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ABSTRACT

The object of this study is to exam ne the various nethods which deal
with tests of randommess for univariate mapped point patterns. Sonme of
these nethods are extended to nultitype patterns. Particular attention is
paid to the bounded nature of the pattern being studied, and the
conplications that thereby arise in the inplementation of the various

met hods.

Edge corrections are reported for the nmean and vari ance of the average
di stance between a sanpling point and the nearest object, X for the case
of a regular grid of sanpling points. Using these corrections the
poi nt-obj ect analogue of the dark-Evans statistic is found to be a

power ful detector of departures from randommess in the clustered direction.

A new edge-corrected estinmator is proposed for the second nonent
cumul ative function K(t), introduced by Ripley for the study of spatial
poi nt processes. This new estimator is conpared by simulation nmethods wth
exi sting edge-corrected estimators in the context of L(t) function which is
used to study point patterns. The result of the sinulation study suggests
that the new estimator provides alnost unbiased estimate of L(t) and has a

smal | er mean squared error than its predecessors.

A new nethod is proposed for estimating GQw and F(x), t he
distribution functions of the object-to-object and point-to-object nearest
nei ghbour distances respectively. The new method makes nore conplete use
of the information available and has a snaller nean squared error than the
existing alternatives. The nethod appears equally effective wth random

clustered and regular patterns.

Prograns for statistical analysis were witten in FORTRAN and run on a
DEC system - 10/9 conputer of the University of Essex. The graphs were

plotted on the versatec-plotter of the University using SIMPLE PLOT MARK2.
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CHAPTER 1

Introduction

1.1 Spatial point patterns

A spatial point pattexn is a configuration of objects
QL = {uie D, 1=1, 2,... ,n}, for some designated planar region D. These
types of data sets occur in a suprisingly wide varlety of scientific
disciplines. Examples include studies of the structure of biological
cells, the evolution of galaxies or the settlement patterns revealed by

archaeological excavationsz. Furthermore, Ripley(1981) writes:

A Sty
LE L DT ey Ll
+ T ot I‘I.:

"Foresters and Agricuturalists need to investig&ﬁelslﬁ,'

plant competition and account for soil varistions R TV g

in their experiments. _ _ _ _ _ _ . Rocks, metals,

and tissue and blood cells are all studied at a

microscopic level”
However, the common features of the objects studied are that the individual
observations can be located as points. Of course none of these is actually
a polnt, but in each case the sizes of the objects are so small compared
with the distances between them that their physical size can scometimes be
ignored. This spatial attribute 1s, in many cases, a highly revealing
piece of information concerning the causal processes and mechanisms

operating amongst the data.

We refer to these locations as objects so as to distinguish them from
sampling points In the region of interest., We shall also assume throughout
that our raw data are a map, or a list of cocordinates, giving the locations
of all objects within a sampling window D, typically a rectangle of sides
a < b perimeter P, area A and diagonal d; although most of the {deas

discussed extend at least in principle to other spaces.
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window, with (a) n = 100,

and (d) n = 10. [See section 1.3]

(d)

Realization of a Poisson process, in a unit square
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FIGURE 1.2 Simulations of 100 objects from (a) cluster procesgss with

25 parents and cluster radius 0.05, (b) cluster process
with 25 parents and cluster radius 0,10, (c) cluster
process with 25 parents and dispersion parameter 0 = 0.05,
(d) cluster process with 25 parents and dispersion
parameters 0 = 0.10. [See section 1.4)



FIGURE 1.3 :

Partial realization of (a) Matern static process with
o = 0.05, (b) Matern static process with 0 = 0.10,

(c) simple sequential inhibition process with T = 0.25,
n = 100, (d) simple sequential inhibition process with
T = 0.50, n = 100. All realizations are in the unit
square. [See section 1.5]
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Figures 1.1 to 1.3 {illustrate a broad classification of point
patterns. All are computer simulations of the processes detailed in the
caption., Figure 1.1 is a realisation of a Poisson process (or Poisson
forest). Conditional on the numberl of objects n in D, the objects are
independently and uniformly distributed. By independence, we mean that

there is no interaction between the objects in D.

Figures 1.2a and b are realisations of a cluster process with an
average of 25 clusters and cluster radius 0.05 and 0.10 respectively.
Figures 1.2c and d are realisations of a cluster process with an average of

25 clusters and with dispersion paramaters 0.05 and 0.10 respectively.

Figures 1.3a to d represent realisations of processes with inhibition

between the objects, which we will call regular patterns.

Diggle(1983) noted that the nature of the pattern generated may be
affected by the physical scale on which the process is observed. This is
because, at a sufficiently large scale, most natural environments exhibit
heterogeneity, which may tend to produce aggregated patterns. However, at
a small scale, environmental variation will be less pronounced and the
major determinant of pattern may be the nature of the interactions amongst

the objects themselves,

As regards the classification of patterns, Diggle(1983) writes:

"Our classification of pattern as regular, random or
clustered is therefore an over simplification, but
a useful one especially at the early stage of analysis.
At a later stage however, this simplistic approach maybe
abandoned in favour of a more detailed and essentially
maltidimensional description which can be obtained
either by identifying different scales of pattern or by
formulating an explicit model of the underlying process."”



1.2 Objective of Statistical Analysis

Most people have been using maps and so have been studying spatial
point patterns for years, yet the need to reduce such information to
numbers is rather recent. Ripley(1981) noted that "the human eye and brain
form a marvellous mechanism with which to analyze and recognize patterns,

yet they are subjective, likely to tire and so to err."

Spatial data enalysis of mapped point patterns includes the reduction
of such patterns to a few clear and useful summaries. These summaries can
then be compared with what might be expected from theories of how the

pattern might have originated and developed.

In most cases, we may have only a single observation of a particular
pattern, rather than the many replications of measurements found in most
experimental sciences. In order to obtain some idea of the varilability of
such data, we have to make some assumptions of stationarity of the
underlying mechanism that generated the pattern. However Ripley(1981)
noted that such an assumption has often been called to question,
particularly in the geographic literature. However the validity of such an
assumption may entirely depend on the type of guestions being asked. For
axample, if we are looking at the population density of an area, we may
wish to know whether we need to consider the topography, which might
suggest non-stationarity, to explain the observed variation in the

population density of that ares.

Patterns that do not vary in a systematic way from one place to
another are said to be homogeneous (opposite heterogeneous}. These
patterns can sometimes exhibit preferred directions in which case they are
called anisotropic (opposite isotropic). We shall assume that the data
have been divided into sufficiently small units, to permit us to meke the

assumption of homogenelty or isotropy or both.



The books by Diggle (1983}, Ripley (1981) and Upton and Fingleton
(1985) among others, have put together the abundance of recent research in

many fields into the analysis of spatial point patterns.

1.3 The Poisson process

The homcgeneous planar Poisson process, or Polsson forest, i1s the
cornerstone on which the theory of the spatial point process is built., The

Polsson process 1s conveniently defined by the following properties:

(1) For some » > 0, and any finite planar region D of
area A, the number of objects in D has a Poisson
distribution with mean M.

(ii) Given the number n of ohjects in D, the n objects
form an independent random sample from the uniform

distribution in D.

The parameter » is the Intensity of the process, defined as the mean
number of objects per unit area. Diggla(1983) shows that the self
congistency of (i) and (ii) imply that the number of objects in any two

disjoint regions are Independent.

The Polsson process represents an 1dealized standard which, if
strictly unattainable in practice, may nevertheless be tenable as a
convenient first approximation. Host analyses begin with a test of a
Poisson process, A pattern for which the Poisson process 1s not relected
scarcely merits any further formal statistical analysis. Furthermore, the
Poisson process acts as a dividing hypothesis to distinguish between

pattarns which are broadly classifisble as regular or clustered.

Figure 1.1 & to d show partial realizations of the Poisson forest in a

unit square window with parameters A = 100, 50, 25, and 10 respectively.



1.4 Some clustering models.

The cluster models represent a move from the Poisson process towards a
pattern having a more uneven intensity of objects with local peak at
clusters. The most commonly used cluster models are the Poisson cluster
process models of Neyman and Scott (1952), Warren (1971) and Matern (1971).
These models incorporate an explicit form of spatial clustering, and as
such provide a more satisfactory basis for the modelling of aggregated
mapped point patterns. The general Poisson cluster process model consists
of:

(1) parent objects located at random, forming a
Poisson process with intensity © .
(i1) a number of offspring for each parent, these
being independent observations from some specified
distribution (e.g Poisson) and
(1ii) the lccations of each offspring relative to the
position of its parent being independent
observations from some specified distribution
(e.g bivariate normal).
The third component simply specifies where the offspring are likely to be
in relation to their parents. Relatively simple cases occur when the
offspring are known to be at a fixed distance from the parent, and when the
offspring are distributed at random over the region immediately surrounding

the parents location.

Figures 1.2a and b show simulated realizations, in a unit square, of a
type of Poisson cluster process known as a Matern cluster process. The
simulations arise by generating a Poisson number of cluster centers, mesan

p = 25, then assigning the daughter objects to a cluster at random and
distributing them wuniformly within & disc, radius R = 0.05
(R =0.10 ior Fig 1b), centred on the parent object. The region D is

considered as a torus by identifying opposite edges. Note that the smaller



the values of {(p ,R} the more aggregated the pattern.

Figure 1.2c and d show different realizations of another Poisson
cluster process for which the numbers ‘of offsepring per parent is & random
variable with mean u , the spatial distribution of each offspring about its
parent is symmetric radial normal with dispersion parameters O = 0,05, and
G = 0.10 respectively, and the parents are retained in the final pattern.
To condition this process to produce n = 100 objects in D, we first
distribute p = 25 parents completely at random in D, then assign the 75
offspring randomly among the parent objects. Finally, the position of each
offspring relative to its parent Is determined by an  independent
realisation from the symmetric radial normal, with the region D converted
into a torus to avoid edge-distortion in the simulated pattern. The

apparent redundant specification of y is implicit in the equation,

3 if parents are retained (1.1)

=
Il
———y

4 if parents are not retalned

1.5 Some inhibition models.

We shall consider modelling regular patterns that arise from natural
causes. Two natural mechanisms suggest themselves, one being static and
the other dynamic. We first consider the static mechanism. Upton and

Fingleton (1985) give the following example:

"Imagine a flower bed in which have been sprinkled
at random, the seeds of some choice annual fiower.
The flower bed is kept free of weeds, the seeds
germinate, and the small plants begin to grow.
However, quite apart from the effects of genetic
variation, the plants do not grow equally well.
Some plants quickly become sturdy bearers of masses
of flowers while others languish, the difference
being due to the differing amounts of inter-plant
competition.” -

Matern (1960) suggested that this type of situation could be modelled by
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first generating a Polsson forest of intensity ¢ and then eliminating all
pairs of plants that are found to be less than s distance ¢ apart. Tha
quantity g is simply the diameter of the circle of influence of a mature
plant. Examples of such patterns are given in Figure 1.3 a and b. Figure
1.3 is a partial realisation of the Matern static process in which a
Poisson forest of intensity p = 100 is generated in a unit square and then
all pairs of objects that are within 0 = 0.05 units of each other are
deleted from the pattern. 8Similarly Figure 1.3b is another realization,

with pairs removed from the Poisson forest of intensity p = 100, if they

are within ¢ = 0.1 units of each other,.

For the dynamic regular pattern Upton and Fingleton (1985) write:

"Suppose a number of migrant birds arrive one after

another to A nesting site in springtime. Fach bird

in turn selects its nesting site from which it will

repulse any other rival bird. The territories so

claimed form invisible regions abont the central

nesting sites; with these nesting sites having been

established sequentially rather than simultaneously."
Matern (1960) varied his static model by suggesting that a Poisson forest
be generatad sequentially, with objects being discarded if they lie within
a distance 0 of any previously generated object. Diggle et al (1976) have
suggested what appears to be a more natural variation to this procedure
wherein objects are only discarded if they lie within a distance g of any

retained object. They call this process the simple sequential inhibiticn

and it is parameterised most naturally by its packing intensity,

T = pna? 7 & (1.2)

Thus 1 is the proportion of the plane covered by non-overlapping circles

of diameter O, or the expected proportion of coverage for a finite region

D, and p is the intensity of the process.
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Figure 1.3c and ¢ show partial realisations of this process in a unit
square window with g = 100 and 1= 0.25 and 1 = 0.50 respectively. Note
that for p fixed, the pattern becomes more regular as the parameter T

increases.

1.6 Some soft-core models

PR
LA

Many regular patterns require a more flexible description than can be
provided by a strict simple inhibition rule. For example, competitive
interactions between plants may make it unlikely, but not impossible, that
two individual plants can survive in close proximity to each other. 1In
contrast to simple inhibition models, here the interaction between plants
is such that the inhibitory forces decrease continously with increasing
inter-plant distances. This provides a motivation for the class of Markov
point processes introduced by Ripley and Kelly (1977). These point
processes have a finite number of objects in & bounded region D.
Interactions between these objects are determined by a symmetric, reflexive
relation on I which spacifies whether or not each pair of objects in D are
'neighbours’'. Isham (1984} noted that in many applications, objects will

be neighbours if they are within some critical distance r_ of each other.

A spatial point process =satisfies the Markov property if  the
conditjonal intensity of the process at a point x, say, given the
realization of the process in the remainder of the region D, depends only

on the existence or otherwise of cbjects within a distance I, of x.

A Markov point process is defined on an arbitrary, but fixed finite
region D. Each process is characterised by its likelihood ratic f(.) with
respect to a Poisson process of vnit intensity. Thus 1f U= fug,...,u.)
denotes any finite set of object locations in D, then f{?%) indicates in an
intuitive sense how much more likely is the configuration of objects ﬂL for

the particular process than for the Poisson forest of unit intensity.
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Particular examples of Markov point processes Include Strauss

processes, for which

Uy = of® ,8>0, 0 (1.3)

i
-

F/

ot

where s is the number of distinct pairs of neighbours in QL ( u; and uy in
D are neighbours 1f the distance between them is less than L for r, > 0],
o 1s a normalising constant, R reflects the intensity of the process and
Y describes the strength of interactions between neighbours. The case
¥y =1 gives a Poisson process, whilst Y = 0 gives a simple inhibition
process. Intermediate values of Y represent a8 form of non-strict
inhibitien or soft-core. The restriction to vy £ 1 is needed te avoid anm

explosion of the process, with an infinite number of objects in D.

More generally, the class of pairwise interaction processes is defined

fCY> = af” T h{ d(ug , uy)}, B>0 (1.4)
1=3

where o and B are as in (1.3), h(d) is non-negative in d and d is the
distance between the two objects u; and uj. The function h(d) describes
the strength of interaction between pairs that are exactly d apart. This
function h(d) is bounded and in many cases h{d) = 0 for d < g. This
automatically 1limits the number of objects in D by imposing a minimum
permissibie distance O between any two objects. Suppose we want to
simulate the process, conditional on the number of objects n in D. We let
111= {ul, ..... +U,_1} be any set of n-1 objects in D, and consider the
possible addition of an object y, Under (1.4),

n-1 n-1

= I
(U v oy =g Rl s w) o dG, ) )
3 i=1
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FIGURE 1.4 A realization of each of four pairwise interaction processes

(Strauss process)

r
r

0.07;
0.07.

(a} h(d) = 0.0, r = 0.05,
{c} h(d) = 0.5, r = 0.05 amd (4} h(d)
See text for complete definition of hi{d).

(b) hid)

= 0.0,

= 0.5,
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n-1

fU vy 7 €AY « 7 hfd ,y)) (1.5)

i=1
Since h(d) is bounded above, h(d) < b, then

n-1 neq
P(y) = [ 7w hi d(ui » Y31 / b (1.6)
i=1
iies between O and 1. This process defined by the alternate deletion and
replacement of objects according to (1.6) is shown by Ripley (1977) to

converge to the Markov point processes defined by (1.4), but conditioned to

produce n objects in D.

Consider any set of n objects in D to constitute an initial
realisation of the process and delete one of the n objects at random to
produce the set ?l] of (1.%). Now generate an object y distributed
uniformly in D and accept y with probability P(y), otherwise reject, and
repeat until one such object is accepted. Ripley(1979b) gives a FORTRAN
subroutine and suggests that provided the initial realisation is a Poisson

forest, 4n deletions and replacements are adequate in practice.

Figure 1.4 a to d show simulated realizations of the Strauss processes
consisting of 100 objects in the unit square, considered as a toroid, and a
range of parameter values, These simulations are performed using the
algorithm of Ripley(1979b). Note that,

h(d) = 0 ifdgr

{1.7)

PR

b ifd>r

where b > 0, for figures 1.4 a and b, and these correspond to hard core
models with minimum permissible distance r = 0.05 and r = 0.07

respectively. However,

h(d) = [0.5b if d <r
(1.8)
b if d >zx
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for figures 1.4 ¢ and d and this suggest a soft core model, where the

object y 18 accepted with probability P(y).

1.7 The selection of the study region D

A spatial point pattern, as we have noted, is a configuration of
objects ?L = lui €D, i=1, 2,....,n}, for some designated planar region D.
Typically D is a sampling window within a much larger region E and {t Iis
reasonable to regard ?L as a partial realisation of a planar point process,

the objects consisting of all points of the process which fall within D.

The selection of the study region D, merits some special mention. In
some applications, D is objectively determined by the problem in hand, and
inferences are required in terms of a Process defined on D itself. One
example of this would be a map of all the nesting sites of birds on an

island.

More commonly D is selected from some much larger region. The
selection of D may then be made according to a probability sampling scheme,
or it may simply reflect the experimenter's view that D is in some sense a
representative view of the larger region. In either case, inferences drawn
from an analysis will carry much greater conviction {if consistency over

replicate data sets can be demonstrated.

1.8 Monte Carlo tests,

The Monte Carlo test introduced by Barnard (1963) has attracted
considerable attention recently, particularly as regards tc the analysis of
spatial point patterns (Besag and Diggle, 1977; Ripley, 1977). This is
largely because even simple stochastic models for spatial point patterns
lead to intractable distribution theory. In order to test models against

data we have to make use of Monte Carlo tests.
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The method is straightforward. Quite generally, let b be the observed
value of a8 statistic B and let bj’ =2, 3,...,8, be the corresponding
values generated by independent random sampling from the distribution of B
under the simple hypothesis }fo. Let b danote the kthflargest, amongst

{k}
bk . k=1, 2,...s. Then under j{o’

Pib= b ] = s, = 1, 2,..... ; S (1.9)
1 (3}
and rejecting of }{ on the basis that b1 ranks r largest or higher ( or r
o
smallest or lowar ) gives s&n exact one sided test of size o = 1r/s. Tha

test is exact in the sense that the type 1 error is precisely o .

The test assumes that the values of b(j]are all different, so that the
ranking of b1 is unambiguous. If B is a discrete random variable, tied
values are possible and we then adopt the conservative rule of choosing the

least extreme rank for b1 . For a two sided Monte Carle test, r is chosen

such that,

a= 2r /s {1.10)

Hope (1968) gives some examples to show that the 1loss of power
resulting from a Monte Carlo implementation is small, so that s need not be
very larga. For a one-sided test at the conventional 5% 1level, s equals
100 is &sssumed to be adequate. The effect of the Monte Carlec approach 1s
that the critical region is not of the usual form: A classical test would
suraly reject;;‘(O if b1 lay in some well defined critical region, whereas
for a Monte Carlo test, there is a range of values of b, over which there

is & varying probability of rejecting J{D.

This blurring of the critical region leads to & loss of power, which
has been 1Investigated by Hope (1968) and recently by Marriott(1979).

Clearly this blurring effect could be reduced to & negligible proportion,
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by taking s sufficiently 1large, but this could involve very heavy

computing.

The simplest approach to the question of an acceptable value of s is
to consider the probability of accepting or rejecting }{O when the
conventional significance level takes certain values. This probability can
be calculated and involves no assumption about the alternative hypothesis.
Suppose p is the probability that b1 exceeds an arbitrary value from the
distribution of B based on }{o' Then if 1-p is less than o , a classical
test would reject H =n The probability that a Monte Carlo test would

reject H , is,

r-1 s - 1) s - x -1 X
P{ reject A b} = PP (1 -p) (1.11)

. x=0 P x|

For a classical test, represented here by the limit s - «» , or

(r += ),

P{ reject H (b} = B if p >1-a

e 1 (1.12)
LO otherwise

For the Monte Carlo test , the effect of blurring introduced, is measured
by P{ reject H Ojbl } defined in (1.11). This is presented in Table 1.1
for o =0.1, 0.05, 0.02 and 0.01 and is also produced as Figure 1.5. From
this Figure we can see clearly that the extent of blurring depends
primarily on r, so that if s = 100 {(r = 10) is judged to be acceptable for
a test at the 10% level, then s = 200, 500 and 1000 corresponding to

(r = 10) should be aceptable at the 5%, 2% and 1% levels respectively.

In practice random sampling will be replaced by pseudo-random sampling
when using the Monte Carlo technique. In most of what follows, we have
used the generator GOSCBF(I), supplied by the NAG (1977) subroutine

library.
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An inherent weakness of the Monte Carlo approach is its restriction to
the simple hypothesis f{ o A composite hypothesis can be tested if
pseudo-random sampling is made conditional on the observed values of
sufficient statistics for any unknowﬁ parameters. A principal advantage
however, is that one need not be constrained by known distribution theory,

but rather can and should use informative statistics of one's own choosing.

When asymptotic distribution theory is available, a Monte Carlo test
provides an exact alternative for small samples and a useful check on the
applicability of the asymptotic theory. If the results of a classical and
a Monte Carlo test are in substantial disagreement, the explanation is
usually that the classical test uses an inappropriate distributional

assumption.

Table 1.1a: Values of P{ reject # |by | for a = 10%.
o

a = 0.1

p
r 0.750 0.800 0.850 0.900 0.950 0.990
1 0.075 0.134 0.232 0.387 0.630 0.914
3 0.013 0.052 0.168 0.435 0.825 0.997
5 0.003 0.021 0.123 0.450 0.903 1.000
7 0.001 0.009 0.091 0.458 0.943 1.000
10 0.000 0.003 0.056 0.465 0.974 1.000

12 0.000 0.001 0.045 0.468 0.984 1.000
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Values of Pf reject Hoibl } for = 5%, 2% and 1%

a= 0.05
P
b < . 875 .900 0.925 0.950 0.975 0.990
1 .079 w135 0.227 0.377 0.618 0.826
3 0.017 .057 0.171 0.429 0.817 0.979
5 .004 .025 0.128 0.445 0.897 0.997
7 .001 .012 0.097 0.454 0.939 1.000
10 0.000 004 0.065 0.461 0.971 1.000
12 0.000 .002 0.050 0.465 0.982 1.000
a = 0.02
P
r 0.940 .950 0.960 0.970 0.980 0,990
1 0.048 .081 0.135 0.225 0.372 0.611
3 0.006 .019 0.060 0.173 0.426 0.812
S .001 .005 0.023 0.130 0.442 0.894
7 . 000 . 001 0.013 0.098 0.451 0.936
10 0.000 .000 0.005 0.068 0.459 0.969
12 0.000 .000 0.002 0.053 0.463 0.981
a = 0.01
p
r 0.975 .980 0.985 0.990 0.995 0.999
1 .082 . 135 0.224 0.370 0.609 0.906
3 0.020 .061 0.173 0.424 0.810 0.997
5 0.005 .029 0.131 0.441 0.892 1.000
7 .001 .014 0.101 0.451 0.936 1,000
10 . 000 . 005 0.069 0.459 0.969 1.000
12 0.000 .002 0.054 0.462 0.980 1.000
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CHAPTER 11

The average nearest neighbour methods in
circular sampling windows

2.1 TIntroduction

In this chapter we consider methods for the analysis of data which
consist either of distances measured from each object to its nearest
neighbour or from sampling points to their nearest objects. We are
concerned with testing whether a particular pattern is consistent with the
null hypothesis of randomness. A description of the point pattern is
usually obtained by applying this test and then using the value of the

statistic to classify the pattern as regular, random or aggregated.

Nearest neighbour analysis was first used by ecologists and foresters,
who however measured nearest neighbour distances only from a thin sample
drawn from a large number of objects. In this situation, since the chosen
objects are 1likely to be widely separated, their nearest neighbour
distances can be assumed to be more cor less independent. Edge effacts are
also negligible since the chosen objects are likely to be 2 long distance
away from the edge of the region. In most cases however, nearest neighbour
distances are measured from all the objects in a finite area (a map), in

which case neither of these simplifications any longer holds.

The object of this chapter is to present revised expressions for the
masn and variance of the average distance between a sampling point and the
nearest object point of the point pattern, for vse with circular regions,
and to show that using these corrections the point-object analogue of the
Clark-Evans statistic is approximately normally distributed with zero mean

and unit variance.



ye
22

2.2 Clark and Evans statistic: CE

Dice(1952) seems to have been the first to use distance between
nearest neighbours in measuring departure from the Poisson process. Clark
and Evans(1954) observed that the method of Dice is somewhat laborious, for
it requires several measurements from each centre of origin and makes use
of third moment statistics in testing for the degree of departure from the

random distribution.

Further study of the nearest mneighbour methods led Clark  and
Evans(1954) to suggest a much simpler statistic, which requires but a
single measurement from each centre of origin, and looks superior in its
simplicity of computation and ease of interpretation. The distance from an
individual object to its nearest meighbour, irrespective of direction,

g U Uy eey

provides the basis for this statistic. More formally, let u

u_ be n objects in the study region D. Also let,

w, = Mlnd(“_,u.); i=ls 29-'-| n, j‘:i
i j 1 J

(where d(“i‘ uj) is the distance between ni and "i ), be the nearest

neighbour distance of the ithobject in D. Then the mean observed distance

w= E wi/n.

For a random distribution of objects of intensity p per unit area,
the probability that a randomly chosen circle of area 7w’ will contain x

objects can be approximated by,

I
o

P(X=x)=1{np wé}%exp( - prw?) / xt , x (2.1)

Substituting x = 0 in equation (2.1), we obtain the probahility that there

are no other objects in the circle of radius w. Thus

P( X = 0) = P( there are no other objects in a circle of radius w)
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P(W>w)

axp( - pm w’ h)

But P(W < w) 1is the probability distribution function of the random

r
variable W, the object-to-object nearest neighbour distance, whence

F(w) =1 -P(WV>w)

1 - exp{ - on w2 )

Differentiating F(w) with respect to w gives us the probability density

function f{w):

flw) =2qow efo'p‘rrWZ), w>0 (2.2}

From (2.2), the mean distance E(W) which would be expected for an infinite

Poisson process 1is,

E(W) = E(W)

-]
[pr wlaxp(- Tpw? ) dw
0

[ 1/(mp)* ] [ tlexp(- t) dt
¢]

[ 1/Crp )Y 1T (3/2)

0.5//p (2.3)
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The index of non-randomness R ,

R = W/ EW

2vp W ' (2.4)

can then be used as a measure of the degree to which the observed
distribution approaches or departs from random expectation. In a random
distribution Rw is eapproximately unity. Under conditions of maximum
aggregation Rw = 0, since all the cbjects occupy the same locus and the
distance to the nearest neighbour is therefore 0. Under conditions of
maximum spacing, the individual objects will be distributed in a hexagonal
pattern (c.f. Diggle, 1983, p 67) and every individual will be equi-
distant from six other individuals. In such a distribution, the mean

distance to nearest naighbour will be maximized.

FIGURE 2.1 : the Dirichlet tessellation (—6—} of the object O,

that is surrounded by six other objects (A to F) in the
hexagonal pattern,
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Let W, denote the constant distance between nearest neighbours in this
distribution. Each object occupies a 'territory' consisting of that part
of the study region which is closer to it, than to any other object in the
reglon. Figure 2.1 1s an illustration of this territory and is rafarred to

as a Dirichlet tesselation of the object 0 in the hexagonal pattern.

The area of the territory of the object O is therefore given as,

-4
I

6 (w' V3 1 12)

w {3/ 2

I

and so the density P of the hexagonal pattern in an infinite plane i{s of

course,
= = 2
p 1/ A 2 / w, V3.
In general however, p may not be known, in which case we estimate it by

n/A. Solving for w_, we obtein,

;v

Since v is the greatest possible value of %, the maximum possible value of
the ratio R, is 2.14914. Thus R, haes a limited range. If the value of Rw
indicates that a8 given distributfon of objects may not be randomly
distributed, the significance of the departure can be tested by calculating

the value of the statistic,
CE ={% - E(W]/ { var(}’ (2.5)

which was first proposed by Clark and Evans{1954). They suggested that for

all practical purposes this statistic should be considered to have as a
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null distribution a normal distribution with mean zere and variance unity.
The variance of W can be evaluated from

nn

n
var(W) = ] Var(w;)/ n' +2 ] }Covlwy, wy) /n
i=1 1>3

2 (2.6)

If we assume that the w, are uncorrelated, then Cov{w , wj) = 0 for all
1

i # j, and {2.6) then reduces to,

Var(W) = Var(w) / n
but -
E(W?) = J 2 ¢ p wiexp(- npw?) du
0
= [ 1 /mp ] J t exp( - t} dt
0
= [ 17/ TTD] r(2) = 1/ o
Thus Var(W) = 1/qp - ( 1 /2/5)
=(4-n)/ &p
and  Var(W) = (4 - 1) / bnyp (2.7)
However, these formulae for the mean and variance of W  ignore

edge-effects and the non-independence of the different nearest neaighbour
distances. Therefore, the moments of W should he revised to take account
of these problems, so that a statistically valid test can be performed

using the statistic CE,
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2.2.1 Edge corrections for CE

Donnelly(1978) observed that the edge effect corrections to the mean
and variance of nW could be approximated well by an additional term
proportional to the length of the edge of the study area and dependent on
the density p of objects. Since the dimensicns of ¥ and E(W) are length
and Var(ﬁ} are length squared, this imposes restrictions on the forms of

correction factors and Donnelly found the following formulae to be

appropriate:
E(n W) = 0.5 /(nad) + aP (2.8)
Varin W) = ¢ A + b P V(A / n) (2.9)

where A is the area of the study region and P is its perimeter. The

correction terms are aP and bPA A / n). a, b and ¢ are unknown constants.

Some 6000 to 100000 simulations of (nW) for between 5 and 64 random
objects in various shapes of region, including circles, ellipses, squares
and rectangles, were performed by Donnelly in order to determine these

constants. After examining some scattergrams, he arrived at the formulae;
* —
E(n W) = 0.5 /nA) + (0.051 + 0.041//n ) P (2.10)
varln W) = 0.07 4 + 0.037 PY(A / n) (2.11)

Furthermore, by using & combination of some analytical methods and
numerical integration he obtained an estimate of the constant ¢ more
accurately as 0.0703 and the value of 0,051 in (2.10) as 0.051368. The
statistic R defined in (2.4) can be revised to take account of these edge

corrections, by replacing the expected mean by E(W) defined in (2.10).
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2.3 Analogue of the CE statistic: M

The non-independence of the different nesarest neighbour distances
leads De Vos(1973) to suggest an analogous statistic to the CFE statistic.

This statistic is defined by

M = [{X-EX ]}/ :Varcic');l" (2.12)

where the definitfons of ¥ and X parallel those for W and W and thae
th
difference i1s simply that x, is the distance between the { sampling

point and its nearest object. If we use m sampling points then,

x, = Min d{o

: i Yy 2, 1=1,2, ....,m

where d(oi,uj) is the distance between the i sampling point o, to the jth

object u, of the process. For an infinite Poisson process, the random
variables W and X have identical distributions, whence, for randomly

placed sample points,
E(X) = 0.5/ (2.13)

Var(X) = (4 - ) / & mmp (2.14)

De Vos suggests that for a Polsson process, the statistic M will be

approximately Normally distributed with zerc mean and unit varilance.

An 1index of non-randomness for use with the M statistic is

R = 2vp X - (2.15)
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which should be used as a measure of the degree to which the ohserved
pattern approaches or departs from the Poisson forest. For a Poisson
forast Rm is approximately equal t; unity. Under conditions of maximum
aggregation all the objects occupy the same locus which means that xi
distances would be on the average, much larger than expected and so the
ratio Rm would be greater than unity. However under conditions of maximum

spacing these distances would be very small. This implies that the ratio Ry

would be less than unity.

In any given distribution the mean cobserved value X is R times as
great as would be expected in a random distributipn with similar intensity.
Thus an R, value of 0.5 would indicate that the nearest nejghbours of the
peints are on average, half as far apart as would be expected under the

null hypethesis of randomness,

A major difficulty in the application of the statistic M has been that
the theory applies only teo an unbounded study area. However in practice,
study is limited to a finite number of objects in a restricted region. The
moments of X are therefore affected by this bounded region and so render

the null distribution of M inappropriate.

2.4 Edge corrections for M

In this section, we assume a circular window D, centred at (R, R) and
radius R, and our edge corrections relate only to a regular lattice of
sampling points as favoured by Digglie(1979b). Our results are based on a
lattice obtained by partitioning a square of side Y2 R. ‘The position of
the (.{,j)th sampling point P, say, is [0 +H(i-1Y A ., O +(j-1) A ], where
i=1,2, ..., ky §=1,2, ...., k; h=k(i-1)+ j; o= (1- V2/2)R and
A =7 R/(k-1). When collecting information for the 'refined' distance

analysis, opinions have varied over a suitable choice of m, (see Upton and
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Fingleton, 1985, p 81). Given that the sampling window contains n objects

we have chosen the integer k so that

k 5 [ v if vn is an integer

4 {2.16)

{ Int[vh ] + 1, otherwise

where Int| G ] means the integer part of G. Figures 2.2a and b illustrate
such a partition for a circular window of unit area, consisting of m = 100

sampling points and m = 196 sampling points respectively.

We consider cases where the number of random objects, n, in any given
circular window, varied between 7 and 100. Figures 2.3a and b present
example realizations of a Poisson process consisting of n = 97 and n = 63
random objects in a circular window of unit area. We used upwards of a
total of 140000 simulations of total point-object nearest neighbour

distances for random cobjects in various circular regions in the plane.

The quantities: Var ‘(X)/ A, E*(X)/ vA and P / vA, where A is the area
and P is the perimeter of the circular region D, are independent of the
value chosen for R. For fixed R therefore, the observed values of the mean

and variance of X are obtained by

(1) simulating s = 1000 Poisson processes of n objects each, in D

[using the NAG library routine with seed GOSCBF(1000)].

(ii) generating the values: T Tag owarey Tq. where Tk is the total

L

point-object nearest neighbour distances of the k'''Poisson process in (i).

(i11) using (1i) to compute the mean and variance of X, defined as

-]
'@ = ) T /ms (2.17)
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var*(X) = 2 .1 " 3 (2.18)

Il t~tn

T2 / s m
1 k

Table 2.1. Values of Var*(i)/ A and C obtained for 30 different

values of n by simulation, using regular lattice of sampling points.

m n Var (X) / A C

9.0 7.0 0.0009926423 0.0387006178

9.0 8.0 0.0008196411 0.0368962549

9.0 9.0 0.0006445861 0.0338812806
16.0 10.0 0.0004031404 0.0194936434
16.0 11.0 0.0003438739 0.0180489749
16.0 12.0 0.0003416230 0.0173553005
16.0 13.0 0.0003163780 0.0157911729
16.0 14,0 0.0002623712 0.0154624948
16.0 15.0 0.0002267350 0.0142857159
25.0 17.0 0.0001584257 0.0091232066
25.0  19.0 0.0001205167 0.0081183231
25.0  20.0 0.0001078524 0.0079437006
25.0 22.0 0.0000976126 0.007129359
25.0  24.0 0.0000884169 0.0071211782
36.0 27.0 0.0000574858 0.0047122745
36.0 29.0 0.0000544147 0.0046550307
36.0  30.0 0.0000485874 0.0045086560
36.0 32.0 0.0000426980 0.0042945708
36.0  364.0 0.0000387773 0.0039985239
36.0 35.0 0.0000375681 0.0038948509
49.0 38.0 0.0000314685 0.0030582592
49.0  42.0 0.0000284 544 0.0029450222
49.0 47.0 0.0000215728 0.0026000986
49.0 49,0 0.0000219733 0.0024646637
64.0 57.0 0.0000156667 0.0018648185
64.0  64.0 0.0000132280 0.0016672748
81.0 72.0 0.0000099547 0.0012415675
81.0 79.0 0.0000084847 0.0010990702
100.0 89.0 0.0000067462 0.0008744650
100.0 100.0 0.0000058932 0.00083%1595

From dimensional considerations we obtain these formulae

E*(E) 0.5/ vp + a R / n (2.19)

var* (X) R (2.20)

]
0

/ n
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where 2 , b , ¢ and d are unknown constants, and the index * iz used to
distinguish these quantities from the formulae defined in equations (2.13)
and (2.14) relating to an unbounded infinite oplane. The values of
var *(X)/ A for various values of n 1is preeented in Table 2.1,
Log{Var"(X)/A } is plotted against log{n} in Figure 2.4a. The correlation
coefficient r between log{Var*(X)/A } and log{n} is -0.998, which together
with the resulting scattergram suggest that the equation defined in (2.20)
should adequately fit the data. Using ordinary least asqueres on the log
values, we obtain estimates of ¢ and d , and equation (2.20) becomes,

. 2 1.9566
Var*(X) = 0.1317 R/ n (2.21)

Similarly the values of C, where
c = {E"(X) - 0.5//5 )}/ /A (2.22)

for various values of n 1is presented in Table 2.1. The correlation
coefficient r between log{C}] and 1log{n} is =-0.997. This value of r
together with the corresponding secatter plot given in Figure 2.4b suggests
a strong linear association between the log values. Using ordinary least

squares, we obtain the values of a and b, whence

. 1.4645
E(X) = 0.5/vp 4+ 1.1995 R / n (2.23)

Using these edge corrections we obtain corrected statistics analogous

to the uncorrected statistics Rm and ¥ , defined in equations (2.15) and

(2.12) namely

=/ ED (2.24)

-]
n

and

[%-E®) /{ Var' (D 1} (2.25)

=
H
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Table 2.2, Sample moments and value of DS(Y) for the statistiecs Y=M

and Y=M" for a Poisson process, in a circular region of unit radius.

36 35 M 0.53 0.69 0.28 1.71 7.66
M* 0.03 0.94 0.44 3.15 1.21
49 49 M 0.46 0.77 0.24 1.96 6.43
M* 0.04 1.06 0.39 3.72 @.71
64 S7 M D.43 0.B4 0.40 2.%9 5.51
M* 0.01 1.02 0.54 3.B4 1.08
81 76 M 0.35 0.81 0.26 2.30 4,65
M* 0.00 1.02 ©0.37 3.70 0.99
81 79 M 0.3 0.79 0.19 1.93 441
M* -0.01 1.05 0.29 3.35 1.00
100 95 M 0.30 0.80 0.16 2.03 4.09
M ~-0.02 1.02 0.23 3.29 1.08

Theoretical
values N(0,1) 0.00 1.00 ©0.00 3.00 0.00

In order to test these edge corrections we generated

within &2 circular window of radius 1.

We then obtain the

Y ,-...,¥ , for s = 1000 simulations at each of a varletiy
2 =]

of » and n and calculated the first four sample moments,

s .
21 v, /s,

1

random patterns
values of Y: vy,

of combinaticns

(2.26)

(2.27)
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*
of both the uncorracted, Y = M and the edge corrected, Y= M statistics,

as shown 1n Table 2.2, We also calculated the wvalue of the
Kolmogorov-Smirnov statistic DS(Y) defined as

DY) =/ sup [ | F(¥) - F(Y) I (2.28)

where F;(Y) is the empirical distribution function:

F(y) = 0 if <

s(Y) ¥ Y1)
k if <
/s Ys ¥ Y k+1)
1 £ oy 2 oy

{s5)

and F(Y) is the distribution function of a Standard normal distribution

with mean gzero and variance wunity. Here ¥ ¥ .., ¥y are the
_ (1§ 72 (s}

corresponding order statistics of the semple yl, ¥ 4 eevs ¥ o The test

2 5
statistic (2.28) is a value of the random variable DS(Y), which depends on
Vis Yos =ovs ¥, through FS(Y), and it provides & measure of how far F;(Y)
is from F(Y). Claarly large wvalues of DS(Y) will make us doubt the

asymptotic normality of tha statistic Y.

For the test of a null hypothesis of a unit normal distribution the
test statistic Dng) has critical values 1.36 (5%) and 1.63 (1%). Table
2.2 shows clearly the sensitivity of the mean and varlsnce of the M
statistic to the eircular region. However the results for the M*
statistic are all entirely acceptable. Note that m; for the corrected

statistic 1s worse than that for the uncorrected statistic.



2.5 Examples

In this section, we shall apply both the M and M* statistics and the
CE  and CE* statistics to simulated ‘clustered and regular alternatives as

well as to an artificial random pattern.

The objects that constitute the simulated random pattern in a given
circular window D, are generated using the rejection technique. This
technique involves generating a pair of values at random from a uniform
distribution on (0,2R). The pair is then rejected if it falls outside the
circular region. This procedure is repeated until the required number, n,
of objects is generated in D. Figures 2.3a and b present example

realizations of this pattern.

For the regular alternative we use a Diggle et al (1976) simple
sequential inhibition process. This process is characterised most
naturally by its packing intensity

2
T = N(o [/ 2R), (2.29)
where o {s the minimum permissible distance between any two objects of the
process, and N is the number of objects of the process. For our
simulation, we generated a pair of wvalues at random from a uniform
distribution on a square of side 2R, regarded as a torus. The pair is then
rejected if it falls within a distance o away from any previously
accepted objects in the torus. Finally, only those objects that fall
within the window D are considered. A partial realization of this pattern
with N = 100, T= 0.25 and consisting of 74 objects in a circular region

of unit area is presented in Figure 2.5a.

For our clustered alternative, we use a Neyman and Scott (1958)
Poisson cluster process. For our simulation we used the case of 20

randomly distributed "mother" objects surrounded by a total of 60
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"daughter" objects within a '"square" of side 2R. The assignment of
daughters to mothers is at random, with each daughter being placed at a
distance of r = 0.1975 units from its mother and at an angle generated at
random from a uniform distribution on (0, 27 ), In certain cases this
resulted in the daughter being initially placed outside the square area.
In these cases the square is regarded as a toroid and the daughter is
appropriately relocated. The mothers and daughters are assumed
indistinguishable and are therefore retained in the final pattern.
Finally, only those objects that fall within the circular window D are
considered. An example realization of this pattern consisting of 63

objects in a circular window D, of unit area is illustrated in Figure 2.5b.

Table 2.3 Summary of the analysis of the three patterns using the

statistics M and M* .

Poisson Simple sequential Poisson cluster
Distribution process inhibition process process
n m 97 100 7% 81 63 64
X 0.05606 0.05325 0.08047
97 74 63

e

Uncorrected statistic

E (X) 0.05077 0.05812 0.06299
Vivar (X)} 0.00265 0.00338 0.00412
R, 1.10423 0.91610 1.27738
M 1.99396 -1.44463 4.24513

Edge-corrected statistic

E"(X) 0.05160 0.05936 0.06456

Vivar*(X)} 0.00233 0.00304 0.00356
R* 1.08640 0.89698 1.24636
m

*

M 1.91289 =2.01353 4. 47414
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Tables 2.3 and 2.4 present a summary of the analysis of the three
patterns, for the statistics M and }l* and CEI*and CE respectively. The
values of ¥* and CE " obtained for the Poiszson process of Figure 2.2a, are
neither greater than 1.96 nor less than -1.96 (5%), so the hypothesis that
the chjects are randomly distributed is not rejected. By contrast, if we
de not correct for boundary effects and use the uncorrected statistic M

3

we obtain 1.994 which is clearly significant.

For the Poisson cluster process of Figure 2.5b, both values of R  and

m
4

Rm suggest a significant deviation towards a clustered alternative.
However, for the Simplé sequential inhibition process of Figure 2.5a, the
value of M* cbtained is significant. The corresponding value of R; for
this realization suggests a deviation towards a regular alternative. By

contrast, when the uncorrected statistic M is applied to the same

distribution, it failed to detect the apparent regularity in the data.

The values of Rm and R; obtained using the statistics CE and CE* for
the Poisson cluster. process are all less than unity, suggesting a
significant deviation towards a clustered alternative. Similarly when the
same statistics are applied to the Simple sequential inhibition process,
the wvalues 6.608 and 5.225 are obtained. These values are highly
significant. The corresponding values of Rw and R; are 1.412 and 1,340,
guggesting a deviation towards a regular alternative.

A part of the material of this chapter will appear as Dcguwa and

Upton {(1988LY.
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Table 2.4 Summary of the analysis of the three patterns using the

statistics CE and CE” .

Poisson Simple sequential Poisson cluster
Distribution process inhibition process process
n 97 14 63
w 0.05060 0.08147 0.05338
0 97 74 63

Uncorrected statistic

E (W) 0.05077 0.05812 0.06299
Yivar (W)} 0.00269 0.00353 0.00415
Ry, 0.99664 1.40156 0.84738
CE -0.06323 6.60831 -2.31740

Edge-corrected statistic

E D 0.05280 0.06081 0.06618
mlar*(ﬁ)} 0.00298 0.00395 0.00468
Rtu 0.95834 1.33958 0.80665

n

CE -0.73791 5.22478 «~2.73564
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CHAPTER 111

The nearest neighbour methods in
squares and rectangular windows

3.1 Introduction

We have seen in Chapter II, that the statistic M defined in equation
(2.12) is flawed in that edge-effects are ignored when deriving the mean
and variance of X and {ts asymptotic normality. Moreover,  the
edge-corrections proposed for M are only valid for circular sampling
windows and not for square and rectangular regions. The object of this
chapter is to present revised expressions for the mean and variance of the
average distance between a regular grid point and the nearest object point
of the point process for use with square and rectangular sampling windows
and to show that using these corrections, the edge corrected version of M
is a powerful detector of departures from randomness in the clustered

direction.

3.2 Edge corrections for M

In this section, we assume a rectangular sampling window, and our edge
corrections relate to a regular lattice of sampling points. This lattice

is obtained by partitioning each square or rectangular window into (k+1)2

2

similar subwindows and then using the m = &k inmer corners of these
subwindows. That is, for a given window of dimension L, by By' the
position of the (i ,j)th sampling point, P say, where i= 1, 2, .. ,[k;

h
E = - A 1A 1 A N
i 1, 2,..., kand h = k(j=1) + i is | iﬁx ,J“Y ]. Here, A, Ix J(k+1)
and A = B /J(k+1). Figures 3.1a and b illustrate such a partition for a
b Y
square window of unit area, consisting of m = 100 sampling points and m =

196 sampling points respectively. Given that the sampling window contains

n objects we have chosen the integer k as in equation (2.16).
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In order to obtain our edge corrections we considered a range of
rectangular sampling windows having length/breadth ratios ranging from 1.0
to 3.0. We proceeded by keeping constant the number n of objects and
varying the length/breadth ratio R, of the study area. The observed values

of the mean and variance of X are then obtained for each R by:

(1) simulating s = 1000 Poisson processes of n objects each, in =a

region of ratioc R [using the NAG Library Routine with seed GOSCBF(1000}].

m
(i1} generating the values: Tis Ty ot s T, where T, = Z‘xi from
=] k 121
the Poisson processes in (i}.
(111) using (ii) to compute:
. s
E(X =] T /us : (3.1)
k
k=1
+3 = 2 2 +, = 2
var (X) = § T/ sm® - (B} (3.2)
k=1

The procedures (i) to (iii) are then repeated for other valnes of n. From

dimensional considerations we obtained these formulae,
E'X) = 0.5//5 +byA + kP (3.3)
Var'(X) = by A + k;P VA (3.4)

where bO‘ kU, b1 and kl are expected to be functions of n.

We used values of n between 4 and 100 and upwards of 100000
simulations for each combination of window and number n of objects. For

the case n = 16, the values of R, Var*(X)/A, P/ VA and ¢, where

c = {EX)-05// /K (3.5)



Table 3.1. Values of Var*(X)/ A,”C, R and P/ V& for n = 16, obtained

by simulations.

R P/ VA Var®(%) / A c
1/1 4. 0000 0.00021071 -0.00231188
3.5/3 4,0119 0.00021320 -0.00227020
413 4&.0415 0.00021959 -0.00214113
5/3 4.1312 0.00023814 -0.00170551
2/1 4, 2426 0.00026067 -0.00121124
2.5/1 4.4272 0.00030145 =0.00038649
19/7 4.5090 0.00032031 -0.00001358
3/1 4.6188 0.00034681 0.00050115
are tabulated in Table 3.1. The corresponding scattergrams, given in

Figure 3.2, for C against P/ JE, and Vart(%)/A against P/ VA&, suggest a

strong linear relationship of the form,

]

Var® (X)/A b, + ky P/ VA (3.6)

C = by + K P/ V& (3.7)
Relationships corresponding to (3.6) and (3.7) hold for other values of n,

though with different values for the constants.

For the variance, 18 different values of n were used, snd the values

of b1 and kl, were estimated in each case. These values dare tabulated in

Table 3.2, together with the correlation coefficient
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r = corr(Var 1X]/4, P/ /),

and logl k1] are plotted against login} in TFigure

48

which

exceeds

0.99 in every case.

3.3. The

Log {-b ]

correlation

coefficient r bhetween log{-bl} and log{n} and between log{k,} and log{n} is

=(.993 and

-0.996

respectively.

These values,

together

scatterplots suggest a relationship which is of the form

Table 3.2. Estimates of by and k9

(3.8)

with the

for different values of n.

n by ky r

4 -0.01267680 .003947179 0.9948

6 -0.00321071 .001130756 0.9935

B -0.00234290 .000795762 0.9954

9 =0.00199445 .000663717 0.9952
12 =0.00086062 . 000293694 0.9977
14 -0.00073484 . 000244257 0.9942
16 -0. 00066082 .000217686 0.9997
18 =0.00034040 .000121117 0.9988
20 ~-0.00029558 .000104264 0.9996
24 -0.00025866 . 000086729 0.9987
25 -0.00028%89 .0000939%61 0.99%9
28 -0.00014469 .000050857 0.9992
30 -0.00016298 . 000053139 0.99849
32 -0.00017206 .000053784 0.9986
36 =-0.00014708 . 000046079 0. %988
49 -0.00006914 . 000022107 1.9999
64 -0.00004363 .D00014048 0.9997
100 -0.00001899 . 000005938 0.9994
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For the mean , 16 different vdlues of n were used to estimate the
values of tha constants b0 and ko. These values are given in Table 3.3
together with the correlation c¢oefficlent r = Corxr( C, P/ vA), which

exceaeds 0.995 in every casa.

Table 3.3. Estimates of ho and kO for different values of n.

n bO ko r

4 -0.11156860 0.02370474 0.9989

8 -0.04198899 0.00906248 0.9985

9 -0.03793382 0.00813189 0.9993
10 ~0.03317367 0.00745401 0.9972
12 ~0.03197437 0.00713886 ¢.9999
14 ~0.02495672 0.00562903 €.9991
16 -0.02048584 0.00454203 Q.9995
18 =-0.02080001 0.00485157 (.9990
20 -0.01588578 0.00359153 €.9996
24 -0.01337687 0.00306951 (.9983
25 -0.01324221 0.00295389 0.9998
28 -0.01047494 0.00250205 0.9991
30 -0.01080990 0.00254557 0.9987
36 ~0.00872799 0.00197492 00,9999
64 -0.00389466 0.00094457 0.9998
100 ~0.00243802 0.00059134 0.9963

The scattergrams of the log values are presented in Figure 3.4. The values
of the correlation coefficient r between the log values of -bo and n and
between the log values of k; and n are both approximately -0.997. These
values together with the scattarplots also suggest 4 relationship of the
form given in equation (3.8). The constanta e and d for the fitted

curves are given in Table 3.4 -



51

(a) A

i
-
-

-5.2 X

-.5.8
v,

-y T ey
6.5 2.5 1.2 1.5 2.8 2.5 .20 4.5 4.28° 4.8

)

Leg [ n )

The scattergrams (* * *) and the fitted lines of

Figure 3.4 :
(a) log (-bo) against log(n) and (b) log [kol

against log [n] for the mean of A



From equations (3.6) to (3.8), we arrived at the following corrected

moments

B 1.1590 1.1156
EY(X) = 0.5/VP - 0.5219VA / n +0.1064 P / n (3.9)

L 1.9585 1.9387
Var'(X) = 0.04445 PYA / n - 0.1265 A / n (3.10)

Table 3.4. Estimates of e and d

f(n) e d r
b0 -0.5219282 -1,158967 -0,9970
h1 -0.1265228 -1.938685 -0.9930
kO 0.1044379 -1.115572 -0.9965
k 0.0444535 -1.958486 -0.9957

Using these edge-corrections we obtain corrected statistics analogous to
the uncorrected statistics Rmrmd M defined in equations (2.15) and (2.12)

namely

/ EXXD) (3.11)

=
-+
I
kS

and

i

M ={x - EYX)} 7/ { var'(X) | (3.12)

To test these edge corrections we generated random patterns within a
rectangle having a length/breadth ratio of 10.0 - a much larger ratio than
any considered during the derivation of these corrections. We obtained

values of Y: vy ¥2..,¥s.for s = 1000 simulations at each of a variety
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of combinations of m and n and calculated the first four moments, of both
the uncorrected Y = M and the edge corrected Y = M* statistics, as shown

in Table 3.5, which also display corresponding results for a square window.

Table 3.5. Sample moments and Value of DS(Y) for the statistic

Y=Mand Y = M.

m n Statistic M M M M DS(Y)

Length/breadth ratio 1

49 47 M =0.05 0.70 Q.31 2.07 2.25
Mt 0.02 0.95 0.49 3.79 0.90
49 49 M =0.06 0.63 0.15 1.49 2.76
Mt -0.01 0.96 0.25 2.97 0.97
100 B9 M -0.03 0.73 0.21 1.69 1.76
M+ 0.00 D.93 0.31 2.75 1.04
100 100 M -0.02 0.69 0.20 1.60 1.99
I Q.00 0.99 0.34 3.31 0.27
Length/breadth ratio 10.0
49 47 M 0.79 3.26 1.86 35.131 8.80
Mt 0.04 1.05 0.34 3.6% 0.78
49 49 M Q.78 3.28 1.99 37.98 8.496
M+ 0.05 1.11 0D.39 4,30 0.95
100 89 M 0.73 3.37 1.90 34,65 8.75
M+ 0.01 1.00 0.31 3.02 0.71
100 100 M Q.65 3.26 2.10 34.86 7.80
Mt -0.02 1.08 0.40 3.81 1.29
Theoretical
values N(0,1) 0.00 1.00 0.00 3.00 -
We also calculated the value of the FKolmogorov - Smirnov statistic

D, (Y) defined in equation (2.28)

For the test of a null hypothesis of a unit Normal distribution the
test statistic DS(Y) has critical values 1.36 {(5%) and 1.63 (1%). Table

3.5 shows c¢learly the sensitivity of the mean and variance of the
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uncorrected statistic M, to the shape of the study region. The results for

the edge-corrected statistic M} are all entirely acceptable,

Table 3.6. Edge effects on the statistics (M, R,) and (M*,R;Q as applied

to the Japanese black pine, Biological cells and the Redwood seedlings.

Japanese Black Biological Redwood
Distribution pine cells seedlings
Area 32.4900 1.0000 625.0000
Perimeter 22,8000 4.0000 100.0000
n m 65 81 42 49 62 64
X 0.3638 0.0560 2.0540

tncorrected statistics

E(X) 0.3535 0.0772 1.5875
Y Var(X) 0.0205 0.0058 0.1037
Ry 1.0291 0.7253 1.2939
M 0.5007 - 3.6785 4.4976

Edge-corrected statistics

EXD 0.3525 0.0767 1.5828
/var (X) 0.0192 0.0052 0. 0884
Rjﬂ 1.0319 0.7291 1.2977

Mt 0.5851 - 3.9622 5.3283

3.3 Analysis of Japanese black pine saplings, biological

cells and redwocd seedlings

Both the uncorrected and the edge corrected statistics are applied to:

(i) Japanese black pine saplings (Fignre 3.5a) consisting of 65 trees
in a 5.7 metre square plot{ Numata 1961). Previous anelyses of these data
by Bartlett(1964) and Besag and Diggle(1977) concluded that the observed

distribution of the 2080 inter-tree distances is compatible with the
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hypothesis of randomness,

(11} The Biclogical cells data (Figure 3.5b} consisting of 42 eall
centres in a unit square (Ripley, 1977). The cell centres are distributed

more or less regularly over the unit square.

(1ii} The redwood seedlings (Figure 3.5c) consisting of 62 trees in a
25 metre square plot (Ripley, 1977). Previous analysis of these data

suggests a deviation towards an aggregated alternative,

Table 3.6 presents a summary of the analyses of the three patterns,
for the statistics M and MY . For the Japanese black pine saplings, a test
of significance based on the uncorrected M test gave a value of 0,5007,
indicating that =8 departure from the hypothesis of randomness might occur
61.7% of the time purely by chance. However when the eadge-corrected M*
test is applied, a wvalue of 0.5851 is ohtained; indicating that such a
departure can occur 56% of the time purely by chance. The index of
non-randonness, R; for this data 1s equal to 1.03, which is not
significantly different from one. This value suggests that there is no
significant interaction between the trees, and that they &ll oceur randomly

in the study area.

For the Bilological cells data, the value of R; is much smaller than
one. This wvalue comfirms the degree of regularity in the data shown by
previous studies. The corresponding value of M* using the edge-corrected

moments is -3.9622, which is highly significant.

The value of R; for the Redwood data is much greater than expected,
suggesting aggregation in the data. The corresponding value of M* is

highly significant.
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Note that these edge~corrections for M make little difference iIn

extreme cases, as was the case in the examples above,

3.4 Alternative statistics to CE and M

3.4.1 Quadrat count index of dispersion

If the study region D is partitioned into m = k? smaller subregions
or 'quadrats', each of area A, and a count {z;}, 1 =1, 2, .., m, made of
the number of objects in each of the mw quadrats, then under the null
hypothesis of a random distribution of objects, the random variable 2
follows a Polsson distribution with mean X = pA, . The parameter p is
the intensity of the process, defined as the mean number of objects per
unit area. Explicitly, the probability distribution of 7 is,

Plz=2z] = A  exp{-2Ar]/z!, (3.13)

where z =20, 1, 2, ......... and Var(2) = E{Z) = XA. Tor alternatives
involving patches of objects (aggregation) we would expect Var(Z) to be
greater than E(Z), while for a more regularly spaced objects,

Var(Z) < E(Z). These properties led ecologists to consider the statistic,
o = Var(Z) / E(2) (3.14)

as a population index to measure pattern. A natural sample statistic to @
is the sample variance to mean ratic g due to Clapham{1936). This

statistic is given by the equation,

T 2
a = 3 (z, - z)/ (m-1z2 (3.15)
i=1

whose intuitive appesl rests on the equality of the mean and variance of

the Poisson distribution. The numerator,
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=]

82 =
i

(z, - )2 / (m-1) (3.16)

n -1

i

estimates the variance of Z when no distributional assumptions are made,
whilst the denominator , Z estimates the variance under the Poisson forest.
Thus, in the case of a Poisson forest, 4 equals unity, and the individual
objects are then regarded as being located at random. The objects are said

to be clustered when g > 1 and regular when q < 1,

In order to assess the significance of the departure from randomness,

we use 8 closely related statistic I, first used by Fisher et al (1922):
I = (m-1)g (3.17)

who peinted out that under the Poisson forest the sampling distribution of

I is approximately Chi-squared with (m-1) degrees of fraesdom.

The distribution of the index of dispersion I, and the validity of
assuming that {t 1is distributed as Chi-squared with (m~1) degrees of
freedom, has been discussed at some length by Hoel(1943). He concludad
that the assumption of the Chi-squared distribution was valid for m as
small as 5, as long as the Ppisson parameter A 1is greater than or equal to
5; and that for A less than 5, the approximation remains fairly accurate,
However Hoel's method was not altogether satisfactory in that it was based
on a comparism of momant ratios, these moments themselves being infinite

series.

Kathirgamatamby (1953) considered an alternative approach by
considering the 'overall' distribution of the index of dispersion for any
given total T, of the observed values of the counts. Now the probability
statement connected with the test of significance based on (3.17) takes the

form:
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or

]
=

PIC ) (z2-2)%- % Z) > 0] (3.18)

1f k1 and kz denote the first two of Fisher's k-statistics, then equation

(3.18) becomes,

- 2 -—
P I{(m -1) &k, ki Xpe1,g P70 =0
Let,
5 o= (meDk, - kyxE

Kathirgamatamby calculated the exact moments of 8 and used a curve fitting
technique to obtain the probability integrals, which were compared with
those of y*. His results suggests that for either m large, ) large, or
both m and A large, the Xz distribution 1is a reasonably good

approximation. In fact, there appears to be little risk of error for m as

small as é provided that )} is greater than or equal to unity.

The index of dispersion test is extensively used to destect spatial
pattern by, for example, plant ecologists. Perry and Mead (1979) examine
its power using a semi-analytical technique over a wide class of aggregated
alternatives to the null hypothesis of the Poisson process. Their results
suggest that the index of dispersion provides a powerful test of randomness
against these alternatives. Furthermore, Payandeh (1970) arrived at the
same conclusion but argued that results using the index of dispersion may

be greatly affected by the quadrat size.
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Other test statistics based on quadrat counts, which have been
proposed, are fairly closely related to the index of dispersion. As an
example, the test procedure usually recommended for Morisita's index, IG

(Morisita, 1959) is to calculate,

1 m
F=|1(Ez-1)+m-zz,];(m-1)

= ;ll
However, F = I/(m-1) and hence the test for Morisita's index is equivalent

to that for the index of dispersion.

The other main developments in tests based on quadrat counts 1is the
use of contiguous quadrat methods initiated by Greig-Smith (1952). Further
developments in this area are provided by among others, Mead(1974),

Upton(1984) and Upton and Fingleton (1985).

3.4.2 Quick test using small distances.

Somet imes a quick test of the Poisson forest of a spatial point
pattern is required, for example to decide whether a more detailed analysis
would be justified. One such test can be constructed by concentrating on
small distances and using as test statistics the first few ordered
inter-object distances dl €£d, £ ..... , which can usually he picked out

easily by eve.

Ripley and Silverman(1978) suggest that the upper tail of d; should
give a uniformly most powerful test of randomness against a model of
randomly nonoverlapping discs as formalized by Kelly and Ripley(1976).
They have also noted some advantages {n using other distances, in
particular, d3 and d5 , in that they are less likely to be affected by
either measurement errors or inhomogeneity. Silverman and Brown(1978) have

shown that the statistic

sk = n(n-i)m’kfn (3.19)
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Table 3.7. Number of occasions (max 50) in which a test of randomness at

the 5% level resulted in rejection of the null hypothesis when the data
actually arose from a Strauss process with interaction range r and

strength ¢ = h{r)

Entries within the table refer to results for statistics d; to
d; arranged in the following way:

d3 35 34 d6
7 8
n = 32
c = 0.3 0.15 0.0
7 5 7 7 16 8
r =0.03 2 4 4 3 6 4 5 4 7 2 5 3
3 3 5 6 4 3
16 25 5 44 50 50
r = 0,06 20 13 17 9 43 27 32 20 46 32 39 29
9 8 19 16 23 20
14 17 24 31 50 50
r = 0.09 22 31 29 37 39 47 44 48 50 50 50 50
38 42 49 49 50 50
n = 64
c = 0.3 0.15 0.0
11 3 9 7 9 9
r = 0.015 5 7 7 6 5 6 6 5 10 5 5 3
6 4 5 3 6 5
17 29 28 40 50 50
r = 0,035 34 28 36 27 47 43 50 37 50 50 50 46
24 19 31 28 4 42
18 21 30 37 50 50
r = 0.045 31 39 33 41 43 50 47 50 50 50 50 50
Lb 44 50 50 50 50

converges in distribution to a Chi-squared variable with 2k degrees of
freedom. Ripley and Silverman (1978) have shown that the Chi-squared
approximation is adequate provided that k £ 10 when n 230 or n 2 15 for

k=1, Thus S, can be used to test for any significant departure of d,
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from the Poisson hypothesis without resorting to Monte Carlo simulations.

Table 3.7 shows the results of an investigation into the robustnesgs of
dk , for valuas of k £ 8. The statistic dy is computed by regarding the
sampling window as a torus. The alternative considered i1is the Strauss
process with parameters t and ¢, and is simulated using the algorithm of

Ripley(1979b). Note that ¢ = ( corresponds to 8 hard core model of radius

r, and that ¢ > 0 represents a non-strict inhibition (or soft-core).

The results of Ripley and S§ilverman(1978) suggest that the test based
on dl is more powerful than these hased on either d3, or d5 against a
hard-core model, whereas tests based on d3 against the $trauss process and
the pairwise iInteraction process (as formalized by Ripley(1977)) are more

powerful than those based on d, and dS'

1

For small (n=32) and moderate (n= 64) sample sizes, it is cobvious from
Table 3.7 that both dl and d2 are more robust than the other statistics

against the hard-core model, with d  heing marginally preferable, However,

1
for the soft-core model, d2 is marginally more robust than d,. There is

little to choose between d3 and d however both statistics are slightly

4 L)
more robust than dE' For r large, both d; and dy are clearly preferable to

all the other statistics against the soft core model. Repeated simulations

using different seeds produced very similar results.

3.4.3 Squared nearest-neighbour distances,

1f we define V = W? , then from equation (2.2), we have

g(v) f(w) | dw/ dv |

T pexp(- mpv) L, w20 (3.20)

Thus the random variable V has an exponential distribution with parameter
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mp . Tt follows therefore that E[V] = 1/wp and Var[V] = 1/(mp)>.

Suppose Vs V ., v are the squared nearsst neighbour distances

21
of the n objects in D. Brown(1975) and Brown and Rothery({1978) consider
the average (G), the square of the coefficient of variation (§) and the

ratio of the geometric mean to the arithmetic mean (G) of the squared

distances. These are defined as

n
¥ =3 v, /n (2.21)
i=1
n —-— —
§ = ) (v- V) (n-1) V2 (3.22)
i=1
1 ¢ =
G = exp{-}a z log v, [ AT . (3.23)

i=1

Eberhardt(1967) proposed an essentially equivalent form of 8, but his
statistic was based on distances as opposed to squared distances.
Ripley(1979a) noted that no adequate approximation te the sampling

distribution of any of the statistica (3.21) to (3.23) is known.

A natural interpretation of wv; is the area searched in finding the
nearest noeighbour of the iﬂlobject. This suggests some edge corrections
for (3,21} to (3.23) by replacing v, by the actual area searched, a; say

within the sampling window D to obtain,

n
v, =1£1 a, / n (3.24)
t = 2 - 2
s_ =izl (a;- % (-1 V_ (3.25)
1 B _
G, = exp{; Z log a, )/ Va (3.26)
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Alternatively (for a square or rectangular window D of dimensions a x b),

we can use toroidal edge-corrections to obtain,

vV, = _):vifn (3.27)
i=1
n £ = =
S = J(v; -V )2/ (n-1) V2 (3.28)
t i t t
i=1
1 B t
G, = exp{- _i log v } / V. (3.29)
i=1
where vf = Min { v 1, 1 # 3§
i 4
— 2 .
and VT lp(xi.xj, a)j? + P(y ¥4, b)}?

p(zi.zj. c) = Hin(lzi - zj|. c = |zi - zjl)

The values of ?a . ﬁt and S that would be expected if the pattern
were random would be close to 1/p, 1/7mp and 1 respectively. This

suggests using

Y = Iva - 170 | (3.30)

Wi )

v = | Y. 1/mp | (3.31)
and ' = |s -1 (3.32)

as test statistics.
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Table 3.8. Number of occasions (max 50) in which a test of

randomness at the 4% level resulted in rejection of the null hypothesis
when the data actually arose from (a) a Strauss process with interaction
range r and strength ¢ = h(r) and (b) a Poisson cluster process with
parameter U and O,

(a)

Entries within the table refer to results for six statisitcs

arranged as follows: " i .

N ¢ r LA G, G, 5 5,
25 0 0.04 0 1 9 7 0 0
25 0 0.06 0 2 29 37 0 0
25 0 0.08 4 12 40 50 0 0
25 0.2 0.08 1 8 23 30 0 0
25 0.3 0.15 5 25 4 5 0 0

100 0 0.015 0 2 21 21 1 0
100 0 0.03 5 16 50 50 11 20
100 0.2 0.03 4 1 44 47 6 13
100 0.3 0.05 27 42 43 43 27 32
100 0.5 0.05 6 17 25 25 10 19
(b)
N 3 ?; v 't G 6, s! 5
25 1 0.10 16 11 0 0 5 3
25 1 0.05 46 34 1 0 27 31
25 2 0.08 37 35 0 0 14 6
25 3 0.08 46 46 0 0 9 8
100 1 0.05 33 36 0 0 23 27
100 & 0.05 50 50 0 0 31 28
100 2 0.08 16 14 0 0 12 12

100 3 0.12 3 2 1 0 12 14
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The statistic Ga_is the ratio of the geometric mean of the a; to the
arithmetic mean of the &; and therefore lies in the interval (0,1). This
follows from the fsct that for any given series of positive values, not all
the same, the geometric mean is always less than the arithmetic mean. The
value of G, would largely depend on the amount of varisbility C(or
dispersion) of the aj. The amount of dispersion of the ai's for a Poisson
forest would he larger on average compared to either 4 regular or &
clustered pattern. In such a distribution G, would tend to zero. However
for a regular or clustered pattern, the variability amongst the aj;'s will
be small, and so the geometric mean and the arithmetic mean would converge

on each other, and so G, will then tend to one.

Table 3.8 (a and b) shows the results of an investigation into the
effectiveness of the twe edge-correction methods for the three statistics
V, 5 and G. The alternatives considered were the Strauss processes and the

Poisson cluster processes,

It can be seen from the tables that toroidal edge-correction is
generally effective, and is clearly preferabhle in the case of the regular
alternatives. However, for clustered alternatives there i1is little to
choose between the two edge-correction methods. Furthermore, these results
suggest that V is powerful against clustering while G is effective against

regularity.

3.5 Power study

In this section we compare the power of the Mt and the CE* tests with
the alternatives considered 1in Section 3.4 of this chapter. The
simulations inveolve patterns of n = 64 objects generated in D, a square of

unit side.
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For the quadrat index of dispersion, we use the statistic I defined in
(3.17). Although m here 1is arbitrary, the formal equivalence of 1 to
Pearson's Chi-squared goodness-of-fit criterion for a uniform distribution
on D suggests the choice m = 16 which with a total of 64 objects gives

= 4 and the null distribution of I is then Chi- squared with 15 degrees

of freedom.

Table 3.9 Number of occasions (max 50) in which a test of randomness
at the 4% level resulted in rejection of the null hypothesis when the data

actually arose from a Poisson cluster process with parameters 1 and ¢ .

Entries within the table refer to results for the six statistics

arranged as follows:
(I CE* M+)
) 1
Gt St vt
0 = 0.04 0.08 0.12 0.16
7 45 42) 2 8 21\ 12 2 10 ‘6 0 a\
b= 1 |
0 334 0 4 9) o 1 0 (2 1 1)
5 50 50 37 26 36 27 2 31 21 1 13
Ho= 2 ) ]
0 29 50 10 o 8 o 0 6 1
%9 50 5 4b 30 43
=3
0 26 50 0 15 1

From the squared nearest neighbour distances, we have the statistics

o
(51 11 30 20 4 14

0 16 0 0 7 4

v EN and G, defined in equations (3.31), (3.32) and (3.29)

t L]
respectively. They are then implemented using a straightforward Monte
Carlo approach, and the Monte Carlo 4% significant points were derived

using 500 simulations of the Poisson process.



oY

t-@ Tty 1-@ + +
+
i + * + +
-
+ + n + +
. - - + -
B8 » * + iy a.8 + +
+ + -
. *
-« ++ + +
*
+ +
- * - +* -
. -] + [ Y] + . +
+
3
-: + + * +
+* + * + +
N
. # . ] . .
+ +
B4 Fa 4 - "_1- . 24 R
g + ¥ +
¥+ + * 3
" *
E + i . . +
a.2 * 4 2.2 +
- » -
+ . .
-+ +
& = - —t T T -
0.2 e-2' 2.4 2.6 2.8 1.0 2.a @.2 .+ 2.0 2.8
x x
(a) {b)

Fig.3.6: Partial realizations of (a) a Poisson cluster process with
parameters 0 = 0.04 and u = 2 and (b) a Strauss process with
parameters C = 0.0 and R = 0.065, 64 plants in a unit square.
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The alternative processes considered were the Poisson cluster
processes and the Strauss processes described in Chapter I. The latter
processes were sipulated by the algori}hm of Ripley{1979b). Figures 23.6a
and b show partial realizations of the two processes consisting of 64

objects in the unit square D.

Fifty realisations were generated for each process and a range of
parameter values. Table 3.9 and 3.10 record the numbers of occasions on

which the hypothesis of spatial randomness was rejected by a 4% test.

Ripley(1979a) compared the edge-corrected CE* statistic with six
others and concluded thet it showed up well, though it was less effective
than Brown's statistic Gy for regular patterns and inferior to the quadrat
based statistic I for clustered patterns (see Upteon and Fingleton, 1985 p 75
and pp 90 - 94). We can see from Table 3.9 and 3,10 that this is clearly

the case.

Diggle(197%a) considered the CE” statistic with six other statistics
which included I. He found the CE* statistic quite powerful. The result
in Table 3.9 suggests that CE* is still powerful, though it is 1less
effective than I and the edge-corrected M' statistic. Also from this
Table, it is clear that the Brown statistics are not so powerful against

these alternatives.

As the results of Table 3.i0 indicate, the M'statistic is very wesk
against the regular alternatives. Note however that the statistic G is

quite powerful against these alternatives.

The rejection of the null hypothesis of spatial randomness is seldom
an end in itself, but should be seen as an aid to a more ambitious analysis
involving tests based on some functional statistics, such as the Ripley's
RK(t) function and the nearest neighbour distributions, discussed in

subsequent chapters, together with graphical analysis.
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CHAPTER 1V

The Second Order Methods

4.1 Introduction

Suppose that an observed point pattern ecan be considered as a
realization of a spatial point process model which is stationary and
isotropic. The property of the underlying spatial point process elicited,
directly or indirectly, by the second order methods is the second moment
cumulative function K(t) introduced by Ripley(1976,1977). This function

K(t) has attracted considerable attention and is defined through the

relation,

A2A K(t) = E{ number of ordered pairs of distinct objects,

the first in D, the second within distance 1 (4.1)

of the first but not neccessarily in D]

Here D dis the window, typically a rectangle with sides a and b (a € b),
diagonal of length d and area A. The parameter A is the intensity of the
object process defined as the mean number of ohjects per unit area. An

equivalent definition is provided by the relation,

]

AK(t) E{ number of other objects within a distance t of

an arbitrary object of the process]

A, (0 /X2 1r dr df (4.2)

O ——at
O~
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where lz(r) is the second order intensity function of the stationary
isotropic process, and r is the distance between any two objects of the

process,

The usual reference peint for object patterns is the random object
pattern or Poisson forest, for which K(t) = mt? . This result suggests
the use of the statistic L{t) defined by

Lty = [ Re) 7 m o]}

(4.3)
Besag, in the discussion of Ripley(1977) suggested the use of a square-root
scale to linearize the plot of K({t) against t for a Pojsson process. This

alsc acts as a variance stabilizer.

In the case of a Polisson forest L{(t) = t for all values of t. For a
real object pattern , a plot of L(t) against t can be used to detect the
nature of any departures from randomness. For clustered or aggregated
patterns, there are an abundance of objects at short distances from one
another and hence L{t} > t, whereas with repulsion between the objects
(regularity), there will be a deficit of cbjects at short distances and

hence L(t) < t. The relations L{t)>t, L(t)<t are for small t, asymptotically
L(t} » t.
Although this chapter is ostensibly concerned with the estimators of

K(t), it will be noted that these estimators are not obtained directly but
are derived from the estimators of either X?AK(t) or MAK(t), the left hand
sides of equations (4.1) and (4.2). Furthermore, equation (4.3) involves
[K(t)}i rather than K{t) itself. An optimal estimator of K(t) need not be
optimal for {K(t)}& , and we therefora examine the properties of the
existing estimators of K(t) in the context of L(t). We also introduce a
new estimator of K(t) motivated by definition (4.2), which is unbiased for
a Poisson process and which we find from simulations to be approximately

unbiased for non-random process models and to have a somewhat smaller mean
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squared error than the alternatives suggested previocusly.

4.2 The estimators of K{t)

4.2,1 The naive estimator

A naive approach consists of counting the number of observable pairs
of objects, 1lying within the window D, that are less than a distance t

apart. The resulting estimator, K;(t) is given by the equation

n n
MR =) 1. /4 (4.4)
i#y ]
whaere 1 = 0 if the distance between the ithobject and the jthobject is
1]
more than t, and 1ij = 1, otherwise. Usually the value of )2 would be

unknown, in which case it can be replaced by the estimate, n(n~1)/A2 |

which is unbiased for a Poisson process,

The resulting estimator Kz(t), 1s evidently negatively biased, since
it fails to take proper account of neighbouring objects lying undetacted
outsida D but in its vicinity. Now

n
E{ A }\21{1(1:)} = Ef ) (4.5)
i

[y S e
[
et

= 13

Ohser et al {1985) show that for a Poisson process, the right-hand side of

(4.5) is
nn t
E{ 7 ) 1 = A I v (1) dK(r) (4.6)
i=j 4

where Yp (r) = Fiarea of (D N D+ y)} and vy is uniformly distributed on

the boundary of the circle center the origin and radius r. The
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function YD (r) can be interpreted in the following way:

Consider the object Xj situated at a distance r from the arbitrary
object Ki. Suppose that it is known 'that the line Xixj wakes an angle §
to suine reference direction. A moment's consideration reveals that the
pesition of Xj is restricted, because it is known that Xi lies within the
window. If € is known then it is an easy matter to calculate the area of
the restricted ragion within which xj must lie. However, a different wvalue
of § would lead to a different position for the restricted region and this
need not have the same area. If the process is isotropic, then all the

values of § are equally likely and we then require YD (r), the average

area of the corresponding equally likely restricted regions.

For our rectangular window Ohser et gl (1985) deduce that for small

encugh r, YD (r) is approximately equal to A-r{(2a+2b)/7T . Therefors,

nn ) t
Bf L1 1,50 =2 I‘YD_(_r) dK(r)
i#4
0]
t t
~ A%fA Idx(r) - [(2a+2b)/ 7 ] J r dK(r)}
0 0
However for a Poisson process, K(r) = ﬂrz, and dK{r) = 27 rdr. Whernce
nn
Bf ) ) 1. = AAwt?- 4 2%t%a+b) /3
=g Y

Thus

E{ K;(t) ] 2 g5 t? 4 t%(a+ b) / 3ab, for small enough t.
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4.2.2 Border edge correction,

A simple procedure that avoilds the problem inherent In (4.4) dis5 to
consider only those objects within a variable inner window Dy which
shrinks as t increases. Thus, for the case t = t', the inner window {s a
centrally located rectangle of dimensions (a - 2t') by (b - 2t'). The
effect is that the positions of any objects up to a distance t' outside the
inner window are known. The resulting estimatorl{gt) is given by the
equation,

K (t) = / A (4.7)

i3 o

1 3

[N ba
[y

Here A  is the area of Do and n, is the number of objects in Do' 1f A% is
unknown, it can be estimated by the estimate nD(n—])fAAO. Fvidently, K;(t)
is unbiased for all values of t that are less than a/2 and providing that

the inner window is not empty of objects. To see this, we obtain the

expected value of (4.7) conditional on the number n, of objects in DO as,

o

n
B ALKy (t) / N(R) =n_} = E (] 5]
i

L e s |
Ll

n
EE[ 1,.]1 , for a Poisson process
3

n t

o n
= [[{ [ dv jdr / A, where r = d(X_, xj)
i

% v 3b (x, ,r)

t
no(n-l) { 2nr dr / A
0

no(n-l) w2/ A
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where V is a one dimensional Lebesgue measure on 3b(X,r), the boundary of

the circle centared at X and radius r. Now

E{ Ko(t) / N(D) =ng ] = ny(n-1) mt2/ A A, A% = K(¥)

However, the rapidly decreasing size of D, inevitably leads to a rapid

increase in the variance of this estimator.

4.2.3 Ripley's estimator

Ripley(1976,1977) suggested considering every ordered pair of objects
(Xi,X_) within the sampling window and assigning a scaling factor Sij to
]
each pairing. The scaling factor is defined by,

(Sijf-1= The proportion of the perimeter of the circle,
centred on cobject Xi and passing through object

X , which lies within the sampling window D
3
= V[D N (X, ,r)] /2 7r (4.8)
i

Note that 8 is not necessarily equal to 8§ . We shall refer to cbject Xi
ij ji

as the central cbhject and object Xj as the distant object.

Ripley's estimator R‘;(t) s given by the equation,

nn
2¢” =
AR, (1) Y)Y 1,8 . /A (4.9)
i=]
Usually the value of 32 will be unknown, in which case we suggest replacing
it by the estimate, n(n-1)/A® which is unbiased for a Poisson process. For

a Poisson process, K;(t) is unblased for values of t for which 2t < 4,

This fellows, since
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E{2% A K;(t)/N(D) =n }

L}
=t
1
o~

Sij]ij}

S, 1,
{29 iy 13

i
o~
=~

jaz}

nn € [
= }zg I 1} sij dv } dr / A
0 DN ab{xi,r}
nn k
=77 I 5,,VIDN 3b(X,,r)] dr / A
L

But 511 viDn agb(X ,r)] = 2 nr, for all i and j, provided that,
b i

ViDn 3b(xi )] F ] (4.10)

However (4.10) is satisfied if and only if 2t < d. Whence

- t
Ef2A K (O/N(D) = n} = [n(n-1)/A] ["27 rdr, for 2t <d

)
0

E{ K;}c)/w(n) = n} K(t)

Ripley's estimator is limited to values of t for which 2t < d. The
restriction occurs because the formulation of K;(t). assumes that each of
the objects in D can assume the role of a central object. However if
2t > d, then there will be a 'null region' in the interior of D containing
objects for which this central role has been removed, because the entire
perimeter of the circle of radius t centered on one of these objects lies

outside the sampling window.
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4.2.4 Ohser's estimator

Ohser(1983) modified Ripley's estimator (4.9) to take account of the
null region and to extend its range to all values of t < d. Let A(t) be
the area of the null region, let n(t) be the number of objects lying within
this region and define B(t) = A - A(t) and m(t) = n - n(t). Ohser's
modified estimator K;(t) is then given by the equation,

m(t)

(
AZK;(t) = J B,.1,, / B(E) (4.11)
i

iy i3

(W s bo

If the value of 2? is unknown then it can be replaced by the estimate,
(n-1) m(t)/ A B(t). Note however that K;(t} and K;(t) are eqgual for
2t < d, since then m(t) = n and B(t) = A. 1f t is sufficiently large
(2t > d) for there to be a null region then althongh the ohbjects in that
region cannot be central objects, they will be distant objects for all the

central objects.

For a Poisson process and conditional on the number of objects

N[D(t)] = m(t), the expectation

) t)
E{ 32 B(t) K4(t)K NID(t)] = m(t)} = Elé

-
1
o]
w
|
kil
P
ot
(e
—

mit) t
=" EI ljr 5,4V 1 dr/ A
L 3% DN 3b(x, ,r)

m(t) n [t
- % { 5y4VIDn 3b(X, ,r)] dr/ A
0
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but Sij VID & 3b(X3r)] = 2 7r for t < d.

t
m(t)} = [m(L)(n-1)/A] J 2 o1 dr

)

So  E{32 B(t) K;(t)lNID(tﬁl

and E{ K;(t) J N[D(E)] = m(t)] = K(t)

4.2.5 Ohser and Stoyan's estimator

Ohser and Stoyan(1981) introduced an estimator K;(t) of K(t) which did
not assume isotropy, but is here applied to isotropic processes. They
suggest scaling up each ordered pair rxi.xj) by the scaling factor Sij
defined through the relation

-1
(8, = Yy(r) /A (4.12)

For a rectangular sampling window, YD(r) defined in (4.6) simplifies to

/2. (4.13)

0,
Yo(r) = [2/7 ]} £(r,06)de ,0<8 <8,
B

1

where

1}

£{x,8 ) A-arCos 6- brSin 8+ r® 8inf Cosfd

g, = Jo if r < b
]

| Cos (b/r) if r = b
92 - /2 if r < a

A
M
o

/2 - Coé_&a/r) if a
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It can be shown that (4.13) further simplifies to,
Yo(r) = [A - r(2a 4 2b - 1) /7w if r< a

‘[2A Sin Ya/r) - 2rb{1-(1-a"/ r° )55

2
-4 ]/ ifagr<b

’ 2 >
{[2A{Sin Ta/r) - Cos tib/r) }-a%~b2r?

¥

#iria(l- 5% ¥+ b1 - a¥ 23 yyyr 4E B

A
Ly |
A
.

For a circular sampling window of diameter d, YD(T) is independent of

and is given as,
YD(r] = area of (DN D + y)

= area of the intersection of two circles of diametres d,

a

o

with their midpoints separated by a distance r (4.15)

i

(0.5 d? CosXr/d) - 0.5 (42 - r2)}  for r < d
4

{0, otherwise.

Thus the estimator Ks(t) takes account of the effective reduction
the area of D and is given by the equation,
A Ka(t) =

14S;5 /A (4.16)

-1
e 13

-~

For a Poisson forest, K_(t) is of course unbiased, since from (4.6)
e |

t

2 ~ =I1 n .

B{ MPA K () ] EEI Yy (1) 8y 4dK(r) /p
i=4 0

in
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t

. A2 Al 27r dr =AM R(t)

(
!
0
Ripley(1982) noted that this estimator is unbiased for small distances but

suggested that it had an appreciably greater variance than his own K;{L).

This is borne out by the results that are presented later.

4.2.6 Vere-Jones estimator

For objects wniformly distributed in D, Vere-Jones (1978) considered

estimating AZK[tz) - AzK(tl) for t] < t, by

“

nn . n -1
nt 3 PR LI ro(t vt ) ] (4.17)
174 J i=1 ' ‘
where 1 = 1 4f t < d(X ,X ) £ t_ and i_,= 0, otherwisa. The function
ij 1 i3 2 i

r'(tl’tz] igs defined through the relation,
i

{ ri(t1 ,t2 )}"1 = the proportion of the area of an annulus

with center Xi and radii ty and t, that (4.18)

lies within the sampling window D.
However, if t1 = (0 and t, =t then (4.17) reduces to

5 A n -1
l‘KG (t) = n { 1: .4 of A E { ri(t) 1 (4.19)

13

13
1

i=1

=1
where [ri(t)} = the proportion of the area of the disc with

centre X; and radius t that lies within D.



o
= [vl D N 3b(X,r)] dr / 7 t? (4.20)
1

0

For a Poisson process and conditionally on N(D) = n, the objects are
independently uniformly distributed in D, so
n

h

nn
Eln () §1gg) /A
i=j i

E{A? K;(t) / N(D) =n ]

X)) j :
E 1.1/ fro(t) )
b Tt L XN

2 ° ? °
= A ] J ;J av. } dr / J !iri(til"1
PO paabeen) S
t
2 ¢ ( 0 =3
= A ) VID N Bh(X )] dr / T {r (t) }
o | i ; i
i=1 0 i=1

AK(t), for t < d/2.

Thus the estimator K6(t) is limited to wvalunes of t for whiech 2t < d.
Ripley(1982) notes that the bias in this estimator is negligible for

moderate sample sizes.

4.2.7 The new estimator

The second of the definitions of K(t) suggests calenlating the average
number of distant objects within the circle of radius t that surrounds a

central object. In many cases the circle does not lie entirely within the

sampling window, so that some edge correction will be needed.
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We define the new estimator of K(t) as being given by

m(t)

" { ’
1K7(t) = E ri(t] Iij/ m(t) (4.21)

e =]

where r.(t) is defined in equation (4.20), and the first summation is over
the m(t) objects lying in the non-null region. However, in this chapter we
restrict attention to the case where 2t < d so that there is no null region

and the definition of K;(t) can be more simply stated as

]
~1
-1

-
[
~_
o
L
[
Pt
L.
T
=

AK;(t)

If ) is unknown we replace it by the estimate (n-1)/A, where the reduction
in the numerator comes about because we are concerned with estimating the
density of neighbours, For a Poisson process and conditionally on there
being m(t) objects in the non-null region D(t): N[D(t)] = m(t), the

objects are independently uniformly distributed in D, so

/ m{t)

~ mit) n
Ef AK?(t) { N[D(t)] = m(t)} = E| é E ri(t] lijl
J

i

m{t) n {t
= ] { ri(t} dvi dr/ A
{ 3

0 DN lexi,r)

mit) n t
= )f ) ri(t) I viDa 3b(X, )] dr/ A
i | 0
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AR{t) for all t < d.

Thus the new estimator K;(t) is for a Poisson process an unbiased estimator
of K(t). Furthermore, ocur simunlation results in the sequel suggest that
K;(t) is almost unbiased for non-random process models, and leads te an
estimate of L{t) which in general has a smaller mean squared error than

that obtained using the other estimators of K(t).

4.3 Theoretical values for K(t)

In order to study the properties of the various estimators of K(t) we
considered random, <c<lustered and regular processes. The shape of the
window will have an effect on the performance of the estimators, and
therefore, for each process type we used 8 unil square window and/or a

rectangular window with a length/breadth ratio of 10.

The Poisson process or Poisson forest incorporates two basic
properties, those of uniformity whereby the cbjects exhibhit no tendency to
cceupy particular regions of the plane, and independence, wheraby the
locations of a given object is determined without reference to that of any
other. These two basic properties imply that, the second order intensity

function ) (t) = 2%, for t > 0, and from equation (4.2),

T t

MKR(t) J Ar dr dé
0

I
[ R ]

50 K(t) t (4.22)



To obtain F(t), consider an arbitrary cluster, with point objects (x4, yq)

and (xz,yg), which are r distance apart. Since X and Y are from N(0,0%),

then
F(t) =P(r g t)
=Pl(x, - 2,3+ (y;-9,)° s t¥
=Pli(x; - x,) /2 o}? + {(y, -y, M 2 0}? ¢ 20"
but [(x1 - X, )/ Y2 © }2 is Chi-squared distributed with one degree of

freedom. Similarly {(yl -, )/ vZ 91 has the same distribution.

Therefore
F(t) = Bf X3 s t2f20%}
2 .2
= 1 -exp(-t /& C" ),
Thus
R(t) = 724+ 1 - exp(- t° 7 4c? )y/p0 (4.23)

In our simulations we used a cluster process with U= 5 and 0= 20,
in a unit square window, regarded as a torus. The distance of the daughter
object from its parent was taken to be an observation from a Normal
distribution with O = 0.035. A partial realisation of this process is

shown in Figure 4.1a.

As an example of an inhibition process we mnsed Matern static
inhibition process introduced by Matern (1960). Our realisations were

obtained by thinning a Poisson forest of intensity 0= 145 so as to remove
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u=5, 0=0.035 and p=20 and (b) Matern static inhibition
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all pairs of objects that are within a distance ¢ = 0,035 units of each
other. A partial realisation of this process is illustrated in Figure

4.1hb,

The probability that an arbitrary object survives is exp(- 0m0% ) and
so the intensity of the Matern static inhibition process is therefore
A= 0 exp(- 3“92). Also the conditional probability that two objects a

distance t > O apart, both survive is expf{- D, (t)}, where

Do(t) = [2m0? + g(t,0) if 0 €t <20
; T
| 270 if t 220
and glt, o) =t(o* - t¥ 4" - 20% Cos tt / 20)

Now the second order intensity function can conveniently be expressed

as,

,\,,(t)=(0 if 0 gt <o
{ (4.24)
|
{

p? exp{- 0o D ()} if t 20

Note that (4.24) is as given in Ripley(1977). From (4.2) and (4.24), it is

easy to show that for the Matern static inhibition process,

K(t)=r’o if t <o

i
|

M

121" f(o,t) if o5 ¢t 20 (4.25)

7 (t? - 4o? + 2f(0, 20)] if t 2 20

v
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a
where f(c,d) = J x exp{ - © g(x,0 )} dx

c

The integral f(c,d) cen easily be evaluated numerically.

4.4 Error Analysis; bias and mse of the estimators

Little progress has been made on the thecoreticel behaviour of LE£),
the function of interest in studying patterns and we therefore display the
results of simulations for this function for the wvarious point processes
considered. We concentrate on the bias of the estimators and on their mean
squared errors (mse).

Ea'

Suppose L(t) can be estimated many times by simulation. Then the
expected value of L(t), is something we can estimate. For example, if we
simulate the underlying process of interest s times to yield the results

ﬁl}(t), i=1, 2,..., s, then

"

A S (i)
E(L(t)} = ) LY(t) /s (&.26)
i=1 .

This expected value may or may not eqgual the true value L(1}. If it does,
the estimate L(t) is said to be unbiased. Otherwise, {t {s said to be

biased. The bias of the estimate, denoted by b[Lft)]. is

b{L(t)] = E{L{t)] - L(t) (4.27)

The variance of the estimate, denoted by Var|L(t)]| is defined as

Var[LEt)} = E[{Lft) - E[L&))}2 }
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e’ s s - En(o)n? (4.28)

]
il 1m0

{
i=1

An assessment of the total estimation error is given by the mean

square error which i1s defined as the expected value of the squared

differences from the true value. The mean squared errer of L{t) is glven

by,
mse[LEt)] = E[ {Lft) - L(t)}? )

= vVar[L(t)] + {b{L{t)]]> (4.29)

For every combination of window shape and ohject process we generated

s = 100 partial realizations of the process and calculated the values of

sl ~ Pl

the estimgtors L3(t), L;(t), Lg(t) and La(t}, their bias and mse at each of
100 equi-spaced values of t between 0 and 0.425 - since most of the useful
information in Lff), however calculated is confined to relatively small
values of t. Here we write L;(t) to mean the estimated value of L(t) using

the estimator K;(t) in place of K(t).

P
Results are not shown for L (t) on the account of the considerable
bias of the corresponding estimator of K(t), nor for LE{t) whose variance
is considerably greater, for moderate t than any of the other estimators.

For the values of t considered here, Lg(t) is identical to La(t).

Figure 4.2 is concerned with the astimation of L(t) in the case of a
Poisson process and shows results both for a unit square window and for a
rectangular window of dimensions 1040.1 by vD.1. For each window, the

values of the mse for each estimator are plotted against t. The most
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obvious feature of Fig 4.2 is the apparently increased mse associated with
the rectangular window. The mse plot suggests that Lg(t) is inferior to
the other estimators for most values of t and that, for all values of t
considered, the new estimator L;(t) }s preferable. As expected, all four
estimators are almost unblased and the major contribution to the mse comes

from the variance of the estimators.

Figure 4.3 shows the results for the four estimators using a unit
squdare window to estimate L{(t) for a Poisson cluster Process (Fig 4.3a) and
a Matern static inhibition process (Fig 4.3b). For both processes tha mse
plots show Lg(t) to be inferior to the alternatives, with L;(t) being

marginally preferable.

Figure 4.4 is concerned with estimating the bias of the wvarfous
estimators, for the non-random processes. The values of the bias for each
estimator are plotted against t for the Poisson cluster process (Fig 4.4a)

and the Matern static inhibition prxocess (Fig &4.4b),

In both cases the performance of the new estimator, TL5(L), is very
similar toe that of the Vere-Jones estimator, Lg(t), but is marginally
preferable te it. Both these estimators clearly ountperform  the

Ohser-Stoyan estimdator Lg(t).

The Ripley estimator, L3(t), displays an unexpected behaviour,
performing well {for +the regular process, but poorly for the clustered
process. Repeat simulations varying the parameters of these processes

produced similar results.

Since in a real situstion one deoes not know whether A process is
regular, random or clustered, one needs a dependable estimator and this
suggests that, at least for small values of t and with moderate numbers of

objects, the new estimatcr is preferable to its predecessors.
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We should remark that the relatively poor performance of the
Ohser-Stoyan estimator reflects the fact that it does not rely on the
assumption of isotropy, and it is the only estimator available in the case

of an anisotropic process.

In the next few sections we shall confine attention to i7(t) since it

is marginally preferable to the other estimators.

4.5 Graphical Analysis

To assess the significance or otherwise of departures from the null
hypothesis of a Poisson forest, the conventional approach would be to find
the sampling distribution of Lft) under the nuil hypothesis of randomness.
We calculate the L;(t), from each of s-1 independent simulations of n
objects independently and uniformly distributed in D, the sampling window

and define the upper and lower simulation envelopes,

— i
U(t) = M%? { L7 ()]}
(4.30)
- 1
Lét)- H?l{ L7(tH

These simmlation envelopes can also be plotted against t, and have the

property that under the null hypothesis of randomness, and for each t

i

Pl Lo(t) > U(t)] = P| L,(£) < L(£)] 1/s.

The simulation envelopes are intended to help in the interpretation of the

plot of LAt) against t.
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4.5.1 Analysis of the two alternative patterns.

Figure 4.5b shows the behaviour of ﬁ}{t) when wused to test the
hypothesis of a Poisson process (ise that the objects are independently
uniformly distributed in D). The dotted lines show the envelope for ﬁ7(t)
obtained from 99 partial realisations of a Poisson process, whilst the
solid line indicates the values of L;(t) obtained from an analysis of a
single realisation of a Poisson cluster process given in Figure 4.5a. The
[;;t) values for the Poisson cluster process lie well above the Poisson
envelope, suggesting a significant clustering with a peak at about t = 0.08
units. Similarly Figure 4.6b shows the behavior of the empirical L;(L)
function, when applied to the simulated Matern static inhibition process of
Figure 4.6a The values of L;(t) for this process lie well below the lower
Poisson envelope for values of t near 0.035 units, suggesting a significant

deviation towards a regular alternative.

4.5.2 Analysis of Waterstriders data

Here we consider some data that were analysed previously by
Penttinen(1984) using the second-order method. These data, illustrated in
Figure 4.7a, show the pattern of waterstriders, the fifth larval stage of
limnoporus rufoscutellatus, in a square area of side 46.4em. 1t is known
that, in late larval and adult stages, these insects display territorialism

and a regular pattern is anticipated.

Figure 4.7b shows the behaviour of the I.;I) estimator. The dotted
lines show the envelope for L;(t) obtained from 99 partial realisations of
the Poisson forest of similar intensity. The selid line indicates the
values of L;(t) obtained from the analysis of the waterstriders data. From
this figure it is clear that there is a significant repulsion between the

waterstriders {at the 1% level), at about t = 4.0 cm,
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4.5.3 Analysis of a cellular process

Baddeley and Silverman(1984) cbsefved that the second-order methods
investigate only the second-order characteristics of the underlying model
and cannot detect differences between point patterns with ddentical K(t)
functions. They exhibit a simple model of & point process, based on a
cellular construction which has exactly the same second-order properties as
a Poisson process, but whose realisations are manifestly different from

those of the Poisson process.

In order to simulate this process based on the cellular construction,
we divide the region D into unit squares or c¢ells, by randomly throwing
down a square grid. In each cell we place a random number ¥ of objects,
where the random integers X, are to be independenl for the different cells

and have the probability density function f(x) defined as,

f(x ) = 1/10 if x = 0
8/9 1£x = 1 (4.31)
1790 if x =10

with mean and variance equal to unity. Thus most cells contain exactly one
object, a few celis are empty, and very occasionally there 1is a tight

cluster of 10 objects. The 'scale’ of these clusters is the cell size.

Given the value of X, the cobjects inside these cells are independently
and uniformly distributed. Figure 4.8a shows a typical realization of this
pattern, consjisting of 90 objects in a rectangular region of sides 10.0 x
g.0. The L(t) functions for the cell process, using L;(t) together with
the envelope for L;(t) obtained from 99 partial realisations of the Poisson

forest of intensity A = 1.0 are presented in Figure 4.8b.
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We can see clearly that random fluctuations of the empirical ﬂ;(t)
functions de not lead to any distinguishable differences between the cell
process and the Poisson process. The ﬂ;(t) function for the cell process
lies well within the 99% confidenc; bounds for the Poisson realizations.
Thus the second-order analysis of the cell process would give no reason to

re ject the Poisson hypothesis,

4.6 The second-order neighbourhood function SiiEl:

The K(t) function discussed in the previous sections cannot
distinguish differences between patterns with identical second-order
properties, In view of this, Getls and Franklin (1987) 1intreduced the
second order neighbourhced function 5;(t), which while similar to the K(t)
function differs in that consideration is given only to those pairs of
objects having as one of its members a given object {. The Si(t) function

is defined through the relation

hSi[t) = number of further objects within distance t

of an arbitrary object i. (4.32)

The estimate of the §;(t) function corresponding to the new estimator K;(t)

is given as,

S () = A L1 r(t) /. (4.33)
1 a: 13 4
74
From (4.33) we obtain,
M, (v = EIROYERRE (4.36)

The square-root is included in order to linearise the plot of M;(t) against

t, and to have H;(t) = t, when M;(t) represents & pattern produced by a
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Poisson process. If cbject i is a member of a cluster, then we should
expect an abundance of neighbouring objects at short distances from object
i, and hence M (t) > t. If the object i is isolated, then there will be a
deficit of neighbouring objects at sho;t distances from object i and so
M;(t) < t. Thus the function H}(t) gives information as to the membership
characteristics of a given object 1. Furthermore, this function can be
used to produce maps of pattern density at a given scale. However, suppose
we are interested in knowing whether the given mapped pattern is random,
clustered or regular. Obviously this function cannot give us the desired

information.

Suppose the ﬁ;(t) function can be calculated for all objects i, 1 = 1,
2, ...,n in D and for all distances of interest. We then define tha

functions Rh(t) and On(t) to be,

Rn(t) = max { ﬁ; () 1} (4.35)
i
and
n
0 (t) = .21 MiCt) / n (4.36)
l=

respectively. TFor a Poisson process, we should expect the functions R (t)
and OA(t) to be close to the value of t. For a clustered alternative, both
values of Rh(t) and OA(t) should be much greater than t, whereas the

converse is expected to be true for regular alternatives.

We shall now analyse the cell date of Figure 4.8. Figure 4.9(a, b)
shows the behaviour of the two estimaters RA(t), and 07(t) when used to
test the hypothesis of a Poisson process. For each estimator, the relevant
disgram shows the corresponding envelope obtained €from 99 partial
realizations of the Poisson process, whilst the solid line indicates the

values of the estimators obtained from an analysis of a single realization
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of the cell data. The values of R (t) for this realization lie well above
the Peisson envelope for some values of t, suggesting that the cell data is
indeed significantly different from the Poisson process, Similarly the
values of O’kt) suggest a significant deviation from the randommess

hypothesis towards a regular altarnativae,

Table 4.1: Estimated power of 4% tests against a Poisson cluster

process {parents retained) with parameters |y and o .

Entries within the table refer to results for the six statistics
arranged as follows:

r L
Tn,z gm
J LI
o = 0.08 0.12 0.16
28 16 ) 11 3) 8 2]
no=1 28 0 19 1 9 1
37 33 24 12 10 7]
36 30) 25 13) 12 &)
Lo=2 39 8 27 0 13 7
8 46) 7 18 13 9/
45 40 34 22 15 5
Wo=3 a4 13 33 1 21 0
0 50 B 33 18 13

4,7 Comparative study

The usual first step in the analysis of spatial point patterns is a
test of the null hypothesis of a Poisson forest. TIndeed, the analysis is
often confined to quoting a test statistic or its significance level as a
measure of the departure from the Pelsson forest. Our aim is to
investigate the power of such tests, particularly tests based on the
inter-object distances since comparisons are much easietr because all the

tests involve about the same degrees of effort to perform.
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4.7.1 Tests based on the K(t) function

The first two tests are based on the K(t) function and are given as,

r = Supl K(t) - 7t°| (4.37)
k<t
o
L= Suplik(t)/ mi- t | (4.98)
= tD

The upper limit to was set at 1.25/V% , following Ripley(1979a).

4.7.2 Test based on the S;(t) function

The Ql(t) function provides the following test statistic:

n ~
g = Sup | J {s,(t) / = o -t (4.39)
ect, i=1

4.7.3 Jolivet, Liebetrau and Rothman's statistics

Jolivet(1978), Liebetrau(1977) and Liebetran and Rothman(1977)
essentially used sample estimates of the average count in a quadrat of size
r by ¢ (in our case r=c=t_ ) placed at random in the study region, regarded

as a torus, to provide the following test statistics:

1) .
J = X ., Y ) (4.40)
1>j 13 13
non -
LE= ] ) Xy, Y7 (4.41)
i>j i

where
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Xij-fixi- leand'r'ij=|yi- vi b,

for any arbitrary objects (xi ,¥;) and (xj ,yj) in T}; and the notation
{R}, denotes the maximum of R and zero. Using these toroidal corrections,
the maximum distances between the two objects in the x and y - directions
are respectively &/2 and b/2Z., Consequently, using rectangular quadrats,

the maximum interesting value of t will be the smaller of &/2 and b/2.

The tests (4.40) and (4.41) are one-sided and we should reject the
null hypothesis of a Poisson forest for significantly large or small values
of these statistics in favour of a clustered or regular alternatives

respectively.

4.7.4 Hermans, Rasson and Weverbergh statistic

Hermans et al(1987) provide & new test of randomness which has an
assymptotic Chi-squared distribution with 12 degrees of freedom. This test
&lso uses the inter-object distances and is defined on a square of side 27
by:

*

n

Tho = ) ZFC’SEP(Xi - ¥y ) +ql¥y - Yy )i/ (4.42)
pl+lal2 1]

where Z* indicates the sum over all couples of integers, except for

(p,q3 = (0, 0). For a sampling window of dimensions & x b, T, » 1is

computed using:
T, , = 48, 5 /n + 12 (4.43)

nn
where S, ; = ]} [ Cosa + Cosb + cos2a
+ Cos 2 bij + 2 Cos a,; 4 Cos bij ]
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]
¥

™ -
i3 2 (Xi Xf / a

bij

2 wm( Yi- Yﬁ /b

We then reject the null hypothesis of a Poisson forest, for significantly

large (clustering) or small (regularity) values of T 2
n,

Table 4.2: Estimated power of 4% tests against a Strauss Process with

interaction range R and strength C.

Entries within the table refer to results for six statistics
arranged as follows:
r L

Th 2 gm
JTLY
c = 0.30 .15 .00
12 103 2 3
R = 0.015 7 6 1 & 1 7
9 7 2 4 5 2
113 o 29) 0 50]
R = 0.035 5 22 3 29 4 463
14 17 9 20 19 26|
i 24 0 39 0 50
R = 0.045 3 35 2 49 B 50
16 24 21 40 3349
The aimulations involve patterns of n = b4 objects generated in I, =&

square of unit side.

cluster processes and the Strauss processes.

simulated by the algorithm of Ripley(19759b).

Strauss

Fifty realisations were generated for each process

parameter

which the hypothesis of randomness was rejected by & 4% test based on

of the

values.

statistics

Tables

(4.37) to (4.43),

nrocesses

and

With the exception of the Tn

The alternative processes considered were the Poisson

were

range of

4.1 and 4.2 record the nwmbers of occasions on

each

P2
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statistic, all teste were Monte Carlo tests using 499 simulations with m =

500 in the terminology of the Monte Carlo tests of Chapter 1

Examining first the performance "of the tests based on the Kft)
function, it 1s clear that the statistic r is very powerful against
tlustered alternatives, but very weak against regularity. However the L
statistic, whilst not as powerful as r against clustered alternatives, is

more robust in that it is powerful agsinst both alternatives.

For test based on the empirical Si(t) function, it is clear that the g
test is extremely powerful against regular alternatives. However, this

test is very weak agsinst clustered patterns.

The test of Jolivet (J) is slightly more powerful than the test of
Leibetrau (LI} against clustered alternatives, For regular alternatives

however, the LI test is clearly more powerful than the J test.

The Hermans et s} statistic T is not as powerful as r, L ,LI and J

n,2

for highly clustered patterns (g <€ 0.08), but gets better as C increases,

Moreover this statistic is extremely weak agesinst regular alternatives.

In conclusion, the statistics r, J, LI and Tn are powerful detectors

2

r

of aggregated alternatives, whereas the statisties g, I, LI and J are

powerful against regular altermatives.

A part of the material of this chapter will appear as Doguwa(1988) and

Doguwa end Upton(1988c).
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CHAPTER V¥

'Refined' nearest neighbour methods

5.1 Intreduction

The second-order methods described in Chapter IV, represent & natural
and valuable starting point for the description of a spatial point process,
but do not give a complete picture, since these methods cannot distinguish

processes which have identical second order properties.

Roder(1975) and Diggle(1979) Thave suggested Ileoking at  the
distribution function G(t) of the objects to their nearest neighbours,

defined by

G{t) = P({ eircle of radius t, centred on an arbitrary

object contains at least one other object) (5.1)

An eqguivalent definition of G(t) is given as,

G{t) = P( the distance between an arbitrary object

and its nearest neighbour is at most t) (5.2)

Analogously Ripley(1977) has suggested using the distribution function F(t)
of the distence from an arbitrary point to its nearest object. This

function is defined by,

F(t) = P( the circle of radius t, centred on an arbitrary

paint contains at least one abject) (5.3)
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or F(t) = P( the distance between an arbitrary point and its

nearest neighbour is at most L) (5.4)

The estimation of G(t) (and F(t)), is complicated by the bounded
nature of the pattern being studied. The problem manifests itself in two
ways. First, the circle of radius t surrounding an object (or point in the
case of F(t)) is certain to overlap one or more of the boundaries of the
study region as t increases. Second, the position of the nearest neighbour
to an object (or point) will only be known with certainty for those objects
lying within the interior of the studv region: objects lving near a

boundary may well have a nearest neighbour lying outside the study region.

The estimators of G(t) and F(t) in current nse are motivated by the
two aspects of the boundary problem. Diggle(1979) suggested an estimator
for G(t)that restricts attention to those objects for which the cirecle of
radiug t does not overlap the boundary. Ripley(1977) proposed a similar
estimator for F(t). As t increases so the number of informative objects or
points reduces. Hanisch(1984) suggested an estimator for G(t) that
restricts attention to those objects whose nearest neighbour can be

identified with certainty.

Both of the existing estimators therefore nse information from a
restricted subset of the available data. The new estimators proposed here
use information from all the objects (or points) in the window. The
estimators are unbiased for a random process, and the bias appears to be
small for non-random processes. However, the principal gain resulting from
the use of the new estimator is a dramatic reduction in the variability of
the estimates produced. This is a natural consequence of the fuller use of

the information inherent in the data.
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The results are illustrated for the new estimators and for the
existing competitors for cases of theoretical clustered and regular peint
processes, Finally three real point patterns are analysed using these

methods,

Table 5.1: Categorization of the objects in D for the three

edge-corrected methods of estimating G(t).

Set Description Estimators of G(t) Any other object
within t 7
Gy G, G,
1 tsbh<w + - + no
2 t<wgb + + + no
3 wsts<hb + + + yes
4 wshb<t - + + yes
3 b<w<gt - - + yes
6 bet <w - - + maybe
Key : + used ; - not used.

5.2 The existing estimators of G(t).

We are concerned with the n objects whose positions are known within a
window D. The distances from object i to the neavest houndary of D and to
the nearest object within I} are b, and w,, respectively. For a given value

of t there are six situdations of interest, which are summarised in Table

5.1.



5.2.1 Diggle's estimator

Following Ripley (1977}, Diggle(1979) suggested an  estimate of G(t)
which we denote as Gl(t), defined by
1

iglcjfwi.t) c{t,bi )

(5.5)

G,(t) -
3 o(t, by
i=1

where c(y,z) =1 if y € z and o0(y,z) = 0 otherwise.

This estimator restricts attention to objects belonging to sets 1, 2
and 3, which are those objects that can be surrounded within ) by a
complete circle of radius t. As t inecreases, the number of informative
objects contained in these sets diminishes, and the estimator is nndefined

whaen

In the case of a rectangular window of dimensions ¢ x d, with ¢ < d, the
maximum value of t for which an estimate of G(t) 1is possible when using
G;(t) is «f2. Clearly, as t approaches /2 the variance of the estimator

will increase rapidly.

5.2.2 Hanisch's estimator

An alternative estimator has been snuggested by Hanisch (1984). This
estimator, which we denote by G,(t), wuses the information provided by

objects belonging to sets 2, 3 and 4.

n
E olwy; »t)  ofw, ,b.) s(w,)

ey - (5.6)
(6

E O(wi ,bj_) S(Wi)
i=1
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The weight function s(z) is related to the area within 0 within which a
pair of objects separated by a distance z could lie. For a rectangular c x

d window
s(z) = {(ec-22z)(d-22)]"} (5.7)

It will be seen that Hanisch's estimator confines attention to all objects

whose nearest neighbour is known te lie within D.

Whilst both 6)(t) and 65(t) are based on rational approaches to the
problem of estimating G(t) it will be seen that they use information from
different subsets of the objects: in addition to sets 2 and 3, G;(t) uses
set 1 whereas G;(t) uses set 4. This suggests thrt there must be an
alternative estimator that makes more complete wvse of the {nformation

available.

5.2.3 The new astimator of G{t).

Definition (5.1) refers to 'at least one other object', and not to the
nearest neighbouring object. Thus, in a sense, the restriction by Hanisch
to an estimator based on the position of the nearest neighbour Is
unnecessary, Consider set 5, Here the position of the nearest neighbour
is unknown, but it is known that there is an object within a distance ¢t.
Likewise, for set 1, it is known that there is no object within a distance
t, despite the location of the nearest neighbour being unknown. Thus sets

1 and 5 are informative concerning G(t).

We can now show that, for a Poisson process, set 6 can also ba induced
to provide some information. We propose that the resnlting estimator that
uses information from all n objects in the window will =serve as a

reasonably unbiased estimator of G(t) for non-random processes.
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Consider an object X which is one of the objects forming a realization
of a Poisson process of Intensity 3 per unit area, Suppese that t > b, so
that €, the disc of radius t centred on X, overlaps the boundary of the
window D. Denote the portien of C that lies inside D as T(t), with the
outside portion baing denoted as 0O(t). Let the area of O(t) be A(t), so
that I(t) has ares mt2 - A(t). For a rectangular window of sides ¢ x d,
with ¢ < d let e and e, be the nearest and second nearest boundary

L
distances of X respectively. Then for values of t< c/2, A(t) is defined by

ae) =[t? coske /t) e (% o) if e, < tand e €
(5.8)
0.5 t2f 7 /2 + CDQ‘kel/t) + Cos e /)]

- eqep- 0.5fe (t2- ei)i + ep(t2- ei)é }Af e <t

Suppose that there are k 2 0 objects lying within a distance t of X.
By the definition of a Poisson process all locations are equally likely.
Hence p(t), the probability that an object, lying within a distance t of X,

lies within O(t), is given by
p(t) = A(t)/ wt? (5.9)

Moreover, since for a Polssen process the object locations sare all

independent of one another, the probability that all k objects lie within

0(t) 1s [p(t)}x .

In order to obtain an idea of the value of G(t), we must consider the
conditional probability, H(t), relating to the observable area I(t).
Specifically, for an object in sat 6 we define H(L) to bhe the probability
that there is an object within a distance t of X, given that X is the only

object lying within I(t).
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Now H(t)

[

1 - P [ Nonme in D(t) None in 1(t)]

1 = P[ None in O(t) A None in I(t)] / P[None in I(t)]

1 = P[ None in C ] / Pl None in I(t)] (5.10)

and P[None in I(t)] depends upon the number of objects in C:

oo

] P[Nome in 1(t) | k in €] P[ k in C]

P[None in I(t)]

{ p(t) I* P[ k in Cj (5.11)

i
o~

But the preobability of there being k objects in C is,

P(IkinCl =(AntH)  exp ( -Amt2) / kI (5.12)

Hence on substituting for p(t) from equation (5.9) we obtain

1-f § (A / nt2 )X ntDH¥ e 37!
k=0

H(t)

[ AA(t) 1% k1 17t

I
—
]
-~

I

1 - exp( - A A(t)), (5.13)

the obvious result for a Poisson process,

From this result, combined with the clear-cut results for the

remaining 5 sets of objects we obtain the new estimator
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fo (wy ,t) +[1 -0 (w 0311 -0¢ (£, b)) Hi(t))
- i=1
Gy(t) = (5.14)

I~

where the estimated intensity ) is simply n divided by the area of the

window D and HiFtJ is as in H(t), but with X replaced by Xy-

The estimator G;(t] was deduced in the context of a realization of a
Poisson process. For a non-random precess none of the arguments that
permitted the steps between (5.9) and (5.14) will be true. However, in
general terms,we could expect the conditional probability H(t) to be a
monotonically increasing function of t, and the formula defined in (5.13)
onght to continue to provide a reasonable 'score' for the objects falling
in set 6. We can expect that the extra stability that results from using
all six sets of objects will amply offsel any minor bias thalt has been

induced.

5.3 Estimators of F(t)

In this section we are concerned with m points whose positions are
known within the window D, The distances from point § to the nearest
boundary of D and to the nearest neighbouring object within I are d; and
X respectively. For a given wvalue of t there are, as bhefore, six

situations of interest.

5.3.1 Ripley's estimator

Ripley (1977) suggested an estimate of F{t) which we denote as Fi{l).

defined by
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F(t) = (5.15)

) o(t, d )
i=1

The estimator Fl(t) has about the same disadvantages as G;[t].

5.3.2 Hanisch's analogue
Analogous to GQ(t). we define an estimator F,(t) as

m
Loolx, ,t) olx, ,d, ) s(x )

Fy(t) = (5.16)

5.3.2 The new estimator

Analogous to G;(t), we define a new estimator for F(t) as

m
Llo(x, ,t) +[1-0(x; O] - o(t, d)] HL)}

(5.27)

When collecting information for a refined distance analysis using the
estimators of F(i), opinions have varied over a suitable choice of m, the
number of sampling points. Given that the sampling window contains n
objects, we have chosen m = k° , so that k is as defined in

eguatiorn. (2.16). Furthermore, the regular lattice of sampling points used

in chapters I1 and 111 seemed more stable so far as edge correction go. We






