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CHAPTER 1

INTRODUCTION

Populations in nature and in the laboratory are finite, since
any population maintained for experiment or breeding improvement must
be of limited size, and in the natural state effective breeding
numbers are limited by geographical locations. Hence any genetic

population theory should take that into account.

Gene frequency changes are a consequence of various pressures
acting on the population, which can cause radical change in the genetic
structure of the population. The various factors by which this change
of frequencies is brought about can be conveniently classified into
three groups. Here gene frequencies mean the proportions of a par-

ticular gene in a given population.

The first consists of factors which cause directed changes,
such as mutation and migration occurring at constant rates, and
selection of a constant intensity which Wright, (1949) called the
systematic evolutionary pressures. The second group consists of
factors which produce random fluctuations in gene frequencies, of
which two different types may be recognised. One type is the random
sampling of gamates in a finite population. This becomes important
when the population is very small since the gametes that transmit genes
to the next generation carry a sample of the genes in the parent
generation, and if this sample is not large, the gene frequencies are
liable to change between one generation and the next. This random
change of gene frequency is sometimes called the DISPERSIVE PROCESS

with its three known important consequences:

(i) Differenciation between sub-populations,



(ii) Reduction of the genetic variance within the population,and
(iii) an increase in the frequency of the homozygotes at the expense

of the heterozygotes.

The other type is random fluctuation in systematic pressures,
of which fluctuation in selection intensity is especially important.
There is a third group of factors consisting of events, such as chromo-
some re-arrangements, duplication or deficiency of a nucleotide sequence

or polyploidy, that may occur only once in the history of a species.

This study discusses the second of the three factors, random
sampling of gametes as they act to change the genetic make-up of the
populations considered in conjunction with the systematic pressure of
selection. We will regard the process qf change as a stochastic process,
where this means the mathematical formulation of a chance event evolving

in time.

The purpose of this study is to compare diffusion approximation
results with exact results obtained by Markov chain formulations for
very small genetic populations. Populations of diploid individuals will
be considered, generally under selection of genes of a single autosomal
locus (i.e. not on sex chromosone). Two alleles on this locus are
assumed, Populations of size two and Lhree are considered. The first
consisting of one male and one female, and the second two of one sex and

one of the other (two males and one female).

When selection takes place, individuals contribute different
numbers of offspring to the next generation and when a gene is subject
to selection, its frequency in the offspring even with no sampling of
gametes is not the same as in the parents; since parents of different

genotypes pass on their genes unequally to the next generation. In this
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way selection causes a change of gene frequency and consequently also

of genotype [requency. We also have to take account of the degree of
dominance shown by the genes in question. Dominance in this connection
means dominance with respect to fitness (the proportionate contribution
of offspring to the next generation). With no selection, the original
number of individuals all contribute equally to the next generation.

In this study, the strength of the selection as expressed by the co-
efficient of selection, S, which is the proportionate increase in the
gametic contribution of the Alnl and Alﬁz genotypes over A2A2 genotype
is taken as 0.0, 0.04, 0.08 and 0.12. The dominance values, h, used

are 0, %, 1 and 1}, corresponding respectively to "recessive, Madditive",
"dominance" and "over dominance" selection against Alkz genotype. The
method of sampling of gametes hefore selection is employed. Mating

is assumed to be random in that a randomly chosen gamete produced by a
male will combine with a randomly chosen gamete produced by a female

and only non-overlapping generations are considered.

-

In what follows in this study, two models have been put forward
for the process of change of gene frequency. The first assumes the
process is Markovian, that is Lhe probability distribution of population
structure at a given time t1 depends on the structure at a preceeding
time to but not on the previous history which has led to the structure
at to where tu< tl' The second considers a continuous stochastic
process in gene frequency changes. We further assume that random changes
in position in each generation are very small and there are infinitesimal

times between generations.

The fundamental equations used to study this continuous
Markov process are the Kolmogorov forward and backward equations

(Kolmogorov 1931), summarised by Kimura 1964 and that developed b
Yy



(Feller, 1954.) The Markov chain formulations (exact approach) asgsume
that there are discrete generations. We examine the diffusion approxi-

mations for the following quantities:

(i) The probability of ultimate fixation of Al - gene,
(ii) The probability of fixation of Al - gene by the nth generation,
and

(iii) the expected mean time until fixation of Al - gene.

The diffusion approximations are obtained for these quantities,
using where necessary numerical integration, and the exact values by
either powering the transition matrix or by a matrix inversion on a

high-speed computer.

Since the main reference for this study is on a paper hy
W.T. Ewens (1963) who found that the diffusion approximation results
are remarkably accurate for a population of size six, dominance value
0, and S values (0, 0.02, 0.04, 0.06, 0.08 and 0.10) and with no sex
differenciation. His results also suggest that diffusion results are
more accurate, in an absolute sense, near the boundaries than in the
interior of the gene frequency interval - a negation to the results

thought by (Fisher 1930, Kolmogorov 1959) that diffusion methods break

down near the boundaries within which the variate under selection lies
and that branching process techniques are necessary to examine the
behaviour of the process near such points. Ewens also found that for
small values of 8, the diffusion approximation to the probability of
ultimate fixation is very close to the exact value and that the
approximation errors in the mean times are relatively greater than

those for the probability of ultimate fixation.



With small populations the number of different gene frequencies
possible is limited. Thus population of size two transient states
initial gene frequencies reduce to only three distinct values instead
of seven, while that for a population of size three reduce to seven
distinet values instead of thirteen. Also it is unlikely that the
di ffusion approximation is going to be good in small populations in
that there is an underlying assumption of a "continuous" gene frequency
(i.e. from a large population) and that with small populations this is
manifestly not the case. There must be compensation made for in-
equality of numbers of two sexes in the diffusion approximation, and a
single initial gene frequency is determined by taking the average of
the initial gene frequencies in both males and females, rather than

one in each of the two sexes.
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CHAPTER 2

THEORETICAL DEVELOPMENTS

2.1. Congider a population consisting of a fixed number Nh males

and Nf females and one locus with only two alleles Al and Az.

Let the initial proportion of A, gametes from the male popu-

1

lation be nl and proportion of A_ gametes be qz such that “l + nz = 1,

2

Similarly, the proportion of A and Az gametes in the female population

1
are al and mz respectively such that al + a2 = l. We assume that
mating between the males and females is equivalent to random union
among their gametes, i.e. random mating. The three ﬁossible genotypes

therefore have the follewing frequencies.

AvAhy Ay ARy

LI o My oy n.%,
If the relative fitness of the three genotypes are 1+8,

1+hS and ! respectively, the frequency of Al in offspring (Infinite

population of Offspring) is thus

1 s
P = | ﬂlﬁl (1+8) + z(ﬂluz + nzal) (1 + n8)

0,0, (1+8) + (1+hS) (lea2 + nzal) + 32“2-_:53__H

(1)

To form the next generation, samples of sz male gametes

and 2Nf female gametes are chosen at random. We are therefore assuming

that family size is random, IFf at generation t the male population

contains 2N 7. A, - genes and thus 2N {1 - §.)} A - genes, then the
m'L 1 m 1" 2



probability I'(rm} of the (t + 1)th generation containing exactly r

Al - genes among males is given by the binomial distribution

2N rm ?.Nm— r
P(r ) ( 21 p® (1 -p) =
m I‘m

(2)
rm = 0, 1, 2, cessewe 4 2Nm
Similarly P(rr) for the female population is given by
2N 2N, - 1r
: 4
P(r ) ( f) Fr iy & %
f r
T
(3)
rf = 03 1, 2, sresesnne 2Nf

where P is given in (1). These probahilities depend on Mys Nys &gy

and a.z.

Since the number of male and female Al - genes are determined
by independent sampling, the probability that the '"next generation"

has v male gametes, re female gametes before selection,i.e. that the

—_—

2N

gene frequencies are (rm rf\ or the new T'jl. a’.l at generation
,
m 2Nf

(t+1) is then P = P(rm) P(rf)
(%)

111 male Al - gene frequency is given by

‘ 1 2 & m &
t—- L , e e ———,
rl]_ - 0, /_Nm, /2Nm= L] BN 1b

m

Similarly for the females we have

2N_ -1

1 2 r
alE[()‘ /ENfII /mf‘ 1*ssesnses —.2.N_-._1 1



Let X(t) {ql 3 ml) be a two dimensional vector representing
the number of Al - genes in Males and in Females in generation t.
Then the stochastic process (X(0), X(1),-- - ) is a finite Markov

chain with state space given by the two parameters (nl, ml) and with
transition matrix P having (4) as its element. State with parameters
(0, 0) i.e. N, = 0 and @, = O represents a fixed population consisting
entirely of homozygous A2A2 individuals. Likewise, state (1, 1) repre-
sents a fixed population consisting only of the homozygous AIAI
individuals. Thus states with parameters (0, 0) and(1,1) are absorbing
states and the remaining states are transient. Also the finiteness

of the chain implies (Parzen 1962) that the probability of the popu-
lations ultimately becoming fixed AlAl or A2A2 is 1. The transition
states are given by the two parameters nl, o

il

PARTICULAR CASE

Population of size two where Nm = N.= 1.
Thus ﬂl = 0, 1/2, 1 and

lxl = 0, 1/2, 1

Since there could be O, 1 and 2 Al»genes in each population.

Thus the states are given in terms of the two parameters as follows:

(nl, ml) corresponding to Male Female
(0, 0) " AEAB ABAE
1
) "
(o, "/2) AN, ALA,
(o, 1) n Az.&g AlA]
(1/9 0) n A A A_A
= i i 27
1ya, 1 2) " A A AA
(72, /2 172 172
1
"
(“/2, 1) AA, AA
(1, o) n A_A A A



(1, 1/2) Corresponding to AA AA

(1, 1) " ALA A A

Thus in this case we have a 9-state Markov system where
the states are denoted by 1, 2, 3,ecesaes,9 respectively. Our
transition matrix P is given by

(p;..) = P = Pr) Plr,)

Y (5)

where Pij is the transition probability from ith state (which defines
th
i b )

LIE ml) to the j state (defined by ro rf), r and r_ are chosen

. .
to be appropriate for the Jj B state, e.g. for a population of size two.

if!', fi State {111, cx'.l)

0 0 1 (0, 0)

0 1 o (0, '/2)
0 2 3 (0, 1)

1 0 Iy (!/2, o)
1 1 5 /2, 1/2)
1 2 6 (1/2, 1)
2 0 7 (1, 0)

2 1 8 i 8 1/2)
2 2 9 (1, 1)

The value of P given in (1) is fixed for a particular i in
(5) and the jth state is governed by varying v and rf appropriately.
Likewise, for a population of size three, where we have 2 males
and 1 female (the case 2 females and 1 male is considered to be sym-

metrical with the first since we are considering only autosomal locgi).

Here N = 2 and N = 1
n T
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1 1
Thus By = o, /h, /2, 3/4, 1 and
1
o, 0, /2, 1
gince we could have initially O, 1, 2, 3 and 4 Al - male genes and
0, 1, and 2 Al - female genes. In this case we have a 15-state

Markov system and each state governed by P in (1) and roand r.

The 15 states are given consecutively with respect to their parameter

values,
State (“1’ alJ
1 (0, 0)
o (o, 1/2)
3 (0, 1)
4 (1/!;, 0)
5 C/a, /2)
6 (*/u, 1)
7 ('/2, 0)
8 /2, 1/2)
9 (1/2, 1)
10 (3/!;, 0)
1 G, 1/2)
12 G, 1)
13 (1, 0)
14 (1, '/2)
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2.3.DIFFUSTON APPROACH

The diffusion approach makes use of the Kolmogorov forward

and backward equations which are briefly described as follows:

We assume in subsequent parts of this discussion that the change in
gene frequencies is Markovian, that is, the probability distribution

of gene frequencies at a given moment t depends on the gene frequencies
at a preceeding time ts (t0<f) but not on the previous history which
has led to the gene frequencies at to. It is also assumed.that the
change of gene frequency is a continuous process, that is, for any
given positive value, € the probability that the change in x during
the time interval (t, t +&t) exceeds € is O(§t) i.e. an infinit-
esimal of higher order than qft where x is the gene frequency of Al

at a time t. We further assume Lthat there are no overlapping

generations.

For the Kolmogorov forward equation, we consider a pair of
allele A and A, with respective frequencies x and 1-x. let @ (p,
x, t) be the conditional probability density that the gene frequency
is x at time t, given that the initial frequency is p at time t = O.
This gives the transition probability that the gene frequency moves
from p to x after time t. With p fixed, ¥ (p, x,t) determines a
frequency distribution such that when I/ZNe is substituted for dx,
# (p, x,t) dx gives an approximation to the frequency of the class
with gene frequency x (0<x<1) at time t. This frequency distribution

may be denoled by(Kimura, 196%).

f (x,t) = @ (p, x,t)/ZNe (0 < x < 1)

(6)
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since p is fixed, @ (p, x, t) will then be written as @ (x, t).
Note that the above relation holds only for unfixed classes, i.e.
O x < 1, Frequencies of classes with x = 0 or 1 have to be treated

separately.

(Kimura 1964) showed that @ (p, x, t) satisfied the

Kolmogorov forward equation

b {p; 2%, &) 1 7)2
_&E:'_I— o o vix, t) # (p, x, t)

pe

x

Mix, t) # (p, x, t)

(7)

where M(x, t) and V(x, t) refer to the first and second moments of §x
during the infinitesimal time interval (t, t + (f’t). The derivation

of the above equation assumes Chat

Lim 1/51; (" gl dx, x; c{t, t) a(dx) = o
t = 0

(8)

for n> 3

i.e. Tt is assumed that higher order moments are negligible.

Since effects of quantities such as mutation rates, rate of
migration, intensity of selection, and effect of random sampling of
gametes which determine x are all measured with one generation as a
time unit, Kimura (1964) suggested we replace M(x, t) and V(x, t),
in the above equation, by Md'x and v(fx’ the mean and variance of the

change in gene frequency per generation (d't corresponds to
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one generation). Thus we obtain

é“i - 2 b—z- (v  #) D
Ot pxd Ox P

(Mxﬁi)

(9)

which is the Kolmogorov forward equation. The replacement of V(x, t)
and M(x, t) by the Variance ﬂfx and mean H&i suggested by Kimura is
based on the consideration that (9) should give the deterministic process

correctly when there is no random fluctuation, ie. in the limit when
v = 0.
dx

Since the gene frequency x lies between O and 1 in general
the process of change in gene frequency in a population through time
is represented as the stochastic movement of a point x on the closed
real interval [0, 1}. Equation (9) thus describes the movement at

least on the open interval (0, 1).

In the above, we have treated gene frequencies after t
generations as random variables and initial gene frequencies as fixed.
For example, in the expression @(p, x, t), x is considered as a random
variable and p is assumed fixed. This means that we have considered
the process of change in gene frequency in the forward direction in

time,

On the other hand. we may regard x as fixed and consider p
as a random variable. Namely, we reverse the time sequence and view
the process retrospectively. We will assume in what follows, that

the process is time homogeneous. That is, if X(t]) and X{tE) are
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respectively frequencies of a gene at times tl and t2 ftz )vtl),
then the probability distribution of X(t ) given X(tl), which in

general s"ould be a function of t1 and t = separately, depends only

on the difference (t, - ll). Then we have

g (p, x, t +&t) = Sg(ffn. p,dt) £ (p+dp, x, t) aWdp)

(10)

The above equation contains g as a function of three variables only,
i.e. 6%, p and(rt. This is because the probability that the gene
frequency changes from p to p + db during the time interval of

length St is the same for any t (generation) due to the assumption

of time homogeneity. Expanding @ (p + {dp, x, t) on the right hand
side of the above equation in terms ofgfp, and neglecting higher order

moments other than the first and second, we obtain

O (pyxy ) _ VG A% (pox ), ey OB (py x, 1)

ot ) D dp

(11)

where V(x) and M(x) refer to the second and first moments of‘dﬁ during

the infinitesimal time interval (t, t +-dk) respectively.

Re-writing equation (11) in terms of one generation as unit

of time we have

D wdls,, 24 )
Ot 2 Op P 3o (12)

Note here that the initial gene frequency p is the variable and x is

assumed to be constant. Equation 11 is the Kolmogorov backward
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equhtion as applied to the time homogeneous caée, and is the adjoint

form of equation (7).

The initial Al -~ gene freguency is obtained by taking the
average of the parameter values 1]1, and C(.2 since, if we consider the
population at the MInfinite" stage, we must use an average gene fre-
quency, ia.e. 1/2 (pm + pf} because in the infinite population any gene
has probability (of being from male) = Prob(of being from female)=
1/2 with conditional probability p_ (when derived from male) and § .

(when derived from female) of being J\.l type. Further, the derivation

by (wright, 1931} of

N LN I . (13)

made use of the average gene frequency. Here_Ne is the effective

population =ize.
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CHAPTER

PROBABILITY OF FIXATION BY THE

n GENERATTON

Je1ls EXACT APPROACH

Suppose we write R;n), the probability that the system is

(n)

in state j at the nth generation as the row vector R ", the initial

distribution being E}D). Now the distribution at the first gener-
ation is given by

(1) — (0)
Rj "2 Pij )

i=1

(1)

since the probability that the system is in state i initially is Rio),
and the probability of a transition from i to j is P defined in

Chapter 2, equation(5),and we must sum over all transitions leading

to state j. In matrix notation, we can express (1) as

E(I) = H(o) P where P is as defined in Chapter 2, equation(5).
s] e ]
simiiarly R - g% p . 0P
O
and in general B_(n) = B_( ) _En (2)

The matrix ._I:n therefore gives the required set of n-step transition
probabilities {Pig)z. In the numerical calculations we found the
first, second, fourth,..esse.. one hundred and twenty eighth powers
of P, by using the subroutine FOICKF package of the Northingham
Algorithm Group, ICL 1900 series. By the 6’}“] generation, the
probability that both Al and Az genes are still present is very small

8

(of order 10 ). These mumerical results were obtained for the two

populations, when the value of 8 - 0 (no selection.,) The numerical
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results obtained by powering a transition matrix are subject to the
rounding error in the computer, However, these results were checked
by adding the elements in each row of each power of the matrix. It
was found that the sums thus obtained differed from unity, at the
most, in the eighth decimal place, so that since all results are
given here to four decimal places, only they may be taken as being

correct to this order.
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3.2. DIFFUSTON APPROACH

The diflusion approach makes use of the Kolmogorov forward

equation given in Chapter 2 by equation (9).

[\]

1o |

[+

24 o
Ve #) - O (m #)
bt Bx Jx E’; &s'x

(3)

Let Al and A, be a pair of alleles with respective frequencies x and
=~

1-x. We assume that mating is at random and mode of reproduction

is such that Nm male and Nf female gametes are drawn as a random

sgmple from the population to form the next generation.

The selective advantages of AIAI and klﬁz genotypes over
AaAa genotype are 5 and Sh respectively, The mean and variance

of the change of gene frequency x per generation are (see appendix

M = 8x(1 - x) h + (1 - 2h) x}
& x 1 )

and

VEx = T (5)

where Ne is the effective population size given by Equation (13) in

Chapter 2.

We shall consider the case of § = 0 only as solutions for

other values of S are difficult.
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ﬂ{i = 0, and hence Equation (3) above becomes

2
%¢ __!l; bbz {x(l-x) ﬁ} O<x<l
ok e x

(6)

where ff = @ (p, x, t) is the probability density that the gene
frequency becomes x in the tth generation, given that it is p at

t = 0, i.e. the initial condition is

ﬁ (p, x, t) = S(X - p)
(7)

wherae;(' ) is the Dirac delta function Solution of (6), is

obtained by Kimura (1964) using separation of variables as

oD o ... —i(i-i-],)t
2 (2i +1(1 — 1 1 N
@ (p, Xy t) = L (21 v =) Ti—.l(r) Ti—l{z) e e
i=1 i(i + 1)
(8)
wherer = 1 - 2p, Z 1-2x and T;_l(r) is the Gegenbauer

polynomial in r,

The above solution is valid only for our class of Al gene

frequency in the open interval (0, 1), but considering the rate of
change in probability in the terminal classes Crow and Kimura (1970)
showed that the frequency of the class in which gene Al is fixed

or the probability that A  becomes fixed by the tth generation is

1

as follows:
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£
f(p, 1, t) = 1/hNe So @ (p, 1, t) dt

D 2 -i(iv1)t
cop e o BLAE) ) (b e M
i=1
(9)

We have t=8, 16, 32 and 64 in our problem, thus for i=5, Ne = 2

( population of size 2) and t=8, we have
-i(i+1)t
e Ne = 9—30 which we see is very small for our
smallest value of t and since for a given i, Ti l(r) is a polynomial
in p(the initial gene frequency), for r = 1-2p from (8), it follows
that T; 1(r) is finite and not very large for our class of values of
p in the open interval 0 < p < 1. From the foregoing, it therefore

follows intuitively that our summation should be reasonably good for

values of i between 1 and & only.

Putting r = 1-2p we have

1= B® = hp (1-p)

thus (9) can be written as probability (fixation by g7 generation)

oD o
. -i(i+l)t
= p+ :EE (-1)* 2(2i+1) p(1-p) 1 AN,
- T, .(2p) e
i=1 e i-1
i(i+l)

(10)

Thus summing over values of i from 1 to 4, we have

Probability of Fixation
—31;/1tN
e

e

_L-]_ P _ g(j) P(l"l’) T:; (]"'2[")

2
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s i) 5 ﬂst/hN
o 20Lpn) g Ay e -
- 12t
© /AN
= 3(7)15(1—2) (1-2p) - o
- 20t
o T /N
5 L-(())"OE[‘I_E} T31(1—2p) & [&]
" 1 .
T, {r) = 1
1
) (r) = 3r
tzl(r) = 3/2 (Srg—l)
’I‘Bl(!‘) = 22 (e - 3r)
where r = 1-2p, thus we have for probability of fixation
‘2t/%Nﬁ —Gt/hNe
L P - 3p(l-p) e + 5p(1-p) (1-2p) S
- 7p(1-p) (1-5p+5p~) e
-20t
1
/rNe

+ 9p(1-p) (1-2p) (1—7p+?p2) e

The probability of fixation by the 8th, 16th, 32nd and 64th gener-
ations given by the above expression is then ebtained numerically
on the computer for the various values of the initial gene frequency.

The two populations effecltive sizes are 2 and :.‘.2/3. Here as in all
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subsequent discussion in this work, the initial gene frequency is

taken as the average of the two parameters nl and al. Comparisons

are made with the exact solution when there is no selection.
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3.3+ RESULTS

Tables 1 and 2 give the exact values and diffusion approxi-

mations (D.A) for the probability that the Al - genes have become

fixed in populations of size 3, and 2 respectively, by the jth

generation, given initial proportion of Al genes as the average of

the two parameters nl and ul.

Figures 1, 2 and 3 refer to graphs of R (probability of
fixation by jth generation) against generations for fixed initial
Al - genes frequencies 0.25, 0,50 and 0.75 respectively.  Graphs

a and b in each figure refer to populations of sizes 3 and 2 respec-

tively.
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F.h. DISCUSSION

It was found that the diffusion approximation becomes more
accurate as |j increases as would be expected. For j = 64 the
approximation gives the exact value to four decimal places considered
in this study. For j less than eight, the diffusion approximation is
VEery poor. From the tables and graphs it will be noticed that the
diffusion approximation underestimates the true probability for all
initial gene frequencies and all values of j considered for both popu-
lations. The results also suggest that the diffusion approximation
errors are less in a population of size 2 than in a population of
size 3. (This could be better appreciated by comparison of any pair of

the figures labelled a and b drawn to the same scale).

Further, the Diffusion approximation gave the same results
for all those states with the same initial gene frequency {(average of
the twe parameters) even with states with different parameters, while
the exact results differentiate between these states. Thus states
3 and 8 in Table 1 give the same diffusion result, while the exact
approach give slightly different results. The same holds for all other
states whose average frequencies are the same, but whose initial para-
meter values are different. The convergence of the diffusion results
to the exact results as j increases also suggests that the approxi-

mation used for our summation in 3.2 is reasonably good.
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CHAPTER &

PROBABILITY OF ULTIMATE FIXATION OF
AND ALIELE (Al)

L.1l. EXACT APPROACH

Consider here the case of population of size 3 with 2 males
and 1 female. As stated in Chapter 2, we thus have a 15-state

Markov System with the first and last states as the absorhing states

Let Uj be the probability of ultimate fixation of Al -

allele from state j to state 15.

th
Then Uj =  Prob(from j state to lsth state)
15
= Prob(from jth state to K° state in one step)
K=1

x Prob(from Kth state ultimately to the 15th state)
15
lea Uj = E IjK Uk (1)

where PjK is the probability from Jth state in one step to the Kth

state and UK is the probability from Kth state ultimately to the
15th state.

i can B i S 1
U0 = 0 since it is impossible to go to the lﬁtl state from

the first state.

Similarly U, _ = 1
15

Thus from (1)

lﬁ?
U, =<~ p..U

. = s Wee ' oy ws
J %5 JK K j' 15

j ¥ 2' 3’ !!1.0-l-u.-.1!’!
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Lel

= U a 13 x 1 column vector

P P
2.2 T T2 Ficsssussveien - Dyl

- Q
P - e & s ésasses P
P2, Tinys 14, 14
P
and 2,15
= b g a 13 x 1 column vector
p11’},15

Thus our system of equation reduced to the matrix form

S = QY ~ K

{(2)

where Q as defined above is a 13 x 13 malrix of transient state

probabilities from equation (2)

u - (1-9'«x (3)

where T is a 13 x 13 unit matrix.

1 o
The matrix (I - Q) = ?Q“
f=0 . 3
of transient state probabilities and Lim Q = 0, the null matrix
n—sed

does exist since Q is the matrix

(Cox and Miller 1965).



Likewise an equation similar to (3) also governs the probability of
ultimate fixation of Al - gene for the population of size 2. Here
however, Q reduces to a 7 x 7 matrix of transient state probabilities.
Equation (3) was solved for various values of the parameters S and

h. For the two populations, solutions were obtained numerically

on 1904 Computer system by using the subroutine FOlLAAF (Inversion

of a non-symmetric matrix) package of the Northingham Algorithm

Group ICL 1900 series, after performing the operation 1 - Q.
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L.2, DIFFUSION APPROXIMATION TO THE PROBABILITY OF ULTIMATE FIXATION

Approximation results are obtained by employing the Kol-
mogorov backward equation (Chapter 2) in terms of one generation as
unit of time

2 %Wy, , s .
Ot 2 Op P Op

When x = 1, # in (4) gives the probability that the gene whose
initial frequency was p has become fixed in the population by the
tth generation. We will denote this probability by U(p, t),

for which we have

bL(_P,_tl Y% QPue Dulp, t)
Ot g D + M Sp

(5)

The probability of fixation by a given time t, is the solution of

(5) with the boundary conditions

u (o, t) = o0, u (1, t) = 1

The probability of ultimate fixation defined by

U(p) = Lim U (p, t)
Since?blﬂ ) = 0 for this quantity, the above equation reduces
ESL

to the ordinary differential equation

v B
ESp a ulp) | M dulp)
2 (lpd P dp

(6)
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with boundary conditions

u (0) = o, v(1) = 1 (7)

From Chapter 3 and equations (4) and (5) and Chapter 2, equation (13)

bt -
we have
M - 8x (1 - x) X{h)rfl-:.’h}x}
d x
x (1 - x)
= S ———— £ d
Vd--x ?'Ne an
1 1 1
— [ I
N - /mm + /BN

Equation (6) thus becomes, after a change of notation

2

xl(t;“x) d2U + Sx(1 - x) {l|+(1—2h)x g% =
e dp
or d?‘ U d U
2 = ~-S h+ (1 - 2n) x hNe
dp P
(8)
i.e. _SHN S {h + (1 - 2n) x{ dax
du o
— 1= e
dp
"jf*NpS h + (1 - 2h) x dx
Let G(x) = e ‘

“
{e0s G(x) - exp {— hNeS { hx + (1 - 2h) %}

(9)




Therefore

}‘l
U (p) = S
O

have

p
u (p) = g
[3)

Sl
0

where G(x) is as defined in (9).

38.

and with the boundary conditions, we

(10)

Numerical solutions of (10) using Simpson's rule (with 100 sub divisions

-6 ; :
and accuracy is 1 x 10 ) were obtained for various values of S, h and

p (the Initial gene frequency) for the two populations.
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ultimate fixation as ordinates, versus Sclection Intensity, S, and
incféasing dominance value# 0, 3, 1 and 1% in a population of size 3
with initial gene frequencies fixed at 0.375, 0.50 and 0.75 res-
pectively. Graphs of Figures 9b, 10b and 11b represent the same
gquantities in a population of size 2 except that 9b has a fixed
initial gene frequency at 0.25 (since there is ne initial gene

frequency of 0.375 in a population of size 2).
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67.

DISCUSSION

From all the tables, it is clear that for small values of
S at least, the diffusion approximation is very clese to the true
value, It will be noted that in all cases the diffusion approximation
always exceeds the true probability, that this will always be so for
positive S has been proved by (Moran 1960). Moran obtains a lower
and upper bound for the exact probability, of which the diffusion
approximation is the upper bound, However, the dfference was not so
great (0.0331 at most) and was smaller for high than for low initial
gene frequencies, For both populations, for any NES value, the
agreement between the exact and diflusion results was greater for the
larger Ne and smaller S (compare Ne = 2, 5 = 0.08 tables to
NB = 22/3, S = 0.04). This is not surprising since changes in
gene frequency are expected to approach a continuous process as Ne

increases and S decreases.

Considering the population of size 3, it will be observed
that due to duplications of initial gene frequencies, the diffusion
results did not take into account the initial state in which the process
started. Thus the diffusion approach give the same results for states
6 (£, 1) and 11 (%, %) while in tables ha, 5a and 6a, the exact
approach gave slightly different results for both states for all
dominance values considered (though both states have same average
initial frequency). The same holds for the pairs of states 3(0, 1),

8 (1, 1) and 5(&, 1), 10 (¥, 0). Thus it could be said from both
results that the exact results differenciate for pairs of initial
states with no symmetrical initial gene parameters (nl, al) whi le

the diffusion approximations gave the same results. The exception



to this are the state pairs 3(0, 1), 13(1, 0); 2(0,3), 7(3, 0);
and 9(3, 1), 14(1, 3); that is, states with ymmetrical initial gene

frequency parameters.

It was observed from figures 3a, ha, 5a, 6a, 7a and 8a
that for additive (h = %), recessive (h = 0) and full dominance (h = 1)
gene effects, selection increased Uj, the probability of Ultimate fix-
ation as compared with no selection (8 = 0) for all initial gene
frequencies Pj‘ Uj was a strictly increasing function of PJ. It was
also noted that there was a point P1 (gene frequency at which curves

intersect) below which Uj was an increasing function of h and above

which it was a decreasing function of h.

The probability of Ultimate fixation, Uj for dominance

(h = 0, 3, 1) and over dominance (h = 1.25) was found to be an
increasing function of N_ and § (by comparing Figures 10a and 10b,
1la and 11b) but not a function of the preduct NES as was found for
large Ne and small S by Kimura (1955). While for both dominance
and overdominance Uj was an increasing function of P., the rate of
increase war larger for overdominance (h = 1.25) than for dominance
(h = 0, &, 1) when the initial gene frequency, Pj, was low and

smaller when Pj was high.
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CHAPTER 5

EXPECTED MEAN TIME UNTIL FIXATION

5e1ls EXACT APPROACH

Here again we are congidering this for a population of size
Je. Similar arguments may be employed to obtain the corresponding

equations satisfied by the population of size 2.

Let ’I‘i be expected time to fixation and Pij the probability

Lh

1 ; P
from i B state to the state in one transition.

'I‘1 = 0, T, _ = 0 since fixation has already occured in

these states

then the 'I'i values satisfy the equation

14
3 = 2, 3,---.--.1’!

and following the arguments developed earlier in Chapter 4, section

4.1, we have vector

T agiven by

T = -1 (1)

where Q is as defined in Chapter 4.1 and I is a 13 x 1 vector of

1's.

Equation 1 thus gives the set of mean times until fixation is reached,
where each element in the vector T corresponds to a certain initial
value of the number of Al - genes, Thus exact values for these

mean times may be obtained numerically by mairix Inversion (4.1).
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Likewise Equation 1 also governs the expected mean times until
fixation of Al - genes for the population of size 2. Here Q is a
7 x 7 matrix of transient state probabilities. Equation 1 was
solved for various values of the parameters S and h for the two

populations.
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5e2s DIFFUSION APPROXIMAT ION

In order to find the diffusion approximation to the mean
time we let M(fx denote the mean increase in the proportion of Al -
individuals from one generation where the proportion is x to the next
generation, and \’{x the variance of this increase, Then the diffusion

equation satisfied by the mean time T(x) until fixation for initial

porportion x of A, - genes is given by Feller (1954).

1
x) . 1 %1 (x)
d Tax d Tix
M&i dx 2 ¥ dx dx2 = 3
(2)
with the fellowing boundary condiltions
T(0) = T(1) = O (3)

Solution of (2) is obtained by mumerical integration using the central

di fference approximations to derivatives (C.F. Gerald, 1970).

The derivatives were approximated by finite difference
quotients. Thus replacing the derivatives of the differential
equation above by these difference quotients, convert it te a differ-
ence equation whose solution is an approximation to the solution of

the differential equation.

The central difference approximations to derivatives replace

the derivatives with

dT i+l i-1 2
dx ) 2K + 0 (K7)
X=X,
i
0 T - 2T, + 7T
a’r 1 i i-1 a
> v — = +  O(K™)
dx” | x=x, -
i
where K = x. - X = constant



Substituting these equivalences into equation (2) and

rearranging, we have

2
v - K T - 2V T Me K+ V T = -
( 6} Dkx ) i-1 {xi * (*fx {x) i+l K
(4)
From Chapters 2 and 3
Mc'x = Sx(1 —x)[h+ (1 - 2n) x]
v - x(1 - x)
- A
6& aNe
Putting these values in (4) and rearranging we have
il - 2N SK[h + (1 - 2h) x]} . - 2T,
e i-1 1
4N K>
+1+?.NSK[11+(1—2?1)x] T ot
o i+l
x(1 - x)
(5)

which reduces to

E - QK(H + in)] Tiq =~ 2% + [1 + QK(H + in)-J T. .1

~-hN Kz
o

x.(1 - x,)
i i

(6)

where QNPS = Q and

l1-2h = R
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In equation (6) we have replaced T(x) by T,, and x by

i?

X since these values correspond to the point at which the difference

quatients represent the derivatives.

Our problem now reduces to solving (6) at points in the
interval from x = 0 to x = 1. Let us subdivide the interval into
a number of equal sub-intervals. Here we choose K = 1/8 to
correspond with our inilial gene freguencies in a population of

is ints X, = O 1/8 /8 3/8
size 3.  Thus the points X, = 0, x, = /8, x.=°/8, x, =-/8,

3

ly 5 6, _ 7 B F
X = /8, X = /8, X, = /8, xg = /8 and Xg = 1, subdivide

the interval into 8 sub-intervals.

We write the difference equations in (6) for each of these
values of x with the conditions T] = T9 = 0 corresponding to T(0) =

T(1) = 0 (Boundary conditions) and given xi values 1 = 1, BiuesseeaBe

Equation (6) was solved numerically on a high-speed computer
using the Gaussian elimination method in solving a set of linear
equations for the two effective population sizes, and the various

values of the two parameters h and S. Solutions of (6) at x x

3’ 5
and x7 respectively, correspond to the expected mean times until fix-

ation in a population of size 2 with effective population size Ne = 3.

The results presented in the tables are in terms of generations.



The

5.3. RESULTS

Tables 7a, 8a, 9a and 10a give the exact values and diffusion
approximations (D.A) for the mean time until fixation in a population
of size 3 for fixed selection intensity values 0.0, 0.04, 0.08 and 0.12

respectively. The initial proportion of A genes in the diffusion

1
approximation being the average of the two parameters UM and @, for

all dominance values (0, %, 1,1%) considered.

Similarly Tables 7b, 8b, 9b and 10b give the exact values
and diffusion approximations (D.A) for the mean time until fixation
in a population of size 2 for fixed selection intensity values 0.0,

0.0%4, 0.08 and 0.12 respectively.

The mean times in the tables are in terms of generations.
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5elt. DISCUSSION

It is clear from the tables that the diffusion approximation
in these small population situations studied is not very good. In
almost all cases, the diffusion approximation over-estimates the
exact mean time until fixation. Results for a population of size 3
showed that the exception to the above are states with parameters
(%, 0) and(?, 1) where we have under-estimation by the diffusion

approximations.

As expected, selection decreased the mean time until fix-
ation and for a fixed selection intensity, the mean time was a strictly
increasing function of initial gene frequencies. It was also noted
that there was a frequency value below which for a fixed selection
intensity the mean time was an increasing function of gene frequency
and above which it was a decreasing function of gene frequency for any

fixed dominance value.

In all cases, the mean time is an increasing function of
dominance (0, %, 1, 1%) values for a fixed selection intensity.
Results similar to those obtained in Chapter 4 are observed here too,
i.e. the exact approach differenciates between pairs of states with
the same average initial gene frequency but different parameters,
while the diffusion approximation gives the same result for such pairs
of states. Thus in table 8a, states 3 and 8 give different exact
results though both have the same average initial gene frequency (})
while the diffusion approximation give the same result for both states
The only exception however is the obviousg case with no selection
(s = 0 Tables 7a, 7b) where states with the same average initial gene
frequencies give the same exact results irrespective of the two

parameters involved.
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More interesting, however, is the fact that the diffusion
approximation errors are not as much as Ewens (1963) observed.
(Ewens studied a diploid population of size 6 with no sex differentiation).
He observed that the mean error is approximately unity and suggested
that subtracting unity from the diffusion approximation for the mean
time will increase the accuracy of the approximation. However in this
study the diffusion approximations to the mean times until fixation,
differ by at most 0.5164 in a population of size 2 to about 0,1924 in

a population of size 3, and not by a mean error of approximately unity

as suggested by Ewens.

For both populations, the diffusion approximation errors are
less in a population of size 3 than in a population of size 2; this
is expected since changes in gene frequency are expected to approach a

continuous process as Ne (effective population size) increases.

The results, as expected, suggest that A, - genes are

1
expected o be fixed earlier in a population of size 2 than in a popu-

lation of size 3 for the same selection intensity, same dominance

values and the same initial gene parameters My %ye
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CHAPTER 6

CONCIUSTONS

On the basis of the results obtained, some conclusions are

possible.

Firstly, that the diffusion approximation m dhod underesti-
mates the exact probability of fixation by the jth generation for all
the initial gene frequencies, and all generation values considered in
these small populations studied. The diffusion approximation is,
however, good for large values of j. Similar results were obtained by
Kimura (1955a) and Ewens (1963). Results obtained from the diffusion
approximation for increasing J suggest that the approximation of an
infinite series by a finite series used in 3.2 was reasonably good.
Certainly further investigation is needed to reach a final conclusion
on the extent to which the Diffusion Approximation could be used as an
approximation to the exact results for non-zero selection intensity

and various dominance values.

As expected with no selection, the probability of fixation
by any generation is always less than the initial gene frequency at
which the process started. However, graphs of Figures 2a, 2b, 3a and
3b are misleading since they suggest that this is not necessarily the
case. The numerical results suggest this is so, but this should not

in any way affect the conclusion above.

On the other hand, the diffusion approximation usually
exceeds (overestimates) the exact (true) probability of ultimate
fixation and the expected mean times until fixation for all cases con-
sidered. Exceptions to the latter being those cases discussed in 5.3.

The diffusion approximation to the probability of ultimate fixation is
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very good for small selection intensity values studied, and the errors
are smaller for high than for low initial gene frequencies. The
agreement between the diffusion approximations and the exact results
was greater for the population of size 3 and smaller s (selection

intensity) than for the population of size 2 and bigger s.

Interesting is the fact that the diffusion approximation
errors to the expected mean times until fixation are not as much as
Ewens (1963) observed for slightly larger population. This does not
mean that Ewens'results were not correct, since various work by Ewens
(1962}, Moran (1958) and Wright (1931) suggested that subtracting unity
from the diffusion approximation for the mean times will increase the
accuracy of the approximation. lowever, the dif{ference between their
results and mine could arise due to the different methods used in the
solutions of the equation. As mentioned in 5.2, numerical integration
using the central difference approximations to derivatives method was
employed in this study for the solution to the expected mean time
until fixation of an allele (Al), whereas the other authors used

numerically integration using Simpson's rule.

Perhaps the most striking difference between the exact and
diffusion approaches is that the exact results differenciate between
pairs of initial states with non-symmetrical initial gene parameters
(ﬂl, dl] while the diffusion approximations used always give the same

results for all cases considered in the two populations.
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APPENDIX

For the proofs in this section we shall refer to Chapter 2
Section 2.1. There we have the frequency of Al in offspring (infinite

popialation of offspring) as

1
%, (1+8) + /2 ('qlor.2 ¥ 'qztz.l) (1 + ns)

n,%, (1+8) + (1+hS) (n1a2 + nzal) e,

(1)

The effective population size Ne is given by Wright (1931) as

1 1 1
/Ne /mm + /mf

(2)

Let the two alleles Al and Az have frequencies x and l1-x respectively

in the population. Thus probability (of A, gene in the offspring
population) = P where P is given by (1),suppose that after one gener-
ation of selection,the frequency of &1 in the population is x +If;.

then the expected change in frequency of A, after one generation is

&
given by

M - B (x +dx) - x
6 (3)

Since sampling is binomial, R has the sampling variance P(1-P)
2Ne

where R is the number of Al - genes in sample after one generation of

selection.

i
SN (4)

Thus x -:-(5;: =




88.

since there are N individuals in the population and hence 2N genes

at each locus.,

Therefore Md‘x = Elx +dx) - x
E (R)
= Tan X
But E (R) - 2NP
therefore M Jx = :“5—”2{,- - X = P - x
i.e. Mg, = P - x (with n, =& = x)

which after some manipulations becomes

ax (1 - x)(1 +hS) + x> (1 + S)

Hd‘x: - X

x2(1+s)+2(1+hs)x(1-x)+(1~x}2

Sx (1 - x) [h+(1-2h)x:)
1+[x2' (1—2:11)+2th5

= 8x(1 - x) E\ + (1 - 2h) x] (1 + Ecg (1 - 2n) + 2xh] s}

But the denominator can be expanded as

2 2
1 - E (1 - 2h) + 2xl:] 5 +Lx (1 - 2h) + ?.xhj 52.__ .

-1

Thus to first order in S

Mg - Sx (1 - x) D1+(1—-2h) x]

which is the required proof.
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Similarly, the variance of change in gene frequency in one generation

is given by

VJ; Viix) = Vv (x *dgd

v (*/on)

but V (R/ZN) -~ wvariance of a binomial proportion with parameters
2N and P
e
= 2N P (1 - P)
a

2N P (1 - P)

LN 2
e

Thus ﬂf& =

P(1-P) .
= oN with nl = ml = X

e

g - 5 >
which 1f we neglect terms of order /Ne, l.. 5 = 0, we have

{1 - x) [12 + x(1 - x;]

v E -
d; me[fa+(1-x)(l+xﬂ2

x(1 - x)

2N
e
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