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ABSTRACT  

In the first problem, a modification of the restricted three-body problem has been considered 

where the primary (more massive body) is a triaxial rigid body and the secondary (less 

massive body) is an oblate spheroid and study periodic motions around the collinear 

equilibrium points. The locations of these points are firstly determined for ten combinations 

of the parameters of the problem. In all ten cases, the collinear equilibrium points are found 

to be unstable, as in the classical problem, and the Lyapunov periodic orbits around them 

have been computed accurately by applying known corrector-predictor algorithms. An 

extensive study on the families of three-dimensional periodic orbits emanating from these 

points has also been done. To find suitable starting points, for all the computed families, 

semi-analytical solutions have been obtained, for both two- and three-dimensional cases, 

around the collinear equilibrium points using the Lindstedt-Poincaré method. Finally, the 

stability of all computed periodic orbits has been studied. 

The second problem presents a third order analytic approximation solution of Lyapunov 

orbits around the collinear equilibrium points in the planar restricted three-body problem by 

utilizing the Lindstedt Poincaré method. The primaries are oblate bodies and sources of 

radiation pressure. The theory has been applied to the binary -Centuari system in six cases. 

Also, the positions of the collinear equilibrium points have been determined numerically and 

the effects of the parameters concerned with these equilibrium points shown graphically. 

In the third problem, an investigation of three-dimensional periodic orbits and their stability 

emanating from the collinear equilibrium points of the restricted three-body problem with 

oblate and radiating primaries is presented. A numerical simulation is done by using five 

binary systems: Sirius, Procyon, Luhman 16, -Centuari and Luyten 726-8. Firstly, based on 

the topological degree theory, the total number of the collinear equilibrium points for the five 

binary systems were obtained and then, their positions were determined numerically. The 
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linear stability of these equilibrium points was also examined and found to be unstable in the 

Lyapunov sense. An analytical approximation of three-dimensional periodic solutions around 

them was established via the Lindstedt-Poincaré local analysis. Finally, using the analytical 

solution to obtain starting orbits, the families of three-dimensional periodic orbits emanating 

from these equilibria have been continued numerically. 

Additionally, the collinear equilibrium points and periodic motion around them are studied in 

the framework of the restricted three-body problem where the two primaries are triaxial rigid 

bodies which emit radiation in the fourth problem. Firstly, the positions and stability of the 

collinear equilibria are studied for HD 191408, Kruger 60 and HD 155876 binary systems. 

Then, the planar and three-dimensional periodic motion about these points is considered. The 

study includes both semi-analytical and numerical determination of these motions. It is found 

that all families of planar periodic orbits emanating from these points terminate with 

asymptotic periodic orbits at the triangular equilibrium points while the corresponding 

families of three-dimensional periodic orbits terminate with planar periodic orbits. 
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CHAPTER ONE 

INTRODUCTION  

1.1 General Introduction 

New developments in the mathematical theory of differential equations and dynamical 

systems have been aided by studies being carried out in the three-body problem (3BP). 

 

The 3BP refers to the movement of three bodies under their mutual gravitational influence. 

Eighteen integrals of motion are needed for the complete solution to the 3BP. Euler (Barrow-

Green, 1997) was able to establish that only ten (10) integrals of motion exist and as such, the 

problem when considered analytically does not have a closed form solution. Six of the scalar 

integrals are derived from the conservation of linear momentum, and then from the 

conservation of total angular momentum and the conservation of energy are three and one 

scalar integrals of motion respectively. 

 

The restricted three-body problem (R3BP) is a reduced form of the 3BP. The problem is 

termed órestrictedô on the basis of some assumptions that differentiate it from the general 

3BP. One of such is the consideration of three bodies, two of which have finite masses and 

are often referred to as primaries and the third body whose mass is much smaller and 

negligible is often called the infinitesimal body. Another assumption which is on the basis of 

these mass ratios is that the motion of the primaries is not influenced by the gravitational 

attraction of the infinitesimal body whereas their gravitational attraction completely 

determines the motion of the infinitesimal body. Hence, the R3BP is to determine the motion 

of the infinitesimal body under the gravitational influence of the two other bodies or 

primaries of finite masses. In the instance whereby the primaries move in circular orbits 

about their common centre of mass the aforementioned problem is often referred to as the 
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circular restricted three-body problem (CR3BP) and when the motion of the infinitesimal 

body is restricted to the orbital plane of the primaries the problem is further referred to as the 

planar circular restricted three-body problem (PCR3BP). 

 

The R3BP in whichever way we consider it (either circular or planar circular) is still not 

solvable in closed form. However, particular solutions do exist in the 3BP in order to obtain 

an insight into the problem. The five equilibrium solutions or libration points are particular 

solutions of this problem.  

 

Joseph Louis Lagrange in 1772 showed that five equilibrium solutions or libration points 

exist as earlier mentioned. These consist of three collinear points and two triangular points 

denoted by 1 2 3, ,L L L  and 4 5,L L , respectively, as shown in Figure 1.1. In the exact positions 

of these equilibrium points the velocity and acceleration of the infinitesimal body when 

placed at any of these points is equal to zero and it would remain at rest for all time. 

                       

                   

Figure 1. 1: Location of the equilibrium points. 
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In addition to the equilibrium points, periodic orbits are also particular solutions in the 

CR3BP. Periodic orbit is simply an orbit that closes upon itself in the phase space after each 

revolution. Theoretically and by application, it has been established that periodic orbits exist 

around the collinear equilibrium points. As for the stable triangular equilibrium points, no 

special treatment is needed once there. Specific orbital parameters cannot be used to describe 

these orbits as is common for typical orbits, but families of orbits exist. Goudas in 1963 was 

able to compute 19 families of three-dimensional periodic orbits in the CR3BP (Howell, 

1998). Each of the collinear equilibrium points can be associated with a family of Lyapunov 

orbits. Also, each Lyapunov orbit within a family is characterized by a particular Jacobi 

Constant. In Figure 1.2 is shown the Lyapunov orbits around the collinear equilibrium points 

for the Earth-Moon system. 

        

Figure 1. 2: Lyapunov orbits around the collinear equilibrium points for the Earth-Moon 

system (Davis (2011)). 

 

In the R3BP, periodic orbits around the collinear equilibrium points that lie in the plane of 

motion of the primaries are called planar Lyapunov orbits and only one planar periodic 
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motion exists around each collinear equilibrium point. In the three-dimensional (3D) aspect 

of the R3BP, the corresponding 3D periodic orbits emanating from the collinear points are 

called vertical Lyapunov orbits. The Lyapunov orbits around the collinear libration points can 

be grouped into the families A, B, C based on Strm̘grenôs notation for classifying periodic 

orbits. 

 

 On the other hand, two classes of periodic orbits also exist around the triangular libration 

points in the plane of motion of the primaries; the long-period orbits and the short-period 

orbits. The period of the long-period orbits depends on the mass ratio of the primaries while 

the short-period orbits have periods on the order of the periods of the primaries about their 

common centre of mass. (Goodrich, 1965) 

 

The constant of integration associated with the differential equations was identified by Jacobi 

and was named after him as the Jacobian integral or Jacobian constant and is often denoted 

by the symbolC . The Jacobian integral may be used to obtain the Zero-velocity surface plots 

by assuming that all the velocity components are equal to zero. This surface divides the space 

into two regions. One region is known as the region of possible motion while the other is 

called the forbidden region. These regions describe the area where the infinitesimal body is 

allowed and not allowed to move. Figure 1.3 as shown below illustrates certain projections of 

the zero-velocity surfaces as examples of Zero-velocity curves for the Jacobi Constant values 

computed at the first and second collinear libration points. The white portions in the figure 

indicate the regions of the allowed motion while the shaded portions correspond to the 

forbidden regions for the motion of the infinitesimal body. 
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Figure 1. 3: Zero velocity curves and forbidden regions. From left to right: C < CL2, CL2 < 

C < CL1 and C > CL1 (Vila, 2007). 

 

The knowledge of these forbidden regions provides some insight into the dynamics of the 

problem. Furthermore, the Jacobian Constant often serves as a method used in checking the 

accuracy of the calculations, especially the accuracy of the numerical integration of the 

differential equations. Also, in the case of the planar R3BP which is a dynamical system of 

two degrees of freedom the Jacobian constant reduces the initial four-dimensional phase 

space into a three-dimensional subspace and by considering the appropriate intersections of 

the 3D trajectories, e.g. with the straight line 0y , for certain flow, we obtain the Poincaré 

surface of sections which, among others, is a powerful tool for the determination of the 

stability of a periodic orbit as well as of chaos detection. 

 

1.2 Statement of the Problem 

Jain et al. (2006, 2009) carried out some studies on periodic orbits around the collinear 

libration points in the R3BP when: 

i.  the smaller body is a triaxial rigid body; and 

ii.   when the bigger primary is a source of radiation pressure and the secondary a 

triaxial rigid body, 

 

their investigation was done for periodic orbits with respect to perturbations in the plane of 

motion of the primaries, which did not include the perturbations perpendicular to the plane of 
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motion of the primaries and lacked the numerical continuation to families of both planar and 

spatial periodic orbits. 

In this research work, the continuation of infinitesimal orbits in the vicinity of the collinear 

equilibrium points to orbits of finite dimensions in the plane and perpendicular to the plane of 

motion of the primaries in the framework of the generalized CR3BP will be our focus. The 

problem is generalized in the sense that the primaries are modelled as aspherical (for 

example, Triaxiallity and oblateness) bodies and the involvement of other perturbing forces 

like the influence of the Coriolis and centrifugal forces, and the radiation pressure. 

 

1.3 Justification of the Study 

The study would play a very important role of separating the classes of orbits when the 

classification of the totality of orbits is being considered. 

 

The study will serve as an avenue to obtain information regarding Lyapunov orbits for 

nonintegrable dynamical systems when the orbit is periodic. 

 

Since the R3BP is still not solvable in closed form, the study will serve as an opening through 

which the problem can be penetrated. Once a particular solution is given, a periodic solution 

can be found such that the difference between the two solutions is as small as it is intended 

for any given length of time. 

1.4 Aim and Objectives of the Study 

The aim of this research is to investigate periodic orbits using the Lindstedt-Poincaré local 

analysis and a differential correction scheme as the case may be around the collinear 

equilibrium points in the generalized CR3BP.  
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In order to achieve this aim, the researcher has set the following objectives: to 

i. compute and examine the horizontal and vertical stability of the Lyapunov 

periodic orbits in the vicinity of the collinear equilibrium points when the primary 

is a triaxial rigid body and the secondary an oblate spheroidal body together with 

perturbations in the Coriolis and centrifugal forces; 

ii.  numerically determine the families C, A, and B (in Strm̘grenôs notation) around 

1L , 2L and 3L respectively for (i). 

iii.  compute horizontally Lyapunov periodic orbits around the collinear equilibrium 

points and make an application to a binary system when the primaries are both 

radiating and oblate spheroidal bodies; 

iv. compute vertically Lyapunov periodic orbits and make applications to five binary 

systems when the primaries are both radiating and oblate spheroidal bodies and 

thereafter numerically continue to the corresponding families of periodic orbits; 

v. compute and examine the horizontal and vertical stability of the Lyapunov 

periodic orbits in the vicinity of the collinear equilibrium points when the 

primaries are both radiating and triaxial spheroids together with small 

perturbations in the Coriolis and centrifugal forces;  

vi. numerically determine the families C, A, and B (in Strm̘grenôs notation) around 

1L , 2L and 3L respectively for (v). 

 

1.5 Thesis Organization 

The organization of this thesis has been done in six chapters: Chapter ONE gives the general 

introduction, statement of the problem, justification of the study, aim and objectives of the 

study and the theoretical framework. In chapter TWO, the review of related literature based 
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on investigations carried out over the years on periodic orbits in the R3BP is given. The 

periodic motion around the collinear equilibrium points of the R3BP when the primary is a 

triaxial rigid body and the secondary is an oblate spheroid together with perturbations in the 

Coriolis and centrifugal forces was investigated in chapter THREE.  

 

In chapter FOUR, Periodic motions around the collinear equilibrium points of the 

photogravitational R3BP with triaxiality, oblateness and small perturbations in the Coriolis 

and centrifugal forces was examined. In chapter FIVE, the results and discussions for all the 

problems investigated in this research work are given.  

The summary, conclusion, and recommendation are given in chapter SIX. 

                                                                                                 

 In the next chapter, we give the literature review as well the theoretical framework as related 

to this research. 
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CHAPTER TWO  

LITERATURE REVIEW  

2.1 Introduction  

This is a review of related literature based on investigations that have been carried out over 

the years on periodic orbits in the R3BP. This has been done by taking into consideration 

works done around the triangular equilibrium points, collinear equilibrium points, variations 

of the mass parameter, radiation pressure, the shapes of the bodies, a combination of radiation 

pressure and the shapes of the bodies, periodic horseshoe orbits, and finding periodic orbits 

using more contemporary methods. 

Also, some of the basic formulations with regards to the preliminary ideas associated with the 

present research work are given in this chapter. 

 

2.2 Periodic Orbits around the Triangular Points 

Goodrich (1966) using Rabeôs methods for determining members of the class of long period 

orbits with Jupiter and the sun as principal masses, examined the class of short-period orbits. 

He found out that the Jacobi constant decreases as the orbit size increases and deviates farther 

from the libration points. And that the periods of all orbits differ by less than 1% from the 

period of Jupiterôs motion around the sun. Also, elliptical orbits around the sun closely 

represent the short-period orbits and the eccentricities of these elliptical orbits approach unity 

as the deviation from the libration point increase. All the orbits determined indicated 

instability. 

 

Deprit and Palmore (1966) studied the family of short-period orbits originating at the 

equilateral center of libration in the sun-Jupiter system in which they continued first 
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analytically, then numerically. They found out that for all the periodic orbits obtained, the 

characteristic exponents were of the stable type.  

 

Zagouras (1985) in his paper titled óthree-dimensional periodic orbits about the triangular 

equilibrium points of the restricted problem of three bodies,ô improved Buckôs third-order 

parametric expansions for three-dimensional periodic solutions about the triangular 

equilibrium points of the restricted problem by fourth-order terms. He numerically computed 

for 0.00095 the corresponding family of periodic orbits, which are symmetrical w.r.t. the 

( , )x y  plane. He found out that the family emanating from 4L  terminated at the other 

triangular point 5L while it bifurcated with the family of three-dimensional periodic orbits 

originating at the collinear equilibrium point3L . And that the family consisted of both stable 

and unstable members. A second family of nonsymmetric three-dimensional periodic orbits 

was found to bifurcate from the previous one. It was also numerically determined until a 

collision orbit was encountered with the computations. 

 

In their study on óvertical stability of periodic solutions around the triangular equilibrium 

points,ô Perdios and Zagouras (1991) examined the vertical stability character of the families 

of short and long period solutions around the triangular equilibrium points of the R3BP. For 

three values of the mass parameter less than or equal to the critical value of Routh (R ) that 

is, for  0.000953875 (Sun-Jupiter), 0.01215 (Earth-Moon) and 0.038521R , 

they found that all such solutions are vertically stable. 

 

Singh and Haruna (2014) performed a semi-analytic study of periodic orbits around the 

triangular equilibrium points when the participating bodies are modelled as oblate spheroids, 

under the effect of radiation of the main masses and small change in the Coriolis and 
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centrifugal forces. The orbits around these points were found to be ellipses with long and 

short periodic orbits. Also, Abouelmagd et al. (2015) examined the periodic structure of the 

R3BP considering the effect of the zonal harmonics 2J  and 4J  for the more massive body. 

They showed that the triangular points have long and short periodic orbits in the range

0 c . 

 

2.3 Periodic Orbits around the Collinear Equilibrium Points  

Richardson (1980) presented a third-order analytical solution for halo-type periodic motion 

about the collinear points of the R3BP. The Lagrangian method was used in the derivation of 

the three-dimensional equations of motion. The periodic solution was constructed using the 

method of successive approximations in conjunction with a technique similar to the 

Lindstedt-Poincare method with an application to the Sun-Earth system. Still on Halo orbits, 

Howell (1984) carried out a largely numerical study of families of three-dimensional, 

periodic, óhaloô orbits near the collinear libration points in the R3BP. The families extend 

from each of the libration points to the nearest primary. They exist for all values of the mass 

ratio , from 0 to 1. Most of the families contain a range of stable orbits but close to1L , there 

are no stable orbits for certain values of  and the stable range at this libration point 

decreases with increasing, until it disappears at 0.0573. Near the other libration points, 

the orbits increase in size with increasing. 

 

Hou and Lui (2009) studied the evolution details of the planar and vertical Lyapunov families 

around the three collinear libration points in the R3BP. After colliding orbits, members were 

computed. How these families evolve with increasing was studied. Using the linearized 

solution, they obtained around the collinear libration points as initial seeds, numerical 

shooting methods were used to produce the periodic orbit. Since members of the respective 
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periodic families have been obtained, they made use of the predictor-corrector algorithm to 

generate the whole families, respectively. They found out that three planar periodic families 

1 2,F F and 3F were involved in the bifurcation process. The three families are the families 

,f h  and m in Str̘ mgrenôs notation and the relations between them and the Lyapunov 

families ,a band cwere also studied. 

 

Zhang et al. (2011) constructed a special kind of flow function by utilizing the symmetry of 

the R3BP intended to map a state on the plane of symmetry to another state that also lies in 

this plane. Thus, they derived a new method of periodic orbit computation based on this flow 

function which needs neither a starting analytical approximation nor the state transition 

matrix for computation. Large set of periodic orbits which have x-z plane symmetry can also 

be computed numerically since the method is unaffected by the nonlinearity of the dynamical 

system. They computed Lyapunov and halo orbits as examples.  

 

 In their study which involved using inter-satellite range data, Lui et al. (2014) combined 

autonomous orbit determination problem of a lunar satellite and a probe on some special 

orbits. The investigation was first carried out in the CR3BP, and then generalized to the real 

force model of the Earth-Moon system. In particular, they discussed two kinds of special 

orbits: collinear libration point orbits and distant retrogate orbits. The method employed also 

involved third order analytical solution and the predictor-corrector algorithm for obtaining 

the halo orbits and other numerical simulations. Their result showed that the orbit 

determination accuracy can also reach that of the observation data. Their findings also 

include the collinear libration point (CLP) case where halo orbits with larger out-of-plane 

amplitudes are recommended because of their better stability properties, better visibility 

between the Moon and the lunar satellite and better performance in the combined 
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autonomous orbit determination (CAOD) process. While in the case of the distant retrograde 

orbit (DRO), medium sized DROs (45000km) perform best in the CAOD process. 

 

By taking the bigger primary as a radiating body, Ragos and Zagouras (1991) studied the 

evolution of the periodic orbits around the collinear equilibrium positions, belonging to the 

Str̘ mgren families ,a band c in the Sun-Jupiter system. In particular, these families are 

determined when the radiation force of the more massive body is equal to one half of the 

gravitational attraction. The orbits closer to the equilibrium points are found by the analytic 

approximation methods, particularly the second order approximations, and then the next 

members of each family are numerically computed. The numerical aspect is facilitated by the 

linear predictor-corrector algorithm based on the numerical integration of the equations of 

motion and the first order variations. The Lyapunov stability of each periodic solution as well 

as the critical stability orbits of each family has been examined. 

 

Abouelmagd et al. (2016) performed an analysis of the periodic motion around the collinear 

equilibrium points up to second order for the expansion of the equations of motion. They also 

showed graphically the investigations for the periodic motion. 

 

2.4 Periodic Orbits and Variations of the Mass Parameter 

By using the model of the R3BP, Ichtiaroglou et al. (1989) investigated the three-dimensional 

planetary systems for 0.001. They numerically computed and determined the stability of 

families of three- dimensional periodic orbits of relatively low multiplicity at the resonances 

3 5 3, ,
1 3 5

 and1
3

. The three-dimensional orbits are obtained by continuation to the third 

dimension of the vertical critical orbits of the corresponding planar problem. 
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 Zagouras et al. (1996) computed two families which they describe for values of the mass 

parameter for which it has been found that they existed, using a procedure which they proved 

to be efficient. This procedure involves the process of numerical ascent from families of 

planar to three-dimensional periodic orbits and the subsequent ódescentô to the plane. They 

also computed two new families of three-dimensional asymmetric periodic orbits. They 

discovered that for smaller values of the aforementioned families form closed curves which 

shrink as decreases further, while for  less than a critical value they cease to exist. Also, 

they found out that for two values of the mass ratio two periodic solutions have the horizontal 

stability parameter equal to zero. Thus, the procedure used from planar to three-dimensional 

families of periodic solutions can efficiently lead to the determination of an unlimited number 

of families of planar non-symmetric periodic orbits. 

 

Lara and Russell (2006) investigated the influence of the mass ratio between the primaries in 

the behaviour of direct periodic orbits of the R3BP. They discovered that the different parts 

of the family gare connected through new families of three-dimensional periodic orbits. In 

addition, the family g are found to be a limit case of the family g  where the two parts made 

of egg-shaped orbits match exactly. 

 

Russell and Lam (2007) successfully applied the dynamical systems theory to several 

unstable periodic orbits that circulate around Europa.  

 

Henon (1973) studied plane periodic orbits with respect to perturbations perpendicular to the 

plane. He defined a óvertical stability indexôva . Thus, for vertical stability, the condition is 

that 1va . This has been computed for periodic orbits of families, , , , , , , , ,a b c f g h i l m n, for 

the mass ratio 0.5. He found intervals of stability and instability. Also, vertical critical 

orbits corresponding to 1va are computed. He showed that each vertical critical orbit 
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corresponds to an intersection of the family of plane periodic orbits with a family of three-

dimensional periodic orbits. His consideration is based on the fact that the shapes of the 

primaries are of the classical model as explained in Szebehely (1967). The conditions he used 

for measuring stability are obtained from the eigenvalues (roots of Eq.13 as given in his 

paper). 

 

2.5 Periodic Orbits with Radiation Pressure 

Kalantonis et al. (2001) carried out a study which defined a method that utilizes the Poincaré 

map on a surface of section to compute with certainty individual members of families of 

periodic orbits of a given period with application to the collinear equilibrium points of the 

photographitatonal R3BP. Their approach is based on the Poincaré map  on a surface of 

section. Thus, they stated that 

1 2( , )TX x x is a fixed point or a periodic orbit of  if X X and a periodic orbit of 

period p if:  

        .  

The method converges rapidly, within relatively large regions of the initial conditions and is 

independent of the dynamics near periodic orbits.  

 

Perdios et al. (2002) presented an improved method for locating periodic orbits of a 

dynamical system of arbitrary dimension. The method is a combination of two other known 

methods: the characteristic bisection method (CBM) which exploits the topological degree 

theory to locate a periodic orbit within relatively large regions of initial conditions and the 

Newtonôs method which computes the orbit with full accuracy and quadratic convergence 

once its conditions for convergence have been met. The photogravitational problem of two 

degrees of freedom have been used as an example to demonstrate the effectiveness of the 
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method which is shown to surpass the CBM and Newtonôs method when either of them is 

considered alone. 

 

Perdios (2003) determined series of horizontally critical (HC) symmetric periodic orbits of 

the six basic families, , , , , ,f g h i l m of the photogravitatonal R3BP, and their vertical stability 

were computed. In particular, the study is restricted to the case where only the first primary is 

radiating, namely 1 1q and 2 1q . The results obtained were compared with those of Hénon 

and Guyot (1970) so as to study the effect of radiation to this kind of orbits. In the same vein, 

Perdios and Kalantonis (2006) determined series of horizontally critical symmetric periodic 

orbits of the six basic families, , , , , ,f g h i l m in the framework of the R3BP when the more 

massive primary is an oblate spheroid and computed their vertical stability.  

 

 

2.6 Periodic Orbits and the Shapes of the Bodies 

On their studies of óthe bifurcation of 3D periodic orbits on the plane of motion of the 

primaries in the R3BP with  oblateness,ô Perdios, E.A. et al. (1999) briefly described suitable 

numerical techniques and made some applications to produce the first few of  such vertical-

critical orbits of the basic families of periodic orbits of the problem, for varying mass 

parameter  and fixed oblateness coefficient 1 0.005A , as well as for varying 1A  and fixed 

1
2

. They also determined the horizontal stability of these orbits from which predictions 

about the stability of the branching 3D orbits were made.  

 

In Elshaboury et al. (2016), additionally to the study of the number and stability of the 

collinear equilibria, the basic families of planar symmetric periodic orbits were considered in 

the space of initial conditions of the R3BP with triaxial primaries. 
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Beevi and Sharma (2012) and Zotos (2015) explored the effect of oblateness of Saturn in the 

orbital dynamics of the R3BP. 

 

 

2.7 Periodic Orbits with Radiation Pressure and the Shapes of the Bodies 

In their consideration of Sitnikov motions along side with other perturbing effects like the 

radiation pressure and oblateness of the primaries in the R3BP, Kalantonis et al. (2008) 

applied a perturbation method based on Floquet theory to study the stability of the motion. 

Numerically, they determined critical orbits at which families of three-dimensional periodic 

orbits of the same or double period bifurcate. They found out that for the classical Sitnikov 

problem (a special case of the R3BP where the primaries have equal masses and the third 

body moves perpendicular to the Oxyplane along the z -axis and passes from the centre of 

mass of the primaries) and its photogravitational version, the bifurcation families of double 

period have stable parts, while in the considered cases with oblateness, these families consist 

only of unstable orbits. 

 

Jain et al. (2006, 2009) carried some studies of periodic orbits around the collinear libration 

points in the R3BP when: 

iii.   the smaller body is a triaxial rigid body; and 

iv.  when the bigger primary is a source of radiation pressure and the secondary a 

triaxial rigid body. 

 

Their investigation was done for periodic orbits with respect to perturbations in the plane of 

motion of the primaries. The main aim is to study the effect of the triaxiallity and radiation 

pressure of the primaries as the case maybe on the periodic orbits. Same methods for 

obtaining the analytical approximations and the numerical analysis as those of Ragos and 

Zagouras (1991) were employed in their studies. 
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They examined the Lyapunov stability of each periodic solution belonging to the Strm̘gren 

families A, B and C. They found out that for periodic orbits around the second and third 

collinear points ( 2L and 3L ), when there is an increase in the triaxiallity coefficient of the 

smaller primary, periodic orbits shift toward the origin and expand as can be seen in their 

figures ( for the case of the triaxiallity of the smaller primary). While periodic orbits around 

1L when drawn in the same manner go on shrinking and shifting away from the origin. They 

also, proved that the periodic orbits are unstable in all the cases under consideration. 

Tsirogiannis et al. (2006) studied the periodic motion around the collinear equilibrium points 

of the R3BP when the primary is a source of radiation and the secondary is an oblate 

spheroid. For the computation of two and three-dimensional Liapunov families, a third-fourth 

order Lindstedt-Poincaré local analysis and predictor-corrector algorithms have been 

employed. 

 

Their result for the two-dimensional Lyapunov families correspond to the Sun-Jupiter system 

mass ratio 0.00095 and arbitrarily chosen values for the radiation factor and the 

oblateness coefficient 1 0.8q and 2 0.005A , respectively. For the Lyapunov families of 

three-dimensional periodic orbits around the collinear libration points, the arbitrarily chosen 

values are 0.4, 1 0.8q and 2 0.005A . The mass ratio of the latter corresponds to that of 

Bray and Goudas (1967). They also computed the stability of these families. The results 

obtained were compared with those of the classical R3BP. 

 

More recently, Srivastava et al. (2016), constructed a third-order analytic approximate 

solution using the Lindstedt-Poincaré method in the photogravitational CR3BP considering 

the Sun as a radiating source and the Earth as an oblate spheroid for computing halo orbits 

around the collinear equilibrium points 1L  and 2L . They further used the well-known 
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differential correction and continuation scheme to compute halo orbits around their families 

numerically. They found out that the time period of the halo orbits increases around 1L  and 

2L  as a result of the oblateness of the Earth and solar radiation pressure of the Sun. 

 

2.8 Periodic Horseshoe Orbits 

Barrabés and Mikkola (2005) computed families of symmetric periodic horseshoe orbits in 

the R3BP for both the planar and three-dimensional cases. They described the organization 

and behaviour of these families along and among the families of parameters such as the 

Jacobi constant or the eccentricity. Also, they determined the stability properties of individual 

orbits along the families. They found stable horseshoe-shaped orbit up to a high inclination of 

017 . 

 

Ollé and Barrabés (2006) studied horseshoe motion in the R3BP for different values of the 

mass parameter. On the one hand, they examined numerically families of periodic 

horseshoe orbits for small values  and how these orbits are organised. And on the other 

hand, they studied the existence of horseshoe periodic orbits for other values of.  

 

2.9 Finding Periodic Orbits by using Other Contemporary Methods 

Lara and Pelàez (2002) proposed an algorithm for the numerical computation of families of 

periodic orbits of conservative dynamical systems with three degrees of freedom. They 

obtained initial conditions for specific periodic orbits pertaining to a family defined by the 

variation of a parameter by means of an intrinsic, three dimensional, differential, predictor-

corrector algorithms. As an illustration of the robustness of the method, several families of 

periodic orbits of the Restricted Three-Body Problem were computed. 
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In their paper titled ódoubly-symmetric periodic solutions of the spatial restricted three-body 

problem,ô Howison and Kenneth (2000) showed the existence of two new families of periodic 

solutions to the spatial R3BP. The solutions were independent of the mass ratio of the 

primaries and had large inclinations and were symmetric with respect to two coordinate 

planes. They discovered that in one family the infinitesimal particle is very far from the 

primaries and in this case, they called it the comet and in the other family the infinitesimal 

particle is very close to one of the primaries and in this case, they called it the moon.  

 

Kotoulas and Voyatzis (2004) investigated the families of resonant periodic orbits associated 

with the Kuiper belt dynamics in the R3BP. They particularly considered all the first, second 

and third order exterior mean motion resonances with Neptune located to 50A.U. and the 

asymmetric resonances (beyond the 48 A.U.). Families of periodic orbits of the planar 

circular problem from which families of periodic orbit are generated in the planar elliptic 

problem and in the 3D circular ones are presented. They noticed some similar as well as 

different dynamical features between the various cases and discussed the relation between the 

distribution of the bifurcation points and the population of small bodies at the particular 

resonances.  

 

Qi & Xu (2015) used the Poincaré surface of section method to investigate the long-term 

behavior of the spatial lunar orbits and by applying the continuation scheme they obtained the 

spatial lunar periodic orbit families. Jiang (2015) carried out an investigation on equilibrium 

points and periodic orbits in the potential field of asteroids, where it is seen that the 

distribution of eigenvalues of the equilibrium point confirms the topology and the stability of 

periodic orbits around the equilibrium point. 
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2.10 Theoretical Framework  

Some of the basic formulations with regards to the preliminary ideas associated with the 

present research work are given in this section. 

 

2.10.1 Formulation of the classical CR3BP in a synodic reference frame 

Let and be the masses of the primary and secondary bodies placed at  and 

moving in circular orbits about their common barycentre. Also, let be the mass of the 

infinitesimal body placed at which is moving in the plane of motion of the 

primaries and is being influenced by the gravitational attraction of the two finite bodies while 

in turn, it does not have any influence on their motion.  

 

The differential equations that govern the state of the infinitesimal body at  are given by 

                          (Das (2014))                                         (2.1) 

where  are the distances between the infinitesimal body and the primary and secondary 

bodies respectively, and is the gravitational constant. In the nondimensionalized form, the 

sum of the distances of the primaries from the barycentre is  and the sum of the 

masses of the primaries is .The nondimensionalized time is so chosen as to 

ensure that the nondimensional gravitational parameter , such that 

                                                                    

The OXY plane is the plane of motion of the primaries. The mean motion of the primaries 

is represented as 

                .                                                                                            (2.2) 
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The distance between the infinitesimal body and the primaries at time  is given by 

                                                    (2.3) 

Rewriting Eqn. (2.1) with respect to Eqn. (2.3) in terms of the scalar components, we obtain 

                                                    (2.4) 

Next, we nondimensionalize the equations in (2.4). Thus, in the nondimensionalized form, 

the mean motion is given as 

                ,                                                         (2.5) 

the mass parameter is obtained as 

               .                                                                                                       (2.6) 

Since the primaries and are at  and  respectively, and the origin 

is at the centre of mass, therefore 
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                                         :. . 

Hence the coordinates of and are and  respectively. 

Thus, Eqn. (2.1) after substituting the appropriate nondimensionalized quantities become 

                         .                                                                       (2.7) 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. 1: The circular restricted three-body problem. 

 

The position vector for in the nondimensionalized form with respect to the barycentre and 

written in the synodic reference frame is given by 

                             .                                                                                      (2.8) 

The position of as related to and  are govern by 

,    and                                                                                               (2.9) 

,respectively.                                                                             (2.10) 
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                             (Das(2014))                                (2.11) 

 

Rewriting Eqn. (2.10) in Cartesian coordinate component form and expanding we obtain 

        .                                                            (2.12) 

 

We obtain three nondimensional scalar second-order differential equations that describe the 

motion of the infinitesimal body in the synodic reference frame OXYZ by equating Eqn. 

(2.12) to Eqn. (2.7) as 

                                                                    (2.13)                    

where 

                                                                                                (2.14) 

Or in terms of the pseudo-potential term  which is the sum of the centripetal and 

gravitational accelerations, we have Eqn. (2.13) become 

                                                                                                                      (2.15) 
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2.10.2 Stability of the equilibrium points  

When small disturbances or perturbations are introduced on the infinitesimal body placed at 

any of the equilibrium points which results in a displacement from the equilibrium point, and 

if after some time the body returns to the initial position or stays near the equilibrium point, 

then that equilibrium point can be said to be a stable point. Otherwise, it is unstable.  

 

As stated in Das (2014), stability can be examined in terms of Poisson, Hill, Laplace, 

Lagrange and Lyapunov stability, et ce tera. In the Lyapunov sense, an equilibrium state 

is stable if for any given and any positive scalar there exists a positive scalar 

                                   , 

such that if 

                                                                                                                   (2.16) 

then 

                                 ,                                                                          (2.17) 

for all . 

The equilibrium point is asymptotically stable if it is stable and convergent: 

             as .                                                                                     (2.18)   

In Figure 2.2, the differences between a stable, asymptotically stable and unstable 

equilibrium points are shown graphically.                  
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                    (a)  Stable                                                                    (b)  Asymtotically stable 

                                                 

(c) Unstable 

Figure 2. 2: Differences between a stable, asymptotically stable and unstable equilibrium 

points (Das (2014)). 

 

2.10.3 Computing Periodic Orbits 

2.10.3.1 The Poincaré surface of section 

Suppose that we are working on the planar restricted three-body problem (PR3BP), it means 

that we have a four-dimensional phase space . The full phase space may be reduced 

into a three-dimensional subspace by means of the Jacobian integral: 

                      .                                                                             (2.19) 
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This is done by solving Eqn. (2.19) for a specific variable; sayfor a given value of the 

Jacobian constant. The final reduction of the phase space into a two-dimensional subspace 

becomes by taking the successive intersections of an orbit with the straight line  for a 

given direction of the flow. By choosing , it means that we integrate the equations of 

motion for even number of orbit cuts on the always for certain flow. Thus, by 

choosing the initial conditions  on the surface of section, we obtain the value of  

using the Jacobi integral. These initial conditions are of the form , where 

the Jacobian Constant is always fixed. 

Integrating the equations of motion for several initial conditions, we produce the Poincaré 

surface of section. 

 

2.10.3.2  Computing accurately periodic orbits on the surface of section 

For a specific value of the Jacobi constant, we have to solve the following nonlinear algebraic 

system arising from the periodicity conditions: 

                                                                                                                    (2.20) 

where are the initial conditions on the surface of section. Thus, at the end of the 

numerical integration we demand that . It can be seen that the above system of equations 

does not fulfil the condition, therefore we seek appropriate corrections such that: 

                                                                                         (2.21) 
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                                                                                        (2.22) 

From Eqns. (2.22), we get the linear system: 

                                                                                         (2.23) 

or equivalently, we obtain the following corrector scheme with unknown and : 

                                               

which we have to solve iteratively until the periodic orbit will be computed with the desired 

accuracy. Note here that, the partial derivatives: 

                                             and , 

involved in the corrector are the isoenergetic stability parameters (see Hénon (1965b) and 

Markellos (1976)), which can be computed for example with extra integrations using the 

following formulae: 

                                                                                             (2.24) 

where is a small perturbation of the initial conditions, for example . Note 

also, that the corrector system may be solved using the well-known Cramerôs rule and this 
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solution (with respect to and ) is the final formulae which will be used for the accurate 

determination of a periodic orbit. 

 

2.10.3.3  The computation of a Lyapunov family 

In the computations for the planar Lyapunov families, we choose to integrate with 

intersections of the orbit with the Ox-axis, since the planar Lyapunov families consist of 

periodic orbits which are symmetric with the Ox-axis. 

For the determination of a planar Lyapunov orbit we start the integration using initial 

conditions of the form  i.e. we start vertically from the 

Ox-axis, and seek its second vertical intersection with this axis (when we find the second 

vertical intersection this will be at the half period T/2 due to the mirror theorem which 

guarantees that the orbit will return back at its initial position). Therefore, at this intersection 

of the orbit with the Ox-axis, we want to hold the condition: 

                                                                                                                      (2.25) 

since  for planar orbits. The above condition is not true for our approximate initial 

conditions so we seek appropriate corrections  of  respectively, such that: 

                                                                                                    (2.26) 

and by linearization of Eqn. (2.26), we obtain 

                                                                                                     (2.27) 
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                                                                                                                 (2.28) 

If we choose to keep  constant, i.e.  then the corresponding correction for  is 

                                                                                                                 (2.29) 

Using the correction  (or , the new initial conditions will have the form:  

 

We then integrate the equations of motion with these initial conditions and repeat the process 

until the periodicity condition (2.25) is fulfilled with our predetermined accuracy. Thus, a 

member of the Lyapunov family, i.e. a simple symmetric planar periodic orbit, has been 

determined accurately. 

2.10.3.5  A simple predictor  

Let now  be the initial conditions of the periodic orbit which was determined 

accurately in the previous step by the corrector. For a guess of the next member of the 

Lyapunov family we arbitrarily vary the value of, e.g.,  We will express this by change in 

(2.27) the value of  arbitrarily with a small constant  obtaining thus the following 

prediction: 

                                                                                                              (2.30) 

Our initial conditions for the next periodic orbit will be  (all the other 

components will be equal to zero) and the corrector is here again applied in order to 

determine the next orbit accurately (as previously). 

Of course, we may choose in (2.27) to change arbitrarily the value of  with  obtaining 
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                                                                                                             (2.31) 

 

2.10.4 Fourth order Runge-Kutta method 

The commonly used methods for the integration of ordinary differential equations (ODEs) are 

the Runge-Kutta methods. These methods were first developed by the German 

mathematicians C.D.T. Runge and M.W. Kutta in the middle of the nineteenth century. The 

method is constructed by making an Euler-like trial step to the midpoint of the interval, and 

then using the values and  at the midpoint to make the real step across the interval. 

In particular, the fourth order Runge-Kutta method utilizes the mid-point method by jumping 

of the way first, then going half-way, and then going of the way and finally 

jumping all the way. 

The standard fourth-order Runge-Kutta method takes the form: 

                                                                                (2.33) 

 

2.10.5  Radiation pressure 

Poynting (1903) stated that ñparticles such as small meteors or cosmic dust are comparably 

affected by gravitation and light radiation force as they approach luminous celestial bodies.ò 

0
0

0

.

x
x

x
y

x

y

#
#

#
#

#

x y

1 4th 3 4th

1

2 1

3 2

4 3

531 2 4
1

 ( , ),

1 1
 ( , ),

2 2

1 1
 ( , ),

2 2

 ( , ),

( ).
6 3 3 6

n n

n n

n n

n n

n n

k h f x y

k h f x h y k

k h f x h y k

k h f x h y k

kk k k
y y hO



32 

 

Also, Todoran (1993) stated that ñin order to take into account the influence of the radiation 

pressure, we shall refer here to the general equation of the resultant force acting at an exterior 

point, per unit mass, that is,ôô 

 

                                                                       (2.34) 

with 

                         ;                                                                                       (2.35) 

where  

 gravitational force, 

  force due to radiation pressure, 

   distance between the attracting and the attracted point, 

    gravitational constant, 

 stellar mass. 

Equation (2.35) is often referred to as the mass reduction factor. It is further explained in 

AbdulRaheem and Singh (2006) that: 

Since the solar radiation force  changes with distance by the same law as the 

gravitational attraction force and acts opposite to it, it is possible that the force 

will lead to a reduction of the effective mass of the massive particle. And since this 

reduction depends on the properties of the particle, it is possible to speak about a 

reduction mass. 

 

2.10.6 Ellipsoid 

From a general perspective, an ellipsoid is a closed quadratic surface which when considered 

in Cartesian coordinates is given by 
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             .                                                                                (2.36) 

An ellipsoid is actually a 3D representation of an ellipse. In Eqn. (2.36), the semi-axes of the 

ellipsoid are the lengths and and these lengths make up the semi-major axis and the 

semi-minor axis. In spherical coordinates, Eqn. (2.36) becomes 

                        .                         (2.37) 

The following types of ellipsoids are obtained when the following conditions are applied 

correspondingly: for 

i. , an oblate ellipsoid of revolution (oblate spheroid); 

ii.  , a prolate ellipsoid of revolution (prolate spheroid); 

iii.  , a sphere; 

iv. , a triaxial ellipsoid. 

                                              

Figure 2. 3: A triaxial ellipsoid with a Í b Í c. 
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Figure 2. 4: A prolate ellipsoid with c > a (top) and an oblate spheroid with  c < a (bottom) 

 

2.10.7  Coriolis and centrifugal forces 

2.10.7.1  Coriolis force 

As explained in https://en.wikipedia.org/wiki/Coriolis_force : 

The Coriolis force or inertial force/fictitious force/pseudo force comes into play when 

Newtonôs laws are transformed to a rotating frame. This force acts in the direction 

perpendicular to the rotation axis and to the velocity of the body in the rotating frame 

and is proportional to the objectôs speed in the rotating frame. 

The vector formula for the magnitude and direction of the Coriolis acceleration is 

derived through vector analysis and is 

                                                                              (2.38) 

where is the acceleration of the particle in the rotating system,  is the velocity of 

the particle with respect to the rotating system and is the angular velocity vector 

having magnitude equal to the rotation rate , with direction along the axis of 

rotation of the rotating reference frame, and the symbol represents the cross product 

operator. 

 

Multiplying Eqn. (2.38) by the mass of the relevant object produces the Coriolis 

force: 

                                                                              (2.39) 
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2.10.7.2   Centrifugal force  

The centrifugal force is the pseudo-force or fictitious force that pulls outwards along all radii 

of the circle as objects move in circular motion. This force is proportional to the distance of 

the body from the axis of the rotating frame. 

The centrifugal force could be used to create artificial gravity in a large doughnut-shaped 

space station. 

 

2.10.8  Binary star systems 

A binary star is a star system which consists of two stars orbiting around their common 

barycentre. 

As further explained in https://en.wikipedia.org/wiki/Binary_star : 

The binary star systems are very important in astrophysics because calculations of 

their orbits allow the masses of their component stars to be directly determined, which 

in turn allows other stellar parameters, such as radius and density, to be indirectly 

estimated. This also determines an empirical mass-luminosity relationship (MLR) 

from which the masses of single stars can be estimated. 

Binary stars are classified into four types according to the way in which they are 

observed: 

i. Visually, by observation; 

ii.  Spectroscopically, by period changes in spectral lines; 

iii.  Photometrically, by changes in brightness caused by an eclipse; 

iv. Astrometrically, by measuring a deviation in a starôs position caused 

by an unseen companion. 

Any star can belong to several of these classes; for example, several spectroscopic 

binaries are also eclipsing binaries. 

The components of binary stars denoted by the suffixes A and B appended to the 

systemôs designation, A denoting the primary and B the secondary. The suffix AB 

may be used to denote the pair. 

 

 

2.10.9  Romberg integration  

The Romberg integration method (Romberg (1955)) is named after Werner Romberg (1909-

2003). This method is an interpolation technique that applies the trapezium rule or the 

rectangle rule (midpoint rule) on the Newton-Cotes formula. 

https://en.wikipedia.org/wiki/Binary_star
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For this method to be efficient, the function under consideration must be sufficiently 

differentiable. That is, for smooth , with 

                                                                                                              (2.40) 

using series, 

 Trapezoidal rule  has error expansion 

                                                                     (2.41) 

for constants  independent of  . 

 Midpoint rule  has error expansion 

                                                                 (2.42) 

for constants  independent of  . 

Then for the Romberg integration using Richardson extrapolation, let 

                                              

                                         (2.43) 

For the extrapolation formulas, we have 

                                                  (2.44) 

(www.math.wsu.edu/faculty/genz/448/lessons/15034.pdf) 

( )f x

( ) ( ) ,

b

a

I f f x dx

( )nT f

2 4 6

1 2 3( ) ( ) ...nI f T f c h c h c h

1 2, ,...c c h

( )nM f

2 4 6

1 2 3( ) ( ) ...nI f M f d h d h d h

1 2, ,...d d h

1,1 1 1
( ),  ,

2
k k

b a
R T f h

2

1

2

1 1,1 1 2
1

1
( (2 1) ) ( ), 2,3,...

2

k

kk k k k

i

R R h f a i h T f k

2 1 1 1,1

1

, , 1 , 1 1, 1

( ) / 4 1,   2,3,...

( ) / 4 1,   , 1,...

k k k k

j

k j k j k j k j

R R R R k

R R R R k j j

http://www.math.wsu.edu/faculty/genz/448/lessons/15034.pdf
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CHAPTER THREE  

PERIODIC MOTIONS AROUND THE COLLIN EAR EQUILIBRIUM 

POINTS OF THE PERTURBED R3BP WHEN THE PRIMARY IS A 

TRIAXIAL RIGID BODY AND THE SECONDARY IS AN OBLATE 

SPHEROID 

3.1 Introduction  

In this chapter, the equations of motion and variation are given and the parameters which 

define the stability of periodic orbits are described.  

 

 A second order semi-analytical solution for both 2D and 3D periodic orbits are being 

constructed around the collinear equilibrium points in the R3BP when the primary is a triaxial 

rigid body and the secondary an oblate spheroid taking into account small perturbations in the 

Coriolis and centrifugal forces (Singh and Begha (2011) where we have the same model but 

theirs was done only for the 2D equations of motion). 

 

 

3.2 Equations of Motion and Variation and the Stability Parameters 

The equations of motion of the infinitesimal particle in the barycentric, rotating and 

dimensionless coordinate system ( , ,Z)X Y  in the phase space 1 2 3 4 5 6, , , , ,X X X X X X  are 

((Sharma & SubbaRao (1974) where we have adopted their model for the secondary body 

and (Singh and Begha, 2011)) 

 1 2 6, ...,i iX f X X X# ,    1,2,...,6i                                                                                  (3.1) 

with  

 1 4f X ,    2 5f X ,  3 6f X , 
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2 1 1 1 2 1
4 5 1 3 3 5

1 2 1

2

1 2 1 2 1 2

5 7

2 1

(1 )( ) ( 1 ) 3(1 )(2 )( )
2

2

3 ( 1 ) 15(1 )( )( )
       + ,

2 2

X X s s X
f n X n X

r r r

X A s s X X

r r

  

2 2 2 1 2 2 1 2 2
5 4 2 3 3 5 5

1 2 1 1

3

2 2 1 2 2

5 7

2 1

(1 ) 3(1 )(2 ) 3(1 )( )
2

2

3 15(1 )( )
       + ,

2 2

X X s s X s s X
f n X n X

r r r r

A X s s X

r r

 

2

3 3 1 2 3 1 2 2 3 2 2
6 3 3 5 7 5

1 2 1 1 2

3 3

1 3 2 31 2 2 2

7 5 7 5

1 1 2 2

(1 ) 3(1 )(2 ) 15(1 )( ) 3
 + 

2 2 2

3(1 ) 315(1 ) 15
       + ,

2 2

X X s s X s s X X A X
f

r r r r r

s X A Xs X A X

r r r r

      (3.2)

          

where 1 2 3 4 5 6, , , , , .X X X Y X Z X X X Y X Z# # # Also, 2 2 2

1 1 2 3( )r X X X  

and 2 2 2

2 1 2 3( 1 )r X X X  are the distances of the third body of negligible mass from 

the two primaries, 2

1 2

1

2

m

m m
 is the mass parameter with 1 2,m m  being the masses of 

the primary and secondary, respectively. Additionally,
2 2

1 3
1 25

a a
s

R
and

2 2

2 3
2 25

a a
s

R
, with

1 2, 1s s , where 1 2,a a  and 3a  are the semi-axes of the larger primary and R is the 

dimensional distance between the primaries. Note that, only the first order terms of1s , 2s  have 

been retained in this study. Small perturbations and are introduced with the help of 

parameters and  in the Coriolis and centrifugal forces, respectively. Such that, 

1 ,     1,

1 ,     1.
 

The mean motion of the primaries is: 

 1 2 2

3 3
1 (2 ) .

2 2
n s s A   

Finally, the equations of motion (3.1) admit the Jacobian integral: 
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2
2 2 2 1 2 1 2 2

1 2 3 4 5 6 1 2 3 5

1 2 1 1

2 2
2 2 21 3 2 32
4 5 63 5 5

2 1 2

(1 )(2 ) 3(1 )( )2(1 ) 2
( , , , , , ) ( )

3(1 ) 3
                                ,

s s s s X
F X X X X X X n X X

r r r r

s X A XA
X X X C

r r r

 

where C  is the Jacobi constant. 

The coordinates of the infinitesimal particle in the phase space 1 2 6, ...,X X X  depend 

uniquely, along any solutions, with the initial condition 01 02 06, ...,X X X  and the time t i.e.        

01 02 06, ,..., ,i iX X X X X t# , 1,2,...,6i . The partial derivatives w.r.t. the initial conditions 

satisfying the equations of variation (see also Ragos and Zagouras (1991), Jain et al. (2006; 

2009)) are: 

                            
6

10 0

( )i i k

kj k j

X f Xd

dt X X X
,                , 1,2,...,6i j .                                

(3.3) 

Or by using matrix notation, 

                                                              
dV

JV
dt

, 

where 

                                      0

0

; i

j

X
V V X t

X
,                            , 1,2,...,6i j , 

and 

                                     ( ) i

j

f
J J X

X
,                                    , 1,2,...,6i j . 

Thus, Matrix 0 :V X t  is the Jacobian matrix of the solution corresponding to the vector of 

the initial conditions and it has unity determinant for each value of time t. This property can 

be used for controlling the correctness of the variational equations. While Matrix J is as 

follows: 
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4 4 4

1 2 3

5 5 5

1 2

 0       0       0        1        0        0

 0       0       0        0        1        0

 0       0       0        0        0        1

      0        2        0

    

f f f

J X X X

f f f

X X 3

6 6 6

1 2 3

  -2       0        0

       0       0        0    

X

f f f

X X X

. 

 

The partial derivatives involved in this matrix are: 

2

1 2 124 2
41 3 5 3 5 5

1 1 2 2 1 1

22 2

1 2 1 2 1 2 1 1

7 7 5

1 2 1

2 2 2 2 2
1 2 2 1 2 1 2 2 3 1 3

7 9 7 7

1 1 2 1

1 3 1 2 3 13

2

15 1 2 ( ) 15 2 ( 1 ) 3 1

2 2

15 1 105 1 ( ) 15 15(1 )

2 2

105 1

s s xf A
f n

X r r r r r

s s x A s s X X

r r r

s s X s s X X A X s X

r r r r

2 2
1 1 3 2 1 3

9 9

1 2

( ) 105 ( 1 )
,

2 2

s X X A X X

r r
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2

1 2 1 2 1 24 2 1 2 1 2

7 5 5 7

2 2 2 1 1

3 2
1 2 1 2 1 2 1 2 2 1 2 3

7 9 9

1 1 2

2

1 1 2 3

9

1

3 1 15 1 ( )15 ( 1 ) 3 ( 1 )

2

15 1 2 ( ) 105 1 ( ) 105 ( 1 )
       +

2 2 2

105 1 ( )
       ,

2

X X s s X Xf A X X X X
f

X r r r r

s s X X s s X X A X X X

r r r

s X X X

r
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1 3 1 2 1 32 1 3 1 34

7 5 5 7

3 2 2 1 1

3 3
1 2 1 3 1 2 1 2 3 2 1 3

7 9 9

1 1 2

3

1 1 3

9

1

3 1 15 1 ( )45 ( 1 ) 3 ( 1 )

2

15 1 2 ( ) 105 1 ( ) 105 ( 1 )
       +

2 2 2

105 1 ( )
       ,

2

X X s s X XA X X X Xf
f

X r r r r

s s X X s s X X X A X X

r r r

s X X

r

 

51 43
f f ,    
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52

4 2 2

1 2 1 2 1 2 325

9 9

2 1 1

2 2 2

1 2 2 1 2 2 1 3

7 7 7

1 1 1

2

1 2 1 2 2

5 5 5 3

1 1 1 1

105 1 ( ) 105 1

2 2

75 1 ( ) 15 1 2 15 1
                  

2 2 2

3 1 3 1 2 3 1 1
                  

2

      

s s X X s X Xf
f n

X r r

s s X s s X s X

r r r

s s s s X

r r r r

2 2 22 2

2 2 3 2 32 2 2 2

9 7 7 5 5 3

2 2 2 2 2 2

105 1515 3 3
           ,

2 2 2 2

A X X A XA X A X

r r r r r r

 

53

3 3

1 2 2 3 1 2 3 1 2 35

9 9 7

3 1 1 1

1 2 3 1 2 2 3 1 2 2 3

7 7 7

1 1 1

3
2 3 2 2 3 2 2 3 2 3

5 9 7 5

1 2 2 2

105 1 105 1 15 1

2 2

15 1 15 1 15 1 2
       

2

3 1 105 45 3
       ,

2 2

s s X X s X X s X Xf
f

X r r r

s X X s s X X s s X X

r r r

X X A X X A X X X X

r r r r

 

51 4361f f f ,    
5362f f ,  

63

2 2 4 2 2

1 2 2 3 1 3 1 2 2 1 36

9 9 7 7

3 1 1 1 1

2 2 4 2
1 2 3 1 1 2 3 2 3 2 3

7 5 5 5 3 9 7

1 1 1 1 1 2 2

2

32

5 5 3

2 2 2

105 1 105 1 15 1 75 1

2 2 2 2

15 1 2 3 1 3 1 2 3 1 1 105 45

2 2 2

39
.

2

s s X X s X s s X s Xf
f

X r r r r

s s X s s s X A X A X

r r r r r r r

XA

r r r

 

If we denote the variation 0/i jX X  by ijv  and 0/i jf X  by ijf  we then can write these 

equations more explicitly as following:   

( 3)ij i jv v# , 1,2,3i 1,2,...,6j , 

1 1 2 2 3 3 4 4 5 5 6 6ij i j i j i j i j i j i jv f v f v f v f v f v f v# ,   4,5,6i ,    1,2,...,6.j  

The following partial derivatives involved in the variational equations:  

           3 3 6 6
33 36 63 66

03 06 03 06

,    ,    c ,    ,v v v v

X X X X
a v b v v d v

X X X X
 

describe the stability properties of the perturbations in the 3 6,X X  components of the solution 

vector in phase-space and these quantities were named by H®non (1973) as ñvertical stability 
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parametersò of a periodic orbit. On the other hand, the ñhorizontal stability parametersò 

, ,h h ha b c  and hd  (as these were defined and named also by Hénon, 1965) which describe the 

stability of a periodic orbit under perturbations in the plane may be determined with the 

accuracy of the numerical integration by integrating the equations of motions simultaneously 

with the equations of variation using the following formulae introduced by Markellos (1976): 

 

5 5 51 1 2 2
1 4 1

01 05 01 05

,h

X X X X
a D D D

X X X X
   

5 5 51 1 2 2
4 4 4

04 05 04 05

,h

X X X X
b D D D

X X X X
 

5 5104 4 2 2
1 1

01 05 05 01 05

,h

fX X X X
c D D

X X X X X
  

5 5104 4 2 2
4 4

04 05 05 04 05

,h

fX X X X
d D D

X X X X X
 

where: 

               

5 5 04
10 1 1 4

05 01 05

1
( 0), , .

2

XF
f f t D D

X X X
 

 

Note that, if the planar periodic solution is symmetric w.r.t. the Ox-axis, the above formulae 

are simplified since 
5

4 04 0.D X  

In order for a periodic orbit to be stable both in-plane and out-of-plane perturbations it must 

simultaneously fulfil the inequalities | | 1hs  and | | 1vs  where: 

, .
2 2

h h v v
h v

a d a d
s s  

In the case of symmetric periodic orbits h ha d and v va d , and stability is established if 

both ha <1  and va <1  hold. If only one of these inequalities hold the orbit is considered 
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horizontally or vertically stable, respectively. Bray and Goudas (1967) introduced the 

quantities P andQ for the study of the more general case of 3D periodic orbits. Thus, a family 

of 3D orbits is stable if 2P  and 2Q  (see also Tsirogiannis et al. 2006). 

 

3.3 Determination of the Collinear Equilibrium Points for the model with 

triaxial and oblate primaries 

The positions of the collinear equilibrium points , 1,2,3,jL j  can be obtained by solving for

1X  in the following non-linear algebraic equation arising from the equations of motion (3.1) 

for zero velocity and acceleration components, i.e. 3 4 5 0,X X X# # #  as well as 

2 3 0 :X X
 

 

2 1 1 1 2 1 1 2
1 3 3 5 5

1 1 1 1

(1 )( ) ( 1 ) 3(1 )(2 )( ) 3 ( 1 )
0.

2 2 1

X X s s X X A
n X

X X X X
           (3.4) 

Proceeding as elaborated in Singh and Begha (2011) we have solved numerically the above 

equation for different values of the parameters of the problem and three such points have 

been found to exist in the intervals ( , 1 ), ( 1 , )  and ( , ),  named 1 2,L L  and 

3,L  respectively (see Szebehely, 1967). These equilibrium points are shown in Table 5.1 of 

this thesis. 

 

3.4 Motion around the Collinear Equilibrium Points  for model with triaxial 

and oblate primaries 

The dynamics around the collinear equilibrium points are explored in this section. 
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3.4.1 Second order Taylor series expansions of the equations of motion for the 

model with triaxial and oblate primaries 

Representing the equations of motion as: 

14 52 XX n X# , 

25 42 XX n X# ,                                                                                                              (3.5) 

where 

2
2 2 2 2

1 2 1 2 1 2 23 5 3

1 2 1 1 2

1 1 3(1 )
( ) (2 ) ( ) ,

2 2 2 2

An
X X s s s s X

r r r r r
               (3.6) 

and differentiating partially Eqn. (3.6) w.r.t. 1X and 2X , we get 

 

1

1 1 12

1 1 23 3 5

1 2 1

2

1 2 1

1 2 27 5

1 2

1 1 3 1
2

2

15 1 3 1
         ,

2 2

X

X X X
n X s s

r r r

X X X
s s A

r r

                (3.7) 

and 

2

3
2 1 2 22 2 2 2 2 2

2 1 23 3 5 5 7 5

1 2 1 1 1 2

1 3 1 2 2 5 3
3 1 .

2 2 2 2
X

X s s XX X X A X
n X s s

r r r r r r
 

                                                                                                                                              (3.8) 

Next, we set 1 1iLX X x  and 2 2X x  in Eqn. (3.5), where , 1,2,3
iLX i  is the position of 

the collinear equilibrium points. 

Thus, Eqns. (3.5) become 

11 22 xx n x## # , 

22 12 xx n x## # .                                                                                                                  (3.9) 

We expand the RHS (right hand side) of Eqn. (3.9) up to the second order using the Taylor 

series expansion around( , )L LX Y . We proceed as 
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1 1 1 1 1 2 1 1 1 1 2 1

2 2 1
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1 2 1 2 1 1 2
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1
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2

x L x L L x x L L x x L L x x x L L x x x L L

x x x L L

X x x X Y x X Y x X Y x X Y x x X Y

x X Y
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2 2 1 2 2 2 1 1 2 1 2 2

2 2 2

2

1 2 1 2 1 1 2

2

2

1
( , ) ( , ) ( , ) ( , ) ( , ) ( , )

2

1
                            ( , ).

2

x L x L L x x L L x x L L x x x L L x x x L L

x x x L L

X x x X Y x X Y x X Y x X Y x x X Y

x X Y

That is 

1 10( , ) (0,0) 0x L L xX Y , 

2 20( , ) (0,0) 0x L L xX Y , 

1 1

2
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1 2 3 3 5
2 2 2 2 2 22 2 2
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x X x x
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X x x X x x X x x

2 2

1 1 2 2

9
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1 2
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L

X x s s x

X x x

 

or 

1 1

2 2
2 1 2

3 3 5 5 5

2 2

1 2 2 2

7 7 5

3(1 )( ) 3 ( 1 ) 3(1 )(2 )(1 )
( ,0)

1 1 2

15(1 )( ) (2 ) 15 ( 1 ) 3
                      

2 2 1 2 1

L L
x x L

L L L L L

L L

L L L

X X s s
X n

X X X X X

X s s X A A

X X X

 

or 

1 1

2 1 2 2

3 3 5 5

6(1 )(2 ) 62(1 ) 2
( ,0)

1 1
x x L

L L L L

s s A
X n

X X X X
. 

Also, we have 
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2 ( ) 2 (

L

L L

L

L

s s X x x A x

X x x X x x

s s x X x A x

X x x X
9

2 2 2
1 2

2 3

1 2 1 2

11
2 2 2

1 2

1 )

945(1 )( )( )
                          ,

2 ( )

L

L

L

x x

s s X x x

X x x

  

1 2 1
( ,0) 0x x x LX . 

And  

2 2 1

2 2

1 2 1 1 2
1 2 7 5 7

2 2 2 2 2 22 2 2
1 2 1 2 1 2

1

2 2

1 2

15(1 )( ) 3(1 )( ) 15 ( 1 )
( , )

( ) ( ) ( 1 )

3 ( 1 )
                                

( 1 )

L L L
x x x L

L L L

L

L

X x x X x X x x
X x x

X x x X x x X x x

X x

X x x

2

1 2 1 2

5 9
2 22 2

1 2

1 2 1 1 2

7 7
2 2 2 22 2

1 2 1 2

315(1 )( )( )

2 ( )

30(1 )( )( ) 15 ( 1 )
                                + +

2 ( ) 2 ( 1 )

                               

L

L

L L

L L

s s X x x

X x x

s s X x X x A

X x x X x x

2

2 1 1 2 1 2 1

9 7
2 2 2 22 2

1 2 1 2

2 2

1 2 2 1 2 1 2

9
2 2 2

1 2

105(1 ) ( )(2 ) 15(1 )(2 )( )
+

2 ( ) 2 ( )

105 ( 1 ) 105(1 )( )( )
                              

2 ( 1 ) (

L L

L L

L L

L L

x X x s s s s X x

X x x X x x

X x A x s s X x x

X x x X
9

2 2 2
1 2

2 4

1 2 1 2

11
2 2 2

1 2

)

945(1 )( )( )
                             ,

2 ( )

L

L

x x

s s X x x

X x x  
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2 2 1

2 1 2

5 5 7 7

1 2

7

3(1 )( ) 3 ( 1 ) 15 ( 1 ) 30(1 )( )( )
( ,0)

1 2 1 2

15(1 )(2 )( )
                       .

2

L L L L
x x x L

L L L L

L

L

X X X A s s X
X

X X X X

s s X

X

 

Also 

2 2

2
2 2

1 2 5 3 3
2 2 2 2 2 22 2 2

1 2 1 2 1 2

2 2

2 1 2 2 1 2

5 7
2 2 2 2 22 2

1 2 1 2 1

3(1 ) (1 )
( , )

( ) ( ) ( 1 )

3 15(1 )(2 ) 3(1 )(2 )
      +

( 1 ) 2 ( ) 2 ( )

x x L

L L L

L L L

x
X x x n

X x x X x x X x x

x x

X x x X x x X x
5

2 2
2

4 2 2

2 1 2 1 2 2 1 2 2

9 7 7
2 2 2 2 2 22 2 2

1 2 1 2 1 2

2

1 2 2 2

5
2 2 2 22

1 2 1 2

105(1 ) ( ) 45(1 )( ) 15(1 )( )
       +

2 ( ) 2 ( ) ( )

3(1 )( ) 15
     +

( ) 2 ( 1 )

L L L

L L

x

x x x

X x x X x x X x x

A x

X x x X x x

2

7 5
2 22 2

1 2

3
,

2 ( 1 )L

A

X x x

 

2 2

2 1 2 1 2 2

3 3 5 5 5

3(1 )(2 ) 3(1 )( ) 3(1 )
( ,0)  .

1 2 2 1
x x L

L L L L L

s s s s A
X n

X X X X X
 

And  

1 1 2

2

2 2 1 2
1 2 5 5 7

2 2 2 2 2 22 2 2
1 2 1 2 1 2

2

1 2 1 2 2

7 7
2 2 2 22 2

1 2 1 2

3(1 ) 3 15(1 )( )
( , )

( ) ( 1 ) ( )

15 ( 1 ) 15(1 )(2 ) 105(1
    +

( ) 2 ( )

L
x x x L

L L L

L

L L

x x X x x
X x x

X x x X x x X x x

X x x x

X x x X x x

2

2

1 1 2 2

9
2 2 2

1 2

3 2
1 21 2 2 1 2 2

9 7 9
2 2 2 2 2 22 2 2

1 2 1 2 1 2

2 2

2 2

1 2

)( ) (2 )

2 ( )

30(1 )( )105(1 )( ) 105 ( 1 )
    

2 ( ) 2 ( ) 2 ( 1 )

15
    +

2 ( 1 )

L

L

L

L L L

L

X x x

X x x

xx X x x A

X x x X x x X x x

A x

X x x

2

1 2 1 2

7 9
2 22 2

1 2

2 3

1 2 1 2

11
2 2 2

1 2

105(1 )( )( )

( )

945(1 )( )( )
   ,

2 ( )

L

L

L

L

X x x

X x x

X x x

X x x

 

1 1 2
( ,0) 0x x x LX . 
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1 2 2

2

1 2 1
1 2 7 5

2 2 2 22 2
1 2 1 2

2

1 2 1

7 5
2 2 2 22 2

1 2 1 2

15(1 )( ) 3(1 )( )
( , )

( ) ( )

15 ( 1 ) 3 ( 1 )
                            

( 1 ) ( 1 )

  

L L
x x x L

L L

L L

L L

X x x X x
X x x

X x x X x x

X x x X x

X x x X x x

4

1 1 2 1 1 2 2

7 11
2 2 2 22 2

1 2 1 2

2

1 1 2 2

9
2 2 2

1 2

15(1 )( )(2 ) 945(1 )( )( )
                         +

2 ( ) 2 ( )

315(1 )( )( ) 105
                          

2 ( )

L L

L L

L

L

X x s s X x s s x

X x x X x x

X x s s x

X x x

2

1 2 1 2

9
2 2 2

1 2

2

1 2 1 1 2 2

7 9
2 2 2 22 2

1 2 1 2

1 2

(1 )( )( )
 

( )

15(1 )( )( ) 105 ( 1 )
                         +

( ) 2 ( 1 )

105(1 )(2 )(
                        

L

L

L L

L L

s s X x x

X x x

s s X x X x x A

X x x X x x

s s 2

1 2 1 2

9 7
2 2 2 22 2

1 2 1 2

) 15 ( 1 )
,

2 ( ) 2 ( 1 )

L L

L L

X x x X x A

X x x X x x  

1 2 2

1 2

5 5 7

1 2 2

7 7

3(1 )( ) 3 ( 1 ) 15(1 )(2 )( )
( ,0)

1 2

15(1 )( )( ) 15 ( 1 )
                       .

2 1

L L L
x x x L

L L L

L L

L L

X X s s X
X

X X X

s s X X A

X X

 

Also   

2 2 2

3

1 2 2
1 2 7 5

2 2 2 22 2
1 2 1 2

3

2 2 2

5 7 7
2 2 2 2 2 22 2 2

1 2 1 2 1 2

15(1 )( ) 6(1 )
( , )

( ) ( )

3(1 ) 15 6
                            

( ) ( 1 ) ( 1 )

L
x x x L

L L

L L L

X x x x
X x x

X x x X x x

x x x

X x x X x x X x x

3

2 1 2 2 1 2 2

9 75
2 2 2 21 2 2

1 2 1 2

5

1 2 2 1 2 2

7
2 2 2

1 2

3 105(1 )(2 ) 30(1 )(2 )
                           +

2 ( ) 2 ( )

15(1 )(2 ) 945(1 )( )
                          

2 ( ) 2

L L

L

x s s x s s x

r
X x x X x x

s s x s s x

X x x

3

1 2 2

11 9
2 2 2 22 2

1 2 1 2

3 3

1 2 2 1 2 2 1 2 2

9 7
2 2 2 2 2 22 2

1 2 1 2 1 2

210(1 )( )

( ) 2 ( )

315(1 )( ) 90(1 )(2 ) 105(1 )( )
                           +  

( ) 2 ( ) ( )

L L

L L L

s s x

X x x X x x

s s x s s x s s x

X x x X x x X x x
9

2
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3 3

1 2 2 1 2 2 1 2 2

9 7 9
2 2 2 2 2 22 2 2

1 2 1 2 1 2

1 2 2 1 2 2 2

9 7
2 2 2 22 2

1 2 1 2

315(1 )( ) 90(1 )(2 ) 105(1 )( )
 +  

( ) 2 ( ) ( )

30(1 )( ) 15(1 )( ) 105
+

( ) ( )

L L L

L L

s s x s s x s s x

X x x X x x X x x

s s x s s x A

X x x X x x

3

2

9
2 2 2

1 2

2 2

7
2 2 2

1 2

2 ( 1 )

15
,

2 ( 1 )

L

L

x

X x x

x A

X x x

 

2 2 2
( ,0) 0x x x LX . 

 

The RHS of Eqn. (3.9) become 

1

2 1 2 2
1 3 3 5 5

2 1 2
1 5 5 7

6(1 )(2 ) 62(1 ) 2

1 1

(1 )( ) ( 1 ) 5(1 )(2 )( )
                     3

1

5 ( 1 )
                      

x

L L L L

L L L

L L L

L

s s A
x n

X X X X

X X s s X
x

X X X

X A 22
27 5 5

2 1 2 1 2

7 7 7

(1 )( ) ( 1 )3

21 1

5 ( 1 ) 5(1 )(2 )( ) 5(1 )(2 )( )
                      ,

2 1 2

L L

L L L

L L L

L L L

X X
x

X X X

X A s s X s s X

X X X

 

and 

2

2 1 2 1 2 2
2 3 3 5 5 5

1 2 1 2
1 2 5 7 7

3(1 )(2 ) 3(1 )( ) 3(1 )

1 2 2 1

3(1 )( ) 15(1 )(2 )( ) 15(1 )( )( )
                             

2

 

x

L L L L L

L L L

L L L

s s s s A
x n

X X X X X

X s s X s s X
x x

X X X

2

5 7

3 ( 1 ) 15 ( 1 )
                            .

1 2 1

L L

L L

X X A

X X

 

Equations (3.9) can now be written as 

2 2

1 2 10 1 20 1 02 22 ,x n x A x A x A x## #                                                                                    (3.10a)  

2 1 01 2 11 1 22 ,x n x B x B x x## #                                                                                             (3.10b)        

                                                                         

 

where 
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2 1 2 2
10 0 5 5

10 20

1 2 2
20 1 24 6 4 6

10 10 20 20

1 2 2
02 1 24 6 4 6

10 10 20 20

2 1 2 2
01 0 5 5

10 20

11

6(1 )(2 ) 6
2 ,

5(2 ) 51 1
3(1 )[ ] 3 ( ) ,

5(4 3 ) 51 1
3(1 )[ ] 3 ( ) ,

2 4 2 4

3(1 )(4 3 ) 3
,

2 2

s s A
A n R

r r

s s A
A

r r r r

s s A
A

r r r r

s s A
B n R

r r

B 1 2 2
1 24 6 4 6

10 10 20 20

5(4 3 ) 51 1
3(1 )[ ] 3 ( )

2 2

s s A

r r r r

 

and 

0 3 3

(1 )

1L L

R
X X

. 

Also, 1  and 2  represent the signs of 10 1| |r x  and 20 1| 1 |r x  at any equilibrium 

point avoiding thus the absolute values for each case. 

 

3.4.2 Semi-analytical approximation of the 2D periodic orbits for the model with 

triaxial and oblate primaries 

For the planar case, we look for periodic solutions of the system (3.10a) and (3.10b): 

We consider that the sought solution in powers of an orbital parameter e  (| | 1)e  is of the 

following form: 

2

1 11 12x x e x e ,             
2

2 21 22x x e x e  .                                                                  (3.11) 

Substituting (3.11) into (3.10a), (3.10b) and equating the coefficients of the same powers of

,e  we obtain the following two systems 

'' '

11 21 10 11

'' '

21 11 01 21

2 0,

2 0,

x nx A x

x nx B x
                                                                                         (3.12)                                                                                    

and  
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'' ' 2 2

12 22 02 21 10 12 20 11

'' '

22 12 01 22 11 11 21

2 0,

2 0,

x nx A x A x A x

x nx B x B x x
                                                               (3.13) 

respectively, which have to be solved successively. The periodic solution of the linear system 

(3.12) is 

11 111 111cos( ) sin( )x c wt s wt  and 21 121 121cos( ) sin( )x c wt s wt                             (3.14) 

where 
2

T
w

 is the period of the periodic orbit. Since cos( )wt  and sin( )wt  are linearly 

independent functions, we equate their coefficients obtaining 

2

10 111 121

2

111 01 121

( ) 2 0,

2 ( ) 0,

A w c ns

nwc B w s
                                                                               (3.15) 

and 

2

10 111 121

2

111 01 121

( ) 2 0,

2 ( ) 0,

A w s nc

nws B w c
                                                                               (3.16) 

respectively. Systems (3.12) and (3.13) are linear homogeneous and for non-zero solution the 

determinant must be zero, i.e.: 

2

4 2 2 210

10 01 10 012

01

2
( 4 ) 0.

2

A w n
D w A B n w A B

nw B w
                          (3.17) 

Since 0D , systems (3.12) and (3.13) are indeterminate, so, we choose arbitrarily 111 1c  

and 
111 0s such that:   

121 121 2

01

2
0,

nw
c s

B w
.                                                                                           (3.18) 

Therefore, the periodic solution of (3.12) is  

11

21 121

cos( ),

sin(2 ).

x wt

x s wt
 

Similarly, for system (3.13) we set: 
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12 210 211 212 211 212

21 221 222 221 222

cos( ) cos(2 ) sin( ) sin(2 ),

cos( ) cos(2 ) sin( ) sin(2 ),

x c c wt c wt s wt s wt

x c wt c wt s wt s wt
                          (3.19) 

and working as previously we find that 

211 211 221 221 212 2220, 0, 0, 0, 0, 0c s c s s c ,                                                (3.20) 

and 

2

20 02 121
210

10

2 2

20 01 121 11 02 121 01
212 2 2 2 4

10 01 10 01

20 121 10 11 02 121 11
222 2 2 2 4

10 01 10 01

,
2

( 4 ) (4 ( 4 ))
,

2 8( 4 ) 32

4 ( 4 ( ))
.

2 8( 4 ) 32

A A s
c

A

A B w s B nw A s B w
c

A B A B n w w

A nw s A B w A ns B w
s

A B A B n w w

                                      (3.21) 

Thus, the periodic solution of (3.10) is 

12 210 212

22 222

cos(2 ),

sin(2 ).

x c c wt

x s wt
 

Therefore, the sought periodic solution (3.11) into series expansions of the orbital parameter 

e  up to second order terms is: 

2

1 0 210 212

2

2 121 222

cos( ) [ cos(2 )] ,

sin( ) sin(2 ) ,

x x wt e c c wt e

x s wt e s wt e
                                                                (3.22) 

where 0( ,0)x  is the position of any collinear equilibrium point, the coefficients 

111 210 212 121 222, , , ,c c c s s  are defined by (3.18) and (3.21), and w  is a real positive solution of 

(3.17). 

 

3.5 Spatial Periodic Orbits: Second Order Analysis for the model with triaxial 

and oblate primaries 
 

A second order Lindstedt-Poincaré method is used to obtain spatial periodic orbits in this 

section. 
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3.5.1  Second order expansions for the 3D equations of motion for the model 

with triaxial and oblate primaries  

Representing the equations of motion as: 

14 52 XX n X# , 

25 42 XX n X# ,       

                
36 XX# ,                                                                                                           (3.23) 

where 

2
2 2 2 1 2 1 2 2

1 2 3 5

1 2 1 1

2 2

1 3 2 32

3 5 5

2 1 2

(1 )(2 ) 3(1 )( )1 1
( )

2 2 2

3(1 ) 3
      ,

2 2 2

s s s s X
n X X

r r r r

s X A XA

r r r

                      (3.24) 

Differentiating partially Eqn. (3.24) w.r.t.1X , 2X ,
3X , we get 

1

2

1 1 1 1 22

1 1 2 1 23 3 5 7

1 2 1 1

2 2

1 1 1 3 1 2 3

25 7 7

2 1 2

1 1 3 1 15 1
2  

2 2

3 1 15 1 15 1
        ,

2 2 2

X

X X X X X
n X s s s s

r r r r

X X s X X A X
A

r r r

  

                                                                                                                                            (3.25)                                                        

2

3
2 1 2 22 2 2 2 2 2

2 1 23 3 5 5 7 5

1 2 1 1 1 2

2 2
1 3 1 2 3 1

7 7

1 2

1 3 1 2 2 5 3
3 1

2 2 2 2

15 1 ( ) 15 ( 1 )
,

2 2

X

X s s XX X X A X
n X s s

r r r r r r

s X X A X X

r r

 

                                                                                                                                            (3.26) 

and 

3

2

3 3 1 2 3 1 2 2 3 2 2

3 3 5 7 5

1 2 1 1 2

3 3

1 3 2 31 2 2 2

7 5 7 5

1 1 2 2

(1 ) 3(1 )(2 ) 15(1 )( ) 3
 + 

2 2 2

3(1 ) 315(1 ) 15
       + .

2 2

X

X X s s X s s X X A X

r r r r r

s X A Xs X A X

r r r r

    (3.27)     



55 

 

We define a new coordinate system whereby L  is any collinear equilibrium point 

,  1,2,3jL j  and is also the origin with
1x

L , 
2xL , 

3xL  as axes parallel to OX , OY and OZ , 

respectively. The relations that show the proper transformation between the two systems are: 

        1 1 2 2 3 3,  ,  LX X x X x X x.                                                                          (3.28) 

By the transformation of Eqns. (3.23) with the use of (3.28) in the 1 2 3( , , )x x x  coordinate 

system, we have 

11 22 xx n x## # , 

22 12 xx n x## #  , 

33 xx## .                                                                                                                             (3.29) 

We expand the RHS of Eqns. (3.29) up to the second order using the Taylor series expansion 

around( , )L LX Y . We proceed as 

 

1 1 1 1 1 2 1 3 1 1 1

1 2 1 1 1 3 1 2 3

2

1 2 3 1 2 3 1

1 2 1 3 2 3

1
( , , ) ( , , ) ( , , ) ( , , ) ( , , ) ( , , )

2

                                 ( , , ) + ( , , ) (

x L x L L L x x L L L x x L L L x x L L L x x x L L L

x x x L L L x x x L L L x x x L

X x x x X Y Z x X Y Z x X Y Z x X Y Z x X Y Z

x x X Y Z x x X Y Z x x X
1 2 2

1 3 3

2

2

2

3

1
, , ) ( , , )

2

1
                                 ( , , ),

2

L L x x x L L L

x x x L L L

Y Z x X Y Z

x X Y Z

                                                                                                                                            (3.30) 

2 2 2 1 2 2 2 3 2 1 1

2 1 2 2 1 3 2 2 3

2

1 2 3 1 2 3 1

1 2 1 3 2 3

1
( , , ) ( , , ) ( , , ) ( , , ) ( , , ) ( , , )

2

                                 ( , , ) + ( , , ) (

x L x L L L x x L L L x x L L L x x L L L x x x L L L

x x x L L L x x x L L L x x x L

X x x x X Y Z x X Y Z x X Y Z x X Y Z x X Y Z

x x X Y Z x x X Y Z x x X
2 2 2

2 3 3

2

2

2

3

1
, , ) ( , , )

2

1
                                 ( , , ),

2

L L x x x L L L

x x x L L L

Y Z x X Y Z

x X Y Z

                                                                                                                                            (3.31) 

and 
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3 3 3 1 3 2 3 3 3 1 1

3 1 2 3 1 3 3 2 3

2

1 2 3 1 2 3 1

1 2 1 3 2 3

1
( , , ) ( , , ) ( , , ) ( , , ) ( , , ) ( , , )

2

                                 ( , , ) + ( , , ) (

x L x L L L x x L L L x x L L L x x L L L x x x L L L

x x x L L L x x x L L L x x x L

X x x x X Y Z x X Y Z x X Y Z x X Y Z x X Y Z

x x X Y Z x x X Y Z x x X
3 2 2

3 3 3

2

2

2

3

1
, , ) ( , , )

2

1
                                 ( , , ).

2

L L x x x L L L

x x x L L L

Y Z x X Y Z

x X Y Z

 

                                                                                                                                            (3.32) 

Next, we evaluate the transformations in Eqns. (3.30), (3.31) and (3.32) by finding the 

various partial derivatives involved and subsequently, making the appropriate substitutions 

into the three equations. We obtain, 

1 10( , , ) (0,0,0) 0x L L L xX Y Z , 

2 20( , , ) (0,0,0) 0x L L L xX Y Z , 

3 30( , , ) (0,0,0) 0,x L L L xX Y Z  

1 1

2
2 1

1 2 3 3 3 5
2 2 2 2 2 2 2 2 22 2 2

1 2 3 1 2 3 1 2 3

2

1

5
2 2 2 2

1 2 3

3(1 )( )(1 )
( , , )

( ) ( 1 ) ( )

3 ( 1 ) 3(1
                                 

( 1 )

L
x x L

L L L

L

L

X x
X x x x n

X x x x X x x x X x x x

X x

X x x x

2

1 2 1 1 2

5 7
2 2 2 2 2 22 2

1 2 3 1 2 3

2 2

1 2 2 1 2

7
2 2 2 2 22

1 2 3 1 2 3

)(2 ) 15(1 )( ) (2 )

2 ( ) 2 ( )

15(1 )( ) 15 ( 1 )
                                 

2 ( ) 2 ( 1 )

L

L L

L

L L

s s X x s s

X x x x X x x x

s s x X x A

X x x x X x x x

2

7 5
2 2 2 22 2

1 2 3

2 2 22 2

1 1 3 1 31 1 2 2

9 9
2 2 2 2 2 2 22 2

1 2 3 1 2 3 1

3

2 ( 1 )

105(1 )( ) 15(1 )105(1 )( ) ( )
                                 

2 ( ) 2 ( ) 2 ( )

L

LL

L L L

A

X x x x

X x s x s xX x s s x

X x x x X x x x X x
7

2 2 2
2 3

2 2 2

1 2 3 2 3

9 7
2 2 2 2 2 22 2

1 2 3 1 2 3

105 ( 1 ) 15
                                 

2 ( 1 ) 2 ( 1 )

L

L L

x x

X x A x A x

X x x x X x x x

 

or 

1 1

2 2
2 1 2

3 3 5 5 5

2 2

1 2 2 2

7 7 5

3(1 )( ) 3 ( 1 ) 3(1 )(2 )(1 )
( ,0,0)

1 1 2

15(1 )( ) (2 ) 15 ( 1 ) 3
                      

2 2 1 2 1

L L
x x L

L L L L L

L L

L L L

X X s s
X n

X X X X X

X s s X A A

X X X

 

or 

1 1

2 1 2 2

3 3 5 5

6(1 )(2 ) 62(1 ) 2
( ,0,0)

1 1
x x L

L L L L

s s A
X n

X X X X
. 

Also, we have 
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1 2

1 2 1 2
1 2 3 5 5

2 2 2 2 2 22 2
1 2 3 1 2 3

1 1 2 2 1

7
2 2 2 2

1 2 3

3(1 )( ) 3 ( 1 )
( , , )
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Equations (3.30), (3.31) and (3.32) can now be written as 
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respectively. 

Thus, we can write Eqns. (3.29) as 
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2 2 2

1 2 100 1 200 1 020 2 002 3
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3 001 3 101 1 3

2 ,

2 ,

              ,

x nx A x A x A x A x
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x C x C x x

## #

## #
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                                                                    (3.33) 

where 
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3.5.2 Semi-analytical approximation of the 3D periodic orbits for the model with 

triaxial and oblate primaries 

We consider now that the sought solution of system (3.33) in powers of the orbital parameter 

e  is of the following form: 

2 2

1 12 2 22 3 31, , .x x e x x e x x e
 

Putting them into (3.33) and equating the coefficients of the same powers of e , we find: 

'' ' 2

12 22 100 12 002 31

' '

22 12 010 22

2 0,

2 0,

x nx A x A x

x nx B x                                                                         (3.34a) 

and 

001

''

31 31 0x xC a .                                                                                                    (3.34b) 
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Setting in (3.34b) 31 131 131( ) cos( ) sin( )x t c wt s wt , we find that 1 1

2

300( ) ( ) 0xw C t  which 

has non-zero solution only when 
2

001 0w C . Additionally, by setting: 

12 210 211 212 211 212

22 221 222 221 222

cos( ) cos(2 ) sin( ) sin(2 ),

cos( ) cos(2 ) sin( ) sin(2 ),

x c c wt c wt s wt s wt

x c wt c wt s wt s wt
 

and working as was done previously in the planar case, we find that the solution of (3.34a) is: 

12 210 211 2x c c Cos wt ,                                                                                          (3.35a) 

12 222 2x s Sin wt ,                                                                                                    (3.35b) 

where 

002
210 2

100

,
2

A
c

A w
 

2

002 010
212 2

002
222

( 4 )
,

2

2
,

A B w
c

w

nA
s

p

wp

                                                                                              (3.36) 

while 001w C , 
2 2

100 010 00 01

4

1 0

216 4( 4 )p w A B n w A B . Therefore, the periodic 

solution up to second order terms w.r.t. the orbital parameter e  is: 

2

1 0 210 212

2

2 222

3

[  +  cos(2 )],

= sin2 ,

sin( ).

x x e c c wt

x e s wt

x e wt

                                                                              (3.37) 

 

As a consequence, the 2D and 3D second order approximate solutions are presented in Eqns. 

3.22 and 3.37 respectively, when the primary is a triaxial rigid body and the secondary an 

oblate spheroidal body together with small perturbations in the Coriolis and centrifugal 

forces.  

 

In the next chapter, we consider periodic motions around the collinear equilibrium points of 

the R3BP when the primaries are firstly, both radiating oblate spheroidal bodies and 
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secondly, radiating as well as triaxial rigid bodies together with perturbations in the Coriolis 

and centrifugal forces. 
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CHAPTER FOUR 

PERIODIC MOTIONS AROUND THE COLLINEAR EQUILIBRIUM 

POINTS OF THE PHOTOGRAVITATIONAL R3BP WITH 

TRIAXIALITY, OBLATENESS AND SMALL PERTURBATIONS IN 

THE CORIOLIS AND CENTRIFUGAL FORCES  

4.1 Introduction  

In this chapter, we examine and obtain a third order analytic approximation solution of 

Lyapunov orbits around the collinear equilibrium in the planar circular restricted three body 

problem (PCR3BP) when the primaries are both radiating and oblate spheroidal bodies by 

utilizing the Lindstedt-Poincaré method. From the approximate periodic solution, the initial 

conditions or starting orbits near the collinear points have been obtained.  

 

Also, a second order semi-analytic approximation solution of Lyapunov orbits around the 

collinear equilibrium in the R3BP for the spatial case of the same problem is obtained and 

using the same method. The results obtained are thereafter continued to corresponding 

families of periodic orbits using differential correction methods. 

 

In addition, for both 2D and 3D periodic orbits around the collinear equilibrium points in the 

R3BP when the primaries are both triaxial and radiating spheroids taking into account small 

perturbations in the Coriolis and centrifugal forces (Singh and Begha, 2011), second order 

semi-analytical solution are being constructed. 
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4.2 Third Order Analytic Approximation Solutions of Lyapunov Orbits Around the 

Collinear Equilibrium Points: The Planar Case 

 

4.2.1 Two-dimensional equations of motion for the radiating oblate primaries 

Let, 1m , 2m  and m be the masses of the primary, secondary and infinitesimal bodies 

respectively. Here, the primary bodies are moving in circular orbits about their common 

barycentre, while the infinitesimal body is moving and exerting no influence in the plane of 

motion of the primaries. The mass parameter is given by 2

1 2

m

m m
.  Let the unit of 

distance be taken as the distance between the primaries, such that the gravitational constant

1G . The unit of mass has been chosen so that 1 2 1m m and we take 1 1m  and

2m . We let Oxybe the synodic coordinate system with the position of the infinitesimal 

body as ( , )P x y and the primary and secondary bodies as 1( ,0)P  and 2( (1 ),0)P  

respectively. Thus, the equations of motion of the infinitesimal body in the dimensionless 

synodic coordinate system with radiation pressure parameters 1q and 2( 1, 1,2)iq q i  and 

oblateness parameters 1A and 2( 1, 1,2)iA A i (same model as in Singh & Ishwar (1999)) are  

2 ,

2 ,

x

y

x ny

y nx

## #

## #
                                                                                                                     (4.1) 

with 

2
2 2 1 2 1 1 2 2

3 3

1 2 1 2

(1 ) (1 )
( )

2 2 2

q q Aq A qn
x y

r r r r
, 

where 

2 1 2 1 1 2 2

3 3 5 5

1 2 1 2

(1 )( ) ( 1 ) 3 (1 )( ) 3 ( 1 )
,

2 2
x

q x q x A q x A q x
n x

r r r r
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2 1 2 1 1 2 2

3 3 5 5

1 2 1 2

(1 ) 3 (1 ) 3
,

2 2
y

q y q y A q y A q y
n y

r r r r
 

2 2

1

2 2

2

( ) ,

( 1) ,

r x y

r x y
 

and n  is the mean motion, given as  

1 2

3
1 ( )

2
n A A . 

The Jacobi integral which is obtained from Equation (4.1) is given by 

2 2 2x y C# # , 

where the symbol C  denotes the Jacobi Constant. 

In Figure 4.1 below, there are three distinct curves which represent the Zero-velocity curves 

for the Jacobi Constant when the first, second and third collinear equilibrium points are 

considered with respect to the present model. The forbidden regions of motion for the 

infinitesimal body are within these curves, respectively.  

 

 

Figure 4. 1: The forbidden region of motion of the infinitesimal body with respect to the 

Jacobian constant C around the collinear equilibrium points. 
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4.2.2 Determination of the collinear equilibrium points for the model with 

radiating oblate primaries in the plane of motion 

The positions of the collinear equilibrium points are obtained from the solution of the 

nonlinear algebraic equation 0x , when 0y  by solving forx . That is, we solve 

2 1 2 1 1 2 2

3 3 5 5

(1 )( ) ( 1 ) 3 (1 )( ) 3 ( 1 )
0.

2 2 1

q x q x A x q A x q
n x

x x x x
                     (4.2) 

The solutions of Equation (4.2) have been found to exist within the intervals ( , 1 ), 

( 1 , )  and( , ) . By solving Equation (4.2) numerically, each of these intervals 

contain a real root which correspond to,1L , 2L and 3L respectively.] 

 

4.2.3 Motion around the collinear equilibrium points for the model with 

radiation oblate primaries in the plane of motion 

In order to investigate the motions around the collinear equilibrium points, we obtain a new 

coordinate system that takes any of,  1,2,3iL i  (the collinear equilibrium points) as the 

origin with the axes as  and parallel to Oxand Oy respectively. Thus, by setting 

iLx x andy ,                                                                                                        (4.3) 

the equations of motion in Equations (4.1) become 

2 ,

2 .

n

n

## #

###
                                                                                                                      (4.4) 

 

Next, the R.H.S. of Equations (4.4) is expanded up to third order terms using the Taylor 

series expansion around( , )L Lx y . This is done by following the ensuing procedures 
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Thus, the R.H.S. of equations (4.4) become 
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45 (1 ) 6(1 ) 45 6
   ,

2 2 1 1L L L L

A q q A q q

x x x x

 

2 1 1 1 2 2 2

5 3 5 3

1 1 1 1 1 2 2 2 2 2

6 4 6 4

3 (1 ) (1 ) 3
( , )
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Simplifying the last two equations, we get  

2 3 2 2

1 2 3 4 5

2 3

1 2 3 4

,

,

> > > > >

0 0 0 0
 

where 

2 1 2
1 1 23 5 3 5

10 10 20 20

3 31 1
2 (1 ) 2 ,

A A
n q q

r r r r
>  
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q q
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A A
q q

r r r r
0  

In order to avoid absolute values for each case, the symbols1  and 2  are being used to 

represent the signs of 10 1| |r x  and 20 1| 1 |r x  at any of the collinear equilibrium 

points.  

 

We search for periodic solutions represented in the following equations in powers of a 

parameter : 

2 3

1 2 3

2 3

1 2 3

( ) ( ) ( ) ( ) ,

( ) ( ) ( ) ( ) ,
                                                                                      (4.5) 

 

and time is expanded by the expression, 

2

2,  1t .                                                                                                             (4.6) 
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The symbol 2 has been chosen such that any secular term is eliminated in the course of the 

computations.  

Equations (4.4) can now be written as 

2

2

2 ,

2 .

n

n

## #

###
                                                                                                                 (4.7) 

 

Putting Equations (4.5) into (4.7) and equating the coefficients of 
2, and

3
, we get first 

order, second order and third order systems respectively, which can be solved successively. 

 

4.2.3.1  The First order system 

The equations obtained for the first order terms in are  

1 1 1

1 1 1

2 0,

2 0.

n

n

>

0
                                                                                                              (4.8) 

By defining a differential operator 

 
2

1 4 2 2

1 1 1 12

1

   2
( ) ( 4 ) 0

2       

n
n

n

>
> 0 > 0

0
,                                       (4.9)  

           

system (4.8) can also be written as  

1

1

0
( )

0
.                                                                                                                 (4.10)  

 

The periodic solution for system (4.10) is given by 

1

* *

1

( ) ( ),

( ) ( ),

Cos Sin

Cos Sin
                                                                                                   

and the period of the periodic orbit is given by 
2

T . We set 1and 0so that, 

0   and  
2

1

2n

0
. 



87 

 

Thus, the periodic solution of system (4.10) become 

1

*

1 1

( ) ( ),

( ) ( ),

Cos

Sin
                                                                                                            (4.11) 

where 

2

10
1 .

2

A

n
 

4.2.3.2  Second order system 

This is given by 

2 1

2 2

( )
( ) ,

( )
                                                                                                        (4.12) 

 

where 

2 2

1 2 4

2 2

( ) ,

( ) .

> >

0
                                                                                                          (4.13) 

We substitute Equations (4.11) into (4.12) and then Equation (4.13) become 
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*

2 2
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n n

n
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Thus, the periodic solution of system (4.12) is 

2 0 1
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2 1 2

( ) ( ) (2 ),

( ) ( ) (2 ).

Cos Cos

Sin Sin
                                                                                (4.14) 
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4.2.3.3 Third order system 

 In this aspect, we have 

3 3

3 4

( )
( ) ,

( )
                                                                                                        (4.15) 

 

where 
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n
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So, working as previously, the periodic solution of system (4.15) is obtained as 

3 2 3

*
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where 

 21 22
2
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2( 4 ( ) 2( )( )),

n

n

n n n

> > > > 0

0 0 0 >

> 0 >
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31 32
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Therefore, the third order approximation of periodic solution around the collinear equilibrium 

points as a function of parameter is being obtained as 

2 3

0 1 2 3

* * 2 * 3

1 2 3

2 3

1 2 3

* *

1 2

( ) [ ( )] [ (2 )] [ ( ) (3 )] ,

( ) [ ( )] [ (2 )] [ (3 )] ,

( ) sin( ) 2 sin(2 ) [ sin( ) 3 sin(3 )] ,

( ) cos( ) 2 cos(2

cos cos cos cos

sin sin sin

#

# 2 * 3

3) 3 cos(3 ) .

                     (4.16) 

 

4.3 Analytic Approximation of Lyapunov Orbits Around the Collinear 

Equilibrium Points: The Spatial Case 

4.3.1 Three-dimensional equations of motion for the model with radiating oblate 

primaries of the spatial case 

The equations of motion of the infinitesimal body in the dimensionless synodic coordinate 

system Oxyz, with the primary and secondary having masses 1m  and 2m  2

1 2

m

m m
 

and the radiation pressure and oblateness parameters taken as 1q and 2( 1, 1,2)iq q i  and 1A

and 2( 1, 1,2)iA A i ( same model as in Singh & Ishwar (1999)) respectively, are 
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Figure 4.2: The configuration of the rotating coordinate system for the restricted three-body 

problem where 1 2,m m  and m  are the oblate (and radiating) primaries and infinitesimal body 

respectively. 
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2 ,

          ,
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#

                                                                                                                   (4.17) 

where 
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n A A , and 
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( 1) .

r x y z

r x y z
 

 

4.3.2 Equations of motion and variation for the for the model with radiating 

oblate primaries 

In the 6-dimensional phase space, Eqns. (4.17) can be written in the form: 

1 2 6( , ,..., ),   1,2,...,6,i ix f x x x i#  

with 
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A q x x A q x xA q x q x
f nx n x

r r r r

A q x q x

r r

A q x A q x q x A q x A q x
f

r r r r r

2 3

3

20

,
q x

r

    (4.18) 

 

where 

                             1 2 3 4 5 6,  ,  ,  ,  ,  ,x x x y x z x x x y x z# # # 

and 

                                   
1 1

2 2 2 2 2 22 2
10 1 2 3 20 1 2 3[( ) ] ,  [( 1 ) ] .r x x x r x x x  
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The Jacobi integral w.r.t. the equations of motion in (4.18) is given by  

2 2
2 2 2 1 1 3 2 2 31 1 1 2 2 2

1 2 5 3 5 3

10 10 10 20 20 20

2 2 2

4 5 6

3 (1 ) 3(1 ) 2(1 ) 2
( )

     ( ).

A q x A q xA q q A q q
C n x x

r r r r r r

x x x

     (4.19) 

 

The coordinates of the third body in the six-dimensional phase space depend uniquely along 

any solution on the initial conditions and the time, i.e.: 

                                      01, 02 06( ,..., ; ),  1,2,...,6i ix x x x x t i . 

 

Their partial derivatives with respect to the initial conditions satisfying the equations of 

variation (see Jain et al. 2006): 

                                     
6

10 0

( ) ,  1,2,...,6,i i k

kj k j

x f xd
i

dt x x x
 

with 

                                     
0

,i
ij

j

f
f

x
 and 

2 2 22
2 1 1 1 3 1 1 31 1 1 1 1

41 9 7 7 7

1 1 1 1

2 2 22 2

2 2 1 3 2 2 31 1 1 2 2 1

5 3 9 7 7

1 1 2 2 2

105 (1 ) ( ) 15 (1 )15 (1 ) ( ) 3 (1 )

2 2 2 2

105 ( 1 ) 153(1 ) ( ) (1 ) 15 ( 1 )
        +

2 2 2

3
        

A q x x A q xA q x A q
f n

r r r r

A q x x A q xq x q A q x

r r r r r

A 2

2 2 1 2

5 5 3

2 2 2

3 ( 1 )

2

q x q

r r r

, 

2 2

1 1 1 2 3 2 2 1 2 31 1 1 2 1 1 2
42 9 7 5 9

1 1 1 2

2 2 1 2 2 1 2

7 5

2 2

105 (1 ) ( ) 105 ( )15 (1 ) ( ) 3(1 ) ( )

2 2 2

15 ( 1 ) 3 ( 1 )
       ,

2

A q x x x A q x x xA q x x q x x
f

r r r r

A q x x q x x

r r

 

3 3
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43 9 7 5 9
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7 5

2 2

105 (1 ) ( ) 45 (1 ) ( ) 3(1 ) ( ) 105 ( 1 )

2 2 2

45 ( 1 ) 3 ( 1 )
        + ,

2

A q x x A q x x q x x A q x x
f
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3 3 22 2
2 1 1 2 3 1 1 31 1 2 1 1 1 2 1

52 9 2 7 5 5 3

1 1 1 1 1 1

2 2 22 2

2 2 2 3 2 2 32 2 2 2 2 2 2 2

9 7 7 5 5 3
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r r r r r r
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f
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62 53f f , 
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1 1 3 1 1 3 1 3 2 2 31 1 1
63 9 7 5 5 3 9
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2 2

2 2 3 2 32 2 2

7 5 5 3
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105 (1 ) 45 (1 ) 3(1 ) 1059 (1 ) (1 )
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       .
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A q x A q x q x A q xA q q
f

r r r r r r

A q x q xA q q

r r r r

                                                                                                                                                                                                                                                                                                                       

                                                                                                                                                                                                                          

4.3.3 Determination of the collinear equilibrium points for the model with radiating 

oblate primares of the spatial case  

The collinear equilibrium points lie on the -axisx together with the primary bodies. There are 

three intervals on this line: ( , 1 ), ( 1 , )  and ( , ),  as these are formed by 

the positions of the two stars. These equilibria are the solutions of the nonlinear algebraic 

equation arising from (4.18) for 2 3 0x x  and zero velocity and accelerator components: 

                                        4 1( ) 0.f x                                                               (4.20) 

The determination of the exact number of roots of Equation (6), at each one of the above 

mentioned open intervals, has been established by an approach based on the topological 

degree theory and can be briefly described as follows: If the function F(x): [ , ]x a b  is 

two times continuously differentiable in this interval, then the total number N of roots of the 
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equation ( ) 0F x  is obtained by the following scheme (Picard, 1892; Kalantonis et al 

(2001); Singh and Begha (2011)): 

2

2 2 2 2

( ) ( ) ( ) 1 ( ) ( ) ( ) ( )
arctan ,

( ) ( ) ( ) ( ) ( ) ( )

b

a

F x F x F x F a F b F b F a
N dx

F x F x F a F b F a F b
 

where ɔ is a small positive real constant. For all the considered binary systems, i.e. for the 

parameter values correspond to the specific systems, we have shown that each one of the 

aforementioned open intervals contains a unique real root; these roots correspond to the 

collinear equilibrium points 1L , 2L
 
and 3,L respectively. Note, that the involved integral in 

the above formula has been computed numerically by using Romberg integration. Since we 

have determined the exact number of the collinear equilibrium points, we are able to solve 

numerically (4.20) so as to obtain their positions accurately.  

 

4.3.4 The dynamics around the collinear equilibrium points for the model with 

radiating oblate primaries of the spatial case 

The motion of the infinitesimal body near the collinear equilibrium points 1,2,3L  can be 

examined by defining a new coordinate system  ,  and  for any of these points parallel 

to Ox , Oyand Oz. Such that 

                      1 iLx x , 2x , and 3x .                                                             (4.21)  

4.3.4.1  Linear stability of the collinear equilibrium points in the plane of motion  

By using systems and  in Equations (4.1), and expanding  in Taylor 

series around the collinear equilibrium points and taking only linear terms in  and the 

equations of motion (4.1) become 

0

0

2 ,

2 ,

xx

yy

n

n

## #

## #
                                                                                                                (4.22) 

1 iLx x 2x
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where 

0 2 1 1 1 2 2 2

5 3 5 3

6 (1 ) 2(1 ) 6 2
xx

a a b a

A q q q A q
n

r r r r
, 

0 2 1 1 1 2 2 2

5 3 5 3

3 (1 ) (1 ) 3

2 2
yy

a a b a

A q q q A q
n

r r r r
. 

Equations (4.22) represent the variational equations of the in-plane motion and the 

superscript 0 indicates that the derivatives are to be evaluated at the collinear equilibrium 

points 1,2,3L .   

4.3.4.2 Characteristic Equations 

Let the solution of Eqns. (4.22) be 

te  and 
te  

where , and are constants. Then Eqns. (4.22) can be written as 

2 0

2 0

2 ,

2

t t t

xx

t t t

yy

e n e e

e n e e
                                                                                            (4.23) 

 

By representing system (4.23) in matrix notation, we obtain the non-trivial solution if  

                      

2 0

2 0

     2
0

2          

xx

yy

n

n
.                                                                           (4.24) 

 

By expanding the determinant of system (4.24), we obtain 

                    
4 2 2

1 1 1 1( 4 ) 0.nP Q PQ                                                             (4.25) 

 

We examine the stability of the collinear equilibrium points in the plane of motion of the 

primaries by numerically solving the characteristic Eqn. (4.25).  
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4.3.5 Second order Taylor series expansions of the equations of motion for the 

model with radiating oblate primaries  

We substitute Eqns. (4.21) into Eqns. (4.17), and expanding  in Taylor series around the 

collinear equilibrium points taking only linear terms in ,  and , the equations of 

motion (4.17) become 

2 2 2

1 2 3 42 ,n## #P P P P  

1 22 ,n## #Q Q                                                                                                     (4.26) 

1 2 ,##R R                                         

 

where 

2 1 2
1 1 25 3 5 3

10 10 20 20

3 31 1
2(1 ) [ ] 2 [ ],

A A
n q q

r r r r
P  

1 2
2 1 1 2 26 4 6 4

10 10 20 20

5 51 1
3(1 ) [ ] 3 [ ] ,

A A
q q

r r r r
P  

1 1 2 2
3 1 26 4 6 4

10 10 20 20

3(1 ) 5 3 51 1
[ ] [ ] ,

2 2 2 2

q A q A

r r r r
P  

1 1 2 2
4 1 26 4 6 4

10 10 20 20

3(1 ) 15 3 151 1
[ ] [ ] ,

2 2 2 2

q A q A

r r r r
P  

2 1 2
1 1 25 3 5 3

10 10 20 20

3 31 1
(1 ) [ ] [ ],

2 2

A A
n q q

r r r r
Q  

1 2
2 1 1 2 26 4 6 4

10 10 20 20

15 151 1
3(1 ) [ ] 3 [ ] ,

2 2

A A
q q

r r r r
Q  

1 2
1 1 25 3 5 3

10 10 20 20

9 91 1
(1 ) [ ] [ ],

2 2

A A
q q

r r r r
R  

1 2
2 1 1 2 26 4 6 4

10 10 20 20

15 151 1
3(1 ) [ ] 3 [ ] .

2 2

A A
q q

r r r r
R  
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The symbols 1 and 2  represent the signs of 10 1| |r x  and 20 1| 1 |r x  at any 

equilibrium point avoiding thus the absolute values for each case. 

 

4.3.6 Semi-analytic approximation of periodic solutions for the the model with 

radiating oblate primaries of the spatial case 

Using the method of successive approximations up to second order, system (4.26) admits 

periodic solutions which are of the following form: 

2 2

12 22 31, , ,e e e                                                                                         (4.27) 

 

Using (4.27) in system (4.26) we find that: 

2

2212 12 31

12 222 21

2 0,

2 0.

n

n##

##

#

#
4

Q

P P
                                                                                     (4.28a) 

 

and  

31 31 01R .                                                                                                               (4.28b) 

 

We set Eqn. (4.28b): 

31 31 31( ) Cos( ) Sin( )t t t ,  

and find that 

31

2 0( )( ) t1R , 

which has non-zero solution only when 
2 01R .  One of such solutions is  

31( ) Sin( )t t ,                                                                                                                (4.29) 

 

which has been chosen in order to have initial velocity on the  axis, so as to obtain the 

motion out of the orbital plane. Also, by setting: 
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12 11 12 13 11 12

22 21 22 21 22

Cos( ) Cos(2 ) Sin( ) Sin(2 ),

Cos( ) Cos(2 ) Sin( ) Sin(2 ),

t t t t

t t t t
 

we find that the solutions of system (4.28a) is: 

12 11 12 +  Cos(2 )t  ,                                                                                         

22 22 Sin(2 )t ,                                                                                                            (4.30)   

                                                                                           

where 

4
11 2

1

2

4 1
12 2

4
22

,
2

( 4 )
,

2

2
,

n

p

p

P
P

P Q

P

                                                                                                 

while 1R   and  
2

1 1

2

1

4

116 4( 4 ) .p nP Q PQ  

So, the periodic solution up to second order terms w.r.t. systems (4.29) and (4.30) is: 

2

0 11 12

2

22

[  +  Cos(2 )],

=  Sin(2 ),

Sin( ).

x e t

e t

e t

                                                                                       (4.31) 

 

From system (4.31) we obtain the initial conditions (for 0)t  of a periodic orbit in the form: 

2 2

0 0 11 12 22( , , , , , ) (  + ) , 0, 0, 0, 2 , ,t x e e e# # #                                  (4.32) 

 

while the value of the orbital parameter e is arbitrarily chosen. 

 

4.3.7 Numerical approximation of periodic solutions 

The figure eight shaped orbits occur as a result of the gravitational pull of each star of the 

binary system on the motion of the infinitesimal body. Since three-dimensional periodic 
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orbits emanating from the collinear equilibrium points are of figure eight shape they are of 

double symmetry with respect to the Ox-axis and the Oxz plane. So, and for economy on the 

computations, it suffices to compute them at the quarter of their period. In particular, for the 

numerical determination of a three-dimensional periodic orbit of double symmetry w.r.t. the 

Ox-axis and the Oxz plane we integrate numerically the equations of motion with initial 

conditions of the form 
01 05 06( ,0,0,0, , ),x x x  i.e. the numerical integration starts on the Ox-axis 

and seek a perpendicular crossing of the orbit with the Oxz plane at which obviously the 

condition 
2 01 05 06( ,0,0,0, , ) 0x x x x  is fulfilled. Therefore, we look for the following two 

periodicity conditions: 

4 01 05 06 6 01 05 06( ,0,0,0, , ) 0, ( ,0,0,0, , ) 0.x x x x x x x x                           (4.33) 

 

Since two equations with three unknown components 
01 05,x x  and 

06x  of the initial state 

vector have to be satisfied we have to fix one unknown and apply well-known differential 

corrections procedures for the remaining two (see, e.g., Perdiou et al. 2015). So, for choosing, 

e.g., 
06 const.,x  and by linearization of (4.33) we obtain the corrector system: 

3 6 64
01 05 4 01 05 6

01 05 01 05

, .
x x xx

x x x x x x
x x x x

                            (4.34) 

 

The stability of a three-dimensional periodic orbit can be determined by integrating 

numerically the variational equations (4.16). Such an orbit will be stable if simultaneously the 

following conditions hold (Bray and Goudas (1967); Zagouras and Markellos (1977)): 

| | 2P    and   | | 2Q                                                       (4.35) 

 

with ( ) / 2P a  and ( ) / 2Q a  while 2 4( 2) 0a  and 2 Tr ,a V  

2 2( 2 Tr ) / 2,a V  where V  is the variational matrix. For stability of a three-

dimensional periodic orbit in the restricted problem we also refer to Perdios (2007). 
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4.4 Periodic Solutions around the Collinear Equilibrium Points in the Perturbed 

Restricted Three-Body Problem with Triaxial and Radiating Primaries  

 

4.4.1 Equations of motion for the model with triaxial and radiating primaries  

We consider the usual barycentric, rotating and dimensionless coordinate system Oxyz where 

its origin is located at the center of mass of the two primary bodies with masses 1 1m  

and 2 ,m  respectively, where 2 1 2/ ( )m m m  is the mass parameter taking values in the 

interval (0,1/ 2]. The two primaries are located at ( ,0,0) and ( 1,0,0), respectively, 

while the coordinates of the third body of negligible mass are ( , , ).x y z  Following Jain et al., 

(2016), the equations of motion of the massless body are described by the system: 

  

,

2 ,

2 ,

            z

           

x

y

z

x ny

y nx

## #

## #

##
                                                                                                                  (4.36) 

where the potential function is given by: 

22
2 2 1 2 1 2 1 1 2 2 1 2 1

3 3 5

1 2 1 2 1

2 2 2

1 2 2 1 1 1 2

5 5 5

2 1 2

(1 ) (1 )(2 ) (2 ) 3(1 )( )
( )

2 2 2 2

3 ( ) 3(1 ) 3
      ,

2 2 2

q q s s q s s q s s y qn
x y

r r r r r

s s y q s z q s z q

r r r

 

with 
2 2 2 1/2

1 [( ) ] ,r x y z  
2 2 2 1/2

2 [( 1 ) ]r x y z  being the distances of the third 

body from the primary and secondary body, respectively. The perturbed, due to the triaxility 

of the primaries, mean motion n  is given by the formula: 

1 2 1 2

3
1 [(2 ) (2 )],

2
n s s s s  
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with 2 2 2

1 1 3( ) / 5 ,s a a R  2 2 2

2 2 3( ) / 5s a a R  and 2 2 2

1 1 3( ) / 5s a a R , 2 2 2

2 2 3( ) / 5s a a R

where 1 2 3, ,a a a  are the semi-axes of the larger primary body, 1 2 3, ,a a a  are the semi-axes of 

the smaller one and R is the dimensional distance between the primaries. Also, 1 2,q q  are the 

radiation factors of the primaries. Finally, small perturbations  and  are introduced with 

the help of parameters  and  in the Coriolis and centrifugal forces, correspondingly, such 

that 1 , 1 ,   , 1. And 

2
2 1 1 1 2 1 1 2

3 5 7

1 1 1

2 2

1 1 2 2 1 2 2 1 2

7 3 5 7

1 2 2 2

2

1 1

(1 ) ( ) 3(1 ) (2 )( ) 15(1 ) ( )( )

2 2

15(1 ) ( ) ( 1 ) 3 (2 )( 1 ) 15 ( )( 1 )
        

2 2 2

15 ( )
        

x

q x q s s x q s s x y
n x

r r r

q s x z q x q s s x q s s x y

r r r r

q s x z
7

2

,
2

       

r

2 1 2 1 1 2 2 1 2 1 1 2

3 3 5 5 5

1 2 1 2 1

3 3 2 2

2 1 2 1 1 2 2 1 2 1 1 1 1

5 7 7 7 7

2 1 2 1 2

(1 ) 3(1 ) (2 ) 3 (2 ) 3(1 ) ( )
 

2 2

3 ( ) 15(1 ) ( ) 15 ( ) 15(1 ) 15
          ,

2 2 2 2

y

q y q y q s s y q s s y q s s y
n y

r r r r r

q s s y q s s y q s s y q s yz q s yz

r r r r r

 

1 2 1 1 2 2 1 2 1 1 2 1

3 3 5 5 5 5

1 2 1 2 1 2

2 2 3 3

1 1 2 2 1 2 1 1 1 1

7 7 7 7

1 2 1 2

(1 ) 3(1 ) (2 ) 3 (2 ) 3(1 ) 3
 

2 2

15(1 ) ( ) 15 ( ) 15(1 ) 15
       .

2 2 2 2

z

q z q z q s s z q s s z q s z q s z

r r r r r r

q s s y z q s s y z q s yz q s yz

r r r r

 

 

4.4.2 Variational equations for the model with triaxial and radiating primaries  

In the 6-dimensional phase space, Eqns. (4.36) can be written in the form: 

1 2 6( , ,..., ),   1,2,...,6,i ix f x x x i# ,                                                                                      (4.37) 

with 
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1 4

2 5

3 6
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2 2

15(15 ( )( 1 )
      

2

f x

f x

f x

q x q x q s s x
f nx n x
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q s x x q s x xq s s x
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where 

                             1 2 3 4 5 6,  ,  ,  , ,  ,x x x y x z x x x y x z# # # 

and 

                                   
1 1

2 2 2 2 2 22 2
10 1 2 3 20 1 2 3[( ) ] ,  [( 1 ) ] .r x x x r x x x  

The Jacobi integral w.r.t. the equations of motion in (4.37) is given by  

2 2 2 1 2 1 2 1 1 2 2
1 2 3 3

10 20 10 20

2 2 2 2
2 2 21 2 1 1 2 2 1 1 1 2
4 5 63 3 3 3

10 20 10 20

2(1 ) 2 (1 )(2 ) (2 )
( )

3(1 )( ) 3 ( ) 3(1 ) 3
      ( ),

q q s s q s s q
C n x x

r r r r

s s y q s s y q s z q s z q
x x x

r r r r

      

                                                                                                                                      (4.38) 

The coordinates of the third body in the four dimensional phase space depend uniquely along 

any solution on the initial conditions and the time, i.e.: 

                                      01 02 06( , ,..., ; ),  1,2,...,6i ix x x x x t i . 
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Their partial derivatives with respect to the initial conditions satisfying the equations of 

variation (see Jain et al. 2006): 

                                     
6

10 0

( ) ,  1,2,...,6,i i k

kj k j

x f xd
i

dt x x x
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r r r r

q s
2 22 2

1 1 3 2 1 32 2 2 1 2 2

7 7 7 7

20 20 10 20

4 4 2 2 2 2

1 1 3 2 1 3 1 1 2 2 3 2 1 2 2 3
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(4.39)                                                                                                                                                                    
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4.4.3 Determination of the collinear equilibrium points for the model with 

triaxial and radiating primaries  

The collinear equilibrium points can be obtained numerically by solving for 1x  the following 

nonlinear algebraic equation, for the specific values of the parameters given in Table 1: 

4 1 1 2 2 1 2( ; , , , , , , , ) 0f x s s s s q q .                                          (4.40) 

As such, 2 3 4 5 6 0x x x x x
 
since the collinear equilibrium points lie on the Ox-axis, 

i.e. the same line joining the primary bodies, with zero velocity and acceleration components. 

On this line, there are three intervals ( , 1 ), ( 1 , ) and ( , )  with each 

containing a real root that correspond to the collinear equilibrium points1L , 2L
 
and 3,L

 

respectively. Using numerical means, Eqn. (4.40) is solved and the corresponding collinear 

equilibrium points are obtained as shown in Table 5.22. 

 

4.4.4 Motion around the collinear equilibrium points  for the model with triaxial and 

radiating primaries  

In order to study the motion of the infinitesimal body near any of the collinear equilibrium 

points, a new coordinate system is defined whereby L  is any collinear equilibrium point 

, 1,2,3iL i  and is also the origin withL , L , L  as axes parallel to Ox , Oy  and Oz, 

respectively. We write 

1 iLx x ,
2x , and 

3x ,                                                                                            (4.41) 

 

which are the relations showing the transformation from the latter to the former coordinate 

system and where , 1,2,3
iLx i is the position of the collinear equilibrium points. 

Using Eqns. (4.41) in Eqns. (4.47), the equations of motion are transformed in the coordinate 

system as 
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22 ,n## #                   

  2 ,n###                                           

              .##                                                                                                           (4.42) 

 

4.4.5  Expansions of the 2D equations of motion up to second order terms 

The equations of motion of the infinitesimal body in the 2D plane is given as 

1

2

1 2

2 1

2 ,

2 ,

x

x

x nx

x nx

## #

## #
                                                                                                                (4.43) 

where the force function is given by 

22
2 2 1 2 1 2 1 1 2 2 1 2 2 1
1 2 3 3 5

2

1 2 2 2

5

(1 ) (1 )(2 ) (2 ) 3(1 )( )
( )

2 2 2 2

3 ( )
      ,

2

a b a b a

b

q q s s q s s q s s x qn
x x

r r r r r

s s x q

r

 

with the RHS of Eqn. (4.43) obtained as 

1

2
2 1 1 1 1 2 1 1 1 2 1 2

1 3 5 7

2

2 1 2 1 2 1 2 1 2 1 2

3 5 7

(1 ) ( ) 3(1 ) (2 )( ) 15(1 ) ( )( )

2 2

( 1 ) 3 (2 )( 1 ) 15 ( )( 1 )
        ,

2 2

x

a a a

b b b

q x q s s x q s s x x
n x

r r r

q x q s s x q s s x x

r r r

 

2

2 1 2 2 2 1 1 2 2 2 1 2 2 1 1 2 2
2 3 3 5 5 5

3 3

2 1 2 2 1 1 2 2 2 1 2 2

5 7 7

(1 ) 3(1 ) (2 ) 3 (2 ) 3(1 ) ( )
 

2 2

3 ( ) 15(1 ) ( ) 15 ( )
        ,

2 2

x

a b a b a

b b b

q x q x q s s x q s s x q s s x
n x

r r r r r

q s s x q s s x q s s x

r r r

 

and the distances between the infinitesimal body and primary and secondary stars are  

2 2

1 2( )ar x x
 and 

2 2

1 2( 1 )br x x
, respectively. 

 

By using the first and second equations of the system (4.41) in Eqns. (4.43), the equations of 

motion are transformed in the ( , ) coordinate system as 
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22 ,n## #    

    2 .n###                                                                                                         (4.44)                                                                         

We expand the RHS of Eqns. (4.44) up to the second order using the Taylor series expansion 

around( , )L Lx y . We proceed as 

2

2

1
( , ) ( , ) ( , ) ( , ) ( , ) ( , )

2

1
                            ( , ),

2

L L L L L L L L L L L

L L

x x y x y x y x y x y

x y

 

and 

2

2

1
( , ) ( , ) ( , ) ( , ) ( , ) ( , )

2

1
                            ( , ).

2

L L L L L L L L L L L

L L

x x y x y x y x y x y

x y

 

That is 

0( , ) (0,0) 0L Lx y , 

0( , ) (0,0) 0L Lx y , 

2
2 1 2 1

3 3 5
2 2 2 2 2 22 2 2

2

2 1 2 1

5 5
2 2 2 22 2

(1 ) 3(1 ) ( )
( , ) +

( ) ( 1 ) ( )

3 ( 1 ) 3(1 )(2 )
                          +

( 1 ) 2 ( )
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L L L

L

L L

q q q x
x n

x x x

q x s s q

x x

1 2 2
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2 2 2
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1 1 2 2 1 2

7 7
2 2 2 22 2
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1 1 2
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7 7
2 2 22 2

2 2 2 2

1 1 2 2 1 2

9 9
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15 (2 )( 1 )
 

2 ( 1 )
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2 ( ) 2 ( 1 )

L

L

L L
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q s s x
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x x

 

or 

2 1 2 1 1 2 2 1 2

3 3 5 5

2(1 ) 2 6(1 ) (2 ) 6 (2 )
( ,0)  ,

1 1
L

L L L L

q q q s s q s s
x n

x x x x
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1 2

5 5
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( , ) ( , ),L Lx x  
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The RHS of Eqns. (4.44) become 
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Equations (4.44) can now be written as 
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Or  

2 2

2 1 2 32 ,n## # K K K                                                                                        (4.45a)        

1 22 ,n### L L                                                                                                     (4.45b)   

where 
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r r
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q q
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1 2V VK  
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2 1 1 2 2 1 2
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01 02

3(1 ) (4 3 ) 3 (4 3 )
,

2 2
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n R

r r
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01 01 02 02
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2 2

q s s s s
q q

r r r r
1 2L= V V

 and

1 2

3 3

(1 )

1
ra

L L

q q
R

x x
. 

While 1V  and 2V  have been used to represent the signs of 
01r  and 

02 1r  in 

order to avoid absolute values. 

 

4.4.6 Semi-analytical approximation of 2D periodic orbits for the model with triaxial 

and radiating primaries  

In this aspect, we look for periodic solutions of the system (4.45a) and (4.45b). We consider 

that the sought solution in powers of an orbital parameter e  (| | 1)e  is of the following 

form: 

2

1 2e e ,  
2

1 2e e  .                                                                               (4.46) 

Substituting (4.46) into (4.45a), (4.45b) and equating the coefficients of the same powers ofe

, we obtain the following two systems 

'' '

1 1 1 1

'' '

1 1 1 1

2 0,

2 0,

n

n

K

L
                                                                                        (4.47)                                                                                    

and  

'' ' 2 2

2 2 3 1 1 2 2 1

'' '

2 2 1 2 2 1 1

2 0,

2 0,

n

n

K K K

L L
                                                                (4.48) 

respectively, which have to be solved successively. The periodic solution of the linear system 

(4.47) is 

1 11 11cos( ) sin( )wt wt  and 1 12 12cos( ) sin( )wt wt                            (4.49) 



115 

 

where 
2

T
w

 is the period of the periodic orbit. Since cos( )wt  and sin( )wt  are linearly 

independent functions, we equate their coefficients obtaining 

2

1 11 12

2

11 1 12

( ) 2 0,

2 ( ) 0,

w n

nw w

K

L
                                                                            (4.50) 

and 

2

1 11 12

2

11 1 12

( ) 2 0,

2 ( ) 0,

w n

nw w

K

L
                                                                            

(4.51) 

respectively. Systems (4.47) and (4.48) are linear homogeneous and for non-zero solution the 

determinant must be zero, i.e.: 

2

4 2 2 21

1 1 1 12

1

2
( 4 ) 0.

2

w n
D w n w

nw w

K
K L K L

L
                          (4.52) 

Note here that, the roots of (4.52) may determine the stability of the collinear equilibrium 

points. In the Lyapunov sense, if all four roots of (4.52) are either negative real numbers or 

pure imaginary or if the real part of complex roots is negative at each one of the collinear 

equilibrium points, then these are stable otherwise they are unstable. Thus, as it can be seen 

from the results presented in Table 2, the collinear equilibria 1,2,3L  are unstable in the three 

binary systems. 

Since 0D , systems (4.47) and (4.48) are indeterminate, so, we choose arbitrarily 11 1 

and 
11 0such that:   

12 12 2

1

2
0,

nw

wL
.                                                                                        (4.53) 

Therefore, the periodic solution of (4.47) is  

1

1 12

cos( ),

sin(2 ).

wt

wt
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Similarly, for system (4.48) we set: 

2 21 22 23 21 22

2 24 25 23 24

cos( ) cos(2 ) sin( ) sin(2 ),

cos( ) cos(2 ) sin( ) sin(2 ),

wt wt wt wt

wt wt wt wt
                        (4.54) 

and working as previously we find that 

22 21 24 23 22 250, 0, 0, 0, 0, 0,                                             (4.55) 

and 

2

12
21

2 2

12 12
23 2

2 3

1

2 1 2 3 1

1 1 1 1

2 1 2 3 2

1 1 1 1

2 2 4

12 12
24 2 2 2 4

,
2

( 4 ) (4 ( 4 ))
,

2 8( 4 ) 32

4 ( 4 ( ))
.

2 8( 4 ) 32

w nw w

n w w

nw w n w

n w w

K K

K

K L L K L

K L K L

K K L K L

K L K L

                                      (4.56) 

Thus, the periodic solution of (4.45) is 

2 21 23

2 24

cos(2 ),

sin(2 ).

wt

wt
 

Therefore, the sought periodic solution (4.46) into series expansions of the orbital parameter 

e  up to second order terms is: 

2

0 21 23

2

12 24

cos( ) [ cos(2 )] ,

sin( ) sin(2 ) ,

wt e wt e

wt e wt e
                                                            (4.57) 

where 0( ,0) is the position of any collinear equilibrium point, the coefficients 

11 21 23 12 24, , , ,  are defined by (4.53) and (4.56), and w  is a real positive solution of 

(4.52). 

 

4.4.7 Expansions of the 3D equations of motion up to second order terms 

The RHS of Eqns. (4.42) is expanded up to second order using the Taylor series method 

around( , , )L L Lx y z . We proceed as follows 
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2

( , , ) ( , , ) ( , , ) ( , , ) ( , , )

1
                            + ( , , ) ( , , ) ( , ,)

2

1
                            ( , , )+

2

L L L L L L L L L L L L L

L L L L L L L L L

L L L

x x y z x y z x y z x y z

x y z x y z x y z

x y z 2 21
( , , ) ( , , ),

2
L L L L L Lx y z x y z

 

                                                                                                                                    (4.58a) 

2

( , , ) ( , , ) ( , , ) ( , , ) ( , , )

1
                            + ( , , ) ( , , ) ( , ,)

2

1
                            ( , , )+

2

L L L L L L L L L L L L L

L L L L L L L L L

L L L

x x y z x y z x y z x y z

x y z x y z x y z

x y z 2 21
( , , ) ( , , ),

2
L L L L L Lx y z x y z

 

                                                                                                                                    (4.58b) 

2

( , , ) ( , , ) ( , , ) ( , , ) ( , , )

1
                             + ( , , ) ( , , ) ( , , )

2

1
                             ( , , )+

L L L L L L L L L L L L L

L L L L L L L L L

L L L

x x y z x y z x y z x y z

x y z x y z x y z

x y z 2 21
( , , ) ( , , ).

2 2
L L L L L Lx y z x y z

 

                                                                                                                                    (4.58c) 

 

( , , ) (0,0,0) 0,

( , , ) (0,0,0) 0,

( , , ) (0,0,0) 0,

L L L

L L L

L L L

x y z

x y z

x y z
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or 

2 1 2 1 2 1 2 1

3 3 3 3 5

1 2 2 1 1 2 2 1 2

5 5 5

(1 ) 3(1 ) 3 3(1 )(2 )
( ,0,0) + +

1 1 2

3 (2 ) 15(1 ) (2 ) 15 (2 )
                      ,

2 1 2 2 1

L

L L L L L

L L L

q q q q s s q
x n

x x x x x

s s q q s s q s s

x x x

 

 

2 1 2

3 3
2 2 2 2 2 22 2

2 2

1 2

5 5
2 2 2 2 2 22 2

(1 )
( , , )

( ) ( 1 )

3(1 ) ( ) 3 ( 1 )
                             + +

( ) ( 1 )

                    

L

L L

L L

L L

q q
x n

x x

q x q x

x x

1 2 1 1 2 2

5 5
2 2 2 2 2 22 2

2 2

1 1 2 1

7 7
2 2 2 2 2 22 2

3(1 )(2 ) 3 (2 )
        

2 ( ) 2 ( 1 )

15(1 ) 15
                             

2 ( ) 2 ( 1 )

              

L L

L L

s s q s s q

x x

q s q s

x x

2 2

1 1 2 2 1 2

7 7
2 2 2 2 2 22 2

2

1 1 2 2 1 2

7
2 2 2 2

15(1 ) ( ) 15 ( )
               

2 ( ) 2 ( 1 )

15(1 ) (2 )( ) 15 (2 )( 1
                              

2 ( )

L L

L L

L

q s s q s s

x x

q s s x q s s x

x

2

7
2 2 2 2

2 2 2 2

1 1 2 1

9 9
2 2 2 2 2 22 2

1 1 2

)

2 ( 1 )

105(1 ) ( ) 105 ( 1 )
                             

2 ( ) 2 ( 1 )

105(1 ) ( )(
                             

L

L L

L L

L

x

q s x q s x

x x

q s s x 2 2 2 2

2 1 2

9 9
2 2 2 2 2 22 2

) 105 ( )( 1 )
,

2 ( ) 2 ( 1 )

L

L L

q s s x

x x
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2 1 2

3 3
2 2 2 2 2 22 2

2 2

1 2

5 5
2 2 2 2 2 22 2

(1 )
( , , )

( ) ( 1 )

3(1 ) 3
                             

( ) ( 1 )

3(1 )
                             

L

L L

L L

q q
x n

x x

q q

x x

1 1 2 2 1 2

5 5
2 2 2 2 2 22 2

1 1 2 2 1 2

5 5
2 2 2 2 2 22 2

(2 ) 3 (2 )

2 ( ) 2 ( 1 )

3(1 ) ( ) 3 ( )
                             

( ) ( 1 )

                          

L L

L L

q s s q s s

x x

q s s q s s

x x

2 2

1 1 2 1

7 7
2 2 2 2 2 22 2

2 2

1 1 2 2 1 2

7 7
2 2 2 2 2 22 2

15(1 ) 15
     

( ) ( 1 )

15(1 ) (2 ) 15 (2 )
                              

2 ( ) 2 ( 1 )

            

L L

L L

q s q s

x x

q s s q s s

x x

2 2

1 1 2 2 1 2

7 7
2 2 2 2 2 22 2

2 2 2 2

1 1 2 1

9
2 2 2 2 2 22

75(1 ) ( ) 75 ( )
                 +

2 ( ) ( 1 )

105(1 ) 105
                             

2 ( ) 2 ( 1 )

L L

L L

q s s q s s

x x

q s q s

x x
9

2

4 4

1 1 2 2 1 2

9 9
2 2 2 2 2 22 2

105(1 ) ( ) 105 ( )
                           

2 ( ) 2 ( 1 )

                          

L L

q s s q s s

x x

 

or 

2 1 2 1 1 2 2 1 2

3 3 5 5

1 1 2 2 1 2

5 5

(1 ) 3(1 ) (2 ) 3 (2 )
( ,0,0)

1 2 2 1

3(1 ) ( ) 3 ( )
                             ,

1

L

L L L L

L L

q q q s s q s s
x n

x x x x

q s s q s s

x x
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1 2

3 3
2 2 2 2 2 22 2

2 2

1 2

3 3
2 2 2 2 2 22 2

1

(1 )
( , , )

( ) ( 1 )

3(1 ) 3
                              +

( ) ( 1 )

3(1 )
                             

L

L L

L L

q q
x

x x

q q

x x

q 1 2 2 1 2

5 5
2 2 2 2 2 22 2

1 1 2 1
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2 2 2 2 2 22 2

1
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2 ( ) 2 ( )

3(1 ) 3
                              

( ) ( 1 )

15(1 )
                              +

L L
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s s q s s

x x

q s q s
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7 7
2 2 2 2 2 22 2

2 2

1 1 2 1

7 9
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q s q s

x x
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7 7
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4 4
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9 9
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x x

q s q s

x x

2 2 2 2
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9 9
2 2 2 2 2 22 2

105(1 ) ( ) 15 ( )
                    

2 ( ) 2 ( 1 )

                           

                          

L L
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x x

 

or 

1 2 1 1 2 2 1 2 1 1

3 3 5 5 5

2 1

5

(1 ) 3(1 ) (2 ) 3 (2 ) 3(1 )
( ,0,0)

1 2 2 1

3
                      ,

1

L

L L L L L

L
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x x x x x
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7
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x x

1 1 2 2 1 2

7 7
2 2 2 2 2 22 2
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9
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or 
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