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ABSTRACT

This thesis investigates motion in the generalized restricted three-body problem. It is
generalized in the sense that both the primaries are radiating oblate bodies, together with
the effect of gravitational potential from a belt. It derives the equations of motion, locates
the positions of the equilibrium points and examines their linear stability. It has been found
that in addition to the usual five equilibrium points, there appear two new collinear points

L, L, due to the potential from the belt, and in the presence of all these perturbations,

nl>
the equilibrium pointsZ,,L,, L,, L, come nearer to the primaries; while L,,L ,move
towards the bigger primary and L  moves away from it. The collinear equilibrium points

remain unstable, while the triangular points are stable in 0< u < u, and unstable in
U, Spu< %, where . is the critical mass ratio influenced by the oblateness and radiation of

the primaries and potential from the belt. This model can be applied in the study of binary

systems, especially motion near oblate, radiating binary stars.

Vi
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CHAPTER 1

1.0 INTRODUCTION

The restricted three-body problem is a famous model of classical mechanics. It describes
the motion of an infinitesimal mass moving under the gravitational effects of the two finite
masses, called primaries, which move in circular orbits around their center of mass on
account of their mutual attraction and the infinitesimal mass not influencing the motion of
the primaries. The approximate circular motion of the planets around the sun and the small
masses of asteroids and the satellites of planets compared to the planet’s masses, originally

suggested the formulation of the restricted problem.

In certain stellar dynamics problems it is altogether inadequate to consider solely the
gravitational interaction force. For example, when a star acts upon a particle in a cloud of
gas and dust, the dominant factor is by no means gravity, but the repulsive force of the
radiation pressure (Poynting, 1903). Since a large fraction of all stars belong to binary
systems Allen (1973), the particle motion in the field of a double star offers special interest.
There are disks of dust with various masses in the extra solar planetary systems, which are
regarded as young analogues of the kuiper belt in our solar system. The gravitational
potential due to these belts also have great influence on the infinitesimal body (Jiang and
Yeh, 2004a).

The participating bodies in the classical restricted three-body problem are strictly spherical
in shape, but in actual situations we find that, some of the natural and artificial bodies
moving in the space are not point masses or spherical rather they are oblate bodies. For
instance, Saturn, Jupiter, Regulus (star) and Peanut binary stars are sufficiently oblate.

Singh and Ishwar (1999), pointed out that, lack of sphericity, or oblateness of the primaries



affects the motion of an infinitesimal body. The motions of artificial Earth satellites are
examples.

In the classical problem, the effects of the gravitational attraction of the infinitesimal body
and other perturbations have been ignored. Thus, the classical restricted three- body
problem is inadequate to explain the motion of the infinitesimal body in the presence of any
perturbing forces such as radiation pressure, oblateness of a body and gravitational
potential from a belt.

Hence, it becomes imperative to modify the classical restricted three-body problem by

including some of these perturbing forces.

1.1 STATEMENT OF THE PROBLEM

Consider an infinitesimal mass (e.g. dust particle) moving in the orbital plane of oblate
binary stars. Then, the problem is to study its motion in the generalized restricted three-
body problem. The problem is generalized in the sense that both the primaries are radiating
oblate bodies, together with the effect of gravitational potential from the belt. Thus we are
to study the combined effect of radiation and oblateness of the primaries and gravitational

potential from a belt on the stability of equilibrium points in restricted three-body problem.

1.2 JUSTIFICATION/SIGNIFICANCE OF THE STUDY

The human species stands on the edge of a new frontier, the transition from a planet-bound
to a space-faring civilization. Just as the transition from hunter-gatherer to farmer
necessitated new approaches to solve new problems, so the expansion into the space, in
terms of dynamics of artificial satellite , requires the formulation of new models that

include the effects of some of the perturbing forces on the satellite. Motion in the
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generalized restricted three-body problem is one of such models that considered the effects
of radiation and oblateness of the primaries and gravitational potential from a belt on the
satellite. Thus, this model will be very helpful in the study of binary stars, especially
dynamics near oblate binary stars. We choose the primaries as oblate spheroid: peanut-
stars, the two stars appear to be nearly identical, each 15 to 20 times the mass of our sun

(Jenks, 2008).

1.3 OBJECTIVES OF THE STUDY
The objectives of the study include:

e To derive equations of motion of an infinitesimal body under the influence of
radiating oblate primaries and gravitational potential from a belt in the restricted
three-body problem.

e To examine the effects of these perturbations on the locations of the equilibrium
points;

e To investigate the effects of these perturbations on the linear stability of the

equilibrium points in restricted three-body problem.

1.4 THEORETICAL FRAME WORK

The outline of the theoretical bases on which the problem is built, are given here:

1.4.1 Circular Restricted Three-body Problem

The three-body problem involves the motion of three celestial bodies under their mutual
gravitational attraction. It is an old problem and logically follows from the two-body

problem which was solved by Newton in his Principia in 1687. Newton also considered the



three-body problem in connection with the motion of the Moon under the influences of the
Sun and the Earth, the consequences of which included a headache. Unlike the two body
problem, there is no closed form analytical solution for the differential equations governing
the motion in the three-body problem. However, it is still possible, although not easy, to
gain insight into the qualitative nature of the solutions in this system.
This task is more tractable if several simplifying assumptions are introduced. In reducing
the general three-body equations, the first assumption is that the mass of one of the bodies
is infinitesimal, that is, it does not affect the motion of the other two bodies. Thus, the two
massive bodies, or primaries, move in Keplerian orbits about their common center of mass.
This reduced model is called the restricted three-body problem, and was formalized by
Euler in the late 18th century (Szebehely, 1967). The problem is further simplified by
constraining the primaries to move in circular orbits about their center of mass and are kept
fixed on the x- axis, the (x, y), plane is the plane of motion of the primaries, and the z-axis
is orthogonal to the (x, ) plane. These coordinates are sometimes called synodical. The
resulting simplified model is usually labeled the circular restricted three-body problem
(CR3BP). Although a less complex dynamical model than the general problem (in terms of
the number of equations and the number of dependent variables), analysis in the circular
problem offers further understanding of the motion in a regime that is of increasing interest
to space science.
In the restricted circular three body problem, the units are usually chosen in such a way that
the properties of the system depend on a single parameter.

e The sum of the masses of the primaries is taken as the unit of mass. The mass of

the smaller primary is denoted by u, whence the mass of the bigger primary /-u,



m,
m, +m,

where 1= is the mass parameter and m,, m, are the masses of the bigger

and smaller primaries, respectively.

e The distance between the primaries is the unit of distance. The distances of the
smaller primary and bigger primary from the centre of mass are then 1 — ¢ and g,
respectively.

e The unit of time is chosen so that the mean motion of the primaries is n = 1. From
these it follows that the gravitational constant is unity. The only remaining
parameter is u.

The equations of motion of the infinitesimal mass m with the coordinates (x, y,z) in the

circular restricted three body problem, relative to a frame that rotates with the primaries

Figure 1.1 are:

X-2y=Q,,
y+2x=Q,
2=Q

z

where Q(x,y,z)is

1 1-
Q:E(x2+y2)+ rlu+§

and 7’ =(x+ u)2 +y 4z, K =(x+u —1)2 +y* +2z°, wherer, r, are the distances of the

infinitesimal mass m from the bigger primary m, and smaller primary m, , respectively.



v

Figure 1.1 Planer view of the rotating frame of reference.

Unfortunately, even with the simplifying assumptions, no general closed form solution to
the CR3BP is available. However, particular solutions can be determined. Of notable
interest are the equilibrium solutions, first identified by Lagrange in 1772
(Szebehely,1967), which represent locations where the infinitesimal particle remains fixed,
relative to a frame of reference that rotates with the primaries.

If the restricted problem is formulated in terms of a coordinate frame that rotates with the
primaries, it is possible to identify five equilibrium solutions, also known as libration or

Lagrange points. Three of these points L, , L,, L, are collinear Figure 1.2, and lie along the

line joining the primaries and are unstable equilibrium points. The other two points L,, L,
form equilateral triangles with the primaries, in the plane of primary motion and are

conditionally stable equilibrium points. L, and L, are located at



1 +J§
Py

The focus of most investigations into the circular restricted three-body problem is the

motion of the infinitesimal particle in the vicinity of the equilibrium points.

<

5
Figure 1.2 Positions of the equilibrium points




1.4.2 Radiation

For our investigation we adopt Radzievskii’s simplifying theory that has been used by
many investigators (Bhatnagar and Chawla, 1979; Kumar and Choudhry 1988, 1989; Ragos
and Zafiropoulos 1995; Papadakis 2006; Kalvouridis and Hadjifotinou, 2008; etc.) and is
based on some assumptions that can be summarized as follows:

* The radiation emitted from the primaries (stars) influences the motion of the small body
but does not affect the motion of the others.

The mass and the temperature of the radiating stars are almost constant.

* The particle is assumed spherical and homogeneous with constant density. Its surface has
a uniform reflection coefficient and its size must exceed the wavelength of the incident
light.

* Light has no fluctuations, propagates in straight lines and screening or shadowing effects
produced by other bodies of the system are negligible.

* The force of light pressure is inversely proportional to the square of the distance between
the particle and the illuminating body.

Then the effect of radiation pressure of a source on a small particle, is expressed by means

of a reduction factor ¢ = 1 — b. Parameter b, that is often mentioned as the radiation

coefficient, is the ratio of force £, which is caused by radiation to force F, which results

from gravitation, that is b= F’ . It depends on the physical properties of the radiating
4

bodies, as well as those of the particle. Corben and Stehle (1977) proposed the expression

be 3L
16 1cGMps



where coefficient b is directly proportional to luminosity L of the radiating star and
inversely proportional to its mass M, to the radius of the particle s, and to its uniform
density p. G is the gravitational constant and c is the speed of light. Provided that the mass
and the luminosity of the star are known, b’s can be evaluated for any particle of a given

radius and density. Schuerman (1980) proposed a similar formula

IL o dv
b: v v
drcGMm

where m is the mass of the particle, o, is its radiation cross section and L, is the luminosity
in the frequency range v to v+d, of a star of mass M. The radiation pressure cross section
may be written as AQ, , where A4 is the geometric cross section and Q, is a dimensionless

“efficiency factor” which is a function of particle size, shape and optical properties.
Therefore, the above formula can be written as.

LAQ

vV

b=y

4rcGMm

For a star of mass M and luminosity L, b is roughly determined by the ratio A/m for particle
sizes larger than or equal to the wavelength of the incident radiation.

In our case, if we symbolize the radiation factors of the bigger and smaller primaries by g,,

: F. . : :
q, respectively, theng =1-p, where, p,=—"-i=1,2. Since in most cases the

e

gravitational force exceeds radiation, we shall consider thatg, >0 and consequently
0 < p, <<1. The particular problem is characterized by two parameters which are the two

radiation coefficients p, and p, .



1.4.3 Oblateness Coefficients.

In our problem both the primaries are oblate, we denote A4,,i=1,2 for the oblateness
coefficients of bigger m; and smaller m, primaries respectively, such that 0 < 4, <<1 and

AE* — AP?
A1: 1 ) l’ Az
5R

_AE: - AP
5R?

there 4E;and AE, are equatorial radii and AP;, AP, are the polar radii of m and m,

respectively and R the distance between the primaries.

The mean motion n of the primaries as in Singh and Ishwar (1999) is given by:

po1aXATA)

1.4.4 Potential of the Belt

We adopt the potential profile proposed by Miyamoto and Nagai (1975), according to the

profile, the potential of the belt is given by

M,

\/r2+(a+\/m)z

V(r,z)=—

M, is the total mass of the belt, 7> =x*+)”, «a and b are parameters which determine the
b Y p

density profile of the belt. The parameter a controls the flatness of the profile and can be
called “flatness parameter”. The parameter b controls the size of the core of the density
profile and can be called “core parameter”. When a = b = 0, the potential equals to the one

by a point mass.

10



Restricting ourselves to the xy — plane, the potential becomes:

M,

m T=a+b

V(r,O)z—

The mean motion n under the influence of the belt is given by

n’=1-2f,(r)

where f, (r) is the gravitational potential from the belt and f, (r) = —aa—V( Jiang and Yeh ,
r

2006). Thusn” =1 +W , where 7. is the radial distance of the infinitesimal mass in
v+

the classical restricted three-body problem.

1.4.5 Stability of Equilibrium Points of a System of Differential Equations

One of the techniques to determine stability of an equilibrium x” of a system of differential
equations, is to analyze the linearized system around that equilibrium. Then, the solutions
to linearized differential equations with constant coefficients can be expressed as linear
combination of the product of a polynomial and an exponential function. Therefore solving
a linear differential equation with constant coefficients can be transformed to solving a
linear algebraic problem, more precisely, an eigenvalue-eigenvector problem. Stability or
instability then may follow from the eigenvalues of the matrix of the linearized system.
Lyapunov proved that an equilibrium point x* is stable if the real part of every eigenvalue

is negative or the eigenvalues are purely imaginary and distinct.

11



CHAPTER 2
LITERATURE REVIEW
The three-body problem involves the motion of three celestial bodies under their mutual
gravitational attraction. It is an old problem and logically follows from the two-body
problem which was solved by Newton in his Principia in 1687. Newton also considered the
three-body problem in connection with the motion of the Moon under the influences of the
Sun and the Earth, the consequences of which included a headache.
After Newton, Euler (1772) studied the lunar theory using the restricted problem of three
bodies; he found that no general closed form solution exists. However, at about the same

time, the first special solutions L, and L, of the restricted three-body problem were
discovered by J. L Lagrange and later, the collinear points L, , L, and L, by L Euler.

Poynting (1903) has pointed out that particles, such as small meteors or cosmic dust are
comparably affected by gravitation and light radiation force (photogravitational) as they
approach luminous celestial bodies.

Radzievskii (1950) formulated the photogravitational restricted three-body problem. This
arises from classical problem when one of the interacting masses is an intense emitter of
radiation. He discussed it for three specific bodies: the sun, a planet and a dust particle. He
studied the equilibrium points of the photogravitational problem and found that their
locations depend on the radiation pressure factor.

Szebehely (1967) studied the stability of the equilibrium points of the restricted three

body-problem. He established that, in linear sense the collinear points Z, ,L, and L, are

12



unstable for any value of the mass ratio 4, and the triangular points L, and L, are stable for
0<u<p,=0.03852..

Bhatnagar and Chawla (1979) investigated the stability of motion around triangular
equilibrium points in the photogravitational restricted three body problem. They found that
the range of stability decreases due to the radiation pressure.

Sharma (1982) studied the linear stability of the triangular equilibrium points of the
restricted three-body problem when the more massive primary is a source of radiation and
is an oblate spheroid as well. He found that the eccentricity of the conditional retrograde
elliptic periodic orbits around the triangular points at the critical mass . increases with an
increase in the oblateness coefficient and the radiation force and becomes unity when u.
=0. Simmons et al. (1985) obtained a complete solution of the restricted three-body
problem. They discussed the existence and linear stability of the equilibrium points for all
values of radiation pressures of both luminous bodies and all values of mass ratios.

An investigation of the positions of libration points, when the more massive primary is a
source of radiation and the smaller one is an oblate spheroid, was carried out by Sharma
(1987). He showed that the triangular points are linearly stable for the mass parameter

0< u <y, and the critical mass value . decreases with the increase in oblateness and

radiation force.

Markellos et al. (1996) computed the non-linear stability zones of the triangular
equilibrium points in the case of oblate bigger primary in the restricted three body problem.
It was found that oblateness reduces the area of the non-linear stability zones of the

triangular equilibrium points.

13



The effect of oblateness and radiation pressure forces of the primaries on the locations and
the linear stability of the triangular points in the restricted three-body problem was
analyzed by Singh and Ishwar (1999). They considered both primaries as sources of

radiation as well as oblate spheroids, and observed that these points are stable for
1 . .\
O<p<p, and unstable for u., <pu <E’ where 1., is the critical value of the mass

parameter and depends on the radiating and oblateness coefficients. Sharma et al. (2001a)
examined the existence and stability of libration points in the restricted three body problem
when the bigger primary is a triaxial rigid body and source of radiation with one of the axes
as the axis of symmetry and its equatorial plane coinciding with the plane of motion. They
found five libration points, two triangular and three collinear. The collinear points are

unstable, while the triangular points are stable for the mass parameter 0< u <y, and that

they have long or short periodic elliptical orbits in the same range of the mass parameter. In
the same problem, when the primaries are triaxial rigid bodies and source of radiations,
Sharma et al. (20015) arrived at similar conclusions.

The stability of equilibrium points under the influence of small perturbations in the Coriolis
and centrifugal forces, together with the effects of oblateness and radiation of both
primaries was investigated by AbdulRaheem and Singh (2006). It was found that the
Coriolis force has a stabilizing tendency, while the centrifugal force, radiation, and
oblateness of the primaries have destabilizing effects; the presence of any one or more of
the latter makes weak the stabilizing ability of the former. The overall effect is that the
range of stability of the triangular points decreases. Singh (2009) studied the nonlinear
stability of the triangular libration point Z, , when both of the primaries are oblate spheroids

as well as sources of radiation. He found that L, is stable for all mass ratios in the range of

14



linear stability except for three mass ratios depending upon oblateness coefficients and
mass reduction factors.

Many extra solar planetary systems have been discovered, and most of them exhibit
interesting features. Some of the discovered extrasolar planetary systems are claimed to
have disks of dust, and these disks are regarded as the young analogues of the Kuiper belt
(Aumann, et al.1984). For instance, Greaves et al. (1998) found a dust ring around a nearby
star, e Eridani. Trilling et al. (2007) detected debris disks in many main-sequence stellar
binary systems using the Spitzer Space Telescope. Out of an observed 69 A3-F8 main
sequence binary star systems, nearly 60% showed dust disks surrounding binary stars. Jiang
and Yeh (2003) studied the effect of disks on planetary orbits and concluded that the
planets might prefer to stay near the inner part rather than the outer part of the disk. They in
their later paper (2004a) modified the restricted three-body problem by considering the
effects of additional gravitational forces from the disk on the infinitesimal mass. The
influence from the disk makes the structure of the dynamical system quite different, such
that new equilibrium points exist under certain condition. In their further paper (2004b),
they focused on the chaotic orbits of disk-star-planet systems for the modified restricted
three-body problem. They found that chaotic boundary does not depend much on the disk
mass for type I initial conditions, but can change a lot for different disk masses for type II
initial conditions. They also found that the influence from the disk can change the locations
of equilibrium points and the orbital behaviors for both types of initial conditions.

Jiang & Yeh (2006) and Yeh & Jiang (2006) examined the conditions for the existence of
equilibrium points in the Chermnykh-like problems for different values of mass parameter
4. They have included the potential of the belt, and found three collinear points, two

triangular points, and two other new equilibrium points.

15



Kushvah (2008) investigated the linear stability of equilibrium points in the generalized
photogravitational Chermnykh’s problem. The bigger primary was considered as a source
of radiation and small primary as an oblate spheroid. He studied analytically and
numerically the effect of radiation pressure, oblateness, and gravitational potential from
the belt. The stability of the equilibrium points was also examined using Lypunov‘s
method, and it was concluded that the collinear equilibrium points are linearly unstable
while the triangular points are conditionally stable. In his recent paper (2011), he outlined
in the same problem, a design of the trajectory and analysis of the stability of collinear

point L, in the Sun- Earth system. It was found that, the point L, was asymptotically stable

up to a specific value of time ¢ corresponding to each set of values of parameters and initial

conditions.
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CHAPTER 3
EQUATIONS OF MOTION

3.0 INTRODUCTION

In this chapter, we shall derive the equations of motion of the infinitesimal body in the
gravitational field of radiating oblate primaries (peanut binary stars) together with the
influence of gravitational potential from a belt in the restricted three-body problem. We
begin with mathematical formulations of the problem, derivation of the equations of motion

of the infinitesimal body, and then state the Jacobian integral.

3.1 MATHEMATICAL FORMULATIONS OF THE PROBLEM

Let us consider an infinitesimal body (dust particle) of mass m moving under the
gravitational influence of the bigger and smaller primaries of masses m; and my,
respectively. Let us take a coordinate system oxyz with origin at the centre of mass of the
primaries and the x-axis is the line joining the primaries; while y-axis is perpendicular to it,
the z-axis is perpendicular to the orbital plane of the primaries. The distances between m
and the primaries m; and m, are r;and r, respectively, and the distance between the
primaries is R. The coordinates of m;, m, and m are (x;, 0), (x2, 0) and (x, y) respectively as

shown in figure (3.1).

Let the barycentric coordinates system (0xyz) be rotating about z-axis with constant angular

velocity n. Then, the kinetic energy of the infinitesimal mass m is given by

17



v

K, :%m{n2 (x2 +y2)+2n(xj/—5cy)+(5c2 +)'/2)}

(3.1)
=T+ T+,
where
1
T, :Emn2 (xz +y2)
1 :mn(xj/—)'cy)
1 2.
T, =Em(x2+y2)

and its potential energy due to the primaries and the belt is given by

18



e I EET ( M, (52)

3 3 12
noo2n no 2n r2+T2)

where,
rlzz(x—xl)2+y2, 1’22:()c—)c2)2+y2 (3.3)

G is the gravitational constant; dots denote differentiations with respect to time t; g,, 4, and
q,,4,are the radiation and oblatness factors of the bigger and smaller primaries,

respectively.

M
o (34
(r +T )

is the potential due to the belt ( Miyamoto and Nagai,1975) , where

M, is the total mass of the belt, r is the radial distance of the infinitesimal mass and is

given by 7* =x’+y*, T=a+b, a and b are parameters which determine the density
profile of the belt. The parameter a controls the flatness of the profile and can be called
flatness parameter. The parameter b controls the size of the core of the density profile and
can be called core parameter. When a = b = 0, the potential equals to the one by a point
mass.

Now, let P, and P, be the momenta, conjugate to x and y, respectively defined as

oK

P=—=m(x-n
= = m(E—m)
PyzaK" zm(j/+nx)
oy (3.5)
Which imply
P P,
X=—<+ny, y=—"—nx (3.6)
m m
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The Hamiltonian H is given by

H=T,-T,+V
H=%m()'c2+j/2)—%mn2(x2+y2)+V (3.7)

Using equation (3.6) in (3.7) we have

1 (P Y. (B Y1
H—m{(—xﬂayJ +(—y—nxJ J——mn2 (x2 +y2)+V
2 m m 2

:§;@ﬁ+pﬁ+n(gy—pﬂj+V (3.8)

Now Hamilton’s canonical equations of motion are given by

. OH . OH
X=—, y=—
op, ap,
and
_.od . _ OH
px ax b py ay
( +8_Vj_ o
P Py Ox Py ox
b= —[npx +8—Vj ——_ (3.9)
oy oy

Thus, equations (3.6) and (3.9) give four first order ordinary differential equations which
govern the motion of the infinitesimal mass.

Next, differentiating (3.5) with respect to time t, we have

n_=m(X—ny
P Q X) (3.10)
p, =m(y +nx)
Equating equations (3.10) and (3.9), we obtain
. oV
m(X—ny)=np, ——
ox
(3.11)
. oV
m(§ +nx) = —np, — -
e
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In view of equations (3.5), equations (3.11) become

m(X —ny) =nm(y + nx) _
ox

m(y + nx) =—nm(x —ny) —aa—V

Dividing through by m, we get

. . oV
x—nyzn(y+nx)—m—ax

. , oV
y+nx=-n(x-ny)———
moy

or
X—2ny = nzx—a—V

mox

y+2nx = nzy——aV

moy

These are the equations that govern the motion of the infinitesimal mass.

We define a modified potential function as
U=V-T,
By the use of (3.1) it gives

U:V—%mn2 (x2 +y2)

Then
ou orv )
—=——mnx
ox  Ox
ou orv )
—=——mn"y
dy oy

o 1
On multiplying these by ——, we get
m
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(3.14)
~ou 1 6V+ 2
moy m Oy

From equations (3.13) and (3.14), we find

.. ) 1 oU
x—2ny=——a—

”1“ ach (3.15)
V4+2nx=———

m Oy

1
whereU =V ——mn*(x* +)°
S (¥ +37)
Now in view of equation (3.2), we have

ou oV o1 L/,
A S + 3.16
ox Ox 8x(2mn (x 4 )j ( )

A 1 M
= —Gm ml ql i(l) +ﬂi(i}) + m2 E l +_2q2 i — +£ b 7 _ mnzx
ox n, 2 oxn ox \ r 2 ox\n Ox (,,2 +T2)

From equation (3.3) i.e.

rlzz(x—xl)2+y2, rzzz()c—)c2)2+y2
we have
0 or.
21*18—2:2(x—x1) 2rza—;:2(x—x2)
:>8r1:(x—x1) :>ar2 _(x x,)
ox r ox 7,
o)1 ofr__1on
ox\ n - r Ox ox\ r, r Ox
:g(lj:_(x—;q) :QH_ (x—}xz)
ox\ n n ox\ r, 7
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of1)__30
ox\ 7’ rt ox
:i L} :_3(x;xl)
ox\ n i
In view of equation (3.4), we have

o) M,
Ox (rz+Tz)1/2

M, x
(r2+T2)

3/2

ol _ M,
oy (r2+T2)1/2

M,y
(r2 +T2)

3/2

Substituting these equations in equation (3.16), we get:

ox P 2

1

ql(x_xl) +3A1q1 (x_xl)

U dm [_ql(x—xl)_Alql (x—xl)j+m2 (_qz(x—xz)_ Ag, (x—xz)j_

=Gm ml[ > 5 =

1 1

Similarly,

3 5
w2y

oy

a_Usz m, [ﬂ+3Alq1yJ+m2[%y+3A2Q2yj+(

Using equations (3.17) and (3.18) in equation (3.15), we obtain

X-2ny=-G ml( 3 5
s

1

h i

y
j+2nk=—G ml[%Jr—?’ lquj+m2£

M,x mn’x
r15 r23 2]"25 (]/'2 +T2 )3/2
xX—X 34 xX—X M
j"‘mz(%( : z)+ 2%2(5 2)j+ . b’zc - mn’x
rz rz (l" +T)
(3.17)
M,y
3 2r 2 bz 32 ~mn'y
r r, r +T)
(3.18)
ql('x_'xl)+3Alql (X_SXI)j—i_mZ[qz (x;x2)+3A2q2()§_—x2)J+ M 7 +n’x
l"l rz 2r2 (r2+T2)
3 M
q23/_|_ AZqSZyJ_l_ by 7 _|_n2y (319)
n 2r, (r2+T2)
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3.2 NON-DIMENSIONAL UNITS OF MEASUREMENT

To simplify and generalize the equations of (3.19), it is useful to non-dimensionalize the
variables in such a way that the properties of the system depend on a single parameter:
e The sum of the masses of the primaries is taken as the unit of mass. For this, the

mass of the smaller primary is denoted by u, whence the mass of the bigger

primary /-u, where u is the ratio of the mass of the smaller primary m, to the total

1
mass of the primaries and 0 < u < 5"

e For the unit of length, the distance between the primaries is taken as one.

e The unit of time is so chosen that the gravitational constant G is unity i.e., G=1.

Now since the origin is at the barycentre of m, andm,, we have
mx, +m,x, =0

That is
(1= 41)x, + p1x, =0
X, — pux, + ux, =0
x1+/,t(—x1+x2)=0

x1+/,t(1):0
X =—H

and
x,=l-u

Hence, the coordinates of the bigger primary and smaller one are (—,u,O) and(l - U, 0).
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33 EQUATIONS OF MOTION IN THE NON-DIMENSIONAL UNITS

Using m =1-pu,m =u, x,=—u, x,=1-—pand G=1 in equation (3.19), the equations
become:

i 2mp = (l_ﬂ)[ql(xju)+3A1q1()§+u)j+ﬂ£qz(x+3u—l)+3A2q2(x+u—1)j+ M,x 3/2
h 2r (I”2+T2)

5
i 7 2r,

3/2

— q Aq A M
)'5+2I’l)'6—n2y— (1—11)[1_3)}4_?)1—51)}}4_ [q23y 3 2q52yj 4
2 72
i 2r U 2r; (r )

or
i-2ny=Q,
j+2mi=Q, (3.20)
where
202 2 _ _
L (x2+y ) A=ma  1a,  A=WAG  phe, M, .
4 " 2n, 2r,  (r+T7)

q oy LGt plxtu-l)g, 3A-p(x+p)dg 3u(x+p-1)4dqg  Mx

P r 2K 21 (P+72)"
_ o (=wqy we,y 30-wAqy 3udqy My
Qy =ny 3 3 5 5 2 243/2
r 7 2 r 2 (r"+77)
with
2 _ 2 2 2 _ -1 2 2 3.21
R=(x+p) +y°, r=(x+u-1)+y (3.21)

and the mean motion n for the system is given by

2M,r,

3
l’l2:1+5(Al+A2)+(rz+T)3/2, (322)

where r is the radial distance of the infinitesimal mass in the classical restricted three -

body problem.
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3.4. THE JACOBIAN INTEGRAL

Multiplying the first and second equations of (3.20) by x and y respectively, we get
XX —2nxy = xQ
YV +2npx = yQ

Adding them together, we get
xx+yy=xQ +yQ,

= %i(x2 +j/2)=iQ(x,y)

dt dt
di ., .o\ ~d
Integrating equation (3.23) gives
437 =20(x,y)-C (3.24)

where C is the constant of integration. Since we know that X* +j* =v* the square of the
velocity in the system is
V= 2Q(x,y)—C
and from that we can write C as
2Q(x,y)—v2 =C
This means that the quantity 2Q(x,y)—v’is a constant of the problem and therefore, it is

called the Jacobian constant. Equation (3.24) is known as the Jacobian integral.

3.5 DISCUSSION

We have obtained the equations of motion of the generalized restricted three-body problem.
Equation (3.20) gives the equations and they are different from those obtained by Kushvah
(2008) due to the presence of radiation of the smaller primary and oblateness of the bigger
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primary. However, if these are ignored (ie. g, =1,4, =0) ,the equations will tally with
those obtained by him. If the potential from the belt is neglected (ie. M, =0), the
equations of (3.20) are analogous to those of Singh and Ishwar (1999) , and Abdulraheem
and Singh (2006) in the absence of perturbations in the coriolis and centrifugal forces. If
the primaries are spherical and the potential from the belt is absent (i.e. 4 =4, =M, =0),
the equations of (3.20) fully coincide with those of Zheng and Yu (1993). In the presence
of the oblateness of the bigger primary only ( i.e. ¢, =¢q, =1,4, = M, =0), the equations of
(3.20) agree with those of Kalantonis ef al. (2006). In the presence of the potential from
the belt only (i.e. ¢, =¢, =14 =4, =0), the equations of (3.20) are in agreement with
those of Jiang and Yeh (2006) and Yeh and Jiang (2006). In the presence of radiation of the
bigger primary only (i.e.q, =1,4, = 4, =M, =0), the equations of (3.20) tally with those
of Bhatnagar and Chawla (1979). If the primaries are spherical and non-radiating and in the
absence of the potential from the belt (ie. ¢, =¢, =14, =4, =M, =0), the equations of

(3.20) reduce to those of classical case of Szebehely (1967).

3.6 CONCLUSION
We have obtained the equations of motion (3.20) and Jacobian integral (3.24) for the
infinitesimal body in the rotating coordinate system. We observed that the equations of

motion (3.20) are affected by the radiation and oblateness factors and the potential from the

belt.

27



CHAPTER 4
LOCATIONS OF EQUILIBRIUM POINTS

4.0 INTRODUCTION

The equilibrium points are places where the infinitesimal body can sit “motionless" relative

to the primaries that are orbiting each other. Hence at the equilibrium positions, all forces

acting on the infinitesimal mass in the rotating frame of reference vanish, that is

jc':j}:jC:J'/:O,

Thus, we have from equations (3.20) :

or

o mwlrrp)g plxtp-1)g, 3A-p(xtu)dg 3p(x+p-)4q,  Myx
R r 21 2r; (P +12)"
2y d=may  pgy 3A-wAgy 3pdqy My
y 3 3 5 5 2 2N3/2
r 7 2 r 2 (r"+T7)
Re-writing these equations, we have
¥ nz_(l_,u)ql_,uqz _E(I_H)Alql_zquqz_ M,
3 3 5 5 2 2N3/2
r ) 4 2 n (r"+T7)
(-wugq,  p(u-1)g, 30-wudg, 3p(p-1)4q, _
- 3 - 3 - 5 - 5 =0 (4.1)
4l 6 2, 2ry
y n?_ (1-p)g, _ M4, _E(I_H)Alql _i HAq, _ M, _
r13 r23 2 riS 2 r25 (r2 +T2)3/2 (4 2)

Here two cases arise: ¥ #0 gives triangular points and y =0 collinear points.
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4.1 LOCATIONS OF THE TRIANGULAR POINTS

The triangular points are the solutions of equations (4.1) and (4.2) when y # 0.

Now from (4.2) we have
2 A-wa pgy, 3(A-wAg, 3pdg, M,
3 3 5 5 2 283/2 T
" o2 2 o (T (4.3)
Using (4.3) in (4.1) gives
CU-ppg, p(p-1D)gy 3(0-pudg, 3p(p-1)4e
3 3 5 5 -
r 7 2y 21,
4 9 3449 344,
—(1- —-————+——-——=1=0
( H)H[ng R
ﬁ_&+ 344, _ 34,9, _ 0
3 3 7 5 7 5T
From (4.3) we have
2od, M pg, 34q, 3pdg 3pdg M,
]/'13 ]/13 }"23 2}/.15 2}/15 2 }"25 (}"2 +T2)3/2
or
nz_i_3A1%+‘u i_ﬂ_i_?’Al%_?’Azqz _ M, _
r13 2]/15 r13 r23 2]/15 2r25 (rz + T2)3/2 (4.5)
Using (4.4) in (4.5) we get
2 ¢ 34q, M, _
1’13 2’,15 (rz +T2)3/2 4.6)
Combining (4.4) and (4.6) we have
nz_&_?’Az%_ M, _
r23 21*25 (r’ +T2)3/2 (4.7)
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When the effects of radiation and oblateness of the primaries and the potential from the belt
are neglected, equations (4.6) and (4.7) are reduced to classical case with the solutions

r;=r>=1. Thus we can assume the solutions of the equations (4.6) and (4.7) to be

r=1+g¢ rn=l+¢, (4.8)
where €, , & are very small and are due to the combined effects of the radiation,

oblateness and potential from the belt.
The exact coordinates of the triangular points are found by solving equations of (3.21) for x

and y, i.e.

2 2

”12 :(x+u)2+y2, 7 (x+u—l)2+y

2

(+e) =(x+u) +y (4.9)
(l+82)2z()c+,u—l)2+y2 (4.10)

Subtracting equation (4.10) from (4.9), we obtain
(l+gl)2 —(1+82)2 = (x+ u)z —(x+ u —l)2
Considering only linear terms in g;’s, we get
1
x=§—/,t+81—82 (4.11)

Using equation (4.11) in equation (4.9), we have

2
1
yz :(1+81)2_(5+81 _82)
1
=1+2¢, - Z+81—82

——3+8 +&
- 1 2
4

:E(Hg(gl +gz)j

4

3(. 2 ’
22(14‘5(81 +82)J
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(4.12)
Also r* =x*+)°

2
r :(E—u+gl —gZJ +%+81 +é,
This simplifies to
r2:rcz+2(1—,u)gl+2,u<91 (4.13)
where 7> =1-p+pu’
Substituting equations (4.8), (4.11), (4.12) and (4.13) in equation (4.6), using g, =1-p,,

i=12 where p, =1-¢, [ 1 and restricting ourselves to the linear terms in¢,, 4, p,,M, we

obtain

p_ A M,Q2r-D)
31 22 3(rb2 +77)7 (19
Similarly, from equation (4.7) we get

P, A4 M,(2r-1
e = P A : 4.15
2 32 307 +TH)? *.15)

So, from (4.8) we have

i=lo| Za ey M)
372 30T

n=l-| 2af SO
32 3(7+TY) 4.16)

Using (4.14) and (4.15) in equations (4.11) and (4.12), we obtain the triangular equilibrium

points L4 and Ls as:
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1 (p—p, 4-4
25545

1 p+p, A+A4, 2M,(2r.-1)
=i\/§ ! 2 2 4 p\=le
Y [2 9 6 o +TY)"

(4.17)
In the absence of potential from the belt, these are same as those of Singh and Ishwar
(1999) , Abdulraheem and Singh(2006) when perturbations are absent, and Kushvah(2008)

while radiation of the smaller primary and obleteness of the bigger primary are neglected.
4.1.1 Numerical Investigation of Triangular Points

For numerical investigations, we take the masses of the bigger and smaller primaries

(peanuts) as 20M, and 16M . respectively. So, the mass parameter u for this system is

16

= = 0.444444
16+20

u

For simplicity we set 7=0.01.
In order to show the effects of various parameters on the position of triangular points Ly,
we have used equation (4.17) in the following cases:

1 Absence of radiation, oblateness and potential from the belt (classical case).

2 Oblateness of the bigger primary only.

3 Oblateness of the smaller primary only

4 Radiation of the bigger primary only

5 Radiation of the smaller primary only,

6 Potential from the belt only.

7 Radiation and Oblateness of the primaries and potential from the belt.

32



Table 4.1: Coordinates of triangular points L, s (4=0.444444 and 7=0.01)

Case ¢, 4, A 4, M, Lis (x,y)

1 1 1 0 0 0 0.0555560, +£0.8660254
2 1 1 0.03 0 0 0.0705560, +0.8746857
3 1 1 0 0.02 0 0.0455560, +0.8717989
4 0.75 1 0 0 0 -0.0277773, £0.6495190
5 1 0.85 0 0 0 0.1055560, +£0.7361216
6 1 1 0 0 0.01 0.0555560, £0.8703569
7 0.75 0.85 0.03 0.02 0.01 0.0272227, £0.5383805

- We see that the positions of the triangular points are affected by the oblateness and
radiation of the primaries and the potential from the belt such that they do not form
equilateral triangles with the primaries. We also observe that the triangular points come
nearer to the primaries in the presence of all these perturbations (Table (4.1) case 7).

4.2 LOCATIONS OF COLLINEAR POINTS

The collinear points are the solutions of the equations (4.1) and (4.2) when y = 0. That is,
the collinear points lie on the line joining the primaries. We denote expression on the left

hand side of equation (4.1) by F(x, y) i.e.

(- g, (x+ p) _ MY, (x+u—1) _i(l—H)Al%(HH)_iﬂAz%(HH—l) _ M, x

F(x, =n’x—
(x,¥) ”13 ”23 B ”15 5 ’"25 (r2+T2)3/2

Then F(x, 0) = f(x) = P(x) +O(x) (4.18)
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where,

_ o (=g x+p) pg,(x+p-1) 3(1-wAq(+u) 3 udg,(x+u-1
P(x)_n X 3 3 5 5
|x+u| |x+u—l| 2 |x+u| 2 |x+u—l|

M, x
O(x)= AT
To investigate the position of collinear equilibrium points, we divide the orbital plane Oxy

into three parts with respect to the primaries: x<-p,-u<x<l-pandl-u<x. The

function P(x) is defined as follows:

n'x+ (1—M)q21 + ) -+ 3(1_”)‘414% + 3pud,g, .
(x+u)  (x+u-17" 2(x+up)?  2x+u-1)
P()C) _ I’sz— (1_ M)% n Hq, _ 3(1— ﬂ)Al% N 3luA2q2
(x+p) (x+p=17 20x+p)'  2x+p-1)
e e pgy, 31-pAg  3pdg, F1opex
(x+u)’ (x+u-D* 20x+p)t 2x+u-1* .19

if x<-p

T —pu<x<l-u

First case:

x<-—pu ie. x €(—o0,—u) then,

P(x)=n2x+(1_'u)ql " HYq, +3(1_,U)A1Q1 n 3udyq,
(x+p)’ (x+u-1" 2x+p)*  2x+p-1

and
o2 20=wq  2pq,  6(-p)Aq,  6ud,q,
P'(x)=n : . 1 :
(x+p)  (x+u-17  (x+p)  (x+u-1
or
2(1- 2 1- )4
pl(x)=n"+ ( “)3%.;. HY, 3+6( M) 51%+ 6HAzq25
et p-) |x+ x+ p—1|
= P'(x)>0

Since P'(x)>0 forxe(—o,—u), P(x)is a monotonically increasing function, because
lim_,  P(x)=-o, limx_w, P(x)=00.
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Also
O(x )——

M, 3M,x° , B ‘
Q'(x) = (F +T7)" (x2 LT <Oand thelim _,  Q(x)=0, lim ___0O(x)>0.

= Q(x) is a monotonically decreasing function.
Now the lim_  f(x)=lim_, { P(x)+ Q(x)}
=lim_,  P(x)+lim_,  O(x)

=—0+0

lim_  f(x)<0
Andlim __  f(x)=lim__ {P(x)+0(x)}
= limx_H[ P(x) +limx_Hl, O(x)

=00+ positive

@0
m, , , f(x)<O0and lim_ f (x)>0 which imply that there is a unique point

x € (—oo,— ) for which f(x)=0. We call this point L,.
Second case:

—u<x<l—p ie xe(—u,l—u), we have from equation (4.19):

P(x):nzx_(l—/l)% n Hq, _3(1—/1)/116]1 N 3/11426]2
(x+u) (x+u-1° 2(x+p)t  2(x+u-1°

M, x

O(x) :—m
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We first consider x €(0,1— ).

P(O):—(l_'lj)q1 + ‘Ltqz 5 _3(1_/’!3AIQI + 3uAZQQ4
H (u-1) 2u 2(u-1)

(1-p)

Since 0 < £ <0.5, it is clear that > H ~and so P(0)<0. lim_ P(x)=w.

2

oo (u-D e

Also
0(0)=0and O(1- ) <0.
Now, 1(0)=P(0)+0(0)
= negative+(
~. £(0)=P(0)+ 0(0) < 0
and lim _  f()=lim_  P(x)+0(1-p)
= o0 + negative

= lim__ oy f(x)>0

f(0)<0 and lim (o f(x) > 0show that there is a unique point x € (0,1—u) such that

f(x)=0. We label this point L.

Next we examine x € (—x,0)

Let xe(—u,0) and if T <+2u then —ie(—u,o). So, we consider two sub cases:

V2

36



Now itp( - |+0[ <750, then (=)=~ J+0[ - )50 and sinee

f(0)<0, it implies that there is a point x (—i,OJ for which f(x) =0. We denote this

NG

point by Ly;.

Sub case B: x e (—u,—

"
NG
(ool o (5ol
Also, lim . P(x)=-wand lim__ . O(x)>0,
clim o fG)=lm o {P(x)+0(x)} <0
=lim___P(x)+lim__ . O(x)
= - o + Positive number

= limx_Hf f(x)<0

f (—%j > (0and limX_Hf f(x) <0 imply that there is a unique point x e (— M’_ij for

NG

which f(x)=0. We refer this point to Ly,
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Thus, we have two new equilibrium points L, L, whenever T <\/§u and

P(—ij + Q[—ij >0 in the interval (-£,0) . We also notice that there is no equilibrium

N AN

T T
oint in the interval (—1,0) if P| —— [+ Q| ——= | < 0.
P o itr{ - Joo[ 75

Third case:

x>1—p ie xe(l—pu,o), we have

P(x):nzx—(l_u)ql __ Mg, _3(1_/1)‘41‘]1 _3udyg,
(x+u)’ (x+u-1D)* 2x+p'  2(x+u-1)
M, x

0O ="Z "

Now

2(1- g, 2uq, 6(1-u)Ag, , 6pdq,
+ + +

P'(x)=n"+ > 5 : -
(x+u)y  (x+u-1 (x+ 1) (x+u-1)

:>P'(x)>0

P'(x)>0 implies that P(x) is a monotonically increasing function for x e (1-u,©),

since the lim Ly P(x)=—-wand lim__, p(x)=o0

(1

M, 3M,x°
(xZ +T2)3/2 + (x2 +T2)5/2

Also Q'(x)=— >0, O(1—u)<0and lim_,, O(x)=0. So, O(x)

is a monotonically increasing function for x € (1— p,0).
Now lim ey S(x)=lim__ Ay P(x)+0(1-p)

= - o0 + Negative number
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= lim__ ey f(x)<0

and

lim, ,, f(x)=lim_, {P(x)+O(x)}

Hence,

mx—>(17u)+

=lim_,_ P(x)+lim_, _ O(x)

= o0 + Zero

=lim___ f(x)>0

f(x)<Oand lim_,_ f(x)>0 show that there is a unique point x € (1— u,0) for

which f(x) =0. We denote this point by L.

4.2.1 Numerical Investigations of Collinear Points

In order to show the effects of various parameters, using equation (4.18) we obtain the

coordinates of the collinear equilibrium points (Table 4.2) for different cases:

1

2

Absence of radiation, oblateness and potential from the belt (classical case).
Oblateness of the bigger primary only.

Oblateness of the smaller primary only

Radiation of the bigger primary only

Radiation of the smaller primary only,

Potential from the belt only

Radiation and oblateness of the primaries and potential from the belt
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Table 4.2: x-coordinate of collinear points L; ( i=1,2,3) and L,; Ly, when ¢=0.44444, T=0.01

Case q, q, 4 4 M, L L, Ls | Lo

1 1 1 0 0 0 1.21703  0.78507  -1.17858

2 1 1 0.03 0 0 1.20546 0.09550 -1.18603

3 1 1 0 0.02 0 1.22407 0.06482  -1.17024

4 0.75 1 0 0 0 1.20543  0.04428  -1.10773

5 1 085 0 0 0 1.17986  0.09709  -1.17302

6 1 1 0 0 0.01 121122 0.11881  -1.17265  _y o014  -0-06017
7 0.75 0.85 0.03 0.02 0.01 1.16587 0.11183 -1.10490  -0.00012  -0.05999

Table 4.2 indicates clearly that the positions of the collinear points are also affected by the

oblateness and radiation of the primaries and potential from the belt. It shows that there are

two new collinear points L  and L , due to the potential from the belt. The overall effect is

that the collinear points , , L, come nearer to the primaries, while L, and L , move towards

the bigger primary and L  moves away from it, in the presence of these perturbations (see

case7).
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4.3 DISCUSSION

Equation (4.17) gives the coordinates of the triangular equilibrium points. It is evident that
these positions are affected by the radiation and oblateness of the primaries and potential
from the belt (Table 4.1). If the radiation of the smaller primary and oblateness of the
bigger primary are neglected (ie. g, =1,4, =0), the coordinates( 4.17) fully agree with
those of Kushvah (2008) when only linear terms in small quantities are considered. On
ignoring the potential from the belt (i.e. M, =0), the coordinates( 4.17) confirm those of
AbdulRaheem and Singh (2006) in the absence perturbations in the Coriolis and centrifugal
forces, and coincide with those of Singh and Ishwar (1999). On further ignoring the
oblateness of the primaries (i.e. 4, = 4, =M, =0), the coordinates ( 4.17) agree with those
of Zheng and Yu (1993). In the presence of radiation of the bigger primary only (i.e.

q,=1,4=4,=M,=0), the equations of (4.17) boil down to those of Bhatnagar and

Chawla(1979).

We established in (4.2) that in addition to the usual collinear equilibrium points, there
appear two new collinear points L,; Ly, due to the potential from the belt. In the presence

of the potential from the belt only (i.e.q, =¢q,=1,4, = 4, =0), the findings (4.2) are in

concordance with Yeh and Jiang (2006).
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4.4 CONCLUSION

We have determined the locations of the triangular and collinear equilibrium points. We

have found that:

1 The positions of the equilibrium points are affected by oblateness and radiation of the

primaries and potential from the belt (tables 4.1 and 4.2).

2 In addition to the usual collinear equilibrium points, there appear two new collinear

points Ly Ly, due to the potential from the belt (table 4.2).
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CHAPTER 5
STABILITY OF EQUILIBRIUM POINTS
5.0 INTRODUCTION
After determining locations of equilibrium points, it will be interesting to understand the
stability properties around these points. In order to arrive at a conclusion about the stability
of an equilibrium point, we need to displace the infinitesimal body a little with a small
velocity from its equilibrium point under consideration. If the infinitesimal body oscillates
considerably around the equilibrium point and returns to the same point as time elapses, the
point is said to be stable. If however, motion departs considerably from this point and never

returns to it, the point is said to be unstable.

In order to study the stability of an equilibrium point(xo, yo), we derive variational

equations of motion corresponding to (3.20). Then, we obtain the characteristic equation
and its roots. Finally, we discuss the stability according to the nature of the roots.

5.1 VARIATIONAL EQUATIONS

Let us give small displacement (o, f) in the coordinates (xo, yo) of the equilibrium point.

The coordinates, velocity and acceleration are:

X=x,+a y=y,+p
=a y=p
¥=d y=p (5.1)
respectively.
Now, the function Q(x, y)in equation (3.20) becomes
Q(x,y)zQ(x0+a,y0+ﬂ) (5.2)
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Expanding equation (5.2) by Taylor’s series and considering only the linear terms in a and

B, we have
Q(x, +0t, y, + B) = Qx5 )+, (%0, 1) + B, (X5 ¥y )+
Similarly, we obtain
Q, (% +a. 3+ B)=Q, (x5, 3 )+, (%0, 1)+ B, (X5, ) + -
Q, (%, +0,y,+B)=Q, (x5 )+, (%0, ) + B, (X015 ) + - (53)
We know that at the equilibrium point (x,, v, ),
Q (x5 5)=Q, (x5, 5,) =0
So, equations of (5.3) become
Q, (% +a. v+ B) =0 (X0, 35) + B2, (%, ¥,)
Q, (%, +a,p,+B) =0, (%0, 35) + B, (%0, 1) (5.4)

Substituting equations (5.1) and (5.4) in the equations of motion (3.20), we obtain the

variational equations of motion as

a- Znﬁ =aQ),, (xo,yo)"' ﬁQxy (xo,yo)
B +2nd = aQ (x07y0)+ﬁny (xo,yo)

or

d-2nf=0Q%a+Q) B
(5.5)

. . o
B+2na=Q a+Q B
Here, the second partial derivatives of € are denoted by subscripts. The superscript 0

indicates that the derivatives are to be evaluated at the equilibrium point (xo, yo) .
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We now obtain the second partial derivatives of Q.

From equation (3.20) we have

» = (x+p)g px+p-1)g, 30-p(x+u)dgq 3Bu(x+u-1)4q,  Myx

Q =n"x
x ]"13 ]"23 2115 2]"25 (rz +T2 )3/2
o =y A=Wy ugy 3A-wAqy 3 pdgy My
y=ny 3 3 5 5 2 23/2
r 7 2 r 2 (r"+T7)
So that

o =Q{n2x_(l—ﬂ)(x+u)ql Cu(x+p-l)g, 3(0-w)(x+u)Aq 3u(x+pu-1)4q,

2 3 3 5 5
Tox n v 2r, 2r,

M, x
(r2 + 717 )3/2

1 2 1

, (1-w)q o1 uq, o 1) 31-wAg
=n"——" (- + —| = |- —u(x+u-1)qg,—| = |-————=
n ) (A= p)(x+u)q, e p(x+p-1)q, ~| = 53

5 5
4 £

3A-p)(x+u)Ag 8 1) 3udg, 3p(x+p-1)4g, 0(1) M,
2 ox 25 2 ox (,,2 + 72 )3/2

(5.6)

From equation (3.21) that is

rfz(x+,u)2+y2, 1*22:()c+,u—1)2+y2
We have
0 0
2qa—2=2(x+u) 2rza—:i=2(x+,u—l)
Lo _(xrp) Lo (xrucl)
Ox n Ox r
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59 9
1’ ox ox
l _5(x+u)
" r

§ 1 _3 1 o
ox| (P +1?)" | 2(r )" O

ol () | 2y

0 1 3x

ey el 52

Ox (r2+T2)3/2 (r2+T2)

and

46



:842_ 3y

B\ | ey

Substituting these in equation (5.6) gives

2 2
2 (=g 30-p(x+u) @ pg, 3p(x+u-1) a4 31-m4g

Q _=n
" R a 7 A 2K
2 2
+15(1—u)(x+u) Alql _3,quqz +15u(x+u—1) Az% _ Mb + 3be2
21 2r; 2r) (r2 +T° )3/2 (rz +T° )5/2

In a similar manner, we obtain

(=g 30-py’ay pg,  3py’e, 3(01-wAg,

Q =n
Yy r13 r]S r23 r25 2]/15
151-w)y’ Aq, 3pdq, 15pmy°4q, M, 3M, )"
+ 2 7 2 5 + 2 7 2 2 3/2 + 2 P 5/2
h r ) (r +T ) (r +T )
and
o 3=t p)yg u(x+pu-1)yq, 15(1=p)(x+p) yAg,
Q =Q = . + . + -
A h 1 25
LSulxru—)ydg, = 3M,xy
217 (r+17)"
5.2 CHARACTERISTIC EQUATION

Consider trial solutions for the variational equations (5.5) to be in the form:
a=Ae" B = Be"
where 4, B and A are parameters to be determined.

Now
a=Ale" B =BAe"
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(5.9)



G =AAe" B = BA%e"
Substituting these values in equations of (5.5), we have

AN’e" —2nABe™ = Q) Ae" +Q)) Be"
BA*e" +2nlAde" = QSWAe’“ + Q?G,Be’u

Dividing bye™, we have

AX? =2nAB=C A+Q) B
BA’+2n2A=Q) A+Q) B

or
AR ~2mAB—~Q A~ B=0

BA*+2nAA-Q° A~ B=0

or
(A -Q) ) 4+(-2n2-Q0, ) B=0

(2n2-Q) ) 4+(2* -0, )B=0

These will have a non —trivial solution for 4 and B if

A=-Q 2nA-Q
0 2 0“ :O
2nA-Q. AT -Q

Expanding the determinant yields

(A2 - ) (22—, ) +(2n2+ Q0 ) (204 -0, ) =0
or

A -QOP -0 A2+ Q000 40P A7 ~2nA, +2mA0Y, —Q° QY =0

xS S T
In view of equation (5.9) we have

4 0 12 0 92 0 0 212 02 _

A =QA-Q A +Q Q) +4n"A"-Q ~=0
or

4 2 A0 00 \g2 00 _0°2 _

A +@n -Q -Q A +Q Q) -Q ~=0 (5.10)
Equation (5.10) is called the characteristic equation corresponding to the variational

equations (5.5).
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5.3 STABILITY OF TRIANGULAR POINTS
In order to determine the stability of the triangular points obtained in (4.17) we:
e cvaluate the second partial derivatives equations (5.7), (5.8) and (5.9) at the
triangular point;
e substitute the values of the second partial derivatives in the characteristic equation
(5.10)
e proceed to find out the eigenvalues of the characteristic equation.

Now, the triangular points from (4.17) are:

l_lu_(pl_pZ _Al_Azj

X=—
2 3 2

1 p+p, A+A4, 2M,(2r.—1)
=i\/§ ey 2 2 A 2 4 p\4Te
4 {2 9 6 9Gi+T7)"

Using equations (3.22), (4.16) and (4.17) in equations (5.7), (5.8) and (5.9), restricting

ourselves to only linear terms in p;, p» A; A:and M, ,we obtain respectively :
SM, (2. ~1)  3M,(i-p+ i)

4(”'62+T2)3/2 (rcz_i_TZ)S/Z
IM2r -1 3M,C)

Q) :%4-611 + b, +

Q) =2+a2+ub2+

4 4(FCZ+T2)3/2 (rc2+T2)5/2
o _ )3 1M, (2r, -1) s 1M, Qr -1 M, G- p)
Qxy _\/g{z+a3+'ubl+12(rcz+T2)3/z +:u(b3_7_ 6(1’02+T2)3/2) (}’CZ+T2)5/2
where
274 A
al=—&+p2+ I 1+3—2 b1=%—3&—3A1+3A2
2 8 8 2 2 (5.11)
A A
a2=&_pz+&+33—2 bzz_%_{_?,&
2 8 8 2 2
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a3=—ﬁ+&+%+ﬂ bo_ PP 134, 134,

6 3 8 8 6 6 4 4

b

Here each 0f|al. bl| is very small as|Al.| 01, pl.| 0 1(i=1, 2,3) . Putting the values
onﬁ;,ng , ng found above and the value of #n’ from (3.22) in equation (5.10), the

characteristic equation becomes

A +bA +c=0
(5.12)
or
> +bI1+c=0
where,
M=2*

M,(2r, +3) 3M,r’
(rz +T2)3/2 - (r2 +T2)5/2

b=1+6(4 +A4,)—(a, +a,)—u(b +b,)+

oo Dop D ]
4 207+ T 4> +T7)

+ 2+9_b1+&_%+9a 33Mh(2rf_1)+ 27Mb +%+3&_9&
4 4 4 2 P20 +TH? (P +TH? 4 4 2

its roots are:

2 (5.13)

where A = b’-4c is the discriminant

A (27_36173 L 66M,(2r.—1)  27M, j“z

(rCZ +T2)3/2 + (VCZ +T2)5/2

(rCZ +T2)3/2 (rCZ +T2)5/2
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2M,(2r, +3) 6M,r’
(rz +T2)3/2 - (r2 +T2)5/2

+1412(4, + A4)—11a, —5a, +18a, +
(5.14)

Thus, the roots

2, =+, A, =10,
(5.15)

are functions of the mass parameter yu, and their nature depend on the discriminant A.

Now
2M,(2r,+3)  6M,r’
(A),, =1+12(4 + 4,)~11a,~5a, +18a, + (rczb+T2)3/2 _(rcz_i_]bwz)s/z
2M,(2r,+3)  6M,r’
:1+£12(A1+A2)—11a1—5a2+18a3+ (rfh+T2)3/2 —(r02+;2)5/2J>0
and
(A) 1= 27_36b3+66A24b(2ZC 3_21)+ 227]\42})52 l
K=y (F2+TH? (2 +T)" )4
274118, +5b, 186, +36a, + 20MC2r - 108M, )1
(rc +T )/2 (rC2+T2)5/2 2
2M,(2r.+3)  6M,r’
H1+12(4, + 4)—11a, —5a, +18a, + (rczb_i_Tz)yz _(r{:z_i_]b«z)s/z
:24' _36b3+66A24h(2? 3_21)+ 227A42h52 .
4 (P +T>? (2 +T)"” )4
_%—Lllbl+5b2—18b3+36a3+6(6A24”(;?)3_/21)+( 208;{;5/2}1/2
ro+ ro+
2M,(2r.+3)  6M,r’
+1+12(A4, + A,))—11a, —5a, +18a, + (r2b+T2)3/2 —(r2+;2)5/2
_ 23 66M,(2r, —1) 27M, )1
"(A)u:% __T+{£_36b3+ (r62+T2)3/2 +(I’CZ+T2)5/2 Z

—Lllbl +5b, —18b, +36a,+ oM. D | 108M, Jl/z

(I/'CZ+T2)3/2 +(rCZ+T2)5/2
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2M,(2r,+3)  6M,?

+12(4,+ 4,)—1la, —5a, +18a, + TR (P AT

1 <0

Also
92 _[ 97 36p,+ M2 ) | TTMy o) [7 4118, + 55, ~18b, + 36a, + M2 "D, 108,
dp @+ (24P S (ko A KA e i

[d—Aj =-27 —[1 1b, +5b, —18b, +36a, +
u=0

66M,(2r.—1)  108M,
du

(cm +T2)3/2 (rLZ +T2)5/2

J-27<0

and

[dA] :[27—36b3 + 66M,(2r. 1) + 27M, ]—[27+11b1 +5b, —18b, +36a, + 06M,(2r, -1) + 108M, ]
u=1/2

du TR T T T
10
1
= d—A <0 . . (O,—j
d in the interval 2

Thus, it follows that A is a strictly decreasing function of x in the interval (0, 1/2) and has

values of opposite signs at the end points: =0 and u= Y.

The opposite signs of the discriminant A at u = 0 and x = 1/2 indicate that there is only one
value of u in the open interval (0, 1/2) for which A vanishes. This value of u is called the

critical value of the mass parameter and is denoted by u, . Hence, we examine the three
: 1
regions: 0 < u < u,, /,tc</1<5 and =y,

Region 1: when0 < p < p_, the value of A is positive i.e. b* —4c >0 = |b| >JA

In view of equation (5.12) we see that

52



M,(2r,+3) 3M,r;

b=1+6(A4 +A4,)—(a,+a,)—u(b +b,)+ (r2+T2)3/2 (r2+T2)5/2

Thus, from (5.13) we have

“b+JA
=<

I1 0
2
or
H1=ﬂ<o’ sz_b_\/X<O
2 2
or
IT, = —s, IT, =—s,
—b++/A —b /A
where s, = T , and s, = 5 ,

Now, the roots (5.15) becomes
}‘1,2 =x\-s, }*3,4 =1\-s,

or

Ay =Fiysy, Ay 4 =i,

where [ = \/——1

Thus, since all the eigenvalues are distinct and pure imaginaries, in view of (1.4.5), the

triangular point is stable .

Region2: when u, < u< 5 in this region, the discriminant of the characteristic equation is

negative i.e. b —4c <0

Thus, from (5.13) we have
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M=
2
or
le—b+z5 sz—b—z5
2 2
where,
§=+A

—b+id —b-ié
A’l,z:i > ’ }‘3,4:i >
or
PR e PRI
2 V2

PRSI areryy: 2, =—%\/—b—i5

These indicate that the real parts of two of the characteristic roots are positive; hence by
(1.4.5), the triangular point is unstable in this region.
Region3: when u = u, 1in this region, the discriminant of the characteristic equation is zero

i.e. the value of A is zero = JA=0

And so, from (5.13) we have

b+
- b+0
2
or
—b
Hl :HZ :7
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The roots (5.15) of the characteristic equation (5.12) now become:

—b e
A’l,z = i\/; 13,4 = i\/:

or

Thus we have double roots and so, in view of (1.4.5) the triangular point is unstable when
:Ll = :Llc'

Hence, the triangular points are stable in0 < u < u_, and unstable in g, < y < 1 .

2

5.3.1 The Critical Mass Parameter 1

The critical value u, of the mass parameter is the value of the mass ratio 4 when the

discriminant (5.14) is equal to zero. That is, the root of the equation A=0 gives the value of

the mass parameter.

From equation (5.14) we have

(27_36b3+66Mb(2r6—1) 27M, jz

(rC2+T2)3/2 +(VC2+T2)5/2 H

2 2N3/2 2 2N5/2
2M,(2r+3) M
(I”2+T2)3/2 (I”Z-I-TZ)S/Z -

+1412(4, + 4)—11a, —5a, +18a, +

The root of (5.16) which gives the value of x. is
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lLlc:lLlO+lLlp+lLla+ﬂb’ (517)

where

(pl +p, )
= —2—
o 2769

1 13 1 13

= 1l-—— |4, ——| 1+—=— |4
o 9[ @j 9[ @j
_(78-8r)M, [3_83“242} M,
"oanes (i +1) \20 669 (2 77y

u

The value of the critical mass parameter to fifteen decimal places is

u,=0.038520896504551-0.285001787790556A,-0.062779565568333A»-

0.008917470598946P - 0.008917470598946P, -0.233068119248071M,4 (5.18)

Evidently, u_  represents the total effect of radiation and oblateness of the primaries and
potential from the belt on the critical mass value. However, in the absence of these
perturbations, the critical mass value u, becomes 1, , which corresponds to the classical

restricted problem (Szebehely, 1967).

The effects of these perturbations are shown in Table (5.1). It indicates that, the

perturbations reduce the range of stability. We use the following cases in equation (5.18):

1 Absence of radiation, oblateness and potential from the belt (classical case).
2 Oblateness of the bigger primary only.

3 Oblateness of the smaller primary only.
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4 Radiation of the bigger primary only.

5 Radiation of the smaller primary only.

6 Potential from the belt only.

7 Radiation and oblateness of the primaries and potential from the belt .

Table 5.1. The effects of the perturbations on the critical mass value.

Case q, q, 4 4, M, M,

1 1 1 0 0 0 0.038521
2 1 1 0.03 0 0 0.029971
3 1 1 0 0.02 0 0.037265
4 0.75 1 0 0 0 0.036292
5 1 0.85 0 0 0 0.037183
6 1 1 0 0 0.01 0.036190
7 0.75 0.85 0.03 0.02 0.01 0.022818
5.4 STABILITY OF COLLINEAR POINTS

In order to determine the stability of the collinear equilibrium point (xo, 0) we:

e cvaluate the second partial derivatives equations (5.7), (5.8) and (5.9) at the

collinear point;
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e substitute the values of the second partial derivatives in the characteristic equation
(5.10);

e proceed to find out the eigenvalues of the characteristic equation.

Now, for any collinear equilibrium point (xo, 0) , we have from equation (3.21)

2 2
l’iZZ(X0+u) , rzzz(x0+,u—l)
:>V1:|XO+,L£, I"2:|X0+u—1| (519)
Substituting (5.19) in equations (5.7), (5.8) and (5.9), we obtain respectively
2(1- 2 1-u)A ’
0 =2 20200 200, 6U=AG, | 6uAg,_ { ELI MJ 50
|x0+u| |x0+u—l| |xo+u| |xo+u—l| (" +T7)"" (%, +T7)

Q' —n2_ 2(1-p)q, {14_ 34, J Hq, Ll 34, J M,

- - 0
” |x0 + u|3 2|x0 + u|2 |x0 + —1|3 " 2|)c0 + U —1|2 (x,’ +7%)" )

(in the range containing the roots). Which is also obvious from the Figure 5.1 where,

QO
g(x)=0",
0]
-10
-20
X .
5 30
-40
-50
-60
-1.5 -1 -0.5 0] 0.5 1 1.5
Figure 5.1: Graph of g(x) against x for -1.2<x<1.3
Q' =" =0
w = =
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The characteristic equation (5.10) now becomes

A +bA+c=0 (5.20)
where

b=4n - —Q(;y , C :ngQ(;W <0
Its eigenvalues are:

,112=_b+\/b2_4c ~b—~/b* —4c

2 —_—
2 A 2
These two relations will determine the eigenvalues and the properties of the equilibrium
point. In fact, the signs ofb>—4c, ~b+~b* —4c, and —b—~b*—4c will completely
determine the results. However, when one knows the signs of b and c, the details of

possible eigenvalues can be directly determined by them. We therefore list all the

combinations in Table 5.2, in terms of the signs of b* —4c, b and c.
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Table 5.2: The Nature of the Eigenvalues

Row b? —4c b c. ,112 %2

1 <0 Complex number Complex number
2 =0 <0 Positive number Positive number
3 =0 =0 Zero Zero

4 =0 >0 Negative number Negative number
5 >0 <0 <0  Positive number Negative number
6 >0 <0 =0 Positive number Zero

7 >0 <0 >0 Positive number Positive number
8 >0 =0 <0  Positive number Negative number
9 >0 =0 =0  Impossible Impossible

10 >0 =0 >0  Impossible Impossible

11 >0 >0 <0 Positive number Negative number
12 >0 >0 =0 Zero Negative number
13 >0 >0 >0  Negative number Negative number
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In Row 1, 4>, 4 are complex conjugate numbers, since b* —4c <0. Thus, A,4,can be
expressed as A, =xd tie and A, ==xf *ig where, d,e, f,gare positive real numbers.

Since not all the real parts of the eigenvalues are negative, in view of (1.4.5) the

equilibrium point is an unstable point.

1

In Row 2, b°—4c=0 and h<Owe have 212:122:? ie. 4 =4 =% || The

equilibrium point is unstable. In Row 3, b* —4c¢=0 and b=0implies 4" =1, =0, all the
real part of the eigenvlues are zeroes. The equilibrium point is unstable. In Row 4,

b’ —4c=0 andb >0, imply A’ =217 =—g ie. 4, =A, =tie. Thus in view of (1.4.5), the

equilibrium point is unstable.

In Row 5,b°—4¢>0, b<0 andc<0. Since c<0we have, b —4c>b" this implies

<0,and so A4, can be

Jb* —4c >|p|  Thus PRI il Pt de
- 2

>0, 4,
2 A,

expressed as A, =xd and A, =tie. The equilibrium point is also an unstable point.

In Row 6, because ¢ =0, we have 212 = _bTJr|b|, lzz = _b—_|b| and because b < Owe get
Al = |b|;|b| , A :@i.e. J,=td and A, =+0. The equilibrium point is also an

unstable point.

In Row 7, due toc >0, we have b* —4c <b> = \b* —4c < |b| and because b <0, we get
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2_|b|+\/bz—4c>0 Az_|b|—\/b2—4c

A4 5 , , 5 >0, ie. 4, =*+d and A, ==xf,all real

numbers. The point is unstable.

_4C 2 2
= and for c<Owe have, =./lc|,
Z 5 AT =4

2

Row 8, sinceb=0’ﬂ12=

A0 = —\/E ,thus 4, =+d and A, =tie. So, the equilibrium point is an unstable point.

In Rows 9 and 10, ¢=0 and ¢ >0 contradicts b* —4c >0 after we usedb=0 Thus, these

two are impossible.

In Row 11, c¢<0,we have b’—4c>b>=+b’—4c>b| and since b>0,we get

— 1’ 2_ — —'\’ 2—
A2=W>O, 122:¥<0. A, =xd and A, =*tie, The equilibrium

point is also an unstable point.

In Row 12, ¢=0 and b>0imp1y/112:0, ﬂ?z:—b. Thus, A4, =0 and A, =tie, the

equilibrium point is unstable.

In Row 13, due to ¢>0 andb>0, we have b*—4c <b® =+/b* —4c <b. Furthermore,

~b++/b* —4c =—b—\/b2—4c
2 2

since b’ —4c>0 we get: A” = <0, 1} <0. Both A, =+tie

and A, =+ig are pure imaginary. But in this problem ¢<0, thus Row 13 becomes Row 11.

In general, for the system under consideration, it is impossible that all the four eigenvalues’
real parts are negative. Hence, in view of (1.4.5), the collinear equilibrium points are

unstable.
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Thus, the radiation and oblateness of the primaries and potential from the belt do not
affect the stability of the collinear equilibrium points. That is, the collinear equilibrium

points remain unstable in presence of these perturbations.

5.5 DISCUSSION

The characteristic equation for the triangular points is given by equation (5.12), it differs
from that of Singh and Ishwar (1999) only due to the presence of the potential from the
belt. If the effect of the belt is neglected, the characteristic equation (5.12) corresponds to
that of AbdulRaheem and Singh (2006) in the absence of perturbations in the Coriolis and

centrifugal forces.

Equation (5.18) gives the value of the critical mass parameter g . It shows the combined

effect of oblateness of the radiating primaries and potential from the belt on the critical
mass value. It is obvious that these perturbations reduce the range of stability (Table 5.1).

However, in the absence of these perturbations, the critical mass value u  becomes 4,

which corresponds to the classical restricted problem (Szebehely, 1967). But in the absence
of the potential from the belt only, the value of u. agrees with Singh and Ishwar (1999),
Sharma et al. (2001b) when the primaries are oblate spheroids, Abdulraheem and Singh
(2006) when the perturbations in the Coriolis and the centrifugal forces are neglected and
Singh (2009) in the case of linear stability. If radiation of the bigger primary and
oblatenesss of the smaller primary are considered only, u. confirms the result of Sharma
(1987). Also, presence of oblateness of the bigger primary only, u. tallies with that given
by Markellos et al. (1996) in the case of linear stability. If the radiation of the bigger

primary is only considered, #. confirms the result of Bhatnager and Chawla (1979). If both
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oblateness and radiation of the bigger primary are considered only, u. agrees with Sharma
et al. (2001a) when the bigger primary is an oblate spheroid instead of triaxial.
Nevertheless, when the radiation of the bigger primary and oblateness of the smaller

primary and potential from the belt are considered only, u, (= 0.0385208965-

0.0627795656A,-0.0089174706P;- 0.2330681192M;,) does not fully agree with Kushvah
(2008) (u~= w1 =0.0385208965+0.03754197874,—0.0089174706P; —0.0579486176Mb).
Here, we observe that the coefficients of 4> and Mb differ from those of Kushvah (2008).
We believe that coefficient of 4, in our u. is correct because this agrees with that of
Sharma (1987), Ishwar and Elipe (2001), Sharma et al. (2001b) when smaller primary is
oblate spheroid, Singh and Ishwar (1999), Abdulraheem and Singh (2006) , Singh (2009)
and Singh and Begha (2011) . The coefficient of My, obtained in our case does not confirm
that of Kushvah (2008) since he defined the mean motion, »n as

n2=1+iAz+%,
2 (r2+T7%)"?

where 2 =(0-u)g?? +u> which implies that the mean
v H)q, H p

motion depends on the radiation factor contrary to the usual concept. In our opinion, the
definition of mean motion should be independent of radiation factor because the radiation
pressure force changes with the distance by the same law as the gravitational attraction

force and acts opposite to it. The second reason is that in the computation of u_,he has

assigned an arbitrary value to », which is not proper.
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5.6 CONCLUSION
We have found that the collinear equilibrium points remain unstable, while the triangular

. . . 1 . "
points are stable in 0 < u <y, and unstable in pu < < > where p_is the critical mass

ratio influenced by the oblateness and radiation of the primaries and potential from the belt.

We have established, these perturbations reduce the range of stability (Table 5.1).
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CHAPTER 6
SUMMARY AND CONCLUSION

6.1 SUMMARY

We have deduced the equations of motion of an infinitesimal body moving in the
gravitational field of radiating oblate primaries, together with the influence of gravitational
potential from a belt in the restricted three-body problem. The equations are different from
those of the classical case due to these perturbations. We have observed that the equations

of motion are affected by the radiation and oblateness factors and the potential from the

belt.

We have determined analytically and numerically the locations of equilibrium points. We
have found that in addition to the usual five (two triangular, three collinear) equilibrium
points, there exist two new collinear equilibrium points due to the potential from the belt,

which we call L, and L ,. Numerical investigations reveal that in the presence of the
perturbations mentioned, the equilibrium points L, , L, , L,, L, come nearer to the primaries;
while L,,L ,move towards the bigger primary and L  moves away from it. The linear

stability of the equilibrium points has also been examined. It has been found that the

triangular points are stable for0 < u < u., and unstable for u, < u < 1 , where u_ is the

2

critical mass parameter defined as

u,=0.038520896504551-0.285001787790556A,-0.062779565568333As-

0.008917470598946P - 0.008917470598946P, -0.233068119248071M,4
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This is obvious that these perturbations reduce the size of stability. We have also seen that
the collinear points remain unstable despite the introduction of the various aforementioned

perturbations.

6.2 CONCLUSION

The equations that govern the motion of an infinitesimal body in the generalized restricted
three-body problem have been obtained and they are found to be affected by the radiation
and oblateness factors and potential from the belt. We have examined the locations of the

equilibrium points and their linear stability and found that:

e In addition to the usual five equilibrium points, there appear two new collinear
points L andL , due to the potential from the belt.
e  The positions of the equilibrium points are affected by oblateness and radiation of

the primaries and potential from the belt.

e The triangular points are stable for0 < x4 < u, and unstable for u < u < %, where

u, is the critical mass parameter influenced by the oblateness and radiation of the
primaries and potential from the belt. These perturbations have destabilizing
tendency.

e The collinear equilibrium points remain unstable for any mass ratio in the presence

of these perturbations.
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