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ABSTRACT

This paper reports the investigation on the reliability levels implicit
in the BS8110 requirements, probability-based optimum design and
sensitivity tests for singly reinforced continuous beams. These are
accomplished with the aid of the modern reliability analysis (First-Order
Reliability Integration Scheme- FORM5, Gollwitzer, et al,1988) and a Nonlinear
Programming Algorithm. The design variables are the geometrical dimensions,
material strengths and loading with their respective probabilistic nature
considered. The limit state equations based on Ultimate and Serviceability
limit states are derived and the implied safety levels for the various states
computed. The results show that the criterion for bending is satisfactory with
safety levels falling within an economical range earlier proposed (Moses, et
al, 1990). However, the criterion for shear is inadequate yielding very low

safety levels, while deflection requirement is unduly conservative.

In the optimum design the objective function was taken to be the total
expected cost subjected to bending and shear constraints. Numerical values
for the design variables at optimum points are proposed and the influence of
the variabilities in concrete quality and live load on the objective function
and the design variablesis noted. It is establishedthat valid estimates of the

design parameters can be ensured if the relevant datais under control.
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NOTATIONS
Ag = Cross-sectionalarea of main reinforcement
Age = Cross sectional area of shear reinforcement

B = Total benefits

b = Width of beam
Cy = Failure Cost

C, = Initial Cost

Cq = Total Cost

Cov = Coeflicient of variation

D = Distance from the origin of the redced variate space to the failure surface
d = Effective depth of beam

E(X) = Expected value of random variable X

Fee = Compressiveforcein concrete

f.. = Characteristicstrength of concrete

fa = Characteristic strength of steel

I = Yield stress

FJdx) = Joint distribution function of x;

fdx) = Joint pdf of x;

= Characteristic strength of main reinforcement
= Characteristic strength of shear reinforcement

Gy = Ultimate dead load on beam

G’ = Gradient function

G(X) = Limit state function / Safety margin

h = Overall depth of beam

L = Effective span of beam

M, = Maximum applied moment in bending

Mg = Ultimate moment of resistance

N; = Design load on beam

Pr = Probability of failure

pn’ = Target failure probabilities of i criteria
Qi = Live load on beam

xiv



R = Structural resistance or calculated resistance
S = Calculated load effect

Sv = Spacing of shear reinforcement

v = Critical shear force

View = Coefficient of variation of concrete

Vq = Coefficient of variation of live load

X = Depth of copressive stress block

X; = Variates

X, = Reduced variates

2 = Lever arm

a = Ratio of dead load to live load

§ = Safety Index

B = Redistribution factor

5 = Basic variability of observed data

A = Error in prediction of the mean value
= Ratio of intrisic shear strength of concrete to the applied shear stress

T = Mean value of basic variable i

@ = Standard normal interal

o; = Standard deviation of i

A = Lagrange's multiplier

Ar = Failure cost ratio

Ar = Total cost ratio

v = Applied shear stress

Ve = Shear strength of concrete

Q = Total uncertainity

© = n~dimensional basic variable space
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CHAPTER ONE
INTRODUCTION
1.1 General

A Structural Engineer basically aims at providing a structure which
satisfies the criteria of safety and servicesbility at reascnable cost of
construction and to withstand dead and live loads, and some unforeseeable
disturbances the structure will be subjected to during its intended useful

life. This, however, must be achieved under certain economic and functional
constraints.

| Structural safety deals with the ability of a structure to withstand its
weight and applied loads without unwarranted risks to human lives; while
serviceability requirements of the structure insist on its fitness for use
under working loads without excessive deflections, disturbing vibrations,
noticeable cracking and other local failures, which may demand costly
remedial work.

To ensuresafety, it is necessary to provide a structure with sufficient
strength and to safeguardits serviceability, with adequate stability. In 6rder
to assess the strength and the adequacy of its stability, mathematical models
are developed for the analysis of load combinations and other structural
design parameters which are stochastic by nature,

It is known that uncertainties exist in most areas of civil and
structural engineering and rational design decisions cannot be made without
modelling them and taking them into account. Some of these uncertainties
include: uncertainties due to stochastic nature of loading, uncertainties
associated with structural resistance, uncertainties due to human factor,

| modelling uncertainties, prediction uncertainties, statistical uncertainties
etc. In a systematic manner, these uncertainties are not put into
consideration, al least when designing simple structures because of the
prescriptive an.d deterministic nature of codes of practice. This, however, is

inappropriate because most loads and other structural design parametersare

1



rarely known with certainty and should be regarded as random even if in
design calculations they are eventually treated as deterministic. A
deterministic code employs factors that operatcon the basis that the load and
material strengths are constant, thus, inferring absolute safety. Absolute
safety Is of course unattainable; and such & goal is also undesirable, since
absclute safety could be achieved only by deploying infinite resources. Thus,
in modernengineering practice, engineers rely on mathematical and scientific

methods to achieve some trade-off between safety and economy.

1.2 Background and Study Justification

In the past structural engineering was dominated by the use of
-deterministic thinking, characterized in design calculations by the use of
specified minimum material properties, specified load intensities to compute
stresses and deflections, Later, engineers and researchersobserved several
inadequacies with the deterministic design concept.

Firstly, the deterministicapproach, to a large extent, has been codified
using safety factors and as such thereis a lack of feedback about the actual
performance of structures. For example, actual stresses are rarely known,
deflections are rarely observed or monitored, and since most structures do
not collapse, the real reserves of strengths are generally not known. |

Secondly, there has been a vast array of new structural materials from
the aerospace industry which not only exhibited in the mean improved
strength and stiffness or weight characteristicsbut also showed an increased
variation as compared 1o conventional constiruction materials. This greater
variation necessitated such high factors of safety that the improved
properties of the materials were largely left unrealized. Also, there had been
an increasein the extremesof the structuralload environment. Nuciear power
reactors, undersea and space exploration presented the designer with a
broader ioad spectrum than the ones encountered. The luxury of picking the

worst possible load condition and designing for that load was no longer

2



economically feasible under broad spectrum load conditions.
A third factor concerns the economy in terms of cost. The imprecise

and sometimes erroneous factor of safety sometimes leads to low risk design,

thus vielding uneconomical structures.

Consequently, the lack of information about the actual behaviour of
structures combined with the use of codes embodying relatively high safety
factors lead to the development of the more rational design approach known

as the "Structural Reliability Theory."

In essence, to achieve an optimum structural design taking into
consideration the uncertainties, risks involved and limited resources, a

reliability based analysis is imperative to this study.

1.3 Aim and Objectives of Research

It is the intent of this research to develop a stochastic programming
model for the synthesis of structural members, The researchwill be expected

to achieve the following objectives:

Development of mathematical models to represent member
behaviour.

2 Derivation of stochastic models for various modes of failure.

A Computation of the safety indices for the failure modes, using

appropriate solution techniques,

4, Verification of consistency of the safety indices and check
whether they are within established design criteria.

5. Derivation of optimum structural dimensions at minimum cost

and target safety level.

1.4 Scope and Methodology of Rescarch
Structural synthesis using stochastic programming comprises the
analysis and design of the various structural elements such as slabs, beams,

columns, etc. when all the decision variables take values in a non-orderable



data space. This research work will be limited to the synthesis of continuous

reinforced concrete beams. However, the given procedures or methodology

can be used for other structural members.

The following procedure will be used to develop a stochastic

programming model for the analysis of continuous reinforced concrete beams:

1,
-

Limit state equations are derived for different failure modes.

These limit state equations are analyzed using the computer
application programmes (First-Order Reliability Method,
Gollwitzer, et al, (1988), and Non-Linear Programming

Algorithm).

The safety indices are computed and checked / verified for

consistency or otherwise.

Numerical values for the design variables at optimum point are

proposed so that safety and economy are traded off.
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CHAPTER TWO
LITERATURE REVIEW

2.1 Drawbacks of Structural Codes

Most countries have standards that must be complied with by every
designer in order to meet the strength, serviceability and other important
load requirements. These standards are published in the form of Codes of
Practice and at intervals changes or some major revisions are made to allow
for: new types of structural forms {eg. reinforced masanry), the effects of
improved understanding of structural behaviour {eg. of stiffened plated

structures), the effects of changes in manufacturing tolerances or quality
controi procedures,.a better knowledge of loads, etc. {Thoft- Christensenand
Baker, 1982},

In Europe, the latest Structural code of Practice BS8110 (1985) iz a
revised version of CP110 (1972). Like other codes, BS8110 also follows the
deterministic formatin which the nominal strengthsof the structuralmembers
desigﬁed to that code are governed by a number of partial coefficients or by
equivalent means.

A number of drawbacks associated with structural codes have been
discussed by Geschwindner {1988). Some of these drawbacks are listed below:

1. Structures are designed on the basis of codes which have

known to be satisfactory by past experience and engineering
judgement rather than by the understanding of the
uncertainties that influence the strengths and loads of the
structures.

2. The use of single-valued safety factors as incorporatedin the

deterministic codes imply that ability to predict loads and
strengths are invariant. This is, however, untrue since some

loads and strengths are more predictable than others {Viest,

1981).



3. Limit state design philosophy uses the concept of probability
and thereforerecognizes that thereis a chance that a structure
becomes unfit for use, that is, there is a small but finite
probability that a particular limit state can be exceeded,
however, there is no attempt to compute such a probability

(Afolayan, 1992).

4. The imprecise and sometimes erroneous factor of safety gives

uneconomical design in terms of cost.

2.2 Significance of Structural Reliability in Structural Engineering
The subject "Structural Reliability" has grown rapidly over the years
and has evolved from academic research to a set of well-developed
methodologies with a wide range of practical applications. This analysis is
concerned with the rational treatment of uncertainties in structural
engineering design and with methods for assessing the safety and
serviceability of civil engineering and other structures. Its application to
the design of single components is well established for both code writers and
designers and it has also become an integral part of the risk assessmentand
management procedures for a wide variety of structures (Cazzulo, 1987)
including such risk-sensitive structural systems as Nuclear Power Plants
(Guerpinar and Gailiani, 1987; Jaeger, 1972),
Structural Reliability provides the following unique and significant
advantages for safety analysis and design:
1. It provides a consistent basis for the systematicassessmentand
analysis of uncertainties, in a manner suitable and convenient

for evaluating effectsof uncertainty on safety and design; and

The probabilistic risk and reliability measures can be subjected

Ed

to logical operations via the mathematical theory of probability,
thus permitting a formal approach to the analysis of safety and

performance of structures and structural components.
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Ang and Amin (1969), studied the safety or reliability of a structure
formulated in terms of an uncertainty factor combined with a generalized
allowable risk. The uncertainty factor allows for the consideration of
incomplete information and imperfect knowledge in the specification of a
permissible risk level. Therefore, the real and significant roles of probability
in structuralengineering lie in its logical framework for uncertainty analysis
and quantitative basis for risk and safety assessment.

Ott and Shah (1969), studied reliability under stochastic loads and
resistances. Their aim was to develop mathematical tools to investigate the
reliability of structural systems under probabilistic and stochastic loading.
They found that derivation of the reliability distributions was fairly simple
where only one parameter was a random variable. But it was not possible to
find a useable analytical solution for the distributions chosen. Therefore,
approximations were suggested.

Various studies have been carried out where the objective was to
evaluate the maximum of the combined load effects during an anticipated
useful life of the structure with different design criteria and constraints
(Hilton and Fiegen, 1960; Moses and Kinser, 1967; Surahman and Rojiani, 1983;
Frangopol, 1985 etc,) and a large number of applications are found, for
example, in Thoft- Christensen and Morutsu, (1986) and Brebbia and
Hernandez, (1989).

Apart from all the merits this method possesses, Shinozuka (1969)
outlined some aspects which still need to be resolved. They include that:

1. It is not easy to obtain a consensus on the target levels of

reliability even for traditional civil engineering structures.

2. Not everything is always probabilistic, although the reliability
analysis methodology developed so far presumes that we can
somehow formulate everything in terms of probability.

3. Even if it is agreed that everything can be interpreted as

probabilistic, the casual fashion in which the source of the

7



variability is often divided into "uncertainty" could give the
false impression that such a division is easy, while certainly it
is not.
4. The reliability methodology has so far been unable to properly
incorporate human, managerial as well as technical factors.
With time, in an effort to collect pertinent data, better statistical
information will be available (although the uncertainty in the choice of a
distribution function and the possibility of error in the determination of the

parameters will remain for some time).

2.3  Fundamentals of Structural Reliability Theory

The principles of reliability analysis have been applied to a very large
class of problems, ranging from the design of control systems for complex
nuclear and chemical plants to the design of specific mechanical and
structural systems, as well as more generally, in the field of electronics and
aero-space. Its development in structural systems is towards its use
particularly in the form of codified designs and primarily on methods of
safety checking. These developments are readily available in the works of
Freudenthal, 1947; Cornell, 1967; Shinozuka, et al, 1968; Moses and Stevenson,

1970; Ang, 1973; Ravindra, et al, 1974; etc.
Structural reliability, as previously defined, is the probability that a

structure will not attain each specified limit state (ultimate or serviceability)
during a specified reference period. Failure of a structure, generally means
the realization of a specified limit state, including collapse. Structures or
structural components fail when they encounter an extreme load, or when a
combination of loads causes an extreme load effect of sufficient magnitude for
the structureto attain failure state which may be an ultimate or serviceability
condition, Part of the problem encountered above, is to predict the magnitude
of these extreme events. The other part is to predict the strength or load-

deflection characteristicsof each structural component from the information

8



available at the design stage. In other words, it is necessary to synthésize
probabilistic models for the two parts of the problem, including, on the one
hand, all the uncertainties affecting the loading, and on the other, all the
uncertainties affecting the strength or resistanceof the structures.
Failure can be defined as:
R=S ’ (2.1}
where R = Structural resistance or calculated resistance, and
S = calculated load effect.

Both R and S$ are independent normally distributed variables, and the

uncertainties are strictly those associated with the inherent randomness,

with simplification, the reliability index of a component can be

calculated by defining the failure equation,
E=R-8=%0 (2.2}
where g is known as the safety margin such that a realizationof g <0

is failure.

The reliability or safety index, B is defined as:

8 - M, : (2.3)
%
where Hgis the mean of safety margin, and

ogis the standard deviation of safety margin.

In othér words, safety index, B is the number of standard deviations
for which the mean margin of safety exceeds zero. In simple cases, where both
R and § are normally distributed, [ provides an exact risk (failure
probability). In complex situations, several methods such as the First Crder
Reliability Method have been developed to aobtain more accurate safety index
and will be discussed in details in chapter 3. -

In 1975, The Joint Committee on Structural Safety (an International
body sponsored by such international organizations as CEB, CECM, IABSE,

JASS, FIP and RILEM) set up a subcommittee to provide a broad classification

9



system for the different methods for checking the safety of structures and
to establish the main differences between them. These methods of safety
analysis grouped under the general heading of reliability theory, are
categorized info three levels namely: levels 1, 2 and 3, depending on the
degree of sophistication applied to the treatment of the various problems.
These methods of structural analysis, as deflined by Thoft-Christensen and
Baker (1982} are:

LEVEL 1I: Includes design methods in which appropriate degrees of
structura) reliability are provided on a structural element basis (occasionally
on & structural basis} by the specification of partial safety factors, or partial
coefficients, related to pre-defined characteristic or nominal values of the
major structural and loading variables.

LEVEL 2: Includes methods involving certain approximate iterative
calculation procedures to obtain an approximation to the failure probability
of a structure or structural system, generally requiring an idealization of
failure domain and often associated with a simplified representation of the
joint probability distribution of the variables.

LEVEL 3: Includes methods in which calculations are made to determine
the "exact" probability of failure for a structure or structural component,
making use of a full probabilistic description of the joint occurrenceof the
various quantities which affect the responseof the structureand taking into
account the troe nature of the failure domain.

The level 1 methods are those already in use for certain codes of
practice. According to Thoft-Christensen and Baker (1982), level 1 methods
are a discretisation of level 2 methods {i.e. giving identical designs to level
2 met}lods for only a few discrete sets of values of the structural design
parameters), While level 2 methods are an approximation to level 3 methods.
In this study, level 2 methods will be employed because they are efficient and

they produce results with the desired degree of accuracy.
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2.4 Optimization in Structural Engineering

It is a challenge for engineers to design efficient and cost-effective
systems without compromising their integrity. The conventional design
process depends on the designer’s intuition, experience and skill. This
overwhelming presence of a human element can sometimes lead to dangerous
and erroneous results in the synthesis of complex systems,

Scarcity and need for efficiency in today’s competitive world has
forced engineers to evince greater interest in economicaland better designs.
With recent advances in computer technology affecting various disciplines of
engineering, the design process can hardly remain untouched. Recently, the
term computer-aided design optimization (CADO) has been used for
summarizing all computer aids in design. Fig. 2.1 shows the optimum design
process. Design is not only the more or less intuitively guided creation of new
information but is comprised of analysis, presentation of results, simulation
and optimization. These are essential constituents of an iterative process

leading to a feasible and finally optimum design (Arora, 1989).

Identify

B ey
gCoﬂ tion to be minimized
Constraints that must be satisfied

&

| Collect data to
| describe the system

N
l Estimate intial design

w

r——)! Analyze the system

|
AV

Check
the constraints
V)

Does the design satisfy #ﬁ_{ Stop
Convergence criteria 7 Yes

\No

| Changs the design using
I an optimization mathod

L ]
Fig. 2.1 : Optimum design process
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Structural optimization can be achieved either within a deterministic
design format or one based on reliability. The deterministicdesign philosophy
uses some specified safety factors for both loads and material strengths
against the failure of a structure, Using safety factors ensuresa satisfactory
performance under working loads, but only presupposes a reasonable margin
against failure. Load factors, on the other hand, ensures a definite factor
against failure and assumes a satisfactory performance under working loads.
This approach has a number of limitations, For example, a major limitation is
that, the safety factor, which can have a much greater effect on cost or
weight than any of the subsequent results of mathematical programming
techniques, is not included in the optlimization procedure, either as a
constraintor as part of the objective function. Also this method does not take
into consideration the stochastic nature of loads and material strengths and
safety is not specified in terms of risk value.

In the presence of statistical variabilities, as evidenced in loads (eg.
live loads, wind loads, thermal loads, earthquakes, machine operational loads,
etc.) and material strengths (eg. concrete and steel strength), a proper and
more realistic evaluation of structural safety requires explicit consideration
of probabilities. In other words, through a reliability based design. Some
reliability based structural optimization schemes include:

1. Minimization of the cost or weight under the structural

reliability constraint.

2. Minimization of the probability of failure for a fixed cost and

3. Minimization of the total overall cost (Surahman & Rojiani, 1983).

Most optimization studies consider the first two procedures due to the
difficulties in determining the nature of failures and assigning monetary
values to failure consequences,

In the past structural optimization was based on one constraint.
Turner, (1969), developed a technique for determining relative proportion of

selected elements of wing structures to attain a specified flutter speed with
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minimum total mass. Ashley, et al, (1970), reported the one-dimensional
structural optimization like beams under aeroelastic constraints. Kicher,
(1968), obtained the minimum weight design of integrally stiffened cylindrical
shells with constraints on buckling loads. Ding and Espieng, (1985),
presented the minimum weight design problem for frame structures subject
to stress and displacement constraints. Topping and Robinson, (1984),
illustrated how the sequential linear programming technique can be used to
design timber frames in accordance with the British code of practice, CP 112
(1971). They emphasize a practical method with results that comply with the
code without alteration.

This research work includes the optimal design of statically
indeterminate elastic beams for specified strength and stiffness
requirements. The term optimal design, will depict the objective function
which is the total design cost under the constraints on the failure
probabilities of the critical sections in the continuous beam. The
configuration of the loading conditions and material strengths together with
their probabilistic nature are assumed to be known. Strength requirements
are usually specified to be the maximum flexuraland shear stresseswithin the
beam. The allowable values of these stresses are indicated in the codes of
practice. Likewise the stiffness requirements or serviceability requirements

are prescribed to restrict the deflections of the deformed structure to values

specified in the codes.
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CHAPTER THREE

METHODOLOGY

3.1 The Basic Reliability Problem

As earlier mentioned, the basic reliability problem considersonly one load

effect, s, resisted by one resistanceRr. Each of g and r is described by a known

probability density function, f,(s) and f,(r) respectively. A structure is

considered to have failed if its resistanceR is less than the load 8 (Melchers,

1987).

The probability, p, of failure can be stated in any of the following ways:

Pt -

or in general:

P

P(R s 5)
p(R - 8§ = 0)
p(R/S s 1)

p(ln R -1n § s 0)

[G(R, §) 5 0]

whereG( ) is the limit state function.

(3.1a)
(3.1b)
(3.1c)
(3.1d)

(3.1e)

For a simple structural member with a known distribution function, F, of

ultimate strength, R, and F, of the load effect 8, equation (3.1b) is replaced by;

P, = P(R-550) = [ “Fy(x) £,(x)dx

(3.2)

under the condition that R and s are statistically independent. This integral is

also known as a "Convolution Integral" which is easily understood by Fig. 3.1.

(Melchers, 1987).
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Fig. 3.1: Basic R-8 problem: F,( )f,( ) representation

In equation (3.2), Fy(x) is the probability that R £ x, or the probability
that the actual resistanceRr of the member is less than some value x. Assuming
this represents failure, f,(x) is the probability that the load effect, § acting in
the member has a value between x and x + Ax in the limit as Ax — 0.

The total failure probability is obtained by consideringall possible values
of x, i.e. by taking the integral over all x. For a better understanding, the
density functions of R and s are plotted in Fig. 3.2, It should be noted thatrR and
s must necessarily have the same dimensions (e.g. loads and load-carrying

capacities or bending momernits and flexural strengths).
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Fig. 3.2: Basic R-5 problem: fg )¢ ) representation

An alternative to equation 3.2 will be

e = [11-F, (%)) £o(x)dx (3.3)

which is simply the sum over all the cases of resistancefor which the load

exceeds the resistance.

3.1.1 N nd ariabl

It is possible to integrate the convolution integral for a few distributions
of R and 8. The most notable exampie is when R and 8 are normal random variables

with means y, and p, and variances g,’ and a,’ respectively. The safety margin

will be:

M=R-S§ (3.4)
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Then, the mean and variance will be given by:

Hy = E(M) = py = yg (3.5)
o) = var(M) = o + o, (3.6)
giving.
(3.7)

Oy = (a.! » Us)

Since R and s are normal, M, a linear function of R and s, is also normally

distributed and (M - u,)/0, is unit standard normal, giving

_ 0 - Ha) _ Hs ~— Hg
b o(_"—;—]-{(ai-rai)mJ (2.8

where, ¢ is the standard normal distribution function and pg pp ogand oy

are respectively the means and standard deviations of 5 and R,

fyg (™
A
i\ . ;
B m .

M<0 M=0 i

R | Safety . / \
/ 4
/

I
I
rl oM
/ | I ,| \
/ i \
/ ? ‘
/ t
/ |
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A !
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| \\x‘
m ,r
Fig. 3.3: Distribution of safety margin.
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The reliability Index, g may now be defined as the ratio u, /o, or the

number of standard deviations by which y, exceeds zero. See Figure 3.3. Then

P.~=¢(~p”J=¢(—ﬁ) (3.9)

Any increment made in either g, or g, or both, will reduce the term in the
square brackets in equation .8, and hence p; will increase, as might be
expected. Similarly, if the resistanceis reduced, p;increases.

For many problems this simple formulation for pris not entirely adequate,
since it may not be possible to reduce the structural reliability problem to a
simple R versus § formulation with R and 8 independent random variables. In

general, equation 3.2 needs to be evaluated by numerical methods.

3.2 First - Qrder Reliability Method

3.2.1 Introduction

in the above section an intraduction to the fundamental concepts of
structural reliability was given. In this section, one of the level 2 methods known
as First-Order Reliability Method is treated, as it is one of the methods used in
this research work to achieve the aim. _

The First~Order Reliability Method, previously known as the Advanced
Second Momént Method, was proposed in the late sixties. At first this method
could efficiently calculate the probability of failure of single structural elements
subjected to joads of which no more than one varies with time, But in recent
years, its application has gained a wider spectrum of systems (e.g. offshore
structures, portal frames) and load combinations. Examples of these applications
can be found in publications by Rackwitz, 1976; Rackwitz and Filessler, 1978;
Fiessler et al, 1979; Manner, 1989; Thoft~-Christensen and Baker, 1982; Madsen,

Krenk and Lind, 1986; Ditlevsen and Bjerager, 1986; and many more.
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3.2.2 Basic Variables and Failure Surfaces

Before the reliability of a given structure can be evaluated, it is essential
to first decide upon which variables, {(quantities or parameters)are of relevance.
These variables, referred to as basic variables, can be geometrical quantities
(e.g. the areaof the cross-sectionof a beam), material strength (e.g. ruptureor
vield strength and external loads like traffic loads and wind loads).

For a given structure each variablex,, L = 1, 2,...,n is considereda

realization of a random variable x,, i = 2,....,n and therefore the set of

variables 2 = (x,,...,x,) is a realizationof the random vector X =(X,,...,X,). In

other words, the variable % is a point in an n-dimensional basic variable space.

In this method only the expectations

Hi = B(X), i=1, 2,ec.4n (3.10)
and the covariances
Cy = Cov[X;r X], 1,9 % 3y peeaph (3.11)

are used.
Also the var(X,] = g’ = Cov[X;, X].

In an n-dimensional basic variable space @, with a set of basic variables

X = (X,1000:X, ) » & failure surface (or limit state surface) is defined as the surface

dividing the basic variable space into two regions namely a failure region «, and
a safe region w,. The failure region contains all realizations of X that would result

in failure and the safe region contains all realizations of x that would not result

in failure, Assuming the failure surface described by:

Yy = B BpviviaiXy) (3.12)

is chosen in such a way that positive values of f indicate safe sets of basic
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variables (the safe region) and the negative values of f indicate unsafe set of

variables (failure region). i.e.

—. >0  whenxew, (3.13)
£(x) _{s 0 when x € w,}

A two dimensional case is illustrated in Fig. 3.4.

Safe \O_/

1@>0 \‘%
H - > " 1

Fig. 3.4: A two dimensional case of limit state surface

According to Thoft-Christensen and Baker, (1982), reliability index, g,

can be determined for linear and non-linear fatlure functions with normal, log-

normal, uncorrelated etc. basic variables.

3.2.3 Formulation of FORM
In the First~Order Reliability Method, the performance function G(X) is

linearized at some point on the failure surface using the Taylor series expansion,
rather than at the mean. The linearizing point is known as the design or

checking point (Afolayan, 1994). Clearly, for non-linear failure functions,
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calculation of the reliability index, g8 = u,/0, on the basis of a linearization, will

depend on the choice of linearization point.

For a situation where G(X) is linear and uncorrelated, the reliability

index, g can be calculated by the following:

1. Obtaining a reduced, normally distributed variable expression for each

variate.

Let the variates be:

X; = Xy Xprooecese X, (3.14)
Therefore the reduced variables fvill be
O RS (3.15)
where
xie 2P0 1o1,2,00000n (3.16)
a-'x
Therefore,
(3.17)

/
Xy =0, XitHy,

Generating the limit state equation in terms of the reduced variates:

to

GUX) = G( O X * My, O X2+ My s o 0 O Xl ) =0 (3.18)

3. Developing an expression to define the distance from the failure surface

to the origin of the reduced variate space, Let the distance in question be D.
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Then

D= \/(x{)’+(x{)2+.....+(x;)3 (3.19)
In matrix form:

D= (xi°x)M? (3.20)

4. The point on the failure surface that has the minimum distance to the
origin may by determined by minimizing the function p with the constraint G(X)

= 0. For this purpose, the method of Lagrange’s multiplier may be used. That is,
1/ = D«NG(x;) (3.21)

where A = the Lagrange multiplier, then

i
a1’ _ fim___ag(x_f_) =0 (3.22)
ax; P ax;
‘and
g:c.'(;r)=0 (3.23)
OA 4

The solution to equations (3.22) and (3.23) will give the most probable

minimum distance point x** from the origin of the x’, coordinate system.
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5. The minimum distance is obtained by introducing the gradient vector

oG
¢ = : 3.24
ax;f ( )

and together with appropriate matrix representations of p; in equation (3.20),

equation (3.22) can be expressed for D in the form
P
(Ga‘tcr‘) 1-’3

where 6™ is the transpose of the gradient vector Gg’, which in effect represents

the reliability index as previously affirmed. Hence,

lt pate
_ _‘?__Gi_ (3.26)
(G{:nG}!’ /2

The reliability index is also defined in terms of the multivariate

performance function G as

_ He
B = (3.27)

where pu, and o, are the mean and standard deviation of the joint
probability distribution of the variables of the performance function G(x).
Hence the probability of failure P, can be represented as:
P, =o (-B) (3.28)

where @(.) is the standard normal integral.
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In general, the performance function G(X) is nonlinear in the basic
variables x,, therefore the first o.rder reliability method invoives the
linearization of G(X) to arrive at the reliability index, g. This is achieved by
expanding G(X) as a First Order Taylor series about some point X on the failure

surfaceand retaining only the linear terms (Thoft-Christensenand Baker, 1982).

. - . o Y aG
G(Xy1 X0+ 0 X,) = G 'xz'”xn)+§(x“_x‘i)-_r§£$l (3.29)

but at the failure surface G(X,") = @, therefore,

R e O(X,) (3.30)
G(XJ'X2'--IX.") - le(xi x'i) 6Xi

Introducing the reduced variate,

X;~x; = (%,ﬂ*ﬂ,ﬁ‘(%ﬁ’}*ﬂxj) = ,I(x}'—x’}) (3.31)
Also,
o¢ _ o¢ (x| 1 [d6 (3.32)
ax;  ax. | 9x;] o | ox!
6(x) = ¥ (x)-x') 2€ (3.33)
= dx;
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Noting that the parameters of x,” are N(0,1),

pg= =Y xf}ﬂ;; (3.34)
=1 axy
ac=f:azx,_a€,2=f:a_ﬁz (3.35)
1 | oxg 1| dx;

Even though the basic variables in equations (3.34) and (3.35) are
assumed to be normally distributed and uncorrelated, the Taylor’'s expansion of
G(X) about the means yield quite accurate estimates of g. However, if G(Xx)
contains non-normally distributed and often correlated variables, the accuracy
of the estimates of g will depend largely on the choice of the point of
linearization. The coded algorithm employed, FORMS (Gollwitzer, et al, 1988),
solves this prqblem by introducing appropriate transformations, converting all
variables into uncorrelated normal variables, subsequently linearizing the
emergent non-linear function G(X) about a suitable point x* selected through an

optimization procedure, and hence p, is evaluated using the standard normal

integral.

3.3 Optimum Design Concepls

Optimum design can be viewed as the minimization of some desired
mathematical functions found in design problems. To achieve an intelligent
design, the purpose of the design must be known in the face of any restrictions
placed on it. To formulate an optimum design problem it is important to identify
the set of variabilities that describe the system. Once the variables are given
numerical vaiues, we have a design of the system,

All systems are designed to perform within a set of constraints which

include limitations on resources, material failure, response of the system,
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member sizes and so on. The constraints must be influenced by the design
variables of the system, because only then can they have a feasible (workable)
system.

A criterion is needed to judge whether or not a given design is better
than another. This criterionis known as the objective function or cost function.
A valid objective function must be influenced by the variables of the design
problem, i.e. it must be a function of the design variables. The following section

elaborates on some basic terminologies used for optimization.

3.3.1 Design Vector

Any engineering svstemor component is described by a set of quantities
of which some are viewed as variables during the formulation of the design
problem. Somlc of the quantities are fixed at the outset and these are called
preassigned parameters. All other quantities are treated as variables in the
design process and are known as design or decision variablesx, = 1,2,...,n.
As far as possible, design variables must be independent of each other. One
should be able to assign numerical value to any variable independent of any

other variable. Collectively, these variables can be represented as a design

vectlor.

. (3.36)

Re
1

3.3.2 Design Constraints

Design variables are chosen such that they satisfy certain specified
functional and other requirements. The restrictions that must be satisfied to

produce an acceptable design are known as constraints. Constraints that
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represent behaviour or system performance limitations are termed as behaviour
or functional constraints and those that represent physical limitations on the

design variables like availability, fabricability and transportability are called

geometric or side constraints,

3.3.3 Objective Function

There can be many feasible designs for a systemand some are better than
others. To make such a claim we must have some criterion to compare various
designs. The criterion must be a scalar function whose numerical values can be
obtained once a design is specified. That is, it must be a function of the design
variables. Such a criterion is called an objective function or f(x) to emphasize

its dependence on design variable vector X. A function that is to be minimized

is also referred to as cost function.

Fig. 3.5: Constraint and Objective Function Surface
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As an illustration, we consider an optimization problem with only
inequality constraints G;(X) < 0. The set of X that satisfies the equation G,(X)
= 0 forms a hypersurfacein the design space and is called a constraint surface.
This is an (n-1) dimensional subspace where n is the number of design
variables. The design space region is divided into two by the constraint surface;
one in which G (X) > 0 are infeasible or unacceptable. The collection of all the
constraint surfaces G,(X)= 0,i = 1,2,...m, which separates the acceptable
region is called the composite constraint surface. The locus of all points
satisfying £(X) = C constraints forms a hypersurfacein the design space and
for eachof ¢ there correspondsa different member of a family of surfaces. These
surfaces, called the objective function surfaces, are shown in the hypothetical

two-dimensional design surface as in Fig, 3.5.

3.4 Classification of Optimization Problems

There are many ways of classifying optimization problems of which a few

are described below:

3.4.1 Classification based on the pature of Design Constraints

a) Implicit Constraints: Some constraints are quite simple, such as
minimum and maximum values of design variables, while more
complex ones may be indirectly influenced by design variables.
For example, deflection at a point in large structures depends
obviously on its design. However, it is impossible to express

deflection for very simple structures., These are called implicit

constraints.

b) Linear and Noniinear Constraints: Functions with only first-order
terms in design variables are called linear constraints and can be
solved using Linear Programming techniques, whereas more

general problems have non~linear constraints.
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c)

Equality and Inequality Constraints: Design problems may have
equality as well as inequality constraints. An example of an
equality constraint is, to perform a desired operation, a machine
component must move precisely by A. Examples of common
inequality constraintsare that calculated stressesmust not exceed
allowable stresses, deflections must not exceed specified limits,
resources must not be exceeded, demands must be met, loads must
be within limits so that failure does not occur and so on.
Therefore, we have more feasible designs with respect to

inequality constraints than equality constraints,

3.4.2 Classification based on the nature of Equations involved

This classification is very useful from the computational point of view

since there are many methods developed solely for the efficient solution of a

certain set of problem.

a)

b)

Non-Linear Programming: If' any of the functions among the

objective and constraint functions is non-linear, the problem is

called a non-linear programming problem.

Geometric Programming Problem: A geometrical problem is one in
which the objective function and constraints are expressed as
posynomials in x. Where posynomial can be defined as a function

h(x) expressed as the sum of power terms each of the form:

Bl AR e (3.36)

where C; and a,y are constants with ¢,>0 and x,>0.

Thus, a posynomial can be expressed as:

b(X) - CI.XI.HX;"- .. ox:lu+0 esat C'-x;"' o Xp

e (3.37)
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Therefore, the geometric programming problem can be posed as follows:

Find x which minimizes

‘,ﬂ n
£(x) = ;CI[H Xf"J S0, #y>0 (3.38)
=1 *-1
subject to
‘"J n & 39
Q'j(x)=zl a; II:(,“ 0, a;,;>0 (3.39)
i= =1

where N, and N, denote the number of posynomial terms in the objective and jth

constraint functions respectively.
c) Quadratic Programming Problem: This is a non-linear programming
problem with a quadratic objective function and linear

constraints. It is formulated as follows:

Find x, which minimizes:

n n n
f(x) = C*+ + Q (3.40)
(x) §q‘X1 Eg i1%57
subject to
n
Ed_uxi = bj’j = 1;2;..-;3" X1=>0, i - 1;2,---;5 (3‘41)
a=1

whereC, q;, Q, a,; and b, are constraints.
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d) Linear Programming Problem: This is a linear programming
problem with the objective function and the constraints as linear

functions of the design variables.

Find
(X,)
X
X, =" (3.42)
va}
which minimizes
n n
=1 =1
subject to the constraints
n
Ya,=b; j=1,2,.,m X=>0; i=1,2,.,n (3.44)

k=1

where €, a,, and b, are constraints.

3.4.3 Classification based on the number of Objective functions

Depending on the number of objective functions to be minimized,
optimization problems can be classified as single and multi-objective problems.

A multi-objective problem can be stated as follows:
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Find x which minimizes

LX) ¢ £o{ X} pone, LX) (3.45)

subject to

gJ(X) < 0; j Lo 1,2,...,1! (3.46)

where £,, f,,....,f, denote the objective functions to be minimized

simultaneously.

3.5 NLPQL: a Fortran Subroutine Solving Constrained Nonlinear Programming

Problems

The new design methodology is characterized by the phrase "model and
analyze." Once the design problem is properly formulated, numerical methods
can be used to optimize the system. The methods are iterative and generate a
sequence of design points before converging to the optimum solution. They are
best suited for computer implementation to exploit the speed of computers for
performing repetitive calculations. (Schnittkowski, 1983). Fig. 3.6is a conceptual
flow diagram for the interactive design optimization process.

NLPQL 1s a FORTRAN implementation of a sequential quadratic
programming method for solving nonlinearly constrained optimization problems
with differentiable objective and constraint functions. At each iteration, the
search direction is the solution of a quadratic programming subproblem.

This code was designed to solve constrained nonlinear programming

problem:
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min £(x)

subject to:

j=1...,m,
mAl, oo, m (3.47)

R
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The optimization method generates a sequence of quadratic subprograms
which are to be solved successively, The algorithm is therefore known as the
sequential quadratic programming (SQP) method. It was developed mainly by Han
{1976) and Powell (1978) based on the initial work of Wilson (1963). The

theoretical details and some convergence results are found in Schnittkowski

(1983).
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- Fig. 3.6: Interactive design optimization process
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CHAPTER FOUR
LIMIT STATE FUNCTIONS FOR SINGLY REINFORCED
CONCRETE BEAMS

4.1 Introduction

In this chapter, models for the performance functions for the limit
states are developed. The failure modes considered are the bending, shear
and deflection. For each safety margins got by equating the resistanceof the
beam as proposed by BS8110 and the load effect calculated by elementary
structural analysis, the basic variables are identified and their statistical
characters suggested, from literature.

This work assessesinterior beams of equal spans in an office building.
To arrive at maximum values for moments and shear forces, two load
combinations are studied,

Fig. 4.1 (a) and (b) show the arrangementsof vertical loadings on the
three span continuous beam to cause maximum sagging moment in alternate

spans and maximum hogging moments at the supports, respectively.

Ny N, Ny
w [T e T
o LTI o
Fig. 4.1: Loading patterns



In Fig. 4.1. we have

N, = (l.4a + 1,6) X Q, x Spacing of beams
N, = 1.0a x Q, x Spacing of beams

Q, = live load on beam

= effective span of beam

a =G, / Q.

G, = dead load on the beam,

4.2 Establishment of Performance Functions

4.2.1 Bending Criterion

The load effect in bending for maximum applied span moment, M,,,is

calculated using moment distribution method as :

1;2
H.1=—7-‘6—§(77N1"19.Ni) (4'1)

Similarly, the maximum applied moment at support, M,,, is:

.52
Mor=5g7 (22M,-3M) (4.2)

At the ultimate limit state, it is important that sections subject to
bending should be ductile, with failure cccurring by the gradual yielding of
tension steel rather than the catastrophic sudden crushing of the concrete
in compression (Mosley and Bungey, 1989), For equilibrium of the beam
section, the tensile force, F,,, in the reinforcement must be balanced by the

compressive force, F, in the stress block. See Fig. 4.2.
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Fig. 4.2: Stress block diagram for a singly reinforced section
Thus.
Fat - Fw
implyving

0.87£,4, = 0.45F, bx

characteristicstrength of steel reinforcement

where £

A, = area of steel reinforcement

A = characteristicstrength of conerete
b = width of beam

X = depth of compressive stress block
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Hence x can be determined as

_ 0.87£,4,
© 0.45fb

Therefore, the lever arm z, between F,, and F,, is obtained as
X
g =d=
2

where d = effective depth of the beam section.

The moment of resistance M,, for the section is evaluated as

My=F. _.Z=0.45f,b.x.2

(4.5)

(4.6)

(4.7)

The expression for the performance function G(X) in this limit state would

then be

G(X) = My - M,

4.2.2 Shear Criterion

(4.8)

Having determined the magnitudeof the critical shearing forcev, using

structural analysis, the ultimate shearing stressat a section of uniform depth

d can be calculated from
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U = FI; (4.9)

Given that the loading is uniform and the spans do not differ by more

than 15 percent of the longest span, the shearing force v, calculated from

moment distribution is given as:

V= (0.55N, + 0.049N,)Z (4.10)

Since concrete itself offers some amount of resistance to shearing
stresses equal to v_, the resultant of the shearing stress created by v then
equalsv - v_. Howeverv - v, should not be greater than a certain v, which
is set by BS 8110 (1985) as being the smaller of 0.8Vf,, or 5N/mm?

In the design of the beam for shear, the resistance Lo shear pitted

against applied shearing stresses is estimated as

A u-u, )b
by, AV V) (4.11)
g, O.BTfﬂ
This can be readjusted to
0.87A_..r 174
— Y e 1~ 4.12
s,.b pa 17V ( )
whereA,, = Area of shear reinforcement
8, = spacing of shear reinforcement
. = characteristic strength of shear reinforcement
Y = v /v.



The performance function for the beam in shear is

 0.87f,,A,,

G(X) 55

-Yi1-
Bgtl Y] (4.13)

4.2.3 Deflection Criterion

Under the BS8110 requirement, the maximum vertical deflection may
generally be assumed to be satisfied provided that the actual span to

effective depth ratioare not greater than the limiting span to effective depth

ratio.

Thus,

limitingT"';:ZG x m. £. (4.14)

where 26 = the basic span/effective depth ratio for continuous beams

The modification factor, m.f., for tensile reinforcement:

477-f,

m.f. = 0.55+ (4.15)
120x(0.9 + M,/ bd?)
where
Asrega. 1
£, = o.szsxf,xzﬂ%x-: (4.16)

in which B.= the redistribution factor
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Thercefore, the performance function for deflection is

G(x) = .Z.im.it:.ing—g - actaal«—g (4.17)

4.3 Statistical Characteristics of Relevant Design Parameters

Techniques that can be utilized tp obtain the probability distributions
of basic variables include: direct inference from observed data, subjective
assessment or their combination. Therefore, in practice, past observations
and experience for similar stryctures can be validly used for the structure
under assessmentand the probability distribution functions can be obtained
from physical models.

With limited information the probability distributions of the design
variables were prescribed. However, it is important also to recognize that
regardiess the distribution of the individual variate, it is the distribution of
the safety margin (R-§} that is important in the calculation of probability of
failure, p, (Ang and Cornell, 1974}. It was also observed that if the risk level
is higﬁ. (eg. p, > 10~%0r B < 3.1) the calculated failure probability is not much
different regardless of the type of distribution. However, for a very small
risk (eg. p, < 10~%0r g 2 4.25) the failure probability could be sensitive to this
distributioﬁ.

In second moment reliability method, the parameters of interest are
first and second moments {mean and variance) for the computation of safety
indices (Ayyub and Halder, 1984), It is alsocimportant to note that it is the COV
(ratio of standard deviation to mean value) that are mostly published in
literature (eg Galambos and Ravindra, 1978, Melchers, 1987). values of

relevant parameters for the basic variables used are shown in Table 4.1,



Table 4.1: Table of Essential Design Parameters

PASIC VARIABL ES TY PRI NUM MUAN COEFPICIENT
o OF VARIATION

I Cempressne shreagth of cencrcie. | Leg Nowmial L 25N/man’ oS

» Characteristic strength of steel, 1 Log-Notmal 1 60N 015

i Hreadth, b Nonmal 2 ham 0.5

H Filecuve depth, o Nomal 2 Svum 0086

$ | inelad © Gumbel y 0.0025N/num” 6.37

h kength, | Nowmal 2 SO v 0.4

r | Charactenistic strength of links, [, Lo -Nowmal L] 250N/’ 15

s Ui ross-sectuwial area of links, A, Noamal 2 187 fsim s

9 spacing of links. 5, MNormal 2 PRI i

i Tabs v, MNewniad 2 o i

A study carried out by Fiorato (1973) showed that all geometric
variables are normally distributed while the concrete strength and strength
of steel are assigned log normal distributions.

For the purpose of the application of FORMS, the following

distributions have the following number code: Normal = 2, Lognormal = 3 and

Gumbel = 7.

4.4 Uncertainties in the Basic Design Variables

It is seen in the formulation of the performance functions of the beam
at the various limit states that the beam’s capacity and the load effects on it
are themselves functions of severalintervening variablesx,. In engineering,
uncertainties in quantities are the rule rather than the exception, therefore
it is expected that all such basic variables should exhibit some degree of
scatter.

The probability distribution describing this scatter, however, poses

a problem in its identification chiefly because of a lack of sufficient data
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permitting its unambiguous identification. In the absence of sufficient data,
engineers are forced to propose such distributions with the benefit of
mathematical back-upto physical reasoning (Ellingwood and Ang, 1974). Thus
where the basic variable consists of the sum of severalothers e.g. dead loads,
strengthof concreteete, the central limit theorem may be invoked to suppose
that the normal distribution would be appropriate (Thoft- Christensen and
Baker, 1982), Such a reasoning could be adopted also to suggest that
geometrical dimensions could be normally distributed too.

The uncertainty of most variates is well established and given in
literature (e.g. Ellingwood and Ang, 1974, Ravindra et al, 1974) in terms of the
coefficient of variation. More generally, the total uncertainty is evaluated in

terms of the basic variability of observed data and the errorin the prediction

of the mean value in the form:

Q - J5ToA? (4.18)

where Q = total uncertainty, 6= basic variability of observed data, A
=errorin the prediction of the mean value.

and

cov=2 (4.19)
2

where y, = mean value of the variate.

When practical values for u, are adopted, their corresponding

variabilities could then be obtained with estimatesof their total uncertainties.
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4.4.1 Variability in Strength of steel, £,
This has been found to be influenced by methods of analyses of data

of various bar sizes and commercial testing procedures. Since the designer
or caode writer usually does not know beforehand which bar sizes might be
required and in what combinations, uncertainties obtained from lump test
data for bar sizes become appropriate (Ellingwood and Ang, 1974).

During commercial testing procedures, it is the unstable upper yield
point ;ather than the stable lower yield point that is reported. Also, the
characteristicmean strength of steel tends to increasedue to the high strain
rates applied. The uncertaintiesin the value of the mean resuiting from these

shortcomings suggest a total uncertainty Q,, of 0.15.

4.4.2 Variability in Strength of Concrete, £

The variability in the strength of concrete is affected by the method
of mix and structural considerations. Evidently, £, cbtained from test results
differ from f.,in the actual structure as a result of factors such as the strain
rate, duration of ioading, casting direction, curing of the member and the
effects of creep, shrinkage and confinement. It has been shown that concrete
proportioned for a nominal mix of 21N/mm?yield a mean strength of 23.8 N/mm?
with a basic variability within the test resuits §,,, of 0.12. The aforementioned
factors are assumed to contribute a combined uncertainty of 0.18, hence a

total uncertainty Q,,, is cbtained as being equal to 0.21 (Ellingwood and Ang.

1974),

4.4.3 Variabilities in member geometry

The width b, the overall depth h, of the beam and dimensions of
reinforcement placements are deemed to be functions of the level of
workmanship in construction. It is suggested that both g, andg,, and g, and
Q,, are equal respectively, since in the former case, errors arise from the

laying out of dimensions, and in the latter case, errors arise from the
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placement of reinforcement. @, and @, have been estimated as being equal to

0.045 while n, and g,, have been estimated as being about 0.086 (Ellingwood

and Ang, 1974).

4.4.4 Uncertainties in loading

The loads N, and N,, encountered in the formulations of the various
performancefunctions, are consideredin reinforced concretedesign as being

functions of characteristic dead loads, G, and characteristiclive loads Q,.

M
N

(1.4a + 1.6) x Q, x Spacing of beams; (4.20)
1.0a x 9, x Spacingofbeams .

When suitably practical values for a are adopted, the variations in
design loads, N, and N, can be studied by considering those of the
characteristiclive loads chiefly,

Live loads in buildings arise from movable fixtures, occupants and

other non-permanent installations and they depend on,

(1) The type of occupancy,

(2) The tributary area and

(3) The projected service life of the structure (Ellingwood and Ang,

1974),

Whereas physical reasoning could be evoked to suggest that dead loads
are normally distributed, consideration is usually given to extreme-value
distributions in proposing one for live loads. The application of extreme-
value statistics to live loads effectively shunts the necessity for a time-
dependent reliability approach, since the maximum load in each reference
period is what is considered. Extreme-valuetype I (Gumbel) distribution has

been found to be quite reasonable to model live loads (Melchers, 1987).
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4.5 Cost Optimization Problem

Cost-benefit analyses seem to suggest that the desirable condition of
any endeavour whatsoever can be expressed mathematically as max (B-C,),

where B = Total benefits to be derived from the endeavour and ¢, = Total cost

of the project (Melchers. 1987).

Within the framework of the probabilistic assessment of the
performance of the structure in question therefore, the total cost of the

project can be expressed mathematically as:

Cp = Cr*p Ly (4.21)
where C; = initial cost
Pe = probability of structural failure
C; = cost of failure

¢, as above embodies the generality of costs associated with materials
and labour ¢, provision of a number of quality assuarance measures, Cg,, and

corrective actions taken in response C,, and costs of maintenance, c,, and

insuranceC,,,. Inother words,

G & P PO, (4.22)

A major obstacle in the direct analysis of costs as presented lies in the
fact that it is very impractical for ¢, to be determined globally. It is
obviously a function of the benefits derived from the structure by the client,
the extentof damage of the structure, the failure mode, the injury caused etc.

and usually aspects such as the cost of injury vary from society to society,

if not from individual to individual.



One convenient way around the problem is to present these costs as

non-dimensional quantities, expressing all costs as a ratio to the initial cost.

Cr Cr’
— = l+p—= (4.23)
&, e,
Let
Cy C,
— = —= 4.24
C; Agr <, Ar ( )

represent the total and failure costs ratio respectively.

Hence, our objective function to be minimized is given by:

Ap = 1+A,.0, (4.25)

Practical values of ), are specified in literature (e.g. Melchers, 1987).
For beam elements, these values are said to range between 30 and 75, and in
this study, the value 75 is used throughout for the simple reason that the

worst effect on the cost of the beam is desired to be known. The design

constraints to be satisfied are bending and shear.
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CHAPTER FIVE
FAILURE PROBABILITY LEVELS AND COST OPTIMIZATION

5.1 Introdu.ct.ion

This chapter discusses the results of the reliability analysis and cost
evaluation of continuous rectangular beams using the BS8110 (1985) design
requirements. Alongside with the reliability-based optimum design, an
investigation of the sensitivity of the optimized design to changes in the
statistical parametersthat define the loading and member strengthsis carried
out.

Firstly, with the various performance functions derived in section 4.3
and taking into consideration the variabilities in the design variables, the
implied safety (reliability) levels associated with BS8110 criteria are
computed. The computation follows the procedure of the First-Order
Reliability Integration Method. Their results are presented in Fig. 5.1.

Secondly, the optimum design of a continuous singly reinforced
concrete beam is studied with the objective function as the total cost ratio
subjected to bending and shear constraints. This is accomplished with the aid
of a coded Non-Linear Programming Algorithm (Schnittkwoski, 1986), and the

First-Order Reliability Integration Scheme.

5.2 Implied Safety Levels

The adequacy of BS 8110 (1985) design criteria for beams is assessed.
The implied 3 levels are examined and averaged over a suitable range of load
ratio, a. Typically, g values in the range of 2 to 4 are used in establishing
code safety margins for ultimate limit state and for serviceability limit state
the range is 1 to 3 (Moses, 1990). Hence, g averages falling within this range
reflect adequacy in the design criteria under study. A study by MacGregor

(1981),showed that for gravity loads acting on reinforced concrete beams, the

range of g8 was between 2.8 and 3.2,
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Implied levels of safety inherent in strength predictions for bending,
shear and deflection are studied. A suitable range of load ratios is
consequently adopted within which subsequent analyses are performed.

Generally, it can be observed from Fig. 5.1 that the relationship of
safety index, g, with load ratio, a, is polynomial by nature and g decreases
uniformly with an increase in g for all the design criteria. Also, the g-values
are more sensitive to a for bending and shear. This is illustrated by the fact
that g-values change more in bending and shear than in deflection for
corresponding change of a.

In bending, g ranges from 3.45 to 1.52 and has an average of 2.365 (p,
=9,0155 x 1073 which is within the economical range of 2 to 4. This implies that
the design equation for bending is well predicted. However, for a high a ratio,
the adequacy becomes questionableas g values drop gradually, If g = 3.0 were
taken as a target level, it can be seen that the beam would be sufficiently safe
in bending at all a« less than 0.5. An acceptable range for the ratio a for the

beam in flexure could therefore be deduced as falling in the region 0.3 £ a =

0.5.

The range of values for g for shear is between 2.66 and 0.95 with an
averageof 1,685 (p, = 4.8491 x 1073 which is below the economical range. Thus,
its requirements are seemingly critical in the code, and they require proper
caution in application. Against the assumed target g level of 3.0, a suitable
range of load ratios would be below a =0,2. While the beam could perform
satisfactorily in bending at load ratios as high as 0.5, it can only perform
similarly up to a = 0.2 in shear, indicating the inferiority of shear strength
predictions. This discrepancy in performance levels suggests a non-
uniformity in the governing design equations. This non-uniformity may be
alleviated as suggested by Afolayan (1995).

By comparison, the deflection criteria is the most conservative, which
is exemplified by its high average g of 5.70 (p, =0.59907 x 1079, This is quite

high and outside the economical range of 1 to 3. This result shows that the
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satisfaction of the code requirement for deflection does not necessarily lead

to economical designs.

However, an increment of 50% in load ratio will cause 17%, 20% and 3.5%
reductionsin the safety indices associated with bending, shear and deflection
respectively, This shows that the shear requirement is the most sensitive
while the condition for deflection is relatively insensitive though

uneconomical. Therefore, it is indicative that the most probable cause of

failure would be shear.

For illustrative purpose, let b = 300mm, d = 450mm, a = 2.0 and L =
5000mm, the M, = 236.9KNm and M,; = 73.44KNm. When designed to BS8110
requirements it will be a safe, singly reinforced concrete beam as the
difference in M and M, is quite high. But when the design is subjected to a
reliability analysis the safety index for bending is 1.52 (p, = 0.644 x 107% and
that for shear is 0.95 (p, = 0.171). Thus, implying that the domain of failure is
wide spread and the beam may not be as safe as it may appear. Also, despite
the resistancebeing greater than the load effect it still falls within the failure
domain. The pseudo-probabilistic code recognizes this small but finite

probability but there has been no attempt to compute such a probability

{Afolayan, 1992).

7.00 ¢
)
6.00 *"_—_&—"—“—_ r—— &
+ . Py +
5.00 | bendiag
4.00
~—{}— shear

f

——+— deflection

salety index
g |
Z

I g s’ “\-n\.\'\
2.00 1 M'\'\i
1.00 T O—0-—q
0.00 j 4 + + — " - '
0.2 04 0.6 08 1.0 1.2 14 1.6 186 2.0

load ratio

Fig.5.1 Implied Safety Levels with varying load ratios
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In this investigation failure does not necessarily impiy a total collapse
but rather the viclation of a limit state. The major concern is the margin
between the resistance of a component and the load effect on it when

variability inherent in the intervening variables are systematically

quantified.

5.3 ‘Cost Optimization and Sensitivity Tests

Reliability-basedoptimal designs have been treated by severalauthors
(e.g., Morutsu et.al., 1984; Frangopol, 1985; Thoft-Christensen and Sorensen,
1987; Thoft-Christensen and Morutsu, 1986). The essential objective of
sensitivity analysis of any system is to establish a measure of the way each
response quantity varies with changes in the parameters that define the
system. Some other important factor_s to be considered in sensitivity analysis
are the influence on the reliability-based optimum solution of the
approximations used in formulating the objective functions of the
probabilistic methods for computing the system reliability, and of the
optimization techniques themselves. This information is useful in reliability-
based optimization for three principal reasons (Frangopol, 1985).

First, if the statistical parameters (eg., mean values, coefficient of
variation, coefficient of correlation), or specified reliability levels are
modified after the optimization is complete this will provide the designer with
a measure of what effect such changes will have on the optimized structure.
Limited statistical information on loads and strengths, lead to approximations
in arriving at the statistical parameters associated with these random
variables. Through scnsitivity analysis these critical parameters can be
identified, thereby, allowing for an efficient control of errors in specifying
‘the required levels of approximation for each parameterof interest to achieve

a reasonable compromise between reality and simplicity in reliability-based

optimization.
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Second. the information provided by sensitivity analysis of the
optimum solution to changes in the objective functions, in the probabilistic
methods to determine structural system reliability, or in the optimization
techniques themselves, can be effectively used by the designer to rationalize
the computationaleffort and to develop a reasonablelevel of confidencein the

final design.

Third, the sensitivity analysis information is valuable for indicating
new paths of researchin reliability-based optimization.

In view of the above, sensitivity tests such as changes in coefficient
of variation of live load and concrete strength with their effects on the

objective function and the design parameters, are conducted.

In this study, the objective function for the constrained nonlinear
problem is the total expected cost with bending and shear constraints. The
deflection criterion has not been considered in this optimization procedure

as it gives the most conservative and uneconomical results when checked for

reliability. See Fig. 5.1.

The optimization problem for the beam element is given as:

min. A, = 1 + ApePye (5.1)

Subject to:

Ci ™ P -~ P'p S0 (5.2)
C, = Pra = Py = 0 (5.3)

with
(5.4)

Pie = P + Pra

for independent failure events: and
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where A, is the total expected cost parameter

) is the failure cost parameter

Pee is the measureof inadequate performanceof the designed
element

Cor S are the bending and shear constraints

Biss D are the probability of failures in bending and shear,

respectively

PTrw PTts are the target failure probabilities of the bending and

shear criteria.

In this work, the bending and shear criteria are assumed to be
mutually exclusive events. In other words, the member can fail in either

bending or shear but both cannot occur at the same time.
The optimization results are shown in Figs. 5.2 to 5.21.

Figs. 5.2(a,b and c) are related as they illustrate the variations of
breadth, b, depth, d and total cost ratio, ), respectively, with a and
coefficient of variation of concrete, v,,. The length, L, and coefficient of

variation of live load, v, are kept constant. The same trend is followed for

Figs. 5.3 to 5.6.
Figs. 5.7(a,b,c) follow the same pattern as Figs. 5.2(a,b,c) with the

exception that v, is varied while v, is kept constant, The same trend is

followed for Figs. 5.8 to 5.11.,

Figs. 5.12(a,band c¢) show the relationshipol b, d, and A, respectively,

with varying v, and « for various lengths. v, is kept constant. Same trend

is followed by Figs 5.13 to §5.16.
Figs 5.17 to 5.21 show the relationship of b, d, and A, with varying v,

for different lengths. On scanning the figures some general trends were

observed.
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b The breadth, b, depth, 4, and total expected cost parameter, X,

increases with load ratio, a, for various v,,,, v, and L.

A rise in d, brings about a decline in A, by some percentage which

!‘J

depends on V., V,, @, and L.

A, increases uniformly with a for all concrete variabilities (Figs. 5.2¢,

3.
5:Cuniia 5.6¢). However, with respect to vg,A, increases
disproportionately (Figs. 5.7¢, 5.8C....... 3.11¢).

4. In relation to Ve, A, is more or less constant for a constant length and

load ratio but with v, A, increases disproportionately at each

increment of 0.05 of v, (Figs. 5.12¢, 5.13c.......5.21¢).

In normal deterministic design, when a section is inadequate for the
applied load, the designer modifies the cross-sectional dimensions of the
element to meet the requirements of safety and serviceability, but it is not
known which of the parameters are more sensitive to the total cost. In this
study, the effectsof changesin b andd on A, are examined and it is observed
that an increment of 33% in d, decreases A, in the range of 2% - 55%, in the
various figures. Meanwhile, an increase in b, has no significant effect on A;.
Accordingly, it can be argued that an increase in b only reduces the
probability of failure marginally for both bending and shear criteria. Thus,
a cumulatively high p,, leads to an increasein A,. And for depth, the reverse
is the case.

Figs. 5.2a, 5.3a,........5.6a show that the change in b was irregular and
inconsistent with a, L, and v, especially for high v, and L, and contrarily,
Figs. 5.7a, 5.8a........5.11a at first showed a constant b for lengths between
3000mm and 5000mm then there was a gradual and consistentincreasein b for

correspondingincreasein a, Land V.. Theinterpretation to this may be that
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