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ABSTRACT

In this dissertation, we define new attractive point using Bregman distance
and establish its theorems in a reflexive Banach space only. The first attrac-
tive point theorem for generalized hybrid mappings was establish in a Hilbert
space. Similar result but for nonexpansive semigroup of mappings was later
established.These two results were later unified by establishing attractive point
and mean convergence theorems for semigroup of mappings without continuity
in Hilbert space which was then extended to Banach spaces. The result was
establish in the framework of smooth, strictly convex and reflexive Banach
spaces. This raised a question as whether or not, the result can be established
in a reflexive Banach space only. Our results improved the results announced

by Lin and Takahashi (2013) and Takahashi et al. (2014a).
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CHAPTER ONE

GENERAL INTRODUCTION

1.1 Background of the Study

The notion of attractive points for nonlinear mappings was first introduced by
Takahashi and Takeuchi (2011) in a Hilbert space. They estalished attractive
point and mean convergence theorems of Baillon’s type without convexity for
generalized hybrid mappings in a Hilbert space. Later, this concept of attrac-
tive points was extended by Lin and Takahashi (2013) to Banach space and
they obtained some fundamental properties of the points. Using these proper-
ties, they obtained some results for skew-generalized nonspreading mappings
in a Banach space. Let C' be a nonempty subset of a real Hilbert space H and
T :C — C be a mapping. A point u € H is called an attractive point of T if
and only if

| Tv —ul < |lv—ul VveC.

Let the set of all attractive points of T' be denoted by A(T) i.e.,
AT)={ue H: ||[Tv—ul <|v—ul,Vve C}.
A mapping T': C' — H is said to be nonexpansive if and only if
|Tu —Tv|| < ||lu—2| ¥ u,veC.

And it is said to be quasi-nonexpansive if and only if for any v € C and
ue F(T),

[T = ull < flv—ul.



Observe that every fixed point of quasi-nonexpansive mapping is an attractive
point.

A mapping T': C' — H is called nonspreading if and only if

2| Tu — Tw|)* < ||Tu—v|)* + | Tv —ul]* ¥V u,v € C.

A mapping T : C — H is called hybrid if and only if

3|Tu —Tol]* < lu—v|* + ||Tu —v||* + |[Tv — u||®* V u,v € C.

Nonspreading and hybrid mappings are generally not continous, Igarashi et al.
(2009).

A wide class of nonlinear mappings called generalized hybrid mappings which
contain the classes of nonexpansive mappings, nonspreading mappings and
hybrid mappings in a Hilbert space was introduced by Kocourek et al. (2010).
A mapping T : C — H is called («, §)-generalized hybrid if 3 «, 5 € R such

that

al|Tu — Tol]* + (1 — a)|ju — Tv|]* < B||Tu —v|]* + (1 — B)||u — v||* Vu,v € C.

Observe that a (1,0)-generalized hybrid mapping is nonexpansive, a (3, 3)-
generalized hybrid mapping is hybrid, (Kohsaka and Takahashi (2008b); Taka-
hashi (2010)) and a (2, 1)-generalized hybrid mapping is nonspreading, (Kohsaka
and Takahashi (2008a,b)).

A class of normally generalized hybrid mappings in a Hilbert space containing
the classes of generalized hybrid and that of contractive mappings was intro-
duced by Takahashi et al. (2012) as follows:

A mapping T : C' — H is called («a, 3,7, 0)- normally generalized hybrid if and

only if 3 o, 5,7,0 € R such that

() a+B+7+6>0



(i) a+B>0o0ry+d>0;and
(iii) of|Tu —Tv||? + Bllu — To|]* + || Tu — v|* + §]jlu — v||* <0V u,v € C.

Definition 1.1.1 A normed space E is called smooth if and only if for every
u € FE, ||lul| = 1, there exists a unique u* € E* such that ||u*|| = 1 and

(u, ) = [lu]]-

Definition 1.1.2 Let E be a normed space and ¢ : E — E** be a canonical

embedding (linear and isometry) map. If ¢ is onto, then E is reflexive.

Let E be a smooth real Banach space and E* be the dual space of E. The

normalised duality map J : E — 2F" is defined by
Ju={u" € E* : (uu) = |ul]> = |u[]*} V u e E.

Where (z, 2*) is the value of z* € E* at x € E and is called generalized duality
pairing. Let S(F) be the unit sphere centered at the origin of E. The space
E is said to be smooth if and only if the norm on F is Gateaux differentiable
i.e., if for each z,y € S(E), the limit

et bl — e
t—0 t

(1.1.1)

exists. The norm of F is said to be Fréchet differentiable if for each x € S(E),
the limit (1.1.1) is attained uniformly for all y € S(F). A Banach space E is
said to be strictly convex if ||[*32|| < 1 for all z,y € S(F) and = # y. It is
said to be uniformly convex if for each € € (0, 2], there exists 0 > 0 such that
for all z,y € S(E) and ||z — y|| > ¢, ||5¥]| < 1 —4. It is known that if E
is uniformly convex, then E is strictly convex and reflexive. It is also known
from Takahashi (2000) that

(i) if E is smooth, then J is single valued,;

(ii) if E' is reflexive, then J is onto;



(iii)if E' is strictly convex, then J is one-to-one and strictly monotone;
(iv) if E is Fréchet differentiable, then J is continuous.
Let E be a smooth Banach space and J be the duality mapping on E. Define

a function ¢ : F x E — R by

o(x,y) = ||lz||* — 2(z, Jy) + |jy||* Yo,y € E.

Observe that in a real Hilbert space H, the above equation reduces to

oz, y) = |lz —y|> V 2,y € E.

Furthermore, for each z,y, z,w € E, we have

dx.y) = Nzl —2(z, Jy) + |yl

l]* = 2[¢z, Jy)| + lly]I*

v

v

(1 = 2(l/l 7yl + [ly]*
(1 = 2l Iy + llylI*

(lll = [l I)*.

Therefore, ¢(z,y) = (=] - llyl)*

Similarly,

¢z, y) < (=l + llyl)*.

Thus,

(lll = llylD* < ¢(a,y) < (=l + lyl)* (1.1.2)



Also,

¢(x7y) -

And

1 = 2z, Jy) + [yl

l]* = 2(z, Jz) + [[2]]* + [[2]]* = 2{z, Jy) + [ly]|*

2w, Jz) + 2(z, Jy) — 2(x, Jy) — 2||2|)?

d(w,2) + ¢(z,y) +2((w, J2) + (2, Jy) — (x, Jy) — (2, ]2))
o(x,2) + ¢(z,y) + 2((z, Jz — Jy) + (2, Jy — Jz))

o(z,2) + ¢(z,y) + 2((x, Jz — Jy) — (2, Jz — Jy))

oz, 2) + o(z,y) + 2(x — 2, Jz — Jy) (1.1.3)

2w —y,Jz— Jw) = 2(z,Jz)— 2(x, Jw) — 2(y, Jz) + 2(y, Jw)

= —(l=lI* = 2(z, J2) + [I21*) + (l=[|* — 2(z, Jw) + [|w]]*)
+ (Iyll* = 2{y, J2) + 121%) = (lyl* = 2y, Jw) + [|wl]]*)

= —¢(z,2) + oz, w) + 6(y, 2) — d(y, w) (1.1.4)

If F is additionally assumed to be strictly convex, then

¢(x,y) =01if and only if v =vy.



If E is a smooth, strictly convex and reflexive Banach space, then for any

z,y € F and A € R with X € [0, 1], we have

oz, TP ATy + (1 =N)Jz2)) = |lz[|* = 2(z, J(J ' (AJy+ (1 = N)Jz)))
+ [T ATy + (1= N)J2)|)?
= lz))® = 20z, Ay + (1 = \)J=2)
+ [Ny + (1= M) Tz
< lzl® = 20z, Jy) = 2(1 = N){w, T2) + Al Tyl?
+ (L= Nz
= All=l* = 2z, Jy) + [ly]1*)
+ (L= N(l2l® = 2(z, J2) + ||2]*)
= A(z,y) + (1 = AN)o(z, 2).

Oz, T ATy + (1= N)Jz)) < Ad(z,y) + (1 — No(z, 2). (1.1.5)
Let ¢, : E* x E* — R be a function defined by

¢u(a”,y") = [la"|I* = 20"y ") + [yl for all 2%,y € E”.
Using the above definition, we have

. (Jy, Jz) = |[Jy||* — 2(J Tz, Jy) + || Jz|?
= |lylI> = 2(z, Jy) + ||=|?

= o(x,y). (1.1.6)

A class of generalized nonspreading mappings in Banach space was introduced
by Kocourek et al. (2011). A mapping 7" from a nonempty subset C' of a smooth

real Banach space FE into itself is called generalized nonspreading mapping if



and only if 3 o, 5,7, € R such that

ad(Tz,Ty) + (1—a)p(x,Ty)+~(6(Ty,Tz) — ¢(Ty,z))

< Bo(Tx,y)+ (1= B)o(x,y) + 6(oly, Tx) — d(y, x)),¥ x,y € C.

If such a mapping 7T is called («, 3,7, §)-generalized nonspreading mapping,
then a (1,1,1,0)-generalized nonspreading mapping is a nonspreading mapping,

Kohsaka and Takahashi (2008b), i.e.,

&(Tx, Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty,z) ¥V z,y € C.

Also, a (1,0,0,0)-generalized nonspreading mapping is called a ¢-nonenpansive
mapping i.e

o(Tx, Ty) < ¢(x,y) Vx,y € C.

Definition 1.1.3 Let E be a real Banach space and f : E — (—00,00) be a
map. Then [ is called proper if its domain D(f) # O where D(f) = {x € E :

f(z) < +oc}.

Definition 1.1.4 A function f : E — (—00, 00) is said to be a lower-semi con-
tinuous at xo € E, if {x,} is a sequence in E such that x, — x¢ and f(z,) — v,

then f(z0) <y

Definition 1.1.5 A real-valued function f is called convex if for every \ €

[0,1] and z,y € D(f), the domain of f f(Ax+(1—N)y) < Af(z)+(1—=N)f(y).

Let E be a real reflexive Banach space with norm || - || and E* the dual space
of E. Let f : E — R be a proper, lower semi-continuous and convex function.

The Fenchel conjugate of f is the convex function f*: E* — R defined by

[ () = sup{{u,u*) — f(u) : u € B},



Let u € intdom f; the subdifferential of f at u is the convex set defined by

Of(u) ={u" € £ : f(u) + (v —u,u") < f(v), Yv € E}.

For any u € intdomf and v € E, the right-hand derivative of f at u in the

direction v is defined by

The function f is said to be Gateaux differentiable at w if

o L t0) = f(@)

t—0+ t

exists for any v. In this case, f°(u,v) coincides with </ f(u), the value of the
gradient 7 f of f at u. The function f is said to be Gateaux differentiable if

it is Gateaux differentiable for any u € intdom f.
Definition 1.1.6 (Bauschke et al. (2001)). The function f is said to be:

(1) essentially smooth, if Of is both locally bounded and single-valued on its

domain;

(i1) essentially strictly conver, if (8]”)71 is locally bounded on its domain and

f s strictly convex on every subset of domf;
(111) Legendre, if it is both essentially smooth and essentially strictly convex.

Proposition 1.1.1 (Bauschke et al. (2001)). Let E be reflexive Banach space,

then
(1) f is essentially smooth if and only if f* is essentially strictly convex;

(ii) f is Legendre if and only if f* is Legendre;



(iii) If f is Legendre, then <y f is a bijection satifying 7 f = (\7.f*) 7}, ransy f =
dom~y f* = intdomf* and ran 7 f* = domf = intdomf.

Examples of Legendre functions were given in Bauschke et al. (2001); Bauschke
and Borwein (1997) . One important and interesting Legendre function is
]%H “” (1 < p < 00) when E is a smooth and strictly convex Banach space. In
this case the gradient 5/ f of f coincides with the generalized duality mapping
of £, ie, \7f = J, (1 <p < o0). In particular, \7f = I the identity map-
ping in Hilbert spaces. In the rest of this dissertation, we always assume that

f: E — R is Legendre.

Let f: E — R be a convex and Gateaux differentiable function. The function

Dy : domfx intdomf — R, defined by

Dy(u,v) = f(u) = f(v) = (V[ (v),u = v), (1.1.7)

is called the Bregman distance with respect to f (Censor and Lennt (1981)).

Observe that from (1.1.7), we have

Dy(u, w) == Dy(u,v) + Dy(v,w) + (Vf(0) — Vf(@)u—v).  (1.18)

Remark 1.1.1 If E is smooth and strictly conver Banach space and f(u) =
|ul|* for all u € E, then we have 7 f(u) = 2Ju for all uw € E and hence

Dy(u,v) = [f(u) = f(v) = {u—v,vf(v))

lull* = floll* = (w = v,2Jv)

= ull® = Ivl* = 2(u, Jv) + 2(u, Jv)
= lull® = lloll* = 2(u, Jv) + 2||v|?
= Jull* = 2(u, Jv) + |||

= o(u,v).



1.2 Problem Statement

Takahashi et al. (2014a) proved some attractive point theorems in the frame-
work of a smooth, strictly convex and reflexive real Banach space. A question
arises here; can these Theorems be obtained in reflexive real Banach space

only? This question has been answered appropriately in this dissertation.

1.3 Aim and Objectives of the Study

The aim of this research is to establish a new attractive point theorems for
semitopological semigroups in reflexive real Banach space only. This aim will

be achieved through the following objectives:
(i) Defining an attractive point using Bregman distance;

(ii) Defining a generalized nonspreading and skew-generalized nonspreading

maappings;

(iii) Establishing attractive and skew-attractive point theorems in reflexive

Banach space.

1.4 Scope and Limitation

This research covers a more general reflexive real Banach space and is limited

to the notion of attractive point using Bregman distance.

10



1.5 Basic Notations

Throughout this dissertation, the set of natural numbers would be denoted
by N, the set of real numbers by R and the the extended real number system

(—o0o,+oo] by R .

Definition 1.5.1 (Conjugate operator)Bauschke et al. (2009); Victoria et al.
(2012)). Let E be a reflexive Banach space and let C' be a subset of E. Let
f:E — RbeLegendre and T : C' C intdomf — intdom f be an operator. The
conjugate operator T; : 7 f(C) — intdom f* associated with T denoted by T*
is defined by

T =<y foTovy [~ (1.5.1)
Lemma 1.5.1 (Bauschke et al. (2001)) Suppose u € E and v € domf. Then

(i) if f is essentially strictly convex, then Ds(u,v) =0 < u="v

(ii) if f is differentiable on intdomf and essentially strictly convex, then

Dy(u,v) = Dp-(V f(v), 7 f(w))-

1.6 Outline of the Dissertation

This dissertation is divided into five chapters. Chapter one is the introduction
and the review of the related literature is in chapter two. Chapter three con-
tains the methodology employed in carrying out the research while the main
result is presented in chapter four. The summary, conclusion and recommen-

dations form chapter five and references follow immediately.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Attractive Points

In this chapter, we present some literature related to the notion of attractive
points that have been reviewed. In the introductory part of the work, we
have seen that the concept of attractive points of nonlinear mappings was
first introduced by Takahashi and Takeuchi (2011) which opened up a new
and interesting dimension of research in the area of nonlinear analysis. They
proved among others, the following attractive point and mean convergence
theorems of Baillon’s type, Baillon (1975) without convexity assumption for

generalized hybrid mappings in Hilbert space.

Theorem 2.1.1 (Takahashi and Takeuchi (2011)) Let H be a Hilbert space
and C be a nonempty subset of H. Let T : C' — C be a generalized hybrid

mapping that is there exists o, § € R such that
o[ Tu —Tol|* 4+ (1 —a)||lu —Tv||* < B||Tu —v|* + (1 = B)||lu —v||* ¥V u,v € C,

then T has an attractive point if and only if there exists z € C such that

{T"z:n=0,1,...} is bounded.

Theorem 2.1.2 (Takahashi and Takeuchi (2011)). Let H be a real Hilbert
space and C' a nonempty subset of H. Let T : C' — C' be a generalized hybrid

mapping. Let {v,} and {b,} be sequences defined by

n

1
v € C, v =Ty, bn:—g U, ¥V néeN.
n
k=1

If {v,} is bounded then the following hold:

12



(i) A(T) is nonempty, closed and convez;
(ii) {bn} converges weakly to ug € A(T) where ug = limy, 00 Pa¢ryvn and Pacr)

is the metric projection of H onto A(T).

For commutative semigroups of nonexpansive mappings in a Hilbert space, a
theorem of the form of Theorem 2.1.2 was proved by Atsushiba and Takahashi
(2013).

Takahashi et al. (2012) introduced a broad class of nonlinear mappings called
(o, 8,7, 6)-normally generalized hybrid that contained the class of generalized
hybid mappings and contractive mappings in a Hilbert space. They proved
the attractive point theorem for such mapping in Hilbert spaces. Also, using
the technique developed in Takahashi (1981), they proved mean convergence
theorem of Baillon’s type without convexity assumption for normally general-
ized hybrid mappings and a weak convergence theorem of Mann’s type without

closedness in a Hilbert space.

Theorem 2.1.3 (Takahashi et al. (2012)) Let H be a real Hilbert space and C
a nonempty subset of H. Let T be an (o, 3,7,0)-normally generalized hybrid
mapping from C' into itself. Then T has an attractive point if and only if there
exists z € C such that {T"z : n = 0,1,...} is bounded. Additionally, if C' is
closed and convex, then T has a fized point if and only if there exists z € C
such that {T"zln = 0,1,...} is bounded. In particular, a fized point of T is

unique in the case of a + 4+ v+ 4d > 0.

Lin and Takahashi (2012) used Banach limits of nonlinear mappings in Hilbert
space to obtain attractive point theorems for such mappings. They also used
the results and proved a nonlinear ergodic theorem for 2-generalized hybrid
mappings in a Hilbert space.

Guu and Takahashi (2013), studied (a, 3,7, 6, €, (, n)-widely more generalized
hybrid mappings and established the existence of attractive point theorem

and a mean convergence theorem for such mappings in a Hilbert space. They

13



also proved weak convergence theorem of Mann’s type and strong convergence
theorems of Shizima and Takahashi’s type for such a wide class of nonlinear

mappings.

Theorem 2.1.4 (Guu and Takahashi (2013)) Let H be a real Hilbert space
and C' a nonempty subset of H. Let T be an («,f3,7,9,€,(,n)-widely more
generalized hybrid mapping from C into itself which satisfies either of the con-
ditions:

(i))a+B+~v+6>0, a+v>0and e+n >0,

(i) a+6+~v+5>0, a+5>0and (+n>0.

Then T has an attractive point if and only if there exists z € C' such that
{T"z:n=0,1,..} is bounded.

Takahashi et al. (2013) used the concept of attractive point of nonlinear map-
pings to obtain strong convergence theorem of Halpern’s type, (Halpern (1967))

for a wide class of nonlinear mappings. They proved the following theorem:

Theorem 2.1.5 (Takahashi et al. (2013)). Let H be a Hilbert space and C' a
convex subset of H. Let T' be a generalized hybrid mapping from C' into itself
with A(T) # 0 and let Pacr) be the metric projection of H onto A(T). Let

z € C'and {z,} be a sequence in C defined by z; € C' and
Tonr1 = oz + (1 — ) (Bnzn + (1 = By)Txy,), Vn € N,
where {a,,} and {8,} are sequences in (0, 1) such that

nh_)rrolo a, =0, Zl = 0o and ligglfﬂn(l — ) > 0.

Then {z,} converges strongly to T = Pu(r)2.

Lin and Takahashi (2013) extended the concept of attractive points in a Hilbert

space to that in a Banach space. With the extension of the notion of generalized

14



hybrid mapping in a Hilbert space to the generalized nonspreading mappings
in a Banach space, they proved attractive point theorems for such mapping.
They used the results and obtained some results for skew-generalized non-
spreading mappings in a Banach space. They finally proved nonlinear ergodic
theorems without convexity for generalized nonspreading mapping in a Banach
space.

Takahashi et al. (2014b) unified the results of Baillon’s type proved by Taka-
hashi and Takeuchi (2011) and that proved by Atsushiba and Takahashi (2013)
by establishing an attractive point and mean convergence theorem for semi-
group of mappings without continuity in a Hilbert space. They extended their
results to a more general Banach space, Takahashi et al. (2014a), by intro-
ducing a broad semigroup of mappings without continuity in a Banach space.
They proved attractive point and fixed point theorems for the semigroup of
mappings without continuity. They also established and proved among others,

the following attractive point theorems for such mappings .

Theorem 2.1.6 Let E be a smooth and reflexive Banach space with the du-
ality mappping J and let C' be a nonempty subset of E. Let S be a com-
mutative semitopological semigroup with identity. Let S = {Ts : s € S}
be a continuous representation of S as mapping of C into itself such that
{Tsx : s € S} is bounded for some x € C. Let u be a mean on C(S). Suppose
that psp(Tsx, Tyy) < psd(Tsx,y),V y € C and t € S then A(S) = N{A(T5) :
s € S} £ 0. In particular, if E is strictly conver and C' is closed and convex

then F(S) =N{F(T}) : t € S} is nonempty.

Theorem 2.1.7 Let E be a strictly conver and reflexive Banach space with a
Fréchet differentiable norm and let C' be a nonempty subset of . Let S be a
commutative semitopological semigroup with identity. Let S = {Ts : s € S}

be a continuous representation of S as a mapping of C into itself such that
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{Tsx : s € S} is bounded for some x € C. Let u be a mean on C. Suppose that
psP(Try, Tsz) < psop(y, Tsx) for ally € C and t € S. Then B(S) = N{B(T}) :
t € S} is nonempty. In particular, if C' is closed and JC' is closed and conver,

then F(S) = N{F(1;) : t € S} is nonempty.

Also, using Theorem 2.1.6, Takahashi et al. (2014a) proved the following at-

tractive point theorem for generalized nonspreading mappings in Banach space,

see also Lin and Takahashi (2013).

Theorem 2.1.8 Let E be a smooth and reflexive Banach space and C' a nonempty
subset of E. Let T : C' — C be a generalized nonspreading mapping, then the
following are equivalent.

(i) A(T) # 0

(i1) {T"vo} is bounded for some vy € C.
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CHAPTER THREE

THEORY OF METHODS

3.1 Introduction

The methodology employed in carrying out this research follows from review

of some announced results and other techniques in related literature.

Lemma 3.1.1 (Xu (1991)). Let E be a uniformly convex Banach space and let
r > 0. Then there exists a strictly increasing, continuous and convex function

g:10,2r] = [0,00) such that g(0) =0 and

laz + (1 —a)y|* < allz* + (1 = a)yl* — a1l — a)g(z - y])

for all x,y € B, and o € [0, 1], where B, ={z € E: ||z]| < r}.

Lemma 3.1.2 (Kamimura and Takahashi (2002)). Let E be a uniformly con-
vex Banach space and r > 0. Then there exists a strictly increasing, continuous

and convex function g : [0,2r] — [0,00) such that g(0) = 0 and

gl = yl) < o(z,y)

for all z,y € B,, where B, ={z € E : ||z]| <r}.

Let E be a smooth Banach space and C' a nonempty subset of . A mapping

T :C — E is called quasi-nonexpansive if F(T) # () and

¢(Tz,y) < ¢z, y) V o,y € Cand y € F(T).

(Ibaraki and Takahashi (2007b)).

Let D be a nonempty subset of a Banach space £. A mapping R: F — D is
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said to be sunny if

R(Rz + t(x — Rz)) = Rz

forallz € Eandt > 0. R: E — D is said to be a retraction or a projection
if Rx = x for all z € D. A nonempty subset D of a smooth Banach space
E is said to be a generalized nonexpansive retract (resp., a sunny generalized
nonexpansive retract) of E if there exists a generalized nonexpansive retraction
(resp., sunny generalized nonexpansive retraction) R from F to D; (Ibaraki
and Takahashi (2006, 2007a,b)). Ibaraki and Takahashi (2007b) proved the

following lemmas.

Lemma 3.1.3 (Ibaraki and Takahashi (2007b)). Let C' be a nonempty closed
sunny generalized nonexpansive retract of a smooth and strictly convex Banach
space E. Then the sunny generalized nonexpansive retraction from E onto C

s uniquely determined.

Lemma 3.1.4 (Ibaraki and Takahashi (2007b)). Let C' be a nonempty closed
subset of a smooth and strictly convexr Banach space E such that there exists a
sunny generalized nonexpansive retraction R from E onto C' and (z,z) € ExC.
Then the following hold:

(i) z = Rx if and only if (x — z,Jy — Jz) <0 for ally € C;

(ii) (R, =) + 6(x, Rz) < 6(x, ).

Kohsaka and Takahashi (2007) proved the following results:

Lemma 3.1.5 (Kohsaka and Takahashi (2007)). Let E be a smooth, strictly
convex and reflexive Banach space. Let C' be a nonempty closed subset of E.
Then the following are equivalent:

(a) C is a sunny generalized nonexpansive retract of E;

(b) C is a generalized nonexpansive retract of E;

(¢) JC is closed and conver.
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Lemma 3.1.6 (Kohsaka and Takahashi (2007)). Let E be a smooth, strictly
convex and reflexive Banach space and let C' be a nonempty closed sunny gener-
alized nonexpansive retract of E. Let R be the sunny generalized nonexpansive
retraction from E to C and let (z,z) € E x C. Then the following are equiva-
lent:

(i) z = Rx;

(i6) Bz, 2) = minyecd(z, ).

Lemma 3.1.7 (Inthakon et al. (2010)). Let E be a smooth, strictly convex
and reflexive Banach space and let C' be a closed subset of E such that J(C)

is closed and convex. LetT' be a quasi-¢-nonexpansive mapping from C' into

itself. Then, F(T) is closed and JF(T) is closed and conver.
The following is a direct consequence of Lemmas 3.1.5 and 3.1.7:

Lemma 3.1.8 (Inthakon et al. (2010)). Let E be a smooth, strictly convex
and reflexive Banach space and let C' be a closed subset of E such that J(C)
is closed and convex. Let T be a quasi-¢p-nonexpansive mapping from C' into

itself. Then, F(T) is a sunny generalized retract of E.

3.2 Semitopological Semigroups and Invariant
Means

Let S be a semitopological semigroup, i.e S is a semigroup with a Hausdorff
topology such that for each a € S, the mappings s — a.s and s — s.a from
S to S are continuous. In the case S is commutative we denote st by s + t.
Let B(S) be the Banach space of all bounded real-valued functions on S with
supremum norm and let C(S) be the subspace of B(S) of all bounded real-
valued continuous functions on S. Let p be an element of C(S)* the dual space

of C(S). The value of u at f € C(S5) is denoted by u(f) and sometimes it is
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denoted by p(f(t)) or pf(t) . For each s € S and f € C(S), we define two

functions (ryf) and (I, f) as follows:

(rof)(t) = f(ts) and (Isf)(t) = f(st)

for all t € S. An element p of C(S)* is called a mean on C(S) if

ple) = llull =1,

where e(s) =1 for all s € S. Tt is known that u € C(S)* is a mean on C(S) if

and only if
inf £(s) < u(s) < sup f(s) ¥ € C(S).

s€8 s€S

A mean p on C(9) is called right invariant mean if u(rsf) = p(f) for all
feC(S)and s € S. Similarly, a mean p on C(S) is called left invariant mean
if u(lsf) = p(f) for all f € C(S) and s € S. A right and left invariant mean
on C(S) is called an invariant mean on C(S). If S = N, then an invariant
mean on C'(S) = B(Y) is called a Banach limit on [*°.

Let [*° be the Banach space of bounded sequences with supremum norm. Let
i be an element of (I°°)* the dual space of [*°. Then, we denote by u(f) the
value of p at

f= (1,29, 23,...) €.

Sometimes, we denote by p,(x,) the value u(f). A linear functional p on [*°

is called a mean if

ple) = llull = 1,

where e = (1,1,1,...). A mean p is called a Banach limit on [* if

fn(Trg1) = pin(Tn).

20



If 11 is a Banach limit on [*°, then for f = (21, %2, z3,...) € [*°, we have

liminf z,, < p,(z,) < limsup z,.
n—oo n—00

In particular, if f = (21, 29, x3,...) € 1* and z,, — a € R, we have

u(f) = pn(zn) = a.

See Takahashi (2000) for the proof of the existence of a Banach limit and its

other elementary properties. The following theorem can be found in (Takahashi

(2000)).

Theorem 3.2.1 (Takahashi (2000)). Let S be a commutative semitopological
semigroup. Then 3 an invariant mean on C(S) ; i.e 3 an element p on C(S)*

such that p(e) = ||ul| =1 and p(rsf) = u(f) for all f € C(S) and s € S.

Let E be a Banach space and C' a nonempty subset of E. Let S be a semitopo-
logical semigroup and & = {7 : s € S} a family of mappings of C into itself.
Then § = {T; : s € S} is called a continuous representation of S as mappings
on Cif Ty = T, T, for all s,t € S and the mapping s — Tyx is continuous for
each x € C. Let the set of common fixed points of T be denoted by F(S) i.e.;
F(S)=n{F(Ty): s € S}.

Proposition 3.2.2 (Takahashi et al. (2014a)) Let E be a reflexive space and
let E* be the dual space of . Let uw:S — E be a continuous function such
that {u(s) : s € S} is bounded and let  be a mean on C(S). Then there exists

a unique point zy € co{u(s) : s € S} such that

ps{u(s), y*) = (20,y*) Vy* € E*.
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Such zp in 3.2.2 is called a mean vector of u for p. In particular, let § =
{Ts : s € S} be a continuous representation of S as a mapping on C such that
{Tsz : s € S} is bounded for some z € C. Putting u(s) = Tsz for all s € S,

there exists zy € E such that

u8<T8$7y*> = <ZO,y*> v y* € E*

. And such z, is denoted by T),x.
A net {uq} of means on C(S) is said to be asymptotically invariant if for each

feC(S)and s €S,

ta(f) = ta(lsf) = 0 and pa(f) — pa(rsf) — 0.

(Day (1957); Takahashi (2000)).

3.3 Attractive Point Theorems

Let E be a smooth Banach space and C' a nonempty subset of E. For a
mapping 7" from C into C, we denote by A(T'), the set of attractive points of
T; ie.,

AT)={ue E: ¢(u,Tx) < ¢(u,z) ¥V z € C}.

Let S be a commutative semitopological semigroup with identity. For a con-
tinuous representation S = {7y : s € S} of S as a mapping of C into itself, we

denote the set A(S) of common attractive points of S = {7 : s € S} by

A(S) =n{A(T}) : t € S}.

We know the following lemma from Lin and Takahashi (2013):
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Lemma 3.3.1 (Lin and Takahashi (2013)). Let E be a smooth Banach space
and C a nonempty subset of . Let T be a mapping from C into E. Then

A(T) is a closed and convex subset of E.

Using technique developed by Takahashi (1981), the following attractive point

theorem for a family of mappings in Banach space have been proved.

Theorem 3.3.2 (Takahashi et al. (2014a)). Let E be a smooth and reflexive
Banach space with duality map J and let C' be a nonempty subset of E. Let S be
a commutative semitopological semigroup with identity. Let S = {Ts : s € S}
be a continuous representation of S as a mapping of C' into itself such that
{Tsx : s € S} is bounded for some x € C. Let pn be a mean on C(S). Suppose
that pso(Tox, Tyy) < psp(Tsx,y) Yy € C and t € S. Then A(S) = N{A(T) :
t € S} # 0. In particular, if E is strictly convex and C' is closed and convet,

then F(S) = {F(T;) :t € S} # 0.

Theorem 3.3.3 (Lin and Takahashi (2013)). Let E be a smooth and reflex-
we Banach space and C' a nonempty subset of E. Let T be a generalized
nonspreading mapping of C' into itself. Then the following are equivalent:

(i) A(T) #0;

(ii) {T"vo} is bounded for some vy € C.

Additionally, if E is strictly convex and C' is closed and convez, then the fol-
lowing are equivalent:

(i) F(T) £ 0

(i1) {T"vo} is bounded for some vy € C.

Let E be a smooth Banach space and let C' be a nonempty subset of E. Let S
be a semitopological semigroup. A continuous representation S = {7 : s € S}

of S as mappings on C' is a ¢-nonexpansive semigroup on C' if each Ty, s € S,
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is a ¢-nonexpansive; i.e.

o(Tox, Toy) < ¢(x,y) V x,y € C.

In the case when E is a Hilbert space, a ¢-nonexpansive semigroup on C' is
called a nonexpansive semigroup on C' (Atsushiba and Takahashi (2013)). Us-
ing Theorem 3.3.2, an attractive point theorem for ¢-nonexpansive semigroups

in a Banach space has been proved.

Theorem 3.3.4 (Takahashi et al. (2014a)). Let E be a smooth and reflexive
Banach space with duality mapping J and C' a nonempty subset of . Let S be
a commutative semitopological semigroup with identity. Let S = {Ts : s € S}
be a ¢-nonexpansive semigroup on C such that {Tsz : s € S} is bounded for
some z € C. Then, A(S) = {A(T}) : t € S} is nonempty. In particular, if E
is strictly convex and C' is closed and convez, then F(S) = N{F(1;) : t € S}

18 nonempty.

As a direct consequence of Theorem (3.3.4), the following theorem which was

proved by Atsushiba and Takahashi (2013).

Theorem 3.3.5 (Atsushiba and Takahashi (2013)). Let H be a Hilbert space
and C' a nonempty subset of H. Let S be a commutative semitopological semi-
group with identity. Let S = {Ts : s € S} be a p-nonexpansive semigroup on C
such that {Tsz : s € S} is bounded for some z € C. Then,A(S) is nonempty.
In particular, if E is strictly convex and C' is closed and convez, then F(S) is

nonempty.
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3.4 Skew-attractive Point Theorems

Let E be a smooth Banach space and C' a nonempty subset of E. Let T be a
mapping from C' into E, we denote by B(T), the set of skew-attractive points
of F; i.e.

B(T)={z€ E:¢(Tx,2z) < p(x,z) VxeC}.

The following lemma was proved by Lin and Takahashi (2013).

Lemma 3.4.1 (Lin and Takahashi (2013)). Let E be a smooth Banach space
and C a nonempty subset of . Let T' be a mapping from C into E. Then,
B(T) is closed.

Let E be a smooth, strictly convex and reflexive Banach space and C a
nonempty subset of F. Let T be a mapping from C into F. Define a mapping
T* as follows:

T " = JTJ ' Va* € JC.

where J is the duality mapping on E and J~! is the duality mapping on
E*. The mapping T* is called the duality mapping of T' (Takahashi and Yao
(2011) and Honda et al. (2010)). If 7" is a mapping of C' into itself, then T
is a mapping of JC into JC. The following lemma was proved by Lin and
Takahashi (2013) and Takahashi and Yao (2011).

Lemma 3.4.2 (Lin and Takahashi (2013); Takahashi and Yao (2011)) Let
E be a smooth, strictly convex and reflexive Banach space and C a nonempty
subset of . Let T be a mapping from C into E. Let T* be the duality mapping
of T. Then the following hold:

(1) JF(T) = F(T");

(2) JB(T) = A(T");

(3) JA(T) = B(T™).

In particular JB(T) is closed and conver.
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Let E be a smooth Banach space and C' a nonempty subset of E. We denote by
B(S) the set of all common skew-attractive points of a family S = {T; : s € S}

of mappings of C' into itself; i.e.

B(S)=N{B(T,): s € S}.

the following skew-attractive point theorem for semigroups of mappings with-

out continuity in a Banach space has been obtained.

Theorem 3.4.3 (Takahashi et al. (2014a)) Let E be strictly convex and reflez-
we Banach space with a Fréchet differentiable norm and let C' be a nonempty
subset of E. Let S be a commutative semitopological semigroup with identity.
Let S = {T, : s € S} be a continuous representation of S as a mapping of
C' into itself such that {Tsx : s € S} is bounded for some v € C. Let p be a
mean on C(S). Suppose psd(Tyy, Tsx) < psd(y, Tsz) Yy € C and t € S. Then,
B(S) = {B(T}) : t € S} # 0. In particular, if C is closed and JC is closed
and convez, then F(S) =N{F(T;):t € S} # 0.

Let E be a smooth Banach space and J the duality mapping from FE into
E*. Let C be a nonempty subset of E. A mapping T : C' — F is called skew-

generalized nonspreading if there exists a, 3,7,6 € R such that

ad(Ty, Tx) + (1—a)p(Ty,z) +~9((Tx,Ty) — ¢(z, Ty))
+ 5(¢(Tm,y) — (;S(x,y)) Va,yeC. (3.4.1)

(Hsu et al. (2012)). Using Theorem 3.4.3, we have the following attractive
point theorem for skew-generalized nonspreading mappings in a Banach space

which was proved by Lin and Takahashi (2013).

Theorem 3.4.4 (Lin and Takahashi (2013)). Let E be a smooth, strictly
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convex and reflexive Banach space and C' a nonempty subset of E. Let T be
a skew-generalized nonspreading mapping of C' into itself. Then the following
are equivalent:

(i) B(T) +0;

(11) {T"vo} is bounded for some vy € C.

Additionally, if C is closed and JC' is closed and convex, then the following
are equivalent:

(i) F(T) #0:

(11) {T™vo} is bounded for some vy € C.

3.5 Nonlinear Mean Convergence Theorems

In this section, a nonlinear mean convergence theorem of Baillon’s type|3| for
semigroup of mappings without continuity in a Banach space. We need the

following four lemmas.

Lemma 3.5.1 (Takahashi et al. (2014a)). Let E be a smooth, strictly convex
and reflexive Banach space with the duality mapping J. Let D be a nonempty,
closed and convexr subset of E. Let S be a semitopological semigroup with
identity and let C'(S) be a Banach space of all bounded real-valued continuous
functions on S with supremum norm. Let u : S — E be a continuous function
such that {u(s) : s € S} C D is bounded and let u be a mean on C(S). if
g: D — R s defined by

9(2) = ps¢(u(s), 2) ¥z € D

then the mean vector zy of {u(s) : s € S} for p is a unique minimizer in D

such that

g(z0) = min{g(z) : z € D}.
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Using Lemma 3.5.1, we obtain the following result.

Lemma 3.5.2 (Takahashi et al. (2014a)). Let E be a smooth, strictly convex
and reflexive Banach space with the duality mapping J and let C be a nonempty
subset of E. Let S be a commutative semitopological semigroup with identity.
Let § = {Ts : s € S} be a continuous representation of S as a mapping of C
into itself. Suppose that A(S) = B(S) is nonempty. Then for any x € C, the

net {Tsx : s € S} is bounded and the set
Nsco{Ti sz : t € S} N A(S)
consists of one point zy, where zg is a unique minimizer of A(S) such that
lign d(Tsx, z9) = min{lign O(Tsx,z) : z € A(S)}.
Additionally, if C' is closed and convezx, then the set
Nsco{T sz : t € S} N F(S)

consists of one point zg.

Lemma 3.5.3 (Takahashi et al. (2014a)). Let E be a smooth and reflexive
Banach space and C a nonempty subset of E. Let S be a commutative semi-
topological semigroup with identity. Let S = {Ts : s € S} be a continuous
representation of S as mapping of C into itself. Suppose that {Tsx : s € S} is

bounded for some x € C and
psd(Tox, Tiy) < psd(Tow,y) Vy € Cand t € S,

for all invariant means p on C(S). Let {ua} be an asymptotically invariant net
of means on C(S); i.e, for each f € C(S) and s € S, ua(f) — pa(lsf) — 0. If

a subnet {T, aﬁx} of {1,,,x} converges weakly to a pointu € E, then u € A(S).
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Additionally, if E is strictly convex and C' is closed and convez, then u € F(S).

Lemma 3.5.4 (Takahashi et al. (2014a)). Let E be a uniformly convex and
smooth Banach space and C' a nonempty subset of E. Let S be a commu-
tative semitopological semigroup with identity. Let S = {Ty : s € S} be
a continuous representation of S as a mapping of C into itself such that
B(S) # 0. Then, there exists a unique sunny generalized nonexpansive retrac-
tion R of E onto B(S). Furthermore, for any x € C, limsRTx exists in B(S),

where limsRTsx = q means that limg||RTsx — q|| = 0.

Now, we can prove the following nonlinear mean convergence theorem of Bail-
lon’s type, Baillon (1975), for semigroups of mappings without continuity in a

Banach space.

Theorem 3.5.5 (Takahashi et al. (2014a)). Let E be a uniformly convex
Banach space with a Fréchet differentiable norm and C' a nonempty subset
of E. Let S be a commutative semitopological semigroup with identity. Let
S = {Ts : s € S} be a continuous representation of S as mapping of C' into
itself such that A(S) = B(S) # 0 and let Rps) be the sunny generalized

nonezpansive retraction of E onto B(S). Suppose
psd(Tsw, Ty) < psp(Tsw,y) Ve,y € C, t €S (3.5.1)

for all invariant means p on C(S). Let {us} be an asymptotically invariant

net of means on C(S); i.e., for each f € C(S) and s € S,

,Ua(f) - ,Ua(lsf) — 0.

Then, {1,,x} converges weakly to a point u € A(S), where

u=lim RpsTsz.
S
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Additionally, if C is closed and convezx, then u € F(S), where

u=lim RpsTsx.

Using Theorem 3.5.5, we obtain the following nonlinear mean convergence
theorem for generalized nonspreading mapppings in a Banach space which was

proved by Lin and Takahashi (2013).

Theorem 3.5.6 (Lin and Takahashi (2013)). Let E be a uniformly convex
Banach space with a Fréchet differentiable norm and C a nonempty subset of
E. Let T : C — C be a generalized nonspreading mapping such that A(T) =

B(T) # 0. Let R be a sunny generalized nonexpansive retraction of E onto

B(T). Then, for any x € C,
1 n—1
Spr = — ZT””
n
k=0

converges weakly to zo € A(T), where zy = lim, oo RT"x. Additionally, if C

is closed and convex, then {S,x} converges weakly to zy € F(T).

Using Theorem 3.5.5, we also have the nonlinear mean convergence theorem

for ¢-nonexpansive semigroups in a Banach space.

Theorem 3.5.7 (Takahashi et al. (2014a)). Let E be a uniformly convexr
Banach space with a Fréchet differentiable norm and C a nonempty subset of
E. Let S be a commutative semitopological semigroup with identity. Let & =
{Ts : s € S} be a ¢p-nonexpansive semigroup on C' such that A(S) = B(S) # 0
and let Rp(s) be the sunny generalized nonexpansive retraction of E onto B(S).
Let {us} be an asymptotically invariant net of means on C(S); i.e., for each
feC(S) and s € S,pua(f) — pa(lsf) = 0. Then, {T, .z} converges weakly to
a point u € A(S), where u = limg Rp(s)Tsx. Additionally, if C' is closed and

convex, then u € F(S), where u = limg Rp(s)Ts.
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As a direct consequence of Theorem 3.5.7, we have a mean convergence theo-
rem for commutative semigroups of nonexpansive mappings in a Hilbert space

which was proved by Atsushiba and Takahashi (2013).

Theorem 3.5.8 (Atsushiba and Takahashi (2013)). Let H be a Hilbert space
and C a nonempty subset of H. Let S be a commutative semitopological semi-
group with identity. Let S = {Ts : s € S} be a nonexpansive semigroup on
C' such that A(S) is nonempty. Let {u,} be an asymptotically invariant net
of mean on C(S). Then, {T,x} converges weakly to a point u € A(S), where
u = limg PysyTsx. Additionally, if C' is closed and conver, then u € F(S),

where u = limg Pps)Tsw.
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CHAPTER FOUR

RESULTS AND DISCUSSION

4.1 Main Results

The results present in this chapter were all established in a reflexive real Banach
space only. Let E be a reflexive real Banach space and f : E — R a convex and
Gateaux differentiable function. Let T be a mapping from C' into itself, where
C' is a nonempty subset of E. A point v € F is called a Bregman attractive

point of T" if and only if for all z € C,

D¢(v,Tz) < D¢(v, 2).

Denote by AB(T), the set all of Bregman attractive points of T i.e.

AB(T)={v € E: Dy(v,Tz) < Dy(v,2),Vz € C}.

Let S be a semitopological semigroup with identity. Let S = {7 : s € S} be a
continous representation of S as a mapping of C' into itself. Denoting the set

of common Bregman attractive points of S by AZ(S) i.e

AB(8) = n{AB(T)) : t € S}.

We now prove the following Bregman attractive point theorems:

Theorem 4.1.1 Let E be a reflexive Banach space and C' is a nonempty subset
of E. Let f : E — R a conver and Gateauz differentiable function. Let S be a
commutative semitopological semigroup with identity and S = {Ty : s € S} be
a continuous representation of S as a mapping of C' into itself such that {Tsx :

s € S} is bounded for some x € C. Let u be a mean on C(S). Suppose that
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psDy(Tsx, Tyy) < psDp(Tsw,y) Vy € C and t € S then AB(S) = N{AB(T)) :
te St #0.

Proof. Using a mean p on a bounded set {7z : s € S} and defining a function
g: E*— R by

g(x*) = ps(Tsx,x*) ¥ 2" € E*.

Since F is reflexive as shown by (Takahashi et al. (2014a)) 3!z € E* such that

g(x") = p(Tsx,x*y = (z,2") ¥V 2* € E*

and such z € co{T,x : s € S}. Now, for s;t € S, we have

= Dy(Tox, Tyy) + Di(Tiy, y) + (Tox — Try, 7 f(Tyy))

— (Tiz - Ty, v[(y))

Applying mean ps on both sides of the above expression we get,

psDp(Tsw,y) = psDy(Tsw, Tiy) + psDy(Tiy, y) + ps(Tsx — Thy, 7 f(Thy))
— ps(Tx — Ty, 7 f ()
= wsDp(Tox, Tyy) + Dy(Tyy. y) + (z — Toy, v f(Tyy))
— (2 =Tw,vf(y))
< s Dg(Tyw,y) + Dy(Try, y) + (2 — Ty, vV f(Try))

= (=T, V()
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This implies that

0 < Dy(Ty,y)+(z— T, v f(Ly)) — (= = Ty, 7 f ()
= Dy(Ty,y) + Ds(2,Ty) — Dy (2, Thy)
+ (2 =Ty, vf(Tw) — V(1Y)
= Dy(z,Tiy) + Ds(Thy, y) + (2 = Ty, v f (Try) — V()
— Dy(zTiy)
= Di(z,y) = Ds(z, Thy)

Hence, D¢(z,Tyy) < D¢(z,y).

This implies that z € AP(T}) for each t and so z € AP(S). Hence, AZ(S) # 0.

This completes the proof. 0

Definition 4.1.1 Let E be a reflexive Banach space and C' a nonempty subset
of E. A mapping T from C into itself is called generalized Bregman nonspread-

ing mapping if 3 a, B,7,6 € R such that

aDy(Tz, Ty) + (1—a)Ds(z,Ty)+~(Ds(Ty, Tx) — Ds(Ty, x))

S ﬁDf(Tx>y) + (1 _B)Df(l'ﬁU) +5<Df(vax) —Df(y,l’))

forallz,y e C

If such a mapping T is called («, 3,7, §)-generalized Bregman nonspreading
mapping, then a (1,1,1,0)-generalized Bregman nonspreading mapping is called

a Bregman nonspreading mapping. i.e.

Dy(Tw,Ty) + Dy(Ty, Tx) < Dp(Ta,y) + Dy(Ty,z) ¥ v,y € C.

Putting o = 1 and 8 = v = § = 0, we obtain Bregman nonexpansive mapping

D¢(Tz,Ty) < Dy(x,y) Va,y € C.
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Theorem 4.1.2 Let E be a reflexive Banach space and C be a monempty
subset of E. Let f : E — R a convex and Gateaux differentiable function. Let
T :C — C be a generalized Bregman nonspreading mapping, then AP(T) # ()

if and only if {T"vo} is bounded for some vy € C.

Proof. Suppose AP(T) # 0, then Dy(u,Tz) < Dy(u,z) for all u € A(T)
and z € C. So, Dy(u,T"z) < Dys(u,x) for all n € N and x € C and hence
{T™z : n € N} is bounded. We show the converse. Since T':C — C is
generalized Bregman nonspreading mapping, there exist o, 3,7v,0 € R such

that

aDy(Tz, Ty) + (1—a)Ds(z,Ty)+~(Ds(Ty, Tx) — Ds(Ty, x))
< BDi(Tx,y)+ (1 - B)Dy(x,y)

+ 6(Ds(y, Tx) — Dys(y, x)), (4.1.1)
for all z,y € C. Now, replacing x by T"vg in inequality (4.1.1), we get

aD (T v, Ty) + (1 —a)Dy(T™vo, Ty) +v(Ds(Ty, T vo) — D(Ty, T vp))
< BDH(T" vo,y) + (1= B)Dy(T"vo, y)

+ (5(Df(y,T"+1v0) — Df(y,T”'Uo)) Va,yel

Since {T"wvg} is bounded, by applying Banach limit p, to both sides of the

inequality, we have

pnaDp(T" v, Ty) 4+ (1 — @) Dp(T"v0, Ty) + oy (Dp(Ty, T 0g) — Dy (Ty, T00))
S unﬁDf(Tn+1U07 y) + :un(l - B)Df(Tn’U(), y)

+ w0 (Dysy, T vg) — Dy(y, T"vg)) Y y € C.
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Since i, (Tne1) = pn(xy), we have

pinaD(T 00, Ty) +  pn(1 — @) Dp(T v, Ty) + piny(Ds(Ty, T"v0) — Dy(Ty, T v0))
< paBDy(T"v0,y) + pin(1 = B)Dy(T"vo, y)

+ und(Df(y,T”vo) — Df(y,T"vg)) VyeC

This implies that p,o(T"vo, Ty) < pnd(T"vg,y) Yy € C
Since {T™vg} is bounded and p,¢(T"vg, Ty) < pnd(T"vo,y) Yy € C, then
from 4.1.1 we have A®(T') # (). This completes the proof O

Theorem 4.1.3 Let E be a reflexive Banach space and let f: E — R be an
essentially strictly convex and Gateaux differentiable function. Let D be a
nonempty, closed and convex subset of E. Let S be a semitopological semigroup
with identity and C(S) the Banach space of all bounded real-valued continuous
functions on S with supremum norm. Let u : S — E be a continuous function
such that {u(s) : s € S} C D is bounded and let 1 be a mean on C(S). If
g: D — R s defined by

9(2) = psDs(u(s),z) V z € D,

then the mean vector zy of {u(s) : s € S} for us is a unique minimizer in D

such that

g(z0) = min{g(z) : z € D}

Proof. For a bounded net {u(s)} C D and a mean on C(S), we see that a

function g : D — R defined by

9(2) = psDys(u(s),z) V2 € D
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is well defined. This is because u(s) € E,z € D C E and D¢(u(s),z) =

F(u(s)) — F(2) — (u(s) — 2,V f(2)) where f: E > R
Also, from section 3 of (Takahashi et al. (2014a)) 3 a mean vector zy of {u(s)}

for p that is there exists zy € co{u(s) : s € S} such that

ps{u(s), y*y = (20,4*) V y* € E*.

Since D is closed and convex and {u(s)} C D, we have zy € D

Using three point identity of Bregman distance, we have

g(Z) - g(z()> = Mst(u<S)7 Z) - ﬂst(u(s)a ZO) = Us <Df(u(s)7 Z) - Df(u(s)a ZO))
= e Dstul9)2) = Dyful).2) - Dyt

— ()= 5 1) - VIl )

= —ps(Dy(2,20) + (uls) — 2,7 f(2) — Vf(20)))
Dz 20) — peluls) — 2T (2) — T ()

= Dy, 20) — () — 5 V) + pln(s) — 2 9 (z0))
= Dy, m0) — (20— 5 I + (T (20, 20— 2

= I+ F(0) + (T Ga), 2 — 20 — (20— 2, F())

b =29 f o))

= feo) = £) — o 29 £(2)

= Dy(z,2)

Thus, g(z) = Dg¢(z0,2)+9g(z0) V z € D
This implies 2y € D is a minimizer, that is

9(z0) = min{g(z) : z € D}.
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Now, suppose u € D satisfies g(u) = g(zo), then we get g(u) = D (20, u)+g(20)
and Dy(zp,u) =0 < zp = u because f is an essentially strictly convex.

Hence, zp € D is a unique minimizer. This completes the proof. U

Let E be a reflexive Banach space and C' a nonempty subset of F. Let T
be a mapping from C into E. Denote by BZ(T), the set of skew-Bregman

attractive points of T i.e.

BP(T)={2€ E: D{(Tx,2) < Df(z,2),V x € C}

Lemma 4.1.4 Let E be a reflexive Banach space and f : E — R be Legendre.
Let T : C' Cintdomf — intdomf be an operator and T* be the conjugate op-
erator associated with T . Then the following hold:

(i) BP(T) = v [*(AP(T™))

(i) AP(T) = 7 f*(BP(T™)).

Proof.

Let 2 € BP(T) & Dy(Tz,2) < Dy(z,2) Yz €C
& Dy (v f(2), vf(T2)) < Dy (v f(2), v fx)
& Dp(v f(2), VTV ' f)
< Dy (v fo)
& Dy (7 f(z), T*2")
< Dy (v f(2),2") where 2* = <7 fa € intdom f*
& V/f(z) € AT
& zevf(AN(T)

Hence BP(T) = v/ f*(AB(T™)). This completes the proof. O

Let E be a reflexive Banach space and f: E — R a convex and Gateaux

differentiable function. Let & = {Ts : s € S} be a family of mappings of C
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into itself, where C' is a nonempty subset of E. Denote by BZ(S), the set of

skew-Bregman attractive points of T i.e.

BB(S) =n{BB(T}) : t € S}.

We now obtain the following Bregman skew-attractive point theorem for semi-

group of mappings in reflexive Banach space.

Theorem 4.1.5 Let E be a reflexive Banach space and f: E — R be Leg-
endre. Let S be a commutative semitopological semigroup with identity. Let
S = {Ts : s € S} be a continuous representation of S as mapping of C' into
itself such that {Tsx : s € S} is bounded for some x € C. Let u be a mean on
C(5). Suppose that p,Ds(Tyy, Tsx) < Dy(y,Tsx) Vy € C andt € S. Then
BB(S)=n{B(T;):t € S} # 0.

Proof. Since S = {Tx : s € S} is a bounded subset of C' for some = € C, put

¥ =</ fr and y* = v fy. Then by (1.5.1),

Ty = il v v fe
= VfTsT;tVf*
= VetV [°

= 17, Vs e S.

Since v/ f is continuous then for any y* € 7 f(C) we have,

\Try =Ty || = [V f T o f ()= f T v f W)l = IV fTsy—~ [Tyl —
0as s —t.

Therefore, S* = {T7 : s € S} is a continuous representation of S as a mapping

of 7 f(C) into intdom f*. Furthermore, since {Tyz : s € S} is bounded and
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psDe(Thy, Tsx) < Dy(y,Tsx) Vy € C and t € S, we have

ps Dy (Tra" T} y") = psDp(VfTs 7 f* 5 fo, T~ [* 5 fy)
= :ust* (VfTsxa Vfﬂy)
= wu. DTy, Tsx) < psDy(y, Tox) = ps Dy (7 f Lo, 7 fy)

= psDp(VfTs 7 f* fo,fy) = us D= (TS 2", y")

= s Dp(Tra*, T} y*) < psDy-(Tikx*, y*) Vy* € f(C) and t € S

Therefore, from Theorem 4.1.1 we see that

AB(S*) = N{AB(TY) : t € S} #0.

Since \/f : intdomf — intdomf* is a bijection and using Lemma 4.1.4 we

have
B5(S) = n{B®(T)) :te S}
= NS AR it e S}
= UfHNAT))) : t € S}
= vf(AP(S)
Since AP(S*) is nonempty = BZ(8*) # (). This completes the proof. O

Definition 4.1.2 Let E be a reflexive Banach space and C' a nonempty subset
of E. A mapping T from C into itself is called skew-generalized Bregman

nonspreading mapping if 3 o, 8,7, € R such that

aDy(Ty,Tz) + (1—a)Dy(Ty,x)+~(Dp(Tz,Ty) — Ds(z,Ty))
S BDf(yaTI) + (1 - B)Df(?J,ZL‘)

+ 5(Df(Tx,y) — Df(x,y)) Ve,y e C.
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Theorem 4.1.6 Let E be a reflexive Banach space and C be a monempty
subset of E. Let f: E — R be a conver and Gateaux differentiable function

and T : C'— C be a skew-generalized Bregman nonspreading mapping, then

BB(T) # 0 if and only if {T™vy} is bounded for some vy € C

Proof. Let B5(T) # 0, then D;(Ty,u) < D¢(y,u) for all u € B¥(T) and
y € C. So that D¢(T"y,u) < Ds(y,u) Vn € N and y € C. This shows that
{T™y : n € N} is bounded Yy € C.

Conversely, Since T : C' — C is a skew-generalized Bregman nonspreading

mapping, then there exist a, 3,7,6 € R such that

aDy(Ty,Tz) + (1—a)Dy(Ty,x)+~vDs(Dy(Tx, Ty) — Dys(x,Ty))

< BDs(y, Tx)+ (1 — B)Dy(y,x) + 6(Dy(Tx,y) — Dy(x,y))

for all z,y € C. Replacing x by T"vy in the above inequality , where n €

N U {0}, we get

aDy(Ty, T vg) + (1= a)Dy(Ty, T vo) +v((T"  vo, Ty) — ¢(T"vo, Ty))
< BDs(y, T" o) + (1 — B)Dy(y, T"vp)

+ §(Dp(T" o, y) — Dy(T w0, y)) Yy € C.

Since {T"wvg} is bounded, applying Banach limit p, to both sides of the in-

equality, we have

pnaDy(Ty, T" )+ (1 = @) Dy(Ty, T"00) + piny (Dy(T" 00, Ty) — Dy(T" 00, Ty))
< waBDs(y, T o) + pn(1 — B) Dy (y, T"vo)

+ 8 (Dp(T" g, y) — Dy(Tvg,y)) YV y € C.
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Since i, (Tne1) = pn(xy), we have

(a0 Dy (Ty, T"vo) +  pn(l — a)Dy(Ty, T"vo) + pny (Dy(T" 00, Ty) — Dy(T"vo, Ty))
< D (y, T"v0) + pnBDy(y, T"vo) + pin(1 — B) Dy (y, T"vo)

+ und(Df(T”vo,y) — Dy(T"vo,y)} Vy e C.

This implies that p1, D¢(Ty, T"vo) < p Dp(y, T"vo) Vy € C
Thus, since {T"vy} is bounded and p,, Dy (Ty, T"vg) < pnD¢(y, T"vg) Yy € C,

we have from Theorem 4.1.5 that BZ(T') # (. This completes the proof. [
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CHAPTER FIVE

SUMMARY, CONCLUSION AND
RECOMMENDATIONS

5.1 Summary

In summary, a new set of attractive points using the concept of Bregman dis-
tance Dy (., .) has been defined and the new attractive and skew-attractive point
theorems (with the use of established Lemma 4.1.4) for Bregman semitopolog-
ical semigroup have been established. Also, a generalized Bregman nonspread-
ing and skew-generalized Bregman nonspreading mappings have been defined
and their attractive and skew-attractive point theorems were established. All
the results were established in a reflexive Banach space only which improved

the results of Lin and Takahashi (2013) and Takahashi et al. (2014a).

5.2 Conclusion
The results that have been achieved at the end of this research include the
establishment of:

(i) attractive and skew-attractive point theorems for Bregman semitopolog-

ical semigroup in a reflexive Banach space only;

(i) necessary and sufficient conditions for a set of finite generalized Bregman
nonspreading mapping to be bounded and the existence of its attractive

points.

(iii) necessary and sufficient conditions for a set of finite skew-generalized

Bregman nonspreading mapping to be bounded and the existence of its
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skew-attractive points.

5.3 Recommendations
(i) it is recommended that the convergence of an iterative scheme for such
mappings can be considered.

(ii) it is also recommended for further research, that a more general class of
mappings which contains the class of generalized nonspreading mappings

should be introduced.
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