[
ADJO NT CPERATCRS ON A H LBERT
SPACE

BY

SH LGBA, LEONARD KARSH NVA
B. Sc (Hons) MATHS

A thesis submtted to the Postgraduate School, Ahnadu Bello
University, Zaria, Ngeria in Partial Fulfilment of the
Requirenents for the Anard of Master of Science (M Sc.)

Degree in Mathenati cs.

Department of MNathenatics
Ahnadu Bell o University, Zaria.

JUY, 1997



. I\ i . . ii . e : .

| : | DEDICATION
This work is dedicated to my parents:
MR JULIUS S. SHILGBA -
" MRS JUSTINA N. SHILGBA
for their encouragement and effortz at making me what I
pregsently am within their God-given limits. | #,_ J!  L e
The ultimate dedication is to the Almighty God, for

opportunities, life and enablements He has providentially

s

bestowed on my person,

Ak



iii
DECLARATION
It is hereby declared that the whole content of the work
now submitted, for the M.Sc Mathematics of Ahmadu Bello
University, Zaria is the result of the author's research except
where references are made to published literature, which are
duly acknowledged. This work has not been part of any

presentation for any other qualification.

____%{:‘E‘r ______________ ez

Shilgba, Leonard Karshima Date

The above declaration is confirmed:

Prof. M. A. Rashid Date
Chairman Supervisory
Committee



CERTIFICATION

This thesis entitled "Adjoint Operators on a Hilbert

Space" by JLeonard Karshima Shilgba meets the regulations

governing the award 41 the Master of Science (M.Sc) of

Anmadu Pello University and is approved for its contribution

to scientific knowledge and literary presentation,

(PROF. M. A, RASHID)

™
Py Lo S ;
. Supexvisory Committee Date:....f:{.{%......
o P
' .M. MAKARFI)
Y e eeDe 0 / /
Member.  Supervisory Committee Date:..bﬂa.z...zzﬁ...

3 R Fi-.—A.A.. A»\\

Nmme and Signature 1 P

6y |53 [9
Exteraal Examiner DALE: suiniik s vnmae s s sew
" X d’l\

( PROF, M, A. RASHID)

: Iprwso
Head of Department Date:.evsvocnsanassnee

St — i\




L\
ACKNOWLEDGEMENT | B

It has been my good fortune and privilegs tasﬁa;e at ny
disposgal the advice and gquidance, and may I say, the meticulous
perusgal efforts of people of commitment and dedication., It is
note worthy to mention my supervigors PROF. M. A, RASHID and DR
U. M, MAKARFI, whose efforts are highly appreciated.
Furthermore, appreciations go to Dr. Sani Babangida whose
challenge stirred up my mind to do research into some aspect of
the whole work which wag at the time proving to be a hard nut

L

te crack.
" This acknowlaedgement will be lopsided if the University
(A, B. U., Zaria) which sgponsored my studies is left without a
mention., Moreover, Sis. Esther Y. Jimba, who assisted with the
tedious job of typing the thesis on computer earns a hearty
doge of thanks. _ .
Without {further name-hy-name isolation of persons for
appreciation, all Mathematics department staff contributed in

one way or the other in assisting in the work - either directly

or indirectly, . ' . o e



(!
ABSTRACT

H | bert spaces are sone of the ABSTRACT SPACES of interest
in the abstract branch of nathenmatics called FUNCTI ONAL
ANALYSI S,

The aimof the present work is to isolate |inear operators
on these abstract spaces (HLBERT SPACES) with the singular
property of SELF-ADJOI NTNE3S for investigation. A gebraic and
anal ytic properties of such operators cone under survey. The

SPECTRAL THECRY vis-a-vis these operators is explored.

Furthernore, the approxi mate point spectrum( o, (T) ) of a self

adjoint operator T on a non-trivial separable HIbert space

examned with sone proposition relating it to the PO NI (EXACT

PA NT) spectrum ( 04T) ) of T
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. <7 T CHAPTER ONE

CLoLws

.1.0 IHTRGDUCTIOH . ; _
In the gtudy of linear oparatofs on.a Hilbert sﬁacé,
(complata inner product sgpace - complete with respect to the
induced norm) it is possible and fascinating to igolate a class
of operators for study and wider investigation. In this work,
in particular, operators with the gingular property of SYMMETRY
or QSELF-ADRDJOINTNESS will be isolated and investigated in
greater depth than arbitrary operators in BANACH SPACES (which
Hilbert sgpaces are, but much more). These operators (with
symmaetry property) play a yital ‘role in analysisa and
theoretical physics. o o
Here in this write-up, we =hall saoxamine the concept
ADJOINT OPERATORS both as it relates to BOUNDED and UNBQUNDED
operators, but in both casesg, LINBEAR. Furthermore, we shall
cancantrata our study on both finite dimensional and infinite
dimensional Hilbert spaces. ) ; Ji'”f -
In this work, esffort will be nade to iﬁve;tigafe.both""
ALGEBRAIC and ANALYTIC proparties of operators under survey and
- gtudy. This style gaing attention {from the unavoidable fact
';that, in FUNCTIONAL ANALYSIS (from which this gtudy

. originatesg), best rezultsg are when we marry the ALGEBRAIC and

i ANALYTIC satructuras together. Naedlags, to say that avery
normed space - by definition - has a built-in algebraic
structurs, S ST,

Mention ghould he made from tha on gat that of all ADJOINT

Sy LT
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OPERATORE that will be under focus in this intellectual offort,
only one or two will attract elaborate attention, Interesting
theorems will be stated, some proved while others left out.
Those left without proof will only be relied upon as supporting
poles to build up relevant results, Though this effort lays no
claim to originality or seminality of thought, however, care in
gimplifying layvout of proofs and explanation of important
pertinent concepts, without loss of originality will be taken.
Moresover, attempts at fusion of inter-related ideas as gatherad
from available books and papers will not bhe ignoread.

Bezides, we ghall explore SPECTRAL TEEORY of ADJOIRT
OPERATORS in HILBERT SPACES, but only in so far as it relates
to SELF-ADJOINT operators. Genherally speaking, this theory is
concernad with certain inverse coperators, viz:

(i} their general peoperties,

{ii) their ralations to the original operators,-
8uch inverse opsrators arise quite naturally in connection with
the preoblem of solving equations (systems of linear algebraic

equations, differential aquations, integral equations) just

like the mathematical quantities - I,m,e , appear quite

naturally and sometimes unexpectedly in analytical problem-

golving, Infa«t, the guantities - I1,m,e <¢an bhe calied the

TRINITY OF MATHEMATICS, and without them it would bhe extremely

difficult to tackle some problams, not only in mathematics, but
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in other branches of physical science, This conveys the
importance, and may we =ay, the indispensahility of certain
inverse operators in analysis,

As we shall see, the gpectra theory of operatorsg is very
important for an undsrstanding of the operators themselves.

Let us now settle down to the pot of porridge befotre us.

1.1 CONCEPT OF ADJOINT OPERATORS

As earlier stated, we shall examine ADJOINT OPERATORS both

bounded and unbounded,

CASE A:
ADJOINT OF BOUNDED LINEAR OPERATORE IN A HILBERT
SPACE:

This operator was suggested by problems in matricesg and
linear differential and integral equations and algo helps to
define three Iimportant c¢lassgeg of operators (called BZELF-
ADJOINT, UNITARY and NORMAL operators) which have been
extensively studied because of the key role they play in
various applications.

DEFINITION: (HILBERT-ADJOINT OPERATORS)

Let H b2 a Hilbert space and T a bounded linear operator
on H, with range in the game space {we <~an have two different
spaces K, Hy say, such that domain of T and its range cah ba in
one or the other],

Now, consider a linear functional f,{(x) = <Tx,y> for all
¥ {in H) and a fixed v (in H).

As a linear functional in the Hilbert space H, defined above,
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Hence, thers exists a unique y' (in H) such that
f,(x) = <Tx,y> = ¢<x,y'> for all x (in H)
It is obvious that f, varies with y, and consequently, y'
too; and then we get the operator T defined by
Ty = ¥
defined on H with range in the same space. The operator T' is
associated with T by
<Tx, v> = <x, T'y> ..., {(1.1)
and is called the ADJOINT CPERATOR ¢f T in H
UNIQUENESS T':T is uniguely defined by (1.1)
Suppose for all %, ¥y (in H)
<Tx, y> = <x, Tyy> = <x, T'y>, then
<x, (T, - T)y> = 0 for all %, y (in H)
or (T, - Ty = 0 for all y (in H)
or T,
or T
Hence, T is uniquely defined,
Thus, we have the theorem:
THEOREM 1.0:
The Hilbert operator T of T given by (1.1) above exists

uniquely., Moreaover,

I =171

PROOF: The first part has been proved above. We shall only

show that |71 = IT"] .



Define.
h(y,x) = <y,Tx>» z,y (in H), which is a sesquilinear
form on H X H because the inner product is sesquilinear and T
is linear. 1Infact, conjugate linearity of the form is seen

from

hiy,e.x, + a,x;) = <y, T(a,x;, + 6;X;)>
- y,e,TX, + a,Tx,>
= B Y. TX) + & Ky, TX

= @ b(y.x;) + & hiy,x,)

h is bounded, for by Schwartz inequality,

Inty, x)| = |<y, Tx>|
sivl 171

s ikin

This implies that {nf s Ty . Furthermore,

SUP SUP

Y+0 Y+0




n

Therefore |n] 2z T

Together, a] = IT

From Riesz representation theorem for bounded sesquilinear

form h, writing T for a bounded linear operator on H, we have

Bly,x) = <T°y. x> = Ly, TxX>

That is, [h] = 7] [We have already the benefit of the

Riegz representation theorem for a

bounded sesquilinear form h]

Also, ] = M

Hence, |11 = 17"]



CASE B:

HILBERT - ADJOINT OF UNBOUNDED OPERATORS ON A HILBERT
SPACE:

Now, let us consider defining the concept ADJOINT OPERATOR
in the case whereby we have an arbitrary linear operator T
(nothing is said about its boundlessness) from H; into H; being
HILBERT SPACES. That 1is

T H -~ H,

It may be that for some y (in H;), we have the

representation

<Tx, y» = <x,2z>, for some fixed z (in Hy), and for all x

{in Dy c Hydo, whare DT stands for tha domain of T, and is takan

to be dense in H;

We denote by H' the set of all such y in H;.

That is, H°CH,

Now, define the operator T' from H, into H,

T*:H, + H,

with domain of definition D, =H*C H, , by the formula

Ty=z(in®y) ... (1.2)
That is, for each y (in H') there exists z(in H;) such that

(vv) holds.
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| g T
Thisg operator T ig called the ADJOINT (HILBERT ADJOINT)
OPERATOR of T. | : |

We mugt say that the vector z (in Hli'is UNIQUELY defined
by the vector vy (in H*). FYor suppose we alsgo had

(Tx,y) = <x,a> = <x,2'> z' (in H}. Then,

<X, 2 - z'> = 0 for all x (in DycH )

This implies the vector 2z z' (in HI) is orthogonal to the

~domain of T (DT). But since DT is dense in Hy, then there

a¥iste a zaguance txn}, %y (in DT) such that

cz-z = lim %

That is, <%, z - 2'> <X, lim %>

lim<x, Ry> fcontinuity of inner product]

0 for all x(in DT)

Pt

Therefore, <K, R> = ¢ for all X

Then, x, = 0 for all n and thus, z - z' = 0

If and only if 2 = 2! |

REMARK: Here, we see that the initial agsumption on the density
of Dy in Wy is very important; for in the contrariwise, it would
be imposgsible to define the ADJOINT OPERATOR unigquely. KHence,
we hava the statement: The adjeint of an operator on a Hilbert
space exists if and only if it isg either bhounded or its domain

ig dense. . | L S
: o o
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In short, we can write: Bt

<TX,y> = lx,T*y} for all x (in DTE H) ),

LEeom
g

I
a

v (in DI* = H* £ H,)

<Tx,y> iz an inner product in Ky, while <x, T'y> is an inner

" product in H .

Thus, we have considered the definition of HILBERT-ADJOINT

~operator of an operator on a Hilbert space - bounded or

'unbounded. In the unbounded case, the density of the domain of

definition is essential,

1.2 SOME EXAMPLES OF ADJOINT OPERATORS ON SOME RILBERT S8PACES

P " e LR
. S A

{I) Let H be an arbitrary Hilbert space and I: H + H the

identity operator.

Now define T: H + H by

T T = 2il
then T' = -2i1 T R N
This is clear, since 6

<TX,y> 2ix,y>

gt

x, T'y>

(II) Let H be the unitary space ¢* (of finite dimension n).

If 7: ¢2 -4 is a linear operator repragented by the
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w11

matriz T = [Ty], then ™ ig associated with the complex
conjugate of the transpese of T, such that T' = [T),]

Tha abhove examples are for finite dimensional cases,

particularly; now, let ug c¢ongidsr an example on infinite-

. dimensional Hilbert space.

{II1) Here, we shall consider an example of a Hilbert-
Adjoint operator of a matrix operator on an infinite-
dimensicnal Hilbert space H. B

Let ug consider the real Hilbert sgequence gpace 1! which

ig infinite dimensional. e

For ¥, v (in 1%)

R[E (ry, xp, Ky, L.l) T R
: Y = {Ylﬂ Yzf Y&" a.‘]

X, ¥ {(in R )

oe
{x,y> = E ¥y

(e,) are sequences all of whose terms are zero except the

nth term, which is 1,
Then, the set {e;, &, ...} forms a basis for 1k,
Now, define the operator T: 1! » 1! by Te = e, and

1+ 1! py  on=1,2, ...

T

e
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T em = €51
m= 2, 3,
<T > = ¢ > = B +1 Gatped 3
€, > = <&y, §> = omn 1 ifm=0+1
<6y, Tep> = om, 0y > ® dum-y = O HEBPE-1
L H LU ¢ Ol T g 1ifne=m-1
But m = n+l if and only 1f n=m-1 . Therefore

om, n+1=0n m-1

Thug, T' is the Hilbert-Adjoint of T.

(6, (o)

e, e,

eﬂ eﬂil
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Thig implies that _ ' ‘ .
010 0 . . . ..
001..0.

T-00010. o . .

[N
o
L we T}
o

™=-j010. ... .0.

{(IV) We shall now look at an example of Hilbert Adjoint
operator for an integral operator. '

Let us consider in L (0,1) the Fredholm operator
. ( I . |
1
: y = kx(t) = [(R(e, @) x(mdde  ...(1.3)

il | . ' I . ) ‘f. ’

with coantinuous Kernel X(8,t) on the square [0,1] x [0,1].

An arbitrary linear functional f(y) on L! {0,1) has the form

i ‘

£ - fo‘f{'s; yisdde f (in L! (0,1))



ki .' | = le{g)(ﬁix(t,g)f{t)dt)da

14

Tharefors,

f(ftx)ll - Lif(a) (L‘x(c,s)x(_c) de) ds

- flx(t) (f‘x(g, £) £(&) de) dt
[+ ]

e

| - Lix(a) gl{a)ds

'

with  g(e) = fo‘k(c.a)fcc)dts (g = k*£)

In the above case, therefore, there corresponds an

interchange of the variables in the kernel to arrive at the
adjoint operator, The corresponding adjoint integral eguation
is the equation with the adjoint operator. A

NOTE: The integral equation (1.,3) above, is called a

FREDHOLM EQUATION of the FIRST KIND. The kernel K of the

" esquation i8 a given function on the aquare G = {0,111 x [0,1]
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1
g G )
. i S
. 0 |
Co 1 t
L _ Domain of K{g,t) (0s g ts1)
(V) Let 3 be a differential operator of order n:
. d n d n-i
\ Tt = ﬁn‘( t) (E) + aﬂ-l{t’ (m) + ..t ao(C) )

on I = [a,b} and £, g (in L}(I)) such that £, g (in C(I)), &
(t) (in ¢ (I)) k= 0,1, ...,n.

Congider the integral
.[b(tf)(t) g(Erde B A
: a . | # . . ,:
ez ak(t)[(i) f(c)]‘TErg de - ...{(1.4) |
. P dt -,
We are to find t* such that
L L@ = <LUP




Integratinq the Kth term on the right of {1.4) by parts K

times, we see .that‘ | L

I [('c?—t)kftci]axm ST de T

- _f:' [{g.t.)k-lf(c)] [(-ad—t){ﬂx(ﬂ 'gT(?Y}]dt: - .

+ ak(c)'g"TET(—dd?)k‘lf(t:) o= ... o --"‘* '-

. (__i)k Lbf!(c)(-a%)k {2, (€) g(E)} dt
Lk — - . . ’
+ T (-1)it [(_d_t) {2, (8) 'ETET]] ('EE) £LE) |a
1=1 - -

fhué; :b

n ' ’
z (-1)”(%)k{ a (&) gley e

fb(rf) (e)g{Eyde = fbf(t:)
- - & kEO



L

... whare,

17
+Fb(f;g_) —Fa(f;g) . "*(105)
Pt g - 5 ;c: (-—1)1"1[(-3‘15)1-1{dk(t) FTET) ](d—d]""f(e; ,.,
o k=1 i=1 | e
Howaver, by Leibhiz's rule,
d\J - I\ _ay
(Ge) et 5T 1=0 (J)Hdt) 0| [ 5e) 7] DR
| = S

It is hence, seen that the integral on the right in (2)

may be written in the form:

b ——
j;.f(tJt{g(t)dt whera $* 1ia the operator

i

e gb,(c:(ﬁ-]’
" N

"and ' : “ ;-3'*



o £

because a, (i) = a,(t)
|

ELEMENTARY PROPERTIES OF FORMAL DIFFERENTIAL OPERATORS

From the point of view of applications, the most important
single class of operators are the differential operatorg. The
gtudy of these operators is complicated by the fact that they
are necagsarily unbounded,

We are given-to begin with - a "formal differential
operator” That is, an expresgsgion of the form:

t = an{t)(??t—)n + an_l(c)(-agg)ml + .00+ 2 ()

There is an obvious sense in which such an axpresgion can be
"applied" to a function f. if say, f (in C'). Thug, we can
define an oparator whose domain is C' (but whose range is not
in €7, only in €)., We might however, have "applied" the formal
differential operator to a largser or gmaller clags of functions
to hegin with, and defined operatorg with larger or smaller
domains.

First, in order to be able to apply the abstract Hilbert -

gpace theory, it 1ig necesgary to relate all operators to a

A

"?'i*iq
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Hilbeft spéce of square - integrable functions. Once this is
done, the question of ADJOINTS can be expected to asgsume
paramount importance. That is, having settled on any
preliminary domain of functions to which the formal
differential operator T can be applied, we must attempt to
digscover the adjoint of the resulting unbounded operator in
Hilbert space. All these problems permit satisfactory
golutions. The above example (V) gives us the adjoint opserator

- raguired.
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CHAPTER TWO

I‘.--"

2.1 - " BELF-ADJOINT OPERATORS: e
| Asg sgtated in the projected scope of this worﬁ?wthe class
of SELF-ADJOINT operators will be of much interest.

A bounded linear operator T: H + H on a Hilbert space H is
gaid to be SELF-ADJOINT or HERMITIAN if it coincides with its
adjoint, o
That iz, T= T or |

N 4Tx,y> = <x, Ty> for all x,y(in H). "
| We have other c¢lasses of linear operators of great
practical importance that can be defined by the use of the
Hilbert-adjoint operator: _ FR
- .. Already, we have defined th concept SELF-ADJOINTNESS of a
linear operator T on the Hilbert space H. g N
 T: H » H,where H is a Hilbert space hag the?foilowing
imﬁértant ¢haracterizations: : S e
(1) T =T means T is SELF-ADJOINT |
(2) T iz said to be UNITARY if T ig bijective and T = T!
I
(3) T is NORMAL if T'T = TT

L4

That ig T'T = TT

If T is 8elf-adjoint or unitary, then it is frivially

Normal.

e




Consider Fhe line - diagram below:

NORMAL OFERATORS

o W l
D o i T et | I .
. P .
- e . - . R At .
‘ ’ pes
A

j.w?ff-- SRLF-ADJOINT QPERATORS UNITARY QOPERATORS
-""..1. B o '|
. Line Diagram - Fig 2

Of course, a normal operator need not be self-adjoint or
unitary. Let's consider this example:
_ ” If I: B » H iz the identity operator on the Hilbert space
: H, then o i B

_ ek
T= 241 is normal since T = 2iI, so that ' -
|
TT'= T'T= 41 and neither iz T = T nor |
. L .
Tl (= - #iI) |
Let us consider the following theorem: UV
" THEOREM 2.1: |
T If T and A are self-adjeoint operators on a Hilbert space

H, then

i) A+ Tand (ii) aT{(or ad} where « {(in R ) are also

|

salf-adjoint operators.
PROOF: By definition, <AX,y> = <X, Ay> and
\ <TX,¥y>
But (A + T) = A" + T

<X, TY> for all X, vy {in H).

= A+7T
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and (al)* =@¢T" =T (€ =a (inR), T=7T") Hence, the proof.

4 -

‘ From thé ﬁbove theorem, we have the following generated
result: “ ‘ - . % ”_ .._.
| The set of all self-adjoint opeféfafs oﬁ a Hilbért'space
H forms a REAL NORMED LINEAR SPACE with the operator norm
Topology. | - N  ‘ ) : o
| If A and T are self-adjoint, then the composition AT, in
general, is not self-adjoint, except when A and T commute.
That is where AT=TA. |

Thug, we can conc¢lude that the set of commuting self-adjoint

operators formz an ALGEBRRA over the real field R .

2.2 CHARACTERISTIC OF SELF-ADJOINT OPEATORS: .
DEFINITION: A solf adjoint operator T is said to be POSITIVE

or gtrictly POSITIVE in a Hilbert space H if < X, T¥> 2 0 and

<X, TX» » 0 for all X({in H), respectively.
It should be noted that, from the definition of self-

adjoint oparators, it follows that 1f T is self-adjoint, then

<TX, X> = <X, TX> = TqTx, x> for all X in the Hilbert

gpace H. This implies that <X, TX>is real-valued ... which is
an important characteristic OF SEBLF -ADJOINT opsrators.
THEQREM 2.2 { SEQUENCES OF SELFP-ADJOINT OPERATORS)

Let {Tn) be a gequence of bounded self-adjoint operators



{(linear) Tn: H » B on a Hilbert gpace H. BSuppose that (Tn)

converges, sSay, Tn »+ T.

In other wordz, Jn-T1T|-0 , where |. | is the norm on

R{H,H) = space of all bounded linear operators on the Hilbert
space H. Then the limit operator T is a bounded sgelf-adjoint
linear operator on H,

PROOF: We must show that T = P. This will follow from

IT-7T1=0

' uging the statement |Tn* - T*| = [(Tn - T S

=1m-7 . I

and by triangular inequality

iT-TY=T-Tn+Tn-Tn" +Tn" - T

ST -Tnol + \Tn - Tn*) + {rn* - T°}

=IT-Tnj+ 0+ |Tn-T| =2Tn~T7] =0 (n=~w

Hence, IT-T")=0 and as such T' = T.

s

The boundedness of T is clear from the bhoundedness of the

gequance elaments - since |7 = jlim 7§ = lim |Tn]
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We have the following result from the above:
The real-normed linear gpace of self-adjoint operators on a
Hilbert space H is closed in B(H,H}. |

It may be of interest to state that products (composites)
of self-adjoint operators appear quite often in applications.
Consequently, the followihg theorem will be useful.
THEOREM 2.3: ( SELF-ADJOINTNESS OF PRODUCT)

The product of two bounded selfi-adjoint linear operators
8 and T on a Hilbert gpace H is self-adjoint if and only if
the operators LommuteA : : T
PROOF: .__ N

We shall assume the use of an unproved but sasy-to-be
proved statment:

(gT) = T8 = T8 - ‘

Hence, ‘ |

8T = (ST)' if and only if ST = TS

This ig the needed proof. L
LEMMA 2.4: | | o |

If T: H + ﬁ ig a self-adjoint operator on Hilhert gpace H,

then so algo is T!,1d,7¢... 10,...

PROOF : Let X,Y be in H; and it is known that T = T  Then,
. | |
<k, ys = <T(Tx),y>
= <Tx,T'v>
iz . . . _.‘f'-.“:%"

= <x, (ThHly>

n

<X, sz>
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Hence, (TH)' = (T')? =T’ and T! is also self-adjoint. We show by
induction that T!, T .,.T® ... are also self - adjoint.
Suppose that T%! is self-adjoint. Then,

(p-lyt o ety o oprd

B

Hence, )

<Tx, ™ly>

a, TN )y (T =7

<x, Ty

 Therefors, (Th)' = 1" = (T')0 |
. It should be noted that if T: H + H is a bounded self-

adjoint operator (linear) and Tw» 0 , thean T "¢ 0 for svary

n {in N )

oA

NOTR:

We canh prove Theorem 2.2 for a sequence (Tn) of self-
adjoint linear operators such that Tn » T where nothing is
said about boundedness.

- We prove even the stronger assertion:

It operators Tn are self adjoint and the sequence {Th) is
point wige convergsnt to the gperator T, then T iz also a gelf
- adjoint opserator. (usually, the pointwise convergence of
linear operators in the Hilbert space is called STRONG

CONVERGENCE)
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Infact, because of the continuity of the inner product
(scalar product), we have for any x,y (in H).
<Tx,y> = <lim TnX,y>
= lim <Tnx,y> = lim <x, Tny>

<X, lim Tny>

= <X, Ty>
2.3 EXAMPLES OF SELF-ADJOINT OPERATORS

BXAMPLES (1) Let H=q¢" {The n- dimensional space of

complex numbers) and T be a linear operator on ¢°

represented by
T= [T;;]. Then, T' is associated with the complex conjugate of

the transposge of T:

T* = [T,;;) . T is self adjoint (Hermitian) if and only if

Tji = Tij .

EXAMPLE (II): The operator T: H + H, H being any Hilbert

space, defined by

Tx = ax for all x (in H) and a fixed scalar a« ,is

Hermitian or self-adjoint if and only if @& 1is real, since
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(011 = T» and

%= Wx = axX

EXAMPLE (III)

The Fredholm operator

Au = fik(lx,e)u(d}de .
0

|

A: cl(o,1) » c¥(0,1) iz self-adjoint if and only if
|

the continuous Kernel K(x, € ) = K{ € ,Xx).

|

{More on this operator iater)
EXAMPLE (IV}) i o
It is a well-known result, sssentially due to Wevl in hiz

paper [27) that if the functions p and q are defined on the

.
real axis R, PO and gq ir bounded below, than the
differential operator:

oS

LU = —(PU')' + qU ...(2.1) restricted to C; (R)

ig essentially SELF-ADJOINT in the Hilbert space LZ(R) . This

result is usually stated for the =ituation where P and ¢ are

|



28

R

defined on [0,®) , in which event, L will be in the limit

péiﬁf cage. However, the two casgses are aquivalant via the
Kodaira index relations.

: A more detailed appraisal of this ope:ato: shall engage
the appropriate attention of this work.
EXAMPLE (V) |
- =" We shall nmow consider the essential self-adjointness of
ghrodinger - type operators: _ | -j |

We shall consider the esgential self-adjointnesgs of tﬁe

gtrongly elliptical oprators of the form

L=~ X (37 - ib)a, @k - ibutqu ... (2.2) in
. ﬁ_,s‘ sern j . k=1 . .

R", n>1 acting on C5(R?) N : .

where the matrix {%k) is real and symmetric, q and q are real

(q is a real potential), ajy and q are sufficiently smooth and

e
. . .

q (in Liy,) | |
Ural' ceva in his paper [24) has shown that weyvl's result

(stated in example IV) does not persist for higher dimensions.

For nz3 she has given examples with b, = 0 and q = 1, which

show that if the coefficents of the prin¢ipral part risge too

£
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rather eagily shown that Wevl's theoram remains true.
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!

rapidly., then the restriction of L to & (R) may not

oo

& Lo
P e

necesgsarily be self-adjoint.
' Foar n = 3, another axampls has been given by Laptev [19}]

for the case where Iy = 0, ¢ = 1 and au(x) = a(x)oﬂ. This is

indeed'surprisihg since when ay(x) = afoDbik , it ean he
‘ . .

NeVerthelgss, Weyl's conclusion for operators of thleﬁrm

(2.2) is valid for a large class of coefficients. For example,

it is now a clasgsical result that if the coefficients ajy. by

and q are sufficiently smooth, upon setting

| y | e
Alr) = Sm’{jk 3;:;(11') €8, IEI e 1, le = I} | ._;-j-lv'ﬁ
i f° I . Ll (1) .
" A(r)2

and if q is bounded below, then the restriction of _L to
Cy(R%) is essgentially self-adjoint.
Considerably more proof is given in [12] and [23]

It should be noted that condition (2.3) above is a

P



condition on the ogrowth of the principal coefficients at
infinity; and self-adjointness of L 1g a result of this

condition rather thanthe fact that the operator is being

cosjidered in L?*(R®) . A similar condition on the growth of

the principal coefficients at the boundary of a domain in R°
which may be bounded will algo vield self-adjointnesgs - see the
following literature [11, {23], (261. ET E
This 1is in contrast to Wevl's theorem where it is
eggential that the underlving domain has infinite Lebesgue

measgure. |

Kato [16] has considered operators of the form (2.2) with

ajy = 8]y, b (in C'(R) ) and q (in L),

He has shown - among other things - that if . :5“&a

gi{x} 2 - K|x|* , then the minimal opsrator agsociated with L ig

|

;self - édjoint. His principal new tool is a differential
distributional inequality which allows him to work with a
minimal smoothness condition on the potential, namely that, it
ig in LZIOC‘ T T

It ghould be noted that A. DEVINATZ {91 showed that Weyl's
theorem for the opsrator (2.2) is ‘close' to being true in the

following zansa:
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If the principal coefficients are" well-behaved" within a
gequence of closged shells which go to infinity, and if q i=s
bounded below 1in L%ﬁw- then the minimal operator is self-
adjoint. Thesa conditiona - generally speaking -do not imposze
any global growth restrictions, ag,for instance, in (2.3),but
rather imposge only local growth restrictions within each of
the afore mentioned shells. This result is almost an immediate
¢ongequence of Kato's in equality and a generalised maximum
principle for solutions of elliptic inegualities due to Littman
[201. - |

Kato's inequality when taken in c¢onjunction with the

' results develored by Littman appsars to ba the appropriate tool

for handling the problems considered by A. DEVINATZ under a

- mihimal smootnners assumption on the potential.

2.4. SPECTRAL ARALYSIS8 OF LINEAR SELF-ADJOINT OPERATORS.
‘ Spectral analysis of linear operators is basically a study
 of the behaviour of linear operators with special regard to the

existence of certain inverses. In particular, if T (in L

{K,H)) [get of linear operators on Hilbert space Hl, and if «

|

is a Bcalar, we are concerned with the existence of the inverse

: ca T

of the operator (&I - T) , whare Ilis the identity operator.

)

In finite- dimensional gpaces, the gituation is clear - either (af - T 7*
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existe or it does not. If for a given scalar « , it does not

exist, then «

e n; .Ul( w)

. " However,

ig called an EIGEN VALUE of T; and if dim (H)

there are at most n (distinet) eigen values,

if H ig infinite - dimehsional, there may be

infinitely many and indeed a continuum of scalars © such that

{aI - T)* does not exist,

It (al -

™™t exists, the question arises:

-

‘18 it bounded or not? Moreover,whethar its Domain {(of

(e - TV )} is densze in H. Neither of the quéStions arises in

|

a finite - dimensional case.

Thege questions above considered are in the ‘province' of

the so-called SPECTRAL THEORY of linear operatorsg,

 The problem of finding scalars a (in ¢ ) such athat

thére exista % in domain ¢f T ( x = 0 }, satisfying the equation

(el - THVx =0

8 called an EIGEN-VALUE PROBLEM associated with



hfhéllinear opérator}

Qur emphasgig here - to an elaborate extent - is to
congider the BSPECRAL THEORY with respsct to SELF-ADJOINT
HOPERATORS on a Hilbert space H.
| CAéE 1; BOUHDED SELF-ADJOINT LINEAR DPERATDRS (ON FINITE
DIMENSIONAL SPACES) _ Ce
THEOREM 2.5 (BIGEN VALURS, RIGEN VECTORS) o

ILet T: H + H be a bounded self-adjoint linear
operator on a complex Hilbert space H Then, _

{i}) all the eigen values of T (if they exist) are real

(ii) eigen vectors  corresponding to {numerically)

diffarant eigen vaiues of T are arthogonal.

PROOF : (i) Let o be an eigenvalue of T and X eigen
lvector { x » 0 )} Then

. Ix =lax . Using the self-adjointness of T, we obtain:

BX, X> = <BX,X>

!_"_‘!-: o | 1 a x » 0
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gives a =a . Hence is real, I
Thiz completes the proof of (i) . R
{(ii) Let v and A ba aigen values of T and X, v be
- . corresponding eigen vectors, respectively; -
¥ *ﬁ‘*“ ' ‘m;
| VA "
Then, Tx=wvx and Ty =Ay . since T is self-adjoint v
and A are real. ' L
v, . L - ) o
« V<X, > = VX, Y2
- . = <Tx, v
= <x, Ty> 5
= LX,AV
= ASX,V? _ ' .
% Bince ve A , we must have <x,y> = O,which implies

orthogonality of x and v.

All eigen vectorg corregponding to an eigen value A ;

B o + - -
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that is x = Q0 such that

Tx =Ax %X (inH) and T; H+ H [H is

the zearo vector form a vector sub space of H which ig called

-

a Hilbert space] and

the EIGEN SPACE of T corresponding to A . The set ¢(I} of

all eigen valueg of T 18 called the IPECTRUM of T. Its

complement p{(T) =¢ - o0o(T) 1in the complex place is called the

o

et

RESOLVENT SET OF T.

It should be noted that a linear operator on a finite

dimensgional complex normed space x » {0} has at least one eigen

value.

wt

CASE 11: INFINITE DIMENSIONAL SPACES |
Heres, we congider Hilbert spaces of any dimension, and as
we shall gee, in infinite dimensgional spaces, gspcactral theory
becomes more complicated. a
Y Now, |
T D{T) + H ig a linear operator on the Hilbert space

defined on the domain D(T) € H. We associate with the
: |

operator T the operator TA = T - AT



wheare A 1a a complax numper and I is ths identity oparator

on D{T). If T, has an inverse, we denote it by R;(T) , that

is,

RA(T) = Ifi==(1’— A}t called the RESOLVENT OPERATOR of

T or, simply the RESOLVENT of T. L

|

The investigation of K (T) - its properties - will

|

basically lead te an undarstanding of T itself. And it 1is

natural that many properties of I, and R, depend on i ,

and, ag earlier mentioned, SPECTRA THEORY is concerned with

thoge properties:

i | . - : '
* For inatance, we shall be interezted in the set of

all A in the complex plane such that Mnll evists -
“ BXISTENCE of R,

. gupposge R, exists, for complex numbers A , then,

wé furthatr would like to know the complex numbers for

T
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which R, 1s bounded - That is, BOUNDEDKESS of R,

i# another property that iz essential. We have now

narrowed the gize of the set of complex numbers A

for which R; exists,

L Furthermore, we shall also ask: for what A’s iz the
"+ domain D(R,) of R, DENSE in H? T

Now, the RESOLVENT SET

|
. B hec:RA existe, is bounded

.. and D(RA) 1is dense in H }. Its complemant

. E:
Y

Io(T) =¢ - p(I? in the complext plane ¢ is ¢a11ed the

|

SPECTRUM of T, and a A (in o(T) ) is called 5 QPECTRAL VALUE

of T. PFurthermore, the sgpectrum o(T is partitioned into

-

three dizjoint sets as follows: _ '_ -

(1) POINT SPECTRUM or discrete spectrum o¢,(7) is the
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get such that RA(T) does not exist. A A{in o (T)

ig called an EIGEN VALUE of T, |,

-

“h o (ii) CONTINUOUS SPECTRUM o.(T) is the set such that

- RA(T) EXIBTS,

-  D(RA{D) is DENSE in H but R (D is NOT

|

BOUNDED.

(iii) RESIDUAL SPECTRUM o,(T} 1is the set such that
|
-~ RA(T) EXISTS {(boundsd or not)

- D(RA(TY) 1is NOT DENSE in H,

|

" We have an EXISTENCE problem here. For instance, in the

® . That is, in finite

i

finite dimensional case o (T) = o0, (D)

dimensional casé, SPECTRUM of the operator T is the sat of all

PRI

EIGEN VALUES - PURE POINT SPECTRUM.
. NOTR:

"
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. " I . ﬁ

p{T Uo,,(T) Vo _(mUb. (D
and the definition of eigen wvalue is still the same in the
finite dimensional case as in the infinite dimensional casa.

That is,

A is an eigsn valye of_T if thare exists a vactor x» O
such that
{T-ADXx =0, and x 18 called an EIGENjVECTOR {or BIGEN

FUNCTION of T if H is a function space) ‘
If H is infinite dimensional, then T can have sgpectral
valuas which are not eigen valuesg, A
Lat us consider an example of an operator with a spectral
- yalue which is not an eigen value:
'i J On the Hilbkert szegquence 3space H = :ﬂ, We define the
oﬁerator (linear) o

T: 14 11 py o -

{uz; ﬂ._,....)"(o, “1, “2' nnu) n.-(Z.‘}

where x = (#,) (in 1%), The operator T is called the RIGHT-

v
. LI
L

SHIFT OPERATOR. T ig bounded {(and |7] =1 ) becauss
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. . ’ L "..a_ﬂ:-’”- 2

L]
172 = X |ai]® = Ixf? L
] de1 _ | I

| The operator Ryi(T) = (T - DI)‘1 = Ti:7H) » B
~ exisgts; and is\the LEFT-SHIFT OPERATOR given by

»._‘_". " (ulf uzl + l) - (u:; uaf LI ] l)
But Ry(T) does not have its domain T(H) as a dsnse set in H;
indeed, T(H) is the sub-space L consisting of all v = {By} with

By = 0. Hence, by definition, A =0 13 a spectral value of T.
\ I . ' ,',_-,1?' L

EoI

Moreover, A =0 1is NOT an eigen value since Tx = 0 implies b 4
1

= (0, 0, 0 ...0) from definition of T in (2.4} above; and the
vactor x = 0 {zero vector) is NOT an eigen vector.
THEOREM 2.6 {RESOLVENT SET) : ) 1yghﬁ-

,,Vx;Let T: H + H bs a bounded self—adjoint linear operator on
a complex Hilbert space H. Then a number A balongs to the

regolvant set p(T? if and only if there existg a ¢ » 0 such

that for every x (in D{T) CH)
1Tax) = 2 Cixj
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where TA =T - AI

PROOF If A (in p(7 ), then

RA =TA*: H- H exists and 1is bounded, =say, JRA| s k

where K > 0, since RA+» 0 , Now, I = RATA , 80 that for every

X (in D(T) &« H), we have

x| = IR, Ty x| < IR ITyx| < KITyx)

This gives |TAx] 2 Cjx] , where C = =

k

Conversely, suppose |TAx| 2 Clx] for all x (in D(T) CH)

and some C > 0,

Let us prove that:

(1) TA:D(T) - TA(H) 1is bijective.

(ii) TA(H) 1s dense in H

(1i1) TA(H) 1is closed in H
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So that TA(H) = H and RA =7A' 1is bounded, from the

fact that: Putting TAX =y , Ixi = RAyY) < C* v} gince

JTAx} 2 Cix} for some C > 0 and all x (in D(T).

Also +[BOUNDED INVERSE THEOREM - That if TA:D(T) - TA(H) is

bijective, TA™ 1is continuous and thus bounded.)

(1) We must show that Tyx, = T)x, implies x = %, X, ¥ (in

D(T)). Since TA 1is linear and from |7TA] 2 Cix| .

0 = ITAx, - TAX,} = ITA(X, - X;) | 2 Clx, - X,

Since C > 0, this implies |x, - x,J =0 . Hence, x = X.

Xy, X; are arbitrary, so that the operator TA: D(T)

+

TA(H) 1is bijective.

(ii) We show that TA(HY = H by showing that x, 41 TATH)



Thus, feor all x

#
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implies X = 0.

Let x, LTATHY . Then x,. TA(H) . Hence, for every

TAx(in TA{H))
- o |
<TAX, Xp> = <TX,X,» = A<X,X> | L

(in D(T})

]
»

o
1]

KTX, X,> = <X:AX,>
"By definition of the Hilbert-adioint operation this shows
that |
' X {in D(T*)) and
B |

e T X = AX,

U

|

| ' oo ' R

But since T is self-adjoint, D(T') = D{T) and T = T:; thus

TXg = AX, _. | “& o

.

x, » 0 implies that X is an eigen value of T, and then

2 =) must be real [irom Teorem 2.5(1)}. Henca, Ty, = Ax, ,

|

that is, 7TAx, =0 . But now, we have that
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I7Ax) 2 Cix) for ¢ > 0 and all x (in D(T)). Consequently

TAx, = 0 yields a contradiction.

0 = [TAx,| 2 Clix,| . This, therefore, to avoid the

contradiction, implies that |x,] =0

It follows that TA(H)* =1{0} , so that TX(HY = H ... That

is TA(H) 1s dense in H.

(1ii) Finally, we'll prove that y (in TATHY ) implies y

(in TA(H) ), so that, TA(H) is closed, and

TA(H) = H by (ii).

Let y; (in TATHY ). Then there is a sequence (y,) in

TA(H) which converges to y;. Since y, (in 7TA(H) ). We have

Y, = TAx, for x, 1in D(Ty) = D(T) . Then,
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" . 1 1
lxn'" m“ _c‘.n{xn'-xm)lﬂ "“é’ﬂy‘n—YQl

Since (y;) converges, this shows that (x) in cauchy. 8ince H

iz complete (xn) converges, =ay, ¥, * ¥. T 1s continuous, and
- 80 also 18 JA , and y, = TAx, ~ TAXx, . By definition

LyX, (10 TA(H))

The limit being unique, implises that, Tix, =y, . S0 that y

\

{(in 7a(m ). Hence TA(HY 18 closed because y,{in TATH))

s .
" ) O -

ig arbitraty. We thus have TA{(H) =H , from {(ii). This means

LI

that RA = TA™ 1is defined on all of H, and is bounded [from

BOUNDED INVERSE THEOREM! or directly from the fact that:

Cix} s |TaAx}] ¢»> 0 for all x (in H). Hence, A (in p(T} ).
The above theorem {THEOREM 2.6)] beautifully characterizes

" the RESOLVENT BET p(T) of the bounded linear gelf-adjoint
| | -

operator T: H + H.

We thus have the followinhg corollary: Y
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COROLLARY 2.7:

A complex number A belongs to the RESOLVENT set p(DT)

of the bounded linear self-adjoint operator T: H » H if and

only if there exists a constant ¢ > 0 such that

-1 + Cs |A] .

PROOF : From [THEOREM 2.6]. A (in p(7) ) if and only if

there exists some ¢ > 0 such that |TAx| z Clx] for all x (in

D(T)).

or if and only if

I7x - Ax] 2 Cix|

NOTE: ITx - Ax) = §Tx + (-A) x|

s i) + (-2 x|

s ITHx) + Alx)

or [7lix] + |AlIx| 2 Cix)

or if and only if

I+ |Alz2cCc for xj=oO
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1f and only if |
-1+ ¢z {a]
REMARK : Considering the whole set p(T , we can say the
following:

.le .

. We can find the greatest C » 0 such that —|Ii+-¢'s]1|

| I

for all A (in p(T )

 .b_:- - 1Tk is NOT the greatest 1lower bound of p(T} .

Infact, |A} > ITy(or A] > <474 for all A {in p(7) )

B ] l
THROREM 2.8: SPECTRUM o(t) of a bounded self-adioint linear

|

operator T: H + H on a complex Hilbert space H is real.
PROGF: ‘

Already, in the finite dimensgional case, we have seen that
the spectrum (coinciding with POINT SPECTRUM) is real. That

ig, the aigen valueg ara real, - -

-

We only need to show that a A =8 + I1p{a,p réﬁl) with

|

P *0 must belong to p(TIN , so that o(T) CR ;

o .



48

For every x+ 0 1in H we have
(nX,X) = (TX,X) - I(X,X)
and, since <x, X> and <Tx,x> are real

{TAX, X? = <TX, X0 - R<X, X0

Here, X =a - iP By subtraction

TTAX, X0 - <Tyx, x> = (A - R)<x, 0 = 2ipIxP

The left side is -21 Im<TAX,Xx> , where 1lm denotes the

imaginary part.

-21 Im <TAx, x> = 2ipIxP

That is,

-1 Im<TAx,x> = ipIxP?

[BIIxP = |Im <TAx,x>| < |KTAx, x>| < \TAxlix]

Division by |IxI» 0 gives |B|ixl s ITAx] .
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If p»o , then A (in p(7) ) by THEOREM 2,6. Hence for

3 .

Aed{r) we must have P =0 , that is, o(7) iz REAL.

Sy
We have shown above that the specrum o(I) of a bounded
L ] : ' . L
galf-adjoint 1iinear operator T is real. It is interesting,

moreover, to qive a more detailed characterization of the

& |
gpactrum o(T} . Without procf, we wish to sgtate that the
. | . ' L

spactrum o(7? of a bounded linear operator T: X + X on any

l
complex Banach space X is compact and lies in the disk given by |A] 5 17}

and the resolvent set p(T) and spectrum o(T}) are not empty.

Furthermore,
: |

THEOREM 2.9: The spectrum o(I) of a bounded self-adjoint

|

tinear operator T: H » H on a complex Hilbert

pace H lies in the cloged interval [m, Ml on

the real axis, whers
m= inf <Tx,x> and M = Sup < Tx, x>

xj=1 Jxf = 1



3

" PROOF:

™ :

We have alraady shown from previous work that o(7)

3

lies on the real axis, Now, we shall show that any

real A =M+ C C>0 belongs to the resolvant get

p(n .

|

For every x* 0 and V= Ix{'x , we have x = x|V and

\_

(Tx, x> = §x <V, v < WP swp <19, % -
. vt =1 | |
= <X, X7M
That is, <Ix.X> s <X,X>M o o CL
l
. Hence, -<Ix, x> 2 -<x,x>M , and by Schwartz in equality, we

obtain - \ K

paxflx) 2 —<Thx, x> = ~<Tx, x> + A<x, x> e

|

2 {(~M+ A) <X, x>

= Cixp R
| '
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where C=A -M> 0 by assumption. Division by Jx) gives the

1inequality

J7Ax} 2 Clx} . Hence A (in p(T) ) by THECREM 2.6

Similarly, we shall show that for any real A=m-C , C

> 0 belongs to the resolvent set p(7)

Using the same V = |x|’x, x = Vjx} as above.

<Tx,x> = P <1v, v 2 IxPm = <x,xom

That is <ITx, x> 2 <X, x>m

Now, |Tax)ix) 2 <TAx, x>

<Tx,X> - A<LX, X0

z (m-A)<x, x>

= OoP

By division by |xf»o0 ,
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Cimxlz Cx) - €2 0

|

Thus, A (in p(7) ). We are done.

An interesting question arises: How do we relate m and M
to the norm of T; H » H, H being a complex Hilbert space?
STATEMENT ON RORM: For any bounded self-adjoint linear

operator T on a complex Hilbert space H, we have f,

Fy =maxi(|m}, M) =.?;f=]<fx,x>| |

|

PROOF: By the Schwartz inequality,

sup |<Tx,%x>| s sup ¥Txjix| = 17}
bl = 2 b =

R
* k)
Fl

That ig, X = j7) . where K denotes the expressioh on the leit.

,

We'll show that {7} < X ., then we shall have been done.

|
1f T2 = 0 for all Z of norm 1, then T =0 and we'll be

i \

done with the proof {[for [I1 =0 1. Otherwise for any 2 of

norm 1 such that 7Z 20 , lat
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LT T7
s V=JITZ]1Z and w =
A y‘ITZI
Thug, | .-
VI = Wi = 172 : e

Now, set ¥, = v + w and y2'= v - w. Then,
QTYI, > - <Ty,, ¥y = {TV,v> + <TV,w> + <Tw,v> + <Tw,w> -
| <Tv,v> + <TV,w> + <TW,y> - <Tw,w>
= 2{<Tv,w> + <Tw,v>)
= 2(<Tz,Tz> + <Tz,25)
= 2(<T2,T2> + <Tz,Tz>)

[gelf-adjointness of.T] |

=4 |TzP ...(2.5)

Now, for every y#0 and x = lyl*y , we have y = |ylx and

Koy | = RIKTX. %0 8 le sup|<1x, X |
: x| = 1

= k bF

.
'm

Sb, bY triangular inequality and further calculation

1<TV:, ¥3> - <TV., Y22 | s XTIV, 72| + |20y, 32 |
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s k (P + bl?)

k (Jv+wf + jv-wf)

2k (JviF + wi?)

ak (JTzp ...(2.6)

Comparing {2:5) with (2.6) above, we have

= 41Tz < 4k|Tz] . Hence [Tz} < K . But taking the supremum
over all z of norm 1, we obtain |7l <K . Together with
Ks |y . we have It =K . That is,

1T} = max(|m|, |M|) = uui)]ct;x,x:»]
Ixl =1
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-

g0 that A cannot bes an eigen value of T.

'fj"‘At a glance:

. SELF-ADJOINTNESS:

- " ] .. . 1 . -~ 1 ‘ : o .‘é‘.\:: . ' . ;!
L AT = TR o =.L tx(t) y({Eldt o A
P = fix(c) Ey{E) dt = <x, Ty> .
[} ;
T=7T"

BOUNDEDNESS: Integral is definite as I7xP < [ e2|x(t) [2ds

. .
i
_ . K .
o o : . < x|
W 5 K .

L

We shall consider some properties of two unbounded linear
operatore, namely, the operator of multiplication by
independent variable and a differantiation operator:

(1) Consgsider the operator:

T:D{T) = LZ%(-o, o)

x + tx L (3.1

where D{(T) C L?(-w, +=)



o7 . | i

The domain D{T) consists of all x (in L%(-w,+») )}, such

that we have Tx (in L3(-w,+®) , that is R

[Terlxcarde < = ... (3.2)

Wy, ¥

This implies that D(T) » LZ(-w, +w} For instance, an
x{in L%(-»,+w) )} not satisfying (3.2) is given by

.;"E_{fc:l
x(t) ={o.if=<:l

Hence x ¢ D(T

The multiplication operator defined by (i) is NOT BOUNDED:
This c¢an be seen if we pick a particular case as a counter
example. We take - ” o

if o £ Lt<n+l
X, (t) = G Sieevieors

Clearly, [Ix}=1 =ince fmdr =1 , and
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%(3112 +3n + 1}

This implies that 1%?%—> n , whare we chooge peN as
n

large as we pleage. It should be noted that the unboundedness
resultg from the fact that we are dealing with funetions on an

infinite interwval.

SELF-ADJOINTNESS: T i3 aymmetric becausge using t =T , we

have . . _ o e ™

{Tx,y> = f*-tx y{tyde

= f:“x(t} Ty (tidt

W = ¢x, Ty> |
Therefcre, since the set ¢! of continuous square-

integrable functiong iz averywhera densea in tha gpace Iﬁ, T is
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3,
a

self-adjoint. - : | Ty

g

l_.
v
=f
)
e
D
-
+
I_l.
1D
i
O
Y=y
in i
i
D

Important spectra’ oparatoy T are aw

followa:

a

&
"

1.0 T hag no eigen valnes

1.1 e(m) 1s all of R

PROOF: {1.,0)

o,
2%

'For any X , let x (in D{(T)) he =neh that Iﬁ'=‘kx . Than

(T-AI)x=0 . Hence, by definition of T,

.0 = T - ADxP = {Zilf - AP x(t) *dt

. Since |t -A{>0 for all ¢tw» A , we have x{(t) = 0 for
| élmﬁsf all t (in R-}, that ig x = 0. This showg that x
i;w .is.ngf an&eigén vecfbf,.and A fis not ank;iﬁggfvalue of
‘%, Since A was chosen arbitrarily, T has no eigen

valﬁes. N
{1.1) We have spectrum o(I of T in R [from TREOREM

T g
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Let A (InR) . We define

1“1--:‘—: ‘l‘ilf—:-'l
w.(t) - alnawhara

and consider x, = w,1w, . Then Ix,] =1 . Writing
TA =T - AI , as usual, we have from definition of T,

[7Ax, P = f:'(r. - A)2|x, (£) [2dt

r~ 1
“prls Imta 5

We thus have

1
I!‘Z.J.ruls3 eos£3.3)

Since T has no eigen values, the resolvent RA = TA™

exists, and TAx,» 0 since Xx,» 0 . The vector
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ara in the range of TA - which is the domain of RA , and

have norm I. Applying RA and using (3.3) above, we get:

-

i - | o

.lnzyﬂ|- TiaBaj"”ﬂ'* n ,., which shows that fi ie

unbounded; hence A{ino(T}) . Since A(in R) was arbitrary,
o{T) = R .

The other operator we shall consider in this section is

the DIFFERENTIAL OPERATOR

.

D: D(D) = L(-®, +®) o
X~ ix’ C oy

where x’-=-§% and i helps to make D self-adjoint

fd show that D is self-adjoint, we shall use the tools from the

theory of Lebesgue integration and can be found, e.g in G.

-

=

Wil



Helmberg {(1969) INTRODUCTION TO SPRCTRAL THEORY IN HILRBERT

SPACE; New York: American Elsevier, Mention will finally be

made that D is unbounded; has no eigen values; and the spectrum o{D)

R L . . .
T o . . . d "
P e s S “ - R -
ho .. . .

is'all of k .L
3.2 INTEGRAL HERMITIAN (SELF-ADJOINT) OPERATORS AND THEIFR
SPECTRUM ' | :
Refer to chapter one, section 1.2, Wheré we looked at some
examples of ADJOINT OPERATORS on some Hilbert spaces. We gave

an example of an integral opsarator - The FREDHOLM opetrator,

Let us turn again to the integral operator of the form:

;yia) =_ﬁfk(s.tyx(t)dt c0.{3.4)

ariging from the fredholm equation {(mentioned earlier). we
denote this operator by the letter K and then, the relation
{3.4) has the new form:

¥ =Kz “ .. <{3.5)

I
: - As formerly, we assumeé that the Kernel K(s,t) is a

continuous funetion dafined in the square G = [a,bl x [a,bl.

That i&8 ass, £<b .
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)

a b Domain of K(s,t) (a s 8,t s b)
| Fig. 3 .“ B |
As earlier done, the operator K is given cver the function
space Li[a,b]. Moreover, the values kx are continuous functions
which can be considered as the elaments of the space L!. That
is, kx belongs to CL! [continuous and in I} [a,bl].
The operator K is additive (That 18, K(xy + %;) = kx; +

k%,). We shall show that K is bounded in L! [a,b].
Let M = max |k{y,t)| ... This exists

ass, tsp

bacause K{=,t) iz continuous on the bounded square G. Then,
according to the inequality - Cauchy - Bunia Kovskii inequality

- for 8calar product in Lz,

(s | = |f“'k(s; £) x(t) dt



b4

o e, F !
s M/Bb-aIxf ...(3.6) )
and o - SR S O
;e R Lt
L - b o ‘. .
B = [ y2(s)dg < M (b-a)2|xf?
o
Consequently, the operator k iz bounded and .

Jk| s M{b-a)

REMARK : The Fredholm operator k is bounded because of the

e FINITE interval [a,bl}, otherwise, it will be
unbounded.
NOTE: The Cauchy - Bunia Kovskii inequality for the scalar

product in L! takes the form of the usual integral Runiakovgkii
inequality:
eyl = |[(xioywad AR

-
R

S
'

) b s 2 _ o
e < Jfax () \]Ly (£Ydt = Ixlly)

&y "
Ty

But if y (in CLY) and |y(t)| <M , then it follows from the

e

above Bunia Kovskii inequality that
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Lt

! f_bx(c)ym dt| < M/B— alx} ‘

where %, v (in L), o o o Y ey

(R
e

The Scalar product in 1! fa,bl] can be written in the fﬁrm:

lx, v -f x(t)y{t)dt . Hence,
L

3

II? = <x, x> = f"xzcc)dc

The kernel ig symmatric if k(t,s) = ki{s,t}. We shall
thus, show that Fredholm operator X is self-adioint if the
kernel K{g,t) is symmetric. - R T

For any two continucous functions x(t) and z(t),

- ¢ <hx, 2> = f:(f:k{a, £) x( &) dt) 2{s)ds
e 1 S S SRR
- [* [Pxts, 1 x(0) 2to) dode

ot L

'whére we have thé double integral on G, oh the right hand gide.

On the other hand,

<x, kz> = f"f"k(a, €) z () x{8) de dt
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Interchanging, in the last integral, the notations of the
variable 8 and t and assuming that k(sg,t) = k(t,s), we find

that

(x kz> = fpfbk(s, tyz{(a)x(t)de dt

That is,
<kg,z> = ¥, kz>

Now, let x and z be arbitrary elements in Li[a,b}. Since

the get ;2 [set of continuous functions in Li] is everywhere

densa in the space Lz, we rapresent

X = lim X%,

1

z 1im Z,

whera, x,, z, (in Cp )

Then, ag a consgeguence of continuity of the gcalar product and

continuity of the operator Kk,

<KX,Z>

1im <k, zp

= lim <x,, kz,>

X,kz>
Hence, k is Hermitian {(self-adjoint).
SPECTRUM OF THE FREDHOLM OQPERATOR X

The Predholm operator k on Li{a,b] with the symmetrical



- R

theory of integral equations. In this theory, the homogenous

Fredholm equation is usually written in the form;

x{g) = uf"k(s-, £) 2 £) d

where U is a parameter.
In our operator notations, this equation has the form:
L. X=ukx vl (3.8) |
Far u = 0 the equation (3.8), obviouslf, haé only zero
solution x = 0, These values - certainly different and

digtinet from zero, {(and they exist) - for which the aquation

(3.8) hag solution x» 0 are called CHARACTERISTIC NUMBERE of

the equation (3.8). e L e

R TREe

For u=»0 , the equation (3.8) may be written in the

A

equivalent form:

Comparing equation (3.7) and (3.9) we have the

consequence: To every characteristic number uw®90 of the

equation (3.8) there corresponds the eigsen value A » 0 of the
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.

oparator k and conversely, to every eigen valus A » 0 of the

operator k, there corresponds the characteristiec number -%- of

-

”é&ﬁétion (3.8).

Moreover, the eigen values of the operator k coincids with
the non-zero golution of equation (3.8), whieh in the theory of
integral equations are called the EIGEN FUNCTIONS,:

We have, therefare, conclusivaly s#een that the point

spectrum o_,(K) of the Fredholm operator k is non-empty.

Since the Predholm operator K with symmetric KRernel k(s,t) on

the square G = [a,b] x[a,b] =as s, t <b has bean proved to

be bounded and self-adjoint then, its spectrum o(K) lieg in

the sat
[ - M(b-3a), M (b-a)l, whare

L

lk} = M(b - a} and
M = max |k(s,t)]

as 8, ts b

&t
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2.2.) " STURM-LIOUVILLE OPERATOR
~ In the solution of many problems of mathematical physics,

ah important role is played by the differential equations of

the form:
' ' e

dt(p(t) dt) altyx = Ax(t) .. (3.10)

Lo g

called STURM-LIOVILLE EQUATIONS. L

We assume here that the functionsg pi{t) and q(t) are continous

~on the segment [a.b] =a s t s b, and that p(t) has a continous

e

derivative of the first order; A iz a real parameter.

Suppose that the functions we ars looking for, satisfy some
boundary conditions
x(a) = x(b) = 0 (3.1

: The further gderivativeg are valid algo for some other boundary
conditions. In that way, we shall seek the solution of the
equation (3.10) among functions continuous on the gegment
[a,b]), with their derivations of the first and second order
gatigfiying the conditiong (3.11). We denote the get of such
functions by the letter M and consider it as a subset of the
space L constructed on the segment [a,b]. It is clear that the
gubget M is linear, | _ _

'The left hand gide of the equation (3.10) ig the result of

the application of a certain differential operator to ths
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function x(t). We denote this operator by the letter U, and we
shall take it to bhe given on the set M. The valuag of the

operator, Ux are continuous functions; but we shall treat them

as elements of tha space LZ. We can re-write the aquation
(3,10} in the form: I
Ux = AXx

It 18 c¢lear that the operator U is additive and
homoganeous. : e : SE
We shall show that the operator U is symmetric; that is

<Ux,y» = <x,Uy> for arbitrary x,y (in M).

UX, y> = - f.b[(px’)’ + gx}ydt

_fb (pr)’ydt-quxydt ¢a¢aaa(3|12)
X a

We transform the first integral twice apprlying integration
by parts. Taking into account the boundary conditions {(3.11)

which the functions x(t) and vi(t) satisfy, we obtain;

b
f (px'y'y dt

sl [Tyia
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= - fbx’(py’) dt

~ [-x(py") 158 + faDX(py’)’ dt

Hence,

<ux,y) = ~fbxtpy’> idt - quxy dac T
- -I”x[(py’) Ide + gyl dt = <x, Uy>

S CUX y> = <x,Uy> ... {3.13)

Now, we shall assume that p(t) 20 and g(t) so0 .

We calculate <Ux,x> for arbitrary x {(in M), making us=e of
the expresgion (3.12) and integrating by parts the first

integral. We get:

(Ux,x) = -fb(p-‘c’) xdt - fngz dt
L) [

.=f"’pxzdc -L"qpez dt .._H{3.14) |



Hence, it followg that
<Ux, x> 2 Q¢ ....(3.15)

That is, U ig positive.

It should be stated here that if % is an eigsen alement of

a symmetric operatar A corresponding to an eigen value A and

vy ig an eigen element corresponding to an eigen value p and

Avp , then x1y . Therefore, from the above established . -

properties of the operator U, eigen elements of the operator U
corregponding to the distinet eigen values are mutually

orthogonal. Moreover, if A iz a symmetric operator and

CAX,X> 20 for all x{(inD) {domain of A), then every eigen

vaiue of the operator A ig non-negative. Infact, if A ié aﬂ

pot
».

eigen value of A and x is a corresponding eigen slement, then

AP = AL x

<AX, X2

= CAX, %> 2 0
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Hence, it follcws that A 20 because xJ2» 0

.

Thug, taking into account the aggumptions concerning the
gigng of the functionsg pi{t), qlt) and by (3.15) we can assert

that all eigen valuas of the operator U are non-negativs,

- The eigen values of the operator U are those vaiues of the

parameter A for which the egquation (3.10) has solutionsg

different from zero and satisfying the conditions (3.11); and
the eigen alements are solutions., In that way we have obtained
some propertias of the solutiong of the B3Sturm-Liouville

aquation, important for mathematical physics.

We congider on the segment 0 < t s g the equation

-x"=Ax ....(3.16)

wifh the houndary conditions

x(0) = x(m) =0 I

Thig egquation ¢an be obtained from (3.10) if we put p(o)

g{t) =Q . SBince all the sigen values A 2 0 than azsuming

A =p* where W 20 , we reduce the equation (3.16) to the

1,

R
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form

X'+ Wix =0 .

For @ > 0 the gensral =olution of thig aquationh hag the

form:
X = G cos ut + ¢, sin pt
Since x{0}) = C;, then according to the first boundary .

condition ¢, = 0. Consequently, x(t) = C; sin pt and then

Xx(®) = C,slnpun ; according to the second boundary condition,

x{m) = C;slnpx =0 . But if we assume C; = 0, then we ghall

obtain x(t) =0 . In order to cbtain a non-zero golution, we

- have C, arbitrary and require that sinus =0 . This is

'y

pogsible providead p is equal to any integer n. In thisg way

we sae that the eigan valuas are {(n> 0) A_=n%* and we can

n

assign to esach eigen value an eigen function, that is, the

golution xn(t) = gin nt (We assume that C; is equal to 1).T;Tu_
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Thege ajigen functions form the well known system of sines,

orthogonal on the gegment [0,x%x] .

It ig intaresting to verify that in the case wa have .

congidered, A =0 is not an eigen wvalue, That is, for

.. A =0, among the solutions of the equation (3.16) only the

zaro element satiafies the given bhoundary conditions.

For A =0 , aquation (3.16) bacomes

-x"=0
S8olving the ahove, we have
X(t) = C, wherea C 18 a constant.
gince x(0) = x(x) =0, C=#0
Hence, only the zero alement satirfiesz the given boundary

conditions.

*f It is easily verified that the operator

Ux = -x” corresponding to the equation (3.16) is not

BOURDED. Infact, for the eigen alement X, We have

Ux, = nﬁxn‘ Con=equantly,

1Ux,] = n*lx,] . Therefore, a constant C for which the
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inequality |JUx} s Cix] would be satisfied for all x (in D -

domain), does not exist. Thus, generalising, Sturn Liouville

operator is NOT BOUNDED.

The SPECTRUM, therefore, of the operator Ux = -x”

colncides with the point spectrum; and it 1s the set

{1, 4, 9, ...} = {(n: neIn}

SPECTRUM OF STURM-LIOUVILLE OPERATOR U
The domain M of the operator U is the set of continuous
functions in L’ {a,b], which is everywhere dense in [f[a,b].

Hence, the symmetric operator U is Hermitian (or SELF-ADJOINT).

The SPECTRUM of U 1is the POINT SPECTRUM o, ,(U) which

consists of non-negative real numbers., The eigen values are
determined by the functions p and q.
NUMBER AND DISTRIBUTION OF THE EIGEN VALUES
Eh 2L OF THE STURM-LIOVILLE BOUNDARY VALUE PROBLEM
For the following investigation we assume the equation
(3.10) to have the general form:

ax

.-
dt[b(tj dt

]-[q(c) s Az (e))x(t) =0 ...(3.17)

since this gtill reduces to (3.10) if r(t) = 1. And in
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general, we can write linear homogeneous boundary coenditions in

tha form

k,x{a) + kx'(a) = 0...{1)
.. (3.18)
I,x{by + Lx'(b) = 0..{ii)}

=

et

As in equation (1}, A ig a parameter, astsbhb 18 the

interval over which the functions p{t}, q(t), r{t) are

continuoug. Kk; and k; are given real constantsg not BOTH zero,
and 80 are I; and IR

" We gae directly from (3.17) and (3.18) that fof every

number A , the problem has the trivial solution x =0 , that

ig, x(t) = 0 for all te fa,b] . A number A for which the

problem has a solution xw» 0 [if such a number exists] isa

called an BIGEN VALUE of the problem, and this =2olutich x is
called an EIGEN FUNCTION of the problem CORRESPONDING TO THIS

EIGEN VALUE & .,

In the exampla {3.16) we congidered eariiery, we have saen

that there are inifinitely many eigen valuegz in the case where

A=u>0 . On the other hand, we do not convay the
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imprezsion that thera alwayg exist many eigen values., If wa

congider the problem
v(o) = 0 , Liy(ty) + 1; v'(t;) = 0 we see immediately that

there are difficulties in solving this problen. The

differential equation has the general solution.

y = cleuc + Cae-ut

and it follows from tha first boundary condition that cy = ~Cy.

This gives for the second boundary condition after divigion bY_ o

¢

1,{e¥? - ™) 4+ ul, ("2 + %) =0

oY

X
~2u = -tanhut,
1,

In order to solve thisg equation geometrically, we have to

intersect the line y = (%3]u with the curve vy = -tanhut; in a
1 . .
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u,y- co-ordinate system. ‘The slope 0f ¥ = (%i]u is -%i and
1 1

the slope of - tanhuty at u = 0 isg -%;, As ig apparent, u = 0
jg a solution undar all circumstances but tha corresponding

solution is the trivial solution v = 0. Tha only possibility

of obtaining a non-trivial gsolution is for —t2<-é3 <0 . In
1

this case the two values of u differ only in sign; ie, we

obtain only ohe real eigen value uz, gsee figure below:

vy
N {
. Loo
_f La
]
| >
!
')‘ .._'téf-l
£3 - e 2 L0
L, Tt

golution diagram on py —axis
- Fis 4 .
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Fig. 4

In the case just consgidered i.e A = -y <0 only one or no

eigen value at all exists.

~  The situation which prevails in general and which ig quite

clearly reflected in the above example 1s described in the
following two theoremg [THEOCREM 3.1 and THECREM 3. 3]
THEOREM 3.1 Let p(t), q{t) and r(t) bas continuous, p(t)

differentiable and p(t) » 0, r{t) > 0 in as tsb . Then
there exists a value A0 sgzuch that for all A < A, , the Sturm-

Liouville Problem (3.17), (3.18) has no solution, with P

e [a,bl.

We also have an important Lamma which will turn out to be
egsential for our investigation:

Let ug congider the differential equation

_a

dt{p(t)x’]+q(t)x==0 ...(3.19), whare

p{t) and q{t) are asgumed to be continuoug and that p{t) is

will furthermore, assume that

wk,

differentiable in a certain cloged interval asc¢sb . We
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plt) > 0 in as¢csdb . LIn cage p{t) < 0 1in astsb,':

we multiply the eguation (3.19) by -1. The case where p(t) =
0 at certain points of the interval has to be excluded].

We can write (3.19) as a system of two differential
equations of the first order by introducing

vit) = p{eix*{t) .,.13.20), Then, we have

a1
e plt)™, (3.21)
—gx=- s 0@ [ ]
de - "aie=x

And we can apply to this system the standard existence aﬁﬁ
uniqueness theorems for ordinary differential equations. Undar
not too severe conditions concerning p(i} and q(t) we can
establizh the exigtence and uniquenaesz of the sgolutions of
(3.21).

It is of congiderable help in investigating the nature of
the solutions of {3.19) and espacially their zeros to introduce
polar co-ordinates {This method was introduced by H. Pruefer,
MATHEMATISCHE ANNALEN 95 (1926)1, . Lo

Let

x‘=11c)cos¢}

y = ritysing’ o022



_ g3
NOTE: This r(t) is different from the one in (3.17). | o guuf

Thus, we obtain for {3.21)

r’cogd - r sin ¢.¢' = -%: gin ¢

r'sing - r cos ¢.9' = gr cos ¢ _ L

Solving for rf and ¢ vields

% - _{p(lﬂ sin% + g(¢t) cos%) ... (3.23)

dr 1 _ ' E
de ~ {p(t) qm)”“""’ cosd ...(3.24) SN

Since (3.23) doesg not contain r{t), we can solve for ¢

independent of (3.24), substitute this ¢ into (3.24), separate

the variablesz, and solve for r{(t).

riy = @15 I

r{t) = e
It 18 sufficient for our purpogas to concentrate our
.~ investigatiions on the golution ¢ of (3.23). We can, first of

all, zees that if g{t}) is a solution of (3.23), then g{t) + k=
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will also be a solution sgince, according to (3.22)

NOTE: Ke Z

r cog (g + kmn) (~l)x r 08 g = (—1)13

(-1)*y = (-1)% px;
That is, if k is odd ¢ + kn will give the solution -x(t)

r gin (6 + kn) = (-1)F r gin ¢

|
n

instead of %(t) and if k is even, we obtain x{t) itself. Since
-% ig, in the case of a homogeneous differential aquation, a
solution if and only if x iz a solution, we can consider

#{t) + kw for all k = 0, 1, +2, ...as one and the
same solution. Hence, we can always assume that at a given

point t, #{t) gatisfies the inequality

12! + (k-1)m < $(Ed) s 2+ kn

for any intager Kk,

. " We ghall next prove the following lemma, which we gaid
earlier will turn out to be essential for subsequent
investigations;

LEMMA 3.2 The solution x(t) of (3.19) has a zero at t = t; if

and only if 4¢(z) =(%;)4~kw . (We call sguch points t; the

%; ~intercepts of @#(t).) PROOF: If O(t) -{%§)+ ke , it
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follows from (3.22}) that x(t;) = 0. L.at us now agsume that f :

x(tl) = 0 to prove the nacessgity of the condition.
It followsg then from {3.22) that
r(ty) cog g () = 0 : - o

since r(ty) #+0 for t, in as t s b in view of (3.23) ahove,

it follows that cos ﬁ(tl) = 0 and from this &(c) "%‘* kr

We sghould have in mind what we are interested in - tha
“investigation. of the number and distribution of the eigen
values of the Sturm-Liouville boundary value problam, All we
have done go far is to lay a foundation for our work.

We shall not prove THEOREM 3.1 but rather use 1it,

However, it suffices to say that if we let M > 0 to be any

numbar, specifically chosen and choosa a Ao (which depends on

M) such that

g{t) + Ao r{t) < -Min ac<tchb,

and gince p(t) is continuous ih a s t s b , there existz an m

such that

p{t) 2min as<tsb , Algo, max|g(&)|.mln r(c)
{a,b] [a,b]

axist, and

. gy
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v

-M - max  jg(o) {They are continuous in [a,b,1]
{a,bl]

Min r{t)
[a,;b]
We shall show that the spectrum of Sturm-Liouville
oparator is gdiac¢rete., To do that, we shall prove that the
* elgen values of the Sturm-Liouville boundary value problem
{3.17}, (3.18} given earlier can be orderad., Let us consgider
the theorem bhelow:

THEOREM 3.3 Let p(t), q(t), r{(t) he continuous, p(t)

differentiable, and pf(t) > 0, r(t) » 0 in a< ts<b . Than,
. there are infinitely many values A, <A, <A, < ..., (eigen

valueg) for which the Sturm-Liouville Problem (3.17}, (3.18)

has a non~trivial sclution. If x(t,A,) is the solution

o

corresponding to the k' eigen value a, , then x(t¢,A,) has one

more zero in ¢, s £t < &, than x(i,A,,) , which is the solution

corresponding to the (k-1)th eigen value A,, and limai, ==

K- w»

Ta prove thig theorem, we teed the following two lemmas:
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LEMMA 3.4 Let ¢(t,A}) be the pg-curve corresponding to the
golution x(t,A) (3.17) which satisfies the boundary condition
(3.18) (1) at t; ie kx(t;) + KX'{t;} = 0 for any A . Then,

under the conditions stated in THEOREM 3.3, eo(t,,A) is

strictly monotonically decreasing in 1 , 1ie

PROOF : Let Xx(L.A) ba a solution of (3.17) for any A

which satisfies the boundary condition (3.18) (i) at t;. Then,

the corresponding ¢-curve g{t, A )} satizsfiez the boundary

condition ( 3.26{(1) ) at t; given below:

vla) =a + vr..., ..(1)} s 26n. v =0 1.2 S  __
o(bY = B o+ um..., (44) 77 IV R SR gae

NOTE: Since the t, g-diagram proved o ba of considerable help
in our investigationsg of tha praoblam (1) esarliar, if we employ
it by introducing the function v{(t)} according to (3.20) the

bhoundary conditions (3.18) will be transformed to the form:
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k, '
kyx{a) + Sa) yi{a) =0

& 1, _ .
I, x(b) + p(b)y1b)'-0 | ; “ I

Let ug now introduce four constants 6, 3, A, B according

to

k1=ASinO,lI=BSinB

k, _ 1, .

p(a) A cosa, m BCD&B
' | 2 2 - o
: péla) p'b) | .
. - _tan,l{xi,pca) } b = —tap{L®
k, i,

[The #ign of A and B depend on whether we use the

principal valueg a and 8 or a + m and B + n}. In terms of

thesa quantities, tha boundary conditions hecome; . %@:
gin o cos gla) — cos a sin gla) = 0 B
gin f cos 4(b) - cos B sin g(b) = 0
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or sin g{(a) cos a - cos #{a) sin a

=
sin g(b) cos 8 - cos g(b) 8in 8 = 0
That 1is, L
sin [#la) - al = 0
gin [¢g(b) - 8} =0

Thus we have:

of{a) =& + Vi,....(ID)

® (b) -ad-u“_...(ii) u,v=0,1,2,3;..

Now, let

A, <A, . Then

UL gie) + AZ(E) < (L) + Ar(t) Inastsb andinview
of the following comparison lemma:
If xl(t) ig a solution of

2 tp, (£} ALK

and ¥ (t) is a solution of

4 n o« -
dt[pz(t)x] g (tyx =0

where p(t) 2 p(t), q(t) € q(t), [p(t) and a(t) may have

different or equal signs)] and if ¢1(t) is the g-curve of xl(t)

wh
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and #,(t) the g-curve of x)(t) and for a certain t, in a

b.

gil{ty) = @gy(ty), then for all t > t,

¢2(t) < @il

L

-—

t

o

(In cage p; 2 Py, q < q; hold, ¢, < ¢;)} - The modification

of this comparison lemma is:
gi(t) < g (t) for all t > t,

q;{(t), and since

ﬂ(tl! 11 ) = ¢(t1f a’g ) = o« +

and ¢, (&) = [g(L) + A ()] < g (D)

<

g{t, A&y )} > #(t, &, ) for all

Since t; > t,

5 ﬂ{tZI 3';|_ } > ¢(t2, 3-2 )

Dok

help us prove (THEOREM 3.3), let us congider the second one.

LEMMA 3. 5%:

if py{t) 2 py(t) and qu(t) <

v, v=0,1,2,...

[g{t) = A,z(D)]

t}t‘ll

s L .
Having considered one of the lemmas {[LEMMA 3,4] that will

Let g{(t, A ) be the g-curve corresponding to the solution

]

x(t,A) of (3.17) which satisfies the bhoundary condition

(3.18) (i) at ti for any A

™,
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Then,

Lim g(t;, A ) = -w £, > ¢

A=-w

We shall not prove this lemma but proceed to prove THEQREM

L
Lo

-

First we note, that x(t,A) which is a golution of (3.17)

and satisfies the boundary ceondition (3.18) (i) at ty, is

continuous in A See [22] pp. 364 and congequently, its ¢g-

eurve #(t, A ) with e(f,,A) =a is continuous in A , Now we
chcose a i, such that : T .
g{t) + A r(cy > 0 . The curve ¢(t, &, ) of the solution

x{t,A,) which satisgfies (3.18) (i) will intersect the line t

g
.

"= t, at some point g,. If ¢, = B, then g(t,, A, ) = 8; ie

)

P

x(t,A,) satisfies also (3.18} (ii); hence A=A, 1is the

first eigen value,
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If o, , we Can agzume without 1losg of generality that

8 -w< @y <B. Now let A increase and consaquently,

g(ty, A} will decrease monotonically in view of LEMMA 3.4 and

continually until for a certain A =Rk, , @{t;, &, } =8 - .

Then, A, 1is the first eigen value. We let A continue to

increage until for some A =4, , g(t;, &, ) =8 - 2uw; ie A, 1is

 the sacond eigen value, and 80 on. Clearly, there is no end to

this process becausse

lim g(ty, A ) = -o >t in view of LEMMA 3.5
Ao |

Thus ,we obtain successive values A, such that

#(ty, 4, } = B - ku [See Fig. 4 belowl

Furthermore, since

@ity Ay ) = B - kn while
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Qj(t'z; 3'1:—1 ) = B - (k—ljlﬂ;
»

it follows that #(t, A, ) has to have one more %; - intercept

e

B P . .

than ¢(t, A4,, ) in ¢, sts¢t, . Hence, x(r,A,) has to have

ofle more zero in U, <= t < £, than x(t,A.,) .

Thus, we c¢an order the eigen values:

Ay < A; <,,, Wwhich implies that the Spectrum of

~_ Bturm-Liouville operator is digcrete and there axists A, =such

- that A, <AL <A, <..,., and {3.17) {(3.18) has no solution for

"~ all A <A, [FROM THEOREM 3,11

We s2till have to show that

lim A, = = : sguppose that limA, =M< =

k= o

Than, there exists for any arbitrary small ey o an Ne
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guch that
|Ag ~ Ayl < € for all m,n> Ne

Since g(t;, A ) ig continuous in A , we have for

€& >0 a &g >0 such that

|8 (tsehy) - 0Ly, A,0] < €, Lor |h, - Al < B

Let € <n and choogze €=98, . Then

Howavar,

= = 8 - mn

Since g(t;, A, ) = 8 - nr and g(t;, 4, )

i
I Erare
| |
] | :
II' ‘ {t.,8-2m)
1 { ¢f‘b/\3]
2 | J
L : \ (t,8-1m)
a5 a INBCeA)
|
.'
I
I .

(ta, Bodr)
AT

Eigﬂn value eh'st.-{l;utio-; dicgram
Fuys
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JOSEPH LIQUVILLE (1809-1882) who invéstigated thig equation
together with boundary conditions with areat success. This
equation includes many diififerential equations of mathematical
phvsics as sgpecial cases. We szhall congider some of these
gpecial cases: |
(I) THE LEGENDRE EQUATION R

. Legendre's differantial aquation, so called in honour of
the French mathematician ADRIEN MARIE LEGENDRE (1752-1833) is
of the form

(1-x¥)y'* - 2xy' + n(n+l)y = 0 -

and arises in numatrous physical problemz, particularly in
boundary value problems for spheres. The parameter n is 3
given real number. Any s=olution of 5 1is called a LEGENDRE

FUNCTION,

We can re-write §; as:

[(1-xDy'}' + Ay =0, a=nw) . L

Henca, it i3 a Sturm-Liouville eguation with
p=1%l, =0, r =1, Since p =0 when x = £1, 1o
i bcuﬁdary conditiong are needed to form a Sturm-Liouville
| problem on the interval -1 £ x £ 11, |
(II) BESSEL'S BQUATION _ - _ _
© One of the most important differential equationg in
applied mathematics is BESSEL'S DIFPFERENTIAL EQUATION in
respect of the German astronomer and mathematician FRIEDRICH

WILHEIM BESSEL (1784-1844). This equation iz given by
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Xyt b xy' 4 (AXE - VEY =0 ... .8

and A is a parameter (a given number), v is a fixed value,

We can re-write SE in STURM-LIOUVILLE form thus:

[xy’]’-g-...{..‘}_‘g.z__vzlyuo
X
a2
P=Xxi g= -2 ; r-x
(111) EULER-CAUCHY EBQUATION

This aquation isg given in the form

xly" + 2XY' 4+ Ay =0 ..... 83 { A is a constant). -

This can be expressed in STURM-LIOUVILLE form as:

[xfy'31' &+  [(x®y") + Ay = 0]

‘ ‘ p = xz; r=1; q = 0 ' . .

The above are just some of the differential equations of

goecond ordaer axpressible az STURM-LIOUVILLE equations,

T



CHAPTER FOUR
4.1 POSITIVE OPERATORS _
In chapter two gection two., we mentioned the condition for

positivity of a self-adjoint operator T, say, onh a Hilbert

gpace H; that ig, if <Ix, x> 20 for all x (in H}, Again, we
gaid that <Tx, x> 1is real, Az a consaguence, wa may introduce

& PARTIAL ORDERING s on the get of all BOUNDED SELF-ADJOINT

LINEAR operators on the complex Hilbert space H, and denote

theset by Bs(H). Wo defiine this partial ordering £ as follows

T, «T, if and only if <Tyx,x> =< <Tyx,x> for all x {in
H).
We can gimply write T 2 0 instead of <Ix,x> z 0 %to mean

. that T is POSITIVE, for all % (in H}.
The =sat BS(H), therefore, is a POSET with the PARTIAL

| ORDERING < ; Thi.s POSET can bhe canonically represented by

(B (H}, 5) .
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On (B, (H), s) , laet us define two binary operations A

(meet) and V (join) - according to the concept in SEMI GROUP

studieg - Such that:

IT, A T, = Min T, \T.B
1T, V T,1 = Max UT,4, {70

It is clear that these binary operations - A and V¥ satisfy

the following:

(1) T AT, =TAT; T,VT,=7,VT (commutativity)

(2) TA(LAT =(TATD AT V(YD) =(TLYVT) VT,

{Asgociativity)

(3) T, AVT) =T, =T, V(T; A T,)

(4) T, AT, =T, VT,

Tl’ TE" T‘j are in BStH)‘

Then, (B,(# s ,A,¥) 18 called a LATTICE,
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Furthermors, -

(B,{H) = ,A,) is called a LOWER SEMI LATTICE ' R

and

(B,(f) = ,¥,) 1is called an UPPER SEMI LATTICE

 There exists a simple relationship between the partial
ordering of two members, say, T;, Ty of B(H) and the definition

that:

T20 1if and only if <Ix,x> 20 for all x {in H) and T

{in Bg (H)). Tha relationship is that:

T, < T, if and only if 0 g T, - T, . - !'f |

That ig, T and T, can be partially ordered in the sense T . Tz

if and only if <Tyx, x> < <nx,x> for all x (in H) if and only

S
iy
T

if T, - T, is POSITIVE, o A : B
DEFINITION: {IDEMPOTENT OPERATOR) o R
_ Let T be a bounded linear operator on a Hilbert space H.

. T is said to be IDEMPOTENT if T = T

Let Y be a proper closed sgubsprace of a Hilbert apace H.

Then, given x(in H}), we can have the expression.
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X=y+y+ ,wherevy (in¥) and y* (in Y* ) ( y*
ORTHOGONAL COMPLEMENT of Y; that 1is, H=Y®D y*

y.y*2> =0 for all v {(in ¥) and y* (in vYy* )

Y

Now, define

P: H » Y where
PX = Y,

We shall show that:

{i} P is linear

> (ii} P is bounded (and || =1 )

{iii) P is IDEMPOTENT,

(i) LINEARITY: Let x, =y, + i

xa=Y3+Y;

Then,

Pl + 0X,)

= pla,y, + qQ,V, + &,V + ¢, V)

ig the

and -~
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Q,y; + oY,

@ 0(x) + a,{pixy)

(ii) BOUNDEDRESS: Given X=y+y+*, and by PYTHAGOREAN

theorem, ¥

Ixi? = yIF + Iy'P

Therefore,

Iexi? = lylP s Ix¥F

Hence,

vl =1

Infact, ol =1 (P acting on ¥ (in Y}

(1ii} IDEMPOTENT :

For x =y + yt

plx = p(px)
= py
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P is called PROJECTION (or PROJECTION OPERATOR).

Later, we shall show that for non-trivial idempotentsg,

that isg, Te ), TwlI {identity operator) the spactrum

o(m =1{0,1} .

In what, wa chooge to call, FUNCTIONAL SEMI GROUP, there
exists the following result: -

Every lower gemi lattice ig a commutative BAND and vice
versa. ‘
DEFINITION: A BAND iz a geml group of idempotents. Thus a
commutative BAND is semi group of commuting idempotents,.

Let us, now, prove the stated result,
PROOF¥: From the definition of a semi lattice, (given in this
work), every semi lattice 18 a commutative bhand,

Convergely, let S bhe a commutative band.

First, we show that 8§ is a poset.

Define partial ordering s, 1in $ by x s,y 1if and only

if

Xy = ¥

Then ig a partial ordering, gince

5p

(i} Xxs,x (x . X =xas x ig idampotent, for all x (in 8) )

PR ’
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(i1) X%,y and y s x implies that

XY = X and vXx = vy

That ig, % = xy

¥x (commutativity property in 8)

¥ X,y (in 8)

iii) If XS,y and ys, =z

then, XY = X and ¥z = y, g0 that
X = X(yz) = (xy)z

= XZ

That is, x 5,z

Thus, s, is a partial ordering

Then,

{1i) XAX=xx=x

(11) xA(vA 2z =x. {y .2

= (X . y)z

xAy) Az

o iii) xAy =xy = yx = yAx



| 105
-. We are done!

How do we apply the above result to our pertinent gtudy on
the set of bounded self- adjoint linear operators B,(H) on the
complex Hilbert space?

We can zay then, that a class of commuting idempotentsz in

Bs(l-!) can be partially orderad in the zensa that, for T, T in

B(H), T¥ -7 and T¢{=7T, T,T,=T.T, ,
Ty £ T, if and only if <Tyx,x> = <TyX,x>.

And the binary operation A can be impoged on the class such

- that

I7, A T, = min Uy, IT,0
8uch is a very interesating piece of fusion hetween algebra
and analysis which heolds some attraction 1in FUNCTIONAL

e ANALYSIS,

Futhermore, if the COMPOSITION operation on two members Ty,

T, of B,(H) satigiies the properties of the binary operation A

{meet), then, we can conclugively say that the operators on
which such properties are fulfilled are IDEMPOTENTS. |

THE PROJECTION OFPERATOR P defined earlier, is SELF—ADJOINT.
and POSITIVE.
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SELF-ADJOINTNESS: Let x, =y, +y; and x, =y, + y; where

Vi, 3 (inY) and y;,v;(inY'), H=Y® y*

Then,

DXy, X3> = <Yy, YV, + V2D

=<V, V> + <y, V2>

- <Y;.Y;> (<Y; Y;> = 0)

<Xy, DX> = <Y, + Vi,V

=<y,.¥> (Ky, yva> = 0)

Therefore,
<px,Y> = <X,py> for all x,y (in H) and hence
P 18 SELF-ADJOINT
POSITIVENESS: Let x be in H. Then

pX, %> = <plx,x>

<px, pXx>

IpxP > 0
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Therﬂfcre, P iz positive.
Infact, generally speaking, if an idempotent operator T on

. a Hilbert space H has an adjoint operator T, then T' is
necegsarily idempotent.
| PROCE: Suppose T has the adjoint T, then by definition,
0 TeTy,y> = <x,T'y> for all x,y (in H), | .
o - | BT
¢x,T'y> = <Tx,y> = <Tix,y> =

= <x,T”y> for all x,y (in H)
Tharafore,

™ = T which implies that T is idempotent.

Let ug look at other axamples of idempotent operators on

a Bilbert space which are sgelf-adjoint:

{1} Let H=R* and T=

N R
- |-

It iz alear that <Tx,y> = <X,Ty>» and 'I‘2 = T,

[

1

(2) Given 7T = on R

2
1
2

= M

. i

T = 7! and <Tx,y> = <x,Ty>

Now, the question isg this: can wea now generalize - since
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alquhe idempotents we haQe looked at are self-adjoint - that
avery idempotent 1z szelf-adjoint in any Hilbert gpace? This
question, we suppose, will he of tremendous interest to

studentsg of functional analyvsis. Like we have gtated earliar,

the sgpectrum of any idempotent operator Te 0 or I congists
of the realg 0 and 1. That ig for T: T = T and Tw»o ,
T» I, o{T) =10,1} . We already have proved that the

gspectrum o(7T) of a zelf-adjoint operator is real. Can we

-

then say that the convarsge holds? If the spectrum o¢(I) of an

oparator T in the Hilbert gpace H ig real, doss it neééssarily
follow that: <TX,y> = <X,Ty» for all x,y (in H)?

To answer the quesgtion, we would like to say that if we
can find an idempotent operator T on a Hilbart gpace H that is
NOT zelf-adjoint than we will have succeeded in proving by just
one COUNTER EXAMPLE that, the generalisation that every
idemponent operator is self-adjoint does not hold. Since it is
sasier and possible to Aisprove the gensraligation above stated
by a ¢ounter example, let us follow this logical line of
argument,

Congider, therefore, the following counter axample:
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0
For any real number '3’ let 7T = (0 f)

a»

and H=R?* . Clearly, ™ = T since
LG I-L
o1)lo 1 01

For any %,y in R? , Where

X = (xq, X;) and y = (yq, ¥;). We can express x and Yy in

. x]. y:l.

column vactor form; that ig, x=[ ] and yz[ ]
Xz Va

Xq4 Yy (in R)

x,y> = E x;y;
i=1

Now,



= plaxy + x1]
Thus,

<Tx,y> » <x,Ty>r for all %.y (in R*® ).
However, for x = ¥
<T¥,¥> = <%,Tx> which implieg that though T is not

salf-adjoint <T¥,x> is real for all x {(in R® ) ...{4.1)

The question, therefore, arises from the result (4.1) in

0 a

0 1) i can we =2ay that {for every

idempotent a » 0 operator T in a Hilbert space H, that (Tx,'

x> = <x,Tx> for all ®x {in H)? The answar this time is; YES for

all self-adjoint idempotents: And: "Yes" for some idempotents

A~
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0
which are NOT gelf-adjoint, like the operator T‘=[0 i] a (in

R? } given above and

the matrix operator given below:

Lat us congider another matrix operator on R? which is
idempotent but not self-adjoint,

Let T=(; ﬁ) for any real 'b' (b w Q)
Then,

FIERE

X,
For any %,y {(in R® ) where xz[ ‘)

X,
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i.e -A(1 - A}

it

0

or A{A -1) =0

el
Therefore, either A =0 or A =1
o

Henca, the spectrum o(T) of T is {0,1}. We shall prove

now that, for all bounded idempotent operators T, the spectrum g(I)

= {0,1}. Beforse that, lat this statement be noted: o
The spectrum of an operator T in a Hilbert space H.maY be:
real but it doeg not imply that T ig gelf-adjoint, We have
already saeen that from the foregoing. ' i "
THEOREM: If T is a bounded linear operator on the complex

Hilbert space H, and T is an idempotent, that is, ™ = T, then

{

its spectrum o(T {0,1},

PROOF : |
From spectral mapping theorem for polynomials p(T) = o

T = 0; as such, N

AZ - ) =0 which holds only for A =0,1
. . |
Hence, for Aeo(D, o(T) =1{0,1} .

We ¢an prove the above in yet another way:
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LWl

The tresolvent RA(TY . where T ig bounded and linear

operator on the Hilbert zpace H, A » 0 can be representited as:
t . i ) . ;‘."_ . '-f"t-‘_ ) :_ . ‘ ) .:;‘ ‘.-d; .
. . '._’!‘"‘:"‘_ ' |

R, = (T-AI}?

where the series on the right hand gide convergesz for all A

sueh that

IlTﬂ =AM <1 that is [A] > 1T}

"
-
: y
o ~ Now, in our case T is idempotent, that is, ™ = T,
' Por |A] » 1 , we obtain
RA(T) = A [I+AT+A2T+ AT+ ...1 (T* =1 |
|
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and hence TV = T for any n {in N ).
2 T :

i B P

That is, '_E

CORMT) = -ATI-T + T+ ATHART 4, ]

:v - | ' = _'A-I [ (I - T) + T(l + A_l + l-z +l' v ) ]
e o |
| |
- —2.'1[1— T+ T(l - %}'l] "
|
|
-‘—I(I"T) "(’*"1)'17: 'j.
|
o | »
which holds for any A e0,1 |
- !
Hence, the gpectrum o(7) of T iz the set (0,1},
COROLLARY : IDEMPOTENT OPERATORS T ARE NON-INVERTIBLE, that

ig T! is not existent. ‘
. ®

This is clear since oe o(7), o(T) =1{0,1}
IDEMPOTENT MATRICES ON FINITE-DIMENSIONAL SPACES:

S8ince linear operators on finite dimensional vector gpaces

. can be repregented in terms of matrices, matrices becoma the

most important tools for studying linear operators in finite

| < x5

Lo



|
dimensional case. Thus, it will be interesting to obhtain some

~ ¢lasses of idempotent matricez on some finite dimensional
Hilbert spaces.

But first, let ug show that the matrix
: T ! . _ 4

1)

u"i

I ‘
O wnjr Wi
o Nk N
Boo

|
|
|
i
|
Y |
'reprasents an idempotent operator T: R* - R’ with respect to

.. | _ .
an orthonormal basis B, We ghall also datermine tha spectrum -

which of coursge, is {0,1}. We shall also find eigen vectors

and eigen spaces corresponding to the eigen valuag in the

L e

gpectrum o(Ty of Tp . T : - fﬁk;sﬁa
. _ C _
e
L
Clearly, ! e
St . . | "_‘F )
T; = Tg o

Let A =o(Ty) Then, S



(1 1

S-h = O

|Tp =22 =] 12 1 _, 4
2 2

0 0 1=

That is, A(A -1)2=0

Therefore,

0(Ty) =10,1}, A =1 has multiplicity 2

Xy
Let x=|X be an eigen element corresponding to A =0
%
¥y
and y =|Y: the eigen element corresponding to A =1
£

For A =0 ,



¥ rx = 0 - . :
- B |
1 1
1.6 _2_.1:1 +.§Ix.z = 0 = Hy = =3y
b |
and N l '
%, =0 |
J |
Therefore, i i .
1 N : .
-1 | i an eigen vector of Ty
0 ,
|
i
1
|
| e -
corresponding to A =0 . - .. _ 5:;;
For A=1 | N
Ty =y a o
1 1 B
st Y=
1 1
E‘Y1 M T4 ¥a

B R
W

A o

which implias N =

!
e

From the above, the third entry in v azsumes any value in

R , while the firgt and second must attain the sémé value.
,1 v
I
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| |

a
That is, the eigen vectors corresponding to A =1 are |a
. P
IR S et
. fﬁwh'f%

where a, b {inh R ).
. i
Conclusively,

The eigen szpace E, corresponding to the eigen value

1 | N 1

A=0 is: ai-1l: a4 ¢ B{ generated by the e&igen vector {-1

0 0
|
i
!l

While, the eigen space E corresponding to the eigen value

[,

A=1 is: _|'9ﬁ
i
& 0
al:a.be Rt [0 is one eigen vector in this srace.
|
) . o |
i R ) | -
- i
|

Let M; represent the class of idempotent matrices on R’

Then, we <an optain the following non-trivial idempotents:

| wyibty
!
|
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(1 1 1)
i i 31 ooy fo10y po1l 1117000 |
T F —% 100 111 O 0 1) (00 O6] 1112 a
101 af W00 000 oo d)]]eoo)ieeo
\3 3 3) |
R B
3 '
T
| "
|
’ ! _
Infact for every every ne N we have '
. | . - o
(11 1) | |
n n n ' |
P L asg idempotent operator in R°
n n n o .
i1 2 * |
Ln n ' 7 \ B S e
| \‘ . . . : = ' : | T A
|
|

| We can, therefoars, state that in every finite dimensional
Hilbert space H, there ig an operator T: H » H such that
..  . Ij_ o ét& . | e
4.2, SOUARE ROOTS OF A POSITIVE OPERATOR o

If T ig self-adjoint, then T! ig positive gince

C <Tix,x> = <TX,TXO

b

ITxI?(20) for all ¥ in domain D{T) of T.”jﬁ*'

.



Ha

operator. A is called a SQUARE ROOT OF T if

o T I
ws

RIS |

Conhversely, diven a positive operatof T, the problem will
be to find a self-adjoint A such that Al = T. o
DE?INITIGN {PORITIVE SQUARE ROQT) |

Let T: H + H be a positive bounded self-adioint 1linsar

If, in additioen, Az ¢ , then A_is called a POSITIVE ROOT
|

of T and is denoted by

B x
e * = A = Ta ‘ . .
T
5
u:!: e .. -
T? exigtg and is unidue. o S
THEOREM: : !

Bvery positive bounded séif—adjoint linear operator T: H
= H on a complex Hilbert space H has a positive sguare root A
whieh is unique, This operator A commutes with every bounded
linear operator 6h H which commutes with T,

PROCF; . \

*+ 1 We ghall, firegt of all, show that if the thecrem
% . )

holds under the additional agsumption ITs I , it also holds

without that assumpﬁion.

—_— } :
|
|
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' ¢ 2 We obtain the EXISTENCE of the operator A =72 from

L

Aﬂ:+ AX where Au= 0 and

LN

Ay = Ay + %(T~A;‘;) n=0,1,2,...(4.3)

|
and we also prove the commutativity stated in the theorem,

*» 3 Finally, we shall prove the unigueness of the sguara

S T pwe

root, ' |

s ] I£fT-= d, wWwe ¢an take A

|
) a

1]

e |

[

1

o
L@ .

T g
S

.

o

b

g

|
. |
the Schwartz inaquality,.

|<Tx, x>| < {THixp?
|

~ But since <Tx,x> is real,

Ix. x> < TP
|

.......

Dividing through by {TJ» 0 , get,

w - |

= _ .
o <Px,x> < <Ix,x> where, 2 --TETT , )
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Thus, Qs I

Assuming that Q has a unique positive square root
, Weé& have Bl = 0 and we gee that a square root of
! o

.

Q

.v. o
"

1

1 [rroe
2 = |TI%B sgince

1
2

Q

]
|

1me is 17l

1
(71%8)2 = T3* = M@ = T
|

1
3

¢learly, the unigqueness of implies uniguenesg of the

! *

POSITIVE square root of T. | ' o
Hence, if we canh prove the theorem under the additional

assumption that T s I , it would suffice. ...

¢+ 2 EXISTENCE: From (4.3) above, since A, = 0, we have:

l_

TR |
a,-37,4,=7- 212, 4« 27- 32, Ip Lo etc. That

2 8 2° 78 8 32

| S ; '_-f.a"

ig, each A is a polynomial P{(T) in T and iz =elf-adjoint. All

the A,'s commute and with every operator commuting with T.

i Lo
I - o ey
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. A <I. Letn>0

_ . o
Since I - A, - 1l is
) _ |

(I -A,)0%220 . Again, T=s I

Hence,
; o:é_u—an_l)h%(z-:m
1 2
| .
, |
I"\- =I‘An

. S T — “
* A, s A, n=0,1,.....

By induction, and using (1),
.'_‘,._’, . B . _.,!

L 0 =A, <A = é%T

‘ . \
r - =

Suppcse A,, < A, for any fixed n.
[ : .

gaif-adjoint [being polynomial in T1 then,

implies

L

I-T20 .,
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Then,

Agy - Ay = Ay + 2 (T - 2D - Ay -5 (T - A0)

-A, - Ay - —% (A2 - ad.))
= A, ~Ayy - % {An - An-ll [“n * An-ll

By hypothesis, A, -A 20 and
OSI'Ann3°;1.--- and
. ! 1 1 1 1
A, = '5“:: N "2‘An x "2"“5 * ‘i“‘n-l r ‘é'(“‘n + Ay y)

Hence 051—&,51—%(AH+A,_1)

Consequently,

gsince
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|
Am-l - An 20 |
|
.‘i
That is, . _ |
:”i. . P e ‘;‘J_
A, <A, n=0,1, (4.5} |
| .
!
1
% AX~ A, A=T?

From (4.5) (A;) is monotone increasing and A, <1 (From

S v o |

{(4.4) above}. Hance, there axists a bounded salf-adjoint

linear operator A such that A, x ~ax for all x (in H). Since ..

|
(A%} converges, from (4.3),

ww
ApX - ApX = -%(H-Aﬁx) ~ 0 asn - oo ,

<

|
Thus, !
§ |

,‘_._.___Tx_Aﬁx=o for all x, that is, T = AL, Also, A20

I
becaugse © = A, <A, by (4.5), that is <ax,x> 20 for x (in

: N oo
i . .‘. "
n . Lo

-

H) which implies <Ax, x> 20 for every x (in H} by the

|
i
i e
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continuity of the innar product.

*x  ST=TS5=A5=5A ....(4.6) RS
P \l _- o .I‘.il.

where 8§ iz a bounded linear operator on H,

ST = TS lmplles AS = SA, becauge, A 's are polynomials in

ok W . !
o ]
T, L |

. Now, we have

ASx = SAx for all x (in H). As n-w

ASx = SAX for all ¥ {(in H}

Thus, AS = SA
The astericked sub proofg prove the existence and
commutativity of A with all bounded linear operators 5 which
commute with T. %
+ 3 UNIQUENESS: | L o
Suppbée A and B are both positive square roots of T.
Then, : : e ”
| B =g =71, Also, . L
BT = BE! = BB = TB [AT = TA], so that AB
(4.6), - ’ ' |

BA ... from

Let x {(in HE) be arhitrary and v = {(A-B)X. o i
Then, -

CAy,v»> 20 and <By,y> 20 since A2>20, Bz0 , ugsing AB



|
= BA and Al = B! we get P L
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K{(A+By.y> =<(A%2 -B%x,y> =0

Hence,

W

it

<Ay.y> = <By,y> =0 ., B8ince A 20 and A ig self-adjoint,

it has itself a positive square root €, that iz, ¢ = A and €

is galf-adjoint. Wa thus obtain

0 =AYy, 3> = {C%y,> = Cev. 0w = eyl and ¢y = 0,
" Also, Ay = Cly = ¢(Cy) = 0, gimilarly By = 0.
Hence,
(A - B)y =0, Usging v = (A - R!¥%, we thus have for all x
(in ). i

JAx - Bxf® = <(A - BI%?x, x> = <({A- By, x> =0

- This shows that Ax - Bx = 0 for all x {in H) and proves

that A = B.

wlr

1
» SPECTRUM o(T?) of the square toot A =T of a bounded

gelf-adjoint linear operator T: B » H on complex Hilbert sgpace

H lias in the finite interval,

i \ 1

[ -171%, §71° ._ | W
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CHAPTER 5
5.1 'PURTHER EXAMINATION OF SPECTRA OF SELF ADJOINT OPERATORS
80 far, we have examined the concept of ADJOINT OPERATOR
*Awfthinfon a Hilbert sgpace with bias towards SELFP-ADJOINT
operators and their spectral theory. We shall now explore
another dimension in this pertinent study.

. Let H be & separable complex Hilbert space, B(H) the get

of all (bounded)} operators on H and T an element in B{H). A

'-dohplex number A 18 ralled an APPROXIMATE EIGEN VALUE OF T

if for each €> 0 there exists an _€ -eigep vector of T

=

u

corresponding to A -~that ig, a unit vector X such that
 fTx - Ax] < €
|

7" The st of all approximate sigen values of T i8 called the

AfPROXIMATE POINT SPECTRUM of T, and is denoted by o,(T) , and

is 3' closed subset o0of the complex space ¢ [That 1is,

0,(T) »® ]; if b> 0 is abound of T, then |[A| s b , for each A
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(in o,(T ). If T is a self-adjoint operator, then o, (INCR

(if T ig a sgelf-adjoint operator, we have proved that its

. s : . _ ; L
gpectrum o(I) ig real). If T is POSITIVE (in the sense,

st ‘

Tx,x> 2 0 for each % in H), then each element of o (T) is

’

: ‘

non-nagative, We have proved related cases ealier but with

respect to POINT SPECTRUM o, (T) of T and Spectrum o(r of

! . . S
the self-adjeint T- in specific terms - for the Sturm -
Liouville oparator, which iz a self adjoint oparator (though
not bounded). |

The Resolvenf gset of an eleman; T of B(H) is

R(T) 1A € &: T - AIl has an inverse in B(H)}

R(T) is an open subset of ¢ . 3 B A

The SPECTRUM of T is
|

;J(.T) 2 ~R(T) =fAe¢: A»§ for each § e R(T) }

| RN

Y
R

0(T} is a closed subset of ¢ and (as we shall show

later) includes o,(T) .
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It is relatively eaasy to prove classically that e(T) is

compact; also that, if T is self-adjoint, then either |T} or -

6Hd

~-IT1 belongs to o(T) , where [T]® sup {ITx):)x] s 1} and if

‘ I . i

T is normal then o,(T) and o(T coincide [7, § 31, 32,

34y, ‘
‘_From the foregoing, it becomes clear that the statements

vig-a-vis EXACT POINT SPECTRUM of T € B(H) still hold in

APPROXIMATE POINT SPECTRUM, ‘
The fact, therefore, gensrates an imprtant proposition. Before
atating it,may we consider the concept of SCHAUDER BASIS.
DEFINITION (SCHAUDER BASIS) s
Let us use the concept of convergence of éerieéjto define
a BASIS ag follows:
If a normed gpace X containg a sequence {(e,) with the

”bfoperty that for every x(in X) there exists a unique segqueahce

of scalars (a,) Ssuch that

x - (e, +.....+t0ze) |~ 0 (asn -~ =

‘ . S e

then (¢) isg called a SCHAUDER BASIS for X. The series
. | - :
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a0,
k=1
which has athe sum x ig then called the expansion of ¥ with
rezpect to (g), and we write : T
o
S.07 x=%ege, That is, the sequence (x,) |x, = Z &,
k=1 . - k=1

converges to X.

PROPOSITION: Given that H is a separable complex Hilbert

space and T {(in BiH)). Then, for any eigen value A of T

- corresponding to an eigen vector x, there exists a saquance
. e |
. _ . , |

(A,) of approximate eigen-valueg of T corresponding to €, —
eigen vectors (x,) 8o that (Xg) = Xx; A~ A and
. .,"G'f-'-" . ) LI, . . ) ) ) . Fl

Iﬁn - A0~ 0 (asn-~ =)

Also €, = 0



133

PROOF : Given any eigen value A of T coragponding to eigen

il

e
.

vector %, we can have the sequence (A, A, .......A,.....) = &

.} + % such that (e, -(%) . 8o, €~0 and

ITx - Ax] < €, for each n, : ' ’ “}ﬁgﬁ_
and Tx - Axj ~ 0 ' .

|

80 then, we have proved the exigtence or possibiliiy of

guch segquences.

Conversely,if there exists a sequence (Ay) of

approvimate eigen values of T corresponding to the ¢, - eigen

vectors (x,} (ie ¢€,»> 0 ) and (€,) -0 , then there exists an
L

LI

eigen value A of T corresponding to an eigenvector X such

-y RN Lo ‘

that A = limA, and x = lim X.

PROOF ;
By definition,for each n = 1,2.

Ty - \
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Imﬂ - Lnﬂxnl { En + b . : ; .,”"‘?'Is

Taking the limit on both gides.
E
1im T, - Ax,} < 1iméE, . L -
From the continuity of norm and lime, = 0 oo

llim7x, - 1imA_x,] < 0 which implies that

|

PimTx, - 1imA x.J - O

Hanca, we have

11ﬁ|Tx,, =Tx , x {in H) and lim A,x, = Ax

x = lim x; A = 1ima, . s

and JTx - Ax}j =0 [Tx, A exist finitely!]

Therefore, A 18 an eigen value of T corresponding to the

eigen vector X, - ; - 5

Thug, we have the following statement;

STATEMENT : A complax number A is said to be an eigen



valus of & bhounded opsarator T: H 4 H, where H ig saparabla

complex Hilbsrt space, corresponding to an aigen vector x if

and only if, there exists a sequence (A,) of approximate

€, —elgen vectors

N, .

(%} such that A,- 4, X, X €H and € -0

NOTE: The separahilitv of the complex Hilbert' gpace H is

egsential to the statement above,

EXAMPLE: On the space R® congider the operator 7T: R? - R? ,

‘whers 7T = we have the sequence (%) of approximate

ol we
ol a0l

£

,

n+l

eigen values of T corresponding to €, - eigen vectors

~1-n
n

where the sequence €, = (2 (as1) )
’ I
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Then,
n+l n+l
n 1 n
T ..
-1-n ny =1-n
n n
n+l
i B n
n| -1+n
n

(n+1) 2 (n+1)

Clearly, €,-0

(_11;)-0 [eigen value of T corresponding to the

_ 1 ~1
elgen- vectors [_1] and (1)
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;_"'.{ . 1 . : . .
(x,) = *(_1) one of the eigen vectors of T. We

L

can easily find another sequence (x';) of €, -eigen vectors

corragponding to approximate eigen wvaluag A} such that

-1 . SO
€, 0, xn—'[l) and A, -~ 0 o - Hd
. . "
MOVTIVATIONAL SOURCE OF EXPERIMENT: ' o ST

The definition ¢f a SCHAUDER BASIS on a normed space x {as
given 1in this «chapter) constituteg an important tool of
motivation to think, with regards to APPROXIMATE EIGEN VALUE
concept, in "gimilar" chords of intellectual thoughts.

Hf;:"=- It iz easy to prove that 1if a normed space X hag a
schéuder hagig, then X 1is 8&eparable, Convergaely Banach
himgelf, overfifty years ago, raised a famous question: Does
EVERY separable Banach space have a schauder basig? He never
answered thig question until about thirty-five years later
(1973) whan P, Enflo wasg able to construct a geparable Banach

gpace which has no gchauder bagis. Thus, though surprisgingly,



-

.. ' If 8 is located (im X), in the sense that

Lo 138

the answer to this famous gquestion iz "ho" !

We would, theraforea, be interasted if any one would give

an example of a separabls complex Hilbert space H and an

operator T e B{(H) With an eigen valus A corresponding to an

aigen vector x that does net satisfy our proposition. May be an

"Enflo" can do it!‘

| 5.2 MOTIVATIONAL SOURCE OF EXPERIMERT

We use p to denote the metric on any metric space, Two

e

elements %,y of a metric space X are distinet if pix,y) >0 ,

‘ _ boien e ek

in which cage we write xey . If 8 ig a subset of X, theﬁ‘

its complemant is ‘

~SalxeX;VeeEes {x»r )l

and its metric complement i

~-Sei{xeX:3r>0VeeEs (p(x,9) 2z}

e -
ER :

p(x,5 = inflp(x,8): 8 € &

|

exists (ig computable) for each X in X, then

‘LK,S) z 0}

‘ . coepw

-Seix e X:p
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DEFINITION: We say that the metric space X ig COMPACT if it
ig totally bounded and complete: and LOCALLY COMPACT if each
bounded set in X is contained in a compact set.
NOTE: Following Bishop 12] we requirs totally bounded sets to
be non-void, so a compact or locally compact set is located).

We ghall consider some important definitions and concepts
which are relevant to the pertinent study at hand.

TEST FUNCTION: A TEST FUNCTION on a locally compact metrie
|

gpace X iz a uniformly continous mapping r:X~R such that
|

f(x}=0 for all ¥ in the metric complement of some compact sgat
(called a COMPACT SUPPORT of f}; the eet of test functiong on
X is denoted by C(X).

The sup norm
|

b1, = 1o = suptfixd s x € X3 of such a function exists.
|

POSITIVE MEASURE: A POSITIVE MEASURE on X is a non-zeto

linaar mapping p of C{X) into R such that p(f) 20 when

As in classical analvaig, a pogitive measure givesg rise to
|

a set L; () of integrable functions. A subset F of X is
|

8aid to he Full if it is the domain of an integrablae function,
A COMPLEMENTED SET in X:

avar [z 0O
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such that X' is compact and k°® iz the metric complement of

K'in X; we usually then identify K with K' and -X with ¥ . 1t
K is a compact gat, and A a complemented get auch that KCA',
then A' ¢ - X 2and so K < A (1, ¢h, 6, (6,6)].

An intergrable function £ gives risge to the complemented
— _ - o e #
sets: | | . o

Mg

[z €] (x:£(x) 2z th,x: £(x) < th

[£ 2> t])

(xif(x) > thixi £ s th

[F=¢] = (ki F(x) = thixiFlx) » )

NOTE that these are complemented sets, as all functions £,
considered in intergration theory are STRONGLY EXTENSIONAL:
that is, if ‘

F£{x) - £(»)]> 0 , then p{(x.y) >0

*he:following 18 a'fundémental, ahd hard;to—prﬁfe theorem
of constructive intergration theory [ 3, ch.6, {(4.11)].
“ If £ is an intargrable function, than thare exists a
sequence (t,) of positive numbers such that
(1) If t is a positive real number distinct from sach tn - in

which casge, we gay that t is ADMISSIBLE FOR f (relative to
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un) - then the conmplemented sets ([r2¢) and [ £ > t ]

»

are intergrable and have the game measure; and . e

{2) for each admissible t and esach € > 0 there exists o>0

. \

guch that , if t' is admossible and |t - t’| <o , then,

) e T
: . LT
C. . 4+,

- lu([fz t1) - u({f 2 t])l < E S

In the case where the measure u ia finite on X, then the

ﬁatation of admigsibility, and the related propertises described

in the foregoing theorem, extend in the obvious way to real,. ™

not necessarily positive number t.
DEFINITION: _
.. A compact aubset K of X ig STRONGLY INTEGRABLE if thers

_exists a ¢onstant C such that the following conditions hold:
For each >0 there exists 8,0 such that if

FECD, 0srsi, £(x) =1 for all xeK' and £(x) =0

3P

whenever p(X,k) 28 , then [/fdu- ¢] <€ . 1In that case, K is

integrable and Uk) = C [ 3, ch.6 {6.2)] -
A real-valued function f defined on full subset of X is

ESSENTIALLY BOUNDED (relative to u) if there exists a



143 L

nonnegative number b, called a BOUND of £, such that |f] s 2

on a full set, Two such functions are equal if they are aqual
pointwisze on a full set. Taken with this notion of egquality,

and the usual pointwise algebraic operations, the sat of all
g8gentially bhounded measurable funtions relative to u is a
Linear 8Space over R , dencted by L« (u) ; or when there is

no likelihood of confusion, by ILw . Since the standard

classical norm on L is not everywhere computable, the

congtructiva topology of L» 18 defined, not by norm, but by

a family of =emi Tprms, as follows,

Let A denote the set of all corplementad sets that are

intagrable and have positive measures raelative to U, where two

elements of A are equal if their characteristics functions

PR ‘ : - . :

are equal slementg of 1,(u). If

A€A, rfeL, and b20 1is a bound of f, then the semi

RN

norm

E] .
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A, = ula)- L]f]du

exists and is at most b. If |{rj, = suplifj,: A €A ':exwists','

then f is zaid to be a NORMABLE ELEMENT of Lw ,

S

| 'Eﬁéffthinq discussged above - whichlooks like a digresgsion
from the topic of discourse in this work - is to give us some
light to facilitate our work. Hence, the measures that will
interest us are those associated with the functional calculus
of a self adioint operator on a non-trivial seperable Hilbert
space H. These measures are introduced in the SPECTRAL THEOREM:
Lat T be a self adjoint operator, with bound b>o on H; and

let {eo,) be an erthonormal basis of H. The there exists a

positive measure u on [-b,b]l, and a bound-preserving
homomorphism £ » £{T) of L_(u) onto an algsebraof comnuting

M L3 . o . .I.'g..- -
self adjoint operators on H, such that ' v

s |
(1) if £(t) = BCot? is a polynomial function on [-b,b]l then
i=0
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n |
£(1) = Bc,ri and
Q=0

AR w - :
(2) u(f) = B2f(Te, e, for each f € L (u)
' i=0

PR

Moreover, if (f4} is a bounded sequence of elements of Loo

{(u) that converges in measure to an alement f of [ (u) , then
the sequence (f,(T) converges strongly to I{T) [3, 'cn.7,
{8.22)]. \

-~ The mapping £ » £{(7) in the spectral thorem is called the

PUNCTIONAL CALCULUS for T, and p is called the FUNCTIONAL

CALCULUS MEASURE for T corresponding to the ORTHONORMAL basis
{en). It is proved in [6] that any two functional calculus
measures of a givenself adjoint operatorare equivalent (each is
absolutely continous relative to the other), and that
thefunctional calculus is independent of the orthonormal hasis
(e,} and the coresponding measure u. It followg that the
property of integrability of functions, and the coragponding

property of admizsibility of real numbers, are indsespendent of

& } ' T 1.
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the functional calculus for a given self adjoint operator.
Accordingly, and by abuge of language, we gay that a real

number t is admissible for the self adicint operator T if it is

admissible for the identity function X + x relative to any, and
therefore each functional calculaz measure for T, D ".‘_
5.3 THE APPROXIMATE POINT SPECTRUM OF A SELF-ADJOINT O?ERATOR;

H will denote a non-trivial separable complex Hilbert
space. ' B | |  _H_ i

In this éection, we prove that the approximate point
gpactrum of a self adjoint operator T on H supports the

functional calculug measuresg for T, and we give & necegary and

gufficient condition for o,(7) [approximate point spectrum of

T] to be compact,

LEMMA 1.0 Let T ba a salf adijoint operator on H with bound

b » 0; let recC[-b,»] , and let A €0a,(T) . Then for sach

€ >0 there exists a unit vector x such a that
It xt > (£ | - € I

PROOF : Given €>0 , choose a polynomial P such

M - .

that IF - pl <-§ . 8ince A € 8,(7) , there exists a unit vector
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¥ guch that | < PIBYX, X - ¢PA)x, 0] ¢ _3":

Then,
£ | < | < £(MVx,30| + | <(P(T) - £(Th2, %> | + 532
2 FE(DY ) + F{B(T - £(Dx) + _2_35
| s|f<mx|+|p—f|+%€ .
[F(LYX) + € |
Hence, (D xk > {£(A)) € ;
THEOREM :

Let T be a sslf adjoint operator on H with bound b > o.

- Then T is functionally normable if and only if e.(T) is

compact; in which case |r(r?l-—ufhaﬂ, for each f in Ci-b,b].

For the proof of the above, we can refer to [7] pp 15.

COROLLARY of the above theorem:
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I£f T is'a functionally normable sgelf adjoint oparator on H,
then for each € > 0 there exists A €0,(IN such that
IMM-€e<|alsinn

|

If also T is posgitive, then [Tl € e,(D)

In perinq the above corollary, the abova theorem will be

applied with f£{(t)

t, recalling that o,(I7 is cloged and

that if T iz positive then A >0 for each A € 0,(7)

|

FURTHER PROPERTIES OF SPECTRA OF A SELF ADJDINT OPRRATOR, :
What is the relationship between the sgpectrum and thé
approximate point spectfrum of a gelf adjoint operator? We

ghall explore thig relationship - for there exists such.-{'ig

LEMMA 1.1 For any TeB(#), o0, Co(T} and

e

R(TYCa(T) C - 0,(T) , whera R(T)} is the resolvent sget of T

- L

asdefined earlisr:

 PROOF: If Ae€R(D , then A €R(D and A€o D . It

follows from the openess of R(T) that A€ -e{(Da-o (T .

|
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Hence, 0,(T) C~ - 0,(TC ~ R{T) = o(T)

LEMMA 1.2: If T ig a geolf adjeint operator on H, then

R(T) = - 0(T) = -0, (T .

PROOF : Let § € -0,(] and compute r > O such that

e

& - Al z2r for each A€o,(T) . Let b >0 be a bound for

T, let  f(x) =x-E& for all [-b,b}, and construct

g € C[-b,bl , by such that g(x) = 7?%%E whehaver |x5; El2r ,

Then, [ -1, + 1]l 1ig & compact support for the function

B=1g-1 | B »0 IR

- R

[£ -z, +z] no T is innibited (71 (P.P11 prep 2.3) by

Doughlas & Hajime] | o
. Since this contradicts our choice of r, we conclude that
h (T) = 0 and therefore, £(T) g(T) = I,
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I'-EI has invarge g(T) € B(H) and therefore,

§ € R(T) , that is, -0,(T) CR(T)  ...(5.1). IR

Reference to tEHMAN 1.1 above complateg the proof since

R(T) ¢ - 0,(T...(5.2) compining (5.1) and {5.2) we have

R(T) = -0,(T) = -0(T)

COROLLARY 1.3: [f T ig a self adjoint operator on H, then

[ P

o(Th cR ; if al=zo T is positive, then each element of o(7

BETERY

ig non-negative,

PROOF: If A € ¢ has no n-zaro imaginafy part, then as
o{TY CR , A Dbelongs to -u,(7T) and therefore, by Lemma
1.2, to R(t). And consequently, A €o0(D) . If also T is

ﬁdsitive, then a similar argument shows that each negative real

numbar balongsz to R{(T). The desired conclugion then followg.

~ PROPOSITION 1.4: If T is a self adjoint operator on H such that

0,(T) 1s compact, then o(T) =g (T} . o ; %j&lg;

PROOF: From Lemma 1.1, it will be anoughto prove' that
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o(T) co (T} . Now, let [ eo(I) . If p(f, 0,(T) >0 , then
{1250}

b
e

by Lemma 1.2, §€-0,(T) - R() , a contradiction. Hence,

E-

E R A : -
[(E,0,(T) =0 , so E Dbelongs to the c¢losed =zet o,(T} .

Thus,

e () = 0,(T)

REMARK! We cannot replace compactness of o,(T) by compactnes
of o(I’ in the Lypothesis of the above proposition. {1%]

t

[Refer Brouwerian Example 1.31. Here,we se that 1if T is a

normable galf adjoint oparator on L! with compact gspectrum then

0(T) € 0,(T)

COROLLARf 1.5; If T is a compact self adjoint operétor on H,

then o(T) =0, ,(T) and e(7} 18 compact.

FROOF: By usging polynomial approximations to continuous
functions it is straight forward to prove that a compact self

adjoint operatorig functionally normable, s=ee [13,14]. Ths
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degired conclugiong now follow from Theorem:

" Lat T he a gelf adjoint operator on H with bound b > 0,

Then T 1is functionally noprmable if and only if ¢, () 1is

o

compact; in which case [£(T}]= (Ll,(y for each f in C [-b,b],
[See [15] p.p 14,151
DEFINITION: A self - adjoint operator with bound bro ig

FUNCTIONALLY NORMABLE if |£f(7] exists for each f in C [-b,b].

and proposition 1.4 above.

SPECTRA OF COMPACT SELF ADJOINT OPERATORS |

»E-; The spectrum of a compact self adicint operator on a
finite dimensional Hilbart space ig the closure of finitely
anumerable setg; and the sgpectrum of a c¢ompact self adjioint
oparator with infinits-dimensional range is the clogureof a
gequence of approximate eigen values converging to zero,

If T ig a salf adjoint operator on a finite-dimensional

Hilbert gpace, the$ _ ) o e

G ‘! e e N
04(T) = hi del(T - AD) = o) v T

| If N is a positive integer, and T isg a self-adjoint operator on

an N-dimnsional Hilbert gpace, then here exist real numbers

A

Aiverenersihy SUCH that o (T) = 1Ay, .v.... .y
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PROGOF : By the Fundamental theorem of algebra,there exist

complex numbers Ai,.........Ay 8uch that

det(T - AI) = () - A]_) veere (A - A,N.) : . B : . '
The desired conclusion follows immediately. e

If T iz a compact self adjoint operator on H with infinite -

dimengional range, then for each v » ¢ here axistgs A 1in

o(Tr) such that 0 < |A}<sr . B8ee {(*} above, [8ee elaborate

proof in [R*11. ; | | L
Let ug look at our main result aboﬁt conpact self adjoint
operators

THEOREM 1,6:

Let T ba a compact self adjoint operator on a Hilbert
space H, such that ran(T) ig infinite dimensional. The there

exists an increasing sgequence (Hn’ of finite-dimensional

invariant subspacesfor T and a sequence (A, of non-zero

elaments of o() , such that

[ -]
(1) Um, ig dense in ran (T)
nwl
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(2) the féstriction of T to H, 18 a one-to-one compact self
adjoint operator, mapping H, onto H, with a compact self

adjoint inverse;

(3) A,~0asn-w j_ ) . | __'_w - L

(4) oft) =,z nz i

|

If T is a compact self adijoint operator on a Hilbert space

with infinite dimensional range, thenm R(T) is denze in R and

w

hence located. &
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