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ABSTRACT

This dissertation presents a theoretical study on buoyancy driven flow of

viscous, electrically conducting and incompressible fluid in a vertical micro-

channel formed by two infinite vertical parallel plates in the presence of Hall

effect. The problem is further extended to the case when the micro-channel

plates are porous to investigate the effect of continuous suction/injection on

the micro flow. Analytical solutions for energy and momentum equations are

obtained using the method of undetermined coefficient. The influence of each

governing parameter such as Hall current parameter, Hartmann number, suc-

tion/injection parameter, rarefaction parameter, fluid wall interaction param-

eter and wall-ambient temperature ratio on flow formation is analysed with

the aid of line graphs and thereafter discussed. Numerical comparison of the

present study with previously published results was established to validate the

accuracy of the current solution. The results reveal that the Hall current pa-

rameter plays a significant role in enhancing the fluid flow, resulting to increase

in fluid velocity and volume flow rate in both primary and secondary direction.

In addition, it is interesting that the volume flow rate is higher in both flow

directions due to increase in buoyancy force by increasing the temperature of

the cooler wall. Also, the effect of the Hall current on velocity and volume flow

could be further magnified by increasing gas rarefaction or increasing cooler

wall temperature. Suction/injection on the other hand has a profound ef-

fect on the boundary layer thickness in which the suction reduces the thermal

boundary layer thickness yielding a decrease in the convective current thereby

decreasing fluid velocity and also the skin friction whereas injection thickens

yielding an increase in fluid velocity.
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CHAPTER ONE

INTRODUCTION

1.1 General Introduction

Fluid flow induced by temperature gradients commonly called natural or free

convection has continued to attract a lot of attention from scientist and re-

searchers recently, due to its practical applications in many geophysical and

industrial/engineering applications. These include cooling of nuclear reactors,

the boundary layer control in aerodynamics, crystal growth, food processing

and cooling towers, thermal-energy storage system, crude oil extraction, and

cores of nuclear reactors. Convection is also seen to play an important role

in our weather system, oceanic currents, and sea-wind formation. In engi-

neering applications, convection is commonly visualized in the formation of

microstructures during the cooling of molten metals, and fluid flow around

shrouded heat-dissipation fins, and solar ponds. A very common industrial

application of natural convection is free air cooling without the aid of fans.

Natural convection through microchannels is gaining more interest recently.

This is due to the fact that, as the size of the devices decrease, as in electronic

devices, the amount of heat that needs to be dissipated per unit area increases.

The performance of these devices is directly related to the temperature; there-

fore, it is highly desirable to understand the fluid flow and the heat transfer

characteristics of buoyancy-induced microheat exchangers and micropump in

microfluidic and thermal systems.

1



1.2 Statement of the Problem

Analysis for the fully developed natural convection in an open-ended vertical

parallel-plate microchannel with asymmetric wall temperature distributions

was investigated by Chen and Weng (2005) where they assumed the fluid

to be viscous incompressible but electrically non-conducting. This result was

extended by Jha et al (2015) by subjecting the flow under an applied transverse

magnetic field and neglecting the influence of the Hall current. However, if the

fluid considered is an ionized gas with low density, the electrical conductivity of

the fluid becomes tensor if the influence of the electromagnetic fields becomes

very strong yielding an effect known as the Hall current, in a direction normal

to both the electric and magnetic field. This dissertation will therefore fill

the observed vacuum in Jha et al. (2015) and Chen and Weng (2005) by

considering the fluid to be electrically conducting and also incorporating the

influence of the Hall currents by assuming the effect of the transversely applied

magnetic field to be strong. This dissertation will further consider the role of

suction/injection on the hydrodynamic behavior on the micro-fluidic flow.

1.3 Significance of the study

This research work derived and presented an analytical solution for buoyancy

driven flow of conducting fluid in a vertical micro-channel with Hall effect sub-

ject to symmetric/asymmetric wall heating conditions. This research work is

applicable in cooling device in computer microchips, Microelectromechanical

system (MEMS), micro heat exchangers, micropump, microfuel cells, Hall ac-

celerators, Hall sensors etc. Further, it is hoped that the results obtained will

not only provide useful information for industrial or engineering applications

but also serve as an improvement on the previous studies related to such flows.
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1.4 Aim and Objectives

The aim of this work is to carry out an analytical study on buoyancy driven flow

of viscous and electrically conducting fluid in a vertical micro-channel/micro-

porous channel in presence of Hall Effect.

This aim will be achieved through the following objectives: To;

i examine the effect of varying the Hall current parameter on fluid ve-

locity, skin-friction and volume flow rate on micro-channel/micro-porous

channel flow behavior.

ii investigate the impact of suction/injection on fluid velocity, skin-friction

and volume flow rate on micro-porous channel flow formation.

iii examine the effect of externally applied transverse magnetic field on nat-

ural convection flow in both microchannel and micro-porous channel.

iv investigate fluid flow behavior for different micro-channel dimensions dic-

tated by βvKn

1.5 Research Methodology

To attain the above set objectives, we review existing literatures on natural

convection flow in a micro-channel under different physical situations. Solu-

tion to the governing momentum and energy equations is presented analyti-

cally using the method of undetermined coefficient for both problems. Using

a computer package, MATLAB (R2012b), the results obtained is presented

graphically to investigate the influence of each governing parameter. Numerical

comparison of the result obtained and previously published results is presented

to establish the accuracy of the current solution.
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1.6 Basic Definitions

1. Compressible and incompressible fluid: A compressible flow is a

flow which the fluid density varies significantly within the flow field.

While in an incompressible flow the density does not vary within he flow

field.

2. Free or Natural Convection: Free or Natural convection is a mech-

anism in which fluid motion is generated only by density differences in

fluid cause by temperature gradients. It is a type of heat transport in

which the fluid motion is not generated by an external source (pump,

fan, suction devices).

3. Conducting and non-conducting fluid: Materials that conducts elec-

tricity have free ions (charged particle) thus there is flow of current while

Materials that do not have free ions (charged particle) to help in the flow

of current are known as Non-conducting fluid.

4. Boussinessq approximation: Boussinessq approximation is the as-

sumption that the fluid flow is considered under little variations of tem-

perature and density.

5. Skin friction: Is a component of drag, the force resisting the motion

of a solid body through a fluid. It arises from the friction of the fluid

against the skin of the object that is moving through it. Skin friction

follows the drag equation and rises with the square of the velocity. Skin

friction can be reduced by shaping the moving body so that smooth flow

is possible.

6. Injection: Is a force that causes a fluid to be drawn out of an interior

space or to adhere to a surface because of the difference between the

external and internal pressures.
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7. Suction: Is a force that causes a fluid to be drawn into an interior space

or to adhere to a surface because of the difference between the external

and internal pressures

8. Symmetric/asymmetric heating: This is a type of heating of the

boundary layers in which equal/unequal amount of constant heating is

applied on boundary surfaces of the system.

9. Dimensionless quantity: is a quantity without an associated physical

dimension.

10. Magnetic field: is the magnetic effect of electric currents and magnetic

material.

11. MHD: Implies Magnetohydrodynamics which is the study of the inter-

action between electric and magnetic forces in a flow. Since the mag-

netohydrodynamic equations combine the full complexity of Maxwell’s

equations with the fluid dynamics equations, it is clear that they will be

extremely difficult to solve in their general form. However, by adopting

some approximations, the general equations are simplified. these are:

Maxwell’s equations:

∇× E = ∂B
∂t

∇×B = µ0j

∇ •B = 0

K0∇ • E = ρe

Conservation of mass:
∂ρ

∂t
+∇ • (ρv) = 0

Equation of motion:

ρ
Dv

Dt
= −∇p+ µ∇2v + ψ + j ×B
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Conservation of energy:

ρ

(
De

Dt
+

1

2

Dv2

Dt

)
= E • j+∇• (K∇T )−

∑
s

∇• (Vsρshs)−∇• (pv) +φ

12. Hall Effect: is the production of a voltage difference across an electri-

cal conductor, transverse to an electric current in the conductor and a

magnetic field perpendicular to the current.

From the generalised Ohms law in which ion slip and and pressure dif-

fusion effects are neglected,

j = σ[E + v ×B − β(j ×B)]

where β = 1
nee

, σ = nee
2τ/me

since the electrical conductivity in compressible gaseous plasmas are not

not constant, the above expression can be written as follows:

jx =
σ

1 + (ωτ)2
[Ex − ωτ(Ey − UB)]

jy =
σ

1 + (ωτ)2
[Ey − UB + ωτEx]

where σβB = ωτ . From the above we observe that as a consequence of

the Hall effect, axial current can flow

13. Microchannel: is a channel with hydraulic diameter below 1mm.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Natural Convection in a Micro-Channel

Micro-scale flow formation and heat transfer has of recent received intensive

interest in the field of science and technology due to the emergence of micro-

electromechanical systems technology (MEMS). When the mean free path of

the fluid is comparable to the channel’s characteristic dimension, the con-

tinuum assumption is no longer valid and velocity slip and temperature jump

may occur at the micro channel surfaces. Chen and Weng (2005) discussed the

flow formation of steady fully developed natural convection flow in a vertical

micro channel formed by two infinite vertical parallel plates due to asymmet-

ric heating of micro channel walls. The effects of rarefaction and fluid-wall

interaction were shown to enhance the volume flow rate and to reduce the

rate of heat transfer. This result was further extended by taking into account

suction/injection on the microchannel walls by Jha et al. (2014). Their re-

sults showed that skin-friction as well as rate of heat transfer strongly depends

on the suction/injection parameter. Numerical solutions were obtained by

Buonomo and Manca (2012) for natural convection in parallel-plate vertical

microchannels due to asymmetric heating by imposing constant heat flux on

the boundaries. The same authors (2012) further performed a numerical study

on transient mixed convection in a vertical microchannel that is asymmetrically

or symmetrically heated at uniform heat fluxes. The transient hydrodynamics

and thermal behaviours of fluid flow in an open-ended vertical parallel-plate

microhannel, under the effect of the hyperbolic-heat-conduction model, were

investigated semi-analytically in (2007). In recent past, the work of Chen and

Weng (2007) was extended to mixed convection by Avci and Adyin (2007).

Avci and Aydin (2009) conducted a study on fully developed mixed convective
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flow in a vertical micro-annulus formed by two concentric micro-tubes.

2.2 Suction/Injection

Suction or injection plays an important role in the control of flow past an

infinite plate or micro-channel, hence its importance in practical problem in-

volving film cooling, geophysical, biomedical, engineering and environmental

applications. The significance of suction/injection on the boundary layer con-

trol in the field of aerodynamics and space science was emphasized by Singh

(1984). Jha et al. (2014) investigated on natural convection flow in vertical

micro-porous channel. In a related work, Jha and Aina (2014) further extended

the work of Avci and Aydin (2009) to the case when the vertical micro-annulus

formed by two concentric micro-tubes are porous, i.e. where there is suction

or injection through the annulus surfaces. They concluded in their study that

as suction/injection on the micro-porous-annulus (MPA) increases, the fluid

velocity and temperature increase.

2.3 Magnetohydrodynamics

Magnetohydrodynamic (MHD) phenomenon has attracted the attention of en-

gineers and scientists in recent past owing to its relevance in MHD accelerators,

electric transformers, cooling of a metallic plate in a cooling bath are just some

examples of realistic applications. Magnetohydrodynamic (MHD) natural con-

vection flow of different fluids over different geometries has been studied widely

in the literature. Despite the fact that there are numerous studies on natu-

ral convection flow of an electrically conducting fluid in channels, there are

just a few studies regarding MHD natural convection flow of an electrically

8



conducting fluid in microchannel. For example, Jha et al. (2015) studied the

fully developed natural convection flow of conducting fluid in a vertical par-

allel plate microchannel in the presence of transverse magnetic field. They

reported that, increase in Hartmann number is responsible for reduction in

the volume flow rate. The combined impact of externally applied transverse

magnetic field and suction/injection on steady natural convection flow of con-

ducting fluid in a vertical microchannel was carried out by Jha et al. (2015) In

another work, Jha et al. (2015) investigated the role of wall surface curvature

on transient MHD free convective flow in vertical micro-concentric-annuli. Jha

et al. (2015) investigated the exact solution of steady fully developed natural

convection flow of viscous, incompressible, and electrically conducting fluid

in a vertical annular microchannel. Also, Jha and Aina (2016) presented the

MHD natural convection flow in a vertical micro-porous-annulus (MPA) in the

presence of radial magnetic field. The MHD natural convection flow in verti-

cal micro-concentric-annuli (MCA) in the presence of radial magnetic field has

been discussed by Jha et al. (2016). Meanwhile, the above mentioned works

considered convective flow of rarefield fluid and hence both walls have the

same velocity slip and temperature jump. Velocity slip and temperature jump

are known to depend on the Knudsen number and the thermal and tangential

momentum accommodation coefficients, representing the effects of rarefaction

and fluid wall interaction. These coefficients are properties of the fluid, ther-

mal conditions of the flow, as well as the material and quality of the channel

walls.

2.4 Hall Effects

In partially ionized gases, the phenomenon of Hall effects occurs when the

strength of the impressed magnetic field is very strong or when the cyclotron
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frequency is high (Sutton and Sherman, (1965). The current induced in a

fluid is usually carried predominantly by electrons, which undergo successive

collisions with other charged or neutral particles and are usually more mobile

than ions. As a result of these gyration and drift of charged particles, the

conductivity parallel to the electric field is reduced and the current is induced

in the direction normal to both electric and magnetic fields. This phenomenon

is known as the Hall effects. Singh (1984) investigated the effect of the Hall

current on the natural convection flow of a viscous, incompressible and electri-

cally conducting fluid past an accelerated vertical porous plate. Jha and Apere

(2010) studied the effect of Hall and ion-slip currents on the unsteady MHD

Couette flows of a viscous, incompressible and electrically conducting fluid be-

tween two parallel porous plates in a rotating system when the lower plate has

been impulsively started. They concluded that the influence of the Hall and

ion slip parameters have a reducing effect on the magnitude of the secondary

velocity especially when the magnetic lines of force are fixed relative to the

moving plate. In another work, Jha and Apere (2011) extended their work

(2010) for the case of porous plate. Seth and Singh (2015) studied the mixed

convection flow in a rotating channel with Hall and wall conductance effects.

Ghosh and Bhattacharjee (2000) investigated the hydromagnetic steady flow

of a Newtonian fluid passing through a rotating channel with Hall effects.
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CHAPTER THREE

MATHEMATICAL MODELS

3.1 Hall Effect on MHD natural convection flow
in a vertical micro-channel.(first case)

The geometry of the system under consideration in this present study is shown

schematically in Figure 1. Consider the fully developed natural convection

flow of a viscous, incompressible and electrically conducting fluid in a vertical

microchannel formed by two infinite vertical parallel plates under the influence

of Hall effect. The plates are heated asymmetrically with one plate maintained

at a temperature T1 while the other plate at a temperature T2 where T1 > T2.

Due to temperature gradient between the plates, natural convection flow occurs

in the microchannel. A uniform magnetic field H0 is applied in the direction

perpendicular to the direction of flow and neglecting the induced magnetic

fields by assuming a very small magnetic Reynolds number. The effect of Hall

current is taken into consideration which gives rise to velocity in the transverse

direction. Hence, V̄ is given by (u, 0, w). The flow is assumed to be steady and

fully developed. Following Jha et al. (2015) and considering Hall effects, under

Boussinesq’s approximation, the governing equations for the present physical

situation are given as:
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Figure 1: Schematic diagram of the flow domain

For steady motion, the Maxwell equations and Ohm’s law taking Hall current

into account in the absence of electric field, (Cowling, 1957) are given by:

∇ � B̄ = 0 (3.1.1)

∇× H̄ = J̄ (3.1.2)

∇ � J̄ = 0 (3.1.3)

J̄ +
J̄ × H̄
H0

m = σ(µeV × H̄ +
1

ene
∇pe) (3.1.4)

where J̄ = Jxî + Jzk̂ is the electric density along primary and transverse

direction, m = ωeτe is the Hall parameter

under the usual assumptions that the electron pressure (weakly ionised gas),

the thermoelectric pressure and ion slip are negligible, Eqn. (3.1.4) yields:

Jz =
σµeH0

1 +m2
(u+mw) (3.1.5)

Jx =
σµeH0

1 +m2
(mu− w) (3.1.6)
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within the framework of these assumptions, the equations which govern the

buoyancy induced flow of an electrically conducting fluid are:

ν
d2u

dy2
+ gβ(T − T0)−

σH2
0µ

2
e

ρ

(
u+mw

1 +m2

)
= 0 (3.1.7)

ν
d2w

dy2
+
σH2

0µ
2
e

ρ

(
mu− w
1 +m2

)
= 0 (3.1.8)

d2T

dy2
= 0 (3.1.9)

with momentum and thermal boundary conditions:

T = T2 +
2− ft
ft

2γs
γs + 1

λ

Pr

dT

dy
|y=0

T = T1 −
2− ft
ft

2γs
γs + 1

λ

Pr

dT

dy
|y=b

u =
2− fv
fv

λ
du

dy
|y=0, w =

2− fv
fv

λ
dw

dy
|y=0 (3.1.10)

u = −2− fv
fv

λ
du

dy
|y=b, w = −2− fv

fv
λ
dw

dy
|y=b

3.1.1 Dimensionless Analysis

Introducing the following dimensionless quantities:

Y =
y

b
,M =

σµ2
eH

2
0b

2

ρν
, (U,W ) =

(u,w)ν

gβ∆Tb2
,

∆T = T1 − T0,Θ =
T − T0

∆T
,m = ωeτe

βv =
2− fv
fv

, βt =
2− ft
ft

2γs
γs + 1

1

Pr
,Kn =

λ

b
, ln =

βt
βv
, ξ =

T2 − T0
T1 − T0

(3.1.11)

where m is the Hall current parameter, M is the Hartmann number, ρ is the

fluid density, Pr is the Prandtl number as defined in the nomenclature.
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3.1.2 Governing Equations in dimensionless form (first

case)

Substituting the dimensionless parameters in (3.1.7−3.1.9) above, the govern-

ing equations for the problem in dimensionless form are as follows:

d2U

dY 2
+ Θ− M

(1 +m2)
(U +mW ) = 0 (3.1.12)

d2W

dY 2
+

M

(1 +m2)
(mU −W ) = 0 (3.1.13)

d2Θ

dY 2
= 0 (3.1.14)

If we define the complex velocity Q = U + iW , equations (3.1.12) and (3.1.13)

can be combined to single equation:

d2Q

dY 2
+ Θ−M2

1Q = 0 (3.1.15)

with the boundary conditions:

Θ(0) = ξ + βvKnln
dΘ

dY
|Y=0, Θ(1) = 1− βvKnln

dΘ

dY
|Y=1 (3.1.16)

Q(0) = βvKn
dQ

dY
|Y=0, Q(1) = −βvKn

dQ

dY
|Y=1 (3.1.17)

where M2
1 = M

1+im
,

ξ is the fluid wall interaction parameter and βvKn is the rarefaction parameter.

Solution to Eqns.(3.1.14−3.1.15) subject to the boundary condition Eqns.(3.1.16−

3.17) yields:

Θ(Y ) = A0 + A1Y (3.1.18)

Q(Y ) = C1 cosh(M1Y ) + C2 sinh(M1Y ) +
1

M2
1

(A0 + A1Y ) (3.1.19)
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where A0, A1, C1 and C2 are defined in the appendix.

Two important parameters for buoyancy induced microflow and microheat

transfer are the volume flow rate (δ) and Skin friction (τ), respectively. Con-

sidering the effects of the Hall current, the present analysis will capture the

volume flow and also the skin friction in both the primary and secondary di-

rection of flow.

Dimensionless volume flow is given by:

δ =

∫ 1

0

Q(Y )dY (3.1.20)

by using the expression for Q(Y ) in (3.1.19) above, the volume flow δ can be

written as:

δ =
C1

M1

(sinh(M1)) +
C2

M1

(cosh(M1)− 1) +
1

M2
1

(
A0 +

A1

2

)
(3.1.21)

where Qx0 = <e(δ) and Qz0 = Im(δ)

similarly, the skin friction on the micro-channel surfaces due to primary flow

is given by τx = <e( dQdY ), while skin friction due to secondary flow is defined

τz = Im( dQ
dY

).

where
dQ

dY
|Y=0 = M1C2 +

A1

M2
1

dQ

dY
|Y=1 =

A1

M2
1

−M1(C1sinh(M1) + C2cosh(M1))
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3.2 Fully developed MHD natural convection flow
in a vertical micro-porous-channel with Hall
effects (second case)

By extension using the same model above, we introduce suction/injection on

the micro-channel surfaces. Diagram is shown in Figure 2.

Figure 2: Schematic diagram of the flow domain (second case)

ν
d2u

dy2
− V0

du

dy
+ gβ(T − T0)−

σµ2
eH

2
0

ρ

(
u+mw

1 +m2

)
= 0 (3.2.1)

ν
d2w

dy2
− V0

dw

dy
+
σµ2

eH
2
0

ρ

(
um− w
1 +m2

)
= 0 (3.2.2)

α
d2T

dy2
− V0

dT

dy
= 0 (3.2.3)

with momentum and thermal boundary conditions:

T = T2 +
2− ft
ft

2γs
γs + 1

λ

Pr

dT

dy
|y=0

T = T1 −
2− ft
ft

2γs
γs + 1

λ

Pr

dT

dy
|y=b (3.2.4)

u =
2− fv
fv

λ
du

dy
|y=0, w =

2− fv
fv

λ
dw

dy
|y=0

u = −2− fv
fv

λ
du

dy
|y=b, w = −2− fv

fv
λ
dw

dy
|y=b
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3.2.1 Dimensionless Analysis

Introducing the following dimensionless quantities:

Y =
y

b
,M =

σµ2
eH

2
0b

2

ρν
, (U,W ) =

(u,w)ν

gβ∆Tb2

∆T = T1 − T0, S =
V0b

ν
, Pr =

ν

α
,Θ =

T1 − T0
∆T

,m = ωeτe (3.2.5)

βv =
2− fv
fv

, βt =
2− ft
ft

2γs
γs + 1

1

Pr
,Kn =

λ

b
, ln =

βt
βv
, ξ =

T2 − T0
T1 − T0

3.2.2 Dimensionless form of problem (second case)

d2U

dY 2
− S dU

dY
+ Θ− M

1 +m2
(U +mW ) = 0 (3.2.6)

d2W

dY 2
− SdW

dY
+

M

1 +m2
(mU −W ) = 0 (3.2.7)

d2Θ

dY 2
− SPr dΘ

dY
= 0 (3.2.8)

By defining the complex velocity Q = U + iW , equations (3.2.6) and (3.2.7)

can be combined to single

d2Q

dY 2
− S dQ

dY
+ Θ−M2

1Q = 0 (3.2.9)

where M2
1 = M

1+im

subject to the dimensionless thermal and momentum boundary condition:

Θ(0) = ξ + βvKnln
dΘ

dY
|Y=0,Θ(1) = 1− βvKnln

dΘ

dY
|Y=1 (3.2.10)

Q(0) = βvKn
dQ

dY
|Y=0, Q(1) = −βvKn

dQ

dY
|Y=1 (3.2.11)
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solution to Eqns.(3.2.8-3.2.9) subject to the boundary condition in Eqn(3.2.10-

3.2.11) yields:

Θ(Y ) = A+Bexp(SPrY ) (3.2.12)

Q(Y ) = C1exp(K1Y ) + C2exp(K2Y ) +
A

M2
1

−B0exp(SPrY ) (3.2.13)

where A,B, C1, C2,K1, K2 and B0 are defined in the appendix.

the volume flow δ and skin friction is obtained by using the expression:

δ =

∫ 1

0

Q(Y )dY (3.2.14)

by using Eqn.(3.2.13) the volume flow can be expressed as:

δ =
C1

K1

(exp(K1)− 1) +
C2

K2

(exp(K2)− 1) +
A

M2
1

− K3

SPr
(exp(SPr)− 1)

(3.2.15)

where Qx0 = <(δ) and Qz0 = Im(δ)

similarly, the skin friction defined as τx and τz is obtained by differentiating

Eqn.(3.2.13) as follows:

dQ

dY
|Y=0 = C1K1 + C2K2 −K3SPr (3.2.16)

dQ

dY
|Y=1 = C1K1e

K1 + C2K2e
K2 − SPrK3expSPr (3.2.17)

where τxk = <( dQ
dY

) and τzk = Im( dQ
dY

) for k = 0, 1 indicating the boundary

plates.
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CHAPTER FOUR

RESULTS AND DISCUSSION

4.1 Hall Effect on MHD natural convection flow
in a vertical micro-channel

This chapter presents the results obtained from the previous chapter in the

form of line graphs that gives a proper insight of the discussion of the calculated

results. The interactive effects of the Hall current parameter (m), Hartmann

number (M), rarefaction parameter (βvKn), fluid wall interaction parameter

(In) and the wall-ambient temperature ratio ξ under three cases (ξ = 1: two

heating, ξ = 0: one heating and one not heating, ξ = −1: one heating and

one cooling) on flow formation are investigated. The present study has been

conducted over the interval 0 ≤ m ≤ 1.0, 0 ≤ M ≤ 10, 0 ≤ βvKn ≤ 0.1 and

0 ≤ In ≤ 10 with the selected reference values of βvKn = 0.05 and In = 1.667

as presented by Chen and Weng (2005).

Figure 4.1.1: Primary velocity profiles for different values of In when m=0.5,
βvKn = 0.05, M = 2

The expression for the temperature in equation (3.1.18), the effects of the

rarefaction parameter βvKn and fluid-wall interaction parameter In on the

temperature profile and rate of heat transfer which is expressed as the Nusselt
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Figure 4.1.2: Secondary velocity profiles for different values of In when m=0.5,
βvKn = 0.05, M = 2

number are exactly the same as those given by Chen and Weng (2005).

Figures 4.1.1 and 4.1.2 displays the effect of wall-ambient temperature differ-

ence ratio (ξ) as well as fluid wall interaction parameter (In) on the primary (U)

and secondary velocity (W). It is clearly seen for both cases that, the role of the

fluid wall interaction parameter is found to increase the fluid plate molecular

interaction resulting to an asymmetric velocity distribution in both primary

and secondary flow direction. Furthermore, the influences of fluid-wall inter-

action parameter on the microchannel slip velocity become significant with

the decrease in the wall-ambient temperature difference ratio which is more

pronounced in the case of primary velocity.

Figures 4.1.3 and 4.1.4 illustrates the effect of the rarefaction parameter (βvKn)

as well as wall-ambient temperature difference ratio (ξ) on the primary and

secondary velocity. It is observed for both primary and secondary velocity

that, increasing the wall-ambient temperature difference ratio as well as rar-

efaction parameter leads to enhancement in the fluid velocity and velocity slip.

For asymmetric heating ξ = −1 however, corresponding to the physical sit-

uation when one of the plates is heated and the other cooled, considers two

buoyancy driven flows of the same magnitude but different direction as a re-

sult, the net flow is observed to be zero. These effects are more pronounced in
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the case of secondary velocity. This result yields an observable increase in the

fluid velocity. This physical phenomenon can also be explained from the fact

that, as rarefaction parameter increases, the temperature jump increases and

this reduces the amount of heat transfer from the microchannel surfaces to the

fluid. The reduction in fluid velocity due to the reduction in heat transfer is

offset by the increase in the fluid velocity due to the reduction in the frictional

retarding forces near the microchannel surfaces.

Figure 4.1.3: Primary velocity profiles for different values of βvKn, when m =
0.5, In = 1.667 and M = 2

Figure 4.1.4: Secondary velocity profiles for different values of βvKn, when
m = 0.5, In = 1.667 and M = 2

Figures 4.1.5 and 4.1.6 display the combined effects of the Hartmann num-

ber (M) and wall-ambient temperature difference ratio (ξ) on the primary and
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secondary velocity profiles. It is seen in the case of primary velocity that,

increasing the values of Hartmann number have a tendency to slow down the

movement of the fluid in the microchannel while the reverse trend occurs in

the case of secondary velocity. This is due to the fact that the application of

magnetic field creates a resistive force similar to the drag force that acts in

the opposite direction of the fluid motion, thus causing the fluid velocity to

decreases. Meanwhile, the influence of Hartmann number on the microchannel

slip velocity becomes significant with the increase of the wall-ambient temper-

ature difference ratio.

Figures 4.1.7 and 4.1.8 shows the effects of the Hall current parameter (m)

as well as wall-ambient temperature difference ratio (ξ) on the primary and

secondary velocity. It is evident for both primary and secondary velocity that,

increasing the Hall current parameter leads to increase in the fluid velocity.

Furthermore, an increase in the Hall current parameter, decreases the reducing

effect of the magnetic field on the complex velocity Q, thereby increasing the

velocity in both primary and secondary velocity.

Figure 4.1.5: Primary velocity profiles for different values of M when βvKn =
0.05, m = 0.5 and In = 1.667

Figures 4.1.9 and 4.4.10 illustrates the effects of rarefaction parameter, Hart-

mann number and wall-ambient temperature difference ratio (ξ) on volume

flow rate. It is observed in the case of primary volume flow rate that, increase
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Figure 4.1.6: Secondary velocity profiles for different values ofM when βvKn =
0.05, m = 0.5 and In = 1.667

in Hartmann number cause a reduction in volume flow rate. This may be

attributed to the fact that, fluid velocity decreases as the Hartmann number

increases, which cause a reduction in the volume flow rate while the reverse

trend occurs in the case of secondary volume flow rate.

The volume flow rate variations are shown in Figures 4.1.11 and 4.1.12 with re-

spect to Hall current parameter and rarefaction parameter for different values

of wall-ambient temperature difference ratio. It is seen for both cases that, an

increase in rarefaction parameter leads to enhancement in volume flow rate.

Furthermore, it is evident that volume flow rate is found to be increasing

function of Hall current parameter.

Figures 4.1.13 and 4.1.14 exhibit the effects of rarefaction parameter and fluid

wall interaction parameter on the volume flow rate for different values of wall-

ambient temperature difference ratio. It is seen for both primary and secondary

volume flow rate, the increase in rarefaction parameter leads to increase in

volume flow rate. Furthermore, it is evident that volume flow rate is found to be

increasing function of fluid wall interaction as well as wall-ambient temperature

difference ratio.

Figures 4.1.15−4.1.16 and 4.1.17−4.1.18 presents the effect of rarefaction, fluid

23



Figure 4.1.7: Primary velocity profiles for different values of m when βvKn =
0.05, M = 2 and In = 1.667

Figure 4.1.8: Secondary velocity profiles for different values ofm when βvKn =
0.05, M = 2 and In = 1.667

wall interaction parameter as well as wall-ambient temperature difference ratio

on the skin friction at the microchannel plates Y = 0 and Y = 1, respectively.

It is observed from these Figures that, increasing rarefaction as well as fluid

wall interaction parameters yields an increase in the skin friction at Y = 0

while the reverse tread occurs at Y = 1. This effect is more significant as the

wall-ambient temperature difference ratio decrease.

Figures 4.1.19− 4.1.20 and 4.1.21− 4.1.22 exhibit the combined effects of the

Hall current parameter, rarefaction parameter as well as wall-ambient temper-

ature difference ratio on the skin friction at the microchannel plates Y = 0
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Figure 4.1.9: Volume flow rate versus βvKn for different values of M due to
primary flow when In = 0.5, m = 0.5

Figure 4.1.10: Volume flow rate versus βvKn for different values of M due to
secondary flow when In = 0.5, m = 0.5

and Y = 1, respectively. It is clearly seen that, increasing the value of Hall

current parameter leads to enhancement in the skin friction in both cases at

Y = 0 and Y = 1.

Figures 4.1.23 − 4.1.24 and 4.1.25 − 4.1.26 illustrate the combined effects of

Hartmann number and rarefaction for different values of wall-ambient tempera-

ture difference ratio at the microchannel plates Y = 0 and Y = 1, respectively.

It is evident that the skin-friction decreases with the increase in Hartmann

number. In addition, the magnitude of skin-friction is higher in case of sym-

metric heating ξ = 1 in comparison with asymmetric heating of microchannel
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Figure 4.1.11: Volume flow rate versus βvKn for different values of m due to
primary flow when M = 2, In = 1.667

Figure 4.1.12: Volume flow rate versus βvKn for different values of m due to
secondary flow when M = 2, In = 1.667

plates ξ = 0.

Table 1 present numerical comparison of the present work for velocity with

those of Chen and Weng (2005) when Hartmann number is neglectedM −→ 0

and Jha et al.(2015) in the absence of Hall current (m = 0). This comparison

gives an excellent agreement.
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Figure 4.1.13: Volume flow rate versus βvKn for different values of In due to
primary flow when M = 2, m = 0.5

Figure 4.1.14: Volume flow rate versus βvKn for different values of In due to
secondary flow when M = 2, m = 0.5

Figure 4.1.15: Variations of skin friction versus βvKn for different values of In
at Y = 0 due to primary flow when M = 2, m = 0.5
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Figure 4.1.16: Variations of skin friction versus βvKn for different values of In
at Y = 0 due to secondary flow when M = 2, m = 0.5

Figure 4.1.17: Variations of skin friction versus βvKn for different values of In
at Y = 1 due to primary flow when M = 2, m = 0.5

Figure 4.1.18: Variations of skin friction versus βvKn for different values of In
at Y = 1 due to secondary flow when M = 2, m = 0.5
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Figure 4.1.19: Variations of skin friction versus βvKn for different values of m
at Y = 0 due to primary flow when M = 2, In = 1.667

Figure 4.1.20: Variations of skin friction versus βvKn for different values of m
at Y = 0 due to secondary flow when M = 2, In = 1.667

Figure 4.1.21: Variations of skin friction versus βvKn for different values of m
at Y = 1 due to primary flow when M = 2, In = 1.667
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Figure 4.1.22: Variations of skin friction versus βvKn for different values of m
at Y = 1 due to secondary flow when M = 2, In = 1.667

Figure 4.1.23: Variations of skin friction versus βvKn for different values of M
at Y = 0 due to primary flow when m = 0.5, In = 1.667

Figure 4.1.24: Variations of skin friction versus βvKn for different values of M
at Y = 0 due to secondary flow when m = 0.5, In = 1.667
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Figure 4.1.25: Variations of skin friction versus βvKn for different values of M
at Y = 1 due to primary flow when m = 0.5,In = 1.667

Figure 4.1.26: Variations of skin friction versus βvKn for different values of M
at Y = 1 due to secondary flow when In = 1.667, m = 0.5
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Table 4.1: Numerical comparison of the values of the primary velocity (U)
obtained in the present work with those of Chen and Weng (2005) and Jha et
al. (2015)

velocity when In = 1.667, βvKn = 0.05
ξ Y Chen and Weng Present work Jha et al. Present work

(2005) (when M→ 0) (2015) (when m=0)
1.0 0.2 0.1050 0.1050 0.0715 0.0715

0.4 0.1450 0.1450 0.0694 0.0694
0.6 0.1450 0.1450 0.0964 0.0964
0.8 0.1050 0.1050 0.0715 0.0715
1.0 0.0250 0.0250 0.0177 0.0177

0.0 0.2 0.0437 0.0437 0.0279 0.0279
0.4 0.0684 0.0684 0.0446 0.0446
0.6 0.0766 0.0766 0.0518 0.0518
0.8 0.0613 0.0613 0.0436 0.0436
1.0 0.0157 0.0157 0.0118 0.0118

-1.0 0.2 -0.0176 -0.0176 -0.0157 -0.0157
0.4 -0.0082 -0.0082 -0.0072 -0.0072
0.6 0.0081 0.0081 0.0072 0.0072
0.8 0.0176 0.0176 0.0157 0.0157
1.0 0.0065 0.0065 0.0059 0.0059
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4.2 Fully developed MHD natural convection flow
in a vertical micro-porous-channel with Hall
effects

This section investigates the impact of suction/injection (S) on the microfluidic

flow of a viscous incompressible and electrically conducting fluid subjected

to an applied magnetic field in presence of Hall effect. Numerical values of

governing parameters are arbitrarily taken as in case 1 above, whereas S is

assumed to be 0.5 in the present problem.

Figures 4.2.1− 4.2.2 shows the effect of the rarefaction parameter (βvKn) on

primary and secondary velocity profiles. From the figures, it can be observed

that as βvKn increases, the velocity slip at the wall increases which reduces

the retarding effect of the wall. This yields an observable increase in the fluid

velocity near the wall. Further on, as the rarefaction parameter βvKn and the

wall ambient temperatures ξ increases, the amount of heat transfer from the

wall to the fluid increase yielding an increase in buoyancy force which drives

the flow and hence increasing the gas velocity in both primary and secondary

directions.

Figure 4.2.1: Primary velocity profiles for different values of βvKn when m =
0.5, S = 0.5, M = 2 and In = 1.667

Figure 4.2.3− 4.2.4 present the primary and secondary flow velocity for differ-

ent values of the fluid wall interaction parameter (In). From the figures, it is
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Figure 4.2.2: Secondary velocity profiles for different values of βvKn when
m = 0.5, S = 0.5, M = 2 and In = 1.667

clear that when the wall-ambient temperature difference ratio ξ = 1, increase

in In has no significant effect on fluid velocity in both flow directions since

the temperature of the fluid is not changing, while the effect becomes more

pronounced as ξ decreases. It can also be observed that velocity slip increases

on the microchannel surfaces with increase in In resulting to increase in fluid

velocity. Fig. 4.2.(5-8) displays the effect of suction/injection on the primary

and secondary velocity profiles. It can be observed that injection (positive

value of S) causes an increase in the primary as well as secondary velocity

profiles for all wall heating conditions ξ. Whereas suction (negative value of

S) decreases it. This is attributed to the fact that for S > 0 cold fluid particles

are injected into the micro-porous channel through the cold porous wall while

fluid particles that are heated on the hot wall are removed out of the channel.

This decreases the temperature in the channel thus weakening the convection

current. This leads to a decrease in primary as well as secondary velocity pro-

files. Further on, it is evident that the effect of suction/injection parameter (S)

on the micro-channel velocity slip and temperature jump becomes significant

with the decrease of the wall - ambient temperature difference ratio ξ. The

reverse phenomenon occurs when suction is applied on the cold porous wall

with simultaneous injection on the hot porous wall (S < 0).
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Figure 4.2.3: Primary velocity profiles for different values of In when βvKn =
0.05, m = 0.5, S = 0.5, M = 2

Figure 4.2.4: Secondary velocity profiles for different values of In when
βvKn = 0.05, m = 0.5, S = 0.5, M = 2

Figures 4.2.9 and 4.2.10 shows the effect of the Hartmann number (M) on

the fluid velocities. It is observed that the primary velocity decreases with

increase in the magnetic field M while the secondary velocity increases with

M. This can attributed to the classical Hartmann effect or the damping force

induced by increasing the magnetic field on fluid velocity. Figure 4.2.11 and

4.2.12 reveals that the primary and secondary velocity increases with the Hall

current parameter m for symmetric ξ = 1 and asymmetric ξ = 0 wall heating

conditions. The Fig. also reveals that the fluid velocity increases steadily

with increase in m along the primary direction while it overshoots along the

secondary (W). This is physically true since U is the source of W, so increase
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in the Hall currents reduces the magnetic damping force thereby increasing

fluid velocity along the secondary flow direction.

Figure 4.2.5: Primary velocity profiles for different values of Positive S (suc-
tion) when βvKn = 0.05, m = 0.5, M = 2, In = 1.667

Figure 4.2.6: Primary velocity profiles for different values of negative S (injec-
tion) when βvKn = 0.05, m = 0.5, M = 2, In = 1.667

The effect of some governing parameters on the micro-fluidic volume flow (Qx0

(along the primary direction) and Qz0 (along the secondary direction)are pre-

sented in Figs. 4.2.13 - 4.2.20. From Figs. 4.2.(13-14), it was discovered that

in both primary and transverse directions, the effect of the magnetic field M on

the resultant volume flow is greatly influenced by the wall ambient tempera-

tures ξ. This is because when ξ = 1, or 0 the volume flow in the flow directions

decreases with the magnetic field, while it increases when ξ = −1. Increase

in the rarefaction parameter βvKn on the other hand, yields a decrease in the
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volume flow for all values of ξ though not displayed.

Figure 4.2.7: Secondary velocity profiles for different values of positive S (suc-
tion) when βvKn = 0.05, m = 0.5, M = 2, In = 1.667

Figure 4.2.8: Secondary velocity profiles for different values of negative S
(injection) when βvKn = 0.05, m = 0.5, M = 2, In = 1.667

Figure 4.2.(15-16) presents the effect of the Hall current parameter on volume

flow in both primary and transverse flow directions. From the figures, it is

evident that for symmetric and asymmetric heating (ξ = 1, 0) the resultant

volume flow increases steadily in the flow direction while it overshoots in the

transverse directions as m increases. It is also evident that Qx0 and Qz0 de-

creases with the Hall parameter when ξ = −1.This is physically true since

increase in the Hall parameter reduces the effect of the magnetic field thereby

enhancing the buoyancy force as observed in fig 4.2.9 and 4.2.10. From figures
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4.2.17 and 4.2.18, it its noticed that for asymmetric heating, the volume flow

increases with the fluid wall interaction parameter In when the rarefaction

parameter βvKn increases while the effect becomes insignificant when the two

plates are heated symmetrically ξ = 1. It is also noticed that for small In,

increase in βvKn decreases the volume flow.

Figure 4.2.9: Primary velocity profiles for different values of M when βvKn =
0.05, m = 0.5, and In = 1.667 and S = 0.5

Figure 4.2.10: Secondary velocity profiles for different values of M when
βvKn = 0.05, m = 0.5, In = 1.667 and S = 0.5

Figures 4.2.(17-18) presents the effect of the suction/injection parameter S on

the microfluidic volume flow along the primary and transverse directions. As

expected, we noticed that injection (negative value of S) has an increasing ef-

fect on the volume flow Qx0 and Qz0 while suction (positive value of S) has a

decreasing effect as observed in 4.2.19 and 4.2.20. This can be traced to Fig.
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4.2.(5-8), since the velocity increases with negative S while it decreases with

positive S.

The wall skin friction (τx and τz) of the MHD natural convection in a verti-

cal micro-channel in the presence of suction/injection are described in Figs.

(4.2.21-4.2.36) at the walls Y = 0 and Y = 1. From Fig. 4.2.21 it is clear that

τx0 decreases with the magnetic field when ξ = 1 and ξ = 0. This is because

increase in the magnetic field (M) creates a mechanical damping force which

retards the fluid flow resulting to decrease in velocity in the primary direction

of flow (Figs. 4.2.11-12) and subsequently the skin friction. In Fig. 4.2.22

however, the influence of the Hartmann (M) is completely opposite to that of

Fig. 4.2.21 as τx0 is seen to increase with M when ξ = 1 and ξ = 0. From

the two figures, it is interesting to note that the rarefaction parameter has a

negligible or no effect on the skin friction when ξ = 0. At the plate Y = 1

(Fig. 4.2.23-24), we see that τx1 increases with the Harmann number while τz1

decreases with increase in M.

Figure 4.2.11: Primary velocity profiles for different values of m when βvKn =
0.05, M = 2, In = 1.667 and S = 0.5

Figures 4.2.25-4.2.28 shows the effect of the fluid wall interaction parameter

(In) and the rarefaction parameter βvKn on the skin friction on the boundary

plates Y = 0 and the Y = 1 respectively. From Figures 4.2.25 and 4.2.26 at

Y = 0 we observe that τx0 and τz0 simultaneously increases with the fluid wall

interaction parameter In but the increase is more evident for asymmetric heat-
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Figure 4.2.12: Secondary velocity profiles for different values of m when
βvKn = 0.05, M = 2 and S = 0.5 and In = 1.667

ing (ξ = 0,−1). For symmetric heating however, increase in βvKn decreases

the skin friction τx0 and τz0. It was observed that the contribution of the wall

ambient temperatures ξ to the resultant skin friction is strongly dependent on

the value of the rarefaction parameter βvKn. At the plate Y = 1 Figs 4.2.27

and 4.2.28, the influence of the fluid wall interaction parameter is observe to

increase the skin friction.

Figure 4.2.13: Volume flow rate versus βvKn for different values of M when
m = 0.5, S = 0.5 and In = 1.667 due to primary flow

The effects of Hall parameter and rarefaction parameter on the primary and

secondary skin friction on the plates Y = 0 and Y = 1 are depicted in Fig.

4.2.(29-32) respectively. From the figures, we observed the primary and sec-

ondary skin friction increases with the Hall parameter m at the left plate
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Figure 4.2.14: Volume flow rate versus βvKn for different values of M when
m = 0.5, S = 0.5 and In = 1.667 due to secondary flow

Y = 0 while it decreases at the upper plate Y = 1. In Figures 4.2.(33-36),

the skin friction at the primary and transverse direction for variations in the

suction/injection parameter S are shown. It is found from the two figures that

suction decreases the resultant skin friction while it increases with injection.

It can also be observed that for asymmetric heating (ξ = −1), the resultant

skin friction overshoots with negative values of S.

Table 2 present numerical comparison of the present work for velocity with

Jha et al.(2015b) in the absence of Hall current (m = 0). This comparison

gives an excellent agreement.

Figure 4.2.15: Volume flow rate versus βvKn for different values of m when
M = 2, S = 0.5 and In = 1.667 due to primary flow
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Figure 4.2.16: Volume flow rate versus βvKn for different values of m when
M = 2, S = 0.5 and In = 1.667 due to secondary flow

Figure 4.2.17: Volume flow rate versus βvKn for different values of In when
M = 2, S = 0.5 and m = 0.5 due to primary flow

Figure 4.2.18: Volume flow rate versus βvKn for different values of In when
M = 2, S = 0.5 and m = 0.5 due to secondary flow
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Figure 4.2.19: Volume flow rate versus βvKn for different values of S when
M = 2, In = 1.667 and m = 0.5 due to primary flow

Figure 4.2.20: Volume flow rate versus βvKn for different values of S when
M = 2, In = 1.667 and m = 0.5 due to secondary flow

Figure 4.2.21: Variations of skin friction versus βvKn for different values of M
at Y = 0 due to primary flow when In = 1.667, m = 0.5,S = 0.5
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Figure 4.2.22: Variations of skin friction versus βvKn for different values of M
at Y = 0 due to secondary flow when In = 1.667, m = 0.5,S = 0.5

Figure 4.2.23: Variations of skin friction versus βvKn for different values of M
at Y = 1 due to primary flow when In = 1.667, m = 0.5,S = 0.5

Figure 4.2.24: Variations of skin friction versus βvKn for different values of M
at Y = 1 due to secondary flow when In = 1.667, m = 0.5,S = 0.5
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Figure 4.2.25: Variations of skin friction versus βvKn for different values of In
at Y = 0 due to primary flow when M = 2, m = 0.5,S = 0.5

Figure 4.2.26: Variations of skin friction versus βvKn for different values of In
at Y = 0 due to secondary flow when M = 2, m = 0.5,S = 0.5

Figure 4.2.27: Variations of skin friction versus βvKn for different values of In
at Y = 1 due to primary flow when M = 2, m = 0.5,S = 0.5
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Figure 4.2.28: Variations of skin friction versus βvKn for different values of In
at Y = 1 due to secondary flow when M = 2, m = 0.5, S = 0.5

Figure 4.2.29: Variations of skin friction versus βvKn for different values of m
at Y = 0 due to primary flow when M = 2, In = 1.667, S = 0.5
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Figure 4.2.30: Variations of skin friction versus βvKn for different values of m
at Y = 0 due to secondary flow when M = 2, In = 1.667, S = 0.5

Figure 4.2.31: Variations of skin friction versus βvKn for different values of m
at Y = 1 due to primary flow when M = 2, In = 1.667,S = 0.5

Figure 4.2.32: Variations of skin friction versus βvKn for different values of m
at Y = 1 due to secondary flow when M = 2, In = 1.667, S = 0.5
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Figure 4.2.33: Variations of skin friction versus βvKn for different values of S
at Y = 0 due to primary flow when M = 2, In = 1.667, m = 0.5

Figure 4.2.34: Variations of skin friction versus βvKn for different values of S
at Y = 0 due to secondary flow when M = 2, In = 1.667, m = 0.5

Figure 4.2.35: Variations of skin friction versus βvKn for different values of S
at Y = 1 due to primary flow when M = 2, In = 1.667, m = 0.5
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Figure 4.2.36: Variations of skin friction versus βvKn for different values of S
at Y = 1 due to secondary flow when M = 2, In = 1.667, m = 0.5

Table 4.2: Numerical comparison of the values of the primary velocity (U)
obtained in the present work with Jha et al. (2015b)

velocity when In = 1.667,S = 0.5, M = 2 βvKn = 0.05
ξ Y Jha et al. Present work

(2015) (when m=0)
1.0 0.2 0.0809 0.0809

0.4 0.1137 0.1137
0.6 0.1171 0.1171
0.8 0.0885 0.0885
1.0 0.0221 0.0221

0.0 0.2 0.0284 0.0284
0.4 0.0470 0.0470
0.6 0.0561 0.0561
0.8 0.0483 0.0483
1.0 0.0132 0.0132

-1.0 0.2 -0.0241 -0.0241
0.4 -0.0196 -0.0196
0.6 -0.0049 -0.0049
0.8 0.0080 0.0080
1.0 0.0044 0.0044

49



CHAPTER FIVE

SUMMARY, CONCLUSION AND
RECOMMENDATION

5.1 Summary

This dissertation presents a study on buoyancy driven flow of conducting fluid

in a vertical micro-channel with Hall effect. Two models are presented, the first

investigates Hall effect on MHD natural convection flow in a vertical micro-

channel while the second problem examines fully developed MHD Natural

Convection flow in a vertical Micro-Porous-Channel with Hall effect. In both

cases, the micro-channel surfaces are either heated asymmetrically or sym-

metrically as dictated by the wall-ambient temperature difference ratio, due

to influence of the transversely applied magnetic field on conducting fluid, a

current is produced in a direction perpendicular to both electric and magnetic

forces, as a result, the electrical conductivity becomes anisotropic and this gen-

erates secondary flow in the transverse direction. The governing momentum

and energy equations subject to relevant boundary conditions are obtained

and presented in dimensional form under the Boussinesq approximation. Us-

ing some non-dimensional parameters, the governing equations are reduced to

dimensionless form and exact solution is obtained analytically by employing

the method of undetermined coefficient. The effects of the various governing

parameters on primary and secondary velocity, volume flow rates and skin

friction are analysed and discussed.
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5.2 Conclusion

Using the MATLAB software package, hydrodynamic response of the fluid

flow to various flow parameters like Hartmann number (Ha), Hall current pa-

rameter (m), rarefaction parameter (βvKn), fluid interaction parameter (In),

suction/injection (S) and wall-ambient temperature difference ratio (ξ) are

presented graphically to have a physical insight into the problem. The prob-

lem was validated numerically, an excellent agreement is found with Jha et al

(2015) in the absence of Hall current and also the work of Chen and Weng

(2005) when the Hartmann number is negligibly small as displayed in table 1.

The main conclusions of the present study are: For

Hall Effect on MHD natural convection flow in a vertical micro-

channel

1. The impact of the fluid wall interaction is found to enhance both primary

and secondary velocity profiles.

2. Increasing the wall ambient temperature difference ratio and rarefaction

parameter leads to enhancement in fluid velocity and velocity slip in both

primary and secondary flow directions.

3. It is found that, increase in Hall current parameter leads to increase

in resultant velocity (primary and secondary) and skin friction due to

primary and secondary flow.

4. Hartmann number has a strong influence on flow formation in both pri-

mary and secondary flow directions.

Fully developed MHD natural convection flow in a vertical micro-

porous-channel with Hall effects

5. Increase in βvKn increases the slip due to rarefaction and reduces the
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fluid-plate molecular interactions thereby decreasing the velocity near

the cold wall.

6. It is observed that velocity decreases with increase in S (injection) and

increases with decrease in S (suction) in both primary and secondary

flow directions.

7. It is observed that the primary velocity decreases with increase in M

while the secondary velocity increases with M .

8. The effect of the Hall current parameter on the volume flow in both the

primary and the transverse flow directions is dependent on the wall ambi-

ent difference ratio (ξ). It is evident that for symmetric and asymmetric

heating (ξ = 1, 0) the resultant volume flow increases steadily in the flow

direction while it overshoots in the transverse directions as m increases.

5.3 Recommendation

The present study on buoyancy driven flow of conducting fluid in a verti-

cal micro-channel with Hall effect is applicable in many devices at the mi-

crolevel like micro-pump, micro-heat exchangers, Hall actuators, Hall trans-

ducers, micro-sensors, micro-mixers, computer microchips, Microelectrome-

chanical system (MEMS) e.t.c. as required for technological demanded. Also,

the results obtained will not only provide useful information for industrial or

engineering applications but also serve as an improvement on the previous

studies related to such flows. This research could be extended to capture the

influence of the induced magnetic fields and ion-slip current.
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APPENDIX A: Hall Effect on MHD natural convection flow in a vertical micro-

channel.(1st Case)

A0 = ξ + βvKn(1−ξ)
1+2βvKnln

A1 = 1−ξ
1+2βvKnln

a1 = βvKnM1

a2 = 1
M2

1 (A1βvKn−A0)

a3 = cosh(M1) +M1βvKnsinh(M1)

a4 = sinh(M1) +M1βvKncosh(M1)

a5 = (A0+A1)+A1βvKn

M2
1

C1 = a1a5+a2a4
a4+a1a3

C2 = a5−a2a3
a4+a1a3

APPENDIX B: Fully developed MHD natural convection flow in a vertical

micro-porous-channel with Hall effects (2nd case)

h1 = 1− βvKnInSPr

h2 = exp(SPr) + βvKnInSPrexp(SPr)

A = ξh2−h1
h2−h1

B = ξ−1
h1−h2

B0 = B
M2

1−S2Pr2−S2Pr

C2 = K6K7−K9K4

K5K7−K8K4

C1 = K6K8−K9K5

K4K8−K7K5

b1 = S/2

b2 = S2/4 +M2
1

K1 = b1 +
√
b2

K2 = b1 −
√
b2

K3 = B
S2Pr2−S2Pr−M2

1

K4 = 1− βvKnK1 K5 = 1− βvKnK2 K6 = K3 − A
M2

1
− βvKnK3SPr

K7 = exp(K1) + βvKnK1exp(K1)

K8 = exp(K2) + βvKnK2exp(K2)

K9 = K3exp(SPr)− A
M2

1
− βvKnK3SPrexp(SPr)
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MATLAB PROGRAMS 

 

 

%Hall effect on MHD natural convection flow in a vertical microchannel 

clc 

h=0.001; 

%y=0; 

[y]=0:h:1; 

m=0.5; 

%BvKn=0:h:0.1; 

BvKn=0.05; 

ln=1.667; 

zi=1; 

I=sqrt(-1); 

M2=2; 

M12=M2./(1+I.*m); 

M1=sqrt(M12); 

Ao=zi+(BvKn.*ln.*(1-zi))./(1+2.*BvKn.*ln); 

A1=(1-zi)./(1+2.*BvKn.*ln); 

a1=BvKn.*M1; 

a2=(1./M12).*(A1.*BvKn-Ao); 

a3=cosh(M1)+M1.*BvKn.*sinh(M1); 

a4=sinh(M1)+M1.*BvKn.*cosh(M1); 

a5=-((Ao+A1)+A1.*BvKn)./M12; 

C2=(a5-a2.*a3)./(a4+a1.*a3); 

C1=(a1.*a5+a2.*a4)./(a4+a1.*a3); 

Q=C1.*cosh(M1.*y)+C2.*sinh(M1.*y)+(1./M12).*(Ao+A1.*y); 

SF=M1.*(C1.*sinh(M1.*y)+C2.*cosh(M1.*y))+A1./(M1.^2); 

Vfr=(C1./M1).*(sinh(M1))+(C2./M1).*(cosh(M1)-1)+(1./(M1.^2)).*(Ao+A1./2); 

T=Ao+A1.*y; 

Qr=real(Q); 

Qm=imag(Q); 

sfa0=-real(SF); 

sf0=-imag(SF); 

Vfrb=real(Vfr); 

Vfrc=imag(Vfr); 

xlabel('\betavKn','fontsize',11); 

ylabel('\tau_{z1}','fontsize',11); 

hold on 

plot (y,Qr,'k','linestyle','-') 

hold off 
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% Fully developed MHD natural convection in a vertical micro-porous channel 

%with Hall Effect 

clc; 

h=0.001; 

%y=1; 

[y]=0:h:1; 

M=2; 

BvKn=0.05; 

%BvKn=0:h:0.1; 

ln=1.667; 

zi=-1; 

S=0.5; 

Pr=0.71; 

m=0.000; 

M12=(M.^2)./(1+i.*m); 

B=(1-zi)./(BvKn.*ln.*S.*Pr-1+exp(S.*Pr)+BvKn.*ln.*S.*Pr.*(S.*Pr)); 

A=zi+B.*(BvKn.*ln.*S.*Pr-1); 

b1=S./2; 

b2=((S.^2)./4)+M12; 

b3=b1+sqrt(b2); 

b4=b1-sqrt(b2); 

b5=(B.*S.*Pr)./(S.^2.*Pr.^2-S.^2.*Pr-M12); 

b6=((A./M12)-(B./(S.^2.*Pr.^2-S.^2.*Pr-M12))); 

b7=BvKn.*b5; 

b8=1-BvKn.*b3; 

b9=b4.*BvKn-1; 

b10=-b7-b6; 

b11=((A./M12)-((B.*exp(S.*Pr))./(S.^2.*Pr.^2-S.^2.*Pr-M12))); 

b12=BvKn.*b5.*exp(S.*Pr); 

b13=exp(b3)+BvKn.*b3.*exp(b3); 

b14=exp(b4)+BvKn.*b4.*exp(b4); 

b15=b12-b11; 

C2=(b15.*b8-b10.*b13)./(b9.*b13+b14.*b8); 

C1=(C2.*b9+b10)./b8; 

Q=C1.*exp(b3.*y)+C2.*exp(b4.*y)+A./M12-(B.*exp(S.*Pr.*y))./(S.^2.*Pr.^2-S.^2.*Pr-M12); 

T=A+B.*exp(S.*Pr.*y); 

SF=C1.*b3.*exp(b3.*y)+C2.*b4.*exp(b4.*y)-b5.*exp(S.*Pr.*y); 

Ma=C1./b3.*(exp(b3)-1)+C2./b4.*(exp(b4)-1)+A./M12-(b5./(S.^2.*Pr.^2)).*(exp(S.*Pr)-1); 

Qs=real(Q); 

Qss=imag(Q); 

Sk=real(SF); 

Si=imag(SF); 

vu=real(Ma); 
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vw=imag(Ma); 

box on 

xlabel('y','fontsize',11); 

ylabel('velocity (w)','fontsize',11); 

hold on 

plot (y,Qs,'k','linestyle','-') 

hold off 
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