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ABSTRACT

The tight bi ndi ng method was used to calculate
the val ence band structures of carbon, silicon and
Ger mani um only the nearest nei ghbour interactions
were considered on the assunmption that the two centre
integrals would get smaller as the atoms get further
apart. A general discussion of the method s given
including the detailed calculations of the matrix
el ements.

In obtaining the numerical values of the energies
corresponding to the different symmetry points, the
values of the two centre integrals i.e the interaction
of two orbitals on different atomc sites were taken
fromthe value obtained by Chadi and Cohen (1975).
The top of the valence band at. T was considered to
have zero energy, so all other energies were measured

relative to the top of the valence band.
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The eiecironic energy tband sirucituwres of oeml-—
coductors, mainly silicon and germanium  have been
studied exiensively, bolh experimentally and iheoreti-

caily, for @many years {(Ham et a7, 19503 uWeaire et

@ave n[iven a very

aly, 1%¥71i%. These stuties

ne hami  structure in the

o
b/

comor2nensive aceopunt  of
range covering e energy  gap and  the edges of the
vaience and comiuction hands, tne energy reglion over
wiilcii  the egleciranic iransitiong involved in ihe
charactarisiinc sepiconducinr phenomena  oCccur. Fiore
recentiy, detvalied knowl edge and understanding of pand

structwre has beacome 1ncreasingly important 1n the

design and ahalysis of semiconductor devices. ]
e’

The aim of this woirk 1s o defarmin® wsing th

. R -

tight Riraiing meihod the elecironic ensrgy and subse—

qEntily Ehe band straciture of disamond-1like crystals.

in chapier one, ihe general propserties of solids i.e,.

canductors, Sseni—-contbuctors a4nd  insuwlators are  Jis—

CLSSE, The struwwiwal ano ivpding properties of

solids are reviewsd in chapier two., In chapisr three
the smethods of calocuwlating the electronic energy are
reviswad. Cnapter foure sieals with the caiculation of

the energies ofFf ine oaiamiond-iike crystals using Lhe

e

tight bBinding approach. In chan ive, the resuits

+4

ohitained were discussed.
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The electrons in & solid are distributed in a
numizer of energy bands which are separated from each
other by forbidden bands. Each energy band contains
larger number of energy levels. The width of the
energy hbanfs 15 of he order of a tew electron volis.
Fach enegy level in a nband can accommodate two eleci-—

rons naving opposite spins {(Fauli ‘s exclusion prin-

ripiel. Normally onlv  The lower energy Dands will be
filled by the electrons, and depending on the nature

of bhand occupation by ine electrons and on the width

oripldaren bDands, all solids can be classified

~+1

-

0
-+

e

as, confduciors, insulators and semiconductiors.

-

In some solids ihere is a partially—+filied band

-

ahnve the completely filies ands ang such band

[
o

ower

evels as in

i

omic

=

is formed from partially Filled a
the case of alkall metals. For example, a sodium atom
has a single valence eleciron on  1is outer 3s energy
ievel, thus, i1f there are N atoms in a sclid piece of
sodium, its 45 valence fkanag will contain N energy

ievels and the N-valence elecirons will i1l in pairs

the band.

i
n
o
-+

only ihe lower nalft of the energy ieve
& partially filied hand may also be the result of

overiapping of completely—filled and empty—-bands as in

itall —earih metals.

=i

the case of &
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Fiiled Valence Eand

' h\SOMﬁ solids, the valence pand which contains the
puter glectrons of the atoms is completely +filied
whilie The higher hand separated by a large energy gap
ES 15 empiv. Duch a sSplio is &n insulator 1.e. a
substance that does not conduct eglectric current. The
reason being 1+ an electric +ield is appliied across
the spiid, the electrons in the valence bana wnﬁid not
miwe wilithin the Doantg hecausae fhere are Pnco undcoupled

avels in the bandd, they can however move to  ©h

fd
]

higher emnpty Dand provideg they get the feguired

BNErgQy Eg, 0 oross the forbidden band. An eleciric
field can not give the amount of energy to the elec-
tron inthe solid and so there can be no conduction o+t

id will thus be amr insulator.

md

electricity and the so

Semiconductors

s The widtih of the forbidden Dand

(L)

in some =o0i
ensrQy gap 1s smali (approx. 1eVi. In such a case a
emall proporiion of 1ts electrons in the vaience hand

at finite temperature have sufficient thermai energy

i

i cross the fortidden band and ocoupy some conduction

hand states. Hence when an electric field is appited



4

spme valence pand glecirons move 1n  the direction of

conduction band, thus permitting a iimived current io

Fiow. buch snlids are known as semiconfduciors.
Typical examples are silion '(Ea = i.ieVi  and
germani tin iEﬁ = D.7evi.

Empty Band

i T
ol

riilied Valence EHand

Eneragy Bands in Holids

vy
k)

solid contains  an enormous  number ot atoms

b

paciken closely together. Each. atom when isoiated, has

—
£

a giscreie set pt electiron energy levels, is, £, 20,
mes 1T N atoms of the splid are to be isoclated from
one another, they woulid fave completely coinciding
schemes ot Lneir energy levels as shown 10 Figure 1.1.
The electrons +ill the Jevelis in each atom indepen—

Y. As the atoms apprpach one annther To form the

)

rient
sciid, a continously 1ncreasing interactiron appears

betwesn then which causes the corresponding ievels of

[

different atoms to split. Instead of a singlie level

ed

pgentica

("8

o all the N-atomz, nDw there are N—closely
spaced levels. Thus each energy Jjevel of an isolated
atom breaks up 1in & selid into N-densely arranged

levels forming an  energy pandg: Thnese allowed energy

pands qQfe, in general, separated by regions which have
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Energy Bands

Forpidden bands

-

{Di

Fig. i.1 Energy Bands in Solids

=M
EéF is
o ¢



no allowed energy levels. These regions are Known as

‘forpildden—hands’ or ‘energy gaps’ . in sane solids,
the adiacent energy Dbands overlap. The number of
levels in suchn a merged band equais ihe sum of

-

numiders of levels into wnich both levels of the atoms
split up.
The amount of splitting 1s nobt The same for

different ievelis. ne lievels filled by the valence

irand elecirons in  an atom are disturied to a greater

-

@Xient, while tThose +illied by |(gsser electrons are

disturibed only siightiy. Figure i.1 shows the spiit—

Ho

ing of the levels as a tunction oFf the distance r

etween the atoms.

ne

Jie energy in a solid corresponds 1o the energy

levels in an atom. AN elecitron in a slid can nave

only those energies ithal {all wilhhin these eneray

. - L]

pDands. I+ tThe energy bands in a solid overlap, the

=8

electrons have a continous distributiocn of =11owe

energies. Ine energy Dands structure of a soiid and

The occupailion of energy Dands by Plectrons determlne

he eiecirical properties pof spolids.

ri=
hd

Fnergy Bands

Whnen many atoms are bDrought together to form a

soiid, the number of electron states 1s conserved,

just as in the Jformation of diatomi molerules.
iLikewise as 1in diatomic molecules, the one electron
states for the solid can, (o a reasonaiile approdi-—

near combination o atomic

e

mation, ke wWrititen as 1

orpitals. Howsver, in solios, The number of basis
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states 15 large. A splid of one centimeiter cube may
contain 1022 atoms, +oar eacn also, tThere 1is  an

Such a proolem

i)
en
Q.
-
=
3
i
m
':.'J
g
=~
o
1
-
bTl
f—
g

atomic S—-nriplta
invoiving some G210 equations may seem i@mpossipie
to soive, but the simplicity of the crystaiiine soiid
system allows for the effeciive and accurate solution.

s the atoms are brought together, tThe atomic energy

n

ievels split into hands. The difference heing, rather

ﬁ-

han splitting 1nto & singie bonding and a singie
antibonding state, the ggtomic Jevels spilit into an
entifre hand of states distributed bLeitween exirems

ponding and antibonding limits.

(o

o
i\]
[
71
in]
5
3
n]
iy
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o
m
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nergy Bands

At the edge of the zone, 1in the one dimensional
case, and aiso  at the centre of the zone, the group
vBlOC1ILY 1S ZEro. et us consiner tThe points corrFes-—
ponding to K=i/7d and to K==7/d. These are separated
by Zi7/d and so are equivalent, so that a wave function

. - .
L

with K = A/d musi  represent a standing wave.

1|

‘ u .- o

/ and E=—-3A/0 would

Fioreover, wave functions wieon K=]

represent waves iravelling in opposite directions and

.

the two values of K could not he equivalent. There
being no itransport Iin & standing wave, i1l must corres—

pond tn an electron with zero velocity i.e. the group

velocity ow/dk is zern, hence SR/a=0G. Thus the pliot
of E as a fupnction of K along any of the principal

directions wihilcin are perFpendgicuiar o the surface of
the zone gives & Versus K curves at the zone edgf’-s as
shown in Figure |.3



«{]

Forblcldm
- Bands

Fig i.3 Energy Versus Wave Vector K at the Zero Edge
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From the Schrondinger ‘s equation 1t may aiso be

shown that E{(Ki 1s a rcontinous funcition of K with
continpus first and second derivatives, provided £ is
single vaiued, i.e. two branches do not meet. Since
is an even funciion 1t must therefore contain only

ot st

quadratic terms near K=0. hus, we also have ob/okK=0

when K=0, i.2., when we do not have degeneracy at K=0,

and again the E=Kcurves must be similar to that shown
in Figure i.3 near K=0. At K=0 we may eiiher have a
MLNLMWN OF a  Mmaximum. in practical cases eilther
maxima Oor minima Occur;  1f they lie  at intermediate
vaiues of F they wiil be relatively unimportants if
they are the lowest minima or the nighest maxima they
will be of paramount i1mporiance. Various situations

may arise, as dilscusseld bDelow.

The simpliest band structure ocour wihen the lowest

unfililed bamvi has a minimum &t the cenire of the zone
and is singlie valued. We may  then expand  EE,,,
Fes Kel 1IN0 powers ‘of Fu, Ko, and Kz in ithe
form

E(K,‘.Ky.Kz) = Eoi-AK.:f E.K;'i- CKy + higher powers 1.\
where A, B and T are positive constants. in pariti-

cular, 1f we have a crysital wilh cublc symmeiry we may
reasonably suppaose that FAR=B=C and, taking the zero
gnergy at the tottom of the Hhand we may express £ for
semall values nf K in the form

E = (R3/2M oK%, +KZ 4K 3y ) 1.2
where e 15 a constant, having dimensions of mass.
fniy when Vix? 15 constant, willi Ve De equal to the

free electron mass. In terms of the crystal momentum

we nave E= (1/2MXP 3 P2 +P2,) i3



-
-

The ¢1U0ti0n$ 1.2 qnd I.% differ from those for free

. ®

glectrons onliy in having t©the quantity fle. 1nstead of
m. hus the electrons 1n this case behave iike free
electrons but with a difterent mass. The quantity
e is Qgeneraily reterred 1o as tThe efrfective mass,
in the case the enerygy bands are generailly described
as being ‘Sphericel’, The reaspon bDpeing fthat the
constant energy surtaces are Sspheres in K-space. iLet

.
us consider the torm o+ ihe energy bands when ihe

energy has a maximum when K=0. With the approriaie
cholce of axes.
‘ 2 /0,2 Li
= - - L .
E= E'o~AK ~BKy-CK; ) 4

-

=L", this may be expressed in the ftorm
= B - (/am)(Ki 1k K2) 5
this

case, the elecirons benhave like free

™

when A =B

particies but with negative effective mass. The {from

of energy corresponding to this condition 1s as shown
in Figure i.4. The energy is plotted as a function of
Foe but will e similar {for any piher direction in

ne situation in which the upper band is

tihe crystai. 7T
the conduction band and the lower, the valence band

represents the simpiest possible band structure for a

seml —contuctor. The forbidden energy gap, wilch we
represent by OE, 15 equal to E.-E'm {in generai
FadE'al unfortunately, no sepiconducior 18  Known

to correspond wiitnh this struciure.

A simiiar situation would arise 1+ ithe maxima anhd
minima were to occur at the point on  the surface of
the brilionin zone. Thne condition when thiis occuwrs
along the x-axis 1is shown 1in Figure 1.5 for boib

conduction and valence bands.
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Fi9 1.5 Bpherical Energy Bands at the Surtace of the Briliowin Zone
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in this case there would not necessarily be spherical
symmetry, but general cylindrical symmeiry about ihe
Xx—axis +or a cubic crystali. For a minimum we should
have, Taking the zero of energy at mini mim.

E=(W/2)[(T/d = K)'/M, t.(K3+ K2)/M, ] L6
in this case we have two constant M, and e and
the effective mass 1s ditfferent 1n different direc-
fions. The form of the section of the constant energy
surtaces by the (Ku,K.] — plane 1s as shown 1n

Figure i.6; they are eilipsoidal in form. The dotted

section represents the continuation of the eilipsoid

for value or K oputside of the zone. nis is equiva-
jent to the part cenired on K, = =L/d where d 1s the
ilattice spacing. it the crystal has cubic symmeiry

there will bDe other equivalent minima, {for exampie,

There will thus be three equivalent minima in the
conduction band al the points, LR/dy0,i0), (O, 7d,a7,
G,0,73/d) in K-space. {(hNpote that (-5/d,0,0) corres-—

ponds To the some minimuwm as (L/d,0,0). In crystais

ith cublc symmetry, minpnilma may Occur aiong other

z

iines of symmeiry, +or exampie along (1,1,1) direc—
tions for wnich K., = + K, = & K,
It the minima are at the sdges of Uhe zone we now

- ..

his situation holds for the condu-—

nave four minima. |
ction band of e, in such cases the constant energy
surfaces are multipie. For crystals npaving cubic
symmeiry they consist of & number of ellipsnides of

revoiutinn, when the energy 1s nearly equal to the

Minlmum value far tThe andg. The cenires of tihece



e
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Fig i.& Donstant Eneroy Surface Dy
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gliipspids lie at the symmetry points corresponding
o the rinimem valwge of ensrgy.
Ruppose the minima do npt  occur At the edge of

ihe zone but  theres is one at

squlivalent positions, with Odo<R/d.

then be minima also at {#5,,0,01, {0,4H,,0),
{0,0,4.7 and these wiil all he distinct. There
will thue be =ix ainima. The energy  near {Ka,0,0]

will Then be given approximately by

E= ®R{Kekd/M+ (G )M] \77

] . *a

For the state corresponding to Ea,0,0F tThe orystai

o

mamentuvs w1il  not be zero uniess Ka=0 but pgual to

-
L]

=t

" The wvelocity of an eleciron in this state
wiil, however, be zbrﬁ since
Ve = fi/m; (Ku—Keo)
Yy = h/malky) o | 19
Ug = ﬁ/Ma(K_.‘.} |

The teespest minifa may also orcur inside the zone
alnna athaer symmetry akes. For the conduction band of

" -

stiicon they ococuar along vhe (1,0,0) axes. There wiil

)

therefore be six cucn minima. LConstant  energy sur—
fares correspondting io such  cowrwiztions are snown in
Figurg 1.7 +tor The ¥, plane.

From equation (i.8) the velocity V is zero at
minimam pDf the esneroy (or at a3 maximum), it can be
shrwn that unfner certain symmeiry conditions, it is
alse zera at the edges of the Briliogin zone.

A complication arisas whens there is a degeneracy
i.e. wnen  Two eneErgy hands tounrh at a point. Far

example, in the valence hands pf Dl and Ge we have two
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ding to

Energy Surtaces Correspon
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Hands Showing Degeneracy at the Lentre

of ihe 7one
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neariy paranolic bands touching at the centre of the
zone as shown i Fly 1.8 which shows the variation of
the energy along K, direction. Fither of tie values
aof a given value of K, are possible and at ¥.=0
they coincide. In this case, a simpie expansion of £
in even powers (ofF KL, K ,Ka 1% npnof possiivie and a
more complex +orm of exprassion must be used ©o

K.

express £ even +or  small values of The result is
that the constant energy surtaces are distoried from
ihe spherical sihiape. For many pur puses, however, ihe
degenerate bands can ne represeinied as two spherical
pands with effective hole masses Fips and e 7t
usually turas out that one of the effective masses is
much smallier than the oither and ithe holes have came ©to

e koown as  ‘lignt noles’ and "heavy holes’, mucn of

he eariy works on their properiies hnaving been done

-4

~—

e which mave such a band structure,

an 51 am
Crystals wilth cubic symmeiry such as Hi and Ge,

nave diamond crystal structre and their bands

are iriply degeneraie aii K=0. IF the coupling netween

the eisciron’s transiational motion and 1ts spin are

neglecied a ithiro bpand 1s splii off from the former

Twir anl turns ot to be  ailmost ‘spherical in form

Wwiith the maximum Iying OF o below the ocommon maximum
af the other two bands. This wiill have yet another
affecrtive mass . The energy AN L 15 Khown as (e
spin Orbit splitting and is usually somewhal smaller
than the foridadden eneryy gag  AOF. For some semi-—

conductrs, however , & and &ML are about {he same and as we



shail see, this gives Lhem some interesting

properiies.

FROFERTIES OF SEMICONDUCTORS

At absolute zero {(in equiiibrium condifion? a
pure, pertect crystail of most semiconguciors wiil be
an insulator which vas gained Lhe characterisitic free
carriers by thermal or optical egcitation becomes a
 onduc T or .

Semiconduciors are electronic conductors  wiin
electrical resistivity values generalily in  ifhe range
ioT2 to 107 Ohw-cm, at room  temperature, inier—
medi ate between good  conductors (1079 Ohm—om)  and
insulators (iot2 tn io== Uhm=cmi . Carrier
concentrations representations o+ metals, semimetals
and semiconduciors are shown in Fig. i.9.
qu most soiins, one has to ‘cnngider essentially two
types of weieciricai conguctivity i.e. eiecitronic
conductiviiy qndion{r' coinctivity. in typilcai semi-—
conductors, eliecironic mobhliliy 15  much  bilgher inan
10n mobility. 1t is itherefore a goon approximation in
most cases o consider only the elecironic ronducta-—

vity. One may distinguish essential

-

Yy two Lypes of
perfect crystais wiith regeard (o eiecironic conducii-—
vity, 1.2. meiais having approxitmaiely one eliesciron
per atom and  being choaracterized at  equilibeiam
CONA1It1oNns by a partially accupied pand and 1nsuiaitors
where alt how lemperature one does nol have any free
Ccarriers. These mpateriais are, Therefore peing

cheracterized Dy compietely filied Dands  at low

Lenperature.
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The epiectrical resistivity of a semiconductor may
e sirongly dependent on tesperature. levices hased
on the properties of semiconductors inciude transis-
tors, rectiviers, mooulatirs, dotectors thermistors
amnd photoceilis.

it has heen observed ithal the thwermal conductivity
of semiconducitor material 1s nigh and also that they
show rectification i.e. they are not oiwmic and also
that they are sensitive to iight.

The conduciiviiy of such a pertect crystal which
aisn is referred to as an intrinsic semiconductor,
comes Trom the thermal or oplical excitation of an
eieciron from ©the valence bamwi 1nto ©he conduction
band. The minloum energy required f1or thise process 1s
the widtn of ©ne ftorbidden band. impurities in such
maieriais giye rise Lo localized energy siaies raising

the fermic  level tExczitacion nof free carriers from

-

hese stiaies Qgives rise 0o exirinsic conductivityd.
lnviependent of the type of excitation, which can
eitiver he optical or thermal, when an electron is
raitseni 1nta any empiy conduction band, 1T Decomes a

negaiively charge free carrier. (At ihe same time in

ne vaience band ami empity place tor an elecitron is

e

left which is now positively charged and is referred
Lo as pnsicively charged free carrier or hole. The
concuctiviiy inn a semiconducior can then be either
elecironic and in ©his case is referred to as an n-
itype spmitoncuctor or by a hole, in which case it

1s referreid Lo as p-rtype semiconductor. An electrontic

nand sciheme Teacding to infrinsic comnductiviiy 1s as



shown Iin Figure 1.10. The conducttion band 1s vacant

at abhsciute zero ant is separaied by an  energy gap

-

1ijed wvalence band. The band gap 1s

-y

g ftrom ine
the difference 1n energy beiween ithe lowest point of
the conduction pand and the highest poant of the
valenrce band. The lowest point in  the conduction
hand is called the conduction band edge, The highest
point in the vaience band is calied the vaience band
edge. s the temperature 15 increased, elecirons are

thermally excited from the valience band to the

conduction band &5 1n Figire i.11. Both the electrons

in the conduction band and in the vacant orbitals or

holes left in The valence bann contribute 1o the

elecrrical conductivity,
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Vacant conduction band

Forddden band Eﬂ

Filled valence band

1.10 Elecironic Band Schieme Showlng

Intrinsic Conductivity
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he potential energy of an eleciron in a free atom
15 spherically symmetric, and so the anguiar momentum

of an orpiting electron 1s not expecied to change with

-1

-

ne . nis means that the elieciron energy eigen

states can also De chosen To e angular momentum eigen

t is convenient to state the result in terms

n
ﬂl
W
HI
M
3
-

of the square | of the magni tude of angular momeniuam,
LZ, which takes on ine discreie values.

L2 = J{1+1)+2
where 1 1s an inieger greater than or equal tn zero,

For each vaiue aof 1 there are Zi+l difterent

et 15 The component of

i

orthogonal eigen statesg
angular momentum along any given direction can take on

thE VEI].IIE'.% F'ii-; Hitn x -i'_i'i'i'a.-'i-igi.

The spatisel wave Ffunctions representing  ihese

c.

states are calie aorpitals since he correspending

classical eleciron orbits can be considered as having

fixed energy and fixed anguiar momeptum around a given

L T

erm ‘Urbital

-

- - . ] L3 . . - -y .
daxXls. ihe Wlii e usena tTo rerer specil-—

ficaliy to the spatial wave function of an eiectron in

- -

- - . - * A .
inls term irivital

an altom Oor molecul e, can also be

used ror eieciron wave functions representing chemical
bonds where the corresponaing elecivron orbits would

not be simple. e Zi+vil orthogonal eilgenstates with



ditterent M values are deqgenerate i.e. Uthey nave the
Game enerogy.

Thee firsi four sitates with angular momentum 1=0

to 1=2 are:

1 = © s siate
i =.1 P state
1 = 2 0 stale
i =3 f state

-

For any oiven vaiue of antd m there are many

different energy eigenstates. IThese are numbered by a
thirg integer v, 1n  order of 1ncreasing energy, star-—
ting withh n = i+l 1.e.
F = ‘ny 1, wm /B n, 1, m> depends only on the quantrum
pumber n, 1t is hence calied the principal quantum
NUMDEF . in each siate specitied by n, 1 and m Two
elecirons can  be  accommodaterd with opposite spins,
acCovding to the Faulir's principle.
he s—arbltals bhave vanishing anguliar momentum
1=0 {and a=0, since /m/ i), The wave funcition for an
s—wrbital 1s spherically symmetric and it i1is depicted
by a sphere (ecrrcle on a Plnne} as shown in Figure Z.1.

The lowest enerqgy state n=1 1s called is state.
its wave funcilon decreases graduaily with distance
T

from the npuciwds. e wave function of the pext

state, the 78 siate, drops to zero, becomes negative
and hen decays upward to zero. farh subsequent s
oriiital has an additional mode.

Thie p-orbitals have one unit of angular momentum

i=1, there are three orbitals corresponding to m=1,

m=0 m=—1 as shown in FigQ Z2.2.

L



Fig 2.1 Ghape of gn 8§ -Orbitai
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Any orbital may (or can) be writiten as a product of a
function of Radial disiance from ihe npucleus and one
of the sunerical harmonics Ya™ which are functions
o+ angle only.

*ﬂ‘-(r) = Rnl(r,v.l ("')

The three independent p-orbitais may D2 wriiten

X/r
Yo.r.mlr) = (3/40) /R, ey
Z/r
for each n when 1=1 there are three p-urbitais
griented along the tlhree cartesian axes. These are
illustrated in Figure Z.3.

The d-orisitals have two units of angular momentum, 1=
and cheretore five m—vaiue mw=—-Z2, m=—1i, m=0, m=1 and
a=Z. They can « convenientiy represented in iLerms of
cartesian coordinates in the form
lYL’r‘

Vro.zm(r) = (15/458) V3R V] 72X /p™>
XY /r2
(x2=y2) /2r2
(3Z2-r2) /2r231/2)

AN important feature nt the fi-orpitals is that they
are tomcentr alted mch aore ciosely at the nucieus ihan
are 5 and ¢ urnltais. The d-orbitals corresponding ©n
the AY/r 2 form is as shown 160 Figure 2.4, The d-
states temnd to he influenced much 1ess by nelighbouring

atoms ihan are s and p siates of similar energy.
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Fig 2.4 d-orbital’ corresponding to xy/r®
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The f—orbitais are important in studying properties
of the rare earih metals. They are even more concent-—
rated near bthe nucleus and isplated from neighbouring

" &

atom than the d orpitals.

8]

LS}

COVALENT RONDING

Semiconductor compounds of chemical Jormula A8,
where A 1sq trivalent element and 5 1s a pentavalent
element are called 111-V  {ilhree-fivel compounds.

Exampies are indium antimonide and galliiwm arsenide.

1!

1tlicon and germanium &re Called diamond Type semi -
conductors, because they have the crystal structuwre of
aiamond.,

The covalent bond 1s the ciassical plectron pair.
it is a strong bond, the bond heitween two carbon atoms
in diamond has a cobesive energy of 7.8V with respect
to separated neutral atoms. this 15 comparable with
Tne bond strength in 1onic crystels, althougn the
covalent hond acts between neutral atoms. The covalent
nond has strong directional properties. Thus caribon,
silicon and germanium nave the diamond structuwre, wiih
the atoms joined To +our nearest peilgnbours at tetra-
nedrai angies, even though This arrangement gives a

ing of space G.34 of The avalliable space,

-

ii

-+

1ow
compared with O.74 for close packed structure.

The covalent hond 16 usually formed from two elect—
rons, one from eachn  atom participating in  the bond.
The electronse Forming the hond tend to e partiy
ipcalized in the region between the two atoms Joined
in the bond. The spins of the two elecirons in (he

bond are antiparaliel.



in typical semiconductors such as those from

group 1V eliements like silicon and germanium, the

honding is covalent and The material is, therefore

nomopol ar. in diamond, for example the lattice is

bullit up From two Face centred cubic lattices dis—
placed with regard toc one another by one guarter of
the basic lattice vector along the main diagonai. 1in
this structure one nas & nearesit neighbours and 12
next nearest neilghbours. Une then has B atoms forming
a unit cell. With a lattice parameter ‘a’ one has
B/a~ atoms per wint volume |

Eiements £ 85i be Sn
iattice parameier 356 D42 S. b2 b.dih
"{a) Lin AJ

Number of atoms per i7.7 5. 00 {4.52 2.82

unit Vol wil=Z cm =)

A free carrier 1s created when a caovalent oong is

broken giving a4 free electron capabie of moving in an

eieciric field and letting a free nole which will move

in the opposite direction of an eiectron. The group

iy covaient bhonding but when

—

iV siements are essentia

one goes away +rom the centre of the periodic table,

the bonding becomes iess covalent and the character of
A semiconductor buillt from

covalent bonding i1s smail.

- o
141

an element from group
e.g. gaiilium arsenide
and a semiconductor built

and group Vi such as InS,

wilil

and an element from group V
have some 1onlc character
from elements from group 11

has a predominantly 1onic



character. The ionic character i1nocreases when going

by
©
-
H'
g

er Yvram ithe central iine af the periodic table.

TRUL T URE
Z.3.1 The Uiamond Sitructure
Tie space iattice pof diamond 1s face centred cubic,

A primitive basis of two identical atoms at (0,0,0

-t
--

- .

{i/74,1/4,1/4) is associated with each lattice point,
GBS BRGwW AR Figure Z.5. The istranedral bonding of the
diamont structuwre is represented in Figure Z.6.

The diamaong iaitice is relatively empty, the maximum

fd

proportion of the availlanie volume which may be filled

]

by herd spheres is only $.33% or aboui 46% of  the
filling factor +or a clos@ packed structwe, carbon,
sijicon, germanium and gray tin crystailize in the

‘diamnnid strueture. The diamond struciwre 15 the

Fesult oFf ol

1

ectional covalent nonding.

1

i

ilend | Structure

oL

in

4

- -
. R

1

-

e diamond structure is a special case of InS

structure. The Zinc-blend structure 1s bpased upon a

face centred cubic arrangement of zinc atoms as snown
in Figure 2.7. Tihiis may be thought of as a sample
repeating cubic lattice of zinc atoms with a zinc atom
also &t the centre of every resuiting cube face. This

MAKES cariesian system nf Coordlnates a natural choice

z

ith axes along the cube adges. 1t 1s customary to

[
r
U
ri-

indi e the direction . of a vector 1in the crystal by
writing its cowponents along those axes wriiien a

nracket., Thus a vectr (I100) lies altong a cube erige,
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Figure 2.5 Atom positions in the cupic ceii

of the Diamond structure
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Figure 2.6 Crystal Structure of Diamond Showing

the Telrahedral Tond Arrangemen’
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{ii0) iies aiong a diagonal across a tace nf the

ii) Jies along ihe main ciagonal through ine

—

cube, |
cune. 1t 1s iLwportant to note that the environment of
Bevery zinte atom wiihin ihe arrangement is identical.
Tihws the cryscal may ailsn be thougnt of as made up of
csmaljer unit cells (the primitive cells, earh contai-
ning a zinc atomi. The primitive cell of zinc-blend
are of ihe iype (110)a/7 raihier than the type (100) a
at the cune, Vectors of the ftype (GilasZ are
considered To be of the Type (1iGla/2.

in zinc-niend structure there are equal number of

sul piwr atcms, each in a position {(i1i)a/d relative to

thab af the zinc atoms (the displacements are repres-—
enied by arrows in Filgure 7.7 and the four shaded
atoms represent sulphur atoms), other sulphur atoms
are Jikewise displaced {(111)a/8 from other zinc aloms
in Figure 2.7 and iie outside the cube and thouse at
the centre of ithe botiom face, ieft face, and front
fare from the coroers of a reguiar tetrahendron that
fhas sulphur atom as iVs centre. Fvery oiher sulphur
atam in z2inc Diend 15 alsw etrahedrally correlated to
zinr atoms in exarlly (he same way.

Another pnint worth noking 1s that the zinc atoms
iie in planes perpendicular io the (111) axis., Within
eaciy of these planes the atoms form a Nexagonal array,
a tew atims oFf which are shown in Figure 2.8 circled

anid tabelied A, Another paraliiel layer of zinc atoms

DEyORo ihis contains atoms at staggered



s
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positions marked H. Notice that i+ the first layer

were to e made up of hard spheres, tightly packed so

that each touched six neighbours in the plane, the
second piane would form a second close—-paciked layer of
spheres, each touching three spheres in the preceding
laver. A third layer contains atoms in positions
marked U3 each sphere T worid be i1n contact with three
spiieres in the © laver. Next comes another O layer
ant the series repeats in ABLCABLABC fashion. The
staggered positions in A, R and U layers alilow the
densest possible lattice packing of hard spheres thus

ihe face centred cublc sitruciture is also called close

3

packed structure., In Zinc Biend ', a layer of sulphur
atoms 15 located hetween each layer of zinc atoms with
‘each sulphur atom beiny directiy above a zinc atom of
the layer below, three quarters of the way to the next

zinc layer that 15 a suiphur layer 6 is positioned

three (quariers of the way from A To R zine layers eic.,

e

It is epasy tn see iLhai 1A This configuration each atom
ie tetraine drally surrocunded v The four atoms of the

oppousite species.

- wna - e
—~

IO OF SFT HYBRIDS.

& linear comhination of twa p-orbitals 1s simply
anoiher p-orbital with a dgifferenti orientation.

However, a linear combination of a p-orbital {(with an

s—orirvital {called an sp hyirwidl corresponds to  an

unsymmetric probability distribution, a distribution
of eiectron charge ithat “leans’ in ine girection of p-

orbitcal. in tetranedra

‘.

" . -

spiids four sp hyprios are

-
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Along a (11172 1Th
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picked, the wave functions ofF which are orthogonal to
each opither, and in whith the electron charge density
iz greatest in the Adirectiaon of the nesarest neighbou-

ring atoms.

-4

he normalizration of the wave functions For o
orolials orientea along Three cobrdinate axes can ba
writven as [P.Y, [Pyp and [Pa). in terms of
TthEese andag the wave funciion for s orbpitals, fS), the
spY hiyierids {3 indicating there 15 three times as much
progability of finding an eleciron in a p state as of

.

fipding 1L 10 an & statel and the directions in which

the charge density is greatesi are:
o=t JALISO4IPLYIPVIHIP O] with (1115 orieniation |
by 1 /201> HIP =[Py Y~|Pad>] with {1,-1,-1) orientation .
fngyd 2L} SD~|Pod Py p~IP2>] with i~i,1,~i) arientation 2.1
Q=1 72018y ~Py | Py #IP2)] with (~i,-1,i) orientation
It is easy to show that hybrid wave functions are
nrihogonal, thail 3s .
¢hi thiy = &4

Ly using tThe conditio

hat  non-nhivbria atomic wave

pa

functions sre réthonormai.  fAny  hybrid rotation of

n]

»

this set wiil ogive another orithonormal set, oriented

in the direction o i T

a rotated teitranendron.

-+

nes

s

hybrids are not energy eigenstates, the expectatvion

vailte nf the energy is an average enerQy calied th

1y

nvbrilid energyY e

€n = 1/4(Eg + 36p) I
€s = <5H{s)
€ = {Pu{H{Psx)



E 3
il

= (Py{“‘ﬂr)

= (P:lH’PI>
these values could somewhat difrer in the solid from
the corresponding vaiues detined for Lthe free atom Huat
the free atom values will be used. The measurement of
the energy of an eleciron described by such a hyierid
wave function would give te 20 per cent of ine time
antd E, 75% of the time.

For polar covalent solids, sp? hybrids of the
torm of eqn 2.1 can be constructed on eacnh of the atom
types present and oriented in  the direction of iits
T

nearest neignhours., e hnyborid energies will be
i

(=T

different with the lesser energy tln and the

greater energy % - Tne  hybrid polar energy

~

(V") is proportional io their difference, 1.e.
(Vzh) = 1 /2(€Xn-€L)

Even though hybrids are nbt eigenstates, non zZero,
matrix elements of the Hamiltonian can exist between
the hybrids, they may be evaluated by setting ail
matrix elemenis of the Hamiltonian between orthogonal
atomic orpitals on  the same atom Bgual To zero. 1ne
magnitude of the resuiting mairix elemenis 1s called
(Va) the metallic energy.

<hy {HIh;> = {hyfHiha) = -V,

C energy depends on the sp splitting i.e.

>
m
3
m
ﬂn
b
-
-
[*E

..

(Ep~Ea} OFf The atom shared by the hybrids and it
wiil have different vaiues for ihe two atom types for
polar crystais.

A particulariy i1mportant matrix element i1s ithat

between hybrids peointed at each other, or into the
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<2

Dond, fFom tws neilghbouring atoms. The magnitude of

-

his maitrix elenent 1s cCcailed Lhe hyirid covalent
anergy (vah

Vak = ~{htfHIh®)

Thus , .
Tne wvalue of Vabh 1s tound theorelically Tto be

G 37N/ ma= .

The wvalues of Vo™ and ~F are odeftined for
the hybrig bong and are the direct counterparts of
covalent and Dybrid poiar energles. Hybrid covalent
and hybrid polar energies eisn give rise Lo bonding-—
antibonding splitting and o bond polarity. Receuse

of the interactions between nelighoowring bofwis the

energy difference that correspongs to  bonfding—anti-

f
3

aonding spilitting the anaiysis of di@iertric
properities of solids  ig not 2(v;¢‘ + V,ﬂjliz,
byt an expression depending principaily wpon the p—

(rbitals.

ne electronic ctates can be written as linear
combinations of atomic orbitals. Fond privitais and
atomic orbitals  are eguivaleni representations outl
Thinking in Tterms of honding and antibonging ordltais,
"which can he made to cerrespond with occupled  and
enpty states oF Lthe covalent splid 2z eszeptiat in
making ibhe appfaximatiun5.

tising similiar methind  of %inding eniutions to

orginary simultaneous equatrions, in wnich the



35
variables are changed by taking linear combinations.
Sucih that The new variabldes form new sets that are norb
coupied to each other. Tne smalier sets of equations
are solved by using the formula +For the roots of a
quanratic equation. 1In dealing with the bond orbitals
the procedure leads to an additional goal, The proper
linear combinations will provide a context in which
approdimations can De made. The procedureg wili be to
ciinose iipear combinations first and then to consider
matrix eliements of the Hamiltomian Detween them, since

these matrix elements as in equation below.

are coetficients That are needed in the caicuiation

of honding states and bonding energles. The series of

Bteps 15 Shown N Figure Z.%. Ducoessive transforma-—

ﬂ-
B

nns  of  lLinear combipations oFf atomic orbitals,.
heginning with atomic s and p~bybitals and proceeding

-

to sp= hybrids to bond orbitals and final

L]

]

Y Lo bond

H |

states. The bond states represepnit exact spiutions of
*the lineayr comlastion of atomic orbitals (LCAG:

piropiem.

"

Consider the pairs of hyvbrig arbitals in pach
bong to be bonding and the antibonding combinations,
. _ This is done by witing 2 general linear
compination of the Ltwo hyirids.
> = U, tht) + Uath3)
and minimizing the energy expaciation vaiug
IRV _eh—2Uthva + Ulep 2.6
{¥ie) w, +ui | |
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negiecting complicaredd aspecis of eiectron — electron
interaction) 10 terme Of an average potential associ—
ated with each elecitron. The peglect of electron
interactions has een situdied closely (Huang, Fierarty
amnit  HBher, 1974}, The etffect aof the electron
interactions can e absoribed with the parameters of
the simpie nenry.

Mindmizing eauaiion 2.8 gives

E"Il'li - Vale = Eut

and «~Uall, + €3,UL, = EU, 2.7
Rewrlting in terms af average energy
&= (g% + €3)/2 2.8
and the hyhrid polar energy
Vz = (€%, - €E1n)}/2 2.9
Thereiore €2n = Va + €
and €y, = € - Va

equation 2.7 becomes
(2-VilU, - Valla = EU,
-VaU, - Valla = (E-E)U,
simtiariy
~Vall, + (€ + ValUa = EUa (i) 2.10
~Vall, + Valia = (E-€)Ua (i)
These equacions can ue wriitten as
IVa+(E-8)JU, + VadlUa = O
Val, — [Vx-(E-E)JUa = O

V= + (E-€) Va
Va -V #+(E-€) | = 0

or

[(E-8)2 - vz} -~ vz, =0



-
2l

(E-8)2 = vy  + V)

(E-8) = (V3 +V2)i/z
o= &= o +V3)i/2 2.1
By = &+ (Va4 V3 V2 2.2

substituting for £ = E. in liuﬂtlcn(i] oF (2.10) wWe have.
VU -Vals = (E-(V2. ) /9)-B) 4,
Vala Halda = ((V3a+Vv2y) 1/72)U,
(Vf(VaE{'Vaauz) W?)u; ==V u,
U = ((Va) /(Y2 4V33) +/2 — Vg) ) Ua
Similarly putting E=Es 1n eqn {(i1) of {(Z.10) we gei
Ua = (va) /(VZRHVR 1/ — V3,
if the individual atomic wave functions o not
overlaj:, the wobability of Finding the eiectron on
atom 1 wiil be
u‘:l/(uz l+u2§l)

Thereftore

ue, = (I + ®p/2)1/2
and

Ubs = (I = Xp/2) +/2
where

Ke = (Va/(VZatVEy) 172
These have bDeen chosen to satisty he normalization
uf + U2 = |. The K. is called fthe bond
poiariity.

Simiiariy the antibonding state wave funciions.
which are oritnogonal to those nf the bonding state have
energy: €4 = € + (VA +V‘3'3.)1/2
with the parameters

us, = (I - Xpa/2) /2
Wa = U + Kpf2) V72
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These transformations enable the construction of
ponding and antibonding orbitals starting +from s—and
p—orbltals without additional approximations.

The energy expectation values for these orbitals
depend only upon the covalent energy V= and the
polar energy Vb. These orbitals do not represent
eigenstates of the Hamiitoniany however, there are
still ﬁairix elements bDetween various bonding and
antibonding orbitals. Thus by sniving the equations
for eigensiates ithe bonding and antibonding energy
ievels broaden 1nto bands. A representation based
upon bond  orbitals 1s  an invaluable guide For esti-—
mating the parameters that described the electroni
strurture and for exiracting physical information from

the representation of the elecironic siructure,



There are wvarious methods i calculating the
energy ieveis of eliecitrons in actual crystals.

we start wiinh the Schroedinger equation i.e.

(.i%:\.vﬁ + V() ¥k = E(KW¥x

wiilich can be written as
¥, = EWi
where H = (=§2.93 + V(~))
am

Fguation 3.1 can be solved feor a periocic potential
af the type,

V{r) = Vir +1)

Vir) = DNgeir-g

Where Vé is the Jourier component of V  for ihe
reciprocal lattice vector g. in the free esiection
case ihe wave functions are free Waves iike

ja.e*®T put the potenitial Vir)d is very strong ot

the sites of the lonic cores. Iherefore, one may well

accept functions to be like the atomic orbitais &t the
10NIEC COres.

in the Following section we review the maior
different methods for calicuiating energy ievels, these
alffes

ary Tight binacing and LCTAD melhod

3

[
)

o w

e

b} ' ithorgonalilzed plane wave methnod



. vior=—y w

ci TCellular and augmenied plane wave methods (PAFR)

thear methods

o,
L |

ne tight binaing ano LCAD methods are tased on
the tight binding approximation and oiher seinods are
based on the free electron approximation.

— =y

3.2, a} Tight Binding and LCAT fethods

actual solids, the ionic cores are situwated at
ice sives. Within the cores the elecirpnic

wave funrctions must. be like ihe atomic orbitalis. GDroe

n

can try to +Form ithe otates running throughout Lhe
crystal by combining a number of funciions localized
at the lattice sites. Let ¥air-1] he an atomic

-

pioch funciionh

e
-
5
o]
3
'3.
w

al for a ¥res atom a

[
ﬂ-

orii
would be of Lhe torm

4
inis looks like a geries of strongly iocalized atomic

sitates moduliated Dy the wave factor gtk-1, wWithin

eacn atom tihwe lpcsl orbital predomina tes and this

should be a gowd solution of ihe Jocal Bchroedinger

eqttation,
In studying tie Dehaviour of thie system, we can
calonlialte as a First aApprodimation ihe expecitation

vaiue of the energy +or the wave function.

£y = Jonl-R2/am V2 + V(r)IP,d?
I@u‘ﬂ;d‘l‘

The atomic orpitals are strengly locaiized at  the

F]

attice sites and one way, as & first approdimation,
assume No  overiap of orbitaie in the neighbouring

sites anid take the normaliring denominator to be uvnity



Then

Ediy= Zeike {t-17) g (r-l.’)[-% V2 V) Ialr-L e -

52

i.e | J#ﬁEﬂEﬁ? =

14

The periodicity of the ilattice can be used to canveft
the  integral into one depending on L-2)
exrivsively. Furthermore, one may assume that the
atomic orpitals satisiy the Schroedinger equation.

r-(“'tF/QM) V* 4 VQO')JQQ = Eq?q
Yhere Vailry) 1is the potential of & ispiated atom.
With these simplificaiiaons,

EK) = ﬁgin.h_eh :

h € = E, and
Bh = §Pa(r+h) [VIrY -V (r)1@atr)dsr
tiy there must bE_ a wmall overlap beitween

L ) - - = . - * -— - u -
adjacent oroitals Q‘F Enp 1S TGO 8 DO Z2&F 0.

ne tignt binding methad 1s a convenlieni way to

-
1
—

introduce an  important general principie. Buppose

-

tihere are N atoms apart, each atom will have difierent

S5tabeS VasPngrcerbry, and these states wil

(2
-
-
B
z
i

fold fAegenrate for a&n electron. Wnen the atoms are
prowght together, the aribitals overlap and the WH-+fold
degenerate state ié spilt into band of staies., Thera
Willi e a complieie Dand of fN-stales arising from escir

atomic ievel so  that one can nhave, Tor instanc=, The
r
d bands arising from the correcsponding atomic

states. ihis classification is particulariy useful in

the case of fransition meitails, where ihe d-states of



the atoms are racher

relaiively na

rrow and well defined g-hand.

overiap among the or

»
L,
wl

compact and combine to form a

f ihe

-
By

5 15 strong the

-

pDita Jrands may

Broaden so much as o intersect. Then one sust assume

the wave function to he a linear combination of atomic

orbitals (iLUAC

where ﬁﬂj)q

orpitals at

i) .

¥u(h) = EGZK-HFH i), (r-1)
¥

-

is ane of the different aAtomic

site 1.

This tTrial wave funcitlion must

then be used for estimating the energy to be minimized

Wwith the suitairie choice DF\HhP coetrtricients Fi.

T. F ]

ne Lt

structure cal

e

metnod

nas  been  used for  some Do

- s = . - - - . - - = & -
cuiations, especlially Of onic e0Ll1a6s 1n

which the overiap of

e

atanic orbitais of neighiouring

ions 1e relatively small., In - oifwr cases 10 15 N0t a

very onveni
orpitals faii
bhecomnses gifii

the cores.

ent procedure., Firstly, The atomic

cff =0 rapidiy cuiside the core, that it

2 3 1 B To

Secondiy

get  plane wave ampliiwie ountside

sy the evaluaiion of many—cenire

overiap i1nitegrals prove to be a complicated task,.

F.2 Wi, Orihogonaiized Flane Wave Melnod (GFW)
- ; . . P . P DS
iis is a simple moGiticarion of the L0660

methord 1ntroduced by

we considaer a

set of

2

.

ercing in 1540, In this method,

ioch funciilons constructied out

T

aof the core staies of the oroltals aiready occupied by

the 1ons, 14

The core orbi

-

15 Wil

. - .

Cal Sucnh

it

oFf the form

95 (K) = getk:4) p;(r-1)

as @j(r-l) is strongiy

m



-

lorsiized sn that & s really a combination of
degenerate one electron states, each corresponding to
the iccalization of the elechron pn a particular atom.
N
his will be a gond solution of the $Schroedinger
gquation of Lhe whole Corystal corresponding to a core
ievel £,, whith wiil form a +uily occupled narrow
pond in the crystal.

fow the Migher corystal energy states, helng

splutions of ©The some SBohroedinger equation must be

Y
Py 1a.B

Sy Ky 9; wad3 = ©

Nis it 1s &lso reguired tha

orthogonat to ¥ 41

e

In additian to thie

e

nigher energy staies must behave like a free electron

wave in  the region between the atoms. Therefore,
SUEPODSE a Trial wave funcilion 1s seil far  the hilgiise
states.

. - -

Xu.z Ei’"'r - r:’jﬂ’;
J

where Lhe coefficients i, are Cchasen o enswawre

orthogonalization, Then

X = @i%v — T@;Jovjeikrddr
4

This soiution 1ooks like the plang waves elk.r
ih the idinterstition regions, where each ©$.1E) 1s
=mall because the latter 15 l1ocalized on the 1ion

e

41

cares, ari yet within the atomic core 1tsel

- -

splutinn is orthogonal To an atamlc orbital JUY

.-‘} =

_Therefmore, the solution turns out o DE & good guess

Pt T o]

antd one ures The orifhogonallzed piane waves {OFW) as

ne basis states for forming Lhe wave function

r'o

1
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P iry = Iu..._.)i.._.

The variational principle may be used to aminimize Lhe

expecialion value of ine Eener gy and  determine
COSTFicriancs Fa. it twns out thwal this procecure
is rapidly convergent.

The GFW method as heen widely used by Herring
{19503, Ham (1953) for a large numiaer of metals. 1t
has the advaniage when ocompared wiith Lhe equally

ouoular AFW method, 10 thak the DFW warks for non-

spherically symaeieric atomic potentials.

3.2 Celiular and fugmanitsi Plane Wave Fiethods

g

Wigner and Beiltz 1n 1937 suggested a ditfferent
way of calculating the elerironic energy levelis in
501145, in the wvicialty of a mectailic 1on  the

poiential 1s aspherically symmetiric and one could use a

-

sofnerically symmetric atomlc wave functiaon there. In

ithe celluiar meihod such wave fTunciions were matcned

at the boundaries of Che Wigner—-Seitz cells.
A variani of This icea was developed vy Slater in

1957 and this augmenied plane waves (AFW) method has

DECOME  very useful proceduwre for  calculaiting the
2aergy bamis 1 metalis. APN 18 s0  much becter than
the celluiar aeihog. T The AFW melhod we assume That
tne 1nic potential 1s spnerically symmeitric within
some radius R aboul each site andg constanit in the
itnterstitial regions. it is assumead that R 15 1ess
than the Wigner-Seritz cell radius sn ihial the sphere
af radius K do  pob intersect.wWionin sacn  sphere the

Schroedinger equation 15 solved 1n terms of spherical

narmontizs. 1@ AFW 1s quilte rapldily canvergent,



.. form a Bioch funttion of the ftype

-1 Rostocher (1

N
Qo

Y-  ther dethods

v
N
.

pal

ther methnods of band structure calculations
inciwie among thers

|.
| _

I — . " .o . [ L]

! 17 EeEn S YURCTLIoOn el aue
|

1

|

|

i1}  The gquanitum defect methaod, and

[
ot s
[N
L

riethotl of pseudp-poteniials.

i’ ihe terhnigque of using Dreen’s functions to spive

=
m
|
-
-
1]
-
o,
[
-+1
“+y
1]
ﬁ

ential equalions wWas applled L0 energy

ons oy Korringe (1¥477  and EKohn and

band calcula

ti
- — P - - -
L0431, For a diftferental equation

- (V2 + NV/R2)Y = ME/R2Y

the Green’s function or t©The wave emitted by a voliume

d¥ is -(l/#ll'r)fe"““"‘vw&‘r | '

\ and so one can write selt consistentiy

Y = ~1/40f(aix-n)y Y dr N
r

] [ - . - e

his means that the wave funcition is the result oFf the

T

if i 7

gcattering of itselid oy the potentiala. his can pe

i .

A convervyed intc a fore depending on  (r—i) and gne can

Ylr)==L T axp(ikfr-r DV({-r/)eik-tg, (r-1)d3r
S0 . l'l'-'r‘l . . :

tonsequently, the Greens runction method nas beer used

on a number or metais.

11} In the guanitum detect methed, one uses The
- sSpectroscopic befiaviouwr of tree elecirins metals. in
general (ne needs the wave funciion at the siie of the

atomic cores and they are obtailned by solving r s@2lf

consistently the Hartree-Foci eauations, The



b ey ¢ —

(1]
~

meinod nas bDeen used by Drooks and  Ham

fask
]
t
in
i

My

aivali metals.

—u

and Kilaman {iF5%) exploits a different aspect of the

probiem. Duppose ohe suhstituies an OF

Y= U~ e udse
4

in the Schroedinger equaitlon. He=E¥, Then since the
vaore function %5 15 also an eigepfunciion of H with
an @nergy t,, one has

HU + Z(E-E;M@B[Q?}Ud’h = EU

which can be looked upon as a new Sohvroedinger
@quation H+Veill = EU wiere the operator Ve is
. ’ .

definea by

Vel = 3(E-E)@ f@=;udtr
3

The ‘“smoothed® Ffunction U therefore satisfies a
Hami l tonian
N
B+ Vg = ~(K2/2) 9 +Vg + V()

- L) . - i - -. LI - - 1 - - - -
N pLAINE HavE SOMHTIOR T8 tnNE er+ertilive potential

F} + Ve itad ©o e Found. Calculations have

-

efrr =
shown that +he term VW 18 negative and largely
cancels the positive core atiraction so that Veffd is

T - = -
i

usually very emall. his method of Treating the

propism has heen appiisrd to several tases. Tnhe above
simpie procture, apart +from onilying the central 1doca
henimi the psuvedopotential method, aisn expliains why

ihe nearly $ree leciron methowd is 5o successful in

practice as first approximation.



elecitironic energy
space pilciure ofF

give rise to the

band structure,
extremely usetrul
change wnen ihe
in such a case an
of interest can
number of interact
< Here iLhe
interaction parame

The valence bands

complete version

in which ©the i

directed orbitais

ght pinding approach

density &f
1n
electronirc

e

Lighi =i nding

oF

nt

fo the profiem of the

in splids provides a reail

the elecironic interactions which
e

This

particuiar features of ENer gy

states etc. 1s

sTuies of now Lhese ifeatures

contiguration

adequiate description of the

obiailned by spepolfying a

ion parameters,

mé T ihad

1|

Hnsing

ihe

ters gives Accuraie resniits fTor

-

1

o

oF amciidy  DBillcon and German um.

enquivalent Lo Siater ani

can aisn De regarded as a  more

Lhe Wearie and Tharpe 11571) model

eractions Leilween more i stant

ar e

coordinated annd

cell. For  each

ithese atoms, wo
For examplie, for

we have two Bloch

there

crystal every atom 1s ietranedrally

are two atoms 1n the primitive

L8]

Bi-hinging funciion centrea  on

Bloch functions can be constructedad,

A Tighy anding basis function ¥ird

Functions
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=)

Yo lkyr) = (N) -'wzg:eiu-%po(r-m 4.4

Ve (Kyr) = m)-vz%a‘m-*cp'.cr-a_’c) 43

where 7 is ©tie vettor Joining the twe atoms in the
primitive celi and the subscripts on § refer to the
atoms in the primitive cell.

in order to have |

i (kP ¥ ikar)D = 855 o 4.

i, =0, 1

we munt require that the tight binding Ffunctions on
different atomic sites be orthonormat;i.e.

bolr-Ru Jby (r-R-T)> = O o 44

<bi X2 [o;(r)) =i 4.5

Yhese conditions can be efrfected by a method due tao
Lowdin (1950} without affecting the symmetry of ihe
basis functions.

We must now  Fing The mairix component of onerqy
betwesn two suwch Rloch sums, i+ B is thwe Hamiltonian

pperaior s thic matrix component is riearly

=7e k(R jR3 ) fr*s (r-Ry I Him (r=R;) dT 4.6
R; :

--ési-w (R ~RL) (v R ~R ) HY W (P AT 4.7

]

where v=r—-R, and R,—R, is the vector displace—

meEnT tyrom the a3fom on which ©h

nrhital s 1S

1)

iocated o one of 1Ts neighbows on whirch ¥ 1S

-located.



R
There is every reaspon ©to think the integral in 4.7 |
will get emalier numerically a= the atoms in question
get fwwrther apart, which ®means such an integral would
e zerc uniess the two atoms were ciosae encugh so that
their orbitais overiapped to an appreciaple extent.

M

"o (PR ~R) = By (r+R =R S 4.3

Ymir) = bolr-&)) o | ___.‘: 4"9

he expressicn; 4.7 now nRCcomes

T

(D=L RAR j-R3) fo ¥y (F+R; -Ri Hb, Lr-B AT - . 410

-
g

fa/Z2yaii,arsZi, {arl,—as2,-arZi, ~a/2, a/Z2.,-a/2},

| .
n
~
T

£
1
a
k.
P!
.\“
)
-+
o
N
.-1-
n
.
Jut
Py}
A
In]
-
o
i
-
-
n
N
3
~
0N
ﬂ-
[
ot
1
L]

4,3 The FMatrix Elements

- - . - Fad ] - : - » - IR )
B inNdEreCcT1O0n O A S—OFD1ILat Wity I..tEF.*l.f o The =sahe
atom is given From 4.10 Dy

(i%mame - fb¥gbriHbe(r)dT  R,-R. = 0O

HEenoe
xR -
it ea . = F s
s - s as - - -
“Filpoxa = Eeo Y L Xopxa — Feo .
[ XY - -— LR TR — —
{Alivava © Ema I waws &= Ema

":-i)zaumn = El"‘n $Fi) zaxs = Ema -
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The interaction of an s—orbital on the firsi  atom
with an s—orizital on the second atom is .
<M}.,,,=zem ;R fo 4 ([ (x+a/2) 2+ (y+as2) 2t (z+as2) 2] 142)
- o0 1 2R dacty oz = Vo9,

!

The interaction of an c—oFbliel witirgn orbiisl on
the same atom is

| (H)soxe=jb*g(((x +a/2) X (y+al2) 2+ (z+q12) 2)/3 J X b,(x“a,-‘ 2z2 )% o"l’.dﬁ-‘-d‘l'-

. T \34
Jr T e ’ LI

-

=0 ' | R3-R4=0

. -

18 shows that the interaction beiween an s—orbitatl

-
]

and a p—orpital on the same atom is zern 1.8

I
iz

“¥l amvm
. ’ ' YT
P i . &h-j'ﬂHZR = s

-

| : : Pidmaws = O

. i ‘rama = U '
|r

s
;..
%
D
{

b

i
-

- -

f
Q)

-~

<Firwims =

L}

e

P Falt LAl s I

hor = “ E.‘ -
LYW r ¢

NP G S S D

i] i B N » »
W X H £ |} g
] i L) " [ M
I ] | ] )1 il
L Lnb IR ot R ot S Q)

W
{
¢
N
4
|
)

Fiizavm = U .
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Miypzy =0
M)yxy =0
Mixiyy =0
Mdzyxy =0
The interactions of an s—cobital on the first atom
with a p-prbital »on bho second atnm are
(M) sox 2T K (R;=R) S .([ (x+a/2) 2+ (fronYe (2495 ]’5);'
LbJ&K’+V*+Z’)l”aohtd?dz,
. = Veu Yy :
W)-nya—le."'““;'&) jb*,([(xMI 2) ’-1-(:1.1"/;) +HE %) wie )
ba[(x Zey 242 %) 1/ 2 alndydz

= Vs=r9s
The 585 interaction on differrent atoms is
(N)oy o=k @R fo o ([ixtal2) 2etyran)™ sznf-.\)"]y’“)
) bo{(t 4y 212%) 1/ 2 olxolyelz
= Vse9%. | '
{Miaazs = Vaazoag™
The 5-F inieracticns on different atoms are
<n>,,...->:eu<tk &) for ([ (x+a/2) 20T 42 +95)* 3 5)x
' bo,((x Ry 24z 2) L/2) obnolspelz

= ”VSSC}T
{fFirmaixa = ~Vaug™*,
{Fimave = =V aad®a
{fmiza = —Voag™3Z

Thne interaction of & p-orbital on the first atom with

. a&n s—orbitail on the secend atom is

o <N)“g,--ie’-'< (Ry=Ri ).fb*‘([{xi-n{?) x4 (‘}—1“/;,) +(Z2t% )z'J o x
: ' ,((x Ty RpzX) 1/2 olaclpez .

, =‘V5P9T

The p—p interactions on different atoms are



Iy gn p=~Tebk (R =R ) ju* [Lx+a/2) (ot 42) % (20 1™ 2%,

= Vu.ugo

wnerp

-

Nl xeay 2

il

li

va@s
Vuz@n
“Vasrlz
Vvl
yvvgn
"‘;‘V'\fgn
szgl
_UHF“Q:
Voxall =
.Uvzg‘
VzrQa
Vacg® .
Voxxd ¥
vxvﬁ*:
vag*a
uupﬂ’z
Vol ™x
vvvg*n
Yong™
Varnd *x
vaﬂ*z
vagwx

Uzzgin

bq((.x Tpy Zpz D) t/a: olxoL‘ch

Vss=fb*([(x+a/2) 2 (y+as2) 2+(z+af2) zf_] V.z)
h'((x'-‘ +y2+22) 1 /2dxdydz,

reneraliy,



Vee =fb* ,({uu/z) Xt (y+a/2) Xt (z+a/2) 2] uz).cc
b (x2 +y2+2% ) #Fdxdydz
where T = 5, X, ¥ or Z
9o=cosK T/ 2cosK all/2cosK 3T/2-i sinK, T /2sinK I/ 2sinK3T1/2
g, =—cask W Zsi nK U Zeink W T+isink UV Zcask 2TW Zcosk </ Z
Ga=—sini N Z2cosk 2T/ Zsini IV Z+icosi W isinkK IV Zcosk </ 7
fz=—si K VW ZsinK 2V Z2coskK UV Z2+icosK . W Z2cosK 2N/ ZesinK sV 2
considering +or the diamond structure crystals
EanaE ai=F o Epao~E mi=Epi} Vean®Vnie and
View =Vop a2 =Vaa
the Bx8 maitrix represeniting all possibie nearest
nelgnhobouw 1niteractions bDetween s—and p-orbitals  on

each ofr the crystal is

g Vela O O 0 Yy, VeSa  Vads
%gt By Vudt Wds Vg3 O O O
0 ~Yepd, Ep 0 0 Vuds  Vida Vayda
0 Yy O B O Yods  Vmdo  Vaig

V¥ O 0O B Vgir Vgl Ve
gy 0 Vmd% VA% Vs E 0O O
Gpda 0 Vifg% Vud%  Ug% 0 B O
Vi7" 0 V% Vpdh  Vuli O O Ep

The detailed caiculations showlng i poocedure
for calculating he matrix eiements is given in the

Appendi x.
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W = ZR/ail,ir2,0)
Ha = Th7all/a,0,0)
- — Ty e a4 pem A s
e = Z2R/7ai1/77,0,0)
L] ~. g g & - .
N = Li/albiq,G,0)
. - - 44 aes w s - e
i = Lol All/Lg i/ Sqyd /e
. mw s _ 24 sm s sm s eamn
s = LA L/ D41l iHg L4

K = Z2hR/al0,3/4,3/4)
1. = ZR/7al0,3/8,3/8)
ia = Z2R/al0,1/2,172)
. w4 s e s m s .
U = 2R/all/4,0,1)

-
i

he energies of these symmetry poinis give the energy

bonds of the crystal in the first Briiiouin zone.

TeZ The 5-5 interaction

Setting the 5-F interaciion parameiers 1.8 Vaas
and Vaaim equai  to gare , ihe Ox8 matrix decouples
and a 6xbH matrix. 1ne energy eigen values
of ithe Zx7 matraix whiach describes Lhie S-states are
given by :

E(K) = Eg £ VyaalgelK) ! 4.1
e wvalues of {go (K} [ were raicuiated for the
difrerent symmeiry poinis and substiiuted in egquation
G.1 wilih Vgg=-7.0eV and Eg=0, thus the energies of

e points were determined as tabulated below.
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&F
The Energy plotited against the wave vector K
gives the pand struciure of the S-states for the

diamond structure crystals as shown in Figinre S.2.

5.2.1 Discussinns

These results provide a good description of the
iowest vaience rand in crystals wiith oiamond

structure. Specifyving the widih of th= ban

o

determines the band sitructure to within a few tenth o

-+

an eV throughout the Brillouin zone. ihe largest
errors ococur  aiong A andd8iong the I-direction which

runs between the symmelry poaints 3 2= Z5h/a

-

i,0,0) and

-+

= ZR/alil i/2,0) of the Briliouin zone. filong this
direction the Lwo hands are degenerate by symneiry and
have no dispersion. For Vae < U, Tthe lower energy

bDand 1s bonding at | and  the higher bang 1s  antl-—
L4

pondiing. For Vaeaa > 0 the order of (he bonding-anti-—

bonding states is reversed.

5.3 The p-p Tnteraction

The Dand siructure associated wiin Thie six F-
staites 15 obltained by soiving the é&x&6 matrix which
gives ihe roots of the energy equation +or the
different symmetry points. The energy eigen vaiues
are given with the corresponding vaiues of {9,(K)],

[19: 60 [, 192tk | and [galK) | in Tahie Z.
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Figure 5.7 Band Structure of the S-states of Diamond Structure



- The plot of the Band structure for the p-
states of the diamGnd siructure crysitals 15 as shown

oy
in Figure 5.3 tor V,.=03; V., =7.0 and E =0,

Tewal Discussions

As 1n ihe case of ©he s-bands Lthere 15 ne

dispersion siong the iine Jjoining the symneiry points

.

N

and W ofr ihe Brillouln zone. The wmaximum of ithe

-

-

iower 3

- 0

ands and ihe minimuwn oOF the upper S-bands

o

occur at XK. The zero siope of the bands al X gives,

as i1n the case of the s-states, rise ito a sharp

struciure 1n Lhe density of ctaites.,

.4 Tne 5-F Interaction

The bonu structure associated witihh Lhe B5-F
interaction is obtained by sniving the BxS secular
-

matrix which gives the desired energy equation thal
defines ihe 5-F interaction. The values of {g{ ror
each asymmeiry point are ihen substituted and a

— s

quadiratic equation in EK) 1s obtained which when
saived yields the roois. Theve energy roocis define
energy variation for each symmeiry point. A plot of
Fi)  against Lhe wave veritor K oshows  the  band

structure of the particular crysial considered., The

resulis of carbam (diamontd, si1dlicon  and ger maniium

were calculated 1n this work anhd presented helow.

D41 Tarhon (G amona)d

s

The energy roois E(K) for each symmeiry point are

as given in janle 5 below.
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ENERGY (Q.V)I —_—

maie rFern and U@,:—IS. 3 Vuu=3.0: oand V. ,=8.30.

The pint ~f +#he hand structure is  as given in Figure

L A r A X UK = r

- a2 _— s e 1
5.9 The St nd the

of blamond.

1



~l

4.2 Siilicon

4}

The roote of the energy EI(K) for each symmeiry
point are as given in iaide 5,

able 4 Energy of the symmeiry poinis in silicon

Dymmetry point El{ileV

T G, =-12.4

X -3.0; -i0.0

=i ~-3.0, —6.0, -F.8,
Lz -2.83, -4.0, -11.2
fes -i1.20, -12.0

i -1.60, -7.0, -9.6
A s -0.82, -1.51, -12.0
A= -1.54, -b6.0, -10.0

=
L)

Zs _1-‘.}7' --;I:-:‘:" -:"qu| —“?!é’
-

& _U' _Gl:.:.';' ‘—iu:‘z, "'iz-ﬂ"

U _-11-6' -'!J-:' '-7-6q "8-‘2

For Vawa = =B.13; Vae = 5.88; Ve = 1.71 and
1'

w

Vew = 7a
NB: All energies are measured reiative to the top of
the valence bonvis at [

The band struacture plot is  as shown in Figure
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Figure 5.5 Flot of the Band Struciture of sillecon
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.9 DMiscussions

The conduction bands in all three cases are not
wRll reproduced by the ©Light binding metihod except at
T where the splittings were fitted. To obitain sore

accurate conduction bQnds the seconn nearesi neighbour

-

nieractions nave To e used especially those between
s— and p— states, but a few parameters are sufficient
to give an accurate description of  the valence bands
andg  an  approximate description oy ithe first  few
conturtion bands,

he tight bdnding method ellows for a simpie
calculation of ine 5- and P— character of ine valence
Dands angd 1t 16 intersting io noie how ciose Lo (he
ideal 5FF they are. The top itwo valence bDanids are

compieiely p—like if character 1in ail three crystais.

-4
-+
4
H

]

Viuywy Lhen twe seis of bands which  are

at ithwoughount the Brillouin

-

doninly degeneraite and f
Fone would e obitained, independent of the magnitude

hoour interactions. This

c

+ bhe other nearest neig

implies the broadening of  ihe p—bands is  related (o

e

Viere =Vieyy Bt Lhiis is  noi & gowdl  approdimat ion
since the interaction V., is expecied {o be sironger
than V., because the overiap hetweon the arbdtals

.

Al:l.r.! L] i!_'

iarger ithan the overlap Detween  ithe

orbitals ia and %..
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R1A Ei.
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FiCH ¥

The basic problem of the tight

Binding metiod 1s to tind

the aairiy sliements OFf the Hamlltionlan hetween the various

basis stakes. 7
Fiz = Zpi%- (M R I % (r—Ridiivm \r—R,

= 2e¥K- R o Red iV ™ ir—Re Ry b Hibm r

L

2 matirn elements can be cacuianed as thus:

where r = r—R, anti Ry~R. 15 The vector displacemeni

from the atom on which the orbital ¥ 1s

e

ts neighbours an which ¥%. 1s locate

- . - 3

w=lal2,a/7,a/21, (af?—aiZ,—aiZ),i-a/

The expression hecomes

ti.

] Il

-V Ry Yo

{F> = Ielk.R Q.5 6", riRy R, dHing {r—H,; ot
Ha
The interaciion of an & arbital witir itseld on

is given by:

(]
ey
T
5
'}
;o
—

]
X,
5
&
1
&'
o.
-2

H
Fl
]

This iaplies the 1nieraction of an ord

vields the energy of the orpital. Hence:

- —-—

(i mamys = EF1
Mo = PO

-

L ova

t
m
)
)]

l;

ital wilh

ineE sa

1658}

Fpt

tocated io one of

me atom

>

f simply

———



83

-‘i:"snsn = gpo {ﬁ:‘ax.-:. = FB1

Pl

roitai on the ¥

e

Tie interaciion of an s D ret atom witit an

s—orpiial on Lihe seconc aLoh givest

A
. a a1 -

g 4 = !tll-:? :lf:.xfz.zfzxa_ﬁjl*{[m...a,(,z,.

~<H
S _  iy+a/ZZ4iz+ai?i ) bq[(mﬁz’)‘ﬁ) gxdyriz

FatlikY 1/ T, 172, —1/2y A, * ([(x*‘-af?? 2

Fa

f e s s amy a .y . .,
iy+a/ZiZiiz+a/T) 2]"‘) bo((x’."*r‘; -rz-l)- "‘) vxdydz .
+ECIK) €L/ T A T LRy Ay, ¥, {{w-ai D) D
{v+a/ 212+ {z—all) zjg)b ((1 14 fza)‘g-)tmuyc:z
FEIRY LTSRN A L {in—al D) 2
X a B - rl s y L) » L]
{y—asZiZ+iz+al7y 2}’5‘) bb((x‘tyl«flg,) ‘) ORGYCZ
FMaking the trans+formation "X ¥ =¥y 2 5 —2 wWe get
- . - -y P
racms = +_Ih ¥ (Eik-i»a.r.{) Zeiy+asd) Ziz+ar?) = “)
D (xz*‘-yz-l-zz)!"ﬂdndydz [E.::u: C1/Z. a2 12y ag (Y Y » g_)q
QCLKY CLAZ =172, =1 /2) 24 g (210 Cmt s, —

{alikrars2) tm Ly (K gtk o) ) /P4 L {ka

[

= ity ikz"'i{: Ba;f:}}

+K
i{ ja),_‘:.re,—-(ik’af

+HHllcos as7erisinasrl {cos(

F{iisinida~Ks? /713 +cos il 7
— {1

H

= e

iisinig: — Kx}Fidi 2
ZKilons Ma/2+ii)sink.a/2) cosikaa/? cos{baa/?
wln Moalz Sin Raasic + (COSK 8/ —
tiisimnasZl {cask.a/d casisrar?l + sinil=ni2
siniKsaszZi? '

= +4K{conk,a/? cosalalsd cosars?t — 1)s8inifa/2
sinikza/ sini{aa/ /7))
= 'i‘.\;:ugn

The InteracYion oF & s—rhi1ital with & s—-ofrfhviial on ithe same

term t.2 RJ*R:;:-_—G g1 ves
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{FiPamum = Ji%a([(x+a/7) 2+ iy+ai2) B+ (2 +ai2) ) 272)
Kb (%2 +yZ +22 +)172) dudydz
+.i'n“'-([(u+.ai?) Zi+iy—a/Z) Z+i{z—-a/2) 2)] ’--"'3-‘)
N'D..Q'. KT +yT 422 )13 "2) dxdyiiz
tiv*affin-a/2) 2+ iy+ai?) % +iz-a/2i 5] 172)
Xba({XZ +yZ +22Z 3172 ) dudydiz
ti*a(fix-a/2i B +iy-ai2) B+ iz +a/2) B] 172)

é(‘ =-+z‘)k) dx ol yolz .
e i:ran atlnn x___a, -Xy ¥ » “Ys Z_5 —Z Qives

.7
xl
ot
P
[
-
e

i mamnem = D% (ix+a/2) 2 +iy+ai?) D +iz+ai2) )] 172)
X in (X2 HyZ 22 432 7 Shindydy x{i + 1 -1 —i)
{Mommrces = O

Nis shiows ihat tihe mairix elemnents between an s— and a

p-sctate on ne same atom are zZero

1.8 {Fmava = O
CH7mmnm G .
{FMPmanas = O
{FiPasyvs = 0
{Fitmamas = U
‘Cﬁ}-nga=+‘!“"1’2""2-"2"'J"Di-.,[Cix-i-az'?i2}+'y+a/'?32'3*(.:*&!412']1’2)

inia((%Z +yZ #2241 72) dxdydz

FEK (/210201 A e [{inval2) B+ ly-ai?) B i iz-ai2) BJ 102 )
+ni:n.b§x= i—y-'-'-i-z:i-)’--’z) OxdyGz

@ RC=LIT L1722V S .mh([\u-—ale 2) +iy+ai2) B +iz-a/?1 2]} ”2)
xh.((xzi-y?i-zz-i-i”?) axaytiz

S RETAI TR R LIV A fiyw .({ix-—a;'?i D +ly-a/7) B+izvai2r D] 1’2)

+Hb..(ix= Y= 2= 41 ’2) dxciydiz

-

aking tne transtoarmation x » Ky ¥ » Yy Z > <2 wWe get

{2 marca = 0™, ({.(x-i-afn 2y +{y+as/2) T +ir+als? 2)3 1’*)
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M (6= +y2 #2232 /Yiudyaz [.5..;1:::1!2.1/2.112:: +

i PIKCLI/ 2 —1 /2. ~1/2VA_AKI=1/2 ,1/2,—1/2)A @l k(1/2,~1/2 ,~2/2)a)

-
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—emiK1ArZ (@ (K o kS a/T + el (ke )al/2))
= Ki{l+cnsKsa/Z+isinka/2) ltnsikakpa/PHisinikas=xial/?Z)

iCosilketikxda/ P-1ainikdk D a/7vltnslka/Z-isinik,a/7)
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= Vaw s
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Flaking the itranstormation x > “He Y3 Y 2 > —Z we get
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s ikatikxla/Z-1sinikatkxla/2) ¥ ilcosk a/2+i sink ca/2)
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icostka—kxa/7i—-isinlkekxla/?ieusikatkxia/rZ-isinika—kx1as/Z))
=-ZKilcnska/Z-1s1nka/Z) (1sinkza/Zrosksa/Z4coskaa/Zainkwa/2)
+ilcnsksa/Z+Hiasinka/2Y lisinkaa/Zrosk s/ Z-rosk a/28inka/2) )

—

ZEK{lcnskias7eink aa/Zrosk @/ 74sink a4/ Zcoskaa/Zsink a /2

I

+Ficnskya/Zinskaa/Zsink @/ 7dainka/Zeonsk xa /2R i cosik ya/zZ

sinkaza/Zrosik va/Z4vsink sa/Zcosikaa/Zesinkwa/Z-irosk 4a/7

cnskeal/Zesink s/ 7—sinka/Zesinkza/ Zeoskxas 2l )

= fKi{sink,a’/Z2coskaa/Zeinkwm/ZHicoska’/Zsinksa/Zrosikxa/Z)
=-di{-sink,a/Zroskaa/Zsinkwa/2-icosk sa/2sinkaa/2eosik v/ 2)
i T «
{Mrntmm=—a"1K(2/2,1/2,1/2)a J"ni'r,-([ix-i-af?) Ty+ly+ars2) Z+iz+as?) ‘Z}J ’-’2)
P ({32 4y 422 #3172 ) dxdydz
—grik 1z 12— a v (((ndal2) T s ly-a/2) D (z-ai2) B} 1/2)
Z 1 \'xz‘fﬁi-zzi-i”z)dndyd? \
—gmiKk(—1/2,2/72, 71 /23a fni-.([{x—-a/'?) Zy+iy+arZ) Byviz—-ai/2) :'-'i} 1”‘)
2 ({57 42 272 431 02) dudydz
L - R et R Rl A TR TS R .i'u'," ([ix—a:'?i Ty +iy-a/2) By +{z+ars2) z-,j ’-’2)
zh,(\’uzi—y"’-i—zzi-i"z)dxdwiv
Flaking the usual Transtormation Wy “He Vg Vo T ~F givg%
(“‘3-‘-“:; _'r: ‘e-’ik CL/ 2.3 72,3 72%a . {e—ik (T P W T W 48
e T Y. MW I PE e P M P M P e
= “k’{fe—iklai?{t'—" "‘=+i<=la;'? - @l “"-:"k;:]al‘?i
- @K1 5/ {e"1 k) a/Z et K, —ks)a/Z))
=-f {lcoskia/Z-1sink a/Z) (cosiiiatkxra/P-1sinikaAkd a/?
—rsiketkgla/Z-1oinikorkxla/ i —lcosk a/Z+visink ja/2}

{cons {ka—kxa/Zi—1

inikakxra/2—cosi{katkxlas/Z—isinikakxias/zZil

"

.e ]

=+7K {1 irnsia/P-1sinksa/2isinlkatsinkxias/7—1 lcosk ;a/Z2+1sinkaa/2)
BiNika—kxlas?l)
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= +Z2K{1cosk.a/Z-isinka/2isini{ka—k<ia/7-
{rnsksa/?+isinka/2)sinka—kxasZ))

{frasma=2i (il {coska/7=15ink a/2) {sink=a/?cosk a/2+coskza/2sinkx

a/2l-ilcosikasZ+isink.a/2) (sinkaa/Zcosk wa/ Z-tuskoa/Zsinksars2i )

{(irnsk,a/7sinkaa/Teoskm/Zisink ja/Zooska/2Zesink wars 2

-
= K

+Ficosik,a/Zoask 28/ Zsinit za/Z4sink ja/sink za/Poosk /2

—1COSHLa/ ZCOEK 2/ Z=81 NK 18/ 2C05K 23/ 281nk xa/Z+icosk sa/2
coskaa/7sink xa/7isink ja/Zeinkaa/Zecoskwa/Z) )

sinkya/reinkza/Zcnskwm/ Zrcosk sa/ 70068k aa/2sinkwa /720 )

= #iKi
==4K {~g5ink,a/7einkaa/7eosk s/ Z2-icosik ya/Zrosk2a/Zsinkxars?)
ad "vﬂinq*:
i mma =—a" 1K/ 2, 1/2, 2720 =2 .l'hii,([ixé-ax‘?'a Zywiy+asZ) Tlz+ail 2}] "2)

P (ST i-v-"-i-zz-i')“?)dxdyri?
—g 1K (LS2 ., "L/, -2 STV A e .([ix-i-af'?) Zy4ily=as71 Ty dig~alll 25] 1’2)
H | %=+ 2% 1'-33’2)1:5)1(2\/(;?
23 24 iy+ai?) B4 (z-ai?) B] 172)

—i =12 1,2, 27230 J-;.,;‘(Ux_é,,

M (%2 +y2 +22 #3172 dxdydz

barik e-2 2 —1r 2 s era fhe ([ (n-a/P) Bk ly-al2) B +ictal2) D] 1-'2)

Zha|{xF +y2 #2241 ’2) dnriyaz

M7 wnmr1= =K {le71kly /Pl tk  ikglals? + e ¢k, —kedariZ)
+ E_t(kn‘kaBfgﬁj
{kKatikx)ars2

cisksas/crisinkja/Zi {tosikatikxia/Zvisin

il
1
-
w—
-

' Ti—icosk sa/7-181nk a/Z)

Feosikatkxla/c—isinikatkxrars?

Tt psikakaxla/P-1isinika—kxialsZl)

jasz+

M

51n ik aik

[y

» ra . gy .
\ENS K ~Ksal )+

=-2K { {cnsksa/Z+1sink ;a
—={nsksa/T—1 1Nk 4é
= =ZEilrpska/Zroskaa/lrosk s/ Z-isink ssinkaasZasinkm.asz —



Sl

CaSksa/ 205k aa/ 208k s/ ZH1sinka/78ink aa/Z2sink /2

—cnsk,a/lsinksa/Zsinkxa/Fisinka/Froskaa/froskas/zl )

=R

i—coskia/Zsinkaa/Zeinkxa/ 7risinksa/7coskaa/ 2t usk xa/2)

- ""V.-n U

-~

Do s =—@™21K C1/20202, 37233 pEf[in+a/?) T +{y+ai2) T +iz+ai2) 2] 1-'2)

KA D[ XF +y= 22 )2 ’z)dudyﬁz

-t

e L e W P W S ;-Ds; {[in-i-az"/?} 2y i {y-a/2) By +iz-ai2) z‘j] 1.rz)
xxb.(t:x-'z +y2%zzi-}1’2)ﬁxciy{iz
—gm KL/ T2/, =2 222 J"ni,({(u—a;'?) ZTyiiy+raiZ) T viz—ail) 2}] "2)
xnbnﬁx=+fz+z=+)1’z)dxdydz
bt R —LrZ,—1/2 020208 e ([ (n-al2) B} +(y-a/2) T} +letal2) D) ] ,,2)
xuhnGx=+y=+z=&ilfz)dxdydz
iaking the usual transtormation x__y =Xy ¥Y__y ~Y, zZ__y—2 Qives
CFZ e = K(O2K13/Z (@ CK Gf g/ 74e "L ey dkaai )+
+a71k g/ 2{ettky—kxla/ ey k) al/ T
=4 {cask,a/Z2coskzai7iosk m/2—islnka/Zsink za/ Zcosk wa /2
= Vuw Ga
CFidnays =—erktasr2,as2,a7/232 f'Di,([(x-i-a;?i 24 {y+ai?) T+iz+ari?) z;] !./2)
xyb“Ux=+v2+zz+51’2)dxdyd?
+E4“‘¢’2-_"2'““’="Ih*;&jn+ai232)+iy—ai?)=}+iz-ai2}zﬂ]"2)
xyb_@x=+y$+z=+)1’2)ﬁudyd?

AP RI=RI/ R B T RITT S J‘bh(‘[iu—ai?? Tyriyra/2) Tariz-al

(%)

‘,2}] 1!2)
% yba((x® Fy2 +22 #3172 ) dxdydz

tuhk (—ar.—arz.0r2ra e [ (n-a/2) B ly-al/?) D)+ (2 +a/2) B ] 1-'2)
nyi:r.-_.({xs-' i—y'*‘-*'»zzi-i“z)dxdyliz

flaking the usual transformation we get:
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(“‘“_v‘m Kiglkt(arZ arZ . ar) @i (a2, ~a/2 ,~ar2y—a@1 k(-2 /2 . a7Z,—a72)

*TRlki—asrT,.—asrZ.,arsIy
= ARKt-RInk, 5/ Psinkaa/Zrosk s/ ZHicosk ja/Zoositoa/Zsink al 2
= Vs Ox

+a/2) B+ iz+al2) ) 172)

~

Miin s s—al K (BI2 arZ 27272 ‘-h;‘([;“;a;';; 2y & §
HZ Ml i X=T +y= +22+}1’2)dur?vdz
iplktarz,—asrz,—aszra .F'n": ([iu'i-a!'?i 2y 4 {y-al2) B +{z—aiZ) z‘;] 1r2)

] zb.,(ixz Tt b ’2) XY

N
+
N
|
v
\.
LS |
N
el
-
Y
"-B—#

igtkt-arsrz,arsz,~arzra Fni;([ix-—a:"?i Tyviy+ars?
nzh..(lixzi-y'-'-i-zz*'-}”z) fixgiydz
@R ETRLE R RAEY & S l([(u—az’?) T aly-—a/Zi T alsvari?) 2‘;] ”2)

HYNa[lHZ +y = 2= -5-33"5-‘) axciyiz

i
=

ing the wvsual ftranstormaiion we get:

i> = K{elBla/2,8/2.3/2) 01 (R /2, —a/2,~a/2I TR K—A/2 272, ~a/2)

oy

-

—RlRt-asZT,masrara

ARC=RLNE, /P 0UGK 2/ 281 NK 3/ Z+1 008K 18/ 251 NK 2a/ ZC08K /7

- Uu-'-b
TP ams =—RI K IR T AT A/2YA Rk, (n+a/2) T +iy+a/2) T)+iz+a/2) 2y 272
Vi IXZ+yZ 42243372 fydiydr

—@ K A2, ~al 2T~/ RIA [p*  {(n+a/2) B

+|
<
i
¥
-~
N
N
+
;‘
|
!
.
N
N
|
*
)

Vit ILH= Y2 422 #3272 pudyar
=~ KETRIZ L, B2, 7RI A (R {{(w—a/P) Dy +iy+a/?) Dilz-a/Z) )72
Vit IXT AyT 2243372 rinvis
@t R(“AS2,~ASZTALZTID fn* .((i w—a/Z) Tyeily—a/ 71 Triz+a/7) 2‘;] 1-”-'-‘)
yb,.((xz T L2 "2) GURGyOz
fiaking rne usual transtormation we gets

{ﬁ}vn-‘=uﬁiexutaf:.a/:.aizr—cstafz.—afz.—a/2)+ﬁik(—afz.a/z.—afza
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cel K t—asr2 —as2 22
=R eInk, 5/ 2coskma/Zesinkya/2+icosk ja/Zsink 2a/Zcosk wa /2
= VainG=
Hidyaus = @ % @r2carz.ar2a s, (((x+a/2) B+ iy+ai2) 2 +iz+a/2) B] 172)
Y X Oali = +yT #2F 4512 ’2) dudydz
it KEBEE s~ AS R " RELZTE [ ,([{xv’ra;'?) 2y i {y-aiZ) D +iz-a/2) D] z/:z)
yexba({%Z +y2 422 £3272 ) dudydz
et Kt—RsZ . B2 AT A .t"i)ii.([(x—af'?) Ty +iy+as2) T +i{z—-a/2) 2}] ”1)
Yaria((x? +y2 +22 43172 ) dudydz
+@L KATASL D, TALZJRASZY A Th .([iu-af";?i Ty ily—asZ) T+iz+ai?) 5—“;] 1’1)
y.axba((xz +y= i—z:-‘ri"’:)dxdydz
Flaking ihe usual transformation »__gx, Y_y"¥Y and z_ .2 we get:
".-E'i}vnu 1= .I‘:':l':.'"k' LtarZar ar2'i tas,—arZ2,—ar21veilwil—arsr2.arZ2,—ar2zy
+ralii—arX.—asI.ar2y

-

= ARtRink ai/dsinkaal/Z2cosk s/ Z+vicosk ai/Zeoskaa/Zsink xa /2
" vuvux
i avs =—gt K tasZ,ar2 . ar2ya }'uii,([_(x+a/'2} Zykily+a/2) Ti+i{z+ai) 2)} 1’2)

YyiallxZ +yZ 422 &) ’-’2)dxdydd

-~

Hpt KRS Ry RS2 =RIEY R I‘n‘l" (((xi-az"}."} Zy+i{y-as/2) T+iz—-ai) ::-,) 1’2)
yyhp(\ixz Y= 42T ) "2) axrayae
iplk(-as2,asr2,~arszra f'nii.([ix—az'zi T+ {y+a/Z) Tilz-aiZ) 2}_] ’-’2)
vanenzi-yz 1‘~z=+i-“’2) dndyde
PREN TR RyRI SR S48 55 ([ix-—af”,?'; 2y {y—as2Z) D+ie+ars) 2)3 1’2)
yyanxz YT 42T 452 ’2)(ixﬂ'y(iz
riaking the usual transtormation we geti:

CF% = KiplEtar2,.3/2,3/2) 101 (A/2 ,~as/2,~a/2)TE1K (AL AS2,~Ar2)

TAIK(—AsrZ , —asrZ . aray
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COsK,a/ 205k 2a/2cnsk xa/Z-151nk ja/Zsink=a/2sink wa/2)

-

Fidymes= @tktasZ,asz,ar23a .i‘bw'i-.([(ui-af'?': Zj+iy+a/2) D+iz+a/2i D] ‘-’1)
yzba((xZ #yZ +2% 431 /2) dxdydz
serkcasz.marz.marzra e ([ (xbal2) B+ iy-a/2) B +iz-ai2) 2] 12)
yzbn@x=+yz+zz+31’?)dndydz
igltkt—arz,as2,~as2xa .i‘ni'r.([_{x-az'?) Zy+{y+a/2) Ty+iz-a/2) 2‘:} ’-’2)
yzbnﬁnz+yz%22+31’2)dxdyﬁz
vetkemarz.—arz.ar a i ((in-a/2) 2+ ly-a/2) %+ iz+ai2) 5] 172 )
Vzhnixz+y2+22+)"=9dxdydz
Fiaking the nsual transtormaition we get:

(MY pmmi™ Ki@IK(3/2,3/2,3/2) 01 (A2, ~A/2,~A/2) Q1K (—ASZ Ar2,~2as2)

-

St (—asZT,~asrZ..ar2y

= AK(—COBk, 5/26ink 2a/28ink xa/2+isink sa/Zcosk =a/2cosk sa/2)
= V, =0
Humas =@ (2720272 2s2) 2 fpi,([in+a/2) B +iy+a/2) B +iz+al/2) B] 172)
zb..((xzi-w"i-z:-ir)"z)rixn'vdz
—elkar2,—ar2.—as2ra e ([ix+a/2) 2+ ly-a/2) 2 +iz-a/2) 2] 1/2)
ZDn|IxZ -i-yzi-z:-’-i-i"?)dxdyriz
etk -arz.arz.-asza ok, ([ix-a/2) 2+ ly+ai2) Biiz-a/2) 2] 172)
zinnﬁx2+y=+z= 1'-}1/2) dxdydz
—erkarz marz a2 a o ([(x-a/2) B +ly-a/2) D+ iz+a/2) B] 142)
ZDalix= = +22+i1"-3) X Oyoe
Fiaking the usual transtormation we gei:
{"'i}-ﬂ-‘:—}{{91“(312.8!2.34’2?":!1 CRASZ —RIZsg—Ar Y @ikt—arZ.arZ.,—ar2)
rRlRKK(—asrZ.—asZ.arzd

=aK(—RInk, o /P0sinkaa/Zrosksa/Z+icosk afZecoskeal/Zsinka/Z)
= 'V.v- n!
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Fiimens = BlECA/Zar2,a7222 rui.(giwa;zi 2y +iy+ai2) DH+iz+aiZ) 2| 112)
xzbnﬁx2+yz+zz+i1’?)dxdydz
berkCasrz.—asza-ar2a e ([ ixiai?) 2+ iy-ai2) B+iz-ai2) 2] 1/2)
X7 hal(xZ +y2 +22 431 72) dxdydz
rerkmasziarzmar2 s fpay(((x-ali2) B+ iy+ai2) B+ iz-ai2) ] 172)
w2 Da((x= +y= 422 +3172) dudydz
rgikcmarz,carz.ar2a e ((ix-a/2) B +iy-ai2) B +iz+ai2) B} ”2)
Kzba((xT +y2 $22 43172 ) dudydz
Aftter the usual transformatlion we get:
MY nans™ FlEIK(S/2,a/2,3/2) 01 A/ 2 A/ 2 ~ASZ) T@IK(—ASZ  AS 2, ~AS2)

—@lkt—ar2,—asr2,arz)

il

ACTRINK, 5/ 2cosk 2a/ 281Nk wa/Z2¥icosk sa/Zsinkza/Zecosik /2y
= 'V'“-g:
Fimemys = ELEIRIZL AT, 37233 fha, {ix+a/2) Diiy+a/2) Daiz+as2) By1s2
VZ D (T Y= 42245272 dudydz
tetkcarz.—aszimarzra e ([ix+a/2) 2 +ly-a/2) 2 +iz-a/2) 2] UZ)
vzhnGx=+y=+zz+}1’2)dxdydz
stk —arz.arz.—ar2a fpa([x-as2) 2+ iyrai2) B+ iz-a/2) ] =-'=)
yzbnﬁnz+y2+z=+31f2)dudydz
vtk marz.marz a2 a ot ([ix-a/2) 2 +ily-a/2) 2 +i{z+a/2) 2] )
yzbnﬁuz+y=+zz+}112)dxdydz
iaking the usual transftformation we get:
= K{elKk (Al ,a/2,as/2)T01 (A2, ~A/2~Ar2) @1 K(—ASZ . 2rZ,~2S2)

=@l BB = A B a— RSB u@R Y

AK((—Cask, 4/ Psinkza/Zsinka/Z+isinka/Zroskaa/ Zecosk=a/2)

= -V.v- g



PAS

v

Fitmmms= @ Ktar2ar2 a2 a jpa([ix+ai2) 2) #iy+a/Z) B +iz+a/) ] 1/2)
zzba(i{x2 +y2 +22 +3172) dxdydz
reRarT mar2 a3 e (((xdai2) D aiy-ai2) Diiz-ai2) D] 1s2)
:'.'z."i:r..,,.(!?x2 +yz +z=+i*’=)dxdyci?
vEikmarz arz.—arna jpi,({(x-ai2) B iiy+al2) Bilz-ai2) B ) 12)
z:.-i:)..((n2 +yZ 422 -i-)ifz)cixciydz
el Ki—asrz,~asz, arzya = 1([&1(—-&1:'2} Tywly—ariZ2) Ti+iz+alsZi 2]] 1"'*‘)
22ba((x2 +y2 +22 43172 dxdydz
Atter the usual transformation we get:
{H}___‘= KletklasrZ . as2 . a727 701 (A2, —ar2 ,—a/2Y a1 K (—as 2, ar2 —as2y
el K 1:&/2.—31’2.;!2)
= AKt cosk, a/lcoska/7Ccosk @/ 2-1sink a/isinksa/Z2sink v/ 2)
= U"a:

Fourmn= e tkcas2,ar2,2:2a ha([ix+a/2) 2+ iy+a/2) D iizias) 2} 172)

xh..@uz Ay 2 a2 i-.‘:”?J dndydz

el CAsrZ , —asr2. ~asr2)a jp* ‘([i"+a;2:' Z) + {y—a/Z) 2

&

(z-a/2) 2] 1/2)
Ka({X2 Y2 27 533 72) dndiyde
SR S SR BIT ™AL EY S J"ni't;(_[{x~az"23 2y iy+aiZ) T +iz—a/2) 2] "2)
xbn(ixz +yZ +22 &) 1’2) cdxdyiiz
WS RSNy R Ry RO RS .([(x-—af"}_’} Ty ly-a/T) B ilzval/2) )1 ’5'-)
xb..(fxz-i-v?ﬂz i-}”'z)cindyriz
Mlaking the uvusual transformation we gei:
MMrvwsma™ Kig iRIa /2,272,272 70~ a2, "a/2,,7ar/r23—@-1k(—arz  arsz,—arx)
—a-lEt—asr2 ,—asrZ,arz)
= AR(—coRk, a/7sink=a/Zsinkma/Z-isinka/Zcosk=a/Z2caosk wa/2)

= vmﬂl
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Finiva=e itkiar2,arZar2ra J“ni.([iui-af?) ZyiiyvaiZ) T +izvald 2)] ’-’2)
xuthﬁxz+yz+z=+}’fz)dxdydz
+Elk(ArZ , ~asrz,—ar2ya jpw .([ix+az"2} Zyviy-asZ) Ty+iz—ail) 2‘:3 1’2)
uxhh{22+y2+22+}1’2)dxdyﬁ7
+é‘1“‘“=’2~"2-"’2’3fbiuaixﬂaffi }+iv+ai232}+iz—aizizi]1’2)
2 ¥ DI XZ Y2 #22 +5172) dxdydz
+E‘1“"=’=-_°’=-=’2’“ib*.&(u—ai?i2?+iy*3£2}2?+iz+ai2i=%]1’2>
xxhnix=+y=+zz+}1’=)dxdyd?
After the usual transtormation we gei:

M mina Kle—1kiarZ,as2,a/2)ta@-1K (A2, —272,~2/2Y 01K (=S 2T A2, ~As2)

ra—-tikt—arZ, —ars/Z..ar?

= Akt cosk L /0cask aal2cosk pal/Z2visinksa/Zesinkzas/Zsinka/2)

Maym= @ik Carz 2s2,8:23 fos,([in+a/2) B+ ly+a/2) B+izva/2) H] 172)

eyba((x® +y2 422 £3172) dudydz

terikcarzi—arz—arz s i ((xvai2) B+iy-ai?) B +iz-ai2) 2] 1r2)
syha(ix® #y2 22 $3172) Gudydz

vgrrkemarz.ar2.mar2a fnwy([ix-ai2) B+ iy+ai?) B iiz-ai2) B] 1/2)
X yba[ixZ +y2 +2'~"+5’-’2)dxdvdz

berikasz.marz.arma e (((x-a/2) 2 +iy-ai2) A +(z+a/2) ] Ifz)
Hy'n.,((xz ~i-y'2+22+31’=) axdydz

Aailking the usual transtormation we gei:

{H‘)u A o= i;"ie"ik tas/Z arZJar@dl—a—1tar2,—arZ ,—as2r1—a—1k{—as/ 2, ar/T,—arxy
TR 1KI—alr T /2 . a,/3)

= ARC(-e1INk, 5/ 0sink aa/2coskxm/Z-1cask a/Zcosk aa/Zsinka/2)

= V-uvqu
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inise=atktarz,asrz,ar23a j"r;-i;([in*'-a)"i} Tydiy+aiZ) Hyizva/dd 23] tr‘z)

xzba(ix2 +y2 $22 $31/2 ) dxdydz

etk caszomarz.cara e ((ixval/2) B+ iy-a/2) B+iz—ai2) 2] wz)
xzi:t.,((xz +y= +zz+3“2)rjudvdz

deriktmasz.arz.—asr2ra fnk(((x-a/2) B+ ly+ai2) B +iz-a/2) B] ;,2)
xzb_((xz +yZ 4z 51 ’2)6“{ dyrz

terrke-aszi—arziarma e ([in-a/?) 2+ ly-a/2) B +iz+ai2) 2] 172)
xzhﬂ(\'xz Ty irz:-'*‘r'r"z)dxdyri'z

e uSsial Lranstormation we get:

X2
-+
Ho
m
1
:-

<r}“1,“: K(E—iktaf?.af:.afZ!-ﬂ—ik(ifz.-aIZ.-afzi*ﬂ—lu(—If:.lfz._lfz’

=l kl{—Aas/r 2. —arsr2.ar2y

|

AaRLmeInk, 5 /2cnskal/Zsinksal/Z2-icosk ;a/Zsink aa/2cosk wa/2)

i

V= 0" 2 ’
i ran= e iklarz . as/Z.arxa J'hi'i;([in-i-af'?} Zywiyrasl) Tiz+alrsd) ’-‘]] ‘-"‘-’)
yb..ﬁxi' Y= 42 +‘;":)dndydz
serivcasz—arz.—ar2ya e ([in+a/2) 2+ (y-a/2) 7+ (z-a/2) 2] 172)
yhnGx'z +yZ ¥ 2= ﬁ"’z)dxdyu‘a
vertkmarz.aszomarza ([ ix-a/2) D+ iyras2) B iz-a/2) B} 172)
Yha(in= +yZ 422 @) 2 "2) dxaydez
AT IRETRLT AL T ALTI A T ;([ix—a/":_'-} ydiy—alis) Tiletall) 2‘;] 1’3)
ybgﬁx'*'-iry?- V22 +}3":)c.indydz
Mlaking the usual transformation we get:
'ﬁ‘ == Fie—lktﬂfz.=/2,8f2)*0—1(afz.-af:.-if:,?ﬂ—ik(-afz..fz.-alz’

@ik (—arsT,—asT.ary

= ARtTELION, o/ 0cnskal/Zslnk /21 cosk alZeink aal/2rosk al 2

= V-nD’:



b

-

A s =g 2 RCBIT 2235200 j"bi;([ix-ira/?} Zywiy+a/2) T+iz+as/) 2]] "3)
xyb,{xz+y2+z=4}1’?)dudydc
‘erikcar2.—arz.—arma fpr (((n+a/2) B +iy-a/2) T +iz-ai2) 2] 2 rz)
nyb,ix=+y=+zz+)3’2)dxdydz
+grik—arz.arz,—arszra I‘uii-;([_ix-a/?i Zy+iy+as/Z) Z)+iz-a/idd 233 2 ’2)
nyb.in=+y=+zz+ilf2)dxdydz
+E‘1“‘_“’2-““’2-=’=’“Ib"ajn—af?}2)+{y—332}2}+i2+a;2)2{]"2)
uyb.ﬁxz+y=+z=¢31’2)dxdydz
Atter the usual ransTrormailon wWe get:

(iM% ana™ Kl 1k(ar2, 872,872 —0—1KIA/Z,—a/2,~a/2)~@-1K(—3/ 2,8/ 2, —asD)

ra-iki(—arZ,—asT.ar2y

ARC—BINK, o/ Psinkaa/Zcoskxa/2—1COSK a7/ 2Cco8k aa/ Z2sink xa/2)
' = Vuy Q"=
idyaym= 8 1Ktas2,arsz,ar23a J"Di,({ixi—af"zi Z) + {y+a/i2) Ty +{z+a/2) %] w'—’)
yyia((x= +y==+z=-a-:u=)cixdyciz
demikcasrz, —asrz.—arz a = ((ix+a/2) 2+ ly-a/2) BHailz-a/2) 7] 172)
yybncxz Fy2 422 #3172 dudydz
verikcarz.arz,—ar2a jpi(((x-a/2) T +iy+a/2) 2 +iz-a/2) BF 1/2)
?Ybn('i_xz Y2 +2Z )2 ’2) dxdyde
rerakmarz.marziars a e ([ix-a/2) 2+ ly-a/?) B+ iz+ai2) 2] 142)
YYbn({xz +yZ izT i)t ’2) dxdydz
Mlaking the usual transtormation we get:

irvave™ R(BTIKIAZ/Z,2/2,3/2) 701 (A/2, a2, ~a/2)TO-1K (A2 A/ Z 2/ 2)

+ta—lkt—ar,—arZ.ary

= ARkt cask, 5/ 7cosikal/Zuoskm/ 2 isinkal/Zsinka/Zsink /2l

= V. 9% =
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dEriklasZ,casZ,mAS2) A jp* {[(x-i-a/‘?? Zy+i{y-a/Z2) B+iz-a/2) 5] ”z)
yzbn(ixz-@y:-i-z:-i-i"z)dxdydz

gk BT ,~AITVE I i.[[iﬁ-:‘u”l) ZTrviyvasd) Fiviz—al/ll "*"iJ 1’2)
yzba(in +y7 +2% +)177) dxdyiz

FETIRCTRAIR ARSI T ISZI A G {[(ﬁ"é{':} T ly—a/2) T +lz+va/2) Z'JJ "2)
veliefin® iy 1 45 #7) dudyde

;i"tF'r' ;.;u-'-.- ll'.‘_-pl.".'!: Ly et o ﬂlt:ii._;.!-l"l e qt—.’-i.:

e

SR Vs P P bR g- D B AL Pt Vo St Ve -t B S Lr Vo 49 Vo N0 V3]

ot st BIM Gl Fae PN_F Fir PNE Tlor &

W tmeasy, a/Zeinkaa/Zeinkxa/2-isink sa/Zcosik ea/Zcosk /)
= V=%
(ifimsmm= @ iktarZz,asz.arzia pa,([ix+a/2) Dviy+a/2) 2) + (z+8/2) 2] 172)
2D InZ AyZ 42T+ ,\!2) dndydz
+ETLRIBIT, "asSE ARSI A iy ,([iu'*ai?) Dyviy-arZ) B +i{z-a/?) 2}] 1"'-‘)
Zha|{n= +y2 -i-zzi-ii"'z)cix(iwia
+g-iki—asz,arsz,marma J"Di;([(x—afl'i Zy+ly+as2) T+iz—-a/2) 2)] 1’2)
2bufin +y= +z:+}1"'2)cixtiyd¢
tamlk(—asrz . —asz.,ar2ya = .([(x—az";;"; Tywiy—as2) T +iz+al/2) 2}] 1 ’2)
2b.=.({x'~' Ty 2T ) "?)dmiydz
Flaking the nsual iranstormation we get:
i mtrma= Lile tktasrZ,as2 . ar2y—a-1tarZ..~asz,—as2y—e—-1ki-asz,arsz,—arzy
rR—l K (—ASZ  —2 /T Ar2)

ARC—eINK, 4/ Csinkaa/Zcoskma/Z-irosk sa/Zecoskza/Zsink=al2)
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CMomsum=mtRiArZ 72,8728 .i‘uiir.u_ix-i-af"zi Zy 4w ly+aiZ) T)+iz+vaizi 2}] 1’2)
nzb...@xz i»y'-’—+z=-i—i”=)dxciydz
+griktasz,marsz,-arzra jp* ,(Ux+a;2:- Z)+{y-a/2) T+iz-a/d) 2)] 1’2)
sz.a(_iuz R P S ’2) dudydz
iEikt—asZ, ar2,~asz) a jha.([cx—afzi 24 {y+a/2) iiz-asZ) 2] 1’2)
Hzi (Nz-i-yz"fzz-i}“'"’)dutiytiz
AR (—AsZ, —ASZAS2YA .([ix—az'Zi Zy i ly—asZ) By +iziai?) 2}] ’-’2)
XZDa(i{Z +yZ +22 +) ifz)d)qciydf'
Atter the usual transformatlion we get:
Midmana= Kl 1K(ar2.8/2,2/2—C~1K A/ 2~/ 2, ~Ar2IT@~1K(—ASZ ,AS 2, ~2/2)
—S-i1R(—asrZ.,.—arZ..ar

= ARcTRINE, 5/ 2coskaal/ZesinksaiZ-icosik ja/Zsink za/Zcosk xa/Z2)

, - .a-Q'a

fidmaym= edkarz.arz.arzra i ([ix+ai2) B+ iyvai2) 2i+iz+a/2) 5] =f=)

yzba(ix® +y2 #2% +)1 72 )dxdyds
verrkarz.—arz.—arma e ((inva/2) B+ iy-al/2) B +iz—a/2) 2] 172)
VZ Dl x® +y=T +22+}1’2)dndvdz
+gikl—arsz,arsz,-aszra J“ui,(L(x—af'Zi Zyvly+a/ 2 T+ iz-a/2) 2}3 2 ’1)
YZDal|l®Z +yZ +272 +‘;1f2)cixdy{iz
FEAKC—Rs 2 —asr2, arZ)a [y ;([ix-ai'?i 2) 4 {y-a/2) B +{z+a/2) 2;] 1/2)
yzi-l\-.((xzivy:i-z? +}1’2)dxdytiz
Mlaking the usual transtormation we getg
P maye™ Kie—iktasZ,asz . asrz)ra—1tas2,~as2,~asr2)—a-1k(~asz,arz,~as2)

—a—-i1ktl—asr2,—asZ,ar2?

= Ak coRk, 5/ sinksa/Zsinkxa/Z-isink a/Zeosk sa/Zcosk a2l
- Vv- Q* s

314742



s [ I
CFidmsmm=emikear ar2.as23a jna((ix+arl2) B +iy+ar?l Biiz+ar?i 2] 1/?)
zzbnixz+y1+zziilfﬂadxdydz |
st tarz,marzamar2a g [[inta/2) i ly-a/2i B +iz-asd D] 272)
zzhpix2+y2+zz+ilf2>dxdydz
HETiR(TRIZ . ACZ,—a/2Ya .I"Di;([ix-af'ﬁi T+ily+arZi B+ {c—arZi 2)] 1’2)
z2ba (%2 +y= +2% +3172) dudydz '
temrrmarmimasziarm 2 e ((ix-a/2) T+ iy-alZ) BHiizeas ) HZ)
zzbn(i}{24_y2+22+}zr:)'jxdydz‘. . : S

After The usual transfarmatinon we geti:

{i‘i}uxza:' K(E——'ih L F - W g - Wi R 5 B LR - VR Vi Pt Var-b B~ Rok B 1 Souk- Wollr S W= S W gt

TRIR LRSI DRI R !

= Akt Coek, g3/2coskaal Zroskm s/ Z-isinka/Yoinkza/ Zosinkaa/ 2

= Vaas g% a

>



