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CHAPTER 1

INTRODUCTTON

Tn this thesis we shall consider systems of equations of the
n su ' '
Ll = . A OO + Blu = £(x) (1.1.1)
izo axj
where u takes values in some Banach space X and the A} and B
are linear operators on X; the Al being symmetric and a° positive
definite for all x. Such systems are called symmetric hyperbolic.
They can be transformed linearly intc

- n - -
Ha = 1= by Aw + B -F
31 X,
. | N
wher\e the opevators AJ are still symmetric.

Many of the equations of mathematical physics derwed f‘rcm
variational principles are usually symmetric hyperbolic. Also,
certain second order partial differential equations can be reduced
to first order equations which are symmetric hyperbolic. Cenerally,
given a second order equation of the form

U 1 U+ b U 4w
=¥ ay (x xox * it ; (0 Uy w(x

XX ikl i% i%o i

in Fucddidean (n+l) - space Rm,1 with Ao TA 4o if we introduce the

vector with components Ut = Ux for i=04.404..., N+l, we have
i
- % au - Ipmut s L

% i,k:ialk(x) e io 1 (x) Ul : w(x) e 2y

n 0

P a, X £ : :

k:lajk XO % = kgia]kux]( fOI" ]=1 gre ke ,I'lu
This is again of the form (1.1.1).
Symmetric hyperbolic systems have been treated by Friedrichs,

Lax and Phillips Kato, Fischer and Marsden, Massey III, Cordes and
Moyer to mention just a few.
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The usual approach to solving this problem is to derive a -
priori estimates using energy inequalities for the system. This
immediately yields a uniqueness theorem for a solution u. The
a-priori estimates can also be made the basis of an existence proof.
One can either attempt to represent a solution as a limit of
solutions of problems which can be solved (e.g. by finite -difference
approximations or by the thecrem of Cauchy -~ Kowalewski for analytic
data and coefficients) and establish convergence with the help of the
a-priori estimates, or use a more abstract Hilbert space approach to
conclude existence from uniqueness.

In recent years, this problem has been solved from the point
of view of abstract evolution equations. This thesis is a description
of sane of the workthat has been done in this direction. Tt is based
miinly on some of the works of Kato. Others who have studied this
problem include Massey II1 [1] and Fischer and Marsden [1) .
The last mentioned have applied this theory to give new proofs of
the existence and uniqueness theorems of the Eistein equations in
General Relativity due to Chogquet - Bruhat and Lichnerowicz. These
new proofs using first order techniques are considerably simpler than
the classicial proofs based on second~order techniques. The existence
results obtained are as sharp as had been previously known and their
iniqueness results improve by one degree of differentiability those
previously existing in the literature.



CHAPTER _II
ABSTRACT FVOLUTTON FQUATTONS

I. Preliminaries.

Definition 2.1.1
let X be a Banach space and Tt’ tzo a one parameter family of
bounded linear operators #& B(X), the space of all bounded linear
operators on X. If {T_t 1t 3 o} satisfy the conditions

Tt TS = Tt+s for t,s 2 ©

T = 1

(o]
S-1im T, ax= Ttx for each t 2 o and each xeX

O

tet s}
then {Tt} is called a semigroup of class Co. A semigroup | T}
of class C satisfies the condition lthH‘ Me®t  for  ogtee

with constants M>0 and g<=, If M:=1 and B =0, {T,} is called
a contraction semigroup of class Co'

Definition 2.1.2
let {T  : 1t 3 o0} be a semigroup of class C,- The infinetesimal

generator A of T, is defined by

Ax = lim h‘1<Th = T %
h+o
ie. A is a line ar'operal tor whose domain is the set
D(A) =§ xeX : lim N (T, - I'x exists in X}
ho
and for xeD(A)
Ax = lim h"('rh- ) x
h+
A 1is densely defined, closed and has resolvent
AT=A) 2% = Jo e AT Ty xdt for  A>0
0



Moreover
T, x ¥ lim exp (tA (I - n~lajdx, xeK
o

and the convergence is uniform in t for every campact interval of t.
This is the representation thecrem for semi=groups.

Let X be a real or complex Banach space. A linear operator -A
in X gemerates a semigroup {T't} a {e—tA}, ogt<e  of class CQ
en X if and only if A is densely defined, closed, and has resolvent
satisfying

[[AD ]| & M=), 8 n = 1,2,...... — (243,33
Tn this case we have
He ™™ < mePt, taor (2.1.2)
et . slim(I+n k™ o (2.1.3)
T+
A"l = f At A g A8 (2.1.14)
0

For ~A to generate a (. -semigroup it suffices that (2.1.1) holds
for sufficiently large A and 1. we shall Aenote By B(X,M,E) the sét of

all A satisfying the condition (2.1.1) and write
ax,m = U s M,e) and

=w<R<m

axy = Je om
Mo

A linear operator A on DAY< X into X where X is a Hilbert
space is called accretive (the terminology is due to K-Friedrichs
and T _Xato) if Re(Au,u)2 o for all ue D(A), Here ( , )
denotes the scalar products in X.

A is called dissipative (the termminology is due to R.S. Phillips)
if -A is accretive. (see Yosida [1]).
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A 1is called m-accretive if A+A has range X for all A with
A>0. This implies that -A generates a ( -semigroup of comtraction
in X (see Massey IIT [1]).

. 2. Integration of Fquations of Fwolution in Banach spaces.

By equations of evolution we mean equations in which a distinguished
variable t plays the role of time propagation. This includes the
differential equations of mathematicel physics that describe time depen-
dent processes like the diffusion equations, wave equations and
Schrédinger equations.

Tt is known that the initial value problem

X = oay, ylo)=1 (2.2.1)

is satisfied by the ordinary exponentral function.
Consider the diffusion equation

2
-g% = Ay where A=j'f,\1 %—2 is the Llaplacian in R" and the
J
initial condition
ulx,0) = f(x) , where f(x) = f(xi,......,xm) is a given function

of x. We seek a solution u = ulx,t) , tzo of the Cauchy problem,
The Cauchy problem for the wave equation is given by

2
‘th_L!I_ = M, ~w<tem

with initial data
u(x,0) = f(x)

u
at

This may be written in vector form as follows

= g(x) for t =o0

8 (U

() = ,0 I, ;u . au
w (ﬁ o) (v) ¥ ® =
with initial condition

u(x,0) y _ f(x)

(v(x,o))" (g(x))
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These two examples show that in a suitable function space the wave
aquation and the diffusion equation are similar to (2.2.1). Since the
solution of (2.2.1) is the expcnential function, it suggests that the
heat equation and the wave equation may be solved by properly defining
the exponential functions for the operators 4 and (g (I)) in suitable
function spaces. This gives a motivation for the application of semi-
group theory to differential equaticns. In what follows we consider
the integration of the equation of evoluticn

Su(t) = Althult) + FH) agteb (2.2.2)
dt

and the associated homogeneous equation -

d u(t) = Althlt) ' _ o (2.2.9)

at ' |
Here the uninown u(t) is an element in a complex Banach space X
depending on a real variable t, where f(t) is a given element of X
and A(t) is a given, in general urbounded, linear operator (the non-
Hinear ease will be mentioned briefly later) in X, both depending on t.

: REREREN I T D
The solution of (2 2.2) is formally given by et A v
ut) = Wt,a)e + f U(‘t 8 (s)ds, ufa) = Lo (2,2,8)

where Wt,s) is a lmear operatoy in % dependmg on s, t with sgt.
The main task in sclving equations of the form (2.2,3) therefore is
pProving the existence of the evolution operator U(t,s).

The first fundamerntal contributicns to non-staticnary abstr*ae‘t
evolution equations using Semigroup theory were made by Kato 1), 7).
¥ato [1) showed that if A(t) = A 1s independent ~f t, U{t,s8) is
given formally by U(t,s) = exp[(t-s)A]. : e
The rigorous definition of the exponential funcricn hag been given by
Mille ;1] and Yosida {1} in connection with the analytic theory of
semigroups. By taking their assumptions on the infinitesimal generator
A for -A(t) for each t, Xato generalized scme of the results to the
case in which A(t) actually depernds on t. He then presented sufficient



conditions for the existence of U(t,s) and studied its properties.
Before discussing same of the results of that work we introduce the
following definition -
Definition 2.2.1

A linear operator A in X is said to have property S if the
following conditions are satisfied:

(1) A is a closed linear operatgr with domain dense in X.

(2) The resolvent set of A includes all positive reals and
-2l e 1 for 0.
The following are the main assumptions on A(t). (A.l) A(t) is defined for
agstgb and has property S for each .t.

(A)) (1) The domain D of A(t) is independent of t (which implies that
B(t) = [I‘A(t)]fl-ﬁ(sl)}-i is a bounded linear operator for each s,t]

(2) B(t,s) is uniformly bounded, that is, there is a M0 such that
| B(t,s)||¢ M for every s,t

(3) B(t,s) is of bounded variation in t in the sense that there is
a N3O such that

jE:l” B(tj,s) - B(tj_j,s)H & N for every partition

as=1 <t1< ...... < ‘tn=b of the interval (a,b) at least for

(A3) B(t,s) is weakly continuous in t at least for some g
(4)) B(t,s) is weakly differentiable in t and 3% B(t,s) is strongly
continuous in t, at least for same s,

If conditions Ay and A, are satisfied Kato proved that the
evolution operator U(t,s) exists. If in particular X is reflexive
then U(t.s) D€ D and in this case U(t,s) is uniquely determined.

If X is an arbitrary Banach space and if conditions AI’A’PAE’AH
are satisfied then U(t,s) satisfies U(t,s)D&L.D,

u(t) is strongly differentiable, (here uw) = Ult,e)é ),

g?u(t) = A(t) u(t) and A(t)u(t) is strongly continuous.



Rurthermore if @ ¢ D and if t + f(t) is a function on (a,b) in D
such that [A(r) - I} f(t) is strongly continuous in t for some fixed
r, the expression (2.2.4) is well defined, belongs to D for each t,
is strongly differentiable in t and satisfies the differential equation
(2.2.2) with initial condition u(a) = ¢.

Elliot (1] has studied the same problem and proved the existence
and uniqueness of the evolution operator using an entirely different
method from Kato's. Her condition on A(t) is Kato's first condition,
a ssumption S. She relaxes Kato's condition that the damain of A(t)
is independent of t., Her results, however, are too restrictive for
applications.

Brploying another different method. Goldstein [1] has also
proved the existence theorem for U(t,s). Like Flliot, he allows the
domain of A(t) to vary with t. His method has the advantage that
his smoothness condition on A(t) is easy to verify in practice.
However his commutativity hypothesis restricts the applicability of
his results to concrete problems.

In recent years Kato has given new sufficient conditions for the
existence of the evolution operator that are useful for applications
to symnetric hyperbolic equations. Ve shall give a detailed discussion
of some of his results in the next section.

We conclude this section by menticning briefly some of the work
that has been done on non-linear evolution equations.

There has appeared in recent vears many works on non-linear
evolution equations in Hilbert or Banach spaces. See, for example,
Browder (1], Komura (1] Kato (5], (6] , Yosida [1}, and Segal [1].

Scme of these, like Browder's, consider the semi-linear case

grt-u(t) = A(thu(t) + flt,u) (2.2.5)

vhere A(t) is a linear unbounded operator and f(t,.) a non-linear
perturbation.
Kamura [17, studied the Cauchy problem for equations of the form
%u(t) € Aul(t) for a.e. t ¢/0,1] (2.2.6)



vhere A:H + H is a multivalued ncn-linear mapping and H a Hilbert
space. His consideration of multi-valued operators in a Hilbert space
as the infinitesimal generatore of semigroups of non=linear con-
traction operators, however, is rather generel and complicates the
theory., {See Kamura {1] for a definition of non-linear semigroups.).
By restricting the theory to single valued operators in a Banach
space X, Kato (5] constructed the semigroups generated by them in a
more elementary fashion. He then considers time-dependent non-linear
equaticns of the form
du + Althu=o cstsT .21

gt
where the unknown u(t) is an X-valued function and where {A(f)} is a
family of non-linear operators with domains and ranges in X. He then
proves the existence and uniqueness of the solution of (2.2.7) for a
given initial data. His basic assumptions ave that the adjoint space
X* is uniformly convex and that A(t) are m-monotonic operators,
together with same smoothness condition for A(t) as a function of t.
(see Kato f5} for a definition of m-monotonicity). No explicit
assunptions are made on the continuity of the cperatars A(t).

A formulation of the underlying equation as %tmu = Au + Kl
w as studied by Segal ;1j. Here A is a skew-adjoint operator in a Hilbert
space and K a given non-linear operator. He develeoped a simple and
general theory of the global existence of solutions of hyperbolic equations
that is relevant to relativistic physics. He then studied the Cauchy and
scattering problems for such equations. o

3. Linear evolution equations of "hyperbolic" type.

Tn this section we list same of the results which pertain to the
integration of equations of evolution in Banach spaces that will be
needed in the sequel. We shall consider the Cauchy preblems for Linear
evolution equations

du + Altdu = £F(1)  ,ostgT , ulo) = ¢ (2.3.1)
%13
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where -A(t) are infinitesimal generatcrs of C'._J semigroups. This is
t he so called "hyperbolic" type. This problem has been extensively
investigated by Kato [2] and [3]. He weakens the assumption in Kato
[1] by only requring that the domain D(A(t)) of A(t) satisfy
XA(t)) - Y& X for same Banach space Y and for all t.

© Definition 2.3.1.
let Y Dbe a Banach space densely and continuously embedded in X,
and AeG(X,M,B). Y is said to be admissible with respect to A
(or simply A-admissible) if {e'tﬁ} leaves Y invariant and forms
a semigroup of class Co on Y.

Definition 2.3.2.

Let X be a Banach space and A(t, ¢G(¥). {A(t)} is said to be stable
if there are constamts M,P (called ccnstants of stability) such that
||jﬁimctj) 07 e MO-™ g €2:8.2)

k$ T . k=1'2,..l..
The product I is time-ordered in the sense that a factor with larger
tfl stands to the left of ones with smaller tj.

For any finite family {tj} with ost, €.....§ t

Proposition 2.3.3.
For each t let || [|. be anewrommon X equivalent to the
original one, depending on t smoothly in the sense that
Il x “t /M| x Hﬁ.sec thsl,f;xc X, s,t € fo,T]. For each t let
Ay’ Gt Glx,,1,8) where X

t
Il |l,- Then {A(t)} is stable with M =

I 11y forany te [o,T].

stands for the space X with norm
e2°T with respect to

Proof
Let || ”t also denote the associated operator norm, so that
1At + M7« Op)™', 258 by hypothesis.
Now
i -1 o(T -t )y, k¥ -1
||j_1(A(tj) +0 " x|lpee k|1 5-1(1-%(1:].)%-1) x ”tk

2 - K~ oy
< T H)a-1 _n:m(tj)m L
J'

Y



» . . . . . . i - . [ L] - - . . .

€ -py K ST HIL Y ) L R x ],

€ =8 |x] 14
So (2.3.1) is satisfied for || ||T with M= e’ and 8.
The same is true for || ||g replaced by || |,

Proposition 2.3.4. _ ‘
et {A(t)} be stable with constants M,g and let B(t) & B(X) he
uniformly bounded (}|B(t)|| ¢ K). Then A(t) % B(t) € 6(X) and
forms a stable family with constants M and B + MK,
(For the proof see Hille - Phillips {1], Thecrem 13.2.1)
~ We now state without proof sufficient conditions for the existence
of the evolution operetor in the following

Theorem 2.3.5 | .

Iet X and Y be Banach spaces such that Y is densely and
continuously embedded in X, Let A(t) e G(X) , octgT, and assume that

(i} A(t)  is stable with constamts M,B L -

(i1) Y is A(t) -admissible for each t. If A(t)e G(Y)
is the restriction of A(t) to ¥, {(A(t)} is stable, say with constants
M B, . _ - '
(i11) ¥ ©D(A(t)) so that A(t) ¢ B(Y,X) the space of bounded linear
mps on Y to X, for each t, and the map t -+ A(t) is nerm continuous.
. Under these conditions, there exists a unique evolution operator
U(t,s) € B(X) defined for ossc<tgT, with the following properties
{(a) WMt,s) is strongly continucus (X} in s,t with

Us,s) = I and || Utt,s)|| ¢ M B (ES)

(b} U(t,r) = U(t,s)U{s,r) reset o
(c) (D‘t’uct,g)y),c.S = - Als)y , yeY ok s€tET.
(d) a% Ult,s)y = U(t,5) A(s)y ye¥, ogsetgT.

gt
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t
sense of X.

If we assume further that
(iv) Y is reflexive '
(v) The family {A(t)} satisfies the condition of proposition (2.3.3)
in which a1l the nomms || ||, are uniformly convex
and if we replace (ii) by
(11"} there is a family {S(t)} of isomorphisms of Y onto X
such that S(t) is strongly continuously differentiable (¥,X)
and that SCOAMISM ™S = A(D) + B(Y) , Bltde BOO
where B(t) is strongly contimuous (X); then the family U(t,s)
~ satisfies the following additional propervtles. :
e u,s &Y, 1) Uty € Pt8) ang UCt,s) is weakly
continuous (Y) in s,t.
. () U(t,s) is strangly continuous (Y) for fixed t
(g) For each fixed ye¥ and s, U(f,s) is strongly right-continuous
() in t for all t3s, an strongly contmuous (¥ in t
' (h) For each fixed yey and s, a—U (t,s)y exists for all: t;s,

i ; .

Here D, denotes right der-:.vatlm, and gﬁ _der:i.Vative in the strong

equals -A(t)U(t,s)y, and is strongly continuous X3 in t.

(f') U(t,s) is strongly contimious jointly in s,t.
If the assumptmns of the above theorem are satisfied and B(t)e 3(X)
o§t£T is strongly continugus (X) in t, then there exists a unique evo~
lution operator {V(t,s)} for the famly {A(t}+B(t)} with properties
corresponding to (a) to (d).

If the evolution operator U(t,s) ex:.sts for {A(t)} and satlsfy
conditions (a) to (h) and {(f') of theorem 2.3.5 then the solution of
(2.3.1) is formally given by ‘

u(t) = U(t,0)d + ftU(t s)f(s)ds | ST (2.3.3)

A solution u must satisfy (2.3.3) if it is continuous (X) dif-
ferentiable (X) ,u(t) e D(A(t)) and satisfy (2.3.1) This is obviaus
from the following heuristic argument. From {(d) of theorem 2.3.5 we
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d [UCt,s)uls) ] ggl}(t,s)u(s) 4 U(t,s)ggu(s)

&

Ut,s)A(s)uls) + U(t,s) [f(s) - A(s)u(s)]

uct,s)f(s)

Integrating on [o,t], we have
U, Bult) - UCt,00ulo) = fUlt,s)f(s)ds.
ult) = UCt,0)6 + {tU(t,s)f(s)ds.

Although (2.3.3) makes sense for any ¢ € X and any continuous
f, the resulting u may not be differentiable. For u to be a
genuine solution of (2.3.1) certain conditions on f must be
satisfied.

Theorem 2.3.6.
Suppose the evolution operator {U(t,s)} for {A(t)} exists and
satisfies conditions (a) to (h) and (f') of theorem 2.3.5.
let $eY and let f(t) be continuous (Y) in t. If U is given by
(2.3.3) then u(t) € Y, u(t) is strongly continuocusly differentiable
(X) for all t € [o,7! and it satisfies (2.3.1).

Proof
By (h) of theorem 2.3.5
d(U(t,cdd9 = d U(t,0)¢ t2o0
F* Gid
==A(t)U(t,0)d t30
Giving

d_ (U(t,0) ) + A()U(t,0)¢ = 0
at

Now, U(t,0)d = ¢ for t = 0, so the first term on the right hand
side of (2.3.3) satisfies the homogenecus equation and the initial
ccondition.

We now show that the second term on the right hand side of (2.3.3)
satisfies the inhomogeneous equation with vanishing initial data.
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By condition (f') of theorem 2.3.5
U(t,s)f(s) is continucus (Y) jointly in s,t;
A(t)U(t,s)f(s) is continuous (X) in s,t and

G £ U9EE)s = [ UL + U, DE)

t

= {-A(‘t)U(t,s)f(s)ds + f(t)

for t}o‘ by (h) of thecrem 2.3.5. Thus we have
a2 [ U9 + A {t UCt,s)f(s)ds = £(s)

This shows that the second term on the right hand side of (2.2.3) has
the desired property. By superposition we see that u as given in
(2.3.3) satisfies (2.3.1)
Uniqueness follows from the uniqueness of the evolution operator,
In order to be able to apply this theorvy to non-linear problems
we need some approximation theorems for equation (2.3.1). This is
done by peneralizing the notion of stability given in above and then
proving a new existence theorem for the evolution operator.
Definition 2.3.7
let X be a Banach space. A family 2 = {A(t)} of elements of G(X)
is said to be quasi-stable if

- -1
||].Elmﬁj) + Aj) 1|| < Mjﬁluj— B(tz)) (2.3.4)

for every finite family of real numbers {tj’ kj} such that o %,
c‘tl -..‘tk‘T, A1>B(t1), l2>8(t2),-u-|ono--, 1k> B(t«k),

where M 1is a constant and R is a real valued upper - integrable
function (in the Labesgue sense) defined a.e on I. {M,R} is called
a stability index for A and the product on the left of (2.3.4) is
time-ordered in increasing time. fleee I =[o, 71,
Theorem 2.3.8 (See Kato [3])
let a family A = {A(t)} satisfy the following
(i) A:I+ G(x) is quasi-stable with index {M,8}



-

(ii) There is a Banach space Y,
X and a family S = {S(t)}
such that S(H)A(T)S(t)*

= Alt) + B(t}, B(t) e B(X)

15

continuously and densely embedded in
of isamorphisms of Y onto X,
for a.e

t £ I, where B:I + B(X) a.e is strongly measurable with

RSN

upper integrable.

Furthermore there is a strongly

measureble function $:I -+ B(Y,X) a.e with |]3¢. My v,y UPPer

integrable.on I, such that
integral of 8.

(iii) Y € D(A(t)), teI and A:I + B(Y,X)

Then there exists a unique evolution operator U =

on the triangle A:Tptpspo, with

S is equal to an mdefuuce strong

is norm continuous.,

{U(t,8)} defined
the following properties

{(a) U is strongly continucus on A to B(X) with U(s,s) = I

(b) U(t,s) Uls,r) = U(t,n)

{c) U(t,s) YCY, and U is strongly continuous on 4 to B(Y,X)

(d) 'ng U(t,s) = - ACE) UCt,s),

-g-s— Uit,s) =
- BY,X) and are strongly continucus
If the assumptions of theorem
. mild soluticon of (2.3.1) is again
. we abbreviate (2.3.3) to
U= U006+ ST UCE,8)E(s)ds

1]

Ult,s)A(s), wlud’x_g—:xlst in the strong sense in

on A to B(Y »X).
2.3.8 are satisfied, then the

given by (2,3.3). TFor simplicity

U(é8¢) + U £

U(s8¢ ® )

As was mentioned above u  is not a scolution in the strict sense.
However, we have the following results regarding the map U.

Let L (X
Theorem 2.3.9.
(a) &&X & L{X)
(b) &8Y & L(Y)
()

U maps

68Y & L(Y) CCO into

into COO
into C(Y) e

= L¥I0, X} = (1,5 ete.

YW (X)

The map U is continuous in each casc and we have for (2.3.3)
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I u 'wa‘|IU||mx(|l¢llx+ ||f||1x) in case (a) (2.3.5)
||u|| $||U|| (||¢»[|Y+Hf|]1’) in cases (b) and (¢) (2.3.6)
” e ‘Hf”m.,:”A”“YXHU””Y(”¢||X+”F”

3 (237)

in case (¢) u is a solution of (2.3.1) in the strict sense.

(Here we have || f |lm]{ - _r* [HECe) | | gt ete. and £:T + X a.e.

For an operator valued ﬁmctlcn F:I-» B(Y, X) a.e we define || F ||
and || F”Iyx similarly with || F || = || F

and so on and f denotes upper mteg:r\al).

Moo

Proof of theorem 2.3.9

If ¢eX and fe Cx}) then ue X)) and (2.3.5) holds
from (2.3.3). Similarly we prove (b) and (2.3.6) To prove (c¢) we use
the result of thecorem 2.3.6 namely, if ¢ €Y and f £ C(Y), their
u e CONCH(X) and solves the initial value problem. (2.3.7) then
follows frem (2.3.1) and (2.3.6% The required result follows since
C(Y) is dense in L{Y¥MC(X).

In order to develop the approximation theory that we need we
introduce scme primitive constants that describe the behaviour of the
family {A(t)} and then estimate [|U] |m'x’| |u] 1%3, in terms of these
constants. We shall call primitive constants for {A(t)} the following
system of numbers (or any system majorizing them.).

My 11811557 1S H g o157 1oy o 118-Clly o vhere {M,6) is the
stability index for A. C(t) = 3(0)S(t) B0 for a.e tel, From the
construction of U we have

IIUII..,xs M exp||8] | (2.3.8)
10l ¢ € 1180y 157 T e M (2.3.9)

where |11, g 11011, oo [Bcliy  [1Ull, 0+ (See KatoLeD).



-— 17 =

Suppose we have another equation of the same type

%“ + AU = F(D), ogtsT, u(o) = & (2.3.10)

in the same Banach space ¥. For A”(+) we make the same basic
assumptions (i),(ii),(iii) of theorem 2.3,8 and we use the obvious
rotations such as S7(t),R°(t) etc. The space Y€ X is assumed to be
common to the two systems. Then therv =xists the evolution operator
U for the new system and the mild solution of (2.3.10) is given by

u = Use e @ f)

be now obtain an estimate for u”™-u in the ¥-norm, where
u=z=US ®¢@®f) is a solution of (2.3.1).

Theorem 2.3.10
let ¢ eY, Fel(Y), ¢ € X and f'ec L(X).

Then ”u'-UIL,,x sKIllo=elly + 11£%- £]],
+ II(A"-A)U'H,)(I

where K' is a constant depending only on the primitive constants for
A’ and A’-A is reparded as a multiplication operator on C(Y) to L(X).
(By theorem 2.3.9(b) u e C(Y)).

Proof :
From () of theorem 2.3.2 we have
d U'(t,s)U(s,r)ly = (d U‘(t,s))U(s,r)y + U/(t,s) d U(s,r)y
ds ds s
= UM(t,8)A(s)U(s,r)y -~ UM (t,8)A(s)U(s,r)y
Integrating we have
[U* (+,8)U(s, Y1
or
Ut,r)y - U (t,r)y

rfute,s) 1AT(s) - A(s)) Uls,r)y ds.
r

f:U‘(t,s)[A"(s} - A(8)]U(s,r)y ds.

So, we have the following identity

Uf(t,r)y - U(t,r)y = - ItU'(t,sT[A‘(s)-A(s)]U(s,r)yds
r
Setting r=c¢ and y=¢ we have

U-UN(E 8 ¢) = - U/ (A-MUE 8 ¢)
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Setting y = f(r) and integrating in r gives

(Uf-U) f =- Uf(A’-A)Uf. Hence

(U=-U(E 8 & & f) = - U/ (A'-A)u (2:3:132
On the other hand we have
u'-u = U[§ @ ¢=PB(F'-F)1 + (U'-UI(E R ¢ @ F).

= U'[6 8 (¢'-@e(f*~ )] - U (A4-A)u

using (2,3.11). So we, have
Hluf=ul |,y € 11011, i CHe=0lly + HE =11, o + TRA%-ANT], 4T,

which gives the desired result with K' = ||U‘]]_ X
3

4. Function spaces.

In this section we give a brief discussion of various function spaces
that will be required in the sequel. The proofs that will be given later
lean heavily on scme aspects of the theory of Sobcler spaces. Hence, we
present without proofs, a number of technical lemmas on embeddings of
Sobolev spaces. Proofs and more extensive discussions can be found in
Hormander [1], Lion -Magenes [1]1, Kato [4) and Yosida l1].

In what follows P denotes a fixed Hilbert space, with the inner
product ( , ) and norm | | 3(P) denotes the Banach algebra of all
bounded linear operators on PP to P, with the operator norm also denoted
by § {. Unless otherwise stated the topology of BE(P) will be the cne
induced by the norm.

Definition 2.u4.1

For integers kpo (%(Rm,P) denotes the space of all P-valued
functions on K" that have continuous and bounded derivatives of order
& k, with the usual sup norm.

Definition 2.4.2

For pal, LP(R",P) denoctes the space of all (equivalence classes of )
p-valued measurable ions U on R" such that
ull;p = FluGof? @x)P < @ (where integration is over R') with the
usual cenvention when p==.
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We define in a similar way c’;(n’“,scm) and PR, B(PY)
For the space 1? we shall weite || |} for }] 1,2

Definition 2.4.3

let f£(x) be a P-valued function defined on R, By the support of
f we mean the smallest closed set of F" outside which € vanishes
identically.

Definition 2.4.4
By Ck(Rm P),0 gkg», k an inteper, we mean the set of functions
€ CJ( (R",P) whose supports are compact subsets of R

The Scbolev Space K,
For each inteser szo, H(R",P)denotes the space of all
ue 2 (R,P) such that all distribution derivatives DU with
lalgs Dbelong to LE(F,P). -
HS(Rm,P) is a Hilbert space under the norm '
[Tl - “(I'--ﬁ'x)52 ul[2 _ % ¢ ll ™ u []2 ' (2.4.1)
8 alés © '
there C y are certain positive constants. We denote the associated
imer product by (( ))
H (F",B(P)) is a Banach smce with the nomm [lul]_ = = CGI btk
with Ca as above. (2.4.2)
In the following embedding thecrems the inclusion symbol ¢ implies
the continuity of the embedding. We shall simply write H® for HS(Rm,P)

or H(R",B(P)),

lemma 2.4.5

(a) DHC K s=}ol] lalgs

(b) If 5¢u,, then HaiP for any P with 3} - S < J, < 3
it s-'mb, then HSCC§ for k-s-mz-i

If s>m/2,then Hsci for k = & ,2-1 |
(¢) If r = min {s,t,s+t -my, - 1} > 0, then HHT ¢ HT. (2.4.3)



The left member of (2.4.3) is the set of all functions ab(pointwise
product) where a € H° and beH, a and b may both be B(P)-valued
then ab is too. Or a may be B(F)-valued and b P-valued then ab is
P-valued. THese remarks will not be repeated below.

Corollary 2.4.6
H(F",B(P)) is a Banach algebra if s>mg,

Definition 2.4.7
For 1g¢p<e we denote by ” o ,P) the set of all (equivalence classes
of) P-valued measurable functmm- u on ' such that

Ps,y P
ll ”LP sugm (-]r ‘zgzirll dy) < @ (2.4.4)
We define similarly (ﬁm,B(P)} Lp is a Banach space with norm (2.4.4)
and 1fe iP. -

Definition 2. 4 8 - For each integer s20, we denote by T {'U ,P) The set

of all ue L2 ( ,P) such that all d1-;tr1§ut*on derivatives D“u of order
lolgs are in T . -Similarlv we define W (R",B(P)).

HS is a Banach space by the norm 5 w
Hulllg = sup {fpuflz2  and He #°,
| |(s

. lemma 2.4.9, @ N
lemma 2.4.5 is true when H° and 1P are replaced by H and IF,
respectively.

Corollary 2.4.10
let 1, . Then the elements of - (Rm,B(P)) are miltipliers for

’!‘:It(Rm,Pj and’ 'Tit(R'“,ﬁ(P)) for ny t¢s. In particular ?ﬁ(R,B(P)} is

a Banach algebra with unit e:e(x) = I (the identity operator on P)
Lemma 2.4.11

et s,t,r be as in lemma 2.4.5 (@) , then

TISHtc H'f’ H‘c}-;|sC s (2.4.5)

Carollary 2.8,12
Let s>y, . Then the elements of H° (Rr'1 B(P)) are multipliers for

Ht(Rm,P) and H (Fﬂ,B(P)) for any tgs. In particular H°(R",B(P))
is a two-sided algebraic ideal of H° (¥",B(P)).



Ierma 2.4.13
Let s’+.t>ny2. Then

BHc1r, oF e 12

_ lemma  2.4.14. _ o
let sm, and aeH (R ,B(P)). In order that a be inverrt:ible within
the algebra 'T:IS it is necessary and su:ff1c1ent that a(x) ¢ B(P)
 exists for all xeR" and |a(x)” |<.§ < wy for some 8 > 0
- In this case we have
W s esTha s sTRIRNES)
" where ¢ dapends aeby o0 m aed S.

(2.“.5)

For tés>m, we may estimate al as a nmltiplief for H' or It

..‘1 - - .
N e+ 8 HallD bl

lemma 2.4.15. | -
Each closed ball in HO(RY,P) or HE(R',B(P)) is a complete metric
space under the metric induced by the H'-norm. Similarly for H°
 with the #° - nom.

DEmma 2.4.16
let s>my,. Then the map a,b > ab is continuous in the -

topologies provided a and b stay in bounded subsets of W°.

+.. The map a,u » au is continuous from the P x - topology to the

H - topology provided a and b stay in bounded subsets of H° and

s I-F, respectively.

lerma 2.4.17

et s The map a + a
a1 i

"1 is continuous in the rHo-'topolo;zies provided

stays in bounded subsets of HS(R’Tl B(P)).

Lemma  2.4.18. o
¥ (jap-all + o with llafls  bounded,
then ||an- aI]t+ o for t<s.

1e |12 [l o uith {]lay] 1], bounded,
‘then |Han-a !||t—> o for t<s : '
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CHAPTER TIII

SYMMETRIC HYPERBOLIC SYSTEMS

We omsider the equation

ao(t.x,u)g_ltz_ + jgl aj(t,x,uialij = flt,x,y)
ogtsT xeRm, u(o,x) = Uo(x). (*)
where the unknown y, the initial value > and the right member f
take values in a real or complex Hilbert space P, while the coefficients
ay take values in B(P). We assume that the values of the a; are
symmetric operators and in particular that those of a_ are uni formly
positive definite.

The proof is based on a standard method for handling quasi-linear
equations. (see Courant-Hilbert [1]). Firstly we linearize the non-
linear problem and solve it, We then define a non-linear mapping and
lock for its fixed point. This fixed point if it exists gives the
solution of the non-linear problem. The solution is propagated only for
a small time interval [o,T'}¢[o,T ] depending on “O, f and the aj
but u will exist on the whole of R,

We seek a solution u(t,.)e Clo,T§ l{S(Rm,P)] , Where s is an
integer > m,, + 1. We assume that

u.€ H. N¥e will show thf'_’.t the solution u(t,.) € H® of the linear problem
exists if aj(t,.) e H (Rm,B(P)) and f(t) € HE(Rm,PJ with certain mild
assumptions in their t dependence. We then assume that in (*) the a.
have the property that whenever i (f,.) ¢ H(F',P), a,(t,.,w{t))
fresp. £(t,.,v(t))] are in T(H",B(PY) [resp. B (F,P)] with same
additional assumptions on their continuity. Under these conditions we can
prove the existence, uniqueness, and continuous dependence in the H°- norm
a o, of the solution y of (*) on a short time interval.



- 23 -
1. The Cauchy problem for Linear Symmetric Hyperbolic Systems.
We consider the linear problem
a (t,x)3u IE a (t,)ou + (t,x) u = f(t,x)
i SREE R ’
cﬂ’t.*i'l“xefgn, u(o,x) = uo(x) (3.1.1)

We shall regard u = u(t,x) &8 a function of t with values in a
function space over the space variable xeR'. We will write u(t) for
u(t,.) and adopt the same convention for the as and f. (For the
wniformly local Scbolev space H® and the associated norm ||| ||},
see the preceding section.)

Thecrem 3.1.1
Iet 3 be an integer such that sy, + 1, and let 1¢s'<s. Assume that

3; € C[o,T; F!O(Rm,B(P))] s Ofjsm+l £3:1:.2)
Hag®) T s ¥, lago) 11 s ¥ ostsT, 1gigm1  (3.1.9)
]I]aoft') - ao(t)IHS_l < Ljt' - t], ogt, t'gT (3.1.4)
ai(t,x) is symmetric for o$tgT, xcRm, cgigm £3.1.5)
ao(t,x) 21 forall t, x (uniformly positive definite) (3.1.6)
t “_
fe L' [o,T; B (ri“,P)hcfo,'r; K ~HEP)] (3.1.7)
be H R,P (3.1.8)

Then (3.1.1) has a solution u such that
i t.
u & C[o,T; H° (FU,PINC! [0,T; B ~L(R",P)] (3.1.9)

The solution u 1is unique in the larger class.
C [o,T;H (R", PN ¢ [0,T;H(R™,P)].

In addition we have the estimates

wn |} 5%

c(L+K+¥ k¥ DT
L [H o oo''p

uct) = o, ] ce

Ty, ol
c(1+ko){rr+i<r|1dwl " | (3.1.10)

!N'l
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d 1 .
||a§||r_i scmﬂg“ YO K[t ], osteT (3.1.11)

Here ogrgs' in (3.1.10) and igrss' in (3.1.11); (
Uy is an arbitrary element in H *1 (pﬁ'p}_
- P 3
C = “ao(")”fa < ]Ilao(o) [z, (3.1.12)
1 T
= e at , (3.1.13)
p =S .

and c¢ denotes various contants depending on m and s.
letma 3.1.2.
Assumptions (3.1.2) and (3.1.3) imply that

a; € Clo, T3 MR B(PN] €. C [o,T; c, (R",B(P))]

Proof
From assumptions (3.1.2) and (3.1.3)
|Haj(t+h) - a_j(t)|||0 -#0 as h*c and |Ha_.!(t)]||s

is bounded. Therefore from lemma 2.4.18 we have
1 |aj(t+h) -a, (t}|] 't +~o0 a8 hro for t<s. In particular
I [aj(t+h) ~ l.j(‘t:)| ez 0 as o, So

aj € Clo,Ts Hs-l(Rm,B(P))] The desired result follows fram lemma 2.4.9.

The same is true for a_'. This follows from lemma 2.4.14
and the fact that in a Banach algebra, the map aatl is continuaitgs.

We do not assume that the aj(t} are contim'iws in t in the
Benorm nor that £(t) is continucus in the H°! norm. Thus the Ay
for example, need not be comtinuous on 0,71 to C1 (Rm,B(P)). This
weakening 1s necessary for application to non-linear problems.

In order to prove theorem 3.1.1 we write (3.1.1) as an abstract
evolution equation

du + A - Bet), osteT, ulo) =% (3.1.18)
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~ A
where A(t) = jg’l aj(t,x) 2 + am.l(t,x) (3.1.15)
=
A -1 SR
and 2y = a, aj » £ = a f

The following results are immediate from Corollaries 2.4.10, 2.4.12
and lemmas 2.4.14 and 3.1,2.

-~ . "1. ¥
1135111, # el g™ 1 a1,

£ c(1 + I(z)}( o T EBIO Tl Jeilsueey Mt £{3.1.46)
3 € C [0,75 i1 ¢ Clo,T; Cul 535150 e mil (3.1.17)
r 1 L] 1
feL [o,T3H JQC[o,T; H ) (3.1.18)

We solve (3.1.14) by applying the results of section 3 of
chapter 1 where we take X = HO(F',P) and Y = HS'(Pm,P). X is a
Hilbert space with the e inner product. We have to show that for
e ach t, A(t) generates a Cy-semigroup on X and that conditions
(1), (ii), and (iii) of theorem 2.3.8 are satisfied.

Proof of Theorem 3.1.1
We bepgin by proving the following
Lermma 3.1.3

If A(t) is defined in a natural way as a closed linear operator in
X, -A(t) generates n Co—semiprnup. Mare precisely, A(t)+cK is m-accretive
in xt. the space X endowed with the inner product
((£,8))44= ((a ()f,g)) and the associated norm H 'Ee- a1y
is equivalent to the old norm).
Proof
From the symmetry of the aj (t,x) for j¢m and integration by parts
we have

Re((A(E)g, £}y = Rel(lag,,~ 3 £ 3241 sgd)
J
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1w = BRI g - e g

where we have used the fact that |lg|{si|g|tf) by a3 1.
It follows that the closed operator -A(t) is the'gen&rator of a
quasi-contraction semigroup on X, (i.e. A(t) € n(xt, 1, cK)). Hence

it is the generator of a Eb-semigroup orn X.

Lemna 3.4.4
{A(t); ogtg¢T} is a stable family with stability constants
M= llao(o) ‘]é T and B = cK.

Proof
S ince A(t) € G(xt, 1, cK) by lemma 3.1.3 it suffices to show that
the norm | | Ihﬁdepends on t smoothly., Now

v, 2 !
Iellen = Hellgy= (fa (te,m) - ((a (t)z.e))

= (([ay(t') - a (t)1g.8)) .
sclllayen) - a ()] _q!lell?
€cLtr-t ||g][?

by lemma 2.4.15, (3.].4) and |lg]!' . ¢ {Vsil,,

Hence |[g]lo/Ilgll € 1 + cLit'—t| ¢ &= 7H .

It follows from proposition 2.3.3 that {A(t)} is stable with
constants M = e°“T and B = ¢k with respect to the norm || ‘Loi
To return to the original nomw' || ||we have to multiply
M by |||°(o)||&. So condition {i) of theorem 2.3.5 and a fortiori
{i) of theorem “2.3.8 is satisfied. :

We verify condition (ii) with s(t) = (I-b)§§ which is an
isomorphism of Y onto X. Since S is independent of t it sutrices

to prove the following lemma
Lemma 3,.1,5

SA(£1571 = A(t) + B(t), B(t) € B(X), o#teT (3.1.19)
with B(t) unfiformly bounded and strongly measurable in t.



Proof
B(t) is fbrnally given by

B(t) = r[s.&j(t)l (ﬂls + {S.%fﬂlq (3.1.20)

where [S,T] = ST - TS denotes the commutator ‘
Case (i) s' an even integer
In this case S = P(D) with P a polynomial of degree s'. Thus

[53.(t)] = & L5 2 ) »@n) (3.1.21)
i of|al¢s a! i

by Leibniz formula. A typical contribution to B(t) from (2.1.21) is

(ﬁ‘ﬁj ) »™n) (3-3?‘] s} (3.1.22)

plad

Since (D} is a differential operator of order

Sr‘tal' P(a} (D) (-5—:—‘)8*1 maps X = H. into H|a|;l

]
(note that Iul)l). Since Duﬁj(t) € ﬂs'|a|by (3.4.16)

we see that (3.1.22) maps X into itself (see Lemma 2.4.11

noting that s >my, + 1), with the operator norm not exceeding

c K(1 +K ) A similar argument applies to the last term of (3.1.20)
giving llmt)llx £ c K(1 + xz') (3.1.23)

For later applications we note also that
1
[IB(t)]|, & <k + k%) (3.1.24)
Xt [+

Case (ii) s' an odd integer

Write S = A-P(D), where A= (1 -6)i and P is a polynomial of degree
s'- 1 Thus

[s, a () = (LT 1P + APD, () (3.1.25)

The first term on the right contributes a bounded operator
to B(t). [A, a;léj] - a‘:[n,a ¥ [Aja ]ao ’
since [A,aj] and [A,ao] are bnunded with bounds <-.¢K and cK. respectlvely
So the contribution of the first term on the right of (3.1. 25] to {3.1.23)
is < cK(1+K°}. The contribution from the second term, contains. terms
similar to (3.1,22) except for the

is a bounded operator
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factor A, which is compensated by the fact that now P is of degree
s'-1. So we have (3.1.23) and (3.1.24).
In order to show that B(.) is strongly measurable we show that

it is weakly continuous (which implies strong measurability) (

If uVeCe (R™,P), then
B(t)u, V) = (A(tF": u, SV) - (A(t)u,v) by (3-120)  (3:1.20)

where we regard S as an unbounded self adjoint operator in X.

Since u and sy are in Y, (B(t)u,¥)is continuous if we have
D(A(t)1DY and t-» A(t) € B(Y,X) is norm continuous. These last

two conditions are condition (iii) of theorem 2.3.8 and it follows
from (3.1.17) and Sny, * 1, s'31. Having thus verified conditions
(1), (ii) and (iii) of theorem 2.3.8 we invoke the results of the
t heorem, namely that there exists a unique evolution operator
U= {U(t,t")} for A= A(t) and the solution of (3.1.14) is given
by

u(t) = U(t,0) uy + {t UCt,t!) £t )de’ (3.1.26)
tince U e H> =Y anéd f e L[o,T;Y] it follows from theorem
2.3.9 that u ¢ C[o,T;Y]. Since this implies that 29u € C[O,T;Hs'

*j

it follows from (5.1.14) (3.1.17) and (3.1.18) that u e‘bl[o,T;Hs‘_l]
and this proves (3.1.9). The uniqueness follows from the existence of

-1]

the evolution operator.
To derive the estimates of (3.1.10) and (3.1.11) we establish the

following
Lemma 3.1.6
Hull, y = sup “”(t't']”x < cetHRT (3.1.27)
» Ostt S. la . ['{2
ull, ¢ ¢ ceS(FKHKK DT , C= AL 4w (3.1.28)
Proof
||U[|°° xS-I:eST from (2.3.5) where M,B are the stability

cLT

constants for {A(t)}. But M=Ce and B = cK so we have (3.1,27).
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&meomd.lt:.on (il) of theorem 2.3.8 implies (11) of theorem 3.2.5
we have Y=H® is A(t) - admissible, and if ﬂ(t) is the part of
A(t) in Y, then {A(t)} is also stable with constants M,8 say_ It can

be shown that M=M, and 8 =By where M, and g, are the

stability constants for {Aitt)} = {A(D)}+ B(Y)} in X. Sinc:e
A(t) + cK is M-accretive in Xy and ||}3(t)||){‘t ¢ oK(1 + Ks )

it follows that A(t) + B(t) + cK + cK(1 + KS ) is p -accretive in
%y This implies that A(t) € G(X,, 1, cK A+ 1<3 M. since || I
is smooth in t we may take M, = e°', 8, =cK(1+KS) with resport to
[ Iko‘f To obtain the stability constants with r'espect to the original
norm in X we multiply M by C. So since HUHQY'!MeﬁTmhave
(3.1.28)

To prove (3,1.10), let U cHs*l and set u(t) = w(t) +u .
wsatisfies the differential eﬂuatmn dw + A(t)w = f(t) - A(tu

at
and the initial condition w(o) =5 ob By (3.1.26)

J.".-.‘.Al

w(t) = U(‘t,o)(uo - uoo) + { Ut,t’ )(f(t ) - A(t") Uoo)d't’ (3.1.29)

a nd we have the following estimates
A - e |
HEO 1y = a8, & o1 + KO£ |s!

Ay« [la ™ Eaj(t)-g;—jns, g et + KBOKIU_ o1,y

In view of;.;st:i.ma'te (3.1.28) we have from (3.1.29) the desired
result (3.1.10);, r=s'.
For 1¢rgs'-1, we obtain (3.1.10) by simply applying the above result
to s' replaced by r. For r=o (3.1.10) follows by estimating
|]w(1:)”x by using (3.1.27). Finally we obtain (3.1.11) from
(3.1.14) in the same way. This concludes the proof of theorem 3.1.1.

2. The Cauchy problem for quasi-linear Symmetric Hypesbolic
systems.

We are now prepared to solve the quasi-linear system (x) given at
tthe beginning of chapter 3. As in the linear case u takes values in
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. w0 - - ‘? . - o 't;

" . ) . . g 1] . '_. ‘f
the Hilbexrt space P. The a] (resp. f) are functions on - [0,TIXR . ..,
to B(P) (resp P), where 2 is a subset of R, For convenience we  .og

{wmte (#) as follows

6, (t)[u(t?- ?r (t)[u(t)]-s—_= F(t)[u(t)] : ;;(3.2.1)
j

Each G t) Cresp.F(t)) is a non-lirear operator, depending on t,
that sends certain P-valued functions on R® into B(P) - valued (res.
P-valued) functions on R*.(#) is a special case of (3.2.1) in which
Gy(t) and F(O) act pointwise, namely

G j(t)[v](x] = aj(t,x,v(x]), F(t) [v]I=f(t,x,v(x}) (3.2.2)

Theorem 3,2.1

let som,, + 1. let D beabwrﬂedopensubsetof

- H(RP), let 65(1), oftsT, J 041,..e.,m (resp F(L), osts'r)
be non~linear openatcr' on D 'to HS(If11 »B(PY) (resp H (R, P)).,
Assume that . S

The Gj (t)[v] (I‘esp F{t}[v]) are botmded {by a ccmstant }. )} in the
Hs—norm {resp u* -norm)} for veD uniformly in t (3. 2. 3)

For each j ard t, the map ¥ » G, (t){\r] (resp v +> F(t)[v]) is

uniformly Lipschitz - contlmous (with the Lipschitz constant ) on D

from the HC-norm to H =norm (resp Homrm) uniformly in t. (3.2.4
- Themap v+ G (t)tvl is also uniformiy Lipschitz~ continmuous on

" Dlwith Lipechitz constant u') from the H§ ! o to B Yo, wniformly

in t. . - ' S ' (3.2. 5)
The maps t + G (t) [v] {res t » F(t)[v)) are contmuous in the HC-norm
(resp H°-norm) for each veD. : T (3.2.8)
The map t + G (t)[vl is Lipschitz - continuous in [o0,T] (with Lipechitz-
constant ¥ 4) in the ey norm, uniformly for veD (3.2.7)
For each  £D, Gj(t) [v1(x) € B(P) is symmetric for each t,xefo,T}xR",
~ogigm. (3.2.8)
Go(‘t)[v](x)ia.i for each t,x for each wveD (3.2.9)

ve D __ : _ _ o (3.2.10)



Then there is a unique solution of (3.2.1) defined on [o,T'] where
o<T'<T, such that - "
wClo,T*; D] O clfo,T; B 1@, py1. T (3.2.11)

T' can be chosen common to all Uj varying in a small neighbourhood
of a given point in D, :
The condition given in this theorem are implicit when applied to our .
ariginal equation (%). For more explicit conditions see for example
Kato (4], Fischer and Marsden [17. _
Condition (3.2.3) implies that G .'t)[v] 3 cb(R“‘ B(P)

since ssmys, + 1.
Froof of Tepiem 3-2-4% .
lemma 3.2.2

Given u, € D, there are positive numbers R, 0 <2 and € B

(R",P) with the following properties N p '
veH® with [|v-u_|| <R implies veD (3.2.12)

||uo - uogl ]S < p _. L (3.2.13)

1
-]
DIIGO(O)[V]“]? X R/2 for

veD (3.2.14)
__ Praof
let R° >0 be the radius of the largest open ball with centre U
]
contained in D, and set R:sz .

Sinoe!leo(o)[vmfg c! |Go(o)[v]||5_1 € c A for veD,

THere is p>o satisfying 3.2.14. Since {ig () [v]]| > 1 by (3.2.9)
this implies ,2 : L '
Since H° " is dense in HS there is U € HS satisfying (3.2.13).
Nex Ilv-u || R implies |
vl Ilku Hg + Huge llg« R+ o 37 <R

There (3.2.12) is satisfied.
In order to set up the required contraction map, we introduce the
set S of all functions Yon [0,T'] to H° (R',P) such that



| vto) = u_llg ¢ 20 ( 3.2.15 )
[lvet)-u_|lg s R,  ostsT! (3.2.16)

||v(t)-v(t')||s_1 < L(t, -t'), oft'stsT" (3.2.17)

where T'<sT and L' are positive constants to be determined later.

Let veS . Since (3.2.16) implies w(t)ePby (3.2.12), we can
construct

v

a3(t) = G5(D)[v(D)], V() =F(t) [v(t)], ogtgT! (3.2.18)

We now consider the linear differential equation'
$X) r— = £(t,x)

ogt<tY, xeRm, u(o,x) = uo(x) (3.2.19)

In order to be able to apply the result of theorem 3.1.1 to (3.2.19)
we have to verify the conditions stated in the theorem. In fact (3.2.19)

satisfies these assumptions with s'ss and with T replaced by T',
For example

|||a‘j’ (Ol s 2 by (3.2.3) so that (3.1.3) is satisfied with
KO = K= A, We verify (3.1.2) as follows:

Vosry o M ' ' '
|||aj(1: ) aj(t)le < |||Gj(t ) vlt )]-Gj.(‘t )[v(t)]”L

+ |6 j(t') - Gj(t))[v(t‘.]lllr (3.2.20)
Setting rro and letting t's t, we see by

(3.2.7) that (3.2.20) tends to zero.
the ﬁ‘"—noxm.

(3.2.4) (3.2.6) and

Hence t+a(t) is continuous in

In a similar way we can verify condition (3.1.4) from (3.2.5),
(3.2.7) and (3.2.17) with L=v + u'L'.

Also we have ||£'()}] ¢ A by (3.2.3) and t + £'(t) is continuous
in the Ho-norm. Hence it is continuous in the Hs_ -norm, so that

(3.1.7) is satisfied with s'ss and with L} replaced by L~. Other

assumptions in theorem 3.1.1 follow directly from (3.2.8), (3.2.9) and

(3.2.10) and we can choose s'=s. If we now apply theorem 3.1.1 to
(3.2.19) with s'=s and T =

= T', we obtain u in the class (3.1.9).



letma 3.2.3.

ueS if L' and T' are chosen appropriately.

Proof
ulo) = “o satisfies (3.2.15) by (3.2.13)

To verify other conditions we use (3.1.20) obtaining

uttr-u || s € e *ETuu []] + can®nas full 4,1, (3.2.20)

s+1
+1

1 < T = 7N 'yz
m G—:.}:‘:_G;(O}“‘E Q(L’) - c(\)+u|1’l + 1 + '.l )’ C’ = |l LIU.‘( p [,.‘tlh__l HL‘

using the fact that Fg < AT'. Also (3.1.11) gives

II—‘(";""-EIIE;_1 $ c:(1+:!Ls"1))\(1+|!umll,‘3 + B(L',T')) (3.2.22)

vhere B(L',T') denotes the right hand side . f (3.2.29).

For ueS it is sufficient that the right members of (3.2.21)
and (3.2.22) be smaller than R and L' respectively, and this can be
done by a suitable choice of L' and T7.

We denote by © the map w»u. It has been shown that © maps S
itself. In order to apply the fixed point theorem we make § into a
complete petric space with the metric

dlv,w) = ||v-w||.,xﬁ 20(%' [ [v(t) = w(t)| 'o

That S is a camplete metric space follows from the fact that the closed
balls of Hs(Rm,P) are closed subsets of H° and lemma 2.4.15.

Lemma 3.2.4.
0 is a contraction map of S into itself if T' is chosen sufficiently
amall.

Proof
We. first prove that a‘:.‘;(t) and f'(t) depend on v Lipschitz-
continuously. We have

v W - _
IHaj(t) - ajct)lno -||[Gj(t)‘[v(t)] Gj(t)[w(t)]lllo

< plvee) = wen |
< p dlvw



and similarly
£ty - f"(t)l] < 4 d(v,w). Hence
|||az(t) - g(t)'il]|ds|||a:(t)'1[a:(t) - a:(t)]a:(t) 1, v dv,w

Since | Iag(t)"ll |

Setting é‘;(t) . agct)'ia;.’(ﬂ and (1) = a:;(t)-lfvft),
we have
Il]]ﬁ;(t) - a‘j‘(t)|||o, V) - '%”ct)||c¢ O+1)pd(v,w) (3.2.23)

Let us denote the evolution equaticn version of (3.2.19) by (E")
The coefficients AV(t) and the right member of (EY) are given by
L A .
(3.1.15) with the &; and  replaced by 2 and P, respectively.

Since s>m,,+ 1 and noting that e by (2.4.5)

1AV (t) - A%, € on O+ ful | atv,w), ueH®=Y (3.2.24)
Now @v and 6w are solutions of (E ) and (E") respectively. It

follows from theorem (2.3.10) that d(8v, = |jev - ewl ]| ¥
sl M@ - “f“"(t)ll;llta (t) - A"(eev(e) ]| Jdt
= 0
(3.2.25)

where UY = {U™(t,t')} is the evolution operator for (EY).

Since ||U"||_ x and || v(t)HS are uniformly bounded by (3.1.27)
2
and Ov(1)€D, we see from (3,2.25) (3.2.23) and (3.2.24) that © is a
contraction map of S into itself if T' is chosen sufficiently small.
It follows that the point = the map ©.
Tt WL 8 a soL..tusee{-ls " gnl;q&ea&%tl (3 B |nu{‘tl.£:1€§£-u-o€mum b Tl B
It can also be shcwn that the solution u depends on the initial

value continuously. (see Kato [u]).
3. The mixed problem for linear symmetric hyperbolic systems.

In this section we shall consider the mixed problem for a linear
symmetric hyperbolic system. F.J.Massey ITI[1] has shown that Kato's
theory of linear evolution equations can be applied to such equations.
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Consider the following system of equations

3u +j£1aj(t,x)%1(_' + b(t,x) u = f(t,x) (3.3.1)
ot 3
xeR, ogtsT

ulo,x) = p(x), xR
ult,x) e P(t,x), xel', ogtsT.

The unknown u = (ul,...,uN) is a real vector - valued function, the
coefficients aj and b, are real NxN matrix-valued functions and as
usual the ay are symmetric. . )

We assume that aj and b are of class 02 and C* on [o,T] x Q,
respectively. Q is a bounded open subset of R° with boundary T of class

c’. The boundary matrix
anft,x) = znj(x) aj(t,x), xeT, ogtsT,

is assumed to be non-singular, this is the regular case. Here n=(r:] ,..,nm)
is the exterior unit normal to @, Furthermore, we assume that the boundary
space P(t,x) is a linear subspace of RN which varies in a C3 manner
with (t,x)e [o,T] x I', and it is maximel non-negative for each t,x in
the sense that (a,n(t,x)u,u) 2 0, ueP(t,x) and Pit,x) is not contained
in any other subspace of R having this property. Here (u,v) denctes
the usual inner product of u,v ¢ R,

In this section X = Lz(ﬂ), the Hilbert space of square-intergrable
functions on . Hk(m for k=o, 1,2,... will denote the usual Sobolev
space, if P(x), xel', is a linear subspace of RN vhich varies.

continuously with x, then H;(s?) denotes the closed subspace of il
consisting of those u which satisfy the boundary condition u(x)ep(x)
for almost all xeT.

If ueR‘N, then Iu] denotes the usual BEuclidean norm of u. If a
is an NxN matrix, then |[|al|= sup {]au] :|u{= 1} and at is the
transpose of a.
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Llet A (t) be the operator defined by
A (tHu = a (t,%) r + b{t,u,
with domain D(A (£))) equal to H; (@), vhere P GO = P('t,x).

Denote by A(t) the closure of Ao(t) reparded as an unbounded operator in
X, Friendrichs , and Lax and Phillips have shown that A(t) + Bt
is maccretive if B, ;fup {1p*(t,x}]| ' : xeR} where |
B* £} (b+b - D). This irplies that -A(t) genevates a
Co-sanigxm.lp in X So,jthe abstract evolution version of {3.3.1)
satisfies condition (i) of theorem 2.3.5. :
Massey TIT [1], has shown that there exlsts an isomorphism S(t)

fram HIE}; (1) onto X such that S(t)Alt}S(t) = A(t) + B(t) vwvhere
t

B(t) £ BOO (See comments after theorem 2.3.5). The construction of
S(t) is however involved. Massey employed techniques inwolving com-
mitator inequalities and fractional powers of operators. The existence
of S(t), hwever, means that the subspace H; () is admissible with

. ..“,

respect to A(t) (see condition (ii) of theorem 2.3.5). He showed further

that if P(t,x) = P(x) does not vary with t, then the S(t) may be chosen

so that it is continuously differentiable on {o0,T] to B(Hg(m, X), and

Bt} is continuous cn [0,T] to B(X). -

So if we assume that the boundary space P{(t,x) = P{x) does not vary

with t, then we can apply thecrem 2.3.5 to the family {A(t)},taking

P%(ﬂ) for the subspace Y. The stability condition is true with Me1

and = S-LEIP {8,} since the operators A(t) + B, are maccretive.

If we now suppose that ¢ € H' (Q) and the map t ~» £(t, .) is
continuous lo,”” to H'(D) so that £(t,.) & H.' () for .
o¢tgT. Then (3.3.1) has a unique solution E(t,x) such that the map
t + u(t,.) is continuously differentiable on [0,T} to X and
u(t,.) ¢ H! (Q) for ogt¢T. If P(t,x) = P(x) is independent of t
this followd directly from theorem 2.5.6.
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In the general case where P(t,x) varies with t Massey showed that
this may be reduced by an orthogonal 4raneformation of the independent
variable to the case P(t,x)=P(o,x).

4, Conclusion.

The author is not aware that any of the fellowing problems has
been solved using Kato's theory of linear evolution equations, although
it seems very likely that they might be successfully handled by extension
of the arguments of Massey III.

(a) The mixed problem for linear symmetric hyperbolic systems in
a general Hilbert space other than the Fuclidean spaces.
(b) the mixed problem for quasi-linear Symmetric hyperbolic Systems.
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