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INTRODUCTION

In regression analysis problems (studies of relationships) the
expectations of a response variable Y is generally represented by a poly-
nomial function of the independent (regressor) variable x, over the entire
range of data being analysed. However, such representations sometimes
prove inadequate because of changes which occur within the system. Often,
these changes cannot be accounted for or explained explicitly.

Some of these situations have been dealt with more adequately by
fitting a model, consisting of several submodels, in place of a single
polynomial. Each submodel is only applicable over a limited range of
values of the independent variable. The points where one submodel
succeeds another one are called change-points. The locations of these
points are frequently unknown, in which case it is necessary to obtain
the estimates of these points/range in addition to the other parameters
of each submodel present in the overall model.

This Dissertation looks at diverse approaches that have been used in
solving problems of this type with only one single regressor variable.
Consideration is given only to linear-regression submodel problems.

We shall consider two situations, the first where the overall model
is continuous and the second when it is discontinuous. The overall
model is said to be continuous whenever the expectation of the response
variable Y is a continuous function of the independent variable x.

The term "join-point" will be used for the change-point in the
content of continuous overall models. Similarly, "jump-point" will be
used for changé-pointa in the context of discontinuous models.

Chapter 2 looks at the definitions of the K-segmented or Piecewise
regression problem as well as the introduction, developments of the ideas
and terminologies for use in the Dissertation. Chapter 3 considers the

specific problems related to the case of a continuous model with only two
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linear segments. At this stage.various algoritﬁms that have.beén proposed
are reviewed. In addition, an improved algorithm is proposed which like
the others is based upon the theory of standard least squares. The use

of the improved algorithm is illustrated by its application to data from
gome practical experiments and scme artificially constructed examples.

. Chépter 4 looks at other estimation procedures Eor continuocus models,
Chapter 5 proceeds to look at the estimation approaches for discontinuous
model problems =~ Piecewise regression. Finally Chapter 6 discusses
infefences in general for these types of regression problem. For the
purpose of this Digsertation, definitions have been given for most of the
terms adopted for a clear understanding of what the study is all about
because quite a number of the terms have been observed used interchange-

ably in the literature survey of work undertaken in this area.



2. DEFINTTIONS AND DESCRIPTION QOF SEGMENTED REGRESSION PROBLEM

2.1 Definitions of relevant terminologies

-, In the literature, several terms have been adopted and used inter-
changeably. However, it is proposed here to adopt terms having specific
definitions in order to avoid confusion. There are two basic terms that

 §£11 ocﬁur frequently in the Dissertation. The terms are "segmented"
and "Piecewise".

"Segmented" is used for regression models with continuous model,
while the term "Piecewise'" is used for regression medels which are dis-
continuous. Hence, as explained in the previous chapter, the term "join-
point” denotes the change-point in segmented regression models. Much of
this Dissertation considers segmented regression models because they are
most appropriate to the majority of practical applications.

Apart from the above definitions, the term "Partition” will alse
be used frequently to denote a division of a set of n data points
(%1, ¥1)evars (xn, yn) into disjoint subjects of adjacent peints. The
term is used both in the context of Segmented and Piecewise regression

51 . medels.

2.2 Statement of the problem

- The problem of a K-segmented regression is defined in terms of
linear segments only. This is because most consideration is given to
it in this Dissertation. Though some authors have considered models with

polynomial segments, few applications of such models have been made.

Suppose there are n observations represented by (x,, y;)....(xn, yn)

where x;<Xg3 <...<xn to which the relationship between the response variable

Y and the 1ndependéqt variable x is given by -
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v B = £.(x) = Bay + Baax —w<X<Y g . ?_"' -

E2(x) = B2y + Baax Y1<X<T2”” I {2.2.1)

fk(x) = By, + Brax Yg—1SXs®

where.fj(x) (j = 1...k) denotes the jth segment and y,(j = 1...k-1)
_ dencotes the jth join-point (which is not necessarily known); the xi's
.'are distinct. To s3implify some of the following theory, it will be
Lassumed that x's are distinct, though simple extension will enable us to
deal with repeated x~values, Model (2.2.1) represents a general K-linear
segment regression model, In the context of segmented regression

analysis, model (2.2.1) is countinuous and subject to the comstraint

£ B =y T By

) 1= 1...k-1 o (2.2.2)
Given n observations to which model (2.2.1) is to be fitted, the
Statistician is faced with one immediate problem in that Yj's whose
values are not necessarily knogn is involved. When Yj's are unknown,
(2.2.1) is non-linear in Yj' Consider a 2-linear segment example given
below for an illustration.
EXAMPLE
Suppose we fit the following 2-linear segment mcdel to the déta:.

E(Y) = f]_(x) = Bll + B]_zx x(Y

= £2(x) = Bz, + BaaXx X2y ffm\if_h-ﬁ'f;_{i (2.2.3)

subiécthﬁo thé céns&faint. -  :zi.i;- A-n.i;ik£T1 fT;:Jiff§ﬁﬁ:
Bur + Buay = Bay + Basy - T 2.
Model (2.2.3) is non-linear in ¥ 1f its value Is unkonown and (2.2.4) doéa
not involve linear function of the parameters either. Hence the problem
is more involved fhan the simple linear regression analysis.
L Suppose we look closely at the two linear segment exéaple defined

above for the n-observations. The problem of non-linearity may be

BT . “ . PR .



appreciated if we look at the behaviour of the function defined by

n .

§= ] (y, -y)°

i=1
wherr:yfa are the fitted values of the response variable at point X, .
We shall refer to S as the "sum of squares function" which is a function
of all the parameters. Linear least-squares method enables us to minimize
S with respect to all parameters but y. But y is a function of the para-
meters. Therefore, minimizing S with respect to the parameters is equi-
valent to minimizing the function RSS(y) which is the residual sum of
squares expressed as a function of the point y for the model defined in
(2.2.3) above. For the two-linear segment problem, it is observed that
a graph of RSS(y) against y does not result in a function which possesses
a continuous derivative at every point on the curve that arises in a
linear-regression problem. It has several gradient discontinuities at the
observed adscissae values which result in a series of joined curves. This
is because the RSS (y) is not differentiable with respect to y at the
x-values— where the gradient discontinuities occur.

For illustration, the two graphs relate to a two-linear segment
example. Fig. 2.2.1a is the plot of data given in the example. Fig. 2.2.1b
gives a plot of RSS(y) against all values of Yy, X1 €Y<X . The details of
the expression for the function as well as the calculation are discussed
in Section 3.2. The interesting point is the visual display of the
problem of non-linearity associated with regression problem when Yj'ﬂ are
not known,

Now, from Fig. 2.2.la, the plet of the data seems to suggest a
more or less perfect two-linear relationship (in fact, as will be seen
later, the parameter values give an exact fit). As indicated earlier,

the function does not possess continuous derivative at every point on the

graph. Furthermore, notice the constant value of RSS(y) for x,<y<xa, as
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well as xn_lesxn. If we consider the first region given by the interval
[xy, x2], the constant behaviour of RSS(y) is explained by the fact that
for values of y within the specified range above, there is only one data
point constituting a subset to which the first segment is fitted -

(X1, ¥1), while the second line is fitted to the remaining points, implying
that the value of the residual sum of squares is strictly determined by the
second segment containing points {(x2, yz)....(xn, yn)}. The residual

sum of squares corresponding to the left hand segment with only one point

is zero since there is always a perfect fit there. A similar argument

holds for the interval [xn-l' xn]. Essentially, the flat part of the

graph does not contribute to the determination of the location of the
minimum of the function RSS(y). Furthermore, no unique solution is obtained
for the slope of the fitted line for the segments in these two ranges.

In order to avoid this non-uniqueness, we shall impose a restriction
in fitting linear segment regression models so that each segment is fitted
to at least two data points. Hence no more attention will be given to
the regions [x;, x,) and (xn—l’ xn].

Now consider the regions between x;<y<x It is noticed that

n-2"
the incidence of gradient discontinuities occurs over all the points of
the observed x-values. Between any adjacent observed x-values, the
function RSS(y) possesses a continuous derivative. The value of RSS(y)
decreases as y increases. It attains its minimum at y = 8 with an

RSS(y) = O, then starts to rise again to attain another maximum at y = 14,
It is not common in practice to have the residual sum of squares exactly
zero. However, it is not surprising here, as indicated earlier, because
of the exact fit of fitted model to the data (Fig. 2.2.l1a). Recall that
this example was constructed artificially to illustrate the non-linearity

problem defined above by considering the behaviour of the residual sum

of squares functions for various values of y for a two-linear segment



example. Notice also that the function possesses a continuous derivative
within the region in which the minimum of RSS(y) is attained in the

above graph Fig. 2.2.1b (i.e. between 7 and 8.75 on graph). This will

be found not to be the case for every problem. For this particular
example, it is necessary to point out the fact that R3S(y) is differen-
tiable at y = 8 (which is one of the observed x-values). This example 1is
therefore atypical.

In the two-segment examples to be looked at in Chapter 3, conside-
ration will only be given to the behaviour of the function RSS(y) for
all values of y satisfying Xa<YSK o It might be worth emphasizing the
fact that in situations where the values of yj'a are known, the problem
is no longer non-linear and hence ordinary least sequences theory is
applicable. Fuller (1969) followed such an approach when he fitted the
trend line to some adjus;ed corn yield data. Looking at the graph of
RSS(y) against all possible trial values of y, we shall be looking at
this approach in detail later in Chapter 4. Alternative approaches to
the solution of the continuous problem are considered there as well as
in Chapter 3.

The problem defined by the model (2.2.1) can be looked at on the
following broad bases. Firstly, it is essential to know whether or not
the overall model is assumed to be continuous. Also one wishes to know
whether or not the number of segments is known or at least can be
obtained from, for example, such preliminary techniques as plotting the
data. Thirdly, one will be interested in knowing whether or not the
join-points are known. Usually, there are no such assumptions about the
prior knowledge of the join-points. In fact, one of the aims of some
experiments applying the technique of segmented regression models is to
estimate these points. Finally, one has to make the decision on whether

the submodels should have equal or distinct variances.
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In the light of the points made above, several techniques have
been developed. Each of the techniques made its own assumption regarding
the points discussed above. One general point concerning most of the
techniques for continuous models is that they assume the number of segments
is known. For the major part of this Dissertation and in particular for
the segmented regression model, it is assumed that the number of segments

can be estimated from the plot of the data 1if it is not already known.

2.3 Applications

Segmented and Piecewise regressions have a broad range of applica-
tions in many spheres of research work. These range through applied
statistics in general from agricultural studies to industrial and medical
research. In this section, we consider some examples of areas where the
techniques have been used. It ig necessary to point out at this stage
that most of the examples found in the literature survey gave no theo-
retical reason or argument for applying segmented or Piecewise regression
models instead of polynomial regression models. Most users decided on
their use of segmented regression models from a plot of the data
collected.

One important area in which segmented regression models have been
used is in growth studies of plants as well as growth studies of animals
when they are subjected to specified treatments, such as the application
of nutrients over a period of time. These methods have been used in
analysing the data collected in poultry experiments. Segmented regression
models are particularly useful in growth studies.

Generally, in growth studies, it has been ﬁbserved that the growth
in plants or animals is not consistent over the life of the plants or
animals. Because of lack of consistency, it is considered more appropriate
and reasonable that each stage of the growth be modelled independently

using segmented regression models. So by considering each stage of growth
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separately, the overall growth can then be adequately modelled by some
linear relationships which are easier to deal with than polynomials.

Sprent (1961) fitted a segmented regression model to data obtained
from counts of the number of nodes in terminal buds of spurs of a variety
of apples. Using the segmented regression modelling approach, Sprent
remarked that biologists often prefer models in which, for example, each
segment is a linear regression, rather than there being one polynomial
function. No theoretical reason was given for the preference apart from
the ease in mathematical manipulations.

Fuller (1969) demonstrated the use of segmented regression tech-
niques in the analysis of a fertilizer experiment where the objective
was to estimate the response surface for corn yield as a function of
ﬁitrogen and phosphorus. This is an example with two indepéndent vari-
ables which lies outside the scope of this Dissertation and will not be
considered any further.

Fisher et al. (1973) applied the theory of segmented regression
to biological data in which the response of laying hens (in terms of
number of eggs laid) was related to their intake of aminocacids (the
independent variable).

In an unpublished paper of the National Animal Production Research
Institute (Nigeria), the ideas of segmented regression procedure were
used to model the rate of growth of day-old chickens over a period of six
months. The objective of the experiment was to choose the composition of
nutrients which favours the highest rate of growth of the group of birds
in cages. The study ascertained the effect of the gradual change of the
composition of the nutrient in the feeds used for the chickens. For
various compositions the corresponding weights were recorded. On plotting
the data, segmented regression models were seen to be appropriate in order

to model the growth. Other biological applications include Gallant and
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Fuller (1973) who modelled agricultural data by segmented regression
technique.

Amongst industrial applications, Beckman and Cook (1979) used a
segmented regression model to describe the relationship between the yield
of hydrogen sulphide from gamma radiolysis of ethyl mercaptan in mixtures
of some inert gases (neon, argon and krypton) to krypton pressure (the
independent variable). Their data is considered further in Section 3.5.
Smith (1979) also gave an industrial application on the study of conduc-
tance obtained from a chemical conductivity experiment in which a strong
monotropic acid (hydrochlorie acid) was titrated against a known con-
centration of base. The conductivity was taken as the response variable
and the concentration as the independents. The objective was to determine
the equivalence point which, in the context defined by model (2.2.3) 1is
the join-point. This implies that the problem essentially requires two-
linear segments, where the first is fitted to the basic medium and the
second when the solution becomes acidic; that is when the equivalence
(neutral) point is exceeded.

For social studies, Eppright et al. (1972) considered the applica-
tion of segmented regression procedures to study the relationship between
the weight-to-height ratio of pre-school boys and their age. The objective
of the studies was to obtain information about the nutrition requirements
of infants and pre-school children.

An application of Piecewise regression models was made by McGee
and Carleton (1970). They analysed some financial data based on the
dollar volume of the states of the Boston Stock Exchange. Hawkins (1976)
used the same set of data for the validation of his proposed algorithm |

(to be discussed in Chapter 5).
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3. ALGORITHMS FOR THE ESTIMATION OF PARAMETERS IN THE 2-LINEAR

SEGMENT RECGRESSTION MODEL

3.1 Introduction

The estimation of the parameters in a continuous regression model
which consists of K segment as defined in (2.2.1) has not been dealt
with in much depth by many investigators. Most familiar approaches are
based on the standard linear least squares methods. Piloneering work has
been done by Hudson (1966). He introduced the preliminary ideas on how
to solve the problem for the more general use of several segments, in
which the segments are polynomials and the join-points are unknown.
Furthermore, he proposed an algorithm for two-segment problems.

In this Chapter, consideration will be given to the development of
ideas based on two segments alone. Some basic definitions to be used
later in the Chapter are introduced along with some other basic concepts
used in this Dissertation.

Also, we shall look at Hudson's (1966) and Hinkley's (1969, 1971)
algorithms, developed for solving the two-segment problem. The algorithms
apply estimation techniques based on linear least squares theory. An
improved algorithm is proposed for solving two-segment problems. Its
operation and validation are 11lustrated by applying it to some constructed
and practical examples. While Hudson and Hinkley considered the situation
in which the segment variances are equal, Singpurwalla (1974) used
Hudson's ideas for a two-segment model in which the error variance is a
function of the mean. However, his approach is not based on the standard
linear least squares theory as Hudson and Hinkley. The example used to
illustrate the operation of the improved algorithm has an underlying

assumption that segment variances are equal, like Hudson and Hinkley.
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3.2 Development and Definitions of Basic Concepts

Suppose there are n data points whose observations are given by
(%1, y;).....(xn, yn) with the x's ordered and distinct. Suppose further
that two linear segments are to be fitted to the data. Let the first
line be fitted to the points (x,, y;).....(xi, Yi) and the second line to
the remaining points (xi+1, yi+1)""'(xn’ yn). In this Dissertation
a division of the n data points in disjoint subsets will be referred to
as a partition; the partition above will be referred to as partition 1.
The partition to be considered will correspond to values of 1, satisfying
the condition 2<i<n - 2; this condition implies that each segment will
be fitted to at least two points, and is imposed for the reasons given
in Section 2.2. Now, let fj(x; Ej) (j = 1,2) denote the expectation of

th

Y given by the submodel for the j segment, gj being the corresponding

vector of parameters §, = (Bj;. sz).‘ﬁn = (B11, Bi2) and B2 = (Bai, B22a).
Let y be the parameter for the join-point and RSS to denote the residual
sum of squares obtained for any such partition under consideration.

Local Least Squares Estimation This term is used to denote the proce-

dure by which the estimates of the parameters for partition i are obtained,
by fitting models separately to each disjoint subset of data points. The
estimates of parameters for partition i are called local least squares
estimates. As a vector, these will be denoted by gLLs(i). It is to be
noted that éLLs(i) represents the estimates of the parameter for the two
segments, This implies that éLLs(i) contains four of this section. The
models are fitted separately to the subsets as if the data were not from
the same experiment; that is, each subset if a "piece'". 1In local least
squares estimation, the estimates of the join-point denoted TLLs(i) for

partition 1 is given by the abscissae of the intersection of the fitted

local least squares lines obtained by solving the equation:



Bia + Bizy = Baa + Baay
where B,y, Bi2z, Bz: and B2z are the appropriate local least squares
estimates for the parameters of the two lines. Note that YLLs(i) need

not lie in the range [xi, %x,..1 for particion 1.

i+1

Constrained least squares estimation

The estimation is performed by least squares procedures, but the
fitted lines are constrained to intersect at some predetermined x-value,
In this case the type of estimation required is rather more involved
than that for the local least squares estimation, The estimation pro-
cedure is developed below for the two-linear segment case. The more
general linear model for the full rank case is given in the Appendix.

Construction of constrained least squares estimates for two-linear

segments

Suppose we are required to fit two linear segment models to the
data (x,, y;)....(xn. yn). Suppose we fit the model

f(x) = By1 + Biax for observations 1, 2, .... i

= B3, + Bzax for observations (i+l) ..... n,

subject to the constraint that the lines corresponding to these two
submodels intersect at x = y, Note that, although we shall generally
apply the result with1w{x1, x1+l], no such restriction is imposed in
what follows. If B, and B, denote the parameters of the two submodels,
the local (unconstrained) least squares estimates of é} and é} are

B, = ¢y

By = Gy BTy - &

"y

33 is the appropriate design matrix for the first and second subset of

(j = 1,2) where

the data and Ij the appropriate vector of responses. The residual sum
of squares for the local least squares fit is obtained by adding the two
individual residual sums of squares for the data subsets that is

RSS = [[X2 - XiBa (D) [|* +[[Xa - XaBacD) |I* .

Now consider the constraint that the two lines intersect at y, i.e.

-

15
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Biis + Baay = Bai1 + Ba2ay

This constraint is linear in B, = B“:],and By = 833:]
- Biz e Baz

and thus can be written in a new form as
(B, B2) ¢ =0

where
q' = (1, v» =1, -v).

In order to present an equivalent expression for the unconstrained least

squares estimates, we define a new variable

2 -1
= = 1
F =Bl and C=gqg C g
where
¢le &t B
0 Cat

Using equation (10) in the Appendix the constrained least squares

estimate is given by

-~

8, = B, - CaFc (3.2.1)
The corresponding residual sum of squares is given by the sum of the
individual residual sums of squares, from the unconstrained least squares
estimation, and from the extra sum of squares resulting from incorporating
the constraint. This is given by

RSS, (v) = [[¥a - XuBa (D[P + ||¥a - XaBa(D | + F2/,  (3.2.2)
(compare with equation (11) in the Appendix) where the first two terms
are the individual residual sums of squares for the local least squares

estimation. Substituting for the elements of F and G in (3.2.2).

F3/_ = [Bra(1) + E::(i)Y - Baa(1) - éz:(i)Yla
G

poL, GrxaEN? | (xa(1))?

n-1 sx;x,(i) szxz(i)

1
i
where ijxj(i) j = 1,2 1s the corrected sum of squares of the x-values
for the data subset j for partition i, and x,(i) denotes the corresponding

3

mean x-value for the jth subset and partition i. Constrained least



squares estimation is particularly useful when the join-points in
segmented regression models are known. It is equally useful in the
algorithm to be developed in the next Section.

In Chapter 2 we talked about RSS(y) which is the residual sum
of squares function expressed as a function of the join-points. We
have also defined another residual sum of squares obtained from con-
strained estimation denoted RSSi(Y). The two are related by

RSS(y) = RSSi(T), if Te[xi, X, 4]

i+l

Otherwise

= RSSi(Y)(Y) where 1(y) = max {{i : x1<Y}

The calculation of RSS (y) or RSSi(Y) depends on whether local least
squares estimation or constrained estimation is required. The form
required followed accordingly.

3.2.1 General discussion of the algorithms

Before reviewing the algorithms used for solving the two segment
model problem mentioned briefly in Section 3.1, some features possessed
by these algorithms are discussed below.

The algorithms make exhaustive examination of all possible parti-
tions of the given set of data into two subsets to which the segments
are fitted. Efficient implementation thus involves the use of updating
facilities in which the need to recalculate completely the necessary
sums of squares, or cross products, for the subsets of each partition,
is avoided, For instance, suppose we consider a partition of the obser-
vations into two subsets genoted (X1, y;)....(xi. yi) and (xi+1, y1+1)...
..(xn, yn), using the updating facilities in fitting two segments model
to the data. Consider partition i, the facility involves adding (or

subtracting) the appropriate x-values at the point (that is Xgs x;, xiyi)

to (from) the summation achieved in the calculation for partition (i-1)
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to values of the first subset (second subset). The advantages of the
facility are:-

(1) Savings on computer time or labour if data are analysed

manually.

(i11) Simple to use, adopt and implement.

The algorithms have the features that their implementation is
eagy to understand. In order to make any algorithms appealing to intend-
ing users, it is essential that such an algorithm possess the above
qualities. This enables users not familiar with, or who have no access

to, computer facilities, to use the algorithm with minimum difficulty

when the need arises.

3.3 Theorem for 2-Segment (Linear) Segmented Regression Problem

Hudson studies the problem of a K-segmented regression model with
polynomial segments as discussed earlier. He, however, made a classi-
fication of the types of join-points that could occur in any segmented
reg;ession problem. The types have been broadly classified into two
groups, for the purposes of this Dissertation.

Firstly, the estimated join-point ; may lie strictly between two
adjacent observations; that is, for some i, xi<§<x1+l; or, secondly, the
estimated join-point may coincide with one of the observations - for some
i, ; = Xy Generally, the statistician has no knowledge of which type
of join-point is present in any data set. Hence the necessity to
investigate all the possibilities in any analysis. We shall now consider
the variants of Hudson theorems (1 and 2) which are restricted to the
2-linear segment case.

Theorem
(1) TIf the estimated point of intersection of the local least

squares fitted lines, (1) lies in the interval

YiLs

[xi, ii+l]’ YLLB(i) is the minimizing value (for the
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residual sum of squares) of the join-point in that interval.

Otherwise,

(ii) the minimizing value is x, or xi+1,Hathematically expressed:

(a) If vy, (1) e[xi, xi+1] then

Min R551(¥) is given by y =y LLB(:l)

Xy <Y<y

(b)  If yy () [x;, x, ;] then

Min RSSi(Y) is achieved either by y = x, or by ; = X

o e

i+l

Proof

To prove the above theorem, it is required to be shown that the
function RSSity) has no more than one local minimum. Using the result
given in equation (3.2.2)

RSS, () = [[¥a = XuBa (D]|* + [[¥a - XaBa(D)]]?

+ [Bsu(d) # Baslidy= Bazlt) = Banlilv}*

+ nii + [1&5;(1)12 + [I“;g(i)]z

=

XXy XaXa

The first two terms do not involve y representing the local least squares

residual sums of squares. The above can be simplified further to become

RSS,(y) = g + [ay® + by + cl/[dy* + ey + f] (3.3.1)
where )

g = [¥a-XaBa (D] * + |[Ya-XaBa(1)]|?

a= 1(n-1i) lexl stxz [Bl: o Bzx]z

b= 2i(n-i)sx;x; szxz [é;; + ézt][é:z - 623]

2 > 2
c = i(n—i)sx;x1 Sx;xz [Biz = Bai]
d =

1(n-1)[Sxlxl + SX=X:
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. e = =21 (n-1) [E,sx=x= + X3S ]

Xi1X,

f = 1(n-1) [E";sz + iisx ] 4+ ns

S
1Xa 2X2 X1X1 XaXj

(Note that the subscript (i) has been dropped in the new form to avoid
very clumsy functions only. The function is valid for all partitions 1i.)

Differentiating RSSi(T) with respect to y we obtain

BRSSi(y) _ [2ay + blldy* + ey +f] - [2dy + ellay® + by + c]

ay [dy* + ey + £]?
and setting the derivatives equal to zero gives

[ae - bd)y® + 2[af - cd]y + [bf - ec] =0 (3.3.2)

The above equation is quadratic in y and has two real roots one
of which (YLLE(i)) corresponds to a minimum, the other corresponding to
a maximum. Since RSSi(y) has at most one minimum, the point YLLs(i)

provides the minimum residual sum of squares in the range [xi, ®iould T

i+l
it lies within the range. Otherwise the minimum is provided at one of

the endpoints, that is x, or Xi41° The theorem above forms the basis on

1
which the improved algorithm, proposed in Section 3.4, is developed.

This underlying theorem is also true for Hudson's and Hinkley's algorithms.

3.3.1 Description of Hudson's Algorithm

Given n data points whose abscissae are ordered, to which a con-
tinuous model with two-linear segments is to be fitted with no knowledge
of the location of the join-point; the algorithm considers all possible
partitions of the data into two disjoint subsets, corresponding to seg-
ments., It proceeds first to search for partition i, (2<i<n-2), in which
the point of intersection of the local least squares fitted lines lies in

the interval [xi, x,..]. For such partitions, the local least squares

i+l

estimates and the corresponding residual sums of squares are recorded.

Those estimates are regarded as possible candidates for the final solution

of the problem.
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The algorithm proceeds to consider, as‘a second stage, all those
partitions where the point of intersection ;LLB(i) of the local least
squares fitted lines does not lie in the interval [xi, xi+1]. Constrained
fits are performed for those partitions such that the lines intersect at
either Xy OF Xy qe Then the corresponding constrained estimates of the
parameters and the residual sums of squares are also recorded for such
partitions. The results are all tabulated. Finally, the algorithm
chooses the final solution which provides the smallest residual sum of

squares from the tabulated results for both constrained and unconstrained

estimation.

3.3.2 Description of Hinkley's Algorithm

Hinkley's approach performs the two stages of Hudson's approach
simultaneously. His algorithm considers all partitions i. For each

(1) is obtained. If it lies in the interval [xi, X,.,), the local

L Yi1e 141

least squares fit solution and the residual sum of squares are recorded.
Otherwise, canstrained fit is performed for the two segments to intersect
at'xi and X410 with the corresponding parameter estimates and residual
sums of squares recorded. The results are similarly tabulated. The final
result is given by the solution providing the smallest residual sum of
squares.

The algorithm when compared to Hudson's has some advantages.
Firstly, it avoids performing the estimation as a two-stage process,
hence saving computer time. Secondly, the updating facilities mentioned
in Section 3.2.1 are easily effected in Hinkley's. The facilities are in
operation in Hudson's though the process is repeated for each of the
stages, at least for the partitions where the point of intersection of the
local least squares fitted lines does not belong to the right interval.

Hinkley's can be regarded as an improvement on Hudson's because of the
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57_f?time—sav1ngs achieved.

.. :... As a general comment, it seems desirable to'cafry out the search

| simultaneously, as did Hinkley. However, his method involves duplicated

_éonstruction of constrained fits at x -whenever the fitted local

17 %141
leaat squares lines Intersect at wrong intervals for two consecutive
partitions. Since the partition is In sequence, with i increasing by one

point at a time, it 1s obvious that the possibility of performing a con-

_strained fit with y = x remains when the next partition 1s considered,

i+1

.,i and wvhen it Is found necessary. Apart from computer time, space may be

'Vﬁk,a problem for large data sets when constrained fite are performed at both

; jendpnints of the intervals X, and X441 whenever YLL“(i) lies outside the

interval. For a user applying the algorithm manually, it may be very

" laboriocus in terms of computations.

- _3;#l1- The Improveé Algorithm
. "The 1lmproved algorithm is proposed for reasons discussed at the
.end of the previous sectlon. The algorithm carries out the two stages
; f§i§ﬁ1taneuus1y and also avoids the duplication of the constrained fits at
| points x, and x for any coneecutive partitions for which ;LLa(i) 1lies

i i+1’
].

The algorithm 1s based 1ike the others on the theorem given in

cutside the interval [xi, X0
Section 3.3. A flowchart of the improved algorithm follows below in

Fig. 3.4.1. The chart ﬁossesses some self-explanatory features which make
detailed explanations unnecessary. Like the others, the algorithm con-
-siders all possible partitions of the data points into two disjoint subsets,
with the restriction on i that there should be at least two data points in
'any segment. For each.partition i, the local least squares solution is
recorded whenever the polnt of intersection of the fitted local least

squares Iines lie in the correct interval, [xi, 1. oOtherwise, the

i+l
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fitted lines are constrained to intersect at the point x Hence the

i-
constrained fit 1s conducted at the left endpoint of the interval when-

ever YLLB(i) lies outside the interval [xi, X,.,) for all partitions. For

i+l

the interval [xn_z. xn—ll constrained fits are conducted at both endpoints
whenever the YLLB(n—Z) lies outside the interval. The fits at these points

are performed to cater for the possibility of the estimated join-point

~

coinciding with either X -2 °F X 19 lie, y = X,._2OT X

As with the other two algorithms, the results are tabulated for

all possible candidates' solutions. The solution leading to the smallest
residual sum of squares provides the final solution., The corresponding
parameters estimates provide the solution for the segments. The improved

algorithm also possesses the features discussed in Section 3.2.1.

3.5 Illustration of the Use of the Improved Algorithm

Using the flowchart is Section 3.4, a Basic program was written
to show how the improved algorithm works, some examples of data were
analysed to 1llustrate solutions involving the different types of join-
point mentioned earlier. Some of the examples are constructed artificially
whereas one uses real data. Unlike Hudson's, these examples did not
involve equally spaced abscissae and very small sample sizes. For each
example, the graph of RSS(y) is presented.to help illustrate the role of
the fundamental theorem in Section 3.2 on which the algorithm is based.
Example 1

This example is constructed to illustrate the situation in which

the estimated join-point lies strictly between two adjacent data points.

Table 1
X 2.4 3.4 4.4 5.4 6.4 7.0 8.6 9.8 111.6 }12.6 113.8
Y 1L.5 8.8 T2 5.2 3.2 2.0 L. 6.8 9.6 |12.0 |14.0

The graph for the above data is shown in Fig. 3.5.l1a below. It is obvious
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from the graph that the data cannot be adequately represented by a

gingle polynomial. The table below summarises the operation of the algo-

rithm.
Table la Summary of Stages of the Algorithm
Partition | Range for Remark type of
(1) Y YLLs(i) v RSS(y) estimation
2 3.425y< 4.4 | 5.204 3.4 76.6913 | Constrained
3 4.45y< 5.4 | 6,167 4.4 46.612 | Constrained
4 5.45y< 6.4 | 6.695 5.4 20.965 | Constrained
5 6.45y< 7.0 | 6.953 6.53 0.724 | Local least squares
6 7.05y< 8.6 | 6.941 7.0 0.739 | Constrained
7 8.6<y< 9.8 | 7.826 8.6 23.628 | Constrained
8 9.8<y<11.6 | 8.789 9.8 43.753 | Constrained
9 11.65y<12.6 | 9.048 | (11.6 77.522 | Constrained
£12.6 1100.251 | Constrained

We shall consider the table; partition i is the grouping of the
data set into two disjoint subsets, subject to the restriction that each
contains at least two data points. The term "range" for y denotes the
region in which possible values for the estimated join-point ; are being

1.

investigated, the range corresponding to partition 1 being [xi, X141

Y column are candidates for ;, and the RSS(y) column tabulates the
corresponding values for the residual sum of squares. 1In this algorithm
constrained fit is always performed at the left endpoint of the range,
with the exception of points X 1 where constrained fit was performed at
the two endpoints of the range X -2 X 4 whenever 1t is necessary. The
point is the same as the ;LLB for a particular partition whenever the
estimated ;LLs lies in the range for the partition, Table la above and

the graph of a plot of RSS(y) against y given in Fig. 3.5.1b will be
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used along with the theorem in Section 3.3 to” explain how the improved

- algorithm cperates.

Consider the first partition of the data represented by 2 on the

Table, the first subset contains the first twe data points and the

. second subset contains the remaining points. The algorithm performs a

local least squares fit and it is found that TLLS(Z) does not lie in the

interval (3.4, 4.4).

YLLs(z) lies to the right of the polnt 4.4,

(YLL8(2) = 5,204}, By the underlying theorem given in Section 3,3, the

minimizing value of the residual sum of squares is either at x, or x

i
The value chosen 1is Xy by the improved algorithms argument given in

i+1°

Bection 3.4. As can be seen from the table, a constrained fit was per-

formed at the left endpoint {(i.e. x, = 3.4) of the range.

i

Let us look at the behaviour of R5S(y) within this interval (3.4,
4.4). 71t can be noticed from Fig. 3.5.1b that RSS attained its minimum
within the range at (4.4). However, the algorithm has chosen to perform
conatrained fit at 3.4 instead of 4.4. Logically, given that ;LLB(Z)
iies to.the right of the right endpoint of the range under consideration,
a constralned fit might be expected at a point to the direction of the
minimum. However, as we shall see later, an algorithm based on such con-
jectﬁré does not always prove reliable. Using the argument presented for
proposing the improved algorithm, the constrained fit is to be always
performed at the left endpoint of the range whenever ;LLs(i) does not lie
within that range.

The next partition is then considered and similarly, it is found
'.that ;LLS(B) lies to the right of the interval (4.4, 5.4) and thus a

constrained fitr iz performed for the lines to intersect at 4.4, The

- behaviour of the RSS(y) should be noticed accordingly along with the under-

lying theorem. The process is continned as we consider the other parti-

tions. MNote that for partition 5, in the Table, TILs(S) lies in the

P
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-

correct range and the local least suqares solutions are recorded accord-
ingly by the theorem. As we proceed for other partitions beyond this
point, the value of RS8S(y) starts to rise (Graph 3.5.1b). One important
point as we consider partitions 6, 7, 8 is that the points of intersection
of the fitted local least squares lines are observed to lie to the left

of the range which may be considered as an indication that the region
where the minimum lies has been exceeded. As already noted from the
example given in Section 2.2, the gradient discontinuities of RSS(y) at
the observed x-values are evident, Also, the function RSS(y) has continu-
ous derivatives between any two observations.

As indicated on the flow chart for the improved algorithm, con-
strained fit is performed at both endpoints of the range for the last
partition (11.6, 12.6) since YLLs(g) does not lie in the range. The
results are as given on the Table except the parameter estimates are not
all included there, The smallest attainable residual sum of squares is
obtained by a local least squares fit for partition 5 with parameter esti-
mates given by

ﬁl = (16.176, =2.040)

B2 = (-10.082, 1.736)

Y = 6.953.

The residual sum of squares is 0.724.
Example 2
This example 1llustrates the case when the estimated join-point

coincides with one of the data points,

Table 2
X 1.0 2.0 | 3.5 | 4.0 {1 4.5 | 6.0 { 9.0 (10,0 {10.5 |11.0
s 4 10.0 | 9.6 | 6.5 | 6.2 | 5.8 | 2.8 {11.0 |12.0 |13.2 |13.6

The graph of the data is given in Fig. 3.5.2a. As for the previous



example, the table below summarises the proce&urea

while Fig. 3.5.2b gives the behaviour of RSS(y).
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of the algorithms

Table 2a
T

Partition - Remark type of
3 Range for ¥ YLLs(i) Y RSS (y) estimation
2 2.0sy< 3.5| 6.3875 2.0 | 56.1207 Constrained
3 3.55y< 4.0 | 4.6457 3.5 | 29.0622 Constrained
4 4.0sy< 4,5 5.1206 4,0 | 23.7477 Constrained
5 4.5<sy< 6.0 6.09332] 4.5 | 17.7736 Constrained
6 6.0sy< 9.0 | 4.6937 6.0 2.74706 Constrained
7 9.0<y<10 6.9032 9.0 | 52.5756 Constrained
8 10.0sy<10.5 3.4623 {(10.0 | 65.9046 Constrained

ElO.S 72.6245 Constrained

The above table is self-explanatory but we shall similarly relate it

and the graph (Fig. 3.5.2b) of RSS(y) over the entire range using the

underlying theorem on which the algorithm is based.

The arguments and

explanation presented in the previous example hold here also. The major

difference in this example is that, the minimum obtained is attained by

constrained least squares fit.

A look at the table above showed that none of the local least

squares fitted lines intersect at the correct range for all partitions.

So constrained fits are performed over the entire range. The final solu-

tion is chosen from the set of candidates.

The minimum was attained when

the lines were constrained to intersect at x, = 6.

the occurrence of -gradient discontinuity.

i

At this point, notice

Note also the direction of the

minimum value of the residual sum of squares as we proceed from partitions

2 to 5. 1In partitions i, such that 2<i<5

* YLLs

(1)

is always to the right
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of the interval (xi. x1+1). But for partitions i, such that 6<i<8, the
location predicted by ;LLs(i) switches over to the left of the range,
implying that the region, where the minimum lies, is exceeded, as notice
in Example 2. As suggested earlier, these changes could be useful but
should definitely not be used as a basis for an algorithm.

The solution of the parameters providing the smallest residual

sum of squares is given by

8, = (20, -2)
Ba = (-12, 2)
Y = 6.0

and RSS = 2,7471.

Example 3

This Example involves real data taken from the paper by Beckman
and Cook (1979). The data were obtained from an industrial experiment
on yield of hydrogen sulphide (response) from gamma radiolysis as a

function of the Krypton pressure (independent variable).

Table 3

X 1.00 1.50 Y.75 2,10 2.35 2.65 | 3.00

b 4 6.40 7.00 7.40 8.80 9.00 6.40 | 6.60

The plot of the data above is similarly given in Fig. 3.5.3a.
Looking at the graph, it is not immediately clear whether the use of a
polynomial will adequately represent the relationship between Y and X
instead of the segmented linear regression. The first five points appear
to suggest some linear relationship, while the last two points clearly
stand out from the rest. Segmented regression techniques were applied to

model the relationship. To avoid much repetition, we shall only display
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the summary table, the parameter estimates as well as the graph showing

the form of RSS(y) for set of trial values of y.

Table 3a Summary

Partition Remark type of
i Range for ¥y YLLs(i) Y RSS(y) estimation
2 1.5 =sy<1.75| 2.2071 1.5 5.873 Constrained
3 1.752y<2.10 | 2.3669 1.75 4.757 Constrained
4 2,105y<2,35( 2.2570 2.2570| 1.804 Local least squares
5 2.35<y<2.65| 0.5300 (2.35 1.945 Constrained
52.65 5.619 Constrained

The graph of RSS(y) for all values of i is given in Fig. 3.5.1b. The
final solution is given with the first segment fitted to the subset con-
taining the first four observations, and the second segment fitted to
the subset containing the remaining points. The final solution is as
follows:

ﬁ; = (4.085, 2.088)

E: = (16.887, -3.575)

v = 2.257
giving the rise to RSS = 1.804. For these data, the solution is obtained
by local least squares estimation. The above result was found to be the

same as that obtained by the authors.

3.6 Further Improvements and General Discussion on Algorithm

The improved algorithm could be improved further by incorporating
a slight refinement. The refinement will be to aveid performing con-

strained fits with y = Xys when dealing with the interval (xi, X,,.), if

i+l
it was found that the point of intersection of the fitted local least

lines of the previous partition lies in the correct interval. This is so
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" because by the theorem underlying the algorithm, it shows that there 1is

if no point at which a lower residual sum of squares is obtainable when

: ;LLs(i) lies in the correct range. Another improvement that could be
incorporated will be the point raised by Hudson. He remarked that a.
constrained fit is no lenger necessary for partition 1 whenever it is

found that the local least squares residual sum of squares for the parti-
tion is greater than the smallest residual sum of squares so far recorded
in the table.

If the first refinementihad been incorporated in our algorithm,
,%.fhéheonstrained fit in partition 6 of Example 1 might not have been perform
ed. But in that Example the results are close enough to make it very
obvious. So although ;LLS(B) lies outside the interval, the const;ained
- fit will not have been necessary. | |

In Example 1, a brief mention was made of the danger of performing

 the constrained fit at the endpoint of the interval closer to the point

of intersection of the local least squares lines (i.e. (1)). In
TLLs

. Fig. 3.5.1b, a look at the first range showed that RSS(4.4) 1s smaller

than RSS(3.4). Essentlally, within the interval (3.4, 4.4), the behaviour
of RSS(y) showed that the minimum is attained at the right endpoint. This
seems to suggest that the constrained fit should have been most approprisate
at y = 4,4 instead of 3.4. The same argument holds for the next partition.
It may be worthwhile to point out that algorithms which Have the basis
discussed above as thelr underlying principle would have worked for all
the éxamples in this Dissertation, as well as all examples that have been
publigshed in literature. BHowever, it must be stated, as shall be seen in

Example 4 below, that such algerithms may produce incorrect results.

Example 4

This example 1Is constructed to 1llustrate the danger of using an

algorithm which is based on the conjecture that the constrained f£it be
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performed at the endpoint cleser to the predicted point of Intersection

of the fitted local least gquares lines.

- Table 4

X 2.0 7.0 10.5 11.5

ii The plot of the above data is given in Fig. 3.5.4a. The data_constructed
artificially consist of only four data pointsg, The only permissible
" partition of the data is into subsets consisting of the points with
abscissae (2.0, 7.0) and (10.5, 11.5). By local least squares estimation
;LLS(Z) = 39.5. This point clearly is out of the range where interval is
given by (7.0, 10.5). 1In this case, the conjecture would lead one to
perform the constrained fit at 10.5 since it is closer to 39.5, the point
of intersection of the fitted local least squares lines. This could mean
the choice of vy = 10.5. However, this choice would cbviously have been in
error because a look at the form of RSS(y) in Fig. 3.5.4b suggests that
the minimum residual sum of squares is attained at vy = 7 and not 10.5,
which 1s clearly a contradiction.

-Though the data may appear to be unrealistiec, they are presented
~ to emphasize the fact that the conjecture 1s not always reliable and should
not be wade the basis for an algorithm. The improved algorithm has no
difficulty in obtaining the correct solution because it is not based on the
conjecture, but on the theorem glven in Section 3.3.

Finally, Hudson, however, has a result which is worthy of brief
mention that indicates roughly that an algorithm, performing a constrained
o fit only in the direction of ;LLs’ will work, provided ;LLS lies reasonably

xlose to the data.
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4. OTHER ESTIMATION TECHNIQUES FOR CONTINUOUS MODELS

4,1 General Discussion

Up to this stage, the techniques, or algorithms, discussed are
applicable to only two-segment problems. Specifically, consideration
was given to linear segments., In this Chapter, we shall consider some
procedures that are applicable to the more than two-linear segment model,
defined in equation (2.2.1). Later, another technique which was used for
solving the two-segment problem, and an underlying theory, different from
the least squares approach, is considered.

Most of the basic definitions given for the two-segment problem
can be extended, with slight modifications, to apply in the general case.
Suppose there are K segments, there are (K-1) join-points denoted by the
vector y' = (y., Ta.---YK_l). The corresponding residual sum of squares
is given by RSS(y). This function plays an important role in one of the
procedures to be considered in Section 4.3.

Hudson (1966) presented the general theory of estimations for the
K-segment model where segments are polynomial functions. Williams (1970)
suggested the extension of some of Hudson's ideas for solving the two-
segment problem to deal with the three-segment situations. He derived the
residual sum of squares function RSS(y:, yz) which he later used to propose
another algorithm of his own.

There is, however, a general difficulty associated with the estima-
tion procedures, as already discussed in Section 2,2, Although this pro-
blem already exists, it becomes more pronounced where there is more than
one join-point. Recall that RSS(y) has gradient discontinuity at the ob-
served x-values for the two-segment problem. For the K=3 segments situa-
tion, RSS(y) is partially non-differentiable with respect to the vector of

join-points y, whenever y coincides with some observed x-values. Hudson
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recommended some approximation techniques called "Successive Approxi-

mations". Applying the method to a three~segment problem, the procedure
chooses a grid of values in the yi, y2 plane and then, using a method of

. steepest descent, an approximate solution is determined. Using the method,

Hudson? for instance, remarked that RSS(y), where vy = (f;, vz2) 1s likely
to possess several isclated differentiahble local minima, where each local
% minimum corresponds to a case where y; and yz both lie between two adjacent
data points. I o - “

We shall iﬁ.the next sectlon consider a preliminary analysis

«i essential for a number of the estimation techniques, which suggests

whether or not segﬁented regression procedures should be used for the

available data. Then we proceed to look at a major technique called Grid
B Search, gfter which the Bayesian technique, which has a different under-
.1f1ﬁg.£heory, will be considered., There are other methods which give
approximate solutions for continuous segmented regression models. Among
these is the "Search Algorithm" which was applied to segmented linear
regréﬁsion probiems by Ertel and Fowlkes (1976). They imposed a restric-
lpf}"';f ; tion that the estimated join-points lie midway between two adjacent ob-
o served x~values., Bellmann and Roth (1969) used dynamic programming as a

tool to approximate a polynomial by a segmented regression model,

4,2 CGraphical Technique (Plotting)

The method involves the plotting of the response variable against
the independent wvariable for tﬁe set of data. Data plotting is parti-
cularly useful in connection with segmented regression techniques for
the following reasons.

Firstly, it is used in deciding whether or not a Segmented/Piecewise
model is the most appropriate for the data. Recall that in Section 2.3
1t was remarked that most of the applications of the technigue were base

on the graphlical display of the data rather than any theoretical argument.
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This implies that the decision to use either Segmented or Piecewise
regression model was on the basis of the plots which provide a visual
representation of the data required to be modelled.

Another reason for adopting the graphical procedure is that it
enables the statistician to decide on the number of segments that appear
to describe the data best. For a very large set of data, the graphical
display of the data serves as a guideline to enable the partitioning of
the data into disjoint sets to be performed around the region of the
change from one segment to another. Furthermore, this provides a rough
estimate of the region of change from one segment to another. This
therefore assists in the formation of the initial partitioning.

The second point above is not essential in the use of the algorithms
discussed in Chapter 3, because the algorithm is fairly automatic, provided
it is already established that the segmented regression model is adequate.
This implies that the first point remains relevant in connection with
these algorithms. Most of the authors dealing with data analysis recommend
that the procedure be applied for any analysis. It occasionally reveals
some unanticipated features occurring in the data. Williams (1970)
advocated that the data should always be plotted since it helps to reveal
the regions of the change from one segment to another. Fischer et al.(1973)
advocated them for all data analysis and in particular for Segmented/
Piecewise regression analysis. Other authors making a similar point are

Gallant and Fuller (1973) and Beckman and Cook (1979).

4.3 Grid Search

The use of a Grid Search approach in solving segmented regression
problems was demonstrated by Lerman (1980). The method is based on
conducting a search, over a grid, of trial values of the vector of the

join-points y. The corresponding residual sum of squares RSS(y) is



40

calculated. The procedure then maps RSS(y) aéainst the vector y by
plotting the function against the vector., The form of RSS(y) for the
general K-segmented regression problem may be deduced from equation (11)
in the Appendix. The form for the two-segment example derived in Section
3.2.2 was used in explaining the operation of the improved algorithm,
along with some other results for the examples discussed earlier in Sec-
tion 3.5. The grid values at which RSS(y) is a minimum are chosen for
the estimate of the vector of join-points. An iterative improvement, or
refinement, may then be used to improve the final results (e.g. parameter
estimates for the segments),

Grid Search has a major advantage over other estimation techniques
in that it is widely applicable. It Ean be applied to two-segment or
K-segment models, irrespective of whether each segment is linear or a
polynomial. There are, however, some disadvantages associated with the
technique. Firstly, when there are more than two join-points, the resi-
dual sum of squares function is no longer simple to present graphically,
and the interpretation becomes more complex. To overcome this, Lerman
recommended a procedure whereby the difficulty can be reduced. The
second disadvantage is that it involves making an exhaustive search of
all possible values of y in order to obtain the form of RSS(y). Hence,
although it is economical in terms of space, it is not in terms of
computer time. The problem of exhaustive search may be solved or reduced
when the graphical procedure, discussed in Section 4.2, is adopted, because

it may help to suggest a restricted region within which to conduct the

Grid Search.

4.4 Bayesian Technique

This technique, applied to segmented regression problems was
developed by Baton and Watts (1971). They applied it to solve a two-

linear segment continuous problem, whose model is given by:
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E(Y) = 6o + 0¢(x-y) + 0a2(x~-y) Sig(x-y) -~ | (4.4.1)
- where 9o 1is the expectation of Y when x = v,0, denotes the average slope
of the two segments, and where 6, is the difference between the slopes,

and Sig{t) is a sign function defined as follows. _'5

. -1 if | t<0
Stg() = [0 4f om0 v
1 if t>0

ﬁodel (4.4.1) is equivalent te the type discussed for the two-
.'ﬁégﬁeﬁt model in Chapter 2., The only difference is thg fact that

i Model (4.4.1) has the continuity constraint imposed in the model, apart
.from the other differences for the parameter defined above.

. The authors transformed Model (4.4.1) into & new one by replacing
the Sig(t).function by a transition function given by tanh[;/¢] where ¢
1s the transition parameter; thus the model becomes o | |

E(Y) = 8o + 83 (x-y) + 6a(x~y) tanh [(x-v)/¢] (4.4.2)
The ﬁransition function is chosen since it gatisfied the following
conditions: |

(1) lim tanh{t/¢] = 1

t+o

(11)  1im tanh{t/¢] = -1

t >

(1i1) 1lim tanh[t/¢] =.Sig(t):
d:-l-tj o

The first and second conditions ensure that tanh[t/¢] behaves

like Sig(t) for large values of t. The third condition ensures that

. "__tanh[t/¢] behaves like Sig{t) for small values of ¢. Bacon and Watts

remarked that there are other transition functions which satisfy the
above conditions, Furthermore, they stressed that the form chosen 1s of
secondary importancé provided the conditions above are satisfied. The

arguments are that, firstly, the effect of variability in the data will in
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general mark any differences introduced by different transition functions.
Secondly, that the general behaviour of the quantity (x-y)tanh[(t-vy)/¢]
is only slightly affected by the particular form of tanh[t/¢].

The introduction of the transition function leads the Model (4.4.2)
to have an interesting feature making the technique worthy of considera-
tion. Model (4.4.1) has discontinuous derivative at x=y. The introduction
of the transition function has transformed the model to one which possesses
continuous derivative at this point, This change is best appreciated if
we consider the stages of transformation by looking at the plot of the
transition function, t tanh[t/¢] against t taken from the authors' paper.
The graph below illustrates how the transformation has come about for
various choices of the transition parameter, The authors gave no reason
for restricting the transition parameter to take values within the range
0=<¢<l. It is presumed that ¢ could take values possibly greater than
1(¢>1) leading to an even smoother change.

Taking a closer look at the graph, it can be observed that there
is a gradient discontinuity at ¢=0 and this is gradually transformed such
that the model possesses some continuous derivative for all ¢=1. Hence,
using the model, the parameters are estimated by the Bayesian approach,
where the parameters are 0o, 0,, 82, the join-point vy, the transition
parameter ¢, the variance o?.

Bacon and Watts remarked that the idea of transition functions
could be incorporated in order to solve the segmented regression problems
with K22, Presumably, this may be achieved if some appropriate transition
functions are introduced, because it was not stated specifically how this
can be achieved. This could lead to a highly complicated model, which
is one difficulty in using the technique.

Finally, a general comment about the technique is that, apart from

the pioneers, no other users have been found in the literature. Furthermore,
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although the technique appears to be good in fitting a segmented
regression model, Models (4.4.1) or (4.4.2), 1t can be argued, are funda-

mentally different to (2.2.3).
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.8, ESTIMATION ALGORITHMS FOR PIECEWISE REGRESSION MODELS

5.1 General Description

In Chapters 3 and 4 we discussed algorithms applicable to continu~
ous models only. However, in this Chapter, we shall consider estimation
procedures for discontinucus models - piecewise regression models. Some
of the estimation procedures can also, with modifications, provide
épproximate solutions to segmented regression problems. :

For piecewise regression models, the change-point from one model
to another was referred to as a "jump-point" in Chapter 2. The estimates
ofljump—points cccur in an Interval., Suppose we consider n observafions
denoted by (x., y,)....(xn, yn) to which a two-segment piecewise linear
regression model is to be fitted. Suppose the best line possible is
fitted to the first subset given by {(x., y;)....(xi, yi) and_the sacond
fitted to the remaining points (xi+1’ yi+1)....(x“, yn). The parameter
estimates for the segments are obtained by local least squares estimation
procedures. It 1s clear that join-point estimation cannot be achieved

here, since only y in the interval [xi, X {(in association with the

i+1)
same values of B;:, Bi2y Bzi, Bzz) will give the same values of E(Y,),
E(Yg).-..E(Yn) in general. This implies that in estimation in plecewilse
regressicon models, it i1s not practicable to distingulsh between values of
¥ 1lying between the same two adjacent x-values. So, firstly, we shall
be talking about possible interval valuer for y. Secordly, it will be
more convenient to talk of "Solution partitions” as an equivalent term
for estimated change-peoints. The relationship between fhe two is that
the first constitutes the set of equivalent estimates for the jump-point,
while the second is the selected final solution.

The estimation procedures considered are based on various under-

lying principles. Some involve a combination of standard least squares
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techniques and techniques related to clusteriﬁg procedures, while others
are based on the use of dynamic programming as a teool in order to obtain

a solution partition. We shall first discuss procedures for solving two-
linear segment plecewise regression problems, considering situations
where the two segments have equal error variances, as well as cases of
different segment variances. The two-linear segment solution methods will
then be extended to deal with the more general case with more than two
segments. We shall also describe some other estimation techniques used

to obtain quick approximate solutions to the problem, especially when the
data set is very large. Some of these results only provide solutions that

yield local minima.

5.2 Estimation Technique for 2-Segment (equal variance) Piecewise

Regression Model

Consider the n observations defined in Section 5.1. For the two-
segment case with equal segment variances, it is a relatively straight-
forward application of the local least squares technique to fit a piece-
wise model to the data. Let RSS(1, i) and RSS(i+l, n) respectively be
the residual sums of squares obtained for the first and second segments,
when piecewise models are fitted to the first and second subsets of
partition i. The procedure considers all possible partitions of the data
into two disjoint subsets, still imposing the condition that each subset
containg at least two pointe (minimum number of points needed to fit a
line). For every partition, the estimates of the parameters of the segments
are obtained by the local least squares estimation techniques defined in
Section 3.2. Then the overall residual sum of squares is obtained by
adding the residual sums of squares for the two subsets of the data; that
is, for partition 1,
we calculate

RSS(1) = RSS(1, 1) + RSS(i+l, n).
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The results are then tabulated in the form similar to that in Section 3.5.
The results which give rise to the smallest overall residual sum of
squares provide the solution partition and the estimates of the parameters
for each segment. If the solution partition is partition i, the jump-

point is estimated to lie in the interval [xi, x1+1].

543 Extension to K>2 Segments (equal segment variance)

The estimation of a K-segment piecewise regression model problem
may be performed by the use of dynamic programming. The concept as
applied to plecewise regression models was illustrated by Guthery (1974)
and Hawkins (1976). The approach discussed ﬁere is based on Hawkins'
ideas based on the least squares principle.

Suppose we wish to fit a K-segment piecewise regression model to
n data points. Dynamic programming uses some recurrence equation defined
by

RSS?(§,n) = Min Eass‘(j,s) + rss?? [s+1, n}:[

j+1<8<n-2 (k-1)
where RSSa(j,n) is defined as the residual sum of squares when segments
are fitted to the data points (xj, yj)....(xn, yn).

Consider the application of RSSa(j,n); J should normally take the
value 1, i.e. RSSa(l,n) to denote the residual sum of squares when segments
are to be fitted to the n data points defined above. By similar reasoning,
RSSB-l(j.s) denotes the residual sum of squares when (a-1) segments are
fitted to the first (s-j+1) points, and RSS'(s+l, n) denotes the corre-
sponding residual sum of squares when a single segment is fitted to the
remaining (n-s) points,

For a clearer understanding of the technique, a 3-linear segment
example is given below for illustration. Suppose that three linear

gsegments are to be fitted to the data given in the schedule below, and
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the results are given in Table 5.3 below.

X 1.0| 2.0 4.0 6.0 | 8.4 | 9.0 [ 10.8]12.0 f“ffwg

Y 5.0 4.0 2.8 4.2 | 5.0 ] 5.1 2,81 2.3

The graph of the above data is given in Fig. 5.3.

" Table 5.3

i?:;Table of RSS*(4, 8)I.'il ;(NO- of segments)
1 2 3
| 1 0.050
» )
’ 3 0.153
4 0.004

5 1 0.332 1 0.000

6 | 0.235

A o 7 | 0.000

Now let u; use the above results to explain how the proceéure
operates, as well as how the entries in the Table are obtained, The first
stage considers all the data and proceeds to obtaln a single segment,
fitting data points 5 to 8, 6 to 8 and 7 to 8, thereby obtaining the

entries in the first column, i.e. !
i

RSS'(5, 8) = 0.332 !

RSS'(6, 8) = 0.235

RSS! (7, 8) = 0.000 - only two points, hence there is a perfect
fit here. ;

|
The second stage uses the recursion formula whose general form was

o
given in Section 5.3, That is -

::: f“;!
RN
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RSS?*(j, 8) = Min [%ss‘(j. 8) + RSS*[s+1, ai]
j+1<8<6

where i1 takes values 3<1i<5.
The above recursion is then used to obtain the best two-segment fits

to data points 3 to 8, 4 to 8, and 5 to 8 yielding the following results:

(RSS*(3, 4) + RSS(5, 8) = 0.00 + 0.332 )
( )
RSS*(3, 8) = Min (RSS*(3, 5) + RSS'(6, 8) = 0.108 + 0.235 )
( )
(RSS (3, 6) + RSS (7, 8) = 0.153 + 0.000 )

0.153,

(RSS* (4, 5) + RSS'(6, 8)

0.00 + 0.332 )

RSS*(4, 8) = Min ( )
(RSS*(4, 6) + RSS*(7, 8) = 0,004 + 0.00 )
= 0.004;
RSS*(5, 8) = RSS*(5, 6) + RSS*(7, 8) = 0.0 + 0.0

0.00.
The results appear In columm two of the above table. Using the approach
described in the previous section, consider the above results. The best
two-segment fits given above are obtainable by choosing the solution
partition resulting in the smallest residual sum of squares for all
possible partitions of the given set of data points.

Finally, stage three uses the recursion

RSS®(4, 8) = Min (RSS*(i, s) + RSS*(s+l1, 8)
i+1<8<4

and by similar argument leads to the following

(RSS*(1, 2) + RSS*(3, 8) = 0.000 + 0.153 )

( )
RSS (1, 8) = Min (RSS*(1, 3) + RSS*(4, 8) = 0.046 + 0.004 )

( )
(RSS* (1, 4) + RSS?*(5, 8) = 2,022 + 0.000 )
= 0.050.

For problems involving a larger number of segments, a table can be con-

structed such that it is possible to observe the minimizing value of S
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for each entry. Such tables maske it easier to see what the solution
{Ilﬁartition is. In column 3 of the above table, the value entered is the
partition leadlng to the smallest residual sum of squares out of all
_igpssible three-gegment partitions of data. The‘minimizing value of 8§

-

'ié'thétcorrespOnding value for the partition, i.e. S = 3. Hence the
solution partition is given by o
(1,2,3); (4,5,6); (7,8

"The estimated regression

5.60 --0.713x . %<y,

E(Y) =
= 2,35 + 0.310x -  yiSx<ys | b
| gl
=8.2 -0.50x - x=ya !

vi1 £ (4.0, 6.0) and vz e (9.0, 10.6).
Notice that the first stage fitted a single segment to points 5 to 8,
6 to 8, 7 to 8 only. This is due to the fact that we are restricting
each segmenf to contain at least two points, to allow unique estimates
for the slope parameter estimates., Hence, fitting single segm;ﬁté;to
points 4 to 8, 3 to 8 was not considered appropriate.

Dynamic programming has an important advantage as a tool forlsolving
a K-segment plecewise repression problem, in that it doeé nof reqﬁire
exhaustive consideration of all possible partitiong of the given set of
data, Hence some results only needed to be calculated once, and can be
re—used later iIn the procedures (as can Be seen in tﬁe Tecurrence equations
in the above example), One noticeable problem, however, in the use of
dynamic programming for large data sets, is thelfact that, despite the

above advantage, a prohibitively large number of subsets will be involved

which ccould lead to heavy labour on the part of the user, or a large
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5.4 Estimation Technique for 2-Segment (uﬂéqual variance)

Quandt (1958) examined the problem when the segments have different
variances, and also have normally distributed errors, using the maximum
likelihood approach to obtain the estimates of the parameters. Suppose
there are n data points to which two-segment piecewise models are to be
fitted. Let the first segment be fitted to the points (xi, yi)....(xi.yi)
with parameters given by Bii, Biz and variances 01%. Similarly, the
second segment is fitted to the remaining points with parameters Ba,,

Bz2 and variance cga. The range where one segment is succeeded by another
is denoted by an interval.

The procedure considers all possible partitions of the data into
two subsets with the restriction that there are at least two points in
each subset. For each partition 1 considered, the likelihood function
1s maximized with respect to the parameters given above, except for vy.
This maximized value is, for any ¥y e(xi, xi+1)

L(1) = -nlog(2x) - 1logos(1) - (n-1)logaa(i)-3 (5.4.1)
where 03 (i) and 022(1) are the (biased) maximum likelihood estimates of
tﬁe variances for the first and second segments obtained from local least
squares. The procedure maximizes the function (5.4.1) over all values
of 1 in the range 3<i<n-3 by calculating for each i the value of L(1i).
The value of 1 for which L(1i) is maximized defines the solution partition
of the data, and the corresponding parameter estimates constitute the
final solution for the problem, The jump-point is then estimated to lie

).

in the interval [xi, X541
For the K-segment problem this approach 1s extended by means of
dynamic programming discussed in Section 5.2. Hawkins (1976) used this

approach to solve the general K-segment problems,
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D5 Other Estimation Techniques for Piecewise Regression Models

with more than Two Segments

When the number of data points is large, the estimation procedures
for estimating the parameters described in Section 5.3 become difficult
because the number of possible partitions of the data into subsets is
prohibitively large. This now leads to the introduction of a number of
approximate methods. The téchniquea presented in the next two sections
serve as quick methods of obtaining approximate solutions for the piece-
wise models.

5.5.1 The Search Algorithm

The algorithm was proposed by Ertel and Fowlkes (1976). 1t is
designed mainly for Piecewise regression models, but the authors also
used it to provide approximate solutions for segmented regression problems
by restricting the join-point estimates to lie midway between two adja-
cent values of x. The search algorithm provides a "local minimum" solu-
tion. The procedure has the attractive feature that it is based on the
standard least squares theory. The algorithm consists of two stages.

The first consists of the choice of a starting partition which may be ob-
tained from a plot of the data whereby the number of segments appropriate
for the data is decided, and the approximate location of the change-points
determined (the authors used a plot of standardized predicted errors in
order to obtain their starting partition). The second stage involves
iterative alteration of the partition in order to improve the overall
residual sum of squares for the subsets.

For illustration, an example of a three-segment piecewise regression
model will be considered. Suppose the starting partition obtained from
the plot of data has three subsets containing n;, na and ns data points.
Linear regressions are fitted to each of the subsets by local least
squares estimation, and the overall residual sum of squares is obtained.

A pertubation of the subset sizes, as below, is then considered. The
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fitting is repeated using the subset sizes of the pertubation below
with corresponding residual sum of squares being examined. The process

stops when a local minimum is attained.

PERTUBATION SUBSET SIZES
1 (ny; n241;5 ns—y)
2 (ny; na=1; nayy)
3 (ni=13 na413 Na)
4 (M3413 N2=33 Ny)

In order to achieve a fairly accurate solution, there is the need
for a good choice of the starting partition,'aince this will enhance the
pertubation to be conducted aréund the region where the change from one
submodel to another actually occurs, Although the method does not provide

a global minimum solution, it provides quick, approximate results.

5.5.2 Hierarchical Clustering Technique

The method was introduced by McGee and Carleton (1970) to fit
K-segment Piecewise regression models. Hawkins (1976) also used a
clustering technique for solving the same type of problem, but approached
it from a different direction. Such algorithms are based on two theories -
standard least squares theory and the ideas of standard clustering pro-
cedures. However, it must be noted that the term "hierarchical clustering"
was used by the authors for convenience, because in the strict sense of
the terminology, their technique is not based on similarity or dissimilarity
matrices,

Hawkins' (1976) approach was based on a "divisive" technique in which
all the data are initially regarded as a single group. The group is then
successively split into smaller disjoint subsets. McGee and Carleton, on
the other hand, adopted an agglomerative approach - the individual points

initially constitute separate clusters which are built up into larger
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subsets. The latter approach is described below. In the context of
Piecewise regression the term cluster is used to denote the set of adja-~
cent data points forming a subset, to which a line is to be fitted,

The technique does not require any graphical or other procedures
to provide information about the number of segments in the data. The
determination of K is based on the user's judgement in conjunction with
the use of stopping rules, introduced to serve as guidelines. The de-
scription of the stopping rule and the other approaches for the determina-
tion of K, when unkpown, are given in Section 5.6. The description of the
algorithm is given for the general case.

Description of the Algorithm

We begin by making basic definitions which aid in the understanding
of how the algorithm operates,

Minimal cluster This term denotes a cluster of the smallest allowable

gsize to which a segment is to be fitted. 1In the case to be con-
sidered here with linear segments, the smallest allowable cluster
consists of three adjacent points,

Potential cluster At any stage, the clusters being considered for

formation are called Potential Clusters.

Fixed clusters The cluster chosen at any particular stage from the set

of potential clusters becomes a fixed cluster, implying that the

points in the cluster are associated with a line segment.
The algorithm proceeds by considering as a potential cluster all adjacent
triples of points. A line is fitted to each and the corresponding residual
mean squares are recorded. The potential cluster which leads to the
smallest residual mean square is chosen as the first fixed cluster.

The next stage consists of three possibilities. Either

(1) the adjacent point to the left of the cluster is added; or
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(II) the adjacent point to the right is added; or

(II1) a new minimal cluster is formed among points that have not been

clustered.

;5; #t either of the above stages I and II, the concept of goodness of fit
is ﬁ#éd. The goodness of fit of the points in a cluster is measured by
the unbiased estimate of the error variance given by the residual mean
square obtaiued.: . -

All the possibilities are considered in the process and the appro—-
priate residual mean squares are compared., Using a stopping rule dgscrib-
ed below, which serves as a guideline to the line of action neceséa;y, the
| usér decides on the basis of the rule. The stopping rule uses the F=-

.. distribution.
Consider the first two possibilitieé described above. Suppose a

fixed cluster has been obtained at any stage and we wish to consider adding

an adjacent point to the left or to the right of the fixed cluster. Let
the point being considered be denoted by (xr, yr)._ Let the points in the

fixed cluster be represented by (x Yoo (x yr+t) containing

+1° Tl rtt,

t points. Suppose Yy denotes the fitted value for ;A based on the (t-r)

*
points In the existing fixed cluster, Furthermore, supposge Yy denotes

v

'fi[- o the fitted value for the point Yy under the estimation of the parameters
based on (t-r+l) adjacent points. A statistic is calculated given by the

ratio

v~ ¥e | * L Tyg- vyl - [T

where ¢ is the residual mean squafé for the fixed cluster and is defined

E ) S S
¢ = ly,-y,}* / (e-x-2) = - - " S e
jer41 4 o o

i The statistic 1s used to test whether a single linear regression model
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applies to all the (t+l) adjacent points formed in the new cluster.
Under the null hypothesis that a single linear regression applies, the
distribution of the statistic is an F-distribution with degrees of free-
dom (1, t-r-2) provided the errors are normally, independently and identi-
cally distributed. The null hypothesis is rejected for large values of F
and that point being considered is then not included in the new cluster.
Finally, the last possibility is the formation of a new cluster
from the combination of two adjacent fixed clusters. For such situations,
the stopping rule is based on the comparison between the appropriate
residual mean squares under the null hypothesis that a single linear
regression applies to the two clusters with the residual mean squares when
a separate linear regression is fitted to each cluster. This statistic
is given by

[RSS(§, t) - RSS(§, 1) - RSS(i+l, t)]/2

[RSS(§, 1) + RSS(i+l, t)]/(t-3-3)
where RSS(j, t) is the residual sum of squares obtained when a line is
fitted to the combined cluster combining the points (xj. yj)....(xi, yi)
and (xi+1, yi+1)....(xt, yt). RSS(j, 1) and RSS(i+l, t) are the
residual sum of squares when separate lines are fitted to the above clusters.
Under the null hypothesis stated above, the statistic given has an F-
distribution with (2, t-j-3) degrees of freedom provided the condition
stated earlier holds.

The two adjacent clusters are combined and & single line fitted for
small values of the statistie. Otherwise, a single line is fitted to each
cluster, It must be stated here that, because the stopping rules only
serve as guidelines, the interpretation of the "significance level" must
be done with caution. The process terminates when neither of the possibi-
lities stated above is achieved. The authors provided no explicit termina-

tion rule for stopping the process. They remarked that the user is expected
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to define a point at which the procedure is to be terminated. Because

of the lack of the termination point, and differences in the choice of
significance level, it has been known that various valuea_of K (number of
éegments) have resulted. | | | ';Piéﬁ-

To avoid this anomaiy, it is recommended that the user incorporates

the use of plotting procedures which enables the user to determine

approximately, as stated in Chapter 4. The authors did not make ény
recommendation on the use of plots of data. However, they suggested that
several trial values for the minimal cluster sizes be considered and the
process repeated for each value considered. ' They argued that the results
should lead to the same solution. | . by

We shall look at other methods recommended for the choice of
approximate values for K in the next section.

One general comment about the effectiveness of Hierarchical pro-
cedure is that although it could serve as a useful tool for large data
sets, there may be the shortcoming of having to deal with a prohibitively
large number of potential clusters, This may however still be preferable
to a full solution involving dynamic programming. Furthermore, there is,
as already mentioned, the fact that there may be different solutions for
various significance levels since the stopping rule depends largely on the
choice made. Another point against its use is the fact that Hierarchical

clustering ﬁfocedures, as applied to Piecewise regression models, do not
i

possess a strong theoretical basis.

5.6 Selection of the Number of Segments in Piecewise Regression Models

Most experiments in using either Segmented or Piecewise regression
.ahalysis make the assumption that either the mumber of segments is known
or that it can be obtained from a plot of the data section. Some authors,

however, make no mention of the use of graphs but suggest some other means






