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ABSTRACT

A program for the automatic computation of
root loci points was implemented. The root loci of a
variety of systems was plotted using a plotter also
developed as part of the thesis work. And a simple

compensator - design was effected using the programs,
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On the other hand, if.oﬂé ié.intereéiéd in synthesizing
{(ie. building up) the various modules of a system with &
view to enable the system perform according to specified
criteria, then the corresponding problem is the design one.
The problem of design in essence, therefore, is that of
synthesizing 2 transmission function that will invariably

yield a desired response to a particular excitation.

Design and analjéis coﬁid-ﬁé éffectéd elther in the

time domain or frequency Adomain er boih. In time domain
énalysia/design, the excitation signal, the response signal
and the transmission functions are all functions of time and
one is generally interested in either the transient (initial)
lor steady-state (£final) time response of the system, Whereas
for the frequency domein analysie/design, the signale and
trensmission functions are expressed in terms of frequency
and the frequency response as well as other performance
criteria (bandmidth, pesk response, error coefficients etc.)

comprise the major interest. . .~ .

Working in the time domain, the transmission function
or overall tranasfer function T(t) of a system is defined as
the convolution of the input, wu(t), with the impulse

response, 1(t), of the system, that is




u(t «2 ) n(A) aX ... 1.9

¥

T(t) = u(t)»n(t) ej
- 00

e

L M

where.l is a duomy variable of integration,

It 18 however much easier to work in the frequency domain
because the problem or evaluating the integral of (1.1) reduces
to that of multiplication of the fourier transforms since 1t

18 possible by transformation of (1 .1) to obtain
Nw)=uﬁJ*Mt)= MW)xHW); ”'”.““ 1.2

Where Ulw )} 1s defined as the Pourier transform of ut),
H(w ) is definea as the Pourier transform of n(t),

methods of design and analysis attributed to Nyquist and Boge
are al]l frequency domsain procedures. Time ang experienct
showed that designs and/or analyses based solely on the
ffequency domain were sometimes inadequate, This stenms

from the fact that direct correlation between frequency
response and the transient response of a closed loop Byste£1)
is brecarioualy meagre. There was need therefore to evoke
methods which could enhance thig vital correlation. This

was realized by Cxpressing the various Signals in terme

of the complex frequency variable,

S

B = &~ + JUJ . * ..-n;-tooo 103
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and defining the transfer function of a system in the usual

manner as

r(s) = SL8) P n(s) e 8t at

= L B 1.h
R(s)

o]

based on the Laplace transform (see Pig.1.2). In control

terms then, we define the analysis problem by

= G(B) L] LA B O B I ) -
9(s) 1 + 6(s) H(s) ) Hud

and the design problem by

r(e) = X&) . G(s) 1.6
R(s) 1 + G(s) H(s)

where (see Fig. 1.2)

C(s) is defined as the Laplace transform of c(t), the

output signal ;

R(s) is defined as the Laplace transform of r(t), the
input signal;
G(s) is defined as the forward path transfer function

of the system;

H(s) is defined as the feedback or reverse path transfer

function of the system;
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G(s)H(s)=GH(s) is defined as the open loop transfer

function of the system and

T(s) defined as in (1.6) is the closed loop transfer

function of the systen, I T

The equation, R
1+ 6H(s) =0 T % e 4.7

which, for most linear systems, is & polynomial in s is
referred to as the characteristic equation (CE) of the
system, It performs the role of specifylng the nature of
the characteristic roots or the eigenvalues of the overall

system and hence the responese to the inputs.

1.3 The Fqggaﬁéntals of Root Loci

(2)

The roct locus technigue is a graphical procedure for
determining the rocts (zeros) of the CE of a system and the
8 - plane loci traversed by the rocts as one of the systenm
parameters is varied, It is a very useful technique 1in the
design and analynis of control systems, The method waes
introduced by W.R, Evans in 19&8(i), and can be used to
determine the roots of any polynomial(z) provided proper

partitioning and rearrangement of the polynomial is organized,
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Consider the CE
1 + GH(8) = O

This can often, for linear time inveariant systems be expressed

in the form,

LU I 1.9

3 2 B
a3 8 + a2 8 + a, 8 + a, = 0
which can be put in the form
33 + Qﬂz + b 8 + d = 0 aeasaaae 1810

The roots of this equation are those values of 8 for which
(1.10) is satisfied, If ¢ end b are fixed, then for each
value of a,] three values of s that are roots,
Consequently, if a assumes valuee in the range 0 g a <, -:!
an infinity of triplets of 8 - values which are corresponding
roots, If these values are plotted in the s - plane, they form
(2

a curve or "locus" called the root locus ) for the polynomial

of (1.10) when a 1is the varisble parameter,

Definition: A root locus is therefore defined as the set of

all s -values which satisfy the CE of a given system,



It should be noted that the reot lecus gain, K, is
net necessarily, the scme as the static error coefficient,
Kx which, specifically, is the gain of the open loop
transfer function, GH(s), of a contgol system when it is

:'?

expressed in the Dode requency form viz:

i
Kx/:(s/zi + 1)
3

e a—mmm——— e 1

(s/py + 1)

GH(s) =

I |

BN

i -

1

ey

where N 1is the multiplicity of the pole ot the origin of

the complex Iredquency- plane,

The two gein constants are related via the equation

This wvital, reletiongship should be taken into consideration
in the desipn eof series compensators using the root locus
method with 2 view fto ecither providing a plant with an
appropriate root locus gain or a desired steady-state
accuracy. The applicntion of the root locus technique in

the design of series compensators is treated in Chopter V,
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If a regular root locus is plotted with X < 0, the
resultant locus is c¢alled the inverse root locus of the system.
Points on the root locus of 2 system can be determined elther
graphically or by computation based on various numerical and__

analytic schemes.

In this thesis, methods for the automatic generation of
root loci will be considered. Pirst a survey of previous
algorithms described for the avtomatic generation of root loci
is presented in chapter JII. The organization and documentation
of the program, Root 98, developed in this thesis is presented
in chapter III, In chapter IV, the root loci plots for the
. Bystems used in testing-out Root 98 are illustrated while in
chapter five, Root 98 1s used to implement the design
of compensators for some given systems, In the remaining
sections of this chapter, the theory and properiies of root
leel and the simple rules employed in the graphical construction

of root loci 1s discussed,

1.4 Theory and Properties of Root Loci

It has been shown earlier on that the CE of the typical
system (fig. 1.2) can be put in the form,
1 + KF(s8) = O

which implies that
KF(S) = -1 Tsasen 101111-0



S

In polar form (1.14) can be written as

x F(s)' e J m‘ﬁfil’m(*"")}= .1 .. JSams A s

P !

Hence two equations can ve défived from (1.155 viz

Arg {F{ s)\] = (21‘1 + 1A I a 1 . ver 1 ;1 6
n = O', + 1 ’ _t 2 . N . "
and S _
' t 1 . "‘_f'f'h:‘.' o . et
: i R - sasavaa D17
tKl ' ‘:c,s RN

Equation {1.16) is called the angle criterion and arises

from the fact that the argument of F(s) must be an c¢2d
multiple of /A fors to be @ root locus point while equetion
(1.17) is called the magnitude criterion and represents the
fact that the magnitude of the open loop tronsfer function

GH(s) = KF(s) .

S S S
must be unity for . 8 to be & root 3locus point, Hence any

point, s, (say), which satisfies cquation (1.16) is a root

locus point, If 8y further satisfics equation {(1.,17), then
84 is a characteristic¢ root of the system, Similarly a point
85 (say) which satisfies (1.17) is a root locus point and 1f
s, further satisfiga.(1.16), it i1s alsov a characteristic root

of the system,

I
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S

For the inverse root locus plot the root locus gain
K < 0, hence the argument must be an even multiple of ¥ and

the angle criterion becomes
APQ{F(B)} = 2nﬂ a sk ew 1.18

n=0, +1’ 32, s s anae

Subsequently, a regular root locus is sometimes called
the 180° root locus while the inverse plot is called the o°

roct locus.

The foregoing purports that it is possible to determine
both magnitude end angle loci for any glven systemgz) If this
is done and the loci are drawn, the roots of the CE 1.e,
the characteristic roots of the given system are the points
in the s-plane (complex frequency - plane) at which the argument
and magnitude loci intersect. If the CE 1s a polynomial of
degree, n (say), there will be n roots of the CE
corresponding to the n points of intersection of the loci,
However, in its original form, the root locus method is based
on the anglelrelation of (1.16). This choice was made by
Evans when he first presented the method and used as 2 basis
for the design of a template known asthe spirule, The spirule
operates Dy summing up algebrailcally, the angles contributed

by the various open loop poles and zeros. Generally poles

contribute negative angles while zeros contribute positive

"
~
no
o
+
—
S
>
-~

If ®©
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&_

™, 1.3t Graphical construction of root loel,

-1l4=
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then the point Sp is & root locus point of the given system.
Otherwise, a new test point is chosen and tested as previously
described. It is apparent that such an exercise can be rather
tedius, Despite the fact that the evaluation and subsequent
summation of these angles 1is simplified by the spirule, the
process becomes extremely complicated and intractable 1if the

system being handled has a large number of singularities.

Tt should be noticed that equation (1.19) defines a
class of systems and not just a system. This c¢lass of system

is defined by the set D of root locus gain values where

D:{K: OéK £CD}, .....-.o--lit."'°'1'22

for negative feedback systems.

Fixing the value of K 18 eqguivalent to seleccting a
single system out of the lot and the value of Sy which now
satisfies the angle function is a characteristic root of the

chosen system.

1.5 Root Locus Sketching Rulesg

In most cases, it is not necessavy to obtain the exact
root loci of a system; what is required under such circumstances
is a sketch of the loci., Certain rules have been derived based

on experience and/or properties of root loci in general,
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Thesc aid the sketching of root locl and, more important
8till, help in the formulation of algorithme for the

automatic generation of root loci.

Recall, the CE of a system can be written as

2

1=1

-!-1( ) = "‘1 & s u 88 wn 1.23
&8 - P

i=1 i

where K is the root locus gain
m is the number of Tinite open loop zeros
n is the number of finitc open loop poles
Z5 124, s0s M is the set of finite open loop zeros

py i=1, ... n is the set of finite open loop pcles.

Given this background, the root locus sketching rules

can be stated viz:

Rule 1. The total number of roct loci branch equals n, the
number of finite open loop poles. This pre-supposes that
n2>2 m which is the case for minimum phase systems, If n<m,

then the total number of root loci equals m.

Rule 2: If n3z m, n bdranches of the root loci of a system
start at the n finite open loop poles a2t X = O; m of these

branches terminate at the m finite open loop zeros at



o
v gy

BERLE

K=, while the remaining n -m branches approach infinity
as X—> w. On the other hand, if n «<m, m-n of the
branches will start at infinity; the rest n branches will
start at the n Tinite open loop poles and all the branches

of course, will terminate at the m finite open loop zeros,

Rule 3, Segements of the root loci lie on the real~-axls if
therec exists an edd number of singularities of the system to

the right of a given test point,

Rule 4, Branches of the root loci which proceed to infinity
or receed from infinity do so assymptotic to & set of
straight lines inclined to the positive real-axis at angles

given by e e

O( . - _{_21.. + 1)/ e 1,24

e

where L 1is a set defined by

{L iz integer: O£ L L ln-m(}

T

Rule 5, The complex portions of the root loci always

oceur in pairs provided that the CE is a rational function
8

with real coefficientg.) This implies that the root loei

is symmetric sabout the real-axis,

Rule 6, The angle of emergence of a root locus from a

complex open loop pole is given by

-
-



m .3.
Q :Earg & -z} Zarg "'Pi}
P 1=1

while the angle of emergence from & complex zero is given

:Z. arg{' Ek“ zi} + %ﬁrg i Sk_ pi}‘ - _i
=t i T e
i£k o “e’ ) tevarny 1v26

- R

where 8y is z complex singular polnt. -&f @ﬁgg

Rule 7. IFf segments of & root loous lie bet;vleen two

poles or two zeros, there exists a bresk-away or @ break-in
point, 8y at which the twec opposite loci separate. or meet.
The point 8, can be determined by making use of the fact
that the complex gzin function K(s) has a turning point

at By such that, s
——L—l—d K s ‘ "j.::.l. — O L I B A ) 102?
dS 8= Sb . L e :
From the CE, it can be shown thet the derivative of the

complex gain is

dk{s) _ K..}.—Il

as i=

§

1 _ é- . cevees 1,28
B-R T 8= 2y

=3




Rule 8, The point at which a root locus crossee the
imaginary axis can be evaluated using thc Routh - Hurwitz

criterion,



CHAPTER II |
A BRIEF SURVEY OF ALGORITHMS FOR AUTOMATIC
GENERATION OF ROOT LOGI

e
T

2.1 Introduction

R
Graphical construction of root loci is relstively essy,

especially with the aid of the spirule, for systems of order

lese than four, However, the method possesses a very serious
limitation since it requires tremendous effort in handling systems
of order higher thon four and time dslay systems. It also requires
censliderable effort if any accuracy is to be achleved when
performing design. In order %to circumvent this problem,

variocus analytic and semi-apalytic methods for the

construction of root loci have been developed. The resulting
methods explolit varicus properties of the conic sections to
realize easier and faster methods for root locl plotting.

Power, in (12), described a method for pletting the root

loci of systems with a combination of four singularities

(poles and zeros) by utilizing a single parabola and a

family of hyperbolas, This method similaply faces seprious
problems since ;ﬁ is equally restricted tc low order systems,

The advent of fast digital computers has made it possible

to compute extensive and complex system root lsci automatically,
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Numerous salgorithms have been developed over the years
{from about 1958) for the generation of the root loci of
cantrol systems, The basis for any root locus algorithm

is the determination of the roots of the CE : o

.

1 + K F(n) = O

As has been indicated earlier on, equation (2.1) generates

two conditions namely: J_gg'l_v' e B
(a) The angle condition | | L?f ”;m{ 
v . T
Arg F(SE = (2n + 1)¥ LT e e 2.2
n:o, -+-1; -+-2, ae b e B :
and | \
(b) The magnitude condition " s
S )
F - e —— Lot X T “pe .

Any efficient root locus algorithm must therefore be a
systematic procedure for solving (2.1), (2.2) or {2.3) to

an acceptable degree of accuracy and stability. BSuch a

procedure must also provide a workable scheme for determining,

Precisely, the critical pointe of the roct loci usually

referred to 28 the breskaway and break-in points,



A measure or an index of the performance of sny

algorithm will have to incorporsate the following considerations:

(a) Applicebility - Whether algorithm lends itself to
easy manipulations end does not have any serious
Limitations. o 0

(b) Cost - In termé of éomputéf timéﬁand memory space

required.

(¢} Rellability - In terms of the degree of accuracy'

obteinable and_

(d) Adaptabllity - Whether the algorithm could be modified

to handle a wide range of system types.

Presently, almost all the algorithms available can be

11
categonize& )aa follows: -

1. Direct Methods: These include algorithms in which

various numerical schemea are used to determine the roots of
the polynomial
1 + X™e) = 0O

as K 1is varied in some prescribed manner. Since these
algorithms are limited to polynomials, they cannot handle

systems with dead time (i.e. time delay systems).

L . I A
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2. Area Seaprch Algoriths: This c¢lass of algorithms

generate the root loci by grid-search techniques over a
specified area of the complex frequency - plane (8 - plane),
The grid-search method, in effect, is used to determine

the pointe satisfying the nécéésary and sufficient
conditions for root locus points. Any of equations (2.1),

(2.2) end (2.3) could serve as the search criterion,

3. Branch Following Algorithms: Algorithms in this class

often presume 'a priori' Xnowledge of & point on the
locus of interest and use the geometric and trigonometric
properties of the locus at the given paint to predict a2 new

#

point on the locus. hy . A N

The algorithm'emﬁiﬁged in developing the program,
Root98, used in this thesis work 1s a locus following
algorithm., It was first presented by R.H. Ash and -
G.R. Ash in 1968, This slgorithm will be discribed in
detail in chapter III, But for completeness, two other
algorithms will be highlighted here as typical examples

of algorithms of categories (1) and (3) respectively.

2,2 Typical Example of Direct Method Algorithms

2.2,1 The Recursion Formula SRS

In this section, it is intended to represent an

algorithm presented in the first instance in 1978 by

e
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C.T. Pan and K.S. Ghéo.) “"The apprroach is based on

the concept of continuction getheds in whish the
aﬁlut.ion of #z paremeterized fanily of wlgobyajic problems

is converted into the solution of diffepential equation®.

‘Recall equationg(1'6’1.¢4 and 1.12),the closed loop

system tramsfer function takes the form

T(s) = B(s) els) v (2.4)

B(s) + K A{se)
Hence th+* TFE of the system becomes

~  zs,x) £ B(e) + EA(s8) = © .o .. (2.5)

The rcet loci of the systen reppesended by this CE
censist of a set of points in the 6 -plane, L{say), fer
which (2.5) is satistied 1i,e, |

L = [S : .gle,x) = O] .. .. (2.6)

The simplest direct methed of ebisining the set, 1,
involves the direct determinatisn af the roots of (2,5} for
specified gain values., Such a proceduye .8y be atiendant
wilith Qogvergenee problems =md may, worse still, not he
capable of hundling very large systems since all the roots

- will e deterninad gech time for every gain welue,

A T
i

PRrey
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However, for the approach described here and presented
in (1h), ® and X are considered functions of a dumnmy

varieble, t, and two simultanecus differential equatlons

are formulated , viz: Coaden

Tt

| .— g {a( t),K(tI}, K {s ( o)w, K(o)} = 0

& s o0, xu)
. e e (2.7)

and

LRW=x1, Ko)= X, Al .. (2.8)
where s(0) = s, is & root of (2,5) for an iritial gain X,

Applicetion of chain rule to {(2.7) and (2.8) yields

g-i- = - (g + g—-%)/’)% ., g(o) = 30."” .o .o (2.9)
and . L E e b
% = -t 1 H K( O) = K | . o Q{iﬁ{f . e . ( 2 - 1 O)

o
which reduces to T e

_g._s,= _ B(e) + K A{8) 1+ A(s)
SRR+ & 7 3 '
B{s) + XA (s)

, s{o)zso e (2.11)

and

= x, K(o) = KQI!_' ) .. .o .o {(2.12)

=

The simulteneous equations (2,11) and {2.12) can now be
golved by any stable and consistent numerical integration
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Pan and Chao employed Euler's method and consequently

obtained the following recursion equations

Besq = G ~ D B(Bkz_.i %F Aldy) # dlBy) se (2413)
Bley) + K, A'(sy)
and
Kese1 = Kz B e e . Vo

where it is obvious from (2.13) and (2.14) that h is the
small change, 2K, in K and is also the step cize for the

numerical integration.

The # sign in (2.13) and (2,14) are used to fix the
type of change, /\K, in t .= gain constant. If K 1is to be
increased, the + sign is used while the - sign is used if
K 1is to he decreased, This implies that if the computetion
of locus points is to b= commenced at the open loop poles, the
+ 8ign is used, and if the startirs ~int is an open loop
zero, the - sign is used. Pcor a sterting point which is
neither an open loop p~lc nor an open loop zero, either of

the signs could be used. The inverse root locus points can
be generated ising these egustions if the « rign iz us=d

and the starting pcinl is an open loop nole., It should be

noted that algorithm may not work il the +sign 1is used
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when the starting point is an open loop zero., This should
be 8o in view of the fact that 1f K, = o , then (2.14)
gives L

Keyy = ® +h = @® o

R )

Since a%s = 0 &at a repeated open loop pole,
equation {2.9) ie meaningless at such peints and as such,
a repeated open loop pole cannot be used as & starting
point for this algorithgiu) In order to be able to determine
the root loeci emansting from a repeated pole, the following

modifications are necessary:- . ¢F - v

Let the open loop system gain contain a repeated pole, Pk ’
with multiplicity, r , then the function g(s, K) can be
written as

g(s,K) = B(s) + KA(s)

gt
N

D s Cam (s Ry) Lou(s - BT L
(B--Pn_r) + KA(8) = —mmoe- (2.15)

Tl

If s is now defined by

| + Oed® . (2.16)

De = 7

8 = Pp

where LS is an asrbitrarily small reel number and 8 1is a
phase angle to be determined, then

a5, = (P + 9%, K) 20 -memee (2.47)

“x



which implies that

Ne = Se®x (kg ¥y e (2.18)
where Ea

/j}e:iff - . ﬁx(‘s) (s = Pk)r .

! B(_B)_ '_"-f',_ 8 = Pk _______ (2.19)

and their corresponding gains are

K = e R A — (2.21)

2.2.2 The Break - away and Bresk-in Points

An analytic condition for determining the break-away

and dbreak-in point, g, on a root locus is given by the

equation IR
¥ _
& ls=s, = O -~ (2.22)
b
a . A B(s
ds s:sb’ds A(s 8 =8,
b(ey) B'_Sfb) - B(sb) A (sb) 0
Ag(sb)
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Since A(s) is the numeratcr of the open loop system transfer
funection, it cannot be zero for a finite gain, K, and therefore

the condition o R S e

A(ey) B'(sy) - B(sy) A'(s) = A(e) B'(sy) - KA'(8y) = 0

impliers that

Og
ds Is = 9

= B'(sy) + K A'(égi’ = 0 --= (2.25)

For such pointe once more, equation (2.9) does not hold.

The usual condition expressed in equation (2.22) cennot
therefore be used to determine the bresk-away/break-in points
in thie method, Instead the directional derivative, ~%§*,
as well as lts higher derivatives along the tangential
direction of the root locus are generally considered, In
other words the local extremal values of ¥ aiong 1L rather

than global extremal values are taken into consideration in

other to locate and evaluate all saddle points.

Let XK(s) = E : . U(x,y)h'+..j v(x,y) oo (2.26)

where U and V are resal véiﬁed functioﬁs'of x and y which are in

turn reinted in the usual moanners:

8= x+3y
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The directional derivative of K at a point 8 on
the root locus in the unit direction, v = e%® = v + 3 v,

tangential to the root locus is then

K - <u(x,y>,y\ - %-va + -§~g- v,

---= (2.27)
which can be put in the form
% = Re (%—2 - J%—g( Ve JV';)—I,SGL
- —m—em (2.28)
By Cauchy - Riemann condition, this reduces to
%% = Re %g% + 3 %%%) el®| = Rre {?’(s) ejg]
-—== (2.29)
where
K'(s) = %%
Generally then, (2,29) can be written as
giﬁ = Re E{(m)(_s) ejme:l ———- (2,30 )

This directional derivative can then be used to characterize

eingular points as follows:
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Let.

_d'_,___E_‘ = O’ k = 1 ] 2 g ®=ouca q_ - 1
ds a=53 . . .
o . Cemee (2.31)
and
q : ' - ) _
Q._qii. #0, 2La4n | ---- (2.32)
ds - 8=sb .

PO

theﬁ K(sb) is either a local meximuu or & local minimﬁm if.
q 1I1s even. Otherwise K(sb) is a monotonic funcliion of s
in the neighbourhood of sy. The conventicnal break-away/
break-in points on the real-axis then correspond 1o the

W

cases for which q = 2,

The method relies heavily on the performance of ithe
Euler method for numericeol integration, It provides a
simple and fast technigque because of the explicit nature of
the approximation, However since the Fuler method sulfers
from numerical instability, this could lead to very severe
restrictions on the allowable step size and may tend to lead
to very long coumputation time, It may be necessary to use
improved and more stable procedures such as the predictor/

(20,21)
corrector methods with highert order truncation errors,

Minally, becsusé of the fact that the eguation

F’J(B, K) = O
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may not be satisfied exactly, there could be serious
convergence problems since the computed trajectory may
diverge away from the actual root locus as a result of
grror accumulation, This error propagation prcblem
howesver 18 taken care of by the { - ) sign placed in

front of the term g(s,K) in equation (2.7).

2.3 An BExample of & Root FQlJowing Aigprithm

In this section, a generalized root locus following
technique easily adaptable to solving problems in sampled
data systems 13 represented., The technique first published
by J.R. Mitchell and W.L. McDaniel {Jr), '3) approximates =z
locus by & straight line in order to predict another point

on the 1ocus. : .. . R .’:a?_-:f.",». : ""-',: -

The CE ¢an now be written as

3

14 als,®) = 0 .« o e (2.33)

where g(g,T) is the opensloop transfer function gnd T ie
the parameter for which root locus is to be plotted. The

magnitude and angle criteria now take the forms

(e, = 1 T e (2030)
and . B o i

Arg{_g(s,m)} = (2r - R - (2.35)



n=290, +1,

respectively

Yince the opan loop transfer function is a complex
quantity, it can be split intoc its real and imaginary parts
viz o P

glx,7,7) = alxy,T) + Je(xy,T) ----- (2.38)
where a8 and b are the réal énd iméginary.safté"of o

respectively gand x and y are related as ususl to the

complex varilable, & viz 6 o
Let . e
arg {g(x{y,'r)]l_ = O g e (2.27,
then one_can write o : I"Qj;V-,'ff;¢@¢~*
B = tan'1 p(x,y,T)
a(x,¥,T)
or

tan 8

F,(x,y,T) = b{x.y,T) o e (2.73)

a{x,y,T)
(2.38) 1is now the angle condition.

The magnitude condition on the other hand takes the form:

| e(x,5,7) | [alx,5,2) + 3 b(x,¥,T) |

i

ax,y,0)  + blxy,T) 2 - (2,39)

£
S

F2(xly’T)
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Equations (2.38) ond (2.39) represent two hypersurfaces
which are functiong of the three variables x, y and T, The
manifold of these hypersurfaces is composed of several lines,

13
namely the 3-dimensional lines of the root loci. )

The gradient of the two surfaces are given by

and

. aFQA {)Fg A ()Fg A

VFZ = c)x + == 3 + ===k ————— (2,41)

Taking their crosa products yields

OF, OF, oOF A AF, OF, OF aF A
\_Fx\/F2"(Oy b"f -5% ?311")"“”('5'2""1'" 1

X
OF, QF OF, OF, A
* (3335 ° 35 OPF - (2.2)

From (2.42) a straight line tangent to the manifold and

hence the root locus can be obtained, viz

Ax LY
(EDEFDH - (FHED EBH3H - FE D

( "b)( <8) (-i— )



where /M = x - X5 ‘ Y ﬁ
by = v -, '
Ar - ¢-n ) \
0
. S I e
s o = xO + ] 3’0 ;?--'. -

1s a point on the root locus and To is a value of the root

locus parameter corresponding to the point BO.

Hence any point € = xl+;f§'in the complex freqguency
plane (s - plane) on the root locus can be predicted for a
glven increment pé}T =T - TO. For very accurate predictiens,
ZST, must be, necessarily, small, In (13), the algorithm
wegs used expressly for sampled data systems and hence no
discussion or mention of break-away/break~in point detsction
procedure was made, However, 1f the method is to be used
for regular root loci (i.e. if the variable parameter, T,

is the root locus gain), then the condition

ar, = 0
ds 8 = B

can be used where 8, is the break-away/in noint,

The efficiency or strictly, the accuracy of this method

will depend on the degree of accuracy achievable in the

A
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evaluation of the partisl derivatives of & and b w.r.t.
the three variables x, y and T. 1f this method is to be
used in developing a regular root locus program, then a
procedure Tor ensuring that predicted points are acceptably
accurate must be introduced., Otherwise, there is the pnssibility
of the occurence of error propzgation since it is obvious

that the accuracy of a subseguent prediction of a locus

point will be aflected by the accuracy of a previous logus

point prediction,

; o S T
*‘. T AL

nd
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CHAPTER IIIX

R oCuUs NG R 6

3.1 Introduction

The primary objective of this thesis involves the
development and 1mﬁ1§mcntation, on CDC Cyber 72, of a
Computer program for the automatic generation of root loci.
The algorithm employed for this purpose, thc organization
and documentation of the resultant program (Root98) are

discussed in this chapter,

Two different algorithms for the automatic computation
of root loci have been discussed in chapter II., Either of
these algorithms could have been utilized in decveloping
Root98 since both appecar, apparently, workable and simple,
However, another algorithm published by Ash and Ash in
1968 is used in preference to these two algorithms, This
choice is made because the latter promises a more general
computation of regular root locus points which are of

particular interest here,

The algorithm descrided in section 2.2, for instance,
cannot handle systems with dead time since it employs a
direct method, Such systems have characteristic equations

that contain both polynomial and exponential terms, Despite
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the fact, however, that the algorithm described in secticn 2.2
can handle systems with dead time, it nevertheless rcquires
the separation of the open loop transfer function into its
real and imaginary parts in order to extract the derivatives.
This exerciese could he very complex in all1l but the simplest
cases, Since  the alporithm was used Lo analyze a low

order Bystcm£13) there 18 doubt whether it ie practicable

or even advantagcous to apply it to very large systems,

More important still, none of these previous algorithms
describes in express terms, a procedure for the exact
evaluation of the break-aw. y/break-in points., The algorithm
for Root98 offers such a2 provision and, infact, Root98 is
capable of evaluating the break-away/break-in points up to
an cccuracy of order of 10'1h. Before the algorithm is
discussed, posceibility of using the bisection method for an

angle search procedure is examined in the next section.

3.2 A Bisection Procedure for the Angle Locil

The algorithm employed in developing Root98 is
applicable to the CE of linear systems with a time delay as

given in the following ecquation:



m
—
K }J (s - zi) "
“I+KF’(B)--‘!-+--j"‘l e~ %o
. ‘B( ) LA L 3;1
g =-Dp
1’:‘1 i

where

Pys imt, .... n, 1is the set of finite open loop poles.

2z i=1 , +¢¢s¢ m, is the set of finite open loop Zzeros.,

il
To is a fixecd time delay and

K is the root locus gain,

Since the root locus is the set of points which satisfy
the CE as a parameter of the open loop system ie veried from
- o0 to +oo, the angle criterion ¢an now be compactly

exprcssed as

Arg [f‘(a)]: nt TR 2.2

-'-';1' 5' TR fO!‘ K)‘,O

n = 3
2

i+
I+

By weses TOP K <0

0, %2,

i+

Because thc algorithm implemented in this thesis is of
the angle variety,points in the s-plane must be determined
such that they satisfy the angle criterion. GConsequently,
for an arbitrary point, &, in the coamplex -plane, let

7¥(g) be an angle function defined relative to the gain
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=
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normalized open loop transfer function, F(s), as follows:-

e

F¥(s) = Arg i}?(s)} - oo
o o _ .
= % Arg Es—zi - };Argﬁs—pi"-’fo.lm(s)
-y ‘ i1

- n; e ﬁs o .

where for any point, 5, n is chosen sccording. to 3.2 such

A

thats N
' 5 . . “‘F‘
-1 <7 Fi(s) < T} o
Let -~ e’
X

a = + jy - e _%ﬂ

F*(x"v) = F*(S) = F#(x + jy ) Akssssere 3-141-

and 80, (3.3) can be written thus . Lt ’

RS

1

1

Z arctan (x-2z Ry, y-21;)

F‘(x’ y)
. i=1 . : IR T co T

BRI

i ie]

i=1

S

PICT

where

Zi =. zRi + j ZIi , ' .I'.l:r . .. I : I. I N "l - LI N S R 3'6

SUTTE R

for i=1, ,i0em is the set of finite open loop zerosds and
pi = pRi + iji a . Sa ks e 3.7

for 1=1, ... n 1is the set of finite open loop poles,

Hence a point, By is on the root locus iff
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*(s,) = 0. 3.8

(3.8) indicstes that the calculation of legitimate root loci
pointe can he achleved by finding the zeros of the angle
function, F¥(s). Many numerical schemes are poesible. In
this section the possibility of using the bisection method

is coneidered,

Let S, be a point on & given root locus., Then a atep

size parameter, /\s, can be calculatcd such that

F*(SO +/_}3) ;.O ;..t... | 309

where

/s Nx+ 3 Ny

c¢r using the more convenient Buler rcpresentation,

where ' L ]_:¥ﬁm-'
and ..

is the angle waich the wector 5,8 makes with the positive

direction of the real-axis. (see Tigure 3.1).
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Hence given any starting value for 90, any iterativc procedure
which is convergent and stoble can be used to determine or
calculate the improvements on the angle, 6, &and subscquently

result in finding the ccrresponding root locus point.

A simple scheme for achieving the iterative process
can start with some © and then determine the improvements,
A® , on the initial guess using the "bisection method“.(g’zo)

For this method, thc angle, ©, which satisfies the eguation,

F*(s) = O
with
8 = B + /:'}E
/_\3 5 (a’ 9)
is bracketed by o and € y 8ay at stage n such that
1,n 2,n

F"(s0 +Z}Bz)<::0

and
Fe(s, +Qs,) >0
where
631 = (6'91)
and

652 = (90, 92)

Note that since O is a constant, iterates are along the arc

of a circle with centre at the last point on the root locus



(see figure 3.1), The implementation of the root locus
then reduces to the bisection - - pee
3 _ - . I -';"""'-':.:‘in_\!_gf:‘- . .’;;": _:_ .-,;',__ . ‘:" L
e T i AR
and

o, =¢", |

e Fe ¢ AT <o

while . L G M e
91 - ¥ ' . Ty

1 F‘(so + 2y s*) = O = i

The procedure is repeated until the term 'F*(G)] 5;: £

where ¢ is some¢ conveniently small error criterion or

i

St

tolerance. L T

It is intereeting to note that regardless of the nature
of the steriing point sg?) it is possible to determine some
/\e* in the O - neighbourhood which is in the € -
neighbourhood of a root locus point provided that sék) ia on
the root loci. This 1s equivalent to saying that error: in the

calculation pof preceeding point do not propagate.

Finally, it is noteworthy to obscrve that the bvisection
method does not require the derivetives of the angle function.
However, its rate of convergence is first order and consequently

slow, The discuscion herce provides a simple basis for
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illustrating the dectermination of root locus points and
highlights the impertance of the angle iteration. Despite
its poor speud - chanacteristics, the bisection method can
be very useful at some points in the s-plane wherc other

derivative methods can lead to singularities.

3.3 The Newton-Repheon ITteration Technigues for Angle Locd

L

3 . 3 . 1 The LOC U;S.. JS‘_].__ODS AI”R%—E H e s i-_:.;.l..

Using the angle function, F#(s), defined in equation (3.3)
the angle iteration now requires only one initial guess rather
than two., However, it also requires the derivatives of the

angle function, Consider a starting peint, s on & root locus

o
branch, Then a reasonable value for the iterstion angle, & ,
1s given by the angle which the tangent to the root locus makes
with the positive direction of the real—axia at the point, So‘
The initial value of the angle, 6 , deaigﬁaﬁed the locus slope

(11)
angle is detf'ined as follows:

8 = arctan [

where F§ and F; arae the partial derivetives of the angle

F;(xo’ yo)’ F;(xo’ yO)J [N N 3.10

function P*(s)} w.r.t. x and y respectively given by

F*(x_, ¥,) = 52Eﬁ Lo §% en
X ':)X (xo’ yo) i=] (XO—ZRi)Z + (yo_ éIi)d

Yo — Pl

+
) B

3=1 (xo"' pRi)z + (yO’ pIi )2 | LRI IR Y (3.‘11)
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e

PE(x_, ¥,) = “w— =
vy o ° L}.Y (xo’yo)

and

e ek

N N
(2= 2Ry)7 + (g - 21 )

- . eTa L 1 2
) 2 2 Q P 3.
(x,= BRy) 4+ (yo-2Ty )

- E\‘ L XO - P R i i, - T
121

The arctangent function used in (3.10) as well as that used

in (3.5) is defined as followss

4] = tun-1 (y/x) .
such that - N : a«é o
oL o2 |
Then SR o
o
y >0
arctan (x,y) = o
: y:o «oun :,5.,]3

p—

i.e.  ~T) & arctan (x,¥) < 7]

The conditions in equation (3.13) are critical to the
successful implementation of the aigorithm and in Root 98, thc
Fortran function arctan2(y,x) 1is uscd to realize the objective.
Note that if the ordinary arctangent function is to be used,

then the slope angle ,8, should be defined a8 :



Cmur- v

tan™' (y/x) , if x>0 ;
. - tan”! (y/x) -7 if x<TO, y>0
) tmf1(wk)+ﬁ, if x<o0, mgb
0 , if x =0, y=0
‘ | d e y caasse 3L

The sign of the locus slope angle in {3.10) tacitly assumes
that computation is in the direction of increusing gain, Tor
computaticn to be in the direction of decreasing gain, then

the initial guess for the lteration angle should be
o o f S ST e e
8 = arctan {F;(xo, Vo)s - F;(X_o’ yo)] cveres 3415

Once the initial guess angle hags been determined, the

9920) : nh
Newton - Raphson 1l1tsration . awel T
9 = G - F*( 91 ) : | .- \‘ 1"-;-"’""" aE e En l'
[ f o . -
is then used to determine a point 5 = X+ 3y

glong an arc of a circle whose centre is at g, and whose
radius is & which satisfies equation (3.8). Suech a point
is then taken as a root locus point. The terms in equation

(3.16) are defined (see fig. 3.,2) as follows:

F#(e,) = ?‘*(;1) 6=, = F*(}Eo-r-('}cos & 5 ¥+ Osin 61)

S . e s e 3» 1 ?
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‘ dF*(0) dx Opa(g) ar
F*' G‘ = ‘er*(91) = -E——h- n-—* L v mde awis
ey T de Qx a8t e =g Sy - dejn =0,

e o T S
- F¥ (XD—bUCos IR Csin 91).§sin 0,

] Q’ S e QD‘E‘-,
+ F3 (x, +Wcos 8, y0-+lbs;n 9xi1“9° 0,

[

3.3.2 Quality Check for Computed PYoints

(11)

8ince the angle criterion could be relatively insensitive
to the actual root locus path in certaln areas of the s-plane,
it 15 necessary to ensure that any point which has been
certified by equation (3.8) as being o valld root locus point
is properly scrutinized before it is finally accepted as a
root leocus point. Otherwise there is the possibility of riskin_
error accumulation, and hence non-convergence of the iteration
due to error propagation. A procedurc for checking this can

be developed as follows:-

Suppose 8, has been detefﬁined”as ﬁ iocﬁsApSint, two
points 8o and 53 (see fig. 3.3) at an equal distence, € , fron
the point 8y and located on 2 line segment perpendicular to
the root locus at s, are determined where ¢ 1s the accepteble
error telerance for the computations, If 84 ig in an

acceptable nelighbourheood of the actual point, then 85 and 83



. .:._,l"l_i_z-\'-' ": “? Tt

- 19 -

can be expected to lle on opposite sides ol the root locus,

This condition can be expressed by one of the following

inequalities, * .
! T s
F¥(6,) o F*¥(8,) <L 0 eeeeea o 3449
Pa(oy) o P#(55) € 0 aeeees 0 3,20

The determinetion of the pointa sé and 53 cen be

realized (see fig. 3.3) as followg:-

G3 == 91 + ta:n .I | /b . ‘.:{“:..‘-_:. . .o o LI o i S ) 3! 21
8, = €y -ten O gme . seeees o 3.22
The cquations of the line scgments E%;E} . 'Eg‘EB and
8, 8, Aare respectively -
B (x - x ) R S
y - y1 - - -—-—-—-\-——!--—1 . TR EE] __:v. e C 3' 23
o teney S
y-yo = (X - xo) tan 93 T N 3'2!4‘ '
Y-y, = (x=x)tan 6y .eeiin 3.25

8ince 6, and 8 are known from equations (3.22) ana

2
(3.21), respectively, the_phi;a of squations (3.23), (3.24)

and (3.23), (3.25) could be asolved simultoneously to cbtain

the voluus of X3 y5 and Xoy Yo respectively. Using the mntri:x-
notation these seh of equatlion crn be written in a more

compact form viz: T T



(1 cot 91) X3 Ay iy PO 91\ eees 3.26
1 ~tan 93 tys - (yo - X tan e3
and
{1 cot 0, } (xz\ &}'1 + x, cot 8, __ Bas
1 - tan92 y2 Yo = X, tan 92
By Crammers rule, these can then be written viz:
, -1
| x5 1 cot 8, yy + X, cot 8,
(y3)={1_tm95 (Yo"‘ota“%
) 1 -tan 65 cot @, ¥y, + x4 cot 8, |
—-t-anoj- cot o, | 4 - ) ( ¥, = %X, tan 93 }
il esesse _oebw
(x2 ; j tan 6, cot.G.,\ ¥y, +x, cote, |
_32 ~ tan 8, -cot 8, 1 " Yo X, tana ..

e s ere 3029
which implies that the points 85 and 93 have been

determined as
8y = X% +11Y,
and

53=x3+ ,'jy3
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but neither of the inequalities of (3.,19) and (3.20) holds

true, then the prevailing situation is as illustreated in

Under such circumstances, it is apparent that the
computed point i3 not very good becsuse the anlge function
is rather insensitive in its vicinity. The best thing to
do in such a case in to ascertain whichever of s, end 33 is

closer to the root locus by determining how close,

‘F*(sg)l and ‘F*(sB)! are Fo zero,

If ‘F*(sz)l-q:_‘F*(BS)( 31'15 replaced by 8, and the
distance check is repeated, Otherwisc 8, is replacad by

93 and the distance check is once more repeated.

3.3.3 Determinétionrof Break?awayfgpeak—in Pointe

3.3.3.1 Branch- Points @

The conventional break-away/break-in points are defined
as the pointe on the resl-axis at which a root locus branch

leaves (breaks away from) or enters (breaks into) the real-—

FE A



- 52 =

axis., In this thesis the two terms arc uscd to denote
points on the s-plane where two loci interscct or where
a root locus branch changee direction. ©uch points will be

refcrred to generally as branch - peints,

If 2n algzorithm is to be capable of descrimineting one
root locus branch Crom asnother, then it must be able to
predict the presence of root locus branch points. A logicsal
procedure must, therefore, be introduced into the algorithm
based on the propertics of root locus branch points in order
to identify them. 7Two poesible proccduree are described in

the next two sub-scctions,

3.3.3.2 Detcrmination of Branch Points Bascd on the
Characteristics of thc Derivatives of the Angle
Function

At a branch - point, the partial derivatives of the angle

1
function( 2 F; and P+ are ecch zero ~nd the locus slope
y
sngle, €, defined by the speci~l 2retrnrent function as
e - ar‘ctan.(“F; . F;) =0 cr s 3.30

More¢ important still, the lecus slope ongle 2lso changes sign
whenever it crosses a branch-point of & root locus unless
its value before the branch=point is either O or T?.

If the locus slopc angle before a branch-point is 0, then



its value arfter the branch=-point will'be]f v Conversely,
if the value of & before a branch-point is ?T s 1ts valuc
after that Ybranch-point will be 0. Hence the Lollowing

eriteria may be used to detect the branch points:-

BN

Let 6, be the locue slopce anpgle before a branch-point, 8y

4
and 6, the slope angle (in the same direction) after the

branch-peint, then

. : *'-;:_;ff

(ii) 192—91l >T€/2 S
o Al

However, in certain situations the velues of the logu:n
slope angle may meet the above conditions at cordinsary
turning points of the root locus branch (angle function) which
are no branch points, The svove criteria can causc¢ malfunction

of the algorithm under such circumstances.

3.3.3.3 Determination of Branch-Points Based on the
Properties of the Complex Gain o

From the ﬁro?értiéswof the root loel (¢ f. chapter I)
the derivatives ﬂh%%ﬁl of the complex gain, X(s), is zcro
at a branch-point . If the computation is in the direction
of the incréasing gain, then ,@%é?l is + ve Dbefore the

bronch-polnt, s, , and - ve after the bronch point ~nd hence

ey
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has 2 maximum at Sb' If the computntion is in the
direction of decressing gain, the reverse is the case and
K{s) hasg a minimum at s,,» A logieal procedure for detecting

.a branch-point using this scheme may be as follows:-

Let s, and s be any two succersive computed points

2
certified to be on & root locus hranch, Then if

| g 1K/
ds 3 5= 82 ds B = 'B_.’

e

it implies thot = branch-poeint lics between 5, and 85

Otherwise there is no branch-~-point between these locus points,
Once any of the above methods has been used to detect
the existence of o branch-point between any two successiv? )
11
locus points, either the blsection method or 2 step cutting
method could be used to epproach the branch-point close enough

in order to enhance the evealuetion of the branch-~point to a

desired accuracy using the conditions

Fg;(sb) =Fy*(sb) = 0
or |
() .
ds 5=8



.;.55 =

+ bu
If the point 8y 13 sufficiently close to =%}35’ Yb) u
" ws ) £ e
Fa(s,) # Fis, o, :
then the Newton-Raphson lteration in 2 - dimension can
bc used to determine the changes, /\x and Ay, in x

and ¥ respectively, such that

=0
where
Aes = Ax + IAF N
and

% = x o+ Ax

o]

. SN
v, = v, + &y

It can be shown thot the required changés in x and ¥y are

given bY(11) i
L2 A o _
-1
ks o L
{}x Pxx ny Fx
1{} ¥ ) * R il
- - | P By wpy %02 Yo
SN B PO . T
T xex - % ny
k 1
T e 2 P _T¥ - Fx P
. * %
L Pt Py | yoERX XX (IR,
".}’ . ] :.‘;!. ‘ ) .' ) [ 3 30 B 3N ) 3. 32
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where F;x ’ F;y are the second partial derivatives of

M w,r.t. x and y respectively and ng is the partial

derivative of F; w.r.t. ¥y and arc defined vizznz

o 2 (x,-pR;) (v, - pT;)°
(xc’ y )’_ E 2 2
i=1 (xo- zRy ) + (yo - in)
& _ 2(x -pRy) vy - pTy) -
- L - o
i=1 (XO - DR1)2 + (yO - DIi)2. Y e meams 3.53
Fiyor 9o) = = Fielior ¥o) o eeeeee 303
and . ‘. : .”_w. 
' m e 2 2
P, v) = -3 R m ) - (v, - =l)

=t (g -ZRi + (?Tp'.__f"Ii)g

+ % (X*DRi) -(:y".-.i:i .)

“m ' l?m i=1 (x - pRi)E + (y - pI )
3.3.4 Determination of Take-off Angle SR

After the computation of a branch-point, the take-~off

angle from the breanch-point can be determined using the

11)
relation .

..?f. .;%j 3.36

.ﬁ_
a |

“H
>



where n  is the number of branches leaving or entering

the point. 8Since n 1is nol known hefore hand, o set of

test polintse e G
P g
= : i ‘*‘3 : . B
BT(n) = X.b-i-lj cCQO8 fjn+3 (y-b+ S 8An ,én) YRR 3.37
" = 21y 22y sevene . & e

S

are generated., If for any 8+ ‘Ft(sT)! 5:?@ and the locus
slope angle at Sp ie net equal to either the slope angle
before or nfter the branch-point, then the current value of

ﬁn is the take-off angle,

3.3.5 Specialized Features of Root98

The program, Root98, has been implemented as a design/
analysis 2nd root locus teaching aid., Consequently it is
arranged dhat the program be capable of generating root loci
points by accepting any initial point on the root leocus, so,
suitable step size,qg , error tolerance, E » & Tixed time
delay, To’ and the number/ positions of the open loop poles
and zeros., This capability is realized by organizing thet
the program determines the direction and starting indices

Ky k2, k3, l::,_‘L and k5 described as follows: -

(a) Ky is the main direction index.

k1=1 implies compute in the direction of decreasing gain.

T

-



(b) k, 1s a starting index. K
k2 = 1 implies starting point is 2n open loop pole;
kK, = 0 otherwise, - J*fﬁﬁ; . ;§ﬁ#.

(¢) k3 is another starting index,

kX, =1 implies starting point is an open loop zero,

3
k3 = 0 otherwise, :
- _ W %
If k3 = 1, then k1 = 1, o

(a) kh is a real~axis branch index. _
kh = 1 implies that a root locus branoh lles to the

right of the starting peint on the real-axis,

(e) k5 is an off-axis branch index.

k. =1 dimplies that the starting point has a non zero

5

imaginary part, Hence locus has a conjugsate,

33,6 Algor_jéw‘m for Root 98 e -_  - I.\ c a
In summéry, the algorithm for Root 98 can be set down
viz: R

Let 8, % X, + J Y

be the starting point;

pys 1=1, .....n be the set of finite open loop

Po les H ““ . 3.1~"

s
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o
Zi, i=1, .,.. & Dbe the set of finite open loop zeros;
' . o D
The step slze, error tolerance and time delay be
respectively gilven by LR g Fa. )

o 1 T A |

€ - a2 - : ) T .'--_n.;

o = 8.3 ' . ¥ -

Step 1. Determine the five direction and starting indices
Ky s Ky, ks, ku, and Kge -

.Btep 2, Compute the gain at So(k) if so(k) is not 9 opAn

loop zero., Call this gain 31(k). ir sgk) is an
(k)

open loop zcro, assign £, a very large velue say

4 01 OO.

Step 3. Determine the locus slope angle o, at So(k)‘ tall

Btep L. Evaluate 81(k) such that 51(k) . ao(k).+ A"
where e e . ” o

ANs = Boos Q1 + j'ﬁéih 8, -&
Hence eveluate the engle function TF*{s) at W
* ays 8y, 8z are any sulteble values for the step slze, error

criterion and time delay respectively,



- éd ;vﬂa

k . "
3tep 5, If ]F*(s1( )).L:?" compute the change 5}@1 such

that

Ne . - r(e,)

L A%y vt Do e

5 F*l(91)

where F*(91) and F*'(91) arc ae defined in (3.17) and

(3.18) respectively.

Then B Lo W

and repeat steps (4) and {5) until

freie, 0D | <

Step 6, Comput? ?2 an@ 1?3_,where

using equations (3.28) and (3.29) and evaluate
F*(s,) and F*(SBJ. o -
9te ) 1f o o 4 S _. ~‘

¢

Fo(s,) x Fe(s,®)) < o
or P -

Fa(s,) x Pr(s, (M) S o,
determine the gain and locus slope angles at s (k).
k+1)

1
and the glope angle 511(k+1)

L]

Call the gain 31(



Evaluate
(k+1) (x) ‘ (k+1) _ (k)
841 - 8y and | g £4
(a) 1Ir
k2 = 1
or
k1 = 0
and

' 311(]‘"’1) . 311(1!)‘ < ﬁ/2

or

glE+1) 81(k),> 0

\
store the value of 51(k’ as a locus point and then

o (1), o ()

repeat steps (2) through (7). Otherwise go to step (9)

(b) 1fr
k5 = 7

or
k1 = 1

and

,311(k+1) L l <172

31(1”1) a g1(1r.)| < 5

store the value of 31(k) as & true locus point then



R
W * ; . &
and repeat stepe (2) through (7). Otherwise go to step (9).

Step 8. If a&if”}' N o
Pr(s,) x (s, > 0

and

L

F*(éﬁi.‘x..é*(81(k)) S S g fﬁ'
Evaluﬁfe

o ZEFf-= Tp#tg3) ' -

F#(s,) ‘ T O
If AFis + ve

®1 P B3 _ . L

and repeat step 6.
Step 9, 4 :1= 84 /256 | L
Repeat steps (4) through (8) until

o

|B1(k) . 50(k) < €

© T g

i,

or

Then compute Ax and /\y as defined by equation



F;(so(k)) . F;(so(k)) = 0

or " o oL L,

Ny < 10714

where10‘“*is the desired accuracy in break-away point

computation, then

W
e

Store 8, and go to step (10). Otherwise rcopeat step 9

until stipulated conditlons are satisfied.
Step 10. Determine &p Buch that
5= Xy v Iy

where IR \ ST

TR v Bdoos by




and

£,
n = i'1’ :_2’ -;uco-

Compute F*(sp) & Ifr i

and nelther | T 5 - ;
(k) _ - - ::- - . V . _— . ,ljv_’r_';.,_
81 1 - ﬁn . ".. .I: . -
nor e T v
(k+1)
514 = By
i k . . T
51 L= — gT
Store 31(}:) as & root locus point, -*,
| (k) , _ 4 (1) S o
54 1= 8y _ o i

Repeat steps (2) through (10) until relevent number of point
has been computed. - R
8tep 11, Plot the computed points using the plotting

subroutine.

3.4 Qrganizstion end Documentation of Root 98 |

The general organization of Root 98 is as shown in
fig, 3.5 and the functions of the various sub-programs sare as
tabulated in Table 3,1, The flow charts for the sub-programs

are shown in appendix A,
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 CHAFTIR IV

RESULT OF TESTS FOR ROOTO8

Introduction

Roct98 was tested using a varlcty of systoms, The

Lk .
.

L

program proved efficient in terms of computation time and

the accuracy nf the computed points,

Tablce 4.1 gives the

excceution time for some of the test systems and a listing

of the computced points is included in appendix B for a

few of the systems.

System| oOpen Loop ! wl|NO. OF Total Time
No. - Type|Ordoripyintg No. of \(Cp
* per branch | Points | gee)
K(s + 3)
Vol Tsri+iNsat-00) O] @ 200 500 | 5,3y
K(s+5.5)(s+1,5)
2 1 I . "
3(8'1'1)( g 4+ 5) 3 200 f 600 !1- 2,
% :
3 1 1 3 200 600 8.00
‘F B(B+h+32)(5+h-32;
Ks+1+12)m+r1-2)
L : Holnt 2 6 200 1200
(6 +0.5)+2)(s+8)3 o 20.35

Teble Lo1: Exccution time for

somc systems.

-
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It was possible in certain cases to satisfy, exact.,

t he equation
F*(s) =0 uil

In such cases, the accuracy of the computed points is
limited hy the computer itself. However, along root loci
segments where the actual locus is not sensitive to the
angle function, P*(s), the accuracy depends on the ratio' ,4
e , of the error tolerance, € , to the step size,5 ¢
For fixed £, accuracy increases with O but for fixed £ ,

accuracy decreases with C o

The computation time is observed to depend on the

following parameters:-

1. The size of the system - that is the no. of
singularities (poles and zeros) of the system; computation

time is more for large systems.

2. The step size, 5 ; for constant * , the angle
iteration converges faster for smaller values of & and
this reduces the computation time for a fixed no. of points.
However, a reduction in & also reduces the maximum possible
distance that could be covered along the locus by the

generation of the same no. of points.
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3. The error tolerancc s If

F*(s) # 0
then the computation time for & given number of points ond
a fixed valuc of @ will be inverscly proportional to the

crror tolerance.

lis The number of branch - pointes The coxact c¢veluation
of the branch points is rcelly time consuming., Thc program
therefore takes a longer time to compute 1locus points when

some branch points arc inclusive.

Valuecs of € and C{ used in the computation lic in

the following ranges

"s 1072

o <

and

N
0,001 < ("j < 0,25

€ and 5 values outside these ranges could be used with
cantion. However, the optimal ranges rccommended for faster

computation and bettcr accuracy are:
o< €< 1074
— ——
0.1 CSS 0.125

The plotting routine used in the plot of the computcd

points ie a modification of a plotter program dceveloped by
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System 5: GH(s) =

System 6: GH(s) =
P ’ \ K(s+8)
3ystem 7: GH(s) ————— e BT e
(s+3)(s+7)(s+15)(8+5)
(il 4+ 2 £ + 5 )
System 8¢ GH ) _......_...P....-._-.‘.ly_'u.'_....f

Their root loci and that of some otrer systems ere shown in
figures 4.1 through 4.17.
h.3 Dependence of Root Loci Shape on Damping Ratio

It was observed thnt the shape of the root loei of

systems with epen loop transfer function given by
K
GH(8) = mmm e e e e -
(8 + + jb) (s + 2 - jb)

for a, b £ 0, depends on the ratio b/, of the imazinary part

to the real part of the complex poles.

Three different root loci shapes are identified for

this class of systems depending on whether

(a) r/ > 1/ /3 - h,2
- ——— L, ’
(p) Y. 1/ /3 3

() ®,< 1/ /3 S

-t
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' Systems of the type and class being considered will
have a root loci shape aos in figure 4.12a if onc of their

complex polecs falls within the region .

2. Systems of the type 2nd class considered will have a
root loci shape as in figure 4.12b if onc of their complex

poles falls within rcgion B. and
3. Systcms with one of their complex poles on the line
b= VB e L.8

will have a root loci of the type shown in figure 4.12c .

Corollary: It is possiblc to estimate the demping
rotio of systems of this kind from the shape of their root
loci, If such a system has a root loci shape as in
fig. L4.12a, “then the damping ratio, ‘5 y 1ies in the
range

o ¥ < 0,866

For such a system with a root loci shape as in fig., L4.12D

the damping ratio, }f’, is such that

0.866 < F < 1

S
while the demping ratic, ‘¥ , can be infcred directly as
v

0.866 if the shapc of the root loci is as in figure 4.12c .
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L.4 Unfactored Open Loop Transfor Function

Many 2 times in control system deasign/analysis, one
is faced with hondling open loop transfer functions which
are net factored., In this section it is intended to indicate
how the root loci of such systems can be arrived atl using

Root98 %, . #

B
B e L]
'*. L

Considcr.tt éystem with '--‘-;;c,-:___ : L
_GH(s) = ?6“‘?0 s” + 1381‘-}- 509__3 + 1582 + 108 + 20
e - c b
. The CE is__ th.en __given by - é
. p s aH(s) = O .

l.e. 56 + 2085 + ‘IBSL‘+ 5053+ 1532+103 + 21 = 0

Some of the ways to rearrange and partition the CE such
that it will be possible to plot the root loci for the glven
 8ystem and hence dcduce the characteristic roots arcg as

- follows:— "%

(a) 50804 156 + 108 421 _  _ 4
c 36 + 20 35+ 1_':';:5;’4 o
| ;. . . i e e LF-1'?
"’: ?.. = 2 Yo )
15s” + 108 + 21

[
I
-

(b)) e :
Sb + 20 sb + 13Su+ 50[-33



(e) 108+ 21

_ 56g§20654-133h+ 508

prae

*,

A host of other arrangements are possible, The problem is

" tackled herc using cquation (4.12). AR

PRI
s

The egquation can be rewriltton viz:

83(83 + 205§_+ 12 5 + 50)

&
The torm | o
s + 208% + 138 + 50 D -
in %hexﬁénominafgr.éould be further partlitioned to give

L 13(s 4 7713)
'ﬁi: E; o 82( s + 20 )

P

The solution of equation (4,15) can be cffected by plotting
the root loci For a system with open loop transfer function

glven by S A

o GH(s) = K{(s + 50/13) I .4.16
" - " (B + 20) e

. '.r?-'-'.' :

and then determine the characteristic roots at k = 13,
Juppose the characteristic roots for the system is determined

28 rq; ré, f3, then equation (L.14) can be written es:



- 8 -

15 (8%+ %8 + 7/5)
s”(s + r1)(s+r2)(s+ z-3)

P EEBH‘"" .21%2.)(3.;1",4.3%) I

g (s+r1) (s+r2) (s+r3)

The characteristics roots of the given system
ru, r5, Fes r-?, Tqy and ry con therefore be obtained
by plotting the root loci of the class systems with open

loop transfer function given by:

GH(s) = XK(s+%~-J2.27M)(s+% + 3 2.271) e 418

s (s+r1 (s + r2)(s+r3)

The values of ry, T and r, were determined as

2 3
Py = = 0.269 + j 1.582
and
I'B = - 19.}463 + JO
Hence the factored form of the tronsfer function is
GH(B) — 15(-5‘1'0.533 - J 20271 )(3+ 0.353 < 3 ;12.271)
aj(a +0.269+ J 1.582)(s8 + 0.269 - 31.582)(s +19.463)
——— 4,18

The closed Yoop roots of the system were determined (using
Root98) as



i
ras

-

jo

+

- 0.669

Ty, =
T, = 0.378 - j0O. 5316L ! «r*
P = 0378 4+ J0. 5MOE T e
r7' - 0.2+ 3§ 1,616

rg = -19.463 +jo "

A vpossible roct loci for the system is as chown in :_1:Nyﬁ
figure 4.18. A larger area of the s-plane has bcen covéred
in this particular plot to ensure that the six Lril2hes ou
the root loci are included. The two complex root loci which
appear to be parallel to the imaginary axis are not strictly
e¢o, This could be realized if the plot is perfouirmed for
portions of loci lying between 1+ 1 for the real-axis and

+ 3 Lor the imaginary-axis., A listing of the computed
points for this aystem is given in table 4.2. The variation
in the real-axis vzlues for these branches (4 and 5) is

seen to be really small, Note that becsuse of the triple
pole at the origin, the computation for the third branch
emanating from the origin cannot be started at exactly (0, O)
Hence 2 starting point of (0,15, 0) was used instead. The
step size used for branches 4 and 5 is 0,075 while aa step sir:

of 0.125 was used for the rest of the branches.
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CHAPTER V

APPLICATION OF ROOT98 TO SERIES COMPENSATION

5.1 Introduction
It seldom happens that the basic componcnts of a

centrol system perform according to specifications

(i.e. system deeign specifications are seldom met) in torms
of accuracy and transient responsc without additional design
end/or adjustment, The mcasures token to ensure that system
performance conforms to the accuracy =nd/or stability
specifications are what have come to be referrcd to (in

classical control thcory) as compensation,

Thec compensation deeign for a fcedback control system
could be achieved eithcr by a secries (cascade) compensation
or a parallel (feedback) compensation. In series
compensation, the compcnsating device (compensator) is
inserted in the system in tandem with the forward path
while in feedback compensation it is inserted along 2
feedback path, These conditions are illustratcd in
figures 5.1a, and 5.1b.

Feedback compensation is gencrally achieved by the
introduction of ratec or acceleration feedback signals,
On the other hand, scries compensation is accomplished
by the insertion of o phase-lead, phase-lag or phase-lag-
lead device, These may be realized celectricolly cither as
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R C~filter circuits which introduce the desired noles
and zcros in the system or s active-filter circuits that

exhibit +the desired response,

ta

Figurce 5.22 ond 5.2b show standard RC lead-and
lag-nctworks where the transfer function of the lead-network

Lt

| —O(g) = B8+ 1/CR . —— 5.1
S e By s +(R+R,)/CR R, N A

i C o
HQ’ . ) o o L '«:_M'::

and that of the lag-network is

E, Ry S + 1/C1 R
(s) = gv®
E, 1
. o

8 + 1/01(R-PR1} .
e 52

Equations (5.1) and (5.2) arg %ﬁ the root locus form
2

and they could be put in the Bode form respectively,

as LT P A
E R
‘Eg( s) = 1 . s CR + 4

-

o -q,\ : | . . :-'. | s ".‘.h,- . " . .-: ————— 5 - S

At

E S C1R1 + 1

o
—~
H))
—

il

?5f- qfw7ﬁﬁ | s O, (R4~R1) + 1
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Due to these two altcrnetive forms of representation
available for the transfer function of these nctworks, two
methods exist for parameterizing the realization of a serics
compensation design using the root locus techniocuce. The
objective in this cheptcr is to consider the problem of
designing a suitable scrics compensator for the plant

a(s) = Bassiny = coweee 5.5
s(s+1)(s+ 3)

using these root locus prccedures for a root locus gain, K,
value of 100, This exercisc is instructive and provides an insi

into how to implement design using the root loci technique,
5.2 8eries Compensator Design Using Root Locus Method

5.2,1 Design Principles

The design of compensators using the root locus method

is based on the fact that the root locus of a systcm can be
reshaped(z)and, in so doing, forced to pass through eny
desired point in thc complcx frequency plane, This root
locus recshaping technique is realized by introducing relevant
control circuit elements (filtors etc) and can be illustrated
using figure 5.3. This figure represents a general root

locus branch.

In chapter I, the root locus of-a eystem was defined
as the sct of all points in thc s - plane which sat:.ary the ’/

L«‘A
*—a—*ﬁﬁﬁﬂtf
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CE of the given ayétem. That is thé set of points for

which - S _
Arg IF(S% - nfy = Q- | 5.6
where n=+1%,+3 .,... , for regular root loci points,
T _ .
and e . ' *.h - B _V"'L

is the gain- normalizcd opcen loop transfer function. Honce
uxrelative to the gencral root locus shown in figure 5.3, points

in thc s-plane such ap - C . o
By = 8y + J by : ﬂ o -_“"hfff- 5.8

satisfy the ineguality

| w Arg IF( Sy )I -. .II?I- < 0 I]'u;- __.._.._-- 5.9
wh;ie poinFB éuch as ;ut. flﬁ_ __'ﬁ;;ﬁ E |
T SR e
satiefy the inequality | ”. . _5%'  W5§L m;g
Arg {F(Sg)} - T >0 I, 5,11

The reverse is the case 1f these points where in the lower
half of the s-plesne. This 1s so because of the symetric

rroperty of complex root_;oci branches.

If it is desircd that the root locus of the general

system shown passes threugh the point, s,, then a

: g . » )
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compensator will be added in series to the original systems

such that
Arg {00(91) G(s1§- all=: -ﬂ‘;{ ;31)1 T Aeg =0
eSS
A8, = Arg{Gc(% )} ——e= 5,13

is the phase angle differcncce introduced by the compensator

with a transfer function, G (s).

Similarly a series compensator could be used to reshape
the root locus of the original systcm to make it pass through
the point, 85 In this case,

s - A
Arg Gc(s2) 0(32) - nly = ArgB(s,t - ndb + A6, = 0
m—mm 5.1k
Either of Ae,l and 592 could be +ve or -ve depending
on the value of n ( i.e. whether the original locus is a

- 180° locus or a + 180° locus for instance).
1r {591-< 0

then the compensating device has introduced 2 lagging angle
and thc compensator or compens=tion is the lag type. Other-

wise the compensation is the lead type.

Similarly, if A8, < 0, compcnsation is the lag type

while the compensation is the lead type for + ve 692.
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However, if

o TR
then {}91 > 0
and vice versa,

The introduction of 2 esingle pole in series with the
forward peth transfer function of 2 system produces the
gencral effect of lag-compensation while that of a zero hes
the effect of n lead-compensation. Control elements introducing
single poles and zeros arc however, seldom used for compensation
because with such elements both the root locus gain and static
gain (hence accuracy) considerations cannot be met

simultancously.

It is possible to spccify that a compensator be designed

to meet somc criteria on system paramcters such as

(1) Hp - the peak responsc¢ of the closed loop freguency.
(i1) Ef - the damping ratio of the complex roots of the

sysbem.

(111) K, - the static gain of the system and so on and 80
forth,

Under such circumstances, the intcr-relationship between
thesc system parameters is employed to deturmine actually the

relevant point or points in the complex-plane, through which
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the given specs would want the compensated root loci

to pass " As indicated earlicr on, the compensator

degsign for the system gilven in eqpation(5.5)in.which restrictic

is placed only en the root locus gain is to serve as an

introduction to the concept of parameterizing the root locus

compengsztion dcsign. g

5.2.2, Cwmpensator Trensfeor Function in Bode Form

The transfer functions of equations (5.3) and (5.4) can

be parameterized respectively as Tfollows:

Let .
DR RR S ) S
L T — 1 e -
' S R + R1' C IR U 5.15
Ca ” R T
and |
. 4; 2 = e Era mp— . \ Ty, e e e — -1
- Ry S °
Then (5.3) for lead compensétion becomes
e
@ﬁ;g;g Eﬂ(s) I (Hl_i_EEEL) ;- : ________ 5,17
' Ei ~ 2 1 + T8 B S *
Whereas.if |
T = GR, S w@%-._ -------- 5.18
and
R, +R e
B = o T e 5.19
9 ' o o
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Equation (5.4) for lag compensation takes the form

X
2 (g) = T8 e 5.20
1y 1 +alTs

8ince = > 1 in both equations, the lead compensator
introduces & nct + ve phasc and the lag compensator
jntroduces a2 net ncgative phase into any given system., It
is poseible then to combine the equation for both lag and

lead networks into one viz:

G, (8) = LEBEE e 5,21

[

where the nctwork bocomes the lag compensator if a < 1

and the lead caompensator if a > 1.

Far the given plant with CE :

- 0
OlR) & e o  oReNeR 5,22

s(s+1) (s8+3)
the compensated system transfer function is given by

100 (1+2Ts) R
T es 3 e+Ts) = 2.23

GC(S) G(s) = 1C

The root locus of the plant computed and plotted by Root98
is showvm in figure 5.4. The three roots for the given K

values are ry,= 1,078+ 33.866, r2:.‘1.5?8—- 33.866, r3= - 6,154 + 10

The CE of the compcensated system is

100 (1 + aTs) RO ——
8(B+1)(8+ 3)(1+18) . 1 5.24
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Fer 8 =0, this reduces to - . s
100 oo e _
S(s+1)(s+3){1+Ts) = =1 S - 5.25
Thls cquation can be rearranged viz:
(s+1) (s+3)
= 1 e 5.26

s(s+1)(s+3) + 100

T A

The denominator of (5,26) can be equated to zero to obtain
s(s+1)(s+3)4100 =0

100
s{(s +1) (s + 3)

i.e,

HES

Since (5.27) is the CE of the cmﬁ‘bensatéd sysfam which has

the rocts P‘I’ r

p and vy glven above, (5.26) can then be

written as: "_5'-"-‘:'
JCTEINCYS
(s -y.:c'1).”___(_?+1‘2) (s + r3) | _
l.e. Ts {(s+1) (8+3) R -
(s-1 .078 -33 886)(3—1 078+;j3 886)(s+ 6. 151;)
S g T S e 5,28

Hence the modificd root locus of the compensated systcem for
a=0 and withT (O£ 7T &£ © ) as the root locus parameter

—

i1s as shown in figure 5.5,

It is'possible to invert equation (5,28) and cobtain,

g Y SV
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1/7 {8+ 6.154)(s~1,078 + 33.886)(s~1,078 + 33.886) _
' 8% (s 41) (8 + 3) o
The modified root loci is once more shown for O X1/ £
- in figure 5.5, . Both loci are same save for the fact that the

poles and zeros have becn interchanged and e¢ither could be

used to recalize the design. -« S _

R A

If a, T # 0, then thc CE of the compensated systiem can
be rearranged as -

.y'\-"_:‘ E

100 aTs, = e 5,30

s( s +1)(s+ 201+ s}n+ 100

8ince the CE of the compensated system for a = O, 1s the
same as the denominator of equation (5,30), the root contour of

the ocompensoted systemcon be obtnined by chosing Tixed values

of ¥ to determine the roots T, 1"5, Te and r7 which

¢an then be used in the equation

1008Ts -1
..-.(s_‘ rh) (s +r5) (s+ re){s+ r,)

The differcnt values of T chosen and the corresponding
velues of the roots are ss tabulated below (Table 5.1). The
root 1loci for the various values of T are as shown in
figures 5.6 through 5.8. Figure 5.9 _shows* the root contour

for these values of T, |
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H;éramctcr, T Rcai";;;k- Imaginary | Root Locus Root
Part Gain, K
0.193 1.369 | -3.114 100 4
. 1.369 3.114 . s
" -5.968 3. 041 . Te
" -5.968 -3.041 ! e
Parameter, T Real Part Imaginary | Root Locus Rnot
Part Gain, K
0,052 141544 ~3.815 100 .’
" 1144 3.815 " T
4 ~L4+853 ) 0.0 ) .
- =-19.05 0.0 ) T
Parameter, T Real Part} Imaginary} Root Locus] Root
Part Gain, K
0.472 -1.286 -2.573 100 r,
" -1.286 2,573 " s
" -4.3u8 | 2.582 " s
! -l 31,8 2.582 " 7

Table 3.1

showing values of T

and the roots
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It is seen from these figures that for values of
T >» 0,052, no part of the complex root loci from the RHP
complex poles crosses the imaginary axis, Whereas for values
of T &£ 0,052, parts of the complex root loci from the RHP

complex poles ceuld cross or be on the imaginary axis.

This observation shows that the given system cennot be
compensated (at least in terms of stability) for any values
of T> 0,052, IfT< 0,052, it is possible to determine
some point in the s-plane (at some a values) for which

the system could be compensated.

However, since the same design is tackled here by two
different methods, the problem of determining some fixed values
of the parameters which could be adequate for the compensator

design 1s deferred till the next section.

It should be noticed that the parameter, T , is a time
constant of the compensator, Hence this method is recommended
for compensator design when direct information on the settling
time or transient response of the system is required., As will
be seen in the next section the alternative method deals
directly with the pole-zero locations for the compensator. This
method of course serves the same purpose but indirectly. In
fact, the values of the pole and gero are the inverses of

the time constants of the compensator.
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5.2+3. Compensctor Transfer Function in Root Locus Form

In this method, an alternative representation is used

for thc transfer function.

With
A 5.32
and
R+R1
P W e SRR 5.33

The transfer function for the lead compensator of

equation (5.1) becomes

E
0 - 8 + Z e
While with
N
11
and
1
= e e 5.36
C1(R—&R1)

The transfer function for the lag compensator of

equation (5.2) becomes

;s;.(a) I 7 53— 5,57
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The two equations (5.34) and (5.37) can be combined into

single compecnsator transfer function

+2 —
o) 5.38

@i

a () = K‘c (

where it is obvious th2t for lag compensation, the constant

Kc is given by

K = "'-"z-' ------ 5-59

Kc - ot [ ——— 5-’4—0

It is nceessary to put the transfer function in the general
form of (5.38) in order that the lag compensator does not
affect thc vclocity constant, Kv’ and hence the steady state

accuracy of the given plant,

IfT z>p, thc compensator of (5.38) is a lead

compensator while if 2z « p, the compcnsator is a lag type.

The transfer function of thc uncompensatcd system

6(s) = =—-—K ; K =100
s(s + 1) (8 + 3)

is still as shown in figurc 5.4, However, using the
compensator transfer function of equation (5.38), with
K, = 2/p (1.0. for lag compcnantion), the tronsfer function

of the compensated system now takes the form:
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K(s + z)
¢ (s) 6(s) = —— - — 5.1
- K, s(s+1)(s+ 3)(s+D)
where
K = 100
Using cquation (5,40), (5.41) could be cxpressed viz:
Gc(s) G(e) = pl 8(4_s+122(‘_ﬂ.i2.)..:...:.§gz_ ______ 5,042
3(33+us + 38 +-R——)

c
and so the CE for thec compensated system becomces

p(s(s+1)(s+3) +100) _ |

9(334-92 + 38 + 3-%9)
¢

If the roots of the uncompensated system are once more

assumed to be r,, T, and r3, then the equation takes

the form:

p(s+r s +ry)(s+ry) )
b -8 = &1 esseese 5.43
s{(s8” + 8° + 38 + 100/1(0)

where (Cf Seetion 5.2.2.)

r, = 1.077 - j3.886 mmmmme 5L

|

1,077 + 33.886 e 5,45

and

1}

- 6,154 + jO  cemee—- 5.46
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The term 3‘7’ + 1432 + 38 + ‘IOO/Kc can be factored viz:-

3 ( o+ 100/3K,)

A

6°(6 +4)

in which case its solution is the same with the solution of
the uncompensated system with

k = —T-“ 00 ------ 5.1"8

c

Hence for each value of K,, 0L X, & ® , a set of roots
) r-5 and re could be determined such that the composite

CE of the compensated system becomes

p(s + r,) (& + r,) (s + r}_)

s(s + 1) (58 +1r5) (s + 1) —— B
The root loci with p as the variable paramectcr will then
depcnd on the particular value of Kc. Far values of

O::JKC < 1, the locus will be on the high goain sidc since

K = 1OQ/Kc and systcm becomes less stable, While for

K, > 1, the locus is on the low gain side.

8ince values of K, in the range (0,1 ) excluseive, will
result in lead compensation, it is apparent that the given
system cannot be compensated using a lead compensator (since

this has a destabilizing effect on the system,
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The values Kc used =2nd the corresponding values

of the roots r)s r5, and re are given in table 5.2.

— _-T-I;_ e — =gy

5 0.182 - 2,140 100 Ph

" 0.182 2,140 . r5

" -4,380 0.0 "l rg
; ]

u -0, 372 - 0,696 " rg
F -

" -3.26 0.0 " re

Table 5,2 showing vealues of K_and the Roots Used
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The modified roct loci plots for these values of Kc
with p os the vorisble parameter are as shown in

Pigures 5,10 through 5.12.

It is obvious from the three root loci plots that a
lag compensator with Kc = 50 could be used to compensate

the given system_Since

z/p »

1

Ke

it implies that
z = 50p

Hence the compensator T,F, becomes

50

The cross-over value of p is nbout 0,018, Hence plant

can be compensated using p = 0.01 in which case

B,t8) = 5; : L858 - 2. 51

and the closed loop tronsfer function of the system

becomes

. 2(s + 0.5)
(}c{a) a{e) s(s+1)(s+3)(s+0.01)

————— 5, 52
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Tﬂﬁ§f ' | .
The values of the conponents for the hardware .

realization could be cbtalned by sclving the following

equations (
R 4 -
1 = e 5.53
R + R1 ] 50
1 " Lo . . . ra
= zZ = 005 R S TTE T T 5.5}4’
C1 R1 S
and ~ CoEL
1 ] : L
- P = 0.01 ----- 5! 55
¢, (R + R,) -
These equations can be rearrenged viz:
R = L9R, | —— 5.56
and | _ .
C, = 2{’R1 S L. e 5.57

The possible combinations of the component values are as

listed in teble 5,3,

B N f e W
3*]\4\‘



FIEITIN
L3
(g 2
e lideasnttds

e et - - -
0P CEAVERG - ;

A L SR il i
GLeClLLORuld

e iw . Aie
Tlellioit - L
Alefiditivitie
°\. LIS \l - -

- 5 TR SO -
teletls owy B0 S
L30eebo L0 L s
twlaliieealife
F LAY B IR Y
PA TR B R Tl f o
17%«sCCLOTELEL
PRI T

190er it bl
= :

. . -

b 1Y i."\';.mLGL‘:
2T

eolal e wiel i
P
ZElelienms i
il

g AR

at »

el

biv e

)

Yo 1w

X

Ll

LT B

ThE

T e .

A9, s 5t ¢ Je -
L .

Lileils Abws s
bive b
L30.LELLLI0T
[T & T L R
LS oot e tutl
L LI R

Ly O S b
Lﬂ‘..ln;..d’-k.T
B0 b avnlie
EvalbiyolLit

ELESTOR
] b
T LOwi3)

efet can biatd
1) ST
1. Jcud00cLe
.‘-‘..\ R L]
2450e UL au20CE
‘]‘-O;-\-;-al‘.
JuPle3boacact
31!..:252ﬂ:!£5
-l

&y iween s labs
539 .-‘-.-.L.l=
CaPoatuLORE0
63 rainswenitl
'] e 441
73Rt s inidtlel
73kl L0 33000
e33c.Cl000000L
AL, 0c.n L20CO
UE | T o1

8B s ank msws]
U@ estoliOLE
- ‘A | I » .
.:31-1-55;53'0
«iTh. o- . \
St 4 e ECATEE

0 et g

.-I,. oy e 4

T n--llt

St .
thTirvereh-tn

Pt SURPIEIRS

LY
.
.

-

r

P
P4 (AP ] B
It 7 {TRPRIERE Gt
N I
Pl DA

PR/ SRR
..I" . _..‘.. ~
TufPi titaaud
..’ﬁ s ¢ =m Wi
Y b JPiara Al 4 1)
cadvbgarinn kol
bl LTOAT i A 1 4
s v oe it gt
Y LIPRPR R | i
2532 v beluiilt
Y FRRRE I
BT [ (AT a4 9l

r

CAFATZITOR
%3
(TARPENS)
aBitilurndabri
ll;L.; -.-:b'(
LBLbbhLbERsBLTESLL
05&‘;-.‘. .-\.l'.i
deDOGELOLICLECL=-EL
3T333303¥33333E704
e2BST LML ASTILIE~CL
«25CLCL0EELELOE=02
e23D2222022208E01
e2iuelit Ldbut ulmid
elManzALA AZACL=L
elbLubbbl bobt TE={1
el5J0ebl5J806E2i "l
CALDATTILTESTLL= 1
WL335333733353k0 8
1263026000 0L DE=~CL
dlLTELID588235E7LL
Sl212212183112e0 01
o2 BTE32STEMTE-(L
Tt L Tt 2
s A52380NERIRL0LL2
BT T LA LT
o BO LF2I 1292 352
-ﬂJ:J!];-Z-:fﬁ;'-:

B0t DUEE~02

P 0 Vi ek L T YL
-?itrﬁd?kffﬁ.f_‘:z
a Tl AET N B Tl E
LB MYEFFAT I 0012
o B0 st bl To=u?
bbb hisil Sol e ol
- .“f'..s- AV aa™ee
PR O B PR -8
c"'.'-. il 'y
-3 IR LS RS TR T
. RLOLLLGLET Ll D
oFhiSh, Ll 50 BL 12

eI b ST AWTITEALE
eSL23265.27205E12
a5 aatint any otiri d
JLBTAI BT A LB S
,b?h-ﬁ,b?l;ﬂ.Br'il
WESLL6TTH BUBL=LR
TS TR T TR
chbbaklbabuitais2
e JTANLBEIEPL-1E
0255 319140935E-02
s ibabiLLABEL T E=LD
oL ALBITOSILELE LD

el dsbabcunsh sE=l

Table 5.3 !oilint&o Component Values

'

’

-"z’-



- 128 -

CHAPTIR _ VI

CONCLUSION AND RECOMMENDATION FOR FURTHER NORK

6.1 Introduction

In cvery scientific and engineering research, there is
always a set objective which is sought, by the researcher,
to realize systematicelly. At times it is possible to
bring the rescarch to a cﬁncluaivc end within some reasonable
time lapse, In some cases, the period of research may drag
to unexpected, or rather, unenvisagcd lengths while in yet,
some, 1t may not cven bc possible to bring the research Lo

any reasonablc conclusion.

It is desircd, in this chapter, to reappreisc and also
give summary of what was intended and what has been achieved.
The attendant problems are also discussed and suggestions for

improvements offered.

6.2 Conclusion

With regards to the major task of this work, the
implementation on the CDC Cyber 72 (installed here in
A.B.U.) 2 computer program for the generation of the root leci
points for any given system, therc is no gain saying that this
thesis has to a greater cxtent succeceded. The plotting of the

computed points is realized using the subroutine plotz, the
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output of which can bec obtaincd either on the visual

display terminals or on paper via the line printer. Hence
the objectlve of the work serving as a root locue teaching

aid is also mct to a reasonable extent.

However, to scrve &8 a proper desiegn/anslyeis tool, it

TR

RN

.is casential that the root loci of a system be continuous
rather than descrete as it is the case with the ocutput of .
plot z. Designing with such plotted outputs as is obtained
requires cxtrapolations here and thare. Hence the series
compensation design performed in chapter V. 1is, as was
rightly pednted cut, rother indicative of the method for

realizing series compensation design using the root locus

technique, . .

As is always the case, whenever therc exists more thamn
onc methods for realizing a particular objcetive, cach of
these alternatives must necessarily, have its own merits
and demerlits, Becausc of the fact that the algorithm
_employcd in this thesis determines the root loci points
without due consideration to the gain values, thc valucs
of the gains at the computed polnts aore therefore purely
unsuporviseds18 Since the two alternative mcthods dcescribed
in chapter II can generate root locl points by selecting

approprlate step increments for the gain, their galn values
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are fhefefore supefvised and it will Dbe posSible, for
instance, to obtain a locus point corresponding oxactly to,
say, o gain of 100, Tho ncarest Root98 can approach

the locus point with a gain of 100 depends on the step
‘elze,d . If a value of 0,125 is used for the step size,
the nearest gain value to 100 generated will be 102.558,
Howewer, if a value of 0,001 1is uscd the ncarest gain value

to 100 generated will become 100,049,

Presently, tho execution of the program is a two-stage
process - the first stage generates the root loci points while
the second stagec plots the graph for the generated points.
The program may be ran more cfficiently if the execution is
L .combined in one. The need for the peace meal procedurc

arose 1nitially duc to storage problems with the computer,
Ca R ’

. Despite the shortcomings éﬁumeratéd-above, it is pictured
in mind that this thesis will go 2 long way to providing a
broad base for any work in the department in which snalysis

and/or design using the root locus technique is relevant,

6.3 Suggestions for Further Work -~ - %

In order to improve the quality of thce plotted output
for the purpose of design and analysis, it is mandatory to
. reallze the plotting of the computed points using the calcomp

PR v . - . i tor
. B “ :

g 7



plotter. Despite the fact_that the calcomp plotter is ap
ineremontal digital plot%&r, it is fascinatingly vascrtile
and has the capobillities of preoducing very smooth curves as
far as the plotted points are not very far apag}. ijh_guch
plotted outputs, it will be possible to performnﬁcffwaégurate

design/onalysis work,

To incresse the ability of Root98 to generate & Toot
locus point whose gain value is very close to a prcdetermined
gain, 1t is guggested that the program be ran several_times
using smaller and emaller values of 4; .unfil the réqﬁired

gain value is determined to an acceptable accuracy.

: £ P . o S R
FPinally, it is poseible to rcduce the storage problem
by using overlays. Such on exerclse could be accomplished

as follows: -

T i.-il'.-:

(2) The main program bccomes the meirn overloy,

(b) All thc pubroutincs beeoro prin-ry overicyse.

(c) The plotter becomes a primary overlay with the

subroutine order 2o its sceond ry overlay.

Tt will infrct be more economical to run the progrom with

such ~n ~rr-ngement.

e o
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It is hoped thnt ﬁith the.éuggeéted 1mpr6veﬁeﬁﬁ§;
Root98 wiil become a better design/analysis tool than as n£
now and rewsrdingly enough, practical design and/or analysis
work. using the root locus method can be implemented much

easier, ¢
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APPENDIX A
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Liz A

np 1is number of Tinite open lcop poles

nz is number of finite open loopr zeros
%y i=1...nz 1is oren loop zeros

Dy i=1.,..np 18 oven loop pcles

del 1s step size

eps 18 error tolersnce

Ty ™ time delay

Kl is counter f&r step cutting procedure

Ky K2, K3, Kh' K5 are the startine and dirvection indices

js 18 a brenk-away point counter

The subroutines are 2¢ defined in tuble 3.1
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