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ABSTRACT.

Interest in nonlinear dispersive wave equations
focussed recently on the sinplest nodel equation of
this type, nanely,

Up = Ul + Upyys
where subscripts denote partial differentiations.
Korteweg and de-VWries first derived the equation in
their study of long water waves in a (relatively shall ow)
channel. Recently, this equation has been derived in
pl asma physics and in studies of anharnonic (nonlinear)
| attices. Existence and uni queness of solutions of the
above equation for appropriate initial and boundary

condi tions have recently been proved by § oberg.

This dissertation focusses on the initial value
probl em for the sequence of generalized Korteweg de-VWries

equati ons, narely,

"du 3
__‘:__G (l:l),
ot ox O™

where —E’—G u) =

4l o+ = u) u.
e + u + 3 ux) Gm(u) and GyQu)



Vi,
V¢ have shown that for each m solutions of the
general i zed Korteweg-de-VWries equations exist for all
time and are uniquely determned by arbitrary initial
val ues. The entire work has been divided into four
chapters. The first chapter covers the introduction,
back-ground and definitions of sone basic terns. In
this chapter, we have also fornul ated, nore precisely,

our nain results, in a theorem

In chapter 11, we stated and proved | emmas rel ating
the various norns. A so in this chapter, an priori
bound was obtai ned using the rel ati onshi ps anong the

nor ns.

Chapter I11 concentrates on the proof of the
exi stence of a global solution to our initial value
problem Here, we proved the first part of the theorem

formulated in chapter 1.

The last chapter covers the proof of uniqueness of
solution of the initial value problemstarted in chapter
[11. W have shown in this chapter that given an

appropriate intial value the solution can be determ ned



Vii.
uniquely for all tine.

Notation: Theorens, |emras, definitions and
equations are nunbered decinally within the section
and the nunber of the chapter is prefixed. Equations
are indicated by a parenthesis :- (1.3.2) and a
definition by a bracket [1,3.2]. A theoremor |emma
Is indicated without parenthesis or bracket :-

1.3.2. A single nunber in a bracket like [3] refers

to the bibliography.
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CHAPTER 1

1.1 INTRODUCTION @

The nonlinear dispersive wave equation

u, = uu_ .+
t uux“ uxxx’

(where subscripts denote partial differentiations)

of Korteweg and de-Vries (KiV) is an integrable
hamiltonian system. For instance , Gardner (5] has
shown that if a function of x and t satisfies the
Korteweg-de Vries equation and is periodic in X,

then its Fourier components satisfy a lamiltonian
system of ordinary differential equations. Kruskal,
Gardner, and Miura tT] have constructed explicitly

an infinite sequence of functionals F (u) which are
constant along solutions of Korteweg-de Vries equation.
Gordner [7] has, in addition, shown that the sequence
of functionals Fn(u) are also constant along sclutions

of the generalized KdV eguations

J 3 1
{(1.1.1) — = G (u) = (u), m >
at 93X ™ = fo -
where 3 G (u) = 2:- + g—u 3, l—u ]G (u)
ax %! ax 3 9x 3 XMW
and G,(u) = u,

This work concerns the initial value problem

for (1.1.1) which is periodic in x. Qyr aim will be
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to give a straightforward approach to the analysis

of the initial value problem for the sequence of
generalised Korteweg-de Vries equations. Sjoberg [6]1,
and Kato [0] have carried out a similar study for

orteweg-de Vries, m = 2.

In this work, we have shown that for eéch m,
solutions of (1.1.1) exist for all time, are uniquely
determined by their initial values, and that these
values can be prescribed arbitrarily. In order to
formulate this result more precisely, let n be a
nonnegative integer and let Hh(Ef), s“= [0, 1], denote
the classical Soboley space with norm

1 3
||\’||n = [ ) J |D£v(x)|2dx }

2<n g

The main result can be summarized in a theorem as

follow s:

Theorem 1.1.1. For each m, if n > 2m - 1 and the
initial data g is an element of Hn(S‘) then there
exists a global solution u(x, t) to (1.1.1) from
Hn(s’). Furthermore, for n > 3m - 2, u(x, t) is

uniquely determined by the initial data g.

This result is established by first proving
the existence of a unique global solutionLﬂ:(x, t)
to the initial value problem

(1.1.2) o g (u) + (1) 'p20y
3t m



0<n<1, u(x+1, t) =u(x, t),

u(x, 0) = gx).

We have reduced (1.1.2) to a problem of finding fixed
points of completely continuous maps by considering
the family of nonlinear problems

1.1.3) 2 =1 g @ + ()™ @ (n-1) + 1)DMy,
3t

0<n<1l, 0<Tt<1
and the related linear problem

1.1.4) Ve K () + (1) (v ( n-1) + 1)D2My,
ot

Throughout this work the letters Vn and W&;will
signify the set of functions on S“x[0, T] with finite

norms
T T )
. v (t) 2 2
VT = [11 259 20t o[y @112 geevess.supl v |
Va 3t 0 n+m T

n
(o] 0 -

I T|| |12 4t + ess.sup| v ) ||
Ay = v (1) ¥ . v (t)
wn J n-1+m t ir n-1

0o

respectively. The nomm in the space 1P(s”) is denoted by

[v] If we Wy, for m* > 2m, there exists a global

p.
solution v (x, t) of (1.1.4) from Vm, which is uniquely
determined by its initial values. The linear problem

(1.1.4) defines a nonlinear operator

vi = ¢(wT, 1) , whose fixed points are solutions



of (1.1.3). The fixed poinfs of ¢ for 7 =.1 are
solutions of (1.1,2)., We have applied the Leray-
Schauder Theorem in chapterIIXof this work to determine
the fixed points of ¢ which requires the uniform
boundedness of the norm of the solutionllr(x, t) of
(1.1.3) in the space Nm,. We have given in chapter'II
an apriori bound for solutions of (1.1.3) from Vm,.
We show in chapter III,that the solution u"sl (x, t) of
(1.1.2) converges to a solutionu (x, t) of (1.1.1) as
n + 0., In chapter Iy we show that solutions of
(1.1.1) are uniquely determined by their initial

values,

1.2 EFINITIONS:

shr—

[1.2.1) Lp(S’). Let 1< p < =, Lp(S’) denote the
set of all real—vaiued functions u defined almost

everywhere on $° and such that the Lebesgue integral

1
[ hr(x)lpdx is fipite . .
o

The space LP(5°) is a Banach space under the norm

defined by

' 1
1 -—
|U|p = J thXledx]p. In particular ,
o
L2(s”) is a Hilbert space when equipped with the

inner product



1

<u., v > = J uxyv (x) dx.
o
[1.2.2] The spaces LP(Q ; X).

Let 1 <p <=, 1let X be a Banach space with the
norm ||+]] and let Q@ be a nonempty bounded open subset
0of 'R. Then we denote by Lp(ﬁ ; X) the set of all
mappings f : § + X which are strongly measurable and

such that the Lebesgue integrals

J ||f(w)|1idM' are finite,
Q o
The spaces IP (@ ; X), 1 < p < =, are Banach spaces'J 
under the norm '
1, = (] 1@ 1P aw)®.
Q X
(1.2.3]. The space L™ (2, X). The space L” @, X)

shall denote the set of all strongly measurahle

mappings £ : Q@ + X such that ess sup||f]] <
. - x e 8 _ .

The space Lw(Q,_X) is Banach under the norm

[11£]}|,=ess sup|l£[] .
xefd

In what follows, the spaces LP(Q, X), 1 < p < », will
take the form Lp(IO,T], Lp) or Lp(IO, T, Hm), where
2 denotes a time interval and Ho is the Sobolev space

of order m as defined below,



.

{1.2.4] Sobolev space H . Let ¢y, 0 <m < ™,
denote the collection of all complex-valued m times
continuously differentiable functions on S°, By the
support of a function u ¢ C"(8"), written supp y.,

we mean the closure of the .Set on which u is nonzerd.

Let CE(S'), 0 < m < », denote the subspace of c® )
counsisting of functions having compact support. Then the
completion f&(s‘) of Cz(s’) in the norm defined by

|mnm=[lgjlﬁﬂ%ﬂﬂmzo

-

is called the Sobolev space of order m. Clearly ||-||o
is just the L® norm and ‘'H_ is simp 1y L* itself. 1If

u € H_, then there exists a subsequence {y !} ¢ Cz such

that || y - unllm +0 as n =+ o, (Since d; is dense
inH ). IHue H then, certainly, u e L? and, more
generally, since || || < || || ,,, we get

C. (;:, ..... :Hm+l‘?ﬂm$ ..... ;:HO L=-. In the
above-ﬁﬁ-becomes a Hilbert space when equipped with

the inner product

<u’, voeo= § J D%u.p%v ax.

la|<m = &

[1.2.5] Young's inequality 11]). Let{ be a continuous
real-valued, strictly increasing function defined on

(0, °°) such that 111'!1(9 (0 = »
.. =00

u
and kP:O) = 0



Let (¥'=(¥”1. For all x ¢ {b, ®), define

X

$ x) = J (P () du
_ o
x
and ¥ (X) = J(\;(\))dv.
0 |

Then for all a, b e, «)
ab < 6(a) + ¥Y®) ;
the equality occurs if and only if b ={D().

[1.2.8] Corollary. Let a and b be real humbers and

let p > 1, q > 1 such that %-+ %-= 1, then we have

the equality odcurs'if-and only if aP = pd,

[1.2.7] Holder's inequality for.p >1, Let f e LP

and g & Lq, where p > 1, and q > 1, such that +

=k L
. o

p §
Then fgel and we have

(1.2.2) ||fg dpl < Jltgldr@ and

I
(1.2.3) J

ltglap < 112]1,llgll, and so also
1.2.4
( ) Isz gal < 1lell llelly

For P = q = 2, the inequality (1.2.3) is called the

Cauchy Schwarz's inequality.

[1.2.8] Leray-Schauder fixed point theorem (91.
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Consider a transformation y = T(x,Kk.}) where x, y
belong to a Banach space X and K is a real parameter

which varies in a bounded interval, say, a < k < b,

Assume
(a) T (x,k’) is defined for all x e X, a < k < b.
() For any fixed X, T(x,k) is continucus in X,

that is, for any x% X and for any € > 0 there exists
a § > 0 such that ||T(x,k) - T(xo;k)‘ll < g if

[1x - x°}] < s.

(c) For x in bounded sets of X, T,k ) is uniformly
continuous in k, fhat is, for any bounded set XO¢=X and
for any € > O there exists a 8 > O such that if x € Xo’
|k, - k,[<8, a <k,, k, <b then }||T&,K,)-T&, ko) ||< €.
d) For any fixed k, T(x,k ) is a compact transfor-
mation, that is, it maps bounded subsets of X into
relatively compact subsets of Y. -

(e) There exists a (finite) constant M such that

every possible solution x of x-T(x,k) = 0O

(x € X, ke {a, bl) satisfies : || x || < M.
() The equation x~T (x,a) = O has a unique solution;
in X,

_Leray-Schauder theorem then states that under the

assumptions (a) - (f), there exists a solution of the

equation x-T (x,b) = O,
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[1.2.9] Arzela-Ascoli theorem. Let X be a compact
metric space, let Y be a finite-dimensional normed
space and let {fn} be an equicontinuous and uniformly
bounded sequence of functions from X into Y. Then

there is a subsequence of {fn} which converges uniformly

on X.

[1.2.10] Gronwall's Lemma. Let K be a nonnegative
constant and let f and g be continuous nonnegative
functions on some interval a < t < B which satisfy
the inequality
t
f(t) <K + J f(s)g(s)ds for o <t < B
a

t
Then f(t) < K exp [ J g(s)ds].

o
[1.2.11] Rellich's Lemma. If Q is a bounded domain,
and m > 1, then sets that are bounded in the H (@) norm

are conditionally compact in the Hm_l(n) norm,

[1.2.12] ess. suplx(t)l: A function x on Q is called
essentiallytbgugded if there is a number K such that
p{tI |x(t)| > K} =0 . The greatest lower bound of all
such numbers K is called the essential supremum of |x|

and designated by

ess sup|x(t) |
t e §
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CHAPTER I']

2.1 The Relationship Among The Norms.

The applicability of Leray-Schauder theorem
depends upon the uniform boundedness in the norm of
K. of all solutions &' (x,t) of (1.1.3). To achieve
it, we require some a priori bounds which are obtained'
from the following relationship s among the norms

= |v]|, p'v|, |D®| ana |D'v]_.
p

vl

Lemma 2.,1.1

If v ¢ Hn(S’), K and £ are integers, then
.E .

2 . .
. k 1- : o
@.1.1) [yl < DvlF v K, 0<2 <k <n. °

Proof: By putting k- = d, then d > O and (2.1.1)

becomes
. ) A B |
@.1.2) |p*v| < [pPrdy R ) 2d

If ¢ =0, (2.1.2) becomes |v| < |v| for all d < =,
In fact, |v| = |v| for all d < =, ' :
1+d

: d
If £ =1, (2.1.2) becomes IDu|i|D‘+dv1+ [v
3 , 3
Now |Dv| = [l JDuDvdxl] = [] Jv D vdxl}
< (o'l = i
N RN LML

When R =1 and d=0, 2.1.2) is true.
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Also when £ =1 and d = 1, (2.1.2) is true. We
now assume that (2.1.2) is true for % = m and for

finite values of 4, thatdis,
m .

@.1.3) |DN|<|p™ ¥y |™d 3 . =  Then we wish to show that

, - m+: | d . - R

m+l+d“lm+l+dlvrm+1+d

‘|Dm+1\)l

<|D for d < w

: 3
Now [D™*1y| = ;fnm*‘uom+‘u dx[]

.\

r 3
- |(-1)“"JD""“"d w19y dx|)

. . . . ‘b
= IJD““'H'd\)Dm““d v dxl]

L

( 'Dm+l+d

I A

_ 3
o [pm*1-d vl]

3

m+1-d 2d
[ 1
|Dm+1+d vl[led- +d\)]m+1+d|v]ml+d ]] . where

IA

€

O<m+1-d<m,,

amtizd 24 Y}
— v
m+1 d
m+i1+d m+i+d
m+l+d
| D v [v]
_ m+i d
S R b LA M L

Therefore when (2.1,.2) is true for £ = m it is also
true for 8 = m+ 1 for d < », Thus it is true for all
values of ¥ and for finite values of d. The finite

condition on d is justified by the restriction on k .
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Thus, (2.1.1) is true for all 2 and all k < n. This

completes the proof of the lemma.

To relate the norms |v|, |D"v| and |Eﬁv|p we

need the following:

Lemma 2.1.2 If v ¢ H, (8°) and p > 2, then
p-2
- 1 dp 2
2.1.4) |bv|_ < 22p|92v|“ 2p|y|* 2p.
P — ez

2 2
Proof: We can write [Dv(x)|P = |Dv )] (IDv &) | )
Since the integral of Dv (X) over a period vanishes,
there is an X, € (0O, 13 for which

X

(2.1.5) J D @v (x))zdx = [Dv(x))z.
X
. o

' 2
Now —a-]D\J x)| = 2|Dv ) |-?—-|Dv (x) |
o ax

= 2|Dv (x) | |D3v x) | .

1 1 :
—> J 2 v |“ax = J 2{Dv x) | |D?v (x) |ax.
o ’ :

ox
o

Using (2.1.5) we have

1

IDv (x)|2 = 2[ |Dv (x) | |[D?v x) | dx.
0 p-2
2
|Dv x) |P = |Dv(x)|2([Dv(x)|2] becomes -

E.._Z

1 2

IDU(x)iz[ZJ |Du(x)||02u(x)|dx]
° p-2
< 1oy o | (2o fov]) © .
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By integrating in x and taking the pth root of bdth
sides, we have
. 1 . .
1 P p-2
[ J[Dv(x)|pdx] < [2|D2v||Dvl]
0

=0

[J|Dv(x)|2dx)
o .
B=2
2 2p 2
N ]Dv]p < [2|D U[lDV]) [IDv[ ]
. P2 p2 ph2
2

2p 2p
=2 |D*v| |Dv]

o e

Using (2.1.1) with 2 =1 and K = 2, that is,

|Ibv] < |D2\J|i[u[i we get
2 p pre
2p 2D 2P
DV <2 o'y (o2t
p =
' p-2 p-2 p+2  p+2
2p P WP
= 2 |D2\J|2p |D2v]# |v|
=z ;1
2P 2 * v +'2_p
.2 |D*v] |V which is the required

- 1

Flw

inequality.

If v ¢ Hn(S”), then (2.1.1) and (2.1.4) give

the ineguality
p=2 %@,4—1}-.‘.)

:p p 1 _1
2.1.6) |n%|pi 2 D% lv| 1=k & +3-p)
where | <& <K < n.

Proof: of (2.1.6). From (2.1.4) we get

'.p_z 3 JP |
2p 4 ++1
(&1ﬁ)|§vb‘:2 |&+%| |¥‘NP P

and (2.1.1)
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L+

S . g +1
gives Hf*qvl < |DKv| fv]™ K~ and
. 2‘_'1

[ L |

- K T

EENIPR SN

On substituting these into (2.1.7) we get
p-2 ﬁ,-i-l R+ 3

1.
¥ = )? ~ %

£ ~1 & -1
| p K _
T T (T

LAt

1

o]k P

as required,

The inequality

: 1,1 1 1 1,1
| ge-p k&1
@.1.8) |v| j<cC (1% v -+l k<n

where the constant C is independent of p is obtained as

- 1 -
follows: Let v’ ¢ H (87) so that J Vvdx =0 as in

lemma 2.1.1, We can write

- . 2
2.1.9 |[v@|P=|v (x)z(_|v‘(x)[2)

" Now —3—(1\)‘(:;)”2
ax

-~ B -
2]v (x)|3;|v x) |

2]v @ 1Dy 0 |.
" Using (2.1.5), we get

1 1 _ - L
- 2 3 - -
J %;[u x)| dx = |v x)|* =2I lv” &) | |Dv” (%) | dx.

By putting this into (2.1.9) we obtain




1 S L

vox)|P = |v'(x)|2[2 J ]v‘(x)]|Dv’(x)|dx]
5 o

p-2

2

< v | elvliov])

Integrating in x and taking the pth root of both

sides we find

: ' _ -2
) i P

| O
. | : -
. P . L 2p . 2 P
Uw <x>|de] < (21v"[1ov7i] [j| o | dx]
Q . . O .
p-2 p-2 p-2 2
. 2P 2p L, P _ P
== Il 22 Pl v v

CP-2 p-2 pt2
zp L 2p 2p
=2 |ovi| fv7

1
We replaced v~ by v- J v dx to obtain

o .
p—
‘ G S5 TP AN &~
|v-Jde]p < 2 |D[v—J vdx) | [ {v - J v dx) |
0 ) 0.
p=2 32 A+l
_ 2P 2 p o *p
> |V -|v|]p < 2 |Dv| v - |vil , where
1 .
JDvdx = 0 by periodicity.
0
Using the inequalities lllxl I-tiel <l 1x-v) (<) IxL(+1 ]2l
we get '
p=2 11 Lyl
2p 2'p T+E
v, = Ivl <2 [|Dv| (21v1)

p
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Lol 14l
. P 2
=2 [Dv| | v : -
| | o - R
Applying (2.1.1) with 2=1, that is lelilﬁKv| Ivi
' A s 1.1 141
K 1-72p 2'p
we get ]v|p_<_ 2[|DK\)| (vt 'K-) [ vi + |vli
1,11 1 1.1
" I—{('f"‘—p) 'K(K—-f"'p) .
< of %] Iv] + vl}.

2.2 An Apriori Bound for Solutions of (1.1.3)

Lemma 2.2.1 Let m” > 2m, Ifu’ (x,t) is a solution
from Vm' of (1.1.3), then

T T

2 L
W) | T 2 LT 2
@2.2.1) J‘T l dt and nJH.,u (t)||m+m,dt+essfsup||u @) |-

Q o

are estimated from aiﬁove by 2 constant depending only- On

Iglm, and T < «; most importantly this constant is

independent of 1.

Proof: W first consider the case O <% < m. Let
us begin with a solution u(x,t) from Vm" By multiplying

(1.1.3) by G, ,, ) and integrating im x and t we obtain

T 1 - T 1 '
T du : _ 3 1 2m
;—;— GR.+1 @)ydx dt = J [ {TGR.'!-I (w) a:—Gm ) +{-1) (r (n.-1)+1)D u
o o

XG£+‘0n} dx dt.

- r
Applying Gardner's [5 ) identity J G, (u)_'c’_ Gy (wdx = O,

° ax
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where & and K are integers > 1, we have

T 1 I. o T 1
(2.2.2) ” —E;‘- jl“(u)dxcu: + (-1) (t (n-1)+1)” p*™uG Gy 4, (u)dxdt=0,
0° : 00

Now, let us introduce fz(u) through the identity

T - .
I.a 1 1
u e
iJ 3T G (u) dxdt fl (wdx - J fﬂ, (g)dx.
O . . 0.
The first four Gz's and fz‘s are :
G, =u; £, = 3’
G, (u) =3u’+ -f()*-]"3 2
2 T Uy 2 u =g - iux
= 3 2 18 R __1 4 2 4 2
Gs(g) u +3uX+6uuxx+—§uxxxx’ fg(u)—qu -3uuX + BU
G, W) = u +12uux+12u u +32 {Su +4uxuxxx+2uuxxxx}
» 108.2 ;s
35

s
u 2.2 36 2. 108 2
T, g - 6u u o+ —g-uuxx_ _gg"uxxx’

Gardner, Kruskal, and Miura [7]1 have shown that each term’

in £, (u) is of the form H. 0)10 J, where Z {1+ JJ ny

= £ + 1 for integer by . It follqws that

t

- - 2 . i -
@.2.3) £, = @ 'w’+ @ y) urad®ubD* w4 ¢ wp to
inessential constants, and where a; b, ¢ are polynomials

in u and its derivatives up to order £ - 3. Rewriting

28=2 -
GP, {u =D u + Gl_(u)

L
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T = (-1) O u) + f , @), and substltuting into

2.2.2) and integrating in x we have

1 1 _ _ T 1

Jf“l (W) dx~ J f442 @ ax+ D" are n-1)) anmumzﬁum;,;l ) ) dxdt=0
o} 0 : _ _ 00 -
! ! 1 ,
> J(-1)£ 0"w *ax + Jf;“ Wdx - Jf“l @dx + )T+ G-1))
© ° Q.
T _ : T,
H D2ty dx dt + (<1)™ (14t m—l))H MG, Waxdt=0
o0 T 00

b}

ew=d>  (=1) 1(D u) dx-l- (-1) (—1)2' m(1+1' (n-1)) Dm'-g'qumudxdt :

1 i
m-L
JM @)dx- Jw Was- "™ a+ a-1)
0

o ' : v

2+

e
J b (u)cixdt.

e e |

where we have integrated by parts.
T, |
1 :
— (_I)QU o' fax + @ + T(n-1))H g™ u) 2ax dt}
_ . :

1 1 : T i
= me @ dx- J rey W=D F e (n—l))” D“mw““ o
! _

0 B v -

ooy DX at.

The above implies e _
1 S T,
(2.2.4) J(Diu)zdx + o+ T(ﬂ—l))J 1®m+f’u)2dx dt

0
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1 T 1 '
=" {“, (g)dX'-J g4y W dx=Q+1 (- 1))f le"gqu'g’G;v“ (dx dt }
o _ o _

We transform (2.2.4) as follows :
1, L =0,

Since G:(u) = 0 and ﬂ‘(u) = 0, then (2.2.4) becomes

1

J (u(x t)) dx + (1+1: (n-l))
o

1 ' 1
JCD“‘u(x ) 2dxdt = Jfl(g)dx. |
0 o o

O

O"-——\’a

Taking t = 1, the above impliews C | ' C
‘ -2 m 2 ' “2
lu .| +n[|n we |t < c(lel], since £, @ = &
Sl | |

which is independent of t.

2, ¢£=1

Then (2.2.,4) becomes

1 - T 1

. _
J(DU (X,t))zdx +(1+T(ﬁ—l))Jﬁpmilu(x,t))2dxdt=~[f fz(g)dx
o o0 0 N
1 T 1 | e
£, (x,t)dx - (1+t (n-1)_)J J Dm“u(x,t)Dm"G; (u-(x,t))dxdt] |
oo °
o

- +1 m-—1
With G, (udx,t)) = (u(x,t))z, the bound involving p™" uwp u? in
(2.2.4) is developed by first noting that for 2,+%,= m-1
and £,, %, ¥ O.

T T : e - . %

. : 2y 2, 24 2
L “ |ID™*up ub u|dxdt f_J{#nm“u(t)HD ue)],ID u(t)|~}d1:.
00’ : S 0 . - -



Applying (2.1.6) we get

. - - " . @yH-D) 1- @ +3-d)
H D™ 'up | dxdt iJ {|D"”‘u(t)|[2 ™ae] ™ g ™
00 o _ '
_ Ro+d=) 0 1o(R.t3-%
B T - iy SR
x[z D™ o) | lue) | a
T L,48,+1-3 2 (R pti-}
L2 - e lat
- [ o 0™ e T juel
O . 5
T 1ot m+2Z
m+1 1
=7z J {ID’"“u(t)l ey | ™ }dt
o - 3
m+2

T m+1
/2 J{'Dmﬂu(t)]”a‘u(t)l }dt, where O < a < 1
o

T
1
< CJIDm+ u) '™ ®at, since [u(t) | is bounded.
o

[

For %, +4%4, =m -1 and either %, org, = 0.

T1

. £y g L g '
.”|D“’*’un.- ub uldx & <~ _J|Dm“u(t)||u(t)|~]D “luy ], dt,
00 C - L0 : '

taking & , = 0
G-¥ n+1-3+k)

m+l

T e
I (L T TR T R 1)
0 .

‘m-t+dk 1_.(111—“&—_%_)]

+1 m+3
:'zz‘l“[IDm"u1 u (t) | m. o fu )|

where we have applied (2.1.8) and (2.1.6) respectively.

i
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; .: H.H:'l nmei e . . 4 _& '
szhfwu (t)[lD.'“”u ®)  Jues] '(1:)1]‘{11%‘” u®) |mm—:’ﬁu ) Im'] dt,
o v | -
Tt +1 (T m+1 %’gi )dt

< CaJ |D u(t)][le u (t) | + Cn) {]D u(t) | Cq
0
T 1"%.._ + Q:.% : | T *'ﬁ
—<- CsL IDm+1u(t)l m+? m+1 dt + C?J ‘Dm'l'lu(t)l m+1 dt‘
: | o 4 !
m+1 - ey
= C J D™ ¢ | at + C,J D™ u ) | "at.
o S A

Applying Young's inequality [1.2.6] we get

. " a2M—% 22
T{ ) 0. 1 : + (m+1) T et zm-!-i _ijr—&—'{
2
” |Dm+luD ub 2uld_x dt i[ce (Cs) "'S;J [lD u ) | dt
|
-?(m+1) T 'iﬁﬁ z(m:) v . T i
2m+ . : .
* [C€ 2 ¥ EuJ [IDmH“(t)l dtf, .
1 _

Q

T N
. 2 Y (.. 2
< [CE + ey J 0™ ) | dt]+.'[ce+ euJJID’““u(wl dt)
1 A _ ‘11
o
T S
. .
L C e fl'Dm u@) | gt
° 3
The remaining term in (2.2.4) involves f; (w) = "2-1- .
[° s 2
But J]u] dx < Jut)| |u@)|_ by (1.2.3)

o

< CGiluwi_.

Using (2.,1.8) with p = «» we have
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1

3 3 3
Ilu(x,t)l dx < C,C, {IDu(t)| luce) |+ lu ) |

0
< Cy {exttoumlilz*r Cgltlum!*)’ + |u® | }

=C \{ellnu(t)l +C_ |luw)| + | u(t)l}
. € El.

= (Cs C. + Ca) lu@)| + €, C,y|Dut) |
1

< C, +Cs |[Du(®)|
2 2
<C, +C_ (Cy) + e, |Du(t)| applying Young's inequality
"
2
< C+ elpu@| .

We now combine this with the previous estimate to obtain
e 2
+1 2
lDu(t)l2+(1+r fn-l))J |ID™ u(t)| dt £ C # e |Du (t) |

0
3 * m+l .. 2
+J|f2 @ lax + C_ + €@ +t@-1) | [P W] at.

(0]

O

Choosing € = 4, T =1 and rearranging we get
T

Ipuce) |’ +n J D™ *u ) |*at < c(lell)-
0

3 L = 2

Then (2.2.4) becomes

1 1
J(Dzu(x,t))zdx + (1+-r(n-1))ﬂ 03m+2u(x,t))2dxdt=J £, (g)dx
0

(0] 00

1 T \
_Jf‘ () dx- (1+1 (n-1))J l D™ %y (x,t)D™ " *G; (W) dx dt.
3

o}
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With G, ) = u’ + 3@) +6 uu__ the bound for (2.2.4)

involves the following estimates :

For &, +%, =m

T

T g %

j J'Dm”u(x,t)l) 1u(:';,t)D 2U(X;t)]dxdt < [ {le+2 )

0o 0 | J -

2y L .
D "u) |, D u(t)[,,}dt
' 1-11 ;- 1-'A2
i[ D™ 4 &) |25 (| D™ (t)l luwy | )2 (0™ (t)] lu | )

[+

where we have applied 2.1.6) and

L= 2, v % o mh,+i
A, = N T

m+2 = m+ 2
R PES T TS L] P | o P |
A2 "“-—;:'{;‘5*— = EErolch m+2
. S e
T mtp X1 Yo T pli+2 p+2 m+2
. JJ |D™ “ub ub uldxdt < JgJ |D u(t)l[l n (t) |
,m!,-ﬂ..l-i-i
IU(t)[ m+2
| -'zp% ‘met; +
m+1 m+2
X[ID (t)l lu(t)l
v TR, tath me@.ﬂz)%
m+2 m+2 m+2 m+2
= JQJ' D™ uw ) | [T Tu ) | o ]u(t)| LD dt .
o)
T | “m+ 2
2
- /-2-J IDm-u-zu (t)||Dm+2u @ |m_+3-|u(t)‘m at
o
24y

T o2 “m¥2
_ @i P™uw ] T w ] e
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Applying Young's inequality we get

T 1 . IR T s 2 (M+2)
£, - 2m+
” uD ' uD utdxdt < V2 [ I {]Dm“u(t) Imﬁ_] S|, dt
Op o .
T 3 2 (m+2)
2

+
@}
M
o‘-—-—-——-\

-

\ .
mFr) 1
[lu (t) | 2J a dt] , Where

B S 2m+@3_§_ _ome 5/2 + 3/,

,[2.0n+2)] "TmE) | 2 m+ 2(m+2) 2 (m+2)

T3 2 T T

o

2
<C + ¢ J D™ 0 ) | dt.
o

T 1 . . " 2, !'3 . .
[D™*2y (x,t)D lux.t)D u( x,t)D u(x,t)|dx dt

o 0O

g

;

T 2 g 2
{in’““u(t)iln "u) | D uct) |4 |D auu:)lﬁ}dt

va EII ln—.q.l"“g' . Rz‘l‘%'

L - -
J J ™ "W uldxdt < V3|e J|Dm2u(t)|2dt+CEJ|u(t) |2dt]
O . : 0 : : .

m—ﬂ,z"‘g-

o

o

Ly m—f,s"'-g' '
X []Dm+2u(t)| ]_IHZ Iu:-_(txrﬁT_ ]dt by (2.1.6)

T
m+2
$2J|Dm+2u(t)|[1nm*2u(t)| lu) "2 [Iﬂmzu(t)lmzlu(t)lmz
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T Ly+Lp Ryt An- (£ +2,+24)+5
m
=2 Mol [Mee) ™ el ™ Jae.
o - | '
T M-t oM+
5 2 -y 3 mtz
= 2[ 1™ 24 ) |[‘Dm+ u(t) |m¢’.|u @)l ] dt
) ;
T m-1
1+
<2 [ D™ uw] ™o, at
5
m+z
< fI™uml T a.
C

Applying Young's inequality we get

op Tamdl gﬁz)

B . % w2 I 2 pe2)
bk £y 2 £ ! 2 omt .
TN (g LpWe
. ] |
£C +e J D™ *u (t) | “at.

0

With £, () = %u“— Buu;, we estimate the remaining term

in (2.2.4) by first noting that

. :
J u”dx < |u.(1:)|:o "lu(t)l2
o

< C, using the previous estimate,
' _ _

Also Jluu; fax < Iu(t)|m|ux(t)|2
o

G,

Combining these with the previous estimates we get
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¢ 1
ID*u(t) | + @+ (n-l))J D™ 24 t) | “at < CB+C,,+J|f3 (g) | dx
0 0

T
2
+e(l +1(0 - 1))J ]Dm”u(t)l dt.
0

Putting ¢

i

%4, T = 1 and rearranging we obtain

T
2
ID*u )| + n I |D™* 2y (¢) | “at < c(llgll,.
o}

4 g <m .

The bound for (2.2.4) involves Dm+£u(x,t)Dm_£G;+l(u)-
Each term in G;(u) has weight EJ where the weight of a
term is defined as the sum of the weights of its factors,

and the weight of DYu is 1 +§-. Thus

- . u R=2-1 R=2
(2.2.5) G, @ =] a_ D? u+ . J by Du,
Ir=0 I'=0

where a; and bf are polynomials in u and its derivatives
up to order r which depends on 2. Observe that the term
£=1
E DzE-z-r k < 20-2
a. u involves derivatives D~ where &-1<k< 2%
r=0

-2
and

H ~1o

br ﬁu involves Dk where O < k < 2 - 2.
=0

m+f . Mmef .

Estimation of D uD G2+1(u) involves estimates of the

type

1

m+ % %1 Qr ! m+ 2 : gr
J Jln uD u....D"u|dxdt il {]D u)|n |Dp u(t)lzr} dt
. =1

0 o

22r <2+ 1, where 23 * L,*... 42 =m+ 2+ 20 -7T)
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B (2.1.8) and (2.1.8) we've

. 3§%£ _£|+§—EF (@ +3-3r)
pluwl,, <2 " " Juwy 1T TR
. _ L. tg-dy
(2.2.6) |D ju(t)lgri KRJIDm”“u(t)l m+e | since u(t) . cora-
is bounded.
| -4 B-13)
|u(t)|2r < K {le+£u(t)| m+£|u(t)|1_ m+d |u(t)|}.
That is
(-1p)
2.2.7) |u(t)|2r < k2|Dm+£u(t)[ m+% . k3

Combining these estimates we get

T 1 2 %
J Ile+£ D u...... D u|dxdt
o 0 '
. A IE T .
T L - i%ir) =
m
sJ {ID“‘”u(t)l[:n K D™ u ) | ][kzlnm”“u(t)[ ,
o _ J=0 "3 .
T - L N S Gy
iJ {IDm"f. l-ll [k, IDI'IH'R,ul mt ¢ ][Kzlnm"'ﬂ,u(t)l mtg + Ka]}dt
o ' . iy o
_ - mFL+2-2r+5-4 -3 '
T W T
<K, J {le+£u t) | '
) _ )
L MEL-2-2r+L 1) -
1+ ~ z
+ IDITH-,Q,u (t) I | m F 5 } 4t .
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' T
T . a2 A+2-2r4g —% M2 F2e2THE =} }
s #

= K, J {ID’“”%&M m 4 +j::“‘-"’u @)

Applying Young's inequality we get

T 1
L, %, %
J i(Dm+£uD uD “u....D Fu)dxdt
9 2, 42 r 2 i)
irae) g i e S
< K, {CE,(1)1-4r.i-3r + J [leﬂu(t)I - dt
: o)
. um) T . 2m+2?,+2—2r;"£-- 2m) _‘L
3 -1 4 . 212l +2 =2 74T
e Bt |
o .
Since 2_2r+§_§*<0"2(m+£) rli > 1.
2m+20 +2-2r+ ==
2 2r
also since 2 - 2r + %-— ir< O, 2mH) > 1.
2m+ 21 +2-2r+§ -4
Tl s *1 %2 n
j J(D uD ub u..... D "uydx dt
0 0
T S )
- 2
< K, {CE» + e Jle"'p"u(t)] dt+C_z+ e’JIDmﬂu(t)l dt}
0 o
T
2
< c_+e J|D“‘+2u(t)| dt. 3
0
From (2.2.3) it follows that
f2+1(u) = 0 'wu + aDPu + b tu v o” upto inessential

constants, and a”, b, ¢ are polynomials in u and its
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derivatives up to order &~ 2, Since IDru{x,t)] is
bounded independently of x and t for O < r <% - 2,

and Iﬂ’"lu (t)] is bounded independently of t, we have

1 1 1 1
Jlfp:,,1 (ux,t)) |dx < J| © ~'w “uldx +J[a‘Dp“u]dx+J b B¢ ~tu|ax*C”

&) ) . o o

1 S
< C, + J]a‘D"u(x,tde +C, +C°

| A

, 1
C, + C, J|Dﬂu(x,t)|dx

4

. 1
< C3 +C, [(1)2+ € J(|UQU(x,t)|)2dx, by [1.2.6].
O

—

. 2
< C ¥ eIDQu(t)| after adjusting ¢

Combining the bound for (2.2.4) we get

. ® :
2
|D9“u(t)| + (1+71 (n-1))J|D“‘+£u(t)[2dt < EIun(t)|2+€ (1+t (1 -1))
' o
T o, 1
XJ'DII'I“&“I dt + CEZ + J|f£+l(g)[dx

Q _ 0

Taking € = 3 and simplifying we obtain

T
2
[n“u(t)| + (1 + r(n-1))J|D“‘”“u(t)|2dt <c {lgll}-
o

5 m+1l<8 < m

let us begin with a solution u of (1.1.3), by using (2.2.5)
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and previous bounds we get

T
2
IFuw)| + @+ 1o-1) J|n
(o]

2
"Mu) | dt < k +

T

-0 -2 L -1
IJJ pRHiypt¥ l Y b Du+ § a ng_z_ru“dx dt |
0 =

r s
0 r=0 r=0 -
L -2 o 2 -1 T
<K+ |J Jnm*“un‘” b, D ) dxdt |+ § |H et (arD“’"'z'ru)dxdﬂ
r=0 0 o =0 55
T 1
T g =1
g =2 1 §=-2-7r
T 2m 2
=K +‘:L JJ'DZmublpruhx dt +r£;°|J' JD u arD u dx dtl
r=o o o oo
T
9 -1 1 T
v m ~2-r R - 1) -
e fog iJ J g u 8,0 uaxdt| < Y | }'Dzmu alpzﬁ'2 Tudx dt
© b0 r=0
0
2-1 T ' 2n 9
SR e
= -m -
T 1
- (m+1)
_ 2m 28=-2=(L~-m-y)
r=(>; lJ J {D g u+D?My o D2 -Z-ru}dldtl
0 0
Q-1 T 3 . ,
N J J D*"u a_ D¥ "2"Ty 4x dt|
r=0-m 5
¢ - (m+1) T, miiniod ¥} rmo1+ (g, +1)
<1 [ way . pE-EL)
r=o -1
0 0

+ |p2™- -2 +1) arDz!. -2-T+ (m-2.+l)u|} & &

sy gLk
+ ¥ Il lbmu a D2 2Ty ax at |
r= -m



£ - (mt1) —_—1 =
= Y J J {]Dm'i'i',—l a?'—m- Dzm— l+le+R, 1 D£/+m r ]}d{d‘t
=0 5 D
T 1
L -1
) ]J [ 2™ 4 a. p# 27Ty 4x dt].
r= -m 5 J]

Substituting back we have

o - T
P+ 2 b 1.2
| u(t)] at < K+ § J J IDmuerru|dxdt

0

r=0

P u ) | K 1+t @-1))

Q

o
=

. mefﬂlnﬂ‘ﬂ—* J2%|+|rf”v-1 R
Ir=0o u agv

A

-+

r={ -m

r-’1|

T,! -
IJ 2"y a, DTy ax dt]
00

We can develop the bound for the additional terms as follows

C<r<yg -2,

T 1 | T 1 o
J JIDzmu b, (WD uldxdt < ess. Sup b, () [J JlDzmuDruldx dt.
0o © ‘ 0

T

< cimon,_df (ol el j
0 . .
Pt 1 1 1
12003 Iy 1-24
<v’z‘c|1uct>|1 J[lo““*u(t)l ¢! m][lﬂ“u(ﬂlmluﬂs)l "**”]}dt
o ' '
T zm+r+i P e et
i+l m
<K {lluw |, {qnm**u(m fue) | }dt_
0 -zmma 2 (L ) R-r—} 2 0R)

g + 8\ o -r-% '
< K, J{ [Itf""'u(t)] ] 21 + CE[Iu(t) ]mrl ] _r dt
5 _
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T
=K, J { el™ uwy | + C€|u(t)|2} dt
o
T
<C_ +e¢g Jleﬂ’u(t) lzdt after adjusting € and C_.
o '

-1 N

< ess..s.n.lplr:lm_m_1 (W) | IIDQ'+m u(t)],‘ID?'m u(t)| dt

x,t N | o '
T

+ ess.sup]ar (u) |I|DQ' +m—1u(t) |~|Dm+£,-1-r u(t) |th
x,t , _

| A

0

T ' .
c(ilu® 1l ) 10" ™ a o [ 0™ w o) at

O

+

T
e | (t)Iul]JIDQ a0 wy |, at.
) | | |

Applying (2.1.6), the above becomes

T

J J}{ |t -ty a -m—lDzmu|+ [DQ'.+m-1.1.1

arDm-HL —t Ty |} dx dt

0

T

o h4m-i 0§ 2m+_%; 2 -m-{
iy i i, m,
{201 ™ o }[w’“uwl jue | H""

< 2 cllluerll, )

O

o+m-3 3 e, ~r—¢ r+iy
m e J} at

+ J?C(Ilu(t)llrﬂ) [[Dmu(t)l e lu ) |M)[|Dm"“u(t)( [u) |

Q S———
e L |
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T | - A+3m-} L -m+}
“m¥ m+%,
= 2¢(ljuer |, ) l 1" 4 ) | Ju ) | ]dt
i o s ) org _ r+-§ |
+ 2 c{lluw ], ]J ™ uwy| ™ u (t>1“*2}
@) e
' T ' E*‘a é‘%m : imﬂ'
"""_‘j : Lt ot
< v72_C[[|u(t)|f£ J [e |Dm"’1u(t)| -ICE[]u(t ) m J &
’ 0
i, ) —p ZM) f‘*é' 2
i (e
+ MQ[HU(‘:)H HE | u(t)l « [luw | dt

7 e[l m]J A CIREANOIREE
1

g 2 2
+ V3 C[][u(t)||r+ ) Eleﬂu(t)l + Celu(t)l ]dt
: 0
T .
2
2C +e JIDMu(tH dt after adjusting € ard C_.
£
.Forﬁbnm_-c__r_f'ﬂ,-2.
T , - T

¢ o

J|02”’u a, D2 &=V g < ess.sup|a () IJ {IDzr @ | |D2 " 1-r

0

u(t)|q} dt

<llu®1l ) {1, ¢ Tue | Joo

e .
T R} 2 @ =1)-r+}
m

< EC(IIu(t)IIH]J [lum*u(t)l Yo ][ID’“*”‘u(t)l

m
| ut) ] # dt

r
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where we have applied (2.2,6).

p 2 (¥ ) -r-3 r+d
Tmw B2
= J2 C(Hu(t)]]g_l) J [|0m+p“u(t)| fu ()| ]dt
: )
3 2 (k) '

T 2 @) Y\ i yrs. 43 o G
<2 C D“m' ; * | m#, | I8
=2 C([tuw |l _ 3} [} uw ] +C, [ luco) | 7 |dt

4 . ,

. T m+, 2 2
=R2c(]luw)}] ) J [ellJ ut) | + Celu(t)[ ]dt
-1 5
T
<C_ *e Jleﬂu(t) |*dt after adjusting
o}
C and ¢.
For r=8 =1
: 2 Q-1 -@-2) -1
This term involves aTl—lD u = a;,“_lﬂg u,
fince the weight of each term in GJ?:H isg + 1, we can
write & _y m) = Dg’"lu ta ).
T 3 o T 1
IJ J D2y an_l‘ﬂq'_lu dxdt |= IJ lﬁzmuﬂ.)e-lu’_fax_-aﬂl))Dg’”lud:-ctl {
o © 0 '

1
=|J J {Dzm u(DH’_lu)2 + DMy 2 _, (u)DE-iu}dxdtl
¢ 0

g

T

[DQ = w?My Dq'*lu] |;dt+f£lDl"2u(D2muDo“ u+D2m+luDQ_lu] | axdt |

+ N -
J J“l)zmu'am_a W) ljQ 1uldx dt, where we have integrated
00 ' :
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by parts

jIDIL “zu(Dzmqu'u+D2m"'1uDl—lu] ld"dt“fﬂna% & _, (1.1)D°"lu|dxdt

T

|

0]

T
< ess.supIDQ’-zu|J’ {lu’*u(tJ [[D*Mu @) [+]D2™ 1y ¢ | IDp“'lu(Ul}dt
(0]

X,t

: T
+ ess.suplal_a (u) ljlnz“‘u (t) | ['D"“"'u (t) |dt.
o]
T
<c(l]uw| IE_I]HI‘I}' u () | | D*™ u (t) b D™y @) | 18 ~ha )]
(s}

+ DMy | 1P ww |} dt.

T L+ m-} " 2t} g om-}
T ol | T R L =)
= ‘EC{Hu(t)HR_JJ{[IdMu(tH lu )l .][I'Dnﬂ':u(t)] ju ()]
(o]
L -3 5
mH. i 2% & -m—
+ [|Dm+9'u(t)l lu ) lm] ™ u) | )™ )

+

i T, m # mr+1 m,
[]u' u(t)| [uc) | H[D’""zu(t)l [u) | ]}at,

where we have applied 2.1.6)

T T R 42t} % -3
) mR ey
= Zc(| lue |, _,) J{[lD‘“""u(t)l lu) | ]
(8]
20 +4 %3

T | mi-} g4
e R T )
[I — u + [ID‘""“u(t)I weor ! | [



T m, 2 +amtd
572C(!lu(t)llg__llj[q[lv“""u@)l J | *Ce,_[

ol 4%

A romtiy 2 )

mH,
+e§|dm&u60[

-
T

A e ] ) J[

o

v e, ™|

+ E3|me‘u.(t)|2

T

< C +EJIDm+R'
— £
. ¢

2m&+{+(~

} 2 e )

€21

LT oha ) i3
il O | ( it
™ u | iz *C o] ]

kLN

e, I™uw|* + c. luwl®
]
-bCeth@)!

2
+ C€3h1@j|. dt

u(t) |de.

lu)]

Combining this with the previous bounds we get

[E#u(t)lz + (1 + 1
=
Putting € = %, 1
T

tuy)® o+ g J 1™ u ) [Cat < c{llgll, ).

a)

_ T
h-1)) J

1
. 2
J|Dm+"bu(t)| at
o 0

This complete the proof of the Lemma ,

T
C.+e(1+10-1)) J leﬂ?'u(t)l2 + k.
0

1 and simplifying we get

dt
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CHAPTER JII _

In this chapter, we prove the existence of a
global solution of the initial value problem (1.1.1).
This is achieved by redmcing nonlinear problem (1.1.2)
to a problem of finding ~ fixed ' points . - SN
of completely continuous transformations. We then
prove that the solution Q(x,t) of (1.1,2) converges
to solution of (1.1,1) when n + 0, The proof is based
on a series of Lemmas for which we need the following
compactness result and estimates for the linear problem

(1.,1.4), We first prove

3.1 A Set Of Functions whi¢h Is Bounded In The Norm
Of V., Is Compact In The Space Wp.

Lemma 3.1.1 Let n be an integer > 1. Let ot

be a sequence which is bounded in V,- Then there exists

-

a subsequence ug which converges in wn.
Proof. The proof falls into three parts

Part 1. In this part we will show that for any & > O
and for any integer n > 1 thexe exists a constant Ce

devending on € and n, such that the inequality
A & ot 2 2
G.1.0 @l <ellv ol +cHuwll

holds for any W e v
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g - . A :
Consider first the case where u’e C:(S ). Let u be

the Fourier transform of u, i.e.

O s
u() = feblxiu(x)dx.
¢ ]

Then
f,

B.1.2) pMuE) =UH* YE).

. ' "
By plmdierl's theorem (7], if v e L20R15 then vel? (H)

and

2
(3.1.3) J e a = @“)HL.”“@” dx.
N s

Hence, using (3.1.2) we get

' 2
¢.1.4) ‘”’nflln%ennzdx=Lna“||2||%‘<&:||da
| ®
It. follows that
2 -n o2ty 2
lall” _ = emp™ 7 HEH " HA@ [} ag
Iaf<n-1
(3.1.5)

.2. ..
[l = 0™ 3 |11 o 1 e,
| lafn gp

3ince for any ¢ > o,
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||5a||2 L e y ||ﬂa|‘2 + C€ (for all £ ¢ W{n)

R la<n

for some constant Ce depending only on £, n, we obtain

2 —
from  3.1.5) |ul|’_ < ellull’ em™ Cel{l[l'ﬁ]]zd :

Since, by (3.1.3), the last integral is equal to

n 2 42
zm 7| |u ||, hence (3.1.1) follows.

Having proved (3.1.1) for functions u in C:(S”),
we can now preve it for any u e Vn by completion, that

is, we take a sequence {*} in Ci(S') which converges |

to u in Vn apply (3.1.1) to each ug we get
2 2 2
I @12 <elld @l +clldoll.

The boundedness of the sequence in Vn gives

‘ 2 ' 2
(3.1.6) ess.supll&l(t)llh_rg K + C ess.sup||u£(t)||
t<p - tep

For At > o write

| t+At
W) = i—f-f (@) - @ + o ©))as
t
L +AY | trat
= z—%- (@ - o ®)as + 35 u* (s)ds

in terms of average

t+At

1 u(s) ds

upy €)= ot
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rt+£t
£ 1
o) = E_J (W @) - o (s)}ds + Iﬁi\.t (t).
t -

We use the bound for 2 in L’(|0,T|, H) to establish
1 I[ trit ] 2 i L+At teat
—_— u(t)- u(s)lds| dx < =— TR _ 2
g_\,tz*-o 4 ] 'h(&t)ﬁd[t'(b It(u(ﬁ) U(S)) ds dx

1 (Tteat 2 :

= -—-J (u(t) - u(s)) dsdx,
At ot

' [
Now u(t) - u(s) = - u(r)| = -

t

% ot

l

2 s
fut) ~u@) = [— J 0y ar

s

Ju

—_(T) .

j’f

Substituting this in the above we have

€ ——

—

—

1 t+At S ’ 2
[-J 9—“—(T)d-r] dsdx.
ot

I ot

1 t+At

At)
0

At

1 t+At : 2
A , “ {(u (t) ~u (s)]ds] da
@t) o t
hY
t+at ,
where {(8-t)ds = é% .

t

Combining with (3.1.6) we get

5=

t

2
(s.—t)j (2 ) ar as ax
3ot | -

T, 2
J’ J 2 gt <C at,
&.

0

O
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2 2
(3.1.7)  ess.sup Iluﬂ' @l <K+ cag + ess.suplllu’;t(t)ll .
t<T f=1 t<T

We next show that for fixed At > O there is a subsequence

-

tflt (t) which converges in Cq O, T), H).

A
1 2 Poteat .
~ From I(Duit x,t)) dx = }—5. JU D’ l’S)ClS] c:lxl
0 ' at ot .
2 2 Vot+At " 2
We have |Du’ (t)] = — JU Du” (s) ds] dx
I att S U e
< = 2” ds j Du” (s)) ds dx
(4t) ot t
1 t+At 2
+ l—-—J J (D (s)} ds dx
At ot _ :

which shows that uit is bounded in c{o,1], H,). By

[1.2.11], for each t e [0,T], the closure of the set

2 .
{u.ﬁt (t)} is compact in H. By the estimate

2 2
IDu’ . & + Aty - Duit |

- 1 t+At+8t  ttat 2
o [ e e
) t _

At
(at) t+st



. t+At+6 € t+AL t+At  t+St »

= L j [ +J - +j ”Dugds}dx
@2l WU Ttest |

1 t+At+6 ¢t t+§t 2
o L] | jpas ]
= . - Juds dx
J

0 t+At t

1 t+At+8¢ o, 1 t+8t - 2

<2, J' [ Dukcs)ds) dx + 3—.2J [J b (s)ds| ax
t+At S (At) t J

_ \ ,
where in the last step we have used (a-b) < 2(a)*+2 (b) )
Since - 2ab < a® + p?

y

. t+HAt+StT  t+AL+St
A '3 2 2 2 2
|Duy, (t+at) - Duy, )| < =, ] ds (Cu (s)} dsdx
bt o t+At t+AL

1 t+8t t+48t

. 2 2
+ g.._z ds (DU. (S)) ds
At et t
1 T+AL+6t 1
- s . t+ét 2
= 4,61:2 ) (Dug' (S)J dsdx + g—GTtJ J (Duf' (S)] ds.
GO 7 crat B e

2

T
1 Du (s)] dsdx + ——F- JJ (Dug' (8)) ds.
(at)
0

(&t)"

1

=t-1§—§— jJ (ug'(s)] ds dx
@t)* o0 -

i Cat . ; o l:
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the set {uit (t)} of functions from [O, T] into H, or
E is equicontinuous. By Arzeld's theorem [1.2.9],
for each fixed At > O, there is a subsequence upét (t)

which converges in C ( [O, T],H).

Combined with (3.1.7) this gives

(3.1.8) 2im ess.sup“uq' t) i (t)Hn_1.‘£C At. -
L.,k t<T
Part 2. Proceeding as in part 1, replacing n by n + m and

integrating in t, we obtain

T 5 T

2
[ 1 @1t < €] 11 O gt J 11 0 Ve

o 0
0

2
Using the bound for u in L ([0, T], H_, ) we have

g
T
) . ) 2 .
Jl\u @] ptmey S € * CEJIIu @) || at after adjusting €.
0 0

Tollowing a similar process as in part 1 above, we obtain

- T e k” 2
(3.1.9) i‘im J’|[u ®) -u @® ||, dt < C2 t.
K”

0

Part 3. By selecting a sequence of (At)v + 0 in (3.1.8)

and (3.1.9) and using a diagonalization argument (see
2
appendix A) we can select a subsequence ug’ which converges

in W . This completes the proof of the lemma 3.1.1.

3.2 The Estimates For The folution Of (1.1.4).
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We now return to the initial value problem (1.1.1)
where we prove the existence of a solution to (1.1.1).

The nroof is based on the estimates for the solution

of (1.1.4).
Lemma 3.2.1 Let m > 2@. If v(x,t) is a solufion from
Vm' of (1,1.4), then

T

2 m 2
$v () | +7‘|J ™ @ 1t < clllallly . 4 (g%
[}

T

1% e o | (11 wlll,_* el

0
T
2 : . -
v | +’l[|0““vct>l2dts.Cl,IIlell + lgly )2 <m” where
2 wma Q:
Q .
the C depends on |||uf|},
m)
Proof
Integrating in x and t the equation

v s vk @ ¢ (D™ =D+ DY

ot _

which is obtaiﬁed by multiplying equation (1.1.4) by a
solution v (x,t) of the same equation we get

T , T 4 T ,
j v _B—vdl dt =T j \)Km ) dxde+ (-l)mH (T h—1)+1)j 2™ dxat
00 % ) . 00

which implies
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1 ' T .1
{
J J 3_ vZ)dxdt = TFJ \)K W)dxdt + (—1) & (1-1)+1)J (Dm\))zdxdi
& | _

00

1 2 %
i.e J Gv)| dx+ @ (1-1)+1)J Jl[fn\)) dxdt = 'I.'J vK W)dx dt
0
o

Q

T T 1 '
or #|v) |2+(«: m-1)+1)J|D“‘v ) Izdt < &|g|2+ TJ leK W) |dx dt
o0

m
0O

1 1
< Hs;l2 + isJ le(x,t)|2dx dt + iJ Jﬁzmdxdt by [1.2.6].

o0 00

Applying Gronwall's lemma [1.2.10] to

2 2 t o 2 t !2 .
vy < |g| +J |v @) | dt + J JKm dx dt, i.e.
0 0 o0

T ! Lt
2 4 2
v < {lgl + J J K dx dt } + J [v (s) Jds ,
O 0 . O t
: 2 2 TI Ids
we have |v(@)| < {]g] + J JK; dxdt} e ©
' ' o 0

t t,t
which implies le(t)l g J
) 0

f1ur’s [ [ } o

o0

Combining this with previous estimates, that'is,

2 t o q' t
Plv(t) | + @+t (n—l)]JIDmv (t) | dat < ietU JK; dxdt + Iglz}
- 90 .

)
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2 2
+ 3 I I k dx dt + gl

t 1
= 3% {J [kz dx dt + |g]2}
Jm
0 0

s C(H|wH|w +|glﬁ, gives the required
m‘l

inequality.

To establish the second inequality of the lemma,

we multiply (1.1.4) with 9v , integrate in x and t to

ot
obtain
T 1
J J ] dx dt = 1 J J v
— k (w)dx dt
(0] 0 0 at L
T .1
. (—1)m+1(roq-1)+1)J I.%% DM 4x dt.
0 0
T3 T 1
N
) TJ J s Kp@ax at+ <D™ 1) @ h-“*“J Jnm" 3¢ @) axat
(o o] Qo 0
T 3
. . 3 m .2
= rj J 3? K (w)dxdt - (TG1-1J+1)J J —? D7v) dx dt
0O 0 0
T %
= T[ { i K (w)dxd )
) J ot m @ dxdt - (t @-1)+1) é(l'l v)°
0 0 0

fr l
= 1501+ CODD e of (B K Gax
0

N
0 ®
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. n;1)+1) D% |~

T ’
<1 J(ﬂ) dxdt + %J J @ydgdt + LO=D*Dph. 1 2hy 11,2 6]
/ 3t 2
o 0 0 o
2
< J e 17de v llal]l, v SODD

0

Rearranging the above we obtain

2 2 2
1229 e+ 2™ @ 1< ol +lzly
m

giving the second inequality.

" The final estimate is obtain by first taking Iﬁ

of (1.1,4) ,ndtaplying by DR..'\\)-," and integrating in X and t
as follows
Taking D' of (1.1.4) we get

%(DP’\)) = m“”em (w) + (.-:1)m+1 fr @ -1)+1) p2my
Multiplying through by'E#O we have
Div %ECDEV) =TDQ’qu”+1Gm W + 1™ (n—1)+1)139“v'D2m+ﬂ'\3.‘

Integrating in x and t we obtain

“"—'-\
"‘-—-\

T 1 '
V 3 GﬁU)dxdt =1 J.JIﬁQLﬁ+IGm(w) dx dt
0
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T3
+ D™ (r -1)+1) J j D™y 4x at
0.0

fI] 1

: T,1
> J J y 20wy iax at = - (t h—1)+1)f JD"“ toypt tmy ax dt
ot
0 0 o 0

% 3
+ TJ J ¥y D“‘Gm(m)dx dt.
0 0

T

1 1 1

_— J 3 @) “ax-3 qu"'gﬁdx =- G (n-1)+1)J Jcn"‘*’"s!)zdxdt
O O

0
(0]

T

o[

o

ID”vpn‘”‘c;(AJ (w)dx dt

%

l'll l
= 40" V(e |2+an|0”0 ] at < alD”“gl’+|J an'o,xf*‘cmcw)dxdtl
(8] 0 0

after putting 1 = 1. We used (2.2.5), integration by

parts and (2.1.6) to develop the bound for the remaining

term as follows

= m-2-r et r
G @ = } a D? w+ § b, Du
Ir=0 =0

v = 2m=2 -
But Cm(m) D w + G m(Lu)

ne? m-4-r e Y
- am-4-
=D w+ § aD w+ }J bDuw.
r=o r=o
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1

1
meretore | [ 2uttc e ae = ot [T g wax ae
Gy, VG,
. o0

0 o
" T o+ m-: -3
- 1) 1J' JDZ 1 [ D=2, 4§ arbzm"'"'rw .3 errw]dx Jt.
A r=o r=0

1

T m-2
+ 4= -
= (_1)2 IJ J {Dzﬂﬂ‘mzm-zw +7 Dgg'l‘),arDzm =T mv 3 22,+1V b Drw}dxdt

w+ Yy
Q0 Ir=0

We now develop the bound for each term as follows

4 < m-=1

T, T _ T
|J D220 M2, gxdi | < jm‘{"“v @) |*at le““'zw(t) | *at
j o

o

o o
T T o
- 28 +1 2 =2
_<_€J|D v )| dt+ CE..JIDz w(t)lzdt by [1.2.6]
o . o . '
~ 2 +1+3-}.

. S 1t r
<€ J l.vﬁ[ll)mi\)(t)l vy m*P J desc_-| |52
0

by applying 2.1.6)

- T A 2 @2) -2
m+ wR mH, T em- 2
<€ /fl {ID v (t) | v (1) | | dt+C€»JID2m 2wty | at
[n]
T

T T : -
- , — ‘}-Q' - . -
< e g /2J|D‘“ vt) | Fdt+ ¢ Cé/gjlv(t) lzdt+ CCJI‘Dzm_Zm(t) |*at

0 o 0
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T T ,
. 2
<€ J|me“v(t)l dt + CEJ lv(t)] dt + Cll el .
: m
0 °

O<r<m-2

T ) |
{
|J | D'y ar(u:.)D2 @=2)-r | ax dt|
0 é) :
T N P | . 3¢
< ess.supla_ (m)[U|Dz“"\J @) | dt) UlD2 @=2)-T () | dt)
X,t
0 : o .
T T ,
< K{E'J}D"“‘\) ) | ‘dt+ C;J|D2 0-2) =T ¢y | “dt by [1.2.6]
Q o
T 2 T 2
< af D™ () | at + CEJI\)(t.)| dt + Cl[loll},
o o . m
T T ) _
2
< €Jl“i'JmJ'gL\«'(t)l dt + CeJhJ(t)l dt + C |||m||[w _ as above
m
o] O

Oir_<_m-—3

T , I JT .
IJ Jsz“Hverrwdx dt|< ess‘suplbr(w)IJJIDz“IV(t)Izd 'JlDrw(t)| dt
o o ' o 0
T T
2
<c+ eJ ™ () | *at + cejlv(t) at + ¢ ]l
m
s .

0

Of_rf_m—z

2 (m—z)"r

T o LT
|JID2 VALY a. D wdx dt| - . L
O 0
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T 1 '
_ 0, + —-m+1 2 (m=2)-r
IJ J p* "™y (a, @D w)dx dt|
o 0

T - 4
_<_JJ D™D (1) | “dt x \[S]D""m” (a, @D? @=2)-T 6 ) “at
0 (A

T

2
<e J|Dm”'wt>[ at + c_ [lalll, , by [1.2.6]
it}
o]

O<r<m-3 L B

T 1 : 1

T
|J JD“"“‘;)br D" » dx dt|=]J J ot Mot M @ pTu)dx at
00 o O

F—

T | T
_<_J J D™y ) | at \] J[DE‘“‘“ ®, D'w) | at
0

o

m+g,

< e ||D

O,

2
vo et e [l

Combining these we have

T T
2 DMV ) | P+ nj 10" Pyt | 2dt < eJ[D“‘””\J(t) |“at+c_||wlll,,
m

v} 0o '

+ iﬂfg| after adjusting ¢ and C_.
Choosing € = % and adjusting n we get
3 2 T
_ 2
HD"V (@) | +nJ|D“’”‘\)(t)| at < CClHojll, . + lgly).
m

0
This completes the proof of the lemma.
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3.3 Proof of the theorem 1.1.1

Let m > 2m. Consider the n - dependent initial data

gn in (1.1.2) with gn E Hm’ and gr' converging to the _
data g of (1.1.1) in Hm’. Then g" is bounded independently
of n in Hm'. The existence proof of (1.1.1) is based

on reducing (1.1.2) to a prcblem of finding fixed points
with respect to completely continuous transformations.

We begin with the family of nonlinear problems (1.1.3)

and the related linear problem (1.1.4). If w ¢ wmf)

then it is known that a solution v x,t) of (1.1.4)

exXists, is unique and belongs to Vﬁ. This defines a
nonlinear operator v = ¢ (w,t), which for each t ¢ [0,1]

and w € wm, determines the solution to (1.1.4). In
determining fixed points of ¢ (w,t) we apply the Leray-.

3 chauder theorem,

Consider ¢ (w,T) on the set M of wm, consisting of
functions w € Wy~ satisfying the inequality (2.2.1)
with the bound increased by adding the positive number

€ > 0. We will verify that ¢ (w,T) on Mx [0,1] is
(@) Continucus in w, uniformly continuous in t
(b) Continuous in 1, uniformly coptinuous in o

() Completely continuous on Myx[O0,1], = -

We also show that all fixed points u' of the map ¢ lie



53.

strictly in the interior of the set M and that w-¢ (0,0)

has nonzero degree. We ther apply Leray-Schauder theorem

for existence of fixed points of ¢.

Step 1: ¢ (w,T) is continucus with respect to w in wm‘,

uniformly in t € [0,1]. We begin with two elements W

and w” from M so that v’=¢ (w”,7) and v>=¢ (w*,7). From

(1.1.4), we have with v = W =g

v m 2m. - _ - *
;; + (-1) (1+G1-1)T]D v o= T[km(w )-Km(m )1‘

= TﬁKm(w) and v(x, 0) = 0 .

m-2 m—3
From (2.2.5) we have G () = } arDzm-“'ru + ¥ erru.
r=o r=o

_ 12M=2 *
But Gm(u) = D u + Gm(u).

]

Therefore Km(w) -%; Gm(w)

- m-3
_ 2m-1 Iy 2M=4 -1 r
=D m+T[LrD +J bD w]
r=0 r=o
m-2 m-3-r m-3
_ .2m-1 2 A r+1
=D wt § aD w+ ) bD
r=o0 r=o0
2m=-1 2m-3 "
= D w+ Y dr(w)Drw up to inessential
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constants where d{w) is a polynomial in o and its
derivatives up to order m - 2,

Zm"a - - - -
Ky = ) ld @)D" - d, (m‘)nrm'] + D27 (7 ew?)
r=1

. 2l=3 " - 2
= |_dr (w")D w’-d,, (m‘)Drm’+dr ") Drm’-dr @')Drm’:l"'D
r=1

2m—-1
w

2Mm-3 ' ,
= 3 [dr ©@) 0w D) + d, w’)-d, @‘)]Drw‘] + D™,

r=1

23 -~ - " .: 2m-1
= ¥ {dr(w) w + (dr(w) - dr(w ))Dm ] + D uw .

r=1

Proceeding as in lemma 3.2.1 with v(x,0) = g(x) = 0,

we have

T T

1
(3.3.1) 3|y () |2+nJ|Dmv t) |2d't

3 <t (et+1)J J(akm)zdxdt,
_ T 0 o 0

ou(t) | ? m !
iJI-L;-—:(t-—)I dt +ZiD v ())? < é” (K ) ?dx dt, where
o 00

Al
_ - F
v o= v -y and
aM=13

- - bt -1
ﬂkm = ]:il {dr (W )Drw+ (dr (w )—dr (w')]D w } + D20y,

The bound for AK  in L3 qo,T], L?) is obtained as follows:

Tl

_ o \
J J|dr(w’)Drw|2dxdt < ess.supldr(_w’)l2 IDw (t) | at
o 0

O M,
|

T
T 2
ClIDw@®){ dt, 1 <r < 2m- 3
O

[ A
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< ¢ flfelll,

m)
_ o b
|J J(dr @")-d_ @*))D"w?|*dxdt <es s.supld, ") -d, @* | JIDrw’lzdt»
o 0O O

< ess.supldr(m’) - dr(w‘)|2C, 1L<r<m-2

iCllllewm,

-

Since w”, w” e M., Combining the estimates we have

T

\ _
J J|&Km| dxdt < C|||m|||w _ after adjusti ng C.  Now

o O m

beginning with equation (1.1.4) for v = v” = v* and

multiplying both sides by Dy we obtain

D2Qv§2

> - DM -+ DB v = D VAR (W)
t .

Integrating in x and t we get

Ty :
(_1)2'] JD \ -—-(Dp“v) dxdt + (—1) ¢t h-1) +1)J J M) *ax dt
0

A at

T 1
- TJ:J ng‘vaxm (w) dx dt, that is,
b

O

% 2 t | 1
SRR Y v \,)z’ at+ (-1)* ¢ (n_1)+1)J J my dxdt-rJ R‘\JAkm(w)cbcdt
Q
[o I o] .

T 1
which implies 3|0 % t) |"-»nJ '™ @) |at <[‘rj J o vk @) axat) |



where we have put v (x,0) =0 .

Now using (2.2.5) in &Km we have

2M=-3 - ) 4 | 2 stt-1
AK (W) = 3 dr WwWHD'w + (d‘.t,(m"J —dr(w’)}D_ w ]* D W
r=1 | SR
28 2Q-3 £ .7 2 728 oot A LepZ yp2-t .
D*"VAK (W) = } {dr ") D* D w+ (@, (w)~d, @1))D¥ VD W D DT
r=i

The bound is developed as follows :

1 <r<2m-3

T 1 _ _ T - ;T
|J p? vd, @)D udxdt < ess.supld, @) ] JIDz?“u t)|%at VlJ [p*w @) |2at
o} : 0 : o

QO Me——y,

T J T
J[|D”9“\) @) |*dt J|Drw @) |“at

2 CN
T T
< C {E‘JIDZP‘\: (t) |*dt + CE,JU)% (t) Izdt-} by (1.2.6)
0 0
: C A +i-%
T - m+ £ ..2_%:.2:.%.. 2 _ T
< ¢ {eJ [“5 (ol e ™ ] * +Ce’-J'Dr°’(t”2dt
o ) . . 0 .
rT ﬁm}é Lﬁ“ﬂi@:ﬁ T
= ./‘zc.z;‘J [m“mv ) | |v @) }11; +(C,_- IIDrw(t) 12dt
(o] o .
T Ly i) gra)-a 28Rl
T o, YRR
< 2 CE:‘[ Lg'[le V(t)l o .-J "l'Ce‘iL.l\)(t)| . .
0 “

T
+ -ccE»J D%ty |*at
o
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T N T T
2 2
eJ |D"“£\,(t)| dt + CEJ vty | 2ae + CJlDrw(t)| dt .

A -

0
1<r<m-2
T 1

|I J[dr @) - d, w?*))p?* vpTw?ax at |
0 0

T . T
’, kA - 2
< ess.supldr(w)-dr(us ) I\IJ|D25v(t) |2dij|Drm' )| dt
_ 0 0
T
2,2 2% 2 '
< C, C ess-supld @) -dr@’) | + €] [D* v(t)] dt
O

T .
T
< |l|w|[|w o+ 5J|Dm+£v t) | *de+ J|v(t)|2dt, as before
m ) _ 0
rj_‘ N T 1 . . : ‘ .
|J J p?* 2™ Yy ax at)=| ) ‘“‘J JDZ”"("““‘)\)DZ‘"*&'m)m dxdt |
o 0 0 0 ' ' L
T
= IJ p* Mupt -y axat |
0 o '
T -
< J D"y () 107 ) at
! _
T T o
<eJ|Dm+9“o @ |2dt+ CgI[Dm-t»zdw @) 2t
o 4

2
iEJ D" )| "t + ¢ [flalll,
m
o



Combining and rearranging we obtain

. : T
[DR'\) @) |+ njlnmﬂv (t) |2dt < Clilw|||, . This now gives
m
0

the result.

Step 2! ¢ (w,T) is continuous in T, uniformly in w on

T+A

Mx[0,1].  wWith v '%T= p,t + A1), V= ¢ w,T),

+
vr At T

and v = - Vv , WwWe have

ay _

AR @+ D™ @Aty 6-1)+1) DT ()™ (7 g-n+1)pPN
at |

= AT Km @+ (_1)m+1 [ ( @+At) (n-1) +1]D2mv‘|:+&'r_ ('r (n-1) +1]D2m v-r+a1'
s (r ()DL (7 (1) +1)DPT ]
= ATK, (w)+(-1)m“[m (=L)D" (1 (n-1)+l)D2mv], that  is

. +
%\% + 1) (t (-1)+1) DMy, = ATK (W) + (*1)m+ig-; (—1)D2M,T 61.'.

The above implies

@.3.2) 2+ )P(s m-1)+1]02’“v=m{xm @)+ (~1)™ (-n) DMy THAT
8t

multinlying (3.3.2) by v and integrate in x and t, that is

!II 1 B ) T 1
I v 2 axdt + 1" (n-1)+1‘|I { vy ax dt
oo _ ’

0.9,
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AT J\)K (w) dxdt + AT (—1) (11}

t-.._..\

J vD2By THAT gxat

D“""—-\

T , |
J(Dm\))2dx dt
o)

T 1
Q

J 3—(§v2)dxdt + {1t (h-1)+1)
at
o

QM

ﬁTJ JvK @) dxdt + AT (1-—n) ID D™ T T4k at.
0O 0 0
T
e %lv(t)l2 + (n-1)+1)J 1™ &) ) at
(&)

- N Tl T 1 \l T 1
< bt ”K; () dxdt J J\)dxdt + AT j@mv) dxdt O™ *axat

e ln] o0 0 Q0
T T )
2
< BTy J J K3dxdt | I lv @) | 2dt+ At j|d“v @) | dt J!]va @ at
) ‘ ) )

From the uniform bounds of lemma 3.2.1 we get

T

2 m 2
Hyv@ " +n] D™ )y| at < € ar
) ' :

L .
Now we take D of (3.3.2), multiply through by 1)9'\) and

proceed as in lemma 3.2.1 as below :
Dbt () + )™ et -1)) Dt @)
9t

, ' ' Com tHAT
m{n"‘un"‘{xm(w)) + Q-n) Mt OV )
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Integrating in X and t we have

T 1
!'I\ 1
J Ji 5 @ v 2axdt + )T (1+T(n—1)]J JDz%.Dzm\, & at
o ) 4,
T T 1
' +
L\t{J J DQ’\)D’L'HGm(m)dxdt + (1-n) (_l)m-l-ﬁ,j I DzkazmvT Adedt }

o 0 0o 0

1 T 1
s J 30 )2 tax + (1+T(n-1)}J J(D9’+m\;)2dx dt
: 0
0O o 0

T

. ' T 1
= AT{J J DQ’\)DR'+1Gm (w) dxdt + (1-n)J J’DR' *ryp™H T gxdt
0

o0 0

T
: e
—> 3y @+ T(ﬂ—l)]Jle-&\?(t)]'d‘:
0

T, '
A 2
AT (7)) dxdt
0 0
fl'\ 1

— L ]
+ *'-\T\] J J (D2+mv)2dxdtJ J J CDp’ﬂn\)TmT}zdx dt.
)

T 1
J (1)R *i G, (@) dxdt
[}

| A~

[

c 0 0

[

T T
m\l I |D9’\)(t)|2dt\l J D" ety | *at

(s)

IA

T T
|Dm+9,v ) lzdt\l J lDQ'+m\;T+M ) lzdt.
5 _

+ AT\

—
O ———y,
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From the uniform bounds of lemma 3.2.1 we obtained

T
2
Ip*v (t) | 2 +nJ|Dm+E'v(t)| dt < C Art.
0

dultiplying (3.3.2) by i and integrating in x and

ot

t we get

J I 33 2dxdt + (—l)m(1+T( n-l))J I = D2™M vdxdt
5 ot

T 1
J o K (@dxdt + At (1-1) (-1)“‘J J BVp2m T+AT 4y gt
) at ) )

uf

that is,

T 1
‘ m 9 m
—) dxdt + (Q+t(n-1))| |D"v —@® v)dx dt
0

O =
|—]

O
-

ot

O —

1 T
J K, ) dxdt + At (l-nf:J J o 2 "™ ax at.
at

Q
ct

3 2 @™ 2dxdt

) dxdt + 1+t (n- 1))[
ot

|I
O“——'-\
\-._.._..,
oh—.‘
[~

é_a‘t’ K () dxdt+ At (1-n)J Jnmv %(D vI*ATyax at

ﬁTJ
o)

O"-——-\
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T 3

_s ﬁ ) 2qp & @HT=) w2
) 2

T ) T 4 [ 2JT .
< oo 129 Par [ [asar + o R jln"’*_ IOIRE Y
ot
Q [ 3 8] _ .

o o

< C At Ly lema 3.2.1

T
The ref o 1 J'| M) 1 fg s %ln‘“\, ) |2 < C ar.
at
o

Combining we arrive at

T
Jl v ()

o Ot 0

¥ gt nJ'Tmm*’?‘v (t) lzdt+|D2v ) Iz+ n |D™v ) I*

= ||]-\J|[|v < C At, which is the required result :
m

Step 3 ¢ on M is completely continucus, The prece. ding

steps show ¢ to be continuous at every point in M x[O,1].
By lemma 3.2.1, ¢ (w,t) for =2ach 1¢[0,1] maps a set M
in wm, into a set {v} with
vty < C||{wl{l,  where C is independent
m” m”

of v. From lemma 3.1.1, a set of functions which is

bounded in the norm of Vm’ is compact in the space W

Thus ¢ maps an arbitrary set (w,t) in wm,x{o,ll into a
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set That is compact in wm,. This shows that the set

of values of ¢ (w,7t) on M x [0, 1] is compact,.

Step 4: Fixed points u' lie strictly in the interior

of the set M, The a priori bounds for (1.1.,3) in
lemma 2.2,1, and the definition of M show that all

fixed points u' of ¢ lie strictly in the interior of

of the set M, ' _ )

Step 5: w - ¢ (w,0) has nonzero degree. For T = O,
¢ maps M into a single point v, the unique solution

1
is E% = 1™ 'p*™y, Thus, w-¢ @,0) is invertible and

has nonvapnishing degree.

The application of Leray-Schauder theorem gives for
each T € {0,1] the existence of at least one fixed point

uT(X,t) for ¢, which for 1 = 1 is a solution to (1.1.,2).

By a solution of (1.,1.2) is meant a function d](x,t)-

T. .n. 2 ' 2
such that ' EELJE)I dt + ess.sup||u’ (¢t)]] . is bounded
at t=T I _
o}
and u’ (x,t) satisfies (1.1.2) with initial data g'. By

lemma 2,2.1, the bound depends only on [|gn[|m,. Since

gn converges to g in Hm" gn is bounded independently .
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L F

ofn in Hm,. Thus the preceding bound for the solution
is independent of n. We now discuss the convergence of

dq(x,t) to a u{x,t) of (1.1.1). First consider the case

T

m”~ = 2m. The preceding estimate shows that u" is bounded

in L7(J0,T|, H_ ) and ul is bounded in L% (|0, T|, L2).

The bound is independent of n. By lemma 3.1.1, weak
compactness of bounded sets in L? (|0,T|,L?), and a

dia gonalization. argument, we can select a SubsequenCe'dn

N

converging in Lm(lo,Tl, H ) to some function u and uy

2m-1

converging in L2 ([0, T|, L?) to v. In view of (1.1.2),

this implies that Km(un) converges in Lm(lo,Tl, H )

2m=1
to Km(u) and that v = %%. It follows that u(x,t) is a

solution of (1.1.1) and u(x,0) = g (x) Since u (x,0) = gn(X).!
.—-%-g(x) strongly in Hzm‘

This solution has the additional regularity that
we L (]0,T|, H _.). Let ¢ be infinitely differentiable
and of compact support and consider (un(t), ¢(t)), where

(,) is the paring of B . and H 4. Let ll_['-m’ be the

norm of H__.. Using the aprior bound of (2.2.1) we find

T

L[@f](t),¢(t))dtl; eSS-Supllun(t)llm‘[ ’

e @ | ome @
0 T o -
<c J|¢(t)|_m, dt

Q
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The convergence of W' to u in L (|0,T|,L?) gives us the

T T
convergence of ( [dn(t), ¢(t)]dt to J {t), ¢(t)]dt.

Q : 0

The previous estimate gives us a u ¢ L~ ([0,T], Ho-).

Finally we show that this solution exists for all time.

. ’ 1
It has been shown [7] that Fz(u)=j
O O

+ b0 T2y 4 C}dx, 2 > 1 up to inessential constants
and a, b, ¢ are polynomials in u and its derivatives up
to order £-3; is constant along solutions of (1.1.1).

Use of Fh(h) and (2.2.1) verify that

|lu(t)||n < constant,

b

where the constant is independent of t and depends only
on Hg||n . This completes the proof of existence.
We will combine this result with the uniqueness

Lemma 4.1.1 to arrive at a proof of the theorem 1.1.1.

2
-1 ~2
{ W' huy 2+ @ ~*uy 2usad

u




CHAPTER 1V

4.1 A Uniqueness Result For (1.1.1).

Lemma 4.1.1: For each m, bounded solutionsu:|0,®) =+ H_
of (1.1.1) for n > 3m-2 are uniquely determined by their
initial data.

Proof: Let u, v:|0, =) » H be two bounded
solutions of (1.1.1) with initial data g and h in Hn

for n > 3m-2, By (1.1.1), the bound ess.sup[Dlut(t)ISC
t<T

for £ < m-2 follows. The proof falls into four parts.

In this case, uniqueness is proved in the usual

way. Let w = u - v. Theu (1.1.1) becomes

0 e

—@u-v) = =G, @-; W),

ot 9x

3 3 .2 8 , 1
where - G ., @ = [§a+ U o E-ux}ﬁm(u) with G, (u) = u

9 R R 1

Therefore —5‘- G, @) ".fl 5 + B-u = + :-3- ux]u

T Upxx T ugu
Thus, the above implies

) _dw _

U-V) === ug, b uu - [Vt VY]

ot
= Uyxx T Vxxx T Ux% 7 V%Y



= -+ - +
wxxx uux qu

= w + (u - viu, +
XXX ( ) X

= W + + I
XXX Why X

Which shows that
w
—_— - = wu._ + v
ot XXX X x
1 1
wf2e _
at
0
1 1
dw =
g Jw 5t dx - waxxﬁdx -
0 o

ot

3
J"&"”zdx=J
o 0

u(t), \)(t)aHn for each t.

bounded, then
1 1

(w?)dx - {wwxx|; - [ i.w;] }

67.

vy

'\Jl.lx - x

.. =V
v, X)

wxxx)dx = Jw(wux + vwx)dx
0

A 1 _
2
+ ww_ dx .
Jw.uxdg Jv X
(v} ] Q

1
o

(ux-ivx)wzdx, where we have used that

With ess.suplu | and ess.suplvxl
x,t X,t

QJ %f mz dx < K Jm2d§ .

¢ o



68,

Integrating in t we have

T, T 1
3 Ji 0 4xdt < KJ J w? dxdt
ot oo
N 1 T 5
==> } {lm (x,t)dx - sz(o,t)d¥ } < C, J|W(t)| dt
) 0
T
2 2 2
==> 3w (t) | < 1lw@©) | + C, Ilm(t)l dt
0

2 .2 T 2
—> |w()] < |g = h|” + C, lw(t) | “dt
[e]

Applying Gronwall's inequality [1.2.10] we obtain

t
k,[ ds
lu|* < lg-n|* e’

ilg—h[zexp(K"t).
Since g = h at t = 0, it follows that w(t) = O and hence
u(t) = v(t) for all time.
m = 3

The difference w

"

u - v of two solutions of (1.1.1) with

m = 3 satisfies

(4.1.1) M8 _ ¥ _ & _p {G,(u) - Ga(v)'} , Where
ot ot 9t

Bu; + 6D (uu,) + 18 .

—_—
Gy ) v 5 XXXX'

Multiplying by w(x,t) and integrating in x gives



1

A ot

Now

-+

Ii

-— + -— +  —
6D[uux vu, + vu vvx] w

69,

1

Jw K dx = J . JwD {Ga(u) - G M) }dx

0
1 1

® {63 W) -G, (v)}lo—- ij {Ga W - G, (v)}ax
: . . O . -

E

- ox

0 .

K

| {Ga ) - G, (\))}dx

Gz () - Gy ) = (ua—va) - S[u; -v;]+ 6D[uux-vyx]

+ 1-?--(u

5 WUyxxx™Y xxxx

)

(u*u)(u2+ uv + v?) - 3(ux~vg)[9x * ij

"~ 18
5 TXXXx'

18
2 2y _ : 18
w @ +vu+v®) ~3u (U +v ) +6D (wu +vu ) + 5 xxXX

fubstituting we obtain

Jwtwdx =

Q

2 2
- |w + + - + v
J < {w(u uv ve) Bmx(ux
0

)

X

18 '
+ GD[UJUX + \)u)x] + -.-5— mxxxx }dx

= - | 2 2y _ . ' . -
| wa {m(u +uvty ) 3wx(ux+vx)+6D[wux+vwg]}d§. since

C
1

{

O

J wxxxx

1
d® = g

: xxx‘o = (O by periodicity

i 1 ! .
+ = - o
But JwXDqux vw%]dx wx(wux+vwx)|o wax(wux+uwx)dx, -

Q

0O



b 2
= - + dx.
wax(mux vwx)
(0]

r - 2 2
'herefore Jm wdx = - J{mx[h(u +uv+v )—Smx(ux+vx)]
0 0

- wax(wux + wa)}dx

integrating this expression in t, we get
{m
XX

- 6wxx(wux + waia_dt

![1 1 T

I J w,w dxdt = - I

1 . .
2 : 2) +
W (u +vu +v) Sw, g ”x)__
(I 0 0

The above implies

1 T
2
J1t fac &, [ {lo @1, 140 1,41, © 11+10© oy, © |

0 0

+ o, ®) [y Jug ® |}dt

T
2
= o] ©|° iKlj{lm(t) o Jox ®© [ *lo, @ | +Ho® | oy © ]
o

+ |, ) |~|wxx(t) l}dt .
Applying (2.1.6), (2.1.8), [1.2.6) and the bounds for
the solutions, as follows :

& X S -
0 1 Ja ©1y < % {10%l* 0l fol}e? {I%llu]* }
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2 s 5 '
-
< K {!DZN|“|w|u + |D%w| |w] } after adjusting K,

B 51

L] L) 11
K, {EI(ID‘w|§)3+ Cel(|w|")5¢e;(|nzm|“]

S
5

| A

.

2 y
P {CE|w(t)| + e|D%w(t) |2 }.

| A

5 3
. s .
loy ®1, < [2}D'u®|® low|®]

5

Vo lnzm(t)l"lm(t)li

IA

5 8 '
V2 {e (p*w ) + ¢ flo® Ii]“a}

V2 {€|D2w(t)|2 + CE1w(t)|2 }.

Iw(t)||wxx(t)| £ elwxx(t)I2+ Cglw(t)|z, since 3 + } =

3 s
Finally |uw (€) |, Ju  (8)],< ot {|D2w|a|w(t)|a}]Dzm(t)|

]

11 5
o} { |D%w (t)] aIw(t)}i}

| A

ot {e|D2m(t)|2 + C€|w(t)]2 }

Combining the results we obtain

T
(4.1.2) < CJ {]w(t)|2 + ]Dzw(t)lz}dt-

0

+ C(—:: (]<u| a]

1
1

3

’

1 -

dJow multiplying (4.1.1) by G, (u)-G, (v) and integrating in



x to find that

1

1
J %“—‘LGa W=-G, ) ]dy = | G, (W=Gs ¥))D G, W-G, V) dx
p
0

|
O

1 z
_J 3 (Gs @) - G, M)
- o dx

5 ox

2

2 1

=316, -G, W) | =0

1 1

e — 2

I'herefore J wt(Ga(“)‘Ga(V))dx = Jmt[ (u3_va)-3(ux -V
0 0

2
)

X

18
+ 6D (uux - \Wx) + —5— mxxxx]dx

Integrating in t we obtain

T 3 T .3
2 2
J Jwt{pa(u) -Ga(v))dxdt = J Jmt[(ua—va)-S(ux-vx)
o © 0 0
+ 6D (uu_ - vv_) + lg-w dx dt
X b'e 5 XXXX

We transform each of the terms in the above as follows .

T4
@) lJ J 22 (u*-v?) dxdt | = |ijtw(u2+uv+v2)dxdt|

0o o ot 0o

T 1
_ |J J 3 202 @+uvev?)dx dt
0O O ot
1

T 1
- I J %'-'Jz (uz“'u\J*\)z)dK - J J ir_uth (uz+uu + \Jz)dx dtl,
0 o C



where w (@) = 0 since g®) = “h{0). Thus

T _
IJ j.'la-‘?“-(utv3)dxdt| < Kllw(t)|2+1{ Jm(t)] dt.
0

o0 2t
R TR
K {|w(t)] + I [m(t) | dt}-

o

1A

T 1
]
Oo‘at

2 2 2
J ——{-‘]—[ 6D (u, - vvx) ~ 3 (ux—\)x)]dx dt |

It
O —

fr 1 .
| J {6th (uux- \)\)x) - wawt (ux+\)x)}dx dt]
o

T . : s

T
1
= |J Swt (uux-\)vx) |odt-”6wtx (uux—vvx) -J JBwth (uxwx) dxdt |
0 o0 oo
T, : -
= |JJ| {Gm (uu A ) + Smtm u, + \;x)}dx dt |
00 .

T 4 ,
{6th (wux-l-\)mx) +3mth (ux+ux)}dx at [ .

i
O e—
O e,

1 : 1 :
6w wu + vwx) dx dt ==Jb‘w‘x (wux + vwx) dx
0

But j
Q

L R |

- J J Gw D (wu + vwx)dx dt

= J Gmx (-'.oux + vwx) dx - J J 6wx Dt (wux)dx dt
o o0 '
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1 - : T 1
- [ J 6wx vwx dX - J J 6thwx v dx dt ]
. o : o 0 :
1

= Jﬁmx(mux + vw )dx - I w D (mu Ydx dt
o _

’ O‘———-—s

0
T1 Co
5 2 _
- J 6m vdx + JJS\) — (w Ydx dt _ '
x . 1
at : _
0 00 :
1 ‘ T, ) 1 .
- _ Y Aedt - lam?
JGwX(wux+vwx)dx JJ 6met(wux)dxdt Jwav dx
0 Q0 O

1
2 ; 2
+ J vax dx - J J 3vth dx dt
O 00

1 T 1
J wa(mux + vwx)dx - J J wa(wtux + wuxt)dx dt
o o0

It

1 .T;
- JSvm; dx - [I Svtw; dx dt -
0 °© :
T 1 : S
Therefore [J J {ﬁth(wux+vwx)+3wth(ux+vx)}dx dt] becomes
00 :

1

Il 6w, (wu +ve Ydx - J3vm J {Gm (W u, +wu t)+3\) o }dxdt
o6

'ﬁ\‘_“ka

Ty
+ ]J Bwtmx(ux+vx)dx Qt |
l'l‘l

|JJ {6w wou Fou ) + Svtm;m Bwth(ux+vx)}dx dt !
00 '
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1 .
( 2
- 3 j (\)u}X + 2wxmux)dx|
o

3 N N . . Y 2
Using the identity thwxux—Bwth(ui+vt) = 3 -v .,

. . , _ _ 2
that is, -~ Swth(uxﬁvx) = - thwxu + 3(ut— vt)wx.
Therefore
Ty : .
2
6 - -
|JJ { w (mtux+mu ) + 3y 9y ewthu + S(u v )w }dx dt
00

1 .
2
-3 J(vmx + 20 wu ) dx|
o

T
1 1

1 Houn g 90 02 ;
.&MEPX?BVf@fo(u -V )w d3dt' (vwx+ 2wwxux)dx|

°
T . T1 T

= fJGwmxut[odt~JJ6utD(wwx)dxdt+ JJ {3v W +3(u - )w }dxdt
o} , 00 00

1
-3 J(vm; + 2wwxux)dx[
0 o

T 1 ’ 1

2 » . 2
IJ J{—GutD(wmx)+3vth +3(ut-vt)wxdxdt—J[vwx+mmXux)dx|
o 0 ' ' o '

1 1
. 2 2

J{—3utD2(w2)+3uth}dxdt— BIvmxdx—BJ(wwx)uxdxl

o 0 0

- |

[ P
w2

T 1
:
-3u. Dz(m ) +3u,w }dxdt Bva dx- [?wwxlo

o

]
O —,
O —,

_JluD(mwx)dx}
.
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Tl 1 1
_ 2 2 2 2 1
= |JJ {-SutD (w )+3uth}dxdt~3jvwxdx-3[hwwx|O-JuD(wmx)d%]
00 0 o
T 1 1
= 2 2 z 2 3 1,02 (2
= |J Ii—ButD (w )+3uth}dxdt- BJvmxdx + 2 JUD (w )dx|
00 ° o
[ 1

O N——,
3

J {—3utD2(w2)+3u }dxdt-3jvw dx + (-1) 2Ju W dxl
o 0 o}

T ) ) 2 2
< {log o Mo 01 e s xflo® o, @17
<
, T
2
< Ka{‘w(t)[2+|wx(t)| +J(|wx(t)| +|mxx(t)|z]dt } .

O

Thus we obtain an estimate of the form

1D%w () | < E{|w(t)|2+|wx(t)|2+ J(wa(t)|2+|mxx(t)]2)dt}.

¢

2
Armlying (2.1.6) and (1.2.6) to |w, (t)] , then

5 __a_z
o @ity < @h b }

L) 3.8
< {r %) s e dow )
2 2 3
= /o {elD-w(t)l + celw(t)l }.
_ : T .
Therefore |D2w(t)|2£ K{C€|m(t)|2+g]wxx(t)|2+J[C€|w(t)|2+
_ | :

+ - )|} at }
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T
_ , .
< 0o ® 1P +og @ 17)at + clug ®
: : .
Choosing ¢ = { we have

T

|D2Lu (t) |2-3]D%w () [%< KJ (Ju ) [2+|D%w (t) | *) dt
’ 0
T .
which implies that l‘Dzw(t)|2 < CIJ(|w(t)|2+|Dzw(t)lz)dt
0

Combining this with (“¢.1.2), we find

T
bw () |2+|D2m(t-,)|2 < CJ[!w(t)|2+ ID2w (t) [?)dt.
Q

Anplying Granwall's lemma [1.2.10], we obtain

‘t .
lwt) | *+[D%w 1) |® < ox X 9S_

O L]

Therefore, the result follows : | -
m= 4
With w = u - v, (1.1.1) gives

o _
4.1.3) = =DG, W- G, (v)}, where

at _ !

. |

. ok 2 s 35 . 1 3HX2 a7, 108 x 2 ¢

Multiplying 4.1.3) by w{X,t) we have

waw . .5 G, @ - G, )
at o

Integrating in x and t we find
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Integrating in x and t we find

T 1

J Jw EQ dx dt I
ot
0 0 o

c S
. N T 1
= Ju)(G., ) - G, M}l dt - J J v, G, W -G, (v)}ax dt

o . 0o 0

=3

1
wD (G, ) - G, W)}ax at ,

o\-—-—-—-—\

- J J "*‘x(G“ ) - G, (v)}dx at.
o 0

. - [ 4 ; 2
How G~(u)-Gh(v)-(u‘—v )—12(uu§-vvx)+120[ u?ux—vzvxl

35,2 2 35 x 2 2 x]
* 5[Jxx vxx] * -__E__'D [ Wiex ~— VVg

i0s 8
+—-———-§-—-§—_Dw
We develop bounds for each of the terms in the above as

follows ;

LA

“1

[J] w  ( —v“)dxdtl—lj
o

00

1

O“"—-\*ﬂ

w (@-v) (W+uviuviey?y | & dt\

T 1 :
2
wxw(u3+u2v+uv +yHydx dt|
0

]
o ——

A

CJwa )| | wt)y fat
o .

Arplying (2.1.6) and [2.1.8] to |u (@) ||w (¢t)| we find



'?90

1 N
2
wx( u®-v*)dx dtli KJ {Elwxxx(t)l +CE|w(t)|2} dt
0 _

O N 3

IJ
00
T 1

. , . 2 .
12| w 4= @u -vv ) + Diu,~viv ) rdx dt|
o 0 : o
Ty :
12| ]| w Datu. - v2v.) - un® + vvz]dx dt|
X[ X b4 X X

00

1 |
| . 2
D @?u_-viu_+vZu_-v?v ) -uuZ+vuleyu +vv_ 1dx dt
me[ @u-viu +viu -y ) —uud+vuievaov |

it
O St

= 12|JJ Wy {D[Q(u+v)ux+vzwx]- mu;- vo uy, + vx)}dx dt |

T ' T

= 12|l,\ [w{u-l-\,)u +v wy]dt + l‘r—wxx[w ‘uw) ux+\,2mx]

2 2
- W wu - Vv + y
WU w (U, vx)}d( dt}

. .
{
- 12|JJ { w(u+v)u +y wx]+wxmu; + vmx(ux+vx)}dx at |
00
v | .
< Cl {Im ) i, IU-"Xx (t) |u+|wx(t) | wax ) |~+|Iw(lt)|_h wa (t)[+|wx(t)li}d?

Avolying (2.1.6) and [1.2.6] we find
frl ’ .
| [{w, {D @?u_-uu? - D v) + vo b ax at |
X X X X _ Vg X

o0



T ' '
2 2
< K[ felugy®@1® + e lom*far

0

Finall;g we have

'35 2 5 '
= |”wX {( o XX) +2D*% (uu \vax)}dx at |
0o o _ o |
| ' - N
T
35
Ty IJ“"x{ (uxx“\’xx) Wyt Vix) +2D* [(u—v)u W My Xx)]}dxdtl
00
T,

Q0

T
Now J meD2 (wuxx) axdt = J wh? (.'uu Odt J[szD (wu )dx dt
0
00

o)

_ 38 2 i
== |JJ W { xx[uxx xx)-i12[) [ Uy +vwxx]}dx dt | E

- . E

|

I

_ T, _
. Y
= - 2[1' wD® (wu, ) dx dt
00 '
T

1

2 =

Also 2J JwXD (\)w )dxdt = 2}[(0}(1) (\Jw )lodt-2JJwXXD (\)mxx) dxdt
o

T T S
1 .
= 2Jw DMw,_ ) |0dt-2 Uw " Vw_ ) [dt—Jwax (\mex) dx dt]
4] (0]

Wbstituting we get

Ty

\ X
35 |Jwa {(u;x-- \)XX) + 1'31_)2 (uuxx- \J\)xx) }dx dt |
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¥

35 3

= —g4JJ{?fﬂvs@x§vxx)—2wD (muxx)+ 2wxxwixx}dx dt |
00

< 0 {1 1y g (0 1, +o®) g © [l © ]l © ot

o :

———

Anplying (2.1.6) and [1.2.6] to find

Ty
35 ) 2 2 2 ,
5 IJ “x {(uxx-vxx) + 20" (uu,, - v“xx)} dx dt|
00
T
2
< 2 .
< JI{CCIw(t)l + e|mxxx (t) | }dt. Thus we obtain
(o]

(4.1.4) Iw(t)l2 < KJ{Iw(t)|2+uﬁm(t”2}ct on ccmbining.
0

Multiplying (4.1.3) by G, (u) - G, (v) and integrating in

X and t we find

1 T,
IJ o G, ) -G, v) ] dxdt::”@“ () -G, (u))D (Gh () -G, (v)]dxdt
oo ot 00
Tl
3 2
" ” t —(G, @ - 6, ) dx dt
ox
00

T

2 1
I 3(Ge (w) - G, W) | at
O

I

¢}

i

O by periodicity.



T
l *

That is, ” -B—Q(G,, uy - G, (v)]l dx dt = O, where
_ 50 ot -

+ 2 2 2
Gy (W =Gy (V) = 0*-v*-12 (uu ~vv ) +12 DM u ~v?v.)

'35, 2 2 35 x

2 .2 108 x 2 ¢
— - - - — D
* (uxx vxx) * S D (uuxx \Nxx}+ 35

We transform each term as follows :

T, - T, |
(@) IJJ wy (u"-p"‘)dxdt[ = |JJ\|¢Cm @+ viuv2+vi)dx dt.
. © 00 ' 00 '

T
= |JJ 1% 02 @ + ulv + w? + v¥)dx dt
0o Ot

Ty

~ IJ%UJZ (u3+u2v+'u'\a2+u3)d£-ﬂg-.m2Dt @*+ulv+uvi+vdyax del
0 o
T

2 2
iKﬂw@H4+I%ﬁw@thL
0

T
2 2
;K{M@Hu+IM&qut}

0
Applying (2.1.8) and [1.2.6] to‘]wlt)!ﬁ we get

G2, (324+D)

2
e |} < K, {|D3w(t)| e e« lw(t)l}

A

11
1 -

—_ 12 .
x3{1nsw(t)|121w(t)| + Jw@) | }

2

fA

m.
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N 23
12

+ﬂD%@)FEhuwl ﬂw@)V}

: RS
= “Dw@ﬂ|m@”6

b Y

Avplying [1.2.6] we get

] 11 : 12 =
i — - . 11 11
P _{.-.—--1 . 1

L 2
Do jow ] < e(|p*w@)®) +c(|w(t)61

1)

1 _ 2y 5155 : :
|02 w(t)l lw(t)| < e[|D3m(t}|12)T"+ CE[|w(t)|1 ] ’ |

= e[pw)|® * C_low|?

A
n
r

1, 23 1,24 23 Y24
.|E3w(t)| |w(t)| ' < [|D w(t)| 2]1 [|w(t)| 2 ] ?

= EIDaw(t)Iz + Celw(t)|2

Combining the above we find

g {€|D3w(t)|2 + C€|w(t)|2} after adjusting ¢ and C_

Thus (1) becomes - | o | S N

- - N T S
[for 0 =stranacs o o1t @1 o @ 1+ 0o @ 1o 1) af
00 | 3 °
| T | | P o
®) T[J wt{D(uzux—vzvx)-(uu;-vv;)}dxdt|=|J[mt(uzux-vzvx]]lodt

. 00 0O a

T .
+ JJ th(u u ~v?y o) "y (au =vv )}dx dat |
00



I

X

T, . : )

2 z 2. .2 :
J {wt (uul -vv_ ) + w_ . @ u -y \Jx)}dx dt |
0 ' |
o 2

2 2 2 . 2 2 2 —uiy 3. t
J {“’t (uux - vu + \)ux-wx) to_ i (@fu -viu +viu -V vx) }dxd |
]

= 2 . o2 _
= ” {wtwuxﬂ" (ux*'\’x) w e+ (u+v) RO SR }ax dt |
00

m
A

Iﬂ{hzz)tw +i\)2D W +w m(u-i-v)u PRLCI N 3"}dx dat |
J ) .

o _ _ : S

01 . T, ‘. Ty '
: 2 2,2 ' 2,2
IJ fu w hl:I? wxlodx'JJuxuxt dxdt - JJ D, vie, dx dt
’ 1

. ( [6X0]
+ [J {wx w @+ u +wtw \J(u +Y, c}dx dt |

é(u w?+y? Wy )dx + JJ{ w(u+\J) u, + m‘t'us'lx\) (ux+vx)

#
o —

00

X xt ’t

+|J

dx At

1

< C“fﬂ(t)l +lw (t)| w \J(u +y )

xt t

S

- u&zu 81 - %w \)2

2
- wu u, -
X tx

N

dx dt

{w w(u+v)u +w
T

1 1

_ T
: 1
S u+v) uxdxdt = Jmut {u+v) u, l odt-JJth {w (u+v) ux) dxdt
: 0 : 00

But J
0O

. Q=

+3

1

([ '
= . Jl th [w(uh})ux] dx dt
0 .

1 .
{wth u+v) ux+mtmD {u+v) ux+: '.wtm {(u+v) uxx}dx dt.

-

O3



5. .' "_' .

T, ' , T

. _
: 2 = 2 _
Also JJ wu u  dxdt = J w uxuttodt J Ju D (w?u_)dx dt
oo 0 [OIN
Tl
= - 2
IJ utD (w ux)dx dt
oL .

Sibs tituting, we find

TL ’

2 _ ouyl 20 _ oyt .
If J [yt(uux o)+ e @ - vxi}dx dt|
Q 0

T
2
< C{Jw )] 2+]¢ux (t) | ]+|J[ - {wtmx (u+\))ux+wth V) u
0o
2 z 2
*owLw (u+\))uxx—u%mxv (ux-wx) —u,tD{m ux)+§wxl)tv }dx dt[

| | 0 |
= Clw @) [*+]e, (t)|?) + |J J{mth[;(ux+vx)-(u+v)u;1

Gw® ) i 2
-3 (—:;) ._(“xﬂ’x)“x* (u+v)uxxl+utD (w? u )-w ') v? rdx dt|

1

T .
< C[lw(t) |z+|wx (t)lz) + [IJ'_.& .%,t’_wz[(uxq-\:x)ux-b (u+\))uxx'|
o0

2 2 2 ) .
+ |J, {utD (w ux) —%mXDt\J +wthl-v (ux+vx)—(u+v)ux}}dx dt |

00

_
t
- C(lw (t) l 2+|uox (t) ! 2] + | -3 {mez [ (ux-'-v)ux.j‘ {u+\))uxx] [Odz
. O -
T1 . ’ l]:‘1 .
- ”szt[(uxwx) u (u+) uxxl }dxdm [” {utD (mzux)-am;l)tvz

oo . ’ oY)




S

+ wth[. \J(ux + \JX) - (u_,+ \J)ux] Ax A’(\

T
2
I RO IDEEN (IO TS METOIED

T
2 2. 2 ;
+| JJ u D @w*u ) -4w OV +wth[\J (u +v ) - (u+v) ux_l}dx at |
00 e .

) 2
< Cllo@ ]+ o, @17+ [low] dt)—][lu D (o¥u,) - bop,v*
O . o0 . :
- W (\wa +owu) ldx dt
= C, (Ju(t) | 2+|mX ) l2+J|w (t)] "'dt)+”|2utwmxux+uthuxx—§- 2w}
© 00

YV, = w,.w Vw_ - . m owu (dx d
1 t7x X Tt x x| t

T ;
= Ca[fu®) |2+!wx(t)|a-J|m(t) |2de) -

o
-
c

T

= C2[|w (t)|2+]wx(t)\z+1|w(t)lzd-t]+JJ mwxux(u +1 )+utm U
00 -

O

2 .
o U (2ut—w )+utw uxx-mxu (\)t+ wt)ldxdt

-
O\"'_"""‘\ Lo

- w; vutldx dt.
T T, |
= C(lo® P+, ) IZ+J|w(t)I’dt)ﬂli"-[wz)ux(utwt) |
: 0 . 00 .

o

2 2
+ -
utw ll‘ W \)U[ |dx dt
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T T
= Cz[lw(t)|2+lwx(t)|2+ J| w(t)lzdt)+J[iw2ux(ut+vt)l:dt
o 0
T, '
N JJ* iszX[ u (u + vt)j + uthuxx - w;vutidx dt
oo :
T T, .
< Cz(lw(t)|2+|wx(t)l2+le(t)[2dt) + lenészX[ux(ut?vt)J
0 00

. 2 _ 2 .
uwiu wxvutldx dat.

T T
Cz(lwct)|2:+lwx(t)|2+J|w<t)|*dt)+csj(|w<t)|2+Iw<t)|%1wxﬂﬂ|23dt

0] U
P

<G, {lm(t)[2+ |mx(t)[2 + J []m(t)|2+|wx(t)|2)dx }

| A

5 7
= T 2
Jow Jo () |* < /2 {\Daw(t)i‘zlw(t)llz}
5 x
=z {lﬂgw(t>l° lw(t>l°}

12 12

5 12 2
V2 {e(|D3w(t)|T) "4 C€(|w(t)la)m?}

iA

V2 {e[D"'w(t)l2 +C€|w(t)|2}.

Substituting we get L

xJT
° T

< cfloy]? +efpPuy]?)+ CJ {'w(t)!2+ln’w(t>|2}dt‘
C

1
e 2 2 2 2
[wt(uuxuvvx) * o, (Wru - v vxi]dx dt |

O Sy




8E.

() |” W, { (u;x—vzxx) + 2D? cuum-wxx)}dx dt |

]

w i

(
IJJ w, {mxx (uxx+\)xx)+ 2D? [wuxx+ \.'wx;l} dx dt |

|Jﬁzuatnz O, ) g, @ L Elwtl)z wu ) }dx dt|
(819

T q T

| .‘thD (vw )[ dt - Jﬁm (vwmc)| dt + H 2wm (\me)dx dt
7] 0 0O

T1 T y T :
lj Wy U V. Jdxdt + szwtn (@u, ) |Ud1:- Jwat u) lodt

0

T

1
+J 2wxxt(mum)dx dat.

rfl

| A, Vo

00

Ly
2 ;
|”{th (:.uxx) o (uxxh)xx)-l- ) tmmum}dx at |
00

: '.rl
(2t ‘N f
|.)| \waxlo dx - VI dx dt + | wo @ +v Jdx dt
0 00 ou
J 20 muxxlu dx = ” &u“(mtum : mum)dx dt|
6} [o]¢]
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]
P Sl
o= =N
<
E
1]
"
B
b
E
>
b
£
=
A
"
""T'J
ke
+
S—
—
|
b
E
»
b
£
ct+
=
i
ct
| S
2
E
jo )
ﬂ

]
%
e

<

E

P
»”
+

v

E

ol
»

E

=
"

o
by
(o
"

+
N—
——

I

v}

E
]
"

E

=
"
ct

(o¥

b

(e}
ﬂ

T
Kl!mxx(t)|2+'Kzlwxx(t)|2|m(t)|+ K,Iwax(t)lzlm(t)|d{

0]

|A

T
Ky [|mxx(t)fzdt.
(6]

1 7

x| Bk L] 8
jow by 2.1.8) o  ®|o®) ], £ [mxx(t)|C{|wxx(t)] lw(t) |

7

v x
+ lu(t)l} = Clmxxct1°|m(t)|‘+ |mxx(t1|m(t)|

1

< {'e[|mxx(t)]%j?i+ CE(Im(t)|T)

16

;’ } +{E[UJ (t)|2+ceim(t) }
' B rEl(! (t '2 ; ('\ |“ t l:l
— 5 1 XX ) { = ( )

fubstituting and collecting the like terms we get
T

uz 2 2 -
|JJ Wy { o~ Vg toD* (o vvxx)}dx dt
[eXs)
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o
< Iaa{lw(t)]2+thx(t)|2+J(|w(t)|2+|mxx(t)[2]dt.
’ ]
2
o 17 = {197l
s_ LI
5/§{|ta:3w(t)“|m(t)|”} by (:.1.6)

= S {|D?w(t)?1m(t)?}

s 12
3

i 19T v e (luwl) }

iA

] {e]Dsw(t)]2 +Celw(t)fz}-.

Substituting, we obtain

| 2,2 2 _ I | 2 o 2
'JJ wt{uxx VaxF2DT au vax)} axdt | Cluce) [Fre ey )]

T
+ C J {|m(t)(2+ - (t.)lz}dt. Thus
[

t

| R
¢.1.3) Jug ., ) [2<Cla® |*refu, €)]*4C -Uw(t) oo, © lz}dt.
' o]

Choosing € = } and using (4.1.4) to find
T
o (©)1]2 < coj {[m('t)|2+]mxxx(t)|2} at.

0
Combining this with (4.1.4) we get
'1.
o 2oy, 10 < f {lo @)l

)

XXX

(t)lz}dt
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Apnlying Gronwall's inequality [1.2.10] as before we

get Jot)]?* + |w (t)}? < 0. This gives the result.

XXX

4.2 Uniqgueness For All Values of m,

Taking the difference of two scolutions u and v
of (1.1.1) multiplying by w = 1 - v and integrating in X

we obtailn
X 1

a .
14.2.1) J EE(& wz]dx = - J W, {Gm(u) - Gm(v)}dx .
o 0

gm(u) is the gradient ol Fm(u) at u, and Fm has the form
1

F @) = me(u )&, where e xh tem in f () is of the form
i~ I -0 2’] m=-1 .

m. (DJu) with E (1+Qa£. = m+l for integer ¢ . > 0
J=0 ’ j:o 2 J J

m

f[!". )y = @ "lu)2+'_ "D?}?"z'u)zu + :1Dm-1u+me—?u+c up to

inessential constants, and a, b, ¢ are polynomials in u

and its derivatives up to order m - 3, The terms
2 .
-1 - _ _ .
®"" "u)? and @™ 2QuOf F, give 2™ *y and 2 (-1)"7°
=2

m-2 - ,
. D @™ "u) + O"2u)?, resmectively, in the gradient.
Therefore,
2m- -2 M2 2 . rme2
G ) = 07" u 4+ 2(-1)" 2" @ﬂfFfu)+¢f]‘u)2t..:....
Also Gm(v) = Dzm'2u+2(_1)m“znm“2(Unm"zv) + (Dm“zv)2+......

’ . m--2
G () =G (V) = BEM=2,, pal-z, 2 (~1)" T2 (T )
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m-2

~ 212D (p™2yy @™ Py 2. TRy 2el L

. ¥ . .
Since D' is linear we have

| m-2  _.m-?_
Gm () —Gm {(v) = Dzmhzw + 2(_1)5'1"2[)11]_2[“]) u-vD \)]

m=2z - 2 -2
+ D w (D u+i} V).

Multinlying through by w, = Dw we get

- M i P | -2 -2
W {cm -G (\))} = owp2™=? e (-1)™ % pd™ .“‘[:mm w4 -vD" v]

- - -2 '
+ D™ ©™ %0 ¢ D™y 4

- s

Interrating ™ x and t we have

TI Tl
m--2 m-—-2 m-—-2
|JJ wx{Gm(u) —Gm(v)}dxdt|=|JJ {Dtz w+2 (-1)7 DuD
00 00 '

l:qu_zu—-\)Dm-zv] +DaD™ 2 O™ 2u+D™ 20y . .}dxdtl

bin ]
11 1

T
b |JJ Dtzmnzdedt|+lJJ {2(-l)m_ZDme-z[PDn_zu-va_zg]
00 00 :

L]

+Dme_2w(Dmn2u +'Dm;3U)}dx dt |+-.-.

_ T, ' C T
Now ]JJDmDZm'zmdx at] = | (-.1)""'1”0%1)“"‘udx at |
oG Lo

T o
= |JJ D™ waxdt ]
()}
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= ‘J pm=ly E—(Dm_lw)dx dt |

_ ax
oo
T, |
= [JJ 23 0™ twyax at |
00 oX
T
< ;JID“"IM (t) | %4t
(0]
T, |
Now l”'{z(—l)m“2 Dme_z[ﬁDm_zu—va_2€1
OU :

+ DuD™ 2w @™ %u 4 Dm"u)}dx at |.

"

1
IJJ {2(-1)2(muz)Dm—‘w[qu-zu-va"Qv]*Dme-zm(Dm"2u+Dm-2v)}dxdt|.
oo : '

fi‘l

= |JJ {2Dm‘1m(nm“2uu-am'2vv)+Dme“2m(Dm‘2u+Dm‘2v)}dx dt|
00
T, :

= [IJ {2Dm_1w{Pm"2uu«Dm-2vu+Dm‘2vu~Dm_2vv}+Dwﬁ_2w(Dmuzu
00 ' ' '

- Dm-zv)}dx at)

I"[‘l

I

00

It

m=-2 M=-2
D wu+D Vi

+Dme'2w(Dm“=u+Dm‘2v)}dxdt|

rI\ 1
IJ[ {2Dm_lmDm_zwu+2Dm_lmmDm-2v+Dme*2w(Dm‘2U+Dm—2V)¥dth[
0o _ :
: o | ]
3 C[ {]Dm_iw(t)|,Dm-2w(t)|+]Dm_1w(t)“w(t)hﬁnwﬁﬂl“ykzwﬂﬂl}dt-
“
o]

]
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ymM=—17

4 ﬁn—l)
Now IDm—lm(t)HDm_zw(t)|uf'2*|Dm_1u(t)[{|Dm+1w(t)]
3
y (m-1)
lw (t) | by (2.1.6)
gM—-11 3
im-—l m-=1
= 2t {le-lw(t)lu )|w(t)‘ }
sm-11 g (m-1) 3 . \8
] m-1 v (n=1) | sm-j w m-1) 3 B=k) ’
< 2'{e[|n w(t) | +Cgﬂm(ﬂ| by [1.2.6]

A ¢ e o lz} '
LY
yll-5

1 g TR
¥ m-1) “
atso " w@) | w |<c, 0" w i) |{|D'“"m(t) I lo® |

+ lw(t)l} by (2.1.8)

pm-3 ym-5
= @ {|Dm—1m(t)|~(m-l)[w(t)|h =1} + |Dm_1m(tﬂ|m(0|}
1"%) s 1) Wi=5 g @n-1)
v @M=-1) ) 4 =3 s @—1)| dm-s
< C, {E“Dm_lw ® | ] + CE“m )| +€|Dm—1w(t)|2
Weluw|'}

< ¢ {E|Dm-1w(t)|2 + Clw)]? }.
Finally,by (2.1.6) and [1.2.6]‘
m=-=2 ) m-—1 2
|Dw (t) |, |D w()|, < v2 {E]D w (t) | +C€|w(t)|z}

Substituting back we get
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T
(4.2.2) Ju@)]? < quf {Im(t)l2 +|Dm‘lw(t)|2} dt,

0

Multinlyine the equation for the di fference of two
solutionsu and v of (1.1.1) by G%ﬂ(u) - Gm(v)] we obtain

_g%_ {Gm W)-Gp, (v)}= {Gm (W) - Gy (v)} % {Gm W ~Cn (v)}

Integrating in x we cet

1 1

3 B aira 2
f TE(Gm(u)-Gm(v)]dx = J Egi[um(u) - G, W)) dx

ot
0O 0

2.1
= G - G ( = 0. That is,
3 (G, @) - G W) » i i
1

(4.2.3) J w, G (@) - G ())dx = 0.

{
2

&
O g ; m-1 J :
sach term in fm(u) is of the form I MO“u) , that is,
Jj=o
Ly ) ] ) ]
o ] ~.1 = 2 il m=1
™t olyy T=etw Cotny 0w .. 0™ W . where
j=o
m=1

_2 (1+%)11 =m +1, The corresponding term in the
j=o0 ¢

gradient Gm is
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2 21

m-1 m-1 0 m-1 Rm—l-l
- (~1) gm_ln i APEY  wyass eeag @& TH)

We now estimate each term of Gm in 4.2.3) as follows

Let Aa = a(u) - a(), u= D.u and us = Dy

(a) Ej =0 foF J > 3

T,
J, = |jJ mt(um+1— VP hydx dc |
(8]
";11
= |J[ wt(u-v)(Um+um_’u+.......uvm_1+vm)dx dt |
00 |
T
=3 -
= 1” wew @IV L +uw™ e vy ax de|
00
L m._ m-1 m-1_ m
- I{J E_[&mz][u W VFueeiea . «TUY +V ]dx dt |
J at
00
1
= |J TN e ot L — £ w™ '+ v")dx
i
T,
- IJ iszt(um+um"1v+........+uvm'l+vm)dx dt|
00

T

C {Iumc)l2 + flm(t)lzdt }

| A

) L.,=0 for j > 2

for j > 2 term in Gm(u}.is of tane fora
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Y U A
oy o7 ow -sz,la[uﬁ,’ ®u) ]
o

vo-1 b, vy 21-141
Therefore G, )-G (V) = [R, o, ©Ou) 1D[u0 (Ou)

g -1 21 ™ Q.O ?.1--1
- . -0
LoV, (Ov) ,LDlv) Dv ]

J ¢

Lo=1 2, ¢ -1 %, L% -1 R

_ o
= 9,0110 u, £ v v, = %49 (UU u,

£ -1 f g ~18 -¢ 8 =1 gt ¢ .1
1 v 1 1 1
=0 @~ u —v}d Vy ) -8, {D[uoou - uoovl ~J}

T £ =124 2 & ,-1
Therefore J, = w, |¢ _Au u, - & Dau “u éx dt
i tl707 "0 1 1 o 1
0o
- Tl N Lo vt
= J) (2 g 0u," g 4 0 DAu, Uy }ax dt.
00

Interrating second term in x gives

t . T g, -1
L9 .-t ! Ro-1 8 g 71
- 1 L] 1
- £ ,0 Au °u dt+ [ (ﬂ. w Au © u, +.,6.6u %u ]dx dt
. G0 1 J o0 o 1 1™ 0 1
o © 00 '
T, % % ;-1
Bo~1 1 ) . O 1 ¢
s J'; [?, |€;j0 ag 0 Wt hoywyd Uy Wy ) Ixdt
J O
oo

Using the identity

1.2,4) Auuul = (ﬁuo)u1 + uoéul
angd

- -2 - -
4.2.3) &u£=u£-vg=6u Qf’ Rnf AU PR J u\)z Z+vg 1]'
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we can write the integrand

. %0—1 ¢, LI L ,-1
Qowa Au u, + zlmIAuo u,
L =1 L -1 % L 21-1 ¢ 2 ,-1
e 0 1 8] 1 . () 0
a Qomo(uo Uy = Vo ¥y ) . zlml(uo iy =g My )
-1 -1 -1 -1
- . 2 o Ly L . L, " L & 2 L 3 vi 1)
- ’?JD"—UO(UO ul - \Jo ul UU 1.11 s \)0 1
) L q-1
- -1 g =1 1
i [ to L, 2. %, . ulo e %, e
1P Al By =Ny Wy

g =1 L -1 2, 20—1 L, ¢,
et * = (¥}
= QUmO {(uj - M )“1 + v (ul ~v1)}
. QU Qo =1 go.'£1-1 Ll—l
+ 0w, (uu - )ul - v, luy -V,
£ =1 2, & =1 1 2 q-1 g -1
) 0 . 9] (0]
- G,Uu]o {(ﬂuo )ul +\Jb (Aul )}+E' lwl{(auo }ul L Aul } *
L =1 g -t [ g =2 » g -3 @ -2
But Au © =y - N =(uo—vo)(uou +uuu o e s 2 wOO
4
= w »
0 2, =
(et
ﬁgl by By
U, =u, - vV, “"‘102 1_1,
'3 2 %
pu®=u?-y" =w?
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and

le'-l 2,1-—1 Q,l—l

1 by (4.2.5)

W lpg -2

Substituting back we get,

¢ -1 b1 P E

. o _ . ol
komoﬂuoo u; ¢ glwi ﬂuo ?1 B guwo{wdpi 241 +\Jo wlpﬂl—l}

S g -1
e WY : P£'_1+ TN O-luo } dx dt|

1]
. P -
o
£
J
-
»
=
-

21 1 N .;) g, » EO 4
dx -1 'Qowo“tt'ﬂo—fil dxdt+éjﬂlw1vo ?Ql_z X
0 00 9]

T \ ,.R T, ._1 1
"%{ngwlotLPQOQ .Idxdt+JJQ wdwlv pgutdxdt+Jﬁlwow
00 00 ’ 0

1

L ]
J {leom1“20—1ul +£1m0w10t[%go_lu1 l}dxdt,
O : _

1

o
=
[P
|
=
ol
”
|
G Y——

g -1

»
+ 221wlwo‘lo-1ud }dx

21

- [ 2 -eQ'l 22' |
< dr w2, uitee e %
1
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™
1 , . g -1
+|% £0wUDt (DE, _21111)""?,1011131;(\) .Jl +;;Rllbiow17)tf-‘)q' _'ul ] dt’
o R . s
Q0 B N
T, g =1
1 =1 1
5 - -
N l” { o v % -1 Q'l?ﬂ,o«-lul | )}dx dt |
00 :

Zgtimating using bounds for the solution we get

T . .
J, = Kl{]w @) |2+, © 12+ @) | o, © |}+K2J[|w{t) 12+ ]w; @) )2+ |w @) ] Jw, |
2 o
T '
Yo L -t g ,-1 -
+ K3|” {wuwl(ﬁ.u\)o By Py )} dx dt|
00 ©
o . 10-1 2 ,-1
Jsing * RORI wowluU u, to write the remaining term.
2
dow JJ w0, { ovo PQI_Iwilu' Py 1} dx dt
00 0
T
! ¢ -1 S N A &,-1 av%
= JJ W w!{iovo Pgl 2 kv u; - &,u, DQ -_fio Yo
20 o -,
‘1 L -t 0 -1 g -1 ¢ -
= ” w wl{qovo (‘-)9”_1-111111 }+eu, (aovo -1) pdxdt
00
- Ty ¢ -1 2, =1
fhat is (4.2.6) [J Ny L9y { o 2p %1t 2, }dxdt
] 1!
00
1, g =1 f ol 2. =1 0 -1
s ) 0 1
o N )} aat
wo
L2 .
firce ? =ua_1+uinzv+ ..... LUy +y

Jat




g —2
- ~1 - - -1
Therefore P R P Rt e R T VR A
-1
: o -1, -2 RN
= R)u T T+ V¥ v cbuy +V
L -2
- (\f’_l-ug““l) ruet T et T2 e
g -2
= (v—u){(v w3 + uu£‘3+ug_2]
=3 g -y
u(VT ey u+.....+vu£““+u9"3]+.....+u£'z}
= - W p(ujv). Thus
n L-1 _
(4.2.7) PR~1— L u = - wp(yv),

where P (u,v) is a polynomial in u and v |,

timilarly ®, ' 7'= up,v)
Therefore 4.2.6) becomes

T, 2.0—-1 i ﬂ,l—l
J Ho®l {Qovo (—mlp(ul,vz) + 4,0, (-mop(q,v)}dxdt
A ,

T ] 1 - n |

. 2 5T o B

J w {Romlvo pu,,vy) + Qlwomlul p(u,v)}dx dt
Q

T
which is bounded by K, [{|wl(t)|2+|m(t)|hh(t)f} dt
: J
o

{
Therefore J, < K, 1|w(t)|2+|m1(t)|2+|w(t)||m1(t)|

[ .
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T

+ K, J(Iw(t)l2 * ey @2+ Jw@) e, @) |)dt
O
T I i
+ K, J {luy @) 12 + o @) ]w, ®)])at,

O

By [1.2.6] we have

f
0@ o, @) ]2 {elo® | + ¢ lw, ©) |2}

Thus
VP ) .
Ti < K{Ju ) |2+]w, (£)]2)+ KJ (o) {2+]w, @)]?)at
) -
(c) P.J.=0 for j > 3
Lot R L e Boel g gy
Gm(u)—Gm(\J):ﬂ,o u, DOw ©®%u) -V Ov)  ©®*v) J
- % 2, -1 b, *% L, -1 ?
=0 (ufow o'y T Cov) T ety ]
¢ 2 PR ¢ o -t
2,D% 1u_? (Du) fotwy -uOO(Dv)'(DZU)a‘ ]

_ Lomtare, NPT 2 byt 2,0
=L Au " vy u, - ilD_Auo u, u, +2,D bu "uy u,

T

1
Therefore J, = J wy G ) -G (v) )} exdt
00
T, 5
. £0~1 Ly 2, . % 23122 Y 2 Ly &,-1
= JJ {2 Owofxuo u, u, <4 1“’0])‘3”0 u;  u, 4 .E,ZIIJOL} Au,uy uy }dth

T N e T I ! o Ep Rast L2
But jJ Yad DAu Tuy o u, dxdt o Jﬂ Wollo Uy Uz 'Odt
00 ¢
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o L, L1 8,
=3 IJ i'D(mo)&uo u, u, dxdt
0o
"L Lqy-1 2,
= - IJ L, wybu_“u, u, dxdt
o0
1 g By La=2 %3 L, g R,-t
Also 2,m D?*Au_%u, u, dxdt = L,wAu_"u  u, dxdt
0 o 1 o 't
co 00

therefore, on substituting, we have

e

%3
i ) Q,o—-l 2,112 i %021-"1 Q.z ) E;OR-I 2.2 d dt
0% Auo u, up +2,0,0u "u, u, +aw,lu "uy u, X .

P R S

L=

N e

The integrand is transformed using (4.2.4) as follows

L= Ly 22 L=t 81282 8 122

ﬂub Ul u2 = uo u.:i. u2 - \)0 Ul Uz

L,2; 2 ~12320
Lom1 21ty L -10,0, R .~10;2, L1 %, L-1 1 0 2

= u u, u, -V + Ui u, v Vy u, *V Vg Yo Ny WMV
0 1 2 0 u] 1.12 o I Vo = o 1 Y2 o]
io"l ﬂao"‘l g‘l E'Z 10-1 Ql 'E'l 912 20“121 22 22

= (@, o Jupu w0 {ug vy u, w0 v T, - v,)

+ *
(bu,” Juyw, +v @ (au, u, 4 Vo, Vy A,

L, ty=1 8, L,=12, R pghe, o 2,1 2,

2
Also Auu; Uy = [ﬁuoojul u, +v °(8u, Ju, + v, vy Au,

R0y 0,-1 Roo Ry %e=t & 8y b g g, 2,m

and  Au_"u; u, =[Au00)u1 u, . Aul]Uz * voovl Au, .

S ubstituting back we have

T Ly %2 & =1 2, 8 L -12, %
Lo R =1y K2 R 1 L2 " 1 %2
+
JJ {EOmOI(AuOO Ju, u, Vo (AuxJ“z *Vy W2 3“2]

00
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T,

X D
J RIS ) o1
00
i
00
Substituting back we get

=

T
u, u,

1 dx dt

. Ry a2
w w,P +
o2 £0_1u1 u, woszt

P
P -

-t e
U,

2

Q,

% 1 2’2"‘
+ D u, u
u, wowz_zo_l 1 U

+ww2D[P -
] o tﬁ,o

P.OD 1A
\)o A 1—2u2

22""1} dJ{I

u

wowlp =172

g -3
o

Lo ¥a-t
]*mlwzl)t[vo g PQ'.

}dxdtl

9.- 1""1 2;2
U U,

9’19'2‘1

U1 Yo

1 i

D[P
1 -
t 2.0

2 . 0
? 2w2w2\)0 vy PR, s
1

L2 Y
- gr! 0
® WY Py 0-2”1 u, ¥ 11‘”1“11

2_1-42. 21.11 l.12

2 % 4-1

o S
+ ‘”1‘”2\’0 {2 WV,

£, P u

b2

]} dx dt]

Therefore J, < Kl{lm(t) Hlu, @) [ H e @) o, @) o, ©)] e, © l}

Pt

T
ol @kl o) + o @, ©f}
o} ) : .

2,0
22 ﬂ-il._a__.wz\J vlpg,
-2z FEAt z

Ly 0 ,-1

1‘2] d

] Josat]

P
£ o1

|
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le % , ) 2 g~3
+ W .
[JJ{ WUy [2_\)0 ¢ -1 %,u, P _ﬁ
00
R.O—l 2 L4 L2-1
+ W wyfl v Y 2 £.u. 1 P
0 1 9'2 1 2¥1 2 2’0_1)
21-1 1
wwv vy P Py }}dx dt |
+

%)
ooﬂ. 2

# o, @ e, © ]+[wy @) |w © I} '-d-t+|éH
+ 2 .02 0, %
2W2 v vy lpy 1_2}&: 0

¢ ) L 1 £, 2 L 2,2 5 S 2
-3 w T
| 3 JJ Q’owth[‘R,o-zul u, ]-H?, lmlut[\)ooPL - ]*9,2fu21}t[\) vy P;L 1_2]911 dtl
00

e £, 2,0-1 L % -121 R4 2o-1
+|” © W,y 20\}0 le-l-p“ Iul?g' L e mz(ﬂ, Vo W1 }32 2_1—?, 24, Uy qu -1
5 o
o B A Ly
+ @y W2 \)Oo{i V3 piz-—l_' 15 PQ‘ 1_lu2 }} dx dt |

< EBflo@ o O] + lo®llo, © + o €3] o, (t)l}
v K, le(t)! o3 @) ©)] Lo, © [+luy ©] o, © t}d

. .
+ﬁ{l'-"‘(t)lz*’l‘“x(t)[z*l“’z(t)lz} J{[w(t)|2+]u;1(t)|2+ lw, (t)lz} dt

g

"

L2, & -1 z -l -1 ' [ . | :
+ oo, £ v°® 2 4 D ]+ (V ! 2. u, P
oW1ty & Vo -1 1 o W, & Vi Pﬂz"l 2y Y, (S
00

. ,Q, 2, 1-‘1 u o
W,V (ﬁb 1Y, 9'2__1— 9“2?92 -1 2 }}dxdt i
4
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_Q, -1 2,1-'12;2 N 2-""-‘2-1"1912

. . 0 0 =
Usirg 2 £,0 wyv " u;  u, "2'}.”)0‘“1"0 uy u, =0

L R‘I'; 2'2_1 - 12,2—1
and ,%,0;0,v _°v, u . %y =0 to writ
172152 Y Y1 R FUFTPUPA SR o write

[ ]
the first and last term of the integrand, respectively,
. QI -1 l_l
. 0O - '
that is 1st o w, u2(20v0 PL.—! Ly, Ra_‘)
- -1 - -1 -1
= ugzﬂ, vgo 1E’ - 8 vgo uﬂ'1 14-12,52,'\)3%0 1fll Y
2'; UJO wl ‘2 0o o ¢ l-’ o 1Y 0 1 o 1 O 1 o
£ 1% - Pf- 1;]
Q“ JZ; "'l \2,'--1 ,?, -1 3
)3 L -1, i o]
Ny P - % .u + 2,1 £ v -2
= wowlu:[go\,oﬂ ( L~} 171 ] 1% ( a0 ;3,0_1]] i
Lor R,O-l 2,1
= W WU, L_R'ovo w, P @,, Vi) - R, u}o? (u, \))]
L2ar 12.0-1 R4-1
= G Wy -2 o\’o w,? (ul, "1)" A 1u1 wo‘? (u, \J)]
= (ut-vt)mlu2 [—iL Vo w,® @, ,v) 2 ,u, », P (u,\))]
. 0 tn - ¢
3rd  w,w;Vo £p“| Vi R,-1T V2 Py 1_1132 )
2 o QI 1-1 2; 1—1 g;a"l RI z""l 2 2"1 . - an_l
S I TAUN [9131 pzfi._z,mzul W RPv M 2 U

Lop gyl =1y gt %, ]
- 0 i _ 2774 v
W50,V [J?, 1V 6?22_1-2. pUn )"’,2,_12 ( :I 1 -p 1_1]
. Q‘O 21—1 E:z""l
w [-—R, Vy WP W, V)R, o P (ul,vl)]

i ‘Q’t -1 . L ,~1
=24V, w,plup, V. fR a0,

= (uxt—vxt)mzvp;o Wb Uy, \JJ].

The remaining term in the integrand with + J?,O AN UOU Vi u;l
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5?,0—152.I L =1 2,2,-1 20-121;'2-1
¢ v
becomes wowz{ﬂ, Vo Vi Pﬂ,z 1-2022\)0 vy u, -n?bszo 12
-R,zul u, 5
o
§-1 L L =18, Q,-1
g -171 1 o .l *?
= i mz{ﬂ. O\JOO My fp!. 2—-1%2112 )'R'z[ul ) 0—1-2' 0’0o V1/%
L 2 ,~1 L Ly L,
= womg{ﬂ.o\) 1 9 _1"12112 )"Q'z[ul’pglo V4 Pﬂ, 0—1+U1 9.% -1

_ -1t % -1 by B % L -1 8,
“’o“‘z{go"o vy [t;”z'z_l-lz.zu2 )2 5| (uy -V, ]920_14-\)1 *20—14‘ v ° )y, }

L ~12 2 9 ,=1

- o] 1 1 2
—(ut-\?t)mg{f-ovo vy mzpmﬁ,vz)-ﬂ.z(wle 1_1P£0_1+v1 wop(U,v)uz. }by 4.2.5).
Now estimating, using the obounds for the solutions to find

T

h’sj {lwo ()] lwy @ [+|w, @ |*+w, @] ]w, © [+lo®) ]]o, © |+, © | }

(6]

dh
Therefore J, < Kl{"-tl ) |2+|w, ) |2}'lelm(t) lz"'l“’z (t) |2} dt
0
T
: hﬁj {'w(t)lluu ©) |[+|wg @©) [*+|w, © %o, © 1% |0 ©) | |wz © [+]o, (")Iz}

(¢

T
< K{|o(t)|2+|D%w (t) |2) + CJ[]w(t)]zi- |D%w (t) }2)dt by
0

(2.1.6) and [1.2.6]
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@ % =0 forj > 4

_)'Q‘l!-l 2 =32 &,

: Y = (6] 7 0 1
Op@ =€ O =2 (u® wudul-v.° v;'v,7v,7)

L L,-18,8  Ro =12, L,

0
-2,0{u %u;" uyu, - Vo Vi Vv, v,

R %y 2=ty & & 2,-17%,

2 )
+ 2,D [uo u, u, us =V Vg v, vy )
B2y 2%, =1 2.%,R:¢,-!
0 0 3
= 2,3[)3(110 u, u, u, - \)0 Vy V2 Vg,
Ty
Therefore JJ wt (Gm (u) _Gm (\J)]dx dt =
00
T1
L =12,0,% L L4180, L 2. 2.,-18
7 . 1*2%*3 1 2 M3 1 X2 3
o% jf{woq, 0& (uoo My Uy Ma ]—(Iﬂ. 1m[uoou1 Y2 u, ]ﬂbog’ ZDza(uooux u, U,
o0

L 2,0, 2 =1
. ) o 1 2 3
- mo’i,a 035[110 u; u, u, )}dx dt

but J
0

1 T
R L.=10 8 L fL4-18,8, 1}
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00 00

t

+ thm"zqu'zu * thm' 2™ } dx dt
Now taking the last integral, that is,

. — - -— - -2
J { -2p™ % thm 2y + mtDm 2ml)m 2lb*mtl}m wD™ \J} dx dt

fi
O S
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T,

m-2 '
= II w, @7 “w)?dx dt ;
00
ITl
=JI (ut - vt)(Dm_zw)2 dx dt.
00

On substituting the above integral becomes

1 1 s
J u @™ w)2dx + ] 20" 2™ 2udx— H u, O™ .dx dt
o _ o 00. _
T | Ty
-2 ” ™2, th[Dm-z\) ]dxdt + ” (ut-vt)ajn‘zm)zax at

00 0o

]D’"‘zm(t)l2 + |w(t)||Dm‘2m(t)|} :

f.Kl{
T
K, Jf {le“zm(t)|2+|w(t)|]Dm"zw(t)l-l- ]Dm'zw(t)lz} dt.
A _
Thus, we have established

s " o)) < Kx{lD "zw(t)lzﬂ“lm(”“Dm-z“"“)l}

T _
+ K I {ln“"‘zw(t)lz + ol Dm”zu(t)l}dt
0 -

Applying (2.1.6) and {1.2.6] as usual we obtain
T . '
-1 1
110" W (6] % < C_Ju@)]| e 0w )| 24K, j(|w(t)|2+ln'“"w(t)|2}dt :
o
Choosing ¢ = % and combining with (4.2.2) we get

| __
1 ™ w))? < c {ca J {[m(t)|2+|l“.lm_1w(t)lz}dt + 3" w@)]?

o
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T .
* K J (lo)? + D" twqe)]2}at
) |
T
< € g 8 (Il PP )ar
: o]
T .
it CEJ {lo@)|? + D" 'w(t)]?)at
5 .

Combining with (4,2.2) we have shown

T .
lw )2+ D™ u )2 < (CG+Cdei(ho@)|2+hf$4w(tﬂzjdt
9.

T
<c [ (@l ar.

0

Applyiang Gronwall's lemma ¢ [1.2.10])gives

t

Lo (23] 2+ D™ Pw(e)]? < C J {Iw(s)|2+|Dm"lw(S)|2}dS
[0}
cfds
< 0£Zf?

< 0
That is  |o)[? + D™ u()|* < 0.

This completes the proof of the theorem.
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APPENDIX

Diagonalization Argument,
Let us divide the interval [O,T] into n subintervals
0=T, 2Ty «<T, <++-++--<T =T, and such that

ty e [Ty-T, .1, 1 < n. Let {ti}’ i=1,2, 3,- -

-1
be arranged in a sequence. {lince {uz(t;)} is bounded,

. there exists a subsequence, which we shall denote by

1
{u ’k} such that { ul’k(tp} converges as k + .,

Let us now consider sequences &, S8, &, &,...,
which we represent by the array ... -~ -~ - ¢
S, :oulrt gtz gl oglaw L.
S, 1 u?el og¥rz o203 g2k L,
S, :oulrl g2 33 gder

S :outrt oyt oyt T k2 S

and which have the following properties :

(@) §, is a subsequence of § __, for n =12, 3, 4, ....

1’
®) {u&’k(ti‘ﬁ converges, as k + « (the boundedness
of {f'ﬁk % makes it possible to choose § in this way );

(¢) The order in which the functions appear is the same .
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in each sequence;, 1i.e., if.one function precedes another
in &, they are in the same relation in every Sn’ until
one or the other is deleted. Hence, when going from 6ne
row in the above array to the next below, functiops may

move to the left but never to the right.
We now go down the diagonal of the array; i.e., we
consider the sequence

ul’l u2,2 u3:3

n

By (c), the sequence S (except possibly its first n - 1

terms) is a subsequence of E;, forn=1, 2, 3,..... .
N &t
Hence (b) implies that (ti) converges, as L + «,

for every ti e [0, T].
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