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ABSTRACT
This research work analyzes the motion of an infinitesimal mass in the framework of
Robe’s circular restricted three-body problem in two cases: (i) when the hydrostatic
equilibrium figure of the first primary is an oblate spheroid, the shape of the second
primary is considered as an oblate spheroid with oblateness coefficients up to the second
zonal harmonic, and (ii) when the primary bodies form a Roche ellipsoid-triaxial system.
Without ignoring any component in both cases, a full treatment is given to the buoyancy
force. The relevant equations of motion are established, and a special case where the
density of the fluid and that of the infinitesimal mass are equal (D = 0) is discussed. It is
observed in the first case that there are two axial libration points on the line joining the
centers of the primaries, points on the circle within the first primary are also libration
points under certain conditions. It is further found that the first axial point is stable, while
the second one is conditionally stable, and the circular points are unstable. The location of
the libration point and its stability when the infinitesimal mass is denser than the medium
(D > 0), in the second case, are also studied and it is found that the origin (0, 0, 0) of the

system is the only libration point, and this point is stable.
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CHAPTER ONE

GENERAL INTRODUCTION

1.1 Introduction

The most celebrated problem of space dynamics is the problem of three bodies, known as
the three-body problem (3BP). The problem is defined in terms of three bodies with
arbitrary masses attracting one another according to Newtonian law of gravitation, and is
free to move in space. A classical example of 3BP is the Sun-Earth-Moon system, when
they are considered as point masses; they form the main problem of the lunar theory.
Another approximate example of the 3BP is the Earth, the Moon and the space vehicle in

the Earth-Moon space.

In the general 3BP, 18 first order, coupled, nonlinear differential equations govern the
motion. However, only ten integrals of the motion are known to exist; they are derived
from the conservation of linear momentum, angular momentum and energy. Thus, the
equations of motion are not solvable analytically. In an attempt to solve the problem,
Lanrange reduced the 3BP to the restricted three-body problem (R3BP), where one of the
bodies is assumed to posses’ infinitesimal mass. The R3BP describes the motion of an
infinitesimal mass moving under the gravitational effects of two finite masses, called
primaries, which move in circular orbits around the center of mass on the account of their

mutual attraction and the infinitesimal mass not influencing the motion of the primaries.

The difference between the general 3BP and the R3BP is first of all that in the latter the
masses of only two particles are arbitrary; the third mass is much smaller than the other
two. The general problem allows any sets of initial conditions for the three particles

involved; the restricted problem requires circular orbits for the primaries and requires that



the motion of the infinitesimal body takes place in the plane defined by the motion of the

primaries.

The R3BP is one of the most widely studied areas in space dynamics as well as celestial
mechanics; and very significant results have been produced by well known mathematicians
and scientists in an attempt to understand and predict the motion of natural bodies. The
application of R3BP spans solar system dynamics, lunar theory, motion of space craft and
stellar dynamics. A typical example of the R3BP is seen in a system made up of the Sun
and Jupiter as primaries, and then a Trojan asteroid assuming the role of the infinitesimal

mass in the Sun-Jupiter system.

The Robe’s R3BP, referred to as Robe’s problem, is a peculiar case of R3BP, where the
infinitesimal mass is embedded in the first primary which is filled with homogenous
incomparable fluid of known density, the second primary is a point mass located outside
an orbiting shell. The infinitesimal mass is under the gravitational attraction of the
primaries as well as buoyancy force due to the fluid. The study of the oscillations of the
Earth’s inner core taking into cognizance the attraction of the Moon; and the motion of an
artificial Earth satellite located inside another satellite, constitute models for the Robe’s
problem. This Robe’s problem has been varied by the introduction of perturbing forces

such as oblatenes and triaxiality.

1.2 Statement of The Problem

The present problem describes the motion of a third body of an infinitesimal mass in the
gravitational field of two massive bodies which move in a circular orbits around their
center of mass on account of their mutual attraction. In the first problem, the first primary
m, is a shell filled with an incompressible homogenous fluid of density p; such that, the

hydrostatic equilibrium figure of the first primary is an oblate spheroid; the second primary



m,, is also considered as an oblate spheroid with oblateness coefficients up to the second
zonal harmonic, located outside the shell and describes a circular orbit around the first one
and the infinitesimal mass m5 is a solid sphere of density p5, located inside the shell. In
the second problem, we assume the first primary m, is a fluid of density p, in the shape of
a Roche ellipsoid, the second primary m, be a triaxial rigid body. Our effort in this
research work is to study the combined effect of the full buoyancy force of the fluid of the
first primary and (i) the oblateness of the primaries, (ii) the triaxiality of the second

primary; on their locations and linear stability of the libration points.

1.3  Aimand Objectives of Study

The aim of this study is to investigate the motion of an infinitesimal mass in the
framework of Robe’s circular restricted three-body problem in two cases: (i) when the
hydrostatic equilibrium figure of the first primary is an oblate spheroid, the shape of the
second primary is considered as an oblate spheroid with oblateness coefficients up to the
second zonal harmonic, and (ii) when the primary bodies form a Roche ellipsoid-triaxial

system.

The objectives of the study are to

) Establish the equations of motion of the infinitesimal mass of the stated problems
i) Examine possible libration points,
iii)  Investigate the effect of zonal harmonic and triaxiality of the primaries on the

possible libration points and their stability.

1.4 Significant / Justification of the Study
In the classical restricted three-body problem, the participating bodies are assumed to be
spherical in shape, but we found that in reality, several bodies are sufficiently oblate or

triaxial. Earth, Jupiter, Saturn and Ragulus are oblate while Moon, Pluto and Charon are

3



triaxial. The meteoroids and the minor planets have irregular shapes. The lack of spherisity
oblateness, or triaxiality of the celestial bodies causes large perturbations from the two-
body orbit. Examples of this are the motions of artificial Earth satellite. Many researchers
like Subbarao and Sharma (1975), Singh and Ishwar (1999), Singh and Begha (2011),
Singh and Leke (2012), Singh and Sandah (2012), Singh and Mohammed (2013) and

Singh and Omale (2014) have included obaleteness and triaxiality in their study of R3BP.

It is reasonable to modify the model by considering first, the hydrostatic equilibrium figure
of the first primary as an oblate spheroid, the shape of the second one as oblate spheroid
too with oblateness coefficients up to the second zonal harmonic. The shape of the first
primary in the second case is considered as Roche-ellipsoid and the second primary as a
triaxial rigid body; and the full buoyancy of the fluid is taken into account as well as other

forces acting on the infinitesimal mass when the density parameter is not zero (i.e.,p; #

pP3)-

This Robe’s model under consideration will have many applications in various
astronomical problems as it may provide insight into the problem of small oscillations of
the earth’s core in the gravitational field of Earth-Moon system, and the stability of the
Earth centre as an libration point of the Robe’s problem and the motion of the artificial

satellites in the Earth-Moon vicinity. It can also be applicable in space mission design.

1.5 Research Methodology
The equations of motion of the infinitesimal body with respect to the primaries are

established by adopting a synodic coordinate system.

1.6 Preliminary Ideas



1.6.1 Circular restricted three-body problem

In general, R3BP involves three particles of arbitrary masses moving freely under their
mutual gravitational attraction. The particle with infinitesimal mass, sometimes called a
massless particle, does not perturb the motions of the two massive bodies. In the circular
problem, the two finite masses are fixed in a coordinate system rotating at the orbital
angular velocity, with the origin (axis of rotation) at the centre of mass of the two bodies.
Lagrange showed that in this rotating frame there were five libration points at which the
infinitesimal body would remain fixed if placed there. Three of these points called
collinear libration points were found by L. Euler (1767), there lie on the straight line
connecting the two finite masses: one between the masses and one outside each of the
masses. While the other two called the triangular libration points found by J. L Lagrange
(1772), are located equidistant from the two finite masses at a distance equal to the finite
mass separation. The two masses and the triangular libration points are thus located at the
vertices of equilateral triangles in the plane of the circular orbit. These are illustrated in the
figure below, by the use of Sun-Earth-Moon system. The velocity and acceleration are zero

at these points.
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Fig. 1.1 The Five Lagrangian points in CR3BP (Sun-Earth-Moon system)

1.6.2 Equations of motion of two-body problem
Let the masses of the two primaries be m; and m, and their respective vectors from the
fixed point 0 in the space of the motion to the respective masses be 7; and 7, and 7 be the

radius vector between 4the bodies.

By Newton law of gravitation, the force of attraction on the particle of mass m, due to
another particle of mass m, and the force acting on the particle of mass m, due to the

particle of mass m, are

mym, 7

o mym, 7 2 tivel 11
R respectively (1.1

F,=G - and 17"2=—G

where G is the gravitational constant and r is the distance between the primaries. By

Newton’s second law, we have

—m, an = —F
1 2 dt2

Fi=—3 m,. (1.2)

Equating the equations in system (1.1) and (1.2), we have



d*7 mym, 7 d*7, mm,7

m, =G - and m, = — -
dez 1 r¢ r de2 re2 r
Theref sl Ml (1.3)
erefore H=0——, =—G—-, )
1 rir 2 rér

Equations of system (1.3) are the vectorial equations of motion of the bodies of arbitrary

masses m, and m,.

1.6.3 Equations of relative motion
Let the velocity of the bodies m, and m, be v; and v, respectively, and vg be the velocity

vector of the body m, with resprct to m,.

Then 1_7)R= 1_?)2 —1_51 (14)

Now the vectorial equations of system (1.3) recast to the form

dﬁl_szF p dv, _ Gmlf r
a  Crzr M T r2r (1.5)

Subtracting the equations in system (1.5), we have

dvy v __mal  mpf _ ot m)7
dt dt rer rir r2 T
d (4 —>) (my + my)7
or — (U, -1,y) = — -
dt ~ % 7t r2 r

Using Eq. (1.4), we have

dvg (m;+ my)7
=—G -
dt r2 r

Let u = G(my + m;) we have

dvg H
-T2

and dropping the suffix, we have

dt r

S



(1.6)

dv  uft
dt  r2r

Equation (1.6) is refers to as the relative motion of the body of mass m, with respect to the

body of mass m,, where r is the distance between the bodies.

1.7  Theoretical Framework

The theoretical framework upon which the derivations and finding of this research work is

built on is given in this section
1.7.1 Relative motion of Robe’s restricted three-body

The volume of the fluid of density p; embedded in the heavier primary is given by

4
V= §‘I‘[R3, where R is the radius of the sphere.

Mass

Density = , which implies that Mass = Volume X Density

Volume

so the mass of the fluid with density p; can be written as

4 3

Therefore, the mass of the shell which is denoted by m7 is such that
mj = m, + mass of the fluid

mi; =my +mg

4
or m; =my + §7TR3p1 (1.8)

From Newton second law of motion,



2D o *
5 d°Rymy

- dzﬁzmz
b= -

and F, = 72

(1.9)

Using the Newton second law of motion in system (1.9), we have

Where G and R, are the gravitational constant and the distance between the primaries

respectively.

GmyR 5 —GmiR . S
212 and R2 = R—llz, Where R12 = R2 - R1 (1.10)

or R1 =
3 3
R12 12

The vectorial equations of motion of the bodies of masses m; and m, are the equations

of system (1.10).

Subtracting the equations of system (1.10), we have

= »  —GmR Gm,R N
B, — B, = 31 12 2312 o
Ri> Ri>

(1.11)

Therefore, the relative motion of the mass m, about the spherical shell of mass mj of

density p,.is given by equation (1.11)

1.7.2  The Robe’s restricted three-body problem

Robe (1977) formulated a new kind of R3BP in which one of the primaries of mass m, is a
rigid spherical shell, filled with homogenous, incompressible fluid of density p;; the
second one is a point mass m, outside the shell, and the third body of mass m5 is a small
solid sphere of density p; moving inside the shell, with assumption that the mass and
radius of m5 are infinitesimal; as illustrated in figure 1.3. He showed the centre of the first

primary as a libration point and examined its linear stability in two cases. In the first case,



the orbit of m, around m, is circular and in the second case, the orbit is elliptic, but the
shell is empty (no fluid inside it), or the densities p; and p5 are equal. In evaluating
buoyancy force, he assumed that the pressure field of the fluid p; has spherical symmetry

around the centre of the shell, which are due to the own gravitational field of the fluid p;.

Figure 1.2 The Robe’s restricted three-body problem
The equations of motion of the infinitesimal mass m; of Robe’s circular R3BP are given
in this section, since in our work; we shall consider a modified Robe’s model. It can be

written as

iy — 2%, = Uy,

iy + 2%, = Uy, (1.12)

jé3 = sz,

where

m
(A—pu—x3)2%+x%+x3

1 K
U=zt +x7+x3)+ — A =p=xD)? + x5 + x5]

1 4
im0 ng =g, (1-2)
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1.7.3 The buoyancy force

The force exerted on an object that is wholly or partially immersed in a fluid is known as
buoyancy force. It acts upward, generally opposite to the direction of the frame of
reference acceleration and its magnitude is equal to the weight of the fluid displaced by the
submerged object. This force is caused by the difference between the pressure at the top of
the object, which pushes downward and the pressure at the bottom of the object which
pushes upward; every submerged object feels upward buoyancy force, because the

pressure at the bottom of the object is always greater than the pressure at the top.

Suppose the orbital plane of m, around mj (the shell with fluid p;) be taken as xy —
plane, and also let the origin of the coordinate system be at the center of mass, 0, of the

two finite masses. Then the forces acting on the third body are;

1) The attraction of m,

2) The gravitation force F, exerted by the fluid of density p; is given by

—
- _ _Gm1m3R13

) =
R
By the use of equation (1.7), we have

- ATR3m3R 5
By=—G—218 (1.13)
3Ry3

Since the body of mass m5 maintains a spherical symmetry about M, (center of m,) due to
the pressure of the fluid inside m, in the case, the radius R becomes R = R,5. Therefore,

the gravitational force equation (1.13) is recast to the form

11



4 -
FA - - <§) T[prm3M1M3 (1.14)

3) The buoyancy force 17“3, obtained from equation (1.14) is given as
5 4 ., MM
FB —_ ——T[Gp1m3 (115)
3 P3

1.8 Definition of Terms

1.8.1 Anellipsoid

An ellipsoid is a closed quadric_surface that is a three-dimensional analogue of an ellipse

Figure 1.3  shape of an ellipsoid

1.8.2 Oblatenesss

In the above figure, if a = b > ¢, we have an oblate spheroid. In other words, an ellipsoid
having a polar axis shorter than the diameter of the equatorial circle whose plane bisects it
is known as an oblate spheroid, thus, its two moments of inertial are equal out of the three.
It is the approximated shape of many planets and celestial bodies, including Saturn, Jupiter
and to a lesser extent the Earth. It is therefore the most used geometric figure for defining

reference ellipsoid, upon which cartographic and geodetic system are based.

1.8.3 Triaxiality

If a > b > c, we have a triaxial rigid body; that is, triaxiality is a situation that involves
three axes. A rigid body that has three mutual perpendicular symmetric axes is called a

12
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triaxial rigid body, for example, an ellipsoid. A triaxial body has all its moments of inertial

to be distinct.

1.8.4 Roche ellipsoid

Roche ellipsoid is a general triaxial ellipsoid with all axes having different length.
1.8.5 Zonal hamomic

A harmonic function is a function f that satisfies the Laplace’s equation V2f = 0; the
spherical harmonic is an infinite set of harmonic functions defined on a sphere. Zonal
harmonic is a spherical harmonic projection of functions that have rotational symmetry

around the axis.

1.8.6 Moment of Inertia

The moment of inertial of a system or particle with respect to a plane, point or line is
defined as the sum of the products of the masses and the square of their respective
perpendicular distances from the plane, point or line. If m;, m,, ms, ..., m,, are the masses
of the particles with perpendicular distances r4, 75,13, ..., r,, then the moment of inertia is
given as

I =mr? +myrf + mgrd + -+ mpr2 = Y, myrf (1.16)

For a body, we have

I = frzdm (1.17)

M

where dm = pdM, p is the density of the body and subscript M shows that the integration

is done over the whole mass of the body.

13



The potential of the body with the origin at the center of the mass is given as

GM G
V=-—-=2l—3) (1.18)
r T

where [, is the moment of inertia about the origin while | is the moment of inertia about a
line fixed from the center of the body to a point outside the body with distance r. Thus the

potential between the infinitesimal mass and the primaries can be written as;

1

1
5373 @+ 1= 3D + s (I + o+ 13 = 3D) (1.19)

1
V= ol it

Where I, I,,1; are the principal moments of inertia of the oblate spheroid with
Iy = I, # I3 and I, 1,, 15 are the principal moment of inertia of the triaxial rigid body

with I, # I, # I;.
From Kepler’s third law, the mean motion is expressed as

_ G(my +m,)

2
n
T‘3

(1.20)

In the first case where both primaries are oblate spheroid with oblateness coefficients up to
the second zonal harmonic and the full buoyancy of the fluid is taken into account, the

mean motion of the primaries is given (McCuskey 1963) by

nzzG(m1+m2)( 3 3 15 )

1+_a1+_a2__a3

> > = (1.21)

r3

while the second case where the primaries form a Roche ellipsoid-triaxial system, the

mean motion of the primaries given also by McCuskey 1963 is

n? = w (1 + % (20, — 02)> (1.22)
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1.9 Linear Stability of the Solutions of Dynamical Systems

The stability of linear systems of ordinary differential equations is determined completely
by the eigen values of the coefficient matrix. Due to perturbations, the position of the
infinitesimal body would be displaced a little from the libration point. If the resultant
motion of the infinitesimal body is a rapid departure from the vicinity of the point, we call
such a position of libration point an “unstable one” if however the body merely oscillates

about the libration point, it is said to be a “stable position” (in the sense of Lyapunov).

To investigate the stability of the orbit in the surrounding area of the libration points, the
small displacement method is applied by shifting the coordinates or the origin of the
infinitesimal mass, and then linearizing the equations of motion around the coordinates of
the libration points to derive the variational equations of motion corresponding to the
dynamical system. These equations are transformed to a matrix form through the trial

solutions and a characteristic equation of the dynamical system is obtained.

The roots of the characteristic equation are obtained and the stability of the solutions
depends on the nature of the characteristic roots; for complex roots, the libration point is
asymptotically stable when all roots have negative real parts, and unstable when some or
all roots have positive real part. For pure imaginary roots, the motion is oscillatory and the
libration point is stable, though not asymptotically stable. If there are multiple roots, the
solution contains mixed terms (periodic and secular terms) the libration point is unstable.
If all the roots are both real and negative then the libration point is stable, but if any of the

roots is positive, the libration point will be unstable.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

The R3BP describes the motion of an infinitesimal mass moving under the gravitational
effects of two massive bodies, which move in circular orbits around their center of mass on
the account that their mutual attraction and the infinitesimal mass does not influence the
motion of the primaries. The approximate circular motion of planets around the Sun and
the small masses of asteroids and the satellites of planets compared to the planet’s masses
originally suggested the formulation of the restricted problem. The R3BP is of
fundamental importance in mechanics, with significant applications to astrodynamics.
Since no general solution in the CR3BP is available, particular solutions are sought to

obtain insight into the problem.

2.2 Libration Points

There are five libration points in the classical R3BP; two triangular and three collinear.
L. Euler (1767) determined a set of three collinear libration points while J. L Lagrange

(1772) discovered the triangular points.

Routh (1892) established the condition for linear stability of the triangular points. When
this condition is satisfied all roots of the characteristic equation are pure imaginary, which
leads to pure oscillatory solution. This solution was later referred to as “critical solution”
by Lyapunov (1892). The collinear points were found to be unstable in the linear and
nonlinear sense, as Routh original result shows, when interpreted in the light of

Lyapunov’s work.
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2.3  Oblateness and Triaxiality

The bodies in the classical R3BP are strictly spherical in shape, but in the actual situation it
is seen that the earth and several heavenly bodies such as Saturn and Jupiter are
sufficiently oblate. The minor planets and meteoroids have irregular shapes. The lack of
shpericity or the oblateness of the planets causes large perturbations from a two-body
orbit. The motions of artificial Earth satellites are examples of this. Global studies of
problem with oblateness or triaxiality have been carried out by many researchers to

mention a few viz;

Szebehely (1967) studied the effect of a small perturbation of the Coriolis force on the
stability of the libration points, keeping the centrifugal force constant. He maintained that
the collinear points remain unstable and obtained for stability of the triangular points a

relation between the critical value of the mass parameter . and the change € in the
Coriolis force: u. = o +%, and concluded that the Coriolis is a stabilizing one.

Subbarao and Sharma (1975) investigate the same problem as Szebehely (1967) with the
assumption that both primaries are oblate spheroids and its equatorial plane coinciding
with the plane of motion. They showed that the oblateness of the primaries resulted in an
increase in both the Coriolis and the centrifugal forces and further establish that the range
of linear stability of the triangular decreases, thereby concluding that the Coriolis force is
not always a stabilizing force. Sharma (1982) extended this work by considering the linear
stability of the triangular libration points of the restricted three-body problem when the
more massive primary is a source of the radiation and an oblate spheroid as well. He
discovered that the eccentricity of the conditional retrograde elliptical periodic orbits
around the triangular points at the critical mass u. increases with the increase in the

oblateness coefficient and the radiation force; and becomes unity when p,. is zero.

17



Singh and Ishwar (1999) generalized the R3BP by considering both primaries to be source
of radiation and as well oblate spheroid. They observe that the equations of motion and
locations of the libration are affected by the radiation pressure forces and oblateness of the

primaries. They discovered that the triangular points are stable for 0 < u « u,. and
unstable for pu, < u « % , and further established that the range of stability depends upon

the radiating and oblateness coefficients.

AbdulRaheem and Singh (2006) studied the combined effect of perturbations, radiation
and oblateness on the stability of the libration points in the R3BP. The model was studied
under the influence of small perturbations in the Coriolis and centrifugal forces, together
with the effects of oblateness and radiation pressure of the primaries. They found that the

collinear points remain unstable, while the triangular points are stable for 0 < u « u. and
unstable for u, < u < % They observed further that the Coriolis force has a stabilizing

tendency, while the centrifugal force, radiation and oblateness of the primaries have
destabilizing effects; the presence of any one or more of the latter makes week stabilizing
ability of the former, consequently the overall effect is that the range of stability of the

triangular points decreases.

Singh and Jessica (2011) contributions regarding the considerations of the non-sphericity
of the bodies in R3BP is an interesting one, the problem was generalized to include more
massive primary as a triaxial rigid body while the less massive one is an oblate spheroid
under the influence of small perturbations in the Coriolis and centrifugal forces; They
asserted that the location of the triangular and collinear points was affected by the non-
sphericity of the primaries and the change in the centrifugal force. The stabilities were

investigated and found triangular points are stable for 0 < u « u. and unstable for
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e < U KL % where u.is the critical value of the mass parameter which depends on the

joint effect of perturbations, oblateness and triaxialty. But the collinear points are unstable.

2.4 Robe’s Problem

Robe (1977) considered a new kind of R3BP, in which one of the primaries of mass m,, is
a rigid spherical shell, filled with homogenous, incompressible fluid of density p,, with the
second mass m, as a small point outside the shell and moving around the heavier mass in a
Keplerian orbit; and the infinitesimal mass m4 as a small sphere of density p;, moving
inside the shell and is subject to attraction of m, and the buoyancy force due to the fluid
and that the radius of m is assumed to be infinitesimal. Further, he discussed the linear
stability of an libration point and obtained two cases. In the first case the orbit of
m, around m, is circular and in the second case, the orbit is elliptic, but the shell is empty

(there is no fluid inside it) or densities of m; and m are equal.

Plastino and Plastino (1995) reanalyzed the Robe’s problem with a new assumption by
considering the first primary body as a Roche spheroid in an equilibrium state of a
rotational fluid, called it the Robe-Roche model as a new type of restricted three-body
problem. They explored its libration points and found that when the density parameter is
taken as zero, every point inside the shell is a libration point and further analyzed the
connection between the effect of the buoyancy forces and a perturbation of the Coriolis
force. They also showed that the center of the spheroid is a libration point of the Robe-
Roche restricted three-body problem and it is linearly stable. However, their
approximation of the potential due to the second primary was only up to the second degree

terms only in the variable involved.

Hallan and Mangang (2007) examined the existence and stability of libration points in the

Robe’s (1977) R3BP by considering the full buoyancy force as in Plastino and Plastino
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(1995) and assuming the hydrostatic equilibrium figure of the first primary as an oblate
spheroid. They derived the pertinent equations of motion and found that there is a libration
point near the center of the first primary. They further found that there can be one more
libration point on the line joining the center of the first primary and the second one, and an
infinite number of libration points lying on a circle in the orbital plane of the second
primary. The one more libration point was found to be conditionally stable while the
circular points are unstable. Singh and Sandah (2012) extended the work of Hallan and
Mangang (2007) by assuming that the second primary is an oblate spheroid as well, and
took into account the first zonal harmonic only. They also found that libration point exists
near the center of the first primary, and there can be one more libration point on the line
joining the center of both primaries. Circular points within the first primary are also
libration under certain conditions and the existence of two out-of-plane points is observed.
The linear stability is examined and found that the points near the center of the first
primary are conditionally stable, while the circular and the out-of-plane points are

unstable.

Singh and Mohammed (2013) analyze Robe’s CR3BP when the hydrostatic equilibrium
figure of the first primary is assumed to be an oblate spheroid, the shape of the second
primary is considered as a triaxial rigid body, and a full buoyancy force of the fluid is
taken into account. They found that there is a libration point near the center of the primary,
another libration point exists on the line joining the center of the primaries and there exist
infinite number of libration points on an ellipse in the orbital plane of the second primary.
They also observed that under certain conditions, all these libration points can be stable.
The most interesting and distinguishable result of their study are the existence of elliptical
points and their stabilities. Singh and Omale (2014b) extended the work of Singh and

Mohammed (2013) by investigating the effect of small perturbations in Coriolis and
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centrifugal forces on the axial libration points and their stability. They observed that the
locations of the axial libration points are only influenced by a small change in the
centrifugal force due to the force function Q being dependent of it. They also found that
magnitude of the centrifugal force shift the first libration point (p,,0,0) towards the
positive side of the x — axis, while second axial libration (x;; + p,,0,0) is shifted away
from the origin towards the negative part of the x — axis as a result of the increase in
magnitude of the triaxiality and centrifugal force. The range of stability is established and

is found that the first axial libration point is stable for p; < 0, conditionally stable for
0<p; < % and unstable for 0 < % < py, While the second axial libration point is stable

whenever x;; < 0 and if x;; > 0, then it is conditionally stable.

Kaur and Aggarwal (2013) studied Robe’s restricted problem by considering one of the
primaries of mass m, as Plastino and Plastino (1995) and the smaller primary of mass m, as
an oblate spheroid outside the ellipsoid, the third and fourth bodies of mass (m5; and m,
respectively) inside the ellipsoid. They assume that the mass and radius of the third and
fourth body are infinitesimal and analyze the libration solutions of m; and m, and their
linear stabilities, they proved that the system has only six libration solutions lying within the
Roche ellipsoid. When the primaries are considered as Earth-Moon and ms and m, are
submarines; the libration solutions of m; and m, when displaced in the direction of

X, — axis or x, — axis are unstable.

Singh et al. (2014) investigated Robe’s CR3BP for two cases, (i) when the primaries form
a Roche ellipsoid-triaxial system and (ii) when the primaries form a Roche ellipsoid-oblate
system. Without ignoring any component in both problems, a full treatment is given to the
buoyancy force. They establish the relevant equations of motion and discuss the special

case where the density of the fluid and that of the infinitesimal mass are equal (D = 0).
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They also studied the location of the libration point and its stability when the infinitesimal
mass is denser than the medium (D > 0), and found that the point (0, 0, 0) is the only

libration point and this point is stable.
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CHAPTER THREE
EQUATIONS OF MOTION

3.1 Introduction

Robe (1977) formulated a new type of restricted three-body problem in which one of the
primaries is a rigid spherical shell filled with homogeneous incompressible fluid. The
second one is a point mass outside the shell, and the third one is a small solid sphere of
infinitesimal mass moving inside the shell. Singh and Sandah (2012) studied the Robe’s
problem under the assumption that both primaries are oblate spheroid and took into
account the first zonal harmonic only. The present research intends to first, investigate the
effects of the above oblateness coefficients up to the second zonal harmonic and to study
Robe’s circular restricted three-body problem with a Roche ellipsoid-triaxial system in the

second case.

3.2  Mathematical Model
Let us suppose m; and m, be the masses of the first and second primary respectively and
the density of the homogenous incompressible fluid to be p;. Let R be the radius of the

sphere m,, and M,, M,and M, be the centers of m,, m, and m respectively.

Let R1p, R13 and Ro3 be the position vectors between the center of the mass of the body
m; & m,, my & my and m, & my respectively. Let O be the center of the mass of the
primaries. We assume that the first primary m, be a fluid of density p; in the shape of an
oblate spheroid. Let the second primary m, be an oblate spheroid as Sharma and Subba
Rao (1976) assumed, which describes a circular orbit around m. The infinitesimal mass

ms moves inside the first primary. We consider a uniformly rotating coordinate system
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0x,x,x5 with origin at the center of mass m,, Ox; points towards m,, and Ox;x, being the
orbital plane of m, coinciding with the equatorial plane of m;. Then, the equations of
motion of the infinitesimal body of density p; in this coordinate system, as in Singh and

Sandah (2012) and Plastino and Plastino (1995) take the form;

jél - anZ == le,

jéz + anl == sz, (31)
.56"3 = ng
where
1 myR \*
e R
+2n [xl e—— + x5

P1 1 m,R \?
V=B+B ——|B+B'+=-n? (xl——) + x2¢], (3.2)

P3 2 my +m;
Casel
B =nGp,[I — Ajx? — A;x2 — A3x3].

Gm Gm,a
B’= 2 - + 2U2 .
[(R—x)?+ 23 +x3 172 2[(R—x)? + 3 +x3 172
3Gmyas
8[(R — x1)% + x2 + x2 ]5/2

I = 2a%A; + d3A,,

«© du *© du
A =a2aj — A =a2af ——, A= (a’+uw)?*(a’+u
1 142 0 A(a%‘l‘u) 2 142 0 A(a%'l'u,) (1 )(2 )
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G(m; +m 3 3 15
n* =M<1+—a1+—a2 ——a3),

R? 2 2 8
2 2
ay —as
o = cRz ' a; = ]2R§ ) as =]4R§
Case 2

B =nGp,[I — Ajx? — Ayx3 — Azx2].

1 1 3 3
B =uR?+ uRx, +u (xlz — X3 — Ex%) + %(201 — 03) (6X12 — X3 — Ex%)

UR? 3 3 3
+ > (200 —0y) + E.UR (20, — 03)x1 — E.U(Q — 0y)x5 — 5#0195%,

= sz,l = alA, + a3A, + a%A;, A; = a,a,a4 food—u,Where =123
R3 ' 0 A(aiz + u)

A? = (a? +u) (a3 +w)(a? + ),
G(my+my) (3 G i

n? = — 1+§(201_02) » 1= Tepz %27 Tgpz

0, <1(i=12)

Here, V is the potential that explains the combined forces upon the infinitesimal mass, B

denotes the gravitational potential due to the fluid mass, R is the distance between the

primaries and G is the gravitational constant while n is the mean motion. | stands for the

polar moment of inertia, while A4;(i = 1,2) are the index symbols.

Case 1

B' denotes the potential due to the second oblate primary, R, is the mean radius of m,,

Joand ], are the zonal harmonic coefficients that characterize the size of the non spherical
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components of the potential. A;(i = 1,2) are the index symbols. a; and a, are the

oblateness coefficients of the first and second primaries respectively.
Case 2

B’ stands for the potential due the second triaxial primary, a;, a, and as are the semiaxes
of the ellipsoidal figure and parallel respectively to the coordinate axes; o;, g, characterize

triaxiality of the second primary with semiaxes a, b, c.

Substituting the expression for V in (3.2) into U, we have

1 myR \*
U=B+B -2 B+B’+—n2{(x1—;) +x§}l
P3 2

or

or

or
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Now, substituting the expression for the potentials B and B, the equations of motion in

system (3.1) take the form;

k1= 2nxp = Uy,

X2+ 2nky = Uy, (3.3)
X3 = Uy,

where in case 1

Gm
P3

[(R—x)?+ xZ +x2]72

nGpy[I — Ayxf — Apxs — Azx3] +

Gm,a, 3Gmyas

2[(R—x)%+ x2+x2172  8[(R—x)?+ x2 +x2]°2

1 myR \*
a2 e 2
* 2" {(xl my + mz) " xz}l

+

or

Gm,

[(R—x)%+ x2 +x3]72

Gm,a, 3Gmya,

2[(R—x)2+ x2+x2172  B[(R—x)% + x2 +x2]°2

+

1
+5n* (0 = uR)? + X3}
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Case 2
U= (1 — %) lnGpl[I — Ayx? — Ayxs — Asx3] + uR? + uRx, + u (x12 — %x% — %x%)
3
uR?

3
3 3
+ %(201 - 03) (6xf — X3 — Ex%) + 7(201 —0,) + E,LlR (20, — 03)x;

3 3 1 m,R \?
S JERPRR P RS (. |

or

U=D|nGp [l — Ax? — A,x5 — A3x3] + uR? + uRx, + u (xf — %x% — %x%)

UR? 3

3 3 1
= 5 u(01 = 02)x7 = 5 uoyx3 +on? (6 — uR)? + x%]l

where

m,R
,u=;andD=(1—&>.
my +m; P3

We take the units such that the sum of the masses and the distance between the primaries

my
(my+my)

are unity. Thus, we let m, =u, 0 < u = < 1 and R = 1. For the unit of time, we

recall that the time which the mass m, takes to describe one radian of an arc about m;. In
this unit the time period of m, about m; will consist of 2 units. consequently T = 2.

Also, from Kepler’s third law of planetary motion, we have

a’®  G(mg+my)

T2 A2 herea=R=m;+m, =1,T = 2m.

Therefore,
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1 G
— = sothat G = 1.

A2~ 4m?’

With these units, the equations of motion (3.3) are recast in the form;

551— 271562 = le,

ko4 2ni1 = U, (3.4)

5&3 - Ux31

where Case 1

Ho K@y 3pds n?{(x; — w?+ x5}

U=D [ — A;(x? 2) — A,x2 —
[nP1{ 1(xf +x3) 2X5} + r + 277 81 >
3 3 15
= (1+Sa+ia,—2as), no=[(1—x) + 23 + 2312 (3.5)
Case 2
U=D I — Ax? — Aux? — Aux2 2 1.2 1.2\ ,n* o 2
7Py ( 1X1 2X2 3x3) + p | xq 7X2 T 3X3 + 2(x1 + x3)
+5Q201-0,) (637 — 332 — 3x3) = (01 — 0)x} — Lok
(3.6)

+ % [un? + (20, — 0,) + 2]],

3
n2=1+§(201—02), o<u<i, oy, 0, K 1.

The equations of motion in system (3.4) with (3.6) can be recast in the form

X¥1—2nxo=D [1 +2u—C; +%(1 + 4#)(20'1 - 0-2)] X1,
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%o+ 2n%1= D [1 — =G+ - 2020, — ) + 3”2"2] X, (3.7)

X3 = =D [,u +C;+ 37”(401 — 02)] X3,
where

C; =2mp,4;, i=1,23.

3.2 The Case p; = p3

We consider a special case here where the density of the infinitesimal mass and the fluid are

the same. This reduces the equations (3.4) and (3.7) of motion to the form

X1—2nx, =0

X2+ 2nx; =0, (3.8)
i3 =0.

The solution of these equations can be written as

x; = kcos(2nt + 0) + k4,

x, = —ksin(2nt + 8) + k,,

X3 = k3t + ky,

where k, k;, k,, k3, k, and 6 are constants. We see that each point (x;, x,, x3) is a
libration point of the equations (3.8). This happens because the fluid is assumed to be in the
hydrostatic libration in the rotating frame. Therefore all the elements of the fluid are at rest

in this system. If the density of the infinitesimal mass is the same as that of the fluid
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(i.e., p1 = p3), itis impossible to differentiate between any of its elements. Thus, it will be

in libration everywhere.

3.3 Conclusion

The equations of motion of the infinitesimal mass ms under the framework of the Robe’s
restricted problem have been obtained by taking into account the influences of the full
buoyancy force of the fluid, oblateness, triaxiality and gravitational attractions of the
primary bodies. The equations of motion (3.4) with (3.6) are different from those of Hallan
and Mangang (2007) due to the presence of the first zonal harmonic coefficient of the
second primary and from those of Singh and Sandah (2012) on account of the appearance of
the second zonal harmonic coefficients of the second primary. If the second primary is
spherical (i.e., a, = a3 = 0), then the equations fully coincide with those of Hallan and
Mangang (2007). If the second primary has not the second zonal harmonic coefficient (i.e.
a; = 0), then the equations fully coincide with those of Singh and Sandah (2012). The
equations of motion in system (3.7) differ from those of Plastino and Plastino (1995) due to
the appearance of triaxial terms, and it shows that the triaxiality of the second primary has

the significant effect on the equations of motion.
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CHAPTER FOUR

LOCATIONS AND LINEAR STABILITY OF LIBRATION POINTS

4.1 Introduction

The gravitational pull at these points are in balance, so that the infinitesimal body in the
vicinity of the libration points would be held there without being pulled closer to either of
the massive bodies, in other words, if a satellite or celestial body is located at one of these
points with zero initial velocity relative to the rotating coordinate system, it will remain
there permanently provided there are no perturbations. These points are also called
stationary points. There are five libration points in the circular restricted three-body
problem; two triangular and three collinear. In any assumed isolated two-massive orbiting
system, such as the sun and the earth, these five points denoted by L; (i = 1,2 ...5), and

called Lagrangain points or libration points.

The stability of the dynamical system implies that there is a class of models or initial
conditions for which the trajectories would be equivalent, the operation for comparing
orbits to establish their equivalence changes with the different notions of stability. In
general, the stability of differential equations refers to the global effects of local

perturbations.

A.M Lyapunov (1857-1918) focused on the stability of libration points, the motion of the
mechanical system and stability of a uniformly rotating fluid and developed approximation

method used to determine the stability of sets of ordinary differential equations.

Our aim in this chapter is to find the location and study the stability of the libration points

in the Robe’s restricted three-body problem in both cases.
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4.2  Stability of Libration Points

The stability constant coefficients of linear dynamical systems can be determined from
eigen values of the coefficient matrix. If any eigen value has a positive real part; the
system will tend to move away from the fixed point. Let the location of the infinitesimal
body be displaced a little from the libration point. If the resultant motion is a rapid
departure from the vicinity of the point, we say the libration point is unstable, and is stable

if the body merely oscillates about the libration point.

4.3  Variational and Characteristic Equations

To study the stability of an orbit in the vicinity of any libration point, we adopt the small
displacement method by displacing the coordinates of the infinitesimal body and
linearizing the equations of motion around the libration point with coordinates
(X10, X20, X30)-

Let a,B andy are small displacement in the coordinates of the libration point
(%10, X0, X30) Of the infinitesimal mass respectively. We displace the third body to the

position (x,o + @, x50 + B, x30 +¥), So that

X1 =X19 T Q, Xy = Xp0 + B, X3 = X3¢0 +Yy position
X1= d, x2= B, X3=y velosity (4.1)
X1=a X2= f8 X3= ¥ acceleration

Now, from the system of equations of motion (3.3) and (3.4) using Taylor’s theorem, the
function U can be expanded around the libration point (x;, X5, X30) t0 give

U(x1,%x2,%x3) = U(xqo + @, X20 T+ B, X30 +7)
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= U(x10,X20, X30) + Uy, (X10, X20, X30) @+ Uy, (X10, X20, X30) B +Ux, (X10, X20, X30)¥

+ 51 Us e, (X105 X20, X30) 0%+ Uy, (X10, X20, X30) B

1
+ Us,x, (X10, X20, X30)Qf + 51 Uy, x, (X10, X20, X30) B*

1 1
+ 51 Ux,xe, (X10, X20, X30) B> + 1 Useaxe, (X105 X20, X30)Y*

+ Useyxe; (X105 X205 X30) @V +Us, 1, (X10, X20, X30) BY + *** (4.2)
Expanding the right hand side of systems (3.3) and (3.4) near the libration point
(x10, X20, X30) Using the fact that at libration point
Uy, (%10, X20, X30) = Uy, (%10, X20, X30) = Uy, (%10, X20, X30) = 0,
we have
Ux, = Ux,x, (X10, %20, X30) @ + Uy, x, (X10, X20, X30) B + Ux,x, (X10, X20, X30) ¥ + 0(2)
+ 0(3)
Uy, = Ux,x, (10, X20, X30) @ + Uy, (X10, X20, X30) B + Us, e, (X105 X20, X30)¥ + 0(2)
+ 0(3)
Uy, = Uxyx, (10, X20, X30) @ + Uy, (X10, X20, X30) B + Unyxe; (X105 X20, X30)¥ + 0(2)
+ 0(3)
where 0(2) and 0(3) denote second, third and higher terms of a, 8 and y respectively,

and they can be ignored since a, 8 and y are small quantities, we have

Uy, = Uy, x, (X10, %20, X30) @ + Uy x, (X10, X20, X30) B + Uy, 2, (X10, X20, X30) ¥

Uy, = Us,x, (X10, X20, X30) @ + Uy, s, (X10, X20, X30) B + Ux, 2, (X10, X20, X30) ¥ (4.3)
Uy, = Usyx, (X10, %20, X30) @ + Up g, (X10, X20, X30) B + U2, (X10, X20, X30)7-

Making use of (4.3) in (3.3) and (3.4), we have

& — 2nf = Uy, x, (X10, X20, X30) & + Uy, 2, (X10, X20, X30) B + Ux,x, (X105 X205 X30) 7
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ﬁ + 2na = szxl(xw;xzo:xso)a + Uy, x, (%10, X20, X30) 8 + Ux2x3(x1o’xzo:x3o)% (4.4)
y = Uy, (X105 X20, X30) @ + Ui, (X10, X20, X30) B + Useyxe, (X105 X205 X30) ¥

The equations in system (4.4) can be written as
a— 27’1,8 = (U£1x1)a + (UD(C)lxz)'B + (Uglxs)y’
B+ 2na = (U2, )a+ (UL.,)B + (ULx,)7, (4.5)

)7 = (U3(C)1x3)a + (U,?sz)ﬁ + (U3?3x3)]/-

The system (4.5) is the variational equations corresponding to the equations of motion (3.3)
and (3.4). Only the linear terms in «, 8 and y are taken, the second order partial derivatives
of U are denoted by the subscripts and the superscript 0 denotes that the partial derivatives

are to be evaluated at the libration point under consideration.

In order to consider the motion near any libration point in the x, y-plane, we let solutions
of the first two equations of (4.5) be
a = Aexp(At) and B = Bexp(At)
sothat & = Alexp(At), & = Al%exp(At) (4.6)
f = Blexp(At), S = BA?exp(At)
where A, B and A are constants.

Substituting the equations in system (4.6) into the first two of system (4.5), we have

A?Aexp(At) — 2nABexp(At) = Aexp(A)U ., + Bexp(A)U .,

1X1

A*Bexp(At) + 2nAdexp(At) = Aexp(A)U ., + Bexp(A)UY ..

1X2

Dividing throughout by exp(At), we have
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A2A—2nAB = U, A+ U2, B,

2B+ 2nAA=UQ . A+ UL, B

or
224 —2nAB - UQ A— U2, B =0,

A*B+2nAA—-UQ  A— UL, B=0

or

[22 - U2, ]A—[2n2+ UL, ]B =0,

[22-U2 . |B+[2na-U2, ]JA=0.

The system can be written in matrix notation as

(P = URx)  —(2nd+ U2,)\ (A _ 0
( )G

(Zn)' - Uglxz) ()'2 - UD(C)zxz) B
This has a non zero solution if

(= Upx)  —(2n2+Ug,)| _
(22— Uzr,) (= Urx,)

Expanding the determinant, we have

[22 = U2, ][22 — U2, ] + [2na + U, |[2na — U, ] = O

or

A= 200, — UL, + UQ, UL, +4n2A% — 2nAUL,., + 2nAUL, — (U2,) =0

Hence,

A — (U, + UL, —4n2 W2+ U2, UL, —(U2,.) =0 (4.7)

Equation (4.7) is the characteristic equation corresponding to the variational equations

(4.5) in the case when motion is considered in the x, y plane.
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4.4  Jacobi Integral
Multiply the first, second and third equation of system (3.4) by 2xi1, 2x, and 2x3

respectively, we have

25&1)&1 - 4n5€15€2 - lele,

25(:'2.72:2 + 4n5€1)'c2 = 25(2Ux2,

25(:'3)23 - 25{3UX3'

adding the equations above, we have

281Xy + 2Xy%5 + 2X3%5 = 2%, Uy + 235Uy, + 233U, (4.8)
X dif o dx3 . :
Recall that s 231X, e 2i%,%, and e 2¥3x3 and unsing them

in (4.8), we have

dx12+dx§+dx§_dzu d(.2+.2+.2 )= o
dt T dr ' dr | dt o g T =

Integrating both side, we have
d .2 .2 .2
a(xl +x2+x3—2U)= 0
or x4 %2+ x2—2U + C = 0, where C is the Jacobian constant.

Hence, the equations of motion in both problems admit the Jacobi integral.

45  The Libration Points (Case 1)

The libration points are the singularity of the manifold
F(xy, %0, %0 %1, %2, %3) = X3 + %2 + %2 —2U+C =0,

37



that is, they are the solutions of the equations

1

pO—x) | 3ua(l—x)  15uas(1—x)

U, =D |-2rp Aix; + +n?(x; —

X1 [ TP1A1X1 r23 5T25 8r27 n*(xy — u)
u  3ua, 15uas

U, =Dx,|—-2np A1 — — — + +n? 4.10

2 le it ry 2ry 8r) " l ( )
U 3ua, 15uas

U,. = Dx3|—2npA; — —— +

X3 x3[ P14z T'23 21"25 87'27 l

r2=(1-x)%+ x% +x3.
45.1 Axial libration points

The locations of the axial libration points are the solutions of the system (4.10) when

x; #0,x, =x3 =0, D +# 0 these points lie on the x; - axis. Now, from system (4.10),

we have

k(=)  3ua(1-x)  15ua(l-x)

+ n?(x; —
s 515 81y (2 =4

UX - D _ZﬂplAlxl -

1

or

(L —x) 3pop(1—x) 15paz(l—xq)

D|-2 A -
R R TE T

+n?(y — )| =0

Substituting the expression for n?, we have
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3ua 15ua
n 2! n o 205}
11— 2[1—x]* 8|1—x4]¢

D I:_ZT[plAlxl
3 3 15
+ (1 t+-a;+-a, ——ag) (x4 —,u)] =0

2 2 8

and since D # 0, we have

3uo 15pa 3 3 15
— 21, A x, u uo; Mo +(

_ W TS
T AT e it Tl G L Lt 2Ly (CS D

=0, (4.11)

First, we find the roots of the equation (4.11) when the primaries are spherical (i.e., a; =

0,i =1,2,3). Inthis case, we have

—2T[p1A1x1 + 2 + (x1 - ,Ll) = 0. (412)

_*
|1 — xq|

We see that x; = 0 satisfies the equation (4.12) above. Therefore, when a; =0, (i =
1,2,3), the centre of the first primary is a libration point for all values of the parameters
u, A4, A,, p; and D. Now we find the other roots of equation (4.12) satisfying the condition

0 < |x4] < 1. Hence, from equation (4.12), we have

(1 —x)?[-2mps Ay + (xy — )]+ =0

or (1= 2x; + xP)[(1 = 2mpsAxy —pul +u =0

or  (1-2mp;A)x; — pu+ (4mpiA; — 2)x2 + 2ux; + (1 = 2mpADXS —ux?2 +u=0
or (1-2mp;A)xd + [4mpAr — 2+ Wx2 + (14 2u — 21p;A)x; =0

or (1-2mp;A)x? + [4mp;A; — 2+ wWlxy + (1 + 2u — 2mp,A) =0 (4.13)
the roots of equation (4.13) are
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X11,X12

1
; .
CampiAs - 2+ £ |(4npsAs — 2+ W) - 4(1 - 2mp A (1 + 20— 2mps A
- 2(1 - 2mp,Ay)

1
16(mp,A;)? — 16mpA; — 8ump Ay +4pu+ 4 +p? —4—8p +r
+16T[p1A1 + 16H1Tp1A1 — 16(1Tp1A1)2
2(1 - 2mp;Ay)

dmp A —(2+ Wt [

1 1
_2(1=2mp;Ay) + £ [p? + 8ump, Ay — 4]z LB [u? + 8ump; Ay — 4p]2
2(1 - 2mp,Aq) 2(1 = 2mp,Ay)

Therefore, the roots of equation (4.12) are

N|=

i — [u? + 8ump Ay — 4y]
2(1 - ZTtplAl)

p+ [u? + 8ump Ay — 4y]
X11 + 2(1 = 2mp,Ay) y X12 +

N|R

(4.14)

The term A; which appears in the equation of system (4.10) is due to the fluid mass effect,

therefore these roots will be real if the discriminant is non-negative, that is if

u? + 8umpiA; —4p >0

this gives
or  tu+2mpA —120. (4.16)

when iu > 1 — 2mp,A; > 0, both roots are greater than unity and we ignore them because
they lie outside the first primary. Now if 1 — 2mp;A; < 0, we have x,; < 1 and x,, > 1.
we further see that x;; = —1 when 1 — 2mp;A; < —zu, the point (x;4,0,0) lies within
the first primary if |x;;| < a,. When 1 —2mp;A; < —zu, |x11] < aq; x4, is a root of
equation (4.12). Hence, for 1 — 2mp,A; = 0 the only root is x;; = 2 which lies outside
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the first primary and we ignore it, thus a; = @, = a3 = x; = 0 is always a root of

equation (4.12), also x; = x4 isaroot provided 1 — 2mp,A; < —%u, |xq1] < a;.

Now, we find the roots of equation (4.12) when oblateness of the primaries is considered,

(i.e., &y # 0, ay # 0 and a3 # 0). In this case we let them be

x; =0+ pq, Ip.| < 1, (4.17)

X1 =X11 T D2 lp2| « 1.
Substituting the value of x; = 0 + p, into equation (4.11), we have

1 3ua, 15pa5
—2mp;A1p; + + -
PP T ) T 2(T—p)* 81— py)°

3 3 15
+(1+§a1+§a2_?a3)(291_#) =0

or

., .3 ., 15 »
—2mp;A1p; + (1 —py) 7% + 3 nop (1 —pg)~* = 5 Hoz (1 —p4)

3 3 15
+ (1 toa o _?a3) (p1—w) =0.
Expanding and ignoring second and higher powers of p,, as is are very small quantities, we
obtain

3 15
—2mp;Aipy + (1 + 2py) + 5 M (1+4p,) - 5 nas (1 + 6p;)

3 3 15
+ (1"'5“1 +§a2 _§a3) (pr—w =0,

Expanding and ignoring the product of «;(i = 1,2,3) and p,, we have
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3 15 3 3 15
—2mp APy + W+ 2Upy + S HAp — SHag + Py — f— DUy — S pdy — —Hag =0
3
or — 2mp1A1py + 2Py + P1 — 2 uo; =0

3
or  pi[—2mp A+ (1+ 2] = 5 Ko

3
or —pu[2mp1 Ay — (1 + 2p)] = Pl
30 K
= — 4.18
PL= " TanpuAs — (1 + 2] (418)
Similarly, substituting the value of x; = x,; + p, into equation (4.11), we have
1l 3ua, 15p03
—=2mp1Aq (x11 + + + —
Prs (a1 +P2) (1—x11—p2)? 2(1—2x1;,—p2)* 8(1—x11 —pr)°
3 3 15
+ (1‘*‘5“1 tox —§a3)(x11 +p2—1) =0
or
. 3 3 15
(1—x11 —p2) [_2“p1A1(x11 +p2) + (1 + §a1 + Eaz - §a3) (x11 + P2 — M)]
3 15ua
+u(1 —xy1 —p)* + Eliaz(l — X1 — P2)% — 3 2=0

Expanding and ignoring the second and higher power of p,, we have

[(1- x11)6 —6p,(1— x11)5] [—2ﬂp1A1x11 —2mp,Aq Py + 2

3 3 15
+ (1 + PRE + 7%~ ?a?») (13 — :“)] +ul(1 = x)* = 41 — x11)°]

3 15ua
+opuan[(1—x1)2 = 2(1 — xqy)] - ——— =

0
2 8
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or
[ = 320 = 2ot = )P {10 = 31)?
—2p,(1 = x44)] [—21‘[p1A1x11+p2(1 — 2mp,Aq)

3 3 15
+ (1 tsa t5a __053) (11 _H)] +,u}

2 2 8
+ ; uay[(1 = x,7)? = 2(1 = x,,)] = 15;‘“3
or
(1 =01 = 221~ 1) {1 =02 (14 S0 4 S oy = ) (s = 1)

- 2“P1A1x11] +po(1— x11)2(1 — 2mp;1A;)

3 15p03
—2p(1 —x19)[x97 — p — 2mp1 Ay 44 ] + .“} + Eliaz(l - x11)2 = 3

(Ignoring the product of «;(i = 1,2,3) and p,)

or

[0 =1 = 221~ 1) {1 =02 (14 0 4 oy = ) (s = 1)
- ZTTP1A1X11] +p, (1 — x11)[(1 — x11) (1 — 2mp,A4)]
+p,(1 —xy1)[—2x1, + 21 + 4mp Ay xy4] + ,u}
= —;uaz(l —x1)% + 15ga3

or
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3 3 15
[ = x) = 29,01 = 1) {1 = 1) (14 S e+ S 0 - T G = 0

- 21'[p1A1x11]

+ p2(1 —x19)[1 = 2mps Ay — x95 + 2mp1 A1 Xyq — 2X94 + 2

3 15pa
+ 4mpAgxqq] + .U} = _E.Uaz (1- x11)2 + 3 2
or
) ) ) 3 3 15
[(1—x11)% = 2pa(1 — x14)] {(1 - X11) [(1 + §a1 + Eaz - §a3) (X117 — 1)
- 2T[p1A1x11] + po(1 —x49)[1 = 3x41 + 2 — 2mp, A + 6TP; A1 X44]
3 15ua
+ li} = S puay(1—x11)% + :
2 8
or
) ) 5 3 3 15
[((1—x11)% = 2p(1 — x44)] {(1 — X11) [(1 + 5% + 5%~ g%) (X110 — )
- 21Tp1A1x11] + p2(1 — x41)[(1 = 3x141) — 21p; A1 (1 — 3x44) + 24]
3 15pa
+ .“} = —-pay(1—x1)% + i
2 8
or
) 5 5 3 3 15
[(1—x11)% = 2pa(1 — x44)] {(1 — X11) [(1 + 5% + 5%~ g%) (x11 — 1)
- 21'[p1A1x11] +p2(1 = x3)[(1 = 3x9,)(1 — 2mp1 Ag) + 2u] + .“}
3 15pa
= _Eﬂaz(l_xn)z"' 3 :
or
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[(1—x11)%* = 2 p,(1 = x44)] l[(l — x11)?

—2p,(1 = xq4)] {(1 —x11)? [(1 + ;Cﬁ + ;az - 1§5a3> (13 — 1)

- 21‘[p1A1x11] + P2 (1 = x19)[(1 = 3x4,) (1 — 2mp, Ay) + 2] + #}l

15pa3
8

3
= _E.“az(l — x11)% +

expanding and ignoring the second and higher power of p,, we have

3 3 15
[(1—x11)% = 2p,(1 = x34)] {(1 — x11)* [(1 + Ea1 + Ea’z - §a3) (11 — W)

- 2T[p1A1x11] +po(1— x11)3[(1 —3x11)(1 = 2mp;Ay) + 2]

+u(1 - x11)2
3 3 3 15
—2po(1 —x44) [(1 + Ea1 + Eaz - §a3) (X110 — @) — 21TP1A13C11]
3 15ua
— 2up, (1 - x11)} = _E.“az(l - x11)2 + 3 >

expanding and ignoring the product of p, and a, (i = 1,2,3), we have

[(1—x11)% = 2 (1 — x14)] {(1 —x11)* [(1 + %Cﬁ + %az - 1?5“3) (11— 1)

- 21'[p1A1x11] + po (1 — x11)3[(1 — 3x3,) (1 — 2mpy Ay) + 24]

+u(l - x11)2 —2p,(1— x11)3[(x11 — W) — 21p; A1 x44]

3 , . 15pag
— 2up,(1 - x11)} = - E.“az(l —x11)° + 3

expanding and neglecting the second and higher power of p,, we have
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3 15

3
1- x11)6 [(1 + §a1 + Eaz - §a3) (X117 — ) — 2mp1 A x4

+ p2(1 — x11)°[(1 — 3x31) (1 — 21p1Ay) + 2u] + pu(1 — x44)*

—2p,(1— x11)5[(x11 — W) — 2mp1 A1 xy4] — 2up, (1 — x11)3

5 3 3 15
— 2p,(1 — x41) [(1 + Ea1 + Eaz - gag) (10 — @) — 21'[p1A1x11]
3 15pa
—2up,(1—x44)3 = —E#az(l —x1)% + 3 3

expanding and ignoring the product of p, and a, (i = 1,2,3), we have

15

3 3
1- x11)6 [(1 + 5051 + Eaz - ?ae») (X110 — @) — 2mp1Asx14

+ p2(1 = x11)°[(1 — 3x31) (1 — 21pyAy) + 2u] + u(1 — x41)*
—2p,(1— xll)s[(xll — ) = 2mp1Agxyq] — —2up,(1 — x11)3

—2p,(1— x11)5[(x11 — 1) — 2mp1A1xy4] — 2up, (1 — x11)3

3 15p03
= _E.“az(l — x11)% + 3
or
P 3 3 15

(1—2x44) [(1 + Ea1 + Eaz - §a3) (X110 — @) — 2mp1As 14

+po(1— x11)5[(1 —3x11)(1 — 2mp1Ay) + 2u] + u(1 - x11)4

—4p,(1 - x11)5[(x11 — W) — 2mp1 A1 x11] — 4up, (1 — x11)3

3 1505

= _Eﬂaz(l — x11)% + 3

or
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3 15

3
1- x11)6 [(1 + §a1 + Eaz - §a3) (X117 — ) — 2mp1 A x4

+ p2(1 = x11)°[(1 — =3x31) (1 — 21p1Ay) + 2p] + u(1 — x44)*

—4p,(1— x11)3[(1 - x11)2(x11 —p— =2mp1A;x14) + uj

= —§ya2(1 —x;1)% 4+ Lonas (4.19)
2 8
From equation (4.12), we have
(1 = xp)?[-2mps Ay + (x — )]+ 1 =0,
but x, is a root of equation (4.12), so putting x; = x4, we have
(1 —x11)%(xq1 — p— 21p1Ayx11) + u = 0. (4.20)
Now using (4.20) in (4.19), we have equation (4.19) reduced to
(1—xq9)° [(1 + ;al + ;az — 18?5613) (x11 — @) — 2mp A x4
+ 0, (1 — x11)°[(1—3x11) (1 — 2mp1Ay) + 2u] + u(1 — x44)*
= —;Uaz(l —x11)? + 15;10(3
or
P2(1 = x11)°[(1—3x11) (1 — 2mp; Ay) + 24]
=—(1-x.,)° [(1 + %al + ;az — %c@) (11 — u) — 21Tp1A1x11]
(1= )"~ S (1~ )P S

or
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3 3 15
-(1- x11)6 [(1 + 51 + 502~ ga3) (X110 — 1) — 21'tp1A1x11] —u(l- x11)4

P2 = (1 = 211)°[(1—3x11) (1 — 2mp,Aq) + 24]

_ Buay (1 — x11)2
2(1 = x41)°[(1—3x11)(1 — 2mp,Ay) + 2u]

N 15pa5
8(1 — x11)3[(1—3x11)(1 — 2mp;A;) + 2u]

or

3 3 15
-(1- x11)6 [(x11 — 1)+ (5 a + ;%2 — ?az») (X110 — ) — anlAlxll] -

—u(1 = xq4)*
(1 = x11)°[(A—3x11) (1 — 2mp;A;) + 2u]

P2 =

_ Bpay (1 — x11)2
2(1 = x11)°[(1—3x11)(1 — 2mp,Aq) + 2u]

N 1504
8(1 — x41)°[(1—3x11)(1 — 2mp,Ay) + 2u]

or

—(1—x49)° [(2“1 + ;az - 18_5a3> (%11 — .“)] -

_ —(1- x11)6[(x11 — ) = 2mpiAgxyq] — pu(1 — x11)*
2 (1 = x11)°[(1—3x11) (1 — 2mp;A;) + 2]

_ Buay(1— x11)2
2(1 = x91)°[(1— 3x11)(1 — 2mp,Aq) + 24]

4 15p05
8(1 — x11)5[(1—3x11) (1 — 2mp,Aq) + 2p]

or
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—(1—x41)° [(g a; + %az - 18_5053) (%11 — H)] -

_ (1—x)*{[(1 - x11)2(x11 — ) = 2mp Ay x4 ] + p}
P2 = (1 = x11)°[(1—3x11) (1 — 2mp; A;) + 2u]

_ 3uaz(1—x44)°
2(1 —x11)5[(1—3x11) (1 — 2mp, A;) + 2u]

+ Lopds (4.21)
8(1 — x11)°[(1—3x;,) (1 — 2mp,A,) + 2u] .
From equation (4.20), we have
—2mp A1 Xy = _—#2 — (X1 — ) (4.22)
(1—x41)

Now, using (4.22) in (4.21), we have

— (1 —x4,)° [(2051 + %az - 1;3_5053) (%11 — .U)] -
= (1= x| = %1201 = 1) — o — G — 0] + 4

(1= 2x11)°[(1—3x,1) (1 — 2mp; A;) + 2u]

P2 =

_ 3pay (1 — x14)°
2(1 —x11)5[(1—3x11) (1 — 2mp, Ay) + 2u]

N 1504
8(1 — x41)°[(1—3x91)(1 — 2mp,Ay) + 2u]

or

— (1 —xq4,)° [(g a;, + %az - 1?50—’3) (211 — .U)] — (1 =x3)*[-p+ul
(1 = x11)°[(1—3x11) (1 — 2mp;A;) + 2u]

P2 =

_ Bpay(1 - x11)2
2(1 = x11)°[(1— 3x11)(1 — 2mp,Ay) + 24]

4 15p05
8(1 — x11)5[(1—3x11) (1 — 2mp,Aq) + 2p]

or
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- (1=x,)° [G% + %az - 1?5053) (%11 — H)]

P2 = (1 —x11)°[(1—3x4,) (1 — 2mp1Ay) + 2u]
_ Bpay (1 — x11)2
2(1 —x11)°[(1—3x11) (1 — 2mp; A;) + 2u]
N 1504
8(1 — x11)°[(1—3x11) (1 = 2mp,A;) + 2u]
or
3 3 15
— (1= x11)° [(5051 T2 — §“3) (xq1 — li)]
P2 =

(1= x11)°[(1—3x11) (1 — 2mp;A;) + 2u]

3ua,
2(1 = x11)3[(1—3x41) (1 — 2mp4Ay) + 2]

4 15p05
8(1 — x11)5[(1—3x11) (1 — 2mp,A;) + 2p]

(4.23)

A substitution of equation (4.21) in the second equation of system (4.17) gives the position

of the other libration point near the centre of the first primary.

4.5.2 Locations of circular points
The locations of the circular points are obtained by using the first two equations of system

(4.10) with the conditions x; # 0,x, # 0, Uy, = Uy, = 0.

Now from first two equations of system (4.10), we have

p-x)  Bum(-x)  ISue(l-x)
)2 213/ v )2 215/ v )2 217/
[(1—=x1)%24 x5]72 2[(1—x)%2+ x3]72 8[(1—x1)2+ x5] /2

D _ZﬂplAlxl +

+n?( — )| =0

and
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U 3ua;, 15ua;

Dx, |—2mp A1 — -

+
[(1—x)2+ 2172 2[(1—x)?+ x2]72 8[(1—x,)% + x2]/2

+nzl = 0.

Since D # 0, we have

p(l—xq1) n Buaz (1 —x;) 15paz(1 —x;)

—2np Aixy + -
T A — a2+ 2272 2[(A—x)2 + %2172 8[(L—x)% + x2]2

+n?( —p) =0

[0 3 3ua,
[(1—x)2+ %272 2[(1—x)% + x2]°2

and X, [—2np1A1 -

15ua
2 - +nzl =0
8[(1— x,)2 + x2]'/2

3ua
or X1 [—271,01A1 - s - HY2

[(1—x)2+ %3172 2[(1—x)% + %272

15uc
+ i B +nzl + s .
8[(1 — x,)% + x2]'/2 [(1—x,)% + x3]72
3ua 15uca
+ Y2 —— s =0 (4.24)
2[(1 —x)% + %212 8[(1 —x,)2 + x2]'/2
and
U 3ua 15ua
Xy |—2mpi A1 — 213/ - - 5. T - 217
[(1-x)2+ 22172 2[(A—x)%+ %3172 8[(1—x,)2+ x3]'/2
+ nzl = 0. (4.25)

Since x, # 0, we have from equation (4.25)
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3ua 15ua
_anlAl - 'u 3 - ‘Ll 2 5 + H 3 7 +1’l
[(1—x)2+ %272 2[(A—x)2+ x2]72 8[(1—x)2 + xZ]'/

2

= 0. (4.26)

Using (4.26) in (4.24), we have

3ua 15ua

s —+ 2 — - s um?=0(427)
[(A-x)?+ 23772 2[A-x)? + x> 8[(A—x)2 + %3172
or

1 3a, 15a5
u 23/+ 25/— 27/_2_0
[(A—x)?+ x5]72 2[(A—x)? + x5]72 8[(1—xq)%+ x3] /2

Since u # 0, we have

1 3a 15«

—+ - S —n?2=0. (4.28)
[(A=x)2+ %3172 2[A—x)?+ K312 8[(1—x)? + x3]'/2
writing (1 — x;,)? + x2 = r2, we have
1 3a, 15a3 5
At os g =0
or
3a,r?  15a5

2r7 — ot — = 4.29
n‘r’ —r 5 + 3 ( )
Now, let
r=1+g, eKk1 (4.30)

Substituting (4.30) in (4.29), we have
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3a,(1 + ¢€)? N 15a5 _

2 8 0

n?(1+e) —(1+e)* -

Expanding and neglecting the second and higher power of &, we have

3a 15«
n2(1+7£)—(1+4s)—72(1+28)+ 83=o

or

3 3 15 3a 15
(1+—a1 +a, ——a3)(1+7e) —(1+4e) - +20)+ =0
2 2 8 2
neglecting the product of € and «; (i = 1,2,3) we have
1+ 7e4oa, 2 15 1—ge 3%, 1505,
& 5 aq 5 ar 3 aj & 5 3 =
3
or 75—4£+§a1=0
or 3e + Eal =0
1
£=—=a;. (4.31)
2
Now, using (4.31) in (4.30), we have
1
r=1- Eal (4.32)
so that
1\ 1 3\ 1y
r2=(1—5a1) , r3=<1—§a1) ) r5=(1—5a1> (4.33)
also
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1
r‘3=<1—§a1) =1+-aqa,,

1
T_S = (1 - §a1> =1+ — U, (4‘34)

-7

_ 1 7
r =<1—§a1> = 1+§a1.

Now, from equation (4.27), we have

3 15
H — Ha; - Has = un® (435)
[(1—x)2+ %2172 2[(1—x)2+ 2272 8[(1—x)? + xZ]'/

Substituting equation (4.35) in equation (4.26), we have
—2mp; Ay — un? +n? =0

or 2mp Ay + un? —n? =0

or 2mp Ay = n?(1 — p).

When 2mp;A; = n?(1 — u) the points on the circle given by 2 = (1 — x;)? + x2 with
x3=0and r=1 —%al lying within the first primary are also libration points, the

general coordinates of these circular points are given by (1 + r cos 8, rsin8) where 6 is

a parameter.

4.6 Location of Libration Point When D > 0 (Case 2)
Those points at which the velocity and acceleration of the infinitesimal mass are zero are the

libration points. These points are the solutions of the equations

Uy, = Uy, = Uy, =0, thatis
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[ 3
U, =D 1+2,u—C1+E(1+4,u)(201—02)]x1 =0,

[ 3 3uc
Uy, =D 1= p=C;+5(1—2p)(20; — 03) + s 2]x2=0, (4.36)
3u
Uy, = —D [,u + (3 + 7(401 - 0'2)]363 = 0.
Since D # 0, it implies that
- 3
14+ 2u—0C; +§(1 +4u) (20, — 02)]x1 =0,
[ 3 3uoc
1—p=C 51— 2120 — o) + Mzz]xz =0, (4.37)

3
-D [,u + C3 +7'u(401 - 02)] x3 = 0.

Since (1+ 2u) < C; and (1 — u) < C, by Plastino and Plastino (1995), O0< u < 1, and
0 < 04,0, < 1; the coefficients of x;, x, and x5 in (4.37) are non zero. This implies that

the origin (0, 0, 0) is the only libration point.

4.7 Stability of Axial Libration Points (Case 1)
The second order partial derivatives are to be evaluated at the point (x;, 0, 0).

Now from the first equation of system (4.10), we have

1—x 3ua,(1—x 15ua-(1 —x
U, =D —27T,01A1x1+#( _ 1)+ pay( 1)_ pas( 1)

+n?(x, —
! T 51y 8r) (=)

The second derivative with respect to x; gives
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5 7

—1 3(1-x)%) 3ua,(-1 5(1—x)2
lexlle_2ﬂp1A1+.u{_3+ ( 51)}+ “2{ +¥}

15 5 2 (n T,
15ua; (-1 7(1 —x;)?
it {—7 + (—91)} + nzl (4.38)
8 7, 7,
similarly, the second derivative with respect to x, gives
U - D —3u(1 —x1)x;  15par(1 — x1)x; n 105pa3(1 — x1)x;
X1X2 TZS 21,.27 87"29
—1 5a, 3503
or UX1X2 = D3,LL(1 - xl)xz E - 2—7'27 + 81‘29 (439)
also, the second derivative with respect to x5 gives
—3u(1 —x9)x3  15uay(1 —x1)xz  105uas(1 — xq)x3
Ugyes =D 5 - 7 + 9
£ 2r, 8r;,
-1 5a, 35a3
or Us,x, = D3p(1 — x1)x3 E - 2_1”27 59 | (5.40)
In the same vein, the second equation of system (4.10), gives
Ux,  3uazx, 15uasx,
U, =D|-2mpAix, — — + + n2x
Xz [ TP1A1X, r23 2r25 8r27 2
Differentiating U,., with respect to x,, we have
1 3x3) 3uay(1 5x3) 15uas(1 7x2
Up.x. =D |=2mpA; —pui—=— 21— — - -2
e l TPt Tl {r23 ry } 2y 1/ * 8 r,
+ nzl. (5.41)

Differentiating U, with respect to x3, we have
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3UX, X5 N 15ua,x,x5 105,ua3x2x3l

Uex. =D -~
X2X3 l T'25 2T27 8T29

1 Sa, 35a3l (4.42)

or Ux2x3 = 3Dux,x3 lg + 2_r27 — 8r29

From the third equation of system (4.10), we have

Uxs  3uazx;  15pasxs
U, =D |-2rpAyx5 — - +
3 [ P1Ai2%3 S 2r> 8r)

The second derivatives with respect to x5 give

1 3x%) 3ua,(1 5x3 15/16!3 7x3
Uy = D |=2mp,dy — pl=— 34 = B} O 4.43
o [ otz TR {r23 ry } 2y 1 8 ( )

where r2 = (1—x;)%x3 + x2

Now, evaluating the values of the second order partial derivatives at the libration point
(x;,0,0), where x; = p; and x; = x4, + p, Stands for the first and second axial libration

points respectively.

Substituting x; = x;,x, = 0 and x3 = 0 in equation (4.38), we have

~ ~1 3(1—xl) Bua, (-1 5(1—x)?
U9(6')1x1 =D l_2”P1A1 +u {(1 — x1)3 (1—x)° } + 2 {(1 —x;)5 + (1-x)7 }

15ua; -1 7(1 — x;)?
"8 {(1—xl)7+ d—x)° }+"zl

or

~1 3 Sua, ( —1 5
A—x) A= x1)3} 2 {(1 ) T a- xl)S}

B 15/5;(13 {(1 - 11)7 T —7xl)7} * "2]

Uy, = D |~2mp1 4, + 1
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or

2u 3ua;, 4 15ua; 6
0 —
Uiy = D [_Z"plAl taor T2 {(1 _ xl)5} T8 {(1 - x1)7} " nz]

or

2[1, 6/1(12 45/1,(13
ul,. =D [—2 A - 2] 4.44
K Ty ER Ry b Te Ry (4
Putting x; = x; in equation (4.11), we have
1 3ua, 15pa;
—21p,A - 2(x, — ) =
TPy 1xl+(1_xl)2+2(1_xl)4 8(1—xl)6+n (x;—w)=0
or
il 3ua, 1504
—2mp,Ayx; = — — —n2(x, —p) =
oA S S T2t B —xpe T H 0
u 3ua, 15p05 n?
—2mp,A; = — —~ + ——(x, - 4.45
R R T R A R LR
Substituting equation (4.45) into equation (4.44), we have
u 3ua, 1505 n? 2u
Ul. =D|- — - - S
I B o i P R LA T P LI N CrAE
6bua 45ua
+ na; _ uas +n2
(1-x)5 4(1—-x)7
or
0 i 2u 3ua, 6ua, 15p03
Ugre, =D |~ 2~ T 3 4 5 6
x(1—x) (1 —x)32x,(1 — x) (1—x) 8x,(1—x;)

ASuay , n

n
Taoay T
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or

o —pl- 1l 4 2u 3ua, 4 bua, 4 15p03
h x (1= x;)? (1-x)32x,(1—x)* (1—x)° 8x(1—x)°
45ua x; +
S B P L0
4(1 - xl)7 X1
or
o —pl- 1 . 2uU 3ua, 4 6bua, 4 15pa;
h x(1—x)? (1-x)32x(1—-x)* (1—x)° 8x(1—x)°
45ua X —x; +
__ToHas o {l_l“”
4(1 — xl)7 X1
or
o —pl- i . 2u 3ua, bua, 15p03
e x (1= x;)? AI=x)32x,(1—x)*  (1—x)° 8x(1—x)°

ASuay n2u
4(1 — xl)7 X
or
Uo . —p N 2 3a, N 6a, N n? N 1505
wr = OH x (1 —x)? 1-x)3201-x)* (1-x)° x 8x(l-x)°
4505
4'(1 — xl)7
or
—(1-x)% + 2x,(1 —x)*- (3/2)a2(1 —x) +
U =p + 6a,x; + n?(1—x))° 15a5(1 — x;) — 90x;a5
wm = CH x(1—x;)3 8x;(1 —x;)7
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or

—(1-x)% + 20,1 —x)?-(3/))a(1—x) +

2(1—x,)5 15a5{1 — x; — 6x
U . = Dy + 6a,x; + n?(1—x;) N 3{ 1 3
i x (1 —x)° 8x,(1—x,)7
or
—A-x)% + 201 - x)? - (3/)a,(1 - x) +
+ 6a,x; + n?(1—x;)° 15a3(1 = 7x;)

U . =p 2%1 l 4.46

i H x(1—2x)5 8x,(1—x,)7 ( )

Substituting x; = x;,x, = 0 and x5 = 0 in equation (4.39), (4.40) and (4.42), we have
Uity = Ugizey = Ugre, = 0 (4.47)

From equation (4.41), we have

1 3x3) 3uay(1 5x3) 15uas(1 7x2
Ugyx, = D |—2mp1 Ay —pi=——¢ - — - + ———5( t 1|,
T l TPt H {r23 ry } 2y 1/ 8 (W n

again, substituting x; = x;, x, = 0 and x3 = 0, we have

u 3#“2 15,[,[613
=D|-2 A — - 2] 4.4
Uy, x, [ TTp1A4 (1—x)° 2(1_361)5-|'8(1_x1)7+‘n (4.48)
Using equation (4.45) in equation (4.48), we have
I“l 3ua2 15“.(13 nz u
=D|— _ - _ _
U,x, [ x(1—x)2 2x(1—x)* 8x,(1—x)¢ x G — 1) —(1 —x,)?

3ua, 15uas
2(1—3(1)5 8(1—xl)7

+n?
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or

U . =pl- W k. 3pp 3pm 15pa3
rata x(1-x)* (A-x)% 2x0-x)* 2(01—x)° 8x(1—x)°

15ua n?
"5+ n?——(x —p)

+——— _tn?—
8(1 —xl)7 n X
or

v =pl- H k. Bpep 3um 15pas
2¥2 x(1-x)? (A-x)% 2x(1-x)* 2(1-—x)° 8x(1-x)°

15ua X, —Xx; +
+L+n2 {l—l‘u}]
8(1 - xl)7 X1

or

U =pl- W k. Bpep  3pmp 4 15po3
2¥2 x(1-x)? (A-x)% 2x(A-x)* 2(1—x)5 8x(1—x)°

15ua n?
" uas n u
8(1—x1)7 X

or

1 1 3a, 3a, 1504
Ux,x, = D)= 2 3 i 5T 6
x(1—x;) 1-x) 2x,(1 - xy) 2(1—x) 8x,(1 — x;)

15a; n?
—_— + —_—
B(1—x)"  x
or
(—(1 —x)%-x(1—x)%- (3/2)a2(1 —x)
U =p - (3/2)a2xl + n?(1—x)° 4 15a5(1 — x;) + 15a3x;
XaXy T u xl(l _ xl)s 8xl(1 _ xl)7

61



or

(—(1 —x)°-x(1—x)%- (3/2)a2(1 —x) —
_ - (3/2)a2xl + n*(1-x)° 15a5(1 — x; + x;)
Usax, = Di x,(1—x)5 * 8x,(1 —x,)7
|
or

(—(1 - xz)3 -x(1 - xz)z - (3/2)0—’2(1 - x) -
—(3/))a,x, + n2(1 — x))° 15a
Ul . =Du C/a)az l + | (449
22 x(1—x)° 8x,(1 —x;)7
Again, from equation (4.43), we have
1 3x%) 3ua,(1 5x3) 15uasz(1 7x3
=D|-2mp Ay —pui———=1t — — - — -
U l Ttz TR {r23 ry } 2y 1 ’ 8 r, )l
also, putting x; = x;, x, = 0 and x3 = 0 in the above, we have
U 3ua, 15ua;
0y, = D|~2mp1 4, - - | 4.
Vs e T A 20 —xps 8 -x) (4:50)
Therefore, the second order partial derivatives evaluated at the point (x;, 0, 0) are
—(1-x)% + 2x,(1 —x)*- (3/2)a2(1 —x) +
Uo . = p + 6a,x; + n?(1—x)° 15a3(1 - 7x;)
xax = OH x (1= x)3 8x,(1 — x;)7
(—(1 —x)° - (3/2)a2(1 —x) -x (1 —x)? -
U = —(3/2)a2xl ++n2(1 —x)° N 15a5 (451)
xxe = OH x(1—x)3 8x,(1 — x;)7 .
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U 3ua, 15uas
1-x) 2(1-x)°> 8(1—-x)"[

U9?3x3 = D _anlAZ -

0 — 0 — 0 —
Ux1x2 - Ux1x3 - szxs = 0.

superscript 0 denotes that the partial derivatives are to be evaluated at the point (x;, 0, 0).

Substituting the equations (4.51) in the variational equation (4.5), we have
d—2np = (U2, )a,

B+ 2na = (UL ,,)B (4.52)

U 3ua, 15ua;
j = —D |21p,A -
4 [ L R e R TC e - Te g v R

(4.53)

Equation (4.53) is independent of system (4.52), and its solution being periodic is bounded

and therefore, the motion of the infinitesimal body in the x; — direction is stable.

The characteristic equation corresponding to system (4.52) can be written as

A = (U2, + U, —4n?)A2 4+ U2, U2, =0 (4.54)
4.7.1 Stability of the axial libration point (p,,0,0)

The values of the second order partial derivatives in system (4.51) are evaluated at the axial

pOInt (pl 101 O)a

3ay u
2 [2mpA; — (1 + 2]

wherer p; = —

—u
[2np A, — (14 2]

Let q = (4.55)

so that.
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3a.q

P1

3a1q

Now substituting x; = —=

( —(1—3“71")3+2.

- (3/2)a2 (1 -

3aiq (1 _ 3a1q)2 B
2 2

3a 3a
14 + nZ (1 _ 2161

in the first equations of system (4.51), we have

)5 15a5 (1 - 7.

3a1q)
2

3a1q
. ) + 6a,.
2 2
3a1q

2 (1 N 30;1q)5

UJ(C)lxl = Dl’l

9a,q 3a,q

(1

2

) + 3a;q(1 — 3a,9)*- (3/2)a2 (1 -

2

3a1q
2

8

)+

X1X1 H 319 (1 _ 3a1q)5
2 2

15a; (1 _ ”%)

21a1q)
2

¥ 12¢,q (1-

(-9

= (1-259) + 301401 =300 - () (1 -29) +
|t (e e $a) (1255 s
or Uxx, = UH 3a41q (1 _ 3a_1q)5 4a,q

2 2
Now, expanding and ignoring the products of «; (i = 1,2,3), we get

9a1q 3 3 3 15 15a:1q
UO D —1+T+3a1q—5a2+1+5a1+ Eaz_? 3—_2 50!3
B Mqu 4a,.q
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or  UP . =Du

3a; 30a; S5as

0 _ _
or  Urx, = Di 3a,9 24a,q9 4a.q

or U’(f)lxl = Du [ 33a0!11q]

D
or  Upy = [7”] (4.56)

now, using (4.55) in (4.56), we have

—Du[2mp;A; — (1 4 2u)]
U

0 1
lexl = D,Lla =

or UP . =—-D[2mp;A; — (14 2w)] (4.57)

3“2” in the second equations of system (4.51), we have

Also substituting x; = —

- (12 (s ) (g ey

2 2 2 2 2

5
3a, 3a1q 3a1q
o D -5 T (1_ 2 ) 1503
a¥2 ’u 3a1q (1 _ 3“1Q)5 8 3a1q (1 _ 30{1(])7
2 2 ) 2

Expanding using binomial expansion and ignoring the second and higher power of «,, we

have
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—(1-10) - (1) e g - s
o +(1+§a1+§a2—18—5a3)(1—15;ﬂ)
szxz = Dll 3a1q (1 _ 15(116{)
2 2
15a;
21a41q
12a,q (1 - 2249)
now, expanding and ignoring the products of «; (i = 1,2,3), we have
9a1q 3a; 3a19 3aq 3a, 15a3 15a419
U epyl P2 e~ YA AT T 154
X%, —— UH 3a1q 12a4q
2
9 3 15
0o _ _ “2161 + % B 8a3 15as
or Uy, =Dpu Mqu 12a,q
9a,q 3a4 15a; 2 15a;
Ur, = 00 - - =) (5a) * e
or xoxy = D 2 T2 AT ARV,
9a 3a 15a 15a
or U, =D _31q+3 1 3 3]
aiq ai1q 12a,q 12a4q
or Uy, =Du[-3 + 2] (4.58)
X2Xp q "
now, using (4.55) in (4.58), we have
—[2np Ay — (1 + 2
UJ(C)ZxZ — Dy [_3 n [2mp A — ( .U)]l
u
or U, =[-3Du — D[2rp,A; — (1 + 2p)]] (4.59)
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Using equation (4.57) and (4.59) in the characteristic equation (4.54), we have

A — (=D[2mp;A; — (1 + 2p)] — 3D — D[2mp Ay — (1 + 2p)] — 4n?)A?% +

{-D[2rp;A; — (1 + 2wW)]H{-3Du — D[2mp;A; — (1 +2w)]} =0
or

3uD?[2mpiA; — (1 +2wW)] =0
or

A — (—D2[2mp, Ay — 1] + 4Dp — 3Dp + 4n?)A% +

D*[2mpiA; — (1 + 2)]{2mp Ay — (1 + 2u) +3u} = 0
or

At — (—D2[2mp, Ay — 1] + Dp — 4n?)A% + D?[2mp, Ay — (1 + 2w)]1{(2mp, Ay — 1+
#=0

or

A — (— D2 [2mp,a, - 14| - 4n2) A2 + D2[21mp, Ay — (14 20)]{2mp, Ay —

1—u=0
or x*—(-D2 |2mp,4, — (1+ g)] — 4n?) 2% +
+ D*[2mp A — (1 + 2wW]{2mp; A, — (1 - W)} =0 (4.60)
If A2 and A3 are the two roots of equation (4.60) satisfying
N+ 23 = URy, + UL, —4n? = —2D [2mp A, — (1+ g)] —4n? <0, (4.61)
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and

23 = UL, Uy, = D2[27py Ay — (1 + 2)][2mpy Ay — (1= )] > 0, (4.62)

then the axial libration point is stable.

Since  2mp; Ay > (1 + 2u) > (1 + %) > (1 — w)byPlastino and Plastino (1995), it

shows that both conditions (4.61) and (4.62) are satisfied. Therefore, the axial libration point

(p1 ,0,0) is stable.
4.7.2 Stability of the axial libration point (x47 + p;,0,0)

The values of the second order partial derivatives in system (4.51) are evaluated at the axial

point (x;1 + p;,0,0),
Now, putting x; = x,; + p, in the first equations of system (5.20), we have

—(1—x11 = p2)® + 2x91 + 2P, (1 — %91 — p2)* + 6a,(x15 + p2)
- (3/2)a2(1 — X131 = D2) + n*(1 = X35 — p2)°
(x11 + p2)(A = x11 — p2)°

U3(6)1x1 = Du

15&3(1 - 7X11 - 7p2)
8(x11 +p2)(1 —x11 — p2)7

(4.63)

We now expand the first two terms of equation (4.63), that is

—(1 = x11)° (1 - 3L> + (2x11 + 2p5) (1 — x44)? (1 - 2&)

1-x11 1-%11

X11 (1 + :;121) (1—x4)° (1 - SL)

1-x11

—(1—xq1 — p2)3 + 2(x11 + p2) (1 — x4 — Pz)z _
(X171 + p2)(1 — x91 — p2)°
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—(1=x41)? [1 - _p_zr + (2x11 + 2p2) (1 — x14)? [1 - L]Z

1-x11

x |14 2] (1= x0)% |1 - 2]

expanding using binomial expansion and ignoring the second and higher power of p,,we

have

—(1—x41)3 (1 131’2 ) + (2x11 + 2p2) (1 = x31)? ( 1219)6211)
X11 (1 + ) (1—2x49)° (1 - SL)

1-x11

or

3 2
-(1- x11)3 (1 - 1_—2;21) +[2x,(1 = X11)2 + 2p,(1 — x11)2] (1 - L)

1-%11
xa (1= x5 (142 (1- 22)

1-x11

now, expanding and ignoring the products of p,, we have

-(1- x11)3 + 3p, (1 — x11)2 + 2x1,(1 = x11)2 — 4x11p2(1 — x11) + 2p,(1 — x11)2
x11(1 = x94)° (1 +L2 Sﬁ)

X112 1-X11

or

-(1- x11)2[(1 — Xq1) — 2X11] + 5p2(1 - x11)2 — 4x11p2(1 — x41)
5
x11(1 = x94)° (1 +—- L)

1-x11 1-x11

or
5 -1
{-(1- x11)2[(1 — Xq1) — 2X11] + 5p(1 — x11)2 — 4x1p2(1 — x14)} {( 1—9611 - 1_—1;211)}
x11(1 = x91)°
or
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{-(1- x11)2(1 — 3x11) + 5p (1 — x11)2 — 4x110,(1 — x11)} (1 -2 g 5&)

1—x11 1—X11
x11(1 —x11)°

also expanding and ignoring the products of p,, we have

-(1- x11)2(1 — 3x11) + 5p, (1 — x11)2 —4x11p,(1 — x11) + ;;121 1- x11)2(1 —3x11) —

—5p,(1 — x41) (1 — 3x44)
x11(1 = x94)°

or

—(1 = x11)%(1 = 3x11) + 5p2(1 — x41) (2x11) — 421192 (1 — 1) + :;121 (1= 211)?(1 = 3x;4)

x11(1 = x94)°

or

-(1- x11)2(1 — 3x11) + 10p, (1 — x41) — 4x11p, (1 — x94) + ;;121 1- x11)2(1 — 3x11)

x11(1 = x99)°

or

-(1- x11)2(1 — 3x11) + 6P (1 —x14) + :_2(1 - x11)2(1 — 3x11)
1L } (4.64)

x11(1 = x11)°
We now expand the third, fourth and fifth terms of equation (4.63), that is

3a,

- 7(1 — X171 — P2) + 6ay(x11 + p2) + n2(1 —xy4 — p2)°
(x11 +p2)(A — x4 — p2)°

or

- % (1—x49)+ 3a;p2 + 6a,x11 + 60,0, + N2(1 — xq7)° (1 - SL)

1-X14
x11 (1= x14)° (1 - p_z) (1 - Sﬁ)

X11 1-x14
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1 X11
5p
x11(1 — X11)° (1 4+ == e —1_x211)
or
3a p 5p
53 (1 ~ *11) + 22 6ayx11 + 6ap, +n?(1 = x11)° (1 - 1—x211)
-1
(1 + Pz _ SL)
X11 1—x11
x11(1 = x41)°
or

3 3 ;
{_ %(1 - x11) + —a;pz + 6a2x11 + 6a2p2 + n2 (1 _ x11)5 (1 _ 1_1;211)} %
— Pz 5P2
X (1 X11 + 1_X11)

x11(1 = x41)°

ignoring the products of a, and p,, we have

{_ 3;2(1 —x11) + 6a,x11 + n?(1 —x41)° — 5n%p,(1 — x11)4} (1 — Pz 5&)

X11 1-%14
x11(1 = x11)°
expanding and ignoring the products of a, and p,, we have
3
=2 (1 — X11) + 6ax1; + n?(1 = x41)° = 5nPp, (1 — x39)* — _"2(1 —x11)° +

+ 5p2 (1 - xll)
x11(1 = xq4)3

or

3“2 — (L= = 4x31) + n?(1—x11)° - _nz(l —x11)°

x11(1 = x11)°

or
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3(12

> (1—>5x41) + n2(1 - 9511)5 - :_znz(l - x11)5
11

x11(1 —x11)°
or

3 3 15
(1—5x14) + n?(1—xq4)° — ;;121(1 toatoa - g“s) (1 —x11)°

3“2
2

x11(1 —x14)°

expanding and ignoring the products of a, and p,, we have

3
- _ZZ (1—>5x41) + n2(1 - x11)5 - :_2 (1- x11)5
11

x11(1—xq49)° (4.65)

we now expand the last term of equation (4.63), that is

15a3(1 - 7x11 - 7p2) _ 150!3(1 - 7X11 - 7p2)
— — 7 7
8(x11 + p2)(1 — x11 — p2) 8x,4 (1 + :_2) (1—x.,)7 [1 _ p_z]
11

1-x11

_ 15a3(1 = 7x11 — 7p,)
B (1 -7 (1422 [1 - 2]

14
X11 1-Xx11

expanding and ignoring the product of p,, we have

X11 1-x14

8x,1(1 = x14)7 [1 + Pz _ ﬂ] B 8x11(1 —x44)7

X11 1-x11

15a:(1 — 7 1+ P2 2]
153 (1 = 7x31 — 7py) 1531 = 7xyy - p)|1 + 2 - |

7

1-x11
8x11(1 —x44)7

expanding and ignoring the products of a5 and p,, we have
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8x11(1 —x11)7 . .

Now, combining equation (4.64), (4.65) and (4.66), we have

[ —(1— x11)2(1 —3x11) + 6p(1 —x44) + :;121 1- x11)2(1 —3x11) —
3
—%(1 —5x11) + n2(1 - x11)5 - 5_2(1 - x11)5
Ul ., = Du 11
¥ x11(1 = x94)5
15“3(1 - 7X11)
8x11(1 —x14)7
or

8n2(1 - x11)7 -8(1— x11)4(1 —3x11) — 12a,(1 - x11)2(1 —5x11) +
+15a3(1 — 7x44)
i H 8x11(1 —x44)7

p2{6x121 + (1 —x11)(1 = 3x17) — (1 — x11)*}
+D =U 4.67
: x%1 (1—xq9)* 11 ( )

Now, putting x; = x;; + p, in the second equations of system (4.51), we have
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—(1—x; — P2)3 — (211 +p2)(1 — x40 — Pz)z -
_ 32 %2

3
> (1—=2x41 —p2)- T(xu +p2) + n*(1 — X11 — Pz)s
U.?? X = DI’L 5
a2 (x11 + p2) (1 — x11 — p2)

4 15a5
8(x11 +p2)(A —x11 —p2)7)

(4.68)

We now expand the first two terms of equation (4.68), that is

—(1 = x11 —p2)% + (11 +p2)([A — X34 — po)?
(X117 + p2) (A = x5 — p2)°

Expanding using binomial expansion and ignoring the second and higher power of p,,we

have

—(1—x4)° (1 - 3L> — (%11 +p2) (1 — x14)? (1 - ZL)

1-x11 1-x11

x11 (1 —x41)5 [1 + :;121 [1 - Sﬁ]

1-x11

1 (122 - G (12

1—x11
5 P2 5p2
x11(1 — x44) [1 + P —1_x11]

Expanding and ignoring the product of p,, we have

-(1- x11)3 + 3p,(1 - x11)2 - x1(1— x11)2 —-p(1— x11)2 + 2x11P2(1 — x44)
x11(1 = x94)° [1 +L2 Sﬁ]

X112 1-X14

or
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[—(1 = x11)% +3p2(1 —x11)% - x5, (1 = x39)% - (1 — x41)% 4 2x11p,(1 — x71)] ¥
x[1+22 - 5&]_1

X171 1-X14

x11(1 —x11)°

or

[-(1- 3511)3 + 3p,(1 - x11)2 - x11(1— x11)2 -p.(1— x11)2 + 2x11P2(1 — x11)] X

5
)1 2oy o]
X11 1-Xx14

x11(1 = x94)°

or

5
[-(1- x11)3 - x1(1— x11)2 + 2p,(1 — x11)2 + 2x1102(1 — x414)] [1 - ;;121 + L]

1-X11
x11(1 = x91)°

or

[—(1 = x10)%{1 —xq0 — %15} + 2p,(1 = x9){1 — x41 + x44}] [1 -2z g Sﬁ]

X11 1-x11
x11(1 = x44)°

or

[—(1 = x31)%(1 = 2x41) + 2po(1 — x14)] [1 -2 g4 i]

X11 1-X11
x11(1 = x94)5

also expanding and ignoring the product of p,, we have

-(1- x11)2(1 — 2x11) + 2p,(1 —xq44) + :;121(1 - x11)2(1 —2x91) —

—5p, (1 — x91) (1 — 2x44)
x11(1 = x91)°

or
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—(1=211)%(1 = 2x17) + po2(1 = x11)[2 = 5(1 = 2xy,)] + o (1 — x11)%(1 — 2x1)

x11(1 = x94)5

or

—(1 = x71)%(1 = 2x41) - p2(1 = x31)(3 — 10x44) T (1 — x11)%(1 = 2x4)

x11(1 —x11)°

(4.69)
We now expand the third, fourth and fifth terms of equation (4.68), that is

3 3
az 1 —x11—p2) - % (X117 +p2) + n*(1 = x11 —pp)° _
(11 + ) (1 — x4 — P2)°

3
a2 (1 =211 —p2) - =~ (x11 +pz) + n?(1—x,)° [1 -

=
X11 [1 + ] (1—x41)° [1 -

1- x11]

Expanding using binomial expansion and ignoring the second and higher power of p,,we

have

3a2 (A =x11—p2)- = (x11 +p2) +n 1- x11)5 [1 - Sﬁ]

1-2x11
St s

1-x11

Expanding and ignoring the product of p,, we have

3 5
az (1—x11—p2)-== (x11 +p2) +n (1 - x11)5 [1 - L]

1—x11
5p2
X11(1 — x11)5 [1 + x_11 - 1—_9511]

Expanding and ignoring the products of a; p,, we have

30{2 3“2

(1-x11)-="(x11) t n (1_9511) —5n%p,(1 —xy9)*
x11(1—x11)5 [1 +__5L]

X112 1-X14
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[ 32 —= (1 —xqq) - 3a2 —2(x11) + n?(1 —x11)° = 5n%p, (1 — x49) ][1 + 22— Sﬁ]_l

X11 1-X14

or
x11(1 —x11)°

[ =z (1—x)- =2 3a2 (x11) + n (1_x11) —5n? p2(1 — x414) ][1_ =+ SL]

11 1-X11
x11(1 = x94)°

R

or

[ 3a2(1—X11+X11) + n*(1-x1)°>=5n pZ(l_xll)][ p_2+£]

X11 1-x11
x11(1 —x11)°

or

[‘ 22 4 n2(1-xy5)° = 5nPpy(1 - x11)4] [1 _ P2 i]

2 X11 1-X11
x11(1 —x44)°

or

Expanding and ignoring the product of p, and a; (i = 1,2, 3) in n?, we have

2 4 oo spa-olfi- 2 4 22

2 X11 1—X11
x11(1 = x11)°

Expanding and ignoring the products of a; p,, we have

3(12

- 2(1 - x11)5 —5p,(1— x11)4 2(1 - x11) + 5P2" (1- x11)

2
x11(1 — 9511)S

Expanding and ignoring the product of p, and «; (i = 1,2, 3) in n?, we have

3(12

- + n2(1 - x11)5 —5p,(1 - x11)4 - xp_lzl(l - x11)5 + 5p,(1 - x11)4

x11(1 = x99)°

- 3;2 + n?(1—xq4)° — :_2(1_9511)5
11

x11(1 = x44)°

or (4.70)

We now expand the last term of equation (4.68), that is
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150.’3 _ 15(13
— — 7 7
8(x11 +p2)(1 —x11 — p2) 8x,, (1 + :_2) (1= 2%,1)7 [1 _ L]
11

1-x11

Expanding using binomial and ignoring the second and higher power of p,, we have

15a5
x11(1 = x11)7 (1 + _2) [1 - ﬂ]

14
X11 1-Xx11

Expanding and ignoring the products of p,, we have

15a; _
8X11(1 _x11)7 [1 + p_z_ ﬂ]

X11 1-x11

15a; [1 + 22— ﬂ]_1 155 [1- 2y ez |

X11 1-x11 — 1-%11
8x11(1 —x11)7 8x11(1 —x11)7

Expanding and ignoring the product of p, and a3, we have

15a;
8x11(1 —x41)7

Now, combining equation (4.69), (4.70) and (4.71), we have

3(12

( —(1 =221 = 2x11) - p2(1 = x11)(3 = 10x;1) — =2

2
+ 22 (1 - x1)%2(1 = 2211) + n?(1—2xq9)° — 22(1—xyy)°
0 — X11 X11
UxeZ - Dl't

x11(1 = x99)°

1505
+ 7
8x11(1 —x44)
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or

87’12(1 - x11)7 - 8(1 - x11)4(1 - 2x11) - 12(12(1 - xll)z + 15“3]

Uul. =D
a¥z H [ 8x11(1 —x14)7

=U 4,72
x3 (1 —xp9)% 22 ( )

—Du lpz{x11(3 —10x57) = (1 = 2x30)(1 = 2x37) — (1 = x45)*}
Using equation (4.67) and (4.72) in the characteristic equation (4.54), we have

)\4 - (U11 + U22 - 47’12)7\2 + U11U22 - O (473)

If A2and A2 are the two roots of equation (4.73) satisfying the following conditions

A2+ A2 =Uy + Uy — 402 <0, (4.74)
and
)\% )\% = U11U22 > O, (475)

then, the axial libration point is stable.

4.7.3  Stability of circular points
At the point (1 + rcos 8,rsin 8, 0), the values of the second order partial derivatives are

evaluated. Now from equation (4.38), we have

-1 3(1—-2x7)%) 3ua,(—1 5(1—x)>
Uy, =D [—2np1A1 +u {—3 + = + > +—
) L) L) L

7 9

T, r

_ 15,;(13 {—_1 7(1— xl)z} +n2]

-1} +3(1— xl)z} N 3ua, {—rzz +5(1 — xl)z}

5 2 7

7 75

8 9

2
_ 15ua; {—rz +7(1 - xl)z} +n2]
L)
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Using the values of ¥ = (1 — x;)? + x5 + x3, we have

—(1=—x)%— x5 — x5+ 3(1 —x)?
Upxy = D |—2mps Ay + u{ —— :
[(1—x)%+ x5 + %52
| 3uaz {—(1 —x,)?— x}— x2 +5(1 - xl)Z}
2 [(1—x)? + x2 + x2]2
15ua; {—(1 —x)%— x5 — x5+7(1 - xl)Z} o
- n
8 [(1—x)? + 22 + x2)2
21 —x)?— x2— x2| 3Bua,|4(1—x)?— x%— x2
Uy.r, =D |—2mp, 4, + ,u{ ( 1) 2 3S n .UZ 2§ 4( 1) 22 237
[(1—x)?%+ x2 + x2]2 [(1—2x)%+ xZ + x3]2
15uas | 6(1 —x,)%? — x2 — x?
oM 3{ ( 1) 2 39} n2 (4.76)
8 MA-x)2+ 3+ 32
Similarly, from equation (4.39), we have
—3u(1 —x1)x;  15uay(1 —x1)x; | 105uas(1 —xq)x;
Ur,x, =D 5 - 7 + 9
16 2r, 8r;,
or
U - D —3u(l —x1)x; _ 15pay (1 —x1)x,
e [(1—x)2+ x2+ x§]§ 2[(1 —x)2 + x2 + x_%]%
105pa;(1 — x1)x
pas( 1)X2 i (4.77)
8[(1—x1)% + xZ + x2%]2
Also, from equation (4.40), we have
—3u(l —xy)x3  15pay(1—xq)x3  105paz(1 — x;)x3
Uryxs =D 5 - 7 + 9
75 2r, 8r;,
or
_ —3u(1 — x1)x3 15pa, (1 — x1)x3
Ux1x3 =D 5 > 217
[(A—x)%+ x2+ x2]2 2[(1 —x)? + x5 + x3]2
105ua3(1 — xq)x
pas( 1)X3 (4.78)

8[(1—x,)% + x2 + x2]3|
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Again, from equation (4.41), we have

1 3x2) 3uay(1 5x2) 15uas(1 7x2
Ux2x2=DI—27TP1A1—.U{T—3——52}— {—5— 72 + —7——92 + n?

5y T 2\ n 8 (n n
or
2 2 2 2 2 2
ry — 3x5 3ua, (ry — 5x3 15uas (ry — 7x5
szxz = D I—2ﬂp1A1 - ‘u{ r25 } - 2 { T27 + 8 ‘r'29 + TlZ

Now, using the values of rZ = (1 — x;)? + xZ + xZ, we have

(1—x)%+ x2+ x2—3x3
Uryx, = D |—2mp1 Ay —u{ -——= =
[(1—x)2+ x5 + %52
3ua, {(1 —x)%+ x5+ x5 — 5x§}
2 [a-x)2+ 22+ #2012
15uas (1 —x)% + x2 + x2 — 7x2
n U 3{( 1) 2 3 - 2( 4 p2
8 [(1—x)2+ x5 + x3]2
or
(1—x)%— 2x2+ x2 ) 3Buay| (1 —x)%— 4x5 + x3
Uy,x, = D |—21p A; — 1 5 P 2 2 212
[(1—=x1)% 4+ x5+ x5]2 [(1—=x)% 4+ x5+ x5]2
15uas | (1 —x1)? — 6x2 + x?
Ml 3{( 2 2~ 3 042 (4.79)
8 ([(A—x)2+ %2+ x2]2
Similarly, from equation (4.42), we have
3ux,x;  15uarx;x3  105uazx,xs
Usyxs = D[ 5 + 277 - 879
2 2 2
or
3UXX3 15ua,x,x5
[(1—x)%+ x5+ 23]z 2[(1—x,)% + x5 + x3]2
105uasx,x
_ Ha3X7X3 (4.80)

8[(1 - x)2 + x2 + x2]?

In the same vein, from equation (4.43), we have
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7 7 9
2 53 p) P 8 ) b

1 3x32) 3uay(1 5x3) 15uas(1 7x2
Ux3x3=Dl—27TP1A2—H{T_3—_53}— > {—5— 4 -

or

7 9
5 Ty 8 7,

2 2 2 2 2 2
ry — 3x3 3uay, (ry — 5x3 15uas (ry — 7x3

Also, using the values of r# = (1 — x;)? + x2 + x2, we have

(1—x)%+ x2+ x2 —3x3
[(1—x1)%2 4+ x5+ x5]2
_Buap (1 —x)% + x5 + x3 —5x3
2 | [A=x)%+ 22+ 222
N 15pas (1 —x)? + x% + x5 —7x3
8 [ [@-x)2+ 2+ 22
or
(1—x)%+ x2— 2x2 ) 3Buay| (1 —x)%+ x2 — 4x3
Ux3x3 =D |—-2np,4, _.u{ 5 S5( " 2 5 o7
[(1—=x1)%2 4+ x5+ x35]2 [(1=x1)% 4+ x5+ x5]2
15ua- | (1 —x,)% + x% — 6x2
n pas | ( 1) 2 39 (4.81)
8 ([1- x1)? + x5+ x5z
Substituting

x; =14+71cosf, x,=rsinB, x3 =0 and 2np;A; = n?(1—p)

in
equation (4.76), we have

2(1—1—-rcosf)?— (rsinB)?
U9(C)1x1 =D[—n2(1—‘u)+,u{ ( ) (rsin 0) 5}
[(1-1-7cosB)*+ (rsinB)?]z

N 3ua, { 4(1—1—-1rcosh)?— (rsinB)? }
2 {[1=1-7cos6)?+ (rsin 6)2]%

15uas; (6(1 —1—1rcosh)? — (rsinB)>? 5
_ {[ }+n ]

8 (1—1-rcosf)? + (rsin®)2]z
or
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o 5 5 X 2r? cos? 0 — r?sin? 0
Ug,x, =D |—n“ + n“u+n”+u

5
[r?2 cos? 0 + r2sin? 0]z

N 3ua, { 4r? cos? 0 —r?sin?0 } 15ua; { 6r? cos?0 —r?sin’0 }l
2 [r2 cos? 0 + r? sin? 9]% 8 [r?2 cos? 0 + r? sin? 9]2

or

2 cos? 0 —sin? 0 3ua,r?( 4cos?0 —sin?0
U£1x1=D[n2u+ur2{ }+ ket {[ }

[r2(cos? B + sinZ 0)] 2 r2(cos? 6 + sin? 9)]%

N| U

15uasr? { 6 cos?0 — sin? 0 }l
8 [r2(cos? 0O + sin? 9)];

Since cos? 0 + sin? 0 = 1, we have

r2 3ua,r?
Upx, =D lnzu + P;—S{Z cos? 0 — sin? 0} + ‘L£2r27 {4 cos? 0 — sin? 8}

15uasr?
—%{6 cos? @ — sin? 9}]
or
Ugx, =D|n u+ {2 cos? 0 — sin? 0}
15 a
,u 3{6cos 0 — sin? 9}]
using sin?0 = 1 — cos? 0, we have
Ugx, =D nu+ {2cos 0 — (1 —cos?0)}
_ 15ua
,u 3{6c 0s?0 — (1 —cos?0)}
or
U,?lxl—D nu+ {2cos 0 — 1 + cos? 6}+ {4cos 0 — 1+ cos? 6}
15ua
- ${6cosz 8 — 1+ cos? 6}
8r”
or
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U 3ua, 15uas
Ugx, =D [nzu + r_3{3 cos?0—1} + ors {5cos?0 —1}— a7
or

1 3a, 15a;
Ugx, =D [nz + r—3{3 cos?0 — 1} + F{S cos?0 —1} — a7

or

3cos?® 1 15a,c0s?0 3a, 105a;5cos?0 N 15a;

{7 cos? 0 — 1}]

U9?1X1 = DI'L an +

or

r3  2rs 8r7

1 5a, 35a 1 3a, 15a
UJ(C)1x1 =Du [n2+3C0529{r—3+T52_ 8r73}_{ 2 3}]

But from equation (4.29), we have

1  3a, 15a3

—_ _c _ 2 — 0
r3  2rs 8r7 n

1 3a, 15a3
or 7‘_3 = - ﬁ + 877 +n

Now, using (4.83) in (4.82), we have

3a; 1503 5a, 35a;
U}?lxl = D,U.[le + 3C0529{— ﬁ_{_ 877 +n2 _I_F_ o }

+ +n?+
2rs = 8r7 2r5  8r7

{ 3a, 15a3 , , 3y 15a3}]

or

a S5a
Ugx, =D [nz —n? + 3 cos? G{n2 + T—; — 2—;}]

or

5
U9?1x1 = Du [nz —n? + 3 cos? e{nz + azr—S _ Ea3T_7}]
By the use of the expression in system (4.34), we have

Ux,x, = Du[n® —n + 3 cos“0in° + a, 1+§a1 _§a3 1+§a1
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Expanding and neglecting the products of a; (i = 1,2, 3), we have

Ugx, =D [nz —n?+3cos?0 {nz +a, — gag,}]

or

5
Ug,x, = 3Ducos®0 (nz +a, — Ea3> (4.84)
Similarly, Substituting x;=14+rcosf, x,=rsin0, x3 =0 and 2np;4, =

n2(1 — w) in equation (4.77), we have

—3u(l—1—-rcosf)rsind 15pa,(1—1—rcos@)rsinf
[(1-1-rcos®)?+ (rsind)?z 2[(1—1-rcos)?+ (rsind)?]z

Ugx, =D [

105ua3(1 —1—rcos@)rsinf
8[(1—1—rcosB)?+ (rsinh)?]

N[O

or

U —p I 3ur?cosfsinf N 15ua,r?cosfsin@  105uasr? cos @ sin 9]
e [r2 cos? 6 + sin? 9]2 2[r? cos? 0 + sin? 0]% 8[r? cos? 6 + sin? 9]%

or

U = Dl 3ur?cosfsiné N 15ua,r? cos @ sin @ 105ua37r? cos @ sin @ l
T [r2(cos? 6 + sin? 0)]§ 2[r?(cos? 6 + sin? 9)]% 8[r?(cos? 0 + sin? 9)];

or
o 3ur?cos@sin® 15ua,r?cos@sin® 105uaszr? cosfsinf

Uiz, = 5 + 2r7 B 8ro

or
0 ) 1 5a, 35a3

Ux,x, = 3Ducosfsinf [r_3 + 75 87 ]

Using the expression in equation (4.83), we have

3a, 15a; , , Say 35a3
ﬁ-l- 8r7 tn +F_ 8r7

Uy.x, = 3Dpcos 0 sin6 [—
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0 . 2 az 5a3
or UQ x, = 3Ducos@sinf [n* + ~- 53

using of the expression in system (4.43), we have

0 . 2 5 5 7
Ux,x, = 3Ducosfsinf [n +a, (1 +§a1) — §a3 (1 +Ea1)]

Expanding and neglecting the products of a; (i = 1,2, 3), we have
_ 5
Ug,x, = 3Dp cos 0 sin6 (nz +a, — §a3) (4.85)

Also, Substituting x;, =1+ 1rcosf, x, =rsin®, x3 =0 and 2mp;4; = n?(1 —p) in
equation (4.78), we have

Uy, =0 (4.86)
Substitution of x; =1+ 7rcosf, x, =rsinB, x3 =0 and 2np;A; = n?(1—p) in

equation (4.79), gives

(1—1—rcosB)? — 2r%sin?0
UxeZ = D [_nz(l - ALL) - l’l‘{ 5
[1—1—rcosO+ r?sin?0]z

3,ua2{ (1—1—rcosB)? — 4r?sin?0 }
2 [(1—1-rcosB)?+ r?sin? 9]%

15ua; ( (1 —1—rcos0)? — 6r?sin?0
n H 3{( ) 9}+nzl
8 [(1—1—-rcosB)?+ r?sin?0]z

or

r?cos?0 — 2r?sin?0 }

Ux2x2=D[—n2+n2u+n2—u{ -
[r? cos? 0 + r2sin? 0]z

3ua, { r? cos?0 — 4r?sin?0 } N 15ua; { r? cos?0 — 6r?sin?0 }l

2 [r? cos? 0 + r?sin? 9]% 8 [r? cos?0 + r?sin? 9]%

or
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X ,( cos*6— 2sin®@ 3ua,r? ( cos?0 — 4sin?0
UxeZanlLl'_lLlr - [

[r2(cos? B + sin? 9)]2 2 r2(cos? 0 + sin? 9)]%

N 15,ua3r2{ cos?0 — 6sin%0 }l
8 [r2(cos? B + sin? 6)]2

or

2

r 3ua,r?
Ug,x, =D lnzu—li—s{cosze— 2sin? 0} — 2

2r7

{cos? 0 — 4sin? 0}

15uasr?

a0 {cos? 0 — 6sin? 9}]

Putting cos? ® = 1 — sin? 0, we have

ua,

Ug,x, =D |n ,u——{l—sm 0 — 2sin? 9}— {1—sm 8 — 4sin? 6}

15,u

{1—sm 0 — 65sin? 6}]

or
2 Slu 3 )

Uk, =D nu——{l— 0} + ———{1 — 7sin“ 6}
or
Us,x, = Du [n — —{1 — 3sin? 0} — {1 — 7sin? 9}]
or

1 3sin?0 3a, 15a,sin?8 15a; 105sin?0
szxz ZDM n2__3+ 3 - -

r r 2r> 2r> 8r7 8r7
or

1 3a, 15a3 1 5a2 35a;

Uy, = Dl ~ {5+ 53 = 5+ s {4 52 - 5]

Using the expression in equation (4.83), we have
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3a 15a 3a 15a
_ 2 2 3 2 2 3
”xzxz—D“[” B R

3a, 15a; 5a, 35a3 ]
2l 22 2 -
+ 3sin 6{ 75 + 877 +n°+ r5  8r7 }

or

2 2 02 2, *2 5as
Ux,x, = D [n® —n* + 3sin“ 0 {n +r___
or

5
szxz = Du [35in2 0 {nz + (er_s - Ea’3r—7}]

using of the expression in system (4.34), we have

5 ) 5 5 7
Uy,x, = Dt [351n G{n + a, (1 + Eal) - Ea’3 (1 + Ea1>}]

Expanding and neglecting the products of a; (i = 1, 2, 3), we have
s 2 2 5
Uy,x, = 3Dusin G(n +a, — Ea3) (4.87)

Putting x; =1+7rcosf, x, =rsin®, x;3 =0 and 2mp;A; = n?>(1 — u) in equation
(4.80), we have

UL, =0 (4.88)
Finally, Putting x; =1+ 17cosf, x,=rsinB, x3 =0 and 2np;4; =n?(1 —p) in

equation (4.81), we have

(1—1-7rcosf)?+ r?sin?6 }

UJ(C)3X3 = D [_ZﬂplAZ - l’l{ 5
[(1—1—7rcosf)?+ r?sin?0]z

3,ua2{ (1—1-rcosB)?+ r?sin?0 }
2 [(1—1—-7rcosf)?+ r?sin? 9]%

N 15,ua3{ (1—-1-rcosB)?+ r?sin?6 }l
8 [(1—-1—1rcosB)?+ r2sin? 9];

or
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r2(cos? 0 + sin? ) 3ua, ( r%(cos? 0 + sin? 9)
UJ(C)3X3 =D I_2ﬂp1A2 - ,Ll{ } - 2 {[ }

[r2(cos? 0 + sin? 9)]§ 2 r2(cos? 0 + sin? 9)]%

N 15ua; { r2(cos? 0 + sin? 9) }l
[

8 r2(cos? 0 + sin? 9)]%
or
2 2 2
o ur=  3ua,r®  15uasr
Uy = D [—27‘[[)1142 T s o7 819

or

3ua 15ua
ho_3ua us]

Ussx, =D [_anlAz IR 8r7

or

1 3a, 150:3}]

U8, = D|~2mpray — s + 2 =25

or

—+
r3  2r5  8r7

0 1 3a, 15a3
U8, = =D [2p1 4, + 1} I

Using the expression in equation (4.83), we have

3a, 15a; , , 3y 15a3}]

0 —
Ux3x3 —_ _D I:ZﬂplAz + ‘Ll{_ ﬁ + 81"7 + n + 2‘[‘5 81"7

or
U,x, = —D[2mpi Ay + un?] (4.89)
Therefore, the values of the second partial derivatives evaluated at the point (1 +

7c0sé, 7sind, 0 are
5
Ug,x, = 3Dpcos® 6 <n2 +a, — Ea3>,

5
Uy.x, = 3Dusin 6 cos 6 (nz +a, — §a3),
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0 .2 2 5
Ux,x, = 3Dusin“ 6 (n +a, — §a3), (4.90)
Uﬁlxs = U}C’sz = 0.
Substituting these values of system (4.90) in the variational equation (4.5), we obtain
. 5 2 2 5 . 2 5
a&—2nf =3Ducos* 0 (n +a, —5a3)a + 3Dusin6@ cosf (n + a, —5a3),8

. 491
f + 2nd = 3Du sin 6 cos O (nz + a, —§a3)a + 3Du sin? 0 (nz + a, —§a3) ( )

V= —D(2mp; Ay + un?)y (4.92)

Equation (4.92) is independent of system (4.91) and shows that the motion of the

infinitesimal mass along x5 —direction is stable.

Using the second order partial derivatives of system (4.90) in the characteristic equation

(4.7), we have

5 5
A — [BDu cos? @ (n2 +a, — Ea3) + 3D sin? @ <n2 +a, — Ea3) — 4n2] %

5 5
+ [3D,LL cos? @ (n2 +a, — Eag):l [3D,LL sin? 6 (nz +a, — Eag):l

2

5
— [3D,u sin 6 cos @ (nz + a, —Ea3)] =0

or
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5
I [BDI,L (nz +a, — §a3> (sin? 0 + cos?0) — 4n2] %

5 (2
+ 9D?u? cos? fsin? @ (nz +a, — Eag)

2

5
—9D%u? cos? fsin? 4 (nz +a, — Eag) =0

or
4 2 5 2 2
A —[BDu(n +a2—za3>—4n ]k =0 (4.93)

Equation (4.93) is the characteristic equation corresponding to the system (4.91).

Let A2 = A, then equation (4.93) above reduces to

5
A% — [3D,u (nz + a, —§a3) —4n2]/l =0

5
A [/1 — {SDM (nz +a, — §a3> — 4n2}] =0

This shows that either A = 0 or A = 3Dy (n2 +a, - §a3) — 4n?

N|R

Therefore, A =0 twice 1=+ [SDM (nz +a, — §a3) - 4n2] (4.94)

Equation (4.94) gives the roots of the characteristic equation of equation (4.93). The

presence of the multiple roots shows that the circular points are unstable.

4.8  Stability of Axial Libration Points (Case 2)

The second order partial derivatives at this case are

3
U, =D |1+ 21— € +3(1+ 420, — 03),

Ug,x, =D [1 —u—0C + 3(1 —2u) (20, —0,) + 3“262], (4.95)
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3
U9?3x3 =D [_ﬂ —C3— %(40'1 - 0'2)];
UJ?:LXZ = UJ(C)lx:; = UJ(C)ng, = 0'

The superscript 0 denotes that the partial derivatives are to be evaluated at the point
(0,0,0). Substituting the values of the partial derivatives from (4.76) in the variational

equation (4.5), we have
: 3
G —2nf =D [1 + 2= Gy +5 (1 + 4020, — 02)] a,

3uo,
2

ﬁ+2nd=D[1—,u—C2 +;(1—2u)(201—02)+ ]ﬁ, (4.96)

7= D|-u= G~ F o - o)y (4.97)

Equation (4.97) is independent of system (4.96), and its solutions being periodic are
bounded and therefore, the motion of the infinitesimal body in both cases in the x; —

direction is stable.

Using the equations in system (4.76) in the characteristic equation (4.5), we have

3
At — {—4712 +D [1 +2u—Cy + E(l + 4u) (20, — 02)]

[ 3 31 5,
+D 1_H_CZ+E(1_2#)(261_02)+ > ]}/1

[ 3
+D 1+2/,L—Cl+§(1+4/,t)(201—62)]

[ 3 3uo,
X D 1—M—CZ+E(1—2,LL)(20'1—0'2)+ ]=O

or
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pras {—4 (1 +;(201 _ 02)> +D [1 +2u—C, +;(1 + 4) (20, — 02)]

3 3uc:

3
+ D? [1+2,u—C1+E(1+4y)(201—02)] [1—,u—C2

3 3uc
+5 1 - 2020, — 0) + “22] =0

or

3 3uc
,14—{—4—6(201—02)+D[2+u—cl—cz+§(1+u)(4al—az)— “22]},12

3
+ D? [1+2#—C1+§(1+4H)(201—02)] [1—;4—6'2

3“02] = 0.

+ ; (1-2w)2ay —0y) + (4.98)

Equation (4.98) is the characteristic equation corresponding to systems (4.96)

If A2 & A% are the roots of the above characteristic equation (4.98), such that

3 3uc:
B4 d=—4=6Q20 - a)+D[2+u-C -6+ A+ m o -0 - <0
and

3 3
A223 = D? [1 +2u—C; +§(1 +4u)(20, — 02)] [1 —u—-=0C, +§(1 —21)(20, — 0y)

3uo,

i

|0

then the libration point is stable; otherwise unstable.
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Since C; > (14 2u), C, > (1 —w), g; < 1. It shows that all the conditions above are
satisfied. Therefore, the libration point (0, 0, 0) is stable. We also see that the conditions for

the stability are influenced by the triaxiality of the second primary.

49  Conclusion
In case 1, we see that when both primaries are oblate spheroids, the points (p;,0,0) is

always a libration point, and another libration point (x{; + p,,0,0) exists when
1-2mp,A; < —%u, |x,1| < a;. The later point is different from that of Hallan and

Mangang (2007) and Singh and Sandah (2012). The points on the circle
(1 —x.)%? + x2 =r? lying within the first primary and satisfying the condition (4.29) are
libration points. All these points are affected by oblateness of both primaries and the zonal
harmonic. When x, = 0, the circular points coalesce to those lying on the line joining the
primaries. In case 2, we observe that the triaxiality of the second primary does not affect the

location of the libration point.

The investigation of the linear stability is according to Lyapunov’s theorem. In the first case,
we have retained the linear terms in the oblateness and zonal harmonic coefficients of the
primaries. The stability in the first approximation of this configuration shows that the first
axial point near the first primary is stable; the second axial point is conditionally stable,
while the circular points are unstable. This confirm the result of Hallan and Mangang
(2007), Hallan and Rana (2001) and Singh and Sandah (2012). In the second case, we found
that the origin (0, 0, 0) is the only libration point. It is also noticed that the triaxiality of the
second primary does not affect the location of the libration point; it is stable. The stability

behaviour is the same as that of Plastino and Plastino (1995).
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CHAPTER FIVE

SUMMARY, CONCLUSION AND RECOMMENDATIONS

5.1 Introduction
The summary, conclusion and recommendations as regard to this study are given in this

chapter.

5.2 Summary

The research work is based on investigating the motion of an infinitesimal mass in the
framework of Robe’s CR3BP in two different cases. (i) when the hydrostatic equilibrium
figure of the first primary is an oblate spheroid, the shape of the second primary is
considered as an oblate spheroid with oblateness coefficients up to the second zonal

harmonic. (ii) when the primary bodies form a Roche ellipsoid-triaxial system.

The equations of motion of Robe’s CR3BP under oblate primaries with oblateness
coefficients up to the second zonal harmonic are established, and are given in system (3.4),
they are different from those of Hallan and Mangang (2007) due to the oblateness of the
second primary and those of Singh and Sandah (2012) on the account of the zonal
harmonic of the second primary. While system (3.7) gives the equations of motion when
the first primary is a Roche ellipsoid and the second one is a triaxial rigid body, and they

are different from those of Plastino and Plastino (1995) due to the triaxiality terms.

The examination of the existence of libration points in both cases is carried out in chapter
four. It is observed in the first case that two axial libration points (p,0,0) and
(x11 + p2,0,0) are found near the centre of the first primary. The points on the circle are
also libration points. The origin (0, 0, 0) is the only libration in the second case and this

fully coincides with that of Plastino and Plastino (1995).
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In chapter five, the investigation of the linear stability of the libration solutions is done by
the use of characteristics roots. The stability in the first approximation of the system
considered shows that the first axial point is stable and the second one is conditionally
stable, while the circular points are unstable. This confirms the earlier results of Hallan and
Mangang (2007) and Singh and Sandah (2012). The stability behaviour of the point (0,0,0)

is as that of Plastino and Plastino (1995)

5.3 Conclusions

The main problem of dynamics is to investigate all the possible motions of a system. By
considering the hydrostatic equilibrium figure of the fluid of the first primary as an oblate
spheroid in the first case, the full buoyancy force of the fluid acting on the infinitesimal
mass, and the shape of the second primary as an oblate spheroid with zonal harmonics; we
have established the pertinent equations of motion and investigated the existence of the
libration points and have discussed their linear stability. It is found that, the existence and
stability of the first axial libration point (p,,0,0) is as in Hallan and Mangang (2007) and
Singh and Sandah (2012). The second axial libration point (x,; + p,, 0,0) is different from
those of Hallan and Mangang (2007) and Singh and Sandah (2012) due to the appearance of

zonal hamonic, and it is found within the first primary on the line joining the centres of the

primaries when 1-2mp;A; < — 3“/4 and |x;;| < a;. When 2mp;A; = n?(1 — ), points

on the circle (1 — x;)? + x5 = r2, x3 = 0 lying within the first primary are also libration
points. We call them circular points. It is further found that the first axial point is stable,

while the second one is conditionally stable, and the circular points are unstable.

In the second case, we have assumed the shape of the first primary as a Roche ellipsoid and
the secondary is a triaxial rigid body. We have also established the pertinent equations of
motion, investigated the existence and stability of the libration points. It observed that the

96



systems have only one libration point (0, 0, 0) when D > 0, and this point is stable. In both
cases, we have discussed a special case in which the fluid and the infinitesimal mass have
equal densities; it is found that all the points inside the fluid in this case are in libration

points.

5.4 Recommendations

The research work can be extended in the following ways

(1) The investigation of nonlinear stability of these problems
(i)  The shape of the first primary can be considered as a Roche ellipsoid in the first case

(i)  The out-of-plane points of Robe’s circular restricted three-body problem.
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