #A(N~1,2)
CRY=A(Ns 1)+(H/24.)%(C1+C2)
MODIFY SOLUTION BY MOP--UP TECHNIQUE
YK=CRY+(19./270. ) *(PRY1-CRY)
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aee XN=XN+H

2402 _ A(N+1+3)=FUN(XNs CRY+PRP1)

252 C3=9, #A(N+1y3)+19,. %A (N, 3)

2662 C4=A(N-213) =5, #A(N-1+3)
CRP1=A(Ny2)+(H/24, )% (C3+C4)

! c MODIFY SOLUTION BY MOP-UP TECHNIQUE
PP=CRP1+(19./270. ) *(PRP1~CRP1)

1000 EXACT=FSOL ( XN)

1100 ERROR=EXACT-YK

1200 D(J+5)=DABS (ERROR)

1380 ¢ INTERCHANGE LOCATIONS

1400 ANy 1 )=YK

1500 DO 25 M=1,3

16@0 AlMy 2)=A(M+1+2)

11700 A(MyI)=A(M+1+3)

1800 2% CONTINUE

1902 A(Ny2)=PP

2000 ANy 3)=FUN( XNy YKy PP)

12100 3@  CONTINUE

2200 C FOURTH ORDER MILNE'S ALGORITHM

2300 ¢ STARTING VALUES ARE FROM EULER'S ALGORITHM

| 2400 YN=1, B+4, BeH

| 2500 DO 48 I=S.NSTEP

| 2600 PRZ=B(N=3y 1)+ (4. %H/3. )% (2. %B(Ny 2)=B(N-142)+2. #B(N-2+2))

2700 PRP=B(N=3y2)+ (4, ¥H/3. )% (2. #B (N1 3)-B(N=1+3)+2, #B(N-2: 3) )

2800 XN=XN+H

2900 B(N+1y2)=PRP

3200 CRZ=B(N=13 1)+ (H/J. ) #(B(N+1+2)+4, #B(Ns 2)+B(N~1+s2))

3100 B(N+1y3)=FUN(XNs CRZs PRP)
CRP=B(N=1y2)+(H/3. ) #(B(N+1y3)+4, #B(Ny 2)+B(N-1,3))

§ill c ADJUST SOLUTION BY MOP-UP TECHNIGUE
2Z=CRZ+(1,/29.)#(PRZ-CRZ)

3500 PP=CRP+(1./29. )% (PRP-CRP)

3600 EXACT=FSOL ( XN)

3700 ERROR=EXACT~1Z

3800 D(1»4)=DABS(ERROR)

300 ¢ INTERCHANGE LOCATIONS

4000 DO 35 NI=1,3

4100 B(NIy1)=B(NI+1s1)

4200 BINI»2)=B(NI+142)

4300 BINIs3)=B(NI+1+3)

4400 3%  CONTINUE

4500 B{Ny1)=2Z

4600 B(Ny2)=PP

4700 B(Ns3)=FUN(XNyZZyPP)

4800 4@  CONTINUE

4900 C PROVIDE SPACING FOR ERROR VALUES

5 WRITE(2y102)

5! 182 FORMAT(/)

- ¢ WRITE COLUMN HEADINGE FOR ERROR VALUES

5300 WRITE(2,103)

15400 102  FORMAT(1@Xy 1HX» 10Xy 2HEX s 12Xy ZHERL y 9%+ JHERZy 10X+ IHERI» 9X s IHERG /)

15%0@ C PRINT OUT ERROR VALUES

Péﬂ DO 6@ I=5,NSTEP

[ e T IiMTYYr™ s dMRELEvVITIS YT ra T F



X0 1.

1.50000
1.60000
1.70000
1.680000
1.90000
2.00000

X0 1.

1.30000
1.400002
1.500022
1.460000
1.70000
1.680000
1.90000
2.00000

FORMAT (4X+6F12.53)
CONTINUE
STOP
END
Yo 2. PO 12.0
EX ER1
10.74344 « 23776
13.57313 « 38766
16.83398 « 34710
20.56397 « 73731
24,78947 « 93944
29.34517 1.21456
Yo 2. PO 10.0
EX ER1
6.25741 04772
8.31528 . 28950
10.74344 « 14573
13.37313 «21720
16,83398 « 30462
20.56397 4086
24,78947 « 32994
29.54517 66902

H
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. 1200

ER2

83396
1.14343
1.90713
1.92598

2.39651
2. 920935

ER2

« 20173
.31888
« 46300
« 63498
. 83549
1.06508
1.32377
1.61191

ER3

« 234351
« 36801
.30183
. 63356
. 83043
1.02782

ER3

. 04468
«@87543
11217
« 13339
« 20334
« 26304
- 32832
40182

ER4

« 24400
« 33973
47802
. 68026
» 78343
. 93873

ER4

. 24000
06672
. 29880
« 13674
- 18090
« 23166
« 28939
« 33447



X0 1.

1.20000
1.30000

1 50000
1.70009
1. 80000
1.90200
2. 20000

X0 1.

1.10020
1.20000
1.30000
1.42000
1.50000
1.60000
1.70000
1.80000
1.90000
2.00000

Yo 2.

EX

4,33905
6£.23741
8.31528
10.74344
13.57313
16.83398
20.36397
24.78947

29.54317

Yo 2.

EX

3.12986
4,33903
6.23741
8.31328
18. 74344
13.37313
16.83598
20.56397
24.78947
29.54317

PO 10.0

ER1

. 21089
» 02593
. 04803
87771
»115302
16121
.21578
« 27933

« 33215

PO 10.0

ER1

20134
. 20373
.B81352
«B2492
«B4B1S
.@B3943
. 08299
«110%96
« 14331
.- 180861

H
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ER2

.B5863
- 10690
« 16879
« 24486
« 33355

44119
- 36203
« 67820
« 84973

. 0125

ER2

81201
. 032823
. 255028
. 28693
« 12604
« 17266
« 22694
» 28700
- 33891
43670

ER3

. 20883
01682
02655
» 83815
«@3176
. B&750
« 28353
« 10394

. 12894

ER3

20106
. 20288
208513
. 28791
21119
01303
-B1948
- B2456
03832
23678

ER4

08763
81441
Fe
. 7
25812
Q7377
279134
-11154
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1120 C DATE 19/@6/1987

c FILE NAME: AWOB(RA)

C COMPARISON OF ERROR VALUES OF THE SECOND ORDER DIFF.
1400 C EQUATION Y’ *=3Y" /X-3Y/X.X+2X-1 SUBJECT INITIAL CONDITIONS
1500 C X0=1.0,Y0=2.0,Y0"'=10.0.
1600 C METHODS OF SOLUTION ARE 1. IMPROVED EULER METHOD
1700 C 2. RUNGE KUTTA METHOD 3I.ADAMS-MOULTON METHO AND 4.
80@ C THE FOURTH ORDER MILNE’S METHOD.
1900 C STARTING VALUES DO NOT INCLUDE THE INITIAL CONDITIONS
(@20 C X=8TEP-SIZE
1100 C EX=EXACT SOLUTION
(200 C ER1=ERROR IN IMPROVED EULER METHOD
1300 C ERZ=ERROR IN THE FOURTH ORDER RUNGE-KUTTA METHOD
1400 C ER3=ERROR IN ADAMS-MOULTON MEZTHOD
(500 C ER4=ERROR IN THE FOURTH ORDER MILNE'S METHOD
L6002 IMPLICIT REAL*B(A-HyKsL+0-2)
(700 DIMENSION A(5+3)3B(5+3)+D(8B:6)
|B00 c DEFINE STATEMENT FUNTIONS FOR EXACT AND CALCULATED SOLS.
1700 FSOL (X)=3. %X¥*¥3~2, ¥X+X*X*(1,+X*DLOG(X))
2000 FUN(XsYyP)=3, %P/ X~3. %Y/ (X*X)+2.%X~1.
* c INITIALIZE X»YsPsH

X0=1.0
2 YO0=2.0
2400 PO=10.0
2500 H=0.1
2600 c PRINT INITIAL VALUES
2700 WRITE(Z2y100) X0y Y0y POsH
2800 100 FORMAT(1@Xs " X0 sF5.0+3Xys YO ' 1 F5.@+3X+"PO" s F5. 114Xy "H* 1FB.4/)
2900 C EULER ALGORITHM FOLLOWS
3000 NSTEP=10
3100 DO 1@ I=1:NSTEP
3200 SLOPE1=FUN(X0s YOy PQ)
3300 X0=X0+H
3400 AA=H*SLOPE1
3500 YY=YO+AA
3600 PP=PO+AA
3700 SLOPEZ=FUN(X0,YY PP)
3800 YO=YO+(H/2. ) *(PO+PP)
3700 PO=PO+(H/2. ) *(SLOPE1+SLOPE2)
4000 D(I»1)=XO0
4100 EXACT=FSOL (X0)
4200 D(I+2)=EXACT
4300 ERROR=EXACT-YO
4400 D(Is3)=DABS(ERROR)
10 CONTINUE
C RESET INTIAL VALUES FOR RUNGE-KUTTA METHOD
2 X0=1.0

20 Y0=2.0
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P0O=10.0

DO 20 I=1:NSTEP
L11=H*PO
K1i=H*FUN(X0Os YOy PO)
XN=X0+0.5%H
YN=YO+@.5%K11
PN=PO+0.5%L11

L12=H*PN
K12Z2=H*FUN(XNs YNs PN)
YN=Y0+0.5%K12
PN=PO+0.5%L12
L13=H*PN
K13=H*FUN(XNs YN PN)
XN=XN+@.5%H

YN=YQ+K13

PN=PO+L13

L14=H*PN
K14=H*FUN(XNsYNs PN)
Li=(L11+L14+2. % (L12+L13)) /6.
Ki=(K11+K14+2, *(K12+K13)) /6.
YN1=YO+L1

PN1=PO+K1
EXACT=FSOL (XN)
ERROR=EXACT-YNI1
D(I:4)=DABRS(ERROR)
INTERCHANGE LOCATIONS
IF(1.G6T.4) GO TO 15
A(Is1)=YN1

A(Is2)=PN1
A(I+3)=FUN(XNsYN1sPN1)

B(Is1)=A(I»1)
B(Iy2)=A(I+2)
B(I:+3)=A(1,3)
C INTERCHANGE LOCATIONS
15 X0=XN
YO=YN1
PO=PN1
20 CONTINUE
C ADAMS-MOULTON’S PREDICTOR-CORRECTOR ALGORITHM
C STARTING VALUES ARE FROM RUNGE-KUTTA METHOD
XN=1.0+4. *H
N=4
DO 30 J=5sNSTEP
P1=55.%*A(Ny2)-59. *A(N-1,2)




300
7400
@
7800
7900
000
Y100
2200
1300
2400
500
2600
Y700
800
900
L2002
(100
(200
L300
L4020
(500
L6002
L7002
L8092
L9020
EB@B

2300
2400
2500
2600
2700
2800
1900
000
5100
1200
}300
3400
1500
3600
5700
isen

00

25

30

£1g

P2=37.%A(N-2+2)-9.%A(N-3:2)
PRY1=A(Ns1)+(H/24.)*(P1+P2)
P3=55.%A(Ny3)-59. #A(N-1,3)
P4=37.%A(N-2+3)-9. %A(N-3,3)

PRP1=A(Ns 2)+(H/24, ) *(P3+P4)

A(N+1,2)=PRP1

Cl=2. %A(N+1,2)+19.%A(Ny 2)
C2=A(N=-2+2)=5.%A(N-1+2)
CRY=A(Ny1)+(H/24.)*(C1+C2)

MODIFY SOLUTION BY MOP-UP TECHNIQUE
YK=CRY+(19./270. }*(PRY1-CRY)

XN=XN+H

A(N+1y3)=FUN(XNy CRY»PRP1)

C3=9. *A(N+1+3)+19.%A(Ns 3)
C4=A(N-2+3)-5.%A(N=-1+3)
CRP1=A(N+2)+(H/24.)*(C3+C4)

MODIFY SOLUTION BY MOP-UP TECHNIGQUE
PP=CRP1+(19./270. )*(PRP1-CRP1)
EXACT=FS0L (XN)

ERROR=EXACT-YK

D(J+5)=DABS(ERROR)

INTERCHANGE LOCATIONS

A(Nsy 1)=YK

DO 25 M=1+3

A(My2)=A(M+1,2)

A(My3)=A(M+1:+3)

CONTINUE

A(Ny2)=PP

A(Ny3)=FUN(XN» YKy PP)

CONTINUE

FOURTH ORDER MILNE'S ALGORITHM

STARTING VALUES ARE FROM RUNGE-=-KUTTA METHOD
XN=1,0+4,0%H

DO 4@ I=5:NSTEP

PRZ=EB(N-3s1)+ (4. %H/3. ) #(Z2. ¥B(Ns 2)~B(N-1+2)+2. *B(N-2+2))
PRP=B(N=33s2)+ (4. #H/3. ) * (2. ¥B(Ny 3)-B(N=133)+2. ¥B(N=-2+3))
XN=XN+H

B(N+1y2)=PRP
CRZ=B(N—=1+1)+(H/3. ) ¥ (B(N+1+2)+4. ¥B(N+s2)+B(N-1+2))
B(N+1s3)=FUN(XNs CRZ+PRP)
CRP=EB(N-1+2)+(H/3.)*(B(N+1:3)+4.¥B(N:s J3)+B(N-1,3))
ADJUST SOLUTION BY MOP-UP TECHNIGQUE
12=CRZ+(1./29. }*(PRZ-CRZ)
PP=CRP+(1./2%.)*(PRP-CRP)

EXACT=FSOL (XN)

ERROR=EXACT-ZZ

D(Is6)=DABS(ERROR)
INTERCHANGE LOCATIONS
DO 35 NI=1.3
B(NI»1)=B(NI+1,1)
B(NI»2)=B(NI+1,2)



35

4@

102

103

104
60

1.50000
1.460000
1.70000
1.80000
1.90000
2.00000

X0 1.

X

1.30000
1.40000
1.50000
1.40000
1.70000

1.80000
1.90000
2.00000

B(NIy3)=B(NI+1,3)

CONTINUE
B(Ns1)=22Z
B(Ns2)=PP

B(Ns3)=FUN(XNyZZ,PP)

CONT INUE
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PROVIDE SPACING FOR ERROR VA_UES

WRITE(2,102)

FORMAT(/)

WRITE COLUMN HEADINGS FOR ERROR VALUES

WRITE(2y1@3)
FORMAT (1@Xy 1HXy 1@X» 2HEX» 12Xy 3HER1 19Xy JHERZ» 10X+ 3HER3y 9Xy 3HER4/

PRINT OUT ERROR VALUES

DO &@ I=5+NSTEP

WRITE (2+104)(D(I+J)sJ=1+6)
FORMAT (4X16F12.5)

CONT INUVE
STOP
END

YO 2.

EX

10. 74344
13.57313
16.83598
20.563%97
24.78947
29.54517

YO 2.

EX

b6.25741
8.31528
10. 74344
13.57313
16.83598

20.56397
24.78947
29.54517

PO 10.0

ER1

« 23776
38766
. 94710
« 73731
« 75944
1.21456

PO 10.0

ER1

4772
. 28950
. 14573
« 217208
« 0462

« 40866
« 32994

. 66902

H

. 1000

ER2

. 83396
1.14545
1.50915
1.92598
2.39651
2.92095

. 0500

ER2

« 20175
. 31888
. 46300
. 63498
. 83549

1.06500
1.32377
1.61191

ER3

. 76908
. 78982
1.24711
1.33928
1.86875
2.23782

ER3

. 16023
« 21937
. 28918
« 36996
Ab264

56796
. 686468

.B81953

ER4

. 68009
« 92177
1.12952
1.41247
1.70282
2.03887

ER4

« 14899
. 19996
. 26000
« 33007
41078

« 20277
. 60670

. 72320



X0 1.

X
1.:20000

1.32000
1. 40000
1.50000
1. 60000
1.70000
1.80002
1.70000
2. 0o

X0 1.

X

1. 19084
1.:20000
1.30000
1. 406000
1. 50009
i.68000
1.720000
1. 00000

1.78200
2. 22000

EX
4, 53905

b 25741
8.31528
18.74344
13.57313
16.83598
20.56357
24.78947
29.34517

k-

YO

EX

3. 12984
4,53905
.25741
8. 31528
10. 74344
13.57313
16.83598
2B. 56397
24.78947
£9.54517

PO 10,0

ER1
. B1889

25923
- D4825
L7771
» 11530
Sdb61EL
- 21378
27933
. 33213

PO 10.0

ER1

26134
L0573
L1352
24T
4215
5745
. 88299
110946

. 14351
. iB@sl

2259

ERZ
« 35863

. 10690
16879
24486
» 23993
44119
D623
«HFE20
. 84975

2125

ERZ

JR1281
3823
33588
28693
- 12684
17266
. 2eob Tl
« B8990
. 35821
43678

ER3
« 23588

LB5116&
86938
- 9479
» 11568
- 144083
17633
21271
« 22340

ER3

BAL7S
LB1827
LBi454
81963
Q2560
»@3251
. 84844
04943

LB5236
. D70E7

ER4
- 03389

B4594
LB6140
~R7967
. 12894
12541
13324

« 18467
» 21987

ER4

- BB636
BRFE7
81285
B1714

o et

[ AT

L2810
. 03487
04258
LA5127
. 24100



215

OUTPUTS OF AWQ?(EA) FOR H=0.1 TO H=0.0125

X0 1.

X

1. 40000
1.50000
1.460000
1.70000
1.80000
1.902000
2.00000

X0 1.

X

1.20000
1.30000
1.40000
1.50000
1.60000
1.70000
1.80000
1.970000
2.00000

YO 2.

EX

8.31528
10.74344
13.57313
16.83598
20.56397
24.78947
29.34517

YO 2.

EX

4.3539@5
6.25741
8.31528
10.74344
13.57313
16.83598
20.356397
24.78947
29.54517

PO 10.0

ER1

« 156@5
« 23776
« 38766
« 954710
« 73731
« 75944
1.21456

PO 10.0

ER1

01953
04772
. 08950
« 14573
« 21720
« 30462
. 40866
« 52994
. 66902

H

. 1000

ER2

- 27339
« 83376
1. 14545
1.50915
1.92598

2.39651

<.920935

. 0500

ER2

.11050
- 20175
- 31888
.- 46300
« 63498
. 835349
1.86500
1.32377
1.61191

ER3

« 15319
« 23632
. 33636
« 435240
. 58557
« 73704
. 720779

ER3

. 81925
. 03969
« 06487
. 09496
. 13031
« 17127
. 21821
- 27146
- 33139

ER4

14186
« 20269
. 30863
. 38592
- 32884
. 62893
.B81144

ER4

01767
« 03609
- 25806
. 08405
- 11438
« 14935
- 18926
« 23441
.28511



X0 1.

X

1.10000
1.20000
1.30000
1.40000
1.50000
1.460000
1.70000
1.80000

1.90000
2.00000

X0 1.

X

1.10000
1.20000
1.30000
1.40000
1.50000
1.60000
1.70000
1.80000
1.70000
Z.00000

Yo 2.

EX

3.12986
4.539@5
6.25741
B8.31528
10.74344
13.57313
16.83598
20.56397
24,7847
29.54517

YO Zs

EX

3.12986
4.53905
6.25741
B8.31528
10.74344
13.57313
16.83598
20.563%97
24.78947
29.54517
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PO 10.0

ER1

« 00243
. 21089
. 82593
. 84803
87771
. 11530
16121
« 21578
« 27933
« 33215

PO 10.0

ER1

.00134
. @@575
.@1352
02492
04015
- @5945
. 08299
- 11896
- 14351
. 18081

H

0250

ER2

. 02327
« 03863
. 10690
« 16879
« 24486
« 33539
44119
» 56203
. 69820
« 84975

@125

ER2

.01201
03023
- 05508
. 28693
- 12604
17266
« 22694
. 28900
. 35891
43670

ER3

. 00240
. 00742
.B1371
02137
. 33050
04119
. @85357
06772
. 08376
. 10179

ER3

. 020288
. 00228
. 00403
. 00615
. 00867
01163
- 01504
.21895
-02337
. 02833

ER4

. 00219
. B0663
.012@5
. 01857
. 02628
. 03527
« 04562
.05743
.27078
. 08576

ER4

. 00278
- Mzm
. 00348
. 2@527
. 00737
. 20983
01266
.21589
.01953
. 02362



217

QUTPUTS OF AWO9(RA) FCR H=@.1 TO H=@,0125

X0 1.

1.400002
1.50000
1. 60000
1.70000
1.B0000
1.90000
2.20000

X0 1.

1.20000
1.30000
1.40000
1.50000
1.60000
i.70002
1.80000
1.70002
2.00000

YO 2.

EX

8.31528
18.74344
13.57313
16.83598
20.56397
24.78947
29.34517

Yo 2.

EX

4.33903
6.23741
8.31528
10.74344
13.37313
16.83398
20.56397
24.78947
29.34517

PO 10.0

ER1

- 15605
« 23776
« 38766
«94710
« 73731
« 79944
1.21456

PO 10.0

ER1

«01933
04772
. 289502
« 14573
« 21720
« 30462
40866
« 32994
« 66902

H

. 1008

ER2

«3733%

83396
1.14343
1.50915
1.92598
2.39651
2.92295

ER2

. 11050
. 20173
. 31868
46300
« 63498
1.06500
1.32377
1.61191

ER3

« 50567
« 56698
.85852
1.87778
1.32691
1.60792
1.92235

ER3

.29217
. 13196
« 17989
23619
« 30149
. 37638
»4b146
« 33733
« 66438

ER4

« 41257
- 38931
« 73142
93121
1.14152
1.37562
1.65894

ER4

«B4983
. 18333
« L4717
« 19562
« 23139
. 31500
. 38698
46783
-35886



X

o
-

>

| e el e S S =
a ® . ® s ¥ a @

>
o
[

i.10000
i.
1.
1, 40000

I e b s e
- L] - - g

Yo 2.

EX

3.12986
4.33903
6.23741
8.31528
10, 74344
13.57313
16.83598
20.563%97
24,78947
29.34317

Yo 2.

EX

3.12986
4.,53905
6.23741
B8.31328

10. 74344
13.57313
16.83398
20.56397
24, 78947
29.54317
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PO 10.0

ER1

- 00243
.2108°
823593
. 24803
07771
. 11530
«16121
. 21378
« 27933
» 33215

PO 12.09

ER1

Imlsq
« 20573
01352
«D2492

« 24015
« 05945
- 08299
11096
- 14351
. 18081

H

. 8250

ER2

. B2327
25863
. 10650
« 16879
« 24486
» 33333
44119
- 356203
- 69820
«B4%73

8123

ER2

.@1201
«A3823
.@5508
- DB6F3

« 12604
17266
. 22694
. 28900
« 359891
43670

ERJ

01840
22838
- 34032
85437
87129
- 09066
11286
. 13688
« L6647
« 19823

ER3

L] mzz
20772
01119
21509

21966
B24%6
L mlm
«B4567
« 23435

ER4

81323
22189
- 83217
. 84439
25841
07467
. 09322
«11422
» 13780
«16411

ER4

. 223808
20612
. 60891
21220

81683
. D204s
- B2547
03116
.B3736
« 04470
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HEENEREAEE APPENDIX B *ddsdiitnrs

OUTPUTS OF AWOLB FOR H=0.1 T0 H=Q0.0125

M Q.

X-VAL

. 10222
« 20000
. 30000
« 40000
« 30000
. 60000
. 70000
. 80000

1.00000

XM 0.
X-VAL

. 10002
« 20000
« 30002
Im
. 30000
. 400GG
I?M
. 8220
. 70000
1.00000

YM

YM

C.S0L

03500
« 12183
« 20233
« 29863
41312
« 34856
. 70806
89316
1.113€9
1.36883

a.
C.S0L

«@5522
. 12219
< 20275
« 29900
«41334
« 34831
70762
«B2419
1.11223
1.36630

M

- H

EX.B0L

23526
12214
« 20248
« 29836
41218
« 94464
« 70481
. 89022
1.10682
1.35914

Ui
EX.S0L

«25326
- 12214
« 20248
. 29836
41218
« D4bb4
« 70481
. 89022
1.10682
1.35914

. 1020

C.Y’

61026

« 73789

.B8533
1.23543
1.23127
1.47643
1.734%4
2.93132
2.3706%9
2.75884

2502

C.Y’

. 460910

« 73549

88160
1.25019
1.24440
1.46775
1.72623
2.01835
2.33519
2.74050

ERR

. 20026
. 0231
- 202213
. 80026
. 22274
20192
00324
- 00494
20727
. 00769



XM Q.
X=VAL

. 10000
.« 20000
. 30000
- 42000
- 50000
. 60000
. 70000
. B00BD
. 70000
1.06866a

M Q.
X-VAaL
« 16000

. 30200
. 40000
« 50000
« 50023
« 70002
. 800002
. 70000
1.00000

YM

YM

a.
C.80L

« 12222
. 2027@
. 29881
41294
. 54781
« 70653
. 892460
1.11082
1.346333

M

a. M

C.80L

« 05527
. 12219
« 20261
« 29862
« 41261
« 34729
« 70575
89151
1.10855
1.36139
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5,
EX.80L

.B5526
« 12214
« 20248
« 29836
41218
» 4664
« 70481
. 89022
1.10482
1.35914

5 H
EX.SOL

«B3526
« 12214
« 20248
« 29836
41218
« 34664
« 70481
. 89022
1.10682
1.35914

. 0230

c.y’

« 60849

« 73420

87936
1.84733
1.24060
1.46291
1.71821
2,01099
2.34632
2.72991

. 01235

c.Y’

60817

« 73333

.87850
1.04583
1.23861
1.46033
1,71501
2.00727
2.34138
2.72423

ERR
20001

20045

2076
.002118
00171
. 00238
- mam
00419

ERR

ooRR1
20005
00013
200264

22263
. 2094
.20129
.00173
. 88225



QUTPUTS OF AWOZE FOR H=@.,1 TO H=0,2125

X0 @.
X=VaL
. 10000
. 20000

YO

YO

a. PO

EX.80L

23526
« 12214
. 20248
« 29836
41218
« 34664
« 70481
. B9022
1.10482
1.35%914

a. PO

EX.SO0L

-@83526
12214
« 28248
« 29836
41218
« 4604
« 78481
« 890822
1. 13482
1.35914

221

- H
C.80L

- @5259
11679
« 19443
« 28735
« 39852
. 33000
« 68306
86716
1.08024
1.32878

- H
C.80L

- 83397
«11933
« 19837
« 29310
« 40331
« 33850
69314
87891
1.89376
1.34421

. 1000

(R

61032

« 73819

. 88546
1.035e%9
1.25020
1.47433
1. 73144
2.02604
2.36328
2.74864

c.Y’

60914

« 73343
.88132
1.04934
1.24321
1.46383
1.72136
2.81438
2.34%48
2.73321

ERR

@267
.2@333
. 208035
21281
+B1366
81663
01975
Q23086
« 02658
. 83236

21452



X0 @a.

X-VAL
. 10020
. 20000
« 30000
« 42022
. 60009
. 70020
. 80000

1.020000

X0 @.
X-VAL

i

Yo @. PO
EX.S0L

12214
« 20248
. 29836
41218
34644
« 70481
- 89022
1.10682
1.35914

Yo @. PO
EX.80L

«@5526
12214
- 2248
« 29836
41218
« 344664
. 70481

« 89022
1. 10682
1.33%14

222

«3 H
C.S0L

85462
. 12086
« 20035
« 29377
« 40889
« 34261
. 70082
. B8461
1.10035
1.35174

«3 H
C.80L

23494
« 12151
. 20152
« 29707
41054
« 34464
« 7T@243

. 88743
1.10360
1.33545

. 0230

c.y’

. 60848

73412

87934
1.04488
1.23984
1.46172
1.71648
2.00839
2.343209
2., 72369

« 2123

C.Y’

«6BB1&
« 73348
87837
1.04557
1.23818
1.45970
1.71407

2.0a377
2.33984
2.72197

ERR
« 00064
20128
- 20193
. 02260
.03329
. 228402
- D247
20560
. 20647
02740

. 00022
- BBB63
- 000956
00129
00164

. 00238



H=  ,1002

QUTPUTS OF AWO3E FOR H=@.1 TO H=0.0123

Y

0. beece
. 25259
« 11679
« 19443

C.80L

«29113
« 4@3561
« 34069
« 69944
.88335
1.1@242
1.35516

2.00220
« B2564
« 23397
. BE520

C.80uL

« 12030
. 20081
« 29686
41082
« 34541
» 70370
. 88921
1.1@8391
1.35832

223

Y'=P

- 0000
61052
. 73819
. 88546

EX.80L

. 29834
41218
« 34664
« 70481
. 89022
1.10682
1.35914

Y'=P

« 3002¢
33236
- 60914
672202

EX.S0L

«» 12214
« 20248
. 29836
41218
« 4664
« 70481
. 89022
1.10682
1.35%914

Y eF

i.00000
1.13776
1.33820
1.54429

C.Y’

1.05151
1.24312
1.46364
1.717@7
2.00785
2.34103
2,72227

VARE"

1.002@02
1.87691
1.13914
1.24703

c.Y’

« 73469

. 87908
1.04579
1.23791
1.45894
1.71281
2.00401
2.33733
2.71912

ERR

- BR724
- 20637
« 00594
2538

ERR

. 00184
00166
.00150
00136
.00123
20111
. 20100
00091
. 20282



H= » 325Q

X

2. 80202
- 02300
. @332
Q7380

X-VAL

. 10RBS
. 20009
» 30000
. 40000
» 30000
. &Q202
. 70000
« 200080
. 0000
1. 00020

He= 125

X

9. 00000
LR1Z250
- 32300
« 83730

=VaL

. 19080
« 20200
. 30202
- 42000
. 50000
. HEDOR
. 70@20
. 802080
» 2002
1.20000

k4

@, 2320
wBl2bb
R2556
» D394

C. 800

- Q5477
« 12172
. 20229
. 29802
41186
+ 34635
« 7433
. B8998
1, 12641
1. 35893

Y .

2. 20200
20629
JD127
@1%935

C.80L

23513
« 12204
« 20239
« 29828
41211
» 34537
. 70473
890146
1.10677
1.359182

224

Y'l zp

« 200
3063
« 3R
 STRES

EX.80L

s
12214
» 20248
. 29836
G464
. 70481
89022
1. 18682
1.35%914

Y=g

. 0000
vI1266
« 3205355
< 338465

EX.B0L

LB5326
12214
- 20248
» 298364
41218
. 54664
» 783481
L89022
1. 10082
1.35914

Y ' uF

PR ]
1.83797
1.@87724
1.11783

C.Y?

- 58831

«TA3EE

»8777%
1.244862
1.236835
1.4377¢8
1.711%4
2.0083z2
2.33683
2.71847

ARE

i.00020
1.21887
1.23805
1.83756

C.Y'

» HA793

. 73294

-BT¥750
1.84435
1.23662
1.4377h
1.71173
2.2a3%4
2033667
2.71833

ERR

. DDALT
28842
» 22038
. 20835
- 20432
. 00329
. B304
22024
L0821
Joae1q

ERR

20211
20012
. B200Y
. B2B0S
. DADA7
. 22087
» 32026
. B280%
. 20205
- 22204



225

QUTPUTE OF AWO4E FOR H=0.1 TO H=0.8123

He= « 1808

X F4 1'=p 7 "=F

2. 2000 @. 20208 » 33009 1. 0gean
. 12086 . B5259 LH1052 1.15774
. 20009 « 11679 o 7381% 1.3328:28
. 30020 » 13443 . 88546 1.54429

X=VaL C.80L EX.S0L C.2 ERR
. 400020 « 29441 « 29836 1.04803 . 82175
520 « 48515 L1218 1.24336 . QR7A3
« 60060 « 34331 «S4bhb4 1.46023 . 00282
. 70000 » 67853 . TBABY 1.71773 BR625
. 88008 . 888324 . B9022 2.80452 . 20188
. 73020 1.190114 1.10682 2.34205% . 20588
1.2000208 1.3580& 1.353%14 2.7189% - 80108

M= . @508

X 4 17 =P RS S

2. ovded 2. 0022 . 50808 1. 00622
. 35020 Q2564 » 33256 1,@7471
. 10202 @5397 68914 1.15914
« 1500@ .BB522 « 67000 1.247@3

X—-VAL C.B0L EX. 80U G. 27 ERR
. 20808 « 12105 12214 « 7339 L0127
» JOB0Y » 20154 « 20248 «B7833 D0A74
. 400826 « 25736 » 297836 1.04584 . BRAEH
58002 43151 41218 1.2371% - A0s7
« 60026 34608 «S4bbH4 1.45822 . 00R%S
. 78aea » TB437 « 78481 1.712:0 . DRB44A
. 80Q0G . 88987 89022 2. 00327 . 20EZ4
. 70092 1.18637 1. 18468° 2. 33683 . ARD25
1.2a30a 1.,358%H 1.35%14 2.718406 «20A1s



H= .0250

2. 00000
. 22500
25200
. 07500

X=VAL

. 100002
« 20000
. 30002
. 400002
. 50000
. 60002
« 70002
. 50000
. 70022
1.00000

H= 0123

X

0.20022
212350
. 32502
» 037502

X-VAL

. 10000
. 20000
. 30000
- 40000
. 30000
» 60000
. 70000
. 20000
« 70000
1.00000

2.00020
01266
. 82596
« A3994

C.80L

. 05497
«12189
. 20225
. 29818
« 41203
« 946351
70471
89814
1.18677
1.35911

4

@.00e0e
«BRA629
81274
. 81935

C.20L

053517
. 12208
« 20243
« 29832
« 41215
« 94661
« 70479
. 89020
1.10681
1.35914

226

.50000
. 325463
« 35224
« 37984

EX « SOL

. 85524
« 12214
« 20248
« 29836
-41218
« 4664
70481
. 89022
1.10682
1.35914

7'=P

. 52000
«31266
« 32355
« 53869

EX.SO0L

«@3326
« 12214
« 20248
« 29836
41218
« 4664
. 70481
. 89022
1.10682
1.35914

7' =F

1.00000
1.83797
1.07724
1.11783

C.77

60813

. 7332%

87762
1.04446
1.2366%
1.43782
1.71178
2.0030s6
2.33667
2.71831

z‘l ’:F

1.000c0
1.01887
1.038@5
1.83736

C.2’

60791

73290

87746
1.04432
1.23657
1.45772
1.71171
2.00308
2.33663
2.71829

ERR

. 2Razs
. 00025
D2z
. 00215
20013
. 008108
. 00aas
. 000as
. 00004

ERR

. DRBa7
. D0A2A
. 0025
. 00004
. 20003
. 22003
. 00062
. 000z
.002a1
. 200000
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QUTPUTS OF AWOS(R4B) FOR H=0.1 TO H=0.0125

X0 Qa.
X-VAL

. 10000
. 20000

. 30000
. 40000
. 50000
. 60000
. 70000
. 80000
. 70000
1.00000

X0 0.
X-VAL

. 10000
. 20000
« 30000
. 40000
. 50000
. 60000
. 70000
. 80000
. 70000
1.00000

YO

YO

a.
C.S0L

12214
« 20247

« 29836
41217
. 54661
« 70478
. 89017
1.10676
1.359@6
1.65219

2.
C.S0L

08714
. 16050
« 24834
« 33287
47664
« 62233
« 79387
« 99434
1.22820
1.50826

PO

PO

«3 H
EX.SOL

05526
« 12214

« 20248
« 29836
«41218
« 04664
. 70481
. 87022
1.10682
1.35%14

«3 H

EX.SO0L

.@5526
« 12214
« 20248
. 29836
«+41218
« 24664
« 70481
. 89022
1.10682
1.35%914

« 120000

c.Y’

. 73282
. 87737

1.04422
1.23647
1.45760
1.71157
2.00284
2. 33645
2.718@7
3.15412

. 050000

C.Y’

. 66805

.B0251
« 235786
1.13702
1.34326
1.58031
1.85236
2.16415
2.32104
2.92906

ERR

. 06688
. 28033

. 29588
. 11380
- 13443
. 15815
. 18536
. 21655
« 23224
. 29305

ERR

.03188
. 83836
. 04586
« 05450
- 06446
. 07591
. 08906
« 10413
.12138
14111



X0 a.
X=-VaL

. 18603
« 20002
» 30008
- 42088
30080
. 60008
. 7202020
« S22
. 70000
1.0020%

X0 2.
X—-VaL

- 100020
» 20002
» 30600
. 4(BRA
« 20600
« 50929
« 70080
. 500022
. 70000
1.0202000

Yo @Q.
C.S0L

37082
« 14089
« 22490
« 323504
« 44375
- 58383
.« T4B4LE
24127
1.166346
1.42838

YO @. PO

C.50L

- B6295
- 13141
« 21337
~211%6
42789
«5&594
. 72642
. 71352
1.13621
1,39344

228

3 H

EX.S0L

83326
12214
« 20243
. 29836
41218
ShEL4
« 7TR4EL
. 89622
L.10682
1.33914

+3 H

EX.80L
833526

« 12214
< 20248
. 29836
41218
SA6L4
. 70481
. 89022
1. 109482
1.35914

2230200

c.Y’

«63749

« 76703

« 71652
1.88983
1.28897
1.51793
1.780e3
2.88221
2.4272%
2.82192

. 0125008

C.Y*

62248

. THOTT

. 89699
1.B46685
L. 26253
1. 48756
1.743%96
2.04227
2.38138
2. 76968

ERR

01334
LB1B73
02667
83156
R3719
- 04365
03186
23934
. 06924

ERR

20767
. 30927
01109
LB1319
. 21562
81841
B21&!
. 225328
«B294%
23439



229

QUTPUTS OF AWO3(R3IE) FOR H=08.1 TO H=0.0125

X0 @.
X-ValL

. 10200
« 20000
« 0BG
« 420220
« 50000
« 60302
. 70000
. 80000
. 70000
1.00000

X0 Q.
X-VAL

. 10022
. 20900
- 33028
« 42000
« 30022
« 60002
« 70222
. BOAAD
« 20000
1.00020

YO

YO

B-
C.S0L
« 12209

« 20234
29810
41172
« 54393
« 70377
. 88878
1.10488
1.35658
1.64898

a.
C.80L

28713
. 16048
« 24828
277
47647
62232
« 79335
« 79371
1.22763

={8)

PO

1.49956

«3 H
EX.80L

. 05526
« 12214
« 20248
« 29836
41218
« 346564
. 70481
89822
1.10682
1.35914

5 H
EX.SOL

83526
«12214
. 20248
« 29836
41218
» S4b664
. 7TB48E ]
. 89022
1.10482
1.35%14

. 100002

C.Y?

73211

B7622
1.04257
1.23424%
1.4547
1.7@78E
1,99825
2.330E0
2.71120
3.14383

. 250005

Ca ¥

66792

. 89227

5750
1.13652
1.3426€
1.37946
1.85129
2.16283
2.31%943
2.92711

ERR

« 86683
28222
Q%562
« 11338
« 13375
«15715
« 18397
21467
« 24976
« 28984

ERR

03187
83834
. 34580
D544
B6431
« Q7569
28874
« 10369
. 12080
. 14036



X0 @.
X-VAL

. 10000
« 20000
» 0000
« 40000
- 20000
. b0OGBA
. 70200
. 80009
« 70000
1.00060

X0 Q.
X=VAL

. 10000
. 22000
. 30000
« 40002
« 50224
« 60000
. 70000
. B202Y
« 70202
1.00022

YO @.

C.S0L

.27@e2
. 140288
« 22489
« 32502
« 44371
« 28377
. 74839
74117
1.16622
1.42820

Yo oo @. PO

C.80L

«B6295
« 13141
« 21337
« 31135
« 42779
« 36583
« 72640
» 71547
1.13627
1.39339

230

«3 H

EX.S0L

«@552¢6
« 12214
« 20248
« 29836
41218
« 24664
. 70481
. B5022
1.1@682
1.35914

3 H

EX.80L

.B3526
12214
. 20248
« 27836
41218
« 4664
. 70481
. 89622
1.104682
1.35%914

8235200

C.Y?

63737

« 76699

« 71684
1.08971
1.28882
1.51774
1.78@57
2.08189
2.42690
2.82146

812500

c.Y’

« 62248

« 74978

89657
1.86683
1.2624%
1.48751
1.74590
2.04219
2.38148
2. 76956

ERR

81356
21874
02241
Q2665
«B3133
03714
« 04358
. 25095
.B5740
R6906

ERR

. 00769
. 20926
01109
LB1319
01361
. 81839
02159
02526
. 22943
« B3425



231

QUTPUTS OF AWOS5(R2B) FOR H=@.1 TO

X0 e.
L-YVAL

. 12200
. 22200
« 30020
« 42008
« 20000
- £2000
. 70000
. ER200
« 70000
1.20000

X0 2.
X=-VAL

. 10002
. 20000
. J002e
.« 40002

. 350000
. 60000
. 72000
. 82022
7000
1.060e22

a.
C.80L

. 12080
«19%9118
.27188
40131
« 92991
68053
. 33637
1.06109
1.29883
1.97425

a.
C.80L

. 08674
- 13929
« 26379
« 34838

« 46931
«61193
. 77886
973802
1.20084
1.46456

PO

.5 H
EX.30L

33526
12214
. 20248
29836
«41218
« 54664
. 78481
« 89022
1.126B82
1.33%14

«3 H
EX.S0L

. 23326
« 12214
« 20248
« 29836

41218
. 7@481
., B9022
1,12&82
1.35914

H=0.003123

- 100000

CI""

. 716082
« 85024
1.98513
1.18351
1.38851
1.62371
1.89314
2.28133
2.35340
2.93511

. 230000

c. Y,

. 66189
« 79146
« 94113
1,11373

1.31232
1.354046
1.80213
2.10183
2.44483
2.83627

ERR

«BE554
27697
« 08740
» 18293
«11773
« 13389
131356
. 17288
« 19201
213118

ERR

.B3148
Q3713
- 84331
. 03061

.03733
6532
07404
. B8359
« 09482
» 10542



X0 @.
X=VAL

. 10000
« 20200
« 32220
« 42229
. 30200
. 52200
. 70000
. 50000
. 700002
1.00000

X0 2.
X=VAaL

. 12200
« 20000
. 32000
« 40020
« 30000
« 60222
« 70202
. 50209
« 70309
1,00000

YO

YO

a.
C.S0L

« 87268
« 14938
« 22379
22301
» 44046
« 37889
« 74141
. 93135
1.15334
1.41132

PO

2. PO

. 86289
«13118
« 21305
- 31060
42623
. 96266
« 72300
- 21077
1.12994
1.38510

232

.3 H
EX.S0L

« 23324
« 12214
« 20248
« 298354
«41218
4664
. 70481
. 890822
1.1@682
1.33914

«3 H

EX. S0l

. 03526
12214
« 20248
« 29836
41218
« 34664
« 78481
.B9022
1.10682
1.325914

825000

c.y’

534864

« 746213

« 20925
1.27894
1.27438
1.49982
1.75684
2.85233
2.390853
207717

012500

C. Y'

- 62135
« 74748
- 89332
1.06161
1.25343
1.47834
1.73425
2.02764

2e 36335

2.74770

ERR

21542
01824
22131
. B2464
. 02828
, 83223
«B35659
«@4133
04652
.05218

ERR

. 087463
« 20704
21057
.Q1223
. 81405
Q1623
21819
' VL b
82314
LOZ596



X0 a.
X-VAL

. 10000
. 20200
« J20000
. 40000
« 300200
. 600002
« 70008
. 50000
. 70200
1.00000

X0 a.
X=VAL

. 10002
. 200022
« 3202062
. 42000

« 300060
. 62000
» 70000
. 80000
Imm
1.00000

YO

YO

a.
C.80L

. 05903
« L2664
20774
« 30446
41918
« 95462
« 71388
. 70046
1.11836
1.37209

PO

@. Po

C.S0L

85713
« 12438
» 20510
38141

41367
« 33062
. 70934
. B9533
1.11238
1.36561

233

S H
EX.S0L

. 25526
- 12214
« 20248
« 29836
-41218
« 34664
« 70481
. 89022
1.18682
1.35914

«3 H
EX.S0L

23326
« 12214
. 20248
« 29836

41218
« 34664
« 70481
. 89022
1.10682
1.35914

« 806250

c.Y'

614460

74816

. 88336
1.0252%94
1.24399
1.46801
1.72296
2.@1531
2.33008
2.73298

. 203123

C.Y’

51122
. 734650
, 88138
1.24861

1.24127
1.4646285
1.71733
2.00913
2. 34333
2.72563

ERR

« 28379
. 22450
«2@526
. 00609
. 20799
. 20907
21025
.@1154
01295

ERR

. 20189
- 80224
. 00263
. B304

. 00349
» 20399
« BR433
.2@312
2@376
«DB&4E
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QUTPUTS OF AWQ&4(D4B) FOR H=0.1 TO H=0.0125

X0 Q.
X-VAL

. 10000
. 20000
. 30000
. 40000
« 50000
. 60000
. 70000
. BO00G
. 70000
1.00000

X0 a.
X-VAL

. 10000
. 20000
. 30000
. 40000
. 50000
. 60000
. 70000
. 800002
. 70000
1.00000

YO 2.
C.S0L

11660
. 18496
. 26133
« 34687
44281
« 35056
67166
. 8@785
« 26103
1.13335

PO

YO a. PO

C.S0L

. 08309
« 14628
214678
. 29566
. 38407
. 48329
« 539477
. 72010
.861085
1.01958

I5 H

EX.S0L

. 05526
« 12214
. 20248
. 29836
41218
4664
. 78481
. 89022
1.1@682
1.35914

D H

EX.SOL

.@3526
« 12214
. 20248
. 29836
41218
. 24664
. 70481
. 89022
1.10682
1.35914

. 10000
c.Y’

. 55258
« 61346
. 68353
. 76378
. 85533
« 75943
1.07749
1.211@5
1.36185
1.53183

. 25000
C.Y’

« 35324
61479
. 68552
« 76643
. 85869
« 76349
1.@88225
1.21652
1.346804
1.353875

ERR

«B6135
. 06282
. @5886
. 24850
. 83063
. 00392
.@3315
. 28237
« 14379
« 22379

ERR

. 02783
Q2414
01431
. 20270
02811
06334
. 11004
. 17012
« 24578
« 33956



X0 0.
X-VAL

. 12000
. 20000
. 30000
. 40000
. 50000
. 60000
. 70000
. 80002
. 70002
1.00000

X0 2.

X-VAL

. 10000
. 20000
. 30000
. 40000
. 50000
. 60000
. 70000
. 80000
. 70000
1.00000

YO

YO

a.
C.S0L

.B6749
« 12825
« 19399
27174
. 35659
.45181
« 23873
. 67896
81413
. 26617

C.50L

. 85997
«11935
. 18594
. 26018
« 34331
. 43658
« 54132
. 65904
« 79142
« 24030

PO

«3 H

EX.SOL

.@3526
« 12214
« 20248
« 29836
-41218
04664
. 70481
. 89022
1.10682
1.35914

«3 H

EX.S0L

«@3526
« 12214
. 20248
. 29836
.41218
54664
. 70481
. 89022
1.10682
1.35914

» 02500

C.Y’

» 33356
61543
. 68649
« 76775
. B6032
« 76545
1.08454
1.21915
1.37101
1.54206

01250

C.Y’

« 35372
« 61575
« 68697
. 76838
86111
« 76641
1.@8566
1.22044
1.37246
1.54368

ERR

081223
00611
. 00648
Q2663
.B5359
. 89483
. 14606
21126
« 29269
« 39297

ERR

00471
. 20259
«B1652
.23819
. 06887
11006
« 16350
.23118
. 31541
. 41884
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QUTPUTS OF AWOL(D3B) FOR H=@.1 TO H=0,2123

X0 a.
X—-VAL

- 10000
. 20000
. 30020
« 40202
. 523029
» £2220
« 70000
. E0202
. 72000
1.20000

X0 0.
X=VaL

. 10200
. 200020
« 20032
. 422000
32020
« 62000
. 70000
. 800200
« 70000
1.620208

YO

YO

a.
C.80L

.11658
.« 18490
. 26124
4672
« 44259
« 33023
O7124
- 80729
« 760832
1.13244

PO

a. PO

C.S0L

. 28329
« 14627
21877
« 295463
« 28402
48323
« 37469
71998
. 86087
1.81939

e H
EX.80L

«@5526
12214
« 20248
« 29836
41218
4664
. 70481
. 89022
1.12682
1.35914

«3 H
EX.S0L

. 83326
. 12214
» 20248
. 29836
A1218
« Shbb4
. 70481
87022
1.10é82

1.3391%

. 10200

c.v’

« 955250
61328
« 68324
« 76337
. 83478
« 95872
1.874659
1.20994
1.36051
1.53022

. 25000

c.Y’

« 353322
61474
. 68343
« 76633
. 83835
96331
1.028202
1.21624
1.36778
1.53834

ERR

L@6132
JBE276
. @5876
« 04833
. 03041
20351
« 03357
. 08292
« 14651
. 22670

ERR

. 22783
02413
. 81429
. @2273
22816
» B463240
11213
.17023
» 24593
« 33973



X0 Q.
X-VAL

. 10000
« 2A000
. 32000
« 4iB0R0D
M 17, 17, 174
. SAA0
« 72200
. SMAA
» 70200

1. 92209

X0 Q.
X~VAL

. 10002
« 20000
« J020
- 42200

- 22008
« &00020
. 70000
. 8002
70000
1.00000

Yo @.
C.80L

« B6749
« 12823
« 19599
« 27173
« 39638
« 45179
« 35873
» 67893
«91410
» 76613

Yo @. PO

C.S0L

» 85997
.11933
. 18393
« 26018

« 34331
« 43557
54131
« 53923
« 7141
» 94029

237

«3 H
EX.S0L

B5326
12214
. 28248
« 29836
41218
946564
« 78481
» 39822
1. 10682
1.35914

3 H
EX.S0L

03326
12214
« 20248
- 27836

431218
» B5GEEY
. 703481
39822
1.18482
1.35914

.B2300
C.Y*

. 35336
51542
« bBAL4T
76772
«3aB28
« 76340
1.08448
1,21508
1.37093
1.34196

« 812350
c.Y"

« 33372
» 61574
. 68696
. 76838

26110
«GL642
1.88565
1.22042
1.37244
1.54363

ERR

81223
G041 1
BBEAT
BZ2663
L5560
. 94834
« 144608
« 21129
» 29272
« 39301

. 06887
11086
« 16350
232118
« 31341
. 41885



238

OUTPUTE CF AWO&L(DZB) FOR H=@.1 TC H=0.012%

X0 @a.
X=VAL

« 10220
« 22020
« 20222
. 422020
. 50222
« 50229
« 70220
. 82222
. 70202
1.00208

X0 .
¥=VaL

. 120002
« 20000
« 30020
« 40000
« 30000
. &BGAD
« 70000
. 82020
« 2000
1.000002

YO

YO

a.
C.80L

«»11580
. 18329
« 238424
« 24234
43622
« 341323
63928
« 77163
« THA24
1.12714

PO

o. PC

C.80L

. 88289
Ilﬁﬁfﬁ
21579
« 29400
38153
4T964L
» 38973
. 721337
«B522
1.04841

.3 H
£X.S0L

«B5324
« 12214
« 2QZ4E
« 298346
LA41218
« 34654
« 7241
. 87222
1.10682
1.35914

3 H
EX.S0L

LD5526
«12214
« 20248
« 29834
Y-
« 70451
L Bop22
1.10&82

1.75714

. 100020

C. Y'

. 55022
. 62821
67487
« 73153
« B384
« 72359
1.@3151%
1.17926
1.32251
1.43627

. 25002

C-Y,

35194
. 61203
LLB1YS
« 76024
853046
« 932946
1.06912
1.206844
1.348467
1.51543

ERR

BLD54
B6115
B559¢
247292
«B2402
20528
« 24533
. 29639
« 16658
« 23200

ERR
2763

> %
A2362
A4 2724
PR 5 3

. BRA43Z7
« 83055
.B&?@m
.11538
« 17684
« 23433
« 350873



X0 2.
X~yvaL

« 10000
. 20098

« 32008
. 50000
. 60000
. 70000
. 80020
. 90000
1.0@0eaa

X0 2.
X=Val

. 12000
« 20223
« 30000
« 40200
. 500200
» 60000
. 720020
- 82000
. 70000
1.000080

YO

2.
C.80L

JO57463
. 12885

. 19559
27104
« 35549
45019
55649
67391
81014
«F6104

85795
11947
. 18573
. 3‘!‘28@
« 43582
« 34025
« 63759
« 78951
. 73784

PO

FO

239

EX.S0L

o
>0

) A

« 20248
. 29836
41218
« 34664
« 70481
. 87022
1.1@682
L. 35714

«3 H
EX.S0L

«B5524
12214
« 20248
« 27836
41218
« 34664
« 78481
87022

1.10682
1.35914

. 02500

C' Y‘

« 33291
A, 1~
« D147

- 6BAZY
« Th4b64
.854618
» 76016
1.07793
1.211@8
1.36128
1.53044

25€

A LT ]
e |

« 35337
« 61523
68387
. 765682
85704
76376
1.28236
1.21639

1.346758
1.53785

1217
L2392

. 20688
. 02733
05669
. D644
» 14832
« 21430
« 29669
. 37810

ERR

« DRLES
« 20267
«Bi472
L23851
. 249738
« 11082
« L6486
. 23262
« 317314
. 42130



')
200
100
420
b1 )

500

700
=117
700
202
100
200
300
400
500
£00
700
800
200
200
100

400

600

2
1120
1200
1300

QOO0

77

100

101
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DATE: 23/06/1987
NAME OF FILE: AWO7A

NUMERICAL SOLUTION OF ORDINARY DIFF. EQUATION
PT=Y+EXP(X) WITH INITIAL CONDITIONS BELOW
CLASSICAL NUMEROV’S METHOD IS USED

FORMULA: Yk+1=2Yk-Yk-1+(h.h/12) (Fk+1+1@Fk+Fk-1)

IMPLICIT REAL*B(A-H:0-2)

DIMENSION F(3)

DEFINE STATEMENT FUNCTIONS

FSOL(X)=0.5%X*DEXP(X)

FUN(XsY)=Y+DEXP(X)

WRITE(Z+77)

FORMAT (10X, 3BHOUTPUTS OF AWO7A FOR H=0.1 TO H=0.0125//)
INITIALIZE XsYsH

X0=0.0

YO=0.0

DY1=0.5

H=0.1

PRINT INITIAL VALUES

WRITE(Zs1B@)X0OsYOsDY1sH
FORMAT(1BXs’XO"sFB.5+3Xs " YO s FB. 5+ 33Xy "DY1"+FB.5: 33Xy "H" 1 FB.5//)
PRINT COLUMN HEADINGS

WRITE(2Z2,101)

FORMAT (10X " X7 v 12Xy "TEX.SOL"+2Xs " C.E0L7+8X+’DY17 410X+ "ERROR? /)
H=H/2.

DY2=YO+DEXP(X0)

DYZ3=DY1+DEXP(XO)

DY4=DY2+DEXP(X0)

Y1i=YO+H*¥DY 1+ (H*H/2Z. ) *DY2+ ((H*%3) /6. ) *DY3+ ( (H*%4) /24, ) *DY4
X1=X0+H

N=2

NSTEP=20

DO 10 I=2+NSTEP

F(N=1)=FUN(XOyYOQ)

FIN)=FUN(X1sY1)

X2=X1+H

PRY=2.%Y1-YO+ (H*H/12. )*(F(N-1)+10.*F(N) )

DPi=(Y1i-YO)/H

DPZ=Y1+DEXP(X1)

DP3=DP1+DEXP(X1)

DP4=DPZ+DEXP(X1)

YZ2=Y1+H*DP1+0.5%H*H*DP2+ ( (H*%3) /6. ) *DP3+ ( (H*%4) /24, ) *DP4
X2=X1+H

FON+1)=FUN(X2,Y2)
CRY=PRY+(H*H/12. ) *(F(N+1))
EXACT=FEO0OL (X2)
ERROR=EXACT-CRY

ERR=DABS (ERROR)

Ni=2

NZ2=I/N1

N3=N1#*N2

IF(I.NE.N3) GO TC 103



400
500
600
700
BE2
F0e
200
100
200
300
400
500

102 FORMAT (4Xs5F13.5)
INTER CHANGE LOCATIONS
123 XO=X1
X1=X2
YO=Y1
Yi=Y2
F(N-1)=F(N)
FIN)=F (N+1)
10 CONTINUE
STOP
END
QUTPUTS OF AWO7A FOR H=@8.1 TO H=0.0125
X0 0.00000 YO 0.00000 DY1 .50000
X EX.S0L C.50L
. 10000 @5526 .B85526
.- 20000 12214 . 11535
. 30000 « 20248 . 18230
- 40000 . 29836 « 25711
« 50000 41218 . 34088
. 60000 « 24664 - 43483
. 70000 « 70481 « 24034
. 800002 . 89022 . 65892
- 70000 1.10682 . 79225
1.00000 1.35914 « 74221
X0 0.00200 YO 9.020000 DY1 .50000
X EX.S0L C.S0L
. 10000 . @5526 053463
. 20000 - 12214 « 11284
. 30000 . 20248 .17881
402000 . 29836 . 25251
» 50000 41218 « 33505
. 60000 « 94664 « 42763
. 70008 . 70481 53160
. 80002 87022 . 64843
. 70000 1.10682 . 77981
1.00000 1.35914 « 92737
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WRITE(2y102)X2yEXACTs CRYyDP1,ERR

H .10000

DY1

« 32564
« 28292
« 64874
« 724635
.811@8
. 20944
1.82123
1.14734
1.29001
1.45087

H .85000

DY1

« 33943
59914
. 66781
« 74642
- 83605
. 93791
1.@85338
1.18395
1.33133
1.49739

ERROR

. 00000
00679
02018
04126
07130
.11180
. 16447
« 23129
- 31457
41693

ERROR

00163

. 20730
. B2367
« 24585
Q87713
. 11700
« 17322
. 24178
. 32701
« 43158



X0 0.00000 YO 0.00000 DY .50000 H .@2500

X EX.S0L C.S0L DY1 ERROR
. 10000 «B5526 . 03305 « 34657 . 00221
. 20000 12214 «»11183 60751 .01029
. 30000 « 20248 17736 67753 02511
. 40000 . 29836 « 23057 . 73761 . 04780
. 50000 - 41218 « 33254 . 84886 .B7964
. 60000 « 34664 » 42449 « 73251 « 12215
. 70000 . 70481 « 32774 1.06994 « 177087
. 800002 . 89022 . 64378 1.20268 « 24644
. 70000 1.10682 » 77425 1.35245 « 33257

1.00000 1.35914 . 22100 1.32115 43814

X0 0.020000 YO 0.020000 DY1 .50000 H .01250

X EX.S0L C.S0L DY1 ERROR
. 10000 . B83526 . 05282 35020 00244
. 20000 « 12214 «11143 61176 210872
« 30000 . 20248 17673 682446 . 22575
« 40000 « 29836 « 24969 « 76329 04867
. 50000 41218 « 33140 . 85535 . 28078
. 60000 54664 - 42304 . 75991 « 12359
. 70000 . 70481 « 223935 1.07833 . 17886
. 80000 . 89022 64161 1.21216 « 24861
. 70000 1.10682 77166 1.36313 « 33317

1.00000 1.35914 721791 1.53317 44123
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DATE: 23/@6/1987
NAME OF FILE: AWO7B
NUMERICAL SOLUTION OF ORDINARY DIFF. EQUATION
Y? '=Y+EXP(X) WITH INITIAL CONDITIONS BELOW
CLASSICAL NUMEROV'S METHOD IS USED
FORMULA: Yk+1=2Yk-Yk-1+(h.h/12) (Fk+1+10Fk+Fk-1)
IMPLICIT REAL*B(A-H»0-2)
DIMENSION F(3)
C DEFINE STATEMENT FUNCTIONS
FSOL(X)=0.5%X*DEXP(X)
FUN(X»Y)=Y+DEXP(X)
WRITE(2+77)
77 FORMAT (1@X» 3BHOUTPUTS OF AWO7E FOR H=0.1 TO H=0.8125//)
C INITIALIZE XsYsH
X0=0.0
YO=0.0
DY1=0@.5
H=@.1
C PRINT INITIAL VALUES
WRITE(Z2+100)X0sYOsDY1sH
100 FORMAT(1@Xs*X0"1FB.5y3Xs " YO s FB.5+3Xs "DY17sFB.5+3Xs "HyFB.5//)
C PRINT COLUMN HEADINGS
WRITE(Zy101)
101 FORMAT(1@Xs " X" 312Xy "EX.SOL*+»9Xy "C.50L"+8Xs "ERROR” /)
H=H/2.
DYZ=YO+DEXP(XO0)
DY3=DY1+DEXP(X0)
DY4=DY2+DEXP(X0)
Y1=YO+H*DY1+(H*H/2, ) *DY2+ ( (H*%*3) /6. ) *DY3+ ( (H*%4) /24, ) *DY4

slelelaNale

X1=X0+H

N=2

NSTEP=20

DO 1@ I=2sNSTEP

F(N=-1)=FUN(X0yYO)

FIN)=FUN(X1,Y1)

XZ2=X1+H

Bi1=12./(12.-(H*H))
B2=2.#Y1-YO+(H*H/12, ) *(F(N-1)+10@.*F (N))
PRY=B1x*B2

CRY=PRY+(B1#*H*H*DEXP(X2))/12.
B2=2.%Y1-YO+(H*H/12. )% (F(N-1)+10.*F (N))
EXACT=FSOL (X2)

ERROR=EXACT-CRY

ERR=DABS (ERROR)

Ni=2

Na=R1 xR
IF(I.NE.N3) GO TO 103
WRITE(2+102)X2+EXACT» CRYHERR
102 FORMAT (4Xy4F13.5)
C INTER CHANGE LOCATIONS
183 X0=X1
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400 X1=X2

500 YO=Y1

£00 Y1=CRY

700 F(N=-1)=F(N)
eeb F(N)=F (N+1)
700 10 CONTINUE
200 STOP

100 END

OUTPUTS OF AWO7B FOR H=0.1 TO H=0.0125

X0 0.00000 YO 0.00000 DY1 .50000 H .10000

X EX.SOL C.S0L ERROR
. 10000 «@5526 «B5526 . 00000
« 20000 « 12214 « 12214 . 20000
. 30000 . 20248 . 20248 . 00000
. 40000 . 29836 . 29836 . 20000
. 202000 41218 41218 . 00000
. 60000 « 94664 « 24664 . 22000
. 70000 » 70481 . 70481 . 200020
. 80000 . 89022 . 89022 . 00000
. 70000 1.10682 1.10682 . 00000

1.00000 1.35914 1.35914 . 20000

X0 0.00000 YO 0.00000 DY1 .50000 H .85000

X EX.S0L C.SoL ERROR
. 10000 «@5526 . B5526 . beoRea
. 20000 « 12214 12214 . 22000
. 30000 . 20248 « 20248 . 200020
. 40000 « 29836 « 29836 . 20000
. 50002 -41218 «41218 . 200020
. 60000 « 54664 « 4664 . 200020
. 70000 . 70481 « 78481 . 20000
. 82000 . 89022 . 89022 . 20000
. 20000 1.10682 1.10682 . 20000

1.00000 1.35914 1.35%214 . 20000



X0 0.00000

X

. 100020
« 20000
. 30000
. 40000
. 50000
. 60000
. 70000
. 80000
. 70000
1.00000

X0 @.00000

. 100002
. 20000
. 30000
. 40000
. 50000
. 60000
. 70000
. 80000
. 70000
1.00000

YO 0.00000

EX.S0L

«@5526
« 12214
. 20248
. 29836
41218
4664
. 70481
. 89022
1.10682
1.35914

YO 0.00000

EX.S0L

. B5526
12214
. 20248
« 29836
»41218
« 94664
. 70481
. 89022
1.10682
1.35914
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DYl .50000

C.S0L

.@3526
« 12214
« 20248
. 29836
41218
« 24664
. 70481
. 879022
1.10682
1.35714

DY1 .50000

C.80L

«@3526
12214
. 20248
. 29836
-41218
«D4664
. 70481
. 87022
1.10682
1.35914

H .8z2500

ERROR

. 00020
. 00000
. 22000
. 20000
. 00002
. 00000
. 20000
. 202020
. 220020
- 22000

H .01250

ERROR

. 20000
. 20000
. 200020
. 200002
. 20000
. 202020
. 20000
. 20000
. 22000
. 000200
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GUTPUTS OF AWCB(EB) FOR H=@.1 TO H=0, @129

XQ 2.

X

» DDA
» S
. 202
« BORR2G
20002
1.20000

X

« JA0A
« 4@QiAn
« 32222
o E@PN
o 10227
LBR2o0
« FEAVA
1.02089

YO a.

EX

Hl1I1B
Db
. 704861
. 89022
1.18682
1.335%14

EX

20242
« 2983%
41217
« 34544
78431
37222
1.18432
1.35%14

PG

PO

ERi

. RRET4
LBRIG2
LDR224
. 0B494
.B0737
. DORLET

ER1

LBRB27
LR
D22115
22183
. 0225
. R@377
B354 !
BB7L4

. 1000

ER2

B13465
LBlE62
LB1975
«B2285
.B2658
.@A3036

0500

ERZ

00271
2Q327
BRLET
«20E13
« BBTF4LT
‘al 13-
. 81306
81493

ER3

LOB143
. BAZ33
. BB370
. QB4ART
00613

ER3

. 00232
. 00059
. 2008&
20114
20144
23175
« 82267
00242

ER4

20173
. 20188
. 0B380
2374
. 20599
. 20577

ER4

. 00024
. 02046
. 220268
- 200290
00114
.28139
20165
. 00193



XQ Q.

X

. 20000
« 3BBZC
« 4HREY
« 3B
» 6BANA
» TRBIEE
« BARAN
1.00e2d

X0 @,

X

. 1200022
« 20027
« 30027
- 42027
" SBQL};E‘
« 60227

. 70220
. 80006
« 70000

Yo @.

EX

" 1221 “
« 20240
L 2?83&.
H1L2LE
« 3456ch
" ?E’J :"S -
«3902%
1.18487°
1.35714

Yo @.

EX

05524
« 12214
« 20245
« 29835
41212
34584

« 70481
. B9022
1.10682

FO
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«3

ER1

. 00025
.2BAzZ:
« 00045
. B2R74
232118
22171
« 39230
Q23328
LBB417

.5

ER1

. 00201
. 00222
20013
« Q2243
- QRALE

. 00094
20129
22173

H

. 082509

ER2

00128
201793
. 202450
BBIZT
« 82402
« 80479
«BR558
« BB&47
« DA74Q

3125

ER2

. 22032
. BR2L3
« 008%&
20129
00164
. 02200

. 20238
. 00279
« 08322

ER3

. 2aea7
L2814
. 20020
. B0BZ7
- DDA34
. Q8242
. 20250
- B0B55
. DBA6T

ER3

. 20002
. 222R4
. DRDRS
. 20007
. 20209

. 22011
.00013
. 20015

ER4

- 20006
.9203i1
.16
. A2B22
. A3az7
a4
. 23240
. BB47
. 2054

ER4

.22001
. 20022
. 02203
. 22225
. 22006
. 20ea7

. 20009
.00011
20012



QUTPUTSE OF AWOR(RE) FOR ¢

X0 a.

. 20200
| . 00000

®0 2.

%

Rt 7.
LA
LS00
L U000
. 10020
. B0
. 72000
1. 04200

YO @,

EX

« 41218
e F05545
. 73481
BPR22
1.148632
1.35214

YO 2.

EX

« 20248
« 29830
v41218
L D4b6G
- TV481
« 89822
1. 13652
1.33%214

PO

PO
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4=0.1 TO ~=0.08129

.3

ER1

« B3iAG 4
B2
23324
« 3T
JABTa7
80767

ER1

. DRV
- ROBES
L8115
22188
BRI PAs 1)
«Qa397
30541

20714

« 1000

im
{F

&G

-t g
i3 i (2

aor

-
GO

.Q‘ f.::
02234

- @-‘DJE

- B3036

. 2500

ER

LBB39
I L e P
»QAEET
LPERLS
+AR2957
«+B1131
21386
214932

ER3

203773
. 20383
JBB759
22723
OB634
« 22392

ERZ

- ﬂa :-;: 3"
00212
LB3ie2
LBBi74
LB0157
LBD1a2
. 20129
20116

ER4

BB612
« B934
.BR458&
22822
00326
.00733

ER4

. B0237
L] m‘zza
- BAZE3
00192
. 00152
02169
00160



X0 8.

X

. 20222
3222
« 4TE77
. 50@0Y

tNERinm
LV VRN

- ?EEL. '.q.-
. 9&:’::’:»’.

1.02224

XO "

X

« 1ARRE@
« Qe
« 200202
¢ AR0EY

[+ T T T )
B oed b 0 e
« 6O2028

¥R H
- i,
- B0222

. 702020
1.03200

YO

EX

« 12214
- 2@ ;‘. ‘ri [:
« 29836
4121€
. Bl Ay
743}
B8 2C

1. 1D522

1.33914

=4

EX

«A5324
i

o 20248
W 25535
1T E
-5‘*:‘!:."'!'
o F05ED
89832
1.10682
1.35914

PO
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o3

ER1

- PRGBS
0022
» BRB45
QBT 7L
-@ml j#':
) W
L8233
<R320

00419

.3

ERI

. 30201
. AQE0s
« D201 T
LBREZL
0204
. DBRLS
. BN 4
. BB127
LAB8173
« BR225

H

+ 0239

ER2

»2012C
00153
» BAZ2LY
. 20402
«EAeT

. Eﬁrﬂ L.'>I¢; '

L0064

. D740

0128

ERZ

- BBRE2
.BBC&3
. 20275
-Bml'.;";’
LBB1Ls
R022¢
. 282728
.28279
00222

@836

ER3

. 20038
LQRe32
« 00247
. 82@42
«0002e
« @B23S
. QAR3ZZ
00527

. DOA24

ER3

LOB21L5
. Q0314
L1
20011
LBBB1w
. QBT
. 2068
. 00027
. 20637
7 L

ER4

. 030258
. 20834
. 20250
. 22047
s ﬂmﬁ g
. 23041
. 22039
. 02026

« 20035

ER%

30213
20814
22013
28212
20211
20212
. 20010
. 22229
-mq
. doeas



QUTPUTS OF AWO?(EBR) FOR

X0 a.

X

o 42202
« 38222
« K202
« 72329
« 80002
. 70222
1.00002

X0 2.

X

. 2000
-3@@2‘@
« 4QEHE
. 39@";’}2‘
« HETLE
« TEZ3E
» SEQ2A
« 92222
1,.22eae

Yo @.

X

« 29834
«&12153
. LR
« 70431
« 89022
1.10482
1.35914

YO @.

EX

L] 1:: &
« 20243
« 29834
«41212
« Dh4EE4
. 78431
. B9@Z2
1.10&82
1.35914
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H=08.1 TO H=A.0125

.3

ER1

20075
- 00274
B01°2
. 02324
« @044
. Q727
« 0949

«3

ER1

. BR0es
80227
. ABRES
82116
Jagize
. 82220
«BRIT7
L2@5 41
B071&

H

. 1000

ER2

01028
016463
81975
. R2306
. 22638
« 83236

ER2

BB2%7
.B03%:
003527
0B&E7
Q0817
. 0@F&7
81171
21304
014932

ER3

. 00B&7
00147
. 0022%
.20313
. 20400
. 20491
- B@586

ER3

N
. 00025
00048
. 20048
. 000E%
.9011!
00134
. 28156
22184

ER4

I%m
. 20087
. 82237
. 20208
. 02385

. 80338
. 0A547

ER4

. 00812
. D0A29
- 00046
. 02064
. 2B082
.0a101
00121
20142
002165



X

» 109210
o 2BHA0

ALttt 1k
« 420
« SO200
« 78000
. BA2GY
« FO200
1% 7%

Xo @,

X

o 1ERAAD
» SADAD
« SARME
« 43200
. SPO0D
« &ABOG
. TRRZS
. BOOBR
« POOGE
1.900000

EX

LA5526&
12214

. Z9EES
ALZLE
« Shbbd
70481
. Bazz
1.1@682
1.35%%914

Y .

EX

. BES 2L

beDxd IFA
L PR S

. ‘:’L’@ 2*"%3‘.‘3
« 2734
»H1218
« 3abhbs
. 70431
. 89022
l.16432
1.35914

)

ERL

. 22t
 PBEDR

. POR2Z
.« BRG 4T
«RBR7&
L2118
» U171
- R8240
L 2E320
20419

«3

ERY

« QREA
« DHTDS
» BB

. BAANE
- DBA43
« DBBES
. QT4
. AAL 22
LOB173
T e
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8258

ERE

. @@fﬁb@
T e

E0197
. POzED
. OR339
N
. BD4TY
. 0560
. BB647
.PR740

ERZ

AGE S
» BRBA S
OB
LB2Le4
. BA2AG
L 28238
«BAZVS
JRBIE2
« PR35

ERZ

. 22201
. 22606

. B0A11
202156
. 2R021
. GO

» BOBZZ
. 208328
. QBB44
«BR5 1

ER3

. ABOa
. oRE
. DOBAS
« 20AA4G
. RRRRS
. QB
« BBRAS
LoD 14
i 17
BB

ER4

- 222081
DBA0e

L2201
02014
. 3Ra19
. Q2023
» 80028
. 22A33
20039
. B@A43

ER4

. BRABAT
. 20202
22002
. 2BBA4
« 020235
- BB
- RAORB7T7
. 22209
20218
Leai2
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QUTPUTS CF AWOQ(RE) FOR H-@.1 TO H=0,08123

P SC 8

X

« 403080
« 3PBOG
« SROGG
. cRGGHG
« BREEN
« 702202
1.020020

X0 2.

X

Lo te ARttty
O W N
0L
o 4GP

'i[.‘,r“'.l"*-r"-
8 f e N

o HBRGR

. 700002
. BRgee
. 70222
1.00000

YO Q.

YO w.

EX

PP
B aekd 1%
-ZE.’; "’.‘E

T L
B e FwctiE
- ‘F : pr. ‘8

« B4bte

« 70481
. 89022
1.10&82
1.35%914

PO

PO

«3 H

ER:?

LBBPLE
2ER%
BBe2
DR
@RS
. 805467

'5 H

ER:

. ROE0"
 BO0LT
B0 &
. Bml‘ ‘(.‘-.I:

. 20280
RR297
. 02541
28716

. 1022

ERZ

0106

.Ql Zt--‘_
D157 C
. :3!:«.1
@243

Q3036

.0520

ER2

« BA25°
«BES% L
«BUEES
L G@Pﬁ Lo

« 20967

A A s .

LB21493

ERS

D87 24
«BBEST
LEPEFS
« B2555
« Q@ag7
« 20440
- QB35

ERD

. BA1I84
. Bm!f)‘;
-malﬁ 1
L08137
00124

L0112
LO0101
- 00052
. 82223

ER4

28355
00764
20252
JOR&ZE
20168
« 22369
20123

ER4

00110
. BORT3
- 00081
- 20048
- 20056

. BR045
. 200323
008256
.20017



. 12020
« 20070
. SRQAY
« 4BZeS
« 3BV
« EEEL.
o 7D
« BEBOL
« BB
i.0ee0d

X0 2.

X

« 10005
. 20000
« 30000
«4ECET
« 30AAR
« 6RO
- 7%';)‘{}"&
«B0EDY
- 9[1"-'."".'
1. BELEE

EX

«O3526
. 12:1"
20240
P ETR3E
-41:-:}’:-
«34Lb4
« 70481
«BIB2Z
1.1
1-359:‘:

Yo @.

EX

« @352¢
122146
» 20248
« 29836
«#1218
- Sat :-J“
« 7OAETL
-ch’l:d:‘ .j".
1.10£87
1.35914

PO

«3

ER1

. 20001
. 2eaes
« 2002
- BBE‘Q‘.:
. @@mﬁ' A~
i E
.07
I AR
LB241L7

«3

ER1

b i
. 00223
.QeeL3
0RQCE
088473
 DERET
« 20294
- a : :’_{:.‘.
PRI

>
" o

. @8232

ER2

. 2RBs
BB12E
20197
 BB260
22320
240"
~DP47TZ
LBASED
LABELT
RAT4E

2129

ER2

22232
. B0353
. BBAT4
2012%
. amlé‘{l
. D226
. 00238
LRUZTT
B3z
-m:’ é'.o‘;'

ER3

. D0R4S
. 08042
. BB028
L2034
.2AA31
« 22228
LCBe25
L2223
. 20821
« 20019

20011
. 20218
- 2008
. 2URae
. 2308V
2geer
. QEGs
. 22QBE
. 25
. DAR25

ER4

. 20029
. 000235
20221
.oeais
L0021S
. B2812Z
Lop21e
. 00227
« 20205
. BURaa3

ER4

. 20007
. 20004
.Loaes
« D2V04
. GBGa4
« 200835
. BORE2
- 002G
. 3029
. 22201



