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ABSTRACT
This thesis investigates the motion of a test body around equilibrium points of the circular
restricted problems of three-bodies using the model of the general restricted three-body problem
(R3BP) and the Robe’s R3BP, and taking into account various chacterizations which include
circumbinary disc, oblateness, triaxiality, radiation, deflections due to the Coriolis and
centrifugal forces and to whether the masses are varying with time or constant. In the R3BP with
variable masses, we assume that the primaries vary isotropically in accordance with the unified
Mestschersky law (UML) and their motion governed by the Gylden-Mestschersky problem
(GMP). We transform the non-autonomous equations of motion to the autonomized forms using
the Mestschersky transformation (MT), the UML, the particular integral and solutions of the
GMP. The equilibrium points (EPs) are examined and it is seen that due to the mass variations
coupled with other perturbing forces; five collinear , two triangular and four out-of-plane EPs are
found. The linear stability of the EPs is investigated. For the autonomized systems, the collinear
and triangular EPs are stable while the out-of-plane EPs are unstable. We examine the periodic
orbits around stable triangular EPs of the autonomized systems and found that the orbits can be
elliptical, parabolic or hyperbolic in nature due to mass variations. The stability of the EPs of the
non-autonomous equations is tested using the Lyapunov’s characteristic number and are seen to
be unstable. In the Robe’s R3BP with variable masses, we consider effects of the buoyancy
force, the gravitational attraction of the fluid and attraction of the second primary. In the first
case, we assumed that the primaries vary in accordance with the UML law and their motion
described by the GMP. The transformation from the non-autonomous to the autonomized
equations is possible only when the first primary contains no fluid. In this regime, an EP at the

center of the first primary and a pair of non-collinear EPs exists. When small change in the
vii



Coriolis and centrifugal forces are introduced, every point on the line joining the primaries is an
EP and a pair of non-collinear EP also exists. In the second case, the first primary is a fluid in the
shape of a sphere with no shell and the masses of the three bodies vary with time. We use the
Gelf’gat transformation to cast the non-autonomous system to the autonomized kind. An EP at
the center, another near the center, circular points and a pair of non-collinear EP exists. The
collinear EPs are stable while the non-collinear and circular EPs are unstable. The study is
applied to the motion of a submarine in the Earth-Moon system. In the study of R3BP with
constant masses in the presence of a circumbinary disc under different characterizations, it is
seen that two additional collinear EPs are found depending on the mass parameter of the system
and the mass of the disc. Our numerical evidence reveals that the existence of the additional EPs
depend on the system under study. In the range of linearly stable triangular EPs, we examine the
periodic orbits around these points and found that the orbits are ellipses. We test their stability
using the Poincare Surfaces of Section (PSS) and found them to be stable. Our problem can be
used to study the long-term motion of satellites, submarines and planets in binary systems. These
bodies are taken to be test particles moving in the field of circular binary system. A simple
question of celestial mechanics is, if the EPs of these bodies near a binary star system, loosing
mass isotropically or conserving mass, exist, how long can they keep the bodies from escaping?
The determination of ranges of semimajor axes may help to know when the body is likely to
escape. The obtained EPs may be used in different problems of stellar dynamics, and also in

other astrophysical applications.
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CHAPTER ONE

1.0 INTRODUCTION

1.1 General Introduction

The restricted three-body problem (R3BP) describes the motion of an infinitesimal mass moving
under the gravitational effects of two finite masses, called primaries, which move in circular
orbits around their center of mass on account of their mutual attraction and the infinitesimal mass
not influencing the motion of the primaries. The approximate circular motion of the planets
around the sun and the small masses of asteroids and the satellites of planets compared to the
planet’s masses, originally suggested the formulation of the restricted problem. The study of the
R3BP is of great theoretical, practical, historical and educational relevance, and in its many
variant, has had important implications in several scientific fields, including among others;
celestial mechanics, galactic dynamics, chaos theory and molecular physics. The R3BP is still a
stimulating and active research field that has been receiving considerable attention of scientists
and astronomers because of its applications in dynamics of the solar and stellar systems, lunar

theory, and artificial satellites.

There are so many examples of the restricted problem in space dynamics. One of them is the
classical three-body problem viz; the Sun-Earth-Moon combination and describing the motion of
the moon. The motion of a Trojan asteroid attracted by the Sun and Jupiter is another example,

which has a similarity with the restricted problem. One of the foremost in space science is the



creation of artificial bodies, which are required to move in the neighborhood of two natural

celestial bodies. This problem is also similar to the restricted problem.

1.2 Historical Background

Great minds throughout the ages have been interested in the celestial motions they observed in
the night sky. In 1601, Johannes Kepler became the director of the Prague Observatory following
the death of Tycho Brahe. Using Brahe’s meticulously collected data; Kepler formulated his

famous three laws of planetary motion:

1) Every planet moves in an elliptical orbit, with the sun at one focus.

2) The radius vector sweeps out equal areas in equal times.

3) The square of the period is proportional to the cube of the semi-major axis.

Later that century, in 1687, Newton would go on to devise his three laws of motion and put forth

his theory of gravitation:

(1.1)

where G is the universal gravitational constant and r is the distance between mass 1 €, _and
mass 2 €n, . Armed with his newly invented calculus and laws of gravitation, Newton set out to
explain Kepler’s laws. He succeeded in mathematically and geometrically describing the laws
that govern planetary motion and derived many of the equations that are used today. Newton
discovered the laws of motion and universal law of gravitation, and combined them to explain

kepler’s laws of planetary motion and solved the two-body problem (2BP). In 1744, Leonhard



Euler went on to find the full analytical solution to the two-body equations. He was also one of
the first to derive the equations defining the change in osculating elements with time, giving rise
to the analytic theory of perturbed motions. In works published in 1761 and 1771, Johann
Lambert used a geometrical approach to generalize Euler’s formulas to include elliptical and

hyperbolic orbits.

The three body problem (3BP) is a classic problem of celestial mechanics, wherein the
interest lies in the motion of a third particle in the presence of two massive bodies. One of the
earliest contributors to the 3BP was Sir Isaac Newton in the years after he published his theory of
gravitation. The problem of ocean navigation required an understanding of the motion of the
Moon, which is strongly affected by both the Earth and the Sun and, hence, beyond the scope of
the basic two body problem. This problem was of great interest throughout the eighteenth
century and was approached in basically two ways: by an infinite series expansion to describe
the solution (Clairaut, 1752) or by variation of parameters (Euler, 1744). It was Euler who first
used rotating coordinates to frame the problem. Most of the next generation of mathematicians
and physicists tried to extend Newton’s analytical method to 3BP (i.e. Sun, Earth, Moon), but
this problem turned out to be more difficult to solve. After decades of effort, it was eventually
realized that three-body problem was impossible to solve, in the sense of obtaining explicit

formulae for the motion of three bodies.

However, it was not until 1772 that Lagrange demonstrated a reduction of the problem from its
original form, with 18 unknowns, to a problem of order 7 in the rotating frame. Lagrange
proposed the assumptions that led to the “restricted” model, allowing closed form solutions and

more detailed analyses of celestial motions.



The history of the “Restricted Problem” goes back to Euler and Lagrange (1772). It was followed
by Jacobi (1836), Hill (1878), Poincare (1899), Levi-Civita (1903), Birkhoff (1915) and many
more modern mathematicians and astronomers. Euler, in his lunar theory, introduced a rotating
(or synodic) co-ordinate system, which was used by Jacobi to find the famous Jacobian integral

of the equations of motion of the restricted problem. Lagrange showed that the five points of

equilibrium, or points of libration (often denoted by L, i=12...5 represent stationary solutions

of the restricted problem. Lagrange also mentioned the special case of the restricted problem
when the Coriolis forces are omitted and a condition of symmetry regarding the masses of the
primaries is introduced, the restricted problem may be solved in terms of elliptic functions. Prior
to the lunar theory, in 1760, Euler gave the solution of the problem of two fixed centers of force,
in which two fixed masses act on the third body according to Newton’s law of gravitation. This
is a special case of the restricted problem when both the Coriolis and the centrifugal forces are
omitted. Euler’s solution of the problem of two fixed centers of forces can be used in connection
with the artificial satellite problem, and as a reference orbit for the calculation of perturbations in

the restricted problem.

The next significant contribution to the R3BP did not appear until Carl Jacobi in 1836. He
discovered the only integral of motion in the circular restricted three-body problem (CR3BP),
which bears his name as the Jacobi constant. Jacobi's work was further extended by Hill (1878)
who used this lone integral to define curves of zero velocity that limit the motion of the third
particle. Hill's investigations focused on the Moon and, thus, constrained the Moon's motion to

certain regions of space around the two main bodies (the Sun and the Earth).



Another significant step in understanding the 3BP came about due to a mathematical competition
to honor the 60th birthday King Oscar Il of Sweden and Norway in 1889. Henri Poincare was
awarded the prize for his study of the CR3BP. What set his work apart was that he shifted from a
quantitative aspect to a more qualitative assessment. While Poincare was interested in finding
solutions to the three-body problem, his approach differed from all previous developments, since
he was more interested in the nature of the solutions than in the actual solutions themselves. His
mathematical work showed that an infinite number of periodic orbits exist in the 3BP. Poincare
also introduced an innovative method, the Poincare section (or stroboscopic map) to study the
behavior of solutions as time tends to infinity (Barrow-Green, 1997). Poincare is considered by

many to be the father of dynamical systems theory.

Poincare’s work is regarded as the highest theoretical achievement in his field. He emphasized
on the qualitative approach to celestial mechanics rather than the quantitative one. Poincare, in
his first volume, even suggested that the topic of periodic orbits is the only opening through

which we can gather significant information about the unsolved general 3BP.

Some lunar and planetary theories in celestial mechanics are based on the R3BP. There are
numerous applications of the R3BP in cosmogony and stellar dynamics. In fact, the equations of

motion of so many dynamical systems are similar to those of the R3BP.

1.3 Statement of the Problem

Effects of some perturbing forces due to radiation pressures, deflecting forces, shapes, and the
enclosure of the primaries by a disc of dust under mass variations of the primaries remain open
problems; and so is the Robe’s R3BP when the masses of the bodies in the configuration vary

with time. Some studies of the R3BP when the masses do not change with time that could solve
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problems in celestial mechanics have also remained open. Hence, the problem in this thesis is to
study the Restricted problems of three-bodies taking into account shapes of the bodies, small

change in the Coriolis and centrifugal forces, circumbinary disc and radiation pressure force,

1. when masses of the primaries vary isotropically in accordance with the unified
Mestschersky law (UML) (1952) and their motion described by the Gylden-Mestschersky
problem (GMP) (Gylden, 1884; Mestschersky, 1902) using the model of the general

R3BP.

2. when isotropic mass variations of the primaries and non-isotropic mass variations of the

three bodies occur, using the set up of the Robe’s (1977) CR3BP.

3. when the masses of the participating bodies are kept constant using the formulation of the

general R3BP

1.4 Significance/ Justification of the Study

The study of the R3BP is of great theoretical, practical, historical and educational relevance,
and in its many variant, has been useful in several scientific fields, including among others;
celestial mechanics, galactic dynamics, chaos theory and molecular physics (Szebehely 1967a).
The R3BP is still a stimulating and active research field that has been receiving attention of
scientists and astronomers because, solar system dynamics, lunar theory, motion of space crafts
and satellites, stellar dynamics and planetary theories in celestial mechanics are built on it. The

Robe’s problem (Robe 1977) has been useful in discussing the stability of the Earth’s core.



In this thesis, we examine the motion of the third body around the equilibrium points of the
R3BP and the Robe’s R3BP when the masses of the participating bodies vary with time and
when they are kept constant under additional imposed forces of radiation, shapes, disc mass and

deflections of the primaries on circular orbits.
1. The study compares and contrast the restricted problems (R3BP and RR3BP) when the
masses are constant with when the masses change with time. It clarifies which of these two

problems generalize the other.

2. The study is useful in various astronomical problems in which it is necessary to allow for the
time dependences of the masses of celestial bodies in the course of evolution.
3. It predicts the long time stability of the Earth’s core which is a key factor for
habitation on the Earth.
4. It is useful in describing the motion of a submarine in an ocean under the Earth’s and

Moon’s attraction.

5. The thesis finds its applications in the study of the long-term motion of satellites, gyrostat
and planets in binary systems. These bodies are taken to be test particles moving in the field

of circular binary system.
1.5 Aim and Objectives of the Study

The aim of the thesis is to investigate the existence and stability of equilibrium points, and
periodic orbits of the restricted problems of three bodies using the models of the CR3BP and the
Robe’s CR3BP taking into account the forces due to disc of dust around the primaries, radiation
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pressure, slight deflections, shapes (oblateness and triaxiality); when the masses in the

configurations vary with time and when they are constant.
The objectives of the study are
1. Derivations of the equations of motion for the formulated restricted problems.

2. Investigation of the equilibrium points (EPs) of the problem with numerical applications

to realistic models (Stellar or solar systems).

3. Determination of the stability of EPs for all the stated problems.

4. Investigation of the periodic orbits around stable triangular EPs.

1.6 Thesis Organization

This thesis has been written in SIX chapters and is organized as follows: Chapter ONE gives
the introduction of the work. Here, the historical background, the statement of the problem; the
justification and significance, and, the aim and objectives of the study form the gateway to the
dissertation. The theoretical framework and preliminary studies of the thesis have been given in
sections 1.7 and 1.8, respectively. The various characterizations of the participating bodies,
binary and trinary systems, and some definitions are discussed under section 1.7, while the
CR3BP, the Robe’s R3BP, equation of motion of two-body with variable masses, the GMP and
its consequence; equations of motion of the R3BP with isotropic mass flow of the primaries, and
those of the restricted problem of three bodies with non-isotropic mass flow, are reviewed in
section 1.8. The stability of dynamical systems and the relationship between the “old” and “new”

time are also contained in this section.



Chapter TWO is a detailed review of literature. The literature dates back to the emergence of the
study of the three-body problem up to recent works in the R3BP. The literature is reviewed based
on the characterizations of the general R3BP. We merge studies that considered the masses as
constant in section 2.1, while those studies which took into account mass variations of one, two
or all bodies are discussed in section 2.2. Sections 2.3 and 2.4 comprehensively capture literature

on related works of the Robe’s problem and periodic orbits, respectively.

In chapter THREE, the restricted problems of three-bodies with variable masses using the model
of the R3BP and the Robe’s R3BP are dealt with. The chapter encapsulates different
characterizations of the primaries which are radiation pressure forces, oblateness, perturbations
in the Coriolis and centrifugal forces and the inclusion of a circumbinary disc surrounding the
primaries. These characterizations under the study of mass variations of the primaries are
examined in different sections of this chapter based on the astrophysical model each addresses.
Hence, this chapter has been divided into nine sections. The first section is the introduction of
the chapter. In section 3.2, we study the effects of small perturbations in the Coriolis and
centrifugal forces when the first primary is an oblate spheroid and the second one is a radiation
emitter. This section is further divided into four subsections; the first subsection 3.2.1 describes
the equations of motion of the third body while the next one deals with the locations of the
equilibrium points of the problem. Subsections 3.2.3 and 3.2.4 capture the linear stability

analysis of the equilibrium points and the discussion, respectively.

In section 3.3, we look at the case when both primaries are oblate spheroids and are radiating
under the influence of small perturbations in the Coriolis and centrifugal forces coupled with

mass variations of the primaries. This section is also divided into four subsections; each of which



discuss the equations of motion, locations of the equilibrium points, linear stability of the
equilibrium points, and the discussion, respectively. Section 3.4 examines the restricted problem
with variable masses of the primaries when there is a disc present. Here, the study is restricted to
the investigations of the existence and stability of the out-of-plane EPs. The section is divided
into four parts. The first captures the equations of motion; the second has to do with the existence
of the out-of-plane EPs while the third and last dealt with the stability of the EPs and the
discussion, respectively. Section 3.5 focus on the study of the periodic orbits around triangular
EPs of the R3BP with variable masses. Here, we study the combined effects of mass variations,
oblateness, radiation and perturbations on the periodic orbits around the triangular EPs.

A different description of the R3BP in which the third body is located inside the first primary
has had major breakthrough ever since its formulation. In the remaining sections of chapter
THREE, we study the Robe (1977) R3BP problem under mass variations of the bodies. Section
3.6 is devoted to the restricted problem when the rigid spherical shell which is the first primary
is empty and the masses of the primaries vary isotropically in obedience to the UML while their
motion is governed by the GMP. In section 3.7, we extend the problem in section 3.6 by
introducing small perturbations in the Coriolis and centrifugal forces. The last problem of this
chapter is dealt with in section 3.8. This problem has the same configurations as the previous
ones, but here all the masses of the participating bodies are subject to variations and the first
primary is assumed to be a fluid with no rigid spherical shell. The sections aforementioned are
divided into four subsections. Each of these subsections examine the equations of motion of the
problem, the locations of the EPs, the linear stability of the EPs, respectively. We draw the

conclusion of the chapter in section 3.9.
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In chapter FOUR of the thesis, we investigate the R3BP when the masses of the participating
bodies do not vary with time during the mechanical motion, under the assumptions that includes
radiation pressure forces, oblateness, triaxiality, perturbations in the Coriolis and centrifugal
forces and discs. In this terrain, we classify the problems in three categories, each of which is
studied in five sections, respectively. Section 4.1 is the introduction of the chapter while section
4.2 captures the dynamical system when the first primary is a radiation emitter, the second
primary and third body both have the shape of an oblate spheroid and both primaries are
surrounded by a dust of disc. This section is divided into five subsections. The first four
subsections deal with derivations of the equations of motion, locations of the EPs, the linear
stability of the EPs and the periodic orbits in the range of linearly stable triangular EPs,
respectively, while the last subsection is the discussion of the results. Section 4.3 has the same
pattern as section 4.2, with the difference that here, the first primary is a triaxial rigid body while
the second one is an oblate spheroid and the third body is a sphere. Small deflections in the
Coriolis and centrifugal forces have been considered to be effective in the presence of disc. We
however restrict ourselves to the study of the triangular EPs and apply our results in particular to
a binary system which consists of a post AGB (Asymptotic Giant Branch star) and a white
dwarf. Investigation of the periodic orbits and the stability of the orbits using the Poincare

Surfaces of Sections (PSS) sum up this section.

The last problem of this chapter studies the restricted problem with three oblate bodies when the
primaries are radiation emitters under the influence of small perturbations in the Coriolis and
centrifugal forces together with the effect of the gravitational potential from the disc mass. This
problem is a generalized study of the R3BP with constant masses and is discussed in section 4.4.

The section is divided into four subsections, each of which highlights the equations of motion,
11



the positions of the EPs, their stability and the periodic orbits, respectively. The chapter is

concluded in section 4.5.

The results and discussion of our study is given in chapter FIVE, while the summary, conclusion
and recommendations which gives directions for future research works are proposed and the

contributions of the thesis to knowledge, are stated in chapter SIX.

1.7 Theoretical Framework

This section captures the theoretical framework upon which the derivations and findings of this
research work is built. In the derivations and study of the classical R3BP, some factors and
features that may affect the dynamics of the third body were not taken into consideration. Some

of these are discussed in this section.

1.7.1 Radiation pressure

It is a well known fact that when one or both the primaries are a source of radiation, the
classical restricted three-body problem fails to adequately discuss the motion of the third body.
This problem, according to Radzievskii (1950) is called the photogravitational problem, which
he applied to the Sun-Planet-Particle and Galaxy Kernel-Sun-Particle. Later, Radzievskii (1953)

gave a comprehensive treatment of the problem in his work and showed that the inclusion of

radiation resulted in the existence of two additional EPs, (coplanar points) denoted by L and L, .

Radiation pressure act as an orbital perturbations and affects the orbits and trajectories of small
bodies, all spacecrafts and all natural bodies (comets, asteroids, dust grains, gas molecules) and
can cause dust grains to either leave the Solar system or spiral into the Sun. Also, in Solar

sailing, an experimental method of spacecraft propulsion, uses radiation pressure from the Sun as
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a motive force. The idea of interplanetary travel by light was mentioned by Jules Verne in From
the Earth to the Moon. Further, in cosmic formation, radiation pressure has had a major effect
on the development of the cosmos, from the birth of the universe to ongoing formation of stars

and shaping of clouds of dust and gases on a wide range of scales (Fig 1.1).

Figure 1.1 The Pillars of Creation clouds shaped by radiation pressure and stellar winds (Credit: NASA)

Also, if the effects of the Sun’s radiation pressure on the spacecraft of the Viking program had
been ignored, the spacecraft would have missed Mars orbit by 15,000 kilometers (Eugene

Hecht).

Because of the many importance of radiation pressure, several researchers have included
radiation pressure force of either one or both primaries in the study of the R3BP. They include
among others, Chernikov (1970), Bhatnagar and Chawla (1979), Singh and Ishwar (1999),
AbdulRaheem and Singh (2006, 2008), Singh and Leke (2010), and Singh and Haruna (2014a,

2014b).
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Now, the radiation factor g of a body with mass M is determined by the value of a resultant

force F due to the gravitational force F; and the radiation pressure force F, acting on third

body:
F
F=F,-F,=F, (1——"] =gF, (1.2)
FQ
where ng—GM—Zn<0, I:,)=EA2
r r

Here, G is the universal gravity constant, A is the transverse section area of the third body and E

is the intensity of radiation.

From equation (1.2), g may be written in the form

F
q:l——3:1+—E<
F GM

9

A (1.3)
m

In this thesis, we use ¢, i=1,2 to denote the radiation factors of the first and second primary,

respectively, and these are given by

F=F1-q (1.4)
where 0<1-q, <<1

The inclusion of the light/radiation factors in the model of the classical restricted three-body

problem vyields the photogravitational restricted problem of three bodies. In stellar systems
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numerous examples are available where a body is moving under the gravitational field of two

radiating bodies.

1.7.2. Small perturbations in Coriolis and centrifugal forces

In the formulation of the classical R3BP, the third body of infinitesimal mass is considered to
move, only under the mutual gravitational force of the primaries, but in practice, Coriolis and
centrifugal forces are effective and small perturbations affect these forces. Examples include:
small deviation of disc stars on circular orbits and motion of a close artificial satellite of the
Earth perturbed by the atmospheric friction and the oblateness of the Earth. Hence, it is
reasonable and justifiable to include these forces in the study of the R3BP. Several interesting
studies when Coriolis and centrifugal forces are slightly perturbed have been carried out by
Szebehely (1967b), Bhatnagar and Hallan (1978), Singh and Ishwar (1984, 1985), AbdulRaheem

and Singh (2006, 2008), Singh and Begha (2011a, 2011b) and Singh and Haruna (2014a, 2014b).

1.7.3. Shapes of the bodies

The formulation of the classical R3BP considered all the bodies to be strictly spherical. But in
actual sense, most celestial bodies are not perfect spheres. Some have the shape of an oblate
spheroid while some are triaxial in nature. For example, the Earth, Jupiter, Saturn and stars
(Archerner, Antares and Altair) have the shape of an oblate spheroid (Fig 1.2) while the Moon
and several Post Asymptotic Giant Branch stars (Post AGB), Haumea, (a scalene dwarf planet,
Fig 1.3) are triaxial in shape. The rotation of a star produces an equatorial bulge due to
centrifugal force; as a result, the stars are often oblate in shape. Neutron stars and black dwarfs
which is a result of the cooling of white dwarfs are also oblate due to their rapid spinning after

formation.
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Fig 1.3: Artist's conception of Haumea, a triaxial dwarf planet, with its two moons (Credit:
NASA, ESA)

An oblate spheroid is a rotationally symmetric ellipsoid having polar axis shorter than the
diameter of the equatorial axis. Oblate spheroids are contracted along a line whereas prolate

spheroids are elongated like a rugby ball.

The equation of a standard axis-aligned ellipsoid body in an xyz-Cartesian coordinate system is
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X° y® oz
2ttt

7 T

Q
(@]

16


http://en.wikipedia.org/wiki/Cartesian_coordinate_system

where a and b are the equatorial radii (along the x and y axes) and c is the polar radius (along the
z-axis), all of which are fixed positive real numbers determining the shape of the ellipsoid. If all

three radii are equal, the solid body is a sphere; if two radii are equal, the ellipsoid is a spheroid;

when the radii are not equal, the body is a triaxial shaped type. The points a,0,0 , 0,b,0 and

0,0,c lie on the surface and the line segments from the origin to these points are called the

semi-principal axes. These correspond to the semi-major axis and semi-minor axis of the
appropriate ellipses. Scalene ellipsoids are frequently called "triaxial ellipsoids", the implication
being that all three axes need to be specified to define the shape. Figure 1.4 below shows the
assignment of the semi-axes on a spheroid. It is an oblate spheroid when c<aand prolate

ifc>a

Fig 1.4: A spheroid showing the role of the semi-axes on the shape

The lack of sphericity of the planets causes large perturbations from a two-body orbit.

Interesting results of studies that have included the oblateness and/or triaxiality of one, two or all
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the participating bodies in the R3BP have been produced up to date. Among them are, SubbaRao
and Sharma (1975), Sharma (1987), Singh and Ishwar (1999), Khanna and Bhatnagar (1999),
Sharma et al. (2001), Douskos and Markellos (2006), AbdulRaheem and Singh (2006, 2008),
Singh (2009), Singh and Begha (2011a, 2011b), Singh and Laraba (2012), Abouelmagd and ElI-

Shaboury (2012), Singh and Taura (2013) and, Singh and Haruna (2014a, 2014b).

1.7.4 Discs

Some studies of our planetary systems have revealed some discs of dust particles, which are
regarded as young analogues of the Kuiper Belt in our Solar system. These discs play important
roles in the origin of planets’ orbital elements. Since the belt of planetesimals often exists within
a planetary system and provides the possible mechanism for orbital circularization, it is
important to understand the solutions of dynamical systems which show planet-belt interactions.
In stellar systems, this phenomenon is also valid. Out of an observed 69 A3-F8 main sequence
binary star systems, nearly 60 percent showed dust discs surrounding binary stars. Greaves et al.
(1998) found a dust ring around a nearby star, e Eridani. Olivier et al. (2001) studied dust
enshrouded AGB stars in the solar neighborhood. Van Winckel et al. (2009, 2012) examined
Post-AGB stars with hot circumstellar dust and an extremely depleted pulsating binary post-
AGB star IRAS 11472-0800, while Zhao-Geisler, et al. (2012) studied dust and molecular shells

in asymptotic giant branch stars

Circumbinary discs that may indicate processes of planet formation have been found around
several stars, and are in fact common around binaries with separations less than 3 AU (Trilling et
al. 2007). One notable example is in the HD 98800 system, which comprises two pairs of binary
stars separated by around 34 AU (Fig 1.5). The binary subsystem HD 98800 B, which consists of
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two stars of 0.70 and 0.58 solar masses in a highly eccentric orbit with semimajor axis 0.983 AU,
is surrounded by a complex dust disc that is being warped by the gravitational effects of the
mutually-inclined and eccentric stellar orbits (Akeson et al. 2007; Verrier and Evans 2008). The
other binary subsystem, HD 98800 A, is not associated with significant amounts of dust (Prato et

al. 2001).

The importance of the problem in astronomy has been addressed by Jiang and Yeh (2004, 2006),
where it was shown that the presence of disc resulted in additional equilibrium points of the
system. Other works that took into account the gravitational potential from the belt/disc under
different assumptions include Kushvah (2008a), Kishor and Kushvah (2013), Singh and Taura

(2013) and Jiang and Yeh (2014).

Fig 1.5: An artist's impression of the binary star system HD 98800 B surrounded by a disc.
(Credit: NASA Spitzer Telescope)
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1.7.5. Mass variations

The classical R3BP assumes that the masses of celestial bodies are constant. However, the
phenomenon of isotropic radiation or absorption in stars led scientists to formulate the restricted
problem of three bodies with variable mass. During evolution, the masses of celestial bodies
change, especially in a double star system were masses change rather intensively. The problem
of the motion of astronomical objects with variable mass has many interesting applications in
stellar, galactic, and planetary dynamics. As an example, we could mention motion of a satellite
around a radiating star surrounded by a cloud and varying its mass due to particles of the cloud,
and comets loosing part or all of their mass as a result of roaming around the Sun (or other stars)
due to their interaction with the solar wind which blows off particles from their surfaces.

An interesting example of mass loss is the real physical scenario of those transiting exoplanets

(Fig 1.6) whose atmospheres are escaping because of the severe levels of energetic radiations,

coming from their very close parent stars, hitting them.

Fig 1.6: An artistic impression of mass loss of an extrasolar planet HD 209458b (Credit:

European Astronomical observatory)
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This image shows a dramatic scorched extrasolar planet HD 209458Db in its orbit around a yellow
Sun-like star. The image shows the atmosphere of HD 209458b (shown in blue) evaporating off
into space. Much of this planet may eventually disappear, leaving only the core, because the

amount of hydrogen gas escaping from it is estimated to be at least 10,000 tonnes per second.

Also, modern concepts of the change in the distance between the Earth and the Moon, and the
change in their masses due to, out-gassing, impact of meteorites, asteroids, comets and space
dust lead to the necessity of investigating dynamics problem in the Earth-Moon system under
these conditions. It is believed that the Earth gains 100,000 kilograms of mass each year from
space, one million kilograms of mass every day due to in falling meteors. However, the Earth’s
mass change appears to be exceedingly tiny, and seemingly, not nearly enough to change the
dynamics in any significant way.

Due to the inclusion of mass variations, Bekov (1988) found additional equilibrium points when

the masses of the primaries vary with time and called them coplanar equilibrium points.

Hence, one could consider the formulation of the R3BP with variable mass as follows viz.

I When masses of both primaries vary with time and the mass of the third body is kept

constant (Gelf’gat 1973; Bekov 1988; Luk’yanov 1990 and Singh and Leke 2010).

ii. When the mass of the third body is assumed to vary with time and the masses of the
primaries is kept constant (Singh and Ishwar 1984, 1985; El-Shaboury 1988; Zhang et

al. 2012).

iii.  When the three masses vary with time (Bekov 1987, Bekov et al. 2005; Letelier and Da

Silva 2011).
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1.7.6 Binary and trinary systems

In some segments of this dissertation, where shapes, luminosity, circumbinary disc and mass
variations shall be the problem parameters considered. We shall apply this to binary and trinary
systems; which includes among others, neutron star-white dwarf systems; Post AGB binaries;

Fomalhaut; Kepler 16; PSR B1620-26.

The binary system PSR B1620-26 in the constellation of Scorpius is surrounded by a disc and,

composed of a pulsar PSR B1620-26 A with mass 1.35M g and a white dwarf star WD B1620-26
having mass0.34M g and host an extrasolar plant; while Kepler-16, is a binary system in the
constellation Cygnus. The system consists of a primary Kepler-16A and a companion Kepler-
16B. The primary has a mass of 0.6897 € 0.0035 B/I® and the secondary’s mass
is0.20255 € 0.00065 B/IQ. Kepler-16A is a K-type main sequence star, while B is M-type red

dwarf. The binary host a planet Kepler-16b whose mass is too small compared to the masses of

the host stars.
Binary system

Two stars bound by their mutual gravitational attraction in a permanent (or long-term)
association constitute a binary system. The nature of the stellar universe is hierarchical. Some
stars are single, in binary pairs, in multiple systems, and others still exist in clusters. On large
scales, roughly 10° light-years, astronomical objects congregate into galaxies in space. In fact,
most stars exist in binary systems. The Sun, with its collection of planets, is an exception. Stars

in binaries revolve around their common center of mass (which itself moves through space).
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Examples of binary systems include among many, Sirius, Achird, Luyten 726-8, Kruger 60,

Alpha Centauri AB, Xi Bootis and Gamma Leporis, e.t.c.

Circumbinary planet (Trinary system)

A circumbinary planet is a planet that orbits two stars instead of one. Because of the short orbits
of some binary stars, the only way for planets to form is by forming outside the orbit of the two
stars. The first confirmed circumbinary extrasolar planet was found orbiting the system PSR
B1620-26, which contains a millisecond pulsar and a white dwarf and is located in the globular
cluster M4. The existence of the third body was first reported in 1993, and was suggested to be a
planet based on 5 years of observational data. In 2003 the planet was characterized as being 2.5

times the mass of Jupiter in a low eccentricity orbit with a semimajor axis of 23 AU.

Kepler-16

Kepler-16 is a binary star system in the constellation of Cygnus that was targeted by the Kepler
spacecraft. Both stars are smaller than the Sun; the primary, Kepler-16A, is a K-type main-
sequence star and the secondary, Kepler-16B, is an M-type red dwarf (Fig 1.7). They are
separated by 0.22 AU, and complete an orbit around a common center of mass every 41 days.
The system is host to one known extrasolar planet in circumbinary orbit: the Saturn-sized
Kepler-16b. Kepler-16b is a gas giant that orbits the two stars in the Kepler-16 system. The
planet is a third of Jupiter's mass and slightly smaller than Saturn at 0.7538 Jupiter radii, but is

denser. Kepler-16b completes a nearly circular orbit every 228.776 days.
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Fig. 1.7: An artist’s rendering of the Kepler-16 system, showing the binary star being orbited by
Kepler-16b (Credit: NASA/JPL-Caltech)

Table 1.1 below shows the list of confirmed circumbinary systems and the orbiting-planets
(Orosz et al. 2012) and Qian et al. 2012). The mass, semi-major axis, the orbital period and the
year of discovery, of the systems are also shown in the table. For more details on the listed

circumbinary planets, see Orosz et al. (2012), Qian et al. (2012).

HW Virginis is an eclipsing binary system comprising a subdwarf B star and a red dwarf. It
was announced in 2008 that this binary host a planetary system. In September 2011, astronomers
announced the first partial-eclipse-based discovery of a circumbinary planet. The planet called
Kepler-16b. All Kepler circumbinary planets are either close to or actually in the habitable zone.
None of them are terrestrial planets, but large moons of such planets could be habitable. Because
of the stellar binarity, the insolation received by the planet will likely be time-varying in a way,

quite unlike the regular sunlight Earth receives.
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Table 1.1: List of circumbinary planets

Star system Planet Mass (M;) Semimajor axis AU)  Orbital period (y) Discovered
PSR B1620-26 PSR B1620-26b 2.5 23 100 2003
DP Leonis DP Leonisb 6.28 + 0.58 8.6 23.8 2009
NN Serpentis NN Serpentisc 6.91 +0.54 5.38 +0.20 15.50 + 0.45 2010
NN Serpentis NN Serpentisd 2.28+£0.38 3.39+0.10 7.75+0.35 2010
DT Virginis DT Virginisc 85+25 1168 33081 2010
Kepler-16 Kepler-16b 0.333+0.016 0.7048 + 0.0011 0.6266 + 0.0001 2011
NY Virginis NY Virginisb 23%0.3 3.3 7.9 2011
RR Caeli RR Caelib 42+04 53+0.6 11.9 2012
Kepler-34 Kepler-34b 0.220 + 0.0011 1.0896 + 0.0009 0.7908 + 0.0002 2012
Kepler-35 Kepler-35b 0.127 + 0.02 0.603 + 0.001 0.3600 + 0.1 2012
Kepler-38 Kepler-38b <0.38 0.4644 + 0.0082 0.289 2012
Kepler-47 Kepler-47b Unknown 0.2956 + 0.0047 0.136 2012
Kepler-47 Kepler-47c Unknown 0.989 + 0.016 0.83 2012
Kepler 64 PH1 0.11+0.3 0.634 £ 0.011 0.379 2012
ROXs 42B ROXs 42Bb 10+4 140 2013
FW Tauri FW Tauri b 10+4 330 2013
Kepler-413 Kepler-413b 0.21 0.3553 0.181 2014

1.7.7. Relational definitions

(a)Triaxial Rigid Body: A rigid body which had got three mutually perpendicular symmetrical

axes is called triaxial rigid body, such as ellipsoid.

(b) Oblateness: The degree of flattening of a celestial object, such as a planet, from a true

spherical form, largely as a result of rotation is called the oblateness of the celestial object. It is
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numerically equal to the difference between the equatorial and polar diameters of the object

divided by the equatorial diameter.

(c) Primaries: If an infinitesimal mass is moving under the gravitational field of finite masses,

then the finite masses are called the primaries.

(d) Sidereal Co-Ordinates: The co-ordinates with respect to an inertial frame are called sidereal

co-ordinates.

(e) Synodic Co-Ordinates: The co-ordinates with respect to a rotating frame are called synodic

co-ordinates.

(F) Periodic: A dynamical system is periodic if the same configuration is repeated at regular

intervals of time.
1.8 Preliminary ldeas

In this section, we discuss some preliminary facts upon which some of our derivations and

findings are based on.

1.8.1 The two-body problem and the integral of area

The 2BP is the starting point for nearly all reference books in the field of astrodynamics. The
basic problem describes the motion of two point-masses in mutual gravitational attraction.
Newton’s law of gravitation in equation 1.1 leads to closed form solutions to the motions of the
bodies with respect to the center of mass. These solutions can be used to analyze orbital

properties without the need for cumbersome numerical propagation.
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When the formula for gravitation force is applied to the two bodies, the equation relating each

body’s position with respect to the center of mass of the system may be written:

dv ur
dt rer (1.5)

whereV is the velocity, u is the product of the gravitational constant and the sum of the masses.

To obtain the integral of area, we take cross product of equation (1.5) with the vector r, to get

LA
dt rs
But Fxr=0,
And so we have
dv
rx—=0 1.6
dt (1.6)
Also, d rxv zng+l’xd—v
dt dt dt

E rxv =£><V 1.7
dt dt
But ‘;—::v and sincevxv =0,

Equation (1.7) becomes
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E—FxV =0
dt

Integrating (1.8), we have

rxv=C

(1.8)

(1.9)

where C is a constant vector called the integral of area, so Fxv is a constant vector and that C

is perpendicular to both rand v, which in turns means that C is perpendicular to the plane of

motion. If in polar coordinates r and & are taken in this plane, then the velocity component

along and perpendicular to the radius vector joining mass m,and m,are r andré, so that

V=ri +réj

(1.10)

Here, 7 and ] are unit vectors along and perpendicular to the radius vector, hence by equations

(1.9) and (1.10), we have

rx ri+rdj =C .
Taking product, yields

r26k =C
The constant vector C can be expressed as

C=Ck

whereK is a unit vector perpendicular to the plane of the orbit.

Equation (1.11) now takes the form
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r20=C (1.13)

Equation (1.13) is the area integral of the system, @ is the angular velocity of revolution of the

bodies of masses m,andm,, and C is the constant of integration

1.8.2 Circular restricted three-body problem

The general 3BP involves three particles of arbitrary masses moving freely under mutual
gravitational attraction while, the R3BP describes the motion of an infinitesimal mass moving
under the gravitational effects of the two finite masses, called primaries, which move in circular
orbits around their common center of mass on account of their mutual attraction and the third
body having infinitesimal mass not influencing the motion of the primaries. The motion of the
two primaries is governed by the equation of motion of the 2BP with constant masses. The third
body even though regarded as having mass infinitesimally small, gives rise to the appearance of
chaotic motion and introduces an enormous amount of complexity to the dynamics of the system.

We shall throughout this dissertation refer to this body as the third body of infinitesimal mass.

The primaries move in circular orbits irrespective of the third body, while the third body moves
under the sole influence of the two primaries. This simplified model is termed as the circular

restricted three body problem. Thus the model of the so-called CR3BP is the following

% Two bodies P,and P, having masses m, =0andm, =0, respectively, and m, >m, move
on circular orbits
¢ A third body of infinitesimal mass m, moves in the same plane as the primaries.

Thus, the restricted problem of three bodies is to determine the motion of the third body under

the influence of the primaries.
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The diagram of the CR3BP is shown in the Fig 1.8 with the first primary shown on the left. An

inertial coordinate system £&,7,4 and a rotating coordinate system x,y,z are placed with

their centers at the center of mass of the two primaries.

Fig. 1.8: The circular restricted three-body problem

The rotating coordinate system rotates with the angular velocity of the primaries so that it’s

x—axis always points from P, toP,. The various quantities used in the CR3BP are typically non-
dimensionalized so that the mass of the smaller primary is defined to be x with the mass of the
larger primary given byl— . The distance from the origin to P, and P, are respectively u
and1l- . The non-dimensional time corresponds to the angular distance traveled by the

primaries.

The equations of motion of the CR3BP in the barycentric rotating coordinate system Oxyz,
under the gravitational effect of the first and second primary having masses m,andm,,

respectively, have the form:
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X—2y=0Q,

yrax=Q, (1.14)

1-u_ u

where Q:l X2 +y? o+
2 r r,

2 2 2 2 2 2 m,
= X—pu +y , 0= X-pu+l +y°, u=
III1+“|2

randr,are distances of the third body from the primariesmand m, positioned
at 1,0,0 and 1-4,0,0 , respectively; ue (O,%] is the mass ratio of the system. The dots denote

derivatives w.r.t. timet and subscripts signify partial derivatives.

Equations (1.14) give the equations of motion of the classical R3BP and depend on the mass
parameter only. The solutions of this type of problem have been developed over the centuries;
from Lagrange (1772), Szebehely (1967a) and to others. There exist five specific solutions called
the equilibrium, libration or Lagrangian points. If the third body is placed at any of these points
with zero velocity in the coordinate system rotating with the primaries, it will remain at that
point in the rotating system. Three of these points, called the collinear equilibrium points, found

by Euler (1767) are located along the line joining the primaries and denoted by L,, L,, L, while

the other two solutions found by Lagrange (1772) form equilateral triangles with the primaries,
one ahead and one behind as they revolve; are called triangular equilibrium points and denoted
byL,,L.. Unlike the collinear points, the triangular points can be stable (Szebehely 1967a;

Bhatnagar and Hallan 1978; Singh and Ishwar 1999; Sharma et al. 2001; AbdulRaheem and

Singh 2006; Kushvah 2008a, 2008b; Singh and Leke 2010; Singh and Begha 2011a; and Singh
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and Haruna 2014a) in that a slight displacement of the particle away from the points will not
produce unbounded motion but rather an oscillation (libration) about the points. There are

asteroids, known as the Trojans, librating about both triangular points in the Sun-Jupiter system.

__Moon
.,

Fig. 1.9: The five Lagrangian points in CR3BP (Sun-Earth —Moon system)

Figure 1.9 illustrates the locations of the collinear L, ,,and triangular L, equilibrium points in
the Sun-Earth-Moon system. The first collinear point L, is located between the two primaries,
the second collinear point L, lies to the right of the smaller primary, while the third collinear

libration point L, is located left of the bigger primary.

1.8.3. Robe’s restricted three-body problem

This restricted problem is a different kind of the R3BP and was formulated by Robe (1977). The
problem is modeled in such a way that the first primary is a rigid spherical shell filled with
homogenous, incompressible fluid of density d, ; the second primary is a mass point outside the

shell and moving around the first primary, while the third mass is a small sphere of density
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d,moving inside the shell and is subject to the attraction of the second primary and the buoyancy

force due to the fluid (Fig 1.10). In estimating the buoyancy force, Robe assumed that the

pressure field of the fluid 6, has spherical symmetry around the center of the shell.

[ ]
o
y

Fig 1.10: Set up of the Robe restricted three-body problem
Equations of motion of the Robe’s CR3BP

Let m, be the mass of the first primary which is a rigid spherical shell of massm, filled with a
homogenous incompressible fluid of densityd,. We also let m,be the mass of the primary
outside the shell and m,the mass of the infinitesimal mass having density 6,. We suppose that

R is the radius of the spherem;, M;M, and M,are the center of m,, m, and m,respectively.
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Let the positions vector between the center of the mass of the bodym, and m, bef, and that

between m,andm,; andm, andm,be f,andr,,, respectively; O being the center of mass of the

primaries.

Now, by Newton law of gravitation, the force of attraction on a particle of mass m, due to

another particle of mass m, is given by

= SMmh, (1.15)
7
while the force acting on the mass m, due to m, is
|f2 __ Gmﬂ;nzriz (1.16)
r
12
where G is gravitational constant.
The volume V/ of the fluid of density ¢, inside the first primary is given by
V, = 4—”923 (1.17)
3
Then the mass of the fluid with density 6, becomes
4 3R3
m, =§7Z' N30, (1.18)
Therefore, the mass of the first primary is
=m, 47#3?35
M =M+ 3720 (1.19)
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Using Newton’s second law of motion in equations (1.15) and (1.16), we get

. Gm . Gm
s = 32 f, and Fy =— 3 - I (1.20)
I, Iy
where M, =T3— 0y

f (1.21)

Equation (1.21) gives the relative motion of the mass m, about the spherical shell of massm, .

The forces acting on the third body inside the spherical shell are:

i) The attraction of m,

ii) The gravitational force F,exerted by the fluid

F, - —(gjnGélm3MlM3 (1.22)
iii) The buoyancy force which is given by

- 4 m, ———
Fy :§G7z512?M1M3 (1.23)

3

Let the orbital plane of m,around m, be taken as the XY —plane, and also let the origin of the
coordinate system be at the centre of mass O of the two finite masses. Then the equations of

motion of the infinitesimal mass m,taking into account the forces acting on it is
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o f, - =
m,R = Gm2m3r2—33+ Fo+F;
23

where R = 0M, (Fig. 1.10)

Substituting equations (1.22) and (1.23) and the force of attraction due to the second primary;

simplifying, we get

ﬁ:Gm—g%—wal( —ijmlms (1.24)
Iy 3 0,

Now, the kinetic energy of the infinitesimal mass revolving with mean motion n is given by
T-1n [ Xx—ny “+ y+nx 2+22}
2 3
Expanding it, we get
1 vy L
T= > m, (X2 + Y2 +22) + m,n(xy — yx) +§ myn2(x2 +y?) (1.25)

The total potential energy at m,is given by

v* =—m+%Gm37ré'l (1—%} r, (1.26)

r23 3
Now let p,, p, and p, be the generalized components of momentum then,

oT .
=—=my(X—-ny),
P, P ,(X—ny)
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oT

py:a_y:mS(y+nX)l
p —ﬂ—mz'
z az 3
This implies
>‘<=&+ny, y:&—nx and z'=&
5 m, m,

Substituting system (1.28) in (1.25), we get

1
2m,

T=

(ps +p; +p;)

Now, Hamiltonian H of the system is

1
2m,

H=

(pZ + p; + p7)+n(yp, —xp,) +V~

The Hamiltonian canonical equations are given by

_O0H . oH oH
X=——, y=——, 2=——
op, ap, op,

and p=—", P=—"7, P=—"—

Sothat p,=—(-np,)———
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) =—np, ——— 1.31
p, P, Y (1.31)
) OV

‘ oz

From systems (1.28) and (1.31), we have

o oVv”
m,(X—ny) =np, — ax
oo ov”
m, (¥ +nx) =-np, — Y (1.32)
M7 = oV
0z
Substituting the equations of system (1.27) in those of system (1.32), we have
oVv”
m, (X—ny) =nm,(y +nx) —
5 ( y) 5 (Y ) o
Lo . ov”
ma(§ -+ 1) = =nm (x —ny) ==
., oV’
mz =—
oz
Multiplying throughout bymi, results in the equations
3
5('—2ny=n2x—i v , y+2n>'<:n2y—iav , mzz—iav (1.33)
ms OX m, oy m, oz
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We now choose the unit of mass such that the sum of the masses of the primaries is taken as

. m . . .
unity, thus we takem, =1—-p, m, = u, u= 2 <1. Also, the unit of the distance is taken as
m, +m,

the distance between the primaries and is taken to be unity.

Since the masses m, =1-, and m, = 2 areat x,0,0 and x,,0,0 , then
m, (x,)+m,(x,) =0
So that 1- 1 X +u(%,)=0
Solving, we get
X, =—p and x,= 1-pu (1.34)

Also from Kepler’s third law, we getG =1and n=1.

Now, from the potential (1.26), we have

Ve o m|GM_47Ga(, 45}
°| o, 3 5, )2

i 1
ov* mle[ 1—y—x2+y2+22}2x2 1-pu—x -1
Then, —=-0Gm, 2 . -D, X+u
OX 1-pu—x "+y2+22
ov” m, 1—u—x
or E:_GmS §—DP X+ 1
[1—y—x2+y2+22}2
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*

oV
Similarly, " -Gm, 7D,y

v m?

-Gm -D, z
oz : ) £
[1—y—x +y2+zz}
Substituting for v ’6V and N in system (1.33) and simplifying, we get
ox oy 0z
m, 1—u—
X—2y =X+ e TTHTX s—D, X+u
[ 1-pu—x 2+y2+22}2
J+2x=y+ Moy ~-D,y (1.35)
[ 1-pu—x 2+y2+zzJ2
7= il L --D,z
st
U—X " +y*+z
where D, :ﬂ7r5l 1—i (1.36)
3 0,

These equations are the governing equations of the Robe (1977) CR3BP. This problem was used
by Robe (1977) to study the small oscillation of the Earth’s core. Since then various studies
under different assumptions have been carried out by several researchers e.g., Shrivastava and

Garain (1991); Plastino and Plastino (1995), Hallan and Rana (2001a, 2001b); Hallan and
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Mangang (2007, 2008); and Kaur and Aggarwal (2012), Singh and Sandah (2012), Singh and

Omale (2014), among others.

1.8.4 Equation of motion of two-body with variable masses

In this section, we briefly discuss the problem of two bodies with variable masses which also

includes the Gylden-Mestschersky problem.

By the problem of two bodies with variable masses, by analogy with the classical problem of
two bodies with constant masses, one understands the problem of motion of two primary bodies,

the masses m, and m, of which vary with time under certain laws and between which only the

gravitational force acts. It is usually assumed that the separation of particles from (or their
attachment to) the points take place in accordance with Mestschersky’s hypothesis, i.e., a contact
interaction occurs between the points of variable mass and the separating (or attaching) particles;

it is assumed that the masses of the points vary continuously.

The absolute motion of the points is described by the Mestschersky equation for a point of

variable mass,

F=mv+ v—0 m (1.37)

where F is the sum of all the forces acting on the body and Vv is its velocity, both measured in an
inertial coordinate system. Also, « is the velocity of the center of mass of the absorbed mass
immediately before its union with the body (or of the ejected mass immediately after its

ejection). The over dot denotes derivation with respect to the time variable.
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Gylden represented the relative motion (equation 1.5) of mass m, about mass m, under the action

of mutual gravitational force, as the sum of the masses of these points as varying with time by a

certain law

m+m,=ut (1.38)

and wrote the differential equation of the problem in the form

ut
r3

r+

F=0 (1.39)

Mestschersky showed that the Gylden problem (1.39) is a particular case of the problem of two
bodies with variable mass under the condition that the laws of variation of the two masses are the

same.

There are two special cases of equation (1.37) to be considered. The first one is when the mass is

ejected with the same velocity of the body at any moment v =0 , that is, mass ejection does not

produce reactive forces. This case can be used to study the motion of a body ejecting mass
isotropically (or radiating energy), since the total reactive momentum would be zero.

Ifv =0, then equation (1.18) reduces to the form

F=mv (1.40)

In this case the relative motion of the problem of two bodies with variable masses is described

by the equation

m+m, _

=
I
|

(1.41)
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Equation (1.41) is analogous to the equation (1.5) of the classical problem of two bodies with
constant masses, with the difference that now; the sum of the masses is a certain function of
time. Equality of the velocities of ejected mass and the body at any moment means that isotropic
variation of masses (in Mestschersky term) occurs. Equation (1.41) is rightfully called the

Gylden-Mestschersky problem (GMP).

The second case is when mass variation takes place in the presence of reactive forces. In this
case the particles are at rest in an inertial coordinate system, that is 0 =0and equation (1.37)

becomes
- ) d

This case can be used to study the orbit of a star moving through a static atmosphere, whose
particles attach or detach to the star as it moves.

In this case the relative motion of the problem of two bodies with variable masses exchanging
mass with a static atmosphere surrounding them, is described by the equation

L M +m, T

r3

S b =6 (143)

m,m,
m, +m,

where M =

1.8.5. The Mestschersky transformation and unified Mestschersky law

Mestschersky (1902) showed that the Gylden problem is a particular case of the problem of two
bodies with variable mass under the condition that the laws of variation of the two masses are the
same , while the relative velocities of the particles separating from them (or attaching to them)

equals zero everywhere. He found two laws of variation of the sum of the masses of the points
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m+m,=xyt =——— (1.44)

Ho

Ja + B+ pt?

m+m,=ut = (1.45)

where ,,a,a, fand yare constants.

In the work of Mestschersky (1902), he reduced the GMP through the introduction of new
variables and “time” to the equations of the classical problem of two bodies with constant masses

by a transformation, which was thereafter known as the Mestschersky (1902) transformation and

IS given as

K= RO, y= 7RO, 2= 6RO, <= R¥()

i = AR(), (1=1.2),F = R (1.46)
where Rt =\at?+2pt+y ; &1, rare the new variables and p, is constant.

Later, Mestschersky (1952) came up with a law which considers the masses and their sum to

vary in the same proportion in such a way that

Ho
Rt

Hao Hao
, t =——, t =—= 1.47
Hy R t Hy Rt ( )

ut =

where gt =Gm t ,u, t =Gm, t , pt =gt +u t, woand u,are constants.

The law (1.47) is called the unified Mestschersky (1952) law (UML) and it assures that the

centre of the mass of the system moves inertially.
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1.8.6 Particular solutions of the Gylden-Mestschersky problem.

Welet £t =G m +m, inequation (1.41) to get

Now, differentiation of equation (1.13) with respect to timetand multiplying by1 , yields
r

2r0+r6=0
But acceleration in polar coordinates is given by
V= r—ré? i+ 2r0+rd j
We substitute equation (1.49) in (1.50), to get
V= r—ro* i
Using equation (1.51) in (1.48) yields

r—ro2+ -0
r2

Now from equation (1.13), we have
CZ

w2 O°
6’—r4

Substituting equation (1.53) in (1.52), we get
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(1.48)

(1.49)

(1.50)

(1.51)

(1.52)

(1.53)



S Ao, (1.54)

where C=r29 orr’w=C,

r is the distance between the bodies, & is the angle between the straight line passing through

m,and m, and a certain fixed straight line in the plane of motion. &= t is angular velocity of

revolution of the bodies and C is the constant of area integral.

Now, from the Mestschersky transformation (1.46), we have

r=p,Rt, (1.55)
Differentiating equation (1.55), yields

r=p, ct+f at’>+2pt+y RE
Differentiating again and simplifying, we get

ay - p?

f=p. —— " 1.56
Pr2 R t ( )

From second equation of system (1.54), we have
C?=r‘w? (1.57)

Substituting equation (1.55), (1.56) and (1.57) in the first equation of system (1.54); multiplying

throughout byi and simplifying results in the equation

12
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1

1 1, 2
ot = ay— 2+ 1.58
th[?/ B EJ (1.58)

Now since «, f,7, 14, and p,, are constants, we let
1
2
(ay—ﬁz +i§j = @,,
P12

So that equation (1.58) becomes

Wy
R? t

ot = (1.59)

Again, substituting equation (1.55) and (1.56) in the first equation of system (1.54) and reducing

throughout by R® t , yields

2
P ay -t~ + 48 0 (160
P Pr

Applying equation (1.57) in (1.60), we get

ay - f? —of +22 =0 (1.61)

12
Also, substituting equation (1.54) and (1.59) in equation (1.57), and simplifying, gives
C = plo, (1.62)

Using equation (1.62) in (1.61), we have
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,32—0!}/4-(()5 C :&

(1.63)
Wy Pr2
Ho
But =—,
# Rt
Substituting for z, in equation (1.63) and multiplying both throughout by p3 , yields
B —ay+a; piC
=uppR 1
2
With the help of equations (1.62) and (1.55), we get the equation
2 +w? C2
p A Ry (1.64)
29
Now, if we suppose that
2 2
Yl (1.65)
23
Therefore, we can express equation (1.64) in the form
ru=xC? (1.66)

Equation (1.66) is a particular integral of the Gylden-Mestschersky problem and « is a constant

defined by equation (1.65). When % —ay =0, we get x =1and this corresponds to the case when
the masses are constant. When 2 —ay >0, this means that x>1and when f?—ay <0, this

implies that & <1. Since kappa cannot be zero, the range is such that0 < x <oo.
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1.8.7 Equations of motion of the restricted three-body problem with isotropic
mass variations of the primaries

The investigation of the motion and libration points of the infinitesimal mass in the restricted
problem, under the condition that the motion of the variable-mass main bodies is determined by
the Gylden-Mestschersky problem with isotropic mass variation of the primaries varying in
proportion to each other in accordance with the unified Mestschersky law have been studied by

Gelf’gat (1973), Bekov (1988), Luk’yanov (1989, 1990) and, Singh and Leke (2010).

Let us consider a rotating frame of reference Oxyz , where O is the origin and suppose that m,
and m, are the masses of the primary bodies and m, is the mass of the third body. Let the radius
vector from m, to m, ber,, m, to m, be r, and the distance between the two primaries be r and

let ® be the angular velocity.

Now, the kinetic energy in the rotating frame of reference Oxyz is given by
T= % m, (X% + Y% +2%) + mo(xy — yX) +%m3(x2 +y?)ow’ (1.67)

while the potential energy has the form

t m,t
vzc;m{m1 42 } (1.68)
n P

where r?=(x-x)>+y*+2*, r7=(x-x,)*+y’+2° andG is the gravitational constant.

We letp,, p, and p, be the generalized components of momentum, then

py=My X—wy , p,=M y+oX , p,=m2 (1.69)
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Substituting system (1.69) in (1.67), and simplifying yields

T=o— pitpy+p;

2m,

Now using equations (1.69) in the Hamiltonian H and simplifying, gives

H= pi+ P, +p; +o yp,—xp, +V (1.70)

2m,

The Hamiltonian canonical equations are given by

. OH . oH oH i oH oH oH
X:—1 y:—1 Z:—, pX:__’ y:——, pZ:__
op, op, op, OX oy 0z
Therefore,
oV oV oV
N = — - -, ‘ = - T .Z:—— 1.71
P, I p Y p P (1.71)

Now since the primaries move within the framework of the GMP and their masses vary with

time in accordance with the UML, then p,, p,, p, and the angular velocity » will all be time

dependent. Thus, differentiating system p,, p, and p, with respect to time, respectively, we get

p,=m, X-wy-oy , p, =M, Y+oX+aoX , P, =m7Z (1.72)
From systems (1.71) and (1.72), we have

oV

m, X—a)y—a)y :a)py —&
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., S oV
m, V+oX+aox =-op,——

%y

NV

m,Z =
s 0z

Substituting the equations of system (1.69) in those of system (1.73), gives

o . 2e ) 10V
X=20y =0 X+0y———
m, OX
. ., s 10V
V+20X =0y —-0OX———
m, 0Oy

10V

myZ=—-——

m, 0z

Now, from equation (1.68), we have

oV [ml X=X +m2 X=X, } oV (M+Mj oV
oz

—=0m, . . ,— =Gm, . -
I r I I

OX oy

,—=0Gm,

(1.73)

(1.74)

(B0 7

1 2

On substituting equations (1.75) in the respective equations of system (1.74), we get

Gml(x_ X1) _ sz (X_ Xz)

3 3
I r

XK—2wYy = 0*’X+ Yy —

Gmy Gm,y

Y+ 20X = 0*y — dX —
1 2

_Gmz _Gm,z

3 3
I r

7 =
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Now, we let
Gmy(t) = 4 (1), Gm,(t) = 1, (t)
So that equations (1.76) take the form:

X'—Za)y:a)ZX+a')y—'u1(X_Xl) _ﬂz(x_xz)

3 3
h 2
§+20% = 0ty —aox Y £y
1 2
. L 1
3 3
ron
2 2
where 2= X=X ~+Yy*+2%, r}= X=X, +y*+z°

(1.77)

(1.78)

These equations describe the motion of the third body having infinitesimal mass in the

gravitational field of the primary bodies in the barycentric coordinate system Oxyz , rotating with

an angular velocity o t about the z—axis perpendicular to the plane of motion of the primaries,

while the x —axis always passes through these points with the consideration that both primaries

experience mass variations with time.

Now from the property of the center of mass s at (x,0,0)and g, at(x,,0,0)with the

consideration that the origin is taken as the center of mass, we have

X+ 1%, =0

From rz=(x, —x)*,wehavex, =r+x,.
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Substituting for x,in equation (1.79) and solving, we get

_ X, __ (1.80)
M+ 1, M+

The expressions (1.80) connect the barycentric coordinates x,and X, with the mutual distancer .

The equations of motion (1.78) are non-integrable differential equations with variable
coefficients, the solutions even for particular steady-state solutions —the EPs are difficult to seek
directly from equation (1.78), because these equations contain unknown functions of time.
Hence, we use the MT, the UML, the particular integral and solutions of the GMP to reduce the

system of equations to the type with constant coefficients.

From the MT (1.46), we have
X=ER(t) = x=&(at? +2pt+y):

Differentiating with respect to t and denoting differentiation with respect to r by dashes, we

have

+2Bt+y)%
R?(t)

X= f-%(atz +28t+ )% (2ot +28) + &' (at?

:é 2 % i 2 %
2(oct +2pt+7) .2(at+ﬁ)+R2(t)(at +20t+7%)

_ @+ p)  ERO)
RGO  R(1)
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Lfaep) &
RO RO

_n@+p), ' _glat+p) ¢

Similarly, y R(D) R(t) R(t) R(t)

Now, we find second derivatives of (1.81), so that

X = —g.Z(at +B) (ot + B)(et? + 2Bt +y) 7 +E(at? + 2Bt +y) F e

+(at+ B)(at? + 28t + }/)%'Rzi(rt) —%f’(atz +2Bt+y) 7. 2(at + B)

+R‘C“‘:—(Ilt)(ozt2 +2Bt+7)%.

Hetrpy  af (@ p)E
(at? +2Bt+ )% (at? +2Bt+7)%  (at?+ 2Bt +y)?R2(t)

(et p)s g
(at® +2Bt+7)"  R*(U)(at® +2pt+7)"

Simplifying, we get

g Slay-p) &
RO RO

_nlay=p*) "

Similarly, y R (1) RO’

Lay-p), ¢
R2()  R(t)
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Also, from a particular solutions of the GMP, we have

& =—a,(at® + 2t +y) 2. 2(at + )

20,(at + f)
(at? + 2t + y)?

_2w4(at+ )

= o=
RA(t)

Substituting all the above in system (1.78), we have

R® t Rt R't| Rt Rt R* t R* t

2
S ay-p N i 2, {a’wﬁ 77+ n }_wgé‘Rt _{—20)0 ot+p }UR

o [SRU-GRU] g [ERE-GR |
Rt PRt Rt PR t

or

t

£ 20 at+f ;7_2@077'+§ ay = offRt 20, at+B 1 py -4 R
R t R® t R® t R® t R* t R® t Rt pRt
_ Hy s—& Rt

Rt PRt
- & _20)077'= wié _é: ay—p° _Hao §—& My §-¢&,

Rt Rt Rt R® t PRt PRt
Multiplying throughout by R® t , we get

5”_2@077!:w§§_§ a}/_ﬂZ _ILIJ.O fs_fl _ILtZO §;§2 (182)

o) £
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Mol Mool

Similarly 7" +2w,¢' = win-n ay - p* 3 3
Pr £

" oS Mol
= Py ¢t L
Py P>

Performing same substitution on r”andr,’, we have

PER2 (M) = ER() - &R() * +77R2(1) + £2R2(t)

=R2()(S-&)* +n*R*(1) + £*R2(Y)

Multiplying throughout byRZL(t) , We at once have

pr=(E-&)+n*+¢*
similarly, p3 = (£ ~&,)? +7°+¢?
Also, we have from equations (1.80), that

My PpR(1) X _ MoppR
1y Ny —

Hy Ho

X =

And can be expressed such that

X =&R(), X, = &R(t) (1.83)
where &= _ o Py &= Fo Py, are constants.
0 Hy
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Hence, the system (1.78) of equations of motion with variable coefficients is now reduced to the

autonomous form such that

o0Q 0Q o0Q
”—2(0 I: , ”+20) I:_’ ”=_
g o7 PY; n bS on g

oy E+n® Proay E+nt+SE
= + +@+@
2 2 P P

where Q

pl=(E-&)+n*+C% pl=(£-&) +n*+<7

7
Pos & ="2pp

0 Hy

é:l — —Hyg

Next, we make choice for units of measurements such that at initial timet, . We choose

U, =G

For the unit of time and length, we choose them, respectively, such that
o,=1and p, =1

We now introduce the mass parameter v, expressed as

o _q_p, Ho_ | where O<us%

Hy Ho

Substituting (1.86) in (1.88), we have

=G l-v |, p,y=Gv
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(1.85)

(1.86)

(1.87)

(1.88)
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Now from the particular integral (1.66), we apply equations (1.55) and (1.86) and simplify to get
G=x (1.90)
If these measurements are substituted in equation (1.65), we get
k= p2—ay+1 (1.91)
where « is the constant of integration of the GMP.
Also, from equation (1.62), we getC =1.

Therefore, substituting the units of measurement in equations of system (1.84) and (1.85), we get

the equations of motion of the autonomized system with constant coefficients in the forms

_aQ rr+2é;/:a_Q’ glr:a_Q
o¢

I!_2I__,
$'—2n oc n on

(1.92)

k E+n' k-1¢% kl-v kv
+ +

where, Q=
2 2 P P>

p=JETO2+77+C7, p=J(E o1 +7? + &7

The equations of system (1.92) possess families of particular solutions-the relative
equilibrium states; five of which are analogous to the EPs of the classical R3BP and were
established first by Gelf’gat (1973). Later, Bekov (1988) found two additional EPs located

outside the plane of motion on the £ — plane called coplanar EPs.

The system of equations (1.92) with constant coefficients has seven

EPsL &',n',&" 1=12..7 ; three collinear, two triangular and two coplanar points. For the
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system of equation (1.78) with variable coefficients, these EPs L, i=12,..7 are determined

from the MT (1.46) in the form (Luk’yanov 1989):
x'=E'"Rt,y'=p'Rt,z' =¢'Rt (1.93)

where &' 7 ,p' rand &' 7, i=12,..7 arethe equilibrium points of the system (1.92) of
equations with constant coefficients . Evidently, the equilibrium points of the system with

variable coefficients and those of the autonomized systems differ by the functionR t .

1.8.8 Equations of motion of the restricted problem of three bodies with non-

Isotropic mass variations
Bekov (1987), Bekov et al. (2005), Letelier and Da Silva (2011) have all studied the R3BP when

the masses of the three bodies change with time. We follow the same derivations for the case

when only the primaries vary with the consideration that now, m,also changes with time. From

the generalized components of momentum p, , p,and p, , we have

Px X ) v Py oy 3 v P Py )

Following the procedure in subsection 1.8.7, while we note that the mass of the third body also

varies with time, we get the equations

G e . 10v m |

X—oy=0y+0 y+oX ——-——-— X—-0Y
m, ox m,

G : . 10v m .

y+oX=-oX-0o X-0y ——-——-— y+oX
m, oy m,
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m, 0z m,
Now, sinceaa—V : aa—v andaa—V are same with those in equations 1.75, we at once have
X oy z

M X=Xy X=X, _rﬁ3 X—wy

3 3
r1 r2 m3

X—20Y =0’ X+ oy —

Wy Yy My y+ox
e r23 0m (1.949)
1 2 3

Y+ 20X =0’y — X —

Zz_ﬂly_ﬂ2Y_ m,Z
oornoom,

2 2
where 2= X—X ~+Y?+2%, rf= X=X, +Yy*+122

These equations govern the motion of the restricted problem of three variable mass bodies.

When the mass of the third body is constant, equations (1.94) reduce to those in (1.78).

Now, in order to obtain useful dynamical predictions, we transform x,y,z,t to the

autonomous form &,7,4,7 . Following Bekov et al. (2005), we use the Gelf’gat (1973)

transformation:
3 3 3 dt 5 5
e e e 2l
78 78 L dr (u 28

3 3
A A A 7 L
= /umz_' Hy = Hop ,Ll_, My = My, 2= P [ZO] » =0 (_J (1.95)
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3
mm

rzzpz(&J;y* LR

Hy m, +m,

The particular solutions for the case with variable parameters y,, 1, and m,in the form of the
Eddington-Jeans laws with indicesn=3and n =6 is expressed (Bekov et al. 2005), with the help
of the function:

[e=a,  f=a,uy, My=da,m; (1.96)
wherea, 1=12,3 are constants.
The exponent n=1falls in the stellar range while n=2 and n=3 result, respectively, in the first
and second law of Mestschersky (1893, 1902). Equations (1.96) indicate that the laws of
variation of the three masses are the same.
Also, the dynamical system has the particular solution (Gelf’gat 1973; Bekov et al. 2005):

rum = xC* (1.97)
where x> 0is a constant, and C is a constant of the area integral.

Now, from equations (1.95) and (1.96), we get the following

2 m m 2 ) _ 3 4
St E], oy B gl
0 m, m; iy Ho
m, . m _ Z . _ o
—3X=—3ﬂ3(—3aufﬁ§+&5§} oy =5z, 1y (1.98)
mS m3 :UO ,uo

Taking second derivative X from first equation of (1.98) and using equation (1.97), we substitute

the result and equations of system (1.98) in the first equation of (1.94), to get
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T, 6 ol
&75 +M,7_

P 2 20’077 = K, z-" 2 n—HyX— 3 ,Llf
wl i . i @Y my o Smd, 2L\ My Laom

_ Nl 'S 0 /o) 8 S a8 0’7

/“102 o(lufé: ,Llf 2] (pzﬂfj m3luo( /Jf é: ,Ug J malu* ,ng

: — 3
: LMy &
Since m, = my, £~ and —= =4 e get

Hy m,
o L 6, 1L 5, 1.0, a i o
&75 _2(0077,“* Kwoflu* 1#*20/“11 + 1 o:uln+ 1/ulxlu*20,7_
0 Ho 7 Ho o He Hy

2 2
Y7

_ 3 01 02 $-4& ,Uozxﬂoz $-4,
+a1ﬂkﬂ1 £ He e

9 9

2
Fo s P
Mo Mo
# Ho
,LLZ ,LLZ 7 Mo 9 ¢ & ,Lt,? ﬂoz% £-4, 9
= 28200 5 =Kkopd - X~ 3 X =5
Hy Hy Hy %) Hy Ve Hoy
7 7 2 g
o B o P u* Moty E=& 48 e ﬂozuozfg S2 M
Hy 0 Ho P Ho s P Ho
7 7 _ 7
— 5#&7_260077'#* = K? /J»; Hoy 53 - _7 Hoy 63 & &7
Hy Ho Ho P Ho P> Ho

7

Multiplying throughout byﬂ—g , We get
L

Uy &—& Mo $-4,
L P

&' =200 = ke -

4“0177 ,“0277
pl pz

Similarly, 1"+ 2w,¢' = kaln—

62



P O W
P P>

Hence, we have

oQ oQ oQ
” _ 2&) ’ — , n + 20) ! — ’ ” —
¢ 0!l of n S on ¢ oc

2 g2, 2, #2 9 42
Koy S+ +C oYY LMo M

where  Q &1, = > > PR
1 2

(1.99)

2 ) P P
'012: & +772+§2’ '022: §-¢, +772+§Z’ é:l:—ﬂ_zoplz’ fzziplz,

0

Now, we choose units as done in subsection 1.8.7 and the system of (1.99), gives

” ' aQ " ’ 6(2 " aQ
'=2n'=—7, N'H+2'=—, {"=—
o& on o

~ ~

x €2 +772/+ «-12° N k€-v _ kv

-

2 2 P P2

where Q=

pl=€+v3+n*+¢% pi=€+v-13+n?+¢P

0

(1.100)

The autonomized system of equations (1.100) is same with that (1.92) in the case of the

isotropic mass variations.

Relationship between the old and new time

The system of equations with variable coefficients depends on timet, which we call the old

independent time while the autonomized systems with constant coefficients depend on the new

timer . Next, we establish a relationship connecting them based on Poincare’s representation of

the angular velocityw t .
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By Poincare (1911),

®? t
< (1.101)
27G p(t)
where p t isthe densityand @ t the angular velocity of revolution of the primaries.
From a particular solution of the GMP, knowing thatw t = R?Ot and applying p t zRf—Ot in

equation (1.101), we get

0<% o,6_F0
RY t t

where, o, p, are constants.

Multiplying throughout by R® t , and using the unit of measurement, i.e.w, =1,G=x in the

above, yields

0<%<2m<p0:0<1c<oo, (1.102)

Using the MT, equation (1.102), becomes

dr
0<— <4r?k?p?
at £o

Integrating, we have
O<7< 27Kp, ‘t+A (1.103)
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At initial time, 7 =7,,t =t,, so equation (1.103) becomes
A:%—ngf%

Substituting in (1.103), gives
0<r—%<:2mq52t—%

At initial timet, = 7, = 0, the above expression becomes
O<%<S2

where S = 27xp, and is finite.

Taking limit as t is approaching e, we have

O<limz <S?limt

t—ow t—>w

This implies that O<limz <o

t—w

Therefore, as t is approaching, 7 is also always approaching a finite value.

Now from (1.104), we have

. T
O<lim=—<S%?<w

t—>wo

Equation (1.105) indicates that !im% always approaches a finite value.
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Now, we let this finite value be T, then

limZ=T<s2 (1.106)

t—w t
where I"is non-negative.

1.8.9 Stability of dynamical systems

Stability of dynamical systems is defined in different ways in different context, but the
notion of stability must change depending upon the physical system under consideration.
Generally speaking, the stability of differential equations refers to the global effects of local
perturbations. Lyapunov method introduced in 1899 provides ways of determining the stability
of sets of ordinary differential equations. In order to examine the physical stability of systems we
are frequently required to determine the physical stability of their discrete approximations. The

stability properties of a solution are determined by:

(i)  Eigen values (ii) Bifurcation points (iii) Lyapunov Characteristic Numbers.
The stability of constant coefficients linear system of ordinary differential equation is

completely determined by the Eigen values and Eigen space structure of the coefficient matrix.

Bifurcation theory is the study of changes in the qualitative structure of the flow that is
associated with a system of differential equations, as a result of parameter variations. If the flow
does not change substantively for sufficiently small variations of a given parameter, the
qualitative nature of the system of equations is said to be structurally stable at the given

parameter value. On the other hand, if the system is not structurally stable at this parameter
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value, then the parameter has reached a bifurcation value, and the system of equations has

evolved to a bifurcation point.

The stability of constant coefficients linear systems of ordinary differential equations is
determined completely by the Eigen values of the coefficient matrix. Due to the perturbations
induced the position of the body of infinitesimal mass would be displaced a little from the EP. If
the resultant motion of the infinitesimal is a rapid departure from the vicinity of the point, we can
call such a position of EP an “unstable one”, if however, the body merely oscillates about the EP,

it is said to be a “stable position” (in the sense of Lyapunov).

Stability of non-autonomous solutions is related to the Lyapunov Characteristic Numbers

(LCN) which govern the long-time asymptotic exponential behaviors of solutions.

Variational equations

To examine the linear stability of any of the EPs (Szebehely 1967a), we use a small

displacement method by shifting the coordinates of the third body and linearize the equations of

motion around the EP with coordinates &;,7,,&, . If we suppose thatu,vand w be small
displacement in the position of the EP &,7,,, , respectively, then the third body will be

displacedto & +u, 7,+Vv, {,+wW . Thatis

E=G+U, n=m+V, = +W (1.107)

The force functionQ of the equations of motion is expanded around the EP, using Taylor’s

theorem, to get
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Q &g =Q &+U, ny+V, Go+W

Using (1.107), we have

Q=Q &,1,%, +Q§ G010, So U+Qq So1 0G0 V+Q§ $o1M01So W

1 1
+EQ&5 o110+ o u2+Q§77 S0+ Mo+ o UV+§QW $osM So V2
1
+EQ;;“ $orMlorGo W2+ Q2 &6070, 8o UWHQY, - &5,70, &y VW ... (1.108)
If we differentiate system (1.107), we have
§I — u’ , 77’ :VI , é" — WV’ 5" — u”, 77” — V”’ é’” — W” (1-109)

We know that at any EP

Q. $0:70:G0 =€, S0, G0 =€ &1, G =0
Therefore, the partial derivatives in system (1.108) becomes

Q§:Q§§ Sor M0, So U+Q;,; Sor M0 So V+Q§; S0y Go WD 2 +O 3

QI]:Q@] 50’770’4’0 U+le 50777074’0 V+Q/]§ 50’770’4:0 w+D 2 +O 3

Q =Q. &16:8 U+Q, - &, 776:8 V+HQ. &1, 8 WD 2 +O 3 (1.110)
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where @ 2 and® 3 stands for second and higher order, and third and higher order terms inu,

v and w, respectively. Ignoring them and evaluating the equations of motion using system

(1.109), we have
U =20V =Q.. &1, 80 U+, &070,G0 V+Qu &070,60 W (1.111)

V”+20)ou’:Qz;§ 01701 So U+Qm; o701 S0 v+ So1MosSo W

ng
W’,:Q:f 0170+ So U+ng o1+ So V+Q§§ Eor1: G0 W

The system (1.111) can be written as
U"—20pV' = QL u+ Q) v+ QL w

V20U = QF u+ Q) v+ Q) W (1.112)

nn ng

_ O 0 0
W= Q. u+ Q, v+ Q. w

System (1.112) is called the variational equations of motion or precisely the linear variational
equations of motion. Hereu,vandw are the variations or “small displacements”. Only linear
terms inu, vandw have been taken, the second order partial derivatives of Qare denoted by

subscripts and the superscriptOindicates that the derivatives are to be calculated at the

equilibrium point under investigation.
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Characteristic equation
In order to consider the motion in the £ — plane, we let a solution of the system (1.112), be
u=Aexp Ar , v=Bexp Ar (1.113)
where A,Band A are constants.
Then
u'=AAe* v = ABe*
u”=A%Ae*",v" = 12Be"
Substituting into the first two equations of system (1.112), we immediately have
A*Ae’" —2)w,Be* = Q). Ae*" + Q] Be™
A’Be™ +2Am,Ae* = Q) Ae™ + Q) Be™
Dividing throughout by e** and expressing it in matrix notation, we get
AP-QL - 220,-Q% (A

24w, — 22— (B

sn nn
It has non-trivial solution if

22 -Q°, 24w, +Q°
) sn
=0
0 2 0
240, -Q2, A2
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Expanding the determinant, we get

Ao QL +Q0 —awd A2+0Q%Q0 - Q=0 (1.114)

nn nn én

Equation (1.114) is the characteristic equation corresponding to the variational equations (1.112).
If all the four roots of the characteristic equation are distinct imaginary, the EP is stable

according to the theorem of Lyapunov, otherwise, it is unstable.

In the case of the EPs on the &£ —plane (or xz —plane as the case may be), the study of their
linear stability is same as when motion takes plane in the &7 — plane. The method requires using

the variational equations and computing the partial derivatives.

Now, performing the same routine as done earlier, we suppose that

u=Aexp Ar , v=Bexp Ar ,w=Cexp A7 ,
where A, B,Cand A are constants.

Then, from the variational equations, we get

2 0 0 0
AT=Q,, - 2dw,+Q;, —-Q,,
0 2 0 0 _
ZwOA—Q@ A —Q,m —QM =0
0 0 2 0
_Qg _Q@z A _944

Expanding the determinates, we get
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2 0 2 0 2 0 0 2 0 0 2 0 0 0
200, [/1 — - - Q) }+ 200, + 9, | 220,-QY 2*-Q -Q%LQ), |

én nn

QL[ 220, +0f, O, +02 27 -0, -QLQY, =0

A0l | 220, - 2200 + 0,00 - 0, |+ 240, + 9, [20, ~20,000, - 470,

nm nm

0 0 0 0 0 0 0 0 20 0 0
2,00, —Q 0, ] —Q [_za)o;mén 020 +ATQ, Q0 J =0

e

6 4 0 0 2| ~0 A0 0o 2 40 240 (0 0 0 0 0 0o 2
AT=ATQ +Qp +4 [Qerq: -, }_’1 Qe +2°Q.Q,, -QQ, Q +Q; Q
214 2 _.2~0 3 0 0 0 0 0 3 0 0 0
Hog A" = AV 0 Q, =280, + 240, Q,. Q. —Q . Q,  +21°0,Q;, —220,Q,.Q,,

20 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0o _
—ANQ, +Q, Q.0 —Q,Q.Q, +240,Q,.Q,, -Q, Q.Q, — 1 ég': ) ée‘é }27777 =0

Simplifying, we get

nm nm nm

6 4 A0 0 0 2 20 ~0 0 0 O 0 (O 20 0 2 0o 2
A=A Q. +Q, +Q. —4oy +4 [Q&Q +Q.Q, +Q, Q. —40)Q,. - Q. - Q.

<n nn 7

0o 2 0 0 (0 0 0 0 0 0o 2 0 240 0 2.0
-Q }—QQEQ Q§§—2Q§,]Q§§Q§+Q§§ Q@ + qu Q§§+ Qgg Q,m:O 1.115

This gives characteristic equation when motion takes place in the out-of-the orbital plane of
motion. The stability of the EP depends on the nature of the characteristic roots. A positive root

or a complex root with positive real part of equation (1.115) will induce instability at the EP.

Lyapunov characteristic numbers

Lyapunov Characteristic Numbers (LCN) is based on the concept introduced by A.M
Lyapunov in 1892. The LCN are a generalization of Lyapunov Type Numbers for ordinary
differential equations, and are a tool for discussing the stability of solutions of dynamical
systems as well as its orbits, and are a classical method that allows us to distinguish between

regular and chaotic dynamical states. The LCN is equivalent to Poincare’s characteristic
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exponents when orbits are periodic (including librations). They reveal how infinitesimal
perturbations on a dynamical system will behave over a long period of time. Especially of great
importance is the maximum or largest LCN. The calculations of the LCNs are limited to finding
the maximum LCN. This produces an easily computed value that can be used as a metric to give
qualitative indication of how stability varies over the solutions. The largest LCN is defined as the

limit
1
L[x t ]:!L@EIn‘x t ‘

1. When L > 0, the solution is unstable.

2. When L =0, this prediction horizon means that solution is stable and corresponds to regular

motion in the case of a conservative system of two degrees of freedom.

3. When L <0, the solution is stable.

73



CHAPTER TWO

LITERATURE REVIEW
The R3BP has been treated from many angles by various authors and researchers, some of who
have considered the effect of some parameters relating to the shape and nature of orbits of the
primaries and of the third body. Others have included perturbing forces of Coriolis, centrifugal,
radiation pressure and the effect of the gravitational potential from the disc; while some have
looked at the formulation whereby the motion of the third body is confined inside one of the
primaries. The investigations of the R3BP with mass variations of one, two or all the masses and

studies of the periodic orbits have also received attention.

In this chapter, we review literature of works that have been conducted under the frame of the
R3BP. Because of the numerous works we have collected, we divided the chapter into four
sections. Section 2.1 is a review of different works on the R3BP with constant masses. The next
section highlights contributions of various authors in the investigations of the restricted problem
with mass variation. Related studies describing the restricted problem due to Robe (1977), in
which the motion of the third body takes place inside the first primary, are given in section 2.3,

while the last section deals with studies of the periodic orbits in the R3BP.

2.1. Restricted Three-Body Problem

The R3BP describes the motion of an infinitesimal mass moving under the gravitational effects
of the two finite masses, called primaries, which move in circular orbits around their center of
mass on account of their mutual attraction and the infinitesimal mass not influencing the motion
of the primaries. Because no general solution in the CR3BP is available, particular solutions are

sought to obtain insight into the problem, these particular solution referred to as the equilibrium
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or libration points are five for the classical R3BP; two triangular and three collinear. Euler
(1767) determined a set of three collinear EPs and Lagrange (1772) found the triangular EPs.
Routh (1875) established the condition for linear stability of the triangular EPs. When this
condition is satisfied all roots of the characteristic equation are pure imaginary, which leads to
pure oscillatory solution. This solution was later referred to as “critical solution” by Lyapunov
(1892). The collinear points were found to be unstable in the linear and nonlinear sense, as Routh

original result shows, when interpreted in the light of Lyapunov’s work.

Poynting (1903) pointed out that small particles approaching or in the vicinity of a luminous
celestial body are comparably affected by the gravitational and light radiation forces. The
photogravitational R3BP was formulated by Radzievskii (1950). This formulation arises from the
classical problem, when one of the interacting masses is an intense emitter of radiation. He
discussed it for three specific bodies, the Sun, a planet and a dust particle. He first studied the
EPs of the photogravitational problem analogous to the classical case and found that their
location strongly depends on the radiation pressure coefficient. First, he considered a planar case

(1950) and later, a non-planar one (1953), where he established two additional EPs called

coplanar EPs, which he denoted by L;and L, .

Leontovic (1962) investigated the critical case established by Routh (1875) occurring in the
stability of the triangular EPs laying his basis on a theorem by Arnold (1961) and showed that

under certain conditions, these equilibrium solutions are stable in the nonlinear sense.

The stability of the five EPs of the classical R3BP was extensively studied by Szebehely
(1967a). It was seen that the triangular point can be stable under some conditions while the

collinear EPs are unstable. Later, Szebehely (1967b) examined the effect of a small perturbation
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of the Coriolis force on the stability of the EPs, keeping the centrifugal force constant. In his

study, he maintained that the collinear points remain unstable and obtained in the case of the
triangular EPs a relation between the critical value of the mass parameter z, and the change e in

the Coriolis force:

. 16e
He = Hy 3\/@1
This made him conclude that the Coriolis force is a stabilizing force, since the region of stable

motion increased.

The work of Radzievskii (1950) was extended by Chernikov (1970). He achieved this by
including aberrational deceleration (the Poynting-Robertson effect), and found that despite the
absence of a Jacobi integral, the equations of motion admit of particular solutions corresponding

to six EPs.

SubbaRao and Sharma (1975) knowing that the participating celestial bodies are not strictly
spherical in shape examined the stability of the triangular points when the first primary is an
oblate spheroid. They observed that due to the oblateness, the region of stable motion decreases.
Later, Sharma and SubbaRao (1976) examined the stationary solutions and their characteristic

exponents in the R3BP when the first primary is an oblate spheroid. The first investigation of the
stability of the coplanar solutionsLsand L,in the linear approximation was carried out by

Perezhogin (1976) with the help of computer calculation of the roots of the characteristic
equation; it was shown that for all possible values of the Sun’s system parameter, these libration

points are unstable according to Lyapunov.
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The work of Szebehely (1967b) was extended by Bhatnagar and Hallan (1978), by putting
under consideration the effect of perturbations in the Coriolis and centrifugal forces, and found

that collinear points remain unstable; for triangular EPs they obtained the relation

4 36e-19¢€
Mo = Hy+ W

They inferred that the range of stability increases or decreases depending on whether the points

g,€ lies in one or the other of the two parts in which the ¢,& plane is divided by the line
36-19&'=0. Schuerman (1980) discussed the restricted problem of three-bodies when the
force of radiation pressure and Poynting-Robertson effect (PR-drag) are considered. He found
that the PR-drag effect rendered the triangular points L,and L unstable on a time scale long
compared to the period of rotation of the two massive bodies. In 1982, Sharma extended the
work of SubbaRao and Sharma (1975) by considering the linear stability of triangular EPs of the
R3BP when the first primary is a source of radiation and an oblate spheroid as well. He found

that the eccentricity of the conditional retrograde elliptical periodic orbits around the triangular

points at the critical mass y, increases with the increase in the oblateness coefficient and the

radiation force; and becomes unity when g, is zero. Simmons et al. (1985) obtained a complete
solution of the R3BP. They discussed the existence and linear stability of the EPs for all values
of radiation pressures of both luminous bodies and all values of mass ratios, and found that the
coplanar points Ly and L, can be stable for all values of the mass ratio v. The study of the
stability of the relative EPs (coplanar points) of the R3BP for a particle in a gas-dust cloud

subject to the gravitational field of a binary star system, with allowance for radiation pressure

was investigated by Kunitsyn and Tureshbaev (1985), where the existence domain is established
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for three-parameter family of coplanar EPs. Elipe and Ferrer (1985) studied the EPs in the
circular planar restricted three rigid body-problem. They obtained explicit equations which allow
collinear and triangular solutions which in general are not equilateral; also, they established
numerically that the influence of non-sphericity of the primaries brings about a significant shift

in location of the EPs when compared to the classical case.

A discussion of the results obtained by Simmons et al. (1985) on the stability for v = 0.5was
initiated by Tureshbaev (1986). He examined the stability of the coplanar libration points in the
photogravitational problem for a particle in a gas-dust cloud in the gravitational field and
radiation pressure of binary a star whose components have arbitrary mass ratio and obtained
domain of the stability of the coplanar point, maintaining that the points can be stable in a special
case where just one body radiates as opposed to the contention of Simmons et al. (1985) that the

points can only be stable if both gravitating bodies are sources of radiation.

El-Shaboury (1990) gave a possibility of nine EPs for small values of oblateness in the
photogravitational R3BP when the infinitesimal mass is an axisymmetric body and one of the
finite masses is a spherical luminous body, while the other is assumed to be an axisymmetric
non-luminous body. Later, EI-Shaboury et al (1991) established numerically, a shift in the
location of EPs due to non-sphericity (triaxiality) and rotation of the primaries, when compared
to the classical R3BP. Todoran (1993) claimed that the out-of-plane EPs in the R3BP as concern
radiation pressure, do not actually exist. This question was answered by Ragos and Zagouras

(1993).

Ragos et al (1995) in a further paper investigated the photogravitational CR3BP including the

Poynting-Robertson effect to describe the motion of a particle in the vicinity of two massive
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radiating bodies. They studied numerically the EPs lying out of the orbital plane of the primaries,
and determined the exact number of these points by means of topological degree theory.
Kunitsyn and Polyakhova (1995) discussed the modern state of the R3BP when an infinitesimal
mass is affected not only by gravitation but also by light pressure from one (or both) of the
primaries. Many aspects of the locations and stability of the EPs for all values of radiation
pressure and mass ratios were shown and discussed. A retrospective chronological review of the

results was also given.

Singh and Ishwar (1999) generalized the R3BP by considering both primaries to be source of
radiation and as well oblate spheroid. They observed that the equations of motion and locations

of the equilibrium libration points are affected by the radiation pressure forces and oblateness of

the primaries. They found that the triangular points are stable for 0 < x < g and unstable

for u, < u s%, and further established that the range of stability depends upon the radiating and

oblateness coefficients. In the same year, Khanna and Bhatnagar (1999) investigated the R3BP
by modeling the first primary as an oblate spheroid and the second primary as a triaxial rigid
body; they maintain the unstable nature of the collinear points and the stable nature of the
triangular points for some values of mass parameter; They further observed that the triangular
points have long or short periodic elliptical orbits in the same range of the mass parameter.
Sharma et al. (2001) examined the existence and stability of EPs in the R3BP when the primaries
are triaxial rigid bodies and as well source of radiation with one of the axes as the axis of
symmetry and its equatorial plane coinciding with the plane of motion. They established five
EPs, two triangular and three collinear. The collinear points are found to be unstable while the

triangular points are conditionally stable. The phenomenon of the gravitational capture using the
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models of the circular and elliptical R3BP was studied by Mako and Szenkovits (2004). Celletti
(2004) studied the frequency analysis of the stability of asteroids in the framework of the R3BP.

Erdi (2004) have shown the global regularization of the restricted problem of three bodies.

The R3BP in the presence of a disc was studied by Jiang and Yeh (2004). In their study, they
explored possible chaotic and regular orbits for disc-star-planet systems and found that the
influence from the disc can change the locations of the EPs and the orbital behavior. Later, Jiang
and Yeh (2006), Yeh and Jiang (2006) in these configurations discovered that, in addition to

Lagrange points, new EPs can exist under some conditions.

Papadakis (2005) examined the motion around the triangular EPs of the R3BP under angular
velocity variation. Ishwar and Kushvah (2006) examined the linear stability of the triangular EPs
in the generalized photogravitational R3BP with Poynting-Robertson drag. They found that the

triangular points L,, become unstable due to the Poynting-Robertson effect, but conditionally

stable once the P-R drag is ignored.

The combined effect of perturbations, radiation and oblateness on the stability of EPs in the
R3BP was studied by AbdulRaheem and Singh (2006). The model was studied under the
influence of small perturbations in the Coriolis and centrifugal forces together with the effects of

oblateness and radiation pressure of the primaries. They found that the collinear points remain
unstable, while the triangular points are stable for 0 < x <z, and unstable for y, < u s%. They

observed further that the Coriolis force has a stabilizing tendency, while the centrifugal force,
radiation and oblateness of the primaries have destabilizing effects; the presence of any one or

more of the latter makes weak the stabilizing ability of the former, consequently the overall
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effect is that the range of stability of the triangular points decreases. The combined effects of

oblateness and radiation of the primaries on the nonlinear stability of the triangular EPs was
studied by Singh (2008). It was found that, in the nonlinear sense, the triangular point L, is

stable for all mass ratios in the range of linear stability except for three mass ratios

#, =0.0242...—0.1790...A —0.0368...A, ~0.3828... € +0.0147... €
#4, =0.0135...—0.0993...A —0.093...A, ~0.3641... € +0.0079... €
#, =0.0109...—0.1036...A +0.5456...A, ~0.4748... € -0.1432... &

at which the Moser theorem fails.

Kushvah (2008a) studied the linear stability of the EPs in the generalized photogravitational
Chermnykh’s problem. He considered the first primary as a source of radiation and the second
one as an oblate spheroid, and examined the effect of radiation pressure, oblateness and
gravitational potential (from the belt) analytically and numerically. The stability of the EPs was
investigated using method of Lyapunov, and it was found that collinear points are linearly
unstable, while the triangular points are conditionally stable. In another work (Kushvah 2008Db)
of his, the effect of radiation pressure on the equilibrium points in the generalized
photogravitational R3BP was examined. In this work, the existence of EPs and the effect of
radiation pressure have been discussed numerically. The problem is generalized by considering
the first primary as a source of radiation and second primary as an oblate spheroid. The work
also discussed the Poynting- Robertson (P-R) effect which is caused due to radiation pressure,
and it was seen that the collinear EPs deviate from the axis joining the two primaries, while the
triangular points are not symmetrical due to radiation pressure. They found the collinear points to
be linearly unstable while the triangular points are conditionally stable in the sense of Lyapunov
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when P-R effect is not considered. Sosnitskii (2008) investigated the stability of triangular
lagrangian points in the R3BP. The study explored the stability of triangular EPs in the spatial
(three-dimensional) CR3BP. For the analysis of stability, they derived new equations coupling
up distances from an infinitesimally small particle to the first and second primaries. The theorem
on the instability of triangular EPs and relations between Lyapunov stability and Birkhoff

stability, were discussed.

In (2009), Kushvah looked at the Poynting-Robertson effect on the linear stability of
equilibrium points in the generalized photogravitational Chermnykh’s problem, while the

nonlinear stability of the problem studied by AbdulRaheem and Singh (2006) was given by
Singh (2009). It was found that in the nonlinear sense, the triangular point L, is stable for all

mass ratios in the range of linear stability except for three mass ratios at which the Moser
theorem fails. Singh and Begha (2011a) generalized the restricted problem to include the first
primary as a triaxial rigid body while the second one is an oblate spheroid under the influence of
small perturbation in the Coriolis and centrifugal forces. They asserted that the position of the
triangular and collinear EPs were affected by the non-sphericity of the primaries and the change

in the centrifugal force. The stability of the triangular point was investigated and it was seen that
triangular points are stable for 0 < x <, and unstable for z, < u s%, where g, is the critical

value of the mass parameter which depends on the joint effect of perturbations, oblateness and
triaxiality. The collinear points were found to be unstable in the linear approximation. Ershkov

(2012) analyzed the Yarkovsky effect in generalized photogravitational R3BP.

Singh and Taura (2013) investigated the motion of an infinitesimal body in the generalized

R3BP. Their problem was generalized in the sense that both primaries are radiating, oblate
82



bodies, together with the effect of gravitational potential from a belt. The equations of motion
were derived and the positions of the EPs were found. It was seen that in addition to the usual
five EPs, they found two new collinear points occurring due to the potential from the belt. The
linear stability analysis of the EPs show that collinear EPs remain unstable, while the triangular
points are stable under some conditions influenced by the oblateness, radiation of the primaries
and potential from the belt. A practical application of their model is the study of the motion of a
dust particle near the oblate, radiating binary stars systems surrounded by a belt. Kishor and
Kushvah (2013) studied the linear stability and resonances in the generalized photogravitational
Chermnykh-like problem with a disc. Rambaux (2013) studied the rotational motion of the
second largest body “Vesta” of the main asteroid belt, based on its orbital perturbations and its
large triaxial shape. The existence and stability of the EPs in the R3BP when one of the primaries
is an oblate spheroid, was studied by Javed et al. (2013). They observed that there exist three

EPsL,, L, andL, out of which,L is a collinear L,,are non-collinear EPs. In the stability

analysis of the problem, the non-collinear EPs were found to be stable when the mass parameter
and the critical value of mass parameter is falls within the range of 0.0267906, while the
collinear EPs is unstable in the entire range of the mass parameter. Also, Arif (2013) examined
the motion around the EPs in the planar magnetic-binaries problem under the effect of the
gravitational forces of the primaries on the small body. The third body was assumed to be a

charged particle. In some particular cases, they observed that the orbit around L and L;is an
ellipse while around L, , the peculiar looping nature of the particle’s path exists. They also noted
that the length of the major-axis and orbital period of all the orbits around L, and L, decreases as

the mass ratio increases. They further studied the motion of the third body in the vicinity of the
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second primary, by making some assumptions and transferring the origin of the coordinate
system to the second primary. In this case, it was observed that there exist two and three

collinear EPs under some respective conditions.

Singh and Umar (2014) have studied the collinear EPs in the elliptic R3BP with a triaxial
primary and an oblate secondary. In their work, they examined the motion of a dust grain around
a triaxial primary and an oblate companion orbiting each other in elliptic orbits about their
common barycenter in the neighborhood of EPs. The positions and stability of these points were
found to be affected by the triaxiality and oblateness of the primaries, and by the semi-major axis
and eccentricity of their orbits. The stability behaviors of the collinear points remain unchanged,;
as they are unstable in the Lyapunov sense. Jain et al. (2014) performed an analysis of the
dynamics of the CR3BP under the effect of the dissipative force, Poynting Robertson drag. They
investigated the existence and stability of the EPs and observed that there exist only two non-
collinear EPs which are unstable in the linear sense. Finally, Singh and Haruna (2014a) studied
the R3BP when the bodies are oblate spheroid and the primaries are radiation sources under

effects of small perturbations in the Coriolis and centrifugal forces.

2.2. Restricted Three-Body Problem with Variable Masses

The classical R3BP assumes that the masses of celestial bodies are constant. However, the
phenomenon of isotropic radiation or absorption in stars led scientists to formulate the restricted
problem of three bodies with variable mass. During evolution, the masses of celestial bodies
change, especially in a double star system were masses change rather intensively. As an
example, we could mention the motion of rockets, black holes formation, motion of a satellite
around a radiating star surrounded by a cloud and varying its mass due to particles of the cloud,
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and comets loosing part or all of their mass as a result of roaming around the Sun (or other stars)
due to their interaction with the solar wind which blows off particles from their surfaces. The
problem of the motion of astronomical objects with variable mass has many interesting

applications in stellar, galactic, and planetary dynamics.

The problem of two bodies with variable masses came into science practically following the

work of Gylden (1884), who for the relative motion of one mass point m, about the other mass
point m, under the action of mutual gravitational force represented the sum of the masses of

these points as varying with time by a certain lawm +m, =4 t .  Later, Dufour (1886)

examined the astronomical phenomena of variable mass relating the secular variation of lunar
acceleration with the increase of the Earth’s mass due to the impact of meteorites. Soon
afterwards, Mestschersky (1893, 1902) showed that the Gylden problem is a particular case of
the problem of two bodies with variable masses under the condition that the laws of variation of
the masses vary isotropically. This problem was rightfully referred to as the Gylden-

Mestschersky problem (GMP).

The first investigation of the existence of the EPs for variable masses in the absence of
reactive forces was performed by Orlov (1939), in which the plane problem of three bodies with
finite variable masses was considered, and the existence of five analogous particular solutions
was established. Sersic (1970, 1973) demonstrated the existence of particular solutions in the
R3BP, in which the motion of the primary, variable-mass bodies occur along a straight line
passing through the center of mass of the system. Gelf’gat (1973) examined the R3BP of
variable mass in which the primary bodies move within the framework of the GMP and assumed

that the isotropic mass variation of the masses of the primaries occurs in accordance with UML.
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He established the existence of three collinear and two triangular EPs analogous to the classical

typel, i=12..5 . Omarov and Mukhametkalieva (1982) studied the evolution of an n-body

stellar system with variable mass, describing the behavior of the interacting groups of galaxies
by means of numerical methods. It was shown that, if the module of the initial potential energy is
much greater than the initial kinetic energy, the evolution of the system will explode and as a
result, the velocities of the individual galaxies may increase. The equations of motion of the
CR3BP with variable mass under the assumption that the mass of the infinitesimal body vary

with respect to time was established by Shrivastava and Ishwar (1983).

Horedt (1984) examined the motion around the triangular EPs L,and L, with mass exchange of

the primaries within the framework of Brown’s theory. The result obtained confirms those of the
isotropic mass variation, although the assumed mass variation is considerably less. It was
established that the extrema of the elongation with respect to the small mass are not affected by
mass exchange and that the equations for the extrema of the Trojan’s distance from the sun and
for the liberation period are formally the same as in the constant mass problem, but with the

understanding that the masses are now time dependent quantities.

Singh and Ishwar (1984, 1985) investigated the effect of small perturbation in the Coriolis and
centrifugal forces on the location and stability of EPs in the R3BP with variable mass under the
assumption that the third infinitesimal mass is variable and the primaries are spherical with
constant masses. The classification of different cases of the problem of two-bodies with variable
mass was studied by Razbitnaya (1985). He gave a classification of the physically different cases
of the problem on the basis of the DE of relative motion in the problem of two-bodies with

variable masses.
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Dyakov and Reznikov (1986) studied the motion in the vicinity of triangular EPs when the
mass ratio of the components is a variable. They specified by investigating Trojan orbits in a
system having components with variable mass ratio within the framework of the CR3BP, and
found that when the mass variation over the period of the libration is slight, an increase in the
relative mass  of the smaller component above a certain limit (lower than the critical value
4 =0.0385 and depends only on the initial deviation from the EPs) result in the cutoff of
librations. They investigated the stability and established numerically the regions of relative
stability of the motion around the points for different mass ratios. Further they used the results

obtained to evaluate the hypothesis that the Trojans originated as former satellites of Jupiter.

The coplanar EPs L and L, for variable mass were first found by Bekov (1988) after he worked

on the same problem of Gelf’gat (1973). These EPs are located outside the plane of revolution of
the primary bodies, with isotropic mass variation of the masses of the primaries. Later, on the
particular solution of same formulation as Gelf’gat (1973) was investigated by Luk’yanov
(1989). He found four new coplanar solutions denoted by L, L,, L,and L,;, and further sought

for the possibility of the existence of infinitely remote solutions L., . EI-Shaboury (1990)

investigated the R3BP with variable masses under the assumptions that the infinitesimal body is
axisymmetric with constant masses and the primary bodies are spherical with variable masses
such that the ratio of their masses remains constant. It was also assumed that the motion of the

primaries is determined by the GMP. He found that the collinearL,;, triangularL,., and
coplanar L, EPs do not exist when the infinitesimal body is axisymmetric, but exist when it is

spherical.
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The stability of the EPs in the R3BP with variable masses of the primaries with respect to
time according to the UML, with the consideration that the motion of the variable mass primary
body is within the framework of the GMP, was studied by Luk’yanov (1990). He showed that the
EPs (collinear, triangular and coplanar) for any parameter are stable with respect to the
coordinate introduced by Mestschersky (1952). Minglibaev (1990) investigated the average
R3BP with variable mass, while Lu (1990) studied the stability of the triangular points in the
R3BP with variable mass, and found that the region of stability of the triangular points does not
exist when the restricted problem with constant mass evolves into the problem with variable

mass.

The particular solutions in the restricted collinear three-body problem with variable masses were
considered by Bekov (1991). In this case, it was also assumed that the motion of the two primary
bodies is in accordance with the GMP and the time variation of the masses of the primaries is
determined by the UML. He found the collinear solutions L, ,, and the spatial solution L, (a

Lagrangian ring) for different time dependency of the masses and established the domain of

existence of these solutions.

The EPs and Hill surfaces in the same formulation as Gelf’gat (1973) and Bekov (1988) were
studied by Bekov (1992) using a Gelf’gat transformation in the autonomization of the equations
of motion with variable coefficients, to a system of equations with constant coefficients. He

investigated the arising and disappearance of collinearL ,,, triangularL,,, coplanarL,,, ring
L,and infinitely distant L, solutions and the Hill surfaces. The possibility of applying the

results obtained to non-stationary double stellar systems was discussed. Bekov (1993a) studied

the periodic solutions of the GMP. Further study of the appearance and disappearance of
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collinear, triangular, coplanar, ring and infinitely distant solutions in the restricted problem of
three variable-mass bodies for different time dependences of the masses of the main bodies and
for some additional conditions imposed on the system parameters were considered by Bekov
(1993b). An important role in the dynamic evolution of real gravitating systems is their non-
stationarity, connected with mass variation of the system and the additional influence of the
variable light pressure from the system’s components. Debes and Sigurdsson (2002) focused on
the stability of multi-planet systems and link stellar mass loss to instability timescales and they
demonstrated how multiple planets beyond the reach of the star’s expanding envelope became
unstable.

Gasanov (2008) investigated the libration points and the general case in the problem of the
motion of a star inside a layered inhomogeneous elliptical galaxy with variable mass and
established seven EPs of the autonomized equations, located (except for one) outside the
gravitating galaxy. He studied the Lyapunov stability of these points using the concept of the
LCN. Singh and Leke (2010) investigated the stability of the restricted problem when the
primaries are radiation emitters and their masses vary isotropically with time in accordance with
the UML with the inclusion that their motion is described by the GMP. Seven EPs were
established for both the autonomized and the time-dependent systems. They investigated the
stability of the EPs of the time dependent system using the LCNs and found the EPs to be
unstable.

The effect of the isotropic variation of the mass of the star in a planetary system and the
possible ejection of a planet from the system was studied by Veras et al. (2011). Letelier and Da
Silva (2011) studied the particular solutions of the R3BP with variable masses. In this study, the
particular solutions to the R3BP where the bodies are allowed to either lose or gain mass to or
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from a static atmosphere, were found. In the case that all the masses are proportional to the same
function of time, they found analogous solution to the five stationary solutions of the usual R3BP
of constant masses: the three collinear and the two triangular solutions, however, the relative
distance of the bodies change with time at the same rate. Further, they observed that under some
restrictions, there are also coplanar, infinitely remote and ring solutions. The triangular EPs in
photogravitational R3BP with variable mass, in which both the attracting bodies are radiating as
well and the infinitesimal body vary its mass with time according to Jeans’ law, was studied by
Zhang et al. (2012). In this study, they applied the space-time transformation of Mestschersky
(1949) and obtained the differential equations of motion of the problem. They obtained the
triangular equilibrium points and found that the triangular points are unstable in the linear sense

when the problem with constant mass evolves into the problem with decreasing mass.

2.3. Robe Restricted Three-Body Problem
A different formulation of the R3BP was worked by Robe (1977). This problem was later

called the Robe’s R3BP. In this formulation, the first primary of massm,, is a rigid spherical

shell, filled with homogenous, incompressible fluid of density p,, with the second mass m, as a
small point outside the shell and moving around the first primary mass in a Keplerian orbit. The

third body of infinitesimal mass m, is taken as a small sphere of density p,, moving inside the
shell and is subject to the attraction of m,and the buoyancy force due to the fluid and that the
radius of myis assumed to be infinitesimal . Robe found an EP at the center of the shell and

discussed the linear stability in two cases. In the first case the orbit of m,around m,is circular
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and in the second case, the orbit is elliptic, but the shell is empty (there is no fluid inside it) or

densities of m; and m, are equal.

Shrivastava and Garain (1991) investigated the effect of small perturbation in the Coriolis and
centrifugal forces on the location of EP in the Robe’s CR3BP with consideration that the

densities of fluid inside the rigid shell and the third body are equal; in other words, the shell is

empty. They observed that the only EP of the problem is [—,u+1’u§ , 0, OJ and this point
+2u

depends on the mass parameter and the small perturbation in the centrifugal force. Plastino and
Plastino (1995) reanalyzed the Robe’s R3BP with a new assumption by considering the first
primary as a Roche spheroid in an equilibrium state of a rotational fluid and called the
formulation the “Robe-Roche restricted model”. They explored its EPs and found that when the
density parameter is taken as zero, every point inside the shell is an EP and further analyzed the
connection between the effect of the buoyancy forces and a perturbation of the Coriolis force.
They also showed that the center of the spheroid is an EP of the Robe-Roche R3BP and it is
linearly stable. However, their approximation of the potential due to the second primary was only
up to the second degree terms only in the variables involved. Giordano et al. (1997) discussed
the effect of drag force on the stability of the EPs in the Robe problem (1977). They found that
due to drag forces, four regions of stability are changed to instability. The trio also considered
the effects on drag forces to the formulation discussed by Plastino and Plastino (1995), and found

that in this case all the regions of stability remain unchanged.
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The effect of small perturbations € and &' in the Coriolis and centrifugal forces respectively
on the location and stability of the equilibrium points in the Robe’s CR3BP problem as in the
case examined by Shrivastava and Garain (1991) was again reconsidered by Hallan and Rana
(2001a), when the density of the host primary and that of the third body is equal (i.e., the density
parameter being zero). They showed by using a different method, that only one EP which lies on
the right or left of the center of the shell on the line joining the center of the shell and the second
primary accordingly as €'is positive or negative and the change €’ in the Coriolis force does not

affect the location of the EP. They found that the point is stable in the linear sense for

#e < pu<land unstable for0 <<y, where 4 =§+§H4—; e % eﬂ and found that the

range of stability increases or decreases depending upon whether the point (e, €’) lies in one or

the other of the two regions in which (g, €’) plane is divided by the line

The existence of all the EPs, their location and stability in the Robe’s (1977) R3BP was

studied by Hallan and Rana (2001b). It was seen that the center of the first primary is always an
EP, whatever be the values of the density parameter D, eccentricity parameter e and the mass
parameter x . The other EP exist only when D, # Oande =0that is when the second primary, a

mass point moves around the first, a spherical shell filled with fluid, in a circular orbit. They

further asserted that when D, >1 , there is one additional EP lying on the line joining the center
of first primary and the second primary. When D, + x =1, there are infinite number of EPs in the

x—yplane lying on the circle of radius one and center as the second primary, provided the
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points are inside the spherical shell. When D, <0and D, + x>0, there are two or more EPs

lying in the x—z plane forming triangles with the center of the shell and the second primary. In

regards to the stability of these EPs, they confirmed the stability result given by Robe (1977) for

the point —z,0,0 , whereas triangular and circular EPs are always unstable. The point collinear
with the center of the shell and the second primary was found to be stable provided . and

D, satisfy the inequality

3

16,4(D, ~1)? < ﬂ+\/y —4+4D, + u

Thus, concluding that the Robe’s elliptic R3BP has only one EP for all values of the

parameters D, and , while the Robe’s CR3BP can have two, three or infinite number of EPs.

The locations and linear stability of the EPs in Robe’s R3BP under perturbed Coriolis and
centrifugal forces was investigated by Shu et al. (2005). Their effort was aimed at improving the
work of Shrivastava and Garain (1991) as they argued that the assumption that the densities of

the first primary and the infinitesimal mass are equal is hard to be fulfilled in practice. Hence,

their study regarded the density parameter asD, >0 p, <p, . They found a unique EP

point(x,,0,0) = —,u+L,O,O when fB-D,>0and estimated the perturbation
1+2u-D,

magnitude of their locations and linear stability. Hallan and Mangang (2007) investigated the
existence and stability of EP in the Robe’s R3BP by considering the full buoyancy force as in
Plastino and Plastino (1995) and assuming the hydrostatic equilibrium figure of the first primary

as an oblate spheroid. They derived the pertinent equations of motion and found that there is an
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EP near the centre of the first primary. Further they found that there exist another EP on the line
joining the centre of the first primary and the second primary, and an infinite number of EPs
lying on a circle in the orbital plane of the second primary. The second EP on the line joining the

centers of the primaries was found to be conditionally stable while the circular EPs are unstable.

AbdulRaheem (2011) studied the effect of radiation and oblateness of the primaries on the

stability of collinear points in the Robe’s R3BP and it is observed that the variations of the

density parameter D, with the mass parameter x for constant radiation and oblateness factors

on the stability of the collinear points L, L,, L;, are unstable for D, >0 and stable forD, <0.

Singh and Sandah (2012) studied the existence and linear stability of EPs in the Robe’s R3BP
with oblateness. They carried out their study under the assumptions that the hydrostatic
equilibrium figure of the first primary is an oblate spheroid and the second primary is an oblate
body as well. They found EP near the centre of the first primary and one more EPs on the line
joining the centers of both primaries. Points on the circle within the first primary are also EPs
under certain conditions and they pointed out the existence of two out-of-plane points. They
observed that the points near the center of the first primary are conditionally stable, while the
circular and out of plane equilibrium points are unstable. Later that year, Singh and Laraba
(2012) examined the Robe’s CR3BP when the first primary is a fluid in the shape of an oblate
spheroid and the second primary is a triaxial rigid body while Kaur and Aggarwal (2012)
investigated the Robe’s problem of 2+2 bodies and applied it to the study of the motion of two

submarines in the Earth-Moon system.

The stability of triangular points of the generalized photogravitational Robes R3BP was studied

by AbdulRaheem (2013a). The study examined the linear stability of the triangular points under
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the frame of the Robes R3BP when the first primary (rigid shell) is oblate spheroid and the
second primary is radiating. The study showed that the critical mass obtained depends on the
oblateness of the rigid shell and radiation of the second primary as well as the density parameter
of the fluid. Under some conditions, the destabilizing tendencies of the oblateness and radiation
factors are enhanced or weakened. In a further paper, AbdulRaheem (2013b) considered the
same problem with the assumptions that the primaries have the shape of an oblate spheroid.

Singh and Omale (2014) studied the Robe’s CR3BP with zonal harmonics.

2.4 Periodic Orbits in the Restricted Three-Body Problem

Due to the rotational motion, periodic orbits exist in the R3BP, long and short periodic orbits
are found around the EPs. Elements that could be used to describe the motion of test particle
relative to the primary and secondary bodies are categorized as orbital and non orbital elements.
Angular momentum and total energy are the integrals available to measure the shapes and sizes
of the orbits but are not directly observable. Therefore, eccentricities, inclination and semi major
axes of the orbits are used to determine the shapes, orientation and sizes of the orbits. Periodic
orbits are also used as reference orbits. Enke and Hill have done so, the former using an ellipse
and the later the variational orbit as a reference orbit. The study of periodic orbits is a very useful
tool for the study of non-integrable dynamical system, because they determine critically the
structure of phase space, while the study of periodic orbits, which are close to actual motions,
plays an important role in the understanding of the general properties of such a system. Through
the study of periodic orbits, one can understand the role of other forces (i.e., drag, tidal etc.)
besides gravitational forces. Szebehely’s (1967a) famous book gives a fairly good idea about the

periodic orbits. Many Mathematicians and astronomers have worked on different types of
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periodic orbits in the restricted problem.

Merman (1952) constructed a new class of periodic solutions for the restricted problem and
the Hill problem. Meyer and Schmidt (1971) obtained periodic orbits around triangular EPs for
mass ratios near the critical mass ratio of Routh. Hadjidemetriou (1975a) discussed the
continuation of periodic orbits from the restricted to the general 3BP. In (1975b), he studied the
family of periodic orbits in the planar three-body problem. In (1975c) he also developed a
method to study the stability of periodic motions of three-body problem in a rotating frame of
reference, based on the motion of surface of section. Sharma (1976) established the existence of

periodic orbits of the first kind in the R3BP when the first primary is an oblate spheroid.

Gomez and Noguera (1985) gave some numerical results about natural families of periodic
orbits, which emanate from limiting orbits around the equilateral EPs of the R3BP when the
mass ratio is greater than Routh’s critical one. Ragos and Zagouras (1988); studied the periodic
solution about the “out of plane” EPs in the Photogravitational R3BP while Zagouras (1991)
considered the effect of radiation pressure on the periodic motion of small particle in the vicinity
of the triangular EPs of the R3BP and also constructed the second order parametric expansion
and determined the family of the periodic orbits numerically for two sets of values of the mass
and radiation parameters corresponding to the non-resonant and the resonant case. Elipe and Lara
(1997) discussed periodic orbits in the R3BP by taking both the primaries as the source of
radiation pressure. By means of some modifications to the method of numerical continuation of
natural family of periodic orbits, they found several families of periodic orbits, both in two and
three dimensions. Das et al. (1999) have shown the existence of periodic orbits of collision in
relativistic CR3BP. Poddar (2002 a, b), has shown the existence of periodic orbits, symmetric as

well as doubly symmetric when the primaries are triaxial rigid bodies. Corbera and Llibre (2003)
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have drawn the periodic orbits of a collinear R3BP. Perdios (2003) studied critical symmetric
periodic orbits in the photogravitational R3BP in which the first primary is a source of radiation.
This work was later extended by Perdios and Kalantonis (2006) when the first primary is an
oblate spheroid. Kalantonis et.al (2006) studied the numerical determination of homoclinic and

hetroclinic orbits at collinear EPs in the R3BP with oblateness.

The investigations of the combined effects of perturbations, radiation and oblateness, on the
periodic orbits in the neighborhood of linearly stable triangular EPs, was carried out by
AbdulRaheem and Singh (2008). Later, Singh and Begha (2011b) examined the periodic orbits
around the triangular EPs of the R3BP to include the first primary as a triaxial rigid body while
the second one is an oblate spheroid under the influence of small perturbation in the Coriolis and
centrifugal forces. Singh and Haruna (2014b) generalized the study of the periodic orbits around
triangular points in the restricted problem of three oblate bodies. They modeled the bodies as
oblate spheroids, under effect of radiation of the main masses and small change in the Coriolis
and centrifugal forces. Their study generalized an earlier paper by AbdulRaheem and Singh
(2008) with the inclusion that the third body, due to rapid spinning, changes its shape from being
a sphere, to an oblate spheroid. They found that the orbits around these points are ellipses with
long and short periodic orbits and observed that the consideration of the particle as an oblate
spheroid affects the period, orientation, eccentricities, and the semi-major and semi-minor axis of

the orbits.
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CHAPTER THREE

3.0 RESTRICTED PROBLEMS OF THREE BODIES WITH VARIABLE
MASSES

3.1 Introduction

In this chapter of the thesis, we study the restricted problem of three-bodies with variable
masses using the model of the general R3BP and the Robe’s R3BP. This chapter is divided into
Nine sections. Sections 3.2, 3.3, 3.4 and 3.5 investigate the R3BP when the masses of the
primaries vary isotropically in accordance with the unified Mestschersky (1952) law and their
motion governed by the Gylden-Mestschersky problem (Gylden 1884; Mestschersky 1902)
under various characterizations which includes disc, oblateness, radiation, and deflections of the
primaries. The first problem in section 3.2, studies the case when the first primary is taken to be
an oblate spheroid while the second one is a radiating body. Small change in the Coriolis and
centrifugal forces are considered to be effective. The second problem in section 3.3 is an
extension of the first problem and deals with the case whereby both primaries are considered to
be oblate spheroids and radiating as well under effects of small perturbations in the Coriolis and
centrifugal forces. The periodic orbits around linearly stable triangular points are discussed in
section 3.4 while the study of the R3BP with variable masses in the presence of a circumbinary

disc forms the third problem and is studied in section 3.5.

The remaining sections of this chapter discuss the model of the Robe (1977) when the masses are
varying with time. Section 3.6 considers the case when the first primary is a rigid spherical shell
with no fliud and the third body is located inside it while the second primary orbits the first. The

masses of both primaries are assumed to vary with time in accordance with the UML and their
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motion determined by the GMP, while the masses of the third body is kept constant. In section
3.7, we extend the the problem in section 3.6 by considering slight deflections due to the Coriolis
and centrifugal forces. The final problem of this chapter examines the restricted problem when
the three bodies in the configuration vary their masses at the same rate in a non-isotropic manner.
In this problem, the first primary is taken to be a fluid in the shape of a sphere so no need to
assume a rigid shell, since in reality most celestial bodies both in our solar and stellar systems do
not have rigid coverings. The third body is situated inside the first primary, while the second
primary orbits the first. We applied this problem to the dynamics of a submarine under the
influence of the Earth and Moon’s gravitational influence. We draw the conlusion of the chapter

in section 3.9.
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3.2. Equilibrium Points and Stability in the R3BP with Perturbing Forces,

Oblateness and Variable Masses
In this problem, we extend the model given by Bekov (1988) by assuming that the first

primary has the shape of an oblate spheroid and the second one is a source of radiation, under
effects of small perturbations in the Coriolis and centrifugal forces. The problem is applied to the
binary Cen X-4, which is a low mass X-ray binary consisting of a neutron star and a white dwarf

secondary star.

3.2.1. Equations of motion of the third body

Let us consider a rotating frame of reference Oxyz , where O is the origin. Let us suppose
that m, and m, are the masses of the primaries bodies and m, be the mass of the infinitesimal
body. We have taken the line joining m, and m, as the x—axis. The coordinates of m, and m,
are (x,,0,0) and (x,,0,0)respectively, and that of the third body of infinitesimal mass is X,y,z .

Here we suppose that the masses of the two primaries vary with respect to time with the
consideration that the first primary has the shape of an oblate spheroid while the second primary

is a source of radiation. Let the radius vector from m, to m, ber,, m, to m, be r, and the

distance between the two primaries ber and let @ be the angular velocity.

Now, the kinetic energy in the rotating frame of reference Oxyz is given by
T= % m, (X* + Y2 +2%) + mo(Xy — yX) +%m3(x2 +y?)o’ (3.1)

while the potential energy of the third body m,, when the masses and oblateness vary with time
is:
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v =—Gm{ﬂ(1+ Al‘}r%} (3.2)

I, 2r? r,
where Z=(X-x)+y*+2°, r;=(X—%)" +y*+2z°

rrand r,are time dependent distances of the third body from the primaries positioned at
(x,0,0)and (x,,0,0), respectively; q,is the radiation factor of the second primary; A t is
the oblateness of the first primary and is also a function of time, while G is gravitational

constant.

Now let p,, p, and p, be the generalized components of momentum then,

—ﬂ—m X—wy ,p —ﬁ—m Y + X —ﬂ—mz' (3.3)
px_a).(_ 3 y’ y ay 3 ' pz_az._ 3 '
This implies
)'(=&+a)y, y:&—a)x,z':& (3.4)
m3 m3 m3

Substituting equations of system (3.4) in (3.1), we get

2 2 2p,0x 2 2p,@X
T:% &+M+wzy2+£§_L+wzxz+&+L
m3

2 2
m3 m3

—20°X* = 20°y?
2| m; m, m;

2p,o
A y+a)2X2+a)2y2
m,

Simplifying, we at once have
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1
T= pi+p; + P’

3
Now, Hamiltonian H is given by

H:%m3 X% +y? 422 —%msa)2 x> +y? +V (3.5)

Using system (3.4) in equation (3.5), we get

H= 2r1n P+ P+ P +o yp,—xp, +V (3.6)

3

The Hamiltonian canonical equations are given by

. OH . oH oH
X=—), y:_1 1=—
op, op, op,
. oH oH oH
and p=—""7 P=—"", P=——7
OX oy 0z
oV oV ov
= p.=-- -——, p=—0p,—, P,=—— 3.7
N Op, = Py=-0p Y p = (3.7)

Since the primaries move within the framework of the GMP and their masses vary with time in

accordance with the UML, then p,, p,, p, and the angular velocity o will all be time dependent.

So, we differentiate system (3.3) w.r.t. time and compare with equations (3.7), to get

o oV o oV oV
m, X—oy-aoy :a)py—&, m, V+oX+ox :—a)px—g, m3Z:—E (3.8)

Substituting equations of system (3.4) in those of (3.8), we have
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. . oV
m, X—wy-wy =wom, y+aX —&

G o . oV
m, y+oX+oX =—om, X—oy ——

mz=-2"
3 oz

If we multiply these equations throughout bymi , We get
3

o . 2o | 10V
X-20y =0 X+0y———
m, OX

y+2a))'(=a)2y—a')x—iﬁ

m, oy

1 0V
mZ=—-—-—
m, 0z

Now, from equation (3.2), we have

oV 1 \or, 3 |or
N emm| = |Lima 2|y
ox ‘{ml( rfJax A ( 2rl4Jax

(3.9)

But Z=(XX-x)2+y*+z2and r2=(X—-Xx,)?>+y?+1z?

Taking partial derivatives of these equations, we get respectively

%z (X_Xi) and %: (X_XZ)
OX n OX r,
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Substituting equations (3.11) in equations (3.10), we get

ES ;

X— 3A t X— m X —X
6V_Gm3[ml x4 SATM XX | M, XX,
I 2r) r

Similarly, forﬂ anda—v, yield
oy 0z
3A t |
ﬂzem{rnlsh A LMy, mgy
I 2r1 r |

0z

oV z 3A tmz mgq 7]
= mg[mls + —
I 2r, r

Substituting forﬂ , N andﬂ in system (3.9), respectively, we get
ox oy 0z

Gm, x—X _szq2 X=X 3At Gm, x—X

3 5

X—20Y =0’ X+ oY — 3
h I 2 h

Gmy Gm,g,y 3A tGmy
3

Y+ 20X = 0’y — X — 2 S
r r, 2 r

(3.12)

_ Gmz Gmyg,z 3A t Gmz

- 3 3 5
I r 2 I

Now, using equations (1.77), the equations of motion takes the form

B X=X L0, X=X  3Aut X=X

r’ ry 2 I’

X—20Y = 0°X+ oY —
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Gmy Gmyg,y 3A tGmy
My MY < (3.13)

J+ 20X = 0’y — X — 3 s
I I, 2 I

~Gmz Gmyg,z 3A't Gm,z

3 3 5
h I 2 5

7=

2 2
where 2= X—x “+Yy2+2?, rZ= X=X, +Yy*+27?

These equations describe the motion of the third body in the gravitational field of the primaries
in the barycentric coordinate systemOxyz, rotating with an angular velocity @ t about the

z —axis when both primaries experience mass variations while the first primary has the shape of
an oblate spheroid which also varies with time and the second one is a radiation emitter.

Equations (3.13) contain additional terms which do not appear in equations (1.78).

Next, we introduce small perturbations in the Coriolis and centrifugal forces with the help of

the parameters g andy , respectively, and the equations of motion (3.13) take the form

ﬂl(_xlj_ ﬂz%«‘xzj_ 3/‘1A1(_X1:
re ry 2r,

X = 200y — Oy = 0 yX -

ﬂly_#Zqu_‘?’:ulAly (314)

3 3 5
r r, 2r,

¥+ 200X + 09X = 0 yy —

M H 0,7 Bu Az

r’? r, 2rp

7=

where o’ = ﬂt{lJr 3A12(’
KT 2r
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K is the constant of the integral (1.66) of the GMP and defined in equation (1.65); y(:is defined
in equations (1.47) while ¢ and y represent small perturbations in the Coriolis and centrifugal

forces, respectively and are such that
p=l+e, e<<l, and y=l+e' , €'<<l (3.15)

In order to transform system (3.14), we use the MT (1.46); the UML (1.47); the particular
integral (1.66) and solutions of the GMP. Further, in view of the variable oblateness of the first

primary, we introduce a transformation

At =aRt (3.16)
2 2
where o = ’OE—pr
Spr

Here, we have defined o, as the oblateness coefficient of the first primary following McCuskey
(1963) and is a constant such thate, <<1. p. and p, are the equatorial and polar radii of the first
primary, respectively. Consequently, we transform (3.14) from €, y,z,t: to the autonomized

form €,7,<£,7_and choose units of measurements, to get

oQ oQ oQ
" _ 2 ’ — , " + 2 ’ — ’ " —
&"=2pn G n"+2ps on ¢ o

(3.17)
_ ol ¢ +x-1§° +772:+ ol &-12? N K(—u:+ UKV | Ky v

where Q 3
2 2 P P2 2p;

3
w5=1+§061, pr=AE€+v 02+, p=€+0-17 47> + (7
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3.2.2 Locations of equilibrium points

The equilibrium points of the autonomized system are defined by the system of the equations

00 _0Q_0Q_
o on o

That is, they are the solutions of equations (3.17) when the components of velocity and

acceleration are zero:

k1l-v &+v oxv E+0-1 3Bax l-v S+v

o y+r-1¢&- =0

’ o p; 2 P

i 1- 1-

oyl -0 GRSk S0 }7:0 (3.18)
L P P 2 Pr

i kK 1-v ok 1-v

of k-1 -——— —qziu—g — }g’:o

B Pr P 2 Pr

We shall discuss the solutions of (3.18) in the following ways

i. When £#0,7=0and{ =0

ii. When £#0,n#0and{ =0

iii. When &£#0,7=0and{ #0

The first type of solution corresponds to the collinear EPs, while the second and third are the

solutions of the triangular and out-of-plane EPs, respectively.
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Collinear equilibrium points

The positions of the collinear Eps L, = 1,2,3:are obtained by solving equations of system

(3.18) withn =<£ =0, that is

o w+xk-1¢ 1-v &+v QU +v-1 3o 1-v £+v
5

. 5 =0 (3.19)
K P P2 2 Pr

Each of these points lie in the interval v-1, v, v, 0 and 1-v, 2—v respectively and

depend on oblateness of the first primary; radiation pressure force of the second primary; a small
perturbation given in the centrifugal force, and the arbitrary constant of the GMP. These points

lie on the line joining the primaries (¢ —axis) . The abscissas are
&=-v-¢g, &=1-v-¢,, &=1-v+g,, (3.20)
where g >0, i=12,3 are the roots of the equation (3.19) but now, p, =|£+u|, p,=|E+v-1.

To compute the exact positions of the collinear pointsL,,_, we substitute &, =& and y =1+ €',

in (3.19), and solve to get an algebraic equation of seventh degree in ¢, :

£] —aEs +a,es — A, +3,65 —aer +3,8, —a, =0 (3.21)
S+4v. 2 5+3v. 2 2v,+5 x 1+q,v.
where a=—*, a,=—— %, = Lt ,qz 2
1+v, 1+v, 1+v, w, k+€ 1l+v,
Q= v, +5 2x 1+2q,0, 1 LK 2+12q,0, + 3¢
YT lvo,  @f k+€ 1+, S 1+u, 20} k+€ 1+,
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4xQ,0, 3 q,k0, v

a, = a, = v, = .
o k+e l+u, of 1+v, x+¢€ 1-v

The real roots of the polynomial (3.21) give the collinear EPs. We shall verify numerically
using a low mass x-ray binary Cen X-4 which consist of a neutron star and a white dwarf, when

we present our results in chapter FIVE.
Triangular equilibrium points

The triangular EPs of the autonomized system, which lie in the orbital plane 77, denoted by L,

and L, are the solutions of system (3.18) with, 7 #0, £ =0. That is, we solve the equations

k1l-v &+v kv E+0-1 3ok 1-v &+v

2
wy w+rk-=1¢&— -0
’ o P 2p;
1- 3ok 1-
O T e LY (3.22)
P P> 2p
From the first equation of (3.22), we get
1- 3ok 1-
E+v {a)g w+rk-1 _E 3U —qziu— Ar c v }:u[wg w+rk-1 _QZKS‘U (3.23)
P P> 2p; 2
If we substitute the second equation of (3.22), in equation (3.23), we get
O R L (3.24)

P

Similarly, we have
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3o, K
o y+r-1 KSRk
’ po2p

0 (3.25)

When the shape of the first primary deviates from an oblate spheroid to a sphere and if the

second one is not a radiation source, we haveo, =0andq, =1. In this case, the solutions of

equations (3.24) and (3.25) are respectively

1 1

K g K g
=|——| and p,=| ——
& v+rx-1 P2 w+x-1

Now, in the presence of these parameters, that is when the first primary is an oblate spheroid and

the second one emits radiation, we assume the solutions of (3.24) and (3.25) to be

1 1
K 3 K 3
101:{—'/”_’(_1} +&, pzz{—wm_l} +8, (3.26)

whereg, 1=1,2 are very small quantities.

Now, from the equations of (3.26), we have

_ 1
3
. _} ve, i-12

5 P l//+l(‘—11136‘i ’
= p= 3 1+ 13
v+x-1 K

Using Binomial expansion and retaining only linear terms in¢; , yields
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O = 173

13
3¢, -1
wv+rx-1 K

Therefore, we have the following

KM i g wix-1" s K 3 w+r-1"
P = 75| 1+ 3 » P = 1+ 3
wHx—1 K w+rk-1 K
. K3 I S¢, w+x-1 ; k" T y+x-1 -
P = v Pi= +
(/j+](’—l 5/3 K1/3 l//+](‘—1 7/3 K1/3

Consequently,

-3

P =

(//+K1{ 3, w+x-1 ua] e ! 5/?[ S5, y+x-1 1/3}
1- , P = 1-
K

K,ll3 5/3 K,]JS

K

Pi 713 1/3

+x-1"" 7e. w+xk-1" )
7oV [1— s =12
K K

Now, we substitute for p,° in equation (3.24), to get

1

+x-1 3 +x—13

of w+x-1 _GK YR 1- 22 ¥ 1/::( =0
K K

Expressingq, = [1— 1-q, ] where 1-q, <<1, inthe above equation results to

1
[1— 1-q, ]K w+rx-1 1 3¢, w+rx-13 0o

2
wy y+x-1—
0
K K_l/3
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Since 1-q, ande,are very small quantities, we ignore their product to get

5 3s, w+x-1 o
= o, y+x-1-ypy+x-1+ 73 + y+x-1 1-q9, =0
K

4/3
3g, w+x-1 5
= 73 =—o) y+x-1+y+x-1-y+x-1 1-q,
K

g, y+x-1 o

= g = y+x-1[-0f +1- 1-q, |
2 wrr-1
= 3= T T2 1-q
2 vt -1 413 I: 0 2 ]
3
= 52=—1|:1_w§_ 1-q, ]
3y+x-13

Substituting for w?, in this equation gives

1/3 3
£ ="—1[—§a1— 1-q, } (3.27)
Sy+x-13

Similarly, following the same procedure, we substitute p;*and p;” in equation (3.25) and solve to

get
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2

K" 3 3¢ py+x-13

D P R
3y+k-1s3

(3.28)

Haven found the small quantities given by equations (3.27) and (3.28). First, we substitute

equation (3.28) in the first equation of (3.26), to get

1 2

K s 1 1 L& w+k-13
e [ — —— -
& v+r-1 2 7 2k

Next, we substitute equation (3.27) in the second equation of (3.26), to get

Now, from

,012= §+u2+772andp22= §+u—12+772
Wehavep?—p2 = E+v-1°— E+v°
= pi-pl=E+Ev—E+0E 0P —v—E—v+1-E2 - 208 VP
= p22—p12:1—20—2§

2_
2 2

Now, we substitute equation (3.32) in the second equation of (3.31), to get
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:> —_——
2 4 4
1
2 |2
2402 1 PP
— pos|f2tA - 2N (3.33)
2 4 4
Now,
PP = P=P Pth (3.34)

Subtracting equation (3.29) from (3.30), we have

LPr— P =
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i 2
1/3 3
K 1 1 1 a y+Kxk-13
DR vare e i Rl e 7
B 2
K 1 a y+Kxk-13
= Pz—ﬁHZ‘;::;:ETE 3 1—q2-————523;——— (3.35)
so, summing equations (3.29) and (3.30), we have
Al i ti 3.29) and (3.30 h
2
K 1 1 K 1 log y+x-13
tp = M1-Tg-T1-q, |+— 1T+t
P2t P I 73 2473 0, P 73 2 AT PR
K 11 L layer-ls
AR e L LR S I A S
3 1 o l//+K—1§
S e 20y~ 1-q, — (3.36)

2
) ) P 1 a t+a, w+x-13 P
PP = w5 170 - 213
w+r-1 3 2K w+r-1
2
w+rk-13
x|2—a,—= 1-0, S
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2
K_2/3 1 a W+K—1§ 1 V/+K_1§
:>p22_p12: 3| A 1_q2 — 2_051__ 1_q2 +

w+Kr-1 3

Expanding the equation we ignore products of very small quantities and only retain their linear

terms. Doing this yields

2523 1 o, y+rx-1 2
& ”.,—1[3 10, + = @237)

Now, substituting (3.37) in (3.32), we get

1 K 1 o w+x-1 2
§=§—U+—lua 317 %

This gives the location of the triangular points on the &£ — axis. To find the location on the 7, —axis,

we must find p? + o7 .

Now, note that

PL+Os= =P, P—P +200, (3.38)
T 1 o, w+Kxk-1 2
v FR
Therefore,
2
P=Py = P—P A—P, =0 (3.39)

If we put (3.39) into (3.38), we get
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2,213 1 o, w+rx-1
2 2 1
pl +p2 :m[l—al—é 1—q2 + 2K2/3 (340)
Now, from equation (3.34), we observe that
2 22 2 2 2 2
Pr=P = Po=P PP
2 2 2 2 2
= PP = PP PatH
Using (3.39), we get
2
p;—pi =0 (3.41)
Substituting equations (3.41) and (3.40) in equation (3.33) and simplifying it, we get
\/41(‘2/3— wrr—-1"7" 252 1 o w+r-17"
77 - 1/3 2/3 2/3 3 2 1 2 2/3
2 w+x-1 4™ — y+x-1 K
Hence, the coordinates of the triangular equilibrium points &,+7 is such that
23 -1 213
%E:l_U‘F - 3 : 1-q, +051 z ’2(/3 (3.42)
2 W+K‘—1 3 2K

\/41(2’3— wrr—-17" 252 1 R
= 3 1- y 5|5 10 +o- 273
2 y+x-1 4 — w+x-1""13 2K

These points are determined by small perturbation in the centrifugal force, radiation pressure of
the second primary, oblateness of the first primary and the constant of a particular integral of the
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GMP. The positions of the triangular EPs exist only wheny —1< x <00, When there is no
perturbation in the centrifugal force i.e.,iv =1, these points will exist for 0 <x <oo . The small
perturbation in the centrifugal force allows the existence of the parameter kappa; so there can be
different solutions for differentx. Whene, =0, equations (3.42) are different from the ones

obtained by Singh and Leke (2010)

Out-of-plane equilibrium points

The out-of-plane EPs which are also referred to as the coplanar libration points, have no
analogy in the classical R3BP. These EPs are located outside the plane of motion. Their

coordinates are the solutions of (3.18) withz = 0. That is, we must solve the equations

kl-v &+v kv E+0-1 3ok 1-v &+v

wf wrk-1E- =0 (3.43)
’ P P; 2p;
1- 3 1-
oF k-1 -ETTU QY Sk ST0 (3.44)
%) P2 2p;
where p’ = £+v 2+c;’2, ps= &+v-1 2+52
Equation (3.43) can be written in the form
k-1 +ou-1
1—0 [%4_30%}:0)0 YK g_qZUsé: v (345)
P 2p K §+v P, S+
From equation (3.44), we have
2
-1
1o [ig+ 3“15} % K71 G (3.4
pL2p K P>
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Comparing equations (3.45) and (3.46), we get

o k-1 o y+x-1 S,%0 G0 Gu_,
K Kk E+v P P ErU
o k=1 op yrx-18 gu  gu g _
- - T3 73 T3
K K S+v P, P, St P
- o k-1 of y+x-1&  qgu _o
K Kk £+v Py E4v
k-1 f+v —af wHx-1
N W, K E+v —w; Ytk f_ng)zo
K P
2 2
+xv-¢&—-v — +x-1
N o, kE+kU=E-U —wy W f_qzzs)zo
K P>
) KE+KU—E—V—pE—KE+E Qo
= ——5=0
K P
= a)g[—l//fﬂ) K'—l:|=q2K:) (3.47)
P>

Similarly, from equation (3.45), we have

PRI 2= s
p2p K P

g £+v-1 :a)§ y+x-1¢ 1 1o (i+3alj

3
P2 .
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j—

3

po2p

qzu_a)g v+r-1 aj_ 1-v ¢+v 1 3x
o Kk £+u-1 c+ov-1

j—

3

A1 2p15

qzu_a)g y+xk-1¢& 1-v S+v (1 3
o Kk £+ou-1 F+ou-1

Now, if we put this result in equation (3.46), we get

a)g k-1 1w %4_302 _a)g v+r-1 §+ 1-v &+vu is
K P20 xk £+v-1 c+ou-1 o)
Multiplying throughout by &+v-1 , yields

wf k-1 E+v-1

3

1
-1-v $+v | —+ +
[ ; ; P1 2:015

K P 2P

+1-v &+v (%"’3&1}:0

P 2,015

K po2p

- o} k-1 E+v-1 1o (i+3alj_a)§ v+r-1 §=O
K

N o} KE+xkv—Kk—-E—v+]l —0f wrKr-1 §+q1 1-p (is+3alj:0
K 1

a)(f kKE+xkv—k—-¢E—v+1-ywéE—kE+E C 1w (i 3051]_0
K

a)g[u k-1 — k-1 —z//fL_ Lw ( 1 +3a1]_0
K

o k-1 v-l-wg) [ 1 +3a1J=O

K
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= 3

p2p;

K

o’ - k-1 1-v -
0[ W§]+ 1—1)(1+%J:0

1 3
= —a)é[ k-1 1-v +t//§]+1c 1-v (p—13+2p}):0

= a)oz[ k-1 1-v +1//§]:K 1-v [%+§le] (3.48)
1 1

Now, we note that when the first primary is not an oblate spheroid, and the second one does not
produce radiation, the solutions of equations (3.47) and (3.48) will respectively, be

B Kk 1-v and o° = KU
o= k-1 1-v +y¢ P2 v k-1 —yé

This implies that

= wlmv : and p, = e :
o= wé+ k-1 1-v P2 = -wé+v k-1

Hence, when the parameters are present, we assume that the solutions of equations (3.47) and

(3.48), are

1
K 1l-v 3 KU 3
= +¢g and p, = + 3.49
& {z//§+ k-1 1-v :I “ P2 |:—l//§+l) K—l:l “2 (3.49)

whereeg, <<1 =12

Now, from the equations in system (3.49), using Binomial expansion and retaining only linear

terms ing; , we get
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I:K‘ 1-v ]5/3 wé+ k-1 1-v .
pr = s 1+5$1{ }

[+ k-1 1-v ]

[/c 1-v ]7/3 wé+ k-1 1-v .
A= 73 l+751{ }

[wé+ k-1 1-v |

13
s + -1
and p5 = kv [1+352{ vetv K } ]

-wéE+ov k-1 KU
- 513 u3]
Py = Ko 1+5¢. —_Wf—ﬂ) K-l
2 -wE+ov k-1 2 KU
r 713 [ 1/37]
P = KV 1+7¢ yerv k-l
2 -wéE+o k-1 ? KU

Consequently, we have

L W+ k-1 1-v [ {w§+ k-1 1-v }1/3}
P = 1-3g,

x1-v x 1-v

& I:K' 1-v ]5/3 kK 1-v

L w110 " {1_58 {w§+ k-1 1-v }T

_7=[l//§+ k-1 1-v ]7/3 {1_781{1//§+ k-1 1-v }1/3]

P I:K‘ 1-v ]7/3 kK 1-v

KU KU

1/3
- -1 - -1
and p;? _M[ng {ﬂ} ]

122



" _—1//§+u k-1 T" 1-5 -wé+o k-1 N
_— —5¢
KU ? KU

KU KU

- _—y/§+u k-1 ]7/3 17 {—V/§+U k-1 }Us

Substituting appropriately in equation (3.48), we have

1/3
+ k-1 1- + k-1 1-v
a)g[l//§+ k-1 1-v ]:K 1-v e+ K v [1_381{1//§ } ]

Kk 1-v Kk 1l-v
[W§+ k-1 1-v ]5/3 wé+ k-1 1-v v
+—ak 1-v 3 1-5¢
2 [/c 1-v ] Kk 1-v
i wer k-1 1-v |
lox [1//§+ k-1 1-v ]=[l//§+ k-1 1—1)] 1-3¢,
Kk 1-v

3
+EC{1

[‘//f+ k-1 1-v ]5/3 {1—551{%% k-1 1-v }1/3]

[K 1-v ]2/3 k 1-v

Ignoring product of o, ande¢,, we get

a)g[(//f+ k-1 1-v ]=[(//§+ k-1 1-v ]{1381{W§+KK1_101_U } ]

3 [1//§+ k-1 1-v ]5/3

+Ea1 I:K 1o ]2/3

Multiplying the equation throughout by L , yields
wé+ k-1 1-v

2/3

Vs
+ k-1 1- + k-1 1-v

w; =1-3¢, et K z +§0‘1[W§ 213 :I
kK 1-v 2 [,( 1_U]
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2/3

1/3
wE+ k-1 1—0} .3 [pé+ k-1 1-v ]

= a)g :1_351{ 20‘1 [K 1o :|2/3

Kk 1l-v

Substituting for w? and simplifying, gives

1 2

- 3 3 + k-1 1-v 3

5‘1:1 k1l-v _3 n o9 [l//é: K - v :I (350)
3|lwé+ k-1 1-v 2 2[,( 1_0]

To find ¢,, we substitute for p,*and p,°in equation (3.47) to get

KU KU

1/3
_ -1 _ -1
o) [—wE+v k-1 |=g,xvx ety K [1—352{ vetv K } ]

KU

V3
a)g[—l//é‘ﬂ) k-1 ]zqz[—lﬂé‘+l) k-1 ][1—382{M} ]

Ignoring product of «, and ¢,, and multiplying the result throughout by;, yields
-wé+uv k-1
1/3
—wé+v k-1
@5 — 0, = =305, { ve }
KU

Expressing q, :[1— 1-q, ] and substituting in the above equation, we expand and ignore

product of 1-q, ande,, to get

1/3
&+ -1
ol -1+ 1-q, 3{%—}
KU
Substituting for w?, at once gives
1
- + -1 |3
3, 1 2382{&}
2 KU
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Therefore,

1 KU

1/3 3
) e L g L3 3.51
K 3{—w§+u K‘—l} [ -9, 2“1} (3:1)

Now, we substitute equations (3.50) and (3.51) in equations (3.49), respectively, to get

2/3

1 1
l: x 1l-v :|3 1{ x 1l-v }3|: 3 30&[(//§+ x-1 1-v :I
P, = + — o+

wé+ k-1 1-v 3 wé+ k-1 1-v 2 2[,( 1—v ]2/3

2

Kk 1-v }1/3!1 1 al[l,u§+ k-1 1-v ]m}

- = —o +
# L/§+ k-1 1-0 Y k1w [

1

3
Similarly, p, = KU [1—l 1-q, —lal}
-wé+v k-1 3 2

Now from these equations, using Binomial expansions, we compute that

3 kK 1-v [1_3 3a1[(y§+ k-1 1-v ]2/3]

= —oy+

S Ax 1o [

pr=— {1— 1-q, —§a1} (3.52)
-wé+o k-1 2

Knowing that p? = £+v “+¢%and p2 = E+v-1°+¢2, we can determine the distances of the

out-of-plane points on the & —axis from these relations by substituting £ = Ointo them, to get

pi=[ &+o Zflzandp;*:[ §+u—12]3/2 (3.53)

Substituting equations (3.53) in (3.52), we have

22 K 1-v 3 3a1[4//§+ k-1 1-v ]5
[§+U } _t//§+ k-1 1-v 2



2% 2[7( 1—u]

23 2/3
Kk 1l-v i 3 +3a1[(//.§+ k-1 1—1)]
- wé+ k-1 1-v 23

So that

1 2 3 30([ c+ k-1 1 0]2/3 2/3

K 1—-0U - -

E+v = 1- 34+ ALY - (3.54)
po+ k-1 1-v 2 2[x 1-v |

Similarly, we have

2/3 3 2/3
KU
§+U—1 ? :{W} {1— 1—q2 —Eal} (355)

Now, if we subtract equation (3.55) from (3.54), we get

23 2323
Kk 1l-v } {1_§ +3al[w§+ k-1 1-v ] }
wé+ k-1 1-v

a
2 2[1{ 1-v ]2/3
2/3 2/3
B {1— 1-q, —5%}
-wé+uv k-1 2

Denoting the LH.Sbhy f & | gives

2§+20—1={

2

2 3

2
1- 3 3a +x-1 1-v 3
f & =2+2v0-1- £ 1—§ 1t ll:l//é: 213 ]
i+ k-1 1-v 2 2[x 1-v |
(3.56)

g =
; KV {L—l—% —§%}3=o
-yé+o k-1 2

Finding the first and second derivatives of (3.56), and observing thaty<& + (—u}—l}o ;

then, we require thato € —1 3> w<& . Now, in the interval - €-v & -1 X yé <v€-1,f &

increases monotonically (Fig 3.1), so that for anyv,0<(x—1)<,q, and «,, there exists a
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single root of the equation (3.56), which gives the abscissa of the out-of-plane EPs. The exact

abscissa & is obtained by using the Newton-Raphson’s method.

500
400

f
s 300

200

100

-10(

-0.001 0 0.001 0.002 0.003

Fig 3.1: Graph of f & : zeros of the function gives the abscissa & of the out-of-plane points L,

Now, taking first derivatives, we get

. 2 l//[l( 1-v ]2/3 Salt//[zc 1-v ]2/3 alt//[/c 1-v ]2/3
fre = 2+§ 53 53+ 513
[l//§+ k-1 1—1)] 2[1//§+ k-1 1—1)] 2[W§+ k-1 l—u]
+g v K 2/3 v K 2/3 1-q, Say kv 2/3 v K 213 1-q,

5/3

3 [—1//§+u k-1 ]5/3 B [—(//g“‘+u k-1 ]5/3 B 2[—1//§+u k-1 ]5/3 ’ 3[—l//§+u (—1

oy (Uia
2[—(//;’+U (—153}

+

(3.57)

2 l//I:K‘ 1-v ]2/3 l-y 2 W KU 2 21-q,
53| !

j— f’ é: :2+§ /3 —
[1//§+ k-1 1—1)] 3[—w§+u K‘—l] 3
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Using Newton-Raphson’s method given as

Fen (3.58)

We can find the abscissa by starting with initial value &=0and getting the zeros

of f & and f' & . Therefore,

Using Binomial expansions, we have

2 2 2
3 _1)3 3
f 0=20-1- K 1—al+al{’(_1}3 + K {1_3 1-q, _0‘1}
k-1 K -1 3

2 2

=f0 :20—1—(Lj3 l—al+al(’(—_l

-1

K
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2 2
= f0 =20—1—(LJ3 29 q, +al(K—_lj3
k-1 3 K

2

2k3 1-
=f0=20-1-2 "% (3.59)
3xk-1s
Similarly,
f"0 =2+—

5/3 5/3

2{ 1//[/( 1-v ]2/3 ~ 30:1(//[1( 1-v ]2/3 . alz//[zc 1-v ]2/3 ]_I_z{ W KU 2
3

3 [ k-1 10" 2[x-1 107" 2[x-1 1-0] [0 x-17"

2/3

Y KL 2 1-q, 3o,y KL W KO 2 1-q, oy (ujs ]

2[1) k-1 ]5/3 Z[U k-1 ]5/3 " 3[0 k-1 ]5/3 +2[1) (—1 )’

Therefore, we get

, 2 l//I:K 1-v ]2/3 all//[lc 1-v ]2/3 2| v kv 2 2y kv 2 1-q,
f" 0 :2+§ 53 73 | T 5 53 5/3
[ k-1 1-vo ] [ k-1 1-v ] 3 [u K‘—l:| 3[0 K‘—l]
oy xv 5/3
ﬁ} @0

Substituting equations (3.60) and (3.59) in the Newton-Raphson’s formula (3.58) and
simplifying we get the abscissa of the out-of-plane EPs such that
1

§=EU(—U:¢—1

3¢ -17"C+a, - 20 ¥2c*°¢-q, _
> 5/3 2/3 2 \
v€-v &-1"" +yx {l—crl—3 (—qz/(—u}

From the equation, p? = £+v-1 *+ &2 we have

Cr=pf- sro-1”
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= §’=i\/p22— §+U—12 (3.61)

Substituting for o2, in (3.61) we get

2
3

KU 3 2
=+ {—l//f+l) ] [1— 1-q, —Eal}} - &+u-1

2

2
3
N { KV } {1— 1-q, —galr— F+v-1°

—wé+v k-1

Using Binomial expansion, we get

S=1 {_w&’;‘)’(_l} [1—% 1-q, —al}— E+v-1°

Now, from the equation, p? = &+v °+¢2, we have

2 2
=xyp — 4o

Substituting for p7, in the above, we get

2

2 3

K 1l-v 3 3oy | wéE+ k-1 1-v |3 )
g:i 11 1—50,’14‘ ll: 273 :I — §+U
pé+ k-1 1-v 2[x 1-v |
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2

. 213
xk 1-v 8 3 3| wé+ k-1 1-v 3 )
=>¢=%* S 1_Eal+ ll: 3 ] - £+v
we+ K v 2[x 1-v |
Therefore, we have
2 I: ]2
Kk 1-v 8 o |lysb+ k-1 1-v 3
S=+ e 1—oy +— - — £4v
e+ K v I:K‘ 1-v :I
Hence, the out of plane EPs are given as
f:iu(—u\‘f—l 3¢-1" ¢+, —20 + 2" -0, _
2 30(—02((—1?3+1//K2’3{1—a1—§(—qZ:(—U:}
2
KU 3 2 2
=+ o — 1—5 1-q, - |- E+0-1 (3.62)
and
oot 3¢-12" ¢+ —20 2" ¢=q, _
2 30(—v:¢—lj/3+w(2’3{1—a1—2(—qzj(—v}
2 2
1- 3 a + k-1 1-v 3
f==* i 1-oy + l[l//é: 273 :l - {+v i (3.63)
wé+ k-1 1-v [k 1-0 ]
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Real out-of-plane EP (3.62) and (3.63) exist only forx>1 providedz//§<u(<—1:
andyé+ k-1 1-v >0, respectively. The coordinate (3.62) is denoted byL,,, while the
coordinate (3.63) is denoted by L, ,. Hence, there are four out-of-plane EPs. Results of Bekov

(1988, 2005), Luk’yanov (1989, 1990) can be deduced from our results when

a, =0, g,=1andy =1; while the results here are similar to those in Singh and Leke (2010).
The positions of L;, and L, are shown in Fig 3.2 and Fig. 3.3, using equations (3.62) and

(3.63), respectively, fork>1, v=0.125,  =1.002, for,q, = 0.9988 and ¢, =0.02.

4,
2
£ o
-2t
-4+
0 0.1 0.2 0.3
S

Fig. 3.2: Out of plane Equilibrium points L,
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1.5 ‘ ' ‘ ‘
1 \
0.5
0
-0.5
-1 ///—/
-1.5 L ‘ . ‘ ‘
0 0.02 0.04 0.06 0.08

Fig. 3.3 Out of plane Equilibrium points Lg,

The EPsL, i=12.9 of the system of equations of the non-autonomous system are sought

using the Mestschersky’s transformation (1.46) in the form (Luk’yanov 1990):

Xi:égiRt’ yi:niRt’Zi:é/iRt, (364)

where, &' 7 ,p' ©  i=12.9 are the EPs of system autonomized system. All the EPs in

this case are function of timet, and so the locations of the EPs of equations of motion with

variable coefficients always change with time.

3.2.3. Stability of equilibrium points

In this section of the dissertation, we study the linear stability of the EPs of the restricted
problem. We shall also in the later part of this chapter, investigate the periodic orbits around

stable triangular EPs of the autonomized system.
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Stability of the equilibrium points of autonomized system

To obtain the variational equations for this problem, we follow the same procedure we used in

getting the variational equations (1.212), to get

"_ r_ 0 0 0
U"=2doV' = Q) u+ Q) v+ Q. W,

" r__ 0 0 0
Vi+2¢0u" = Q3 u+ Q) v+ Q). W,

(3.65)

W= Q) u+ Q). v+ Q. W
These equations differ from those in (1.112) due to the parameter ¢ and the partial derivatives
are also evaluated at the equilibrium points
Collinear equilibrium points

In order to study the stability of any of the collinear EPs, we compute the partial derivatives and

substitute them in the characteristic equation. We consider the point corresponding to L,_ with

coordinate 1-v-¢, ,0,0 .

The characteristic equation in this premise is also similar and obtained in the same manner as

equation (1.114), to get

A - QL Q) —4pwl APHOLQS — Q% T =0 (3.66)

nm nm sn

The partial derivatives computed at this point L,, while retaining only linear terms inl-q,,

a, and ignoring products of y —1with«, , are
Q) =y -1+x 1+2f,
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Q0 =y —1+k(-f,), (3.67)

QY =Q . =0
s ns
1-v v v1- 3o, 1-v
where f,, = ———+—+ qu +
82,( _1 821( 821( 52,( _l

Now,gzK>0,O<us%, f,. >0, consequently, for any O<x <o, yw-1l<<landeg, <<1, we

always have Q2. >0 while Q?m can be positive or negative, depending solely on the value of the

arbitrary constant « and the small perturbation in the centrifugal force.
Substituting equations (3.67) in the characteristic equation (3.66), we have

A*+PRA2+Q,=0 (3.68)
3
where P,=4-8¢-1-2 y-1-x 2+1,, +Ea1 4-2x+ 1,

QZZK[ w-1 2+f, +x 1+f, —2f2 143 ]

A careful inspection of the above reveals that the values of P, andQ, could be positive or

negative depending on the choice of x, small perturbations in the Coriolis and centrifugal forces,

radiation  pressure of the second primary, oblateness of the first and

whether ¢—1 <=>0, -1 <=>0. If the roots of equation (3.68) are distinct pure imaginary

roots, then the EP is stable, otherwise it is unstable.
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Now, a condition for pure imaginary roots of (3.68) is that simultaneously, P, >0, Q, >0, and
P,>D, ; where D,=P?-4Q,. Consequently, D, >0 and the roots in this case can be

represented as

%
— JD
where oy, = {% + N2 ]

2+f, € - 4-8e-2€ +6¢

provided - K<
1+ f, —2f2 2+ f,,

The general solutions for pure imaginary roots are given (Szebehely 1967a)

u=S,coso;r+C;sino,r+S,coso,7+C,sino,r
v=S§,coso;7+C, sino;r+S,coso,r+C,sino,r

where, S;,S,,C, and C, (i=12) are constants.
Hence, the collinear pointL,, is stable in this case.

Any case, different from case 1 above, results in a solution of the type

u= Aiealr + Aze—alz' +A3ei0'27 +A4€—i0'22'

v=Be* +B,e " + B, +B,e %"

Here, A, and B, j=1,2,3,4, areconstantsandall 4,i=1,2,34are real.
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In this case, the collinear point L,, is unstable due to the presence of exponential functions and a

positive root. Therefore, the collinear point is stable or unstable due the a constant of a particular
integral of the GMP, the small perturbations in the Coriolis and centrifugal forces, radiation

pressure of the second primary, oblateness of the first primary and the mass parameter. The same

stability analysis may be followed in case of L, and Ls.

Triangular equilibrium points

The characteristic equation in the case of triangular EP is also given by equation (3.66);

however, the partial derivatives will be calculated at the triangular EPs. We consider the stability

of L, points; the stability of the point L; follows in a similar manner.

To compute the partial derivatives, we get the following second order partial derivatives from the

force function in equation (3.17):

) k1l-v 3k 1l-v §+1)2 0,xv  30,k0 aj+1)—12 3ok 1-v
=0y, y+x-1 - + 5 - + -

0
L P, Jo P 2p;

9

15ax 1-v &+v ’
2p/

Kk 1-v +3/c 1-v 7? qzm)+3q2;q)772 3k 1-v  15ax 1-v 7?

Q =0 y+x-1 - +
me P or o5 o5 207 2/

3k l-v S+v 77+3q21cu f+ou-1 77+15a11c 1-v +on

<n 5

(3.69)
P, P 2p

To get Q7. , we substitute p°, p;°, p;"and &in the first equation of (3.69) to get
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2
o w+rk-1 3 3, w+Kx-13
Q.. =0y y+x-1-x 1-v X 1+§051—717

2 5
1 K2 1 loa, w+x-13 wHKk-13
+3x 1-v |~ —— 3 1-q, +§ ! e X5
w+x-13
2
5 S5¢, w+Kxk-13 v+k-1 3
X 1+§a1— 21 K2/3 —qZKUT 1+EC¥1+ 1—q2
213
+30,x0 1— a

QH 1} ( )1alQ+z< 1} Q+Kz< 1>[1+2a1+ (%%

——a/(( :Q K= 1) _5a Q+K—l}+15a1K(—UX+K—13

2 K_2/3 2 K7/3

2
§ %4_ 213 (qZ)O(lQ—H( 13 1+Za Tay Q+K—1)

Q+K—l§ 3 212 271 2 PEE

Expressingg, =1- 1-q, , we have
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2
+ _1§ 2/3 1_
QL =0 y+x-1-1-v y+x-1 1+§0¢ 3 YK + 1+A+la
2 0 1o 23 275"
3y+k-13

5
3

+x-1 +x-1
x3lu{€//’( Eall//’(

5 7
3

59 w+rx-1 310[1 1-q, ]

K,Z/S K,2/3 2 K_4/3

X

5
x—13 23 g~
v+rx-1 +gal v+x-1 —3(211 d ’;/3 }_31)[1_(_%%%_&_&}

Q+K 1) So, @ +K - 1) 5@+ -1 q, 3 o C+x-1)
2 1

K2/3 2K_2/3 3K2/3

x @+r-13 R Gl D L Gl lﬁ(qz?ﬁsgl(‘“j‘(—%j

K 2/3 2K2/3 3K2/3

2/3(q2) }[Q+K 1} 7a’1Q+K 1j 70{1€+K 1}]

4 SQ+K 15 K 23 2k’

2/3
+x-1
QL =w; w+x-1-1-v y+x-1 [1+gal—3§1 v :2/3 ]+3 1-v

5 7
3 3

a
1
K 8 K3 8x® 3 2 K3

5 5
{1 t//+K—1§+5 w+xk-13 S y+x-1 1-q, w+x-1 1 l//+K13]
X J— p— p— —
4

5
+xk-13
—l)|:l//+K‘—1 +g ota, Yyt+K-— l—gw]

K2/3
L yix-135 5 R 13 5C o, W r-1) (qZIH 1
v 47 K3 123

i 2/3 4K2/3
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5
+x-13
Q§§=w§ v+k-1 - py+x-1 —gal v+rk-1 +g“1” v+rk-1 +%WT

2 3_ 13
+—-a 93 -5 w+Kx-13 e

5 5
3 w+xk-13| 2 2 3av Ww+x-13
3 T|: :|+ 1—q2 l//+K—1— 1

2

2
X|:9K2/3—5 w+rx-1 3}—0 1-q, y+x-1 —galu w+rk-1 [91{2’3—5 w+rk-1 3}

3 v+rx-1

5

3 — — 2 2
+§alu e i +U( qZArKIZ/S-FK 1:?5Q+K—1}4K2’3—3Q+K—1}}
| 15% Q+x—1§_ 15,0 Q+K—1§

4/3 4/3
8k 8k

Simplifying the above equation further and substituting for o , we have

5
5/3 2
3 3 3 w+k-1 3 w+x-13 2
Qgég: l//+K—1 (1+Ea1—1—zalj+ZT+§alT 9/('2/3—5 l//+K—1 3
5
+x-13 2
+1-0, y+x-1 —galu d KI4(/3 [91{2/3—5 v+k-1 3}—0 1-q, y+x-1
5 ) 7
3o w+xk-13 vl-q, y+x-1 2 2| 15¢a; w+x-13
+ 8,23 + PEE 2 y+r=13-4x® |+ g3

15ap @+ K—lé

8K4/3

5
3o y+k-13

8 K_4/3

[91{2/3—5 v+x-1 2/3} [97{2’3—5 v+rk-1 2/3}

2
3

k?1-q, vk 1-q, 3 u[ w+Krx-1 —27(2/3] 1-q, +15a1 w+Kx-1

+ -~ +au+
W+K—1§ (//+K'—1 2/3 8 1 2 (//+](—l 2/3 8K2/3
2
1500 y+x-13
- 8K2/3
or
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3
Q= =+
& PR 4 2B 8 8 P 2/3
31953 -5 w+x—1 2’3:| 213 23 2/3
3 yrK 15 w+x-1 w+xk-1"" -2k
+ g_ 8x23 - 8x23 av+u 1_q2 23
2 y+x-1

213
w+x—1 213

Simplifying, we have

2 2/3 2/3
wv+k-13(3 27 3 27 k" 1-q v1-q v+xk-1 " -4k
ng = 3 {_‘" 0!1+(—— jall)+ 22/3 + e 3
K 4 8 8 8 w+x-1 2 w+x-1

5
3y+kx-13 4" 1- 2v 1-q, N
392& ==+ 23 1+ga1—4alu+ q22/3 N % 23
4k 2 3y+x-1 3y+x-1
Similarly,
5
o _By+x-1s N . 1262 - y+x-17"° . 4k 1-q, . 2v 1-q, N
n 4,(.2/3 l//-{-]{'—l 2/3 2 [’[/+K'—1 2/3 1 3 3 W-{-K‘—l 2/3
3N y+x-1 43 [241(2’3—5 v+x-1 2/3}051 8K2/3|:2K‘2/3— v+x-1 2/3}
Qgrz - 213 2+ + 3 1-q,
8k N 3N y+x-1
[32/{2/3—6 v+x-1 2/3} 4 y+r-17"
-v|4+ o+ 1-q,
N 3N
where N =4x?"° - @ +x-173° (3.70)
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Substituting the partial derivatives (3.70) in the characteristic equation (3.66), and ignoring

product and higher order terms in1-q,,y —1and «,, we get

A*+PA*+Q =0,
-P+
where Ay = “P£4¥D _2\/5

are the roots of (3.71), and D = P?-4Q,

P=4—3K(1+gal—ualj+6al—3 v-1+8¢-1,

Q:%’([gﬁzz y—1 +3%0 +2x 1-0, v 1-v >0

The discriminant D of the polynomial (3.71), is given by

D =3x[9x+22 y -1 +3%a, +2x 1-q, |0
~3x[9x+22 y -1 +39ke, +2x 1-0, +2 32 a, |v

+9x° 1450, +6x[3 -1 -8 g1 +16a, —4]+8[8 ¢

(3.71)

1-3y-1+60,+2]

Now, D is a monotonous function of v in the interval (0,%) and has values of opposite signs at

endpoints. So there are different values ofv, say o, at which the discriminant vanishes. We

putg—1=e and y —1=¢€"in the discriminant, and solve D =0 for v to get:

Ucp =V, +U U, +U,  +0U

P2k K

1 M 2 24k —9x° -16
where vy ==——, v, =
2 18k - 27xM

l_qz ) Upll(
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_16€-3x ¢
3xkM



0, =—| k-4 +
Pek 27k*M % Qg M

1%

_ 2 ’ _ 2
_4€ex-9x7-88 3 1 60k —9x 64}%

M = \/3(96x — 9x? — 64)

v, are the critical mass parameters which exist for different values of x, and describes the joint

effect of the involved parameters. Though, xcan take values above &'and below infinity;
however, we consider only values in the range 0.71459 <x <9.952135, for values of « outside
this interval do not result to physically meaningful critical mass parameters as they turn out to be

either negative or indeterminate quantities.

The critical mass valuesuv.. , for values of kappa in this interval are:

ey s = 0-498958—26.6567 5, +1033.87 € —798.074 €' —111.6959 ¢
O, ., = 0.489815-2.726065, +105.741 € —81.6156 €' —11.5585¢ (3.73)
v, =0.03852-0.0089175, +0.642058 € —0.338864 €' —0.258249¢,

v, =0.0000082 —0.00000185, —0.00660061 € +0.00246018 €' +0.00594573¢1,
v, =0.038520-0.008917475, —0.321029 € +0.0713398 €' +0.818978¢,

ve, =0.234029 -0.0748866 5, —0.490167 € +0.0190621 €' +11.9829¢,

ve, =0.280105-0.101895, —0.524006 € +0.00970381 €' +19.5514¢,

ve, =0.322357-0.1366305, —0.578677 € +0.0022963 €' +30.3533¢,

v, =0.363917-0.1890045, —0.680414 € —0.0047251 €' +46.8088¢,,
Ug,,,, = 0.499475-52.8925, —~147.284 € —3.22966 €' +11533.5¢ (3.75)
Ug, s = 0-499938—451.5726, —1257.45 € —27.5738 €' +98253.6¢
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where 6, =1-q,

Now, since the nature of the characteristic roots depend on the nature of the discriminant, small
perturbations, mass ratio, oblateness and the constantx, we consider the three regions of the

discriminant D coupled with the changes in P which is due tox, v, ¢ and

whether8 e -3&'<=>0.

1. A condition for pure imaginary roots of (3.71) is that simultaneouslyO<v<v. ,D>0

and P >0, and are represented as:

A, =180, Ay, =18,
where

S, :%[—P J_r\/B]

In this case the triangular EP is stable.
The general solution can be written (Szebehely 1967a) as

u=C,cossz+S;sinsz+C,coss,7+S,sins,r (376)
_ _ _ o 7
v=C,cosst+S;sinsz+C,coss,z+S,sIns,r

Here, s, and s, are the frequencies for the long and short periodic orbit respectively, and the

coefficients C,,S,,C, , S_land C,.S,,C, ,S,are the long and short periodic terms respectively.

2. ForO<v<uv. ,D>0and P<O0. In this case the roots are real and distinct and can be

written as

21,2 :iup ﬂ3,4 = iuz
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where U, = % P+JD

The general solution for real roots with the condition P <0, is represented as

U= Pleulz' Uz + Panzr + P4e—U22'

U,z -Upr U,r -U,r
v=CPe™* +CPe " +C,Pe* +C,Pe

+Pe
(3.77)

where C,, C, , P i=12..4 are constants. A positive root induces instability at the triangular

point.
3. When v, <u£%, D<0 andP <0, O< P<2J6 . The real parts of two of the values of 4

are positive and equal. Therefore, the triangular point is unstable.

4. Whenv =v. , D=0. The following cases are possible.

(i) IfP <0 ,two roots are real and equal, while the other two are negative and also equal.

In this case, the triangular point is unstable.

(it) IfP =0, here all the roots are zero, and the triangular point is unstable

(iii) If P >0, all four roots are imaginary, in which two are positive and equal and the
other two are negative and equal. In this case we have the resonance case of
second order. Here, since the frequencies are equal and of same sign, the equilibrium

point is stable (Gozdziewski 2003).
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Hence, we conclude that the triangular point of the autonomized system can be stable and

unstable in the range 0 <v <uv, depending onx, the mass ratio, oblateness coefficient and the

small perturbations; but is entirely unstable forv, <v s% .

Out-of-plane equilibrium points

We consider the stability of the out-of--plane equilibrium pointL,, those ofL,,,can be

analogously obtained. To obtain the characteristic equation in this case, we follow the same

procedure used in getting the characteristic equation (1.115). From equations (3.65), we have

AP -Q — 20w, +€2, -Q%
0 2 0 0
Z(pa)oﬁ—Qg” A —QW —QM =0
0 0 2 0
_Q:¢ - Qéﬂ A" = Qg:

Expanding the determinates and simplifying at once gives

2
A8 a4 Qg§+Qgﬂ+Q2¢—4(p2a)§ +/12[ng92”+9§§§2§,¢+9° Qgg—4¢)2a)§£22,¢— an

nm

2 2 2 2 2
- Qgg - Q° }—ngg‘) QZZ—ZQO Q(:E;Q?]C+Qg§ Qg,, + Q° Q04§+ Qgg Q° =0

¢n nn én én n
where

3 4+ 1 k-1 o 5 2

_U e

Q. =¢//(1+ﬁ)+3 Etv '’ v — (1+ alj+3 E+v-1 2{1+— 1-q,

2 K2/3 l—l) 2 3

-wé+ov k-1 "
X 273
KU

=0

nn én ng

Qo =y/(1+galj , Q) =Q°
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Q) =3 +
&< ; 2/3 2/3 3 2

5 5
E+v wé+ 1-v k-1 3 2+5¢ E+v-1 —wé+v k-1 3 1+2 1-q, +5a1
2x*® 1-v KU

5/3

5/3
wé+ 1-v k-1 5 —-wé+v k-1 2 5
Q2 —34’2{ 73 (1+Ealj+ 73 1+§ 1-q, +§a1

x1l-v KU

These derivatives have been evaluated at the out-of-plane equilibrium points and we have

neglected second and higher order terms and product of o, with1-qg,andy —1=€".
Now, substituting equations of system (3.79) in (3.78), results in
AP —pAt+gA°+r=0 (3.80)

where

%
p:?’Q—Y[ §+U 2

3RZ”*
A [

+&? 455 frv-174¢7|-2-8e42e

AN 2 z% 2 Y% 7%
q—1+7|:Ay E+v + §+u -1 +——3cj [A%+¥

2 > ., 37% 2 Y% z/
+g[2+v c+v +¢ +¥ F+v-1"+4° |-24¢ A/ B% &2

% % 6V YZ © 1 y% AT 3V YZ %
3 {3Qy +3RZ . §+u E+v— YZS Z T_ €+uj#<+u—1§

% g U LN vy §+u ~1vz2 "% Z%N E+v-1°
r=32° 1+ a,+¢€ 3 7 7

—+

+ 4, 2 2 4,

{Y/s z/r 340 YR 3E+0°YZ PV 3 E+uv-1°YZ PV 3§+0122%W}]
+ + +
B’
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with Y=1+€ &+ 1-v k-1 ,Z=-1+€ £+v k-1

Q:1+§al, R:1+g 1-q, +§al, S=1+4a,+¢€
2 3 2
2 , 4
T =1+§ 1-q, +4a,+€, U=1+5, V =1+§ 1-q, +5«,

W =1+§ 1-q, +5

The stability of the out-of-plane EP L, is determined by the roots of the characteristic equation
(3.79). We perform a numerical exploration to compute the out of plane points, the partial
derivatives and values of the quantities p,q and r using the software package Mathematica
(Wolfram 2003) for values of x>1, g, =0.9855,¢=1.001,y =1.002,, =0.02  and found
that the signs of the quantities p,gand r could be negative or positive depending on the interval

where « lies. The following cases have been considered:

i. p<0, g>0 andr <0, there is one change in sign, which implies there is exactly one

positive root according to the Descartes rule of sign.

ii. p>0, <0 andr <0, there is also one change in sign.
iii. p>0, q<0 andr >0, there are two changes in sign indicating there two positive, two

negative and two imaginary roots

The stability of the out-of-plane points would have been achieved if a fourth case, that is, p <0,
q>0 andr >0, however, this case does not arise. Hence, we conclude that the out-of-plane

equilibrium points of the autonomized system are in general an unstable equilibrium points due

to at least a positive root.
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Stability of equilibrium points of the non-autonomous system

The analysis of the stability of the EPsL; i=12..9 would depend on the methods applied,

since these equilibrium points are themselves time dependent. For example, using the definition

of a Lyapunov stable solution (Krasnov et al. 1983), we have in the triangular case:

limx* t =£*° limR t =0 (3.81)

t—>ow t—oo

Equation (3.81) proves the instability of the solutions x t , and similarly fory t , according to

the Lyapunov’s theorem, and is same as the result of Luk’yanov (1990).

The relationship between the old and new independent variables t and 7 are given (Poincare

1911, Singh and Leke 2010) as

O<ymr<w (3.82)
and 2 !im%=1“< s (3.83)
where S =4 x 2, and finite

Equation (3.82) implies that as t is approachingw, 7 is also always approaching a finite value,

while (3.83) indicates that limZ always tends to a positive finite valueI". However, this finite

too t

values decreases due to oblateness of the first primary.

The system of equations with constant coefficients and the reducible system are regular. The

system with variable coefficients is reducible due to the Mestschersky transformation (1.46).
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Therefore, we apply Lyapunov’s theorem, using the LCN on the stability of the motion around
the equilibrium points depending on time of the system. The calculations of the LCNs here are
limited to finding the maximum LCN, which gives a computed value that we use as a metric to
give a qualitative indication of how stability vary over the solutions. Following Singh and Leke
(2010), the LCN of the triangular solutions varying with time with the consideration that as

t — oo, 7 is approaching a finite value, is:
L =—li 1I Rt|=0
o[ X T ]=-limEin|eR t]=

similarly, Ls[yt]=0 (3.84)

Thus, the Lyapunov characteristic number is zero for triangular solutions, therefore the stability

or instability of the perturbed motion cannot be determined directly from the triangular solutions.

Using equation (1.107), the equilibrium points (3.64) of the system (3.14) with variable
coefficients can be represented (Singh and Leke 2010), with given solutions (3.76) and

transformation (1.46) as:

x,=C,cosszRt , x,=S;sinstR t ,x,=C,coss,7zR t ,x, =S,sins,7R t

x=ERt,y,=CcossrRt ,y,=SsinszRt y,=C,coss,7R t

y,=S,sins,7Rt , y. =nm,R t (3.85)
where &,,7, are coordinates of the third body.

These EPs correspond to the region whereO<v <uv, ,P>0. Numerically, this holds

when 0.002 < k¥ <1.31169451 ; when there are no small perturbations in the Coriolis and
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centrifugal forces, we have 0 < x <1.311. Further, if the first primary is not an oblate spheroid,

then we have 0 < x < % and this agrees with the result in Singh and Leke (2010).
Similarly, the EPs with conditionsO<v <v, ,P <0 using (1.107), solutions (3.77) and MT
(1.46) can be represented as:

X, =¢""Rt x,=e™Rt x,=&R t

Ve =Ce™"y, =C,e y, =R t (3.86)

The solutions (3.86) correspond to the region where, P <0 and the is determined by the

parameter -, oblateness of the first primary and whether8c-3&'<=>0; since in both

casesO<v <y, , D>0.
For the solutions (3.85), their LCN’s are (Singh and Leke 2010)
Lx =Ly =0 1i=12.5 (3.87)
In view of the EPs (3.86) and using equation (3.83); their LCN’s are:
Lx =vU,I’, Lx =+U,I', L x =0
Similarly Ly, =fUI’ Ly, =FU,I', Ly, =0 (3.88)

Therefore, the LCNs are negative for solutions with positive exponents, positive for
solutions with negative exponents, and, zero for solutions having imaginary exponents and

constant solutions. Hence, when the roots of characteristic equation of the autonomized
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equations are positive, then the LCN of the solutions varying with time is negative, and
consequently the solutions are unstable according to the Lyapunov theorem. If these roots are
pure imaginary quantities, then the LCN of corresponding solution varying with time is zero and
this corresponds to regular or periodic motion. Hence, the solution is stable. Finally, when the
roots are negative, the LCN of corresponding time-dependent solutions is positive and

consequently stable.

The same stability analysis can be done in the case of the collinear and out-of-plane solutions of

the non-autonomous system.
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3.3 Combined Effects of Oblateness, Radiation, Perturbation in the Restricted

Three-Body Problem with Variable Masses
In this problem, we extend the R3BP with variable mass of Bekov (1988), by taking both

primaries as radiation sources and oblate spheroids under effects of small perturbations in the
Coriolis and centrifugal forces when the masses of the primaries vary in accordance with the
UML and their motion given by the GMP. This problem is also a modified version of the
research problem 3.2 and can be viewed as an extension of the work by AbdulRaheem and Singh

(2006), when the masses of the primaries are assumed to vary with time.

3.3.1 Equations of motion of the third body

The equations of motion of the third body when both primaries are oblate spheroids and

radiating, under effects of small perturbations in Coriolis and centrifugal forces, have the form

9, € =% j_ Hy0, € =X, j_ 34,0, A € - X, j_ 34,0, A, € =X, :

X—Zwy:a)zt//x+a')(py—

r} ry 2r® r
3 3 A
y+2w(p)-(:wzw_a-)¢x_ﬂ1(11y_/uzcizy_ ﬂ1q15A1Y_ :uzqi 2y (3.89)
r, r, 2r, r,

-Z-:_/qulz M9 31,0, A2 _ 3u,0,A,2

r} r 2r? r
h 2 (: n€l,, 3 A 3.90
where o' G +F¢1 + A, (3.90)

A (:and A, (:is the oblateness of the first and second primary, respectively and g, {= 1,2:are

the radiation pressure forces of the primaries, respectively. The other parameters have been

defined earlier.
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The autonomized dynamical system with constant coefficients is given by the equations

oQ
”_2 r:_,
&"=20pn o¢
14 ! aQ
n"+2p& =5,
n (3.91)
4 aQ
é’ -
o¢
where
0 ©Y+x-18 7" oi€&-1" qx€-v_ Qv Ko €= kG000

2 2 P e 2p; 2p;

oK =1+g(zl+a2: :

pr=\€+v >+,

,02:\/{+u—1;2+772+§2

where, a;and ¢, 1=12 are the oblateness coefficients and radiation pressure force of the

primaries, respectively; the other parameters are defined in equations (1.004).
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3.3.2. Locations of equilibrium points

The EPs are the solutions of the autonomized system when the velocities and components of

acceleration are zero. They are defined by the system of the equations

o o . g

o on oL
That s,
gx 1-v &+v  giv E+v-1 30k l1-v S+v  3Qkv E+v-1
(051//+K—1§—1 - _ _ ! - 9O M 2 _
Pi P; 2 Je) 2 P>
1- 1-
P P2 p 2 P

[a)g g G 1-v grw 3agrl-v 3 %%KU}::O

Joy P2 P 2 P

0

When the first equation is solved for &= 0and#n =¢ =0, we get a solution collinear with the line

joining the primaries. When the system of equations is solved for& = 0,7 = 0and £ =0, a pair of

solution which forms two triangles with the primaries exist. The last type of solution, which is

called the out-of-plane or coplanar equilibrium points and occur in pairs, are found when we

solve the system of equation (3.92) for& # 0,7 =0and £ = 0. We devote this section to finding

the locations of these EPs.

155



Collinear equilibrium points

The positions of the collinear EPs L, €=1,2,3 are obtained by solving equations of system

(3.92) withn = £ =0, and the abscissas are:

& =-v-g, &=1-v-¢,, &=1-v+g,, (3.93)
whereg, >0, 1=1,2,3 are the roots of the first equation of (3.92) and,

o =|§+U|, oX =|§+U—1| (3.94)

Following problem 3.2, we compute the collinear pointsL,, , by substituting &, =¢&

andy =1+ €', in the first equation of (3.92), and solve to get an algebraic equation of ninth

degreeine,:
£y —AEs +a,8] —A.E8 +,E5 — AL, +,85 — A6 + 3,8, —8, =0 (3.95)
wheres, - S+dv, 2548, 220,45 +K[2q1+202q2—?: l+v, o+a, |
+v, 1+v, 1+v, 2 k+€ 1+,

0,+5 &[ 2-30,-3a, 1+2v, -2 1-q, —4v, 1-q, |
+

1+v, k+€ l+uv,
1 x[2+3 qy-a, ~21-q, +6v, 2-8c,~20,-2 1-0, |
%= 1+v, ’ 2 k+€ 1+,
.  2k0,[2-30, -2 1-q, | . _ Kkv,[2-304+150, -2 1-q, |
° k+€ 1+v, T 2 k+€ 1+vp, '
_ ba,xv, 3a,kv, _ v

’ = ’ ! L, )
k+€ 1+v, 2 k+€ 1+v, 1-v
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The polynomial (3.95) is of degree nine because both primaries have been assumed to have the
shape of an oblate spheroids. Notice that the polynomial has degree seven when one of the
primaries is an oblate spheroid (Equation 3.21). We can analogously calculate those for the

collinear points L, andL,; in each case, we get an equation of ninth degree, which depend on

the mass ratio, small perturbation in the centrifugal force, radiation pressures, oblateness and « .
The real roots of (3.95) gives the positons of the collinear EPs. Numerically, the binary system
known as “peanut stars” is used to present the number of possible real roots of equation (3.95), in

chapter FIVE.
Triangular equilibrium points

The triangular points of the autonomized system, which lie in the orbital plane &7, denoted by L,
and L, are the solutions of system (3.92) with, » #0, £ =0. Following the same method used in

problem 3.2, we solve the equations:

gk 1-v S+v Qv S+uv-1 3aqx 1-v S+v  3oGkv S+u-1

of w+k-1¢E- =0
’ oy P; 2p; 205
1- 3o,0uk 1
of prx-1 - Y QR SAGK 70 Salkv o g (3.96)
%) P> 2p; 2p;

From the first equation of (3.96), we get

£+ [cooz -1 A0 Qo Segr 7o —3“2q2’(”}

3 3 2 5 2 5
P P2 P P2 (3.97)
ol @? prx-1 - 0,k 3a,0,kV
’ P 2p;
2 2

Substituting the second equation of (3.96), in (3.97), we get
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&g_%ﬁﬁfzo (3.98)

o, w+rk-1 -
’ P> 2p;

Similarly, we have

LU L (3.99)

2
o) y+x-1 -
’ A1 2p;

When the primaries are not radiating and are spherical, we have g, =0, =1ande; =, =0. In

this case, the solutions of equations (3.98) and (3.99) are

1/3 1/3
& wr-1 | P2 w+rx-1

And so, we can assume equation (3.26) to be the solutions when the primaries are oblate

spheroids and radiating bodies. That is

1/3 1/3
K K
pl = [m} + 81 and p2 = [m} + 82 (3100)

wheresg, 1=12 are very small quantities.

Substituting for p,and p,® in equation (3.98), we get

1 5 1
P Ok -1 1_36‘2 l//41-/;c—13 Sk, yHx-13 1_582 w+xk-13

=0
. . 2,573 B

Expanding and ignoring product of «,ande,, we get
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3g, w+x-1 1/3} 30,0, w+x-1 o B
K

of w+xk-1-q, y+x-1 [1 7 5 e =0 (3.101)

Expressingq, =[1- 1-q, |, where 1-q, <<1, equation (3.101) becomes

3, wrr-1"] 3[1-1-q, |a, w+x-1"
of w+r-1 —[1— 1-q, ] wv+rx-1 [1— 2 ¥ 1/’3( ]— [ % ] 22/3W =0
K 2K
Ignoring products of 1-q, with «,ande,, and solving correctly, we get
K_l/3 3 3 az l//+K'—1 2/3
g = N3 e —1-q, 4> (3.102)
277 P T2} oG T, 2 75 P

Similarly, if we follow the same procedure and substitute p;*and p;°in equation (3.99), and

solving, we get

K,l/3
3 v+r-1 v

1 2/3
& —g o+a, —1-q +§0[1 VK } (3.103)

2 K_2/3

Now, substituting equation (3.103) in the first equation of (3.100), yields

1/3 2/3
K 1 1 la y+x-1
/31=|: v+rx-1 } [1_5 R 3 1-a +§ 1 K } (3.109

Similarly, when we substitute equation (3.102) in the second equation of (3.100), we get

1/3 2/3
K 1 1 la, y+x-1
P{m} {1‘5 are —3 ik T } (3109
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Subtracting equation (3.104) from (3.105), we have

1/3
K

I N SR TR
P~ P l//+K‘—1ll3 5 A 2 73 2

lo, y+x-1 2
E 213

—l+l o +a, +% 1-q

lo, y+x-1 2
) PEIE

@ |1 1 1oy, w+x-1" 1a, wrx-17"

Pr= P = 3| 1_q1 4 1_q2 —=—= 2/3 R 2/3
w-}-]('__']_ _3 3 2 K 2 K

3 _1 1 w—a, yrr—1 213
Pz—Plzm 3 1-q 3 1-q, - : W (3.106)
Summing equations (3.104) and (3.105), gives

v 1 1 ata, yr-1"

P+ = P {2 o+ — 1-q, 3 1-q, +— 22;8’3 (3.107)

Using equations (3.106) and (3.107) in equation (3.34) and expanding; we ignore products of

very small parameters and retain only linear terms, to get

2 2 2K2/3 1 1 al _az l//+K_l o 3 108
P2 =P =m 3 1-q 73 1-q, - 0,23 (3.108)
Substituting (3.108) in (3.32), yields

1 K'ZIS l l al _az l//+K'—1 2/3

=—-v—-————|=-1-q, —=1-q, — 3.109

%E 2 L W_'_K_l 1/3 {3 ql 3 qZ 2](2/3 ( )

To find the 7—coordinate, observe that
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v+Krk-1 3
Therefore,
2" 1 1
1012+,022=m 1—5 Hta —3 1-q, +

213
o y+rx-1
+ 2,(,2/3

and pf - pf =0

o, y+x-1 o

2K_2/3

2

1
5 Gt 3 1-q

G110

(3.111)

Substituting equations (3.109) and (3.110) in equation (3.33), we have

K_2/3 i 1 1
"_i{ prosre b R R R

K2/3 1 1
PR 1—5 1-q, 3 1-q,
W+ K-

1 1
- ta, +

- ota, +

- ta, +

2/3 vz
o+a, y+x-1 1
2K,2l3 jl

4

2 1/2

2/3 =
aqta, y+x-1 " y+r-13

2/3
o+a, y+rx-1

2K_2/3

4K2/3

12

2/3
- y+r-1

43 1—§ 1-q 3 1-q,

2K2/3
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2/3
4™ -1




| 213
K3 , sl 1-q  1-q, o +a, y+rx-1 2
n== BT 73 VY Vel 3 + + a+ta, — P
2 v+rx-1 K
2 1/2
- y+x-1 3}

1- 1-
n=+;{4/<2’3— w+x-1 2/3+41<2’3[— %@ % _ o, +a,

2 w+k-13 3 3
1/2
o +a, y+rx-1 2
2K2/3
213 1— 1
S 1 . 453 vt r—1 2/3} 14— 4x {_ 3q1 _ 3q2 - o +a,
2 y+x-13 4icd — K -1 2
12
o+a, y+rx-1 2
2K2/3
z s [ 2
\/4/<3— v+rx-1 4x3 1-q, 1-q,
n:i 1 1+ 2 3 - 3 - a1+a2
2 y+r-13 4ic® — y+x-1 2

162



Hence, the coordinates of the triangular EPs of the autonomized when the primaries are oblate
spheroids and radiation sources under effects of small effective perturbations in the Coriolis and

centrifugal forces have the forms

2
2/3 — +rx—13

v L L i
YrKk—

(3.112)

\/41('2/3— v+rk-1 2 2x23 1 1
n=4% 173 1- 23 |5 1m0t 1-0, + o+
2 y+x-1 4 1 3 3

K- yw+K-—
2/3
o+a, y+rx-1
- 2,213 }}

These solutions exist for various x y—1<x<oo different from the triangular EPs with

constant masses. Numerically as x — oo, there is more than a pair of these points; interestingly,
infinite numbers of the points do not exist. When k=1, the solution is similar to those of
AbdulRaheem and Singh (2006). However, the triangular points for other values of x have no
analogies in any previous works.

Out-of-plane equilibrium points

The out-of-plane EPs are located outside the plane of motion. Their coordinates are the solutions

of (3.92) withz = 0. That is, we must solve the equations

gx 1-v &+v kv £+0-1 3ok 1-v S+v
> - —

P, P 2p;

of yrx-1&E-

(3.113)
3a,0,k0 S+v-1 0

25
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and

o,x 1-v _qzlcu_3alqll( 1-v _30{2q21{1)

=0, £#0 (3.114)
Iy o 2p; 2p;

2
w;, k-1 -

Where p2 = E+v 247, pi= E+v-1°+2

We can express equation (3.113) in the form

2 wk-1 +u-1
q 1-v (%+3“15]:w° prr-le G otv i3+3“25 (3.115)
pL2p; K S+v S+v P 2p;
From equation (3.114), we have
2 k-1
q 1-v (%+ 3“;}: % £ —qzu(%+ 3“@] (3.116)
pL2p K P 2p;

Comparing equations (3.115) and (3.116), results in

o k-1 o y+x-1 §+qzu E+v-1 1,8 o 1 3%,
K K &+v E+v Py 2ps ?

or

w; k-1 _a)g W+K—1§+Q2U S+ (i+3a2J_ Qv {i_i_?’azJ_qU[i 30‘2]_0
, =

K Kk E+v ro (P 208) Evo g 208

P k-1 o yrr-1
L@ k-l oy §+q21)(i+3%]— (/) (1 +3052J_q20(i+3a2}:o

K Kk E+v pi2pt) Evo g 208

:>a)§ k-1 _a)g y+x-1¢ qu (1 +%J:0

K K £+v E+v p_g 2p;
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Multiplying throughout by &+v , yields

of k-1 E+v -} wH+x-1¢& [ 1 SaZJ
— Qv =0
K

2 — f— — —
:>a)0 kKE+kv-&E—v-wE—kE+E —qzu[i+3a2j=0
K

f—

Ao xtve] (1 3
—qzl) —3+ = =0
K , 2P,

> P

= o} [—warU k-1 ]: qzlcu[%+ gazsj (3.117)

Next from equation (3.115), we have

3

1 3a,) o y+x-1& g l-v &+v (1 3¢
0, 5 |~ - +
Py 2pP;

0 x E+o-1 Fro-1 |\ p° 20°

On putting this equation in equation (3.114), we have

p2p0) Kk E+o-l fro-1 g 20

o k-1 g 1-0 (i+3alJ_a)§ v+r-1 §+q1 1-v &+ ( 1 3051j20
K

Multiplying throughout by £+ov—-1 and solving we get

a)g[ k-1 1-v +1//§]:qllc 1-v [%+§Z§j (3.118)
1 1

Now, we note that when the bodies are spherical and non-luminous, the solutions of equations
(3.117) and (3.118) are respectively

x1l-v KL

and p5 =

~= k=1 1-v +y¢ v k-1 —yé
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Therefore, we can assume the solution of the equations (3.117) and (3.118) to be

1 1
x1l-v 3 KU 3
= +g and p, = +& 3.119
& l:t//§+ k-1 1-v } ' P2 |:—l//§+l) K‘—l:| ? ( )

whereg, <<1 1=12

Now, from these equations in system (3.119), using Binomial expansion and keeping only linear

terms ing; , we get

5 W+ k-1 1-v [ {l//§+ k-1 1-v }ua}
pl = 1—381

Kk 1l-v

I:K 1-v ]5/3 kK 1-v

5/3 1/3
+ k-1 1-v + -1 1-
,01_5 = I:l/jg :I [1—551{W§ ~ Y } }

13
W&+ -1 -y + -1
. [{ eiov et ) }

KU KU

5/3 1/3
s | wE+u k-1 -wé+uv k-1
P, =l — 1-5¢,
KU KU

Substituting appropriately in equation (3.118), we have

1/3
a)oz[‘//é’Jr -1 1-v j|=ql|:l//§+ k-1 1-v ]{136'1{#54_ k-1 1-v } ]

Kk 1-v

3 [l//§+ k-1 1-v ]5/3 [1_58 {1//§+ k-1 1-v }1/3]

+Ea1ql [K 1-v ]2/3 Kk 1-v

Ignoring product of «, and ¢, and multiplying throughout by 1 , We get
wé+ k-1 1-v
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2/3

+§0‘1q1 [K 1o :|2/3

U3
+ x-1 1-v 3 wé+ k-1 1-v
a)oz —Q :_Bqlgl{ly§ } [ ]

xl-v

Expressingq, =[1- 1-q, |, and Ignoring product of 1-g, with & ande,; the above equation

reduces to

2/3

wE+ k-1 1-v 1/3+3a1[1//§+ k-1 1-v |
k1l-v

a)g -1+ 1-q :_351{ 2[ 1 ]2/3
K 1—0U

Substituting for ?, and reducing the equation, we get

1 2

1- 3 3u + k-1 1-v 3

81=l £ 3 at+a, —1-q + 1[‘//§ 213 ] (3.120)
3|+ k-1 1-v 2 2[,( 1—1)]

Similarly, for ,, we substitute for p,°and p,” in equation (3.117) and solve, to get

1 2

3 3a,| -wE+v k-1 |3

8221 S A 1-q, —§ o ta, + 2[ ve e ] (3.121)
3|-ywé+v k-1 2 2 kU

Now, we substitute equations (3.120) and (3.121) in equations (3.119), respectively, to get

1 2
Kk 1l-v 8 1 1 al[w§+ k-1 1-v :|3
P = 1-- 1_q1 - ogta, + 213
wé+ k-1 1-v 3 2 2[,( 1-v }
and
1 [ ]E
KU 3,1 1 a,| —ys+v k-1 |3
Py = 1-- 1_q2 —LS ota, + & 2/3
—l//é:+l) k-1 3 2 2 KU

Now from these equations, using Binomial expansions, we are able compute that
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2
1— 3a + k-1 1-v 3
Py e 1-1-q -3 at+a, + 1[W§ ]

=l//f+ k-1 1-v 2 2[/{ 1-v ]2/3
2
3o, | —wE+v k-1 3
ps = v 1-1-q, _3 o +o, + 2[ ve 73 ] (3.122)
—ws+v k-1 2 2 KU

Following the pattern used in problem 3.2, we get

223

2

1— 3 3 +x-11-v 3

E+v = i 1-1-q 3 o ta, + 1|:l//§ 213 :I (3.123)
e+ x-1 10 2 e 1-v ]

and

2/3

3a, I:—l//§+u k-1 ]i

2/3

3
§+u—12={L} 1- 1-q, —g o +a, + (3.124)

-wéE+u k-1 2 KU

On subtracting equation (3.124) from (3.123), and denoting the LHS by f & , yields

2 213
1- 3 3 + k-1 1-v 3
fe=2ftw-1-4—— 5777 1-1-q - g+a, + [ve 7 J
yé+ k-1 1-v 2 2[x 1-v ]
2 273
3 3a, | —wE+v k-1 |3
+ o 1-1-q, - g +a, + o[ve - ] =0 (3.125)
—wé+v k-1 2 2 KL

Finding first and second derivative of (3.125) w.r.t. £, we get
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2 2
fr e :2+E WI:K 1-v :I5 ~ l//l:l( 1-v :Ig 1—q15 _3(// o +a, I:K 1-v ]E

3 [w§+ k-1 1-v ]g [1//§+ k-1 1-v ]5 2[y/§+ k-1 1-v ]g

2
1//[7( 1-v ]5 1-q, +l// o, +a, I:K 1-v ]3 +z % KU% v KU%(—%)

3[we+ k-1 1—u]g 2[pé+ k-1 1—0]g 3 [-wé+o k-1 ]g [—w§+u(—1j

+

2 2

YEra D v @ICED v 6 ID .
2[—V/§+u€—lj 3[—1//§+U€—1j 2[—w§+u(—l}} ]

Therefore,

213 3 3 12 2/3 213
fo=2€0-1-{—-1 1-1-q, -> o, +a, +o2)87= K
k-1 2 2 K k-1

2/3 2/3
3 3a, | k-1
x41-1-q, 3 o, +ao, +—2 —

Using Binomial expansions, we get

2 2
3| 21- _1\z 21—
fo=2€0-1-| X% . % + o -a, K-l 3+ %
k-1 3 K 3

Hence,
213 4 _ 213 q _
f 0=2v0-1+ 2; 11 2(,1; - 2;( 11 3; + a,-a (3.127)
K- K-
Similarly,
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oo :2+g l//[lf 1-b ]2/3 _‘//[K 1-v ]2’3 1-q, _3{// o +a, I:K‘ 1—0]

3 [xk-1 10" [x-11-0]" 2[ k-1 1-0 "

+l//|:K 1-v ]2/3 1-q +l// o +a, I:K 1-v ]2/3] g{ W KU 2 W KU 2 1-q,
il

3[ -1 1-b ]5/3 2[ 1 1-v ]5/3 o K1 ]5/3 B [U(—ljm
_3W@+%IU§3+I//€U§3 (—q2)+l//€1+%IUjS]

2/3

2v€-1Y €1y 2v€-1Y]
Therefore, we get

£ 0 :2+g l//I:K 1-v ]2/3 _ZWI:K 1-v ]2/3 1-q, ¥ ata, I:K 1-v ]2/3
(k-1 1-0]" 3[x-11-0]" [ k-1 1-0 "

3
(3.128)

2l v 2y 1-q, v ate, kv

+§[[U k1T o1 T° [ox-1]" ]

Substituting equations (3.128) and (3.127) in the Newton-Raphson’s formula (3.58), we have

2/3

) 2 l//I:K 1—0]
f'0 3 -1 + 3 12 T o - + 2"‘5 - o
K K [ k-1 1-v |

_2(//[1{ 1-v ]2/3 1-q, Vot [K' 1-v ]2/3 +2 W KO 2 _21// xv 1-q,
3[ k-1 1-v ]5/3 [ k-1 1-v ]5/3 3 [u k-1 ]5/3 3[0 k-1 ]5/3

v ¢+, IU&H
I:U (_135/3
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2 2

2 z z 2 =
(3 x-101-20 -2¢° 1-q, 4267 1-0, +3 oy, k-1 | 2y [k 1-v |°

¢ 2
3xk-13

[N

2[7{ 1-v ]% 1-q, o, +a, I:K 1-v ]3 2y KU % 2 kv 3 1-q,

N 5 5 t 5 5
3[ k-1 1-v ]5 [ k-1 1-v ]5 3 [U k-1 ]5 3[0 k-1 ]5
2
o, +a, KU 3
- 5
[v€-1)
2 2 2 2
. 3x-13 1-2v+ay—a, —2¢* 1-¢ +2k* 1-G, |, 2y [x1-v ]
= 2 - _ 5
3xk-13 3 [K—l 1—0]5
2 2 2 2 2
L 3 2[/{ 1-v ]3 1-9, 2 xv3 1-q, o t+a, [’f 1-v ]3 gta, Kv3
5 5 5 5 5
[u x-1 ]5 3[ -1 1-v ]5 3[1) x-1 :Ig [ k-1 1-v ]5 I:U -1 :'5
2 2 2 2 2
3x-131-2v+a,~a, -2x3 1-q, +2x% 1-q, 2y K3 K3
= 5 + 2+? :+ 3
3 xk-13 1-v x¥-13 v xk-13
2 2 2 2
2x3 1-q, 2x3 1-q, o +o, K* o +o, K°
- 5 5 5 5
31-v x¥-13% 3vx-13 1-v K-13 v Kk-13
2 2 2
523 k-131-2v+a —a, —2/;3 1-q, +2x3 1-0, . 2+2_W
3x-13 3

2 2 2 2 2 2 2
3xiv+3kd -3kiv-2k%v 1-¢, -2« 1-v 1-q, -3k o+, -3k 1-v o +a,
5
wl-v xk-13

X
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2 2 2
§=3 k=13 1-2v+a,—q, —21§3 1-q, +2x3 1-q, . 2+2_¢//
3 k-1 3

2 2 2 2 2 2 2 2
3k® -2k 1-0, -2x3 1-v 1-q, —3oxiv-3a,xv+3a kv +3a,k°0-3k3 o +a,

x 5

3vl-v x-13

§:3 K‘—lg 1-2v+a,—q, _2,5 1-q +2K‘§ 1-q,
3x-13
2 2 2 2
2+2_¢// 3k® -2x3% 1-0q, —2x3 1-v 1—5q2 -3x3 o, +a,
3 vil-v k-13

2 2 2
3 k-1 1-2v+a-a, -2k 1-q +2x° 1-q,
= . .

3xk-13

5 2 2 2 2
180 1-v x-13+2y|3x®-2x% 1-q, —2x% 1-v 1-q, -3x° o, +q,

5
3

v 1-v k-1
2 3 ;
§=3 k=13 1-2v+a, -, _2’2(3 176 +2x7 176, x9 1-v K'—lg
3 xk-13
1

X

5 2 2 2 2
18v 1-v K—13+21/1|:3K3—2K3U 1-q, -2«x®* 1-v 1-q, -3«® o, +q, }

2 2 2
E=3v1-v k-1 [3 k=13 1-2v+a,—a, —2x° 1-q, +2x° 1-q, }

1

X

5 2 2 2 2
18v 1-v K—l3+21/{3k3—27c3u 1-q, -2«x% 1-v 1-q, —-3x% o +a, }
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2 2 2
3vl-v k-1 {3 k=13 1-2v+a,—a, —2x°% 1-0, +2x° 1-q, }

5= 5 2 2 2 2
18v 1-v K—13+21,/{3K3—2K31) 1-q —2«% 1-v 1-q, -3«® o, +¢, }

Hence, we get the abscissa of the out-of-plane equilibrium points:

2 2 2
3k-131-2v+a -, —2x% 1-q, +2x°% 1-q,

§=EU 1-v k-1
2 s g2 2
v l-v xk-13+yx3 [1—30 1-q, ~3 1-v 1-¢, - ¢+, }

Now, from the equation, p? = &+ov—1°+¢2, if we substitute for p?, in it, we get

2
2 |3
3a, | —wE+v k-1 |3
¢== { m } 1= 1-q, _g qta, + ZI: ve 213 :I - §+U_12

wlrn

—yS+v k-1 2 kv

Using Binomial expansion, we get

2

3 a,| —wE+v k-1 3

L=+ { : Ko 1} 1—% 1-q, - g+, + o[ v - Pl E+v-1°
—YE+U K- KL

Similarly, from the equation, p? = £+0v °+¢?, when we substitute for p?, we get

2

2

1- 3 a|yéE+ k-1 1-v 3

=+ il 1—g 1-q, — ¢+, + l[l//f 73 ] - &+vo ?
wé+ k-1 1-v 3 [K 1_,)]
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Hence, the coordinates of the out-of- plane EPs are given as

2 2 2
3xk-131-2v+a -, —2x% 1-q;, +2x°% 1-q,
5 2

3v1-v K—13+I//K3[1—§U 1-q, —g 1-v 1-q, —0(1—052}

1
=—pl-v k-1
s 2

2

2

3 a,| —wE+v k-1 3

g=t { ¢ v 1} 1_§ 1-0, - g+, + 2[ v 3 ] - §+U_12 3.129
—pE+v K- KL

2 2 2
§=lu e x-1 3x-131-2v+a,-a, —2x* 1-q, +2x3 1-q,

2 s 2 2
3vl-v k-13+yx? 1—§U 1-q, -3 1-v 1-q, ~o, -,

2 2
1- 3 21— a|pé+ k-1 1-v |2
Cot i 1-27% g+ [ve - Pl Frv? 3130
wé+ k-1 1-v 3 [K 1-v ]
where0<v<0.5, -wé+v k-1 >0+ k-1 1-v >0, k-1 >0; a, <<land

1-q <<11i=12 . The coordinate (3.129) is denoted by L, while the coordinate (3.130) is

denoted by L;,. Whena, =0, 0, =1, these solutions are same with that of problem 3.2. Other

previous works, such as Singh and Leke (2010) and Bekov (1988) can be confirmed from our

results. When k=1, the points do not exist, instead, an infinite line of EPs denoted by L, exist

on the £ —plane and referred to as infinitely remote solutions.
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3.3.3. Stability of equilibrium points

We follow the same linear stability analysis used in the previous research problem 3.2.

Collinear equilibrium points
We consider the point corresponding to L, with coordinate —v—g _,0 , using p, =4, <1,
p, =1+, >1, we get the partial derivatives such that

Qg§=w—1+K 1+2f, QP =y-1+x 1-1, ,Q

m

0 =0 =0 (3.131)

<n n

1- 1-v 1- 1- 3o, 1-
u+ v q1+ v +u q2+a1 u+3a20

where f, =
s R N S5 1+, °

1 513 1+ 51

Now, 6, >0,0<us%, w-1<<1, o, <<1,1-q, <<1 f, > 0; consequently, for any 0< x <0,

we always have QF. >0 while ng can be positive or negative, depending solely on the value of

the arbitrary constant « and the small perturbation in the centrifugal force.

Now, substituting the derivatives (3.131) in the characteristic equation (3.66) gives

2*+PA2+Q, =0 (3.132)
3
where P,=4-8 ¢-1 -2 -1 -k 2+ 1, +§ a+a, 4-2k+1,

QZ:K[ w-1 2+f +x 1+ -2f? 1+3¢, +30, ]

fl . N
Its roots are: 4,,,, =A,where A = 3 -P, J_ra/D1 n=12 andD, is the discriminant.
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Now, the nature of the roots of the polynomial (3.132) will depend on the discriminant coupled
with the changes in P, and Q, which depends solely on x, while the values are affected by all the
involved parameters. The only possibility of a stable collinear point, is when
simultaneously D, >0, B, >0 andQ, > 0. In this case, all 4, will be distinct pure imaginary roots,
consequently, the motion is bounded and the collinear point is stable. The same procedure shows
that all the five collinear points are conditionally stable with respect to the involved parameters.

Triangular equilibrium points

We first compute the partial derivatives computed at the triangular points. From the force

function of the equations of motion (3.91), we obtained the following second order derivatives:

gx 1-v +3q11c 1-v ¢+o ? q2m)+3q2/<u E+ou-1 ?

Q. =0y y+x-1 -

P Py P; P;
_Bagx 1-v 15aGx 1-v 4o " 30,0,k , 150,05k & +v-1 ?
2! 2p/ 25 20!

_3gk 1-v S+v 77+3q21<u E+ou-1 77+15a1q17( 1-v ¢S+vo 77+150(2q21<u E+v-1ng

o P P 2] 2p;
x1-v 3ax 1l-v n° 2 3ok 1-v
Qrm = a)§ v+r-1 - i 3 + % 5 L - qZK:;U + 3q2K;)77 N it 5
P P P2 P 2p
2
, 150 17— v 3a2q251<v . 15a2q217<w72 3.133
2] 2; 2

:3q11< 1-v ¢&+vo §'+3q21<u E+ou-1 4’+15a1q11( 1-v &+vo §+15a2q21<u c+uv-1¢

- o P 2p/ 2p;
Kk 1-v 3gx 1-v &7 2 3aqx 1-v
Q. = a)g x-1 - % - + % - ¢ _ qz’zv n 3q2’ﬂs)é/ oG -
o) o) P Jox 2p;
N 15a,q,x 1-v &2 _ 3a,0,x0 N 15a,0,x0¢?
2p] 2p; 2p;
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In the case of the triangular EPs, knowing the expressions for o =12 in equations (3.104)

and (3.105), respectively; then forQ‘;‘f , We substitute these in the first equation of (3.133) and get

+x-1
Q2§=a)§ yv+x-1-qx 1-v IR

2 K'2/3

2
3a1 l//+K‘—:|.5
K

{1+g o+a, +1-0q ——

2 2 K2/3 K5/3

2 5
2/3 - +x-13 +x-13
Bx loo | Te K 1y Ly g JlaTe VAR VLA
w+rk-13 3 3

2 K,2/3

! Q+K 1) K

5 2
+x-173 5 5 5c +x-1 3 K- 1
x%%@az)g(qz) o L 3]5%%:«( ey,

2
x{ljtg a,+a, +g 1-q 5oy yrx-d 3:1‘12’(”@ 1+gé+az)(_%)
K

K

2 5
5 5 S5 +x-1 3 +x-13 5 5
{14_5@4_“2)5(_%) 5 « e }]—E%qz’fUQTls)[“E@Jf%)g(—qz)

2 K3 2 Q e 13 3 3 2R

) Q+K—1§E1+7@+az)+7(—ql)_ 70, @K_1§]
2 3

6u, Qrre 13] t5agr CopL i {( 6 €I G Hr- 13}

713 2 K2/3

K

15 1 23 1 o, W+r-1
+?0‘2q2’f0 Z_K—{3 S %) (S ql) G- ZIZ/?, )}
>

K,7/3 2 K_2/3

X@K-ljﬁlﬂqﬁ%)g(-qz)mz @K_é]
2 3

Simplifying and expressingg, =1- 1-q, , we have
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2
3

3o, Ww+x-1
2 K2/3

Qggza)oz v+r-1 —[1— 1-q ] 1-v y+x-1 {14_% o +a, +1-q -

| I

23 q_ 23 q_
3 1-v [1- 1-g, ]{L PTG K h +% o -a, ]x

2
3y+xk-13 3 y+x-13

2
3

)

+— o ta =
1 2

K2/3 2 K_2/3 3 K_2/3 2 K4/3

5 5 5 7
{z//+1c—13 5 t//+/c—1§+ w+k-13 1-q 5¢ 1//+K—13:l

_U[l_(_%iqﬂf 1) G +to, WHk-1)Q+x-1 ¥- ql>3a1 Qt{’jsl)]

Fa0[1- (q2%1 2/3(q2) K2/3(q1) 1€1 j{w 56+,
3Q+x- 1) 3Q+K- 1)

N S 1) SQ” 1C LR il s 1}]_‘%[1 D D

2 2 4/3
K_/S K_/3 2 K

K,2/3 2 K'2/3 K2/3 2K4/3

{€_>¢>€> TS PR @]

KZI 2,(_2/3 3K2/3
5 az Q"’K 1} 15 2/3 ( qz) K_2/3 ( ql)+
2 ] L €ade j% 3Q+x-1> 3Q+x-1) 2 A :}
{@K 1 e 2)@K 1> 7 @K ¢ ql)ZalQﬂc—lj]

) az[ (%}{@K 1) 5+, W Hr- 1) 5@ +x-1C 0,

K4/3 2 7(2
KN (qzj{l S %{_@—fgé
3Q+k- l} 3 +k- 1} K
NP ars 1 7@K 1C q2)7aZQ+K 1}}
2 K

4/3
K
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Neglecting second and higher order terms of ;, 1—q, i=1,2 and their product, gives

2
3

3 3, w+Kx-1
QL=0) y+x-1-1-v y+x-1 1+§ a+a, +1-0, - 21 o
5 5 5 7
1 y+x-13 5 w+x-13 51-0 w+x-13 ba yw+x-13
+3 1-v Z 23 +§ o +a, 23 + 12,23 - g3
5 5
. 1-9, w+x-1 1-q w+x-1 1 w+xk-13 _1-q wH+k-13
3 - 3 2 AT K 4x*?

5
3 3a +x-13
S Q+K—1)EQ+%I+K—1)EZQ73)

Cx-1d S G )@K 19 5C o W +x-1) 50, € +x-1)

1
Z PR 12,23 g3

CoW+-1DCoW+-1I1 . G+x-1> €, H+x-1)
+ 3 + 3 2@ % ) 73

4K2/3

5 5
3a +x-19 30 Q+x-1) 15¢ )Qﬂc 1) 15600 € +x-1
P ares BT GIES KPS Atk NUNE QTSR

2 4 4/3 2 4K4/3

Simplifying the above equation and substituting for o, , we have

/
1//+/<—15/3 3 3 3 [‘//4"(—123—2’(2/3} 1-q

QY = = [91{2’3—5 +K 12/3}+—a +
=5 K,2/3 4 8 2/3 v 8 2 2 (//+K—1 2/3
2
5 _13_ 2/3 _
K 1-q, 3aw yix-13 . 27 3 U|: v+rx-13-2x } 1-q
+ 7 g 73 x-S w+x-13 |——a,0—- 5
wtk-13 K 2 w+k-13

2/3 1_ + _1 2 2/3 _q
R T EsEIa —13} av+ 4k ;Q?K—Klﬁl( D

l//+K—1 8 2/3
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2 2 2

vk 1-q, w+x-1 150, w+x-13% 1500 w+x-13 15a,0 y+x-13
- 2/3 + 23 - 2/3 + 23

w+r-1 8k 8k 8k
or
213

0 wv+k-1 o 3 3[9K2/3—5 y+r-1 } Syw+k-1 2 3 x*? 1-q,

Q. = 213 FRIFE + TRt 213
K 4 x 8 8 8 w+rx-1

1-g | yax-1" =k 15 yri—1 2"
+ - — = + §—8i|:91(2/3—5 w+Kr-1 2/1— v v
2 y+x-1 K

3lox™ -5 yix-1""] 15@an-1F
gx23 + 823 -

[Q+ K—lj3 — 21(2/3} B 213
2@ +x-1) ¢+x-1)

+

3
g C(ZU+

xl)(—ql)

or

U(‘Qz

2 2 2

+x-13 +x-13-2 3
0= {%%aﬁg%{g_%?}alw(%_gj%w Wz , 12: e
K V+K-—

l//+](‘—1 2/3 2 2 W—FK—]_ 2/3

x** 1-q, 4P -y x-1 o l1-q vl-q, | w+x-1 # gy
+ o3 T +
v+rx-1

Hence, the value of this derivative at the triangular EPs is

21— pa—1 P ook 4?1
1+ g0{1+1052 —4dav+4a,0+ % v T + q22/3
2 2 3 w+x-1 3y+ir-1

N 2v 1-q, N 2v 1-q, N

2/3

3y+x-1 #3 v+rx-1
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Similarly,

5 2/3
. 3y+x-13 N [12/(2/3— w+x-1 } at+a, 21-g
Q,, = PPEE s+ 213 +
w+Kr-1 2 y+x-1 3
(3.134)
2/3 2/3
[ZK L ] 4k 1-q, 2v1-q, N 2v1-qg, N
X 2/3 N 3 N ;s T 23
v+x-1 3y+x-1 3y+x-1
and
4/3 213 213 213 2/3
. 3N y+x-1 [24/{ -Sy+x-1 }0{1 [81{ -Sy+x-1 }0{2
€2, = 213 2+ +
8x N N
_4 v+r-1 P v+rx-1 m} 8x*? [2/{2’3— w+rx-1 2/3]
+= 1-q, + 1-q
3N y+x-1 2 ' 3N y+x-1 2 ?
32c%° —6 y+x-1 213 {11{2’3 Q+K—1j3 ~-16x**-10 Q+K—1j3 }
—v| 4+ o, + 57 x,
N 4N

+4% —f\l+x—1j jéql)%(—%

where N is defined in equations (3.70)
Factorizing and ignoring product of y —1=€" with «; andl-q, i=12 and their product, in

equations (3.134), yield the respective equations:

3K 9 1 2 4
Qg§:—{1+Ea’1+§az—4alu+4azu—§ 1-q +§ 1-q, +2v 1-q, +2v 1-q, + e

3 [, 11 2 4 -1
QP :Q25:T{3+_ n+ap +o 1-q, 3 1-q, 20 1-q, +2v 1-q, + 3 }

nm
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33|, 19 7 4 8 7 w-1 26
ng = 3 {24—?&14-5&2—5 1—q1 +§ 1—q2 + 3 —l)|:4+? o+ a,
44 y -1
+g 1-q, +g 1-q, ++}}
x (3.135)
The characteristic equation (3.66) after substituting the partial derivatives is
4 5 3 ' 2
A" +34-3x|1+—ay+—-a, -0 o, -, |+6 oy +a, —3€ +8e,: 4
2" 2 (3.136)

+3TK|:9K'+22€'+39K o+a, +2x 1-0, +2x 1-q, :'U 1-v =0

Its roots are

31{1+2a1+§0(2—u o —-a, }—6 o +a, +3¢€ -8e-4+D

21?2 = 2

where D is the discriminant given by the equation,

D=3x[9x+22€ +3% a,+a, +2x 1-q, +2x 1-q, |0’
—3K[9K+22 €' +45ka, + 33k, +2x 1-0, -8 o, —«, ]U
+9x° 1+5a, +3a, +6x 3€ -8e-16c, —12cx, —4 +8[2+8€—3e' +6 o +a, ]

Critical mass parameter
The critical mass parameter is the value of the mass ratio when the discriminant vanishes. The

discriminant is quadratic inv, hence we can solve foruv, such that:

_-b+\JD

’ 3.137
= (3.137)

where

a=3k| 9 +22 y—1 +39%a, +39xa, + 2k 1-q, +2x 1-q, |
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b-—37<[97<+22 v-1+3% o+a, +6x oy—a, +2x 1-¢, +2x 1-0, -8 -, ]

C=9x% —24x +16+ 45k, + 2Tx° ot —60Kr, + 36Kkcr, —48x -1 +64 -1 +18x -1

24 -1 +48 oy +a, —36Kx o +a,

Therefore,

3K[9K+22 v-1+3% o +a, +6x -, +2x 1-0, +2x 1-q, -8 o, —«, ]

. =
* 6| 9 +22 v —1 +3%cr, + 3%kt + 2k 1-0, +2x 1-0, |
\/9;8 [9x+22 y—1 +39ka, +3%Ka, +2x 1-0q, +2x 1-0, ]2—4ac
_l_
6|9 +22 -1 +39Ka, +39ka, + 2 1-¢, +2x 1-q, |
3K[9K+22 v-1+3% o +a, +2x 1-0q, +2x 1-q, }+3K‘|:6K a,-a, -8 a,-a, ]
. =

Cx

6rc| 9 +22 v —1 +3%r, + 39kt + 2k 1-0, +2x 1-q, |

\/QK 9 +22 w -1 +39a, +3%%a, +2x 1-q, +2x 1-q, 6x o, -, -8 o, —«, ] —4ac

6|9 +22 -1 +39%Ka, +39xa, + 2k 1-q, +2x 1-0, |

B 3K[9K+22 v-1+3% a+a, +2x 1-q, +2x 1-0q, :I
Vor = 6K[9K+22 v -1 +39%«a, +39%a, +2x 1-q, +2x 1-0, ]
s 3/([6/( a-a, -8 a-a, ]

6K[9K+22 v -1 +3%a, +3%%a, +2x 1-0, +2x 1-0, ]

+

\/9K2[9K+22 v -1 +39ka, +39%a, +2x 1-q, +2x 1-0, 6Kk o, ~, -8 o, —«, ]2—4ac

6xc| 9 + 22 @ —1 P39xct, + 39k, + 2 €= G, D2k €=, P

[61( o -a, -8 o —-a, ]

+
2[9x+22 y -1 +39ke, +39xe, + 2k 1-0, +2x 1-q, |

1
v, ==+
2

vy

\/9K2|:9K+22 v -1 +39%«a, +39%a, +2x 1-¢, +2x 1-0, +6x o,—, -8 o, -, ]2—4610

6 9k +22 y -1 +39xey +3%wr, + 2k 1-¢, +2x 1-0, |
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[6/{ oa-a, -8 a-a, ] N
2[9x+22 -1 +39ka +3%a, +2x 1-q; +2x 1-q, |

1
v, ==+
2

CK

9?[9x+22 y—1 +3% o+, +2k 1-Qy +2x 1-0, +6x -, —8 o4 —a, ]2—4ac

1
6 K? [9K+22 v -1 +3%a, +39%a, +2x 1-0, +2x 1-0, ]2

For ease, we let
L =9%+22 -1 +3% o+, +2x 1-q, +2x 1-0, +6x o4—, —8 o4 — ¢,
l,=9%+22 w—-1 +3%¢ +3%c, +2x 1-¢, +2x 1-0,

Then, we have

, L. [61{ o -a, -8 a—-a, ] L1 9x°1? — 4ac
"2 2[99 +22 y-1 +3%a +3%a, + 2k 1-q, +2x 1-q, | 6 K2

0 —l+ [GK a-a, -8 ay-a :I +l 91<2If_4ac
"2 2[9x+22 y-1 +39k +3%a, +2x 1-qy +2x 1-q, | 6\ &% «’L]

[6/{ a-a, -8 a—a, ]
2[9x+22 -1 +39xa, +3%a, +2x 1-q; +2x 1-0q, |

L1 o7 _aac
6

2 212
l,  &°L

UCK‘

1
=—+
2

Now,
4aC=12K[9K‘+22 v -1 +39%a, +3%«a, +2x 1-q, +2x 1-q, ]><[91<2—241<+16-+-451<2al
+27x°a, — 60k, + 36k, — 48k @-1 +64 -1 +18x y -1 -24 y-1 +48 o, +a,

-36x «a, +a, ]

= 4ac =12«l,c
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Therefore, we have

9> 12«l,c
1c2|22

. _i_{_ [61{ o-a, -8 o —a, ] +1 9

"2 2[9x+22 y-1 +39ka +3%a, +2x 1-q, +2x 1-q, | 6\ I
_£+ [61{ o—-a, -8 o —a, ] +l

"2 2[9x+22 y-1 +39ka +3%a, +2x 1-q, +2x 1-q, | 6\ I

9« 9

Kl,

o1, 2[3k a,-a, -4 oy-a, | L1 [97 12c
w2 22 y-1 ‘6\] 12«
18K{1+l/j+39a1+3990{2+3 1-q, +: 1-q, } 2 K

22 w-1 39 39 2 2
. 2[31( oq-a, -4 o-a, ]{1—9’(—90(1—90(2—9 1-q, ~9 1-q, }
v, ==+
2 18«
2
il 9 |_1 _%
6 1, xl,
Ignoring products and second order in very small quantities, we have
2
UCK:1+2[3K og-a, 4 oq-a, ]il 9 |_1 _%
2 18« 6 1, Kl,
2
k-4 o-—
b oL, Fo4 ama 11 12
2 9« 6 1, Kl,
1 3k-4 og-a, 1
Uc;c=_+ -~
2 9k 6
9 9x+22 y-1 +39x o+, +2x 1-q, +2x 1-0, +6x o,—, -8 o, —q, i 12c
% _er
9x+22 y -1 +39%«, +3%wa, +2x 1-0, +2x 1-0, Kl,
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o, :1+ k-4 o -a, il 9 l, +6x -, -8 -, | 12
2 9% 6 l, xl,
UCK=1+ k-4 o-a, il g{l_z 6k o, —a, -8 oy -, } 12
9« 6 1 1, K,
Uc,c=1+ k-4 o-a, il 9_1+ 6xk-8 o —a, 12c
9k 6\ | l, K,
Uc,(zl"‘ k-4 o-a, il 9_1+2 k-4 a-a, | 12
2 9« 6\ | l, Kl,
3K — -
Uc,(:£+ k-4 o —a,
2 9«
- 12
_% 91+ — 1 23k-4 o -« _%
w-1 39 39 2 2 Kl
1+ ——F+—a+—a,+— 1-q, +- 1-
\ K{ 9% o 9 &, 9 0 9 0, }
3K — -
Uc,(=l+ k-4 o -a,
2 9«
_ T2
22 y-1
2 3%—4 a-a, [1-2V T B, B 29 4 —2 1,
1 9« 3 3 9 9 12c
-= 191+ - —
6\ 9« Kl,

Ignoring products and higher order terms, we get
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" :14_ k-4 o-a, 1 91+2 k-4 o -a, 2_&
2 9«

Using Binomial expansion and retaining only linear terms, we get

1 3k-4 o-aqa,

“2 9x
1 9 1+4 k-4 o -a, }_ 12c
6 9« 22 y-1 39 39 2 2
9K2|:1+9I(+9a1+9a2 +§ l_ql +§ 1—q2 j|

%5 1-0 - 1-q,

4ol Rv-1 13 13 2 2
1 { 4 3k-4 a-a, } 9k 3 3729 9
1+ -

U, =—+
2 9k
22 v -1
4 :l-_L_Eal_Eaz_g 1-q, _g 1-q,
1 4 3k-4 o —a, 9k 3 3 9 9
-— 1991+ - 5
6\ 9« 27k

) 9«
22 -1 (3.138)
acl1-t V= B, B 29 4 —21g,
1 1_’_4 k-4 o -a, 9« 3 3 9 9
2 9« 27k°
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2y-1 13 13 2 2
o g% 3% g "4 516 |=l

Now, c|1- 4
9« 3 3 9

This implies

l, = [91{2 — 24Kk +16+ 45k, + 27K cx, — 60K, + 36K, —48x -1 +64 -1 +18x w -1

2py-1 13 13 2 2
- —a,-- 1-q -~ 1-q,

24 -1 +48 o+, —36k o +a, ] 1 9 3473 9 9
K

For simplicity, we let ¢ =1+ eand y =1+ €', so that we get

|, =9x* — 24k +16 - 48k € +64 € +18x € ~24 € +15¢;, 3k —4 +9a, 3x—4 +48 o, +a,

-36k o+, —;—2 € 9x* —24x +16 —%0‘1 9x? — 24k +16 —%az 9x* — 24Kk +16
K

2 9x?—24x+16 1-q, 2 9x°-24x+16 1-q,

9 9

Substitute in equation (3.138) to get

1 3k-4 a-a, _1\/1+4 -4 a-a, 4
“2 9« 2 Ok 27k

N \/1+12;< k-4 o -a, —4l,
. =— R
“2 9« 2 27 x?

(3 3x-4 a,—a, I, ]
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27

Substituting for I, and simplying, we get

k-4 -
UCK=1+ i az®% 1 e 4
2 9« 2K 27

where

18x%*-48x+32 1-q, 18x*-48x+32 1-q,
+
9 9
312x —36x° —352 € 64 64

-~ —a1£—3/c2 +20K‘——)—CZ2 (—31{2 +20/<——j
9« 3 3

-16 4-3x €

l, = O9x? — 24k +16 +

U, =—+ -— +—
27 27 9

1 3k—4 o-a, 1|, 49 -24k+16 4| 18x*-48k+32 1-q,
K +
2 9% 2K

18x* —48x+32 1-q, 312x-36x°-352 € ) 64
+ 5 - 5 -16 4-3x e—al(—BK + 20K ——
K

A
—a, [—3;(2 + 20;(——)}}
3

189

3



1 3&-4 o-aq

18x° -48x+32 1-q,

9«

18x° -48x+32 1-q,
+

2 27

312k —36x°—-352 &

9
1/2
60x —9x% —64

1 3k-4 og-a,

- 9%

9«

18x° -48x+32 1-q,

2% 27

312x —36x° -352 €

1 ]9%x-9x"-64 4
27

9
1/2
60x —9x% —64

1 3&-4 o-a

- 9«

9«

18x° —48x+32 1-q,

_i 96k — 9k — 64 1
2K 27

312k -36x> 352 €

4 27
+—x
27 96Kk —9x° —64

9

- 9«

1/2

60x —9x% —64

1 k-4 o-aq,
9«

18x° -48x+32 1-q,

1 | 27x% —36k% +96x — 64 +i
27 9

-16 4-3« e—al(

3

[18K2—48K+32 1-q,
9

-16 4-3« e—al{

3

60x—9x2—64j

6OK—9K2—64]

18x° -48x+32 1-q,

-16 4-3x e—al(

3

9

60K—9K2—64J

18x° -48x+32 1-q,

2% 27

312k —36x°—-352 &'

1 96K—9K2—64{
1+

9

1/2

60x —9x* —64

- 9«

190
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96k — 9k — 64

-16 4-3« e—al(

3

60K—9K2—64]



Using Binomial expansion, we have

1, 3x-4 a-a, 1 [96x-9c’—64] 2 18x* -48x+32 1-gq,
Uy == -
w2 9% 2K 27 964 — 9k~ — 64 9
18x° -48x+32 1-q, 312x-36x°-352 € 60x — 9x? — 64
+ - ~16 4-3k e-oy| ———2 —
9 9% 3
( 60x — 9% —64H
3
1, 34 a-a _i\/96K—9K2—64_i\/gﬁK—9K2—64x 2
2 9% 2K 27 2K 27 96K — 9k — 64
182 —48x+32 1-q, 18x*—48xk+32 1-q, 312x-36x7-352 €
X + _
9 9 9k
_16 4-3¢ c-a, 60x —9x° —64 —a, 60x —9x° —64
3 3
1 3x-4 a-a, 1 [96x-9x°-64 1 1
= —+4 P — —
2 9k 2k 27 k27 \J96x —9x? — 64
[18K2—48K+32 1-q, 18x*-48k+32 1-q, 312x—36x*>—352 &
X + +
9 9 9k

o P _ 0.2 _
+16 4-3¢ eml(wjm{wﬂ

3 3

=l+ k-4 o -a, 1 961(—91(2—64_ 1 1

2 9k 2K 27 3x/3 /96K — 9k —64

18x? —48x+32 1-— (V) 18«2 — 48k +32 1- a, 312k —36x*—-352 &
x[ 9 + 9 - 9%

16 43 e—a{GOK 9% 64]_a1(60K 9% 64]}

3 3
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1 3 -4a 3k-da 1 [96x-9"-64 1 1
2 9k 9« 6K 3 3K‘x/§ \J96x —9x% — 64

[ 18x* —48x+32 1-q, 18« -48x+32 1-q, 312x-36x°-352 €
X

+ p—
9 9 9«

16 4-3x e_a{GOK 937( 64]_a1[60K 9; 64}}

So that now

1 1 [96x—9x2 -64 2 9x*—24x+16 1-q, 2 9x*-24x+16 1-q,

T2 b 3 27x\3N96x —9x” —64 273965 —9x° —64
4 78x-9x>-88 & 1 16 4-3x 60k —9x? — 64
27k \396r —9x" 64 353 \J9Bx 9" - (%J’ J96x —9x? — j
m{ 60k —9x” — 64 J+ @—4)_@-4)2
9x/3/96K —9x2 —64 9K 9k

1 1 [96x-9x°-64 2 9c® -24k+16 1-q, 2 9x°-24x+16 1-q,

2 6k 3 2713+/96x —9x? —64 27K\/§\/96K—9K2—64

4 78x—-9x°-88 & 1 16 4-3k € [ 3x—4 60x —9x2 — 64
+ + +a +
27k2 396K —9x2 —64  3x/3 /96K — 9K —64 9% 9x/3/96Kx —9x? —64
{ 3k —4 60x —9x2 — 64 }
+a, | — +
9% 9x/3+/96x —9x? —64

1 1 [96x-9x2—64 2 9x°—24x+16 1-q, 2 9x”—24x+16 1-q,

v, =——— - - 3.139
2 6k 3 27xk\/3V96K —9x? —64  27x+/3/96K —9x? —64
4 78x —9x* -88 & 1 16 4-3k € 1 60Kk — 9k — 64
+ + +—| 3k -4+ o,
27k2 396K —9x? —64  3k/3 96K —9k? —64 9K V396K —9x% —64

1 60k —9x> —64
+—| 4-3x+ a,
9% J34/96x —9x2 — 64

v, exist for different values of x, and are a tool in determining the region of stability and also
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serve as the technicalities in analyzing the behaviors of these parameters on the motion of the test
particle around the triangular equilibrium. Equation (3.139) represents the effect of a constant
x of a particular integral of the GMP, oblateness, small perturbation in the Coriolis and the
centrifugal forces and radiation pressures of the primaries on the critical mass values o, .

As analyzed earlier in problem 3.2, it is seen that, when simultaneously0 <v <v. ,D>0 and
coefficient of A%is positive, the roots of the characteristic equation (3.136) are distinct pure
imaginary and the motion is bounded. Therefore the triangular points is stable, otherwise, it is
unstable. Our result is different from the case of the R3BP where there exists only one critical

mass parameter.

Out-of-plane equilibrium points

We consider the stability of the out-of-plane EP L. To compute the partial derivatives using this
equilibrium point, we first substitute 77 = 0in the second equation of (3.133) to get

0
Q. =0 (3.140)

Similarly, when we perform same substitution in the third equation of (3.133), we at once have

thx 1-v _ qZKU_3alqlK 1-v _3a2q2KU

Q= yrr-1 - (3.141)
meo P o5 2, 205
But here, we know that
2
+ 1— -1 +1-v k-1 3
1_3 = l//§ v K 1+ 1—q1 +§ 1_ [(//é: 2 ] CZl +§a2
x1l-v 2 < 2
I:K' 1-v ]3
2
—WE + -1 -wé+v k-1 3
P = Ve tv K 1+ 1-q, +§ozl+§ 1—[ ve 5 ] a,
KU 2 2

KU 3
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5 2
+ 1- -1 [ +1-v k-1
5 = ve v K 1+§ 1-q, +§ 1_[%& - ] al+§a2 (3.142)
kK 1-v 3 2 I:K 1-v ]E 2
5 2
—wWE+ 1 I -wé+ov k-1 |3
p2_5: & 1+§ 1_q2 +§0‘1+§ 1_[ l//é: 5 ] a,
KU 3 2 2 <L 3
7 2
+1- -1 +1-v k-1 3
o o Ve ITY K 140 1-g +1 v ; ] o+ La,
Kk 1-v 3 2 [K 1-v ]5 2
7 2
—wE+ -1 3 —-wé+uv k-1 3
R e N PO AT S A P el L
KU 3 2 2 <L 3

Substituting the first four equations of (3.142) in equation (3.141), we have

2

1-v k-1
Q) =) y+r-1-q[pé+ 1-v0 x-1 |1+ 1-q, +3Zl 1o ’(g ] +3ZZ
[/c 1-v ]3
2
- 13 _
_qz[_W§+U K-_l:l 1+ 1_q2 +§al+§ 1_|: l//é:‘I‘U Kz' ] o, _3alq1K' 1-v
2 2 KU 3 2
5 2
— _ 3 _ _1
y wE+ 1-v k-1 1+§(_ql)§ 1_[V/§+( UIZ j @+,
e U ey
5
3a,0,x0 | & +v €-1 1.5 5 .5, [-wE+v€-1)
2 KU +§(_q2)§a1+§ B 2 2
©d
Expressing ¢, =[1- 1-q, |, =12 where 1-q, <<1; simplifying the above while ignoring

products of 1-0, <<lwith «;and retaining only linear termsin 1-q, , we get
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3al[t//§+1 v K- 1]

Q' =0} y+x-1-yi-1-v K- 1——0{1[w§+1 v K- 1]

nm

[7( 1-v ]3

5
[1//§+1 v K- 1]+1//§ U K- 1——051[ wE+0 K- 1]+30!2 [_W§+U 12—1]3

KL 3

_3a,

5
30:1 |:t//§+1 L K- 1] _ 3q, I:—(//§+U k-1 ]5

[« 1-v ]§ 2 KU ;

[(//§+UK 1]

Substituting o} :1+g o, +a, , and simplifying, we get
0 3 3 1
szt//+1c—1+§ oagta, y+x-1 —K‘+1+K‘U—U—KU+U—E k-l-xkv+v+xv-UL o
3
3 k—-l-xv+v+KU-VU a,
nm

= l//-l-g o+a, y+rx-1 —g k-1 al—g k-1 «a,

0

:>an:‘//+gal wv+rk-1 +goz2 v+x-1 —g k-1 al—g k-1 «a,

:>Q?m=l//+ga1 v+rx-1l-x+1 +gaz w+rk-1-x+1

3 3
=>Q =yt ay o ay
Hence, we get

3 3
QS]} l//(l'i‘aal +Ea2j

For the partial derivative Q° == » We have
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2

wé+ 1-v k-1 3 [t//§+ 1-v k-1 ]5

Q=g 1-0 ——— |1+ 1-q, + 41~ 1o o+,
5 2
3q11< 1-v &+v 2[ §+ l-v k-1 ]5 1+5 1-q, +5a1 l_[(//§+ 1-v K2—1 ]5 +5a2
I:K‘ 1-v ] 3 2 [K 1-v ]5 2

2
- _ - 1%
KU 2 2 @

+30,k0 (ﬂ)—l%_lﬂé‘lﬂ)(_l? 1+§(_qz)Eal+§ [ W§+U€_1)
KU 3 2 2 (UB
et Coper Co XN |12 ot X 1y
A B N R 5
15alq1/(( UI+Ujl//§+ Go X- 1) 7(—q1)+ Ta, 1_[t//§+ (—uI—lj
3 2 2
[ Uj I:K —uj
+70¢2 _3a2q21cu{—l//§+u€—1? 1+g(_q2)gal+g 1__—w§+u(—lj

2 2

Otl-’r- a,

KU (l)}
+15a2q21cu€+u—1%—l//§+u€—1? 1+Z(—q2)zal+z . [ w§+u€ 1)
2 KU 3 2 2
'

Expressing the radiation factors of the primaries and following the same previous procedures, we

simplify to get
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5
) 5
o :W(l+3al+3a2j+3 E+v [pé+ 1-v k-1 ] [Hz 1-q, +5a1+5a2}
2
2 k10 3 2 2

7 5
150, E+0 [+ 1m0 k-1 3&+o-1"[-yf+v k-1 [ 21-q, 5¢ 5a,
- + 1+ 3 +—2 +—2

2 [« 1-v ]3 K 3
15a, E+v-1" [y +0 K—1] 150, C+o Y pe+ C uj(—l) 154, (+u -1
2 * e
L€ 1y
@)

Hence,

5
3&+0 fpE+r 1-v0 k-1 B[ 21—
Q§§=W(1+331 3a2j+ d [l//f > ] {1+ 3q1 +%+%}

[K‘ 1-v ]5

5
) 5
3&&+v-1"|—wE+v k-1 B 21—
N 3 [ e ] [1_'_ d, +5a'1+5a2}

z 3 2 2
KU 3

Similarly, for Q°

5 We get

3&+v C[yé+ 1-v k- 1] L 210 Se | [+ 1-v x- 1]

Qgé' 3 2
[Kl u] [Kl u]
3§+u 1;[1//§+uz< 1] 1_1q+5a+§ [l//é‘ﬂ)/c 1]
2 1
KU3 3 2 2 KU3

7

+150(1 E+o é’[ wé+ 1-v (—1} 1+4(_q1)+7051 [%m. UI_l 7a,
2 I:K j 3 2 [K ) 2
15, <+U—1)|:—l//§+l) (—1j 7 7 7 [ W§+U€_1)
+ > (l)é 1+§(—q2)§a1+§ (U)
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Retaining only linear terms in ¢, 1=1,2 and ignoring its product with1—q;, we have

0_3§+u§[y/§+1u K1] L2106 5a, |, [wé+ 1-v K1] , 5%,
N |:Kl l):' 3 2 [Kl l):' 2
5
+3 E+v-1 ([—y/fﬂ) k-1 ]3 1+g g 5 2 1_[ wE+v K— 1] o,
KU 3 3 2472 K'U3

(15 4o Sfye 1-v €—1j+15% €+U—1)[“/’§+U(‘1j
2 [/c ) 2 ©@d

Simplifying, we get

5
Qggzgé’ g+v [V/§+ 1-v - 1] { 21-q +%+5az}_ +o-1 [—l//cf+u x—1 ]3

[ 1- u] 3 2 2 ;

KU 3
21-
x| 1+ % +%+Sﬁ
3 2 2

Lastly, for Q7, ,

we get

5
[+ 1-v x- 1] { 2 1-q, +%+5a2:|+|:—l//§+l) k-1
[I(l U:I 3 2 2 2

KU 3
2 1-
x| 1+ G | 5 5S¢
3 2 2

Therefore, the partial derivatives computed at the out-of-plane equilibrium point L, are

0
Q. = 3¢

5/3
QY =y 1+§a+§a +3 §+02Y 1+El q +5a+5a
= 271 277 a?#\" 37 % 27t 27
(3.143)

5/3
+3 $+v-1 ? Em (1+% 1-q, +gal+§azJ
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3 3
Qo —1//(1+§a1+5a2J , Qg”:Qf’?;:O

Y £tu 2 5 5 75 Eyp-1(. 2 5 5§
QSEC :35{7(14_5 1_q1 +Ea1+5a2j+T 1+§ 1—q2 +Eal+§a2)

Y573 2 5 5 AL 2 5 5
Qg’é’ :ng{ﬁ(l'Fg 1_ql +§a1+§a2j+ﬁ(l+§ 1—q2 +§al+§0{2j}

where a=x1-v ,b=xv,Y=ySl+ 1-v k-1 ,Z=—yé+v k-1

Substituting the derivatives (3.143) in the characteristic equation (3.78), gives

A% —d At +d,A% +d, =0 (3.144)

Its roots are found using Mathematica software as

dz—d 3 s
21’2 -S>+ i_k#(gj + n :|

r 12

d1 d12 idl2 dz IdZ \/§ rTI/S n'l/3
? - 322/3 n-1/3 + 22/3 \/§rT1/3 22/3 n-1/3 - 22/3 n—1/3 + 221/3% + 621/3

23'4—>i

r /2

d, dz id? d, i ﬁdz MEE EE
— - + + + -
3 32233 g2 /3n1/3 223[Ys Q233 9ous /3 62y3

15’6 -+

5/3 5/3

where dl=?2(7[ Evv 2+§2}(§+3§T[ Fvv-1 2+;’2}I§—2—8e+2€'
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o[2 yoe Zs/s , NVEC T VEE 25/3
d _1+§{§+W S+ b2/3 g+uv-1 g a2’3+b2’3 a +a, _24§ a2/3 b2/3 €

5/3 5/3 5/3 5/3 5/3
{2+3Y/3 Evv 47 Q+3 N R}e -32? [3Y2/3 (§+3Z R-*_s§

b2/3 a-2/3

25/3_ G(Zﬁ 3(Z§
_b2’3 &5 C+v X+v-1P- €+U)-<+U 1}}]

4/3

3 3 N e’ 6YZ ™" frv Fvv-1 - 378 Fip-1° _
d3=3§2(1+—a1+—a2+ej[ " U+ b V + N

5/3

Y83 _ 758 _ 3 £y 2Y10/3Lj 3YZ §+1)2+ f+l)—12 7 371073 §+U—12

a2/3 b2/3 a.4/3 a.b 2/3 b4/3

‘=2df—9d1d2+27d3+\/4 3d,—d? *+ 2d°-9dd, +27d,

= 2 = 2
Q:1+§ 1-q +g o +a, R:1+§ 1-q, +g o +a,

S_=1+§ 1-q, +4 oy +a, +€, f:1+§ 1-q, +4 o4+, +¢€
- 4 - 4
U :1+§ 1-q, +5 ¢ +a, , \ :1+§ 1-0, +5 o+,

VV:1+§ 1-q, +§ 1-q, +5 o4 +a,

The roots of (3.144) shows that there exist at least one positive root and a complex root with
positive real part. Hence, we conclude that the out-of-plane point L, is unstable due to a positive

roots or a positive real part of the complex roots. The same stability process can be done for the

out-of-plane points L,, Lsand L, .
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The EPs of non-autonomous solutions on the basis of Lyapunov’s definition are generally
unstable because the solutions do not converge with ttending to infinity. Also, because when t
is tending to infinity 7 is approaching a finite value; the LCNs are positive for solutions with
negative exponents, negative for solutions with positive exponents and zero for solutions with
oscillatory and constant solutions. Consequently, the solutions with positive exponents which are
unstable induce instability. Hence, the equilibrium points of the non-autonomous system are

unstable.
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3.4 Out-of-Plane Equilibrium Points in the R3BP with Variable Mass and
Disc
The coplanar or out-of-plane points for variable mass were first found by Bekov (1988). Here

what permits the existence of these points is neither the inclusion of radiation pressures of the
primaries as in Radzievskii (1953), nor oblateness as in Douskos and Markellos (2006); but a

constant (greater than unity) of a particular integral of the GMP.

In this problem, using the equations of the three-dimensional problem when the masses of the
primaries vary with time at the same rate according to the UML and their motion governed by
the GMP with further assumptions that they are enclosed by a circumbinary disc; we report the
existence of the out of plane non-planar equilibrium points of the non-autonomous and
autonomized systems. We obtain their positions both numerically and by analytical

approximations in the form of power series in the disc mass coefficient.

3.4.1 Equations of motion of the third body

We consider that the configuration has a disc to interact with and we write the potential due to
the mass of the disc as proposed by Miyamoto and Nagai (1975) which describes the
gravitational potential within a stellar system (or subsystem); however, we assume that the

parameters vary with time:

GM t

2
\/rz + a+\z+b’

Vrzt=-

where M is the mass of the disc;aand b are parameters which determine the density profile of
the disc. a is the flatness parameter and controls the flatness of the profile whilebis the core

parameter that controls the size of the core of the density profile, and G is the gravitational
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constant. The behavior of the two parameters having dimension of distance, a and b, determines
the two limiting cases. If we have a = 0, then the potential becomes the case known as the
Plummer or the Schuster one, in which the axial symmetry is reduced to its special case (the
spherical one). On the other hand, if b = 0, it becomes Kuzmin's case (or Kuzmin-Toomre case)
for which the system has a collapse.

The equations of motion of a passively gravitating third body of massm, in the barycentric
rotating coordinate system Oxyz , the Xy plane of which coincides with the plane of motion of the
primaries while the x-—axis always passes through these points, when the primaries are

surrounded by circumbinary disc and their masses m, and m, are time dependent, have the form

W X=Xy X=X, XGM t

3 3

3/2
I r 2
' 2 (r2+ a+\/22+b2 )

X—20Y -y =0"X—

MY Y yGM t (3.145)

r3 3 2 3/2
(r2+ a++z°+b? )

V+ 20X+ oOX = 0’y —
1 r2

Z2GM t 2 +b?
_ I M, 3/{1+a+ z°+b }

(r2+ a++z2+b? ZJ 28+

where 0t ="

K |r %
r?+ a++z?+b?

t 2GM tr
AN EW :

4t is the product of the gravitational constant and the sum of the masses; r. is the radial

distance of the third body in the R3BP with variable mass.
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Now, using the MT (1.46), the UML (1.47), the particular integral and solutions of the GMP and
in addition, we assume that the mass of the disc varies at the same rate as the masses of the

primaries, while the parameters a and b also vary as the distsnces, such that

M= a-aRC b=hRC (3.146)

where M, a,and b,are constants.

The autonomized forms of (3.145) with constant coefficients are:

gy 202 0p 0Q 2 00 (3.147)
E on'° o

where Q= <% &+’ +a)°2 i éV2+K 170 | w M,
2

2 7
P P> (p2+ ao+\/§Tb022JZ

2xM -
wf =1+ 1P — pi=xf-v+0* | p*=E+n"+¢°

(pf+‘0+\/é“27+b§?jé

P =€+ 477 +C2, = €+0-17 47>+ L2,

p. 1S the radial distance of the infinitesimal body in the restricted three-body problem with
variable mass. When « =1, the radial distance p, reduces to one of the classical restricted three-

body problem.

We restrict ourselves to the case of a point mass whena, =b,. In this premise, the system of

equations (3.147) becomes
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o, o0 B9

”_2 ’:_ +2 ’:—, ”:— 3148
¢"—2n 5 4 on g o (3.148)
2 2 _1 2 1_
where Q="% g2 ;2 P F ¢ Sl o, 'My
2 2 AP gtk
w? =1+ ZKMdpc/ (3.149)
gz
pl= K(—u+uz: (3.150)

:\/f+uj+772+§2 . P, :\/(j+u—lf +n2 4%, PP =P+ L (3.151)

3.4.2. Locations of the out-of-plane equilibrium points

The positions of the out-of-plane EPs can be found from the equations of motion (3.148) by
setting all velocity and acceleration components equal to zero and solving the resulting system,

oQ_0Q _ 0Q

— =0for &,7,¢ . The second equation is satisfied for » =0,s0 we must solve the
o on o

remaining two equations for & = 0and ¢ = 0.That is,

M
2% q(- u(+u u(+u 1 W& _o
pl pz ()c2+é’2;%
1 2M
ang &L L-v —%——d=o L &#0 (3.152)
i P1 P> 602+é’2;%
where pl=€+v3+¢% pi=€+v-13+¢7 . (3.153)

Now, the first equation of (3.152) can be expressed in two forms as
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v 03E M, & (0] §+uj
p; €+v-1 {+u—1}72+§226 pr \&+uv-1

(—U: ! M,<& _v€+v-— 1
pi  €+v_ cro¥ricrr €+up]

When we substitute these equations, respectively, into the second equation of (3.153) and

simplify, we obtain the respective equations:

Mclé+2¢-0"

K(U

2f+( U(( 1_
Py €+
and -l eroe-1- M”\}Z/ (3.154)
P2 (’cz+§2)

To solve equations (3.154) analytically, we use perturbation method, by first obtaining the

solutions when the parameter representing the potential from the disc is neglected. In this

case, M, =0and the solutions of equations (3.154) are:

% %
LD N
{[+( v & - ;—i ’pz_[l)(c_l:_é& (3.155)

Next, we treat the problem when the disc is present, as a perturbation. In this case M ; # 0 and

with the help of (3.155), we assume the solutions now to be

~ 1k b
pl:{f+:f;i)(c/—l\:—| +7,, pz{ﬁJ +my; m <<1q=12_ (3.156)
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Expanding equations (3.156) using Binomial, we substitute them together with equation (3.149)

into equations (3.154) and simplify to get the respective expressions:

1 Mg e 1P, e-w-gs
SEErIE 1l XS =0 P Frd-v -1

I 1 Myx [ KU :_l%{zp f+202ﬁ
2 =745 = ¢ Te 1. £
3()C2+é’2;% [‘C_l/_é ["(—1/—5

Substituting these equations into equations (3.156) and using Binomial expansion, we get
o s —20-¢7

p—{ k€-v_ J 1 M,x {2,0 . e- 5/}
SN ZX R S0 N ETAUTS AU T EIE D

and (3.157)

pzz{#}% LL{ZP _f+_233}
I)t_l/—é: 3(7024_4'226 ‘ I)t_l/—é:

The distances of the coplanar points on the & —axis are obtained by putting =0 into (3.153).

Substituting equations (3.157), respectively in equations (3.153), we subtract the resulting two

equations and then denote L. H.Sbhy f & | to get

ff 22 fr0 1 kK 1-v ~ M,x? 1-v 2 2-20-¢& “
- v [é+1-0 x-1] po[é+1-v x-1] [+ 1-0 x-1]
%
KD ~ M, x°v ~ E+2v0
+L:—§+U K'—l] o [—§+U k-1 ]{25 [—§+U xK-1 ]H (3.158)

Finding first and second derivative of (3.158) w.rt.&, we see that in the
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interval (—~v & -1 x&<v€-1, the function increases monotonically; so that for
anyM, >20,0< us%and x>1, there exists a single root of the equation (3.158), which gives

the abscissas of the out of-plane EP L, . Using Newton-Raphson’s method and starting with

initial value & =0 and knowing that in the present problem M, >0, we get

9 v 1-v 1-2v K'—l%

g:
6 x-1 pr[SU 1-v K—1%+K‘%}—ZUK%M(1[4K 1-0 43210 x-1 2+3+K’:|

Making £ subject of formula in both equations of system (3.153), and substituting the equations

of (3.157), in them, respectively, we get

_ [K 1-v ]% 2M,x E+2v 2
-t [+ 1-0 x-1]7 1_3 pragt 2 2"0‘[§+ Lo k-1 ][} ST

and

@5 2M g { <+ZU]} »
—+ 1- 2p, - - -1 3.159
) M—l}fi%{ TS N [ € o

Starting with initial value, we select¢ = ./2xM, and knowing that p? = xk{—v+0? : We use

series expansion in equations (3.159), respectively, to get

ZKMdI:K 1-v ]g[u 2+2p, —2kp, +§+2§pC]
32+ 10 x1 T’
P&+ 1-v xk-1]

—20E—E
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% A P b
¢ =i{_1—02 +‘(U—:—21}f—1:+2§—§2+ 2xM kv~ [’Q+2pC \ZKpc/+§+2§pc?
be-1-:% 30 he-12¢7

Hence, we have the solutions:

9 v 1-v 1-2v K'—l%
6 k-1 pf,([&) 1-v K‘—l%+K%}—2L)K%Md|:4K 1-v +321-v «x-1 2+3+/{}

E= (3.160)

b
ZKMdI:K 1-v ]g[u 2+2p, —2kp, +§+2§pc] 2

&=+ -0+ - —20E—E +
[é+1-0 « 1]% 3p[ &+ 1-v K—l:l%
and
9l 1-v 1-20 xk-1"%
£= o =0 0 K (3.161)

6 x—1 pc3,(|:31) 1-v K—1%+K%:|—ZUK%Md|:4K‘ 10 +321-0v K—12+3+K‘j|

3 ] ~ %
¢ =i{—1—uz +‘(“—:A—2u(—1}2§—§2+ 26M, &v 7 €+ 2p, :2Kpc/+§+2§pq
be-1>-¢% 30t be-1>-¢7%

These points give the coordinates of the relative equilibrium positions (coplanar points), which
exist in the plane passing through the primaries and to the plane of their orbits. The first pair

(equation 3.160) is denoted by L, ,and exist for x>1 while the second pair (equation 3.161) is

denoted by Ly, and exist simultaneously, when x >1and £ <v k-1 . We note the equations are

unique, in the sense that the same solutions are obtained when the initial condition was selected
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as¢ =,/2M, . Evidently, the out of plane solutions are affected by the mass parameter, the mass

of discM ,and the arbitrary constantx of the GMP. WhenM, =0, the coordinates are fully

analogous with those obtained by Singh and Leke (2010).

3.4.3 Stability of out-of-plane equilibrium points

The partials derivatives computed at the out-of-plane points in the presence of a disc are

2 2
1-v v 31-v &+v° 3 E+u-1 M £2
0
Q§§=K 1- s 3 T z + 5 + ) d2 312 chK_1+ 2 : 2
P P Pro P2 pe+S, P: +<o
1- M, 2p.x-1
Q) = k| 1 - =P |0, =0, =0
Puo P pl+&?
1- + +uv-1
Q= 3kg,| L0 g0 v et Meg, (3.162)
Puo P pi+et
1- 31-0 &2 3ug? 3
Q) =-l+x|1- 3U _La+ 15) o +3U§0 + 22Md2 771 P K1 _1+%
P P Pro P2 Yo Ps +&o

Substituting equations (3.162) in the characteristic equation (1.115), we get
A —-pl+ql-r=0 (3.163)
where

e 0 0
p—Q§§+Q +Q§§

nm

0 O 0 O 0 0 2,0 o 2
0=Q,;Q,+Q, Q. +Q..Q, —40,Q, - Q,

& nn
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We use the Mathematica soft ware (Wolfram 2003) package to determine the nature of the
roots of equation (3.163) and found that the roots contain a positive and negative real root; and
four complex roots; two of which have positive real parts. The existence of a positive root and a
complex root with positive real part, render the motion around the out-of-plane equilibrium point
unstable. This result agrees with Ragos and Zafiropoulos (1995), Douskos and Markellos (2006),

Singh and Leke (2010), and Singh (2013)

In view of the system of equations with variable coefficients, the out-of-plane equilibrium
points are determined (Luk’yanov, 1990) using the Mestschersky transformation (1.46), so that
the equilibrium points of the non-autonomous system differ from the equilibrium points of the

autonomized system only by the function R(:. The stability is tested using the definition of a

Lyapunov stable solution (Krasnov et al. 1983), we have

lim xq = £ lim R( =« and lim 2q = +¢ lim R =+ (3.164)

t—wo

This proves that the out-of-plane point lying on the xz t plane of motion is unstable according

to the Lyapunov theorem.
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3.5 Effects of Mass Variations, Oblateness, Radiation and Perturbations On
the Periodic Orbits Around Triangular Equilibrium Points

The effects of mass variation of the primaries on the orbits of the third body around triangular
EPs in the frame of the R3BP, is studied when the motion of the primaries is described by the
GMP while their mass variation occurs in accordance with the UML under oblateness and
radiation of the primaries coupled with the influence of small perturbations in the Coriolis and
centrifugal forces.

3.5.1. Frequencies and Orientation of the orbits

The differential equations of motion of the R3BP with variable masses are described by the
equations (3.89) and (3.91), while the triangular points and the partial derivatives are presented
in equations (3.112) and (3.134), respectively. Substituting the partial derivatives (3.134) in the

characteristic equation (3.66), we get

a, +6¢° a +a,

9k w+Kk-1+6 w+x-1 5/3] 9 w+x-1
213 o~
2K

/14+{4(p2—3 v+rk-1 —[

2/3 4 4/3

3o - +x-1"" 3w+x-1"
LS H—a, LK PR
K K

[3 16x7° -3 y+x-1 * vi1-v o, +a,

20 55 -3k y+x-1" - yrx-1""
+3Nv 1-v + T 1-q, +2c°v =0, > (3.165)
Y+ -

—20° (Km — Q+K—1§3}ql)21)2 Q+K—l§3 (—qz)}zo

The roots of equation (3.165) are

A, =8 Az s = £Ss,i

where

S, = P+J/D

N |-~
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I« w+k-1+6 w+x-1 o Qw+rk-1

— 2— - -
P—[4(0 3y+k 1][1 { 2/(2/3[4(?2_3 ‘//'H(_l:l 4¢)2_3 (//+K—l]

3y+kx-1 0 o —a, 6¢° o, +a, -
t e, 2 + 2 {166/
K [4(0 -3 l//+K'—1:| [4(/) -3 z//+x—l]

Using binomial expansion and retaining only linear terms in «; = 1,2:, we get

9 yx-1+6 wrx—-1" 9 y+x-1
P?=[4g? -3 y+x-1 ] |1-| T E = DO VIR R A
K [4(p -3 t//+1(—1] [4(/) -3 z//+1(—1]

6 y+x-1 0 o —a, 129" o, +a,
+
K2/3[4(02—3 l//+K—1] [4(p2—3 (//+K'—1]

Therefore, the discriminant is

9 w+x-1+6 w+x-1 5/3} 9 w+x-1

_[10? - 1 Fl1-
D—[4(0 3y+k 1:| {1 [ K2/3[4¢2—3 ‘//+K_1:| 49?3 W+K—1]

+6 y+x-1"0 a,-a, . 120° o, +a, 3y+x-l o
K°[49" -3 y+x-1] [49°-3 y+x-1 | 3

K
3 3
% 1{1{2/3—3 l//+K—l 2/3 E+a2)20 %4/3_31(2/3 Q_H(_lj_g_ﬂc_lj }—ql)
Q+K—1§

_2,? %2/3_ (+K‘—l§3 }ql)ZKmu(—qz )202 Q+K—1§3 (_q2 )}

|:3NU 1-v +3v 1-v

Expanding, we get
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2

D=[4¢2—3 ﬁ+/c—1} % 92 yax—-1+6 prr—-1" [4(02—3 w+r-1 ]al

6 py+x—-1"v a—a
O y+x-1 [4(p2—3 y+x-1 ]0{2+ d e L 2 [4(p2—3 l//+K—1]

3yp+x-1"
+12¢% o, +a, [4(02—3 w+x-1 ]—%[3NU 1-v +3 16 -3 y+x-1 2
K

x0 1-v o, +a, —20° %2/3—Q+K—1§3 }ql)#u—ljs %4/3—31(2/3 Q+K—1§3
~@+-1F o D20 €0, D0 @13 €0, )

or

9 k-1 +6 yrx-1"
D:[4¢’2_3 ‘//+K_1T_[ . 273 - [4(/’2_3 1//+1<—1]a1

K

6 y+x—-1"0 a,—a
O y+x-1 [4(02—3 v+rx-1 ]a2+ d e L2 [4(02—3 l//-l—K—l:'

wil-v y+x-1"
120" o +a, [49° -3 par-1 |- VIR [BN 13166 3 yax-1" ata, }
K

3UQ+K_1$ @K4/3—6K2/3 Q+K—1$—2Q+K—l§3) ”s
- 473 { Q+K—1ﬁ3 (_ql)z’( (—q2

S Q’;/fg—lﬁ [_2 € - @+x-13 Y0 D2 @+x 13 €, }

Factorizing vandv?, we have

K
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, 9 y+r-1+6 yt+x- 1

D= 4¢2—3 v+xk-1 - e 4¢2—3 v+x-1 o

9 y+x-1 49 -3 y+x-1 a,+120* a,+a, 4¢°-3 y+x-1

3w y+x-1"

4/3
K

+ {3N +3 166 -3 y+x-1"" o +a,

+ 2 2 - k-1 2 1-q, +2 y+x-1 2 1-q, }

v y+x-1 o 2k @, -«
- t N+3 @Bk -3 +x-1F Y+, ) G 2){0 ~3@Q+x-1 D}

K

2%4’3 3k Q+K 1§ Q+K lj
Q+K 13

2% )

So that

° p+x-1 o

D= I [3N+ 48x°° -9 y+x -1 2 o +a, + 4P -2 yrx-1 2 1-q,
2 30 +—1 8/3
+2 y+x-13 1-q, :|_ d - |:3N+ 4857 ~9 k-1 213 o +a,
K

2](2/3 4¢2—3 (//+K—1 o, —a, 2 5K4/3—3K2/3 l//+l(—1 2 l//+K'—1 s 1—q1
- +

v+ k-1 v+ x—1 2/3

+2K§ 1-q, :|+ @z_sq_ﬂc_l)} %2/3 Q+K—l)6 Q+szi$’ }%2_3€+K_1}
DD 3 120 G D 3L (3167

But

fir]

Using equations (3.166) and (3.167) in the above, we have
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9x?® wax-1+6 wrx—-1" 9 w+x-1
L kR VTR vrE o, - i o, +6¢°

s, = E{4(02—3 w+x-1 —{ 5 7

xota, + 23 a3

3y+x-1 o o —a, 3y+x-1 o 3 213
- 3N+ 48x"° -9 w+x-1 o +a,
K K

2

_ 8/3 2 2/3 2_3 + _1 _
A 1//;(/3 : [3N+ §K2/3—9Q+K‘—1j3 EJF%) S 4 QQH(:)X D

+2(_q1%4/3_3’(.2/3 Q+K;j3—€+l(—1js }2’(2/3 (_q )}U
¢+x-1) ’

+ g 3@+ -1} & Qw_iz)/f A }‘@2—3Q+’<—1)}%

1/2

+21-q 2P - y+x-17" +21-q, p+x-17" }u

—9Q+x -1 " -3 +x-1 P +129" €+, Wp’ -3 +x-1)

Using binomial expansion and still retaining only linear terms in the parameters «; and €— qi:

where i=1,2, and simplifying, we get

On simplifying, we get

= +
2| 2" 49> -3 w+x-1 2x*? 4p* -3 y+x-1

lllgN pyarr-1%p1-0 144" yrx-1 B2 yk-1"" v 1-v a+a,

10/3

3% 2k k-1 83 w+rx-1 1-0, 30 p+x-1 813 1-q,

+
k" 4p” -3 y+x-1 k? 49" -3 y+x-1

3v o3 l//+/c—12—37(2/3 v+x-1 8/3_6‘”{_13/3 }ql)&)z Q‘H(_lﬁls(_qz
N _
PR @2—3Q+K_1):} K3 %2_3Q+K—1

or

1/2
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ON pa+x-1"p1-0p 144™ yrx-1 BT yrk-1"" v 1-0 a+a,

S, = +
ERPel 4p° -3 y+x -1 4™ 4p* -3 y -1

10/3

3° 2k w4+x-1 o _ w+r—1 1-q 3 y+x-1 83 1-q,

- +
2k 49° -3 y+x -1 2k°? 49> -3 y+x-1

1/2
+3u %4/3 prr=1" =3 1" a1 }ql) W' @ rx-1) €4,
2,413 @2_3Q+K_1)} 2543 %2_3Q+K‘—1)

Factorizing the above yields

8/3 10/3
144x%"° w+x-1"" =27 w+x-1 o +a,

v1l-v ON y+x-1 e

S, = ; + /

4p° -3 y+x-1 4x*? 453

3 2k wtr-1 83 -1 10/3 1_q1 3 yrx-1 8/3 1_q2
B a3 + =73
2™ 1-v 277 1-v

4/3 2 2/3 8/3 10/3 10/3 V2

+3 o™ w+k-1 -3k y+x-1 " - y+x-1 1-9, 13 w+k-1 1-q,
2 1-v 2x® 1-v

Hence,

L 1-v ON p+x—-1°%"° [144/<2’3 p+x-1" 27 w+1<—110/3} o +a,

= +
S| 4(02_3 v+ x—1 PPEE PPEE

v y+x-1°1-
LYK a, [51(4/3_3’(2,3 P 23 w+r—1 4/3_U 0,23 v+ -1 213

+
2k 1—v

(3.168)

1/2
3y+x-1 o 1-q, [ v y+x-1 2/3]}
+ 1-
K

- ‘//"'K_l * } 213 213
277 1-v

Similarly, using binomial expansion and retaining only linear terms in the

parameters ¢; and (- Q; :: i=12, we get
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% -1 +6 w+r-1" 9 w+ix-1
S, = %[4#3 v+x-1 { vrE P vrE 6(p2}a —{&—Gwz}az

2
v y+r-1" o —a, ) 9 yax-1+6 yrx-1"
+ 73 + 4o -3 w+x-1 |1- o7 o,
K 2k 49> -3 y+x -1
_ Yy+r-la N 60 o, +a, _ SN Q+K 133 Gov))
2 49" -3 y+x-1 4¢p° -3 w+x-1 K4’3 3Q+K 1){}
1445 Y4k -1 =27 w+x-1"" v1-v a+a, 3, v+x-1" o -a,
- +
2k 4p? -3 yax—1 K 49" -3 t//+f<—1

302 2’(2/3 W+K'—1 8/3_ W+K—1 10/3 1_q1 30 (//+K‘ 110/3 1

2

+
k" 49> -3 y+x-1 i k" 49> -3 y+x-1 i

1/2

30 53 w+l(—12 323 e l - I//+K—110/3 (_q1) 3UQ+K—1§3 (—qz

] 1)} k" £t -3 +x -1

On simplifying, we get

2/3 2

9 yrx-1+6 w+x-1"" 12k
2K2/3

=[ 4p° -3 y+x-1 [

10/3

{14418’3 wri—1" 207 -1 12k 40?3 yar-1 w1 5’3}
1y

+
4" 49> -3 y+x-1

_{14418’3 wik-1 27 yix-1 10’3}02 3 _|:9Q+K—1)_6 )
1 5 p

4" 49> -3 y+x-1

I i S 1y - 27Q+K ~17) -126° £ -3 Q@+ k-1 W + K- 1§
x*? @ 3Q+K 1}
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4" A4p* -3 y+x-1 4p* -3 y+x-1

144K =17 =27 pexe-10 | b 1-b ON -1
4K4/3

31-
+ﬁ[5 By k- 12320 W+K— 1% l//+l('—110/3—l) 2k o+ K — 1?
K -0
1/2
10/3 31-q, 8/3 UQ+K—1$3
- y+x-1 }+— +x-1 " -
l// K K'2/3 1—1) l// K K_2/3

9 wtk-1 +6 y+x-1" —12k"3p?
=[4¢23 w+r-1 { K VK yrK K"p

2K2/3

14462 y+x-1" 227 y+x-1""+36x% y+x-1""-48p*?° y+x-1"
+ 1%
4™ 4p* -3 -1

144522y -1 =27 y+x-1"" ol 9Q+K—1)_6¢2
4" 49> -3 y+x-1 '

K3 é@ -3 +x- 1}
@4K2/3Q+K 13 27Q+K 13 , u(—u) ON Q+K—1§3

W L 3q1 % | | gP-3qer-t 45"
3
Tirem Gl AT SRy RS Y AT SUE ST AV

-Q+x-1Y }(—ql )ﬁ:LQ’“ k-1 -2 Q+K’§/3_13 } S qz:}

{14418’3 C+x-1%- 27Q+K 179 - 36x%° @+ x-17F + 48022 @+ K- 13}

Hence, we have
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2/3 2

0 -1 46 w+i—1""-12
=[4¢23 w+Kx-1 [ K VK yrK Kp

2K2/3

N 1805 y+x-1"" =27 y+x-1"" 4802k y+x-1"
19
4" 4p* -3 y+x-1

14452 i -1"° =27 y+x-1"" P R
4" 49> -3 y+x-1 . 2

43 @ 3Q+K 1)}
@4’(2/3 Q+K—1$_27 QJFK_ljB , vv ) 9N Q+K—l$

{108/8’3 C+x-15-21@+x-1F + 280%™ @+ K—lﬁs}u

W 3@ || gr-aqent 45"
2/(4/3( 5 Q+K 1}3/{2/3 Q+K 1$ Q+K 13 %4’3 Q+K 1§

-Q+xc-1Y }(—ql )ﬁ:LQJF k15 -2 Q+K;;3—133 ] S qz:H
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9 yax—-1+6 w+r—1""-12k"3p?

2K2/3

=[4g023 v+r-1 {

1801(2’3 -1 =27 y+x-1" 48"k y+x-1"
L
4" 4p* -3 w+x -1

14457 z//+;< 1% 27 k-1 o, [ewrr- 657
k" 49" -3 -1 ! 2

13 @ 3Q+K 1)}
@41{2’3Q+K 1§ 21 +x - 13 , v=v))

K 3@+ x-1 D v 4 -3q+x- 1)j>

ON ¢ +x-1 3¢ +x-1 q
{ Q4K4/3 ﬁ Q2K4/3<XU)1%5K4/3—3K2/3Q+K—133—Q+K—1§3

413 3 3 3¢ +x-1Y ) v@+x-1Y
U% Q”LK_]'}_QJFK_lj} Q}(z/s(?u()q 1- QKz/s j”

{108/(2’3 GC+x- 1$ 21 @+ k-1 + 489%™ Qﬂclﬁ}u

2 (3.169)

Now, for simplicity, we let ¢ =1+ eand y =1+ €' . Expanding and ignoring products and higher

termsine, e’ ,o;and 1-q, i=12 , and simplifying; equation (3.168) gives

1| 45x*-96x+48 o, (15 27k -T2k +48 o, (9
S, =9 —|— - —Kx—-6 |, — —| =x—-6
2 2 4-3k 2 2 4-3k 2
24-18x € , 6448k € 24kv o, —«, 1
+—————-3e'+8e—-————+3k0 o, -, — - X
2 4-3k 2 4-3k 2 4-3k 2 4-3k

12
{—27K2(1+ 292: JU 1-v -6x° g +€, v 1-v 117" o+, v 1-v —18/(21)@—&2 }}
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2 4-3k 2
64 —48
+ 8——K €+ 3—L KU o, —a, +; 27K2(1+£e’ju 1-v
2 4-3k 2 4-3k 2 4-3« 9«

62 €+€2)(—0)117K2 Ql_,_az)(—u)l&(zué—az )}

1 4512 — 96K + 48 15x 27k% -T2k +48 9x 24 —18%
S = il -6+ o, - —6+—ta,+—-3;€

St

1| [45x%-96x +48-12 4-3x +15k 4—3k N 24-18x -6 4-3x | |,
=< —| — . (S
2 2 4-3x ! 2 4-3x

27k? — T2k +48-12 4-3k +9x 4-3k . 16 4—3x — 64—48k
_ (04 (S
2 43k 2 2 4-3x

K

6 4-3x —-24 vi1l-v 22
e YU a,—a, +———| 27K 1+ =€ |+ 63 + 117x* +a
{ 2 4-3¢ } Y ( 9 e) R 2%

1/2

_{1{ {4518 —96K+48—48+36K+60K—45K2}a +{24—18K—24+18K}€,
- 1

2 2 43k 2 43k

B 27k — 72k + 48— 48+ 36Kk + 36K — 9k? o+ 064 — 48k — 64 + 48k e+9KZU a, —a,
2 4-3x 2 2 4-3k 4-3x

1

- 2
e E R e € oo

Cancelling, we get

_+_
4-3x 2 4-3k K

+117x% o, +a, H

% a; - 1-
51=|:1{ e B _( 9% j,a) o -a, u[277c2(1+§—26’J+6K2 € +€,
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1

1— 2
S Y el 27K2[1+£e’j+61c2 1-q, +6x% 1-q, +117x% o, +a,
22 4-3« 9%

1
2

vi1-v 2 22 ' 2 2 2
=S =9———|2/x°| 1+ —€ |+6k° 1-q, +6k° 1-q, +117x° o +a,
4 4-3k 9%

1

vl1-v [27&7(, 22 )\ 3«2 3x? 117x2 2
:>Slz 1+—¢€ +T 1—q1 +7 1—q2 + 4 0{1+052

4 -3k 4 9%

1

kv l-v [27(. 22 )\ 3 3 117 117 |2
=>g=—— | —|1+—€ |+= 1-0, +=1-0, +—a+—,
4-3c | 47 ok 2 2 4 4

1

kv 1-v [27 33 , 3 3 117 117 |2
SO R U RO T T L Rt 3.170
! { 4-3 [4 STy TR Ty R ATy %} (3.170)

Similarly, from equation (3.169), we get

a,

S, =[4—3K—3e' +8e+4L 90x* —-192x +96 — 153k —48 xv+117x%0° +——2— 3171

4—-3x 4 4-3k
1
_KZU 1-v £+33e'+3 1-q, +3 1-q, ||?
43k 4 2x 2 2

Now, we expand the potential around the triangular points to get

x 54x* —144x +96 — 8lx +48 xv+117x%V°

1 1
Q=0° +§Qg§u2 +QEHUV+EQ?MV2 +0 3 (3.172)

where O 3 represents the third and higher terms in uandv.

A symmetric form of the potential in equations (3.91) with £ = 0is given by the equation
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_a)é w+rx-1

Q° {1 pf+up§]+qlell_U +q1“1’2‘pi3_” +q;’2‘)+q2§‘;§” (3.173)
Now, from equations (3.104) and (3.105), we get
1 2
2
pﬁ:%pl 1+g o ta, +1-q —g% =12 (3.174)

Substituting equations (3.174) in equation of (3.173), we have

o y+r-1 2/3 2 a -1
QOZL 1-v [L} [1— o +a, ~3 1-q, +— d }

2 w+Kk-1 K3

" 2 +x-17"° +x-11"

o K— K—

+u|:;} {1— o +a, —— 1-q, +—2 d o7 ]}+qlzc 1-v [—l// }
v+rk-1 3 K K

1 1
><[1+E o, +a, +§ 1-q, -

a vx-1 " o,k {—v +x-1 3 -
v :l+q112( I 1+—€+a’2)(—q1/

2k K 2

34 QZ;_1§ }qzm{g? {14% €+a2)% (—qz)a2 Qﬂc_lﬁ]

2 213

+x-1 3 3a, C+x-1)
+q2a22KUQ jg{l+§€+a2)(_q2)5 ZQ 213 ﬁ]

K K

Expressing ¢, =1- 1-q, , we have
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2/3
K

0o KTy w+1c—11l3 2 o w+rk-1 7
Q = 1-v |1- o +a, -3 1-q, + +u|l- o +a,

-1 2 U3 1 1
—5 1%+ i ]}+K2/3 y+x-1" 1-v [1- 1-q, ][uz %+, +31-q

2/3
o w+rk-1

+x7° W+K—1%U[1— 1-q ] 1+£€+a )E(—q )az Q-H(_ljg
2k%° 2 2 4 P73 2 23

2 K

VXD o 1G> €3

2 K_2/3

+wp_(_qz}ll+g@+a2)(_q2)§az Q'*‘K—ljS]

Ignoring products of 1-gq, ande;, we get

2/3 2 3
') +x-1 a +x-1
o v 1o |1 gy, -2 1-q + BV ALY
2 3

QO

2/3
K

2/3
o +x-1 +x-1 1-v +x-1v
+z{1— o, +a, —% 1-q, +—2 d H+ v o, + v a,

2/3
o v+r-1

2K2/3

1/3

:l+K‘2/3 v+x-1""v

+x B (//+K—11/3 1-v {1+% a, +a, +% 1-q
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2
2213 us 3
o k7 y+r-1 2 o y+rx-13
QO = 2 1—1) 1— al +C(2 —g 1—q1 +T
2 2
4 1- +x-13 2 1- +x-13
+£2 1+1 o +a, + % _av 53 +u|l- o +a, — % +a2 i 2/’3(
@y 2 3 2K 3 K
213
o, y+x-1 +x-1 %¥-v +x-1 Y
+%{1+% o+, +% 1-q, —— l/jz 273 H +Q X )IJFQ :
@, K 2 2

Substituting for ?,

3 2
3

(1+§a1+2a2)/<2’3 v+r-1

2 o y+x-1

Q°= > 1-v |1- o+, 3 1-q, +—K2,3

2
4 1- o, y+K-13 2 1-

+ 2 141 o +a, + W _ 4y — +o|l- o +a, %
( 3 .3 ) 2 3 2K 3
1+Eal+5a2

2
o, y+rx-13

2/3

2 1 4 o, Q+rx-1Y
3 ){l+E€1+a2)§(_q2) 2,23 }

(l+20{1 +§0(2

N Q+K—lI—u)l N Q+K—1)az
2 2

Multiplying and retaining only linear terms in ¢;and ignoring products with 1-qg
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2
3

(l+gal+ga2)/c2’3 v+k-1 v
0

2 o y+x-1
Q = 2 1—U 1— al+0(2 —g 1_ql +T
2
4 1- +x-13 21-
+2 1+% a +a, + 4% % WZK; —gal—gaz +u|l- o +a, —qu
o, -l 1 4 a, p+x-1" 3 3
- , -
+ZT+2{1+E 0(1+a2 +§ 1—q2 - 2](2/3 —Eal—aaz}
N Q-Hc—l)l Q+K—l)a1 N Q-H(—l)az
2 2 2
1+§051+§052 2 yre-1" 2
0 2 2 2 a y+rx-13
Q= > 1-v |1- o +a, ~3 l-q + T
2
41- +x-13 21-
+2 1+% o +a, + % _4 l//2/(§3 —gal—gaz +u|l- o +a, —qu

213
K

2
a, y+x-13 a, y+x-17"
JRVrEd ol o, +a, o3 1-q, —— d —Eal—gaz
2 3 K 2

N C+x-1), _uQ+x—1ﬁ—a2)
2

2
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2
3

2 o v+rxk-1
Q° = > 1-v |1- o +a, -3 1-q +———— 7
2
81- +x-13 21—
2+ o ta, + 3q1 4V 2/’§ -3 ag+a, |[+0|1- o +a, ——3q2
K

2
3

a, y+r-1 8 a, y+x-1°7"
42+ o ta, +- 1-0,
K 3 K

-3 o +a,

s C+x-1) _0Q+K—lil—a2)
2

2

Simplifying, we get

(1+2a1 +20{2]K2/3 wv+x-1 v

00 = v+r-1 2/3a1

1-v |3+21-q, -3 o, +x, +

2 K2’3(1+2a1+2a2J
v+rx-1 maz
+0(3+21-0, -3 o+, +
(1430 + 3
1 2
2 2
2. 213 U3 (1—30!1—3&2J v+Kr-1 2/3a1
0K VARl ) o 13421-0 -3 ata, 402 2
- 2 O 1 2 23

v+r-1 2lsaz (1—20{1—20(2)

2/3
K

+0[3+2 1-0, -3 o, +a, +
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13
Q° o™ y+x-1

2

2/3
v+xk-1 o
{1—1) [3+2 1-q, -3 o+, + T

K

2/3

w+Kxk-1 2/3052
+0[3+21-0¢, -3 o+, +
K

13
1 2/3
v+k-1"q

2/3
K

(1+20{1+2a2j1<2’3 v+r-1
Q° =
2

+x-1"a +x-1"a
—u[3+2 1-q9, -3 o, +a, + d l]+u[3+2 1-q, -3 o, +a, + d 2}

{3+2 1-9, -3 o+, +

2/3 2/3
K K

2/3
v+xk-1""«o

2/3
K

(l+2al+§a2jlc2’3 v+k-1 v
Q° = -3v

> {3+2 1-09, -8 o+, +

-2v 1-0, +3v oy +a, — 73 +3v+2v 1-q, -3v o+, + 3

213 2/3
vy+xk-1""«o vy+xk-1""a,
K K

2/3
v+xk-1 o

2/3
K

(1"‘:230‘1 +20{2j/c2’3 yv+x-1 113
Q=

5 {3+2 l1-9, -3 o+, +

vy+x-17 o -«
20 1-q, +—L s ——+20 1-q, }
K

2 2/3

1+§051+§052 P yre-1" 213
0 2 2 v+rk-1
Q= 342 1-q —|3-LTE 2 |y _3q,
K

K

vy+x-17 o, -a
+z{2 1-q, ~21-q, +—7 %4 ”
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2 K2/3 2/3

23 s e NP 1
-t VTR 3421-q, —|3- 252 |4 3a,+0| V8 i
K

+21-q, -2 1-q, }+% a, +a, }

K 1//+1<—11/3 l//+K—12/3 9 9
Q° = 5 3+2 1-q, - 3_T_E a’l—(S——jaZ

v y+xk-1 23 o, —
+1{2 1-q, —21-q, +-7 I ”
K

2 yr-1" 3 +-17 3
Q° = d 3+2 1-q, +{§+W—]al+§az+z{2 1-q, -2 1-q

> P
. v+Kk-1 2 o, - ]}
K2/3
3 -1
Q° = WZ —x3 l//+K—11/3 1-v 1-g, —-«® y+x-1 Bo 1-q, 3.175
2 13 pax-1" vy+x-17° 2 3 vyrx-1”
+x3 y+x-1 3{Z+ P 5 7 o +Kk% y+xk-13 Z+T a,

Substituting equation (3.175) and the partial derivatives (3.134) in equation (3.172), we have

1/3
3 -1

Q= 5 k-1 1-0 1-q, -« p+x-1"v 1-q,
2 113 l//+K'—1§ v l//+K—l§ 2 13 pyr-17°
+x3 w+Kx-13 Z+ P P o + K3 W+K—13{—+T}a2
1g 3 (27 3 3 3 15 22 N
+ K- 13 3] + K- — 4K L
B b Y Ery S b overs ey avery 4 LSS
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4
_{ P No ]1 q }u2+ l//+K—1§\/W (3 30)
—q, °_v

2 l//+K'—1 2/3 4 V/+K‘—1 2/3 K_2/3

- 8N

+{72K2/315 y+r-17" [96K2’3—18 y+r—1 2’3})} +{24Kz/33 yrx-17"
(04
8N 8N '

8N 8N @ +x-1)

U[2K2’3—Q+K—l$ﬂ] K2/3|:2K2/3—Q+K—133:| UQ+K‘—133
a 2N (_ql) NQ%—K—lﬁS - 2N (_qz v

+Q+Kli -~ 36k -3 +x-15 ]| @+, >

[967(2/3 ~18 y+x-1 2/3}0} +{_4 v+ x-1 R PEIERY P Q*‘K—lﬁa

SRR T | ’ 16Q+x-1)
+{[2K —Q+K‘—lj}_ oN 2}(%){ 23 oN 2}(% ,

413 4 @er-1d 2Q+K—1§+4Q+K—1}
+0 €

5
3 z)z//+1<—12/3 w+k-1313 (27 3v 3 3
Oy [t o | | |,
4 2K K 8 \16 2 16 2
2 2 2 2
t//+/c—13—21<3+z{41c3— wt+k-13

4Q+x-1)

2
i +U|:Q+K‘—1js —4/(3}

AQ+x-1 Co.

} Ga)

K 2 8N

Cre-1N (3 3 {72K2/3—15Q+K—lj3U|:96K2/3—18Q+K—lj3}}
+ 23 (Z__)_ o
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24k%% _3 y k-1 2/3—0[96K2’3—18 vt —1 2’3}

B 8N “
AP -4 w1 gy v+rx-1 v w+rx-1 2/3[81c2/3—4 w+x-1 2/3}
— 1_q
8N y+x-12"° '
2/(2/3[21(2’3— w+x-1 2/3}—0 v+rk-1 e Q+K_1§
) 2N y+x-1 2 =G, v K

3N +[36K2/3—3Q+K—1§3:|Q+0(2)+ [27(2/3—(+K—1$):|—UN
8@ +x-1) 16Q+x-1) AQ+x-1)

)

-2k +vN
e AN L g, ) (3.176)

4 Q+K—1§

+

Now, we introduce the variables U and v by the transformation
u=ucosa—Vsina, v=USina+V Ccos« (3.177)
which is equivalent to rotating the coordinate system through an angle « .

For simplicity, we puty =1+ €’; factorizing and ignoring higher order terms ine’, 1-q, and

«;; we get the new quadratic form of (3.176) , such that
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, 2

, 203 3
- + +
Q=x"® x+¢é 1/3{%— 1-v 1-g, -v 1-q, +{%+ Fre D ETe }al

2K2/3 2K2/3
ECI A W §(£3_ja (33_)
4 2123 2 5 g 16 2 ) \167 2 )"

cre P ook oyl 4P ger e P 2% +o| €+ 6’3_4’(2/3
{ [ }}(_ql){ [ ]}(_%
[

4 kre 4 &+ e'ﬁ

s WIPEEN 18
_2COSza+\72$in20{—2[WSiﬂ0{COSOt]+ €< 5\/ Km (+eﬁ Kg_%}j

4K4’3—4(+e'$5—41c2’3 €+e'§3—U€+e’js[8/(2’3—4(+e'$g}
8(+e’§3[41(2’3—€+e'ja}
2K2/3|:2K2/3—€+€’j] U€+e
2€+e§[47(2/3 €+ }(qz%:( } ( )
€Y 126" -3 €+ e'ﬁL[sexm 3€+< Y |
K 8+ > 16€+< >
+{2K2’3(+e'$‘u[41(2’3(Jre'is}}(ql){bcm (+e'33+u[4/(2’3(+e'§3}}

}(—ql)

¢ +a,))

4€+e’§3 4(+e'j3

x €=, P’ sin’ o +V” cos” & + 20V sin crcos |

Now, we select o such that the terms Qv is set zero; we then use Binomial expansion and

simplify, to get
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XI:UZCOSZOC+\725in2a:|+K\/§ 12 oo Lo)8 3, 57-T8 2,
3K 2 2
24| 1- — €
9k

0 (—4+£210 j Caid 6( j C 0, Y @ -7 Inacosa]

24 1——6 241 1-—¢€' 1——6
9« 9«
12 3 2 2 33 1 3v 1 31)
+| k+— - ———d||1l-—€E |+— ¢ + —_-=
(K g (G B s Tl e

>< 2sm a +V?Cos a]

— 3 1 , 5 v 3 v
Q:K|:E+§E - 1-v 1_ql - 1—q2 +(Z—Ejal+(z+z)a2:|
3 5 , (27 30) (3 31)) ( 1 3Uj (1 31))
x| =+ —€'+| ——— |y +| —+— |, +| —+— | 1-q +|=——|1-q,
8 8k 16 2 16 2 4 4 2 4

1 3 3 57-78v (1—96’}
x| 0% cos® a +V2sina [+ x+/3 1+—e'j 22, K a
[ } \/_( 9% J4 2 24 '

ant o] Jewn i Jenid,

+ a, +
24 24

><[(2—\72)nozcow}+[uzsin2cx+\72 COSza:I(K+ge'j
[ 20 2 Bl Few{2)ce]

Ignoring product of €', 1-q. and «;; we get
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— 3 1 5 v 3 v
Q=x|-+—€'-1-v 1-q, —v1-q, +|-—= | +|—+—= |&
KL 2% L (4 2) : (4 2] 2}
3.5, (27 30) (3 3j ( 1 3UJ (1 3UJ
K| -+ —€+| ——— |y + o+ ——+—|1-q +|=——|1-q,
8 8k 16 2 16 2 4 4 2 4
19-26
x[UZCOSZa+\725in2a]+K\/_ §—3—0+ 1 ’—Eue’Jr—U o,
4 2 12« 6x 8

- 26v +0U —U 2 2N
L)y € >(_ql)€T>(_qzi[(_v Fnacosa]

9 7 , 33 1 3v 1 31) P _
+K|:§+8_KG+E€1 2)(___j( )( j(qziuzsmzajtvzcosza]

Expanding, we get

Q=0 F+VsS+t

where

_ 3 1 5 v 3 v
f=k|2+—€&-1-v 1-q -0 1- S P
M2 e 0 TR TV (4 2)% (4 2)0’2}
F=x § §sm a—i 1-2v sin2a + i+icoszoz+£\/§ 1-2v sin2a €
| 4 8x 4k 24k

+ (—1+3—0j0032a+£ 1+v sin2a; 1-q, + (3—3—0)00520:+E —2+v sin2a; 1-q,
4 4 12 2 4 12

{27 30 (3 3uj.2 J3 19-260 sinZa} {3 3v (15 30).2
=4 5 Jsi o, + St fine

16 2 (8 16 16 2 8

ﬁ@—ZGU)nZa}a}

16
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S=x §+3cos +i 1-2v sin2a + i+i0032a+£\/§ 1-2v sin2a ;€
8 4 8k 4k 24k

+ 3—3—Uj0032a—£ 1+v sin2a; 1-q, + —1+3—0jc032a—£ -2+v sin2a; 1-q,
4 12 2 4 12

4

27 3 (3. % J§19—26u sin 2a 3 30 (15 3v
" 2 tet s cos” et

—+ ———jcosza
16 2 8 16 2 8 2

16

Now, setting the terms containing uvto zero in equation (3.176), we subtract terms containing

_ﬁ@Zﬁu}nZa}a}

u®from those v®and add it to terms of uv to get

2
3

4 l//+K—11/3\/W 3 3 9?3 -1 W y+r-1 2

tan 2« = 3Tl 7St + 213
3[2/{2’3— w+Kr-1 }4 2 B [21(2’3—(//+K—1 }

o 6542 + 952 wrr-1"-3 y+x-1 4/3} . 3,403 3% -1
L o _

B B [2 B yrk- 12/3}

o 61 +15c*° €+ k-1 F -3 +x-1F | . |27 10 4567 @+ -1F |

B ’ 2B Q+K—l§3

0:281(4’3 QJrK—lj3 -16x"° @ + K—lﬁ3 +2Q+ K—lj ) v [47{2’3 -+ K—lﬁs} Ci>
2B Q+K—1§3 [ZKZ/S—Q+K‘—1j3:| '

. [81(2 - Q+K—1j—4/{4/3 Q+K—lj3 +5x°° €+K‘—1}3:| v [41{2’3 - Q+K—1j3i|

B@+c-13 ES 2rey ]

o[ 24k @+ x-1F -2+ - 1j
’ 2B +x-1)

where B=8«"°-6x"° y+x-1 g w+rk-1 v

G.178_

q2
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If we substituteys =1+ €', factorizing and ignoring higher order terms ine’, 1-q, ande;, and

their products, we get

+ 2—-40+30% o — 1-20+3V° 052—(+§—7—;+302j 1-q

tan2a=4\/§[3 v 2&€ 4ue

3[4 2 3 3«

11

4 ~
e 179
(3 3" UJ qz} €179

3.5.2 Eccentricities of the orbits

The associated characteristic equation when the potential in equation (3.176) admit the Jacobi

integral J =2Q), is

2 0 0 0 0 0o 2
A= Q. +Q, A+Q.Q - Q. =0 (3.180)
where
> 2/3 : 2 2/3
Sy+k-13 P+2 w+xk-13
QL +Q) = WKZ/S K 7+ v T S 70 4 -
w+Krk-13 2 y+r-1 2 w+x-13
8
Qyw+x-13 8v 1-
0L? - @0 =TV IS AND 10 4 5ty gy e P
16k 3y+x-1
8v? 1- 8k 1-q, 802 y+x-1" 1-
—yrr-1" —qu 2k — -1 + 3 % _ v 3 %

+4v 1-v 16x7° -3 y+x-1 2 o, +a,

Substituting these in the characteristic equation (3.180), and simplifying, we get
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2 I A N Y 2
A=183w+k-1+ 27 + > -3v o -q,
V+K 1g 9 w+k 18/3
_ - 213
X W A+ 1607 ANv 1-v +4v 1-v 166 -3 y+x-1 o +a,

8y | o« B3k K- —1%° - l//+K‘—14/3

+? l//+l(‘—1 -0 2 - k- 17 (—ql)

8v ~
= -0 @+x-13 Yo, |-0 €181°
Its roots are

A=3 y+x-1 -

3N w+x-1 v 1-v +{18K‘4/3 w+x-1 +12*® w+x-1 o

4K4/3 4K4/3
0[667(2/3 v+rk-1 g w+rk-1 7/3} UZ|:48K‘2/3 w+rk-1 9 w+rx-1 7/3}
- +

4K_4/3 4K4/3

o

2 FPLE +| 48k %3 Q+K—1§3—9 Q"‘K—ljﬂ
X4Zjl3}a C+x- l%( 0 )%4/3 3™ @ +x- 13 C+x- 1} |:2K2/3 Cr- 13
— QK- 1§} pLES ;jus L S ){’3 v@+r-1Y } 182

3N -1 |48 px-1"-9 yix-1 /3} o +a, w+ k-1
7%
A =v1-v yPE + yPE M

:|} 1—C|1
w+x-1 By w+x-1 2

+ 5 1-q, @G.183°

{9 v+ —1 0[3618’3 pax-1""-9 yrr-1 7/3} [
+ j—

Wl

g 2
x{5K3—3K2’3 w+x-1 2 w+Kxk-1 4/3—0[2/6‘ w+Kxk-1 4 w+Krk-1
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With the help of the first root above, the eccentricities of the orbits can then be obtained

following Szebehely (1967a):
1-y2 =12 (3.184)
wherey? =4s? s+ 4

Here,s, i=1,2 are given in equations (3.168) and (3.169), respectively, while 4, are the roots of

the characteristic equation (3.180). Now, going through some rigorous calculations, we get

41 -2 1 1 Nov 1-v [3 v+rx-1 —2(02] v+rk-1 2 3+2 w+x-1 2
+ = - -
1 9 l//+K—12 4/3[4(0 3 y+r-— 1] Pl

0[541('2/3 v+x-1 g z//+1<—1 4ng72 B oyrrx-1 2/3+6ng2 v+x-1 4/3}
K [4(0 -3 y+kx— 1]
02[9 v+k-1 " _ 48570 W+K— -1° +32gp 25?3 Q+K 13 6¢° Q+K 1j}
k[ 4p* -3 +x-1)
- [421{2’3 Q+K 1§ 9Q+K 13 240%™ Q+K 1§ +6¢° Q+K 1}}
k[ 49 -3 +x-1)
[9Q+K 175 - 48c”° @+ k-1 +320°° @ +x-1"F —60° €+ k- 1}}
41(4’3[4(0 3Q+K 1)
_31(4/3 [421:_(3—%4_),(_1i15x4/3 €+K’—1)9K2/3 Q+K‘—13’ -3 Q+K—133
+2¢° Q+K 1§ +6¢° k" Q+K 15 ~10p°x*"® - %2/3 Q+K—l$—3€+l€—ljs
e 1§+2(p C+x- 13 } 20€ %) }[31(‘2/3 C+x-1)

3c**[4p° -3 +x-1

+

+

20° k%% —v Q+K—ljs {Q+K—l)2(p2 } (3.185)
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5/3 713
-2 1 3Nv 1-v WAK— 1 U|:48K'2/3 l//+K'—1 -9 (//+K‘—1 :|
160" 1+ 253 -3~ 473 2 _ ~

4 K 2K [4(p 3yp+k 1]

02[48/<2’3 y+-1"-9 ytr-1 7/3} o y+r-1 1-q s
* a3 g2 ata, + PE |:5K wv+rk-1
2K [4(p -3 w-i—x—l] [4¢ -3 y+K— l] \
~3x?" Q+ K—lﬁ— Q+ K—lj%—u %2’3 Q+ K‘—lﬁ— Q+ /c—lﬁ3 }
UQ"‘K_ljS g, 213 3
+ Kk -vq+x-1 3.186
K4/3[4(/>2—3Q+K—1 Q j} ( )
Substituting equations (3.168) and (3.185) in (3.184) and simplifying, we get
. No w+x-1 2 B No* w+x-1 2 1+N v+rx-1 2/3[3 v+rk-1 —2¢2]
Yk A’ 3 yk-1 k™ 4P -3 y+x-1 k" 40" -3 y+x-1

[SNKZ’3 v+rx-1 #° 12N v+rx-1 " 16k WAK— ~1 %% 43,73 v+rx-1 }
- 4k® 4p° -3 y+x-1

2

T 4 -3 1 ;{8NK2/3 @ +x-1F -18N € +x -1 D-80Np*x™ € +x -1
P* -3 y+K-
+12N¢® @ + k-1 P-12Np’x*" Q+K—1§3+9NK4/3 Q+K—13+64¢)2K2 Q+K—1§3

—48«° Q+K—l$ ~12¢%x*"? Q+K—lj3 +9x™? Q+K—lj3 o,

EX Q+K—1j3 ~16x7° @+ -1 +3Q+x-1F v )2
) " 4ot -3 Qrr-1 Py Ry ]
x PNK° @+ -1F -18N €+x-1D-56Ng*x" @ +x -1 F +12Np* €+x -1
~12Ng*x*? Q+K—1$5 +ONx*? Q+K—lﬁ3 +640°K? Q+K—1§3 —48k”° Q+K‘—1$

~12¢°x*? Q+K—lj3 +9xc"° @ + K—lj3 a,
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21-q
+
3 4p* -3 w+x-1

{[5/{4/3—3/(2/3 -1 yirx-1 4/3:|U—l)2|:21(2/3 w+rx-17

N
k" 40" -3 y+x -1

-y+x-1 o 15" y+x -1 109’k —9c*® yw+x -1 o

+60°x™® y+x-1 #_3 v+x-1 7/3+2ng2 I//+K—12+6¢72K2/3 v+rk-1 3 l//+K—13

_10p%" @ +x-1F +15c° @ +x-1F +9x° @+ -1 H} 2v Q” 1) €

3 £p* -3 +x-1)
{@f 1y 2N Q+4Z ;;[;g:: ig}f?’ J} (3.187)

Now, substituting equation (3.187) in equation (3.184) for i =1and simplifying, we get

e =1-

+
2" 4p* -3 wrx-1 2" 49> -3 y+x-1

2/3
No y+x-1 2 No* y+x-1 2 1+N w+r-1 [3 v+r-1 —2¢2J
k" 4p” -3 w4+ -1

+ Apw+A0° o+ Bo+Bw a,+ C,o-C,v° 1-q, — Dwo+D,v* 1-q, (3.188)
where

2/3
+x-1
A =— 41/; 2 1 [4 By i — —1 % ok W+K— 14/3}
Kk 4" -3 yw+Kx-—

+ _1 2/3
Ay =—o 41'”2 ; . 2[216,<4/3 k-1 40 a1’ 00K et

~160p%x*"? (//-I-K—l +64g1)2 B oyrr-1 4/3—6¢)2 (//+K—12+8K2¢)2—6K2 l//+K—1:|

2 wrr-1"

B I 4p° -3 y+x-1
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n _1 2/3
vIE 2[1801(4/3 wrr-1" -8 yix-1"+9 y+x-1°

12

k" 49> -3 y+x-1

112" y+x -1 2/3+52(02K2’3 v+x-1 4/3—6(02 l//+K—12+8K2¢2—6K2 l//+K‘—1}

2/3 4/3
5 -3k wx-1" — y+x-1

11—

3? 49”3 w4+x-1

1 213 413
C,= P > [21{2/3 wH+rx-1"7"— w+x-1""+60x" y+x-1 —40x>p’
3™ 4o -3 w+x-1

51" y+x-1 5/3+34¢)2K4’3 w+r-1 w3 wv+r-1 7/3+2¢2K‘2/3 w+Krk-1 o

2/3 4/3 2/3

w+rk-1 ’
+60x° w+x -1 ¥ 51, Q+K—1§3 +3Q+K—1> 2¢° Q+K—1}2¢2 Q+ 1(—1$3
3@+x-1Y ]

+20°k7? w+ k-1 +340°k" w+x-1 " —40p*? y+x-17" -3k

w+k-1 23
D11:3 23 g 2
K o -3 y+x-1
vx—1
D, = v . [21,{2/3 w+x—1 —12(02K2/3—6 w+i—1 5/3+4¢2 W+ -1 2/3}

3x? 49° -3 w+x-1
Similarly to get the eccentricity of the short period orbits, we get
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2
3Nv y+x-1 13 w+rk-1 —2[4(p2—3 l//+K—1:|

3.189
43 4p° -3 y+x-1

75 = 4p° -3 y+x -1 —

49"

N 3NV w+x-1 i
8K8/3[4(p2—3 V/+K—1]

65" w+x-1 —4K4/3[4¢2—3 v+x-1 ]Z—QN v+x-1

~120* +9 @ +x -1
2

2K2/3

~120°k P49 y+x-1 -6 y+x-1"
+al{ px S L +A211)+A22U2 +a,

+B,,0+ B,,0° }+ %10+C221)2 }ql) {211)+ D,,0° }qz)

where

O w+x-1 2

A, [91{2’3 wrr-1" 52k k-1 -8’k w+x-1"7"

4k 42 -3 w+x-1

2/3

+48xPp? + 3Nk + k-1 +160°N&® —8Ng® w+x-1"" +ONk™® y+x-1"

+6N y+x-1"° = 24N o’k y+x-1 |

3y+x-1 o

A, = [ZYN wrx—1"" 148N k-1 114457 k-1

4% 4p° -3 y+x-1
“ON&™® y+x-1 —180N&™? w+x-1"" -27x"® w+x-1 " +72Np’x*® y +x -1
48N K" —128p%k? + 240%K " w4 -1 ° Z2TNK 4 k-1 2}

3y+x-1 2

B,, = 27wk —1" 427N pax-17 41120°6" p4x-1

4™ 4p® -3 -1
—3657+9N p+x-1°+48p°N w+x-1 -72¢0°N w+x-1°-240> w+x-1"
-96x”"° y+x-1 2}
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B 3 yx-1" [54N 1
= W+ K-
# g™ 49 -3 w+x-1

10/3

—252N&*? w+x-1 o | 2884 v+rk-1

—48Np*x?® y+x-1" —54x" 4 x-1"" —18N&™® w+x -1 —96N@ k" — 2560«
+144ANK0® y+ k-1 +480°k" w+x-1 2" —BANK"® y+x -1 2}

w+rx-1

C, = [27/{2’3 wrrx-1"+9 w+x-1" 45" i1

2% 49> -3 w+x-1
+400° k" 24K w+x -1 2 -8p° y+x-1 4/3}

Cp= 1 [27NK k=1 ON =1 T 4ENA k-

4% 49> -3 y+x-1

113

11/3

~128x%0" w+x-1 " +64x"0" yax—-1""+240k%0* w+x-1" —108k% w+x-1
_1206%20% 40 —1 " 45457 4 i1 1"’“}

wv+rx-1 o 8p° -9 y+x-1

21

2% 4p* -3 w+x-1

713
v+rxk-1
D22

= 5 [120(027(2’3 w+x—1 —64p"'x"® -9N y+x-1 ?
4k* 4p* -3 y+x-1

545 y+ k-1 2}

Therefore,
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4p” -3 w+x-1 3Nv w+7c—15/3

+ 3y+x-1+48¢p° y+x-1
4¢" 16(047(4/3[4(02—3 l//-i-l(—l:' v vV

1-y5 =1

3NV y+x-1"

- 6% -1 —36x" yr-1"°
320« 8’3[4¢2—3 l//+K‘—1:| v v

—32¢"-18 w+x-1°

4 4 9™ a1 -120°%™ -6 yax-17"
—640° K +96p°k? w+x -1 N e ZD 73 e A21U At *
8¢'x Tapt " apt
9Q+K 1)12(0 211) B,,U° o - {1U+C220 }ql) ‘{21U+Dzzu I d, ) €190°
8(0 4(04 4(04 2 4(0 4(0 -

Substituting N =45 — 1y +x—1 “*in equation (3.190) and using the result in equation (3.184)

fori =2, we simplify to get the eccentricity of the short period orbits:

\/4¢)2 " -1 +3 y+x-1 1
- - 1+ {Klu—Kzuz—[K3+
2¢ [4(02 p° -1 +3 l//+K'—1:|

Ayv
2

2
+A2220:|6(1_{K4+ 8221U+ Bz;U j|6(2—% C21U+C22U2 1_q1 _% D21U+D22U2 1_q2 } 3191

where

Sy+x-1 o

2
g3 4¢2_3 e [12,(2/3 v+rx-1 +192¢)2 213 wrx—1 _ 79,28 w41

1 =

~1280°k%* 3 y+x-1 " +320" w+x-17"-48p> w+x-1""+18 y+x-1 8’3}

Sy+x-1 o

K., =
? 16k 497 -3 i1

[241(2/3 w+r—1 —144x o+ x-1 743840 w+x -1

~ 2560 x?° 144 w+x-1 +72c w+x-1""-6 y+x-1"+36 w+x-1"
+640" w+x-17"-960> w+x-1" -9 yirx-1 7/3}
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I
A21:4 : 4'/: ; . [64(04 3 4 48 4 B l//+’f—15/3—40 ¥ k-1
Kk° 49" -3 y+Kx-—

2_.2/3 2/3

80’k w+x-1" =80, w+x-1"+36x"% w+x-1"+15c" w+x-1"

~960°k"® yx-1 -160"x*° w+x-1" 480" yrx-1""-6 W+K—1lo/3i|

3y+k-1 2
4% 49" -3 y+x -1

10/3

A,= [2887{2’3 wH+x—1" +1200°x"® w+x -1 27 l//+K—14

5/3

~192¢*x? —693x*? y+x -1 8/3+288§02K2 w+x—1 —108x° 4//+z<—1 ? _18x*3 l//+K -1

+108x2 w+x—-1 —480p%x”® w+x-1 " +48p"k™ y+x-1 " + 240’k y+x-1"7
~128x%¢” |

3yrx-1""
B,, = 1d [90 wi—-1"-348x% yrx-1"-720" w+x-1"

4" 49> -3 y+x-1

—36x" +3040°k*"® w+x-1 +108x*"° l//+K‘—13—27 w+rk-1 11/3}

3y+x-1 o
8x° 4¢p* -3 y+x-1

[48(p2 Byrr-1 4 256¢°k* —36K™ w+x -1 o

2 =
+216k% w+x -1 +468c2° y+x-1""" —954x"" 1+ x-1"° —3360°x® y+x-1"
—384¢"k? +5769°k* w+x -1 —216K° y+x—1 ? _54 w+rx-1 +48(0 KR -1 "

+96¢" k" Q+ K —133}

v+x-1

C —
2k 492 -3 wk-1

[2718’3 parx—-1"49 yarx-1" 45k yix-1

2 4/3

+400°k™ - 240’ w+x -1 2/3—8gp2 wv+rk-1 4/3}
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C, = ! 20767 yax-1

4% 4p* -3 y+x-1

13/3 2/3

+9x

w+x-1 ® 288« v+rk-1 e

10/3

+640 k™ w+Kx-1 7/3—1284041<2 v+k-1 5/3+24ng2/<2 v+x-1 o ~-1200°x*"® w+x -1
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Equations (3.188) and (3.191) are the eccentricities of the long and short period orbits,
respectively. These equations are defined by the mass parameter, the parameters representing the
perturbations in the Coriolis and centrifugal forces, oblateness, radiation pressure of the

primaries and the constant (kappa) of a particular integral of the GMP.

3.5.3 The semi-axes of the orbits
The lengths of the semi-major axis, a,and the semi-minor axis, b, of the long and short period

orbits are obtained from the respective equations below:

a_:% §2§i2+772 %1bj: és;25j2_|_772 2 |:l,2 (3192)
j

where £ and 7 are the triangular equilibrium points.

Solving, we get
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Equation (3.193) gives the length of the semi-major axes of the long period orbits.

Similarly, the length of the semi-minor axis of the long period orbit gives

1
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Similarly, the length of the semi-major axes for the short period orbits are
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Lastly, for the length of the semi-minor axes of the short period orbits, we get
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We have generalized the study of the periodic orbits around linearly stable triangular EPs when
the masses of the primaries are changing with time under the dictates of the UML and their
motion described by the GMP. The primaries have been characterized as radiating bodies and
having the shape of an oblate spheroid under small perturbations in the Coriolis and centrifugal
forces.The orbits about EPs are important for scientific investigations. Since, a number of space

missions have been completed and some are being proposed by various space agencies.
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3.6. Robe’s Restricted Three-Body Problem with Isotropic Mass Variation
when the First Primary is Empty

In this section, we discuss the motion of the third body in the restricted problem described by
Robe (1977), when the masses of the primaries vary isotropically with time at the same rate
according to the UML and their motion described by the GMP. The first primary is a spherical
shell filled with a fluid and contains the third body. In this study, we consider the case when the
shell is empty and contains no fluid. The equations of motion are given and the positions and
stability of the EPs are investigated. This study is a direct investigation of the Robe (1977)

problem with further assumptions that the primaries have variable masses.

3.6.1Equations of motion of the third body

Here, we extend the formulation of Robe (1977) by assuming that the masses of the primaries

change with time according to the UML and their motion determined by the GMP.

Let m, be the mass of the first primary which is a rigid spherical shell of constant radius R with

center at M, , and filled with a homogenous incompressible fluid of constant massm, , density &,

and volumeV, . Also, let m, be the mass of the second primary with center at M ,. Both masses

are assumed to vary with time due to the attachment or separation of particles to or from them.
We assume that the variation in mass of the first primary occurs isotropically and does not affect

the fluid inside it since there is a rigid shell. Further, we let m,be the mass of the third body with
center at M,, having density 5,and its motion is confined inside the spherical shell (Fig. 1.10).

Consequently, following the Robe (1977) and knowing that the distances between the centers of

the primaries vary with time; then, the forces acting on m,are
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i.  The force of attraction m, of which is given by

E - Gm,m,r,
" s
ii. The gravitational force F,exerted by the fluid (3.197)
e __4nGRWmdr,
' 313

iii) The buoyancy force which is given by

- _4GzRm, o7,
B = 3 3
r;|.3 53

where [, = M,M, and r,, = M,M, are the position vectors of the line joining the centers of the

first and second primary and the center of the third body, respectively. G is the gravitational

constant.

Now, the equation of motion of the third body in the inertial system, taking into account the

combined forces in system (3.197) acting on it, is

R=

3
Gm,r, 47%° G, [1_ij ‘. (3.198)

3 3
r.23 3 r13

where R=0M,.

In a synodic coordinates system Oxyz rotating with angular velocity @ and origin at the center of

mass, O, of the primaries; the equation of motion (3.198) is
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2R Y, 3 Gm, X—X
Q+2@xq+Rx8—w+a§x @ X _4mR Go 1—ﬂ X—% ——t—2
o o at 3 2l g

pull

where R is the position vector of the third body relative to the center of mass O, and @ = wK :k is

a unit vector.

Therefore, the equations of motion of the third body under the set up of the Robe’s CR3BP with

variable masses in a Cartesian coordinate system, takes the form

3 X—X
X_M:wzxmy_m(l_ﬁj oy He XX

3 3
3r13 53 r23

‘ 3
4 20% = wzy—@x—M[l—ﬂj—&j’ (3.199)
3r13 53

r23

2,:_47rG‘J”1’3251 1_i U2
33

where 1 G G, C: iy GGM, g, t =G, t

The over-dot denotes differentiation with respect to timet while the coordinates Xx,y,z of the

third body are connected with the distances between the center of the third body and centers of

the primaries by the relation
2

ri=&-x +y’+2°, ri=6&-x, +y*+z? and ois the angular velocity of

revolution of the primaries.
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Now, system (3.199) is a non-autonomous system of equations and we have to transform it to the
autonomized forms. However, it is impossible to carry out a complete transformation using the
MT, the UML, the particular solutions and integral of the GMP when the density parameter is
not zero. In this light, we restrict ourselves to the case when the densities of the first and third

body are equal or the shell is empty €, = 0:. Hence, the system of equations (3.199) when the

shell isempty 6, =0=m, =0 reduces to

Hy, X=X,
3

X—20Y = 0°X+dy —
r23

j+20% = 0’y —ox—+2Y (3.200)

3
23

2 _ 2 2 2
I’23— X=X, +Yy +12

Now, from the principle of the center of mass, we have

X, = LY X, = Al (3.201)
ut J7 1

Now, From the MT (1.46), we have

)'(:5 at+p N & 1 ot+pf N n' S at+p N ¢!

: and z= (3.202)
Rt Rt Rt Rt Rt Rt
Similarly, we get
 Say-pt & may-p gy Say=pt
X= 3 tos YT 3 toa e 0 4T 3 +t o3
R° t R* t R° t R° t R® t R* t
2 t+
and o= —%tﬁ (3.203)
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Now, using equations (3.203), the UML (1.47) and the particular solutions of the GMP, in the

system of equations (4.6), we have

& ay-p? " 2w, |7 ot+ n' _(002§R t 2w, ot+p
3 +— > + =— + Z nR t
R” t Rt Rt Rt Rt R™ t R™ t

o [ERE-ER
Rt| puRt

Simplifying, we get

¢’ _2")077,= o0& _55 ay=p My §—5
Rt Rt Rt R t PRt

Multiplying throughout by R® t , we at once have

by §= &

23

&"'=200 =y ~& ay-f° ~

Similarly, for the second and third equations of system (3.200), we respectively get

_ Myl
3

Pa3

n'"+20¢& =ogn-n ay - f°

L

23

Therefore, we have the equations

Ly §=&

23

&' =209 = o5+ -ay &~

0"+ 20,8 = o + 2 —ay n-t21

23

' froay (-EaS

23
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where  pi= £-& T4+

These equations can be expressed as

5”_2@077, — Qf
n"+20," =Q, (3.204)
§"= Q;

_op &’ N proay '+l 4
2 2 Pa3

where Q

ph= =& T+t +? (3.205)

Now, from the principle of the center of mass given by equations (3.201), we get

f=-t0p,, 5=t (3.206)

Ho 0

Next, we introduce the mass parameter v defined as

Fo 1y, Ho_py:0<p<l (3.207)

Hy Hy

Using equations (3.207) in (3.206), we get

&=-vp,, §=1-v p, (3.208)
Now, we choose units of measurements for the autonomized system. For the unit of mass, we
choose

o =G (3.209)
For unit of length and time, we choose respectively

o,=1and p, =1 (3.210)

Applying equations (3.210) and (3.209) in equations (3.208), we get
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&=-v, & =1-v (3.211)
From the particular integral of the GMP, that isr . = xC?*, we get

G=x (3.212)
Here, the gravitational constant is not one as in the Robe (1977) problem but adopts an arbitrary
values since0 < x < oo .
From equations (3.212) and (3.209), we get

U, =G =K (3.213)
Hence, equations (3.207) result in

o =k 1—v and s, = kv (3.214)
Substituting all these in the autonomized equations of motion (3.204), we obtain a system of

equation with constant coefficients, given as

é:”_zﬂ’:a_Q1 77/!+2§!:a_Q, N:a_Q (3215)
oS on o¢
where
2 27 12
o x€ 0’ €157 (3.216)
2 2 Pz
pL=€+v-12+n*+¢? (3.217)

wherev is the mass parameter and is such that O <wv <1, while « is the constant of the particular

integral of the GMP.
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3.6.2. Locations of equilibrium points

The positions of the EPs are found by solving the equations Q, =Q, =Q, =0

That is
-1
ke~ kU &+0 0
[§+u—12+772+g’2}2
K1) — KU -=0
[§+u—12+772+§2}2
k-1 ¢— KV _=0

[ F+v-1 2+n2+§2}5

These equations can be expressed as

+uv-1
e v &+o -0

[ E+v-1 2+172+§2]E

kn=0 (3.218)

k-1 — e ~le=0

[ E+v-1 2+772+§2F

Clearly, from the last equation in (3.218), if & =1, we’ll have

v& 0

3

[ E+v-1 2+772+§2}E
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If$ =0, then

v _o,

3

[ E+v-1° 47 +§2F
which is not possible, so we must have £ =0whenx=1.
Now, if in equations (3.218), we suppose that £ =0, we have

+uv-1
po ettt g kso0

[ E+v-1 ? +772}2

1

and 1- ==0, xkn=0 (3.219)

[ E+o-1 2+772}E

From the first equation of (3.219), we get

l_
1- v e — 20 -0 (3.220)

[g‘+u—12+772}E [g‘+u—12+772}2

Using the second equation of (3.219) in (3.220), we get

vi1-v

=0 (3.221)
[ E+v-1 2+772}E

Butv 1-v #0, since0O<wv <1, hence, a contradiction and so we must haver, =0.
Hence, there is not solution on the&rn—plane and so we search for the solutions on the

&C —plane only.
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Equilibrium point at the center of the shell

The EP at the center of the shell is found by solving first equation of (3.218) withx =0,

n=¢=0,toget

sV o
1-v-¢

Now, we denote this equation by f & | thatis

fé =§+ﬁ=0 (3.222)
b—

Now, f" & >0foré<1l-v; therefore, f & is a strictly increasing function in the
interval —0,1-v . Also, asé&——w, f & >—wand asé—>1-v ,f & —>+m.
Consequently, f & vanishes only once in the interval —o,1—v . Hence, equation (3.222) has
only one root in this interval. Solving it, we have

E1-20-25+0°+20E+E% +0=0
Expanding, we get

E-21-v &+ 1-2v0+0° £+0=0
=& Erv 28 2-v E+v + E+v =0
= &+ [£-28 2-0 +1]=0
= E+v =00r&2-28 2—v +1=0

Hence,
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E=-v

Now, if & —2& 2—v +1=0, the two roots are &, , =

Sincev—4 <0, we must havev v—4 <0.

Hence, the two roots are complex and so do not exist.

(3.223)

Equation (3.223) gives the EP located at the center of the spherical shell and is fully analogous to

that obtained by Robe (1977).

Non-collinear equilibrium points

The existence of the non-collinear EPs was not pointed out in the Robe (1977) problem. The

non-collinear EPs of the autonomized systems are the solutions of system (3.218), whenz =0,

¢ #0. That is, they are obtained by solving the first and third equations of system (3.218),

provided x—1#0 and ¢ # 0. These equations are

+v-1
e — kv &+0 0

[§+u—12+;ﬂ5

KD
K—1- =0

[ E+v-1 2+§’2}E

ph= E+v-1°+7
From the second equation of (3.224), we have

xk-1-22 20

3
Pa3
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(3.225)

(3.226)



Substituting equation (3.226) in the first equation of (3.224), we get

-1 k-1
KU E+v K 0

K
KU

=>xé- $+v-1 k-1 =0
>kl— k-1&+1-v k-1 =0
= k—k+1 &+ 1-v k-1 =0
=&+ 1-v k-1 =0
=>&=-x-1 1-v

This gives the abscissa of the non-collinear EPs.

Next, we substitute equation (3.227) and (3.226) in equation (3.225), to get

( i T: Erv-1"+¢7

x-1

Using equation (3.227) yields

2
KU \3 2
=| — | =|- k=1 1-v +v-1| +?

(K—lj [ ] J

:§2=(ﬂ)3—[— k-1 1-v +o-1]

:>é’2=(ﬂJ3—[— 1-v ¥x-1+v-1 :|2
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Therefore, we have §_+\/(ﬂj3 k> 1-v°

k-1

And so we have the coordinates of the non-collinear EPs is represented by the equations

2

E=— k-1 1-v , §—+J££BJ3—K21—UZ (3.228)
k-1

Equations (3.228) give the position of a pair of EPs £,0, which exist for x >1 and lies in the

&C —plane. We call these points, non-collinear Eps and they depend on the mass ratio and a

constant of a particular integral (1.66) of the GMP. These EPs do not have an analogy in the
Robe (1977) problem when the spherical shell is empty. They are also different from those of the

R3BP of Bekov (1988), Luk’yanov (1989, 1990) and, Singh and Leke (2010).

When k=1, we have & =0which lies outside the shell and since £ =+o0, it is seen that infinite

remote EPs L +oodo not exist for any value of 0 <v <1.
For the non-autonomous system, the equilibrium point at the center of the shell and the non-

collinear points are sought using the MT. These points differ from those of the autonomized

system with constant coefficient only by the functionR t . We express them as
x't=-—0Rt , x>t =¢E°Rt,z*® t =¢*Rt

where & ? and ¢ > are the non-collinear EPs of the autonomized system.
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3.6.3 Stability of equilibrium points
The stability analysis of the EPs is same with that of the general R3BP. We apply small

displacementu, vand wto the coordinates &,7,,&, of the third body, to the positions,

E=&,+uU, n=n,+Vv and & =<, +w. If its motion departs from the vicinity of the point, such a

position is an unstable one. However, if it oscillates about the point, then it is a stable position.

We obtain the variational equations in this case from (1.112) by substituting @, =1in it, to get

u-2v'= Q% u+ Q) v+ Q) w,
Vi+2u'= Q) u+ Qv+ Q). w, (3.229)

nn ng

W' = Qgg u+ QO

0
e VA Qgg W.

The superscript 0 depicts that the partial derivatives are to be evaluated at the equilibrium points.

Now, from the potential (3.216), we calculate the second partial derivatives, to get

v E+v-1°
Q. =x|1- - 3 AL 5
[§+u—12+n2+§2}2 [§+u—12+772+§2}2
v 3vn?
Qf]l]:’( 1_ 3+ E

[§+U—12+772+§2}5 [§+U—12+T72+é’2}2

2
- k-1 - Kv —+ Sxvg (3.230)

[ F+v-1 2+772+§’2}E [ c+v-1 2+772+§2}E

Q

PN
ol

3kv £+v-1n 3xvnd

Q [ P 2+772+é’2}5/2 , Q= )

& =

2 5 s 5/2
[§+u—1 +7 +§]
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kv £+v-1 ¢
2, L,
[§+u—1 +n +§J

Q. =

We now study the stability of the equilibrium points in the subsections below.
Equilibrium point at the center of the shell

To study the stability of the equilibrium point located at the center of the empty spherical
shell, we find the characteristic equation which corresponds to the first two equations of the
variational equations (3.229). In this case, the characteristic equation is obtained by substituting

o, =1in the characteristic equation (1.114), to get

M- QL +QP —4 AP+Q0Q0 — Q0 ©=0 (3.231)

nn
Equation (3.231) is the characteristic equation corresponding to the variational equations (3.229)

when motion is considered in the &7 -plane. The superscript 0 indicates that the second order
partial derivatives will be computed at the EP —»,0,0 .
To find the partial derivatives at the point —,0,0 , we substitute »=¢=0 and & =-vin the

equations (3.230), to get

2
o KU 3xv —v+v-1
ng,:/c— T+
2 |5 2 |9
|:—U+U—1 }2 [—U-H)—l }2
KU 3xv
= Q%:K— =+ -
|1+u—u| |1+u—u|
2KV
= Qg§=K+—3
ﬂ+u—q
= QZ%ZK 1+2v

Similarly, from second equation of system (3.230), we get
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0 _
Q,, =K—kv

The third equation of (4.36), at the EP located at the center of the shell is

KU

Q) =x-1- 3
|:—U+U—l }2
KU
> QL =x-1-—
[L+v—0|
= QgZZK'—l—K'U
= QSZ:K 1-v -1

Lastly, the last three equations of system (3.230) at the EP located at the center are

Q) =0,Q% =0,Q% =0
Hence, the partial derivatives computed at the point near the center of the shell under small effect
of perturbations have the forms:

Q. =k 1+20 ,Qf =x-xv, Q) =x 1-v -1 (3.232)

& nn

Q2 =0, Q% =0,0Q0 =0

ng cn
When x =1, these equations reduce to those in Robe (1977).

Next, we substitute these derivatives in the variational equations (3.229), to get

u"-2vi=x 1+20 u
V'+2u'=x 1-v v (3.233)

W= xk-1-xo W (3.234)
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Equation of (3.234) is independent of the first two equations (3.233) and depicts that the motion

parallel to the £ —axis is stable whenl<x < , otherwise it is unstable.

1-v

Now, substituting the partial derivatives in the characteristic equation (3.231) and simplifying

gives

A+ 4-2k—kv A?+x? 1-v 1420 =0 (3.235)

Clearly, «*> 1-v 14+2v >0 since O<wv<landx>0; but the coefficient of A?may be

. . . 4 :
negative, zero or positive, depending on whether x <=> 5 , respectively.
+v

The roots of equation (3.235) are

K 2+0v —4ix/5
- 2

%
where

D=-16 x-1 +xv 9%v-8 (3.236)

Now when k=1, Dis only zero whenov = g : When x %1, the discriminant vanishes when

v, = gi 1+/9x -8 (3.237)

K
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wherev,, are the values of v at which the discriminant is zero. These values are called the critical

mass values which exist for x > gand different from that found by Robe (1977).

Now, from equation (3.236), we have

ao =2k 9xv—-4 (3.238)
do

Also, d—D:O Whenz):i.
dov 9«

Therefore, equation (3.238) is positive whenuv > gi and negative whenov < gi .
K K

This means that D is strictly increasing when the former holds and strictly decreasing when the

later occurs.

Now when v =0in Equation (3.236), we have

D=-16 «-1 (3.239)
However, wheno = 91 , equation (3.236) reduces to
K

16 9x-10
9

D= (3.239)
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We observe that equation (3.239) is negative when/c>9. Further, as vincreases touv,,,

D increases from the value in (3.239) to zero. Finally, v,, increases to 1, when D increases from

Oto D =9x? —24x +16 (3.240)
An inspection of equation (3.240) reveals that for0 < x <o, we have D >0.

Now, since the natures of the roots depend on the discriminant, the mass ratio, and kappa; we

consider the three regions of equation (3.236) coupled with the changes in the coefficient of 12.

1. When simultaneously, z<>2i or z<<i and0O<v<v,, D<O0; the roots are

+v 2+0 o’

respectively

1/2

zlfi%[x 2+0 —4+ip] ", 23’4=i%[1< 240 —4-if,]
and
212=J_r%[4—x 2+0 —iﬂljllz,ﬂg’4=i%[4—/< 2+0 —ip ]

where i/, =JD
The real parts of two roots are positive and equal in both cases. Therefore, the
equilibrium point is unstable

2. When v=v,., D=0; the following cases are possible

4 . - .
a. Ifz<<2—, two roots are real and equal while the remaining two are negative and
+v

equal as well. The EP is unstable.
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b. Ifx= Zi , here all the roots are zero and the EP is unstable.
+0

c. Ifx> zi , all the four roots are imaginary with two positive and equal and the other
+v
two are negative and equal. In this case, we have positive stable resonance.

3. Wheno, <v<1, Dis positive; here Whenzc>2i, the characteristic roots are all
+0

. . . . . 4
distinct pure imaginary. In this case, the EP is stable. However, when K=2—, there
+0U

are two positive and negative equal roots; while forzc<2i, the roots are real and
+v

distinct. The EP is unstable in both cases due to a positive root.

. . 4 L
Hence, we conclude that the EP is stable for v, <v <1prowdedz<>2—; otherwise it is
+v

unstable.

Non-collinear equilibrium points

The characteristic equation in this is obtained from the variational equations (1.115) by
substitutingm, =1, to get

2 2 2
6 4 0 0 0 2 0 0 0 0 0 0 0 0 0 0
A=A Qe+ Q, +Q, -4 +1 [Qé:sz'*Q;’:Q;:+sz£2¢:_4£2¢<_ Q; —Qf —Qp }
2 2 2
0 0 0 0 0 0 0 0 0 0 0 0 _
—02.0° 0% —20° Q%00 +Q2 Q°, “+0% QF “+Q) Q% “=0 3.241

The partial derivatives computed at these EPs are obtained by substituting the coordinate (3.228)

and 7 = 0in equations (3.230), to get
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3B 1-v? k-1 3B 1-v? k-12"°
0 _ 0 _ _ _
Qg =1+ " o Q=3 x-111 273 (3.242)
3¢k 1-v xk-1"°
Q?ﬂl =1, Qgé == 2/3 ! Q?M ZQg'I =0

L

If we substitute Q). =Q? =0andQ? =1 in the characteristic equation (3.241), it reduces to

2 2
20t O -3 +22[Q0 + 500 + Q5 400, - 08, ©|- 080+ 0, " -0

Now, we substitute the values of the other partial derivatives and simplify to get

AP —p At + p,A2—p, =0 (3.243)

where
p,=3x-5

343 o1 3¢? k-1 o3 2 3 1-p * k-1 ™?
p,=7-6K— 7 57— 1l-v 5-3k + 7

19 KU 19
3?2 1-v° xk-1" 1 62 1-v - k-1" 6rx1-0" k-1
P; =1+ 2/3 213 -6 x-1+ 213 - 23
KU KU ) )

The stability of the non-collinear EPs is completely determined by the roots of the characteristic

equation in (3.243). Using the software package Mathematica (Wolfram 2003), the roots are:

2 _ 13 s 1V
/’11’2 _)i|:&+M(£j + N :|

3 3 N 3213

1/2

PI 'O . S _ipV3 N N
4 _3 302/3 V3 22’3\/§N1’3 223N\ V3 D213\ V3 221/3@ 621’3_

- . . 2
G e|P PP W p W8P, NP N
87T 3 30u3NV3 923 \/g NV3  22BNU3  Q23N1U3 - 9ou3 «/5 6213
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WhereN:pr—9p1p2+27p3+\/4 3p,~ P+ 2p8-9p,p, +27p,

A positive root and positive real part of the complex roots induce instability at the non-collinear
EPs. Hence the motion of the third body around the non-collinear EP is unstable.

In view of the EPs of the non-autonomous system, because the solutions contain the

functionR t , they diverge with time and consequently motion in the vicinity of these points

departs away rapidly. Hence, the EPs of the non-autonomous system are unstable according to

the Lyapunov’s theorem.
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3.7 Robe’s Restricted Problem with Isotropic Mass Variation and
Perturbing Forces when the First Primary is Empty

In this problem, we modify problem 3.6 by introducing small perturbations in the Coriolis and
centrifugal forces. The motivation for this study is drawn from the works conducted by

Shrivastava and Garain (1991) and Hallan and Rana (2001a).

3.7.1 Equations of motion of the third body

The equations of motion of the third body in a rotating coordinate system under effect of small

perturbations in the Coriolis and centrifugal forces have the form:

D, X=% 4 X=X,
3 3
r;lS r-23

X =200y = 0*wX+ oy —

D
k4 —%y (3.244)

13 23

J+200% = 0’yy — X —

R
4GR5,(, &
where D, =7[—31(1——1], re=&-x_+y +2°, r3=€-x, > +y>+2°
3r13 3
p=l+e, e<<l, and w=1+€& , &'<<l1; are the perturbations in the Coriolis and

centrifugal forces, respectively. The other parameters remained as defined in problem 3.6.

Now, because the system of equations (3.244) cannot be transformed to the autonomized form
using the MT, the UML, the particular solutions and integral of the GMP when the density
parameter is non-zero; we restrict ourselves to the case when the there is no fluid in the shell.

Hence, we substitute D, = 0in equations (3.244) and then we can completely transform it.
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Now, following same procedure used in problem 3.6, the autonomized equations of motion with

constant coefficients are

oQ oQ oQ
" _ 2 ! — , " + 2 ! — , " —
¢"—20pn Y : n ps _677 ¢ Y ;

RR 1 2 1>2
Q::((/+K 1¥ +n/+(‘1§ L, kv
2 2 Pz

where

Py =€+v-1"+n°+¢*

(3.245)

The parameters remained as previously defined in problem 3.6.Wheny =¢ =1, the small

perturbations in the Coriolis and centrifugal forces are ineffective and both equations of motion

(3.244) and (3.245) coincide fully with those in problem 3.6.

3.7.2 Locations of equilibrium points

The positions of the EPs are found by solving the equations 2, =Q, =Q, =0. That is

kv £+v-1
v+rk-1¢&— =0

[ E+v-1 2+772+§’2}E

v+x-1 - KU 5 |m=0

[§+U—12+772+§’2}§

k-1 — e ~le=0

[ E+v-1 2+772+§2F

From the last equation in (3.246), if x =1and £ = 0, we’ll have
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13

7 =0,
[ E+v-1° 47 +§2F
which is not possible; so we must have ¢ =0whenx=1.
Now, if in equations (3.246), we suppose that £ =0, we have
kv E+v-1

v+rx-1¢&- =0
[§+U—12+772}E

v+rk-1 - kv ==0, n=0

[§+U—12+772}E

From the first equation of (3.247), we get

1-—
WKk —1- AR U e A

[§+U—12+772JE [§+U—12+772JE

Using the second equation of (3.247) in (3.248), yields

kv 1-v
=0

3

[§+u—12+nﬂ5

(3.247)

(3.248)

(3.249)

Butxkv 1-v #0, since O<x<wandO<wv<1. Therefore, equation (3.249) is a contradiction

and so we must haver =0. Hence, we search for the solutions of equations (3.246) on the

&C —plane.
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Equilibrium point near the center of the shell

The EP located near the center of the first primary which is a spherical shell is found by solving

the first equation of (3.246) with7 = £ =0to get

kv E+v-1
T S A
[§+u—112
= yrx-1é+—22  —0 (3.250)

1-v-¢ ?
Now, when there is no deflection due to the centrifugal force, the only solution of (3.250)

is& = —vas observed from problem 3.6. Therefore, when a small perturbation is effective, we can

assume the solution of (3.250), to be
&, =—v+yx, y<<1 (3.251)
Substituting &, =& in (3.250), we get

KU 0

-1 - =
W+K v+y +[1—u— oty ]2

= vy+x-1+y pwy+x-1+ ket >=0
1-x

= vy+x-1+xy+y w-1+ e > =0
—X

We ignore the product y -1 , since they are very small, that is y <<land -1 <<1; to get

- y+x-1 +xy+ ket >=0
1-x

= -vl-y ? v+x-1+x 1-y 2}[+KU=0
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= 01-2y+) w+xk-1+x1-2y+4° y+xv=0
Ignoring higher powers in y , we get

-0 1-2y y+x-1 +xy+xv=0
= —kv1-2y -v1-2y yw-1 +xy+xv=0
Ignoring the product y —1 gives

-V y-1-xv1-2y +xy+xv=0
= —v -1 -—kv+2kvy+Kxy+x0=0
= v y-1+ky 20+1 =0

= ky 2o+l =v -1

Therefore
-1
= =¥ (3.252)
x 1+2v

Hence, substituting equation (3.252) in (3.251), yields

S, =—v+q -1 (3.253)

where § =—
x 1+20

These points lie to the right or left of the center of the shell depending on whether the
perturbation is positive or negative. Further, due to the centrifugal force and the arbitrary
constantxkx O<x <oo , every point on the line joining the centers of the primaries is an EP,

provided these points lie within the shell. When x =1, the coordinate is same as that found by

Hallan and Rana (2001a).
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Non-collinear equilibrium points
The non-collinear EPs of the autonomized systems are the solutions

whenz =0,¢ #0 and x >1. That is, we solve the equations

kv E+v-1
wv+rk-1&— =0

[ F+v-1 2+§2J5

K —1— KU _=0

[§+u—12+gﬂ§

pr= E+vo-17+¢

From the second equation of (3.254), we solve to get

U3
KU
Pz = ( - _:J

Substituting equation (3.256) in the first equation of (3.254), we have

kv £+v-1 k-1 0

v+r-1&-
KU
= w+xk-1&- E+v-1 k-1 =0
= wH+k-1&-xk-1&6+1-v k-1 =0
= wy+k-1-xk+1 &+ 1-v k-1 =0

= yw+1l-v xk-1=0

1-v k-1

7

= ¢=

This gives the abscissa of the non-collinear equilibrium points.

Next, we use equations (3.257) and (3.256) in (3.254), to get
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(3.254)

(3.255)

(3.256)

(3.257)



k-1

[ KU T: Ero-1+¢7

Using equation (3.257), yields

r = o 2
8 | -1- -1
| k-1 1L 7%
_ 2 )
- g2= KU 3_ -1-v -1+ 0v-1 l//}
| k-1 1L v
_ -2
) kv P 1 2
= = -—|-1-v x-1+y v-1
¢ = wz[ y v-1]
2
) kv 3 1 2
= =l—| ——|-1-v +x-1
; K,_lj I//ZI: v :I
- ;zz(ﬂf_iz 1-0 2 yax-1>
k-1 7%

Simplifying and ignoring higher order terms iny —1, we get

§+\/[ KU jg_x 1-v 2[2 w-1 +K:|

k-1 v

Hence, the coordinates of the non-collinear EPs are

po_t7v x-1 g_iJ( KUJ_K 1-0 2 y -1 +x] (3.258)

y K- y
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This gives the position of a pair of EPs which lie in the £ — plane, and depend on the mass ratio,
small perturbation in the centrifugal force and kappa. Numerically, it is observed that these
equilibrium points exist in the Earth-Moon system only when 1.0036 < x <1.01for any value of
the perturbation in the centrifugal force chosen very small. We note that these points do not exist
in any study of the Robe (1977) problem when the density parameter is zero.

The EP near the center of the shell and the non-collinear points for the non-autonomous system

are sought using the MT and differ from those of the autonomized system with constant

coefficient only by the functionR t . We express them as
x't=—£Rt X%t =£7Rt, 27t =¢P R

where &, & 2 and ¢ ** are the solutions found for the autonomized system.

3.7.3. Stability of equilibrium points

The variational equations of the autonomized system under effects of small perturbations in the

Coriolis and centrifugal forces when motion takes place in the &£ — plane are:

u"=2¢v'= Q2 u+ Qf v+ Q2 w,
Vi+24u' = QF u+ Q) v+ Q) W, (3.259)

"_ 0 0 0
W= Qp u+ Q. v+ Qp w.
whereu,v,w are small displacements and the derivatives are evaluated at the EPs.

Now from the force function in equations (3.245), the second order derivatives in this case are

2
KU kv £+o-1
3 + 5

[ S+v-1 2+772+§2}E [ +v-1 2+n2+§2}5

Q.= y+r-1-
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KU 3xvn?

3+ 5

[ E+v-1 2+772+§2}E [ E+v-1 2+772+g“2}2

Q,, =w+x-1-

2
L= k-1~ KU 4 3xvg : (3.260)

[ E+v-1 2+772+§’2}E [ F+v-1 2+772+;’2}E

Q

kv £+v-1n 3xond
Q= 2, L, Q= 2 5, P2
[§+u—1 +7 +§} [§+u—l +7 +§}
3 +uv-1
0 kv E+v-1 &

&=

[ E+v-1 2+772+;’2T/2

Equilibrium points near the center of the shell

Following problem 3.6, the obtained characteristic equation in this case is
A= QL +Q0 —4p? J2+QL00 — Q8 ©=0 (3.261)
The superscript 0 indicates that the second order partial derivatives will be computed at the EP
£,,0,0 near the center of the shell.

Now, we substitute 7 = £ =0in the equations (3.260), to get

KU 3xv é"+l)—l2
+

| £+o-1 2}2 [ £+o-1 2}2

QL= wy+r-1-

KU 3xv

3+ 3
E+o-1" |E+v-]

= OL=w+x-1-

o<

2KV
O =w+rx-1+——
R T

o
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Similarly, we have

Q0 = yrx-1-—20
m= YK f+l)—1|

Q0 — 4]
w= K Ero1

Q:=0,Q),=0,Qz =0

Substituting the EP in equation (3.253) in the above, gives

Q)= w+rx-1+ 2KV = = wrrx-1- Ko 5 (3.262)
[0 w-1-1] g w-1-1]
QggzK_l_Ls , €5,=0,0Q),=0,0Q2 =0
(@ y-1-1]

These are the partial derivatives computed at the point (3.253), wheny =1, these partial

derivatives (3.262) reduce fully to those calculated at the EP located at the center of the shell in
problem 3.6. Further, whenx =1, in the presence of effective perturbation in the centrifugal
force, the partial derivatives fully coincide with those of Hallan and Rana (2001a) and reduce to

that in Robe (1977) wheny =1=«.

Now, substituting the required equations of (3.262) in the first equation of the variational

equations of motion (3.259), we get

3
+x-1|- -1 +1| +2xv
u"2¢)v'—[ % (-0 v 1 ]

[~q y-1 +1]

For simplicity, we lety —1=¢&"so that

) ! {K%—E' 1—qe'3+2KU]
u"—2¢v' = u

1-g¢€ :
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Using Binomial expansions and ignoring second and higher terms in<’, we at once have
u”—2(ov’=[ k+€ 1-3g¢€ +2KU] 1-g€ "u

= u"—2¢v’=[ k+€ 1-30€ +2K‘U] 1+3q€ u

= U -2¢0W'=k-3kJe+€+2xv 1+30€ U

= U2 = k+3kJ € -3kT € + € +2k0+6x00 € U

= U"-2¢V' = k+2kv+ € +6k00 € U

Hence,
u”—2¢v'=[/( 1+20 + 1+6x07 e’]u

Similarly, substituting (3.262) in the second and third equations of (3.259); using Binomial

expansions and ignoring second and higher terms ine’, we get
V' + 20U = [/( 1-v + 1-3xvg e’]v
V\/”=[K‘—1—K‘U 1+3q € ]W
And so the variational equations of motion for the points near the center of the shell are
u"—2¢Vv' = I:K‘ 1+2v + 1+6x0q e']u
V' +2pU" = [1( 1-v + 1-3xvg e']v (3.263)
W":[K—l—la) 1+3g € ]W

Now, the characteristic equation corresponding to the first two equations of (3.263) is

A*+PA2+Q=0 (3.264)

where
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302

1+2v

2
P=4+8€—(2+ jé—«72+u , Q=x?1-v 1+20-+Ke'[2+u+ 3v 1—4uj.
1+2v
4 1+20 +8€ 1+2v — 3v*+4v+2 €

Clearly, Q > 0while P <=>0 when x <=>
1+2v 2+v

respectively.

The roots are

, —|:4+8€—K' 2+v — 2+3x07 e’]i\/B
2= 2

where

!

D=-16 -1 +xv 9%xv—-8 +16 4—-2x—xL e+ 2€

27xv* —12x0* —160 -8 (3.265)
1+ 20

We solve equation (3.265) for v when the discriminant vanishes to get the critical mass

parameter:

9k —16+2/9x -8 € 27x?—120x +128 —48x/9x —8 +56./9x -8 &'
+
J9x -8 2xkJ9x —8 9x +89x -8

Ucyp = 4 1+/9x -8 +
9«

(3.266)
When k=1, € =e=0; the critical mass is the same as that obtained by Robe (1977).

Now, the nature of the roots of the characteristic equation depends on the discriminant, small
perturbations in the Coriolis and centrifugal forces, mass ratiov, and the constant « of a

particular integral of the GMP. We observe that whenv,,, <v <1, D>0and P >0, the roots of
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the characteristic equation (3.264) are all distinct pure imaginary. In this case, the EP is stable;
otherwise it is unstable.

Non-collinear equilibrium points

We follow the same procedure used in problem 3.6. The second order partial derivatives

computed at the perturbed non-collinear EPs (3.258), have forms:

3k 1-v° k-1" k+2¢
, Q0 =1+€, Q. =Q° =0

213 nn ng én
KU

0 _ ’
Qg =1+€& +

3k 1-v - Kk-1 B ke 42¢€
2/3 (3.267)

Qgg =3 xk-1]|1-
KU

5/3
3¢ k-ke'+€ 1-v k-1

2/3
KU

0 —
Qs‘é_

When the there are no perturbations, all these derivatives are same as those found in problem 3.6.
Now, substituting equations (3.267) in the variational equations (3.259), we obtain the
characteristic equation as

AP —p At + p,A2—p, =0 (3.268)

where

wlo

3? 1-v° Kk-1

p,=3k-5-8e+2€ |1+

wIN

KU

5 1 13
hd 2 = 2 —
3k l-v xk-13 k-1-v € 18 1-v x-1l3e& 36x° 1-v° k-13¢€
KL 3 KU 3 KL 3
3 4 B 2 2 5 ) 2 8 A . 10
18x° 1-v x-13 3x°1-v x-13 18x° 1-v «kx-13 18x" 1-v «Kk-13
- - +
4 2 2 4
KL 3 KL 3 KL 3 KL 3
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5 5 5
3k? k-13[32% k-13 2 2 3% 1-v * k-13
Py =7—-6K— 5 —=21-v -31-v xk-1+ 5
KU 3 KU 3 KD 3
, 2 5 , 5 2 5
k“1l-v Kk-13 | 3x° 1-v 3 35-6x 1-v «k-13
—24e|k-1+ > +€ — t3x—4- 5
KU 3 KU 3 KU 3

The roots are
2 _ 1/3 13 12
jlz -S>+ &_FM(E) + N
’ 3 3 N 32v3

. . 1/2
Aoe|P PP ipyB N N
A TT g g3\ 22’3\/§N1’3 223 N3 D213 \1/3 221/3@ 62U3

. . 1/2
PR TR - S . S iV3p, N N
6 - 3 323N 2213 \/§N vz Q23NV3 23\ V3 221/3\/3_’ 623

where

3 2
N=2pf—9p1p2+27p3+\/4 3p,— P + 2p)-9pp, +27p,

These roots depend on the values of the coefficients. In line with problem 3.6, we found that the
roots contain at least a positive root and a positive real part which consequently makes the non-

collinear EPs unstable.
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3.8 Robe’s Restricted Problem with Non-Isotropic Mass Variation of the

Bodies

In this section, we study the motion of the third body in the frame of the Robe (1977)
formulations when the masses of the three bodies vary with time at the same rate in a non-
isotropic manner (arbitrary mass variations). The motivation for this problem arose because of
the challenge we encountered in the case of the isotropic mass flow where the non-autonomous
systems do not fully transform to the autonomized systems in the presence of fluid. However, in
this problem, the first primary is assumed to be a fluid which forms a medium for the third body
while the second primary is located away from the first. We also assumed that the densities of
the fluid and the third body vary at the same rate as the masses while the volume is kept constant.
We derive the equations of motion of the system and also study the existence and stability of all
the equilibrium points. We use this study to discuss the dynamic problem in the Submarine-

Earth-Moon system.
3.8.1 Equations of motion of the third body

Let m, be the mass of the first primary which is a fluid in the shape of a sphere of radius
R with center at M, having density ¢, and volumeV,. Also, let m, be the mass of the second
primary with center at M, which describes a circular orbit around the first one. Both masses are

assumed to vary with time as they travel in a static medium which acts as a sink or source of

mass. Now, let m;be the mass of the third body whose mass is very small compared with the
masses of the primaries, with center at M,, having density 6, and volumeV, .We suppose that its

mass varies with time, also as it moves about in the fluid, it gain or loss mass to the medium.
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Let the positions vector between the center of the fluid and the centers of the second primary and

the third body be r,andr,;, respectively, and let that between the third body and the second
primary ber,,. Following Robe (1977) and knowing that the masses, distances, and densities

vary with time, the forces acting on the third body are

i. The force of attraction of m,

F_’_ szmstMa.
m, __r—3’
23

i. The gravitational force exerted by the fluid

—  42R°G msM M,
Fa=- 3 rs
13

i. ~ The buoyancy force exerted by the fluid

E_MWG%ﬁmNs
° 3 r,

where G is the gravitational constant.

Following the derivations of the Robe (1977) problem and those of the R3BP with variable
masses (both are given in Sect. 1.8.3 and Sect. 1.8.7, respectively in the introduction); the
equations of motion of the third body, taking into account the force of attraction of m,; the
gravitational and buoyancy forces exerted by the fluid; in a rotating coordinate system Oxyz with
origin at the center of mass, 0, of the primaries, Ox pointing towards the second primary, and

oxy being the orbital plane of m, , have the form:
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X — 20 = 0*X + &y —

AICRG (1 G gy L ¥ X Mg -
3r;

3 .
j 420k = 0ty —in— TCRYO o) pY Mog - (3.269)
3r3 o, > m -
13 3 23 3

3 3
3&3 é‘3 r23 mS

g AmCR’z5, [1£]ﬂ_m_
where r2 = &-x 2 +y?+2%, 1} = &-x, > +y*+2°
The barycentric coordinates x,and x, are connected with the distance between the primaries by

the following equations:

ot =t =t (3.270)

47R°

whereg t =Gm t, g t =Gm, t ;m t =46V,; V,= and the over dot denotes

differentiation with respect to time t.
Now, in order to obtain useful dynamical predictions, we transform X, Yy, z,t to the autonomous

form &,7,4,7 . Following the autonomization procedure done in Section 1.8.8 in the case when

all the three bodies vary with time, in addition, we assume that the radius R of the fluid varies at
the same rate as the distances while the densities of the fluid and the third body vary at the same

rate as their masses, respectively, since the volume is constant. That is, we take

3
m:z[ﬂj ot =8, st =s, (3.271)
y7a

0 Ho
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where 7, 6,, and J,, are the radius of the fluid, the density of the fluid and the density of the third
body, respectively, at initial timet, ; . and z, are defined in equations (1.95).

Therefore, the system of equations (3.269) is cast to the autonomized forms:

Y/ B 208" = R 22 (3.272)
o¢ on o¢
Kkop EX+n® + P 2 p2 D
where @ £ = ST Ee ong +H2 G sy Taptag?]
2 2 pp 2
2 2
Pa= =& AP +SE, ph= E-& THnt+ SR, (3.273)
Ar 035 )
égl = _@plz’ §2 2&10121 Dp :—3()1(1_&} (3274)
Ho Ho 3013 Op

The parameters p,, , k°, 14, , My, Lo, are constants and the dashes signify differentiation with respect
to the new timer .

Now, we choose units for the distance and time, such that at initial time, p, =1, o, =C =1,
respectively, while for the unit of sum of the masses, we get 1, =G =« .
Next, without loss of generality, we introduce the mass parameter defined

Hao
Ho

asv = 0<wv <1 and also assume that the pressure field of the fluid of density J,, maintains

a spherical symmetry around the center of the fluid such that p,, = ¢. Also, we have &, =-v and
&, =1-v.With the help of these units, the system of (3.272) takes the following form:

_o

" _ r_a_Q " /:a_Q "_
E"=-2n'= oc n"+2¢& < o (3.275)

877’
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2 2 2
_K§+77 +K‘—1g+/(u KDp )

where Q= — 3.276
2 2 p23 2 plS ( )
Ph= E+v 4P +&?, pL=€+0-17 +n? 42 (3.277)
D, -l % (3.278)
3 O3

Equations (3.275 to 3.278) give the autonomized equations of motion of the third body of our
“problem. These equations are different from those in Bekov (1988) and analogous to the
equations in Hallan and Rana (2001b) only differing due to the second term that appears in the

force function and the parameter « .

3.8.2. Locations of the equilibrium points

The EPs represent stationary solutions of the R3BP. These solutions are the singularities of the
manifold of the components of the velocity and the coordinates and are found by setting
E'=n'=¢"=£E"=n"=,"=0iIn the equations of motion (3.275). That is, they are the solutions
of the equations 2, =Q, =Q, =0, which are

v +o-1

E— 3 —Dp E+ov =0
P23

[1—13—Dp}7=0, (3.279)
P23

[K_—l_L_DpJ;:o,

3
K P23

The solutions are categorized as follows.
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1. The solutions of first equation of (3.279) with 7 =¢ =0yield the collinear EPs which lie on
the line joining the center of the first and second primary.
2. When the first and the second equation of (3.279) are solved with £ =0, we get the

circular EPs. These points lie in the spherical fluid and form circles.
3. The solutions of first and the third equations of (3.279) with 7 = Oresults in the non-collinear
EPs. These solutions are valid provided they lie inside the fluid. We shall consider them in the
following subsections below.
Collinear equilibrium points.

These points are found by solving system (3.279), withn = £ =0. That is

v é+o-1 v &+o-1
{~————-D, {+v =0. = {-———-5-D, {+v =
P23 c+ou-1
L
= {+——-D, &+0 =0
1-v-¢&

Multiplying this equation throughout by 1-v—-¢& ? we have
1-v-¢& “E+v-D, E+v 1-v-¢& =0
Expanding, we get
1-0-E—0+V° +VE-E+VE+E? E+0-D, £+ 1-0-E—0+V° +VE-E+0E+E =0
= 1-20-2E+0° + 208 + & +v-D, S+v 1-20-2E+V* +20E+ &2 =0
:>§—21)§—2§2+21)§2+UZ§+§3+U—Dp E+v 1-20-2E+0° +20E+E° =0
:>§+u+§3+0§2—2§2—ZU§+U§2+UZ§—Dp E+v 1-20-2E+0° +20E+E° =0

= E+0+E E4v = 25-20+0E+0° E-D, E+v 1-20-28+0° +20E+ &7 =0

300



= E+v +E E+v - 2-0 E+4v §-Db, &+v 1-20-2E+0* +20E+E =0
Simplifying, we get

£+v [ 1-D, &+ v-2+2D,-2D,v £+1+2D,0-Dw’~D, |=0
Therefore, £+ v =0, which implies that

E=-v (3.280)
Hence, equation (3.280) is always a solution whether D, = 0or is not, forx > 0.
Now, when 1-D, &%+ —2+v+2D,-2D,v £+1-D, +2D,v—-D,w’ =0, we multiply this
equation throughout by negative to get

D, -1 & - —2+v+2D,-2D,v £+D,-1-2D,v+D,v* =0 (3.281)

Equation (3.281) is a quadratic equation in &£ and its roots are

: _—2+u+2Dp 1-v i«/ﬁ
2 2 D,-1

(3.282)

where
D=v 4D, +v-4 .

Now, the solutions of (3.282) exist only forD, >0, however, the second solution

~2+0+2D, 1-0 +[v 4D, +v-4
2 D,-1

& =

is greater than 1—ov and consequently will lie outside the shell, so we ignore it. The third solution

is

~2+0+2D, 1-v —\Jv 4D, +v-4
G = (3.283)
2 D,-1
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and is less than 1—v, the &£-coordinate of the second primary.

Hence, there are two collinear equilibrium points inside the first primary and they lie on the line
joining the centers of the primaries. Therefore, the coordinate -—»,0,0 is always an EP.
ForD, >1, there exist an equilibrium point &;,0,0 which lies to the left or right of the first
primary depending upon whether D, <1+2v orD, =1+2v.

When D, =1+ 2v, equation (3.283) becomes

2+0+421+20 1-v —\/0[4 1420 +v-4]

%= 2 1+20-1

2+0+2 1-v+20-20° —\/l) 4+8v+v-4

= 53:
4v

—2+0+2-20+ 40— 40> —/9?

= Sy =
4v

v-4v*-3v

= =T
4v

Hence, we have
& =0
Therefore, when D =1+ 2v, the only equilibrium point is the center of the shell.
Circular equilibrium points
These solutions are found by solving the first and second equations of (3.279) with =0. That
is we solve the equations

v +ou-1

-D, £+v =0
,033 P
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v
1—_3_Dp =0, n=0
Pa3

From the first equation of (3.283), we get

v v -1
& 1———Dp - —Dpl):O

3 3

23 P2
Using the second equation of (3.284), we at once have

v ov-1
3 =D v
P23

p

So that

v

D =1-
P P233

Substituting equation (3.285) in the first equation of (3.284), we have
s+ D,-1 S+v-1-D, £+v =0

= ¢+D,E+D,w-D,~¢-v+1-D,¢-D,v=0

= -uv+1- Dp =0

= D, =1-v

On using (3.286) in the second equation of (3.284), we have

1-——1-v =0
Pa3

= 1-——1+0=0

P23
9]
= —3 =7V
P
3=1
= Ppn=
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Hence, we have the solution

E+v-1°+np*=1, D, ,=1-v (3.287)

p
which gives the coordinate of any point on the circle (3.287) with center 1-0v,0,0 which is the

center of the second primary and radius one which is the distance between the centers of the fluid
and the second primary. Thus, the solution gives us an infinite number of EPs, provided they lie
inside the fluid.

Non-collinear points

The non-collinear EPs are found by solving first and third equations of (3.279) withz =0. That

is the equations

v &+ov-1
§——S—Dp E+v =0
P23
k-1 v
———3—Dp ¢ =0, (3.288)
K Pa3

3 KU
— _ 3.289
Pas K—l—KDp ( )

KU
WhenD, =0, we get p, =
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Now substituting equation (3.289) in the first equation of system (3.288), results in

v {+v-1 k-1-«D,

o -D, {+v =0

= x&- {+v-1 x-1-«xD, —xD, £+v =0

= x5-¢ k-1-xkD, + 1-v x-1-«xD, -xD,§-xD,v=0

= ¢ xkx—xk+1+xD,-xD, + 1-v x-1-xD, —xD,v=0

= <¢+1-v x-1-xD, —xD,v=0

= ¢&+x-1-xD,-xv+v+xD,v-xD,v=0

= <&+x-1-xD,-xv+v=0

= <&{+x-1-vxk-1-xD,=0

= ¢= k-1 1-v +«xD, (3.290)

This case coincides fully with the result of Hallan and Rana (2001b) and different from the case

which results to & = 0. Now, substituting equations (3.289) and (3.290) in the third equation of

system (3.288), we have

2/3
KU 2
_— =|— k-1 1-v +xD_+v-1| +?
(K—l—/ch] [ K v KU, TU :I ¢

2/3
KU 2
= I —|-x-1 1-v +xD_+v-1

J (K—l—/ch] [ P ]

2/3
KU 2
Sothat { =+ | ——| —-|- k-1 1-v +xD_+v-1

J \/[K].KDPJ [ P :I
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2/3
KU 2
= =+ || —8M8M8M —|- x-1-xv+v +xkD_+0-1
J \/[K—l—KDpJ [ P }

2/3
KU 2
= =+ || — —|-x+1+xv-v+xD_+0v-1

J \/{KlKDpJ [ P ]

Simplifying, we get

2/3
KU 5 2
4J[m} T Aoh
p

Hence, the coordinates of the non-collinear EPs are

2/3
= x-1 1-v +«D,, {=% (%J —x? 1-v-D, 2 (3.291)
k-1-«D,

. . . . . 1
Equations (3.291) give the position &,0,4 of real non-collinear EPs provided « > 1
p

3.8.3 Stability of equilibrium points

Collinear equilibrium points
In this study, we found two EPs collinear with the centers of the fluid and the second primary.

Robe (1977) discussed the stability of the EP at the center of the shell, and we have discussed it

also in problem 3., hence, we shall discuss here the stability of the second EP &,,0,0 near the

center of the fluid represented in equation (3.283).
The variational and characteristic equations are same with those given in equation (3.229) and

(3.231), respectively.
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Now from the potential of the dynamical system (3.276), we get the following second

derivatives:
2
KU 3xkv £+v-1
Qéf:’(_ 2, ) w2+ 2 , 5/2_KDp
[§+u—1 +n +cj} [§+u—l +n +§}
KU 3xvn’
Q,=x- > . a2 T 2 5 ., 5z ~ KD,
[§+u—1 +n +§} [§+u—1 +n +§J
KU 3xv?
Q,=x-1- ; o5+ ; 57 — kD, (3.292)
[§+u—1 +772+§2J [§+u—1 +772+g”2}
3 +v-1
a. - kv {+u-1n O - 3xond

/. 5/2

5/2 7 =%n¢
[§+u—12+772+§2} [§+u—12+772+§2}
kv S+v-1¢

Q 2 5/2
[§+u—l +n2+gz}

&=

The values of the second order partial derivatives computed at the EP £,,0,0 , is found by
substituting equation (3.283) and 7 =< =0 in equations (3.292) to get

Q§§=K— KO 5+ 3rv 3—K‘D
&+tou-1 &+ou-1

p

= o =klt-— Y 4% p
&+u-1 &+o-1
| 2v
— Qgé =K 1+m—Dpjl (3293)
A —

Substituting equation (2.283) in equation (3.293), we have
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2v

Q§§=K 1+ 55— D,
~2+0+2D, 1-v = \Jv 4D, +v-4
+v-1
2 D,-1
= QL =x[1-D,+ 2 3
~2+0+2D, 1-v - \Jv 4D, +v-4 +2 D,~1 v-1
2 D,-1
| 3
i 160 D, -1
= Q,=x|1-D,+ 3
~2+0+2D, ~2D,v~\[v 4D, +v-4 +2D,0-2D,~20+2

Simplifying results in

. 160 D, -1
Q% =x|1-D, + .
—U—\/U 4D, +v-4
. 160 D, 1"
or Q.. =x|1-D, + TE
<ﬂ—U—JU4Dp+U—4}}
160 D, -1

= QL =k|1-D,+

< 3

u+\/u 4D, +v-4
Hence,

308



Q2 =k 1-D, +4A (3.294)

Similarly
0 v
Q,=x|1-Dy-—
c+ou-1
0 v
Q,,=x1-D, - 3
~2+0+2D, 1-v = v 4D, +v-4
+v-1
2 D,-1
3
6 8v D, -1
Q,=x1-D, - 3

—2+u+2Dp —ZDPU—\/U 4Dp +v-4 +2Dpu—2Dp -20+2

Simplifying, gives

3
- 8v D, -1
QW—K‘ 1—Dp—

3

U+JU4Dp+u—4

Hence, Q) =x 1- D, —-2A

Doing similar calculations, we get the second order partial derivatives in this case:

Q0 =k 1-D, +4A , Q) =x 1-D,-2A , Q. =K'(K—_1

—-2A-D
K pj

Qf =0, =0, =0 (3.295)

where
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3
4 D, -1
3
[U+\/u 4Dp+u—4}

When k=1, the equations in system (3.295) fully coincide with those of Hallan and Rana

A=

(2001b).

Substituting (3.295) in the variational equations (3.229), at once gives

u'—-2v=x 1- Dp+4ﬂ u,
~ (3.296)
V'+2u' =k 1- D,-2A v,

- K(K—_l— D, —2/ij. (3.297)
K

Now, (3.297) is independent of (3.296). If k=1, the motion parallel to the -axis is stable.

If « <1, the same analysis follows. However, when x«>1, the stability of the motion parallel to

the ¢-axis depends on whether 1« +2A + D, >0
K

= 1-x+2xA+xD, >0
=  x-1-2kA-«D, <0
= K—ZKA—KDP <1

= x1-2A-D, <1

L . . 1
Hence, the motion is stable along the {-axis provided1<x < ———.
1-2A-D,

Now, substituting equations (3.295) in the characteristic equation (3.231) and solving gives
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,14+/12{2K(3—1+Dp—ﬂj}+;<2 D,-1-4A D,-1+2A =0 (3.298)
K

where D, >1, A>0

The roots of (3.298) are

-P+
n_P—T*/B, n=12 (3.299)
where
p-2c[2-14D -A
Bl i (3.300)

D is the discriminant and given by the equation
2 2
D :{ZK(DP —1—A&+;ﬂ —4k* 1-D,+4A 1-D,+2A

Simplifying, we get

D=4 4x D,-A -4 x-1 +9x?A? (3.301)
Equation (3.301) gives the value of the discriminant of (3.298) and is always positive for any
x Whenx =1, we have

D=4/4 D,-A +9A’ | (3.302)
which is same as that obtained by Hallan and Rana (2001b).

Now, since the discriminant is positive, if P >0, which occurs when

0<K‘<#_ (3.303)
1-D_+A

p

We observe that

P>JD (3.304)
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Hence, as a consequence, we have from equation (3.299) that
_p+JD <0 (3.305)
This implies that both values of A given by equation (3.299) are negative and consequently, the
roots are distinct pure imaginary. Therefore, the collinear EP  £,,0,0 is stable provided equation

(3.303) holds; otherwise, it is unstable.

Circular equilibrium points
These equilibrium points exist only for D, =1-v. The coordinates of any point on the circle
E+v-1°+n2=1 ¢ =0have the form 1-v—cosé, sind, 0 .
The partial derivatives at these points are obtained from equations (3.294), with =0, to get

0 KU 3xv §+u—12 0 0
Q. =x— + -xD_, Q. =0, Q, =0

&& 2 3/2 2 5/2 p e &
[§+u—1 +r72} [§+u—1 +772]

2 3kv E+v-1
Q), =x- K‘U2 a7z T SKWZ 57~ KDy ng = i L
[ E+v-1 +772J [ F+v-1 +772} [ F+v-1 +772+§2}

5/2

KU

0
Q,=rx-1- 2 L,
[§+U—l +77}

xD, (3.306)

Substituting £+v-1 2 +n°=1,£=1-v—-cos@and 5 =sin@, in equations of (3.306), we get
0 2

Qgé :K‘—K‘U+3K‘U[1—U— 1-v-cosd ] —K‘Dp

Qé’g =x—kxkU+3x0 1-v-1+v+c0S@ ? —K‘Dp

Qg(: =K—KU+3K000520—KDp

ButD, =1-v,
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:>Qg§ =k —KkU+3k0C0S* O—Kk 1-v
:>Qgf = kK — KU +3k0C0S* O — K + kU
= Q. =3xvcos® 0

Next,

Qf;,] = kK — kU +3xvsin’ 0—-xD,
= =x-xv+3kvsin®O-«k 1-v
= Q) =3kvsin® 6

Similarly,

QS; = k-1 —xv-xD,

:>Qg¢ = k-1 -xvo—-x 1l-v

:>Qg§ =x-1-xv—Kx+kKVU

0 _
=Q, . =-1
Lastly,

Q° - 3kv £+v-11p

5/2

-/
[ E+uv-1 ? +772}
Put &+v-1°+n?=1andy=sinéd, we have

=Q°

-, =3k &+v-1sind

With& =1-v-cosé, we get

Q) =—3K‘U|:1—U— 1-v—cosé ]sin@
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= Q) =-3xv 1-v-1+v+cosd sind

= Q) =-3kvcosdsing
Hence, the partial derivatives computed at the circular points are
Q.. =3xvcos’ 6, Q) =3kvsin®d, Q). =-1 , Qf =-3kvcosdsing (3.307)

nn n T

QO

ng

=Qz =0
When equations (3.307) are substituted in the variational equations (3.229) with £ = 0, we have

u”—2v' =3xvcosé ucosd—-vsing |,
vV"+2u'=-3xvsind ucoséd—-vsing (3.308)

W' =—W.
The last equation of (3.308) shows that motion is stable along the £ -axis.
Substituting the partial derivatives (3.307) in the characteristic equation (3.231), we get
A" = %[ Brvcos’ 0+ 3kvsin® 0 -4 |+9x°0’ cos® Osin’ 0 - 9x”v’ cos® Osin® 0 =0
(4.120)(3.309)
Simplifying, we get

A% 2= 3kv-4 =0 (3.310)

Therefore, 2> =0and so 4,, = Otwice or 2> —3xv—4 =0 which gives 4,, =+J3xv—4

Hence, two of the roots of the characteristic equation (3.310) are multiple zero roots and this
induces instability at the circular equilibrium points. Hence, the circular equilibrium points

£=1-v-cos@and n =singare unstable.
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Non-collinear equilibrium points

The partial derivatives computed at the non-collinear EPs are obtained by substituting equations

(3.291) and 7 =0 in the derivatives of equations (3.292). For the derivative ng , We have

KU 3xv ¢f+u—12

7t 5/2_KD
[ Frv-1 2+g2}3 [ Fro-1 2+g2}

p

2
xv 3xU E+v-1
QSE&:K———F ¢

—-xD
P233 P253

p

The use of equation (3.289), reduces the above equation to

2
0 KU 3xkv £+ov-1
Qi =K-— XU N 5z~ KD,
— KU
k—-1-xD B —
P xk—1-xD,
/
o kv k=1-xD, 3xv S+v-1 ? k-1-xD, o
= Q. =k-— + o3 -xD,
KU KU

3 &+0-1° k-1-«D,

-xD
2/3 p

KU

= Qgg =K‘—K+1+K‘Dp +

/3

3 £+0-17 k—1-xD, °

= Qg‘«: =1+ 213
KU
5/3
o 3 K‘—l—K‘Dp 2
= Q% =1+ |~ 1-v k-1 +xD, +v-1]

KU
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/3

3 K‘—l—K‘Dp °

2
= Q) =1+ — [ 1-v0 k-1 -xD,+1-v]
0 3 K—l—KDp o 2
= Q) =1+ —n | 1-v x-1+1 —xD, |
0 3 K—l—KDp o 2
= Q.. =1+ o I:K‘ 1-v —K‘Dp]

/3

3k? l—U—Dp ? K‘—l—K‘Dp °

2/3
KU

= Q) =1+

For the derivative Q) , we have

o KU
Qrm K= ) ) 3/2_KDp
[§+u—1 +g}
0 KL
= szic——3—KDp
P

Using equation (3.289) at once yields

KU
Q° =k—————«kD,

/c—l—chp

KU K—l—KDp

—-xD

0 = f—
= Qnﬂ_K p

KU

= Q° =x-— K‘—l—K‘Dp —-xD

nm p

O —_— — —_—
= Q =x-k+1+xD,-xD,

= Q° =1

m
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Similarly, we get Q% =0,Q) =0

Next forQ°, , we have

S

2
Qgézl(‘—l— K‘—l—K‘Dp + :fm K‘—l—K‘Dp 5/3—KD

p

KU 3xve?
Qgg = k-1 - + o7 — kD

[ Frv-1 2+§2T/2 [ Frv-1 2+§2}

p

Using equation (3.289), we have

kv k—=1-xD 2
Q% = k-1 - » e 1 kD, kD
KU K

p

Q0 —k1- k-1-xD, +- 35 14D, P-
oz =K K kD, + T 1 KDp kD
KU

p

/3

= Q% =x-1-x+1+xD + 34/2 x—-1-xD ° -xD
¢ p 213 p

p

KU
Simplifying gives
0 372 513
Qp =—5 x-1-xD,
KU
Lastly, for the derivative Qgg, we get

5/3
o _31(4’ 1-v-D, x-1-xD,
¢

2/3
KU

Hence, the computed partial derivatives at the non-collinear equilibrium points are

/3

3x? 1-v-D, ? k—1-xD, ° OF —1.0° = =0

2/3 ! nn ng én
KU

ng =1+
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/3 /3

32 k—1-«D, ° 3¢k 1-v-D, Kx-1-xD, °

Qg: = o Qz = PR (3.311)

Following the procedure used in problems 3.6 and 3.7, we obtain the characteristic equation
obtained from the variational equations and then substitute the partial derivatives (3.311) into it
to get

AP+ pAt+p, A2+ py,=0 (3.312)
where
p =0 +Q -3

2

0 0 0 0
pZ:—3Q¢+Q§§ 1+Qéwéw - Qfg

2
—00A0 Ao
Py =€ Q0 — Qp

Substituting the derivatives, we have

32 1-v-D, * k-1-xD, = 3/
+
KU 28 KU

/3

k-1-xD, -3

p =1+

2/3

32 1-0-D, ~ k-1-xD, = 3.7
+
KU 2 KU

/3

P, =—2+ k-1-xD, °

2/3

32 1-0-D, ~ k-1-xD, = 37
+
KU 2 KU

/3

5
= p,=—2+ a5 kK—1-xD,

/ /3

3c? 1-v-D, = k-1-«D, " +3¢? x-1-«D, ~

2/3

— p,=—2+

3 xk-1-xD, " | .
— p,=—2+ 73 [/c 1-v-D, +§]
KU
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2/3
But gzz(Lj —x* 1-v-D,

K‘—l—K‘Dp
Therefore,
5/3 [ 2/3
3 x-1-xD
p,=-2+ mp K? 1—1)—Dp ZW{%J — K 1—1)—Dp ?
KU K—-1=-KxU,
5/3 2/3
3 x-1-«xD
= p=—2+ 213 : d
KU K‘—l—K‘Dp
3 xv 23 x-1-xD o
p
= p=-2+ 3

2/3 2
KU /c—l—chp

= p=—2+3 /(—1—7<Dp
= p=-5+3k 1-D, (3.313)

Similarly,

| o

/3

w

3% k-1-«D, 3’ 1-v-D,  x-1-xD,
p, =3 213 + 1+ 213 1
KU KU KU

5
N 3% k-1-xD, 3

2/3

/3 2

3 1-v-D, x-1-xD,

2/3
KU

2 5/3 2/3 2 2 S 2/3 2 5
_9;’ k—-1-xD, kv +3k° 1-v-D, x-1-xD, 3| ko +3{° xk-1-xD, 3

P, = 23 + 23 23
KU KL )

10/3

3x’¢* 1-v-D * k-1-xD
B p p

4/3
KU
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2 5/3 2.2 2
_94’ k—-1-xD, _9K§’ 1-v-D, «-1-«D, .

4/3

1053 [ KL 2/3+3§2 k-1-xD, 5/3:|

p, = 2/3 4/3
KU KU KU

x[ KU 2/3+3K‘2 1—1)—Dp ? K‘—l—K‘Dp 5/3}

5

2 5/3 2 2 3
_9{ k-1-xD, 1+K 1-v-D, «-1-xD,
2/3

P, = 2/3
KU KU

2 s
{ KU 3 +3k? 1-v-D, x-1-«xD, 3}

4/3
KU

[N

+ KU

2 5/3
3¢° k-1-«xD,
+ 4/3
KU

[ KU 2/3+3K2 1—1)—Dp ? K—l—KDp 5/3}

Substituting for ¢2and simplifying, we get

/3

3 K—l—KDp

P, = 1+ L3

2093 -3k* 1-v-D, ~ x-1-xD, ’

A similar calculation gives

K43 k-1-xD, 1-v-D, ?

p;=31+xD, -« |1- N

The roots of equation (3.312) are

13 2
p, PP, (Zj NYs
>t =+———| +
A {3 3 N 3213

/12

. . 1
PR P p12 . |p12 . P, IDZ\/§ . N3 . NEE
4 - 3 3223NU3 2213 \/§N 3 Q23NV3 D23 NU3 29U3 \/§ 623
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. . 1/2
PR -V S . N S iV3p, N N
6 - 3 323\ 13 2213 \/§N y3  Q23NV3 23N\ V3 221/3\/3_’ 623

where N =2pf—9p1p2+27p3+\/4 3p,—p? + 2p°-9p,p,+27p,

A positive root or a cmplex root with positive real part will bring about instability around the

non-collinear EPs.

3.9 Conclusion

This chapter of the thesis studied the R3BP and the Robe’s R3BP witn variable masses under
different characterizations. In the case of the R3BP with variable masses, we assumed that mass
variations of the primaries occur according to the UML and their motion dictated by the GMP
under radiation pressure forces, oblateness, perturbations in the Coriolis and centrifugal forces
and the presence of a circumbinary disc. In the case when the first primary is an oblate spheroid
and the second one a radiation emitter under effects of small perturbations in the Coriolis and
centrifugal force; it is seen that there exist three collinear, two triangular and four out-of-plane
EPs. When both primaries are radiation source and oblate spheroids coupled with small
perturbations in the Coriolis and centrifugal forces, there exist five collinear, two triangular and
four out-of-plane EPs. In the presence of disc, we also established four out-of-plane EPs using
series expansion about the disc mass. The collinear and triangular EPs of the autonomized
systems are stable while the out-of-plane EPs points are unstable. However, the EP of the non-
autonomous equations are unstable. The small change in the Coriolis and centrifugal forces and
oblateness of the primaries has both stabilizing and destabilizing tendencies while the radiation

pressure forces are always destabilizing.
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In the study of the periodic orbits, it is seen that the orbits can be ellipses, parabolas or
hyperbolas. The frequencies, orientation, eccentricities and lengths of the semi axes of the short
and long period orbits are different from those of the study conducted by Szebehely (1967a),
Meyer and Schmidt (1971), Sharma (1976), Elipe and Lara (1997), Perdios (2003), Perdios and
Kalantonis (2006), AbdulRaheem and Singh (2008), Singh and Begha (2011b) and, Singh and
Haruna (2014b).

In the case of the Robe’s R3BP with variable masses we considered the cases when both the
primaries vary isotropically in accordance with the UML and their equation of motion of the is
described by the GMP (when rigid shell is empty: problem 3.6 amd 3.7) and when the three-
bodies vary their masses at the same rate in a non-isotropic manner (problem 3.8) in which case
the first primary is a fluid . There is an EP at the center and a pair of non-collinear EP when the
shell is empty. When small perturbations are involved, every point (inside the shell) on the line
joining the centers of the primaries and a pair of non-collinear points, are the EPsof the system.
In the case when the three masses vary with time with the first primary being a fliud, an
equilibrium point at the center, another near the center, circular points and pairs of non-collinear
EPs exist. The points on the line inside the shell are stable while the circular points and the non-
collinear EPs of the autonomized systems are unstable. The EPs of the non-autonomous system

are unstable according to the Lyapunov’s theorem.
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CHAPTER FOUR

4.0 RESTRICTED THREE-BODY PROBLEM WITH CONSTANT MASSES
AND DISC UNDER DIFFERENT CHARATERIZATIONS
4.1. Introduction

Circumbinary disc are commonly observed around binary systems and play important role in
their evolution. Trilling et al. (2007) detected debris discs in many main-sequence stellar binary
systems using the Spitzer Space Telescope. The importance of the problem in astronomy has
been addressed by Jiang and Yeh (2004, 2006) where it was shown that the influence from the
disc can change the locations of the EPs and new EPs can exist under some conditions.

In this chapter, we study the R3BP in the presence of a circumbinary disc under various
characterizations of the bodies. We also examine the periodic orbits in the range of linearly
stable triangular EPs for the problems. This chapter contains five sections. Section 4.1 gives the
introduction, Sect. 4.2 deals with the problem when the first primary is a radiation source while
the second primary and the third body are modeled as oblate spheroids. Section 4.3 investigates
the motion around the triangular EPs when the primary star is a triaxial star and the second one is
a radiating-oblate star coupled with small perturbations in the Coriolis and centrifugal forces. In
particular, we apply the study to the case when the first primary is a depleted pulsating post-
AGB star, IRAS 11472-0800 while its companion is a white dwarf star, G29-38. Section 4.4
generalize studies of the R3BP with constant masses. In this section, the three bodies are
assumed to have the shape of an oblate spheroid while both primaries are radiation emitters
under small perturbations in the Coriolis and centrifugal forces. Section 4.5 is the last section

and concludes the chapter.
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4.2 Motion in a Modified Restricted Three-Body Problem with Oblateness and
Disc

In this section, the restricted problem of three bodies is modified to include a case when the
passively gravitating third body is an oblate spheroid while the first primary is a source of
radiation and the second one is an oblate spheroid, under the condition that both primaries are
enclosed by a disc of dust. The EPs are found and the linear stability of the points is explored.
Illustrative numerical exploration is rendered in the Sun—Jupiter and Sun—Earth systems where
we show that in reality, for some values of the system parameters, the additional EPs do not in

general exist even when there is a disc to interact with.
4.2.1 Equations of motion
Let m,andm, be the masses of the first and second primary, respectively, and let m, be the

mass of the third body having infinitesimal. The gravitational potential energy acting on the third
body when the both primaries have the shape of an oblate spheroid is given (Singh and Ishwar

1999) by
1 « 1 «o
V =-Gm Z+ 2 |+m 42 4.1
3|:m1ql(ri+2rl3]+ ZqZ(r2+2r23]:| ( )

wherer? = (x—x)?+ Yy +2°, 1} =(X—X%,)°+y’ +2°

Here,r,andr, are the distances of the third body from the first and second primary,
respectively, G is the gravitational constant; g,and q, are radiation factors of the first and second
primary, respectively, while o, and «, are the parameters representing the oblateness of the first

primary and second primary, respectively, and are such that (McCuskey 1963, Singh and Ishwar

1999)
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AE’ — AP? .
Q; =?,ai <<1: |:l,2

Now, we suppose that the third body is a satellite whose shape is built in the form of an oblate

spheroid. Then, the potential (4.1) takes the form (Abouelmagd and EL-Shaboury, 2012)

G , 0 | 0, 0, o
V=-Gm,|m| —+ +—= [+m,| =+ +— 4.2
3[ 1( Roo2r erJ 2( r, 2r7 2r} H (4-2)
: : : AEZ — AP}
where o, is the oblateness of the third body and defined as o, = gz % <<1

Now, in this configuration, we assume that the primaries are enclosed by a disc of dust and so we
use a model that best explains a flattened potential given by Miyamoto and Nagai (1975); which

describes the gravitational potential within a stellar system (or subsystem) and written as

Vrz=- CM, (4.3)

2
\/rz + a++/2%+b?

where M ; is the mass of the disc; aand b are parameters which determine the density profile of

the disc. a is the flatness parameter whileb is the core parameter. This flattened system reduces
to the Plummer model if a =0and the Kuzmin disc ifb =0. Whena=b =0, the potential equals
to the one by a point mass. The behavior of the two parameters having dimension of distance
determines the two limiting cases. Ifa =0 the axial symmetry is reduced to its special case (the
spherical one) while forb =0 the system has a collapse. In our problem, we consider motion in

the xy —plane and so z=0. Therefore, equation (4.3) reduces to
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V o1,z __ My (4.4)

«/r2+ a+b’
Now, we intend to study the motion of the oblate satellite in the Sun-Earth and Sun-Jupiter
model of the primaries, in which the first primary (Sun) is only a radiating source and the second
primary (Earth/Jupiter) is an oblate spheroid. Then, the potential acting on the third body under

the combined actions of oblateness, radiation and disc mass have the forms

4, % 1 a0, M,
U=-Gm —4+—+m,| —+ +—= |+— 4.5
° ml[rl 2r13} Z(rz 2r; 2r23J 2, T2 R (4:9)
2 2 2 2 2 2 IA\EiZ_IA\I:)i2 .
where r°= X—-X “+Y°,I, = X=X, +Y andozizT,ozi <<1:1=2,3 .

The last term in the potentialU , is the gravitational potential due to the mass M, of the

circumbinary disc (Kushvah 2008a).r =./x? + y?is the radial distance of the third body

andT = a+b is the parameter which defines the density profile of the belt.

Now, we choose unit of mass such that, the sum of the masses of the primaries is taken as unity,

thus we takem, =1—gandm, =u: O<u= M 1. For the unit of length, we take the
m, +m,

distance between the primaries as unity, that is R =1and the unit of time is also selected such
thatG =1.

Now, the equations of motion of a passively gravitating third body in a barycentric rotating
coordinate system, in the gravitational field of the primaries, based on the potential (4.5), have

the form:
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0 1-p X—p pu X—p+l 3Bo,u X—pu+l 3oy l-pu X—p

X—2ny = n’x—
y r13 r23 2r25 2,;[5
CBopu X—pu+l  MyX (46)
2r; r2 T2 %
1- 3o, 1-
y+2n)'(= nz—ql Slu _%_36{25/1_ % 5'u _30535!‘_ M_d 3 y
I r, 2, 21 2, 2,2 %
where n? :1+§0{2 +2Lr03 (Kushvah, 2008a) (4.7)
r’+72% 2
P =€-ul+y’, 1) =€-pu+13+y’ (4.8)

Here, s is the mass ratio; n is the mean motion of the primaries and is defined by the oblateness
of the first primary, the mass of the disc and its components which represents the density profile
of the disc and the radial distance r, of the third body.
Equations (4.6) differ from those of Kushvah (2008a) only due to the oblateness of the third
body and this system of equations admits the Jacobi integral

J+ X¥+y? =2U (4.9)

where

n’ x*+y? 1— o, 1- M
U i s —
1 2 2 1 2 2472 72

(4.10)

and J is the Jacobi constant.
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4.2.2 Locations of equilibrium points

The equilibrium points represent stationary solutions of the R3BP. These points are the
singularities of the manifold of the components of the velocity and the coordinates. Therefore,
they can be found by equating the R.H.S of equations (4.6) to zero. That is we have to solve the

following equations

2y 1-p x—p  p X—p+l Bopu X—p+l 3oz l-p X—p  Bogu X—p+1
: I, 2r, 2r? 2r,

rl
0 €11

de —
r2aT

ney B 1M g Sepu Son lop Se My |
r’ roo2r 2r? r{ I R

When equation (4.11) is solved for y = 0, then we only need to find x . If however, y = 0, then we
have to solve both equations of (4.11) for xand y .

Collinear equilibrium points

The collinear equilibrium points are found by solving equation (4.11) for x wheny =0, so that

we have
N2 _ M, X—ql 1-u X—u MU X—pu+1 _30(2,u X—pu+1 _30(3 1-u4 X—u
2 T2 2 2 r’ 2r; 2r°
o X—pu+1 0
2r; -

We denote this equation by f X , so that
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2 M, x—ql 1-u x—u M X—u+1 _30:3 1-u X—p

_. 3 3 3 5
NS L N " 20 (4.12)
3u X—u+l o,+ao, _0
2r; -
where r, =|x— gjand r, =|x—u+1
The abscissas of the collinear points are the roots of the equation f x =0.
Observe that
df x 2 20, 1- 6a, 1—
=n2_ dey-} 3MdX7+ ql ,;«l " 2/,! 3+ as 5,Ll
dx X24T2 72 x2yg277 x—pl [x-p+l x4
(4.13)
6u o, +a,
=g+ 1
df x
And so >0if
dx
24 3M, % 20, 1—p 2u 6, 1—p +6,u o, + o, . M, X

+ + +
T I s IS SR

X
=n’*. When x=u—landx= 4, equation (4.13) in both
X

Now, when x =400, we have

df x

cases give =,

Now, from equation (4.12), ifx=x—-2, we observed thatf px—-2 <0, for,M, <<1,

a,, <<landg, ~1. Whenx =0, we see found that f O >0, while forx=x+1, f x+1 >0
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Therefore, the real roots of the equation f x =O0will lie in the opens interval p—2, -1,

4#—10 and g, u+1 . These roots correspond to the collinear points and we shall denote them

appropriately when they are found.

Now, we express equation (4.12) as

f x =P x+Q x (4.14)
where
-4 x- —u+l1
P x =n2x_“—xsﬂ ql+§ % ~ _HX ﬂ+3 1+§La32 (4.15)
X = 2 x=p ] xmplf | 2|x—p]
Q x =—— MaX (4.16)
X% +T2 %

Now, observe that equation (4.15) can have the following forms depending on positions of the

primaries. When x < p—1, u—-1<x< uand u < x, then equation (4.15), give respectively

1- +

P x :n2x+—’u2 q1+§ % S ot i 5 1+§0[2—0{32 (4.17)
X—u 2 X—pu X—pu+1 2 x—u+1
1- +

P X =n2x+—’u2 ql+E % == i - 1+§0{2—%2 (4.18)
X—u 2 X—u X—pu+1 2 x—u+1
1- +

Px —mx——H g3 | u )3 %t (4.19)
X— 2 Xx—u X—pu+1 2 x—u+1

Hence, in order to investigate the position of collinear equilibrium points, we divide the orbital

plane Oxy into three parts with respect to the primaries: x < -1, u—1<x< gand gz <x.
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The first case x < ¢—1, implies that x—z+1<0 and if this happens, then x— x <0follows. In
the second case, whenu—-1<x<u, we have x—u<0 andx—u+1>0. The third case
when z < x, we have x— x >0and so x— gz +1> 0also follows. We shall consider these one after

the other.
Case |

In the first region whenx< -1, this means that the collinear point will lie in the
interval x e —oo, 11 ; in this case, if we take the first derivative of equation (4.17) with respect

to X, we get,

P’ X :n2+21—_i q1+§ % Ly 24 . 1+§L0[32 (4.20)
2 x=p" ) xmpH | 2 |x—p]

Evidently, forO< u < % , 3 <<l andg, ~1weseethat P' x >0

Knowing that equation (4.20) is positive and since lim P x =—owand lim P x =oo; then,

X—>—00 x— u-1
P x is strictly increasing in the interval. Similarly, from equation of (4.16), we see

that ImQ x =0 , Iile X >0andQ" x <0; it follows that Q x is strictly decreasing
X— pu-

X—>—00

function in the interval —oo, £—1 . Hence, lim f x <0 and lim f x >0. This shows that

X—>—00 Xx— u-1
there exists a point say x, € —oo, -1 at which f x, =0. We denote this equilibrium point

aslL,.
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Case Il

In this case, the collinear point lies in the open interval -1, x . Here, two cases arise: the first

one is when xe x—1, 0 and secondly, when it lies in the interval O, x . We discuss them

separately.

1—
For the case whenxe x—-1, 0 ,wehavef 0 = a {ql+§&}— “ {1+§La§}
MU

2 2,u2 1_ﬂ2 2 1_/1
But0<,u§%,l//zl, a,, <<l andq, ~1, therefore f 0 <0.Since f 0 <0 and

lim f x >0, then, there exist a point say x, € x—1, 0 at which f x, =0. We denote this

x— u-1

point by L, .

Next, for the case whenxe 0O, x ; if we suppose thatf<\/§,u, then L<,u and so, we

J2

consider two cases when xe| 0, L] and whenx e L ,uj. Now, in the first case,
V2 J2

P(—Tfj+Q[—Tfj>0 , then f(TfJ>0and since f 0 <O, then, there exist a point say

Xy, € [0, %) at which f x,, =0. We denote this point by L, .

In the second case whenXEu; ] fP[T\/_] ( J_] >0, then f(T\/_J >0 and

because limP x =-—wandlimQ x >0, we havelimf x <0. Then, we must have a unique

X—>u X—>u X—> 1t
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point, say X,, e[% ,u] in this region, where f x,, =0. We label it asL,,. We note that,

if P[¥J+ Q[%J <0, no EP exists in the interval 0, & because f (%J #0.

The pointsL,, and L,,depend only on the mass parameter, the mass of the disc and the

parameters which determine the density profile of the disc.

Case 11

In this region, the point lies in the open interval , o . We observe from equation of (4.19) that

P’ x >0and since limP x =—0 andlimP X =oo, this means P x is a strictly increasing

X—u X—>o0

function in this interval. Also, becauseQ" x >0,Q x <0and IimQ x =0,Q x is also a
X—0

strictly increasing function for xe x4, o . Hence, limf x <Oandlimf x >0; so there exist

X—>u X—>0

a unique point say X, in this open interval at which f x, =0. We call this point L, .

Thus, in addition to the usual three collinear EPs of the classical R3BP, due to the presence of

the potential from the disc and the mass parameter, there exist two additional collinear EPs L,,
and L,, . Hence, we have the points L and L, located to the left of the center of mass whileL,,,
L,, and L, are positioned at the right.

In order to make a comprehensive numerical analysis, we represent the collinear points

respectively as:
x=pu-1-8&, X=pu-1+&, X=p+g (4.21)
where & = 1=12,3 are the roots of equation (4.12).

Substituting equation (4.21) in (4.12) and simplifying, we get a polynomial for the point L, :
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519 + ailé:ls + a12§17 + 313516 + a144:15 - 815514 - a16§13 - a17§12 — QS — Qg = 0

Where _5+4v ~10+6v 2 2v+5 ~ L+0,

%= 1+v St 1+v s 1+0v n—A 1+v °

n*—~A 5+v -2 v+q 34+a,+a, V+30,+2¢,—2 N*—A
P4 = n’—A l+v %5 = 2 n’-A l+v

20[2+3 o, + o, ] u[1+9 a, +a, ] bv a, +a
WTTECA 1r0 T oA 110 T TRCA 1ro

v a +a

a, = ' 2 3

2nN-A 1+v

For the point L,, we have

& —and, +a,s, —apd; s, —as, +ags, —as, s, —a, =0

5+4v 10+ 60 n~A 40+10 +q,+v
where &, = : 2 = , 3=
1+v 1+v n>—A 1+v
n>—~A 5+v +2q,+40 2 n°—~A+q,+60 +30,0+3a; 1+
= n2—A 1+v B 2 n-A 1+v
_21)[2+3 o, +a, ] _0[1—9 o, +a, ] _ bu ot
WITNCA o T oA 1ho 0 T CA 1e0
8, = 3 a,+a, A M, (21t 2
° 2n-A 140 o s

The polynomials for the collinear EP L, can be obtained analogously as above from the third

equation of (4.21). Hence, the numbers and values of roots is influenced by the oblateness
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parameters, small perturbation in the centrifugal force, the radiation pressure of the first primary
and the effect occurring due to the gravitational potential from the disc.

Triangular equilibrium points

The triangular points lie on the xy —plane, and denoted by L,and L,. We get the coordinates by

first solving system (4.11) forr,andr, , to get

M
r1=1_1052_£ 1-q +1053——dg/2 2r. -1
27 3 27 32T
Md
n=l-—a,+- o, +aq, 0 21 -1 (4.22)

Now, the exact coordinates of the triangular point is found by solving equations (4.8)

simultaneously for xand y, to get

2 2 2, .2 r2_r?
x=pu-ti2 0 y:i\/m—l—z—l (4.23)

get

M, 2r -1

X=,u—1+ 1- N ‘e l 1-q, _% (4.24)
32472 7|13 2

y=i7 1_5 1_q1 + az ~ a2+2a3 + r2+—2 3/2
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These are the coordinates of the triangular equilibrium points of the restricted problem of three
oblate bodies under radiation pressure forces of the primaries, small change in the Coriolis and

centrifugal forces and the force due to the potential from the disc.

4.2.3 Stability of equilibrium points
In the R3BP, for all values of the free parameters, the triangular equilibrium points L, ; may be

stable. Looking at small deviations from these points, we investigate their stability. To do this,
we displace the dust particle is a little from the equilibrium points, by applying a small velocity.
If the particle rapidly departs from the vicinity of the triangular equilibrium point, then the
equilibrium points is an unstable one. If however, it oscillates about this point, we can then say
the point is stable. Because the mass distribution of the general body is now taken into account,
the stability of the equilibrium points, where are expected to deviate from the R3BP. We
introduce X=X, +¢ andy =Y, +7, where (,n:is a small displacement, and substitute it in
(4.6), to get the variational equations:

&—2myp=U&+Ugn

i+2né =U7 E+US 7

0
XX !

The partial derivativesU U;’y and Ufyare to be computed at the equilibrium points under study.

Now the characteristic equation is given by

A4= U U —4n® 22 +U2U° - U2 © =0 (4.25)

x=yy
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Collinear equilibrium points

And the partial derivatives at the collinear point x,0 are

21— 61— 6u o, + ’
SRTRACE DUE VI SO TELE R .
DR L 7 LS 7R | R V- CRCICIN R
u® =0 (4.26)

21- 3a,+a
Ugy:nz_ lus |:q1+ 20 3:| £ 3|:1+ : 32:| Mi %
% = 4] Xo—ul | [eo+l-p | [o+l-pf | x2i72 72
Now, an inspection of the first partial derivative in equations (4.26) revealed it is positive while

the derivative is negative, for0 < u < % M <<1, a,, <<landq, ~1.

Now substituting equations of (4.26) in the characteristic equation (4.25), we get

A'+PA*+Q =0 (4.27)
where

R=n°-U;-U),Q =UjU; <0

The four roots of equation (4.27) are

+
21,2,3,4 =% @ (4-28)

where D is the discriminant of equation (4.27) and is expressed such that D =P’ -Q,

Now, the kinds of roots given by equation (4.28) will depend on the nature of the discriminant

coupled with the changes in P,since Q,is always negative. Therefore, there is at least one
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positive root of (4.27) which induces instability at the collinear EPs. Hence, the collinear points

are unstable in this case.

Triangular equilibrium points

Now, from the potential given by equation (4.10), the second order partial derivatives are:

2 2
U - Gl-# p 30, 1-pu x—p 3Bux—pu+l 3 l-poa 3pato
=N ————-5+ ~3 =

+
XX 3 5 5 5
h P h I h 2 r
2 2 2
15 1-u4 X—u a3+E,u X—u+l a,+a, B M, 3M X
7 7 —, 312 —, 52
2 A 2 h r’+T° r’+T72

U :nz_ql 1-u ,u+3q1 1-up y2+3“y2 3 1-u A3 3H &tag +E 1-u Yo,

yy ri?: r23 riS r.25 2 r15 2 r25 2 I,EL7
2 2
a,+a M M
oM &t My MY 4.29
2 n r2+T2 r2 472

3 1-pu x—py 3ux-pu+ly 15 1-pu X—p yo 15u X—u+ly a,+a,
Uy = 5 + 5 t= 7 t 7
h I 2 n 2 n

3Mxy
272

From the equations of (4.22), we find that

3 M, 2r.-1
2“3 I’C2+-IT2 32

=
&
Il
-
+
I
N
N
+
I
[N
=
|
I
+

3 M, 2r.-1

-3 d c

" =l+—-a, o, +a,; + . 7
e+

5 5M, 2r.-1

-5 d c

L =l+—-—a,-— a,+a, +3 - 77
r-+
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77 7 M, 2r -1
=1+§a2+§ l_ql ——(l3+—3/2

3r7+T?

77 ™, 2r -1

5 :1+—O!2—— a, + 0, +—_3/2
2 " 2 32472

Now substituting these equations and the triangular points L, (4.24) in the partial derivatives

(4.29), and solve correctly, we get

5M, 2r.-1 1 3u

» 3.3
UXX_Z+§% 3a2#+zm_5 1-a, i) =6 - r2+_2 e }/

u y{ 1- ql+1a2}

9 33 1-g, 3 7M, 2r -1 M,

o _Y _2 _
Uyy—4+ 3 o, +3a; + 2,u 1-q, +4 E 7 +4 EEe 7 (4.30)
3 1 7 1 11 2r.-1 M 3 1 13
0 .= g g = T 7 d “4z
U =+/3 4+6 1-q, - 8 2a3 T rc2+']72 a7 T M 2 5 1-q, + 4a2+0:3

11 2 -1 M, | 3 2u-1 M,

~ 5/2

—, 3/2 _
6 2472 4 r24T?

c

Now, substituting the equations of (4.30) in the characteristic equation (4.25), we simplify and

ignoring product and higher order terms ina,;, 1-0;, andM g; to get

339



2r.-1 M, M, 1 M, u M,
e A,
PP+T2 7% r2+T2 72 r2+T2 7% 24727

3
At | ~4—60, +391+ 222 4 o, o+ 22

+§,u 1- 4 |94+39%, +12c, +2 1-q, + M, 3 5 9_2 +22 2r,-1 »|=0 431
4 2172 % ro+T

The roots are

A, =3xS, Ay, =18, (4.32)
where
1
51’2 :E —bi\/B
- u+1
b=1+§ o, +20, —3uc +L 8i—2r —1—%
2 2 3 2 _ y c 2 2
rc2+-]-2 2| 3 rr+T

22 1-2r, M
D=3u%|9+39%, +12a, +2 1-q, — 4+ ™My |, 2M, {Zrc+3%

3
rZ+T?2 2 r2+T2 r2+T2 2

22 1-2r, 7

3/ _
2 T2 A 2 2
rZ+T r+T

=3u|9+41la, +120,+2 1-0, —M, o7 ( | T1+3a, —6a,

Dis the discriminant of equation (4.31) and its four roots (4.32) play a crucial role in

determining the form of orbits in the basin of equilibrium points. Evidently, values of D
1 o . . . 1
when 4 =0 and u = 3 have opposite signs. Hence, there is a value of 4 in the interval 0 < i < r

at whichD=0. Hence, we solve D =0for s, and simplify to get
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2 1-
1(1_ 23] 1( 13 1]“2_22% G, 2M,

e B e e il
9( /69 o069 2769 27\/—9r+T22

2 27
«|38—4r - 0L
2 I’+T7

We call the expression in equation (4.33) the critical mass function. The first term represents

(4.33)

Routh’s critical mass ratio; the second, third and fourth expressions are the effects arising from
oblateness of the second primary, oblateness of the third body and radiation of the first primary,
respectively, while the last expression indicates the force due to gravitational potential from the

circumbinary disc.

i. WhenO < z < ., D>0; and the roots (4.32) are distinct pure imaginary and motion is

bounded, and composed of two oscillatory solutions given as (Szebehely 1967a):

&=C,coss;t+S;sins,t+C, coss,t+S,sins,t (43
n=C,cosst+S,sinst+C,coss,t+S,sins,t '

where s, {= 1,2: are the frequencies for the long periodic and short periodic orbit

respectively, while the coefficients C,,S,,C, , S,;and C,,S,,C, , S, are the long and

short periodic terms respectively. Hence, the triangular point is stable in this case.
il. When g < u < % , D<0; thereal parts of two of the roots are positive and the triangular

points are unstable.

iii. When i = u., D=0; the roots are double and this leads to instability of the triangular point.

Therefore, we conclude that the triangular EP is stable for0 < ¢ <y other it is unstable.
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4.2.4 Periodic orbits around triangular equilibrium points

Frequency and Orientation of the Orbits

To study the periodic orbits, we know that in the stable regionO < u < ., where z. is the

critical mass parameter which depends on the radiation pressure of the first primary, the
gravitational potential from the disc, oblateness of the third body and that of the second primary;

the characteristic equation (4.31) has pure imaginary roots. Solving equation (4.32), we get

1/2

2A 27 117 3 33 19
= ———+u l- —+—a,+9%,+— 1-0, -| —-33r——— |A 4.35
S ¢+T2 H %1{4 PR 375 G LZ ©Q ¢+T2J } ( )
27 3 129 117 3
SZZ{]-—I# 1-u +(E—T#+T#2j%— 3-9u+9u° a3+§ 1-q pl-p

2 33 69 33 69
3sor-— S [P gy || gy 2lal 436
{ CorP4T? LZ © 12 r24T? ]ﬂ L 2 12 r24T? }l}

The frequency s, is for the long periodic orbit while s, is for the short periodic orbit.

Now, the expansion of the force functionU around the triangular point L, is expressed as
0 0 fz 0 0 772 3 .3
Uu=U"+U, £l +U,én+U,, £l +0 &°\n (4.37)

Clearly, since equation (4.37) is in quadratic form, this indicates that the periodic orbits around

L, are elliptical. Equation (4.37) can be expressed in the form

U=KE+LEp+My? +N (4.38)
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where
3 (3 3 1 3 3 5 5 3ul-u
K==+ —+—-ulo,+|—+—-pu|l-q +i—/——+-1r————"—"7——"A
8 [16 2‘0 : ( 4 4”) ql {8r2+T2 2" 8 2|f+T2}

L—\/§ _§+§ _(Z_E ja _(14_ Ja +(1+£ jl_q + (E_E‘ j_(E_E Jr
4 M g )T )BT T ) T T2 Y ) s 3

9 33 3 1 3 9 7 7
M=—+—a,+—a;+| ———=nu | 1-¢ +————+-r ——FA 4.39
g 162" (4 4/1] O {8 2+T2 4 c 8} (4.39)
3 (3 1 1 1 r
N=—+|—+-pula,+-o;,— 1-pu 1-q, +MA,A= 1+ L
: (4 ZﬂJZ e A R ﬁ+f2%{ ¢+T2}

We introduce the variables & and 77 by the transformation

E=Z&cosa—nsin (4.40)
n=_~Esina+icosa '

This is equivalent to the rotation of the coordinate system & and 7 through angle o . Therefore, we

selecta such that the terms containing &7 in the force function U vanishes. The new force

function in its quadratic has the form:

U=K&?+Ln*+M (4.41)
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33 1 3 31 1 ).
sina——" 1-2u sin2a+|| ——+=u |cos2a +~——| =+=u |sin2 1-
“TTg T O’K44”j “ 2(6 Gﬂj a} %

+(E_g,ujsin2 a—ﬁ(z_ﬁlu},m Za}az Bsin2 a—?[%tujsin 20{}0:3

2\ 8

3u 1- 3
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The principal axes of the curve of zero velocity are oriented according to
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Eccentricities of the orbits

Now, the corresponding characteristics equation of the Jacobi integral J =2U is

3u 1-
/12[3+(%+3,uja2+3a3+{3+ 3 KK +6rC}A]/1

Z+T? 4 12+T°

(4.43)
27 117 3 33 27
+ul-py | —+—a,+9%+—-1-¢, —y—————=-33r, ;A |=0
a ”[4 g T {2 412472 }}
Equation (4.43) is quadratic in A and has the roots:
9 9 27 39 1
=3-"pul-pu+| =" pu+—p’ o, + 3-3u+3u°> a,—=pul-pu 1-
A4 i ﬂ(z 4ﬂ2ﬂ]2 p3p ay—op lmp 1,
4.44
VP B T 9
2 41747 ‘

6u 1-
A=ul-pu [%+%%+30{3+% 1-q, —{3—6rC—L_+E,u 1-u —ﬂ—_’u}A]

The eccentricities are given (Szebehely 1967a) by the equations

e =12 ¥ (4.45)
where
2s. -
=2 (=12 4.46
Zi 7 (=12_ (4.46)

Substituting equations (4.35) and (4.36) and first equation of (4.44) in (4.46), ignoring products

and higher powers of very small quantities, we get the respective equations
345



2i=3u—-12p% +4 pu-224% o, -2 u+11y’ 053+§,u 1-p4 1-q

(4.47)
+ L_ Q_E'r +L ,U"‘ g_%r _L qu A
9ri+72 |3 3° 9r2+7° 2 3 ° 9r2+T

c

Ko= ol o e ——— PR (e

, 1 9 243 (3 57 294 2)05 _[3 15 273 ZJ“
4 16 32 8 16 4 2 la 8 16 3

e 1-q L1270 1-q, + Syt B8, %
gt L Ty M "8 4° 4124T? 32 16 ° 8 ri4T? #

437 1251 283 9 -
+ - r— — A 48
{16 16 ° 32 r?+7° }ﬂ ] €48

Hence, the eccentricity of the long and short period orbit is found respectively by substituting

equations (4.47) and (4.48) in (4.45), to get

e1:1_§ﬂ+ﬂ2_2 w—=22u% o, + pu+1lu? a3—%,u 1-p4 1-q

(4.49)
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The Semi-axes of the orbits

The lengths of the semi-major axis, a;and the semi-minor axis, b, of the long and short period

are obtained from the respective relations below

8, =— €27 +n 0t b = €+l ¥ (=12 (4.51)
where &, , 7, are given in (4.24) at initial conditions.
From equation (4.24), we get
, 1 ) 4 8
& =2 1-4u+4y” + 2+4u o, + —§+§y 1-q (4.52)

, 3 2 4 4 8
=—|1-—a,+—a,—— 1-0, —— 2r.—-1 A
o 4|: 3727 3% T ] G :|

Substituting 2 €=1,2_ and equations (4.52) in equations (4.51), we get the following equations
respectively
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Equations (4.53) gives the lengths of the semi-major and semi-minor axes of the long and short
period orbits. They are defined by the potential from the disc, radiation force, the mass ratio,

oblateness of the second primary and the third body.
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4.3. Analytic Treatment of Motion of Dust Grain Particle around Triangular
Equilibrium Points with Post-AGB Binary Star and Disc

This section investigates the motion around the triangular equilibrium points, of a passively
gravitating dust particle in the gravitational field of a low-mass post-AGB binary system,
surrounded by circumbinary disc. The two bodies of the binary are modeled as a triaxial star and
radiating-oblate star. Due to small deviation of disc stars on circular orbits, we have assumed that

the Coriolis and centrifugal forces of the stars are slightly perturbed.
4.3.1 Equations of motion
Let m,and m, be the masses of the first primary and its companion (second primary),

respectively. Then, the gravitational potential energy acting on the third body which is a dust
grain particle, when the first primary is a triaxial star and the second one, is a radiating oblate

star, have the form (Sharma et al. 2001; Singh and Begha 2011a):

V= —Gm{ml[£+i3 +1,+1,-3l :J+ mzq{i+L3 €l +1;-3l ’:H (4.54)
r,2amr ,  2m,l,

I (= 1,2,3: are the principal moments of inertia of the triaxial star and its center of mass, with

a,b,cas lengths of its semi-axes, while | is the moment of inertia about the line joining the

center ofmandm, . I/ €= 1,3: are the principal moments of inertia of the radiating oblate star at

its centre, with a,,,a,,being its equatorial and polar radii, respectively. 1'is the moment of

inertia about the line joining the center of M,andm, while RandG are the dimensional distance

between the primaries and the gravitational constant, respectively.
Next, we consider the influence of the gravitational potential from the disc. Following the

lead of Sharma et al (2001) and Kushvah (2008a), the potential (4.54), is cast into the form:
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The last term in the potentialU , is the gravitational potential from the disc of mass M, disc

(Kushvah 2008a).r = +/x* + y? is the radial distance of the particle;T and r, are the parameters

which defines the density profile of the disc and the radial distance of the particle in the classical

R3BP, respectively. The parameters o,ando, represent the triaxiality of the primary star
while &, is the oblateness parameter of the secondary star.

Choosing units, we select the sum of the masses of the stars to be unity, thus we takem, = x,

O<u= Mo <1. For the unit of length, we take the distance between the stars R =1and the
m, +m,

unit of time is also selected such that G =1. Therefore, the equations of motion of the particle in
a barycentric rotating coordinate system, based on the potential (4.55), under effects of small

change in Coriolis and centrifugal forces, have the form:
X=2¢ny=U, ,y+2pnx=U, (4.56)
where

2 2 2 2
U:nl// X“+y . 1-u +q2ﬂ+ 1-p 20,-o0, +a'2q2,u_3 1-p4 o,-0, y N M,

2 r, r, 2r? 2r} 2r” 2T
2142 20—, +og, +—2Male (4.57)
1 2 2
2 2 r2+T° :

P =€-u3+y'r} = €-u+13+y’
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Here, . is the mass ratio; n is the mean motion of the stars and is defined by the triaxiality of

the primary star, oblateness of the secondary star, the mass of the circumbinary disc, the

parameter which represents the density profile of the disc, and the radial distance. r,andr, are
distances of the particle from the stars. The parameters ¢ and y represent the small change in
Coriolis and the centrifugal forces, respectively, and are such that -1 <<land -1 <<1.
Equations of motion (4.56), admits the Jacobi integral

J+ X +y? =2U (4.58)
where C is the Jacobi constant.
4.3.2 Location of triangular equilibrium points

The equilibrium points represent stationary solutions of the R3BP. These points are the
singularities of the manifold of the components of the velocity and the coordinates. Therefore,
they can be found by equating the R.H.S of equations (4.56) to zero. Here, our interest is in the

triangular equilibrium solutions. To get the solutions, we must solve the following equations

1-p X-—p  Qu X—u+l 3 20,-0, 1-pu X—p 3aQu X—u+l

Ny Xx—
4 rl3 r23 2 rl5 2 r25
—o, 1-u x-puy’ M
L5 oo £ y _ aX =0 4.59
2 r P2, T2 72
5 -4 qu 3 40,-30, 1-u 3aqu 15 0,-0, l-pu y? M, 0
NY——m—""5 "7 5 ST s T 7 - 7 YT
r, r, 2 I, 2, 2 r 2 T2 %
wheny =0

To do this analytically, we use perturbation method to first obtain the solutions of (4.59), when
the parameters representing, the radiation factor, oblateness, triaxiality and the potential from the

351



disc are null, and then treat the case when they are present, as a perturbation. In other words, if

the stars have the shape of a sphere, the secondary star being a non luminous one and there is no

circumbinary disc. Thenea, =0, =0, =M, =0and(, =1. Evidently, the solutions of equations

(4.59) inthiscaseare r,=r, = l//_% which consequently result to the solutions:

1 2 1
=H=3 y—_«,u/ I

Clearly, the triangular solutions of the classical case of Szebehely (1967a) can be recovered from

the above equations whenr, =r, = 1//_% =1.

Now, when these parameters are valid, that is, if the primary star is triaxial and the secondary

one, is oblate and radiating, with disc mass, whose gravitational potential affect the dynamic

system; then0 <, <<1,0<1-q, <<1,0<0o,, <<1and 0 <M <<1. In this case, the values of
r = 1,2: will change by very small quantities say, &, = 1,2:, so that now
F=y Pte, b=y Pt e | <<1 (4.60)

and the coordinates will be

. 4yt b
qu—%—l//% &—¢& , y=% L {1+ 2y 81+82] (4.61)
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The two points denoted by L, &,y and L, (,—y: given by (4.61), form triangles with the stars

and are called triangular equilibrium points. The positions depend on, a small change in the

centrifugal force, triaxiality of the post-AGB primary star, oblateness and radiation of the post-
AGB secondary star; and the gravitational potential from the disc mass M, . However, these
points are not influenced by a small change in the Coriolis force

4.3.3. Stability of triangular equilibrium points

We follow same methodology and compute the partial derivatives to get

4l//%/,12 —41//%/1 +1
52rcl//_1 Md+( 15 % E %

3%
Ul ==y’3| 1+ +
X 4(// T2 % % (2 T2 %

3y r’+ 7%

—E+5ﬂ‘//% —§Nl//%JO'1—(E—EW% +§w% —3+4ﬂ+5ﬂl//% —§ﬂl//%j0'2 (4.62)
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+% 148 a2+§ 2 By -4y 1-q,
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U =¥ NETV o 4y n
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The superscript 0, means that the partial derivatives have been calculated using the triangular EPs

given in equations (4.61).
Now, substituting equation (4.57) in (4.25) and expressingp =1+ -1 andy =1+ -1,
where ¢—1 <<land -1 <<1. We simplify, ignoring product and higher order terms in«,,

(-q, : o = 1,2:, ¢—-1, -1 andM . Hence, the characteristic equation (4.25) becomes
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Its roots are given by equation (4.32) but here, we have
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Solving D=0foru, and puttingp—-l=e, w-1=€', we get the critical mass

13 j 4 36e-19¢
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o N e e
€ 2 27 ) (6 969 18 969 J69 2769
(4.64)

21-q, 2M, a8 ar 6L
R 2769 12472 217 +T7
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Therefore, when0 < < ., D>0; the roots of equation (4.62) are distinct pure imaginary
numbers and the triangular points are stable, otherwise it is unstable.
4. 3. 4. Periodic orbits around triangular equilibrium points

Frequency and orientation of the Orbits

To study the periodic orbits, we know that motion is stable in the region0 < x < x., we estimate

the frequency of the long and short orbits, to be

27 891, 4230, 117a, 3 33¢’ M, 33 19
S, =| py—+ - + +—1-q, + - | 33 ————
4 16 16 4 2 2 2,727 2 4 12472
,[27 801 333 117 3 33, M, 33 19
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Equation (4.37) in this case is expressed as
U=J+K&-LEp+Mp® (4.67)

where
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We introduce the variablesé and7 by the transformation (4.40), the new force function

analogous to equation (4.41) has the form:
J=J+K&%+L7p? (4.68)

where
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The principal axes of the curve of zero velocity are oriented according to
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Eccentricities of the orbits

Now, the corresponding characteristics equation of the Jacobi integral is

2|3 1€ +9al—(§+3yja2+(3+3ujozz+L 2r —1+4+”—“ A (4.70)
2 2 24T % R
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The roots of equation (5.70) are
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With the help of the first root above, the eccentricities of the ellipse can be obtained by first

calculating equation (4.46), to get
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Now, substituting for zin equation (4.45), we get the eccentricity of the long and short period

orbits respectively:
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The semi-axes of the orbits

The lengths of the semi-major axis, &;and the semi-minor axis, b, of the long and short period
are sought from the equations given in (4.51), where

& -2 1-du+au’ + g—ﬂ—z o, - §+3ﬂ—£ 02—2(—2#52+[ﬂ—§ﬂj(—q2
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Now, substituting equations (4.72) and (4.73) and the above equations in (4.51), we get the

following results respectively:
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2 26 52 (13 3 13 13 134 104 104
2
29 3 32374 11836u O'2+(i—@ , 3303 ZJ“Z 24 378u 3784° ) _
13 13u 104 104 13 13 13

13 2647 26 “

38, 102u 6274

L[38, M, 19  32r, 2 [249 47, 35
39 13 13 (+sz 117 117 13(+T2) 52 26 13@+T° 3

,| 237 _1451r, 283_ 7 @.17)
52 26 52€+T2

2 2
bﬁ?{“}ﬂ%ﬂz_(s L 47u 457p ]01{13 1 3lu  65u ]02

2 3u 24 24

L1 .84 zja _(5_3 L6 z)er_(E_Z LA zj 1-q, +— Mo
QT H || g gt g H p+— 2 3

4 1-2r, 4 11 1, 1 121 181r, 2
X + — — C + — | U+ —— M1 [(4.78)
9 27 r2+T2 (19 18 6 r’+T° 9 18 18( +T?

2
bzzx/ﬁ{l_ 25 121 2_(305_ 3 2171 16950u j01+(221_ 3 1911y

M+
4 |~ 104" " 208 208 13y 416 416 208 13y 416

1146342 (23 115 1239 2) (2 47 299 2) (41 7 131 zj ,
+—— |0, — Ay +| —+—U——HU —+—u+ €
416 13 26 26 78 26" 52

H+——u
52 104 104

2 37 11)

M, 73 61
13 156

1
€+T‘25 1% 78" 25€+T)

185 47 3 5 1487 245 ,
+ + r.— — U + r.+ — U (4.79)
208 104 ¢ 208 ( i 104 104 ° 208 G +T2

From the above equations (4.76 to 4.79), the lengths of the semi-major axisa, and minor axis,

b, of the long orbits are affected by triaxiality, radiation, oblateness, change in the centrifugal

force and the potential from the disc, but are not affected by a small change in the Coriolis force,

while those for the short period orbits, a,and b, are affected by all the system parameters.
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4.4 A Generalized Restricted Problem of Three-Oblate Bodies with Radiation

Pressure and Disc

This problem generalized most studies of the existence of equilibrium points, the linear stability
and investigations of the periodic orbits around stable triangular equilibrium points of the R3BP.
In this problem, we considered the three bodies in the configuration as having the shape of an
oblate spheroid with further assumptions that both primaries are radiating and enclosed by a disc

of dust coupled with effects of small perturbations in the Coriolis and centrifugal forces.

Recently, Singh and Haruna (2014a, 2014b) extended the work of AbdulRaheem and Singh
(2006, 2008) to include the oblateness of the third body. Here, we extend the model by
considering the effects of disc mass in the configuration. This study can equally be assessed as

an extension of the restricted problem studied in section 4.2 of this chapter.

4.4.1Equations of motion
Let m,andm, be the masses of the first and second primary, respectively, and let m, be the

mass of the third body having infinitesimal mass compared to the masses of the primaries. We
assume that the three bodies are in the shape of an oblate spheroid with both primaries radiating

and surrounded by a disc. The modified potential in this case is

G4 G | % 0, >0 % M,
U=-Gm —+ =+ —= M, | 2+ 2+ = [+ —— 4.80
’ ml(rl 2r? 2r13J z[rz 2r} 2r23] 2L T2 R (4.80)
2 2 2 L2 2 AEiZ_A i2 -
where "= X—x +Y°, I, = X=X, +Y ando:i=5T,ozi <<1:1=123 .
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G is the gravitational constant; q,, q, are radiation factors of the first and second primary,
respectively, while o,,a, and «a,are the parameters representing the oblateness of the first
primary and second primary and the third body, respectively. r,andr,are the distances of the
body from the first and second primary, respectively, and last term in the potential, is the

gravitational potential due to the mass M, of the disc; r =/x? + y? is the radial distance of the

third body and T = a +b is the parameter which defines the density profile of the belt.

Now, the equations of motion of a passively gravitating third body in a barycentric rotating

coordinate system, in the gravitational field of the primaries, based on the potential (5.80), have

the form:
oA O 1-p X—p  Quu X—p+1 3oy 1-p X—pu  3opQu X—u+l
X—2ny = n°x — — - _2 - _Tth _ ) i
r1 rz 2'1 2r2
By 1—p X—p Bou X—u+l M, X
B 2r° - 218 T, 5 % 4.81
1 2 r’+7% 72
1- 3 1- 3o, 1—
y+2n>'<=n2y—ql r3ﬂ Y_Clzrﬁsl)’_ a1q12r5 H Y_Sazzqréyy_ a, erﬂ Y_BZ?;:y
1 2 1 2 1 2
_ M,y
r’+T? %
where n? :1+§0(1 +§a2 +2Lr03 (4.82)
2 2 Z+T? 2
C

Here, xis the mass ratio; n is the mean motion of the stars and is defined by the oblateness of
the primaries, the mass of the circumbinary disc, the parameter which represents the density

profile of the disc, and the radial distance r, of the third body in the classical R3BP.
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Now, due to small deviation of disc primaries on circular orbits, we have assumed that the
Coriolis and centrifugal forces of the stars are slightly perturbed and so the system of equations
of motion (4.81) becomes

X-200y=U,  §+2pnx=U, (4.83)

where

2 2 2
U:nl//x+y +Q1 1-p +qzﬂ+a1q1 1-p +0(2q2,u+a’3 1-p T M,
2 r, r, 2r? 2r} 2r? 2r} 2T %

The parameters gand y represent the small change in Coriolis and the centrifugal forces,
respectively, and are such that ¢—1 <<land -1 <<1. Equations of motion (4.83), equally
admits the Jacobi integral

J+ X*+y® =2U (4.84)
where J is the Jacobi constant and differs from that in (4.9) because of the difference in the
potential here and that in equation (4.10).

4.4.2 Locations of equilibrium points

The EPs X,y are found by setting the velocity and acceleration in equation (5.83), to zero to get

O 1-pn X—u Qo X—u+l _3051q1 1-u xX-up _3a2qzlu X—u+l
r13 r23 2',15 2r25
3o, 1— 4 X—pu  3Bogu X—u+l M, x
2r15 2r25 r2 472 %

Ny X —

=0 4.85

o o G l-uy quy 300 1-py 3oquy 305 1-py 3opguy Mgy
nyy 57 =0

2 r? 2r® 2r; 2r° 2r? 2T %

Now, we have to solve this pair of equations for xand y .
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Collinear equilibrium points

The collinear equilibrium points are found by solving for x wheny = 0in equation (4.85) so that

we have

2 M, (G lop xmp Qpp x—p+l  Bony 1-p X—p 3apQpp X—p+l
3

n“y —
.3 3 5 5
2 4T2 2 I, r; 2r, 2r;

By 1- 4 X—pu 3Bou X—pu+l 0
2r° 2r; -

We denote this equation by f x , so that

Mex | & I-p X=pu  Qu X—p+l 3l-p X-pu o +ag
3

3

f x ={ny— —
_ 3 5
I % I, r; 2r;

3u X—u+l oa,q,+a,
2ry

wherer, =|x— gjand r, =|x—u+1

=0 4.86

The abscissas of the collinear points are the roots of (4.86).

Now, observe that

df x e M, X N 3|\/|dX2 20, 1-pu + 20,1 +6 1-4 oG+
_ __ 5 3 3 5
T e E e B ed hewed T s

a7

f x

And so d >0if

dx

2 M x> 20, 1-p 20,0 61-u aq+a, 6u a0, +a M, X
_ 7 + 3 + 3 + 5 + 5 > _ y
x4T2 72 xmu o x—p [x=4 —ut T
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Observe that, when x = 400, we have

=Ny .

df x
When x = z—1and x = x, equation (4.87) in both cases give

Now, from equation (4.86), ifx=x—2, we observed thatf x—2 <0, fory ~1,M, <<1,
a, <<landg, ~1. Whenx =0, we see found that f 0 >0, while forx=x+1, f u+1 >0

Therefore, the real roots of the equation (4.86) will lie in the opens interval x#—2,u-1 ,
4#—1,0 and g, p+1 . These roots correspond to the collinear points and we shall denote them

appropriately when they are found.

Let us express equation (4.86) as

f x =P x +Q x (4.88)
where
1-u4 X—u 3 g+ M X—u+l 3 o,+a
P X =nyx-——— " G+ - . q2+52—32 (4.89)
[X= X=uf | |x=p+]] [X—p+]
Q x =——MaX (4.90)
X2 +T2 72

Now, observe that equation (4.89) can have the following forms depending on positions of the

primaries. When x < -1, u—1< x< zand u < x, then equation (4.89), give respectively

1- + +

P X =nywx+ ﬂz q1+§ % a‘°’2 + £ > q2+§%—a32 (4.91)
X— [ 2 Xx—u X—pu+1 2 x—u+1
1-u 3 4+ 3 o+

P X =n’wx+ S b £ S, (4.92)
X—u 2 X—pu X—pu+1 2 x—pu+1
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1- + +
P X =n%wx— ﬂz ql+§ % %2 S . q2+§%—%2 (4.93)
X—pu 2 X—u X—u+1 2 x—u+1

Hence, in order to investigate the position of collinear equilibrium points, we divide the orbital
plane Oxy into three parts with respect to the primaries: x < -1, u—1<x< gand g <x.

The first case x < ¢—1, implies that x—xz+1<0 and if this happens, then x— x <0follows. In
the second case, when u—1<x<u, we have Xx—u<0 andx—u+1>0. The third case
when g < x, we have x—u >0and so x— x+1>0also follows. We shall consider these one after

the other.
Case |

In the first region, whenx < g—1this means that the collinear point will lie in the
interval xe —oo, 1£—1 . In this case, if we take the derivative of equation (4.91) with respect

tox, to get,

P' X =nzl/j+21—_'u3 q1+§ al+a§ + 2,Ll 3 q2 —}-§Laf32 (494)
x—4 2 [x=gf" | [x=p+Y 2[x~pu+1

Evidently, for0<,us%, w~1a <<1 andqg, ~1we seethat P' x >0

Knowing that equation (4.94) is positive and since lim P x =—cand lim P x =oo; then,

X—>—0 X=> pu-1
P x is strictly increasing in the interval. Similarly, from equation of (4.90), we see

that imQ x =0 Iile x >0andQ" x <0; it follows that Q x is strictly decreasing
X—> p—

X—>—0

function in the interval —oo, z—1 . Hence, lim f x <0 and lim f x >0. This shows that

X—>—0 X—> u-1
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there exists a point say x, € —oo, -1 at which f x, =0. We denote this equilibrium point
asL,.
Case 11

In this case, the collinear point lies in the interval x—1, x . Here, two cases arise: the first one
iswhen xe -1, 0 and when it lies in the interval O, x . We discuss them separately.

Whenxe u-1, 0 , we have

f o :1—_2#{%% %+ }_ I P R
7 2 pu 1-u 2 1-p

Now, and knowing that0<ys%,oci <<1 andg, 1, we see that f O <O. Therefore, since

f 0 <Oand lim f x >0, then there exist a pointsay x, e -1 0 atwhich f x, =0.We

X— u-1

denote this point by L, .

Next, whenxe 0, x ; if we suppose thatT <+/2x, then T < u and so, we consider the two

N7

T

N

j and whenXE(L,y]. Now, in the first case,

2

ifP[¥j+Q[¥J>O , then f(T\ZEJ>Oand since f 0 <0, then, there exist a point say

cases when Xe[O,

Xy € [0, %) at which f x,, =0. We denote this point by L, .
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In the second case WhenXE[\}—E ] fP(TIJ (TIJ >0, then f[TI] >0 and

because limP x =-wandlimQ x >0, we havelimf x <0. Then, we must have a unique

X—u X—u X—>u

point, say X,, e(% y] in this region, where f x,, =0. We label it asL,,. We note that, if

2

p(ﬂJ.FQ(Tf] <0, no EP exists in the interval 0, x because f L%J 0

The pointsL,, and L,,depend only on the mass parameter, the mass of the disc and the

parameters which determine the density profile of the disc.

Case 111

In this region, the point lies in the open interval z, oo . We observe from equation of (4.93) that

P’ x >0and since limP x =—0 andlimP X =oo, this means P x is a strictly increasing

X—>u X—>0

function in this interval. Also, becauseQ" x >0,4Q x <0Oand limQ x =0,Q x is also a

strictly increasing function for xe g, « . Hence, limf x <Oandlimf x >0; so there is

Ny X300
exist a unique point say X, in this open interval at which f x, =0. We call this pointL, .

Thus, in addition to the usual three collinear equilibrium points of the classical R3BP, due to the
presence of the potential from the disc and the mass parameter, there exist two additional
collinear EPs L,, and L,, . Hence, we have the points L, and L, located to the left of the center of
mass whileL,,, L,,and L, are positioned at the right.

In order to make a comprehensive numerical analysis, we represent the collinear points

respectively as:
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X =pu—=1=-& X =pu-1+S&, X = u+¢&; (4.95)

where & = 1=12,3 are the roots of equation (4.86).
Substituting equations of (4.95) in (4.86), simplifying, we get for the pointL,:

519 + a114?18 + 5‘126&17 + a13€~t16 + a14§15 - a15§14 - a16§13 - a17@512 - a18§1 —8 = 0

where a, <3+ % 5 _10+6v _ 22045  qu+g
Ylvo 0% 140 TR 14w Ny —A 1+v
_5+U_ 40,0+ 20, _3 40, + 2,0, + a3 L+20,+3 O, + _ 1
Y lvo ny-A 1o © 2 "y —A 1l+ov 1+v
a _20[2q2+3 a,0, + o, ] a, _UI:Q2+9 a4, T } a, = 6L a0, + oy
° Ny -A 1+o = Ny-A 1+o ° nly-A l+v

_3 v a,0, + o

2 Ny —A 1+v

g

For the point L, , we have

& —and; +a,d, —aps; +a,, —as, tags, —a,s, +ad, —a,=0

5+ 40 10+60 Ny —A 4v+10 +q, +g0
wherea,, =——, a,, = , 8y =
1+v 1+v NPy —A 1+v ’
N —A 5+v +2¢,+4q,0 2 NPy —A+q,+60,0 +3 aQ +a,qv +3a, 1+
= NPy —A 1+v s 2 "y —A 1+v
a :20[2q2+3 a,d, + o, ] :U[q2_9 a4, + o :' _ v &, +
° Ny -A 1+o O ny—-A 1+o ° nly-A l+ov

3 a,(, + o,

819—5 Ny —A 1+v
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The polynomials for the collinear equilibrium point L,can be obtained analogously as above

from the third equation of (4.95). Hence, the numbers and values of roots is influenced by the
oblateness parameters, small perturbation in the centrifugal force, the radiation pressure of the
first primary and the effect occurring due to the gravitational potential from the disc.

Triangular equilibrium points

The triangular EPs are the solutions of system (4.85) withy=0. From the first equation of

(4.85), we get

G 1-p X qu 3t 1-p BaQu 305 1-p 3o |  Myx

r13 r23 2 rls 2 r25 2 r15 2 r25 r 2 + 'FZ

3/2

X— 1 [nzy/—

d, 3,0, 3o,
culnty L _2%% % g
A{ v o2 Zr;}

Now, using the second of (4.85) in the above equation (since y = 0), we get

3/2

M g, 3,0, 3« M
2——(123/2 X—u :_'L{nzl//__;_ 2252 "9 §}+ 2 —dz
r+T P P I r-+T

Simplifying, this equation yields

2 d, 3,0, 3oy M,

v r23 2r25 2r25 r2 +-F2 3/2 ( )
Similarly, n?y — % Sty Say M, 57 =0

[T &
When the primaries are not radiating and are spherical, equations (4.96) reduce to
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1 3« M
N’y — = — =0 andn?y - — - >3 — d
. oo g v AN AR &

57 = 0, respectively.

Further, when the force from the disc is absence, these equations reduce to

t//—%zO andt//—is:O .
r

1 2

Therefore, the solution when these parameters are null but a slight deflection on circular orbit

remains, the solution is

L=l =—1r .
1=h (4.97)

1/3

Hence, we use perturbation method to solve the system of equations (4.96), when all the

parameters are present. To achieve this, we assume that the solutions are

2 is, (4.98)

— 1 d —
h=—gzt&andr, =—z

wheresg, 1=1,2 are very small quantities.
Now, from equations (4.98), we get
=y 1-3"%, =y 1-3p"%, , *=y"® 1-54"¢ (4.99)

75_

r2 l//5/3 1_5(//11382 ,

Substituting (4.82), (4.99) in the equations of system (4.96), and solving, we get
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l 2/3 1
& ——3(//1/3 a+a, —1-q += o +a, y- - +17d2 = [2 g —;
1 3 3 23 M 1
&, :W —E 0(1+0(2 — 1—q2 +E 0{1+0(3 174 _T_dz?’/z 2I’c —; (4100)

Substitute equations (4.100) in equations (4.98) and simplifying, we obtain the solutions of

equations (4.96):
M 1
rl:im 1_l oG+, -2 1-q +i oy - —— o 2r - =
7 2 3 2 32472 v
M 1
I‘2=% 1_1 oG+, -2 1-q, +1 aytay Yyt - 21 —— (4.101)
v 2 3 2 32472 v
Now, the exact coordinate of the triangular points are
1 r2-r? \/r2+r2 1 LK 2
X=p——4-2_1 y—gfr 2 =~ 2 T 4.102
ottt 2 4 2 (4.102)

Now, from equations (4.101), finding r? —r”and r/ +r’; and substituting in equations (4.102),

we get

2/3

1 ] 1 M, 2pr-1 {1 1 -, y
3/2

_ “1-0 -=1-qa. —
2 1//2’3 3(//5/3 P2 472 % 3 G2 2

3 (4.103)
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2/3
4y L2 |1

1
y== 20 _4—1//2/3 3 1-q, +§ 1-q9, + o+, —El//m o +a,+20,
2M, 2ypr, —
+ d l//rc :}2
3y r’+T° ’

These are the coordinates of the triangular equilibrium points of the restricted problem of three
oblate bodies under radiation pressure forces of the primaries, small change in the Coriolis and
centrifugal forces and the force due to the potential from the disc.

4.4.3 Stability of equilibrium points

Collinear equilibrium points

Following the methodology used in subsection 4.2.3, the partial derivatives at the collinear

point x,0 are

2 1- 61-u ay+a, 6u a,+ 2
U)?X = n2W+ a 391 + 2q2’u 3 + - al5 as “ az aeé 3XE V
Xo—ml ¥ +1-4] [% =) Xo—p 07| 272 72
— 1 Md
X+ T2
0 _
ug =0 (4.104)

21- 3 o+ 3 a,+ M
U;)y anw— lus {ql-'_ 4 a; ] £ 3|:q2+ % a32} j 3
ey Xo—p | |%+1-4] Xo+1-p | x2iT2 72

Now, fo >0and U(y)y <Of0r0</¢s%,Md <<1l,0,<<11=123 ,y~landg =1 i=12 .
The characteristic equation in this case is

A= U2 +US —dgPn® 22+U°U° - U° “=0 (4.105)
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Since, U}, =0andUgU_ <0, the roots of (4.105) contains at least a positive root and so the
collinear equilibrium points are unstable according to Lyapunov’s theorem (Krasnov et al. 1983).
Triangular equilibrium points

To from the potential in equation (4.83), we take partial derivative up to second order to get

2 2
U :nZV/_ql 1-u _Q2ﬂ+3q1 1-p X-pu +3q2/'l X—pu+1 3 1-pu oy +a

" r’ Iy r Iy 2 r
33U 0ty +E 1-p X—p i 0, + a5 +E:u X_ﬂ+12 oY, ta; M,
2§ 2 3 2 7 T
3M,x?
+ 52
r’+T?
U =n? O 1-p q2u+3ql 1-u y2+3q2ﬂy2 31-pu o+, 3u a0+
I r’ 2 r’ 2 re
1 2 1 2 1 2
15 1-p y* oG +a; 15 uy° a0, +ay M, 3M,y°
+? 7 +? 7 T, =, 2 + , =, 52
n h r’+T re+T

3G 1-p X-p y+3q2/¢ X—pu+l y, 15 1-p X—py oy +ay L 3Myxy

5 5 7 _
h I, 2 h r’+T?

U

Xy

5/2

+E,U X—u+ly a0, +a,
2 I/
From the equations of (5.101), we find that

4.106

M, 2yt —1

=y 1+§ o, +a, +g 1-q —g o +o, yt+ 72

W rP+T?

5M, 2y, -1
3y 47

-5

5 5 5
> =y 1+§ o, +a, +§ 1-q —3 a +oa, y+
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r.77

™, 2yt -1
< (4.107)

= o 1+Z o+ _|_Z 1-0 ! a +a, o+
2 1 2 3 i 2 i 3 2 T2
3w r +T

With the help of equations (4.82), (4.103) and (4.107), the partial derivatives (4.106) are

3

0 5/3

U,=v"|-+—a+-a,-3u a,—a, +— =
r’+

5 M, 2pr,—1 p -2
2" 8 8 4y v

+% 1-q, _%l//m o~ &, } {108:
B 3Md 4_1//2/3 3 4_l//2/3 3 12_V/2/3 a1+a2 3 % 1_ql 2_1//2/3
w2 stV 4 * 8 TegyT Y 2
4y r? 4T 2
20_13W2/3 M 21//[’0 _1 4_1//2/3 4_1//2/3
A o VLD g ——~1-g,
4 r’+T? 2 2

2/3 4/3 2/3 2/3
Ufy=l//4/3 '_4—1//2/3 [_E_'_ 4-4y +y™ 1-q, . w -2 1-q, +§ Syt -24

4 2y 4y w2 4y 8 4y *
3 l//2/3—8 3 (//2/3 16—5W2/3 2(//rc 1 Md 3 ‘//2/3_2 .
+§ 4y 0‘2_5 4y a3—4l// 4_y 2 T2 312 5_2 4y G

Wz/s_z 3@/2/3 ~16 (6 5W2/3X r _1)|d
_2 R 1-q, - 4 213 l+a2
v 4D

{ 2/3) 2‘//< W2/3)( j
35/3 QIU 1)Id
oy €+
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Now, substituting these derivatives in the characteristic  equation  (4.105),
expressingp =1+ ¢-1 andy =1+ -1 , where p—1 <<land -1 <<1 and simplifying
while ignoring product and higher order terms ine;, 1=1,2,3 , 1-0, , 1-q, , ¢-1, w-1

andM ;; we get

4 5 3 2pr,.—1 M,
A'=183y-1-4-6 ay+ta, -8 p-11+3 It~y +—a,ta,—pu o, —at, +————>
2 2 wor2eT? %

+

M, M, p + M,

— - — /12+§y 1- 4 |9+439 o+, +120,+22 y -1
720 SR I A I A L

(4.109)

3M

b=1-3 y-1+8 a-1 3 o —a, -2, +3u o —a, +———x
2 r2 472 %

8r, 2yr-1 K -p+l
3 % rZ+T?
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22 1-2yt, My TM,
7 5
P LRI L

D=3u*|9+39 o+, +12a,+22 -1 +2 1-q, +2 1-q, —

22 1-2yr, 7
=3u| 9+37c + 41, +1200, +22 -1 +2 1-q, +2 1-q, —M, VA 52
W rcz+'r2 / rc2+172

2M,

+1+16 -1 -6 w-1 -3 o, -, —b6a,+ 2r, +—
4 1 2 3t (+T j{ v (+T ;

Dis the discriminant and the four roots in equation (4.109) determine whether the equilibrium

point is stable. Now, since the value of D when =0 and u :% have opposite signs. Then, we

must have a critical value of 4 in the interval 0 < u < % atwhichD=0.

Solving D =0for z, we get

gt l 23 1( 13 +1j“ _1( 13 _1ja ,436c-19¢’ 21-q 21-g,
©T2 2\27 9l Je9 ' 969 2 2769 2769 2769

~ 2 ok My l3g-ar -0t 4.110
9./69 2769 r?+T? % 2 124T?

4 1s the critical mass parameter and the first term represents Routh’s critical mass ratio

(Szebehely 1967a); the second and third expressions are the effects arising from oblateness of the
primaries, while fourth, fifth, sixth, represent the effects arising from small change in Coriolis
and centrifugal forces, radiation pressure force of the first and second primary, respectively. The
second to the last and the last expression stand for the effect of oblateness of third body and the

gravitational potential from the circumbinary disc on the critical mass, respectively.
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4.4.4 Periodic orbits around the triangular equilibrium points

Frequency and orientation of the orbits

The frequencies of the long and short period orbitss, i=1,2 are found from equation (4.109).

Now, we have

M 3M, 2r -1 My p®—pu+1
S =|—= 1—3€’+8e—§ o, —o, +20, + 8M, M, o +3u o, —a, + ‘
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| &r3lem

1
2

1
M 2
+44r -22¢ |+1-6€' +16 € 3@, — 1, +2c1; ) d

Simplifying, using Binomial expansion and retaining only linear terms of the very small

quantities, we get

' 31- 31- M
S, =44 1-pu CLNEEN L % +9a3+£ oo, ———— §—33rc
472 2 2 4 s =
S
1/2
- 219 = [T 2'\/1“ 5 @111
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Similarly, for the frequency of the short period orbits, we get
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s, is the frequency of the long periodic orbits while s, is for the short periodic orbits.

By eliminating the long or short period orbit, we have the elliptic orbit. Expanding the

potential U around the triangular points, we have
U=U°+2y0 g2 40 Lyo 7 4.113
- +§ xxéj + xyé:77+§ wll +0 98177 ( )

Equation (4.113) is in quadratic form, and shows that the orbits around the triangular points are

ellipses.

A more symmetric form of the potential in equation (4.83) is

+q1 1-u +q2ﬂ+ aq oy 1-u + a0, + ;U_I_ M,

u® =nz—l/j[ 1-u r2+,ur2]
2 o 4 r, 2r; 2r) 2472

1/2

Using equations (4.82), (4.101) and (4.107) in the above and reducing to its simplest form, we

get
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Putting equation (4.114) in (4.113) gives

U=K&-M&n+Nn? +L. (4.115)
where L.is the expression given in equation (4.114) and
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Next, when we introduce the variablesaf_andﬁby the transformation given in equation (4.40)

and we get the new force function in its simplified quadratic form, such that

U=B¢&*+B,7°+L. (4.116)
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Now, to get the orientation of the orbits, we set the term containing &7 to zero, in equation

(4.115). We do this by substituting terms in &£ for those in7”; and the principal axes of the curve

of zero velocity have the orientation given by
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Equation (4.117) is the orientation of the elliptic orbits in terms of the parameters, representing
the radiation pressure forces of the primaries, oblateness of three bodies, components of the disc

and the small change in the centrifugal force.

Eccentricities of the orbits

The equation given by (4.115) admits the Jacobi constantJ =2U . We get the associated

characteristic equation such that

_ .2
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In order to get the eccentricities of the ellipses, we use the relations given by Szebehely (1967a)

2
41+

and given in equation (4.45). Then,
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Now substituting in equation (4.46), and simplifying gives
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We observe that the values given by equation (4.118) are affected by the mass ratio, small

change in the centrifugal force, oblateness parameters of the three bodies and radiation pressure
forces of both primaries, while equation (4.119) is also affected by all these parameters and the

small change in the Coriolis force.

Now, with the help of these equations, we can get the eccentricities of the ellipses. Now,

substituting (4.118) in (4.45), the eccentricity of the long and short period orbits are found to be
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Equation (4.120) is the eccentricity of the long period orbits of the ellipses. We can also find that
of the short period orbit in the same way by substituting equation (4.119) in (4.45). Hence, the

eccentricity of the short period orbits
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These two respective equations are the values of the eccentricity of the long and short period

orbits, respectively. Clearly, eccentricity of the long periodic orbits depends on the mass ratio,
small change in the centrifugal force, oblateness parameters of the three bodies and radiation
pressure forces of both primaries, while that for the short period orbit is affected by all the

system parameters.
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Semi axes of the orbits

Following same methodology in the previous problem in section 4.2 and 4.3, the lengths of the
semi axes are
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Equations (4.122), (4.123), (4.124) and (4.125) represent the lengths of the, semi-major axis of
the long period orbits, semi-major axes of the short period term, semi-minor axes of the long
period orbit and semi-minor axes of the short orbits. From these equations, we observe that, the
lengths of the semi-major axisa, and minor axis, b, of the long period orbits are affected by the
oblateness of the bodies, radiation pressure forces of the primaries, small change in the
centrifugal force and the components of the disc, but are not affected by a small change in the

Coriolis force, while those for the short period orbits, a,and b,are affected by all the system

parameters.

4.5. Conclusion

In this chapter, we investigated the R3BP when the masses of the involved bodies are kept
constant with the view that the motion of the third body occurs in the presence of a circumbinary
disc. We considered various characterizations of the bodies ranging from, slight perturbations in
the Coriolis and centrifugal forces, to when one or all the bodies have the shape of an oblate
spheroid or triaxial. It is seen that, two additional collinear EPs exist and depend on the mass

parameter of the system and the mass of the disc. In the case of the triangular points, we used
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perturbation method to find these points for each of the problems studied. Their locations are
strongly affected by the involved system parameters of each problem.

The triangular EPs are conditionally stable while the collinear EPs are unstable. In the range of
the linearly stable triangular EPs, we examined the periodic orbits around these points and found
that the orbits are ellipses having long and short period orbits. The orientation, eccentricities, and
the semi axes of the orbits are found. These orbits around the triangular Eps are in general stable
using the PSS and are important for scientific investigations. Since, a number of space missions

have been completed and some are being proposed by various space agencies.
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CHAPTER FIVE

5.0 RESULTS AND DISCUSSION

In this chapter, we give the results and discussion of the findings of the thesis accordingly.

5.1 Numerical Treatments of the Restricted Problem of Three-bodies with
Variable Masses

The thesis studied the motion of a third body in the gravitational fields of two primaries using the
restricted three-body problem. We classified the study of this work into two main categories;
when the masses vary with time and when they are constant. In the case when the masses vary
with time, we use the models of the restricted problem as described by Szebehely (1967a) and

the Robe’s (1977) formulation.

5.1.1 Restricted three-body with isotropic mass variations

The R3BP with variable masses, when the masses of the primaries vary isotropically in
accordance with the unified Mestschersky (1952) law and their motion governed by the Gylden-
Mestschersky problem (Gylden 1884; Mestschersky 1902) under various characterizations, have
been studied. We derived the equations of motion of the restricted problems, located and studied
the linear stability of the EPs. The periodic orbits around linearly stable triangular EPs have also
been studied. The system (3.14) of equations of motion is unlike those obtained by Bekov
(1988), Luk’yanov (1989, 1990) and Singh and Leke (2010) due to the presence of radiation of
the second primary, oblate shape of the first primary and small perturbations in the Coriolis and

centrifugal forces.

Because the system of equations (3.14) is a non-integrable differential equations with variable

coefficients, we recast it to the autonomized system (3.17), using the Mestschersky (1902)
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transformation (1.46); the UML (1.47); the particular solutions of the GMP and in view of the
variable oblateness of the first primary and further introduced a transformation (3.16) that took
care of the variable oblateness of the first primary. We apply the problem to the binary Cen X-4,

which is a low mass X-ray binary consisting of a neutron star and a white dwarf secondary star.
Numerically, the binary Cen X-4, which is a low mass x-ray binary consisting of a neutron star
with a mass ofl.4M,, an equatorial radius of R, =10km with a dwarf secondary of

mass0.2M , with parametric values such thatvo=0.125,¢«, =0.02,9, =0.9985 and &'=0.002

forO< x <oo; is taken as our model. Using the software package Mathematica, we compute the

positions of the collinear EP L, for different x in the table 5.1 below.

Table 5.1: Numerical computations of the collinear pointL,,

K L, L, (o,=0) L, (=0,q,=1)
x=0.001 -0.76272 -0.75367 -0.75367

x=0.01 -0.99687 -0.99442 -0.99443

x=0.1 -1.04684 -1.04553 -1.04554

k=05 -1.05185 -1.05065 -1.05067

x=0.9 -1.05242 -1.05123 -1.05125

k=1 -1.05249 -1.05130 -1.05132

k=2 -1.05281 -1.05163 -1.05164

k=10 -1.05230 -1.05189 -1.0519

k=20 -1.05230 -1.05192 -1.05194

33<kx <65 -1.05231 -1.051931t0-1.05194 -1.05195 to -1.05196

66<x<oo -1.05231 -1.05194 t0-1.05195 -1.05196 to -1.05197
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It is seen that there exist only three collinear EPs in the presence or absence of the oblateness of

the first primary, radiation of the second one and small perturbation in the centrifugal forces. The
collinear EPsL,_and L,, are also of seventh degree and can be determined analogously as the

case above.

The coordinates of the triangular EPs are given by equation (3.42). These points are determined
by small perturbation in the centrifugal force, radiation pressure of the second primary,
oblateness of the first primary and the constant of a particular integral of the GMP. The

positions of the triangular EPs exist only wheny —1< x <o, When there is no perturbation in
the centrifugal force i.e.,ir =1, these points will exist for 0 < x <oo and are affected only by the

radiation pressure, and oblateness coefficient . The small perturbation given in the centrifugal
force is very important, as this allows the existence of the parameter kappa; so there can be

different solutions for differentx. Whene, =0, equations (3.42) are different from the ones

obtained by Singh and Leke (2010)

Also, four out-of-plane EPs given in equations (3.62) and (3.63) exist only forx>1

providedy& < U((—l: andyé+ k-1 1-v >0, respectively and these are denoted byL,,,
and Ly, , respectively. Results of Bekov (1988, 2005), Luk’yanov (1989, 1990) can be deduced
from our results when o, =0, g, =1 andy =1; while the results here are similar to those in
Singh and Leke (2010). The EPsL, i=12...9 of the system of equations of the non-autonomous
system are given in equation (3.64) using the Mestschersky’s transformation (1.46).

The characteristic equation (3.68) of the collinear EPs is different from those of Singh and Leke

(2010) due to the oblateness of the first primary. It is seen that the coefficients can take either
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positive or negative values because of the presence of the arbitrary constant which takes values
between zero and infinity, and the other parameter involved. Consequently, a stable collinear
point is possible under some conditions.

In the case when both primaries are radiating and oblate spheroid as well under effects of
small perturbations in the Coriolis and centrifugal forces, the polynomial (3.95) is of degree nine
because we have assumed that both primaries are oblate spheroids. Notice that the polynomial
has degree seven when one of the primaries is an oblate spheroid (Equation 3.21). We compute
the roots of the polynomials corresponding to each collinear EP numerically (Tables 5.2, 5.3 and
5.4), using the software package Mathematica (Wolfram 2003). To do this, we consider a yellow
supergiant eclipsing binary system which consists of a pair of recently found stars orbiting each
other so closely and having the appearance of a giant peanut in space. Both stars are very bright,
yellow oblate stars and are mostly same in size. Therefore, we choose v =0.48785, for range of
x in the interval 0 < x <oo. Our numerical exploration reveals that aside the three collinear

points L, ,, two additional EPs L, and L,, exist around the pointL, due to the small perturbation

in the centrifugal force and x providedy + x <1. That is, these EPs exist when simultaneously

x+ & <0and both primaries are oblate. In the case when the first condition holds but one of the
primaries is not an oblate spheroid, no additional EPs exists. As an example, when
x=0.001and €'=-0.002 and choosing values for the oblateness with or without radiation. In
this case, the polynomial (3.95) has three distinct real roots viz. —3.15339,-1.29282 and
1.06768; each of which corresponds to a collinear EPs; the first and second lying to the right of
the second primary, while the third lies to the left of the center of mass (Table 5.4). Hence, we
have five collinear equilibrium points different from those in problem 3.2 and other studies of the

R3BP, where there are only three.
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Table 5.2: Numerical computations of the collinear points for v =0.48785, g, = 0.9988
g, =0.9855,£'=0.002,  =0.024 and a, =0.02

< L, L, L,

0.001 —1.0378 -1.9621 1.20344

0.01 —1.0356 =1.9775 1.21827

0.1 —1.09476 —1.98566 1.24195

05 —1.10071 —1.98652 1.24446

0.9 —1.10127 —1.98661 1.24469

1 —1.10146 —1.98663 1.24477

1.065 —1.10151 —1.98664 1.24479

10 -1.10214 —1.98673 1.24506
11<x<411 -1.10215to-1.10221 —1.98674 1.24506 to 1.24509
412<x<oo —1.10221to —1.10222 —1.98675 1.24509 to 1.24509

Table 5.3: Numerical computations of the collinear points forv=0.48785, q, =q, =1,
€=0.002, o, =0.024 and «, =0.02

K L, L, L,

0.001 —1.03868 —1.96210 1.20344

0.01 —1.03605 —1.97760 1.21846

0.1 —1.09523 —1.98610 1.24217

0.5 —1.10119 —1.98659 1.24468

0.9 —1.10185 —1.98669 1.24496

1 —1.10194 —1.98670 1.24499

1.065 —1.10198 —1.98671 1.24501

10 —1.10262 —1.98680 1.245282

11<x <o —1.10263to—-1.10269  —1.9868 to —1.98681 1.24528 to 1.24531
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Table 5.4: Numerical computations of the collinear points when €'=0and x+&'<0

When €'=0, x vanishes L, L, Ly
o, =a,=0,0,=09988, q,=0.9985 =0 -1.01534 0.74687 1.15338
o =a,=0,0=0,=1, =0 ~1.01575 0.74692 1.15355
k+€'<0, €=-0.002 K= 0.001 —1.78292 —3.15339, —-1.02728
—1.29282,
1.06768

The characteristic equation of the collinear points is given in equation (3.132) and the nature of
the roots of this equation depends on the discriminant coupled with the changes in

P, and Q, which depends solely on «, while the values are affected by all the involved parameters.
The only possibility of a stable collinear point, is when simultaneously D, >0, P, >0 andQ, > 0.
In this case, all A will be distinct pure imaginary, but this occurs numerically only
when x=0.0001 and0.25 < ¢,, otherwise, P, is always negative while Q, can be positive or
negative depending solely onx. To verify our claims, we perform a numerical example
takingo =0.48785,q, =0.9988 ,q, = 0.9985, , =0.024,r, =0.02, ¢ =1.001, w =1.002,
O<x<w0and 0<0, <0.25. It is seen that P, is always negative while Q, changes sign. In this

case, there exist at least a positive root and the collinear point is unstable. However, when

simultaneously 0.25 < 8, and x =0.0001with the same chosen values of the involved parameters,
we simultaneously have B, >0andQ, >0; and this results in four distinct pure imaginary roots.

Consequently, the motion is bounded and the collinear point is stable. The same procedure shows

that all the five collinear points are conditionally stable with respect to the involved parameters.
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Now, the triangular EPs are stable when 0<v <uv. and if the discriminant of the governing

characteristic equation is positive. In this case, the roots of the characteristic equation (3.136) are
distinct pure imaginary and the motion is bounded. The critical mass values under combined
effects of radiation, perturbation, oblateness and mass variation have been obtained in equation

(3.139). When x =1, 2,3, the critical masses are respectively

il

J23) 21-q 21-g, 76¢ +16G—E(Lh£i}a+1(L"£ija
3V3) 2769 2769 2769 3J69 9l B9) T 9 ’

J“j 21-9, 21-q, 28€ 8e 1[
1
J3

5 1 5
- +-1l+—=|o,—=|1-—= |&
27069 2769 27JE§ 369 9 J€§j ' 9( eJ€§j ?

501-g, 501-g, 260 80 +;1(L+ 7 j“
814429 8169 9429 9429 27\ J429 )"
( H%
27 429

The first equation fully coincides with those of AbdulRaheem and Singh (2006). Results of
Singh and Ishwar (1999), Sharma (1982) Bhatnagar and Chawla (1979), Bhatnagar and Hallan
(1978), SubbaRao and Sharma (1975), and Szebehely (1967a, 1967b) can be deduced from it.

However, when x =1for instance, when x =2,3the values obtained are different from those

presented in other works. When the first primary is a black body and the second one is a sphere,
the critical masses (3.139) reduce to those in equations (3.72).

The table 5.5 below gives the numerical computations ofv,_anduv, in equations (3.72) for «in

the interval 0.7145311, 9.952136 and ¢, =0.0015, o, =0.02, =0.001,<'=0.002

397



Table 5.5: Numerical computations of the critical mass parameter v

K v, 5,=00015 <=0.001 €'=0.002 a, =0.02 Uc.
0.7145311 Complex Imaginary Imaginary Imaginary Complex Complex
0.7145312 0.49982 -0.23884 7.41089 -6.19740 -15.9952 -14.5207
0.7145319 0.49895 -0.03998 1.24065 -1.03750 -2.68068 -2.01856
0.71459 0.49058 -0.00442 0.13725 -0.11477 -0.29977 0.20887
0.71460 0.48981 -0.00408 0.12688 -0.10610 -0.27740 0.22911
0.72 0.40991 -0.00044 0.01400 -0.01161 -0.03427 0.37758
0.75 0.28010 -0.00015 0.00503 -0.00398 -0.01558 0.26541
0.99999 0.03852 -0.00001 0.00077 -0.00044 -0.00619 0.03264
1.0000 0.03852 -0.00001 0.00077 -0.00044 -0.00619 0.03263
4/3 0 0 0 0 0 0

2 0.03852 -0.00001 -0.00038 0.00009 0.019655 0.05787
3 0.11643 -0.00004 -0.00051 0.00006 0.072830 0.18877
4 0.18085 -0.00007 -0.00055 0.00004 0.159606 0.33987
5 0.23402 -0.00011 -0.00058 0.00002 0.287590 0.52094
6 0.28010 -0.00015 -0.00628 0.000016 0.469235 0.74291
7 0.32235 -0.00020 -0.00069 0.000002 0.728478 1.04994
8 0.36391 -0.00028 -0.00081 -0.00001 1.123410 1.48622
9 0.40991 -0.00044 -0.00112 -0.00001 1.875780 2.28410
9.5 0.43943 -0.00067 -0.00159 -0.00003 2.808190 3.24532
9.94 0.49028 -0.00428 -0.00956 0.00022 15.57210 16.0581
9.95 0.49592 -0.01022 -0.02278 -0.00054 36.26200 36.7244
9.9521 0.49947 -0.07933 -0.17674 -0.00419 276.8030 277.042
9.952135  0.49993 -0.67735 -1.50894 -0.03584 2358.090 2356.37
9.952136  Imaginary  Imaginary Imaginary Imaginary Complex Complex

We observe that for 0.7145311<x <0.71459and x >9.952135 with the allowance for

oblateness of the first primary, o, is either complex or negative; therefore the physically

possible range of xis0.71459 <x<9.952135. However, in the absence of oblateness,
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i.e.,a =0, the range becomes 0.7145311<x<9.9521. For example when x=0.7145312, we
get v, =-14.5207 which is unrealistic; when the first primary is spherical, the critical mass
becomesv, =1.28339. Below in Fig 5.1 is a graphical representation of v. as a function of

x in the interval 0.71459 < x <9.952136 for the chosen parametric values.

Fig. 5.1: Graph of x and the critical mass parametersv,_

If in (3.72), we annul the effect of the small perturbations and radiation pressure and oblateness

of the first primary (i.e.e=€'=0, q,=1,,=0) and «=1,2; then U, =y, =0.038520, this

fully coincide with the Routhian value (Szebehely1967a, 1967b). We observe from system (3.73)
that, for 0.7145312§z<<gthe Coriolis force has a stabilizing tendency while the centrifugal
force, radiations pressure and oblateness of the first primary have destabilizing behaviors in this

range of x. Whenk = % all these parameters are annulled and have no effect (eqn. (3.74)). For

g< x <9.952135the Coriolis force and the radiation pressure of the second primary remains all
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through a destabilizing parameter, while here, the oblateness of the first primary assumes the role

of a stabilizing parameter. The small perturbation in the centrifugal force plays a stabilizing role
4 . I . . . 4
only when §<7c37and is destabilizing outside this range of kappa; while for§<z<s5,

oblateness of the second primary has a destabilizing tendencies which afterwards becomes
stabilizing for 6 < x <9.952135. Hence the stabilizing or destabilizing behaviors of the Coriolis

and centrifugal forces and oblateness is controlled by kappa. It is seen that (except for the case

Whenzczg), the radiation pressure always has a destabilizing tendency. This behavior gets
weaker with increase in kappa in the interval 0.7145312 < x < %; and has no effect for x = g and
interestingly grows stronger forg <k <9.952135. Our numerical computation reveals that for

any|e|<<1, |€

<<1, 1-9, <<1 and 0.71460§z<<%, every v, <u, ; consequently the region

of stability is decreasing. This is so because of the inclusion of oblateness of the first primary. If

this is ignored i.e., the first primary is spherical, we’ll have v, >uv, which implies that the

region of stability is increasing. Whenx:%, it coincides and equal zero; while

forg <k <9.952135, due to oblateness everyv, >uv, and this implies that the region of stability

of the triangular EP is increasing. If o, =0, reverse is the case as observed in the work of Singh

et al. (2010). The results of Szebehely (1967b), SubbaRao and Sharma (1975), Bhatnagar and

Hallan (1978), Bekov (1988) and Singh et al. (2010) can be confirmed here from our results.
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Our results show that a condition for stable triangular EPs is when the mass ratio is in the

region0 <v <u, . Numerically, we must have0.002 < x <1.31169451. If8e-3€'=0, o, =0

then, O <« <gand agrees with Singh and Leke (2010). The decrease or increase in the region of

stability of the triangular EPs depends on the arbitrary constant « and oblateness «, of the first

primary and the signs of the small perturbations. In the case of the out-of-plane EPs, using the

software package Mathematica (Wolfram 2003), we compute the coefficientsd,, d,and d, of the
characteristic equation (3.144) as shown in Table 5.6 below; forx>1, ¢, =0.9988, g, =0.9855,

€=0.002,e=0.001, o, =0.024, o, =0.02 and v =0.48785.

Table 5.6: Numerical approximations of out-of-plane points

K & +£ d, d, d, Nature of Roots
1.01  0.00002 4.65558 —2.16995 0.99956  -0.03429 +0.17903, +0.8509i, +1.2157i
1.1 0.00102 2.27414 —1.86411 0.326961 —0.36140 Same nature as above

15 0.01187 1.76928 0.26311 —4.33501  —2.64084 Same nature as above

2 0. 02999 1.92301 5.47421 —15.7303  —8.24540 Same nature as above

3 0.06680 2.17926 21.7148 -51.6019  —25.2522 Same nature as above

10 0.22366 1.28777 43.304 —159.301 39.7766 +6.83353, +0.484552, +1.90471i
12 0.24839 1.20259 46.8809 —205.131  98.1067 Same nature as above

15 0.27726 1.1228 52.9158 —294.477  226.456 Same nature as above

20 0.31138 1.04938 63.9677 —499.145 573.993 Same nature as above

30 0.35226 0.983404  87.7016 —1122.55 1929.88 Same nature as above

100 0.42520 0.905583 263.755 -ve +ve Same nature as above

200 0.44396 0.891344 518.453 -ve +ve Same nature as above
1000  0.45995 0.880602  2560.24 —-ve +ve Same nature as above
10000 0.46368 0.878265  25536.5 —-ve +ve Same nature as above

10M6  0.46409 0.87801 2562980 —1.46222 x1012 5.55437 x10"16 Same nature as above
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Our numerical exploration shows that there exist at least one positive root and a complex root
with positive real part, which induces instability in the out-of-plane EPs.

In section 3.4, we studied the motion of the third body around out-of plane EPs, when there is
a disc mass and the masses vary with time with respect to the UML. The governing equations of
motion are given by the equations (3.145) and (3.147). The coordinates of the out-of plane EPs
have been presented in equations (3.160) and (3.161). The first pair (equation 3.160) is denoted

by Lg,and exist for x>1 while the second pair is denoted by L, and exist simultaneously,

whenx>landé<v k-1 . WhenM, =0, the coordinates are fully analogous with those

obtained by Singh and Leke (2010).

Using the Mathematica software program, with some chosen parametric values for the mass of
the disc and the parameter kappa, we compute numerically in Table 5.7, the EPs of an extrasolar
planet PSR B1620-26b, whose mass is too small compared to masses of the host stars. The

binary system PSR B1620-26 in the constellation of Scorpius is surrounded by a disc and,
composed of a pulsar PSR B1620-26 A with mass 1.35M g and a white dwarf star WD B1620-26
having mass0.34M g . We also compute in same Table 5.7, the out-of-plane EPs of an extrasolar

planet Kepler-16b in the circumbinary orbit, hosted by a binary star system Kepler-16, in the

constellation Cygnus. The system consists of a primary Kepler-16A and a companion Kepler-

16B. The primary has a mass of 0.6897 €0.0035 M and the secondary’s mass

is0.20255 € 0.00065 ]/IQ. Kepler-16A is a K-type main sequence star, while B is M-type red

dwarf. The mass of Kepler-16b is also too small compared to the masses of the host stars. The

graphs are shown in Figures 5.2, 5.3, 5.4 and 5.5, for different parametric values.
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Table 5.7: Out-of-plane equilibrium points for PSR B1620-26b and Kepler-16b in the binary
systems PSR B1620-26 ¢ =0.201183 and Kepler-16 ¢ = 0.22701 |, respectively.

K M, ¢ (PSR B1620-26b) + ¢ & (Kepler- 4
16b)
1.000001 O 0.00001 1.44228 1.4371x107* 1.45629
1.1 0.00001 1.44228 1.18768x10°° 1.45629
15 0.00049 1.44256 0.00049 1.45655
2 0.03214 1.45962 0.03174 1.47270
3.2 1.02418 1.63325 0.95922 1.63817
4 2.36620 0.51145 2.18377 0.85321
4.1 2.55987 Imaginary 2.36019 0.44619
4.2 2.75904 Imaginary 2.5416 Imaginary
1.000001 0.02 —4.17933x107 1.05566x 10" ~3.52701x107®  9.60804x10"
1.1 1.85997x10°® 318.050 2.06612x10°° 289.731
15 0.00054 3.97906 0.00055 3.71496
2 0.03394 1.12254 0.03383 1.22139
3.2 1.04047 1.61377 0.72738 0.82565
4 2.38286 0.45645 1.39506 1.52009
4.1 2.57634 Imaginary 2.3765 0.38172
4.2 2.77531 Imaginary 2.55769 Imaginary
1.000001 0.04 —2.08964x10°* 1.49293x10" -1.76348x10™®  1.35878x10"
1.1 4.24811x10°® 449,789 7.93509x107° 409.742
15 0.00060 5.44996 0.00062 5.05851
2 0.03595 0.64111 0.03621 0.90959
3.2 1.05729 1.59763 0.99325 1.52690
4 2.39975 0.39224 2.21709 0.79320
4.1 2.59303 Imaginary 2.39304 0.30195
4.2 2.79177 Imaginary 2.57397 Imaginary
1.000001 0.06 —1.39308x107* 1.82845x10" —-1.17565x10*  1.66416x10%
1.1 1.49597x1077 550.863 —4.31118x10°  501.822
15 0.00067 6.61298 0.00071 6.12650
2 0.03822 imaginary 0.03894 0.43560
3.2 1.07466 1.58428 1.01119 1.49170
4 2.41688 0.31315 2.23414 0.76030
4.1 2.60993 Imaginary 2.40981 0.18823
4.2 2.80843 Imaginary 2.59047 Imaginary
1.000001 0.08 —1.04481x10~® 2.11132x10% —8.81735x10™  1.92161x10"
1.1 —2.70935x10°® 636.091 —1.69511x10°% 579.455
15 0.00076 7.615 0.00084 7.05148
2 0.04079 Imaginary 0.04213 Imaginary
3.2 1.09261 1.57323 1.02979 1.46695
4 2.43425 0.20233 2.25145 0.72507
4.1 2.62705 Imaginary 2.42682 Imaginary
4.2 2.82529 Imaginary 2.60718 Imaginary
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From Table 5.7, real out-of-plane EPs for PSR B1620-26b, exist forl<x <4
when0< M, <0.04 | while it is not entirely so when M, = 0.06 and M, =0.08 . There exists at
least a point (when x = 2) where the points do not exist as £ is imaginary. In the case of Kepler-
16b, the same trend is noticed; however, here real out-of-plane EPs exist forl<x<4.1,
when0<M, <0.04. In our numerical exercise, we observe that the out-of-plane EPs of both

extra-solar planets, do not for any values of the involved parameters, reduce to a point collinear

with the stars, because ¢ doesn’t vanish.

Fig.5.2 and 5.3 give the graphs of out-of-plane EPs for PSR B1620-26b and Kepler-16b in the

binary system PSR B1620-26 and Kepler-16; respectively, when M, =0and1< x <4.2while

Fig. 5.4 shows the variations in their locations when M, =0.02. Fig. 5.5 explains the effect of

the mass of the disc on the location of PSR B1620-26b .
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Fig 5.2: Out-of-plane equilibrium points for PSR B1620-26b in the binary system PSR B1620-
26 whenM, =0; 1<x<4.2
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Fig 5.3: Out-of-plane equilibrium points for Kepler-16b in the binary system Kepler-16;
whenM,; =0; 1<x <42
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Fig. 5.4: Out-of-plane equilibrium points forl< x <4.2 of PSR B1620-26b (blue) and Kepler-
16b (green) in the binary systems PSR B1620-26 & Kepler-16, respectively; withM, =0.02
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Fig 5.5: Out-of-plane equilibrium points forl< x < 4.2 of PSR B1620-26b in the binary system
PSR B1620-26, withM,; =0 (green); M, =0.04 (blue) andM, =0.08 (red).

The motion of extra-solar planets around the out-of-plane EPs, when the host stars are
surrounded by disc and their masses vary isotropically in accordance with the UML has been
studied. The system (3.145) of equations of motion are different from those obtained by Gelf’gat
(1973), Bekov (1988), Luk’yanov (1990), and Singh and Leke (2010) due to the introduction of
the mass of the circumbinary disc. Since the set of equations (3.145) are non-autonomous, we
transformed them using the MT (1.46), the UML (1.47), the particular solutions and integral of
the GMP. However, we also had to assume that the mass of the disc M varies at the same rate as
the masses of the primaries and the parameters a and b which determine the density profile of
the disc also vary at the same rate as the distances, thus, we introduced the transformation
(3.146). The autonomized systems (3.147) are different from those of Jiang and Yeh (2004,

2005, 2006), Yeh and Jiang (2006), Kushvah (2008a, 2009), Singh and Taura (2013).

The coordinates of the out-of-plane EPs are determined using series expansion about the disc

mass of the system. Four out-of-plane EPs are found and the solutions are unique, even when the
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initial condition is altered. For some chosen parametric values, these points do not exist and do
not for any value of the parameters, reduce to points collinear with the stars. The behavior of
motion of the extra-solar planets around the out-of-plane EPs is unstable due to a positive root
and a complex root with positive real part, of the characteristic equation. Those for the non-
autonomous are also unstable around the EPs. Results of Bekov (1988), Luk’yanov (1989, 1990),

Douskos and Markellos (2006), and Singh and Leke (2010) are in agreement with our result.

Effects of mass variations on the periodic orbits around triangular equilibrium points

It is known that the periodic orbits play a dominant role in understanding the dynamics of a
system, because they determine critically the structure of the phase space. In this way, we can
detect the regions where stable points could exist. These are the regions close to the stable
periodic orbits, where a real planetary system could be trapped. Many extra-solar multiplanet
systems seem to move on Keplerian ellipses with periods that satisfy rational relations. Such a
type of resonant motion is a consequence of the existence of periodic orbits, and, particularly,
stable periodic orbits of the same resonance. Computation of periodic orbits can be used as a
method to determine regular motion.
The differential equations of motion of the R3BP with variable masses are described by the
equations (3.89) and (3.91), while the triangular EPs and the partial derivatives are presented in
equations (3.112) and (3.134), respectively. The characteristic equation under the combined
effects is given by the equation (3.165), while the frequency of the long and short period orbits
have been presented in equations (3.168) and (3.169), respectively. The orientation (3.178) of the
orbits depends on all the other parameter representing shape, radiation and small change in the
centrifugal force, but is not affected by the small change in the Coriolis force. Also, the

eccentricity, lengths of the long and short orbits are given in equations (3.188), (3.191), (3.193),
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(3.194), (3.195) and (3.196), respectively. If we set x =1, the equations (3.165), (3.168), (3.169),

(3.178), (3.188), (3.191) to equations (3.196) reduce respectively, to the equations
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Similarly, the length of the semi-minor axis of the long period orbit gives

bl_ﬂ, 4—1//2’3 L Ul//4/3

2l//2l3 2 4¢2 _3{//

M+ Muo+Mp*+M, o+ Mao+Mu*+ M, a,
(5.7)
+ MYo+MyY.0°-M,, 1-¢, + Mpo+M°-M, 1-q,

where
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Similarly, the length of the semi-major axes for the short period orbits are

\/4 4y (04+l//2/3|:4§02—3l//] ] 1 1
I+—Lo+=J0°+= J,+J0o+J0°
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Lastly, for the length of the semi-minor axes of the short period orbits, we get
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Equations (5.1 to 5.9) represent the case when the masses of the primaries are constant. These

equations should have been fully analogous to those in the study done by AbdulRaheem and

Singh (2008) but they are different because we haven’t ignored products of the parameters in the

Coriolis and centrifugal forces with those very small parameters of oblateness and radiation of

the primaries. Some previous studies of the periodic orbits such as Singh and Begha (2011b),

AbdulRaheem and Singh (2008), Perdios and Kalantonis (2006), Perdios (2003), Poddar (2002 a,

b), Elipe and Lara (1997), Sharma (1976), Meyer and Schmidt (1971) and Szebehely (1967a),

have some similarity with ours.
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Now, we treat the numerical studies of the period orbits around triangular EPs when isotropic
mass variations of the primaries and the gravitational force are the governing forces. In this case,
the equations (3.112), (3.165), (3.168), (3.169), (3.178), (3.188), (3.191) to equations (3.196);
which represent the triangular EPs, characteristic equation, frequency of long and short orbits,
orientation, eccentricity of long and short period orbits, and the lengths of the semi-axes, of the
autonomized system when both primaries vary their masses, are oblate spheroid and radiating

under small perturbations in the Coriolis and centrifugal forces, reduce respectively, to the

equations:
1 V3
_Z_p p=+¥2 5.10
4 ~>2 27 2 ~
A —-Qk—-4 4 +IK v€-v =0 (5.11)
3 [3v 1 27k 1-v |
U 1—U -
. , s, =|3k—4- (5.12)
2\ 3«x-4 4 3x—-4
tan 2a =~3€-20_ (5.13)
— \2
2€-3x_ ¢ -3k
e, =—32;@3 \[4—487<—6(8K2 —51;<+32}+363K2 102« + 64}2: (5.15)
— oK

-

\/GK—lj{l_Zu(—u/ 4 -3k } (5.16)

\+ ~
2 6«-1_ 26€6x-1v
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b — V3 1 Py k€t +3K—14E2
VY ~t ~ (5.17)
2K 2€ -3k _ 2¢ -3k’
. _L1 [16=3[ x*" €78 —945c" + 288k + 256y
272\ 4-3k 2@7x° — 216k + 432x — 256
- (5.18)

. (377x° — 1602k — 1440 +108'® +1728c"'° + 512 p°
4€16x? — 27x° — 432k + 256 _

16 9x% —60x +64 +2x*° 162x° —603x° +672x —216 v— 1863«°

1
b —
> 6416-3k 4-3« [

—4878k” + 3648k —512 1)2] 5.19

Below we have numerically given the eccentricities and the semi-axes of the long and short
period orbits using equations (5.14), (5.15) and equations (5.16 to 5.19), respectively, in Table
5.8. From the numerical values obtained, due to the variational parameters, we observe that, the
amount (eccentricity) by which the orbits of the third body around the triangular EPs deviates
from a perfect circle, is greater than zero. Hence, the orbits could be elliptical @ <e, <1:,

parabolic € = 1: or hyperbolic €, > 1:. The case of high eccentricities occurs when small bodies

orbits very large ones. Hence, the eccentricities of smaller bodies are quite high.
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Table 5.8: Effects of x on the eccentricities and lengths of the semi-axes for0 < 1 <0.5

K
0.0001

0.15

0.17

0.5

0.9

1.33

L

0.0001
0.01
0.1

0.2

0.3

0.4

0.5
0.0001
0.01
0.1

0.2

0.3

0.4

0.5
0.0001
0.01
0.1

0.2

0.3

0.4

0.5
0.0001
0.01
0.1

0.2

0.3

0.4

0.5
0.0001
0.01
0.1

0.2

0.3

0.4

0.5
0.0001
0.01
0.1

0.2

0.3

0.4

0.5
0.0001
0.01
0.1

0.2

0.3

0.4

0.5

€
0.99996
0.99623
0.96062
0.91749
0.87061
0.81999
0.76561
0.99995
0.99576
0.95643
0.91025
0.86145
0.81003
0.75600
0.99995
0.99569
0.95581
0.90921
0.86019
0.80877
0.75492
0.99994
0.99402
0.94240
0.88960
0.84160
0.79840
0.76000
0.99988
0.98876
0.91479
0.88994
0.92544
1.02130
1.17751
0.99985
0.98560
0.91000
0.94000
1.09000
1.36000
1.75000
0.98589
8.47000
883
3559
8029
14293
35689

€,

0.00865
0.00840
0.00632
0.00450
0.00320
0.00242
0.00216
0.33532
0.32672
0.25658
0.19550
0.15219
0.12663
0.11882
0.35698
0.34801
0.27486
0.21125
0.16625
0.13985
0.13204
0.61227
0.60240
0.52453
0.46310
0.42808
0.41947
0.43727
0.82156
0.82024
0.83299
0.89946
1.02098
1.19755
1.42918
0.86605
0.86967
0.93909
1.09336
1.32881
1.64545
2.04328
1.01370
2.56755
23.3913
60.6830
112.874
179.964
1267.10

a
-14144.6i
-140.732i
-13.3111i
-6.13942i
-3.71114i
-2.48992i
-1.76851i
-39690i
-396.634i
-39.0641i
-18.906 i
-2.0673i
-8.62563i
-6.5964 i
87250.1
872.501
86.4500
42.125
27.0833
19.5125
15.0500
6251.
63.4901
7.1600
3.9650
2.8733
2.3225

2.
2192.63
23.3881
3.61371
2.47094
2.07204
1.86922
1.75292
1582.72
17.3863
3.10536
2.27052
1.97537
1.82463
1.73925
15.2503
1.99668
1.83336
1.78920
1.76020
1.74303
1.43210

b,
18.658
18.658
18.6583
18.6583
18.6579
18.6571
18.6561
1.62993
1.63055
1.63397
1.63316
1.62749
1.61697
1.60158
1.56333
1.56398
1.56759
1.56666
1.56053
1.54919
1.53266
1.09114
1.09244
1.09865
1.09374
1.07639
1.04661
1.00439
0.89701
0.89998
0.90763
0.87527
0.79991
0.68153
0.52015
0.86606
0.87000
0.87468
0.81406
0.68416
0.48497
0.21650
0.79198
-1.41353
-262.172
-1060.57
-2394.42
-4263.71
-57123.2

a,
1.00003
1.00009
1.00581
1.02317
1.05209
1.09259
1.14466
1.04645
1.04602
1.05671
1.09936
1.17440
1.28183
1.42166
1.05337
1.05281
1.06303
1.10669
1.18435
1.29601
1.44168
1.20410
1.19893
1.18185
1.22619
1.33718
1.51482
1.75910
1.59920
1.59268
1.64399
1.93462
247117
3.25364
4.28203
1.80294
1.82109
2.19904
3.06888
4.41229
6.22928
8.51985
168.537
15507.3
188468.
451478.
789045.
1.20117*10"6
1.35781*10"8

b,
1.99998
2.00006
2.00979
2.03959
2.08938
2.15915
2.24892
1.97166
1.97007
1.95704
1.94545
1.93691
1.93141
1.92897
1.96785
1.96622
1.95187
1.93696
1.92312
1.91035
1.89867
1.90394
1.90340
1.88892
1.85253
1.79479
1.71568
1.61521
1.82348
1.82561
1.83441
1.82188
1.78586
1.72636
1.64337
1.80280
1.80527
1.81829
1.81283
1.78639
1.73899
1.67060
1.73108
1.55504
-0.80826
-5.04652
-10.982
-18.6147
-29.231
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In Fig 5.6, 5.7 and 5.8, we have drawn the semi-axes for values of kappa and the mass ratio.

Minor axes

Fig 5.6: Lengths of the Semi axes for x =0.0001and 0.0001< 0 <0.5,

minor axes
o

-7.5 -5 -2.5 0 2.5 5 7.5
major axes

Fig 5.7: Lengths of the Semi axes for x=1 and0.0001<v<0.5
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Fig 5.8: Lengths of the semi-axes for v =0.001 and 0 < x<1.130.000
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Fig 5.9: Periodic orbits around L, points when (a) x=0.0001,0=0.0001 (b) x=0.5,0=0.01
(c) xk=05,v=01 (d) x=05,0=03and (e) x=0.5,0=0.5
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Fig 5.10: Effects of the mass parameter on the orbits around L, points when (a) v =0.0001 (b).
v=0.01(c). v=0.1, (d). v=0.2, () v=0.3,(f). v=0.4 (g) v=0.5(h) 0.0001<v<0.5
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(@)

Fig 5.11: Orbits around triangular points L, for (a) v=0.01 and x =0.5 (purple), x =0.9 (red),
k=1 (blue) and x=11 (green) respectively. (b). x=0.9 with ov=0.1(blue
orbit); v =0.2 (purple orbit); v=0.3(red orbit); v =0.4(green orbit) and v=0.5 (black orbit)
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Fig 5.12: Orbits of the third body around triangular pointsL, forO<o<0.5when (a).
x=0.0001 (b). x=0.5 and (c) x =1, respectively.
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Fig 5.13: Orbits of the third body around triangular pointsL, forx=0.5,0v=0.4, with periods
(@ T"=15.617(b) 10T~ (c) 100T "and (d) 200T "

From the above figures (Fig 5.9 to Fig 5.13), it is seen that the triangular EP
L, € =0.5- 0,7 =0.86602540 : is enclosed by the orbits. When the parameters x and v are both

very small, the orbit nearly completely flatten (Fig 5.9, panel a) and motion around the triangular
EP becomes restricted. In this premise, when 0 <x<0.17and0 <o < % , the length of one of the

axes become imaginary (Table 5.8). If we ignore the effect of « (i.e., putx =1, in all our results),
the orbit around L, points changes and both semi-axes are not imaginary (Fig 5.10, panel a.).
The results in Table 5.8 are the numerical evidence of the eccentricities of long and short orbits,
given by equations (3.158) and (3.159); and the lengths of the semi-axes as described by
equations (3.161 to 3.164). These orbital elements are defined by the two parameters of the
system. From these results, it is clear that the lengths of these axes do not exist for some values
of the variational parameter x as they are either zero or imaginary. This obviously, does not arise

when x=1; which corresponds to the case when the masses of the main bodies are constant.
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Also, from the table, when 0 <« <0.9and v < 0.3, the eccentricities of the orbits (both long and
short) are less than one. In this particular range, the eccentricities of the long period are greater
than the corresponding ones for the short period orbits. However, same trend or converse

doesn’t hold outside the range. When x =1, we noticed thate, >e, or e, <e,and either can be

less or greater than one, depending on the mass parameter. For instance, in the Table 5.6,
whenx=1andv=0.2; e, <lwhilee, >1; whereas, forv=0.3, both eccentricity of the long and
short period orbits are greater than one. Hence, the mass ratio also plays a major role alongside
the parameter x . In Fig 5.10, we show the influence of the mass parameter on the periodic orbits
around L,points. The panel (a) is the case when the mass parameter is very small and the
periodic orbit has nearly sharp edges. The difference in their orientations, sizes, shapes and
positions around the EP is described in plane (h). This means that, for increasing mass ratio, the
orientation, size, shape and position differs.

The orbits around triangular EP L, given in Fig 5.11 show the effect of the two governing
parameters of the system. In panel (a), we see that whenv=0.01and « varied; obviously, as
x increases, the orbits shrink and the third body moves closer to the EP. The same behavior of

the third body is observed when (panel b)xis fixed and the mass parameter is varied for
O<v s% . S0 we can say that an increase in the parametric values produce an orbital shift which

always tend towards the vicinity of the triangular points. Fig 5.13 shows the path of the third
body around the triangular points when x=0.5ando =0.4; but the periods are still defined by
both parameters and so, the body moves nearer to the points with increasing periods. Hence,
from panel (a) to-panel (d) in Fig 5.13, we see that the body does not depart but spirals toward

the equilibrium point with increasing orbital periods.

428



The effects of isotropic mass variation of a binary system on the orbits of the third body around
linear stable triangular EPs in the frame of the R3BP, has been studied. The motion of the main
bodies is described by the GMP while their mass variation occurs in accordance with the UML.
It is seen that the change in the frequencies, orbital period, eccentricities, the semi-minor and
major axes, of long and short orbits, are influenced by the mass parameter v of the binary and a
constant x of a particular integral (1.66) of the GMP. Further, we observe that the triangular EPs
are enclosed by the orbits, for some parametric values. In particular, for very small values of the
governing parameters, the orbits almost completely collapse and motion around the EP becomes
restricted. Due to the variations, the eccentricity can be less, equal to, or greater than one, and so
the orbit can be elliptic, parabolic or hyperbolic types. Also, the lengths of the semi-axes do not
exist for some values of the parameter « as they are either zero or imaginary. These results differ

from the case when the main bodies have constant masses.

5.1.2 Robes restricted-three-body problem with variable masses

The Robe (1977) problem when the masses of the primaries vary isotropically with time at the
same rate according to the UML and their motion described by the GMP has been studied. The
first primary is a spherical empty shell which contains the third body. We found two kinds of
EPs. The first is the one at the center of the shell, which was first found by Robe (1977). The
second is a pair of non-collinear EPs, (3.228), which we have found because of inclusion of mass
variations in the Robes problem. The EPs (3.228) exist forx>1 and lies in the &£ —plane
(Fig.5.14, not drawn to scale and, Fig 5.15 and 5.16, drawn to scale). These EPs do not have an
analogy in the Robe (1977) problem when the spherical shell is empty. They are also different

from those of the R3BP of Bekov (1988), Luk’yanov (1989, 1990) and, Singh and Leke (2010).
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Fig 5.14: Non-collinear equilibrium points on the £ — plane
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Figure 5.15: Non-collinear equilibrium points on the &£ — plane forv=0.01
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Fig 5.16: Non-collinear equilibrium points on the £ —plane for v =0.3

We observe that the every point in the shell that is not collinear with the center of the shell is a
non-collinear EPs because they form triangles with the centers of both primaries, though this
depends on the parameterx. Numerically, in the Earth—-Moon system when o»=0.01
and0 < x <o, these points exist for1.0036 < x <1.01. Whenx =1.01 we have £ =-0.0099 and

¢ =+0.0827985 which lies inside the shell. However, whenv=0.3, they exist

forl.115<x<1.42, (Tables 5.9 and 5.10).

Table 5.9: Positions of non-collinear points and the characteristic roots 4, , = +o,, 4, , = t,,
¢ = *o, forv=0.01

x, § £ Py P, Ps 0, ®, @

1 0 Infinity = - - - -

1.001 -0.00099 1.91380

1.0035 -0.00347  1.01550 = = = = =

1.0036 -0.00356  0.99680 -1.9892 0.98916  1.11562 0.95342 1.23+0.09i -0.792-0.09i
1.01 -0.0099 0.08279 -1.97 0.99959  1.63765 1.01912 1.24+0.08i -0.814-0.07i

1011<k<wo Negative Imaginary
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Table 5.10: Positions of non-collinear points and the characteristic roots 4, , = tw,, 4, , = o,
A6 =*o, forv=0.3

K $ £ Py P, Ps 0, @, D4

1 0 Infinity = - - = - -

1.001 -0.0007  6.6598 - - - - - -

1.16 -0.112 1.00963 - - - - - .

1.162 -0.113 1.00257 - - - - - -

1.16273 -0.11391  1.00001 - - - - - .

1.16274 -0.11392  0.99997 -1.5117 0.3532  1.26775 0.97960 1.33+0.111i  -0.691-0.111i
1.20 -0.14 0.87984 -1.4 0.27874 1.35846 0.99957 1.41+0.01i —0.66—0.09i
1.25 -0.175 0.73806 -1.25 0.23421 1.49261 1.02947 153+007i -0.62-0.07i
1.428 -0.2996  0.03772 -0.716  0.99391 2.26607 1.15512

1429< k<o Negative Imaginary - - - - - -

When k=1, we have £ =0which lies outside the shell and since £ =00, it is seen that infinite
remote EPs L +oodo not exist for any value of 0 <o <1. Evidently, from Table 5.9 above, we see
that numerically, in the Earth-Moon system o =0.01 and0 < x <0, the non-collinear EPs exist
for1.0036 < x <1.01, because here £ <0andd <1—-wv lies inside the shell. Whenx=1.01, we
have, &=-0.0099and ¢ =+0.0827985which lies inside the shell. However, for a system with
mass ratiovo=0.3 (Table 5.10), these points exist for values of x in the interval
1.16273 <k <1.428. When k=1, we have & =0which lies outside the shell and since £ =+, it
is seen that infinite remote EPs L. do not exist for any value of the mass ratio.

The six roots of characteristic equation (3.243) and the positions of the non-collinear points

(3.228) have been presented in Table 5.9 and Table 5.10 numerically for v =0.01andv =0.3,

respectively, with various values of the parameter x . When o =0.01the non-collinear EPs and
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the characteristic roots exist only for1.0035<x<1.01, because here &<0andd <1-v lies
inside the shell. Our numerical analysis reveals that when the non-collinear points exist, the

coefficient p, is negative, p,is positive and p, is positive in both cases of the mass parameter. It

is clear from the tables that for a specific set of values of the parameters at least one of the roots
is real and positive or at one has a positive real part. We conclude that a positive root and
positive real part of the complex roots induce instability at the non-collinear EPs. Hence the
motion of the third body around the non-collinear EP is unstable.

In Section 3.7, we introduced small perturbations in the Coriolis and centrifugal forces into
the system of equation (3.200) and transformed it to get equations of system (3.245). These
equations are different from those of Shrivastava and Garain (1991), and Hallan and Rana
(2001a) due to the parameter kappa, but differs from that in equation (3.215), because of the
small perturbations in the Coriolis and centrifugal forces. It is seen that due to the effects of
small perturbations in the centrifugal force, the EPs (3.223) at the center of the shell drifts away

from the center to the point given by equation (3.253) and Since 0 < x <ccandy =1, every point

on the line joining the centers of the primaries is an EP, provided these points lie within the shell.
When k=1, the coordinate is same as that found by Shrivastava and Garain (1991) and, Hallan
and Rana (2001a). The non-collinear EPs (3.228) and (3.258) obtained do not exist in the studies
of Robe (1977), Shrivastava and Garain (1991), and Hallan and Rana (2001a). Our stability
results for the EPs near the center of the shell are however similar to that worked out by Hallan
and Rana (2001a). Shrivastava and Garain (1991) did not study the stability of the EPs.

The restricted problem using the model of Robe (1977) when the first primary is a fluid and the
masses and densities vary with time, was examined in section 3.8. The motivation for this

problem arose because of the challenge we encountered in the case of the isotropic mass flow
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where the non-autonomous systems do not fully transform to the autonomized systems in the
presence of fluid. We assumed that the radius R of the fluid varies at the same rate as the
distances while the densities of the fluid and the third body vary at the same rate as their masses,

respectively, since the volume is constant. Hence, we introduced the transformation:

3
m:z(ﬂJ ot =0, 5t =8,
J7n

0 Hy
where 7, 6, and J,, defined in equations (3.271) while z..and 1, are defined in equations (1.95).

The non-autonomous equations of motion were recast to the autonomized forms using a Gelf’gat
(1973) transformation and the transformation introduced by us. In this system, an EP at the
center, another near the center, circular points and pairs of non-collinear EPs, exist. The EPs
established in the works of Hallan and Rana (2001a) and Robe (1977) can be validated from
ours, while the EPs of the non-autonomous systems when the primaries vary differ from those of

the autonomized systems only due to the function R t but those when the three bodies vary
3

differ by the term”—g. The linear stability outcome of the EPs of the autonomized system agrees
7%

with those of Hallan and Rana (2001b); the points on the line inside the shell are stable while the
circular points and the non-collinear EPs are unstable. For the non-autonomous systems, all the
EPs are unstable according to the Lyapunov’s theorem. We used this problem to discuss the
motion of a submarine under the gravitational attraction of the Earth and the Moon as the
primaries.

The system has two collinear EPs; one at the center and the other (3.283) near the center.

Circular EPs (3.287) and non-collinear EPs (3.291) also are found.
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If in (3.291), we setx =1, we get

2/3
£=D,and cj+\/£Lj ~1-0-D, . (5.20)

This fully coincides with that of Hallan and Rana (2001b).

We observe that solutions (5.20) holds provided—v-D, <0 =D, +v>0. If D, +v=0this

implies D, = —v and equation (5.20) reduces to

§_+J(_ 'ju jm—[l—u— ]

Simplifying, we get £ =-vand{ = 0. Hence, when D, = —v the solutions are

Therefore, when D +v =0, the system has an equilibrium point —»,0,0 .

Next, when -D_+v>0this implies thatD +v <0. In this case, there is no solution as

2/3
1-v-D, ? >1and (LJ <1.
D

p

When observe that wheno,, =J;,, we getD, =0, and the coordinates (3.291) of the non-

collinear EPs reduce to

= k-1 v-1 ,
2/3
§=J_r\/(:—1)1} 2 1-v° (5.21)
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In this case, the EPs given by equations (5.21) is same with equation (3.228), where we claimed
the existence of a rigid empty spherical shell. Hence, it is seen that the EPs of the problem when
the three bodies vary their masses under the frame of the Robe (1977) formulation are fully
analogous to those found by Hallan and Rana (2001b) except for the non-collinear equilibrium

points which are affected by the parameter «, the density parameter D, and the mass ratiov .

The positions of the non-collinear points are given in Tables 5.11, 5.12 and 5.13 and their
graphical representations in Figures 5.17, 5.18, and 5.19 in the Earth-Moon system, when the
density parameter is negative, zero, and positive, respectively, while Fig 5.20 combines them.

Table 5.11: The non-collinear equilibrium points for v =0.01and D, =-0.001

K & +< Comments

0.01 0.98009 0.02328 +0.04033i  Real non-collinear EPs do not exist
0.5 0.4945 Complex .

0.999 Real and negative Complex .

0.999001 y 215.369 Real non-collinear EPs exist

1 -0.001 1.91758 ,,

1.001 -0.011 1.3988 1

1.002 -0.00298 1.12303 ,,

1.003 -0.00397 0.93202 Real non-collinear EPs exist

1.004 -0.00496 0.78152 "

1.005 -0.00595 0.65245 "

1.006 -0.00694 0.53379 .

1.007 -0.00793 0.41635 "

1.008 -0.00892 0.286570 "

1.009 -0.00991 0.075576 .

1.009 < k¥ <o Real and negative Imaginary Real non-collinear EPs exist do not exist
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Table 5.12: The non-collinear equilibrium points for v=0.0land D, =0

K & +& Comments

0.5 0.98010 " "

0.999001 0.00098 1 "

1.001 -0.00099 1.91380 Real non-collinear EPs exist

1.003 -0.00297 1.12416 "

1.005 -0.00495 0.78277 "

1.007 -0.00693 0.53532 "

1.009 -0.00891 0.28904 ”

1.01 -0.00990 0.08399 "
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Table 5.13: The non-collinear equilibrium points forv=0.01and D, =0.001.
K ¢ +7 Comments

0.5 0.49550 " "

0.999001 0.00198 " "

1.001 0.00001 " ”

1.003 -0.00196 1.40162 "

1.005 -0.00394 0.93471 "

1.007 -0.00592 0.65542 "

1.009 -0.00790 0.42023 "

1.01 -0.00990 0.29178 "

1.0112< x <o Real and negative Complex Real non-collinear EPs do not exist

-0.5¢
-0.75¢

(@] o
(@} .

N J

[C2NE)] o

-0.01 -0.008 -0.006 -0.004

Fig 5.17: Non-collinear equilibrium points for,u» =0.01, D, =-0.001.
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Fig 5.18: Non-collinear equilibrium points for,u =0.01, D, =0
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Fig 5.19: Non-collinear equilibrium points foro =0.01, D, = 0.001
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Fig 5.20: Non-collinear equilibrium points for, v=0.01, D, =-0.001,D, =0and D, = 0.001
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In Table 5.11, when D, =-0.001this implies that 5,; < J,, ; in this case for 0<x <0.999and
1.009 <k <oo, the out-of-plane EPs do not exist, but however exist in the interval
0.999001<x<1.999. In Table 5.12,6, =, and so D, =0. In this case the non-collinear
points exist only when 1.001< x <1.01and do not exist in the remaining entire range of x . Last

but not the least, in Table 5.13, we choose D, =0.001and so &, > &, .Here, real non-collinear

EPs exist, for the values of x, in the interval 1.002 < x <1.0111and are nonexistent for any value

of x outside this range. Hence, though x has a large range of values, however, the physically

meaningful range is x € 0.999001, 1.0111 at which the non-collinear EPs exist. However, these
ranges may differ for different density parameters D, which are determined by the densities J;,

and o, of the fluid and the third body, respectively, since 4 /3is a constant.
The roots (3.312) are computed numerically for motion of a submarine as the third body under

the gravitational attraction of the Earth-Moon system when D, >0and D, <0and consider the

values of « for which the out of plane points exist. Therefore, we take o»=0.0land
0.999001 < x <1.0111 with the following values in each case (Kaur and Aggarwal 2012).

When s, > 6,,, we have positive buoyancy force andD, <0 . In this case, we have the
following:
Mass of submarine m, =1449832kg ,

Density of salt water 5,, =1027kg / m°,

Density of submarine 5,, = 804.79kg / m*®

In new units, we have

Sy =9317.7, &,, = 730165, and so D, = —2572.699 .
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Similarly, when 6, <6, D, >0; we have negative buoyancy force have and so we take:
Mass of submarine m, =1848632kg ,
Density of salt water 5,, =1027kg / m®,

Density of submarine 5,, =1204.39kg / m®

In new units, we have

Oy =9317.7, 6,3=10927.11,and so D, =1372.4
Aside from these examples, we also consider the case whenD, =+0.001, so that a wider

generalization can be reached regarding the characteristic roots (3.312). Figure 5.21 and Figure
5.22 show the image gallery of a submarine when it has a positive buoyancy force (when it
floats) and when it has a negative buoyancy force (when it submerges) while Figure 5.23 is an

animation which demonstrate the mechanism of how the bouyancy force is controlled

Fig 5.21 A floating Submarine &, > &, (positive bouyancy) and D, <0 (Credit: US Navy)
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Fig 5.22 Image of a submerging submarine when &, < J,, (negative bouyancy) and D, >0

Vemnt

Outer hull

, Inner hull
Ballast tank

Opeoening

Fig 5.23: Mechanism of how the bouyancy force is controlled.
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Table 5.14: The characteristic roots of the non-collinear point 4, , = *@,, 4;, = to,,
455 =tw,forv=0.01, D, =-2572.699

K

o, @, @,
0.999001 3526.63 +3526.09 i 2.13681 i 3526.63 -3526.09i
1 3529.28 +3528.73 i 2.13716i 3529.28 -3528.73i
1.001 3531.93 +3531.38 i 2.13752i 3531.93-3531.38 i
1.002 3534.57 +3534.03 i 2.13787i 3534.57 -3534.03 i
1.003 3537.22 +3536.67 i 2.13823i 3537.22 -3536.67 i
1.004 3539.86 +3539.32 i 2.13859i 3539.86 -3539.32 i
1.009 3553.08 +3552.53 i 2.14036 i 3553.08 -3552.53 i
101 3555.72 +3555.17 i 2.14071i 3555.72 -3555.17 i
1.0111 3558.62 +3558.08 i 2.1411i 3558.62 -3558.08 i

Table 5.15: The characteristic roots of the non-collinear point 4, , = tw,, 4,, =tw,, 4, = to,
foro=0.01, D, =-0.001

K o, w, W,

0.999001  0.00005 21781107 +i 2.1781x107 —i
1 0.05414 0.02141 +1.0002i 0.02142 -1.00021i
1.001 0.07561 0.03795 +1.00065i 0.03795 -1.00065i
1.002 0.09134 0.05299 +1.00124i 0.05299 -1.00124i
1.003 0.10394 0.06709 +1.00195i 0.06709 -1.00195i
1.004 0.11444 0.08053 +1.00276i 0.08053 -1.00276i
1.009 0.14825 0.14147 +1.00796i 0.14147 -1.00796i
1.01 0.15247 0.15279 +1.00919i 0.15279 -1.00919i
1.0111  0.15637 0.16500 +1.01059i 0.16500 -1.01059i
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Table 5.16: The characteristic roots of the non-collinear point 4, , = tw,, 4,, = tw,, 4, = to,
forv=0.01, D, =0.001

K 0, W, 03

0.999001 0.03361 +0.9804i 0.00021-0.07893i 0.03229 -1.02011i
1 0.01877 +0.98901i 0.00004-0.05532i 0.01836 -1.01118i
1.001 0.00005 +0.99996i 1.42435%x107t —0.0020i 0.00005-1.00003i
1.002 0.05408 0.02136 +1.0002i 0.02136 -1.00021i
1.003 0.07554 0.03787 +1.0001i 0.03787 -1.00065i
1.004 0.09126 0.05286 +1.0012i 0.05286 -1.00123i
1.009 0.13755 0.11781 +1.00566i 0.11781 -1.00566i
1.01 0.14327 0.12961 +1.00677i 0.12961 -1.00677i
1.0111 0.14865 0.14229 +1.00805i 0.14229 -1.00805i

Table 5.17: The characteristic roots of the non-collinear point 4, , = tw,, 4,, =tw,, 4, = to,
forv=001, D, =1372.4

K 0, 0, @

0.999001 2426.1 +1401.08i 1400.71 -2426.74i 0.96216 -1.66652i
1 2427.92 +1402.13i 1401.76 -2428.56i 0.96232 -1.6668i
1.001 2429.74 +1403.18i 1402.81 -2430.38i 0.96248 -1.66708i
1.002 2431.56 +1404.23i 1403.86 -2432.20i 0.96264 -1.66735i
1.003 2433.38 +1405.28i 1404.91 -2434.02i 0.96280 -1.66763i
1.004 2435.2 +1406.33i 1405.96 -2435.84i 0.96296 -1.66791i
1.009 2444.29 +1411.58i 1411.21 -2444.93i 0.96376 -1.66929i
1.01 2446.1 +1412.63i 1412.26 -2446.74i 0.96392 -1.66956i
1.0111 2448.1 +1413.78i 1413.41 -2448.74i 0.96409 -1.66987i

The six characteristic roots presented in Tables 5.14, 5.15, 5.16 and 5.17 have been computed
using the software package Mathematica numerically forvo=0.01.
We sought to find the case where all the six roots are pure imaginary quantities or complex

figures with negative real parts. If this happens, then the solutions will be bounded and motion
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will be stable; otherwise, they will be unstable. From these tables, it is seen that that for a
specific set of values of these parameters at least one of the roots among all has a positive real
part or a complex root with the existence of a positive real part. Therefore, this causes the
solutions to be unbounded and consequently producing unstable EPs. Hence, we conclude that
the non-collinear EPs are unstable points due to a positive root and positive real part in complex
roots. This agrees with the results of Douskos and Markellos (2006), Shankaran et al (2010) and
Singh and Laraba (2012). The EPs of the non autonomous system with variable coefficients are
in general unstable points according to the Lyapunov’s theorem of stable solutions (Krasnov et al
1983).

The idea of the submarine’s mass changing with time may perhaps seem impossible because it
is a rigid body. However, from Archimedes’ principle, a submarine floating (Fig 5.21) or
submerging (Fig 5.22) depends on buoyancy which is controlled by the ballast tanks found
between the submarine’s inner and outer hulls (Fig 5.23). Submarine resting on the water surface
has positive buoyancy which means it is less dense than water. When this happens, the ballast
tanks are empty. For it to submerge, vents on top of the tanks are opened and water floods in
thereby making the submarine denser than the sea water. In this case, the submarine has negative
buoyancy. For it to float again the water in the tanks is forced out and the submarine becomes
less dense than the water and eventually floats. In this study, the buoyancy force depends on the
mass of the submarine, the densities of the submarine, and the medium, as well as the volume of
the submarine. And so by the simple relation, connecting mass, density, and volume, we
understand that, when water is allowed into the ballast, as the mass of the submarine is changing
so is the density until it becomes denser than the medium and sinks. When water is let out of the
tanks, the mass and density of the submarine reduce and as a matter of fact, it will float when the
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medium is denser. Neutral buoyancy is attained when the weight of the submarine equals the
amount of water it displaces. The submarine neither rises nor sinks in this state. Hence, with
changing mass comes a changing density while the volume remains a constant.

This study may be useful in the investigations of the dynamic problem of Earth-size planets
covered completely by a water envelope (water planets), and also the study of the small
oscillation of the Earth’s inner core taking into account the Moon’s attraction during the course

of evolution. This problem is highly idealized and therefore calls for more research.

5.1.2 Numerical Treatments of the Restricted Problem of Three-bodies with

Constant Masses
In chapter FOUR, we studied the R3BP in the presence of a circumbinary disc under various

characterizations of the bodies and also examined the periodic orbits in the range of linearly
stable triangular EPs in the cases studied in sections 4.2, when the first primary is a radiation
source while the second primary and the third body are modeled as oblate spheroids; section 4.3,
when the first primary is a triaxial star and the second one is a radiating-oblate star coupled with
small perturbations in the Coriolis and centrifugal forces. In particular, we shall apply this study
to the case when the first primary is a depleted pulsating post-AGB star, IRAS 11472-0800 while
its companion is a white dwarf star, G29-38 and section 4.4, when the three bodies are oblate
spheroid while both primaries are radiation emitters under small change in the Coriolis and
centrifugal forces.

We investigated the EPs and claimed that analytically two additional collinear EPs exist due to
the gravitational potential from the disc and the mass parameter. Using the software package
Mathematica (Wolfram 2003), the coordinates of the collinear EPs for the Sun—Earth, the Sun—

Jupiter and the Fomalhaut-Fomalhaut b systems of primaries taking into account the free
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parameters when the mass of the disc and oblateness are varied; are obtained. These are
presented in Tables 5.18, 5.19 and 5.20, respectively for,0<M, <0.07, 0<¢, <0.04,
0<a,<0.03 withT =0.01andq, =0.9985. For these systems we have x=0.000003,
4 =0.0009537 and x=0.16883117 , respectively.

Our numerical effort reveals that when the mass parameter < 0.15463365 for any system, there

exist only three collinear EPs. When simultaneously x> 0.15463365and M, >0, two additional

collinear equilibrium points L, and L,, exists provided T < «/Zu. The presence of the perturbed

forces due to radiation and oblateness and do not in any way result in the existence of additional
collinear points but they affect the positions of these points. These additional EPs do not appear
in the classical R3BP because the effects arising due to the gravitational potential from the disc is

ignored.
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Table 5.18: Numerical computations of the collinear equilibrium points for the Sun—Earth
system; 4 =0.000003

a, a, a, M, L, L, L, L, L,
1 0 0 0 —1.02167 —-0.97858  1.00001 - -
0.9985 0 0 0 —1.02151 —0.97841  0.99951 - -
1 0 0 0 —1.02167 —-0.97858  1.00001 - -
0.02 0 0 —1.04878 —0.94812  0.99020 - -
0.03 0 0 —1.05197 —-0.94312 0.98544 - -
0.04 0 0 —1.05423  —0.93903 0.98077 - -
1 0 001 O —1.04558  —0.95726 1.004%94 - -
0.02 —1.05280  —0.95226 1.00973 - -
0.03 —1.05793  —0.94925 1.01438 - -
0.9985 0.02 0 0 -1.04781  —0.94693 0.98513 - -
0.03 —1.05104  —0.94187 0.98040 - -
0.04 —1.05334  —0.93771 0.97575 - -
0.9985 0.02 001 O —1.04953  —0.94444 0.99014 - -
002 O —1.05655  —0.94042 0.98543 - -
003 O —1.06105  —0.93691 0.98080 - -
0.9985 0.02 0 0.01 -1.05265 —0.94444 0.990143 - -
0.02 -1.05655 —0.94272 0.99500 - -
0.03 —1.05991 —0.94144 0.99972 - -
0.9985 0.02 0.01 0.01 -1.02282  —0.97964 1.00333 - -
0.02 -1.02409  —0.98060 1.00663 - -
0.03 —-1.02548  —0.98147 1.00991 - -
0.04 -1.02700  —0.98225 1.01317 - -
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Table 5.19: Numerical computations of the collinear equilibrium points for the Sun—Jupiter
system; 4 =0.0009537

0, a, s M, L, L, L, Ly Ly,
1 0 0 0 —1.06883 —0.93237 1.00040 - -
09985 O 0 0 —1.06867 —0.932195 0.99989 - -
1 0 0 0 -1.06883 -0.93237 1.00040 - -
002 O 0 —1.10427 —0.89435 0.99059 - -
0.03 -1.11073 —0.88645 0.98583 - -
1 0 0.01 0 -1.09671 —0.90799 1.00533 - -
0.02 -1.10867 —0.89896 1.01012 - -
0.03 -1.11712 —0.89318 1.01478 - -
0.9985 0.02 O 0 -1.10298 —0.89332 0.98552 - -
0.03 —1.10949 —0.88543 0.98078 - -
0.04 -1.11433 —0.87912 0.97614 - -
0.9985 0.02 0.01 0 -1.11141 —0.88795 0.99053 - -
0.03 -1.11616 —0.88168 0.98582 - -
0.04 -1.11993 —0.87638 0.98120 - -
0.9985 0.02 0.01 0 -1.11141 —0.88795 0.99053 - -
0.02 -1.1181 —0.88404 0.99538 - -

0.03  —1.12376 —0.88099 1.00013 - -

0.9985 0.02 0.01 —1.0699 —0.93351 1.00371 - -
0.02 —1.07101 —0.93460 1.00701 - -
0.03 —1.07215 —0.93566 1.01028 - -
0.04 —1.07331 —0.93668 1.01354 - -
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Table 5.20: Numerical computations of the collinear equilibrium points for the Fomalhaut
system; x=0.16883117

0 a, a; My L, L, L, L, Ly,
1 0 0 0 —1.27148 —0.48832 1.07006 - -
0.9985 0 0 0 -1.27137 —0.48813 1.06959 - -
1 0 0 0 —1.26829 —0.48787  1.06559 - -
1 0.02 0 0 —1.28642 -0.46778  1.06069 - -
0.03 —1.29243 —0.45975  1.05615 - -
0.04 -1.29776 —0.45266 1.05169 - -
1 0 001 O —1.28333 -0.48168 1.0664 - -
0.02 -1.29373 -0.47654 1.06188 - -
0.03 —1.30305 —0.47240 1.05745 - -
0.9985 0.02 0 0 —1.28336 -0.46723 1.05581 - -
0.03 —1.28946 —0.45922 1.05129 - -
0.04 —1.29485 —0.45215 1.04686 - -
0.9985 0.02 001 O —1.29288 —0.46374 1.06156 - -
0.03 —1.29815 —0.45666 1.05707 - -
0.04 —1.30287 —0.45031 1.05266 - -
0.9985 0.02 001 O —1.29288 —0.46374 1.06156 - -
0.02 —1.30152 —0.46088 1.06709 - -
0.03 —1.30945 —0.45847 1.07244 - -
0.01 -1.27261 —0.49103 1.07268 0.00364 0.01114
0.02 -1.27373 —0.49366 1.0753 0.00152 0.01949
0.03 —1.27486 —0.49624 1.0779 0.00098 0.02449
0.04 -1.27599 -0.49869 1.0805 0.00073 0.02829
0.9985 0.01 -1.26929 —0.49040 1.06774 0.00363 0.01116

The coordinates of the triangular EPs of the restricted problem of oblate bodies under radiation
pressure force of the first primary, under the influence of the force due to the potential from the

disc, have been presented in section 4.2 and given by equation (4.24). The surface plots of the
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coordinates (4.24) are presented in Fig 5.24, 5.25, 5.26, 5.27, 5.28 and Fig 5.29. The triangular
points of (2013), Kushvah (2008),, Sharma (1987), Sharma (1982), Bhatnagar and Chawla

(1979), SubbaRao and Sharma (1975) and, Szebehely (1967a) can all be recovered from

equation (4.24).

Fig 5.24: Surface plot ofx— coordinate of triangular points for . =0.000003,0<q, <1,
0<a,<0.06, M, =0, r, =0.99997
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0.000003,0 <q, <1,

Fig 5.25: Surface plot of x-coordinate of triangular points for u

O<a,<0.06, M, =001, r, =0.99997
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0.000003,0 <q, <1,

coordinate of triangular points for u=

Fig 5.26: Surface plot ofy

0O<a, <006, M, =0.03,r,

=0.99997
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Fig 5.27: Surface plot of y—coordinate of triangular points for « =0.000003, q, =0.9988,
0<a,,<0.06, M, =0.01, r, =0.99997
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Fig 5.28: Surface plot of y—coordinate of triangular points for «=0.000003, q, =0.9988,
0<a,,<0.06, M, =0.03, r, =0.99997
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Fig 5.29: Surface plot of y—coordinate of triangular points for #=0.000003,q, =0.9988,
0<a,,<0.06, My, =0, r,=0.99997

The critical mass parameter of the problem in the case of the triangular EPs is given by the

equation
453



2 1-
uc=1(1— gj_;( 13 1} 224, o 2M,

Bl B - + 3
2 27 ) 9\ 69 069 2769 2769 12 4T 2

«|38—ar -1
2 r7+T?

The first term represents Routh’s critical mass ratio; the second, third and fourth expressions are
the effects arising from oblateness of the second primary, oblateness of the third body and
radiation of the first primary, respectively, while the last expression indicates the force due to
gravitational potential from the circumbinary disc. The coefficients of the radiation pressure of
the first primary and the oblateness of the second primary also fully coincide with those in Singh
and Ishwar (1999), while the coefficient of the oblateness of the body differs from that in the
work of Abouelmagd and EL-Shaboury (2012) only due to the value in the numerator which is
erroneous.

In the absence of oblateness of the third body (i.e., o, =0), the critical value becomes

1 23| 1( 13 21-q 2M, 61
‘e =2 "Var J el e T ardes T LT T
2769 r2+T?2 2 T
and is similar to that worked by Kushvah (2008a).

Further, if the first primary is a black body and the second primary is a sphere, the critical mass

will be
,uc=1 1- § + 2Md 3 38—4|’C—L_
2 27 2 a2 5 2 I’2 +T2
2769 12 +T? 2 :
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Evidently, from the above equation, we see that38—4rc—%>0,
e+

forr? =1—u+u?;0<pu s%andT_ =0.01. Hence, the stability regions expand in the sphere of
influence, and hence the circumbinary disc mass is a stabilizing parameter.
Numerically, for the Sun-Earth and Sun-Jupiter systems; s, =0.000003, T =0.01,

.. =0.99997 and z, = 0.0009537, T =0.01and r, =0.999047  respectively. Therefore, the

respective critical masses are:

1, =0.03852089...-0.00089174... 1-q, —0.0627795...cr, —0.29427652...c; +0.0312085M

and

M., =0.03852089...—0.00089174... 1-q, —0.0627795...ct, —0.29427652...c; +0.0308243M

Table 5.21 below gives numerically the critical mass parameter of the Sun-Earth and Sun-Jupiter

systems, as a function of the oblateness of the third body when, «,=0.02, g, =0.9988,
M, =0.03, T =0.01, Table 5.22 is when the critical mass is a function of the mass of the disc

using same solar systems when a, =0.02,, =0.01, g, =0.9988and T =0.01
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Table 5.21: Critical mass values g, =12 for the Sun—Earth and Sun—Jupiter systems when
0<e, <007, o, =0.02, g, =0.9988, M, =0.03, T =0.01

o, U, (Sun—Earth) U, (Sun—Jupiter)
0 0.04114 0.04113
0.01 0.03820 0.03819
0.02 0.03526 0.03525
0.03 0.03232 0.03230
0.04 0.02937 0.02936
0.05 0.02643 0.02642
0.06 0.02349 0.02348
0.07 0.02054 0.02053

Table 5.22: Critical mass values for the Sun—Earth and Sun—Jupiter systems when
0<M, <0.07,a,=0.02,a, =0.01, g, =0.9988, T =0.01

M, M, (Sun—Earth) U, (Sun—Jupiter)
0 0.03726 0.03726

0.01 0.03758 0.03757

0.02 0.03789 0.03788

0.03 0.03820 0.03819

0.04 0.03851 0.03850

0.05 0.03883 0.03881

0.06 0.03914 0.03911

0.07 0.03945 0.03942
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From the tables 5.21 and 5.22, it is seen that for both systems, s is a decreasing function of the

oblateness of the third body and an increasing function of the force from the disc massM
respectively.

We know that periodic orbits exist in the stable region0 < x < z, where u. is the critical
mass parameter. The frequency s, is for the long periodic orbits whiless, is for the short periodic

orbits were obtained in equations (4.35) and (4.36), respectively. Tables 5.23 and 5.24 give the
numerical computations of the frequencies, the short and the long periodic orbits of the Sun-

Earth and Sun-Jupiter systems respectively; for the valuesO <M, <0.07,«,=0.02, «, =0.01,

g, = 0.9985

Table 5.23: Computations of the periodic orbits and their terms in the Sun-Earth system

M, s S, S, S, S, S, C, C, C, C,

0 2.50661 1.02661 325771 1.09136 -24.7019 -0.12891  -0.23947 -0.23947 0.848801 -0.848801

0.01 250661 104112 22.8375 1.11854 -25.2581 -0.140158 -0.23947 -0.23947 0.85265  -0.85265

0.02 250661 1.05542 13.0978 1.14573 -25.8144 -0.151407 -0.23947 -0.23947 0.856498 -0.856498

0.03 250661 1.06954 3.35822 1.17291 -26.3707 -0.162655 -0.23947 -0.23947 0.860347 -0.860347

0.04 250661 1.08347 -6.38141 1.20009 -26.9269 -0.173904 -0.23947 -0.23947 0.864195 -0.864195

0.05 250662 1.09722 -16.121  1.22727 -27.4832 -0.185152 -0.23947 -0.23947 0.868044 -0.868044

0.06 250662 1.1108 -25.8607 1.25446 -28.0395 -0.1964 -0.23947 -0.23947 0.871892 -0.871892

0.07 250662 1.12422 -35.6003 1.28164 -28.5957 -0.207649 -0.23947 -0.23947 0.875741 -0.875741
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Table 5.24: Computations of the periodic orbits and their terms in the Sun-Jupiter system

Md S1 SZ Sl SZ Sl S_2 Cl CZ Cl CZ

0 251032 1.02558 5.79801  1.09324 -1.91967 -0.130627 -0.238546 -0.238546 0.848801 -0.848801
0.01 251037 1.04002 4.06241  1.12042 -2.01888 -0.141962 -0.238546 -0.238546 0.852653 -0.852653
0.02 251043 1.05425 2.3268 1.1476  -2.11809 -0.153296 -0.238546 -0.238546 0.856505 -0.856505
0.03 251049 10683 0591197 1.17478 -2.2173  -0.16463  -0.238546 -0.238546 0.860357 -0.860357
0.04 251055 1.08216 -1.14441 1.20197 -2.31651 -0.175964 -0.238546 -0.238546 0.86421  -0.86421
0.05 251061 1.09585 -2.88001 1.22915 -2.41572 -0.187298 -0.238546 -0.238546 0.868062 -0.868062
0.06 251067 1.10937 -4.61561 1.25633 -2.51493 -0.198633 -0.238546 -0.238546 0.871914 -0.871914
0.07 251072 1.12273 -6.35122 1.28351 -2.61414 -0.209967 -0.238546 -0.238546 0.875766 -0.875766

Numerical studies of IRAS 11472-0800 Vs G29-38 system

We devote this section to the numerical study of previously obtained analytical results of the

problem studied in section 4.3, for a particular case in which the post AGB primary star is an

extremely depleted pulsating triaxial star, IRAS 11472-0800, while its stellar companion is a

young weakly-radiating oblate white dwarf, G29-38. Both stars are surrounded by a

circumbinary disc.

Now, for most stars in the post-AGB stage, we shall use the examples of the mass interval

between 0.89 and 5.0 solar masses used in Vassiliadis and Wood (1994), for IRAS 11472-0800,

so thatm, = 2.945 € 2.055 M, while for G29-38, we shall takem, = 0.7 €0.03 M, . This helps

in finding a wide range of the mass function x, which are given in table 5.8.
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Table 5.25: Mass functions for the binary IRAS 11472-0800 and G29-38, when
m, =2.945 € 2.055 M, m, =0.7€0.03 M,

Iﬁﬁ?Sz-osoo u€@,=067TM, . €,=068M, u €@,=07M, u €,=073M, _
m, @

0.89 0.42948 0.43312 0.44025 0.45061

0.95 0.41358 0.41717 0.42424 0.43452

1 0.40119 0.40476 0.41176 0.42196

15 0.30875 0.31192 0.31818 0.32735

2.0 0.25093 0.25373 0.25925 0.26739

25 0.21135 0.21383 0.21875 0.22600

35 0.16067 0.16267 0.16666 0.17257

5.0 0.11816 0.11971 0.12280 0.12740

Now, we compute numerically in table 5.26, the coordinates of triangular equilibrium points of

a dust grain particle given by equations (4.61), for the mass function 0.118166< < 0.450617

and mass of the disc,0<M,<0.09 together with the chosen parametric

values: &, =0.02 ,q, =0.9988 , » =1.002,0, =1.39x10™* 5, =1.32x10™* and T =0.01.
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Table 5.26: Coordinates of triangular equilibrium points in IRAS 11472-0800 and G29-38
system, for 0.118166< . <0.450617

~

[L(IRAS 11472- X +ty@,=0_  +ty@,=004_ +y @, =009_
0800- G29-38)

0.11816 037227 0.85923 0.84298 0.82268
0.11971 1037071 0.85923 0.84297 0.82266
0.12280 10.36763 0.85922 0.84296 0.82262
0.12740 -0.36303 0.85922 0.84293 0.82256
0.16666 10.32377 0.85922 0.84270 0.82205
0.17257 -0.31786 0.85922 0.84267 0.82198
0.21135 10.27909 0.85922 0.84248 0.82155
0.25093 -0.23951 0.85922 0.84231 0.82117
0.26739 10.22305 0.85922 0.84224 0.82103
0.30875 -0.18169 0.85921 0.84210 0.82072
0.32735 -0.16310 0.85921 0.84205 0.82060
0.40119 -0.08925 0.85921 0.84190 0.82025
0.42196 10.06849 0.85921 0.84187 0.82019
0.43452 -0.05593 0.85921 0.84186 0.82016
0.45061 -0.03984 0.85921 0.84184 0.82013

From table 5.26, the positions L, and L, of the triangular EPs when there are no circumbinary
disc @, =0_enclosing the stars reveals in this case, that, the dust particle is located farther
away from the line joining the stars. However, in the presence of disc, when M, gradually

reaches up to 0.04, the dust particle is drawn nearer to the line on which the stars lie and even
goes closest, when the mass of the disc reaches close to 0.1. Hence, an increase in the mass of
the circumbinary disc produces a shift in the positions of the triangular EPs and consequently

makes the particle to be positioned closer to the stars. Although, this is also influenced by the
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oblateness, triaxiality, small change in the centrifugal force and the radiation pressure present, in
the system.

Next, haven studied the stability and calculated the expression for the critical mass value given
by equation (4.64). We now compute numerically, the values of . for the range of the mass
ratios of the, IRAS 11472-0800 and G29-38 system, in tables 5.27 and 5.28, for the chosen
parametric values, whenM, =0,M, =0.02, M, =0.04 and M, =0.09.. In table 5.27, we have
taken 36-19¢&'>0in equation (5.64), so thate>0.001056, while the reverse is used in table
5.28.

Table 5.27: Critical mass function . for mass ratios in IRAS 11472-0800 and G29-38 system,
when 36e-19€'>0.

u(IRAS 11472- 4. €, =0 uo €, =002 u. €,=004  pu. €, =009
0800- G29-38)

0.11816 0.03712 0.03736 0.03761 0.03823
0.11971 0.03736 0.03759 0.03819
0.12280 0.03734 0.03756 0.03811
0.12740 0.03731 0.03751 0.03800
0.16666 0.03709 0.03706 0.03699
0.17257 0.03706 0.03699 0.03684
0.21135 0.03683 0.03653 0.03580
0.26739 0.03650 0.03588 0.03432
0.30875 0.03627 0.03542 0.03330
0.32735 0.03618 0.03523 0.03288
0.40119 0.03587 0.03463 0.03151
0.42196 0.03581 0.03451 0.03125
0.43452 0.03578 0.03445 0.03111

0.45061 ---- 0.03575 0.03439 0.03097
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Table 5.28: Critical mass function s for mass ratios in IRAS 11472-0800 Vs G29-38 system,
when36e-19€'<0.

p(IRAS 11472- 4, Md :0: te ¥ 20-02: He (/ld :0-04: He (/ld :0-09:
0800- G29-38)

0.11816 0.03736 0.03730 0.03755 0.03816
0.11971 - 0.03729 0.03753 0.03812
0.12280 e 0.03728 0.03750 0.03805
0.12740 ---- 0.03725 0.03745 0.03793
0.16666 o 0.03703 0.03700 0.03693
0.17257 - 0.03699 0.03693 0.03677
0.21135 === 0.03676 0.03647 0.03574
0.26739 ---- 0.03643 0.03581 0.03426
0.30875 o 0.03621 0.03536 0.03324
0.32735 - 0.03611 0.03517 0.03281
0.40119 === 0.03581 0.03456 0.03145
0.42196 - 0.03575 0.03444 0.03118
0.43452 e 0.03572 0.03438 0.03105
0.45061 - 0.03569 0.03432 0.03091

The general criterion for the triangular points to be stable is when O < x <z . However, we

see that this condition doesn’t hold as we haveO <z < for the entire range of the critical
mass functions and mass ratios. This consequently proofs that the triangular points for the IRAS
11472-0800 and G29-38 systems, are in particular, unstable.

Numerical study of the orbits

The equations (4.34) represent composed form of two periodic motions known as long periodic
and short periodic motion with frequenciess, ands,. In Figure 5.31, we plot the graph of the
frequencies (in equations 4.65 and 4.66) as a function of the mass ratios for chosen values of the

other parameters. The black and red curves represent the frequencies s, ands,, respectively.
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Also, the numerical values and graph of the eccentricities defined by equations (4.74) and (4.75)
are given in Table 5.29 and shown in Fig 5.32, respectively. Clearly, these values increase with
an increase in the mass of the disc and the mass ratios of the system. Figure 5.31 above, shows
the effects of the mass distribution, oblateness, triaxiality, radiation and perturbations on the

eccentricity of the long and short period orbits, respectively.

1,23
[
|
II
II
|

5.0
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Fig 5.31: Variations of the eccentricities for different mass ratios and0 <M, <0.09
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Table 5.29: Effects of the mass distributions on the eccentricities in IRAS 11472-0800 Vs G29-

g, =0.9988 , e=0.012,'=0.002

38 system, when0<M, <0.09, 5, =0.000139 , o, =0.000132 , «, =0.02,

u£(IRAS e =12 ¢ed=12_ e (=12 e (=12 e (=12 e =12
éégg_z- “.=0 @,=002 @@,=004 @,=006 @,=008 @,=0.09
G29-38)
0.11816 0.04095  0.04194 0.04293 0.04392 0.04491 0.04541
0.18556  0.17932 0.17307 0.16682 0.16057 0.15745
0.16666 0.05389  0.06047 0.06705 0.07363 0.08022 0.08351
0.33964  0.33916 0.33869 0.33822 0.33774 0.33751
0.21135 0.18832  0.06409 0.06013 0.07843 0.08085 0.08707
0.52293  0.53173 0.54054 0.54934 0.55815 0.56255
0.30875 0.30554  0.27866 0.25177 0.22488 0.19800 0.18455
1.05975  1.10308 1.14640 1.18973 1.23306 1.25472
0.32735 0.38028  0.35045 0.32063 0.29081 0.26098 0.24607
1.18366  1.23588 1.28809 1.34030 1.39252 1.41863
0.40119 0.74024  0.69863 0.65702 0.61541 0.57380 0.55300
1.74340  1.83797 1.93253 2.02710 2.12167 2.16895
0.42196 0.85967  0.81479 0.76991 0.72502 0.68014 0.65770
1.92031  2.02871 2.13711 2.24551 2.35391 2.40811
0.43452  0.93578  0.88894 0.84210 0.79526 0.74842 0.72500
2.03145  2.14859 2.26574 2.38288 2.50003 2.55860
0.45061 1.03757  0.98826 0.93895 0.88964 0.84033 0.81567
2.17844  2.30719 2.43593 2.56468 2.69342 2.75780

Now, equations (4.76-4.79) are lengths of the semi-major axisa; and minor axis, b, of the

long period orbits. These lengths are given for chosen parametric valueso, =0.000139 ,

o, =0.000132 , «, =0.02,q, =0.02,e=0.012 and<'=0.002 in Table 5.30 and the graphical

representations are given in figures 5.32, 5.33, 5.34, 5.35 and 5.36. Evidently, the lengths of the
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semi-major axes increases always with increase in the mass of the disc, in the presence or
absence of other parameters, while the same is not true for the semi-minor axes. This can be seen
in Fig 5.34.

Table 5.30: Effects of the mass of disc on the lengths of the semi-axes in IRAS 11472-0800 Vs
G29-38 system, when0.118166 < x2 <0.450617,0<M, <0.09, &, =0.000139 ,

o, =0.000132 , o, =0.02,q, =0.9988 , c= 0.012 and &'=0.002

lLl a‘l aZ ’ bl b2 :
0.11816 2.36561 1.3254 0.87336 0.85843
2.36970 1.41839 0.86551 0.85517
2.37380 1.60424 0.85766 0.85190
2.37789 1.99009 0.84980 0.84864
2.38199 1.97594 0.84195 0.84538
2.38403 1.96887 0.83802 0.84375
0.21135 3.36284 1.60642 0.86403 0.78527
3.43195 1.61628 0.84818 0.78729
3.50106 1.62614 0.83233 0.78931
3.57017 1.63600 0.81648 0.79132
3.63928 1.64586 0.80063 0.79334
3.67383 1.65079 0.79271 0.79435
0.26739 4.20113 1.48780 0.86084 0.71048
4.33617 1.50097 0.83672 0.71785
4.47122 1.51414 0.81261 0.72522
4.60626 1.52732 0.78850 0.73258
474131 1.54049 0.76438 0.73995
4.80883 1.54707 0.75232 0.74363
0.30875 4.93465 1.42675 0.85965 0.64046
5.1319 1.44102 0.82766 0.65292
5.32916 1.45529 0.79567 0.66539
5.52641 1.46956 0.76369 0.67785
5.72367 1.48383 0.73170 0.69031
5.8223 1.49096 0.71571 0.69654
0.40119 6.92705 1.33574 0.86057 0.43840
7.30367 1.35056 0.80558 0.46561
7.6803 1.36539 0.75059 0.49283
8.05692 1.38021 0.69561 0.52005
8.43355 1.39504 0.64062 0.54727
8.62186 1.40245 0.61313 0.56087
0.45061 8.19215 1.30366 0.86309 0.30456
8.68511 1.31812 0.79298 0.34122
9.17806 1.33259 0.72287 0.37788
9.67102 1.34706 0.65277 0.41454
10.164 1.36153 0.58266 0.45121
10.4104 1.36877 0.54760 0.46954
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Fig 5.32: Effects of the parameters on the semi-axes of the orbits for (a) « =0.450617, M, =0
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Fig 5.35: Lengths of the semi-axes of long and short period orbits for x=0.118166when
M, =0.
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Now, haven discussed the eccentricity and semi-axes of the orbits in the IRAS 11472-0800
and G29-38 system, we use Mathematica software (2006) to plots the orbits around the stable
triangular equilibrium points with the help of equations (4.34). These orbits are shown in Fig

5.37 and Fig 5.38. The orbits are periodic with periods 2z/s, =T, and2x/s, =T,; and

bounded for a long period of time.

(a) (b)
SRl Sl
: |
0.5 D 0.5 D
-1.5 -1 -0.5 0.5 1 1.5 : -1.5 -1 -0.5 0.5 1 1§
-0.5 -0.5
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Fig 5.37: Long periodic orbits around L,of IRAS 11472-0800 Vs G29-38 system for
4 =0.118166, o, =0.000139 ,o, =0.000132 , «, =0.02,9, =0.9988 ,e=0.012 ,<'=0.002
andM, =0, when (a),0<t<T, €¢7.1688 _(b) 0<t <100T,(c) 0<t <200T,

Fig 5.38: Short (green orbit) and long (red) periodic orbits around L, of IRAS 11472-0800 Vs
G29-38 system forO<t<12.3695,  when «=0.118166, 0, =0.000139 , o, =0.000132 ,
a, =0.02,q, =0.9988 ,e=0.012,&'=0.002and M, =0.
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Fig. 5.39 shows the deviations of the orbits for different mass ratios with our chosen parametric

values. Here, the black, blue, red and green orbits are the cases when the mass ratios u

are0.118166,0.211356,0.308756and 0.450617, respectively. The orbits in Fig. 5.40 are

plotted when z = 0.450617, for different values of the mass of disc and other parametric values.
Here, the Dblack, red, Dblue and green orbits are respectively the case

whenM, =0,M, =0.04 ,M, =0.06 andM, =0.09. Hence, the introduced parameters in this

study, affect the periodic orbits.

Fig 5.39: Variations in the orbits around L,of IRAS 11472-0800 Vs G29-38 system
when £ =0.118166 (black orbit), 0.211356 (blue orbit),0.308756 (red orbit), and0.450617

(green) for0<t<200T" € =T, /T, :and the chosen parametric values.
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Fig 5.40: Variations in the orbits around L,of IRAS 11472-0800 Vs G29-38 system
when 2 =0.450617, M, =0 (black), 0.04 (red), 0.06 (blue) and 0.09 (green); for0<t<T~

Orbital stability criteria using Poincare Surfaces of Section

Murray and Dermott (2000) have discussed a way to plot Poincaré surface of section (PSS).

In order to find the orbital parameters of the third body of infinitesimal mass, we require location
¢ y: and the velocity coordinates €, y: at different instant to give a 4-D dimensional phase
space €.y, X, y:. With the help of the Jacobi integral (5.58), we express the variable y in terms
of the other three variables and then substitute it in the equations of motion for each occurrence
of y, we reduce the phase space to a 3-D €, Y, x: subspace of the original 4-D. Now, we follow
many orbits numerically and determine the values of the remaining variables €, x: each time the
orbit passes through the surface of section plane with positive y . The restrictiony >0 is needed

so structures on the plot don't overlap. Hence, the PSS is the locus of plot of all points in the

X, Xx—plane at the location where the orbit intersect the plane. We have used the software
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Mathematica wolfram (2006) using the method "EventLocator" and integrating orbits for very

long period of time.

Figures 5.41 to 5.47 show the PSS for different chosen parametric values and the Jacobi
constant J (4.58). The regular islands which depicts the stability region increases or decreases

depending on the Jacobi constant and the choice of the system parameters. The islands in the

plane x,X correspond to the two initial conditions within the range which indicates that orbits

have mean motion resonance of second order.

Fig 5.41: PSS for £ =0.118166,0, =0, =0,a, =0, g, =1,e=0.012,€'=0.002, M, =0
andJ =2
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Fig 5.42: PSS for 4£=0.118166,0, =c, =0, , =0.02,q, =1,e=0.012 ,&'=0.002,M, =0
andJ =2
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Fig 5.43: PSS foru=0.118166,0, =c, =0,a, =0.02,q, =0.9988 ,c=0.012 ,&'=0.002
M,=0,]=27
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Fig 5.44: PSS for £=0.118166, o, =0.000139 , o, =0.000132 , o, =0.02, g, =0.9988

,e=0.012 ,&'=0.002 andM, =0, J =27
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Fig 5.45: PSS for 42 =0.118166, o, =0.000139 , &, =0.000132 ,cr, =0.02 ,q, =0.9968 ,

e=0.012 ,€'=0.002, M, =0.02 and J =2.7
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Fig 5.46: PSS for 12 = 0.450617, &, =0.000139 , o, = 0.000132 , e, =0.02 ,q, = 0.9988 ,

e=0.012 ,€'=0.002,M, =0.04 and J =3
)

asf e

-15F

Fig 5.47: PSS for 12 = 0.450617, &, =0.000139 , o, = 0.000132 , «r, =0.02 ,q, = 0.9988 ,

e=0.012 ,€'=0.002,M, =0.04 and J =3.35
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At some points (Fig 5.43 and 5.47), the islands begin to disappear gradually but they don’t
finally do as seen in the figures. Hence, the region of the orbital stability is controlled by the
Jacobi constant and values of the parameters representing oblateness, radiation, triaxiality, mass
of the disc and the small perturbations in the Coriolis and centrifugal forces and the orbits are
stable.

In the case of the restricted problem of three oblate bodies under radiation pressure forces of the
primaries, small change in the Coriolis and centrifugal forces and the force due to the mass of the
disc, equations (4.103) gives the exact the coordinates of the triangular EPs. When there is no

disc surrounding the oblate stars, the coordinates of triangular EPs reduces to

X=#—E+W S -4 -5 1-0, -

1 1 1 o -a, '
3 3 2

4—y*® 2 [1 1 1
y:i 2W1/3 1—4_W2/3 § 1_ql +§ l—q2 + Ot'l+6(2 —El//Z/3 al+0{2+2af3

and coincides with the triangular EPs worked out by Singh and Haruna (2014a). When there are

no perturbations in the Coriolis and centrifugal forces, we have

1 1 1 al_az
X=puy-—+-1-q - -1-9, ——
H ) 0, 3 g, 2
y:ig{l——g 1-q —g —-q, o+, +— o+, +2a, }

the points fully coincide with those of Abouelmagd and El-Shaboury (2012).
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The triangular points of Singh and Taura (2013), Kushvah (2008a), AbdulRaheem and Singh
(2006), Singh and Ishwar (1999), Sharma (1987), Sharma (1982), Bhatnagar and Chawla (1979),
Bhatnagar and Hallan (1978), SubbaRao and Sharma (1975) and, Szebehely (1967a, 1967b) can
all be recovered from equation (4.103).

Figures 5.48, 5.49, 5.50, 5.51 and 5.52 are the 3D-surface plots of the triangular EPs (4.103).

Fig 5.48: Surface plot of L, for0.118166 < x <0.450617,q, =0.9988, q, = 0.9985,
w=1002,0, =0.02, o, =0.018, ; =0.01,M, =0.
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Fig 5.49: Surface plot of L, for0.118166 < 1 <0.450617,q, = 0.9988, g, =0.9985,
w =1.002,c, =0.02, o, =0.018, o, =0.01,M, =0.

Fig 5.50: Surface plot of L, for0.118166< 1 <0.450617, g, = 0.9988 , g, = 0.9985,
w=1.002 ,e,=0.02, @, =0.018, o, =0.01, M, =0.09
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Fig 5.51: Surface plot of L, for0.118166 < x <0.450617, ¢, =0.9988, ¢, = 0.9985,y =1.002
,a, =0.02, o, =0.018, o, =0.01,M, =0.09
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Fig 5.52: Surface plot of L, ; for0.118166< 4 <0.450617, q, = 0.9985,y =1.002, o, = 0.02
a,=0.018, M, =0.09
Figures 5.48 and 5.49 show the positionsL,and L, of the triangular EPs when there is no
circumbinary disc @1, =0 _ enclosing the stars, respectively. In this case, the dust particle is

farther away from the line joining the stars. However, in the presence of disc, when M,
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gradually reaches up to 0,09, the dust particle is drawn nearer to the line on which the primaries
lie and even goes closest, when the mass of the disc reaches close to 0.1 (Fig. 5.50 and Fig 5.51).
Hence, an increase in the mass of the circumbinary disc produces a shift in the positions of the
triangular EPs and consequently makes the particle to be positioned closer to the primaries;
although, this is also influenced by the oblateness and radiation pressure forces acting on the
third body.

The critical mass parameter is given by the equation (4.110). The first term represents Routh’s
critical mass ratio (Szebehely 1967a). The second and third expressions represent the effects
arising from oblateness of the primaries, respectively, while fourth, fifth, sixth and seventh term,
are the effects owning to small change in Coriolis and centrifugal forces, radiation pressure force
of the primaries, and oblateness of the third body, respectively. The last expression stands for
the effect of gravitational potential from the cluster of material around the stars. The critical
mass calculated by Singh and Haruna (2014a), Singh and Taura (2013), Abouelmagd and El-
Shaboury (2012), AbdulRaheem and Singh (2006), Singh and Ishwar (1999), Sharma (1987,
1982), Bhatnagar and Chawla (1979), Bhatnagar and Hallan (1979, 1978), SubbaRao and
Sharma (1975), Szebehely (1967a, 1967b), Routh (1875), and that in problem 4.2 can all be
verified from equation (4.110). It is seen that the small deflection caused by the Coriolis force
and the potential from the disc are both stabilizing forces while the radiation pressure of the
primaries, the oblate shape of the bodies and the deflection as a result of the centrifugal force, are
all destabilizing forces. The periodic orbits around stable triangular EPs in this problem is a
generalized study of those performed by Singh and Haruna (2014b), Singh and Begha (2011b),
AbdulRaheem and Singh (2008), Perdios and Kalantonis (2006), Perdios (2003), Poddar (2002 a,
b), Elipe and Lara (1997), Sharma (1976), Meyer and Schmidt (1971) and Szebehely (1967a).
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CHAPTER SIX

6.0. SUMMARY, CONCLUSION AND RECOMMENDATIONS

This chapter summarizes, concludes and recommend future open problems of this thesis on the
investigations of motion of a test body around equilibruim points of the circular restricted
problems of three-bodies taking into account perturbing forces with variable and constant

masses.

6.1. Summary

The problem of three bodies when the masses of the involved bodies are assumed to vary with
time and when they are kept constant under various characterizations has been studied. We have
carried out our study using the models of the R3BP and the Robes R3BP. The R3BP with
variable masses under diverse characterizations have been studied in chapter THREE
Investigation of the restricted problem when the masses are constant was captured in chapter
FOUR, while the results and discussion are contained in chapter FIVE.

The introduction of this dissertation was given in chapter ONE while the review of related
literature were highlighted in chapter TWO. Chapter THREE dealt with the restricted problem
of three-bodies under the set up of the general R3BP and the Robe’s (1977) model, when the
masses are subject to variations with time. In the R3BP with variable masses, the primaries are
assumed to vary isotropically in accordance with the UML and their motion determined by the
GMP. Here, different characterizations of the primaries which are radiation pressure forces,
oblateness, perturbations in the Coriolis and centrifugal forces and the inclusion of a
circumbinary disc surrounding the primaries, were included in our study. These characterizations

under the study of mass variations of the primaries gave rise to different problems which we
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discussed in the sections of this chapter. In section 3.2, we studied the effects of small
perturbations in the Coriolis and centrifugal forces when the first primary is an oblate spheroid
and the second one is a radiation emitter. The equations of motion were presented in subsection
3.2.1 while the search for the EPs was achieved in section 3.2.2. In Subsections 3.2.3, we dealt

with the linear stability analysis of the EPs.

In section 3.3, we looked at the case when both primaries are oblate spheroids and are radiating
under the influence of small perturbations in the Coriolis and centrifugal forces coupled with
mass variations of the primaries. In the subsections, we presented the equations of motion,

locations and linear stability of the EPs and the discussion, respectively.

Section 3.4 captured investigations of the restricted problem with variable masses of the
primaries when there is a variable disc present and we limited our study to the investigations of
the existence and stability of the out-of-plane EPs only. The equations of motion, existence of
the out-of-plane EPs, the linear stability of the out-of-plane points and the discussion, were
treated. In order to give a complete treatment of our study, we examined the periodic orbits
around linearly stable triangular EPs with variable masses under combined effects of radiation,

perturbations and oblateness in section 3.5.

A different description of the R3BP called the Robe’s (1977) restricted model, in which the
third body is located inside the first primary has had major breakthrough ever since its
formulation. This problem under mass variations of the bodies is studied under various
assumptions in sections 3.6, 3.7 and 3.8. In section 3.6, the restricted problem when the rigid
spherical shell which is the first primary is empty and the masses of the primaries vary

isotropically in obedience to the UML while their motion is governed by the GMP. In section
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3.7, we extended the problem in section 3.6 by introducing small perturbations in the Coriolis
and centrifugal forces. The last problem of the chapter is dealt with in section 3.8. This problem
has the same configurations as the previous ones, but here all the masses of the participating
bodies are subject to variations and the first primary is assumed to be a fluid with no rigid
spherical shell. The equations of motion of the problem, the existence of the EPs, their linear

stability, were given. We draw the conclusion of chapter THREE in section 3.9.

In chapter FOUR, we investigated the R3BP when the masses of the involved bodies are kept
constant with the view that the motion of the third body occurs not only in the vicinity of the
primaries but also in the presence of a circumbinary disc. We considered various
characterizations of the bodies, to include small perturbations in the Coriolis and centrifugal

forces, oblateness and triaxiality of the bodies and radiation pressure forces of the primaries.

Section 4.2 dealt with the restricted problem when the first primary is a radiation source while
the second primary and the third body are modeled as oblate spheroids. Here, the EPs, their
stability and the orbits about the triangular EPs, are investigated. It is seen that when the motion
of the third body takes place under the gravitational potential of the disc, two additional collinear
EPs are found depending on the mass parameter of the system and the mass of the disc. Though
numerical evidence showed that the existence of the two additional points depend on the system
under study. They did not exist in the case of the Sun-Earth system and Sun-Jupiter system
because their mass parameters are very small but existed in the case of the Fomalhaut-Fomalhaut

b system where the mass parameter is not strictly small.

Section 4.3 studied the motion around the triangular EPs in the gravitational field of a binary

system, when the primary star is a triaxial star and the second one is a radiating-oblate star
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coupled with small perturbations in the Coriolis and centrifugal forces. In particular, we applied
the study to the case when the first primary is a depleted pulsating post-AGB star, IRAS 11472-
0800, while its companion is a white dwarf star, G29-38 . The stability of the orbits was tested
using the Poincare Surfaces of Section (PSS). In section 4.4, the generalized study of the R3BP
with constant masses is solved by taking all the three bodies to have the shape of an oblate
spheroid while both primaries are radiation emitters and are enclosed by a disc of dust under

small perturbations in the Coriolis and centrifugal forces.

The results and discussion of the thesis have been given in Chapter FIVE. Here, we have
discussed the outcome of our findings with those of other related works. We also gave several
illustrative numerical explorations to demonstrate the beauty and significance of each of the
problems we have studied. The summary, conclusion and recommendations summed up the

dissertation in Chapter SIX.

6.2. Conclusion

This research studied the restricted problem of three-bodies using the models of the R3BP
(Szebehely 1967a) and the Robe’s (1977) R3BP under different characterizations of the
primaries. In the case of the R3BP with variable masses where the masses of the primaries are
assumed to vary with time isotropically in accordance with the unified Mestschersky law and
their motion described by the Gylden-Mestschersky problem, we found two additional collinear
EPs when both primaries are radiating and are oblate spheroids under effects of small
perturbations in the Coriolis force. Two triangular and four out-of-plane EPs also exists. In the
presence of disc, we also established four out-of-plane EPs which were found using series
expansion about the disc mass. The collinear and triangular EPs of the autonomized systems are
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stable while the out-of-plane EPs are unstable. The EPs of the non-autonomous systems differ

form those of the autonomized systems by the function R t and they are unstable. Because of

the mass variations, the oblatenss, perturbations in the Coriolis and centrifugal forces of the
primaries have both stabilizing and destabilizing tendencies while the radiation pressure forces
are always destabilizing.

In the study of the periodic orbits, it is seen that the orbits can be elliptical, parabolic or
hyperbolic in nature. The frequencies, orientation, eccentricities and lengths of the semi axes
have been found and are defined by the parameters of the system.

In the case of Robe’s R3BP with variable masses, when the primaries vary isotropically under
the UML and their motion described by the GMP; an EP at the center of the shell and a pair of
non-collinear EPs exists. Under effects of small perturbations in the Coriolis and centrifugal
forces, points on the line joining the primaries are EPs, provided they are located inside the first
primary. Also, a pair of non-collinear EP exists. However, in the case of the Robe’s problem of
three variable mass bodies where the first primary is a fluid; an EP at the center, another near the
center, circular points and pairs of non-collinear EPs exist. The collinear EPs are stable while

the non-collinear and circular EPs are unstable.

We observe that for the R3BP with variable masses, there are four EPs found on the &£ —plane

while only a pair exists in the case of the Robe’s R3BP with variable masses.

In the study of R3BP with constant masses in the presence of a circumbinary disc under
different characterizations, it is seen that when the motion of the third body takes place under the
gravitational potential of the disc, two additional collinear EPs are found depending on the mass

parameter of the system and the mass of the disc. A pair of triangular EP exists and is stable
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while the collinear points are unstable. In the range of stable triangular EPs, it is seen that orbits
around these points are ellipses having long and short period orbits. The orientation,
eccentricities, and the semi axes of the orbits are found. The stability of the orbits is tested using
the Poincare Surfaces of Section (PSS) and they are found to be stable.

Our problem can be used to study the long-term motion of planets in binary systems. The
planets are taken to be test particles moving in the field of circular binary system. A simple
question of celestial mechanics is, how long can the EPs keep a planet from escaping? The
determination of ranges of semi-major axes may help to know when the planet is likely to
escape. Further, the importance of variable mass models to global dynamics cannot be ignored.
The obtained solutions may be used in different problems of stellar dynamics, and also in other
astrophysical applications. For example, polar solution may be considered as a possible
gravitational model of jets (astrophysical mass flow in the vicinity of young stars and galaxies)
and the obtained equilibrium points may serve as indicators of the potential variations of the

evolved stars.

6.3. Recommendations
We recommend the following problems which are still open to our knowledge.
e The restricted problem with variable masses when the primaries are charge particles may
open up new research grounds and solve problems of global dynamics
e The restricted problem with quadratic and Poynting-Robertson drag when the masses are
subject to variations.
e The Robe’s problem with variable mass with gravitational potential from the disc

e The Robe’s elliptical R3BP with variable masses.
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e Robe’s R3BP with variable masses when there is a porous medium and channel.

6.4. Contributions of The Thesis To Knowledge

1. The thesis is the first to introduce and incorporate varying oblateness of the primaries in
the study of the R3BP
2. It is also the first to introduce varying mass of the circumbinary disc in the R3BP

3. We created a transformation that connects the variable and constant oblate shape of the

primaries and also one which connects the disc mass.

4. This research work is the first to establish five collinear equilibrium points in the study of the

R3BP with variable masses

5. The thesis also showed that oblateness and the small perturbation in the centrifugal force can
have both stabilizing and destabilizing tendencies and strongly validated that the radiation

pressure force is always a destabilizing force.

6. This study is the first to note that there exist a critical value of the character of mass variation

which can annul the effects of the perturbing forces.
7. The thesis is the first to introduce mass variation into the Robe’s R3BP

8. It is also the first to establish two non-collinear equilibrium points in the Robe’s problem

when there is no fluid in the shell.

9. The study is the first to discuss the effects of mass variations of the primaries on the periodic

orbits of the third body of infinitesimal mass.
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