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ABSTRACT
The m ni mum wei ght design problenms for three different cross-
sectional shapes of prestressed concrete transm ssion poles
subject to stress displacenment and buckling load restrictions
is attenpted. The poles are idealized using the class one
prestressed conctrete equations. The optim zation technique
empl oyed for the solution procedure utilizes the variable
metric method by Davidon-Fletcher-Powell for wunconstrained
m nim zation and cubic interpolation method of one di mensi onal
search, based on the interior penalty function method. It is
a mat hematical programm ng approach involving gradi ent based
met hod. Partial derivatives are conputed using a finite
di ference techni que. The cross-sectional di mensions and tendon
wires are used as design variables. Off-design charts have
been obtained by performng sensitivity analysis about the
final optimm design point. Numerical results for the three
cross-sectional shapes considered are presented along with

flow-charts, computer prograns and program out puts.
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NOMENCLATURE

cpjective function,the weight of the pole
jth constraint

length of pole

penalty parameter

small increment in design variable %y
induced tensile stress

induced compressive stress
deflection

step length

optimum step length

phi function (penalty function)
material density

small number used to detamine convergence
first derivative of a function

ith design point
ith search direction

gradient of the function

minimum thickness of section

flange thickness

web thickness

area of section

breadth of section

depth of section

Ith design variable

critical buckling load
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modulus of elasticity
maximum allowable stress in concrete at working
condition
minimum allowable stress in concrete at working
condition

second moment of area

polar moment of area

moment due to torsion

moment due to total load

number of cables

number of tendon wires

loss percentage ratio at transfer

loss percentage ratio at working condition

initial prestressing force

prevailing velocity
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CHAPTER O N E

1.0 INTRODUCTION

1.2 GENERAL
Man, s longing for perfection finds expression in the theory
of optimization. It studies how to describe and attain what is
best, once one knows how to measure and alter what is good or
bad. Normally, one wishes the most, or maximum, and the
least, or minimum. The word optimum, or minimum, meaning
"best"” is synonymous with "most " or '"maximum" in the
former case, and with "least" or "minipum" in the latter.
Optimum has become a technical term connoting quantitative
measurement and mathematical analysis, whereas "best"
remains a less precise word more suitable for everyday
affairs. The technical verb optimize, a stronger word than
"improve", means to achieve the optimum, and optimization
refers to the act of optimizing. Thus optimization theory
encompasses the quantitative study of optima and methods for
finding them. [1]
Optaimization involves finding the best way to do things,
this obvious reason makes it applicable to the practical
world. Optimization theory has been known to mathematicians

for centuries, but the tedious and voluminous computations
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required prevented their practical application. The
development of rapid, automatic computers in the middle of
the twentieth century encouraged much new research on
optimization. Today many important decisions are made by
choosing a quantitative measure of effectiveness and then
optimizing it. Deciding how to design, build, regulate or
operate a physical or econcmics system ideally involves three
steps; first, one should know, accurately and
quantitatively, how the system variables interact. Second,
one needs a single measure of system effectiveness
expressible in terms of the system variables. Finally, one
should choose those values of the system variables that yield
optimum effectiveness.[2]. The first step, knowledge of the
system, is of paramount importance, it is here that the
professional skill and training as an engineer is brought to
bear. There is little point in optimizing a model that does
not describe what is truly happening in the system. Hence
most of the work is devoted to understanding the system and
describing it quantitatively in terms of tables, graphs,
computer programs and mathematical equations.

Optimization methods have been applied to structural
engineering problems for many years. However, these
techniques have hardly been used by practising engineers in
Nigeria. An attempt is made here to choose an optimum cross
section for transmission poles for maximum wind speed load in

Zaria area of Kaduna state Nigeria. The algorithm used is
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implemented for the elastic design of prestressed concrete
N.E.P.A. poles, an extension of Essien 1990 [3] work. The
optimization scheme presented minimizes the weight of material
used by wvarying the member cross sectional dimensicens and
prestressing wires. The scheme utilizes the variable metric
programming approach as developed by Davidon-Fletcher-Powell
for unconstrained minimization and the cubic interpolation
method of one-dimensional search, based on the interior
penalty function method. A mathematical programming approach
involving gradient-based method which uses the derivative of
the objective function and constraint functions as well as the
values of function themselves,

For many reasons optimization theory is imperfect yet it
must be used to predict the operating conditions of a system
such that some performance criteria is satisfied. At best
such theory can predict only that the system is near to the
desired optimum. Optimization methods are then used to explore
the local region of operation and predict the way that the
system parameters should be adjusted to bring the system to
optimum. The importance of optimization lies not in trying to
find out all about a system but in finding out with the least
possible effort, the best way to adjust the system. If this
is carried out well, systems can operate more accurately or
at less cost, and the system designer will have a better
understanding of the effect of parameter interaction and

variation on his design. For this reason sensitivity analysis



is conducted and presented.

1.8 PURPOSE AND SCOPE

The term ‘optimization' has been used to describe
many processes of improvement and we therefore begin by
describing problems with which this thesis is and is not
concerned.

The problem which we are concerned with is that of

finding the (maximum or) minimum of a deterministic
mathematical function, where there exist restrictions or
constraints as to what are permissible wvalues of the

independent variables. We are not concerned with classical
method or classical calculus of variations. Neither are we
concerned with optimization of discrete variables or at
discrete intervals instead of continuous. Our subject matter
is in fact even more limited than has been indicated so far.
It is not intended to describe optimization theory so much as
it is an account of those principles of optimal design
capable of precise description. The problem is modeled as
optimizing an objective function subject to constraints.
Mathematical rigor is avoided only employed sparingly, no more
than needed to prove the design routes and circumscribe their

applicability. The problem is that of choosing the best
section and cross sectional dimensions for <concrete

transmission poles to resist the maximum wind load around



Zaria 1in terms of tensile stress, compressive stress,

deflection and buckling.



CHAPTER T W O

2.0 LITERATURE REVIEW

2.1 HISTORICAL BACKGROUND OF OPTIMIZATION

Linear optimization began formally in 1947 when under
the compulsion of World warll a United States Air force
project called SCOOP (scientific computation of optimum
programs) was set up under the leadership of G.B.Dantzig.
The simplex algorithm and much of the related theory was
developed by Dantzing and his team in 1947 a further work
on special problems and metheds continued throughout the
next decade by the Dantzing group in the U.S.A. and others
in Europe, In the former U.S8.8.R. L.V.Kantorovitch
published in 1939 a moncgraph in which the possibilities
of applying linear mathematical methods tec increage the
efficiency in organization and planning of production were
suggested. Unfortunately the suggestions were not taken up
otherwise much work might have been done in the then
U.S.8.R. in linear programming before Déntzing. Contacts
of the Dantzing team with John Von Neumann led to
fundamental insight into the mathematical theory of linear
programming. Neumann emphasized the importance of duality
and could immediately see the connection between linear
programming and the theory of Games on which he had done
fundamental work in 1928. linear precgramming has become a
very important teoecl in the hands of economists in the

last gquarter of the century.[1]
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In the late 1940's Princeton became a focal point of
studies leading to fundamental insight into the theory of
mathematical programming. In addition to John Von
Neumann, Tucker (1] and two of his former students, Gale and
Kuhn[1l] did some pioneering work. The Kuhn-Tucker theorem
provided the basic link between programming problems and
ideas of game theory and clarified the concept of duality.
Kelley has proposed an algorithm for solving the problem
of non-linear constraints based on the principle of
approximating non-linear constraints with linear ones, and
successively cutting out non-feasible solutions Dby
additional linear constraints. Apostle [1969] gave a
rigorous modern approach to the classical problem of
extrema of functions of several variables. For function of
two variables widder [1968] is sufficient.

Convex functions are discussed by Gass [1969] [1] and
in more sophisticated manner by Berge and Ghovila Houri

{19265]) [1]) .

2.2 DEFINITION OF SOME TERMINOLOGIES

2.2.1 DESIGN VECTOR: Any engineering system or compocnent
is described by a set of guantities some of which are
viewed as variables during the design process. Some of
the quantities are fixed at the outset and these are
called preassigned parameters. All the other quantities

are treated as variables in the design process and are
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called design or decision variables X,,i=1,2,...,n. The
design variables are collectively represented as a design

vector.

2.2.2 DESIGN CONSTRAINTS Design variables are
chosen such that they satisfy certain specified
functional and other requirements. The restrictions that
must be satisfied in order to produce an acceptable design
are called constraints. The constraints which represent
limitations on the behaviour or performance of the system
are termed as behaviour or functional constraints. The

constraints which represent physical limitations on the

design variables like availability, fabricability and
transportability are known as geometric or side
constraints.

2.2.3 OBJECTIVE FUNCTION:

There is generally more than one acceptable design and the
purpose of optimization is to choose the best one out of
the many acceptable designs available. This makes it
inevitable to choose a criterion for comparing the
different alternate acceptable designs, and for selecting
the best.

The criterion with respect to which the design is
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cptimized, when expressed as a function of the design
variables is known as criterion or merit or objective
function. The chose of objective function is governed by

the nature of the problem.

FIG.1.1 CONSTRAINT AND OBJECTIVE FUNCTION SURFACE
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|
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[
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As an illustration, lets consider an optimization
prcblem with only inequality constraints g,(x)<0. The set
of X that satisfy the equation g,(x)=0 forms a hypersurface
in the design space and is called a constraint surface.
This is an (n-1) dimensional subspace where n is the
number of design variables. The design space region is
divided into two by the constraint surface; one in which
g'(x)<0. Thus, the point lying on the hypersurface will
satisfy the constraint g;(x) critically whereas the point
lying in the region where g,(x)>0 are infeasible or
unacceptable, and the point lying in the region where
g; (x)<0 are feasible or acceptable. The collection of all
the constraint surfaces g,(x)=0,1i=1,2,...,m which separates
the acceptable region is called the composite constraint

surface. The locus of all points satisfying f(x)=c
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Constraint forms a hypersurface in the design space and
for each of ¢ there corresponds a different member of a
family of surfaces. These surfaces, called the objective
function surfaces, are shown in the hypothetical two-

dimensional design space in fig.1l.1

2.3 CLASSIFICATION OF OPTIMIZATION PROBLEMS
Classification of optimization problems can be as

described below.

2,.3.1 CLASSIFICATION BASE ON THE EXISTENCE OF
CONSTRAINTS:
Any optimization problem can be classified as a
constrained or an unconstrained one depending upon whether

the c¢onstraints exist or not in the problem.

2.3.2 CLASSIFICATION BASED ON THE NATURE OF DESIGN

VARIABLES: Optimization problem can be classified under
two broad categories, based on the nature of the
variables. In the first case the problem is to find
values to a set of design parameters which make some
prescribed function of these parameters minimum subject to
certain constraintsg. Such problems are called parameter
or static optimization problems. In the second category,
the objective is to find a set of design parameters,

which are all continuous functions of some other
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parameters, that minimizes an objective function subject
to the prescribed constraints. This type of problems,
where the optimization depends not only on a set of

variables but also on their trajectories through scme sort
of space, are known as trajectory or dynamic optimization

problems.

2.3.3 CLASSIFICATION BASED ON THE PHYSICAL STRUCTURE
OF THE PROBLEM: There can be optimal control or non
optimal control problem depending upon the physical

structure of the problem.

2.3.4 CLASSIFICATION BASED ON THE NATURE OF
EQUATICNS

INVOLVED: This is based on the nature of expressions for
the objective function and the constraints. Optimization
prcblems are classified here as linear, nonlinear,
geometric and quadratic programming problems. The
classification is extremely useful from the computational
point of view since there are many methods developed
solely for the efficient solution of a particular class of

problems.

2.3.4.1 NONLINEAR PROGRAMMING PROBLEM -If any of the
functions among the objective and constraint functions is
nonlinear, the problem is called a nonlinear programming

problem.
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i. GEOMETRIC PROGRAMMING PROBLEMS (GPM) :
Definition - A function h(x) is called a posynomial if it
can be expressed as the sum of power terms each of the

from

i1 i2 i
CIX]a Xza L] |Xr|a "

where c; and ay; are constants with c,>0 and xj>0.

Thus a posynomial can be expressed as:

hix) = c.le”x;u. T s U +C aNn

aNly aN2
n N X704

'X.l .+Xn
A geometrical problem is one in which the objective
function and constraints are expressed as posynomials in

®x. Thus the GPM problem can be posed as follows:

Find X which minimizes

I
No Pif
[[x
£(x)=-Y ¢ ) ¥ |s0,a;>0
i=1
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subject to

. b9|
N7 rlxqu
k
g;(x) = @yl 27 <0,a;;>0
1);1 k=1 )

Where No and N, denote the number of posynomial
terms in the cbjective and jth constraint function
respectively.

ii QUADRATIC PROGRAMMING PROBLEM: This is a nonlinear
programming problem with a quadratic objective function and
linear constraints. It is formulated as follows:

Find X which minimizes

I n n
F(X) = C+ E qiX; + Z Z 05X,
1=1 i=17=1

n
Y oagX; = byj=1,2,..,m Xx;20,i=1,2,...,0
i=1

where ¢, q;, Q;, ag; and bj are constraints,
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iii LINEAR PROGRAMMING PROGRAM:
When the objective function and the constraints are

linear functions of the design variables, the problem is

called a linear preogramming problem (LP). A (LP) is often
stated as: Find:
X
XZ
smi|

which minimizes

subject to the constraints

n
z ajk.Xx - bj’j"l’z' . l;M
K=1

and X; =2 0,1 = 1,2, A1

where c¢,, a, and bj are constraints.
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2.3.5 CLASSIFICATION BASED ON THE
PERMISSIBLE VALUES OF THE DESIGN VARIABLES:- Depending
on the wvalues permitted for the design variablea
optimization problems can be classified as integer-and

real-valued programming problems.

2.3.6 CLASSIFICATION BASED ON THE DETERMINISTIC NATURE
OF VARIABLES INVOLVED

Based on the deterministic nature of the variables
involved, optimization problems can be classified as
deterministic and stochastic programming problems in which
all or some of the parameters (design variables and or
preassigned parameters) are probabilistic (non

deterministic ow stochastic).

2.3.7 CLASSIFICATION BASED ON THE SEPARABILITY OF
THE FUNCTION:

Optimization problems can be classified as

separatable and nonseparatable programming problems based

on the separability of the objective and constraint

function.

2.3.8 CLASSIFICATION BASED O©ON THE NUMBER OF
OBJECTIVE FUNCTICN
Depending on the number of objective functions
to be minimized, optimization problems can be classified
as single and multi-objective programming problem. A

multi objective programming problem can be stated as
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follows:
Find X which minimizes Ei(x) , £o(X) 0000, £ (X)
subject to
g}(x)cﬂ,j=1,2, ..... ,m
where f,,f,,...,f, denote the objective functions to

be minimized simultaneously.

2.4.0 PROBLEM DEFINITION

For our problem and many others, the mathematical
problem becomes that of minimizing or maximizing a
function, f say, of n independent variables, Xx;,....,X,

which is a general constrained optimization or mathematical

programming problem, stated as:

Find

which minimizes f (x)

gsubject to the constraints

gilxlas 0o dnliByswwaas ,m
and
Lj(x) = 0' j=1'2,u ----- 'p

where X 1is an n-dimensional vector called
the degign vector, f(x) is a scalar quantity called the

"objective function" of vector x and g; (x) and Lj{x} are
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respectively, the inequality and the equality constraints,
where, n, m and p need not be the same in number or even

related.

25,0 REVIEW OF FLEXURAL FATLURES IN TRANSMISSION
CONCRETE POLES

An investigation made by Essien [3] on the failure of
N.E.P.A poles around Kaduna state, using Zaria as a case
study because of the relatively high frequency of poles
failure in that area. The failures where found to be in
the form of cracking, tilting from foundation, exposure of
reinforcements or tendon wire and wearing away cof the
concrete leading to total failure. These failures were in
area of high wind speed, that was his reason for choosing
Zaria, which has an average wind speed of 54m/s[NEPA].
The degign was done for a prestressed concrete member. Of
all the failure modes flexural failure was the most
critical thus the investigation of that mode. He suspected
inadequacy in the analysis:-that it was possible that all
critical loads were not considered in the design. Fatigue
failure due to cyeclic wind loading was another suspected
area., In carrying this task he collected some data and
rechecked the following ;
T Resonance (fatigue failure) on the poles
I1. Structural analysis method used

III. Lifting stresges
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His work was carried out on the I-section which he
found to fail most. The hollowed c¢ylindrical c¢ircular
section was used as a check for comparison only. After
carrying out the design he came out with the following
findings:

At the design wind speed used (54m/s) the position of
frequency holes determined by calculation did not
correspond to the frequency holes of existing poles on
site.

The sizes of the sections on site did not meet the stress
requirement. They were smaller than the actual required
sections.

Ingsufficient tendon wires.

A phase change in stress, the stresses from the bottom of
the pole up to about 4.5m height kept decreasing. But
from there they start to increase to about 6.5m height of
the pole. Thus a range of weak point in the section
between hight 4.5m and 6.5m is created.

The existing nominal stirrups spacing is too much.

From the conclusions and suggestions by Essien and
locking through the results of his work we would rather
think that what he considered to be the probable reason for
the failure i.e critical loading due to cyclic wind locading
was not that critical as to course failure, From his
calculated results, the position of the frequency holes
with the existing ones were not too far apart. This

discrepancy could be due to the method of analysis used and
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the degree of accuracy used by the designers. Moreover
one of the purpcse of prestressing is to resist cyclic
loading. Cyclic loading may not be a critical load to be
considered in the design. Also from the results the moment
that remains the same throughout the poles' length is
torsion. Cables are more likely to snap when the wind speed
is high, causing torsional moment. For a tapered element
like the pole, it is obvious that the thinner sections will
have larger torsional stresses. This explains the frequent
failure of the poles at areas of high wind speed as
Essien(1990) discovered, In this study we also have the
opinion that there will be a cross-sectional shape of pole
that will resist this tensile stresses more even when
tapered. This work will be set forth to explore this area
in order to answer the riddle of phase change in stress.

Below is the method of analysis he used.
2.5.1 METHOD OF STRUCTURAL ANALYSIS
2.5.1.1 PRESTRESSED CONCRETE POLES
Based on the following facts and assumptions we shall set
out to do the design as he did:

Prestressed columns are used when the eccentricities of
load are high and so require high bending stresses to be
resisted. They are defined in design code as having mean
prestress of 2.5N/mm? or more. The analysis is the same as
for reinforced concrete, and sections are design using the
assumptions made for prestressed concrete beams. The
primary objective in prestressing is to avoid excessive

cracking and deflection whilst at the same time enabling
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high strength materials, particularly high-tensile steel,
to be used efficiently in construction. The main criteria
governing the design of prestressed concrete are therefore
characteristics of serviceability rather than ultimate
strength [4]. Class one prestressed concrete is used for
the design because class one is suppcsed to be free from
cracking and flexural tensile stresses under service
conditions. They also have additional advantage of
resisting cyclic or dynamic loading under severe condition
of exposure (4] . In assessing the condition of
prestressing it will be assumed sufficient that the
concrete deforms elastically under short-term loading,
that creep of concrete can be treated by adopting an
effective modulus for the concrete and that shrinkage is
uniform across the section [BS8110]. Deflection checking

is as for normal concrete section.

2.5.1.2 STRESS EQUATIONS

The tendons are usually tension to an initial stress
equal to or 1less than 70 or up to 80% cf their
characteristic strength. The maximum compressive stress
limit for concrete under loading at serviceability limit
state 1s 0.33 cube strength (fcu) cof concrete
(fcu=60N/mm?) and maximum tensile stresses at transfer of
concrete for class one equal to or less than 1IN/mm? also

at serviceability state.
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-M. /2 prestress at
Self weight stress transfer
conditicn
+M, /2 n,P/A
—
.
+

- : N "

-M,/Z prestress at
working
Total load stress working condition

Stress Distribution - Section A-A

FIG.1.2 STRESSES IN MEMBER WITH AXTAL
FORCE.
The stress diagram shown in figl.2 can be
algebraically as follows [5].
Transfer condition:

Top fibre

= 0
transfer

Final

condition

PRESTRESS

expressed
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Where

22

Bottom fibre

M npP
- 4 2. 20
Z A
RPN (- - &
SERVICE CONDITICN
Top fibre
M . P
M e a

Bottom fibre

MT
'z

MT=total load moment
M;=moment due to self weight

f .= compressive stress at transfer



23

f . ,=compressive stress at working condition
Z4 = sectional modulus
n,=loss percentage ratio at transfer
n,=loss percentage ratio at working condition
P =initial prestressing force

Taking compressing as positive and
tension as negative.In the case of members with

torsion mement (Mo) the stresses are as follows

Top fibre:

+&' + Moty * nP
Zp o A

Bottom fibre



Service condition.

Top fibre:
M Moty | mP
ZT tT A oW
Bottom fibre;
_Mp Mty mP
Z, J A
Where tm=minimum thickness of section

MD=Toraiona1 moment
M,=total bending moment

ZTﬂsectional modulus

J= polar section moment cof area of section

From equation (2.8} assuming equality sign

Substituting (2.9) into (2.7) we get
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Mt M
Loy = (=22 +» =%}
- J L
............... (2.10)
TABLE 2.1 SECTIONAL PROPERTIES
SECTION 5] 2
pe . . 3 k]
. [.__'._’)._ . _j [2BE}+ (D-2£ 8] (D-2t,) ty + 2B
! == et
D [
S
¥ »
f : \ I [D*-{D-2¢)4] I [D*-(D-2t)*]
2 DI; R N P 32 32D
y /
8 DB® BD?
3 ' ) 3 6
LI

2.5.1.3 LOAD ON THE POLE:
Poles are erected in a straight - line arrangement, but
can change direction depending on the location of the

point where electricity is to be transmitted [3] Poles in
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the middle of the row are called intermediate poles and

those at the ends are called end poles. Leoad on the pole

is due to self weight, wind load and the weight of
cables.
LOAD FROM CABLES:  Maximum load from cables is

transmitted when wind locad on them is horizontal and

transverse to the cables direction.

FIG: 2.3 POLES IN STRAIGHT LINE

. _.j’ | P?. -”'_-P P-l -V pJ P! :()l’ PI
w8, S S
y al t A
' intermediate
end pole poles
vV vV V
L [ )+( L_2 ________ - t“- -, ‘l

FIG: 2.4 VIEW 1IN THE DIRECTION OF LINE

wind =———— . — Pw

H/2

= T Ry



TABLE 2.2 ULTIMATE LOAD ON POLE DUE TO SELF WEIGHT AND DEAD

LOAD.
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END POLE

INTERMIDIA-TE POLE

DESCRIPTIO

N

NP.L,d,
1 L 24

NP.(L,+L,)d,
24

p-

Transverse
force due
to wind on

conductor

NW_.L{
85,

Horizontal
force in
direction

of line

NW.L, + W,

ATl M B LAY 4

Total
vertical

force

P, = P,BH

P, = P,HBE

Resultant
horizontal
force due
to wind on

the pole

Where N

number of conductors

Wt = total vertical weight on the pole

excluding self weight
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B

breath or diameter of pole

dc normal diameter of conductor

We = weight of conductor
WD = total weight of pole attachment etc
Pc = wind pressure on conductor
Pp = wind pressure on pole
I1f the sag is large compare to L, replace L, with
L, + (88,2)/31L,
and L, by
L, + 88,2)/3L,
Where
S = sag of the cables [(maximum)
L = horizontal dimension of the spacing of
the poles.
The maximum ultimate transverse loads are applied at
height ‘h' given by
h = H-600mm
and
H = total height of pole from ground level. The
cables are suspended at the height h on the pole on a
cross-tree of length 600mm [8.18.19]. The end poles carry
maximum load and are anchored by means of cable wires.
The anchorage relieves the high loading condition. We
shall consider poles where the 1line is continuous. This
is the most likely pole to fail (3]. This kind of pole must
have maximum strength transverse to the direction of the
line. The strength in the line generally considered is the

same as that laid down in British standard specifications
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for"c;}‘nérete pole (BS607) not 1less than 1/4 of the
trarsverse strength. The load consists of or some of the
following [3]
1. Vertical loading from

a.self weight of pole

b.cable weight from down-ward

component of conductor tension
2.Horizontal loading from

a.wind loading on the conductor

b.wind loading on the pole
3.Excess loading from

a.torsion due to skew snapping of wires

b. collapse loading due to eccentric snapping of

wires.

FIG:2.5 AXIAL LOAD ON POLES (FROM CABLES)

W 100 !0'\:!

A

By R R

=

! 7000
; 6400 ~—1—=Pp

1
_1\1\ 7000/2
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- ¥
vV, Ve v,
v ¥
fg-.—~——\\k /;;———ﬁhpz
—s f = L
i ar o

of

© L‘l 2

a. WIND PRESSURE .ON CONﬁUCTORS
| Velqéity of wind Uo = 54m/s.
Frém table S5 NCP1 1973 part 3 wind pressure
by interpolation for 54m/s gives a velocity Pc = 101N/m?.
Diémeter of conductor dc =13.7mm [NEPA].
Spacing of poles L = 50.[NEPA].
Assuming no sag pressure on cables,
Pw = NPc Ldc

number of c¢ables = 3

1]

where N

Pw 3x101x50x13.7%x10"3

It

=0,21KN
From ultimate load table, taking sag into consideration
and L, = L, = 50M

NPcde (L,+L,) /24

PW =
= 4x1001(50+50)x13.7x10°3
= 0.0234KN
Take Pw = 1.0KN

VERTICAL FORCE ON PCLE
Fom table 2.2

Ve  =NWEt (L, + L,)/2
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from appendix 7 Wt = 1.04Kg/m

N = Number of conductor wires = 3

le3

Ve = 3x1.04x%10( 504+50) /2
Ve = 1.56KN

Say 2KN

HORIZONTAL COMPONENT OF THE WIRES

These forces are P, and P,

From table o
Py

Py

f ultimate load
= (NW_L,%) /88,

2
= (NW_L,%) /88,

Since L, = L, and 8, = S,

Therefore P, = P,

pole,

which cancels out having no effect on the

¢. WIND PRESSURE ON POLE

Design  wind speed (CP3, part2, chap.V -1972)

Vs =U<:uxS1xSExS3

and S, depend on the height of pole. Uo is the wind

speed (54m/s).

From table 3 CP3 part3 chapter V-1972 wind

pressure at various heights of the pole is tabulated and

drawn kellow [7]



TARLE 2.3 WIND PRESSURE ON POLE
S, N/M¢ Hight/m
0.79¢6 1133 7.0
0.768 1055 6.0
0.715 914 4.5
0.87 803 L_ 3.0
0.67 803 1.5
0.67 803 0.0

d.WIND PRESSURE DIAGRAM

' 1133N/m?

-

e

’EBON/mz

/

7 F1
// F Resultant force

7m
F

2

r

BO3N/m

To calculate leverarm ¥
¥ =(ZAxX,I)/ZA

= {(25102)/6776
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= 3,7m

Resultant force F =b;, x ( Area of the pressure diagram)

where
b, = maximum base dimension.
Area of trapezium = 0.5(803 + 1133)x7
= 6£776m sg
F = blx6676N
b, = 318mm
+« F = 0,318 x 6776
= 2.155

say 3KN

e . DETERMINATION OF MAXIMUM WIND MOMENT (MT)

This is at the ground level

MT = Pw x 6.4 + Pp x 3.7
= 1.0 x 6.4 + 3.0 x 3.7
= 17.5KN

Say 18KNM

f. TORSIONAL MOMENT COMPUTATION

Torsion in cables
Diameter of conductor dc = 13.7m

Area of conductor Ac = (ndc?)/4 = 148mm sqg

Breaking load of conductor = 44.1KN (copper).

Factor of safety for the cables = 2
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Tension in cables = (breaking 1load)/(factor of safety)
= (44100.0) /2

T = 22050N

take 22KN max. tension

t a2 4 MOMENT CALCULATION

PLAN VIEW OF POLE AND CABLES

R T A T
10 t 150 ?f‘lso 100 T 100

4 N

X

A
Taking moment about A-A for worst codition of
failure of cables
Mo'= M(,-,) =T x 0.3 + T x 0.25
= 22 X 0.3 4+ 22 X 0.15
= 12.1KN
Take Mo = 15KNM
Any weakness of failure of any of the cables on either or
both faces of the pele will induce torsional stress on the

pole.
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g. CHECK ON VERTICAL FORCE )
{ L
‘T\K\
¥ - -
“e. Yy " (max)
y¢=8|_ (saqg)
: Y
\ 8': =0
. v
L/2
Parabolic profile vy, =(4SX(L-X)) /L2
Slope
dy,/dx = 48,/L - 88 X/L?
at x = 0 dy,/dx = tanB, = 0 = 48,/L
8m was calculated to be 500m [3]
L = 50m Sth = 0.5m
Tan® = (4x0.8%)/50 = 0.04
& = tan'0.04 = 2.29°
T Vv ¢ Vv, =2V, T
A V = Tsin®
e e = H = Tcos®é
aing

For the conductor wires

T

3 x 2 x 22 x 8inz2.29

5.3 say 6KN this is used instead of

2KN
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SOME EXIéTING WORKS ON STRUCTURAL OPTIMIZATION

In the past structural optimization investigated and
reported were base on one constraint. Turner [8] developed
a technique for determining relative proportion of selected
elements of wing structure to attain a specified flutter
speed with minimum total mass. Ashley et al [9] reported
the one-dimensional structure optimization like beams under
aercelastic constraints. Kicher [10] obtained the minimum
weight design of integrally stiffened cylindrical shells
with constraints on buckling loads. Moshe B.F and Maurice
A.B [11] investigated continuous beams for optimum geometry
with strain energy of the beam as the objective function.
Rac [12] considered strength stability, frequency and
flutter constraints for optimization of wing structures.
Y.Ding and B:J.D.Esping [13] presented the minimum weight
design problem for frame structures subject to stress and
displacement constraints .B.H.V.Topping and D.J.Robinson
[14] illustrated how the sequential linear programming
technique can be used to design timber frames in accordance
with the British code of practice.CP 112:part 2:1971. They
emphasise a practical method having results that comply to

the code,



CHAPTER THREE

3.0 FORMULATION OF THE OPTIMIZATION PROBLEM

3.1 INTRODUCTION

Optimal design can be viewed as the optimization of
some desired mathematical functions found in design
problems [15]. To get an intelligent design, the purpose of
the design must be known in the face of any restrictions
placed on it. This goals and limitations are known as
constraints. All structural members under load experience
gtresses and strains until, at certain loads the
deformation and stresses become too large and the element
yields or fails. This upper bound for stress and
deformation must not be exceeded if the element must not
fail. Limitation will be placed on the response of the pole
under load, because the pole as any other structural
element can fail if over stressed. This obvious reason
makes the optimization problem a constrained optimization

problem.

3.2 PROBLEM DEFINITION

The optimization problem can be stated as: Find the
optimal cross-gectional dimensions, where the cCross-
sectional shape is given, that minimizes the structural
weight or volume (since the density will be kept constant)

and satisfies stress, displacement and stability

37
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constraints. The problem considers an elastic pole exposed
to wind flow over its body. It is required to determine
the optimal cross sectional dimensions which:
should result in a pole of minimum weight for which the
lateral displacement stresses and buckling load
should not be more than permissible.

The wind speed parameter is to be held fixed during the
optimization process and equal to the critical speed
vielding c¢ritical stresses and displacement[16]. The
problem considers only one design critical condition; that
of wind load on the cables and on exposed face of the
pole[17].

We can state the structural optimization in a standard
mathematical programming problem as:

Find X t6 minimize F(X) subject to

g;{x) >0, 1 =1,2,....,m [18]
Where X is an n - dimensicnal vector of design variables
and m number of ccnst?aints.

If we take the wind load to be W and, P to be wind load
on cables while, N, and év are the weight of cables, and
deflection of the pole respectively. Then the structural

model will be as shown bellow
dv

P

+

W - »Pw- L

Y
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3.3 MATHEMATICAL FORMULATION

The first step in the analysis and synthesis of a
system is the development of a suitable mathematical model,
which is obtained from the structure of the system and the
properties of the system, together, with fundamental
physical laws. Difficulty may arise because of complexity
of the system, and insufficient data.Oversimplified medel
may eliminate intrinsic characteristics of the structure
and overcomplicated model will cause difficulty. A suitable
model is a compromise between the mathematical difficulty
attached to complicated equations and the accuracy desired
in the final result.
3.32.1 OBJECTIVE FUNCTION
The objective of structural designs are always the
reduction of some (operational or manufacturing) cost
associated with the structure but can be very different
according to its specific purpose [19]. The cost of
manufacture of prestressed concrete poles can be said to be
related to its structural weight. Thus weight minimization
will be the gocal of the numerical optimizaticn to be
studied, and the structure is to remain in the linear
elastic region. Thus, by assuming that the structural
weight is proportional to,
i the material density p,
ii a geometric parameter L; (length)
iii the design variable A, (cross sectional area)
The functicnal to be minimized can be written generally as:

W = p,LiA;
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Where: W= weight and i = 1,...,ne
ne = number of elements [19]
Minimize weight (W) given as W = p. LA,
e ¢+ DNy = number of elements.
Since we shall be dealing with one pole at a time ne = 1

i.e W = pLA

Where p, L and A as before defined.

3.3.2 CONSTRAINTS

The design criteria to be satisfied are the following:

3 sdedn & FLEXIBILITY CONSTRAINTS (Behaviour constraints)
The elastic lateral displacement deformation of the peole
under load must not exceed a certain limit.

The tensile and compressive stresses induced should not
exceed a certain limit (the vyield stresses of the
materials). We shall assume that all the compressive
stresses will be taken by the concrete and tensile stresses
by the reinforcement.

Let the allowable stresses be:
0, = direct compressive
O ™ tensile
and the applied stresses be:
0, = maximum axial induce stress

0,, = Maximum tensile induce stress
The constraint equations due to the stresses induced on the
pole are given by:

g,({x) = a./ac - 1< 0
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on compressive stresses
,and g,(x) = a“Xatp - 1s 0

on tensile stress.

3.3.2.2 STABILITY OF EQUILIBRIUM OR BUCKLING STRENGTH
Since the pole is a slender column a check is made on its
stability. There should be no loss or even bifurcation of
stability of equilibrium.It is a known fact that only short
columns fail by crushing while failure occurs due to
instability when certain load (called the critical or Euler
load) is equal or is exceeded on slender columns. The end
moments on a slender column cause it to deflect sideways
and thus bring into play an additional moment.The moment
causes a further lateral deflection and if the axial load
exceeds a  critical wvalue, this deflection, and the
additional moment becomes self-propagating until the
column buckles [20]. Hence the strength of the column is
not determine by the unit stress but by the mean load it
can carry without becoming unstable. The condition of
instability is characterized by disproportionally large
increase in lateral deformation with slight increase in
load. This may occur before the unit stress reaches the
elastic limit.
The lateral displacement év is restricted to a maximum
value of dmax as:

gz (x) = dv/bmax - 1 s 0



42

3.3.2.3 SIDE CONSTRAINTS
Side constraints will be imposed for convenience,and
practicability so as to;

avoid difficulty in placing of concrete and
provide minimum cover for tendon wires (20mm)
Lower limits will be placed on the dimensions taken from
site to:

avoid brittle failure due to insufficient
prestressing steel in the section to sustain the

tensile forces transferred to it on the development of

cracks.Therefore minimum steel area As= 0.0013 x (Area of

concrete section) [BS8110), will be observed as lower bound.

3.3.3 DESIGN VARIABLES
We shall limit yourself to transverse dimensional design
variables and the amount of prestressing steel proportional
to prestressing force only. The optimization of these
variables leaves the geometry and material properties
unchanged. From available knowledge,it is known that this
order is roughly that of increasing complexity in an
optimization program. Even change in geometric variables
has essentially non linear repercussions on the response of
the structure [19] which is not desirable, since the
structure is supposed to be within linear elastic regime.
Part of the concrete dimensions will be assumed as
preassigned parameters, thereby reducing the number of
design wvariables and simplifying the optimal design

problem. For example in this respect the length of the pole
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will be kept constant while the shape will be varied but
kept constant during the optimization process. Three shapes
will be used I-section, c¢ircular tubular section and

rectangular section.

3.3.4 I - SECTION EQUATIONS

I-SECTION

B

3

=1

-y

From the above section b= (B-t )
d= D-2t,

bd®= (B-t,) (D-2t,)?

Cross sectional area A = BD - [(B-t,) (D-2t,)]
= BB, = 2k, % DRy emeanen (3.1)
If n = number of tendon wires.The area of tendons As is
given by
nlld
4
T Tl e, b .

where ¢ = diameter of wire.Which means that

A, = 0.785n¢?

We shall for the sake of convenience use 5mm prestressing
wires for all the sections varying only the number in the

process &of the optimization.
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Area of one wire = 19.6mm?
© Ag = 19.6x107%m?
3.3.4.1 OBJECTIVE FUNCTION
Minimizing weight W = plA = 0.69p, +19.6nLp,
= 0.69p,1(2Bt, + Dt , - 2t,t ) + 19.6np,l
_ Where p, = weight of concrete (24x107°N/mm?)
1l = length of pole taken to be 7000mm
p, = weight of steel (77x107°N/mm?
Lp, = 0.168
Lp, = 0.539
0.69 = ratio of reduction of weightof column due to
linear tapering
The weight W = 0.23184Bt, + 0.11592Dt, -0.23184t.t +
18.564¢0 090900000 sdesmesgmesesa (3.3)

3.3.4.2 DESIGN VARIABLES

B X
x-|2|-|%
el | x
n X,

This is a 5-D design vector problem.

The objective function equation can be written as:
OBJ = 0.23184X,Xy + 0.11592X,X, - 0.23184X.X, + 10.564X,
3.6.4.3 CONSTRAINTS

a. STRESSES (SERVICEABILITY LIMIT STATE)

(i) - TENSION
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AM,  AM,t,

~-1xg0

From design code table (BS8II0) using ¢5 tendon wires
the characteristic strength is given as 30.8kN and n,
assuming prestressing loss of 70% and n as before defined.
P = prestressing force
Therefore n,P = 0.7x30.8nx10* = 21.56x10'n (prestressing
force for n wires).
Sectional modulus

(D-2¢t,) tg+2tB*  Dty-2t.ty-2t, B>
6B 68

Zp =

..... S - |
Polar sectional modulus:
5 2Bt} + (D-2t,) ty  2Bt;+Dty-2t tg
3 3
......... e s K1)

Taking t = t, since t, is going to be kept less than t;

otherwise tg

P 21.56x10°n
A 2Bt +Dt,2t.t,

'Illll.lll(3|8)
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M, 6 BM,,
Zr  Dtp-2t ta+2t,B?

........... (3.9)
Myt 3M,t,
J 2Bt;+Dty-2t,t,
....... ¢ vieissiaras 13 20)
AMy  AMoty .o
T I T L Y f3.11)

(2BL +DEy-2E, L) Mi6B  (2BLDE,-2t,L,) MLy,

1<0
21560n(DEy-2t,tq+28,B8%)  21560n(2BL;+Dt-2t ty)
............. {3.12)
ii COMPRESSION
M, Myt, nP
LM, 2 <19, 8N/mm?
Z, J A /
............. (3.13)
fi’[’+%+ n, -19.8<0
............. (3.14)
Mot n,P
o SR W LA M— . (3.15)

19.8%, 19.8J 19.8A
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M8 . Mot . 0.7m(21560)

-150
19.8 (Dt-2¢t,tp+2t,B%)  19.8(2Bt}+Dtp-2£,ty) 19.8(2BLADL,~2C,L,)

M6 X, . IMX, - - 21560X,00 10

+
19.8 (X, X2-2X, X2 +2X, X)) 19.8(2X,X)+X,X2-2X,X%7) 198 (2X X+ XX, -2, X, )

Let this constraint equation (3.17) due to compressive

stress, be represented by G(2}.

b. DEFLECTION [appendix 8] due to:

i Resultant force from cables

3

PLy
% Fr
S e (3.18)
ii Resultant wind load
wr3
a
B ET

ocl.o-anaiao-t(3-19)

Where a=6400/7000 = 0.914
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2
2 = i%-(3—a}

........... {3.20)
Therefore for force P
2
- £0:914)° (3 4 g914)
6
............. (3.21)
= 0.291
For the wind load W
a = 3700/700
= 0.528
{0.529)2 ,. _
a,z-——G———(B 0.529)
................ {3.22)
=0.115
Total deflection is given by
ag PL*+ap WL  L>(ap P+ap W)
ET - ET
Creeeessee(3.23)

- 7000*(0.291P+0.115W)
400001




49

12.25x7000(29.1P+11.5W) < L
i 350

(29.1P+11.5W)4287.5 _

1<0
T

This gives the general equation that will be used for
deflection constraint for the three sections.
For I-section, substituting for I gives the constraint

equation G(3) as:

(29.1P+11.5W)4287.5x12 _

1<0
(BD*- (B-t,) (D-2¢,)°
.............. (3.27)
(29.1P+11.5W)4287.5%x12 , 4
X, %3 - (X, ~X,) (X;-2X%,)3
............ (3.28)
S STABILITY CONSTRAINT :- Buckling load should not
exceed critical load N_,
where
n°EIp*
Nor™ 412
.............. (3.29)

Where P' is correction for critical load for tapered columns
as given in appendix 6B [21].
Na s Ncr

Na/Ncr - 1 s 0
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_ 3.142°x40,0001

N
4x7000%

or

=~ 2.014x107°T

Substituting for I in the above equation and writing the

constraint equation G(4), we get:

N
E -1 50
1.678x10°4(BD?- (B-t,) (D-2¢t,)?

......... (3.31)
N
— -1 <50
1.678x1074 (X, X - (X,-X,) (X,-2X,)°?
............. (3.32)
d. SIDE CONSTRAINTS.
B = 210mm
G(S) =w 210/X; =1 £ 0  c.icienmnaanses (3.33)
D = 300mm
G(6) » 300/X; - 1 £ 0 cosseievioniosaes (3.34)
ty =2 40mm
G(T) = 0/ Mg = X B8M  wwew o s wswmmamine s » 5 s (3.35)

t, = 30mm

Gla) m30MX, < 2 8 wees sy cesmmmn vooen(3.36)



n = 30

GU5Y W 30/Me -2 & B 5 xv v s ovaue (3.37)

339 C TUBULAR SECTION

Area A = 7nt(D-t)
3.3.5.1 OBJECTIVE FUNCTION

W = plA = 1{0.69p,[nt (D-t)) + Ap,}

Where p, and p, are as defined for I-section.
= 70000{0.24[3.142t(D-t)] + 19.6np,}
= [527.788(D-t)t + 10564.4n]0.69%1073

a.DESIGN VARIABLES

The problem is 3- dimensional design vector problem from
the above equation.

The objective function equation can be written as;
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OBJ=0,364182X,X,-0.364182X;+10.564X,

.......... (3.38)
b. CONSTRAINTS
(i} TENSION
np M
2f My Yota . g
A Z, J
.................. (3.39)
AM,, +A.Mor:m_1 5
m,PZ, n,PJ
............... (3.40)
Me(p-¢)  TED-IME, o
21.56nZ, 21.56nJ
............ {3.41)
Where
7 o HID-(D-2£)4) J - J(D-(D-22) 4]
’ 32D % 32
L% 5 8§ R Al (3.42)
Hem, (D-t)32D0 IMeéM(D-t) 32 i} B
21.56nlI[D4-(D-2¢8)¢ 21.56nl1(D4-(D-2¢)4
R .. (3.43)
2
- M,
(32DE-32 675 (M IHME) L. B Bparws & ¥ ¢ vovs (3.44)

21560 [ (D*~ (D-2¢t) 4]



(32X, X,-32X2) (MpX,+MyX,)

= -1 s O =« G(1)
21560X, (X; - (X,-2X,)*

............ . (3.45)
(ii) COMPRESSION
M, " Motp n.ﬁ,Pl %
19.8Z, 19.8J 19.8A
............. (3.46)
Substituting for 2, ,J and A;
. 51 =

0.514M,D P 0.514M,t 5 0.347n_1_$ &

Dé-(D-2t)* D*-(D-2t)¢ tiD-t)
B (3.47)

0.514MX, = 0.514MX,  0.347X,

-150 = G(2)
Xi-(x,-2X,)* Xi-(D-2x,)* X (D-X;)

c.DEFLEXION
Substituting for I in the deflexion eguation derived
in the case of I-section,where I for circular section is

given as;
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- 3
7. HE(D-1)
8
............... (3.49)
and
(29.1P+11.5W)4287.5x56 140
22¢t({D-¢t)3
.............. (3.50)
22X, {X,-X.)*
SRS § & ¢ wo §F B

d.STABILITY (BUCKLING)

Na - Ncr s O

Where Na is the applied load and Ncr 1is the
critical buckling load.

The equation can be written as;

N
2-1<0
cr
................. (3.52)
where
N¢ET .
cr ™ aL? P
............. (3.53)

Substituting I and E in the above equation we get;
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_IDE{D-£}?
“r T Bx40000

N

0.7915x1073X, (X, -X,)°

-1<0

e. SIDE CONSTRAINTS
D =z 318mm
G(5} = 318/){1 € B e
t =2 60mm
G{6) = 60/X, = 0 ........

n s 25

G(7) = 25/%X; s 0

3.3.6 RECTANGULAR SECTION
SECT%ON
* |
5 l
_._.__.._._...,I__._.__..|..—
s l
. I__E'“__‘__‘L
Area A = BD

3.3.6.1 OBJECTIVE FUNCTION

Weight W = plA = 0.69(p, 1BD)

W = 0.11592BD + 10.564n

=0.7915%10¢t(D-¢)?

+ Aslpz
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The problem is a 3 - dimensional design vector problem

The objective function equation is represented bellow

OBJ=0.11592X,X,+10.564X,

............ (3.59)
a.CONSTRAINT
(i) TENSION
AM AM_t
T Dﬂ_lso
n,PZ. n,PJ
...... veane..(3.60)
BDM. BDM,
L4 + 2 -1<0
21.56x10%Z, 21.56x10%J
.............. (3.61)
Where
BD? DB?
z- r J-“_‘-
T 6 3
.............. (3.62)

Substituting for J and 2'
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o.27ax104M}+ 0.139x107%M,

-1<0
Dzn B*n
........... (3.63)
0.278x10 "M, 0.139x10 "M,
> + 2 -1<0
X; X, X1 X,
............. (3.64)
This gives the constraint G(1)
(ii) COMPRESSION
o B T B
19.8Z, 19.8J 19.8A4
............. (3.65)
Substituting for Z,,J and A
0.303M, 0.152M 3
T, 0, 1.089x10°n . .
BD? DB? BD
LI A L {3.66)
0.303M 0.152M 1
wl 2+ 1.099%20_ 3 c0mg(2)
X X3 X% XX,
............ (3.67)

b. DEFLECTION
The equation is as derived for the I- section

Substituting for I in the equation;



(29,1P+11.5W) 4287 .5x12 _

1<0
BD?
............. (3.68)
(29.1P+11.5w34287.5x12 “1<0 = G(3)
X X
.............. (3.69)
¢.STABILITY (BUCKLING)
N, -1<0
cr
............ (3.70)
Where
. JI2EIP*
o 4L?
........... {3.71)
This gives N, = 7.0497x10731
But I = BD*/12
_ 5 BDY ¢ Bp®
Nep=2.014x107 =7 40,000 12
................. (3.72)

= 1.678x107%BD?

Substituting for N, in the constraint equation we get:



N
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1.678x104BD?

1.678x1074X, X,

d.SIDE CONSTRAINTS

G(5)}

G(6)

G(6)

-1<s0 = G(4)

150mm
150/%, <1 8 0  coen
230mm

230/X2—1 £ 8 o senem

* 25

25/%y =L &M 5 anewia



CHAPTER F OUR

4.0 PTIMIZAT A RITHM AND SUBROUTINES

4.1 INTRODUCTION

The constrained optimization problem formulated in the last
chapter is solved as a sequence of unconstrained minimization
problems by using the interior penalty function approach [1]
rather than the exterior penalty method. This is because the
interior penalty method which restricts the search for the
minimum to feasible region has proved proves rather more
successful in practice. [22] In this method the objective
function is augmented with a penalty term which is a function
of the constraints and is small at points away from the
constraints in the feasible region,but which blows up as
constraintg are approached. The Davidon-Flecher-Powell
variable metric methed is used for minimization, as this is
known to be a powerful procedure for finding a local
unconstrained minimum of a function of many variables. Cubic
interpolation method of one dimensional search, which makes
use of the gradient, is used for finding the step lengthl[7].
The program consists of a main program and four subroutines
called at various stages of the program to perform specific
task as described below.A flow chart showing how the program

works is shown in fig 4.3.

60



61

4.2 INTERIOR PENALTY FUNCTION METHOD

In the interior penalty function method a new function
(p- function) is constructed by augmenting a penalty term to
the objective function. The penalty term is chosen such that
its value will be small at points away from the constraint
boundaries and will tend to infinity as the constraint
boundaries are approached. Hence the value of the ¢-function
also "blow up" as the constraint boundaries are approached.
This behaviour can be seen in fig 4.1. Thus once the
uncenstrained minimization of ¢(X,r,) is started from any
feasible point X, the subsequent points generated will always
lie within the feasible domain since the constrain boundaries
act as barriers during the minimization process. This is the
reason why the interior penalty function methods are alsco
known as "barrier" methods. The ¢-function defined originally

by Carreoll [7] is

m
1
X, r) =f(X) -
d(x, r, ( Ik_?:'i =

It can be seen that the value of the function ¢ will always

be greater than f(x) since g;(x) is negative for all feasible
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points X. If any constraint g,(x) is satisfied critically

(with equality sign), the value of ¢ tends to infinity.

It is to be noted that the penalty term in eg. 4.1 is not
defined if x 1is infeasible. This introduces serious
shortcoming while using eq. 4.1. Since this equation does not
allow any constraint to be violated it requires a feasible
starting point for the search towards the optimum point.
However, in many engineering problems, it may not be very
difficult to find a point satisfying all the constraints
g,(x)<0, at the expense of large values of the objective
function f(x). If there is any difficulty in finding a
feasible starting point. Since the initial point as well as
each of the subseguent points generated in this method lies
inside the acceptable Hxgion of the design space, the method
is classified as an " interior penalty function" formulated.
The iteration procedure cof this method can be summarized as
follows:

(i) Start with an initial feasible point X, satisfying all the
constraints with strict inequality sign, that is gj(x}<0 for
j=1,2,....,m and an initial value of ry>0 , set k = 1.

(ii) Minimize ¢(x,r,}) by using any of the unconstrained
minimization methods and obtain the solution X,
(iii) Test whether x; is the optimum solution of the original

problem. I£ Xk' is found to be optimum, terminate the
process, otherwise go to the next step.

(iv) Find the value of the next penalty parameter, Yy, aS
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Y = ¢k where c<1
(v} Set the value of k=k+1l, take the new starting point as X,
= X, and go to step (ii).
There are a number of points to be considered in

implementing the method. These are: [7]

4.2.1 INITIAL VALUE OF THE PENALTY PARAMETER(rk)

Since the unconstraint minimization of ¢(x,r,) 1is to be
carried out for a decreasing sequence of r, it might appear
that by choosing a very small value of r,, we can avoid an
excessive number of minimization of the function ¢. But, from
computational point of view, it will be easier to minimize the

unconstrained function ¢(x,r,) if r is large. This can be seen

gqualitatively from fig 4.1

PF ’{\ "! l F!L'l L )
A < s $lr ;) /f
4
A
A
A=
/ L )
y. p.' o ’/
/ Ce
/ .
/// x_'cphm....n
45, = L'}

Fig a-i
It can be seen that as the value of X, becomes smaller, the

value of the function ¢ changes more rapidly in the vicinity
of the minimum ¢:. Since it is easier to find the minimum of

a function whose graph is smoother the unconstrained
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minimization of ¢ will be easier if r, is large. However, the
minimum of ¢, x;, will be farther away from the desired
minimum X' if r, is large. Thus it requires an excessive number
of unconstrained minimization of ¢(x,r,) (for several values
of r,) to reach the point X' if r, is selected to be very
large. Thus a "moderate" value has to be chosen for the
initial penalty parameter (r,). In practice a value of r,
which gives the value of ¢(x,,r,) approximately equal to 1.1
to 2.0 times the value of f(x,) has been found to be quite
satisfactory in achieving quick convergence of the process.

Thus, for any initial feasible point X,, the value of r, can

be taken as [7]

4.,2.2 SUBSEQUENT VALUES OF THE PENALTY PARAMETER

Once the initial values of r, is chosen, the subsequent
value of r, have to be chosen such that r,,,< r,. For
convenience, the values of r, are chosen according to the
relation r,,, = cr, where c<l. The value of ¢ can be taken as

0.1 or 0.2 or 0.5 etc,
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4.2.3 CONVERGEﬁCE'CRITERIA

Since the unconstrained minimization of ¢(x,r,) has to be
carried out for a decreasing seguence olf values r,, it is
necegsary to use proper convergence criteria to identify the
optimum point and to avoid unnecessary large number of
unconstrained minimization. The process can be terminated
whenever the following conditions are satisfied:-
(i) The relative difference between the values of the
objective function chtained at the end of any two consecutive

unconstrained minimization fall between a small value of g,

I -£xent
£ {x)1

The differc'ence between the optimum poinﬁ Xk' and X*K_.I becomes
very small, Thie can be judged i.n several ways. Some cof them
are given below

| (ax) ;| s €,
where ax = x, - X,, and (ax);, is the i® component of the
vector aAx
Max| (ax);} | = e
ax| = [(ax}% + (ax)% + ..., +{ax)212 s ¢,

Note that the wvalues of e, and ¢, have to be chosen

depending on the characteristics of the problem at hand. [7]

'
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4.2.4 NORMALIZATION OF CONSTRAINTS

A structural optimization problem, for example might be

having constraints on the deflection (év) and the stress (o)

g, {x) G{X) -~ OMBR € 8 jucaewimean sy s veamisnii i (4.5)

giR) = AR € 0 sezzsisnassalios ddieesma s (4.6)

]

g, (x)
Where the maximum allowable values are given by é&max =
0.5¢m, and omax = 3,000kg/cm? . If a design vector x, gives
the values of g, and g, as -0.2and -2,000 the contribution of
g, will be much larger than that of g, (by an order of 10°4)
in the ¢ - function equation. Thus it is advisable to
normalize the constraints so that they vary between -1 and 0
as far as possible. For the constraints shown in equation

4.5 and 4.6 a suitable normalization is

gl- g, (X) _8(x)

~150
y-<3 1s

max O nax

X
21.“ 9'2( ) = o (x) ~1<0

PR - raam s w x o woe S0 )
Where r,, X, ... rm are selected such that the contributions
of different gj(x) to the ¢ - function will be approximately
the same at the initial point X,. When the constrained
minimization of ¢(x,r,) is carried for a decreasing sequence
of wvalues of Yy the values of r,r,, ....r, will not be

altered; however, they are expected to be effective in
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contributions of the wvarious constraints to the ¢

function. [7]

4.3 INTRODUCTION TO ONE DIMENSIONAL MINIMIZATION METHOD
If the optimization problem involves the objective
function and or the constraints which are not stated as
explicit functions of the design variables or which are too
complicated to manipulate we cannot solve it by using the
classical methods. In many engineering prcblems the objective
function and the constraints cannot be written explicitly in
terms of the decision variables. In such cases, only numerical
methods of optimization can be used to solve the problem. The
philosophy behind the numerical methods is to produce a
sequence of improved approximations to the optimum according
to the following scheme.
(i) Start with an initial trial point X,
(ii) Find a suitable direction S;(i=1 to start with) which
points in the general direction of the minimum.
(iii) Find an appropriate step length l; for movement
along the direction S;.
(iv) Obtain the new approximation X,+1 as
kD » By & ASg 54 0 swwaney 4 « voss e .. (4.8)
(v) Test whether X, + 1 is optimum. If X,+1 is optimum,
stop the procedure. Otherwise, set new i=i+1, and repeat
step (ii) onwards. The procedure is represented graphically

for hypothetical two-variable problem below [7].
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The iterative process of optimization:- from Equation 4.8 it
can be seen that the efficiency of an optimization method
depends on the efficiency with which the quantities A, and S,
are determined. If f(x) is the objective function to be
minimized the problem of finding A; boils down to finding the
A, = A" which minimizes f(X;+1) = f(X,+A;8,) =f(X,) for fixed

values of X, and S Since f becomes a functicon of one

g
variable A; only, the methods of finding 1.," in equation 4.8
are called one- dimensicnal minimization methods. There are
many methods for solving the one - dimensional minimization

problems but we shall restrict ourselves to the numerical

method of cubic interpolation.

4.4 SUBROUTINE UNCON - FOR IMPLEMENTING THE VARIABLE METRIC
METHOD OF UNCONSTRAINED MINIMIZATION
The method was introduced by Davidon, and extended by Flecher

and Powell in 1963.[7] This method is the best general purpose
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unconstrained optimization technique. It is iterative, and
given a starting point X,, it generates a sequence of points

X (K=1,2....) that is intended to converge to the point at

{3}
which fx is Jleast. It can be stated as follows: [7]

(i) start with an initial point X, and a nxn positive
definite symmetric matrix H,. Usually H, is taken as the
identity matrix I. Set iteration number as i=1.

(ii) Compute the gradient of the function. V£, at the point
X, and set 8; = - Hyf,

(iii) Find the optimal step length A" in the direction S; and
set X, ,, = X; + A"S,

(iv} Test the new point X;,, for optimality.If X, is optimal

terminate the iterative process. Otherwise, go to step (v).

(v) Update the H matrix as

Hi,y = H + M, + N,
Where M, = A", (8,8",)/18".0,)
N, = -(H;Q;) (H;0,)"/(Q"H,Q,)
and Q, = VE(X,,) - VE(X;) = V£, - VE,

(vi)Set the iteration number 1 = i+l and go to step (ii),

4.5 SUBROUTINE GRADT

This subroutine calculates the gradient of the functien. In
the algorithm, it is necessary to compute the gradients of the
objective function and the constraints. The gradients of
behaviour constraints can not be determined analytically

because it is not convenient. Therefore the gradients are
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determined by a finite difference method. The gradient at any

point Xm can be evaluated as:

Vel = VE,- 2

n function evaluations are performed from a fixed point Xm by

varying each variable X; in turn, by a small amount §; then

df/dxi is estimated from,

dr | fix,+¥ ,U) -£(X,) |,
dlexm q’j 1 l.z,...,ﬂ

where ¢, = small scalar quantity

U, = vector of order n whose i, component has
a value of one and all other compcnents have a value of zero.
In practical calculations §; has to be carefully chosen.If it

is too small, the difference between the wvalues of the
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function evaluated at (Xm + $,U;) and (Xm - § .U ) may be very
small and numerical round off error may predominate. On the
other hand, if it is too large the truncation error may
predominate in the calculation of the program which proved

successful for the problems solved. [23]

4.6 SUBROUTINES ONEDIM
This subroutine implements the cubic interpolation method (7]
This technique solves the problem of finding the minimum step
length A" in four stages. It makes use of the derivative
fr(A) = df/dA = (4/dA)E(A + As) = S'VE(A + AS)
The first stage normalizes the §8 vector so that a step size
A = 1 is acceptable. The second stage establishes bound on
A*, and the ﬁhird stage finds the value of A" by approximating
f({x) using a cubic polynomial h{i). If the A" found in stage
three does not satisfy the prescribed convergence criteria,
the cubic polynomial is refitted in the fourxrth stage
(i) calculate a = max;|S;|. Where |S,| is the absolute value
of the ith component of S, and divided each component of S by
A

Another type of normalization is to find

and divide each component of S by A.
(ii) To establish lower and upper bounds on the optimal step
size A", we have to find two points A and B at which the

slope has different signs. We know that at A = 0.
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4z

-0 = SWIf(x)<0.......(4.10)

Since S8 is presumed to be a direction of decent. Hence to
start with, we can take A=0 and try to find A=B at which the
slope is positive, The point B can be taken as the first value
out of to, 2to, 4to, 8to,....at which f' is nonnegative,
where to is a preassigned initial step size. It then follows
that A" is bounded in the interval A < i< B
The minimum of f(x) lies between A and B
(iii) If the cubic equation
hiX} = & » VR & 3% @K comnaiaspnovmonss i oo (4.11)
is used to approximate the function f£(x)

between thé points A and B we have to find the values

fA = f(A=A),

f'A =df/dA (A = RA),

fB=f (A=B) and f'B =df/dA (A=B} in order to evaluate the
constraints a,b,c, and d in equation 4.11. By assuming that A
.#.0 we can derive a general formula for A" from eq 4.11 we

have

———

f, = a + bA + cA? + da’

fB = a + bB + cB?+ dB?

£ b + 2cA + 3da? — 4,12

I

A

f" b + 2¢cB + 3dB*
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Equations 4.12 can be solved to find the constants as

a= f, - bA - CA? - dAa® A (4.13)
Where
b =1/(A - B)*(B*£', + A%f*; + 2ABZ] = ...... (4.14)
C=-1/(A- B)2[(A + B)Z + Bf," + Af,']
And d = 1/3(A - B)2[2Z + £', + '] ... (4.15)
Where Z = 3(f, + £'}/(B -A) + £, + £',  ..... (4.16)

The necessary condition for the minimum of h(A) given by
equation (4.11) is that

dh/dA = b + 2cA + 3dA? = 0

1
, A -C+(C?-3bd) ?
i.e A* 7 Bt

Application of the sufficiency condition for the minimum of
h(A) leads to the condition

dih/dA2 A% = 2C & EAA¥ > O wiuevavenavnnises sate U8 28)
By substituting the expression for b,c¢c and d given by

equations (4.14) into (4.17) and (4.18), we obtain that

~ (£,+Z20)
l'-A+ (fA+fB+2Z)(B-A)..-..(4.14}
& 8 8 & & 85 8 8 * & 4 8 " s 8 " "= (4-19}
Where Q = (22 - £',f')¥% Sin & w3 % o ... (4.20)

And 2(B - A)(2Z + £', + £') (f', + Z & Q)
- 2(B - A (£',2 + Zf'y + 32f', + 222)

ool OW e BB, B s wemewmeassE e . (4.21)






