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ABSTRACT

In the first problema modification of the restricted thréedy problemhas been considered
where tle primary (more massive bodyg a triaxial rigid body and the secondary (less
massive body) is an oblate spheroid and study periodic motions around the collinear
equilibrium points. The locations of these points are firstly determined for ten combinations
of the parameters of the problem. Ihtan cases, the collinear equilibrium points are found

to be unstable, as in the classical problem, and the Lyapunov periodic orbits around them
have been computed accurately by applying known corrpecgatictor algorithms. An
extensive study on the falms of threedimensional periodic orbits emanating from these
points has also been done. To find suitable starting points, for all the computed families,
semtanalytical solutions have been obtained, for both-tewd threedimensional cases,
around thecollinear equilibrium points using the Lindste@bincaré method. Finally, the

stability of all computed periodic orbits has been studied.

The second problem presentshard order analytic approximation solution of Lyapunov
orbits around the collinear efjbrium points in the planar restricted thrbedy problem by
utilizing the Lindsedt Poincaré methodThe primaries are oblate bodies and sources of
radiation pressure. The theory has been applied to the hir@gntuari syem in six cases.
Also, the sitions of the collinear equilibrium pointsve beeretermined numericallgnd

the effecs of the parameters concerned withse equilibrium pointshown graphically

In the third problem, an investigation of thv@@nensional periodic orbits and their stability
emanating from the collinear equilibrium points of the restricted thoely problem with
oblate and radiating primaries is presented. A numerical simulatidone by using five
binary systems: Sirius, Procyon, Luhman @8Centuari and Luyten 728. Firstly, based on

the topological degree theory, the total number of the collinear equilibrium points for the five

binary systems were obtained and then, theiitipas were determined numerically. The

viii



linear stability of these equilibrium points was also examined and found to be unstable in the
Lyapunov sense. An analytical approximation of thdteeensional periodic solutions around
them was established via théntlstedtPoincaré local analysis. Finally, using the analytical
solution to obtain starting orbits, the families of thdsmensional periodic orbits emanating
from these equilibria have been continued numerically.

Additionally, the collinear equilibriumgints and periodic motion around them are studied in
the framework of the restricted thrbedy problem where the two primaries are triaxial rigid
bodies which emit radiation in the fourth problem. Firstly, the positions and stability of the
collinea equiibria are studied foHD 191408, Kruger 60 and HD 155876 binary systems.
Then, the planar and threiimensional periodic motion about these points is considered. The
study includes both seranalytical and numerical determination of these motions. ¢iusd

that all families of planar periodic orbits emanating from these points terminate with
asymptotic periodic orbits at the triangular equilibrium points while the corresponding

families of threedimensional periodic orbits terminate with planar periaoiimts.
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CHAPTER ONE

INTRODUCTION

1.1 General Introduction
New developments irthe mathematical theory of differential equations and dynamical

systems have been aided by studies being carried out in thétte@roblem (3BP).

The 3BP refers to the movement of three bodies under their mutual gravitational influence.
Eighteen intgrals of motion are needed for the complete solution to the 3BP. Euler (Barrow
Green, 1997) was able to establish that only ten (10) integrals of motion exist and as such, the
problem when considered analytically does not have a closed form solutior.t&exszalar
integrals are derived from the conservation of linear momentum, and then from the
conservation of total angular momentum and the conservation of energy are three and one

scalar integrals of motion respectively.

The restricted threbody probém (R3BP) is a reduced form of the 3BP. The problem is
termed Orestrictedd on the basis of some as
3BP. One of such is the consideration of three bodies, two of which have finite masses and

are often referredo as primaries and the third body whose mass is much smaller and
negligible is often called the infinitesimal body. Another assumption which is on the basis of

these mass ratios is that the motion of the primaries is not influenced by the gravitational
attraction of the infinitesimal body whereas their gravitational attraction completely
determines the motion of the infinitesimal body. Hence, the R3BP is to determine the motion

of the infinitesimal body under the gravitational influence of the two otloelies or

primaries of finite masses. In the instance whereby the primaries move in circular orbits

about their common centre of mass the aforementioned problem is often referred to as the



circular restricted threbody problem (CR3BP) and when the motidntlze infinitesimal
body is restricted to the orbital plane of the primaries the problem is further referred to as the

planar circular restricted thrdmdy problem (PCR3BP).

The RBP in whichever way we consider it (either circular or planar circulas}ilisnot
solvable in closed form. However, particular solutions do exist in the 3BP in order to obtain

an insight into the problem. The five equilibrium solutions or libration points are particular

solutions of this problem.

Joseph Louis Lagrange in 1Z showed that five equilibrium solutions or libration points

exist as earlier mentioned. These consist of three collinear points and two triangular points
denoted byL,,L,,L; and L,, L., respectively as shown in Figure 1.1n the exact positions

of theseequilibrium points the velocity and acceleration of the infinitesimal body when

placed at any of these points is equal to zero and it would remain at rest for all time.

y (rotating frame)

-1 05 0 0.5 1
x (rotating frame)

Figure 1.1: Location of the equilibrium points.
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In addition to the equilibrium points, periodic orbits are also particular solutions in the
CR3BP. Periodic orbit is simply an orbit that closes upon itself in the phase space after each
revolution. Theoretically and bgpplication, it has been established that periodic orbits exist
around the collinear equilibrium points. As for the stable triangular equilibrium points, no
special treatment is needed once there. Specific orbital parameters cannot be used to describe
these orbits as is common for typical orbits, but families of orbits exist. Goudas in 1963 was
able to compute 19 families of thrdemensional periodic orbits in the CR3BP (Howell,
1998). Each of the collinear equilibrium points can be associated with ly fainhiyapunov

orbits. Also, each Lyapunov orbit within a family is characterized by a particular Jacobi
Constantin Figure 1.2 is shown thieyapunov orbits around the collinear equilibrium points

for the EarthMoon system

1 L
g 0.5
g 0 : Egrth
& L
05
-1t
1 0 i
X (nondim)

Figure 1.2: Lyapunov orbits around the collinear equilibrium poimtsthe EartAiMoon
system (Davig2011)).

In the RBP, periodic orbits around the collinear equilibrium points that lie in the plane of

motion of the primaries arealled planar Lyapunov orbits ar@hly one planar periodic
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motion exists around each collinear equilibrium point. In the tdiegensional (3D) aspect

of the RBP, the corresponding 3D periodic orbits emanating from the collinear points are
called verticaLyapunov orbits. The Lyapunov orbits around the collinear libration points can
be grouped into the families A, B, Cbasedon 8igr ends notation for

orbits.

On the other hand, two classes of periodic orbits also exist aroundathgutar libration
points in the plane of motion of the primaries; the lpegiod orbits and the sheperiod
orbits. The period of the lorgeriod orbits depends on the mass ratio of the primaries while
the shorperiod orbits have periods on the ordéittee periods of the primaries about their

common centre of mass. (Goodrich, 1965)

The constant of integration associated with the differential equations was identified by Jacobi

and was named after him as the Jacobian integral or Jacobian constanofter denoted

by the symbdC . The Jacobian integral may be used to obtain the-&ozity surface plots

by assuming that all the velocity components are equal to zero. This surface divides the space
into two regions. One region is known as the regiopaxsible motion while the other is
called the forbidden region. These regions describe the area where the infinitesimal body is
allowed and not allowed to move. Figure 1.3 as shown below illustrates certain projections of
the zerevelocity surfaces as ewgles of Zerevelocity curves for the Jacobi Constant values
computed at the first and second collinear libration points. The white portions in the figure
indicate the regions of the allowed motion while the shaded portions correspond to the

forbidden regons for the motion of the infinitesimal body.



W'
W’

Figure 1.3: Zero velocity curves and forbidden regions. From left to right: C < CL2, CL2 <
C <CL1 and C > CL1 (Vila, 2007).

S
J

The knowledge of these forbidden regions provides some insight into the dynamics of the
problem. Furthermore, the Jacobian Constant often serves as a method used in checking the
accuracy of the calculations, especially the accuracy of the numerical fitiegod the
differential equations. Also, in the case of the planar R3BP which is a dynamical system of
two degrees of freedom the Jacobian constant reduces the initiadifioemsional phase

space into a thredimensional subspace and by considering @ apriate intersections of

the 3D trajectories, e.g. with the straight ligie: 0, for certain flow, we obtain the Poincaré
surface of sections which, among others, is a powerful tool for the determination of the

stability of a periodic orbit as well as ofats detection.

1.2 Statement of the Problem
Jain et al. (2006, 2009) carriemit some stugks on periodic orbits around the collinear
libration points in the BBP when:
I. the smaller body is a triaxial rigid body; and
il. when the bigger primary is a sourceradiation pressure and tlsecondary a

triaxial rigid body,

their investigation was done for periodic orbits with respect to perturbations in the plane of
motion of the primarigswhich did not include the perturlb@s perpendicular to the plane of
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motion of the primaries and lacked the numerical continuation to families of both planar and
spatial periodic orbits.

In this research workhe continuation of infinitesimal orbits in the vicinity of the collinear
equilibrium points to orbits of finite dimeions in the plane and perpendicular to the plane of
motion of the primaries in thigamework of the generalizedR3BP will be our focus.The
problem is generalized in the sense thHa primaries are modelled as aspherigal
example, Triaxiallity and oblateness) bodies and the involvement of other perturbing forces

like the influence of the Coriolis and centrifugal forcasdtheradiation pressure.

1.3 Justification of the Study
The study wouldplay a very importantale of separating the classes of orbits when the

classification of the totaltof orbits is being considered

The study will serve as an avenue to obtain information regarding Lyapunov orbits for

nonintegrable dynamical systems when the orbit is periodic

Since the RBP is still not solvable in closorm, the study will serve as an opening through
which the problem can be penetrated. Once a particular solution is given, a periodic solution
can be found such that the difference between the two solusi@sssmall as it is intended

for any given length of time.

1.4  Aim and Objectives of the Study
The aim of tlis research is to investigaperiodic orbitsusing the LindstedPoincaré local
analysis and a differential correction scheme as the case mayobaed thecollinear

equilibnum points in the generalized CBB.



In order to acleve this aim, the researcher hastbetfollowing objectives: to

I. compute and examine the horizonthd vertical stability of the Lyapunov
periodic orbits in the vicinityf the collinear equilibrium points when the primary
is a triaxial rigid body and the secondary an oblate spheroidal body together with
perturbations in the Coriolis and centrifugal forces;

il. numerically determine the families C, A, and B (in Strg r e ntétisn) amoand
L,, L,and L, respectively for (i)

iii. compute horizontally Lyapunov periodic orbits around the collinear equilibrium
points and make an application to a binary system when the primaries are both
radiating and oblate spheroidal bodies;

iv. compute vertially Lyapunov periodic orbits and make applications to five binary
systems when the primaries are both radiating and oblate spheroidal &odies
thereafter numerically continue to the corresponding families of periodic orbits;

V. compute and examine the mmmntal and verticd stability of the Lyapunov
periodic orbits in the vicinity of the collinear equilibrium pointghen the
primaries are both radiating and triaxial spheroids together with small
perturbations in the Coriolis and centrifugal forces;

Vi. numerically determine the families C, A,and B (inStrgr ends not ati on

L,, L,and L; respectively fory).

1.5 Thesis Organization
The organization of this thesis hlasendone in six chapters: Chapter ONE gives the general
introduction, statement dhe problem, justification of the study, aim and objectives of the

studyand the theoretical frameworkn chapter TWO, the review of related literature based



on investigations carried out over the years on periodic orbits in the B3BiRen The
periodic motion around the collinear equilibrium points of the R3BP when the primary is a
triaxial rigid body and the secondary is an oblate spheroid together with perturbations in the

Coriolis and centrifugal forces was investigated in chapter THREE.

In chapte FOUR, Periodic motions around the collinear equilibrium points of the
photogravitational R3BP with triaxiality, oblateness and small perturbations in the Coriolis
and centrifugal forcesras examinedn chapter FIVE, the results and discussions forhal t
problems investigated in this research work are given.

The summary, conclusion, and recommendation are given in chapter SIX.

In the next chapter, we gitbe literature revievas well the theoretical framewods related

to this research.



CHAPTER TWO
LITERATURE REVIEW

2.1 Introduction
This is a review of related literature based on investigations that have been carried out over
the years on periodiorbits in the R3BP. This has been done by taking into consideration
works done around the triangular equilibrium points, collinear equilibrium points, variations
of the mass parameter, radiation pressure, the shapes of the bodies, a combination of radiatio
pressure and the shapes of the bodies, periodic horseshoe orbits, and finding periodic orbits
using more contemporary methods.
Also, sme of the basic formulations with regards to the preliminary ideas associated with the

present resednovork are giverin this chapter

2.2  Periodic Orbits around the Triangular Points
Goodrich (1966) wusing Rabeb6s methods for det
orbits with Jupiter and the sun as principal masses, examined the class-pesioororbits.
He found out that the Jacobi constant decreases as the orbit size increases and deviates farther
from the libration points. And that the periods of all orbits differ by less than 1% from the
period of Jupiterds moti on aouondutimedsuntclosely s un .
represent the sheperiod orbits and the eccentricities of these elliptical orbits approach unity
as the deviation from the libration point increase. All the orbits determined indicated

instability.

Deprit and Palmore (1966) studigde family of shorperiod orbits originating at the

equilateral center of libration in the sdaopiter system in which they continued first



analytically, then numerically. They found out that for all the periodic orbits obtained, the

characteristic expomés were of the stable type.

Zagouras (1985) i Adiménsianal pedopie orbitst abautl thee driangulah r e e
equilibrium points of the restricteddeprobl e
parametric expansions for thrdemension& periodic solutions about the triangular
equilibrium points of the restricted problem by foudtier terms. He numerically computed

for 1 =0.0009: the corresponding family of periodic orbits, which are symmetrical w.r.t. the
(X, y¥) plane. He found out that the famigmanating fromL, terminated at the other
triangular point L, while it bifurcated with the family of thredimensional periodic orbits

originating at the collinear equilibrium poilnf. And that the family consisted of both stable

and unstable members. A secdadily of nonsymmetric thredimensional periodic orbits
was found to bifurcate from the previous one. It was also numerically determined until a

collision orbit was encountered with the computations.

I n their study on 0v atiohsiamant thesttiaagular lequilibyiumo f p e
points, 0 Perdios and Zagouras (1991) examine

of short and long period solutions around the trigaagequilibrium points of the RBP. For

three values of the massrapmeter less than or equal to the critical value of Routh) ¢hat

is, for ©=0.00095387 (SunJupiter), x=0.0121¢ (EarthMoon) andu = u; =0.03852;,

they found that all such solutions are vertically stable.

Singh and Harung2014) performed a seranalytic study of periodic orbits around the
triangular equilibrium points when the participating bodies are modelled as oblate spheroids,

under the effect of radiation of the main masses and small change in the Coriolis and
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centriugal forces. The orbits around these points were found to be ellipses with long and

short periodic orbits. Also, Abouelmagd et al. (2015) examined the periodic structure of the
R3BP considering the effect of the zonal harmonlgsand J, for the more massesbody.
They showed that the triangular points have long and short periodic orbits in the range

O<su<up,.

2.3  Periodic Orbits around the Collinear Equilibrium Points
Richardson (1980) presented a thardier analytical solution for halkype periodic motion
abou the collinear points of the B®. The Lagrangian method was used in the derivation of
the threedimensional equations of motion. The periodic solution was constructed using the
method of successive approximations in conjunction with a technique similéineto
LindstedtPoincare method with an application to the Hamth system. Still on Halo orbits,
Howell (1984) carried out a largely numerical study of families of tdieeensional,
periodi c, 0 h a | oirtear ibration poits in tha BP. The amiledxtend
from each of the libration points to the nearest primary. They exist for all values of the mass
ratioy , from O to 1. Most of the families contain a range of stable orbits but clbgetteere
are no stable orbits for certain values pf and the stable range at this libration point

decreases with increasipg until it disappears at=0.057%. Near the other libration points,

the orbits increase in size with increasing

Hou and Lui (2009) studied the evolution details of the planar and veryigplnov families
around the three callear libration points in the AEP. After colliding orbits membersvere
computed. How these families evolve with increaspgas studied. Using the linearized
solution, they obtained around the collinear librationn{so as initial seeds, numerical

shooting methods were used to produce the periodic orbit. Since members of the respective
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periodic families have been obtained, they made use of the prettictector algorithm to

generate the whole families, respectivéijey found out that three planar periodic families

F.,F,and F;were involved in the bifurcation process. The three families are the families
f,h and min Stt mgr enés notation and the relations

families a, band cwere also studied.

Zhanget al. (2011) constructed a special kind of flow function by utilizing the symnadtry

the RBP intended to map a state on the plane of symmetry to another state that also lies in
this plane. Thus, they derived a new method of periodic orbit computatssu lon this flow
function which needs neither a starting analytical approximation nor the state transition
matrix for computation. Large set of periodic orbits which hawzepkane symmetry can also

be computed numerically since the method is unaffegtegtidononlinearity of the dynamical

system. They computed Lyapunov and halo orbits as examples.

In their study which involved using intsatellite range data, Lwt al. (2014) combined
autonomous orbit determination problem of a lunar satellite apoblae on some special
orbits. The investigatiowas first carried out in the CB®, and then generalized to the real
force model of the EartMoon system. In particular, they discussed two kinds of special
orbits: collinear libration point orbits and distant retrogate orbits. The method employed also
involved third order analytical dion and the predictecorrector algorithm for obtaining

the halo orbits and other numerical simulations. Their result showed that the orbit
determination accuracy can also reach that of the observation data. Their findings also
include the collinear liation point (CLP) case where halo orbits with larger-aftplane
amplitudes are recommended because of their better stability properties, better visibility

between the Moon and the lunar satellite and better performance in the combined
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autonomous orbitetermination (CAOD) process. While in the case of the distant retrograde

orbit (DRO), medium sized DROs @500km) perform best in the CAOD process.

By taking the bigger primary as a radiating body, Ragos and Zagouras (1991) studied the
evolution of the periodiorbits around the collinear equilibrium positions, belonging to the
Str mgren familiesa,band cin the SurJupiter system. In particular, these families are
determined when the radiation force of the more massive body is equal to one half of the
gravitationa attraction. The orbits closer to the equilibrium points are found by the analytic
approximation methods, particularly the second order approximations, and then the next
members of each family are numerically computed. The numerical aspect is fadiytates

linear predictoicorrector algorithm based on the numerical integration of the equations of
motion and the first order variations. The Lyapunov stability of each periodic solution as well

as the critical stability orbits of each family has been exach

Abouelmagdet al. (2016) performed an analysis of the periodic motion around the collinear
equilibrium points up to second order for the expansion of the equations of motion. They also

showed graphically the investigations for the periodic motion.

2.4  Periodic Orbits and Variations of the Mass Parameter
By using the model of the B®, Ichtiaroglowet al (1989) investigated the threl@mensional
planetary systems far=0.001. They numerically computed and determined the stability of
families of three dimensional periodic orbits of relatively low multiplicity at the resonances

3 5 - . - . - . -
A/B% and}é. The threedimensional orbits are obtained by continuation to the third

dimension of the vertical critical orbits of the corresponding planar problem.
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Zagouras et al. (199&omputed two families which they describe for values of the mass
parameter for which it has been found that they existed, using a procedure which they proved

to be efficient. This procedure involves the process of numerical ascent from families of
planar o threed i mensi onal periodic orbits and the s
also computed two new families of thrdEnensional asymmetric periodic orbits. They

discovered that for smaller values pthe aforementioned families form closed curvésolv
shrink asu decreases further, while fgr less than a critical value they cease to exist. Also,

they found out that for two values of the mass ratio two periodic solutions have the horizontal
stability parameter equal to zero. Thus, the procedure fusedplanar to threelimensional
families of periodic solutions can efficiently lead to the determination of an unlimited number

of families of planar noisymmetric periodic orbits.

Lara and Russell (2006) investigated the influence of the masdedtieen the primaries in
the behaviour oflirect periodic orbits of the F&P. They discovered that the different parts

of the family gare connected through new families of thdemensional periodic orbits. In
addition, the familyg’ are found to be a limitase of the familyg where the two parts made

of eggshaped orbits match exactly.

Russ#d and Lam (2007) successfully applied the dynamical systems theory to several

unstable periodic orbits that circulate around Europa.

Henon (1973) studied plane petio orbits with respect to perturbations perpendicular to the

pl ane. He defi ned a, Thuseforverticahstabiligyttleeonditiotiy i nd
thatia | <1. This has been computed for periodic orbits of famdidsc, f, g, hi,l,m,r, for

the mass ratig =0.5. He found intevals of stability and instability. Also, vertical critical

orbits corresponding t¢a,|=1are computed. He showed that each vertical critical orbit
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corresponds to an intersection of the family of plane periodic orbits with a family of three
dimensional periodiorbits. His consideration is based on the fact that the shapes of the
primaries are of the classical model as explained in Szebehely (1967). The conditions he used

for measuring stability are obtained from the eigenvalues (roots of Eq.13 as given in his

paper).

2.5 Periodic Orbits with Radiation Pressure
Kalantonis et al. (2001) carried out a study which defined a method that utilizes the Poincaré
map on a surface of section to compute with certainty individual members of families of
periodic orbits of agiven period with application to the collinear equilibrium rgsiof the
photographitatonal REP. Their approach is based on the Poincaré dapn a surface of
section Thus, they stated that

X =(x,%)"is a fixed point or a periodic orbit ofo if X = Xand a periodic orbit of
period pif:

X=oP(X) = @ (@(...(2(X)) ..)).

p times

The method converges rapidly, within relatively large regions of the initial conditions and is

independent of the dynamics near periodic orbits.

Perdios et al. (2002) presented an improvedthod for locating periodic orbits of a
dynamical system of arbitrary dimension. The method is a combination of two other known
methods: the characteristic bisection method (CBM) which exploits the topological degree
theory to locate a periodic orbit \wih relatively large regions of initial conditions and the

Newt onds method which computes the orbit wi
once its conditions for convergence have been met. The photogravitational problem of two

degrees of freedom havbeen used as an example to demonstrate the effectiveness of the
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met hod which is shown to surpass the CBM an

considered alone.

Perdios (2003) determined series of horizontally critical (HC) symmetric periodis orfbit

the six basic familiesf, g, h,i,I,m of the photogravitatonal &P, and their vertical stability

were computed. In particular, the study is restricted to the case where only the first primary is
radiating, namelyq, # 1andd, =1. The results obtained were compared wittsthof Hénon

and Guyot (1970) so as to study the effect of radiation to this kind of orbits. In the same vein,
Perdios and Kalantonis (2006) determined series of horizontally critical symmetric periodic

orbits of the six basic familiesf, g, h,i,I,m in the frameworkof the RBP when the more

massive primary is an oblate spheroid and computed their vertical stability.

2.6  Periodic Orbits and the Shapes of the Bodies
On their studies of 0t he bi f ur c adtidnoitheo f 3D
primaries inthe RB P wi t h obl at esnak (4999) briefly @escdbedssitableE . A .
numerical techniques and made some applications to produce the first few of such vertical

critical orbits of the basic families of periodic orbits of the problem, for varying mass

parameteru and fixed oblateness coefiient A = 0.00%, as well as for varyingh, and fixed

yr :}é. They also determined the horizontal stability of these orbits from which predictions
about the stability of the branching 3D orbits were made.

In Elshabouryet al. (2016), additionally to the study of the mber and stability of the

collinear equilibria, the basic families of planar symmetric periodic orbits were considered in

the space of initial conditions of the R3BP with triaxial primaries.

16



Beevi and Sharma (2012) and Zotos (2015) explored the effeblaiEpness of Saturn in the

orbital dynamics of the R3BP.

2.7  Periodic Orbits with Radiation Pressure and the Shapes of the Bodies
In their consideration of Sitnikov motions along side with other perturbing effects like the
radiation pressure and oldaess of the primaries in the B, Kalantoniset al. (2008)
applied a perturbation method based on Floquet theory to study the stability of the motion.
Numerically, they determined critical orbits at which families of tidimeensional periodic
orbits ofthe same or double period bifurcate. They found out that for the classical Sitnikov
problem (a special case of the B¥ where the primaries have equal masses and the third

body moves perpendicular to tigxyplane along thez -axis and passes from the centfe o

mass of the primaries) and its photogravitational version, the bifurcation families of double
period have stable parts, while in the considered cases with oblateness, these families consist

only of unstable orbits.

Jain et al. (2006, 2009) carried sostadies of periodic orbits around the audlar libration
points in the RBP when:
iii. the smaller body is a triaxial rigid body; and
iv. when the bigger primary is a source of radiation pressure and the secondary a

triaxial rigid body.

Their investigation waslone for periodic orbits with respect to perturbations in the plane of
motion of the primaries. The main aim is to study the effect of the triaxiallity and radiation
pressure of the primaries as the case maybe on the periodic orbits. Same methods for
obtaning the analytical approximations and the numerical analysis as those of Ragos and

Zagouras (1991) were employed in their studies.
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They examined the Lyapunov stability of each periodic solution belonging to then@ten
families A, B and C. They foundub that for periodic orbits around the second and third
collinear points (,and L;), when there is an increase in the triaxiallity coefficient of the
smaller primary, periodic orbits shift toward the origin and expand as can be seen in their
figures ( for tle case of the triaxiallity of the smaller primary). While periodic orbits around
L, when drawn in the same manner go on shrinking and shifting away from the origin. They
also, proved that the periodic orbits are unstable in all the cases under consideration.
Tsirogianniset al. (2006) studied the periodic motion around the celiinequilibrium points

of the RBP when the primary is a source of radiation and the secondary is an oblate
spheroid. For the computation of two and thd@eensional Liapunotamilies, a thirdfourth

order LindstedPoincaré local analysis and predietarrector algorithms have been

employed.

Their result for the twalimensional Lyapunov families correspond e SurJupiter system
mass ratigz =0.0009%t and arbitrarily chosen valuefor the radiation factor and the
oblateness coefficient) =0.8andA, = 0.00%, respectively. For the Lyapunov families of
threedimensional periodic orbits around the collinear libration points, the arbitrarily chosen
values are:=0.4, ¢, =0.8andA, = 0.00%. The mass ratio of the latter casp®nds to that of

Bray and Goudas (1967). They also computed the stability of these families. The results

obtained were compatavith those of the classical BB.

More recently, Srivastavat al. (2016), constructed a thhakder analytic approximate
soluion using the LindsteelPoincaré method in the photogravitational CR3BP considering

the Sun as a radiating source and the Earth as an oblate spheroid for computing halo orbits

around the collinear equilibrium points; and L,. They further used the wdthown
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differential correction and continuation scheme to compute halo orbits around their families

numerically. They found out that the time period of the halo orbits increases drpuami

L, as a result of the oblateness of the Earth and solar radiaticumes the Sun.

2.8 Periodic Horseshoe Orbits
Barrabés and Mikkola (2005) computed families of symmetrigier horseshoe orbits in
the RBP for both the planar and thrdenensional cases. They described the organization
and behaviour of these fam#iealong and among the families of parameters such as the
Jacobi constant or the eccentricity. Also, they determined the stability properties of individual

orbits along the families. They found stable horsesti@ped orbit up to a high inclination of

17°.

Ollé and Barrabés (2006)ustied horseshoe motion in the B8 for different values of the

mass parameter. On the one hand, they examined numerically families of periodic
horseshoe orbits for small valugs and how these orbits are organised. And on therot

hand, they studied the existence of horseshoe periodic orbits for other values of

2.9 Finding Periodic Orbits by using Other Contemporary Methods
Lara and Pelaez (2002) proposed an algorithm for the numerical computation of families of
periodic orlits of conservative dynamical systems with three degrees of freedom. They
obtained initial conditions for specific periodic orbits pertaining to a family defined by the
variation of a parameter by means of an intrinsic, three dimensional, differentdittqre
corrector algorithms. As an illustration of the robustness of the method, several families of

periodic orbits of the Restricted Thredy Problem were computed.
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l n t heir pa psgmmetticipéribdéec dolutodsootitielspyatial restricteeebody
probl em, 6 Ho wi(2@nshoaveddhe &istanaeeof tlwo new families of periodic
sdutions to the spatial REBP. The solutions were independent of the mass ratio of the
primaries and had large inclinations and were symmetric with respesto coordinate
planes. They discovered that in one family the infinitesimal particle is very far from the
primaries and in this case, they called it the comet and in the other family the infinitesimal

particle is very close to one of the primaries anthis case, they called it the moon.

Kotoulas and Voyatzis (2004) investigated the families of resonant periodic orbits associated
with the Kuiper belt dynamics in the BR. They particularly considered all the first, second

and third order exterior mean motion resonances with Neptune located to 50A.U. and the
asymmetric resonances (beyond the 48 A.U.). Families of periodic orbits of the planar
circular problem from whictHamilies of periodic orbit are generated in the planar elliptic
problem and in the 3D circular ones are presented. They noticed some similar as well as
different dynamical features between the various cases and discussed the relation between the
distribution of the bifurcation points and the population of small bodies at the particular

resonances.

Qi & Xu (2015) used the Poincaré surface of section method to investigate thierong
behavior of the spatial lunar orbits and by applying the continuattense they obtained the
spatial lunar periodic orbit families. Jiang (2015) carried out an investigation on equilibrium
points and periodic orbits in the potential field of asteroids, where it is seen that the
distribution of eigenvalues of the equilibriymoint confirms the topology and the stability of

periodic orbits around the equilibrium point.
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2.10 Theoretical Framework

Some of the basic formulations with regards to the preliminary ideas associated with the

present research work are given in this secti

2.101 Formulation of the classical CR3BP in a synodic reference frame

Let M,and M, be the masses of the primary and secondary bodies pladédaat P,
moving in circular orbits about their common barycentre. Also,Nktbe the mass of the

infinitesimal body placed a&(X,Y, 2 which is moving in the plane of motion of the

primaries and is being influenced by the gravitational attraction of the two finite bodies whil

in turn, it does not have any influence on their motion.

The differential equations that govehe state of the infinitesimal body & aregiven by

M3Ml

re

MM
M i=-G r,— G%r , (Das (2014)) (2.1)
2

where 1,1, are the distances between the infinitesimal body and the primary and secondary

bodies respectively, an® is the gravitational constant the nondimensionalized form, the
sum of the distances of the primaries from the barycentre=ig, +r, and the sum of the
masses of the primaries i1 =M, + M, .The nondimensionalized time is so chosen as to

ensure that the nondimensional \gtational paramet&s=1, such that

+_ [or+oRy _o°
G(M,+M,) M

The OXY plane is the plane of motion of the primaries. The mean motion of the primaries

is represented as

w= G(M1—+I\/I22 (2.2)
\}(OFi+ OR)
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The distance between the infinitesimal body and the primaries at tisigiven by

1
rlz[ X +ORcoswt >+ YOPsinwt’+ Z 012 ,
(2.3)

1

r, :[ X —OP, coswt ‘1 Y- OPR sin wt'+ Z 02}5
Rewriting Eqn(2.1) with respect to Eqn. (& in terms of the scalar components, we obtain

X"=-G

3 3

M, X +ORcoswt LM X Olgcoswt}
rl r2 ’

M, Y+ OPsin wt Y— OPsin wt

V=G| T J M 7 OF } (2.4)
L r r,

21 G Méz +M_232}
L rl r2

Next, we nondnensionalize the equations in42 Thus, in the nondimensionalized form,

the mean motion is given as

n—wte [GVLM,) [OR+ORY 25)
(OR+OR)*\ QA M+ M)

the mass parameter is obtained as

M,

=—2° 2.6
M, +M, (2:6)

7

Since the primaes M, and M, are atP X,0 and P, —X,,0 respectively, and the origin
is at the centre of mass, therefore

1-p X +u -% =0

X X+ % =0
X —p=(
X =H

Putting X, =x in 1-u X+ =% =0, we have

1-p p—pux, =0
lu-x,=C

22



Hence the coordinates d¥l, and M, are , 0 and ,—1,0 respectively.

Thus, Egn. (2) after substituting the appropriate nondimensionalized quantities become

A-u) H
*’%#—Trl—ﬁ 2. 2.7)
1 2

Pz(-Xz,O)
Figure 2.1: The circular restricted thrdsody problem.

The position vector folP; in the nondimensionalizefdrm with respect to the barycentre and
written in the synodic reference frame is given by

r= xk+ yyE £ (2.8)
The position ofP, as related td’, andP, aregovern by
r=(x-pu)k+ yyE£, and (2.9)
I, = (x— p+1)ker yyE & respectively. (2.10)

The dynamics of the infinitesimddody with respect to the synodic and inertial reference

frames as shown in Figure 2ifivolves both the Coriolis and centripetal accelerations. Thus,

we have the equation
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d?r, dr dr,

5 >+ 20 + P°Ts - (Das(2014)) 2.11)
dt dt & N centripetal
Coriolis

Rewriting Egn. (210) in Cartesian coordinate component form and expanding we obtain

# = (##2ny—# Qb (yr 2th% A YHEHE. (2.12)

We obtain three nondimensional scalar seeomntr differential equations that describe the
motion of the infinitesimal body in the synodic refererfcame OXYZ by equating Eqn.

(2.12) to Egn. (Z) as

KH2ny=#t x- (1_'“?(3)(_:“) _ #(X:;L—,U) |
1 2

1-

§H2nx=#t y & r”)y ’r‘3y 2.13)
1 2

gp Q-W)Z_ pz

3 )
r.l r2

where

n=\ xn ey 7 (2.14)

rzz\/ X+1-p 2+ Y2+ 2.
Or in terms of the pseudmotential term QO which is the sum of the centripetal and

gravitational acceler@ins, we have Eqgn. (23) become

KH2y=8_,
##2x=#2y, (2.15)
##Q, ,
where
(x +y)+( —H) ﬁs
r.1 r2
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2.102 Stability of the equilibrium points

When small disturbances or perturbations are introduced on the infinitesimal body gtlace
any of the equilibrium points which results in a displacement from the equilibrium point, and
if after some time the body returns to the initial position or stays near the equilibrium point,

then that equilibrium point can be said to be a stable pOtherwise, it is unstable.

As stated in Das (2014), stability can be examined in terms of Poisson, Hill, Laplace,

Lagrange and Lyapunov stability, et ce tera. In the Lyapunov sense, an equilibrium,state

is stable if for any givety and any positive scalasthere exist a positive scalar

5=5(t,.€),
such that if
[X(t) = % <5 (2.16)
then
Xt t, %) - % < €. (2.17)
for all t>t, .

The equilibrium point is asymptotically stable if it is stable and convergent:
X(tt, %) = Xqast —>oo. (2.18)

In Figure 2.2 the dfferences between a stable, asymptotically stable and unstable

equilibrium pointsare shown graphically.
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Figure 2. 2: Differences between a stablsymptotically stable and unstable equilibrium

points (Dag2014)).

2.103 Computing Periodic Orbits

2.103.1 The Poincaré surface of section

Suppose that we are working on the planatrigted threebody problem (PRBP), it means
that we have #our-dimensional phase spaeey, # y). The full phase space may be reduced

into a threedimensional subspace by means of the Jacobian integral:

2Q(x,y)- (¥ + y#= C. (2.19)
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This is done by solving Eqn. (29) for a specific variable; saffor a given value of the
Jacobian constafit. The final reduction of the phase space into adimeensional subspace
becomes by taking the successive intersections of an orbit with the straightifefor a
given direction of the flow. By choosirg>0, it means that we integrate the equations of
motion for even number of orbit cuts on the- axisalways for certain flow. Thus, by
choosing the initial condition§x,, ¥) on the surface of section, we obtain the valueyf
using the Jacobi integral. These initial conditions are of the (o, % ,C(%, Xx#), where

the Jacobian Constant is always fixed.
Integrating the equations of motion for several initial conditions, we produce the Poincaré

surface of section.

2.103.2 Computing accuately periodic orbits on the surface of section
For a specific value of the Jacobi constant, we have to solve the following nonlinear algebraic

system arising from the periodicity conditions:

X H = H
(6, %)= % (2.20)
(%, %¥= %,
where (X,, %)are the initial conditions on the surface of section. Thus, at the end of the

numerical integration we demand that 0. It can be seen that the above system of equations

does not fulfil the condition, therefore we seek appropriate correctigng ¥, such that:

X(% + 0%, %+0 XF= %+ %

(2.21)
H(% + O %, Xk O %) # X+ O,

Expanding Eqgns. (21)into first order terms arourid,, ¥,), we have:
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x+aa—;(05><0 +ﬂ5$§, = X%+0 %,

0%,

15).3 OX # (2:22)
#+&5>§) +%5>%¢ % Hb X%,
From Eqgns. (22), we get the linear system:
(2.23)
%5xo+(§—2§1]6% = XH# X

or equivalently, we obtain the following corrector scheme with unknéwand o % :
a8,~1 5% +ho% = %- X
C.o% +(d,—1)o% = x# X
which we have to solve iteratively until the periodic orbit will be computed with the desired

accuracy. Mte here that, the partial derivatives:

involved in the corrector are the isoenergetic stability parameters (see Hénon (1965b) and
Markellos (1976)), which can be computed for example with extra integsatising the

following formulae:

g = X0t 8 R)= 0%

g
g, = X00 %+ 2) = X X

& (2.24)
¢ = Xoote X O %),

&g
d = X0 X% 2) = XOF %)

&

where ¢ is a small perturbation of the initial conditions, for example 0.5x 10° . Note

also, that the corrector system may be solved using thekwelbo wn Cr amer 6s r ul
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solution (with respect tox,andd® ) is the final formulae which will be used for the accurate

determination of a periodic orbit.

2.103.3 Thecomputation of a Lyapunov family

In the computations for the planar Lyapunov families, we choose to integrate with
intersections of the orbit with the €axis, since the planar Lyapunov families consist of
periodic orbits which are symmetric with the-@xis.

For the determination of a planar Lyapunov orbit we start the integration using initial

conditions of the form(x,, ¥,=0,7,= 0,%= 0, yf#= 0) i.e. we start vertically from the

Ox-axis, and seek its second vertical intersection with this axis (when we find the second
vertical irtersection this will be at the half period2 due to the mirror theorem which
guarantees that the orbit will return back at its initial position). Therefore, at this intersection

of the orbit with the ® axis, we want to hold the condition:
#(%, Yi¥=0, (2.25)
since Yy, =0, for planar orbits. The above condition is not true for our approximate initial

conditions so we seek appropriate correctidig A%, of X,, %, repectively, such that:

Ho + A%, Y+ Ay) #0, (2.26)
and by linearization of Eqn. (26), we obtain

X px+ Dy - _x (2.27)

0%, 0%

2.103.4 A simple corrector
We now keep, e.g.¥, constant which means tha# =0, and the corrector is obtained in

the form:
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R
ORI OX,

AX, = (2.28)

If we choose to keep, constant, i.eAx, =0, then the corresponding correction fg, is

%
ORtl oyt

AY, = (2.29)

Using the comction AX, (or A¥), the new initial conditions will have the form:

X tA%, ¥%=0,%=0,%=0, W= 0

We then integrate the equations of motion with these initial conditions and repeat the process
urtil the periodicity condition (25) is fulfilled with our predetermined accuracy. Thus, a
member of the Lyapunov family, i.e. a simple symmetric planar periodic orbit, has been
determined accurately.

2.103.5 A simple predictor
Let now (X,, %) be the initial conditions of the periodic orbit which was determined

accurately in the previous step by the corrector. For a guess of the next member of the

Lyapunov family we arbitrarily vary the value of, e.gk. We will express this by change in

(2.27) the value ofA¥, arbitrarily with a small constant obtaining thus the following

prediction:

#+a—#g

5% = — ;f; _ (2.30)
X
Our initial conditions for the next periodiorbit will be (X,+J%, %) (all the other
components will be equal to zero) and the corrector is here again applied in order to
determine the next orbit accurately (as previously).

Of course, we may choose in%Z) to change arbitrarily the value 6k, with & obtaining

the prediction:

30



#+a—#g

SY = a;;O . (2.31)

%

2.104 Fourth order Runge-Kutta method

The commonly used methods for the integration of ordinary differential equations (ODES) are
the RungeKutta methods. These methods were first developed by the German
mathematicians C.D.T. Runge and M.W. Kutta in the middle of the nineteenth century. The
method is constructed by making an Edi&e trial step to the midpoint of the interval, and

then using the values and y at the midpoint to make the real step across the interval.
In particular, the fourth order Rungfatta method utilizes the migoint method by jumping
1/4th of the way first, then going halfay, and then going3/4thof the way and finally
jumping all the way.
The standard fourtbrder RungeKutta method takes the form:
k=hT(x, ¥),
=05 +2 R %+ k)

G =hTOx+2h %+ k), @33
=10+ h %+ k),

k. k. .k Kk
SVANEL WL I LT 1001
yn+1 yn+6+3+3+ 6+ ( )

2.105 Radiation pressure
Poynting (1903) stated that Aparticles such

affected by gravitation and |l ight radiation
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Also, Todoran (19983stated thafiin order to take into account the influence of the radiation

pressure, we shall refer here to the general equation of the resultant force acting at an exterior

point, per unit mass, that is, 060
F-F -F -gMy Fas _gdm
“Vgav 'rad — _2(_ )_ o (2.34)
r grav r
with
F
q=1-—-"<. (2.35)
I:grav
where

Fyav = gravitational force,

F.q = force due to radiation pressure,
r =distancebetween the attracting and the attracted point,

G =gravitational constant,

m= stellar mass.
Equation (235) is often referred to as the mass reduction factor. It is further explained in
AbdulRaheem and Singh (2006) that:

Since the solar radiation forcE, changes with distance by the same law as the
gravitational attraction forcé=; and acts opposite to it, it is possible that the force

will lead to a reduction of the effective mass of the massive particle. And since this
reduction depends on the propertadsthe particle, it is possible to speak about a
reduction mass.

2.106 Ellipsoid

From a general perspective, an ellipsoid is a closed quadratic surface which when considered

in Cartesian coordinates is given by
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+—+—==1 (2.36)

An ellipsoid is actually a 3D represerntatt of an ellipseln Eqn. (236), the sentiaxes of the

ellipsoid are the lengthsa, band cand these lengths make up the semjor axis and the

semiminor axis. In gherical coordinates, Egn..85) becomes

r’cos a sirf,B+r2 sifa siﬁ,B+r > co&p

22 b2 2 =1. (37)

The following types of ellipsoids are obtained when the following conditions are applied
correspondingly: for
I. a=Db> ¢, an oblate ellipsoid of revolutiq@blate spheroid);
il. a> b= c, a prolate ellipsoid of revolution (prolate spheroid);
ii. a=Db=c, asphere;

iv. azb#c, atriaxial ellipsoid.

Figure2.3:A tri axial ellipsoid with a I b [ c.
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Figure 2.4: A prolate ellipsoid with ¢ > a (top) and an oblate spheroid with ¢ < a (bottom)

2.107 Coriolis and centrifugal forces

2.107.1 Coriolis force
As explained irhttps://en.wikipedia.org/wiki/Coriolis_force

The Coriolis force or inertial force/ffictitious force/pseudo force comes into play when

Newt onds | aws are transf or mtsa the direchion r ot at
perpendicular to the rotation axis and to the velocity of the body in the rotating frame
and is proportional to the objectds speed

The vector formula for the magnitude and direction of the Coriolis acceleration is
derived through vector analysis and is
a, =2q xv, (2.38)

where a_ is the acceleratioof the particle in the rotansystem,v is the velocity of

the particle with respect to the rotatisgstem andq is the angular velocity vector
having magnitude equal to the rotation rate with direction along the axis of
rotation of the rotating reference frame, and ¥h&mbol represents the cross product
operator.

Multiplying Eqn. (238) by the masof the relevant object produces the Coriolis
force:

F. =-2mq xv (2.39)

34


https://en.wikipedia.org/wiki/Coriolis_force

2.107.2 Centrifugal force

The centrifugal force is the pseuttrce or fictitious force that pulls outwards aloalyyradii

of the circle as objects move in circular motion. This force is proportional to the distance of
the body from the axis of the rotating frame.

The centrifugal force could be used to create artificial gravity in a large dousjhaped

space stadbin.

2.108 Binary star systems
A binary star is a star system which consists of two stars orbiting around their common
barycentre.

As further explained ihttps://en.wikipedia.org/wiki/Binary_star

The binary star systems are very important in astrophysics because calculations of
their orbits allow the masses of their component stars to be directly determined, which
in turn allows other stellar parameters, such as radius and density, to be indirectl
estimated. This also determines an empirical rhasfosity relationship (MLR)
from which the masses of single stars can be estimated.
Binary stars are classified into four types according to the way in which they are
observed:

i.  Visually, by observation;

ii.  Spectroscopically, by period changes in spectral lines;

iii.  Photometrically, by changes in brightness caused by an eclipse;

iv. Astrometrically, by measuring a de

by an unseen companion.

Any star can belong to several of thesasses; for example, several spectroscopic
binaries are also eclipsing binaries.
The components of binary stars denoted by the suffixes A and B appended to the
systembs designation, A denoting the pri
may be used toahote the pair.

2.109 Romberg integration
The Romberg integration method (Romberg (1955)) is named after Werner Romberg (1909

2003). This method is an interpolation technique that applies the trapezium rule or the

rectangle rule (midpoint rule) on tiNewtonCotes formula.
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For this method to be efficient, the function under consideration must be sufficiently

differentiable. That is, for smooth(x) , with
b
1(f) = [f()dx (2.40)

using series,
e Trapezoidal ruleT (f) has error expansion
L (f) =T (f)+ch?+cH+ g H+... (2.41)
for constantx,, C,,... independent ofh.
e Midpoint rule M _(f) has error expansion
I(f)=M (f)+d,n?+d,h*+ d,HF+... (2.42)
for constantdd,, d,, ... independent ofh.

Then for the Romberg integration using Richardson extrapolation, let

b-a
2k—l '

R.=T(f), h=

k-2

Rk_l:% Ryt ”‘-12 flar(2F1)R)|= T. (9, k2,3, (2.43)

For the extrapolan formulas, we have

R,=R,+(R,- R,)/4-1 Kk 23,..

- o (2.44)
Ri=Rat(Ria- Ry )/47-1 ke jjl.

(www.math.wsu.edu/faculty/genz/448/lessons/15034.pdf
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CHAPTER THREE
PERIODIC MOTIONS AROUND THE COLLIN EAR EQUILIBRIUM
POINTS OF THE PERTURBED R3BP WHEN THE PRIMARY IS A
TRIAXIAL RIGID BODY AND THE SECONDARY IS AN OBLATE
SPHEROID

3.1 Introduction
In this chapter, the equations of motion and variation are given and the parameters which

define the stability of periodic orbits are described.

A second order serainalytical solution for both 2D and 3D periodic orb#tee being
constructed around ttellinear equilibrium pointén the R3BP when the primary is a triaxial

rigid body and the secondary an oblate spheroid taking into account small perturbations in the
Coriolis and centfugal forces (Singh and Begha(Q(l1) where we have thsame model but

theirs waglone only for the 2D equations of motjon

3.2 Equations of Motion and Variation and the Stability Parameters

The equations of motion of the infinitesimal particle in the barycentric, rotating and
dimensionless coordinate systeX,Y,Z) in the phasespace X, X,, X;, X,, X, X, are

((Sharma & SubbaRao (1974) where we have adopted their model for the secondary body

and(Singh and Begha, 2011))

=1 X, X X, i=12,...€ (3.1)
with

f=X,, f,=X, f,=X,,
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f, = 2na X + PA X — (1—u)r(§<1—u)_u(><1r+31—ﬂ)_ 3(1—ﬂ)(§2r—5% J(X—#u)

C3u(X 1A | 15 p)E- s )(X-p) %
2ry .o ’

(o iy, LXe X 3023 9)%, 3045 3) X

r1 I"23 2‘15 I"l
_3uAX,  150-u)E-3$)%
2r; .o ’

C__O-mX, pX 30-u)25-3)% | 15(u )5 $) % X 3uAX,
6 r3 r3 2,5 2. 7 2 5
1 2 1 1 2

L150-us X 3-p)s Xy 1AX JuAX,

2r/ re y. r,

(3.2)

where X, =X, X,=Y, X=2Z X=% X= ¥ %= I Also, r,=(X,—u)? + X2+ X?

andr, = \/(Xl+1—,u)2 + X2+ X2 are the distances of the third body of negligible mass from

the two primaries,u = mszrQ S% IS the mass parameter witly, m, being the masses of
af_ 2 ag_ 2
the primary and secondaryespectively. Additionallys = Rzag ands, = 5Rf3 , With

s,S 1, where a, a, and a, are the semaxes of the larger primary an& is the

dimensional distance between the primaries. Note that, only the first order teyss lvdive
been retained in this study. Small perturbatiarend ¢ are introduced with the help of

parameterscand f in the Coriolis and centrifugal forces, respectively. Such that,

a=1+¢, ¢ 1,
p=1l+¢, & 1

The mean motion of the primaries is:

3 3
n=,/1+—=(25 - — A.
\/ +2(25-3)+- A
Finally, the equations of motion (3.1) admit the Jacobian integral:
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20-p), 20 (A-p)(2s-3) 3(-p)(s-3) %
F(X, X5, X5, X0 X, Xg)= AB( X+ X))+ — " 2 3 s
+’UA§—3(1_'U)§X§—SUAXQ—XE—XSZ—X62=C

3 5 5
r2 rl r 2

wherec is the Jacobi constant.

The coordinates of the infinitesimal particle in thhase space X, X,...,X; depend
uniquely, along any solutions, with the initial conditioXy;, X,..., X,s and the time i.e.

)ﬁ =X KXo Koprooos Koo b, 1=1,2,...,€. The partial derivatives w.r.t. the initial conditions

satisfying the equations of variatiggee alsdRagos and Zagourg$991), Jain et al. (2006;

2009)) are:

6
d(axi)zz of  oX, i,j=12,..,¢€

(3.3)
Or by using matrix notation,

av

—=JV,
dt
where
oX.
V=V 't = ~ i,]=1,2,...,€
X oX,, J
and
of.
J=J(X)=—— i,j=12,...,€E
(0=—r, J

J
Thus, MatrixV X, :t is the Jacobian matrix of the solution corresponding to the vector of

the initial conditions and it has unity determnt for each value of time This property can
be used for controlling the correctness of the variational equations. While Masias

follows:
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O 0 0 1 00

O 0 0O 0 10

o 0 0O 0 01

A, o A g,
J=| oX, X, 0X,

oy o A L, 4 o

oX, 0X, oX,

Ay o A o 4 o

oX, X, 0X,

The partial derivatives involved in this matrix are:

-4 3Au p 31-p4 X-s5 3ku x-u’

of

f Y4 _ppp_ 7 O H +
taX, p rl S x° re
U514 B-s (x-pf 15Au 255 O kel @ Op rul

2t/ ) re
151-4 s-5 X 105%u s-s (X-uJ % 15AuX] 15(pu) X’
" 2r/ - x° i r) " r.’

1 1 2 1
105€ u (X - 1) X 105Au (X + 1= p )X

2t ;) ’

o _ISANX )X, M )X, 3lp XX, 15ku S-S (X-p)%
20X, 2r) ry re r
A5 lu -5 (X-p)% 105%pu s 5 (X u)R 105A4 (X +1-p)X, XS

or] o 2?

105 T-u 5 (X —u)% X
2’ ’

+15 Fu s—s (X—u)X

LA ASAUX )X B (X )X 3l Xo—p X
rl

5

2 OX, 2/ rs r
A5 1u -5 (X-p)% 105ru $-5 (fu )X % 105Au (X, + - 1 )X,
o % 27

105 1-p 5 (X -p)X
2’ ’

f =f ,
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o0 g 1050 S8 (X-u)X% 105Fu $X X
52 axz 2r19 2['19
V7514 6-9)% 15ku 255 % 15%u 5%
7 7 -
2I’1 2’1 2.1

31w s-s 3w 25-5 3ku X Fu
re 2r° re re

L1050XEXS | 154G | 15A00C_3Au  3XE_u
2ry .o 2, 2, ry )}

O _ 10514 s-3 XX 105%Lu $XX 15%u sX% X

© X, 2r7 27 ry
151-u sX, X% 15Fu s-5 XX 15%u 25 5 XX
+ - + = + =
r.l I’1 ZZI.
31-u X, Xy 105AuX, X} 45Au X, X, A X,
" re - 2r) TTTar s
1 2 2 2

O, _ 1051-u s-3 XX 105%tu $X 15%u $ 5 X 75du sX

" 0X, 2r? 2’ a7 27
1514 &5 X% 3tus 3ku 25 3Eu X Au 105X 45AuX]
7

7 5 5 5 3 9
2r r, x, r, r, 2, r,

If we denote the variatio@X; / 0X,; by v; and of, /9X,; by f;, we thencan write these

equations more explicitly as following:

V=V, 1=123 [=12,..,¢
VE= B+ vy + fav + fv + ey + i feVe, 124,56 ]=12,..,6

The following partial derivatives involved in the variational equations:

oX, oX, OX, OX,
=—=\. , = = \L , =—=\L , =
a\l axos 33 b/ 8)(06 36 Q/ 8X03 63 QI axoe

= Vs

describethe stability properties of the perturbations in g X, components of the solution

vectorinphass pace and these quantities were
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parameterso of a periodic orbit. rOmmettheer sot
a,, b, G, and d, (as these were defined and named also by Hénon, 1965) which describe the

stability of a periodic orbit under perturbations in the plane may be determined with the
accuracy of the numerical integration by integrating the equations ofmacimultaneously

with the equations of variation using the following formulae introduced by Markellos (1976):

_0%, 9% D+ D5£6X L 9%, D5J

Xy Xy Xy OXog
b - X, . X, D 4 DS oX, ax2 o |
OXos  OXos ax04 0 Xos
G = 1 ,
6X01 05 01 aXOS
ax4
dh = 4 )
a)<O4 05 04 aXOS
where;
fo=f(t=0), Di=—s F = pi__Xu
2>(05 ax01 x05

Note that, if the planar periodic solution is symmetric w.r.t. theads, the above formulae
are simplified sinceD; = X, =0.
In order for a periodic orbit to be stable botkpiane and oubf-plane perturbations it must

simultaneously fulfil the inequalitiels, |< 1 and|s, |< 1 where:

_a+d, :av+d/
$= 5 S 5

In the case of symmetric periodic orbigg = d,anda, = d,, and sthility is established if

both \ah\<1 and ‘6\,‘<1 hold. If only one of these inequalities hold the orbit is considered
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horizontally or vertically stable, respectively. Bray and Goudas (1967) introduced the

quantitiesP andQ for the study of the more general case ofg@diodic orbits. Thus, a family

of 3D orbits is stable ifP| <2 and|Q < 2 (see alsdsirogiannis et al. 2006).

3.3 Determination of the Collinear Equilibrium Points for the model with
triaxial and oblate primaries

The positions of the collinear equilibrium poirits, j =1,2,3, can be obtained by solving for

X, in the following norlinear algebraic equation arising from the equations of motion (3.1)

for zero velocity and acceleration components, i§3=xj#= X5=#0, as well as

X,=X;=0
xR a0 ) 30 9)0 ) B LA, (34
X, =4 X4 2| X, 2| X+ 14

Proceeding as elaborated in Singh and Begha (2011) we have solved numerically the above

equation for different values of the parameters of the problemhard such points have
been found to exist in the intervalscwo,—1+ ), (-1+ x,1) and (x,+«), namedL, L, and
L, respectively(see Szebehely, 1967). These equilibrium points are shown in Table 5.1 of

this thesis.

3.4  Motion around the Collinear Equilibrium Points for model with triaxial
and oblate primaries

The dynamics around the collinear equilibrium points are exploredsiséiation.
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3.4.1 Second order Taylor series expansions of the equations of motitor the
model with triaxial and oblate primaries

Representing the equations of motion as:

X, -2ra X =Q,
X -2 X, =0, (3.5)
where
2 1- 1-
="l xp T L es - 9- 20 s 9 B e
A R 2;

and differentiating partially Eqn. (3.6) w.rX,and X,, we get

I-p Xi—p p X+1l-p 31lpu X-u

Q, =n*fX - 3 3 - - 25— +
15 1-u X, —u X2 U X+ +u A '
2t/ 7% X2 ’
and
1-u4 X, uX, 31l-u 25-s5 X% 2X, 5X°) 3uAX
Q, ="BX,—- 2_F£72 ~31- _ 2 7% |_ 2
X3 ﬂ 2 r13 r23 2.15 ’l'l % % 2.15 2 17 2 25

(3.8)
Next, we setX, = X, + % and X, = X, in Eqn. (3.5), whereX_,i=1,2,3is the position of
the collinear equilibrium points.
Thus, Egns. (3.5) become
##2na x, #HQ
# #2000 0, (3.9)
We expand the RH8ight hand sidepf Eqn. (3.9) up to the second order using the Taylor

series expansion arou(, ,Y, ). We proceed as
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0, (X +%,%) = 2, 0 )+ 0, (X0 0+ R (X V45 0,0 X ¥ o8, X )

1
"'EXZZszxzxl XL Y’L )1

and

0, (X, +%,%) =2, (% )% 2,0, (X V4 R, (X W42 20,0 X P 08,0 X )
XD XY ).

That is

Q, (X, Y), =2, (0,0)= 0,

Q, (X, Y), =2, (0,0)= 0,

0, (X +x, )= 7p——— ﬂ 30 4% pf
(XX =P+ %[ [(X -+ X2 [(X+ x-p)+ £]?
pouXoxrlop)  3p)(-s) 150 )K X - p) (25 9)
(X +x+1-p)"+ Xﬁ]g 2 (X + >£—#)2+x22]g 2 (X, + % —p)*+ xﬂ%

15(0-)6-9)% , 1u(X+x+Tufh 3 A
2[(xL+xl—u)2+x§]3 (X + x+1-pu)f+ i]g A (A + x+uf+ é]’i
105(1-p )X, +x—uF (§-$)%
2L (X +x—u) + ><§]g

or
o, (x.0=rp A p SmK-p) K +luf 3Ep)(&-s)
AT X, -4 X 1= X, —4° X +1- 44 2% -4
A5 )X -y (25-8), 1 (X+Xufh  HA
2|X, 4 2AX +1-4  AX A+
or

Q. (X,0)0=rp+ 2(1—;11)+ 2u 3+6(1—u)(235—g)+ 6u A N
Xo—a™ X +1- 4 | X —4] | X +1-4

Also, we have
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30X+ R =p)%  J(X + x+ o p)

[(X +%—u)’ +X§} [(XL+ X+1-u)"+ >§]g

SIS )X 45— p)(25-9)% 15 (X+ ¥+ bu)AX
2[ (X, +%—uy +y§] 2L (X + >&+1—u)2+><§]%

Qxlxz(XL + XU Xz)

-7 2
+ 150 9CS K+ x—u |) al + a _

(X +x-m+ X2 [(X +x-m)°+ %]

Q,, (X,,0)=0.

And

o)Xt xzp) | Ju@rxrlop) | Bp )Xt xmp)
[(X(+x-p)° +x§] [<><L+ X+1-p)%+ r@]g [(X+ x-p)+ >§]’3

Bu(X +x+1-p) 18 (X +x+1-p) Az 1501 )X + % —u)
[(xL+x1+1—m2+x§] 2L (X, +%—u) +x§] [(X + %—p)+ xé]7
WX kX rlouf 15 p )-8 )X+ xu), 1B (X+ ¥+ Tu)A

Qxlxlxl(XL+ )SJ XZ)

+

[(X, +x1+1—y)2+y§]% 2 (X + x—u)+ ﬂg [(XL+xl+1—u>2+y§]5
(1050 )= )X+ -t § |, 150 )%= 5 )(X+ xu)
2[ (X, +x -y +r§] [(X + x—p)’+ %2
_105(1-u)(Z -5 )(X + X p)  105u (X + %+ 1—#)3/%9
[(X +x-pu)*+ X2 2L (X + x+1-u)+ %2
_105(-p)6 = )X + X )% 9450 p )5 s X+ xp) K

2L (X +x-uy+x%]? L (X + %x-u)y+ yé]g
(X,,0)= 3 )X —p) , 3 (X +1-p) 15@Ep )& —p ), 6@E p ) 4 )
s X, =4 X +1- 4’ X =4’ [ X =’
(X Alp), X ) G K+ T B Iy K+ e B
X +1-4 X +1-4 2AX +1-4 | X+ 24
_105Q-p)(B -5 ) (K —p), 15Ep )FH- § )(X-p)
2%~ X -4
L) (B -5 ) (X —p) 105 (X + T u)A
2%, 4 2|X, +1- 4
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_ 6Q-p)X —p) 60 p )X +Ip) 30Fu )(EB-5 )X -]

X, =4 X +1- 4’ X~ 4’
_30u(X +1-p)A
X, +1- 4
We also have
Q,,, (X, + %, ) = 20K % - :U)sz 34 )% - 150 (X + x+ T p ) X
[(X,+%—p)° +»§] [(X o+ x=m)?+ ]2 [( X+ x+1-p)*+ £
3ux, JA50-p)(B-s)%  105(1-4)6-5)%

+

(X +x+1-uf+ %7 2[ (X +x-uf+X ]2 2 (X +x-u)+ %]?

_105(-u)6 - )X + Xx—uf % 15 A%
[(xL+xl—u)2+x§]3 2L (X + %+1-p)+ @]5
L 300-p)8-5)% 105 (X + x+ T u) M
[(x + % - u) +»§] 2 (X +x+1-py +x2]
L9516 -9)X + x-uf X
2L (X +%—u) +x§}

(X,,0)=0.

X1XX1

And

—15(1— 4 )(X_ + X — y)xi B-p )X+ %—p) 15 (X + x+ Fu )R

szxle(XL+ )S.’ XZ) 5 7
[(X,+%—p) +x§] [<>q+ =)+ %2 [(X+ x+1-p)°+ %]?

Bu(X +x+1-u)  315(1-u)e -5 )(X + X—1)%
[(><L+><_l+1—m2+»§]g 2[ (X +x—u) + »é]g
30Q-p)&-8) X+ %x—p)  Tu(X+ x+Tu)h

2[(xL+xl—u)2+x§]3 2 (X + %x+1-pu)+ >§]%
_105(1- )G (X + X —#)(25- §), 15(kp )25~ $)(X+ ¥ p)

+

2[ (X, +x-u)f+ %] 2 (X + x—p)+ %]
105 (X +x+1-p)AX  105(Fu )6- $ )X+ x4 )%
2L (X, +x+1-uf+ X% ]2 [(X 4% -p)+% ]2

L 945(1-p)8 -5 )(X + X— ﬂ)2>§ |
2[ (X, +% -+ %]
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SA-p)X —p) X +1p) 1K +Fu)h 30@Eu )e- 5 )X-u

szxle( L )

Xo=a Xt 22X 41 X -’
LA )& -8 )X -p)
2|X, - /“|
Also
QXZXZ(XL+)S.’ X2)= rfﬁ"' 3(1_IU)X22 5 (1_IU) 3 - £ 3
(Ko=) + X P [(X+ =)+ %] [( X+ x+1-p)°+ %]
" 3/1)(22 + 15Q0-u )(&, -0, )XZ _ 3Epu )Z,—0,)

[(xL+xl+1—u)2+x§]g 2 (X + %—p)+ @; 2 (X + >f—m2+x§]g

105 p)G 0,-0,) , 45(bu)e-0,)e | 15(Gu Yo, X
2[(><L+xl—u)2+y§]g 2 (X + x-uy+ ,;]% [(X+ x—u)+ i]’z

_3W-pe-oy) 15uA%, B 3uh, |
[(xLﬂa—mmﬁ]g 2L (X + x+1-u)+ yﬂg 2[(xL+xl+1—m2+x§]g

0, (X O=rip-o) o B-m)@-s) Heu)s-s)  HA
- X=Xl 2% -] (X —a 24X+
And

3= m) 3ux, 15 )X+ %—p %

N
[<xL+x1—u)2+»§]g [(X + x+1-u)*+ r;]g [+ x-p)+ >§]’3
1Bu(X 4 X+ 1-pf% 150 u )(&y=0, ) 105 p)(X, + X —4)*(20,-0,)%,

[(X, +xl—m2+r§]5 2L (X + x—u)’+ x;-ﬁ 2[(><L+x1—u)2+x§]g
_105(1- 1), - 0'2)(2 30(-p)o1 -0, )X, 105 K + X+ Fu IxA

2L (% +x -+ 6 24 x-re £ A Of+ wlufe 4]°
N 15uA%, _105(1- )0, =0, )X + X —u F %

2[ (X, +x_1+1—m2+x§]3 [(xL+xl—u>2+x§]g

L 945(1 1), — 0, )X+ %, - ufxi

2[ (X, +x—u) +»§]

Qxlxlxz(XL-i- )S.’ XZ) =

(X,,0)=0.

X1X1X2
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1501 )X+ % - ﬂ)Xﬁ 3 p )X + %x—u)

[(X,+% - ) +>§] [(>q+ X— 1)+ @]3

_15u(X, +><l+1—ﬂ)><§ (X + %+ 1-p)

[(X +x+1-p) +X§] [ X o+ %+1-pu)+ >§]Z

150 )X, + X - p)(25-3), 945( p )X + x-p1 )5~ 5)%

Qe (X%, %) =

o[ (X, + %) + X2 2 (X + -+ %]
3150 )X +x-p)E-$)%  108-p)(s—-S)(X + x—n) %
2 (X + % -+ %] (X x =)+

15(1-1)6 - )X + x—p) 105 (X + x+ Fp )% A
(X +x-m?+%]7 2[(X + x+1-u)+ X2
_105(1-p )(Z - $ )X, + %~ ﬂ)><§ 15u(X + %+1-p)A

I:(x +X- ,Ll) +X§} I:(XL-I- )g+1—)u)2+ )éili
| L ,U| | X, +1 y| 2|X u|
150~ )G -8 )(X — ), 13 (X + Lﬂ),g_
|XL ,U| 2|X +1_,U|
Also
Qi (XX, %) = G ﬂ)xi (-1 )% .
[xoxm K[OG g f]
34 )% _ 15u% 6ux,

5 7+ 7
(XX =+ 6 [ [(X o+ x+l-p)®+ ]2 [(X+ xrl-p)*+ X2
S 1050 u)B -5 )L, S0 u )& 5 )X
Y o[(x xRt R 2 (X - £
p 1S -s)x% | 945(Ep )6 5)%  2100-1)6=5)%
L (X +x—uf+ R (X +x-p)’+%]2 2[(X +x%-p)+ %]
_8150-u)6-$)% |, 90(u)(%-s)x _ 105@u ) s)X

[(Xp+x-m)?+ %2 20 (X +%-pu)+ %7 [(X+ x-u)’+ %]
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_ 3150 p)6 -8 )% | 90(u )= 5)x _ 105@u )6 s)X
[t 2% x-mfe 2]t [+ x-m+ 5]°
2 300-p)s-s)% | 15(p)s-$)% 10w A4S 9
[ o=+ ] [(X o+ gt 2] 2[(X %01+ ]
N 15ux, A, '

2[(XL+X1+1—,U)2+ xﬁ];

(X,,0)=0.

xxx2

The RHS of Eqn. (3.9) become

Q:Xl[nzﬂ 20-p), W S-u)N-3) A }
) XAl X Dl XA

x| - %(1 X —p)  pX +1-p) S ) (255 )X -4)
R [~

L 5u(X, +1—y)/§} e 3{(1—y)(xL—y)+y(xL+1—m
X, +1- 4 2| X - X+l

Bu(X +1- A B p)(@5- 8 )X —p), SlEu )@ )X u}
2%, +1- 4 24X, 4|’ X~ 4"

and

Q =X2[n2ﬁ— @-p)  # 3-u)>™-s) 3T-u)s-s5) N A }
) X —p (X +1-4 2% - % - X +1-4

+Xlle?)(l—ﬂ)(XL H) D) B -8 )X —p), 15EH )G $)(X-u |
X = af 2|~ X —uf

L3 (X A1) T X+ p)A
|X +1- ,u| 2|X +1—/¢|

Equations (3.9) can now be written as

KH#2max #A X+ AX+ A% (3.10a)
#z#zm‘:#anxz*' Bh&& (3.10b)
where
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A= pri s 2R BB S), 6;156’

Ao =-30-wE+ 2B 3+ 2B,

A =30 0lgs -2 oy o S+
Bt R HEB) 3A

B, = 3(1- )[— U839 ), L3t 2By,

and

(A-p) M
R, = + .
X = a” X 1

Also, o, and o, represent the signs of, =|X,— x| and r,, =|X,+1- x| at any equilibium

point avoiding thus the absolute values for each case.

3.4.2 Semtanalytical approximation of the 2D periodic orbitsfor the model with
triaxial and oblate primaries
For the planar case, we look for periodic solutions of the system (3.10a) and:(3.10b)
We consider that the sought solution in powers of an orbital parameffe < 1) is of the
following form:

X = X,e+ %,€, X, = X, &+ %, 8 . (3.11)
Substituting (3.11) into (3.10a), (3.10b) and equating thé#ficieats of the same powers of

€, we obtain the following two systems

X::l -2 nxln_ Aox,=0

3.12
X;l +2a nx‘n_ By1%,=0 ( )

and
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)(12—20(nX'22— Abz)gzl_ AoXis Azoillt 0, (3.13)
X;z + 2anX'12— By %~ BiX %= 0,
respectively, which have to be solved successively. The periodic solution of the linear system

(3.12) is

X, = C,COS(Wt}+ S, Sin(wt, and X,, = C,,COS(Wt )+ S, Sin(wt] (3.14)
where T :Wﬂ is the period of the periodicrinit. Since cosfwvt) and sin(wt) are linearly

independent functions, we equate their coefficients obtaining

(Ao+ V\F) Gut 2an§,=0,

(3.15)
2anw@,, + (B, + w) §2=0,

and

(Aio‘H’\F) S11 —2anG,=0,

(3.16)
- 20mW§11+ ( %1+ Va) G = 0,

respectively. Systems (3.12) and (3.13) are linear homogeneous and-f@raaolution the

determinant must be zero, i.e.:

A,+W  +2an

Danw B+l +(Ap+ By—4a" M)W+ A, B,=0. (3.17)

SinceD =0, sygems (3.12) and (3.13) are indeterminate, so, we choose arbitgrityl
and s, =0such that:

2anw
By + W

C1=0, Sp=- (3.18)

Therefore, the periodic solution of (3.12) is

Xll = COSW )1
X, = %21Sin(2Wt)-

Similarly, for syseém (3.13) we set:
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X, =Cyot C211COS(Wt)+ CZlZCOS(ZNt )’ S Sin(Wt} Sz Sin(ZWt:

. ) , (3.19)
X0 = Cp1COS(WE I C,,, COS(2ME } S, SiNfNVE) S, SIN(ANt
and working as previously we find that
C11=0, S;,=0, Cp= 0, Sp= 0, ;= 0, Cp (3.20)
and
Co = — Ayt 'Ab252'121
210 '
2A,
— _A20(801+4W2)+ 5121(4a B, nw '%2 §2( EST 4 6V)) 3.21
Cop = 2 ' (3.21)
2A,By;+ 8(Ay+ By~ 4 )W+ 32w
Spyy = 4o ApyW-— 5, ( A B+ 4 W AN, B Y
22 :

2A B, +8(A,+ By~ 4x? it )W + 32w
Thus, the periodic solution of (3.10) is

X, =Gyt C212005(2"\”)’
Xy = Szzzsm(ZWt)-

Therefore, thesought periodic solution (3.11) into series expansions of the orbital parameter

e up to second order terms is:

X = X +cosWi)et [G,o+ G;,cos(2wt)]é

(3.22)
X, = SaSin(we  + s,,sin(2wih e,

where (x,,0) is the position of any collinear equilibrium point, the coeffitse

Ci11 Co1p Coia Simm Sy, are defined by (3.18) and (3.21), amdis a real positive solution of

(3.17).

3.5 Spatial Periodic Orbits: Second Order Analysisdor the model with triaxial
and oblate primaries

A second order LindstedRoincaré method is used to obtain spatialogéc orbits in this

section.
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3.5.1 Second order expansions for the 3D equations of motidar the model

with triaxial and oblate primaries

Representing the equations of motion as:

X, -2ra X =Q,
X -2 X, =0,
X =Q,, (3.23)
where
=_n 2B(X2+ X))+ A M L ﬂ)(2381 $)_ 3@ ,U)(§5 )%
r r2 X, 2
, , (3.24)
LHA 3A-p)s Xy uAX
2r x° 2>
Differentiating partially Eqn. (3.24) w.rX,, X,, X, , we get
1-u X, - X, +1- 31-u X,- 15 + —u X2
Qxlznzﬁxi_ “ 3 £ —2 £ “ 5 £ 2§_§+ £ )Sl = $ 3
r r, ) z,
C3u X +l-p 5u X-—u sX L5 X+ Fu sz
2} At /7 2,
(3.25)
1-u X, uX, 31l-u 2X-s5 X% 2X, 5X2) 3uAX
Q. =8 X, — 2 _ 2 _ -3 1- _ 2 2 | 2
X n ’8 2 r13 r23 25 /Ll % % (2.15 217J 225
A5 1u s X (X —u) 15#AZX (X, +1—#)
2r/ .o
(3.26)
and
0, =-LomXs_pX, S-p)(5-$)% , 1504 ) $) K X 3uAX,
X3 r13 r23 2. 5 2. 7 2
. (3.27)
LB XS BU-p)s X 1HMAXS uAX
2r] re x) ry
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We define a new coordinate system wherebyis any collinear equilibrium point

L;,j=12,Zand is also the origin with, , L, , L, as axes parallel t©X, OY and OZ,

respectively. The relations that show the proper transformation between thesterosare:
X=X +X X, %, X X% (3.28)

By the transformation of Egns. (3.23) with the use of (3.28) in(thex,, %) coordinate

system, we have

® #2no X, =#QXl ,

®# 2nax ),

RO (3.29)

We expand the RHS of Eqns. (3.29) up to the second order using the Taylor series expansion

around X, ,Y, ). We proceed as

0, (X X% ) =0 (X, ¥ 20 R, (K Y D R (XY 26 8,0 XY B3 i, ( XY
PXXD XN R0 K Y D X XYL RS DL (XYL 2)
LI A
(3.30)
0, (X + X% )= (X, Y 2+ R (X Y D 2, (X X 3+ 8,0 XY By o XY
PXXD XX A DR XY D XR L KYLA) XD, (XY 2)
FXQ X A )

2

(3.31)

and
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QX+ % %K) = 2 (X, Y 20 R O Y D% R (X X 2 S (XY B2 20,0 XY
P60 XX 2 DR K D xR XA RO (XX )

1
+§X§Qx3x3x3 )(L YL ZL )

(3.32)
Next, we evaluate the transformations in Egns. (3.30), (3.31) and (3.32) by finding the
various partial deriatives involved and subsequently, making the appropriate substitutions

into the three equations. We obtain,

Qxl(XL,YL, Z), = QXL(O,O,O)= q
sz(XL’YL’ Z ) =Q, (0,0,0)= C,
Qx3(XL’YL’ Z ), =Qx3 (0,0,0=0

(1-p) B 2 L 3= )X +x—p)
[(><L+xl—u)2+r§+x§]g [(X + x+1-p)"+ %+ ﬂ; [(X+ ¥+ %+ ﬁ]g
Bu(X +x+1-uf 3(-p)(2s-s) 150 p)(X + x-p) (23~ §)

[(xL+xl+1—u)2+r§+xi]g 2[(><L+x1—u>2+x§+r§] 2 (X + %—u)+ %+ >§]
15(0-p)6-8)% . 1 (X+xrrufh 3uA,
2[ (X, +><_L—u)2+r§+x§]% (X + x+1-puf+ %+ %]% 2[(><L+><.L+1—u>2+r§+x§]g
(1050 )X + % -pf G- )% 1050 p)0 +% =TS 15( 4 )g %
LX +x-mi+% e ke 2 (Xr xouie ke AF 2 (Xt )+ X
105 (X +x+ T ufAX 150A %
2L (X +x+1-uf + %+ xi]% (X + x+T-uf+ %+ >§]5

Q. (X +%,%, %)=t~

+

or
(X,,0,0)= - (1‘“)3_ g BmK )l 3 rpuf 3Eu)E-s)
(X —p [ X +1-4] | X, =4 | X +1- ,u‘ 2% - ﬂ‘
(A=) K —p) (5-8) 1 (X+Tujh A
2%~ 2 X, +1- 4 AX + -4
or

|XL A Xl |XL #| BEES

Also, we have
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SU-p )X+ x—p)% | (X +x+1p)x

[(Xorx=m o5 X [+ xrl-p)*+ o+ X7

Qu (X%, %, %)=

Q)X +x—u)(25-8)% 13 (X + ¥ Fu)AX
A (X +x-uy+%+%[  2[(X +x+1-uf+%+ %]

U
2

£ 150 9ES (X + x-4) 7% .
[(X,+x=p)°+ %+ X]?

+

2%, J_105(1—uXXL+>9—u)§>§>$
[(X +%-u)y+ %+ x;]Z 2l (X, +x-uf+%+ x§]§
105 (X +x+ - p)AX %

2[(XL+xl+1—y)2+ X + x§]

9
2

Q,, (X,,0,0)=0,

SA-pm)XAx—pm)% (X +x+Ip)x

[ - ed £ [(X o xeaems £ o]

LB )X+ % - p)(25- )% 105(k 1 )(§-$,)(X + X=4) % %
A x-nf i kP 2w e K
15u (X +x+1-p)A%  105(ku )5 (X + X-p )%

2 oxriuf e ge KT 2 (X x-n)e e ]

L I5Q-ps (X + x-p)% 10 A (X + x+ Fp )}

(X ox e s K 2[5 s 4o 4]

L LA X 4 X +1-p)x

7

[0 1o+ £

Qx1x3(XL+ X, %1 %) =

Q,, (X,,0,0)=0,
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Q, (XL + %, %, %)=

3~ p)%% N 3% %
5 5

(X +x-uP+8+ ]2 [(X+ x+1-u)’+ %+ X]?
151-u)(B-5)%%  105(Fu )5 s)%x

7

2 Xy +x—pf+X+ %[ 2 (X +x-u)+ %+ |
15(1-p1)6-8)%% 15 A%

7 7

(Xt x=mP 48+ €J2 2[ (X + %+1-p)*+ £+ %2
1050-ppx% 150 u)s%x%

9
2

9 7

[ (X +x—puf+ %+ ]2 [(X +%-u)+ %+ K

105uA XX, 1 AX%%

+

[ (X +x+L-uf+ %+ %2 [(X + x+1-puf+ £+ £J2

Q,,.(X,0,0=0,

7
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3(1- u )% 1-
Qx3x3(XL+X1'X2!)%): ( IU)XS 5 ( IU) 3

(Xt %=+ %+ X[ [(X +x-p)%+ %+ X]?

2

3% H
+ 5 3

[(X o+ x+1-pf+ X+ %P [(X + %+1-u)+ %+ X]?
150-p)&-9)  S-p3-s)

A X+ x—pu)+ %+ X 2 (X + x—p)+ %+ X
105(1- ) — S, )% % 4 15(F 4 )(s— $) % X

A (X +x-uP+X%+%K[2 2 (X + %-p)+X+% ]

U
2

15uA, % ~ 3uA,
2%+ xs1-nf e G X A (X xe b fe G )
) 105(1- 4 )5, X N 45(k 1 B %
2[ (X, +x-uf o Ge K] 20 +x-pf + ¢ X
15(1-u)8% _ 3(1-p)s
[+ x-p+ 6 €] [(X 6 -7+ e A
) 105uA X N 451 AXG
2[(XL+x1+1—,u)2+ X + x§]g 2[(XL+X1+1—,U)2+ X + xﬁ];
15uA,% ~ 3uhA,

7

[(X % +1=pf+ %+ %] [(X+ x+1-u)+ %+ X]?

o (x.00- LK p S-m&-s) WA 3wk
R R e N F R S R Tk
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O (Xt i) =S =p) | G(Xoexrlow)
[(Xo+x—p)+ X%+ %2 [(X + x+1-p)"+ %+ X]?
6(— )X + X% —4) - Bu (X + %x+1-u) i
(X + %=+ %+ %[ [(X+ x+1-p)+ ¢+ X ]?
160X +x+1-uf A 1500+ x-u)
2L (R +x+1-uf+ X+ X [(X+ x—pu)+ %+ %]
15u (X, + % +1-u} _+ 15(1—;!)(231—%)()&—#)7
[(X o+ x+1=p X+ 2[ (X + %—p)*+ X+ X2
15u (X, + % +1-p1)A _ 105(F 4 )(B- s )(X + %—53
(Xt x+1-pf+ 5+ X 2L (X + x—p)'+ X+ ]2
LI50- )-8 )X+ ) 105(k p )% 5 ) )X
(X % -+ %+ %2 (X + x-p)%+ X+ %]

_105u (X, +x+1-ufA 9_105(1—u)6—%)(>€+ %—ﬂg)%
2L (X +x+1-uf+ X+ %[0 2[ (X +x—pu)f+xX+X]?
L9450 )6 - 9 )X+ x—u ) X QAS(-p s K+ X X

2/ (X +x-uf+%+%]2 2 (X +x—p)+ %+ %|?
1050 (X + =p)X 1050w )5 O+ xoue )%
(X o+ %=+ %+ %2 [(X+ x-p)7+ %+ %]
L94BuA, (X + X+ - pF % 10BuA, (X + X+ - )%
2[(XL+x1+1—,u)2+ >§+x§}121 [(XL+ X +1-p)*+ X+ xﬂz
105uA, (X + X+ 1- )X

2[(XL +X+1-pu)l+ X+ )QE
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(X,.0,0)= A=K ~p) 3w (X + 1) 150 )& —pe), 6 1)K ~p)

s R B I L X —a
CL5u(X +l-p) QX+ p) LK+ T Ix K+ Tu B
X +1-4 X +1-4 2AX + 14 | X+ 2
_105(-p)(B -8 )X —#), 15(k p )(Z- $)(X-p)
2%, [ X~
15 p)(B -9 )(X —p) 105 (X + T )A
2|X,_ ,u| 2|X +1—y|

_ 6 )X —u) 6@ )X+ ) 30FEp )F-s )X -4

|XL_,U|5 |)(L+1—,u|5 |XL_,U|7
C30u (X +1-p)A .
X, +1- 4
_A5(1- 1 )(X, + X — 3
Qo (X L+ X%, %) = (L= p)X + % ,u)2x2+ (= u )%

[(X +%-p)+ %+ x§]§ [(X + x-p)+ %+ >§]§
T Rs ST & 3% :
[(X +x+1-uP+ X+ X2 [(X + %+1-p)"+ %+X |2
105(1- 4 ), O<L+>a—ﬂ)2(2§; $) , 15(u )2 s)x :
A (X +x-puV+X%+%]2 2 (X + %-u)+ %+ X2
105(1- 1)6 - )% 9_105(1—ﬂ)§—%)(>5—ﬂ)29>&
L (X +x -’ +%+ % [(X + %)+ X+ %]
. 15uA, %, - 30(k-4)E8-5)% i
(X +x+1-pf e+ X[ (X + x-p)+ £+ 4
105X +x+lufA% | 945 )G- )X+ xu) ¥

11

e ki K A X xou o e ]

L9450 (X + x-pf %% 105(1- 4 5 %, %
[ (X +x-pf 4 X2 2l (X +x-p) + K+ X
L 945uA (X + X+ 1 puf %% 105 A % %

11

2 X+ x+1-uf+ %+ %7 (X +x+-puf+ %+ XJ?

(X,,0,0)= 0.

X1XX1
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5@ )X+ K mp)G | B p )X+ %)
(X +x—u)"+ X+ X§] [(XL+ X— )"+ %+ >§]g
I =] D i 7D L A 7 O Nl 8 o7 D)
(X + X +1-p) + %+ xi]g [(X + X +1-p) + X+ ><§]g
3150 )6 -9 )X + x—p)h 300u )e= 5N X+ xu)
2 (X +x—p)+ %+ xi]g 2 (X + x-u)+ %+ %2
15u (X, +X%+1-u)A  105(Fpu P (X + %—u)(25— 5.
2L (X +x+1-uf+ X+ xfﬁ 2 (X + =)+ %+ >§]’3
1504 ) (2 -8 )X + X—p) 105 (X + x+ Fu {X
2L (X +x—uf+ %+ xﬁ]% 2L (X +x+1-uf + X+ xgﬁ
_105(-p)6 -5 )04+ X ﬂ)i 945(k 1 )(5- $)(X+ zeui X
[(X +x%- m+x§+x§] 2[(X + %—u)+ %+ >§]2
L9450 ) (X + X—p)% % 105(ku )s (X+ x4 )%

11

[ (X +x—puP+%+X]2 2 (X + %x-u)+ %+ %2
L, 94BuA (Xt x+ T u )8 105 AX, +x+1-p)%

11

2L (X, +x+1-puf + X%+ K [2 2L (X +x+1-uf + X+ X ]?

szxle(XL_'_ Xi’ X21 )%)

(X, 00)_3(1 PR —p) X +1op) 1+ Fp A 15Ep )6— 5 )X-u

P X, 4" (X +1-p 22X 14 X =4
15(1—ﬂ B -5 )X —u )
2|XL ﬂ|
3(1- ) 3ux,
QX+ X, % %) = s :

(Xt x—mP e+ T2 [(X+ g+l e+ X2

A5 p)(X % —uf % 1 (X + g+ Eufx

[(X +x =)+ X+ >§]% [(X + %+1-p)°+ %+ 3]%
150-4)(B-s)% 105 )X + x—#) (25 $)¥

2 (X, +%—uf+ %+ xi]g 2 (X + x—p)'+ X+ >§]g
105(1-p)6-9)%% _ 105u(X +x+1-ufAx

o[ (Xt x—P+ %4 K 2[(X+ 41 p)+ e £

15uA,%, L 94504 )X+ x—pF 6= 5)% %
[ (X +%+1-pf+ %+ @]5 2 (X + x-u)+ %+ »f]lfl

+
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L 9450 p)X, + X —pF§% 1050 p )X + x—p § 3%
2L (% +x -+ 6 s K] [+ %)+ % £
_ 105(1- 4 B % N 15(1-p )8 %
o[ (X, +%-uf+ R+ K[ [(X+x-7+ 6+ ]
945u (X +x+1-pufAX  10% (X + x+ LujAx
2[ (X +x+1-uf e §JF [(X+ xeia)s o £
105uA, X N 1A%

9 7

2|:(XL+X.L+1_/J)2+ X + XﬂE [(XL+ X+1-pu )2+ %+ >§]5

Q,,, (X,0,0)= 0,

I5(-p )X+ X —p)%% 1 (X + X+ u )% X
(X% 8+ 5 [(X o+ x+l-p)™+ %+ ]
105(1- g )X + % -4 ) (25~ §)>$>§ 945(1- p )X +X - #)E - $)% %

11

2[ (X, +%- ﬂ)+é+£] 2L (X, +x-uf+X+x%]?
_105(1- p )X + X —u)(§— §g)>5>§_ 105 (X+ x+ Fu )AX% §<9
(X +x-m)+ X%+ %[0 2[(X+ x+1-p)+ %+ %2
L 94501 )X, + %~ ﬂ)§>§>s 105(k u )X + X—u )§H
UX+&/0+é+ﬂ Ux+x;0+£+ﬂ2
o 94X X AKX 105 (K X+ p)AXX

11

2[()(L+Xl"']-_,u)z"')(22"'X32]E [(XL+ X+1-p)*+ X+ )5]5

Qxlxzx3(XL+ )S' XZ' )%):—

(X.,0,0)= 0,

X1XX3
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3(1- )% (L)

QXZXZ(XL+)S’X2’)%): I'fﬂ+ 5
[((Xp+x-p+ %+ X2 [(X+ %)+ %+ Xf]?

_ H + 3%
[(XL+X1+1—/U)2+ X + xﬂg [(XL+ X+1-p)’+ X+ g]g
L 15Q-u)(B-s)% 3Eu)(25-3)
2[ (X +X—p)+ %+ »é]g 2L (X + %-u)'+ %+ i]g
105 u X 6-S) L 45(tu)s-5)%
2[ (X +X—pf+ %+ xi]% 2[(><L+x1—m2+x§+x§]3
151-pu)6-5)% 3t )(s- 3)
(XLt % -+ %+ xi]g [OX+ %=+ %+ >§]g
. 15uA, % B Buh,
2[(XL+X1+1_/“)2+ X + xg]% 2[(XL+X1+1—,u)2+ X+ xf]g
o 105(-u¥gsX | 15(k 1 )5 %
2L (X, +%-pu)+ X+ xf]g 2L (X + X-u)'+ %+ ﬂ%
105X A, X . 15uA %

9 77
2/ (X +x+1-puf +3+ X P 2[ (X +x+1-p)+ X+ %]

Q,, (X.,0,0)= p - (1—#)3_ M 3_3(1—,U)(§—5§)_ 3(1—,u)(§_5 s) A N
|XL_/U| |XL +l—,u| 2|XL_,U| |XL_/U| 2|XL+1_IU|
stxzxz(xwa,xz,>%)=—15(1_”)(XL+X1_”)X3’§+ 3(k- 41 )% 5
[ x=f e 8 8T [(X+ x-)+ e 4]
15u%% 3ux

- 7T 5
[(Xe+ %ol + 6+ X T2 [+ g+ 1-p)'+ o+ A
1050 p)(B -5 )% % o 15 (25 5)
2L (X +x—uf+X+% 2 2 (X + x—p)+ %+ %]
945(1-pu ) 6-8)%  315(-puME-5)%

11 9

[ (X, +%—uf+ % +x |2 2[ (X +x—p)+ %+ %2
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105(1-p)6-s)%% . 15(u)(§- $)X

9 —

_[(XL+X1—ﬂ)2+X§+ X2 (X + x—m)’+ %+ £]?

~ 105ux, % A, N 1 Ax
2[(XL+X1+1—,u)2+ X + )(32]2 ZI:(XL+X1+1—,u)2+ X + )(32];
945(1-u 5 XX 105 u F %%
2L (X +%—p)+ %+ X§]121 [ (X + x—p)*+ %+ >§]2
_ 105(1- 4 B % . 15(1-u)5 %
2[ (% x—uf ] [(X o+ %) ok
945uA, X 2 B 105 A %%
2l (X +%— ) + %+ xi]lzl [(X + %—p)*+ %+ >§]3
105:A X . 151A,%, N

_2[(XL+>‘1—,U)2+X§+ Xf]g [(X + %=m)%+ %+ X]?

Q, .. (X.,0,0)=0.

Qe (X%, %, %) == atald 7t P E
[(XL+xl—,u)2+ X + X§]2 [( X+ %= p)*+ %+ @2
31— )%, - 15ux% .
[(XL+X1—,u)2+ X + X{IE [( X+ %+1-p)+ %+ )g]é
61X, _+ 3u .
[(XL+xl+1—,u)2+ X+ XfF [(XL+ X+1-p)°+ %+ >§]5
1050 4)(B -5 )R . 15(Fp % (- 5)
2[(XL+X1—,u)2+ X+ X§]5 [(XL+ X—u)’+ >§+X32]

5

+

7
2

945(1- )6 -)% X 105(ku )5 $)x%
2[ (X +%—p) + X+ x?]% [(X + %=p)?+ %+ >§]’3
1050 p)6-s)%% 105 A, :
2L (X + % - )"+ X+ xgﬁ 2[ (X + %+1-pu)’+ %+ X2
. 15uA, X, N 1uA X _
[(X,+%+1-u)+ X+ ﬂg 2 (X + x+1-pu)+ %+ %]
945(1- 11 )5, X B 945(k 1 B % :

A(Xy+x—uP+ X%+ %)% 2L (X + x-pu)+ %+ %]
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WV(-pl% 945 A %

(X +x - G 2[(X o+ edefe 4o 42

945(1- 1 B % - 945 A X i

2[(XL+xl—,u)2+ X+ x?]E 2[(XL+ X+1—u)’ + X2+ x§]5
90uA, X,

7

[(XL + X +L1- )+ X+ x32]5

Q... (X,0,0)= 0.

(X4 %0 %0 %) = —15(1—#)(XL+>a—u)><§7+ 31— p)(X + %~ p1) 5
[(Xe+x=u)?+ %+ %] [(X + %=p)+ %+ E?
15X +x+1-u)X s Bu(X + % +1-u) 5
[(X % +1-p) + %+ X (X +x+1-uf + X%+ % |2
C105Q-p ) (B -5 )(X + %—%;)% I5A-p) (B -5 )(X + >£—/71)
L (X +x-uf+%+ 52 2L (X + x-p)+ okt X
L 945(1- )6 - 5 )(X + % u)%% 105(1- 2 )G (X + % — 4 )(§— 3)
o[ (X, +%—)+ %+ ] 2 (X + %—p)*+ %+ >§]5
105 (X +x+1-u)A % . 15u (X, +% +1-u)A :
2[(XL+xl+1—,u)2+ X + xﬂi 2[(XL+xl+1—,u)2+ X + )(32]5
945(1- )5 (X + >&—ﬂ)>§l_ 525k p )5 (X + x-p )%9
L (X +x-pu)+X%+% ]2 2[ (X + x—u)+ %+ X]?
f IO (K o) 945uA, (X + X+ 1~ p )% _
[(X o+ x-m)+ 8+ %2 2[(X + x+1-p)+ %+ £
525uA, (X, + X+ 1= )X N 15uA, (X, + x+1-u)

L (X +x+1-uf+ X+ X [(X+ x+1-uf+X+x?

(X, 00)_3(1 X~ ) Zu X+ 1) 150 p )(F -5 )Of —p ]

e X, =4 X +1- 4’ 2AX 4’
L asu X, +1—ﬂ)%+15(}#)§(>£ H)
2|X +1—,u| |XL y|

66



15(1- 1 )X, . 3 )
[(><L+x1—m2+y§+>§]g [(X + x—p)+ %+ >§]g
~ 15ux2 X, N 3ux,

(X, +xrLmpfof e £ [(X + glop)+ o4+ 4]
_ 10504 )(Z -5 )% % MR CIDACEEY
2[(XL+xl—y)2+ X+ Xf]g 2[(XL+ X—u)*+ %+ ﬁ%
945(1-u)6-s)X % 105(-u)E-S)%%
o[ (Xt %P+ %+ K[ [(X 4 x—p+ %+ X
_105(1-p)8-$)% MEECVD A Cal D
2[ (% +x-uf e €] [(X o+ xmp)ts e A

Qx3x3x2(xL+ X%, XB,):_

~ 105uxix, A, N 15uA X%,
[ (X +x+1-pu) + %+ x§]§ 2 (X + %+ d-pu P+ %+ >§]5
945(-u %% 525(ku jx%
2L (X +X—u)+ %+ xi]lfl 2 (X + x—u)+ %+ z]g
15(1-p)5 % N 945uA X, X%
[(Xo+x-u)+ %+ x?]g 2[ (X + x+1-p)*+ %+ 2]151
525uA %% . 15uA%,

9 7

(X +x+1-pf + X%+ R [7 [(X +x+1-pf +x+ X% ]?

(X,,0,0)= 0.

Qx3x3x2
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Qo (X + %, %, %) =- S m-mre i 5
[(X %=+ %+ %] [(X + =)+ %+ X2

3(1- )%, _ 15ux i

[(X +x—pm)?+ %+ X2 [(X + %+1-p)"+ %+ %]

BuX, 4 3ux, '

(X +x+1-pP+ 8+ K [2 [(X + %+1-u)*+ X+ %]
_105(1-u4)(Z -5 )R - 30(t ¢ )(B- 5 )X

L (X +x-puP+ %+ X7 2[ (X + %-u)+X+xX ]
150-u)(&-8)% _ 945(u )G~ 5)%

7 11

2 (X, +x—pf+ %+ X[z 2 (X + x-pu)*+ %+ £|?

+

7
2

2100-p)6-s)%  315(1-u)§—, )%
L (X +x-uf+X+X P [(X +x-p)"+%+ %]
L 90(-u)(B-s)% 105 ) 5)%

A (X +x—u)+%+ X2 [(X+%x—p)"+ %+ f?
o 300-p)6-8)% . 15(u)s- 9)X%

[(><L+x1—u)2+r§+x§]g [(X + x-p)°+ %+ %]

105uA, X N 1uxA
[ (X +x+1-u) + X+ ><§]g 2 (X + %+ 1-pu P+ %+ >§]5
945(1- 4 5% % _ 3154 k% %
[ (X +X—p)+ %+ xi]lfl 2 (X + %x-p)+ %+ i]g
945uA, X X _ 315 A X%

2|:(X,_+X1+1—,u)2+ X§+ )é:lz 2[()g+ X+ 1_/1)24‘ )§+ >§]§
szxzxz(XL’O’o): 0.

Equations (3.30)3.31) and (3.32) can now be written as
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2(1-p) . 6Q-u)(m-s) QA
Q, (X +X, %, %)= x| B8+ ~+ -
e ‘[ PR R S |xL+1—ﬂ|]
+1X{_6(1—ﬂ)(xfm_ 6 (X, + 1-41)_ 30(E 4 )(B= 5 )X —4)
2 X, —uf X, + 1] X '

SOuX + 1)y | 1) S )X ), ML)
X, +1- 2 X~ | X +1-pf°

2/X, +1-4f 4%, ' X~

! {3(1—u)(xL—m+ (X +Ip) | A5 K+ B u A
2X3 E G o
| X, — 4 | X, +1- 4 2| X, +1-

JouX +1-p)A  15E ) A -8 ) (K -p) 1SEH )6 5 (K- ﬂj

L 1504)(3~ )04 ~ ), 15115 (% - ﬂ)] |
2|XL ,u| |x|_ ;u|

d-4) H 31-x)(-5) 3-wu)(2s-3) 3 A
Q, (X +%, %, %)= - - ~ - -
o (XLHX%, %)= %) 1S Xl X 2% af Xd AX A
3% 3A-p)X —p) 15 ) (B -8 )X —p), 15(Ep )&= H(X —4)
X, - /‘“ 2|X, - ﬂ‘ X, - ﬂ‘

L3 (X 41 1 X+ T p)A
X, +1-pf 2X, + 1

and

(-p)  n 3M-m-s) WA }

Q (X +X, %, %)= %| -
xg( L )S. XZ )%) XE'[ ‘XL_#‘B ‘X —‘,—1—#‘3 2‘ XL—IL[‘S 2‘)(‘_-}—1—/,[‘5

)(1)%[3(1 X —p) ISEpu) B -8 )X -p) 3 X+ Tu) 1p K+ Tu )‘9‘]'
X, - ,u‘ 2| X, ,u‘ | X, +1—y‘ 2|X, +1—,u‘

respectively.

Thus, we can write Egns. (3.29) as
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20-4), 2w 6@-p)(-3), &uA
#2anx, #x| tp+ 7+ 5
S K e e ren ]
1 {_6(1—m(xL—y)_ 6 (X, +1-p1) 3004 )(B-5)0{—pt)
2 X, —uf X, +1-u X =4’

_30u(xL+1—u)A+1X§{3(1 O ), 3K+ )
X, +1- 4 2 X, —pf° | X +1-4°

A5G T0A | 150 p)(@ - 80K ), 1564 )6 3)(X- uj
2/X, +1-4f 4%, ' X~

1 {3(1—u)(xL—m+ S (X + 1) A5 K+ A
5% s — —
|XL ,u| |XL+1 ,u| 2|XL+1 ,u|

1501 p)(25 - )X —#), 150 )8 (X - m}

2|XL :U| |X|_ ﬂ|
(- ) g 3-p)2-s) 30-p)2s-5) ¥ A
#2#'2 nxl=#x2 ﬁﬂ_ 3 3 5 5 - 5
’ [ Xe=p [ X+1=pf 2 X -4 R 2|>‘L+1—ﬂ|]
+Xlx{ 30 )X~ p) | 1501 )(E—$ )0 —4), 15k p )6 $)(X-4)
|XL /1| 2|XL :u| |XL ﬂ|

L3 (X +1- #)+15U(X +1-p)A
|X +1- ,u| 2|X +1—,u|

(-@)  w 3-m3-s) WA ]+
X —a X+l X -4 22X+ 1p

[3(1—ﬂ>(xL ) 150 )@ -8 )X —p), 34+ kp) 1R K+ 28|
|X - | 2|XL ,u| |X +l—,u| 2|XL+1 ,u|

## Xs[_

Or

# # 20nx, #H A X+ Ay )%"' Abzoiz"' Abozg%
®# 2anx =B, %+ BipX %
#3# C001X3+ C101X1X3’ (333)

where

_ 6uh,  6(0-u)(x-s)
Ay, =brf +2R + = + x :
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A= =30 i)+ 22 g (54 2D,

lO 10 20 20

T ]

=3(1- Sl
Abzo 3( #)O-l[zrll(l) " 10 240+ 4 260

A gy L 5SS o 1 5A)
AbOZ 1[ 2r1((_:,) +( )(z_lt—l_ 4.160 )]+ 62( §O+ 420)
B b R A2 30-p)ds-%)

2ry x>

B =30 w e+ 82 g0 L 5

6 6
10 2r 10 r 20 2

Suh, 3(1-u)@s-s)
2r250 Z"150

OOl RO

L)) g0, L 2R

Cuo =30, (- 15 + =55 SRS
3.5.2 Semtanalytical approximation of the 3D periodic orbits for the model with
triaxial and oblate primaries
We consider now that the sought solution of system (3.33) in powers of the orbital parameter
e is of the following form:

X = Xp€, %= %, 8, X=X, ¢

Putting them into (3.33) and equating the coefficients of the same powersveffind:

Xiz —2a nx'22 = AgoX— Aboz)%slz 0,
XI22+2anX‘12_ Bhi0%= 0, (3.34a)

and

Xa1~ Coor 8%, = 0. (3.34b)
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Setting in (3.34b)x,,(t) = ¢;cO0s(Wt}+ S,,sin(wt, we find that (W + C,, )X, (t) =0 which
has norzero solution only when? = -C,,, > 0. Additionally, by setting:

X, =Gyt C211COS(\Nt)+ C212COS(2Nt b2 Su sinfwt) Sio sin(2wt;
Xy = szlcOS(Wt}‘L Cr COS(ZNt )’ Sn Sin@\’t} S22 Sin(ZNt )’

and working as was done previously in the planar case, we find that the solution of (3.34a) is:

X = Cyot €1 COS2 Wi, (3.35a)
X =$,,SIN2 W, (3.35h)
where
Cppo = _A)oz ,
2'%00\,\,2

C — A)OZ( BOlO+4V\f)

- wp (3.36)

_ —2anAy, '
22 T Wp !

whilew=,/-Cy,;, P=16W'+ 4(Ay,+ B,— &°1f)W+ A,B,. Therefore, the periodic
solution up to second order terms w.r.t. the orbital parameter

X=Xt ez[ Ciot Gy, cos(2wt)],
X,= € S,,SiN2Wt, (3.37)
X, = esin(wt).

As a consequence, the 2DdaBD second order approximate solutions are presented in Eqgns.
3.22 and 3.37 respectively, when the primary is a triaxial rigid body and the secondary an
oblate spheroidal body together with small perturbations in the Coriolis and centrifugal

forces.

In the next chapter, we consideeriodic motions around the collinear equilibrium points of

the R3BP when the primaries afiestly, both radiating oblate spheroidal bodiasd
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secondly, radiating as well as triaxial rigid bodies together with perturbatiaghe Coriolis

and centrifugal forces.
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CHAPTER FOUR
PERIODIC MOTIONS AROUND THE COLLINEAR EQUILIBRIUM
POINTS OF THE PHOTOGRAVITATIONAL R3BP WITH
TRIAXIALITY, OBLATENESS AND SMALL PERTURBATIONS IN
THE CORIOLIS AND CENTRIFUGAL FORCES

4.1 Introduction
In this chapter, we examine and obtain a third order analytic approximation solution of
Lyapunov orbits around the collinear equilibrium in the planar circular restricted three body
problem (PCR3BP) when the primaries are both radiating aladeobpheroidal bodies by
utilizing the LindstediPoincaré method. From the approximate periodic solution, the initial

conditions or starting orbits near the collinear points have been obtained.

Also, a second order seranalytic approximation solutionf Lyapunov orbits around the
collinear equilibrium in the R3BP for the spatial case of the same problem is obtained and
using the same method. The results obtained are thereafter continued to corresponding

families of periodic orbits using differential mection methods.

In addition,for both 2D and 3D periodic orbitgound the collinear equilibrium poinits the
R3BP when the primaries are both triaxial and radiating spheroids taking into account small
perturbations in the Coriolis and centrifugal #®sc(Singh and Begha, 2011), second order

semtanalytical solutiorare being constructed
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4.2 Third Order Analytic Approximation Solutions of Lyapunov Orbits Around the

Collinear Equilibrium Points: The Planar Case

4.2.1 Two-dimensional equations of motion for the radiating oblate primaries
Let,m ,m, and mbe the masses of the primary, secondary and infinitesimal bodies

respectively. Here, the primary bodies are moving in circular orbits about their common

barycentre, while the infinitesimal body is mogiand exerting no influence in the plane of

motion of the primaries. The mass parameter is givep *)ymsz—mz' Let the unit of

distance be taken as the distance between the primaries, such that the gravitational constant
G =1. The unit of mass has been chosen so that m, =land we takem =1-x and

m, = u. We let Oxybe the synodic coordinate system with the position of the infinitesimal
body as P(x Yy)and the primary and secondary bodies R, 0) and P,(—(1-x),0)
respectively. Thus, the equations of motion of the infinitesimal body in the dimensionless
synodc coordinate system with radiation pressure paramejeasnd 0,(q <1,i=1,2) and
oblateness parametefsandA,(A  1,i=1,2)(same model as iiingh & Ishwar (1999)) are

®H#2ny=8 _,

$H2nx=1, , *1)

with

2
Q=" ¢y LG 1% A-1AG 1AG
2 I r, x; 2,

where

0 -y dd=m)x=p)  Gu(xt1-p) 3AQQ-p)(xpu) 3Aqu(* T u)
X r.13 r.23 2.15 2.25 !
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0 ey G-y quy 3Aql-u)y 3Aquy
- y r3 r3 25 2-5 !
1 2 1 2

y
r1:\/(x_,u)2+y27

r,= (= p+ 12 +y?,

and n is the mean motion, given as

n= /1+§(Ai+ A).

The Jacobi integral which is obtained from Equation (4.1) is given by

# + y#=20-C,

where the symboC denotes the Jacobi Constant.

In Figure 4.1 below, there are three distinct curves which represent theelecdy curves

for the Jacobi Constant when the first, second and third collinear equilibrium points are
considered wh respectto the present modellhe forbidden regions of motion for the

infinitesimal bodyarewithin these curves, respectively

Forbidden region of motion

Lz

oF
Forbidden region of motion

yip

Forbidden region of motion

Y2

Y3, 1 1 1 1 1 1]
0 5 10 15 20 25 30

Figure 4.1: The forbidden region of motion of the infinitesimal body with respect to the
Jacobiarconstant C around the collinear equilibrium points.
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4.2.2 Determination of the collinear equilibrium points for the model with
radiating oblate primaries in the plane of motion
The positions of the collinear equilibrium points are obtained from the gsolaticthe

nonlinear algebraic equatiéh, = 0, wheny = 0 by solving forx. That is, we solve

GA-p)x=p) pG(xt1-p) 3AQ-u)xu)q H AxTu)g_, (4.2)

n°x—
X %= 2| 2w 1

The solutions of Equation (4.2) have been found to exist within the intefvals-1+ 1),
(=1+ ) and(u,+w). By solving Equation (4.2) numerically, each of these imtisrv

contain a real root which correspondltp, L, and L, respectively.]

4.2.3 Motion around the collinear equilibrium points for the model with

radiation oblate primaries in the plane of motion

In order to investigate the motions around the collinear equifibpoints, we obtain a new
coordinate system that takes anylLofi =1,2,% (the collinear equilibrium points) as the
origin with the axes ag and ¢ parallel toOxand Oyrespectively. Thus, by setting

X— X _+gandy—>g, (4.3)
the equations of motion in Equations (4.1) become

#¥ongi=Q,,

#HG=Q . (*4)

Next, the R.H.S. of Equations #.is expanded up to third order terms using the Taylor

series expansion arou(x, y, ) . This is done by following the ensuing procedures
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Q (X +6,0)=Q, (%, Y)+6Q, (X, Y )+, (X, y)+%¢29¢¢¢( X Y)HI0,, (X, )
1 2 1 3 1 2 1
+§¢’ wa ' 4)6¢ Q¢¢¢¢ ¥ 4)*2¢ CDQMW X Y '972¢(029¢¢W Xy

1
+ 6 ¢3Q¢(pq)¢) (XL ' yL)’

Q (4 +6,0)=Q, (%, Y )+, (X, )+, (X, y)+%¢29w¢¢(z<, Y)+09Q2,, (X, Y)
200 % VeI Qs X X D0 X X A0, Y

+%¢3QW,,(XL, Yo

with

Q, (X, Y1) =€2,(0,0)= 0,

Qq) (X Yo = Q(/) (0,0)=0,

O (% + ) = 7+ DAL= 0 +¢—;§)2_ 3A(-u)q - 3Eu )N (>6+¢—/l§5
A +g-uy+p’ 2 2 (x+g-uV+9’ ]2 [(Xx+g-u)+p°]?
(- p)q A (X + L g-uf A 3ug,A

[ +g-u)?+0* P 2 (x +14g—puY +9* | 2[ (4 +1+g-p)+p*]?
L B (T gp) 1

[} +1+g-puP +97 ]2 [(x +14g—pu)+9°]?

or

AQ-pu)g 3AEFwu), 3ExNy Epn, 1pGA
5 5 3 3 5

2p = Ax—ul - Px-u Axr oy

__3uGA L 3uG 4G

2% +1-4" |} +1-p % +1-4

Q,,(x,0)=n’+

or

6A (1— 2(1—
00,0 f AL 20 &GA  2g
% — 4] I =[x 1= % +1- 4
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15A (-p)ae®  SA@w) . SEu)p’

Q,, (X +¢,0)=1"+ - .
A +p-uP+9’ 7 2 (x+g-uP+9’]? [(Xx+4-u)+9°]?

Q- 15uG0" A _ 3 %A
[ +¢-1)+9° 2 2[(x +1+g-u)Y+9? |2 2 (x +1+p-u) +9*]?
3uq,p’ B 4G

+

[(x +1+g=uf+0" o [(x +1+p- )+ ]
or

BAQ-w)a Q-wm)a HGA 4G

Q,,(x,0)=n"— ,
R N T S S

_105A (- ) (X +¢- u? A4 (b )6 +o- i )q 1A G p )ik tg ﬂ?q
2 (% +$—p) +(p] 2l (4 +¢- u)+<o] [Ox+-u) +<o]

L9 ) (% +4 - ,U) 105A 10, (% +¢+1- ﬂ) ASAu(X +¢+1-1)g

[(x +¢—p) +¢] 2[ (x +¢+1-uY +¢] [(><L+¢+1—ﬂ)2+<02]%

15Au(X +4+1-u) G WG (X +ptp)

[(xL+¢+1—y)2+¢2]3 [(><L+¢+1—/z)2+<o2]3

QX +9,0)=

or

Q¢¢¢(Lo)__105'°1(1 pao,  AA Epnp, 1A Epopp,, 9G4 W, 103w ¥
2%~ pf 2%~ R N S R S Y
45Azﬂq21)2 _ 15A2,uqy2 xa,
2|XL+1—,u| | +1-p* |>g+1—,u|4

or

Q¢¢¢(XL O)Z_BOA.(]-_;U)qul_ 6A (tu )04)1_ 30Au PR, 6Au o ,
! 6 4 6 4
% — 4| 1% — 4| X +1-4" % +1-4
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105A (t-pu)ap® 45A(bupq 19 Fud’q

QW(,;(XL+¢'¢)=_ 9 7 7
2/ ( +p-uY+* P 2 (x+d-uY+o* [P [(x+d-p)+0°]?

N-pap _ 10%AuGp° 454100,
S 9 7
() g +0° P 2[ () +o+1-p)+° 2 2[ (q +g+1-u) +9? [
15A,49°0, N % G
7 5

[} +g+1-p) 40" [(4 +g+1-p) +p"]?
or

(x.,0)=0,

(/’(/’(/’

945A (1-p )y (X +¢- ﬂ)4 31A (Fu )i +¢- ﬂ3q 105@ p )k +¢- ﬂ“)q
2| (q +g-u) +<o] [(x +¢-u)’ +<o] [(x +6-n) +<o]
A5(01- A 90(u )i +9-u)’q G,  9-u)q

2 (%, +¢—m2+<o2]3 (% +¢—u)2+<02]3 [(xL+¢>—ﬂ)2+<02]2

| 945A U0, (X +¢+ 1- u)‘1 315Au (X +¢+ Lpjg, 108 k+g+ 2p g
A +p+1pf+02]e [ +p+1ufep?f [(Q+o+1ufrpT?

450, A, _u(x+prufg %
2[(XL+¢+1—;1)2+¢2]; [(><L+¢+1—ﬂ)2+<02]; [(&+¢+1—ﬂ)2+<02]2

Qs (X +9,0) =

+

or

0 LBOAGuN 240y 180uq 28q
T P A PR

¢¢¢¢ (
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Qo (X +0,00) = 9454 (- g i 315 (bu g + 105 1 9'q

2 (4 +g-p)Y +9°]? [(><L+¢—ﬂ)2+¢2]2 [(&+¢—ﬂ)2+¢ﬂ§
A5(0-ppA  0Cuy'q | 9-p

2:(xL+¢—ﬂ)2+¢2]3 [(n+¢—u)2+¢2]3 [(xL+¢—ﬂ)2+go2]3

L 95Auget  318Aupq 100" o

2:(xL+¢+1—m2+¢2]121 [(n+¢+1—u)2+¢2]3 [(&+¢+1—u)2+¢2]3

N 45u0, A, _ 90up’d, N ua,

0 +o+1-aF +0 F [0 spedopf o] [ergsdouf oo’

or

Sl-ppA SEpn —AuGA . %GQ
(XL 0) + 5,
Du odl Agidl et

Pppp

_ LA p) (x +¢- ﬂ)fﬂ 3(tp)x +¢- ﬂ)ﬂq 15Au g (x+¢+ HH)’
Q, (X +4.0)
2 (% +¢-n) +¢} [ (¢ +g-p)’ +¢} 2 (x ++1-u )+¢}
S +¢+1- u)g,
[ +g+1-pf +9°

or
Q,,(x,0)=0,

_105A (- ) (¢ +¢- ﬂ)ZCD 154 (bppq  15@u )g+é-1 g
2| (x +¢-u) +¢] A (q+p-pf+o’ 2 [(x+p-p)+o’]?

Q0 (X +4,0)=

31-ulpg  105AuG, (X +4+ Fu 5(0 15Aupq,
[(xL+¢—m2+¢} 2 (x +¢+1-p¥ <o] A +p+l-uf+o’]?
1ux +g+1-uYeq Jpq,

7

[+ +1-uf 40" |2 [(x +g+1-u)f +07 ]2

or
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Q,,(x,0)=0,

105 (-u )y (x +4- ﬂ)/’z 15A (B )¢ +¢- ﬂ)q 15 u ) +¢- M) g
2[ (% +¢- ) +(/)] 2 (x +g-u) +¢] [ ¢ +4- ﬂ)ﬂﬁ]

, 3= p)(x +9- :U)Oa 10580, (% ++1-p)p’ L LSAu(x +9+1-p)g

(4 +4-p)° +¢] 2 (x +g+1-p) +¢] A (g +9+1- ﬂ)zw]

Il g’ g+ Tug

[(XL+¢+1—ﬂ)2+¢Z]; [(><L+¢+1—ﬂ)2+¢2]2

Q0 (X +4.0)=

or

15A -p)qu, 3w p,, 1Auq, 3o,
6 4,
e A TR R PR

Qwaﬁ (XL ! 0) =

p)= SOA MR (5 +9- ,U)Z(DZ 1054 (bu ) +¢-u§q  105@u 9 Aq

Qg (X +9, 5 3
2/ (x +¢-u) +<0} A +g-u)+0’ 2 [(x+g-u)+p’]?
L 105(-p ) +¢- ﬂf(ﬁq 19A(0-p)g,  15(0-p)x +4-ufq
[ O +4-u)’ +¢} [(XL+¢—ﬂ)2+<02]Z [(><L+¢—ﬂ)2+¢2};
_ 15(-ppte 3wk 94BuG +dt udp”
[(xL+¢—u)2+co2]z [(xt+¢—u>2+<oz]2 2[(>Q+¢+1—ﬂ)2+<02}2
_105Au(q +g+1-ufq  10%p°Aq  10m k+g+ tup’q
2[(xL+¢+1—m2+<oz]2 [(n+¢+1—m2+¢2}3 [(rl+¢+1—u)2+<o2}3
N 15A,u0, C_lwtg-ufe  15up'g,
2[(XL+¢+1—ﬂ)2+¢2]; [(><L+¢+1—ﬂ)2+<02]; [(XL+¢+1—ﬂ)2+¢2];
. 3ud, :
[(xL +h+1-pu) + (/)2]5
or
0,0 (%, o WAl 12Abpk A 124

e R P P S o
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0, ( +4,9)= AL R+ #Yo 318 (b )+~ #9q, 105Gx Jrgou )/)q

2 (x +4-p) +¢}n 2 (x +¢-n) +(/)} (g +4-4) +<0]
A5(1- )%+~ um 945Azﬂq2(>1+¢+1-u)3§0 3L5AU (x +4+ HM
(% +g-p) +¢] 2 (x +g+l-pf 0’2 2 (x+g+1- ﬂ)2+¢}

0% +g+1-ufpq, 436 +4+ bpdg

[(x +g+1-uf 497 ]2 [ () +g+1-p)+9’

or

Q4 (%, 0)= 0,

0 (x +4,0) - PEALHR G Hop ) 3154 (e )i +4-p b 105w Jerdos i g
2 (x +¢-p) +¢] A (x +¢-ny +¢] [ (X +-1) +¢»]
_45(1- )% +4- um 945Azﬂq2(>$+¢+1—ukvs 315Au (X +¢+ }M)q
[ +g-p)° +¢] 2 (x +¢+1-pY ¢] 24 (o +g+1- ﬂ)2+(ﬂ]
109k 49+ 1 ﬂ)ﬂ% 4u k+4+ Eupg
(% +¢+1-pY +(p} [(xL+¢+1—m2+<o2]Z

or

(x,0)=0

¢¢¢¢

while

Q,, (X +6,0)=Q,,(% +4.,0),
Q5 (X +0,0) =, (X +0,0),
Qs (X +0,0)=Q,,, (X +6.0),
Qe (X +8,0)=Q,,,, (X +0,0),
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Q¢¢¢(/) (XL + ¢’ ¢) = Q(/)¢¢¢ ()Q_ + ¢’¢)1

Qe (XL +8,0) =, (X +0,0).

Thus, the R.H.S. of equations (4.4) become

6AQ-p)G  20-p)y WGA | ug ]
R TR P L PR

2 _15'61(1_,”)011”1_ 3A (- u )Od)l_ 1AL, 3AuQ 2]
6 4 6 4
%~ 4| X =4l X ALl-p] [x+1-u
30A@-p), MEpk, 30Auq &g
7 5
X —n" X —uf |&+1—M | % +1- 4|
+¢2[15A(1—u)0uv Stpw,  1HAuQ, @,
4|XL—,u|6 2|)(L ,u| 4{)Q+l ,u| 2])g+ 1—,u|4

g 2[45/31(1#)0&6(1;[)01 45000 Gig ]
@ 7 5 7 5|
e N L S N Sy

Q (%, +¢,¢)¢[n2

3A (1- 1-
QW(XL+¢,<0)¢[n2— Al 'u)f“—( ”)03'1— 3G A L 3]
N R R A S

+¢¢|:15A1 (1_1u)0ﬂ01+ 3T u )JnU1+ 1Au qé)z B, }

T PR A PR

o [_45&(1—;1)0&_6(1—#)01_ 45000 G ]
(0 7 5 7 5
R L N S

) {15(1ﬂm+3(1m+ 154 g }
@ 7 5 7 5 '
Ax—p 2] A+ u A+ Ty

Simplifying the last two equations, we get

Q =>¢+ 3+ F+ 03>+ o3
Q, =00+ Qo+ Pp+ 4,

where

>1:n2+2q1(1—/¢)(i3+3'§1J 20@”(1 3'“2}

10 10 20 r 20
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>, =-3(1- /4)01(]1{5&"*_}01 auq{?_AZ_'_%})W

10 10

>, =20 u )q{l‘:"\ 2]+2ﬂq{1r5¢+35j,

10 10

N 3(1—u)ou[sa 1} &10{5@ 1})2,

4= 6 4
2 2, T

>, = -3(1- )ql[m1 2] 3uq{15’*+%],

212) r10 250 r20
1 38 1

0,=n"-(1- ﬂ)ql( °A —j—uqz(—+—],
2r10 rl% 2-20 r 230

0 —3(1—mq1[ . } ~3ua T ];}uz,

6
2lO

:_3(1_ )ql|:15Ai 2} 3/1q2 15AZ 5:|,

7 7
2 lO r10 2 20 r 20,

0 —3(1—u)q1{4’§ 2} ?auq{ﬁ 2—}

In order to avoid absolute values for each case, the sympalsd v, are being used to

represent the signs of, =|x,— x| and r,,=|X,+1- | at any of the collinear equilibrium

points.

We search for periodic solutions represented in the following equations in powers of a

parameters :

#(r) = ¢1(T)8 +¢2(7)82 +¢3(7)53,
P(7) = p,(v)s + 9,(7)” + (1) 7,

and time is exgnded by the expression,

t=x7, k =1+ p,&°
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The symbol p, has been chosen such that any secular term is eliminated in the course of the

computations.

Equationg4.4) can now be written as

# Fonigt= KZQ¢ :

#H2nkd = KZQ(/, . *.7)

Putting Equations (4.5) into (4.7) and equating the coefficients, otands®, we get first

order, second ordexnd third order systems respectively, which can be solved successively.

4.2.3.1The First order system

The equations obtained for the first order terms ame

¢1”_ 2n(/’, - >1¢1 =0,

" ' (4.8)
@ +2ng'—0,0,= 0.
By defining a differential operator
2 +2n
r@=|" "7 T ot 0-andet+ ,>,00, (4.9)
2nw  ©°+0,

system (4.8) can also be written as
0
(3) [¢1 j = ( j . (4.10)
21 0

The periodic solution for system (4.10) is given by
¢ =@Coqwr)+ 9 Sitwr),
¢, =w Coqwr)+ 9 Silfwr),

and the period of the periodic orbit is given by 2—”. We setw =1and 9 =0so that,
a

-2nw

@ =0 and 9" = 5
0,+w
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Thus, the periodic solution of system (4.10) become

¢,(7) = Coqwr),
o (7) = 'gl*Sir(a)T):

where

_ _ 2
P
2nw

4.2.3.2Second order system

This is given by
(3) (¢2 J _ (501(7) J’

2 §,(7)
where

501(7) = >2¢2 + >4§02,
§2,(7) = 0 90.

We substitute Equations (4.11) into (4.12) and then Equation (4.13) become

9,(7) =o,+@ LCoq2w7),
0,(7) =4, Sin2wr),

where

. = _>2+ 3(‘91*)2
0 2>1 )

! 2> 0+8( ;» ,-04n’?+ 3*

3*:4>2nw—91*[ 2 Qdo( s + f‘))q)
2 2> 0+8( > -0 W2+ 3°

Thus, the periodic solution of system (4.12) is

#,(7) =@, +Coqwr)+m,Co$2wr),
p,(r) = 9, Sinwr) + 4, Si2wr).
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4.2.3.3 Third order system

In this aspect, we have
F(S)(%j:(@?)(r)j’ (4.15)
1z $4(7)

where

95(7) =2np 0+ 2>, + 2 p P+ PP+ $3+2 ¢d>
804(7):_2np2¢i+04¢7i+ Oppt2 Do+ @IF 49,

_ (Tl + a)(kpz _IPB))
= 7 ,

4

and p,

Y, =—>(%( Q-2 @,+4 #+3 90)+2 $,0
Y,=2n(>.+430,+8 .+ S2+4 98),)
¥Y,=(4(0,-20z,+4 &, +3 IF)+2 0w
¥, =06, 0%, —no)+ao’ ( 8, +n(=2n9, +o)))).

So, working as previously, the periodic solution of system (4.15) is obtained as
#,(7) = @,Coqwr) +@,Cog3wr),
Ps(7) = 193*Sir(3a)z'),

where

— ®21 + ®22 Wlth

w,
23

0, =(3>+4 3@+ %o)""gi( 49*1"' 4 39%))( ngnw),
®22:_(03‘91* +3 ng* +2 g_wig*1+ %09*14“9*2))( 14;“‘91(0)’
©,5 = 2(—4nw (>, + N9 )+ 2( Q% + o )( o)),

and
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3 * k- * *
®31:E(03‘91_ odgf +2 fo9,+9,)o,

0,55+ 37, 8,( Fi+4 93 +9F),
0,4, =36n°0’ - (>,+ W*)( Q+ W),

and

D, =>( gg;_ ﬁf*+2 2(6’i9*1+‘9*2)’

D, =-6n(>s+4 37,9, ( $,+4 93w,
(I)3=9(03191*— Q‘913*+2 gwﬂ*l+3*2))a)2 )
®,=4(> 0+9( > ,-04n*)w’+ 8",

Therefore, the third order approximation of periodic solution arounddhiaeear equilibrium

points as a function of parameteis being obtained as

#(r) =[codwr)l e + @, + @, COR w1)] £° H @, cq) + @, C(Bw7)] &’
o(r) =9, siwr)le +[ 9, sif2w)] & + 9, siBw7)] &,

M) =—wsin(r)e - 2o, sin(r ¥ - po, sinbr ¥ ¥, sin@z )}
#r) =09, cospr E+ WY, cos(dr)s’+3wd, cos(r ¥’ .

(4.16)

4.3  Analytic Approximation of Lyapunov Orbits Around the Collinear
Equilibrium Points: The Spatial Case
4.3.1 Three-dimensional euations of motionfor the model with radiating oblate

primaries of the spatial case

The equations of motion of the infinitesimal body in the dimensionless synodic coordinate

system Oxyz, with the primary and secondahaving massesn, and m, (y: il ]
m+m

and the radiatio pressure and oblateness parameters takepaasl 9,(q <1,i=1,2) and A

andA,(A 1,i=1,2)(same model as iBingh & Ishwar (1999)) respectively, are
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Figure 4.2: The configuration of the rotating coordinate system for the restricted tbbe

problem wherem, m, and m are the oblate (and radiating) primaries and infinitesimal body

respectively.

®-H2ny=8 ,
yH2Nx=8 ,
#=Q,

(4.17)

where

0=ty G K (1—;1)3'“101 HAG_ 3(- ﬂ)sf Ag % Asfﬁ’
2 I r, ;] 2, 2, g,

O sy BAU- )4 (=) 3AGE)q(xp) (1—/1)9(*#) 15/ g(x Tu)z
" 2t/ > r’ 2)
_3AuG,(X+1-pu) uqz(X+1—/1)

2ry ry

0, ey PAG Yz 3AGp)qy (p)qy, 1584 qyz 34 Ayu A

Y 2t/ > r} 2, 2, r;
o _15A@-u)XaZ BA(p)qz 3AGw)9z (bu)az 15k Fz 3A €
’ 2r/ re X rS 2] r,
_3Au%z pgz
2r; ry

and
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n=‘/1+g('°1+ A),and

rlz\/(x_ﬂ)"‘yz"‘zz’
rzz\/(x—,u+1)+ Yy + 7.

4.3.2 Equations of motion and variationfor the for the model with radiating

oblate primaries
In the6-dimensional phase space, Eqns. (4.17) can be written in the form:

#= (X, %0 %), i=1,2,..,6

with
f,=X,
f2:X5
fo=Xs
15A (1- — 3A (1- - 1- _
£, = 2 + P x + AL ﬂz)fg(xl 1)%  3A( uzzgu(xl 1) ( u)rqa(xi 1)
10 10 10
L 15AMG (5 +1- )% BAMG(X+1-p) pG(X+1-u)
7 5 3 I
2r20 Z‘20 r10

o onx o+ 7w+ DAL AXX SAQ-max  (-m)a%  15A1 G X %

2,6 a5, o 2 5,
SAUGY HG%
_ - , 4.18
25 *29
¢ IBAQ@-p)aX 9A(p)qx (bu)ax, 15Au g% 9A4 g X uoX
° 2rl:) 2-150 r130 2 270 2 gO I"230 ’

where

X=X %=Y, %X=72 %= %= Wx=%#
and

1 1
fo =[(X,— 1) + X3+ X3 2, ro=[(X+1— 1) >+ x5+ x]2
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The Jacobi integral w.r.t. the equations of motion in (4.18) is given by

C ot s o) ALK AW 20-p)q_3AuaX, Aug g
r150 rl?Z) r'10 rgo r 20 r 20 (419)

- 066+ ).

The coordinates of the third body in the-dixnensional phase spadepend uniquely along

any solution on the initial conditions and the time, i.e.:

X =X (X Xoree0r %0 D, 1= 1L, 2,0

Their partial derivatives with respect to the initial conditiGagisfying the equations of

variation (see Jain et al. 2006):

6
d (GX ):Za_fia_)&, i=12,..6
dt 5)%1- 1 0% a)Sj
with
of
fij =——, and
0%y
¢ e 105A (-p ) (-} % 15A(A-p ) (- f , 15A G p)a% 3A(-x)q
41 7 7 7
2r? 2 Z, 2,
B0=p)a 05— pf  (A-p)o 105AuG (x+1-puf X 15AuG (X+ Fuf  15AuG X,
r re x) 2,) 2]
_3Aug, Bu(x+l-u) ug
2r; ry ry

¢ _ 105A (-p ) 0—p )% % | 15A (- p)oh (x—#)% , 30 4)q (%= )% 105Au g (=4 )% %
* ing x/ re 2;

1
L 1SAMG (5 +1-p)% &102(>a+ u )>&
2r

2

¢ _ 105A () (g-p)x%  45A () (- )%, S(p )q0ep )X 1054 g (r 24 )X
43 2r° ) re 2,

45Azuqz(><1+1—u)x3 g (X+ - p)x%
2r) ry ’
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¢ e 105A (-p )%’ %’ 15A(I-u)gx’ 1054 (bpx g 3A(u)q, 3(bu)gx  (bu)q

52 2r1 2,12 2.17 215 215 r.l3
_108AuGX" X 15AuG,X,"  15AuGX 3AuG uGX 4G
2r; . 2] 2; ry 1y’
2 1 2 2 2 2

¢ _ 105A(-u)x%x  45A(u)ax%, 3@Eu)qxx 1054 gxk% 454 gxx /8 dXi
% 2’ ) re> 2; 2, ry

__105A (=)o (G—p )%, 45A (b )x—)d%, 3(kp )k-p )9% 1054 (¥ 2u )g>

fGl

2r} x/ r, 2,
LA+ 1 )G % Ju (Xt T )G %
7 5 ’
2r, 2,

f,=f

62— !s3s

__105A (-u)x’  45A (Eu X 9A@-w)q, 3GExNx (-p)q 105 g%

f
63 5 9
2r, r, X, r, r, 2,

LABAUGX 9ANG FuGX 4G
2r) ;) ry r,

4.3.3 Determination of the collinear equilibrium points for the model with radiating

oblate primares of the spatial case

The collinear equilibrium points lie on theaxistogether with the primary bodies. There are
three intervals on this ling(-o, =1+ x), (-1+ &, 1) and (u, + =), as these are formed by
the positions of the two star§hese equilibria are the solutions of thenlinearalgebraic

equationarising from (4.18) forx, = X, =0 and zero velocity and accelerator components:

f,(x)=0. (4.20)

The determination of the exact number of roots of Equation (6), at each one of the above
mentioned open intervals, has been established by an approach based on the topological
degree thegrand can be briefly described as follows: If the functigr): Xxe[alc s

two times continuously differentiable in this interval, then the total numkErroots of the
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equation F(x)=0 is obtained by the following scheme (Picard, 1892; Kalantonis et al

(2001); Sigh and Begha (2011)):

No Y PEOOF()-F* (X . . 1 ,{7 F(a F(B- KB F(aj

: — —arcta -
m = FE()+7 F (X 2 F(a B+~ F(3 F(B

whered is a small positive real constant. For all the considered binary systems, i.e. for the
parameter values correspond to the specific systems, we have showacthahe of the
aforementioned opemtervals contains anique real roof theseroots correspond to the
collinear equilibrium points,, L, and L;,respectively.Note, that lhe involved integral in

the above formula has been computed numerically by using Romberg integration. Since we
have determined the exact number of the collinear equilibrium points, we are able to solve

numerically (4.20) so as to obtain their positionaately.

4.3.4 The dynamics around the collinear equilibrium pointsfor the model with

radiating oblate primaries of the spatial case
The motion of the infinitesimal body near the collinear equilibrium poigts, can be
examined by defining a new coordiaaystem 3 ,%R and X for any of these points parallel
to OX, Oyand Oz. Such that

=X +3,% =R, andX =N, (4.21)
4.3.41 Linear stability of the collinear equilibrium points in the planeadtion
By using systemg = x_+3Jandx, =% in Equations (4.1), and expandirfgd in Taylor
series around the collinear equilibrium points and taking only linear termdsand R the

equationf motion (4.1) become

Honpr —tO°
& #onk 500, 4.22)
##2n3=HQ7,
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where

6A (1- u 2(1-
ngzn2+ A&(rs,‘)on_i_ (réu)ql_'_ @rOSQAQ_ ?1302’
b a

a a

P :n2_3/°1(1—,u)q1_ (1_,U)oa_ Suquz_:u CE

W 2r> r3 x. r3

a a

Equations (4.22) represent the variatiorejuations of the Hplane motion and the
superscript 0 indicates that the derivatives are to be evaluated at the collinear equilibrium
pointsl, , ;.

4.3.42 Characteristic Equations

Let the solution of Eqns. (4.22) be
E=we” andn = 9
where@, 9 and o are constants. Thdfgns. (4.22) can be written as

0’me” -2mIe =Q’ 7 &,

4.23
0* 9" +2mw &' = Q) 9 & (4.23)
By representing system (4.23) in matrix notation, we obtain thernaal solution if
S T I 4.24
2nw o’ -QY S (4.24)
By expanding the determinant of system (4.24), we obtain
o*+(P,+Q,—4n*)w’+ PQ = 0. (4.25)

We examine the stability of the coléar equilibrium points in the plane of motion of the

primaries by numerically solving the characteristic Eqn. (4.25).
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4.3.5 Second order Taylor series expansions of the equations of motitor the
model with radiating oblate primaries

We substitute Eqng4.21) into Egns. (4.17), and expandifdy in Taylor series around the

collinear equilibrium points taking only linear terms i®,R and N, the equations of

motion (4.17) become

BH#onR B3 +P,3° +PR2+P N2,
R#2n3 =R+ QIN, (4.26)

REZRN+R3IN,

where

P=n"+ 2(1—,u)qt[$+i3]+ 2#%[$+i3]’

10 10 20 20

P, =30 )22 + 219, +3uq,[ 22 + 119,

10 10 20 20

__30-p)a 5A L 1o G 5A | 1
=S R e - TR s,

20 20

P, = 3(1- ﬂ)On[15A1 1]3 3!02[ 1

9
2 g Tt g o

20

- WA + S pe o2+

5
2 10 20

Q, =—-3(1- u)ayl

DA L e -3uq 22 1 L9,

lO 10 2 20 20

R =-(- )2+ Ly g2, 4y

5 5
2r 10 r.10 x 20 r 20

R, =—3(0- i)+ 518, - e 4518,

10 10 20 20
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The symbols$, and 9, represent the signs of, = |x,— x| and r,, = |X,+1- | at any

equilibrium point avoidinghus the absolute values for each case.

4.3.6 Semtanalytic approximation of periodic solutionsfor the the model with
radiating oblate primaries of the spatial case

Using the method of successive approximations up to second order, system (4.26) admits

periodic solutions which are of the following form:

3

3.6, R=N,,&€,N=N_€ (4.27)

Using (4.27) in system (4.26) we find that:

&# _onK,-P3,-P,N,2=0,

(4.28a)
H,,+2n%, —QR,=0.

and

NI —R/N,,=0. (4.28b)

We set Eqn(4.28b:

N, (t) = o, Cost 1+ 4,,Sinet ),

and findthat

(@® +R)N,, () =0,

which has noszero solution only whem? =-R, > 0. One of such solutions is

Ny, (1) = Sin(et), (4.29)

which has been chosen in order to have initial velocity onNhaxis, so as to obtain the

motion out ofthe orbital planeAlso, by setting:
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Sy, =ayta Loset fa ,Cos(@t ¥y S, Singt )} 4 ,, Sing@d ),
Ry, = o, {COSEt 1o, Cos(at ¥ B, Singt 3 S ,, Singd

we find that the solutions of system (4.28a) is:

3, =ay, +a, Cos(bt |,

Ry, = B, Sin(2mt), (4.30)
where
_ _P4
T o
P,(Q,+40”)
-2nP
ﬁzz = o p4 )

while  =\-R and p=160*+4F,+Q - 47 »’+RQ.
Sa the periodic solution up to second order terms w.r.t. systems (4.29) and (4.30) is:

I=x%,+ ez[()(ll + o, Cos(t)],
R=€° B,, Sin(2wt), (4.31)
N =e Sin(wt).

From system (4.31) we obtain the initial conditidfws t =0) of a periodic orbitn the form:

(SR8 ERK) A = %+ (@ +a,),0,0,0,2€ 5, we (4.32)
while the value of the orbital parameters arbitrarily chosen.
4.3.7Numerical approximation of periodic solutions

The figure eight shaped orbits occur as a result of the gravitational pull of each star of the

binary system on the motion of the infinitesimal body. Since tHmeensional periodic
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orbits emanating from the collinear equilibrium points are of figuretesphpe they are of
double symmetry with respect to the-@xis and the & plane. So, and for economy on the
computations, it suffices to compute them at the quarter of their period. In particular, for the
numerical determination of a thre@mensional peodic orbit of double symmetry w.r.t. the
Ox-axis and the &z plane we integrate numerically the equations of motion with initial

conditions of the form(x,,, 0,0, 0,%, ;% ). I-€. the numerical integration starts on theais

and seek a perpendicular crossing of the oslit the xz plane at which obviously the

condition x,(xy,0,0,0,%,,%, )= C is fulfilled. Therefore, we look for the following two
periodicity conditions:

X4 (%1,0,0,0,%5 . %6 )= 0, X5 (%1,0,0,0%5 X055 ! (4.33)

Since two equations with three unknown componeqts x,; and x,, of the initial state
vector hae to be satisfied we have to fix one unknown and apply-kneiivn differential
corrections procedures for the remaining {see, e.g., Perdiou et al. 201So, for choosing,

e.g., X, = const.. and by linearization of (4.33) we obtain the corrector system:

0X, 0%y OXg 0%
—O0Xy F O X=X, S X1t O Xos=— (4.34)
%, Xo1 %, Xos =~ Xy %, Xo1 e, Xos= ~ g

The stability of a threeimensional periodic orbit can be determined by integrating
numerically the variational equations (4.16). Such an orbit will be stable if simultaneously the
following conditions hold (Bray and Gouda®©@l7); Zagouras and Markellos (1977)):

|IP|]< 2 and |Q|< 2 (4.35)

with P=(a+~/A)/2 and Q=(a—+/A)/2 while A=a?-4(8-2)>0 and a=2-TrV,
=@ +2-Trv?) /2, where V is the variational matrix. For stability of a three

dimensional periodic orbit in the restricted problemalgs refer to Perdios (2007).
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4.4 Periodic Solutions around the Collinear Equilibrium Points in the Perturbed

Restricted Three-Body Problem with Triaxial and Radiating Primaries

4.4.1 Equations of motiorfor the model with triaxial and radiating primaries

We considethe usual barycentric, rotating and dimensionless coordinate systgrmviere

its origin is located at the center of mass of the two primary bodies with massds-
and m, = i, respectively, whergt=m, /(m+ m) is the mass parameter taking values in the
interval (0,1/2]. The two primaries are located &t;,0,0) and (©—1,0,0), respectively,

while the coordinates of the third body of negligible mass(&ry, 2). Following Jain et al.,

(2016), the equations of motion of the massless body areided by the system:

®-H2ony=8_,
¥ H2anx=8, ,
H# Q)

Z,

(4.36)

wherethe potential function is given by:

Qz%ﬂ(xz+ Vo) + Q-4 p%, (-u)25-3)q, #(2% 5) g 3Eu)s 9%,

f r, ay 2; 2y
Bug-38)¥q 3-u)szg HusZg
2r) x° 2>

1/2

with 1, =[(x— )% +y*+ 271" 1, =[(x+1- )+ y*+ Z°]'? being the distances of the third
body from the primary and secondary body, respectively. The perturbed, due to the triaxility

of the primaries, mean motianis given by the formula:

n=\/1+g[(281— s)+(2$- $)I,

100



with s =(& - &)/5R, s,=(&-&)/5R and 5 =(g°-4d?)/5R, s,=(a>-d?)/5R
wherea,, a,, a, are the semaxes of the larger primary bodg;, &,, & are the semaxes of
the smaller one an® is the dimensional distance between the primafs, q,, g, are the

radiation factors of the primarieBinally, small perturbationg and &’ are introduced with
the help of parameterag and f in the Coriolis and centrifugal forcesprrespondinglysuch

thata=1+¢, f=1+¢', ¢ &' 1 And

Q, = prox- A=A ) 30-1)q (25— )0 p) 150 £ )G (5 ) x4)y

re 2r° 2/
50— ps cp)Z pg(l-p) 39S S xFu) 1@ g(s Y(xEu )
2r] ry x; 2,
15ﬂq1$'1(x—/1)f

2r

a2y A-m)ay pqy 3Q-4)d(2s-s5)y 3 4@s ' y3(1rﬂ)10(s 9 Y
Qy_ﬂny 3 r3 2,5 25 r

rl
3ug(s-9)y 15(-£)q(s- 9) Y |, 1% a('s '9°y 15@u ) GsYyz 1n 1q§y
ry 2r/ x) 2/ 2,

I ﬂ)OuZ #9z 31-4)q(2%- 5) z 3 H2's 9 z3(EFwu),qszR ,9

z 3 5 5 5 5
re r, ) 1, r, r,

A50-u)x 5-3)Y 2 1 g(5 5) Y 215G ) qsYz 1p ,§syz
2t/ ;) 2/ 2]

4.4.2 Variational equationsfor the model with triaxial and radiating primaries

In the 6dimensional phase space, Eqgns. (4.36) can be written iorthe f

# =100 %0%), i=12,..¢ (4.37)

with
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fo =X
f, = 2anx + prex— & ﬂ)t:ﬂ(xl #) ﬂ%(xrﬁl #) 3 #)Q(ZZ?S $)0x#)
w0, (28 - $)(x+1-p)  15(p)q (s $)(¥4)%
2ry, 0
L1500, (5= )0+ 1) % 160 )G (6= X 151 q§Cx+ 1p) §
2r,0 2r) .o
f5:_Zanx4+ﬂr,2)(2_(1—;rt3)0a><z_ur0§><z_3(1—u)oér(§§— $)% ¥ q(;’g ') X

_3A-p)a(s-s)% 3uq(s 9 x 15Eu) e s 9 °x
r10 r20 2r10
L1510, (5 - $)% 150-p)ps%% 12 G§%%
21, 7 . S
fo_ - ,U)Ouxs _H%X% 3(0-4)q(2s- 8) % 3 g2 'H x 3(1-ﬂ)13( B X

3 3 5 5
r10 r20 2 2 20 r 10

3uGy(s-9) %, 11-m)a(s—9) %%, 15 g(§ ') ¥ x 15(k ) asx 1% gﬁy

7 7 7 7
r20 2r‘10 2‘20 2 10 2 20

where

and

o =[(% =17 + 35+ X2, ro=[(X;+1 - 1) +x+x§é

The Jacobi integral w.r.t. the equations of motion in (4.37) is given by

C:nzﬂ()ﬁz+)§)+2(1_ﬂ)ql+2':lq2+ (1—/1)([.2%_ §)q+:u(2r§_ r§)g
C3A-p)(s - %))fq 3Ll($— 5) §/9 3(L- ﬂ)lszzlq 2’ 822

I’10 r 20 r 10 r 20

2d o+ %2+ %),

(4.38)
The coordinates of the third body in the four dimensional phase dppead uniquely along

any solution on the itial conditions and the time, i.e.:

X =X (%30 Yo ees Xoei D)y 1= 1,2,
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Their partial derivatives with respect to the initial conditions satisfying the equations of

variation (see Jain et al. 2006):

8>g > of ox .
,1=12,...,6
dt %) ;ax( 8>gJ

with

and

f oo pneo QoG uG Q-G (5-p) Gt 3x)q @25 s

o 2 o r 2 25
Bug,(25-3) 15(w)q(s- )%, 19 9(s 's) X 150-1)us X
2r20 2‘170 2.270 2:I.70
L 15u0,8xs  15(1- ) (25— 8 )(%-#) | 15.q (2% $)(¢ Tu ]

2r20 2‘170 2.270
105(1-p )y G- )k~ 4 ¥ % 10501 pys (g1 f %
2r 2
105u0,8 (x+ - f X 105uq, (8- $)(+ - u¥ >§
2r 2r

SA-p)a (O —p)%  JuG(x+1-u)x 15w )q (25 5)(kpu )% 1m 925 "S)(x Tu ).
r'10 r'20 2‘.170 2'270

LA5Q- ) 6-9)(5—) % 13 g% S Fp) x 105(Eu )a(s S)(xu )X

7 9
r10 2r 20 2r10

105uq, (§—$)(%+1-u)% 105(1- s (x—4)%% 109 q & (¢ L#)%%

f42

2I‘20 21% 2290
¢ 3 -p)% 3uqz(><1+1 H)% 150 1 )q (25— $)(x- 4 )%
o I’.10 r20 2‘.170
L 15u0, (25 - )4+ - p) % 15(Lu)q§(hz)>§ 12 g's(¥ Tu )X
2r20 rlO r.20
105(1-p )y 6—5)(x— )% % 105(1-u)ys (4—4)R 105G 4 O Fu )k
2r, 2r, 25
- 105uq, (5 - $)(%+ 1= u)%%
2r
f51: f431
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foopreo Qo p% 30-m)aX He% 3Ex)q@s ) ¥ 42§ '5)

r10 r‘20 r10 r‘20 2 fO 2 20
C3-p)a(s-s) 3949, 150-phs X, 12 g4% 1501 )d2s 5%
r‘10 r20 2‘170 2-270 r20
1510, (25-8)% |, 75( 1 )q(s- $)%, 7w d(s ') X 105(- 1 Y4S % %
20 2ryg 5 25
_105uG,8 XX 105(-u)k §-$)% 105 (& $)%
2ry 0 2
o dosxx  3ugxx 150-4)qsxx 1% g'sx ¥ 15@4 ) 625 9 XX
= r.10 r.20 I’.10 r 20 2 ZO
1510, (25— $)% % 1504 )q(s- 5) X ¥, 19 G(s 'S xx 105G u ) GSk
2r rlO r20 2190
105Ltq2%><2>§ 105k 4 )q (5= 9)% % 10B g(s '5)xx
2r'20 Zl% 230

p 3p)a ()% B3uG(x+1p)x 154 )q (25 §)(x ) X

o o 20 7. )
L 15u0, (25 - )X+ - p) % 15(Lu)q§(hz)>§ T ECEI DR
2r.10 r.10 r.20
C105(-p ) (ot u)s % 1050, S(Xx+1-4) % 105(k-p)q($— $)(x¥-u) % X
2I‘1% 2[‘290 21%
_105ug, (8- $)0p+ - u) % %
2r20
fez = f53’

_(-m)a p% 30-p)aX | 3uGX  3(0-4)q(25-3) 3 GR% 5)
3 3 5 5 5 5
r.10 r20 rlO r 20 2 10 2 20

S(-p)as e 150-u) (5-5)% 159 (2% $)%
o 2 25 2 5

LA50- ) (5-9)% | 1516($— §) 3, 75— % |, THG$%
2r20 Z’270 2-170 2270

_105@-p)ysX  105:g¢%  105Gx )4 G- $)k% 106 gls 'sSYxX
2ng Zgo 25 2 5

f63 -

(4.39)
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4.4.3 Determination of the collinear equilibrium pointsfor the model with
triaxial and radiating primaries
The collinear equilibrium pointsan be obtained numericalby solving for X, the following

nonlinear algebraic equation, for the specific values of the parameters given in Table 1:

f4(X1’ ,U,ﬂ,sl, S, 8, %’ d g): C. (4.40
As such, X, = X, = X, = %= X%=0 since the collinear equilibrium points lie on t@&-axis,

i.e.the same line joining the primary bodiegth zero velocity and acceleration components

On this line, there are three intervals o,—1+ u), (—=1+ u,1) and (u,+) with each
containinga real root that correspond to the collinear equilibrium péjntd, and L;,

respectively. Using numerical means, Egh4() is solved and the corresponding collinear

equilibrium points are obtained as shown in[€a&h22

4.4.4 Motion around the collinearequilibrium points for the model with triaxial and
radiating primaries

In order to study the motion of the infinitesimal body near any of the collinear equilibrium
points, a new coordinate system is defined wherebys any collinear equilibrium point

L,,i=1,2,3 and is also the origin with., L, , L, as axes parallel t®x, Oy and Oz,

]7 b
respectively. We write

><1:>qﬁ+§,x2=n,and><3=§, (4.41)

which are the relations showing the transformation floenlatter to the former coordinate
system and wherg,_,i=1,2,3is the position of the collinear equilibrium points.

Using Egns. (4.41) in Eqns. (4.47), the equations of motion are transformed in the coordinate
system as
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. (4.42)

4.4.5 Expansions of the 2D equations of motion up to second order terms
The equations of motion of the infinitesimal badythe 2D plane is given as
® #2anx, #Q, |
4.43
®# 20nx ), | ( )

where the force function is given by

erlz_ﬂ()(lz+)(22)+(l_,tl)ch+,“qz+ A-p)(2s-9)9, 125 5) 9 3Ewu)s S "X
2 r, r, 5 2] 2
_3u(s-$)%¢g

5
2r,

with the RHS of Eqgn. (4.43) obtained as

Q, :ﬁnzxi_(1_/1)(:}3()(1_#)_3(1_/1)%(22?5_ $)O-p), 15(k )q(; $)(¥m)

a

_HG(x+1-p) 3ug(28- $)O¢+-p) 15 g (% ) ¥ Fu)
3 2r.b5 2b7 !

Iy

O = prex L% p%X% 30-4)q4(25- $)% 3 g2% 'H x 3Eu) S S .
o =A% re ry i 2. r
a b a b

_3ug,(s-9$)%, 15@-x)q(s- ) ¥, 1% g('s '9°X
5 2/ . ’

5
a

'y

andthe distances between the infinitesimal body and primary and secondary stars are

_ _ 2 2 _ _ 2 2
=) % g \/(X1+1 1Y +% , respectively.

By using the first and second equations of the system (4.41) in Egns. (4.43), the equations of

motion are transformed in tHg,7) coordinate system as

106



fﬁéanﬁg =Q,,
#and=0, . (4.44)
We expand the RHS of Eqns. (4.44) up to the second order usimgytloe series expansion

around’X,, Y, ) . We proceed as

1
Q.(x +&,m)=Q (X, W) +EQ (%, Y)+72, (X, y)+5§29¢5( X VHENQL, (X, )

1
+E’72Q§m} )( yL )l

and

1
Qq(XL+§”7):Qq()q_’ yL)+§QI]§()$_’ ¥)+77Q'71/(XL’ ¥)+§§ZQU§§( K’ y)+§77917§,7( I>_(7 Iy)
1
+§772Q;7m] x( M_ )
That is

Qg (XL, \ )0 = Qg (010)2 01

Q, (X, Y )o=9,(0,0)=0,

Qgg'(xi_ +En)= nZﬁ_ (- u)q, S- MG, . +3(1_,U)0n()$+§_/422
[ +E-—p?+n* 2 [(x +&E+1-p)?+n°]2 [(x +&E-p)?+n7]?
But (g +E+1-p) 3 p)(5-8)q 3u(25-%)g

[(xL+f+1—u>2+f72]g 2[(xL+§—m2+nZ]g 2[(xL+¢f+1—u)2+772]g
A5 px (-sy” 1% g (5 Sn°
2[(xL+§—m2+n2]% 2[(XL+§+1—#)2+772];
L150-p) (3-8 )(x+&-pf | 15u0,(25 - $)(x +&+ - uf
2[(XL+§—;1)2+772]% 2[(XL+§+1—,u)2+772T;
105Q-pup 6 -S)(x+&-pfn® 105g (5 S)(p+E+ Eujy®
2[(xL+é—m2+nZ]Z 2[(xL+é+1—u)2+nZ]3

or

Qs‘cf(xuo)=n2ﬁ+2(1—#)§h+ 2uq, . 6(1—#)0'1(2?_ $), 60g (25 5,§)’
p—a™ I+ X -4 | % +1- 4
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(- ) (3 +& - ,U)77 3“02()£+§+1—,U)7
[(x +&-p) +n] [(xt+f+1 p)? +n]
L 150 ) (25 - %)(X+§ An 1909 (28 $)(xtd+ Tuy

Q,( +¢.m)=

2l (¢ +&-u) +n] 2 (x +&E+1-puY+n*]
L5 (8- %)(X+§ Ay, 150 q (8 S)(x+o+ 1—#)7
[(x +&-p) +n] 2l (} +&+1-u)’ +n]
105(0-uyy 6-8)(x+E—u)® 105 g §-S)(x +&+1-w)p’
2 (q +&-pu)P+n*? 2l (x +&+1-puY +n*?
or
Q,,(x.,0)=0,
Q, (% +£i)= ri - (1-4)q, __ e . 31— )’ 5
[ +&E-pw)?+n7 ]2 [ +E+1-p) 40?7 [(x +E-p)+n7]?
. 3uq,n° _ 3T-u)(2s-s) 3 q (25 %)
[+ &+l 4’ 2l +&-pP+n®]2 2 +5+1-p)f 4’ 2
C 3Q-p)u(s-s) 3ug(5-5) LA p) ey §b/

[(x +&-p)+7n° ]2 [(XL+§+1—#)2+772] 2 (x +&-p) +n]
1500, (28 - Sy, T50-px&-sh’ , THg (4 SN

2l +E+1-uf+n° 2 2L () +E—uY+n’]F [ +E+1-u)+n]?
_105(Q-up G-sy*  10%q (5 5¥°
(x +E-uy+n’ 2 2L +E+1-uY+n’]?

or

Q_(x,0)= e - (- p9  30-p)q(4s-3s) g% 3f§),
: - [x r2-af 2% —pf" A% + 14’
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Qggg(XL +§Z'77) =

or

Qrfécf (

-p)h(x +E-p), WG (x+&+1-p)  15(p )y (x+E-p)

[ +&-w)+n’ |2 [(q+&+1-p)+n° 7 [(X +&-u)+n7]?
A5G, +E+1-pf A5 u R (- )X +E-p)

[(xL+§+1—u)2+n2]3 2[(xL+§—m2+n2]3
L4505 - $)(x + ¢+ 1) 315(kp )q (3= s)xrE—p )’
2 (x, +§+1—,U)2+772]; 2 (x +é‘—u)2+772]2
_ 315G, (8- s)(x+S+1- /J)72 _105(1-p o (% - %)(X+§ )
2[(x +&+1-pY +n] 2 (+&—u) +n]
10540, (X—-8)(x+&+ - pu ) 945@u ) (5 §)(X+§ H n’
2l (x +&E+1-pY +7n ]9 2 (+&-pf+n ]

L 945u0, (8- 8)(x +&+ - pfn’

11

2 +&+1-uy+n° ]2

0y ) (6 +p) (k1 p) 15 u ) (K-p) g (+ Ep)

% —uf X +1-pf X -4’ % +1- 4"

LA p)g (3-8 )(x—p), 4509 (28 B)(x+ Tu )

2|xL ,u| 2|)(L +1- ,u|

105(1-u ) (25— )(x—u)  105.q (25— '5)(x+ 3rﬂ3

2|%, —,u| 2|xL+1—,u|
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3-p)am 3uqn A5 +E-udn
[ +E-—w?+n? 7 [(x +&+1-p)+n7 ]2 [(x+E-u)’+n°]?
_15u0, (% +S+ 1-#)277 15(1—/J n(&B-s ?7 1510, (25 - s )

Qfgfl] (XL + é:’ 77) =

[(x +§+1—ﬂ)2+772] 2 (x +&-p) +n] 2[<xL+f+1—u>2+n2]’2
JAS0pmG-sh  150G(- §h 105G u)q(s s
[(x +E—p)’ +n] [(xt+c5+1 p)? +n] 2 (4 +&-u)*+n*]?

105uq, 8-S )°  105(u )q (25— s)(x+&-uin
2[<xL+af+1—ﬂ>2+772]g 2[(xL+§—m2+nZ]g
105uq, (8- $)(x+&E+ -y 105 u g (3- $)(x+&E—u iy
2[ (x, +§+1—,U)2+772]% [ (% +§—,U)2+772]§
105u0, (§— $)(x +&+ 1 ﬂ)zfl 945(k 4 )q (3~ $)(X+&— Mf?
[(x +£+1- P ] o o +e-uy+n]?

L9450, (8- $)(X +E+ - u )’

11

2l(x +&+1-p)’+n |7

or

Q.. (x,0)=0,

sen

31— p ) (X +& - ﬂ) uq(f+&+-u) 15EuN x+E-uy’
[ (% +&-p) +r7] [ +&+1-p)?+n° ]2 [(x +E-p)"+n°)?
CA5ug, (x &+ 15 (B-S)(X +E—p)

ng,(xl_ +&,m)=

[(x +§+1—ﬂ)2+772]% [(XL+§—/1)2+772]%

L1510, (25 - 8)(x +5+ 1 ,U) 15(F 4 )q (s~ §)(X+§ #)
2 (x +&+1-pY +n] [(x +&-u) +n]

L 15u0, (8- %)(X+§+1—ﬂ) 1051 )y (% - Sz)(>§+§ s
[(x +&E+1-p) +7 ] 2 (x +E—puY+n ]
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105uq, (B -8)(x+&+u)y® 525Fu g (- $)(X+E-—up’

Lo+ 542y 4’ o o +s-ufen]?
(5250, (- $)(x e+ | 94”16 (S = )X +E s’
2 (¢ +&+1-pf +n' ] 2[ (x +&-uf +1°]?

L 94510, (4= 8 )(x + e+ L p '
2[ (% +&+1-uf +7 ]

or

SA-p)( —p)  uG (X +1-p) 15@Fp)q (8- §)(X—p .

Q.,,(x.,0)=
) % 4 % +1- 4 2 -4’
1500, (25— $)(x + =) 1504 )q (3= $)(X-x)
2% +1-f % - u
L1510 (8- ) (X +1-p)
% +1- 4’
Q, (% +E)= 91— p)am _+ Quan __ 15 p Jr :
[ +&-w)?+n° |2 [ +E+1-p)+n7 ]2 [(x +E-u)*+n°]?
~ 15uq,1° L 450 (- %)7 4% q (25-8)n
[(x +§+1—u)2+n2] 2 (x +&-u) +n] 2[ (% +&+1-uf +n* ]2
L 90Q-p) (8- %)’7 9Quqg (5 5y 105 u )g(s s)’
[(XL+§ 1)° +n} [(xL+§+1—m2+772]E 2 (x +&-p)’+n’]?
105uq, (5 -8)n°  945(1-u)q (3- §)7 945 g (5~ 's¥°
2l (x +&E+1-puY+n*]r 2 (x +&- ,U)+77] A +E+TpuY+n’]?
L 945(-pupm-sy  945q (& §¥°
L (x +E-uy+n*]? 2L +E+1-u)+n’]?
or
Q,,,(x,0)=0,
and

an(XL +§!77):Q,,§(XL +&,m),
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Qz].f.f(XL +§177) = Qggq (XL +§”7)!
Q,;g,,(XL +9g'77) = ng;()& +§177)-

The RHS of Eqns. (4.44) become

|X —,U| |)<L +1—,u| |)$ ,U| |)£+1_,U|5

+§2[_%<1 06 —40) | 10X +1p) | B0-1)d 25~ $)(x-4)
[ = X +1-pf % 4

50, (25 - $)<x+1—u)H+,{ {(1 (X 1) | (X +1- 1)
[ +1- 4 2 x-a |% +1- 4"

L D40, (25— %)(X+1—u)+ S 4)q (28— $)(x—u)
2|x, +1—,u| 2% - ,u|

D e CEMRE T O x+1—y)},
o= af [ +1- 4

and

[ﬂnz (-0 #o, _30-4)q(45-33) ¥ (s 3’51
|XL—,u| |XL+1—,u|3 2|)g—,u|5 2|)g—i—1—,u|5

vén {3(1—;1)%(& 1), 306 O+ - p), 1504 )y (4= 35 ) pt

% —uf % +1-p 2% —u
L1510, (48 - 39 ) (X +1-4) |
2% +1-4
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Equations (4.44) can now be written as

f%n%=§[n2ﬁ+2‘l M, % B-aR(B-S), 614Q55)
R R PR P [ +1-p”

%{ %(1 {06 —40) | Ha08+1mp) | B0-1) 25~ $)(x-4)

% =4’ |% +1-pf EeTk
L K9, (28 - %)(>E+1—,U)H+n{ {(l IDLICSIINCICSED,
% +1- 4|’ 2| x4 | +1- 4"
L 5HG, (28 - %)(>§+1—ﬂ)+ SE-x)q (28— $)(X—u)
2|X +1—,u| 2|)q_ ,u|
L 50 )a (8- S)0x -4, B g8 (. x+1—m}’
% -4’ % +1-p'

and

# 420 H= ,{ﬁnz @A-pm)  p9  3@A-p)4(4s-3s) FHqg(4% 3'5)}
% - '“| |XL+1_:“|3 2|>$—,U|5 2|)g+1—,u|5

+5,7[3(1 100 0 ~41) | 300 O + - p0), 15041 )q (4= 35 )t

% -4 | +1-p 2% '
151G, (45 -39 )(x + T p )|
2|X +1—y|
Or
EHoand, = K E+K 22 +K 72, (4.453)
#H2anF =L+ L &, (4.45b)

where

K —rp+2R, + B4 (25-8) &4 5)

01 r02

=30 ey + B2 g, + X2 By,

01 Ol 02 02

K 3(1—;1)0&[ Sp)ads-35), , 3q 1, 5@ 3By,

2 Ol 2-061 2 r 02 2 (‘)52

3™
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_3(1-p)0 (45 -3s) g (48— 3%)
215, g,

leﬂnz_Ra

L7=301- )0, [i + S~ ) (45~ 39 )]Vl + 3;1q2[i4 + S5(48- 35 iv

4 6 6 2!
r01 2r 01 r 02 2 02 and

1—
R, = ﬂ)03+ MO
X =4 % +1-4

While V; and V, have been used to represent the signg,6f|&— 4] and ry, =|&+1— 4] in

order to avoid absolute values.

4.4.6 Semtanalytical approximation of 2D periodic orbits for the model with triaxial
and radiating primaries
In this aspect, we look for periodic solutions of the sys(é.45a) and (4.45b). We consider
that the sought solution in powers of an orbital parametdie k< 1) is of the following
form:

E=Ee+ &€, n=ne+n,€ . (4.46)
Substituting (4.46) into (4.45a), (44band equating the coefficients of the same powess of
, we obtain the following two systems

é:l —Zanﬁi— K&, =0,

) : (4.47)
m+2ang,—Ln, =0,

and

& =20, —Kgp K £,-K £1=0,

- ) (4.48)
n,+2ans,—Lm,—L £17,=0,

respectively, which have to be solved successively. The periodic solution of the linear system
(4.47)is

& =@, cosivt + 9, sinvt | and 7, = @, cosivt + 9, sinfvt (4.49)
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where T _2z is the period of the periodic orbit. Sina@sfvt ) and sin(wt) are linearly
w

independent functions, we equate their coefficients obtaining

(K, + W), + 2and,, =0,

(4.50)
2anwam,, + (L, + W), =0,
and
(K, +W)@,, —2an9,,=0,
—2anwa,, + (L, + W)3,=0,
(4.51)

respectively. Systems (4.47) and (4.48) are linear homogeneous and-feraaolution the

determinant must be zero, i.e.:

K,+W +2an

D=
+2anw L, + W

=w'+ (K, +L, - 4a’n*)W+K L, =0. (4.52)

Note here that, the roots of (4.52) may determine the stability of the collinear equilibrium
points. In the Lyapunov sense, if all four roots of (4.52) are either negative real numbers or
pure imaginary or if the real part of complex roots is negativeaet ene of the collinear
equilibrium points, then these are stable otherwise they are unstable. Thus, as it can be seen

from the results presented in Table 2, the collinear equilibria are unstable in the three
binary systems.

SinceD =0, systems (4.47) andt.@48) are indeterminate, so, we choose arbitramily=1
and ¢, =0such that:

2anw

T (4.53)

@,=0, 9,=

Therefore, the periodic solution of (4.47) is

51 = COSW )u
1, =3, Sin(2wt),

115



Similarly, for system (4.48) we set:

&, =@, +@,,CO0SWt @ ,, cos(t ¥ &, sinfit 39 ,, sin(@t |

4.54
n,= @,,cosiwt + @, cos(t ¥ 9,, sinfit 34,, sin(@t ( )
and working as previously we find that
@,=0, 9,=0,7,=0,9,,=0,9,,= 0,7 = ( (4.55)
and
2
Ty =— Ko +Ks9 ,
2K,
—K, (L, +4W)+ 9, (4ol ,nw+ K 9., (L ,+ 4w ))
w23: 2.2 ’ (456)
2K L, +8K,+L,— 4’n® W + 320"

_AaK,nw- 4, (KL, +4weK ng,+L ,wW)

2 2K, + 8K, + L, - da’n® W+ 3

Thus, the periodic solution of (4.45) is

&, =@y +@,,COS(2N ),
= e SIN(201).

Therefore, the sought periodic soluti@h46) into series expansions of the orbital parameter

e up to second order terms is:

£ =&+ 0OSWL R+ 7.+ cOS(AM ) (457
n= 4,sinwt)e +9,,sin(2wt)é
where (£,,0) is the position of any collinear equilibrium point, the coefficients

T, T, T 59,3 ,, are defined by (4.53)ral (4.56), andw is a real positive solution of

(4.52).

4.4.7 Expansions of the 3D equations of motion up to second order terms

The RHS of Egns. (4.42) is expanded up to second order using the Taylor series method

aroundX , Y., % ). We proceed as follows
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Q. (% +&n,8)=Q, (X, ¥, 2)+82.. (X, Y, 2)+nQ, (X, ¥, D+ (X Y, 2

1
;52%5 Y 3 9, X Y D80 K Y D

0 X % B0, (003 2) 20 (X Y 2),
(4.58a)
Q,(x +5.7m1.8)=Q, (X, Y, 2)+8Q,: (X, ¥, 2)+7, (X ¥, 2+, (X Y 3
SE0 % 7 N0, A Y 2D £ Y 2
780, X Y % )%nzﬂﬂ,,n(xuy“ZL)%JZQM(& Y. 2)
(4.58b)
Q (X +&m )=, (0 W ) +8Q, (X, Y, 2)+72, (X, Y, ZH 0 (X Y12
150 K N 7 B0 X ¥ T DO K ¥ D

1 1
+1780,. X Y 3 );nzﬂg,ﬂ,(xpyL,ZL)+5§29¢g;(>E, Y, Z)

(4.58¢)

Qg(XL’yL’Z_)Zgg(O’O!O)Z 0,
QU(XL’ yL’ Z_): Qr; (O’ O! O)= 01
Qg(XL’yL’Z_)Zgg(O!O’O): 0
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0, (x +m)=rp-— A “e, .
[ &=+ + 2[4 +E+1-p) 4+ S

B +E-pf  3uG(x+E+1-uy
[ &=+ + 2 [ +E+1- )P+ "+ O

31-u)(>=-s5)9 3u(2%-5)9
2[(XL+§—ﬂ)2+772+§2]g 2[(><L+§+l—/z)2+772+§2]2
15(-pyse” 1ug&”
2[(XL+§—/1)2+772+§2]Z 2[(XL+§+1—ﬂ)2+772+§2];
15(1- ) (S-S 150G (5= $0°

+

2[(XL+§—/1)2+772+§2]Z 2[(XL+§+1—ﬂ)2+772+§2];
50 p) (25— )(x+E-pf | 1509 (2% ) (x+E+ T u)
2|:(XL+§—,U)2+772+C;2:|; 2[(XL+§+1—,U)2+772+C;2];
_105(-u s Of +&E-uFE? 10miq$ (x+&+ it
2] (x, +f—ﬂ)2+772+§2]2 2 (x +§+1—,U)2+772+§2]2
_105(1-p ) 6-S)(x+&-w)°n® 105uq, (§- $)(x +<&+ 1—#)2772’
2[(XL+§—#)2+772+§2]2 2[(xL+§+1—m2+n2+42]3

or

0. (%, 00-mp- L& 4G BLwd, G S0u)-$)g

R A e N R P - P
_3u(28-9)g 15 x)q(2s- §) 1w 9(25 '5)
2|XL +1—,u|5 2|)(L —,u|5 q)g + 1—,u|5
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Q, (X +E7,8)=pr - e _ 4,

[(XL+§—A!)2+772+§2]3 [(><L+.§+1—ﬂ)2+,72+§2]2
SA-man” a4’ 5
(e e+ [(x el on '+ L]
3A-u)a(2s-s) B 3ug(2%5-5)
ZB&+§—ﬂY+ﬂ2+éﬂg Zﬂn+§+xﬁnawf+;ﬂ§
Mu)a§-8) a9
(O &= n®+ 822 [(x +E+1-p) 4 422
G - 150 0,42 7
L A O (O
IS-pk (3-8 0” | 1500 (2 )"
() +E-puP+n’+C° 7 2 () +E+1-puf 40+ 7]
MRG0 SN C Tl 7/ A LT Y € ) A
2 A N R O
L0S(-ppsr'e™ 10549%°
2 +&-uf+n*+&7 2 (x +&+1pfentel T
105(-pu )y G-sn* 105 g (6— $»*

9

Ao repyen®+ 7 2 e+ Erlop P en L7

or

Q (XL,O,O):ﬁnZ_(l_‘U)Oﬂ_ po,  31-p)q(2s-s) g% s)

po—pl Porod o 2x -l 2 + 14
_3Q-u)(8-s) 3uq(5-§)
|xL—/l|5 1% +1—,u|5
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Q, (% +Em L) = 1-)q . M1, i
[ +&=p)?+n°+$7 2 [(x +E+1-p) 47+ ¢ 7]
L 3QA-p)ac’ _+ 3uge* :
[ +E=p)+n*+7 2 [(X +E+1-p)?+n°+ L7

3(1- 1) (25 - S) __ 3ug(23- 8) i
2/ () +&-mP+n*+ P 2 (x+E-p) et
3(1- p)as - ugs i
[ +E-w)+n*+7 2 [(x +E+1-p)?+n°+ &7
L 150 u)0(2s - 5)¢* Ly 151G (2%~ §%° :
A () +&—p) +n*+&7 P [(x +E+1-p)+n°+S 7]
. 750 u)s? . Tuq & :
ZI:(XL+§—,U)2+772+§2}E 2[(><L +§+1—ﬂ)2+772"f§2]E
150-p) 5-sh’ s 15 q (§- 5y’ :
L (x +E-puY+n°+S7 P 2 (x +E+1-pP+nP+ L7
105(1- 4 ) S¢* L 10 q ¢ :
2[(XL+§—,L1)2+772+4’2]E 2[(XL +§+1—ﬂ)2+772+§2]5
_105@-p)p §-sn¢* | 15 (5= $p’¢’

2 () +E-puY+n’+ S (X +E+1-u Y +nPH S0

or

_ @-ma wg  3Q-u)q(2s-s) g% s) 3Eu)d;:
QCC(XL’O’O)_ 3 3 5 5 5
R RS B 2% -4 Ax+1-4"  |x-4
_ 3ud,s
% +1- 4’
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SA-p)a(x +&—ph1 UG (gte+l-uy
[(xL+§—u)2+772+§2]2 [(x +&+1-p)?+n°+¢7)
L15Q-pk (3-8)(x+e - 12 g (2% ) (xto+ Tuy
2[(xL+§—u)2+n2+¢2]5 2L (x +&+1-p) +n*+¢7]
- p G -8)(x e, 15 g (5 SN xte+Tuy
[(XL+§—A!)2+772+§2]; 2[(><L+§+1—ﬂ)2+772+§2];
105(1-u s (X +&—upg? 105uq,8 (4 +E+1-u s’
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_105(- )y G- s)(x+&—u)’ 105 g (5~ §)(x+&+ Tu r)f

Q,(x +¢.1m.8)=

5
2

7
2

2[(xL+4f—m2+nz+§2]2 2 ( +&+1-uY+n’+¢ 7]
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Q,, (x.,0,0)=0,

3= u)ang B 3ugné
[(XL+§—ﬂ)2+772+§2]2 [(XL+§+1—/¢)2+772+§2]2
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150X G- SWE 150G (5 She
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L A-pksns g 916
[ +E-p)+n°+S2 ] [ +E+1-p)?+n°+ &2
105(-pypsme® 1090, $7¢”

R . [ ) AT &
_105(@-pn -sy’¢  105q (4 $¥%¢
A () +&-uf+n*+&7 P 2 (x +E+1-u )+ +<7]

9
2

or

Q,.(%.,0,0)= 0,
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