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NOMENCLATURE AND DEFINITIONS

The definition and notations used in this Thesis

are given in the table below: The notations have the

meaning given below unless otherwise specified)

Meaning

Capital letters

A, N X 1
AT
det(A)
A
$ (A)
¢(A)
m(A)
I
A-1
GF(P)
%]
a £ b(mod p)
|m]
‘—1
GCD (a, b)
LCM (a, b)
~

I
n

Matrices

Transpose of A

Determinant of A

The eigenvalue of a matrix
Characteristic equation
Characteristic polynomial of A
The minimum polynomial

Identity Matrix

The Inverse of A

Galois Fields

Residue of x modulo m

a is congruent to b modulo p
Absolute value of m

The multiplicative inverse of a
Greatest Common divisor of a and b
Least Common Multiple of a and b
Equivalent to

Summation

Product

Belongs to
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Symbol Meaning
= Equal to
7 Unequal to
1.8, That is
Therefore
a, B8, 9 p-adic Numbers
H(p, r) The Hensel Code with base p
and length r
4 (J) Right shifts by Jj digits
viz. Namely
e.g. For example
No. Number
+ve Positive

-ve Negative



INTRODUCTTION

The symmetrization and Hessenberg transformation of
matrices are of great importance in a variety of scienti-
fic applications Datta (1972), (1973), (1974) Datta and
Datta (1975a), (1975b), Howland, (1961, (1962), Howland
and Farrel (1963), Howland and Senez (1970), Olga
Taussky and Zassenhaus (1959), Wilkinson (1965), (1958)
These applications vary from solution of non-symmetric
matrix equations to the study of undamped small vibrations
of a mechanical system abott a position of stable equi-
librium.

It is also an accepted fact that when a matrix is
reduced to an almost triangular form, called "Hessenberg
form", the eigenvalue problem becomes simpler to handle
and the computation is .easier, Wilkinson (1958, 1965).

In order that the processes of reduction of a matrix
to a Hessenberg form and symmetrization be numerically
stable and free from errors , (round off, commulative or
truncation errors), it is extremely important that
error-free computation methods are adopted for the reduc-
tion of a matrix to the Hessenberg form and its symmetri-
zation. The modular arithmetic has been chosen here for
this purpose, (For relevant details see Krishnamurthy
(1975), Mahadeva Rao (1975), Young and Gregory (1973).

This dissertation is divided into four chapters.
Chapter 1 deals with the method of reducing any given

matrix to a Hessenberg form and its applications.

-



The method Wilkinson (1958), Krishnamurthy and Sen (1975)
is as follows: Given a general matrix A it is pre and post

multiplied by a sequence of elementary transformation

matrices
-1 ., -1
Hl' H2, ......... Hk and Hk hkul
Such that
g, 1 wlag E H . H =8
k ------ |.1 12 ----- L] k""l k

here S is a lower Hessenberpg matrix for which

Sij = 0J]>1+3,

Chapter 2 deals with the construction and applica-
tions of symmetrizers. The symmetrizers have the follow-
ing applications:

(i) Solving the non-symmetric eipgenvalue problem

Ay = X y. The introduction of a symmetri-
zer X converts it to the form Ex = 12
(Datta (1973) Krishnamurthy and Sen (1975)

(ii) It was also found out by Howland and Senez(1270)
that the knowledge of a symmetrizer can help
in the solution of the Lyapunov matrix equa-
tion XA + ATX = - I

(iii) Howland and Farrell (1963) also showed that
Lanozos minimized r'iterations is also greatly
simplified when we are able to symmetrize
a matrix,

(v) Solution of the general characteristic equation

Ay = DBy.



We then describe a way of constructing a symmetrizer
for the companion matrix Datta (1972).

Alsowe describe an algorithm for computing a
symmetrizer for a Hessenberg matrix (lower or upper)

Datta (1973)

Also a method for constructing 2 positive definite
symmetrizer for a matrix which is in the rational
canonical form (Datta 1972) is described,

In Chapter 3 we describe;

(a) The principles and algorithms of residue

Arithmetic.

(b) Its applications to the exact computation of
the reduction of a matrix to a Hessenberg form
and the symmetrization of the Hessenberg form.

The first part of chapter 3 explains the basic con-
cepts of the residue arithmetic. 1In this approach every
rational number a/b (b # 0 0 < a < p-1, 0 ¢« b < p-1)
is yniquely identified with a.b”} where the binary
operation, the product modulo a prime number p and b‘-1
is in the C2lois Field with elements 0, 1,2 ..., p-1.

In this procedure the magnitude of p restricts the range
of uniquely representable rationals. It therefore implies
the choice of a larger prime for increasing the range.
This however, increases the labour of computation. In
order to minimize the labour of computation, a multiple

prime approach is suggested (Young and Gregory, 1973).
sl o



itere a modulus M which is a product of the distinct primes
Pl, Pz, b PS is chosen. In using this procedure one
has to be careful in the choice of M as well as the prime
nurtbers to be used in the computation of a particular
algorithm, The concept of common factor is introduced
here so as to enable us convert back the results into
rational numbers,

In the case of multinle-prime method the matrix
computations are to be nerformed for each ?i and the
results are to be combined using the Chinese Remainder's
theorem,

Chanter 4 deals with

(a) P.adic Arithmetic

(b) Its applications to the exact computation of

the alrorithms as ir Chanter 3.

As mentioned earlier, in the multinle prime method
each alporithm has to be worked out for different
choices of primes: the use of p-adic arithmetic elimi-
nates the necessity of using the multiple prime method.
In the p-adic arithmetie, each ration2l number a/fb
(0 « a, b <« N wherc Il = I(pr - 1)/2 .is rerpresented
by an r-dipit sequence with each digit ay 2n integer
such that 0< a N <p-1 where o is a prime number. The
alporithrs for conversion of a rational n-adic form and

vice-versa are also described (Krishnamurthy et al (1075)
i 5l B



n

The latter part of the chanter deanls with the
anplicntion of thc » adiec arithmetic for the reduction of
a given general matrix to a Eessenberg form and symme-

trization.

An up-to-dete bibilography is provided at the end.

siia f6unis



1.1 Various methods are available for the reduction of
a2 given matrix to an almost or near triancular form a
called the llessenberp form.
These metheds  include:
(a) Reduction by a sequence of unitary transfor-
rations, a rethod usually referred to as the
nethod of Civens Yilkinson (1957%), (1965)
(b) Reduction to the lessenbers form of a general
metrix by means of similarity transformations
wvhich arc derived as the pnroduct of 2 number
of simrle elementary similarity onerations.
Vilkinson (1952), (1205) Xrishnarurthy and
Sen (1975)
In this disscrtation we will describe the second method in
detail as given by %Wilkinson (1958),

1.2 Reduction of a Matrix to a Hessenberpy form

Civen a general matrix A it is pre and nost rulti-
pled by a sequence of elementary similarity trapsfor-

mwation matrices H,, I',,, +vveovu.. I
1 2
-1 -1

S ~1 =1 ,
thus: H.° Eo_ ......00°0 Hi© A

k

iy By couo Ky B =8

k-1 7K (1.2.1)
Such that £ is in the lower Lessenberg form, viz, a

matrix for which P - : i
€43 0; 3 %1+ 2 £1:3.2)

For this purpose two tynes of matrices 2re used:
The first tyne consists of permutation matrices denoted

by 1(P9) 201 which
T



. ) (re) _ (ra) _ 4. ¢(po) _
Ili(pq) =1, i#n, o; 1 nq I an 1; 1 13 = N

othorwise £1.2.3)
Multinlication on the rirht by 1 (pa) interchanges the
columns » and  and multinlication on the loft inter-
changes the rows » oand n. Yo have I(?“) = I the
identity matrix ond I(DQ) I(DQ) = ] so that the patrix

is its own inverse., The sccond tyne of metrix is denoted
by ?::) =5 1, M?n’j) = my for j > p, (1.2.4)
Otherwise H(i,J)
All transformation (D) simnly rerardes ns F(“)

(p,J)
which are used, have elements 11 satisfying

M. |« 1
"5
The sccond type of matris is tynified by the matrix

(D) - _

0

H?SJ) = 1 o o9 o o0 O

0 0 3 M 7 “E’: M a
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

We now describe the transformation to o lower
Hessenberg form. It will be illustratced by showing the
configuration of zcro elements in a mnatrix of order
five at each stage, It is to be understood that a

ij

refers to the current value of the element in the (ij)

By o6



rosition after 211 the transformations described un to
that roint have been apnlicd., The steps are ns follows:
(1) fglect the largest in the absolute magnitude

of the (n-1) clements a

a

12, 13,.. ----- ﬂln.

Sunnose it is o then interchanre columns

la 7’

2 and o .

(2) Calculnte the (n-7) quantities an
g G ; Ny s
riven by myy = - .13 j=3ton (1.2.5
Y12
we have o) < 1
8 | masi< )
(3) ‘wltiply on the right by 1¢?) with the elemonts
defined b m, = n 1.2
This adds multiprles of column 2 to columns 3, 4, ——-- ; B
and nroduces zZeros for 8ia0 %40 T %4p

The confipuration is now

" x X 0 0N 0"
x X X X X
x X x X X
x X X x X
X x X x X
4, Comnlecte the similarity trq;;formation by

- 2 B T
multiplying on the left by I(ﬁ“ )=1 and 3(“)) 1 to producc

the motrix ‘ " n
(?g("l))"l (]'(2(1 ))'1 A I( 0 ) ‘ *'(-d)

This does not alter the confirurntion of the zeros.
The next stape in the process has 4 steps similar
to the above.
(1) Select the largest of the (n-2) elements A

a nl’

24' I zn atc!gnn



Suprose it is 28, the ioterchange colurns R and g
This is a multirlication on the rippt by I(SB}

(2) Calculate the (n-3) guentities m, . wiven by

a S
Cz,j i
Py = it i = 4+ton _ (1..2.7)
. ty:?IS

wi have (in) < 1 _ S L

(3) Multiply on the right b3 Uﬁa) with the ¢lerents mJ

defined by mj = m,,\,:i

NN

This adds multiples of colurn 2 to columns 4, 5, ....n

2nd produces zuro for a,,, Pogsrrees @
ratl e

20
The configuration is now

X X 0 9 0

X X X 0 O

X X X X X

""" b 4 X X X X
L X X x x X

since the zefos introduced by the previous stage
are not destroyed. . ) o
(4) Comnrlete the siﬁilarity transformntion by ralti-
plyinr on the left hy(I(Sﬁ)fand(u(g) )”1. This
does not alter thoe confirurntion of zeros. The
transforned¢ matrix is now . .{W,
cee ey

3y 1 B P
Al (Qu)H(fz) I(SG) ”(3)

EA .

Continuingm in this way it is clcear thet in (n-2) complete

stages we produce 2 Jower Hessenbhers potrix.

LT T
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The iden of choosing ler~est clement ns well os
interchanrinr columns how ever is to nmnake all transfor-
mations pumericrlly stablc so that rounding errors arc
kept to a2 minimum.

In modular arithmetic, however, the intorchenges
of columns (or rows) ns well ns choosinr the larrest

pivotal elerent arc not reaquired,

Example 1.2.1,

Reduce A = o A G 3
2 3 2 1
4 2 A 3

3 3 1 4

te Uessenberr form.

Sol,. 1{3“) = 1(24)
- -
0 0 Q
0 0 0 1
= 0 N 1 0
_0 1 0 0 J
(24)
Al ~ 5 " &
2 1 2 3
4 2 4 3
3 4 1 3
— -J
?-'(2)=r.':,,j =1 0 0 07 ¢Hl n o o &
- 6 -4 g 4
O 1 ﬁ‘ :3 0 1 o 'ﬁ'
N 0 1 0 0 1 0
L0 0 0 1 | iy 0 1
g i [ {



(1(24))_1 b
~ -
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0O ¢ 0 i 2
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- 1 o o o] [
(M=o 1 3 3 |3
Y 0 1 0 4

138y o (@1

s o m)

(24 (2
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G

)
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e

im0 D

¥ 0P

I Aty D

D,

3 N

e
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5 = oy GRS
o0 0 0 - = 1 o o 7
0o 1 © 0 | o 1 0 ©
- , .2 - 2
o0 % 1 35 e
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xy
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24
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it
e
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Yhen the rows are not interchanged the natrix &

- -l
27 -41
Fal ot e
14 p) ) 0
244 301 421 218
41 A qn 1681
-7
2 3 Tk 123
- ¢ gl

¥.2 Applications of Hessenberg matrices,
There are many anrplications for o matrix that has becen
reduced to the Jessenbers form. Datta (19574) notes
that a lower Hessenberg. matrixx with 2 pnoa-zZero
supper diagonesl is nonderogatory.

Some of the imrnortant apnlicoations demend upon the
fact that tt is nonderopatory. Dattz (1973} has shown
that it is ersier to find a svometrizer to a given
matrix, while it is in the Hessenberrs form,

It should be noted that the eigenvaelue problem
becormes easier to handle when the matrix is in the
liess¢nberg form Wilkinson (1985, 19500},

Flso in the solution of the Lyanunrov matrix equations

| A X + And* = - 3 o (1.3.1)

¥ - AXa* = 1 (1.3.2)

the use of £ to liesscnbere forms makes the nroblem casier
Datta and Dattn (1975). Ordinarily the solution of
(1.2.2) is derived from the solution of (1.3.1) by use of
bilincar transtformations which are very tedionus and

complicated Barnett and.Storey (1970, 1671). Datta hes

l.../l4.l..
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been able to solve (1.3.1) and (1.3.2) when A is in the
Hessenberg form without deriving the solution of
(1.3.2) from the solution of (1.3.1). The set of equa-
tions as known play a significant role in stability
analysis of linear control systems.

The Hessenberg matrix is also a form between a general
matrix and its canonical form. It has been shown that it
is easicr to compute various canonical forms of a given
matrix when the matrix is in the lower Hessenberg.

Datta (1974, 1975) had made usc of this fact in computing
the Schwarz form and Routh ¢2no~ie2l forms respectively.
Although the companion form of a given matrix,
would have been morc¢ useful, and also n special form of

Hessenberg matrix, unfortunately, remarked in Datta
(1974), the tramsformation of an arbitrary matrix to
its companion form is a very tedious task- also it has
been found that, most methods available in the litera-

ture are numerieally unstable,

LT & .
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CHAPTER _ TWO

SYMMETRIZATION OF MATRICES

A matrix A is non-derogatory, if there is not more
than one Jordan Submatrix (and thercfore not more than
one cigenvector) associated with Ai for some i. In
other words a matrix A is said to be non-derogatory,
if its characteristic polynomial is equal to its minimal

polynomial.

Example 2.1.1:

A derogatory matrix.

5 4 -6 -3 8 |
-2 3 -2 1 2
4 -3 4 1 -6
1 .2 4 0 4
| -1 0 -2 1 2
Characteristic equation 6 Q) = O - 2) O 2 - re 2)2
minimum polynomial m( }) = ;\2 - 2= 2
m(A) #¢Q).

Example 2.1.2. (Non-derogatory matrix)

1 1 3
5 2 6 ¢(2)=m(1)-13
2 = =3

.J16. ..
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THEOREM 2.1 (0lga Taussky and Zassenhaus 1969) For every

nxn matrix A = (aij) with coefficients in a field f

ifs
there is a non-singular matrix transforming A into,trans-

pose AT.

THEOREM 2.2: Every non-singular matrix X transforming A

into its transpose is symmetric, if and only if, A is
non-derogatory. From the above two theorems, we can
therefore say that an arbitrary non-derogatory matrix A

is said to be symmetrizable by the matrix X, if the matrix

product XA is symmetric or XA = A'X ..... (2.1.1)

2.2. Applications:
Symmetrizers play an important role in the eigen-
problem and in the stability problems of control theory.
Firstly, if a symmetrizer X of A is known then by
using this we can reduce an apparently non-symmetric
matrix eigenvalus problem, of the form,
Ay =AY ... (2:2.13
to a symmetric problem of the form
E Z = )Z (2.2.2)

The process of which is shown helow

Ay = Ly
XAy = )Xy
Cy = \Xy (3.2:9)

where C = XA and X are symmetric and positive

definite.

-1

Then X = STDS where ST = 8 and D is a diagonal

matrix.
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(2.2.3) becomes

cy = »8 T p sy - (2.2.4)
SCy = )\DSy
Let G =8 C ST and F = Sy

then (2.2.) becomes

GF = ADF = AD, 2 where Dy 22D  (2.2.5)
GF = \D,D,F
-1 -1 _ ,
p,”! G D, D,F = D,F (2.2.6)
Let D, -1g 01'1==E and D,F = % then
becomes EZ = )\Z (2.2.7)

where E is symmetric and real.
Another useful aspect of the gymmetrizer (Howland and
Senez (1970) is the solution of the Lyapunov matrix

equation. T
XA + A" X = =1 (2.23.8)

It was discovered that A is greatly simplified when A

is in upper Hessenberg form.

The idea of skew symmetrizer was introduced i.e. XA = 74p
where T is a skew-symmetric matrix and D is a diago-

pal matrix. It was proved that the solution of the

equation (2.2.8) may be written as a linear combination of

n linearly independent Lyapunov pairs, Xj DJ

For n, paramecters P.j mey be defined by non-singular

linear system

n
i Py D, = b1 (2.2 9)

whence X = I PJ Xj (2.2.10)

.« /18...
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is the required solution whose rank and signature solve
the stability problem.

It was also shown Howland and Farell (1965) that
in adopting Lanczo's method of tridiagonalization
called minimized iterations, it provides the symmetrizing
matrix X = D in diagonal form and the symmetric product
DA = T in tridiagonal form.

Also the Rayleigh Quotient iteration, Howland
(1972) as gencralized and applied to the calculations
of the characteristic values of arbitrary matrices M by

Ostrowski, is discribed by the c¢quations.
A - Yy M Xi

A OF =,
vy Xy
-0 X, = X (2.2.11)

Yi+1 (M - 111) |

which are applied consectively for i = 0,1,2, ... with
arbitrarily chosen starting vcctors Xo and Yo for which
Yo Xo # 0. This iteration requires the solution of two
nxn linear systems at e¢ach step, and has cubic convergence
when M has only lincar elementary divisors, and geome-
tric convergence in the case of » non-linear clementary
divisor,

When a symmetrizer matrix B for M is known the
eigen problem for ' becomes

(A -)B) X = 0 (2.2.11)

and the generalized Rayleigh quotient iteration may

be formulated vewd 8%
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i i 1 B X4
— = ) + =1 (2.2.12)
i BX, i-1 X; B Xy
(A -2y B)X,,, = BX, (2.2.12)

In this case, the two lincar systems of the previous
case are replaced with one, and, morcover, this one
system is simpler than either of the preceding equations
due to the simple forms of A and B. Similarly computa-
tation of Xi B xi_l and Xi B Xi, together involves fewer
operations than the computation of vy M Xi and Yy Xi

Firally symmetrizers could be of use in the numeri-
cal solution of polynomials or root-finding. Howland
(1961 , I1.F.1I.P. Con 19€2)

As an ecxample, we illustrate the procedure by which

on arbitrary polynominl with renl coefficients may be

written in form
(f - AB) = 0 - (2.2.18)

For, consider the polynominl

1 3 2
P4(l) = )\ - Ay A" =2, A" - azx - a, = 0 (2.2.14)

The companion matrix of (2.2.14) is given by

e i

ﬁl 82 33 a4

1 0 0 0
N 0 0 0

L0 0 1 OJ

This has the property that det (M - A1) = P4(A); this
may be symmetrized by premultiplication with a2 non-
singular symmetric matrix.

i B0 v s
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b | “ g a,]

B = a2 a u4 0
a3 a 0O 0 0
a, 0 0 0 g

by finding
" 2+ ]
&1 az a1a2+a3 Bla3+ﬂ4 n1a4
2
a1a3+‘3 ﬂ2 + né agna n2a4
A=BM= 2
ayRq*a, 524 g 238,
a.a a,a n,.0 12
174 24 37 4

Since A and B are symmetriec the equation (2.2.14) can
be written in the form (2.2.13).

The equations det (A - AB) = 0 where A, B are real,
symmetric nxn matrices arise in the study of undamped
small vibration of a mechanical systcm about a2 posi-

tion of stable equilibrium .

2.3. METHODS FOR THE CONSTRUCTION OF SYMMETRIZERS,

Method 1. An algorithm for computing a symmetrizer of a

companion matrix /) Batta (1972). Let Xl, xz, ey, Xn
be the successive rows of a symmetrizer X,
Then
(i) Choose Xn arbitrarily
(ii) Computce the remaining rows recursively
from the relations (2.3.:1)
xi-l = Xiﬁ - ay X-; i=n, n-1, ...., 3, 2, (2.3.1)



Example: (2.3.1)
Let A = |0 1 0
0 0 1

ﬂ.l a2 a

3
be a companion matrix of order 3. Then if X1r Xgs Xq

are the successive row s of X, choosing Xq = {1.%.:%);

X and X, are given by
= (1,1,1) 0 1 0
0 0 1 - 84(1,1,1)
2y 1 g
xl = (al = fq, 1 + Ay = fg, n)

Thus X = a1 - az a1 B aa 1
nlas 1+ a2 - 33 1
1 2 |

- L

Method 2: Algorithm for computing a symmetrizor of a
Hessenberg matrix. (Datta (1974)

Case A: Matrix A is the lower liessenberg form.
The method consists of choosing the last row vector Xn

of a symmetrizer arbitrarily and then computing the
./22...
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remaining row veeters xnnl' X P | Xl in order from

n-a? a¢
a recursive relation as follows:

- -y

a a4 0 0 0
Let A = 11 12

Mgy B9g Agge--0
h-11 "n-1n
n 1

" nl nn i

be a lower Fessenberg matrix with a non-zero co-dia-
gonal i.e. ay, - # 0 and let Xi, i=1,2 ....n. be
the successive rows of matrix €. Then the matrix

equation XA = AT X is completely equivalent to

Xl A= 241 Xl + a5, Xz * peoy P Bg Xn (2.3.2)
= 2 X, + a X . o
Xi+1 A I 121 71 v Ti+l, 1+1 T+l
i o¥ dn' 141 Xn i=1,2, ....n=1 (2.3.3)
Eliminating Xl, Xz, ..... , xn—l one gets
Xn d (A) =0 (2.3.4)

where+(A) is the characteristics polynomial of A. Since
by Cayley - Hamilton Theorem, ¢ (A) = 0, it follows from
(2.3.4) that Xn can be choosen arbitrarily. Since A is
non-derogatory then every solution of (2.1.1) is symmetric.
Then the followinpg steps can be used for the solution.

Let Xl’ Xa, ey Xn be the successive rows of a
symmetrizer X.

TheM (i) Cchoose X arbitrarily
(ii) Compute the rows xn-l' Xn_z, § o Xz and
Xl recursively from the relation
1
X, = — (X A-a X ey e X )
i ai,i+1 i+l i+#l, i+l i+1 n’ i+l "n
(2.3.5)

.-/23-'.



i=n-1, n-2, .....000c... |
th’n Xn > (a » 0, ------ 0) (q‘sne)
Such that qf 0 is choosen then (2.3.6)
- n n--1 n-1 2-n

which is clearly non zero since and 4
, n=1) are nonzcro,
So with the choice of X in the form (2.3.6) we are
sure 'of X that is non-singular

Example 2.3.2

Let A = 2 0
3 1 2
1 2 2

-

let Xl, xz, }cI.3 be the successive rows of the symmetrizer

(1) choose XB = (1, o0 O)

1
Xo = == (X,A - a,, X,)
2 Qo 3 33 72
=@, 2,0 -2 0 0)=(1, 1, 0)
= .._1._
%1 X

Ag (X = 8y, Xy - ag, Xg)
- i( (&s 1: n) A ~ A-(i) 1! 0) - 2(1’ 0 0))

= (%, %, 0)
& X = } 3 1
3 1 0
1 0 0

/24,
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Case 8: A is in the uvper Hessenberg form (non-zero

sub-diagonal)

- =
. Lgt A = 41 859 . . . aln
azl 322 - - L] a—2n
j 0 831 . . Ban
Q 0 . Ann
be a upper Hessenberg with 841 4 #0
i=1,2, .. .n
Then XA = ATK is completely equivalent to X1 = 54 Xl +
291 %3 -
x A _ N N e
i A4 Xl * o, X2 f Agy X3 + L. F ai+lixi+1
_ : . (2.3.6)
Xn A = alnX1 t oA, Xz + e ." . (2.3.7)
where Xl’ Xz, ...... Xn are the successive rows of
the symmetrizer X.‘
Eiiminating % . . . %, ir terms of X, we have
Kl A(AY = 0 e _ (2.3.8)
Since by the Cayley — Halmilton theorem o¢(A) = 0, we
can therefore choose Xl arbitrarily and compute Xz,
. e e, Xn completely from the recursive relation
i+1, 1 _ - .
T {2.3.9)

LT S
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Example 2.3.3
Let A = =9 1 1
3 1 1
0 2 1
Let X, = (1, 0 0)
1
X, = —— (X, A -a,, X,)
2 ez 2 11 1
= % (2, 1, 0) - 2(1, 0 0)
1 1
= 03 ¥
1
Xg = a7 (XA - ay9 Xy - 259 X5)
32
_ 2 11
* (11 ]s '3) el 1(0) ':;s '5 ) e 1(1: 0, 0)
10, 5. P
- 1 1
(0, '3! 6)
X = 1 0o o0
11
6 3 3
11
¢ 3 B
-
"2 1 11
XA = 11 % = ATx
2 1
1 = &
- 3 2-

Method 3: Construction of a posifive definite symmetrizer
Datta (1972)

Theorem 2.3.1 Let A be a non-derogatory matrix in its

rational canonical form with its eigenvalues all distinet

eosf26. ..
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then the inverse of its associated . Hankel matrix H,

symmetrizes A,

S0 S1 Sn-1
H = S4 S, .S,
*Sn—l sn SZn a

Theorem 2,3.,2: Sunpose that all the eigenvalues of an

arbitrary square matrix are real and that r of them are
distinet. The r-rowed leading principal minor submatrix,
Ur of the associated Hankel matrix H is positive definite.

From the above two theorems 1t follows that when all
eigenvalues of A are real and distinet then the asso-
ciated Hankel matrix H is a positive definite symmetri-
zer of A (The proof is omitted)

Example 2.3.3,

c Let A=[0 1 0
6o .0 - 1
0 -2 3

-

be the given matrix of order 3, Then, the successive

rows of a symmetrizer X of A are

2 -3 a1 o
X,( O o of , Xz | 0 -3 1] and X,
0 0 o0 0 -2 0

where K3 = (xll, X199 x13) is am arbitrary vector calcula-

ted from the equations below
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%y *r 8%y, v BXya =0
3x11 + 5x1? + 9x13 = 4]

5x11 + 9&12 + 17x13 = 0

The unique solution of the system is
3
%11 b, Xyp = -3, X3 = 3.

The successive rows of the matrix H”l arc therefore

(1, 3 00, 3 8 -3 e, -3, P

The matrix

gt o« {1 =3 3
-3 13
3 T3 -3
1 3
3 = &

is positive definitc, this sgymmetrizes A,

. /28,



CHAPTER 3 .

Residue Arithmetic applicatjons to Exact computation of

2z symmetrizer and transformation to the Hessenberg form

3.1 Residue Arithmetic with a single modulus

¥hen m divides x-a, then x is congruent to a modulus

m and is usually written

x = a(mod m) or |x| _ (3.1.1)

where x, a, m, are integers.
Put in another way if x = a (modulus m), then a
is called a residue of x to modulus m.
IT 0 < < m-1, then 2 1is called the least residue of x
to modulus m, with m always referred to as the modulus
or the bass or the radix.
Theorem 3.1.1 (Young and Gregory, 1973)
Let x,y,z be integers and m a positive. integer then
(1) Ix[m is unique

(11) Ix|, = Iyl, = x 2 y (mod m)
(141) |km| = 0 for all ‘integers k
vy xty] =[xl ¢ Uyl ol o= 0 elsl g
= |Ixl , t vyl ,
v) |xy| = Ll eyl Gl gy = Ixdyvlg] o
= lix] 2 vl ,

e 129, ..
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It is intewestinr to note that when m=n, a prime thea the

sat of residues (7, 1, ....... , P -~ 1) forms an abelian
rroup under multiplication, so that the set forms a
field, a finite field called Galois Fields denoted by
GF(p).
For a# © ¢(GF(p) n, b such that a.b. = 1 [mod p)
a, b are called the multiplicative inverse of each other
1

and denoted by a b'l respectively.

Let 2 be a negative integer such thot |a] <12%5)

Then |a| =p + a,
p

Let A be the set of integers

-p-1, - p. =1 P2
{f%r” P_E“— * Ty i« vwive PR ¢ e o

then the set Res(A) = |i] b’ i €2 is the set GF(p)
itself. The following function 'value' maps #he elements
of GF(p) back to the elements of 4,

Value(a) = a if a < (p - 1)/2

= . (p - a) otherwise (3.1.2)

The above thus shows that for a given prime p the
integers
:zt[i LE%E). E%%:I have a special prorerty viz

Value (Residue (a) ) = a (3.1.3)

3.1.3 thus shows that there is a unique renresentation
for the members of A,

When performing an arithmetic process involving
only addition, multiplication and subtraction, if the
operands are integers the result is also an
integer. The modulo p arithmetic c¢an then be used for

some prime p when the intermediate results and final

130
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result of an arithmetic processs lie in the interval

- -1/2, (p-1)/2]
[

Exanple 3.1.1,
Solve:- (3M4 - 5) - 8, use modulus prime 17:
Solution: Residue (3) = 3

" (4) = 4
" (-5) = 12
1" (—8) = 9

(3x4-5) - 8

= (3x4 + 12) + 9 mod 17 = 33 mod 17

16 mod 17

= - 1 given by value (16)

Division is treated as multiplication by the multiplica-
tive inverse of the divisor E.g. In GF(17) 2/3
becomes 2x 3”1 (mod 17),3/5 becomes 3 x 5 ' (mod 17)

The following Euclidean algorithm can be used to compute
the multiplicative inverse in a finite field Knuth
(1969) Rao (1975) This algorithm computes the multi-
plicative inverse of a number K,. 0 <g< p with respect

to a prime number p,

Step 1 Set (Ul' Uz, Us) = (1, 0,K)

(vl’ v29 vs) " (01 lnp)
Step 2 1If Va = 0 stop U1 is the multiplicative
inverse of K with respect to p otherwise go to step 3.

Step 3 Set q = (Uajvs)where q is an integer

«f31...



Set (Ul' Uz* Us) = (Vl, V2, V3)
Set (Vl' V2, Vs) = (tl. ty, t3)
Go to 2

Example 3.1.2:

Find the inverse of 5 in GF(7)
Solution: P=7 k=25
Step 1 (Ul’ Uz, Ua) = (1, 0, 5)

(Vy, ¥y, V3) = (0,1, 7)

1!
Since VS = 7 we go to step 3.

U
Step 3. q = vg = % and since q is an integeriq

in this case is equal to zero
e e (tl' tzl t3) - (U1|U2|U3) - (vl'vz'vs)q
- (ll 0! 5) - (ol 1: 7) x0 ™= (1, [ 5)
(Vs Vo V) = (ty, ty, t5) = (1, 0, 5)

Go to step 2.
Step 2 V3 ¥ 0 so we go to step 3,
Step3 q = % = 1
(ty, tg, t3) = (", 1, 7) = (1,0 5) x1
= (-1, 1 3)
(Ugy, Uy, Ug) = (1, O 5)
(vll vzt va) - ("lr 1; 2)
Go to step 2. V:3 # 0 then go to step 3.
w win f S »



§sen 3 o = g = 2

(tl. t2, t3) = (1, 0, 5) - (-1, 1, 2) x 2
= (3, -1, 1)

o0 03) - (‘1’ 1: 2)

(vl' vzs vs) - (33 "1: 1)

(Ul’ U

Since VS ¥ 0 we o back to step 3,

Step 3 q = v = 2
(ty, tg, tg) = (-1 1 2) - (3 -1 1)x2
» ("71 3: 0)
(Ul' Uz: U3) - (33 "1: 1)

(le vzr vs) - ("71 3: 0)

Go to step 2.

Va = 0 .%. U1 is the inverse

. the inverse is 3.

If b/a is the rational number which is represented
by |b.a"1| p, then it is possible to compute one of
a or b knowing the other, Mahedava Rao (1275). For exam-

ple, if a is known the quantity value ||‘lp' b_a-llpl .

gives the value of b, Further it is sufficient to know

any non-zero multiple ka of a for
1 ~1
= . (Ilba I p.ka'p ) (3.1.4)

gives kb/ka., But since the value should be taken ‘in the
end, it is necessary that ka and kb are intepers in the

Qﬁt Il



Example 3.1.3: Let P = 17

(i) % is represented by |1 x 2_1|17 = ll x 9‘17 = 9
7 v n " -1 -
P 17 i b |

Given that the denominators are 2 and 3 we can
easily compute the numerator.
(1) 1 x| 9x6|,., = 3 this shows that tt is enough
® 17 6
to know a multiple of the denominator.
(ii) % X |6x8|17 = }4, although it gives the right

answer but it is a bad one because 14 ¢{j?;3 ’ Eil \

-
(111) 2 x |12 x n|17 -« &1 gKrPgl. B;1 }

Lxample 3.1.4 Let us for illustration

evaluate % + % + % = a (say)

Sol. Let p = 23
1/8ioa = 13

23
2/3|,, = 16
1/4|py = 6

o130 )
colied s les 12 + 16 + 6], = 11

Suppose a multiple of the denominators is known!.

then the solution is given by

1 - 17 _
R lll x 14 |23 12 .

Generally, it can now be observed that the choice
of the prime to be used in performing a computation
using residue arithmetic is e€Xtremely important.

./34...
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The prime chosen must ensure that the results of all
calculations lie within the interval of unique repre-
sentation of that prime.

3.2 Residue Arithmetic with multiple Moduli:

Let Pl’ Pz, ...... p PS be distinct primes. Let a

be an integer. Then the set |a| i |a] Pyt tsmEeEs EY

is called the residue representation of a with respect

to the moduli P P P

2, 3, ------- I sn

- S
1 - P2 e Ps E P

1!
et M =P

between the set of integers (0, 1, 2, ..... , M~ 1)

and the set of theirycgidue representations.

Theorem 3,2.1

L m » a5 " & 8
et andlal, o lal, 2l

b
b w(Ibl, (6], -

be the residue representations of integers a and b res-

pectively. Then

v , S e o
a t bv{] clp1 [clp " [clpal (3.2.1)
where |c] = | |a] + | bl | for i = 1, 2, . (3
Py Py Py Py
da.b.~ |dl_, ldal., «couu...
and a I Iplp ldlpzs Idlps (3.2.9)
where Idlpi = | |a|p1 N Ibll’i‘ P, for 1= 3, 3,
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The following theorem known as the chinese remainder

theorem Young and Gregory ( 1973) gives a method of compu-
s

ting {al , , where a is an integer and M =
i1 Py

given the residue representation

a ~f|al o IBY . ssseenn |a| 5
i Py Pa Pg

Theorem 3.2.2

- S8
Let py, Pys +..., Py be prime moduli, and M oIy Py
m "l."

Let a {]alpi. |a|p2 }a|pﬂ}
be the residue representation of a. Also let

> M

P; ™ — then

J Py

baly = }'51 9_1! ij oy “’J’! P; \"

when ﬁj_l (pj) denotes the multiplicative inverse of

|ﬁJ| P; Wwith respect to the base pj.

Example 3.,2.1

Let Pl = 3, Py, = 7 and p q = 11

Let a ~{2, 4, 5}
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Then M = 231 -
~ ~ -~ _ 291 -
P = 231/3 =77 P = 23177 = 33 P3 = 7 21

1 2
|Bylg = |77)g =2 : . P7h (Py) = 3
1Pyl, = 177|3 = 5 : . B;' (Py) = 3
|Palyq = 2044 = 10:. P71 (®) = 10
. lélzsl = r77[ 2.2], + 33 [4.3], + 21[5.10[11i231

[77x1 + 33x5 + 21x6|,4,

7T*165 + 126 -
’ I231 |368|231

3.3 Applications to symmetrizers and Reduction of

matrix to Hessenberg form

If one is interested in error free or exact solutions
of matrix equations or exact transformation of matrices, it
appears that the computational gain of the congruence method
over the conventional multiplec precision methods 1s larger
for large matrices (Borosh and Franckel (1966). The compu-
tation time for working in t-precision is roughly proportional
to t2. In the congruence method, where most of the work is
single precision computation time 1s roughly propor-

tional to t. (See also Krishamurthy (1975))....

3.3.1 Algorithm for computing a symmetrizer (single
prime modulus), Datta (1873) .

This algorithmi was earller discyssed in chapter 2.
We will reinvelve the formular (see p.22) equation number
2-3050 . !00/37-0&
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X n i+1%n

- ai+1’ 1+1 i+1 A E s o

i = n-1, n-2, ..... , 3, 2, 1, where xl Ca Xn
are the successive rows of the symmetrizer X. Before
computing in residue arithmetic we must ensure that the
following conditions heold |
(1) A must be 1in the lower Hessenberg form
(i1) If (1) is not satisfied A is brought to this
form (see Chapter 2)
(iii) A must be non-derogatory
(iv) Find a bound on the mapnitude of Ixijl max
{(v) Then (iv) will enable us to choose a prime for
the modular Arithmetic,
It was found out that for the algorithm

2(n=-2) an»l

|xij| max < 2 where }a| is the largest

element of A. Hence for modular Arithmetic the prime number

n(n-2) an—l

chosen p > 2 Once p .is chosen the symmetrizer

¢can be computed in the following manner:

Step 1 choose the prime p for the given matrix,

Exomple 3.3.1 A = |3 2 0
3 4 2
1 2 2

Choose p = 17.

Step 2 All elements aij of A are entred as aij {mod p)

Step 3 All a_le GF(p) are calculated from the relation
ax =1 (mod p) |

8tep 4 Go to the algorithm
./38...
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A1l multiplications and additions are done in GF(p) »

To ensure that our symmetric matrix is a symmetrizer we can

find XA where XA € GF(p).

Conversion of the elements of the symmetrizer X:

-1
Step 1 (i) Find "' a
154 i, 1 +1
n--1
(11) 1t lni By 441 2P then solve the equation

»

n-1
121 ai, 1+1 =q mod p
= | if
(i11) Let " n-1
T a =q if a < P or/(ii) is
iy i1, 1 +1 1L S 20 |
a is

satisfied then the result we need.

Step 2 Find aXGF(p)

Step 3 Divide the new X by ™1 -
iy 1, il

Steps 1 to 3 is calculating VALUE (o xij)

VALUE ( «)
Example 3.3.1

P = 17

(i) Choose Xa arbitrarily . Let X? = (1, 0 0)
1

(11) X, = -1 (XA - a.. x.)
2 Ray % 33 *3
= 4 (3,2,0) - 2¢1 0 0)
= 271 ( (3,2,0) + 15 (1 0 0)
27! = 7 and -2 = 15 in GF (17)

all calculations now 1in GF (17)

xz = 9(1 2 0)

(91 0) ./39..
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_ g -

= 0 (13, 5, 2) + (15, 13, 0) + (15, 0 0)

= 9 (9, 1, 2) = ( 13, 9, 1)

X = 13 9
9 1 0
1 0 0

So that X is now iin modular Arithmetic

Find XA
13 9 1 3 3 0 16 13
. 9 1 o 3 a4 2| _[|13 5 2
1 0 0 1 2 2 3 2 0

which is also symmetric.

Conversion of elements 11:1‘j innto rational.

n
E ai’ i+1 =q = 2 x 2

VALUE ( a) = 4

VALUE ( a, x45) = VALUE ( a x4 )

- 1 2 1

.]40...
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3.3.2; Reduction of a _given Eeneral matrix to the

Hessenberg form

The Reduction can be carried out through the following steps.
It should be noted that the prime number choosen for
reduction is always very high and multiple prime moduli is
therefore the best way to reduce a matrix to the Hessenberg
form in residue Arithmetic,
For the choice of M See page 67
Step 1 Convert the entries into residue¢ numbers modulo P1
for each Pi

Step 2 Carry out the reduction exercise for each P1
separately

SBtep 3 Combine the results of each Pi using the Chinese
remainder's Theorem. |

SBtep 4 Convert the elements ‘':ack into rational after the
common denominator must have been computed.

In case the symmetrization of the matrix is to take place,
then the steps taken in section 3.3.1 can he carried out
omiting step 4 of the above.

A problem that may arise while performing steps 1 to 3

of the above, the element Bl s of any mod P1 may be zero,

when this happens then we can either chose a different prime p
instead of Pi or go through step 4 and choose different primes
for the stepa in section 3,3.1.

Example 3,3.2:

Reduce 1 2 3

to the Hessenberg form usipng multiple prime moduli
[ !4]“-!«
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Solution: =5, P, =7, Py = 17.

Let M = 385 1 .e. P, -
For Pl let A mod 15 = A5 '
1 2 3
3 2 4
1 3 2 _
mZJ = 1 0 0 0
o 1 -3.271 -
0 0 1 i
(mzj)-l = |1 o o
0 1 4
0 0 1
Ag Myg ™ 1 2 3 1 0 2
1 2 4 0 1 1 2
1 3 2 0 0o 1 3
-1 . - —y -~ o 1
(mzj) A my 1 0 O 1 0 2 0
- ' c 1 4 1 1| = 4 1
o 0 1 1 0 3 0
. e b el iy
Factor = 4, 4 = 4
let Amod 7 = A7
1 g 3
A, = |3 2 4
1 3 2

142, ..
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m2J = 1 0 0 1 0 0
o 1 -3.27Y| = |o 1 2
0 o0 1 o o 1
(m,.)"! = [1 0o o0
23
o 1 5
o o 1.
Aoy, = M1 2 3 1 o0 o0 1 2 o
3 2 4 o 1 2|l =13 2 1
1 a 2| lo o 1 1 3 1
(m )_1A m =
23 7™24
1 o o 1 2 o 1 2
o 1 s/ |3 2 1| =1{1 3 &6
o o 1 1 3 1 1 3 1

Factor = 4, |4], = 4

Let A mod 11 = All

A - 1 2 3

11
3 2 4
1 3 2
my = [1 0 o oo o
-1
0 I -3.2 0 1 4l (my)
o o0 1 0 0 1

1485 s



1 2 3 1 0 0 1 2
Ay 1Moy
3 2 4 0 1 4] = |3 2
1 3 2 0 0 1 1 3
(m, ) 24, m i o oY 1 2
2 11 M2y
0 1 7 3 2 1
g 0 1 1 3 3
Factor 4, ]4|11 = 4

Using the Chinese Remainder

matrix to get the Hessenberg matrix in rationals,

M = P xP,xP, = 5x7x11 = 385

2] O
1 o
3 3

Theorom for combining the

3
P, = 7x11 = 77 o
-1 _ - -1 = -1 P |
471 = By mea P moary = |77y ‘5 Iz ls
= 3
5 M
P, = % = 85
4 Py
-1
d2 6 |
-~ - -1 o
Pa 35 d3 6
We compute the elements of the Hessenberpg using
Ll ”~ _1
= | . P, P .
taly ng J 2| pJ i Py I PJ‘ M

Common denominator COMDEN

4 mod 5 2 4 mod 11 £ dmod T = 4

Let aij be an element of the ggssgnéerg matr;x

-,44‘..



|77 x|2x3], + 55x|6x1], + 35x|6x10] |

a11 = 1mod 5 = 1 mod 7
-1
a,5 = 2mod 5 = 2 mod 7
= 2
2,4 2 2mod = 1 mod 7 =
=197
Similarly
a22 = 199
By = 286
233 = 1 agy
- S =
Value (4) = 4
VALUE (4aij) _
VALUE (4)

10

-

L.

= -

1 mod 11

2 mod 11

mod 11

3,

1
197
1

Agn = 190

2 0
199 286
3 190

o
o

13 -11

o =
vl
o

-5

-‘I45I'

385



CHAPTER 4

INTRODUCTION:

The digital computers work with finite length numbers
in a p-ary scale, where p is any positive integer (called
radix or base usually a binary or decimal scale). Such a system ;
known as the p-ary syster; 2nables us to measure any numeri-
cal quantity in steps of p"r where r is the length of number of
digits available for calculations

This system has a major disadvantage, in that not all
rationals have exact representations, since they may not ter-
minate within r-digits either because they may be periodic,
or recurring or too small. Hence it is imposible to
represent rationals of the form a/b (b # 0) exactly if b has
factors which are relatively prime to the choice p. This
disadvantage in the p-ary system leads to errors. When
arithmetic operations are performed, the error increases with
increasing operations. The conscquence of this is that the
algorithm being computed becomes totally unstable and results
obtained from such algorithm are therefore unreliable.

Since most practical algorithms, particularly in matrix
computations are ill-conditioned, the use of residue arithme-
tic has been suggested Young and Gregory (1973) Rao et al(1975).

The use of residue arithmetic has been discussed in
the third chapter of this dissertation. The use of residue
arithmetic also has certain disadvantages. For instance
while choosing a prime p for a particular algorithm -
Krishpamurthy (1975) the computational complexity increases with
increasing p. The multiplication complexity is found out to be

. /46,
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of order

0 (k (K + 1))
2

where kK is the precision or humber of binary digitélin P
The computation of multiplicative inverse (and hence divi-
sion) over GF(p) requires the use of Euclidean algorithm
involving on an 6 logz(p = k) k-precision divisions and
12k k - precision multiplications each of complexity 0(k2)
{Knuth 1969).

To reduce the complexity, the use of multiple primes has
also been suggested. When this 1s done the matrix computa-
tions are performed for each Pi separately and results are later
combined using the ecarlier discussed Chinese Remainder Theorem.
The multiple primes moduli arithmetic is not without its own
fajilures, computation increases with increasing prime and with
increasing arithmetic operations , the computation therefore
becomes complex.

These difficulties have made it necessary for us to look
for an alternative arithmetic system which though
modular in nature has the simplicity of arithmetic operations
as in the p-ary system yet free from round-off errors and is

simple for hardware realizatiom.

E The segmented p-adic system is such a system. It is also
équivalent to modulo pr (where p is a prime} arithemetic, and has
all these attractive features Krishnamurthy (1975)

(a) The conversion of integers and other rationals into
p—-adic representation is simple and realizable by existing

hardware. L YRR
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(b) The evaluation of multiplicative inverse is of many
orders less in complexity, infact it is simpler than
o’ binary division and has a complexity O LE&%ill for k
bit numbers.
(¢) The fast high-precision multiplication algorithm due
to Toom - Cook and schonhange - strassen Knuth (1969)
or other high speed switching schemes could be readily
used for speeding up the p-adic arithmetic, when very
large number of bits are involved.
(d) The conversion from modulo pr to the positional represen-
tation is trivial, based on the nature of the algorithm,
(e) The choice of r can be made in regular integral steps to
meet the requirement of the specific matrix problem in
hand. Accordingly the hardware design becomes simple.
The p-adic was first introduced by Hensel in 1900. A
detailed introduction to p-adic can be found in Bachmen
(1964) Borevich and Shafarevich (1966) and Mahler (1973).
This chepter deals with the segmented p-adic arithmetic
The expansion of a rational number into a p-adic form is what
we call the Hensel code (in honour of Hensel) denoted by
H(p,r) where p is the prime base and r is the number of
digits used.
4.1, Properties of H(p, r) codes
(1) Every rotional number a/b with GCD(a,b) = 1 and b # 0 in
the range 0 < a <N, 0 < b < N where N is a positive integer
such ‘that N < pr/2 can be uniquely coded as an r-digit ordered
sequence, where each digit as sume values from 0, 1, ----- X
P - 1 where p is the prime chosen.

«J48, ..
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(3)

(4)

~A8-

The negative rational numbers have a valid radix comple-~
ment. representation as in p-ary arithmetic and the weigh-
ted structure is retained.

All the four basic arithmetic operations using H(p,r)
codes proceed in direction (left to right); also the
length of resulting code remains constant provided

the resulting rational number is in the range specified
in (1)

The H(p,r,) code is a unified representation for all
rationals and arithmetic operations are somewhat similar
to the residue system , unlike the residue system,
division using H(p,r) is deterministic in the sense
that it does not involve the comparision of relative
magnitude of the operands. The operation is exactly

similar to multiplication~

(5) The essential distinction between using a truncated

(6)

p-ary code and a truncated p-adic code using r-digits
is that in the p-ary system the numbers are exactly
representable only if they are either integers or radix
fractions; hence all other rationals can only be
approximately represented . In the H(p,r) code, however
every rational number a/b which is an element of the
Farey sequence with numerators and denominators less
than N are exactly representable

Since all the basi¢ arithmetic operations are perfor-
med exactly for a given range of the rationals, the

H(p,r) codes can be used for exact numerical computations.

TV L | P
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4.2, (4) Algorithm for the conversion of Rational number

to p-adic form.

Mahedeva Rao (1975)
Given a rational number a = % with GCD(a, b) =1 and b # O
its p-adic expansion can be obtained by the following algorithm,
Step 0 Set B = o find n such that g = % pn ifn»>» 0
(¢ and d are integers)

n 10 st , A = 0

n=2andn> 0 so

Go to step 2
c n
Step 1 Find n such that g = apP

25 1 52

€.8. A7 = w7 - for p =56

Step 2 Solve the conqurence dx = 1 (mod p)

If Xn is a solution then

a, = c Kn (mod p)

Step 3 Set y =8 - a_p”

iIf vy = O set ny = 0 for i > n and stop otherwise,
set vy = B and go to step 1.

The algorithm is however nonterminating since the
convergence to the given rational can be achieved only for
infinite number of digits if the rational is neither an

integer nor a radix.

(B) P-Adic Number Representation

Any rational number a = {(a/b) pn where n, a, b, are
positive or negative integers, b # 0 and G.C.D(a,b) =1

can be written in the p-adic form
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- 4.2.1.
@ jkn %3P
where, the coefficient 2y are integers such that

0 a, S (p - 1) and p is any prime number .
The infinite series converges to a with respect to
the p-adic norm,
e.g. % has the p-adic expansion
1

T ” vB31IXBY e (for p = 5)
=2+3p(1+p2ept. )1
(1 + p? + ph 4.2.2
The infinite series 1 + p2 + p4 cieesa. cOnverges to 1

1 -~ p2
with respect to the p-adic norm (Rao 1975),

Note - In the conventional sense the series 4.2.2 under usual
norm is divergent. However, in the sense of p-adic norm it
is divergent.

Thus for p = 5

For convenience, the expansiop of 4.2.1 will be denoted by

the sequence

an n—m+1 ..... ao al ...... for n -ve
ao al ...... for n =0
O swerizes & Oanan+1 ..+. fOor n + ve

Integers as well as radix fractions have representations
which are identical to the p-ary written here from left to
right in the ascending powers ©f p instead of right to left
with the actual rational being realised only as a sum of

the infinite series.

/51, ...
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4.3. Arithmetic Algorithms. Krishnamurthy et al (1975)

The 4 basic arithmetic algorithms using Hensel codes are
described in this section, We shall note that all opera-
tions including divisidén proceed from lower index (power)
position of the radix towards higher position.

In a finite segmented p-adic system any rational

number is of the form

where r = m + n + 1
or g = (mu ; ea ) as an ordered pair in the mantissa
and exponent form,
Since we keep the length of H( p,r,a) constant, we denote
only the negative exponents in eu

When ea = m the radix point is placed m digits to the

right of the left most digit.

Addition.

Addition in a p-adic gystem is similar to that in
positive p-ary base. In general, the algerithm for addition
of any two numbers a and B ( + ve or - ve) is given by

=
4 1 [l_m a_m +1 0 a

B =
b-m b-m + 1 * iews i _1 . 0 1 cccccc n

For convenience, we take that a and f have identical number
of digits) align the p-adic point and proceed finding the sum
x bi and
arising from the addition of a *+ bn + c

digit 81 and carry digit Ci41 from a knowledge of a

Cy- The carry Cr+l

n
(Mod p) is ignored

./52..
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Thus Si = ( 2y + bi + ci)(mod p)

for i=-m -m+1, .., 0, 1, .,.. n with ™ 0
and ¢, 4 =1 if a, + by, +c;, > P
= (0 otherwise

Ignore Cn+1

e.g,. p=5, r =4

a=%9= 1124 p= %/9= 2243
and v = g + B = l% = ,3313. See table 1

Table 1 { Lo 1 2 .3
R - p——

a, | 1 1 2 4

b, | 2 2 4 3

cs o o o 1

sy } 3 3 1 3

B. Subtraction:

Subtraction is realized as a complimented addition.

Let a = a a

_m a-m+1 LR LI | _1

The @ = =a

The algorithm consists the following rules
Rule 1, If ay #0fori=-m -m+ 1, ...... , N
then a; = p - 8y for 1 = - m

Ei =(p-1)-2a;, for-m+1<i<n

Rule 2. If a; = 0 for - m< i < j, then
a, =0 for -m<1iz<]
and Ej+1 = p - aj+1

Ei =(p-1)-a, fori= j+2<ic<n
.../53...
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e.g. p = b r =
Let a = °/4 = .0433 then g = °/4 = ,0111

Multiplication

Let o« and g be the multiplicand and multiplier respectively

= a
e & m om+l

L —

The algorithm consists in forming

pij = biaj for i = -m, -m+34 , ...., n and
for the values of j = -m, -m+1, ..... , n-1 and then
forming the partial products Py and the final product
p shifts and additions as specified by the following
recursions.
For each i form

P = biaJ for J = «m se00s n -1

ij
Then obtain
n
P, = L P., 4 (m+ J)
i j = -m ij

Where A (x) indicate right shift of the number by x
n

digits for x > 0 and o . B = b Pi A (m+l) =
- e
n
 » Pi A (m+1)
j=-m
E.g.
Take o = = ,4333

g = = ,2313 forp =5r = 4

asB = /12 = 3424

Ll 2 L T

See table (2)



Table (2)
——
0 1 2 3
5
=
! | 4 3 3 3
bi 2 3 1 3
Poo 3 1
Py 1 1
p02 1 1
pn3 b
Py 3 2 2 2
P1 2 1 1
Py 4 3
Pa 2
P 3 1 2 4
D. Division
Let a = .ao al ...... an be the dividend
R = .bo bl ....... bn """ divisor
Y= Qg Ay +eenn » 4 g " " gquotient

The division algorithm consists of the following steps,
we assume here bo # 0 for b0 = 0 see below

Set R0 = g = Zeroth partial remainder.

o f OBiay
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Let Ri denote the partial remainder at the ith stage and Rii

denote the ith digit of R1 , Then

B -1
a; = Ryy By

(mod p) for » = 0, 1, .,¢se , N
where bSl is the multiplicative inverse of bo , the leading
digit of . The next partial remainder Ri+1 is then formed

using Ri+1 = R1 + qisﬁ(i) where

B is the complement of B and A (i) denotes
right shift by i digits. The algorithm terminategwhen a, is

obtained.

Remark: If b0 = 0, shift the divisor left keeping count
until the first dipit is non-zero and suitably adjust
th> quotient. It is assumed that by shifting the divisor,
it does not go outside the range of the order N Farey
Fraction for the given H(p,r), in such a case the division
operation is invalid.
E.. P = 5, r = ¢4

a = %/9 = 2243

g = Y2 = 3222

Yy = 16/9 = .4432

e = 92 B = .2222

See table 3.

: /88
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Table 3
i 0 1 2 3
R 2 2 4 3
aoBA(0) 3 4 4 4
Ry 0 2 4 3
a,BA(1) 0 3 4 4
R, 0 0 4 3
q,BA(2) o o 1 2
R, 0 0 0 1
agRA(3) o o 0 4
R, 0 0 0 0
Y 4 4 3 2

from the above table R__ equals2 , then q,= 2x2 (mod 5)

-1
since bo = 2

4.4 Conversion Alporithms (Krishnarmurthy 1975)

It can be proved Rao (19 75) that the p-adic arithmetic with
r-digits can be considered equivalent to the residue arith-
metic modulo pr except for the fact that the multiplicative
inverse of b(GCD(b,p) #) is taken as the inverse of the
factor ¢ where

b = pe ¢ with GCD (p, ¢) =1
Ly
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Therefore as in residue arithmetic, if a multiple @ = kb
(k is integral of b is known or computed during the course
of the algorithm then a/b can be computed. We call @ as the
CODE. The computation of ¢ will be discussed with.

Since the p-adic is equivnlent to residue arithmetic
modulo pr then we can introduce the idea of functions and
function values

(1) For each integer a, 0 < a < pr -1
r

value (a) = a if 0O <ac< 2_52_}

=a - pr otherwisc 4.4.1

(ii) Let m, be the mantissa part of a p-adic number, then

I(m } is the integer r sven by
G r-1 @

I(m ) - L s 1
(41 i=0 ipi 4.4.2

Let = (ma » €4 ) be the H (p,r) code of o and @ =
(m@, eP) be that of the code. Since ¢ 1is an inteper
e@d = O, Note that the value (I (m@)) pives the sign and

magnitude of @

Let y =a @ = (rnY : eY ) say where m_ = m .m' and
o, = o clearly ka and equivalent of a/b = F% ab*l.kb|p
in residue arithmetic is given by

1 VALUE (I (m))

P?® VALUE I (m@) 4.4.3

Thus, piven the H(p,r) code of a rational, it can be

recovered with the knowledpge of denominator or that of integral
multiple, One way to know the denominator is to carry it
along with the H(p,r) code of the rational throughout the

computation and modify it along with the arithmetic
na.,58.-
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operations, The first procedure section 4.4.,1 is based on

this principle. A different way to compute a multiple of the

denominator of the result is to keep track of the denomina-
tors in the process. In this regard a 'CODE repgister"
can be maintained and computing the code as a byproduct in

the computational pbrocedure.

4.4.1 Method of sclf-denominator Krishnamurthy (1975)
Here every rational number a/b is represcented as an ordered
pair (M, E), where M is the p-adic representation or the

H(p,r) code (ma , € ) ofa and E (an integer) is the p-adic

o
representation of the denominator b, (usually taken as

positive). Then the basic arithmetic operations involving

two operands (M EI] and (M Ez) are carried out according

37 a’
to the Following rules in order to arrive at the (Ms, ES)‘

Here +, -, ., and/between M M2 denote the p-adiec arith-

1'

metic operations and(i}@ Q, between (M El) and

1’
(Mz, Ez) denote the generalized p-adic floating denominator
operaticns.

(a) Addition/Subtraction
(My, Ep) (D)(H,, Ep) = (Mg, Eg)

where M, = M, + M, and E, = LCM (E,, E

o)
(b) Multiplication

where “3 = Ml.Hz and E3 = EI'E2

./59...
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(e) Division
(M) B (My Ep) = (M3, Ey)
Where My = M /M, and Ey = Ey |U,.Ey|

where |M2.E2| is the absolute value of M,.E, in

p-adic represcentation.
When the above representatiom is used then the

rational equivalent of a number (M.E) is given by

VALUE (IEM.E)) = VALUE (I(M.E.))
VALUE I(E)

since E is assumed positive 4:9.2

Example 4.4.1

Consider the evaluation of the expression

«trz + 3my3s - A3y - iz
In Table 4, we tabulate the results using the

above method,

..‘/GOII.
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Table 4
Comments Operands Results
Initial 1,9 (.322222 EO;  .200000)
Conversion 37 (.402141 EO;  .210000)
(Rational to p-adic) /6 (.300000 F1; .010000)
‘13 (.331313  EO;  .300000)
5/12 (.034242 EO;  .220000)
1,3
1+3 (.234310 EO,  .420000)
3 4 ,
3-3 (.321313  E1;  ,030000)
1,3
§ f 2 . ;
a1 (.041232 EO;  .401100)
57 3
1.3
2%'7 5
% - 35 (.012130  Eo;  .441210)
-
Result (~1555/4,,)

4.4.2 Alporithmic common denominator method. This method

is more economical than the method of self denominator.

It is based on the principle that every algorithm, has its own
common denominator that can always ~ be computed in advance

or in parnllel with the alforithmic operations, The output
can be converted into rationals using

P | VALUE (I (mc. m ) mod p")

s 4.4.
pa VALUE (I(mc))

/61...
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where l(p, T, a) = (mct € ) and CONDEN = (m,, ec),ec =0
and COMDEN is the common denominator of the alporithm. The
example of this method is given in the applications of p-adic

arithmetic procedure to compute symmetrizer,

4.5 Aprplication of p-adic arithmetic to computing symmetri-
zer and Reduction cf =2 matrix to Hessenbere form.

As said earlier, a given prime number p and a positive
intepger r(> 1) the rational numbers a/b ]n] » | b] iJQ;E:;B/Z
have a unique FH(p, r) code. The choice of p and r should be
such that all the input and output entries are representa-
ble uniquely by H(p,r) codes.

It can be showed that for Datta (1973) Algorithm for

symmetrization of a given matrix A

v 2(n-2)  n-1

p > 2 4.5.1

2(n-1) an-l

or r > log 2 4.5.2

1
log p

4.5.1. The Datta Alegorithm
1

[xi+lﬁhﬁi+1. 1+1 xi+1 e e on s
X 4.5.3

With this alrorithm the COMDEN can be computed in advance

and so conversion into rational will therefore use method

n-1
COMDEN == 121 Ry 443 in p-adic.

4.4.2,

Example 4.5.1,

To calculate the symmetrizer x of the given matrix

A = 3 2 0
3 4 2

1 2 2 162
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Solution
let P=5r=4
p¥ = 625 > 128
Step 1 Compute COMDEN
COMDEN = 2 x 2 = 4 .4000, EO,

Step 11 CONVERT all entries of A into n-adic.

. "y
| .3000 EO .2000 EO  .0000 EO
A= .2000 EO ,4000 EO  .2000 EO
.1000 EO .2000 EO  ,2000 EO

- -

Step II1 Choose Xn = (1, 0060 .... 0)
Xq = (.1000 EO, .0000 EO L0000 EO)

Step I11I Compute xn—l’ ........ Xl

Using the relation , 3.5.3

X =_].'._.

2 a23 (Xaﬂ - aaaxa)
= (,3222 EO .1000 EO L0000 EO})
o O ?L“' (XA = a,,X, = 8,0 Xa)
et 2 2272 32 8
= (.4333 EO . 3222 EO .1000 EQ)
.4333 EO .3222 EO .1000 EO
X = . 3222 EO .1000 EO 0000 EO

. +-100 0 EO .0000 EO .0000 EO

Then convergion into the rational can be done for each

element of the symmetrizer using equation 4,4.4,

./63. .4



VALUE I (.4233 x .4000) mod 625)
52 VALUE T (.4000)

= 1
4
A 1 1 g
- = a .Y 1
1
35 1 0
1 0 0

4.5.2 Reduction ognghggtrix to the Hessenberg form.

The reduction of a general matrix to a Hessenberg form

using p-adic arithmetie can be carried out in the

following steps.

Step I

Step I1I

Step III

Step IV

Select the Prime and therefore find out r the length
of the Hencel code

For the choice of pr Sec page g7,

Convert a2ll entries of the given matrix to p-adic
codes using the algorithm B of section 4.2,

Carry out the transformations as explained in
chapter one but interchanging rows and columns as
well as choosing the larpgest element are un-
nccessary.

Compute the COMDEN

a

COMDEN = “ﬁ? 2
i=1 L

i +1

Where a is the current value after post and

i’ i+l

pre multiplication of A by mj and m]l respectively.

240 been the 240 e¢lement of the originnl matrix.

||a/6‘1.--
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Step V Convert back into rationals using algorithm of
common denominator method as explained in
section 1.4.2,
The symmetrization can be carried out using
the steps in 4.5.1.

Example 4.5.1.

Reduce - .
5 4 6 8
2 3 2 1
1 3 4 2
3 3 1 1
to the Hessenberg form,
P=5, r=68.
,010600 . 100000 .110000 .310000 7
Step II A = |-200000 .300000 .200000 ,10000
. 100000 .300000 . 100000 .20000
300000 . 300000 .100000 .40000
my; = . 100000 .000000 .000000 .000000
-.110000  -.310000
. 000000 .10000¢ 500600 0000
.000000 . 000000 .100000 .000000
000000 . 000000 .000000 .100000
= .100000 .00 0000 . 000000 .000000 |
. 000000 .100000 .122222 .344444
.000000 ,000000 .100000 .000000
| . 000000 .000000 .000000 100000 |

. /65,



mzj

1

an(?) o

-1
2y " A o

3]

.100000
. 000000
. 000006
. 000000

.010000
.200000
. 100000

.300000

.010000
.420000
.100000
. 300000

.100000
. 000000
. 000000

.000000

. 100000
. 000000
. 000000

.HN0H000

-65-

.00N000
.100000
.000000
. 000000

. 400000
. 300000
.300000

.300000

.400000
.103222
. 300000
.300000

.000000
.100000

. 000000

. 000000

000000
. 100000
. 000000

. 000000

.000000
.422222
.100000

. 000000

.000000
. 022222
.222222

412222

.000000
.140111
. 222222
412222

. 000000
. 000000

. 100000

000000

. 000000
, 000000
., 100000

L 00CON0

i OB .50

-.024444

.000000
.200000
.000000

.100000

.000000
.044444

144444

. 344444 J

.000000
.024444

144444

. 344444

.000000

.000000

.140111
.100000

-

.000000
. 000000

033041

.160000



-1
{22y 5 u(2)

-1 -
al®)y (2

COMDEN =

.112320

. 100000
Malsielaisle]
. N00C00

. NONGON

3(3)
[ . c10000

420002

LAnnnnn

.300000

1
A u(2)

I© .n15000
L 420000

.414224

| .30000¢

I(C) = Integer (comden) = 1681

Then using aij =

With the above example e“

E =

86~

. 00NCN0
. 100000
000000

L D0040N

LANDN0N
.103222
3000060

. 30N000D

u(3)

400000
.1£3222

.314224

. 3000200

, 000000
. 000000
100000

.06000

.ON0HON
.140111
222222

412222

AL TISTATS)
.140111
.200021

. 41222

VALUE (I(Ca iJ))

pos

VALUE (I(C))

= EN 2 nCa = ]

= Rational Hessenberg form,

N N b
-‘t_;.' n
-461 2166 |
Y 1681
-7 128
2 4

.009000
. 0N0N0N
.N21403

100000

.NNONCO
. ONNnnn
.103421
. 312201

000000
. 000000
.1n03421

.312201

n/6?o‘n
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4.5,3, Choice of nrime

The choice of primes for multiple moduli arithmetic or
p and r for p-adic arithmetic dep ends on the maximum value
any intermediate element may assume in the reduction pro-
cess,

The following criteria for the selection of prime is
suggested in Howell (1973) for the reduction of matrices
to Frobenius form- since the procedures are similar, we
alsc suggest that same criteria can be used for cur
purpose when reducing the matrix to the Hessenberg form:

For multiple prime n
{ n‘) n
M>2 {[3f (@)
n
r

or P > 2 ( E%,) (a)n for p -ndic where is a
bound on the maximum edigen-value of A, and n is the size

of the matrix. ({ J = lower integral part).

ce../B8....
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CONCLUDING REMARKS

The objective of this dissertation is to describe
error-free methods for transformation of a matrix to the
Hessenberg form as well as symmetrization of matrix in
the Hessenberg form.

In achieving this objective, Chapter 1 of this
dissertation dealt with the reduction of a matrix to the
Hessenberg form by the use of simple elementary similarity
operations.

Chapter 2 was concerned with some applications of the
symmetrizers and various methods of symmetrization,

Chapter 3 dealt with the basic concept of residue
Arithmetic, this includes both the single prime modulus
and multiple moduli Arithmetic, Also the use of Chinese
remainder theorcm and the algorithm for finding the mul-
tiplicative inverse of any given element over a finite field
were described.

In the applications of the residue arithmetic, however,
one important thing is the choice of the prime for a parti-
cular algorithm.

It was also observed that if any elcment &y 1 +1

turns out to be zero during the process of symmetrization,
for a particular choice of prime, one has to choose a
different prime and carry out the symmetrization of the
matrix.

I (|
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Chapter 4 dealt with the finite segment (of length r ~digits)
digits) p-adic Arithmetic called the Hensel Code of a
rational number a/b denoted by H(p, r, a). The algorithm
for conversion into the Hensel code was also dealth with,
The algorithms for performing arithmetic cperations were
also described. For conversion back into the rationals
when all operations have been performed, a number of methods
were suggested, of which the method of common denominator
has been found to be the most suitable for the matrix
transformation algorithms.

In conclusion, however, the p-adic arithmetic offers
a better method for the reduction of a matrix to the
Hessenberg form and for the symmetrization procedure, since
one works with a number pr, the problem of any one of the
elements of the form 2is § 41 turning cut to be zero
does not arise. Also the use of Chinese remainder theorem
is not required as the results are directly available in

base p and only need be converted to the decimal base.

oJ70...
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