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MIXED BOUNDARY VALUE PROBLEMS AND THEIR REDUCTION
TO DUAL INTECRAL EQUATIONS AND DUAL SFRIES RELATIONS

1.1 PBOUNDARY VALUE PROBLEMS AND THEIR TYPES

Most problems coming up in mathematical physics require the solution of
ardinnry or partial differential equations and this forms a classical branch
of analysis. There are many important applications of the subject in the
physical sciences and engineering.

In the general solution of an ordinary differential equation, one or more
arbitrary constants appear. There is only one independent variable, and the
arbitrary constants serve to fix the initial values of the solution and its
derivatives at a given point. With partial differentiesl equations, the
situation is basically different. Several independent variables are present
and the general solution involves arbitrary functions of the independent
variables rather then arbitrary constants. Also, instead of specifying the
values of a solution (and possibly its derivatives) at a point, the values
are prescribed along a curve or over a surface.

In a boundary value problem for a function U, we usually require that
U satisfies not only the differential equation throughout the given domain
of its independent variables but alsoc some conditions of that domain., The
equations that represent those conditions may involve values of the
derivatives of U ns well as U itself at points on the domein. In addition,
some conditions on the continuity of U and its derivetives within the domain
mey be required.

These conditions mey appear as "The boundary condition", "The initial
condition”, or “The jump condition". In case the boundary conditions are pres
cribed, it may be that either a single relation is given over the whole of the
boundary or one relation is given over a part of the boundary while an altogether
different type of condition may be prescribed over the other part of the
boundary. In the former case, the problem of finding the solution of a given
ordinary or partial differential equation is usually called a "boundary velue
problem" while in the latter case, it ie dintinguished by calling it e "mixed
boundary value problem".

It is worthwhile mentioning a few types of boundary value problems
that are encountered, In our further discussions, we shall deal only with
linear boundary velue problems. A differential equation in U or a boundary



condition on U is linear, if it is an equation of the first degree in U
and its derivatives. Thus, the terms of the equation are either, functions
of the independent variables alone including constants or such functions
multiplied by either U or one of its derivatives nz:

p, (x)ul) e

(n)

* p1(x)U
th

ces * pn(x) Hewlx) covismsens (1:.%1)

where U denotes the n'" derivative of U with respect to x is an ordinary
linear differential equation of order n in U and its derivatives. Also the
equation

2

U, + Xy Uyy - exUz e £{x,y,2) cessesnsrssassses (1.1,2)

where U, denotes the first partial derivative of U with respect to x, Uxx
denotes the second partial derivative of U with respect to x and so on,
is a second order linear partial differential equation.

A linear ordinary or partial differential equation may alsc be either
homogeneous or non-homogeneous. A linear differential «.-uatién' - . 1
is homogeneous if each of its non-zero terms is of the first degree either
in the function U or its derivatives. If a linercr @iflerential equation
also contains one or more free terms, that is, a function involving only

independent variables, then it is called non-homogeneous.

If in equation (1.1.1) and (1.1.2) the functions r(x) and f(x,y,z)
are put equal to zero separately, the equations become homogeneous, otherwise
they are non-homogeneous.

It u1(x) is a solution of a linear homogeneous differential equation
and ua(x) is another solution of the same equation, then the linear combi-
nation of u1(x) and uz(x), that is

u(x) = c1u1(x) + ceuQ(x) R & I I ) |

is also a solution of the linear equation where ¢ are arbitrary

12
constants and the solution (1.1.3) above is called & solution obtained by

superposition.

Many differential equations like Legendre equation, Bessel equation,
Helmoltz equation, Wave equation, Heat ecustion, Laplece equation etc are

examples of linear homogeneous differential equations. These equations are



of fundamental importance in mathematical description of a wide range of
physical phenomena extending from electrostatics and potential theory to
Heat conduction and from gravitational forces to sound waves.

Let us consider the second - order linear homogeneous differential

equation

(2) (1)

po(x)U +p1(x}U +p2(x)U-0 W—————— . R

The problem of finding a solution of equation (1.1.4) subject to the boundary
condition
Ue) =0(b) =0 L..eeiieee. AR TR el 1.1.5)

where a and b are constants such that a<x<b is an example of a linear
homogeneous boundary value problem. A boundary value problem is said to be
homogeneous if the boundary conditions vanish at the end points, otherwise,

it is non-homogeneous.,
41-8)
If instesad of,\the function U satisfies the boundary eondition (1.1.5),

4% -should setiefy the periodic boundary condition

u(a) = U(b) }

U'(ﬂ.) - U!(b) --------- Vas s ..-.....(1.1.6)

then the problem of solving equation (1.1.4) subject to the periodic boundary
conditions (1.1.6) is called a periodic boundary value problem.

If R is a bounded region with a boundary S and if R =R+ 8 (= the
union of R with its boundary S); that is, the closure of R, the problem of
finding the solution of a partial differential equation in U when the function
U is prescribed as a function of position over S is known as the Dirichlet
problem. That is,if

LU= f in TR

md U- gover S ] '.‘.-.“-.ld...ll..l‘l‘..(Tl‘.T)

where L is a second~order linear differential operator,

A problem of somewhat different type is to determine a solution of a
partial differential equation in U which has a continuous second partial
derivetives in TR and satisfies the condition

LU = £ in R

and %g = g over S

b srananernensnemsresnessvess ok Telvl)

where n 1is the outer normal to the surface 8 and % denotes the normal or
directional derivative of U in the direction of the outer normal to S. Such a



problem is called the Neumann problem.
If in the place of equation (1.1.7) of (1.1.8) we are given that

LU = f in R
au
and al + bSE = g over 8

» simiace m e we e e e neaenhe nrsessel Vel d)

where g,a and b are assumed to be contincus over S and & and b do not vanish
simultaneously; such a condition is called a mixed boundary condition. The
problem of tinding a solution of a partial differential equation in U

where U itself should satisfy the condition (1.1.9) is called a mixed boundary

value problem.

1.2 Laplace's Equation and the Properties of Harmonic Functions

The special functions of mathematicel physics arise in the solution of
partial differential equations governing the behaviour of certain physical
entities. Probably the most frequently occuring of this type in mathematical

physics is Laplace's equat:on 52 )2 32
V¢ = 3;!-+ §§T'+ = - - - (I-Z-I)
Many of the problems in potential theory which is the study of solutiong
of Laplace's equations and their properties, are concerned with finding the
¢olutions for which boundary conditions are prescribed on boundaries which
have either cylinderical or spherical symmetry. Therefore, it is worthwhile

mentioning the form of Laplace's equation (1.2.1) in polar coordinates.

If p,$,z are cylinderical polar coordinates such that
X = pcos$p, y = psind, and z = 3z T T i 5§
the Laplace's equation becomes

v 1 9u . 1 3%u  d*u _
-a_p!-+p§5+?a—¢r+'r21' O lnlll.llll.l.lllll(102a3)

If p,p and © are spherical polar coordinates such that
x = psinflepsp, y = psinbeing, and z=pcosh sassnnmar st 1.2
the Laplace's equation becomes

3%y ., 2 3U 1 3°U 1 2%U _ cot® U
-5-6?+p ap"'m—e—w 4'62-59-{*—"1— aeto ...-.-----.o(1.2-5)



A solution of a linear second-order partial differential equation in a
region is a function with continuous second derivetives which satisfies the

differential equation in that region.

The classical problems associated with Laplace's equation is to find a
solution, that is, a function U in the interior of the region R when the
funetion U itself is prescribed as a function of position on the boundary 8
of W. A function U is said to be harmonic at & point P in three dimensional
space if there exists a sphere Q with centre P such that U has continuous
second derivatives and satisfies Laplace's equation at each point inside Q.
And a function U is harmonic in a regionR if it is harmonic at each point
of R. Corresponding definitions hold for harmonic functions in two

dimensions with a circle replacing a sphere,

Harmonie functions have many interesting properties, for example, if
a function U is harmonic in a sphere, the value of U at the centre of the
sphere is the arithmetic mean of its values on the surface. Also if a function
U that is.harmonic in e region R is not e'constant in that region, then U
attains its maximum and minimum values only on the boundary S of R. The two
preperties of the harmonie functions mentioned above are called mean value

and extrens principle properties respectively.

Solutions of Laplace's equations are also called potential functions
because of the physical significance of the solution.

Laplace's equation (1.2.1) is satisfied by the velocity potential in
hydrodynamics, electrostatic potential in electrostatics and gravitational
potential in gravitational theory. It is also satisfied by the temperature
U of a body with uniform thermal conductivity properties when the body

conditions are not time-dependent and a steady state has been attained.



1.3 Sélutlon of Laplece's Eqpatlon associated with Boundary Value Problems
in Cylinderical Coordinates

In section 1.2, different forms of Laplace's equations were mentiocned.
In this section we shall mention briefly the solution of Laplace's equation
suitable for the boundary value problems in cylinderical polar coordinates
while the solutions for other coordinates follow the same principle.
Consider the partial differential equation

vzu.azau b-a-g+cU LR R O I L B R e I R A A B ] (1.311)
'3_'!'

where V? is the Laplacian operator, t is the time and a,b and c are either
given constants or functions of space coordinates. A variety of important
differential equations ocecuring in mathematical physics (e.g. electrodynamics,
the theory of vibrations, the theory of heat conductions) are special cases
of equation (1,3.1), The boundary conditions imposed on the function U many
times require the use of a system of cylinderical polar coordinates p,d,z
related tc the rectangular cartesian coordinates x,y,z, by the relations
(1.2.2/ where

O pgw, QK p<am and - ® < x <@ sdsvnes et 1e32)

In cylinderical polar coordinates, equation (1.3.1) takes the form
13 1 2%u
p'g— Dih) 52

In solving the partial differential equation (1.3.3) the method of
separation of variables could be used which is cne of the most fruitful

29U au

E- awd-b-a— & 88 wavenuesy ssnsven b T893)

a
* %

sources of their solutions. There is more behind this approach than merely
the establishment of the mechanism for producing a set of random functions
which happen to satisfy the given equation.

By looking for e solution of the form R(p)®(¢)2(2)T(t) for example,
where each of the functions depends on only one variable, we are well placed
to apply a boundary condition along a boundary on which p,$,z or t is a
constant. For non-polar ccordinates; for example, rectangular coordinate
system, the same approach applies.



Equation (1.3.3) has infinitely many sclutions of the forn
U(p,d,z,t) = R(p)P($)Z(2)T(t) .evvvrnnnrnnn. i SRR s C138)

Substituting (1.3.4) into equation (1.3.3) and dividing through by
R$ZT, we have
2

1 4, ar 1t a%r - 1 a%z 1, 5 427 a7
— +— - -c = — £= 4 p
R afap *op T @I =T (a® 352 *+ Pgy)

Since variables p,$,z,t =are independent, both sides of thelast equation
above must be equal to a constant which we dencte by -n’ .say. This leads us

to getting two equations

2
2d°T daT 2m o
afET b * T =0 ... R, erere (123.5)
and o= LB 4 £, 2 _14%
Rp dp'"do 029 ag? 7 az? 1

The same reasoning as above shows that both sides of equation above must be

equal to a constant, which at this time we denote by -m?, thus obtaining

2
g‘;.% - (r.z + C‘)Z 0  Leevauweeres T I R I (1-‘3-6)

and o 52 3 (pgh) + (m® + n?)) =73 b

Again, both sides of the last equation must be equal to a constant, which,
we denote by u? and we have

2
§_¢$+uz¢ = 0 P R R R I (1.3-?)
1Ay By, (2402 oMy g
a.n.dpdpt dp)"‘(m 4+ n 'D-'F)-R o -------- TR R {1-3.8)

The process just described is called separation of variables and it leeds
to infinitely many solutions of the form Of (1.3.h) depending on the parameters
m,n and y which could take real or complex values.

The first three of equations from (1.3.5) to (1.3.8) above can be solved
in terms of elementary functions subject to the boundary conditions prescribed
on U and the fourth equation is a Bessel equation of order u whose solution is

R(p) = A J_ (Ap) + BYu(rp) .c.... vesyarvaaye it 1o 335
where X = /m? + n? , Jy (Xp) and Y, (Ap) are Bessel functions of order u;
A and B are arbitrary constants. The solutions of Bessel equations are
generally called cylinder functions or Bessel functions. Bessel equations
are encountered in the study of boundary value problems of potential theory




for cylinderical domain which explains the origin of cylinder functions.

Having mentioned how the use of the method of separation of variables
can be used in sclving the general partial differential equation (1.3.3)
we shell lock into how equation (1.2.1) which is cbtained from equation
(1.3.1) by putting a,b and ¢ each equal to zero, can be solved.

A problem is axisymmetric if it is symmetric about z-axis, that is,
it is independent of the polar angle ¢; otherwise it is 8symmetric.

In the case where U is independent of the polar angle ¢, we have

2 2
2 o 22U . 13U 3%U _
vU W+Dap+w O --.tl‘tlll-c-llllllnl(1.3|10)

and then U(p,z) = R(p)Z(z), and using the method cof separation of variables

we have . 5
77t VR N R - O
R(dp2 * p dp T 772 " A

where A is the separation parameter

From equation above we have the following equations

and R T T L & o T )
p

The first equation of (1.3.11) can be solved in terms of elementary
funetions to pet

Az

z(z) = ce”” + pe~ % where C and D are arbitrary constants. The second

equation of (1.3.11) is an example of Bessel equation of order zero whose
solution is of the form p(p) = A T (Ap) + BY (Ap) where

Jo(lp) and Yb(kp) are Bessel functions of the first and second kind
respectively and of order zero; A and B are arbitrary constants. A solution
of equation (1.3.10) is

Ul(p,z) = (c(!&)e;"z + D(l)e-lz][AIX)Joflp] + B(A)Y_(A0)] ceresssa{1.3.11a)
The complete solution can be written either as an integral
U(D,Z)‘FUA(D,Z)E!’L LR R A O B R R O B O I O I O I B I I B I (1.3'11b)
o
or if U vanishes on & boundary p = a say, then in series form
o0
Y Anz -Anz
U(pgt n£1ﬂn Jo(lnp)[cn e +De ¥ rovsvsanisesanan 193:118)




where {An}, n = 1,2,3,.... is the sequence of positive zeros of Jo(ka)
If in equation (1.3,11), -A? is replaced by A? we have different solutions

from the previous ones of the form

z(z) = c(A)sinkz + D(A)CosAz
R(p) = (A0 (Ap) + BOAK (Ap)]

and U, (p,z) = [C(A)sindz + D(A)CosAz] [A(N)T (Ap) + BOAIK (Ap)]......(1.3.12)
where Io(Ap) and Ko(lp) are modified Bessel functions of the first and third
kind respectively and of order zero. The complete can be written as an
integral
Wosz) = [° U, (008)AA cueconennns e .(1.3.12a)
o

For the solution of Laplace's equation in cylinderical coordinates in
agymmetric case, that is, the sclution depending on the polar angle ¢,
using the method of separation of varisbles on equation (1.2,3), that is,

2, o 8%U 13U . 1 2%u  d*u _
VUt o " v ;e = ©

we have
1,8*R 1 4R 1% 1 a2
R(dp‘+pdp)+026 d¢! +z _a?.o Ill.llllilt-t-l.t(1-3.13)

For R,®,2 to satisfy the Laplace's equation (1.2.3) we have the following
equations

az

o g A2z

I
o

i desasesenasrasresaraarsensanansss (1.3.13a)

2
$+n2¢ = 0 I I B Y (1.3-13b)

2
and EB% +

1aR  (j2 1 g,
pdp.‘-(l r‘z)R 0 LR A O I O O O A I S B A B B BB (103.13c)

where A and n are separation parameters. Equations (1.3.13a) and (1.3.13b)
can be solved separately to obtain

Zz(z) = e(n)e?® 4 IJ(IJ\)e")m R R R R R vos £1:3.138)
and &(¢) = Enﬁﬂnd‘ + FnCOSn(.""""""""""""""""" (1.3.13e)
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Equation (1.3.13¢c) is a Bessel equation of order o whose solution is
Rn(l) = A (AT () + B (MY (A0) oviieiiiiienannin(1.3.13f)

Combining solutions (1.3.13d),(1.3.13¢) and (1.3.13f) we have

Uln(p,da,z} = {c(;\)e"z + D(A)e')‘z][Ensinnm F_cosn ¢] IAn(A)Jn(:\p)mn(a)fnup)]
veivaed Tl

end the complete solution can be written either as an integral cum
series of the form )
n 3 .. 1-3-1ha
v (p,z)dA) [E.Sirmd+ F cosn ¢] .uisesesccsonsee® (
Dsz n
Ulp,d,z) -n§1(L) U, n n

n
or in & corresponding double series form

Woudez) = § T (5 immte 7 combla, 3,00,0) (e(x)e}® + DN e
eossessssvasseaseansatlled, 14D

where {Anm}; m=1,2,3,...... i8 the sequence of positive zeros of Jn(ha)

if U(p,$,z) vanishes on p = a.

If we replace -A? in equations (1.3.13a) and (1.3.13¢) by A? we have a
new set of solutions of the form

Ul'(°’¢'z) = [c(A)sinkz + D(A)coshz][Ensinr1¢ + Fncosntb]
n

lﬂb(l)ln(lo) + Bn(A}Kn(kp)]ll.‘ll!t.l.(1l3l15)
The complete solution can be written in integral form, that is,
U(p’¢'z)=EuA (p.¢,z)dx llo--lo.o.o-c-olnqaoqool---o-un-----.-oll(1t3-1sa)
n

where In(lp) and anlp) are modified Bessel functions of the first and third
kind respectively and of order n.

1.4. Integral Equations. Dual Integral Equations, Dual Series Relations,
and the reduction of the mixed boundary value problem of the

Electrified Disc to Dual Intepgral Equations and Dual series
Relations

When the method of separation of variables is used for the solution of
a partial differential equation, pgenerally it reduces to a system of Sturm-
Liouville problem whose solution can be expressed in terms of the eigen-
functions of the related homogeneous problems. These eigenfunctions form a
complete set over the domain considered and therefore the variable separable

solution of the partial differential equation under consideration may be
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expanded as a series of linear product of eigenfunctions of the derived
Sturm-Liouville problem. This series expansion may be described as "Generalised"
Fourier series solution of the corresponding partial differential equation.

The coefficients of such Fourier series may be pot by using the boundary

conditions of the problem.

Partial differential equations and their Fourier series solutions have
been discussed by Courant and Hilbert [8], Titchmarsh [34], Carslaw [3],
Sneddon [20,21,26], churchill [4] etc. However, the methods given are not

suitable for the sclution of the mixed boundary value problems.

In the case of mixed boundary value problems, the method of dual Integral
equations and dual series relaticns is one of the most effective tools.

The term "integral equaticns" is used for an equation in which the
unknown function occurs at least once under cne or more intepral signs viz:
b ‘
[ K(x,£)0(E)a8 = ¢(x); ag x<b R
b |
[, K, Do(E)aE + flx = o(x); a¢x€b

g cennensaa(1.4.1)
52 fa K(x,E,u)d(E)0(u)akau = ¢(x); a < x<€d

P RO [0001 a8 = #(x); agxgd

in which function ¢(£) in each case is the unknown function and all other
functions are reparded as given, are examples of integral equations.

In equations of (1.4.1), k(x,£) is called the kernel of the integral.
The functions k(x,£), ¢(xlkg§5 the limits of integral are known and the
function ¢(E) satisfying each integral equation is to be determined.

The first two equations of (1.4.1) are examples of linear integral
equations while the last two are non-linear. Integral equations generally
arise from the solutions of boundary value problems., For example, the
complete solution of the Laplace's equation (1.3.10) is put in integral
form in equation (1.3.11b), that is,

Ulp,z) = LT Uk(o.z)dk

= 21 + p(e M AT (0) + BOVY, () A
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where the right hand side of the above equation is pot by using equation

{1.3.11a):
Let the solution above satisfy the boundary conditions.

(i) Ulo,z) is finite

(ii) Ulp,z) 4o as V/pZ + z2 == ..., cenwiiwensns L labJE)
(iii) u(p,0) = £(p)

then we have

f:P(A)JO(xp}dA = £(p) ceenenscnssaseess (1.4.28)

where P()) = A(X)D(X) is unknown function that is to be determined and the
kernel in this case is Jo(pl); and the above equation (1.4.2a) is an integral

equation whose solution is got to be

P(A)= M‘:or(p) 3, (Ap)ap ereneeneneaneness (1.4.20)

by teking the jnverse Hankel transform of equation (1.4.2a).

In linear integral equations, if the upper limit of integral is a variable,
we call such  linear integral equations Volterra integral equations whitch
are of two kinds. If k(x,£) is put equal to zero in the first two equations

(1.4.1) wvhen x < £ < b the two integral equetions become

f: k(x,E)0(E) df = ¢{x); a<x<d
and f: k(x,E)0(E)aE + £(x) = ¢(x); g x gD

and the integral equations above are examples of the Volterra integral equations
of the first and second kin& respectively.

General integral equations of the type of the first two equations of
(1.4.1) are called Fredholm's integral equations of the first and second kind
respectively.

We now come to the reduction of the mixed boundary value problem in
potential theory to dual integral equations and dual series relations
separately. Many problems of mathematical physics; potential theory and the
theory of elasticity etc. lead to the consideration of the dual integral
equations of the type
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f7 G(E)e(E) K(p,E)aE = £.(p), o p <t

......... viaeaih vka3)
L: ¢(E)K(p,E)aE = fé(o), p>1

where G(E), f1(p), fé(p) and K(p,E) are piven functions of the varisbles
indicated and the unknown function ¢(E) satisfyingthe dual integral equations
above is to be determined. Dual integral equations arise from the solutions
of mixed boundary value problems.

Some cases in which solutions of dual integral equations (1.4.3) have
been attempted are those in which the kernels are Bessel functions, Sine
functions, Cosine functions, Conical functions, Legendre functions ete. In
chapters 2 and 3 we shall consider the solution of dual integral equations
with Bessel kernels. Dual intepgral equations with sine or cosine kernels
can be reduced to a system of equations with Bessel kernels remembering that
sine and cosine functions can be expressed in terms of Bessel functions. But
independent methods of sclutions alsc exist which are discussed in
Srivastav [32] and Sneddon [22].

A specific example of a physical problem which we shall reduce to a dual
integral equation- is the problem of finding the electrostatic potential U
duﬁ“as the presence of an electrified disc of finite radius. We take the
J;ntae of the disc as the xv-plane, Mathematically we formulate the problem
as follows:

The problem is symmetrical with respect to the plane z = o and therefore
we consider the problem only for semi-infinite space z > o. Alsco there is no
loss of generality if we assume the radius of the disc to be unity.

We want to find the potential U which is also a solution of Laplace's
equation V2U = 0 subject to the boundary conditions

(a) On the face z =0

(1) u=Flp, #); ospgt, o&g<am o (1h)

(ii) %% =0 , 0> 1 SRR & 18 5 T

(b) U+0 as V2 ¥ 272 » w ceeseserarsenneanss (1.0,Ub)



B T

Boundary condition {1.4.4) can be expressed in the triponometric Fourier
series of the form : S A

U= Y (£, (p)cosn(b + gn(p)51nn¢] . ’ .................(1.h.hc)
- n=o R NI _
" We can use the solution {(1.3.14) of Laplace's equatlon (1 2. 3)
Alternatively we can obtain the solution by another procedure using the

technigue of Hankel transform as follows:
Henkel transform, (Sneddon [20}) statesthat

1w £(E) = I xt(x)J, (x€)dax  then

£lx) = [T, £(£.) 3 (xg)ae, o o (L)

Instead of putting the solution U{p,d,z) equal to Rip)$(¢)Z(z), we
ghall put it equal to F(p,z) Gn(¢) where . ' o '
Gn(¢) = E sinng+ F cosng cierrararnreneens (1.0.8)

which is got by using the method of separation of variables in the previous

Y. gection.

The function F(p,z) can be obtained by solving the partisl differential
equation

gr L1 m,, 2T
L te B e FtmE= O
Let F(z,E) = L: F(p,2)0T_(0E)ap . SR & I8 'S &'

& .

19 oF n? : ' ' ;-- ;«QT
d let MF} = ——— - " £
é?.. ° ( ? e 3p (055} i = o N

We have, integrating by parts

o 55 (P35) 7400030 = [o35 3, (oEN1] - & [To3e 3, "(pE)ap

1

_ F _ ,
=~ &[] o553, (pE)ap e (100T8)
Then I = L? M(Fo 7 _(pE)dp + §E7-L:FpJ (pg)dp
= {? %B-(ogg)Jn(oE)dp - n® ﬂ: ,(pdldp. + EEF fm FpJ (pE)dp
-Eﬂ? ﬁ%%-Jn' pEldp ~ nzﬂj %—Jn(pg)dp + —_ L;FQJ (pE)ap ..... (1.4.8)
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where the right hand side of the above equation is got by using the right hand
side of equation (1.4.7a).

Integrating by parts the first term of right hand side of equation (1.4.8)
we have

—cI:p%% 3_"(pE)dp = -£[FpI "\p€)]] + [T FLT_'(pE) + 0E I "(pE)]dp

n

= & [0 FIPE T ™(0E) + 3 *(PE)]AD vuerernrannrnaans (1.4.9)

Using equation (1.4,9) in equation (1,4.7a) we have

I= EI:F{oﬁ I "(78) + g '(eE) - n’p'TsﬁlJn(oE)}dp-4
£ o
+ %Ef'fo ST AT — (1.4.10)

But the Bessel equation
" ' _ 2 =-1.=1

pE J "(pE) + J '(pE) - n®p & J (pE) + o€ J (pE) = O
Therefore

g Jn“(PE) +J '(0E) - n’p-1£_1Jn(p£) =-pEJ (PE) eieiiiiiinns (1.4.11)
Using equation (1.4.11) in equation (1.4,10) we have

2
| 3

1=-£ ["FpJ (pE)ap + 5 [ FoJ (pElap = 0O
Therefore, using equation (1.4.7) we have

I = dz-ﬁ _ EZ? = 0

az?

The solution of the above equation is

Flz,E) = r(£)e™®® + t(£)e5® e, (1.k.12)
For F(%,£) to vanish as 2z - ® then F(p,z) should also vanish, therefore

F(z,6) = 2(g) e % = [0 Flp,2)0d (PE)D  wevrvvnrnencnnnnnns (1.k.13)
Taking inverse Hankel transform of equation (1.4.13) we have

o0 - !

Flout) = [7 & x(00e75 (0008

After finding TF(p,z) we have

Ulp,$,z) = Y I: £ r(E)e—EZJn(DE)dn[Ensinn¢- Fncoanﬂ oA A (1.4,14)

n=o
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For U(p,$,z) to satisfy the boundary conditions from (1.4.4) to (1.4.kb)
we have a sequence of pairs of dual integral equations of the form
-1
£ A(E) J(pElaE=f (p), OKpPg
fo oo o verenneneaa(1.4.15)
j‘:nn(t:) J(pE)ig= 0 , p>1

where z‘rn f£) = A (E), n=o0,1,2,...., F is an unknown constant and
r(£) is a function of £, Equation (1,4.15) is called a pair of dual integral
equations with Bessel kernel.

In the analysis of certain mixed boundary value problems in mathematical
physics we are sometimes required to solve the dual equations of the form
¥ APa g (e) = £ (), O¢pe
vl AT T—— (X
nzTan Iy (Anp) = hnfp) s P21
where p and v are real numbers satisfying the inequalities -1<p<1, v>o
and {An} is the sequence of positive zeros of JU(Aa) Relations (1.4.16) are
called dual series relations, fn(p) and hn(p) are prescribed and we wish to
determine the sequence of real constants {an} satisfying the dual series
relations above.

A specific example of a mixed boundary value problem which we shall
reduce to dual series relations is the problem of finding an electrostatic
potential due to the presence of an electrified disc p <€ 1 as mentioned
earlier but this time placed symmetrically on the axis of an infinite
cylinder p = a, a> 1. The cylinder is earthed so that in addition to the
boundary conditions from (1.4.4) to (1.4.4b) we have an additional boundary

condition
ulpyd,2) =oon p=a=a siseven s ssansEdisavesssnal 3ok T

For the solution (1.3.14b) got earlier to satisfy the boundary conditions
from 1.4.4) to (1.4.4b) and (1.4.17) we have

Y A Jlox ) =¢ (p), 0gpg 1
me1 0T o S vtih b6 s maenl) Jb.18)

Y A Anm Jn(plnm) =0 , p> 1
m=1
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where {lnm} is the sequence of positive zcnes of Jn(lna), and the above is
an example of duml series relations, where fn(ﬁ) are piven and the sequence
of Fourier - Bessel constants satisfying the dual series reletions (1.4,1R)

is to be determined.

1.5 Some Results involving Bessel Functions and Fourier-Dini Series:

In thie section, we pive some legs known results involving Bessel
functions which are frequently used in the followins chanters. A detailed

account is riven in works by Watson [%36], Sneddon 201 and Frdelyi [11].

Theorem of Fourier-Dini Series expansion

If f(x) satisfies the Dirichlet condition in the closed interval [o ,al
and if its finite Hankel transform is defined by

f(Ei) = I: xf(x) Ju(xii)dx i e e RE (1.5.1)

in which Ei is a root of the transcendental equation
aJu'(ar.)»thu(az) = 0 s e manEmens i Vi)
then at each point of the interval where f(x) is continuous
2ot
£, 2(E;) JU(::_;J_)

i=1 fhie(g} - Y30 [, (g2

£(x) = <5 RERRRNE L8 L

where the summetion is taken over all positive reots of the equation (1.5.2)

Scme Integrals involvins Bessel Functions

(a) L: xyhu+1Ju(ax)Ju{xy)dx = 2“'“*‘y?§a2-x?lP'“" H(a-y)
2T {p-v)

o<y<a, a>0, ~1<ReV < Re U tsvevseessss(1.5.4)

where H(x) is the Heavy-side unit function

0 » X<o
H(x) = q{'1 scsi Bibuamomsn dntraai D m S o W)

s X 20
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(b) Iz xu'v+1Ju(ax)Ju(xy)dx = 2““V+1au(yz_az Vv=p=1
X (\}-u }y\)

8.<}F<°°.. ﬂ>0’ REU)REU>-1 l--tllICUOIOIOOI..(1.5l5)

v+1
(C) J't X Jvfxy)dx

= “-l z_u?(lmv)yV_; sin(ty)

)]
| Rev | < 3 sasERisE s eysrasaen Ve del)
(@ [° xRN edax = 2 Ty MYy ()
Repy > =1, Rev > - 1 e DER—— i X W,

t ‘m#1 _
(o) {) E‘TEE%E?%EleE = (ﬂfg); Yy ;tm+; Im+i(ty) A L. =

} od +2
(r) {3 o Im+1(oy)do = (“/g);tm+§{y’;

I q4(ty)-"
(t!-pﬁ].‘- m;

Sy () eerereererrennnn(1.5.9)

When m = 0, inteprals (1.5.8) and (1.5.9) reduce resrectively to

It & IO(QY)dﬂ

- sinh(ty)
» (tz__oz); ¥y

ft p? I,(py)ap

o Twip%) = ty cosh(tg)_- Sinh(ty)

Y

vaeenssass(1.5.10)

All integrals for which no references sr: siven are to be found in Erdelyi

et~al Teables of intepral transforms, volumes I and IT.

1.6 Integrnl representations for infinite series involving
Bessel Functions

In subsequent chanters, we come across the function as a sum of the

infinite series (wherever the series conversges)



- 19 -

-~

< s=2 ) JB(okn)JY(tln)kn +2 L
o . n=1 (szﬂz - yé ¥ H?) [li(axﬁ)]' . IR

where'{ln} is the Sequence of pogitive zeros of the equation
aA qvf(akn) + quﬁaln) =0 N (1.6.2)

arrenged in ascending order of increasing magnitude; v, H,0,% are real such
that p>o0, 1 €t <aqa, t> -3, and =(B + v + 1) < § £ 0. We can rive an
integral representation to such a function by considering the contour
intepral - = . N - :

: §+1 , '

IC Js(pz)JT(ta}z #{z}az M 6 Y <)

where .
dlz) = -z Jg'laz) + i Y (a2)] + HlMaz) + £ ¥ (az)] .ooovnnnn o (0.6.0)
- J\)'(&Z) + HJ_v(az) .

over the contour C cansisting of .
(i) The real axis from x = § to x = R which hnas been idented by means of
small semi-circular gres of radii 65 (s = 1.2,....R) with centres at

z = lé {s = 1,2,...,p) respectively where §&'s are small andfﬁﬁs< R < Ab+1

(ii)} A lerpe circular quadrant of radius R with centres at origin
ext-nding from Z = R to Z = Re"*/2 = Ri

(iii) The positive imasminary axis from 7 = Ri tc 2 = 6i

(iv) A small circular quadrant with centre at cripin and extending from

z =6t to 7 = 8. : o

e point z = @ is a branch point of the intesrand in peneral. Each
branch is however an amnalytic function. We choose a branch for which reel

parts of the integrand is Js(pz)JY(tz)zﬁ+1 for real values of z.

Using the methed of caleulus of residuc it could be easily found that

e +5
s= 29 Jpr;\;I(JY(t;\ﬁ) Ao

o=l {a2)xp2 _ 2 2 ' 2
| o .f H IJv (ar )]

- &4+
= ﬂ? JB(px)JY(tx)x ax +

"2 sin("/2(osane 200} [Tk, (ey) + B (s NT(on)T, Tey iy ey

.ikg Iv’(ay) + | I“(ay)

heerernercasnarensea(1.6.5)
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Using equation (1.6.5) the following hold:

gz v J1(p1n)sin(t1n)

S =
8 =1 n Jo‘ (aAn)

gm J1(px)sin(tx)dx -

2 K,(ay)
T fm T%T;;——- 11(oy)sinh(ty)dy senerpeiieesaih 1:8:8]

. T . p
& m 2 An sin (tAn) - I1(aE)ItE°°5h(tE} +-81nh(t€)]- o (af)sinh(tg)
P EAC LN, 2T {TaE)

veis e ee st Ve T)

1.7 Solution of Abel's Integral = Equation

The solution of Abel's integral equation

[* El%lg%"r = f(x) e (11D
o :

(x"=t%)

Is given to be

u flu)du \

g(t) = = dt 5 ?:51_%_1__ T TP et 16 % 4%
- zlr(o) vy fp 2w ; )

n o] (t _u) L I B I B B O I A ) - .

provided f(x) is differentiable in o < u < t.

1.8 Summary of the Vork

This thesis is concerned only with solution of mixed boundary value
problems in cylinderical polar coordinates which have been reduced to
either dual integral equations or dual series relations. Generally, we
consider the problem as solved if we reduce the problem to the solution of
an integral equation in terms of an auxilliary function, in whose terms
the unknowns in a solution can be expressed. These integral equations are
either Abel's integral equation in case of dual integral equations or
Fredholm integral equation of the second kind in casec of dual series

relations which are easily amenable to numerical methods of solution.
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In chapter 2 of the thesis, we look into the solutions of the
general dual integral equations (2.1.L) and {2.1.2) for both the axisym~
metric and the asymmetric cases respectively. U ,

In the same chapter, we derive the solution of the general dual series
relations (2.3.2) and {2.3.1) for both the exisymmetric and asymmetric
cages respectively. ! T

In chapter 3, we define biharmonic functions and biharmonic equations
and we mention briefly how solutions of many problems in mathematical
theory of elasticity reduce to the solution of biharmonic equations. We
solve the problem of the stress distribution in an infinite ¢ylinder due
to the presence of a penny-shaped crack inside the cylinder and situsted
symmetrically on the axis of the eylinder.

As will be seen from going through the thesis we have followed a
unified approach given by Sneddon and Srivastav while assuming the form
of the unknowns in terms of an auxilliery function. The enmlysis is
straight forward end use of the operators of fractional integration
(8neddon [22}), which lend en air of mystery to the problems, has been
avoided. Analysis is purely formael and the existence of conditions for
interchange in the order of integrations or integration and summation

or summations have been preserved,
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SOLUTIONS OF DUAL IMNTEGRAL FAUATIONS AND DUAL SFRIEF
RELATIONS A8 APPLIFD TC POTENTIAL TFENRY

Introduction

In this chanter we deal with dual inteeral equations and
dual series relations which nrise from some mixed boundary
value probhlems in notential theory for cylinderical boundaries
as mentioned in the nrevious chanter,

In section 1 of the charter, we derive the solution of the
dual interral ecuations (2.1.4) while ip section ? we derive the
solution of the dual intepr=sl eauations (?.1.°7).

Section ? ard 4 of the chanter are devoted for the deriva-
tion of the solutions of the dual series relations (2.2.2) and
(?.3.1) resnectively.

As mentiored earlier, we have followed an unified annroach
in attemnting to solve dual intesral enuntions and dual series
relations., We reduce the nroblerm to an inteeral eocuation in
terms of ar auxilldery functior e(t) in whose terms the
notential function can be exrressed,

It will be seen that while the dual inteeral couations esre
usually reduced to the £2bel's intesral ecuations which are
easily inverted, dual series relations have been finally reduced
to Fredholm's integral eouation of the second kind.

Solution of the Dual inteesral Fouations in the Axisymmetric Case

Py emnlovine the technioue of Vapkel transform in sectior
1.4 we obtained solution (1.4.14) of the Lanlace's enuation
(1.2.2), Apd apnlying the boundarv condttions from (1.4.4) to
(1.4.4b) on the solution we obtained the dual inteeral ecustions
(1.4,15) for the asymmetric case of the nroblem of the
Electrified disc, that is,

o

g £t A (B Ip(p E)dE

n

falp) , 0 €p g1

[ Pp(E) Jp(pE)AF 0 , P> 1
0
now 8208, cupn

But if we renlace the boundary condition (1.4.4a) by



n new boundary condition

%g H(p, $) = ] hp(p) cosnd+lp(e)sinnd,
MU I . (2.1.1)

on 8 = 0 while the houndary conditions (1.4.4) and (1.4.4h)
remain the same and arnlyine these houndary conditions on
solution (1.4.14) we have two similar dual intepral equations
of the form | e

@

f A Je e
o - .

1]
—h
o
o~
o
-
o
Loy
~)
Ay
b

(2.1.7)

EA -

_ ":?7-£

M E) Tu(p B)AE

n
=2
o)
~
o
Al
-
=
N
[

= 0, 1: 2; 33""'"-;""""'".".

Equations (7.1.2) is the reneral form of dual intepral
equations with Pessel Yernel in bhe agymmetric case.

' In the axisymmetric case, the notential function 1 is
indenendent of the nolar anple ¢ and it corresnonds to n
eguals zero and we have the Larmlace's eguation (1.2.10), that
s 220 . 1 oam s

e .- B, i i
202 LT S
3,; ?‘ﬁsiﬁé an alternative vrrocedure hy emnloyving the
technique of Fankel transform and all the assumntions
mentioned in section 1.4 we can obtain a scolution of the

Lanlace's ecuation (1.2,.10) above of the form

CEU L e,e) = f Ex(De”® 3 (opyae (2.1.7)
Lo ' o '

" Applying the boundary condition (1.4.4), (1.4.4hb)

and (2.1.1) bearing in mind that n is eaual to zero, we have
the equations

[ Mo I Gode=te) , c<cos

@ . ('Z‘_]_.A.

J ae) I (e D)0E np), , o >1
4]

]

[}

)



Eauations (2.1.4) is the reneral forrm of a dual intepral
equations with Ressel ¥Yernel ir the Axisymmetric case.

NDual inteesral eauations (?.14) for the axisymmetric
case can be obtained from that of the asymmetric case, that
is, from dual inteeral countions (”.1.?) above hy nuttine
n eoual te zero in the ecuations; and AL(F) is renlaced by
ACE), T,(p) by f(o) and ho(p) by h(p).

fome mathematicians solved the nair of dual integral
eouations above by insneccticon using some well known equnations
to "spot" the wanted function when the functions f(p) and
h(p) are given. It is the obiject of this chanter to develon
a formal solution of the dual inteeral equations above, while
the solution given by Conson [7], Reltrami [2], CooVe [5]
ete are sufficiently renernl to be useful in many nhvsical
probklems. Ye shall first give the method of solving the
dual inteeral eouatiorn (7.1.4) ard the solution of the dual
inteprsl equations (2.1.7) will follow,

Cur nroblem is t~ determine the function A(E) that
satisfies the dual intceral eocustions (?2.1.14). To simnlify
the calculations invoelved, we srlit the nroblem rosed by
solving the nair of interral eocustions (?2.1.4) into two
narts viz:

Problem (a): Determine the function A(f) satisfying the
dual interral ecuations

£ ACE) Ja(oB)AE

f{p), 0o €« p € 1 === (2.1,52)
o

O S
8

PE) dolp E)AE = 0 ,p>1 (”.1.5b)

and

Problem (b): Determine the function A(F) satisfving the dunl
interral eouations

* = |
I E MEYIn(pE)DE = 0 , 0 £ p <1 (2.1.62)
ls]
I A(E)In(p E)AE = h(p) , p > 1 (”.1.7fb)

o
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and oroblerm (b) will be callad the commanion nroblem to
problem (2). The solutior of the dual inteeral couations
(2.1.4) will be obtained by sunernositionins the solutions
of nroblems (a) and (h),

For the solution of onroblem (2), we assume that for
o £p 1
I p(t)at

J . (pE)dp (2.1.7)
P (e ap2)t °

- L
[ a0 = -1 55
o

Using ¥Yankel inversion formula on couatior (?.1.7) we have
"
-~
ACE 1 3 1 t)dt
(E - - I g wda i f Eiﬁl__ J (p E)dp
3 A P Yo (P 2yt 70

¥ 8. 1 A
=-f w [ HRN% I o (2.1.8)
0 p (t -p’)
Interrating by narts right hand side of ecuation (2.1.8) we
have ‘ , A
BB - [ gyt - [ eaenf, SR (2.1.9)
" N 0 (t -p2)

Changing the order of intesrations nf the second term of
right hand side of eouation (2.1.7) we have

1 ¢ 1 :
ﬂéﬂ = I g(t)dt - I g(t) It £ J1(p E)dp dt ¢2.1.10)
° t t=e PO 0eB o2y
But F € Jy(p B)dp . 1 - cos (t¥§) (r.1,.11)

P)
) (t - 02)i i
Substitutines the value of the inteesral above in eouation
(7.1.10) we have

1
Psi_éls - [ E_.lgt cos(tE)dt
(4]

Substitutine the value of A(E) abeve inte ecuation (2.1.8a) we
have

[ [ HE cos(te) T (oE)AEAL = £(n)



Changing the order of integrations of the above equation we have
f; 5%31 IZ J (pE)cos(tE)acat = £(p) DR, vs vavh Qs T 13)
Using equation (1.5.5) when u=-1", v=o0, p=y, x = £ and a = t we have
[7 3 (0E)cos(tE)AE = (02 =t2)77, t<pem  1eeeeeriiiiiiinnnn(200010)

Using integral (2.1.14) in equation (2.1.13) we have

p glt)at

o] t(pz_tz); = f(p) & a0 AR F e e ......(2.1.15)

Inverting the Abel's intepral equation (2.1.15) we have

glt) . 24 o EL{%@%%ET; SEEREASES Rr— W

Where f(p) is prescribed. After determining the function g(t), we
substitute it into equation (2.1.12) to determine the function A.E) satisfying
the dual integral equations (2.1.5a) and (2.1.5b) and this gives the solution
of problem (a),.

We ..... now proceed to solve problem (b) represented by equations
(2.1.6a) and (2.1.6b). We assume that for o < p £ 1

-
fZ MEW (or)aE = - & o g(t)at

y P (2= p?)’
Therefore for the interval o<pge we haﬁf
§ _ 1 3 4y glt)at H(-F -
IzA(E)Jo( €lak = =~ o5 0 (42-02)2 0 *FHENE(e-1) el (201.17)

Where H(x) is the Heavyside's unit function as uentioned in (1.5.la)
Applying the same method as in equations (2.1.8) to (2.1.12) we have

ﬁéﬁl- f: 51%1 conlbE)aE + PIEY ioneiicaniosarianensnasssninie (2.1.18)
vhere F(E) = [7 h(p)J (oE)ap RPN ¢- 3 P [

Substituting the value of A(£) from equetion (2.1,18) into equation (2.1,fa) we

have

l -
LZ jo E%El cos(tE)T (pFlafat + [: F(E)T (oE)aE" = 0
Therefore

f: [:.E%El cos(tE)J_(of)akat = . c(p) e e B R

where G(p) = {j F(E}JO(DE)dE ...... PRRRRPRDON | I8 B 1
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Changing the order of integrations of equation (2.1.20) we have

1
IO 5(—:1 (f J_(pE)cos(tE)aE)at = - G(o) cerennsecenenness(2.1,22)
o
Applying the result in equation (2.1.14) in equation (2.1.22) we have
}"’EﬁﬂL = - a(p) ORI -8 B%
0 tlp?-t?)’

Inverting the Abel's integral eouation (2.1.23) we have

g{t) . -2 art p clpldp
t m dt‘o (t2_02)

I p(f5” P(E)T _(pF)aE)ap

- 5
m Jo
{t?= o?)

T o M B

where the right hand side of equetion (2.1.2L) is obtained by using result
(2.1.21),
Changing the order of inteprations of equation (2,1.24) we have

t -2 d (t pJ (pEldp
B,'tLl - = JMF"(E)( f _T—Q'!_l_-

D) )dE lIl.cl!o.t--l!...l(2-1|25)
Using equation (1.5.€) where v = 0 we have
t o J _(pE)do .
I 0 = M .llll‘.-l..'..ll.I'.I.Il(2.1l26)

(42~ p?)
Using result (2.1.2€) in equation (2.1.25) we have

t 2
z{_l =-2 [: P(F)cos(tF)aF

- [:IT ph (p)J_(pE)cos(tE)dtdp
en using equation (2.1.19) R L L T TY I s - 7o W% b

Changing the order of integrations of egustions (2.1.27) we have

Béil = - %-IT ph(p).(ﬂ: JO(DE)cos(tE)dg)dn

ph (p)dp

1 £t <P LC® L iierireeeera(2.1.28)
1 (p%= ¢2?)

-_g
m
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Combining the values of A(E) pot in the solutions of problems (a) and (b)

we have

Ejy'd rtpflpldp
A(E) = o~ I (dt Io ?;;:;;;;—) cos(tE)dt

I Dh(p)dﬂ ) " i

(' (o 42} cos(tE)at + 3 IT ph(o)JO(DE)dn£ o nnnuhiBe 1429)
/

Equation (2.1.29) gives the expression for A(E) that satisfies the dusl Intepral

equations (2.1.L)., The solution (2.1.29) is obtained by supernositioning the

individual solutions (2.1.1€) and (2.1,28),

The method of the sclution of the dual integral equations (2.1.4) derived
in this section can be applied to find the potential functions in the axisy-

mmetric cases; where the boundary conditions are of the mixed type.

For example, if the function f(p) is prescribed, nand the function hip)
is put equal to zero in the dual intepgral equations (2.1.4) ns we have in
problem (a) represented by the dual integral equations (2.1.5a) and (2.1.5b), the
problem is that of the axisymmetric case of the problem of the electrified disc
and the solution of the problem (a) alone derived earlier is sufficient to

give the solution of the dual integral equations (2.1.k).

But if the function f{p) is given to be zero while the function h(p) is
prescribed say, the dusl integral equations {2.1.h) reduces to the type of
problem (b) represented by the dual integral equations (2.1.fa) and (2.1.6b)
and the solution of the problem(b) is sufficient to give the solution of the dual
integral equation (2.1.4).

Weber [37] solved the dual integral equations

N E_1A(E)Jo(oﬁ)d£ =1, ogp¢t

tiisaesressasa(2.1.30)
ﬂ: A(E)J_(pE)aE = 0, o> 1

which is an example of problem (n) above by noticing the similarity between

the dual integral egquations above and the discontinuous integrals
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IR AL N 0%
sin_1(%J, n>1
. 1=-p2)"? 1
[® sing J (pE)aE = (1-p*) * og¢op ¢
@ © 0 0> 1
to arrive at the conclusion that the function A(E) satisfying the dual integral
o
equations (2.1.30) is found to be-% ainf,. We arrive at the same value by using
the method of solution we derived and the method provides useful indications for

procedures which might be used in more complicated situations,

2.2. Solution of the Dual Integral Fquations in the Aspwmetric Case
In this section, we shall derive the method of solving the dual integrall =

equations (2.1.2) of the asymmetric case which we mentioned in section 2.1,
that is

,f: g1 An(E}Jn_(e-E)JP rn(n) , o€p g . -
2 A (E) (pE)AE = h (p) . p>1 - -

We solve the dual integrael integretions atove by determinins the functions

An9>) that satEsfy them. To simplify the problem vosed in solving the dual
integral"\! above, we split the general problem into two parts as we 2id in
section 2.1, viz

Problem (a): Determine the sequence of functions {An(E)} satisfying the dual

integral equations

[2E ()T (PEIEE = £.(p), 0P &1  .evniirnrinsiinnnns (2.2.18)

[‘;A“(E;J.:rn(pa)da, =0 o> . reernieaens (2.2.10)

and

Problem (b): Determine the sequence of functions {Anfﬁ)} satisfying the dual
integral equations

[e7 (6)7 (05)aE =0 , ogpe e (2.2.2a)

[T A (E) 3 (pE)aE = m (p) “p > SR R (2.2.2b)
and problem (b) above will be called the companion problem to problem(a). After
solving the problems (a) and (b), the solution of the general problem will be got
by superpoai1&!;{** the solutions of problems (a) and (b).

We first derive the solution of problem (a)



Solution
We assume that for o § p £ 1
n-1a b gftlat ,
j: A_(E)T (pE)AE = 0" e [ (tz_pz)lpto—1) ......... 2.2.3)

Applying Hankel inversion formula on equation (2.2.3) we have

A _(E) 1 1 g (t)at
n n a ST
F - Iop.ﬁa O.?;;:;;;; Jn(ps)do .......... (2.2.4)

Integrating by parts we have from equation (2.2.L)

A _(E) v g (t)at 1 1 g (t)at
S = |03, (0B)] | ?§;:;;;IJO+ [E 0" a _ (oE)f T dp
1 1 g, (t)at
= jo E " Jn_1(o£)fp ?f;:;;;x dp o ae 50 Wbl (2.2.5)

Changing the order of inteprations of equation (2,2.5) we have

. An(E)

: Fo'd . (oE)dp at
F = I;gn(t) I;-o ot

(tzﬁnZ);

Using equation (1.5.7) where v=n-1, uy=-}, a=t,y=£ and p=x
we have
n
It EpJ _,(pE)dp
- 3
(t2-p?)

a3 n-}
-E‘E t

Tpop (BE) e, wvnsk2i@T)

Using result (2.2.7) in equation (2,2.6) we have

An(E)
3

1
- J;'Io gn(t)g3 t”'a Jn-I(tE)dt ............ (2.2.R)

Substituting the value of An(E) into equation (2.2.1a) we have
1
b 3 n-}
X : r
51, e (W[ £ 3,3 (4E)T (PE)AE)At = £ (p)  .evuirnnnn (2.2.9)

Using equations (1.5.5) where p=n-3, v=n, x=£, vy =0 and a = t we have

/222y

o
¢! 2n

} .n-3
I: £ 70,3 (tE)J, (pE)dEw PPt <o L. ..{2.2.10)
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Using result (2.2.10) in equation (2,2.9) we have

5 t2n_1gn(t)dt
IO Pn(pg _tz )‘I = fn(n)
Therefore
0 !ift’dt »
Io ;142n(02_t2); = p f(p) PR SR & AL

Inverting Abel's integral equation (2.2.11) we have

gn(t)
1=2n

14
It p nfn(o)dp
o

(tz_oz )5

n
Al
Zla

ek snsnnaa k22 %2)

Substituting the expression obtained in equation (2.2.12) for function
g(t) into equation (2.2,8) the functions An(E) satisfying the dual integral
equation (2.2.1a) and (2.2.1b) are obtained and

3 3.
A (E) = EE*@% Uo g*-n Jn_;(tﬁ) (Iz n”“fn(nﬁ)do ]
—at
(t2-p?)’

1
5.3 i, anpnl +nfn(DE)dﬂ
- &E Ict' (E IO ;
(t2-p?)
We now derive the method of solving Problem (b)

) I gleB)at Lo o {2.1.18)

Solution oj— Pnﬂ)lem Q’)

We assume that for o g o g 1

-1 1 En(t)dt ‘l"("'f)

n a
r; An(E)Jn(OE)dE ==-p = by m

then for the interval o & p<€ ® we have

n-1 3 ) &lt)at i
[o A (B (pE)aE = ="' =% [ o H(1-0) + h_(n) Blp=1)......(2.2.14)
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and applying the same methods as given in equations (2.2.h) to (2.2.8)

we have

A (£) n=3
j- [ (t)E " I3 (tEdat + a (€) TS R P LET (2.2.15)

vhere o (E) = [7e h (p) J_(nE)ao ererieneeneaenes(2.2.1€)

Substituting the value of An(E) from equation (2.7.15) into eaquation
(2.2.2a) we have

g 3 n-3
/gj [y Jig, ()57 3,y (E) (0E)a at + [7 o (E)J (oE)aE = o

Changing the order of integration of the first term of the above equation

we have

1
o1 e 7 B 5 (003 (0E)aENEE = = T (0) suveeeiieiine (222.7)
vhere T (p) = [~ a4 (£) 3 (eE)aE ... spew pssamsanvarses saney (Bvavil)

Using result (2.2.10) in equation (2.2.17) we have

ID g gn(t)dt
° o" (oz-tz); =
Therefore
P g(t)dt
I = -DnT (f") .ooouo-.-oo-oonc--oot(2'2-1a)
n(n2_g? 2y} n

Inverting the Abel's integral equation (2.2.19) we have

8, (t) .-2.4 gt p!'m T (0)ap

T &t o] AT Sl
g (t2-p?)

14+n
- 28 to Jo o (E)T (pE)aE
= ‘I_T--‘:tjo . 2 T = dp
(t2-p2)’
on using equation (2.2,18). e mm i e e b Besrm o B D B A AR BAR I

Changing the order of integration in equation (2.2.20) we have

\+n
Sn(t) ) 2 £ @ S (OE)dﬁ}
e - [: cn(E)GéE fo v B verrrereenenenaa(2.2.21)

/
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Using equation (1.5.7) where y=-}, v=n, x=n, y= £

we have
I p' J (pE)ap
o = /I £ £t +;(t£) .................... (2.2.22)
(t2-p .
Using result (2.2.22) in equation (2.2.21) we have

En(t) 3 n+;
5 .-f%j: £ 2™ g (£)7_j(eE)aE

. -/5_ ' g ¢ 31 (LE) (Y phy (0)3 (0E)do)aE

on using eguation {2.2:16) @ ssseesesevesseseseis (2.2.23)
Changing the order of integrations in equation (2.2.23) we have

g (t) ) ; +;
?-?—Qn—- == 5[] en (o) ([ B 5 (46D (pEDAEDAD  .......u(202.2)

7

Using result (2.2.10) in equation (2.2.24) we have

g (t) r oo t1-n
n .2 o (p)ap
t'l-—2n ™ f; -t ;n
(p2-t?)
That 1is,
(+) o' Pn_(p)ap
®n - 2 , t<pecm ..., e umens (2.2.27
t m 1 (nz_tz)i
B om0y by @5 Ty cvewasenes

Substituting the expression for the function g(t) from equation (2.2.25)
into equation (2.2.15) the functions An(E) satisfying the dual integral
equations (2.2.2a) and (2.2.2b) are obtained. We have

A (E) -nh (n)dp
f (fm ) E;tn_;Jn_lftE]dt +

+ f? ph_ o)Jn(oz)dn



o Bl
The solution of the dual integral equations (2.1.2) of the asymmetric
case is obtained by superpositioning the solutions of problems (a) ard (b).
For n = o, we can clearly see that the solutions we derived for
problems (a) and (b) in asymmetric case are identical to those of the

problems {a) and (b) in the axisymmetric case.

2.3 Solution of the Dual Series Relations in the Axisymmetric case

In section 1.k, we obtained the dual series relations (1,4.18), that

is
[+
1
mZI AT )= f(e) , osocs
>
521 A A J.(oA )e=o0 s Nn>1
n=0,1 2 eeeennes But if we apply the boundary conditions (1.L.L),

(1.4.4b), (1.4.17) and (2.1.1) on the solution (1,3.1kb) of the Laplace's equati
(1.2.3). We obtain dual series relations (thet are different from the above),

of the form
m
] A J (px ) = £{p), ogpsg1
r-.|nmnnm n

W | S ()
mz1 N Jn(pznm) = hn(n), p >

In sections 2.1 and 2.2 we derived the solutions of the dual integral
equations (2.1.2) and (2.1.4). 1In this section and the section that follows
we derive the solution of the dual series relstions in the Axieymmetric and
Asymmetric cases respectively.

Cooke [5], Tranter [35] solved the dual series relations (2.3.1) above
by reducing the problem to an infinite system of linear algebraic equations.
But Cooke and Tranter [f] discussed the solution of certain duasl series
relations by using a method similar to that discussed by Tranter [35]
while snother alternative rethod was discussed by Sneddon and Srivastav
[301 and Srivastav [$2]. i

We shall derive the solution of the dual ser{fgzﬁ;ogfving the integral
representation of the constants Anm' This integral involves a new unknown
function g(t) which we can show to be a solution of a Fredholm integral

equation of the second kind. The advantage of the present method lire in
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the fact that it is much easier to derive = numericel solution of an
integral equation of this kind than it is to find one for an infinite set

of algebreic equations.

Dual series relations (2.3.1) is called the general form of dual series
relations in the asymmetric case since it is the one we obtained by solving
the Laplace's equation (1.2.3) where the potentiasl function U is dependent
on the polar angle 4.

In the axisymmetric case, this corresponds to a case when n = 0 and
the general form of the dual series relations for the axisymmetric case can
be obtained by applying the boundary conditions (1.L,L), (1.4.4%b), (1.4.17)
and (2,1.1) where this time n = o, on the solution (1.3.11¢c) of the Laplace's
equation (1.3.10) and we have

[+ ]

n§1 An Jo(pln) = f(n) , o<pg1

o oon.q-ounucu--.(?-3a2)
nZT A A T (od ) =nlp) . p>1

In order to simplify the problem posed in solving the dual series
relations (2.3.2) we split problem into two new problems (a) and (b) viz-

Problem (a): Determine the constents {An} sntisfying the dual series

relations
o

n£1An Jo(pln) = f(p) , o g1 RPRROPNNRT SR | . J 1. -
nE1 lnAnJo(oln) .o 2 r\ )1 ---..-'ouualnlv-o(?.303t)f

and

Problem (b): Determine the constants {An} satisfying the duml series

relations

o
n£1 AJ (X)) = 0 , o€ p<q R e RPN | . 1Y)
UL ;\n AT (oxn) = hip}) p>1 ceessvsanssesvese (2e3etd

and problem (b) will be called the ccmpanion problem to problem (a). The
solution of the problem posed by solving the dual series relations (2.3.2)
is obtained by superpositioning the solutions of problems (a) and (b).
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We now start to derive the solution of problem (a):

Solution:
We assume that for o € p € 1 b
4 - tdt ----- !lt..llli.lll!(?l3l5)
Tuns ook 0

Taking Hankel trensform of both sides of equation (2.3.5) we have

[o2Aps? (X )ap == [ TInMT“J (P2, )an

Jﬁ(a %) NEOTR———————————— . R

Mlm

But [° 0 J % (oA )ap =

Therefore

- 2 1 1
A A = ] g{t)at
n n ﬁ.zJirﬂAn) IO 'rr\ ID {t‘z-nz) Jo(ﬂ}'n)dn oc-no.||u.-o-.o.(2-307)

Following the methods used in equations (2.1.9) to (2.1.12) we have

2 ' g (t)
An . EEE:TT;T;T Io : cos(tln)dt sEpviTsessvaneseve 105:8)

Substituting the value of A from above equation into equation (2.3.3a) we
have
PRI com I, &) cos(td )3 () Jat = £(0) ... e (2.3.9)
n=1
Changing the order of surmation and integration in equation (2.3.9) we have
y

w  J (pX eos(tr )
f ﬁf—tl 2 . “,} it = f(p) cereserrssnsessnessa(2.3.90)
&% n=1 A J:mn)

Using equation (1.6.5) where H= 1, v= 1, R=0, § = =1, ¥ = -1 we have

2 I (P Deos(tA )
- n=1 ln J12[a}n} e f: JO(DX) cos(tx)ax -

2 K ( )I(mr) h(ty)a
_ - ;_Iz - ay cos y)dy

I {ay;

(o]

vewna ven ek 3 10)

Using result (2.1.1L) in the left hand side of equatior (2.3.11) we have



- ¥ =
f: z%tl . (I: g (ox)Cos(tx)dx)dt = f(p) +

1 K (ay)
v 2 el (3 577 To(ov)cosh(tay)at ... ..(2.3.11)
O

Using result (2.1.14) in the left hand side of equation (2.2.11) we have

X (ay)
Ig ( : S: = f(n) + 2 f Eﬁ—l-( __TEET Io(oy)cosh(ty)dy)dt.....(2.?.1?)
p2t

Inverting the Abel's integral equation (2.3.12) we have

{t 2 a t nf(p)an
A -3 i Euo

°(t?-p?)
) 1 (ay)T (ry)eosh(uy)dy
t o E% !2 i ”o 5&12(1'0 Z(ay) (£? - hz).l du] do

Cranging the order of inteprations in the sccond term of the right hand
side of equation above we have

g{t) _ 2 _d ¢t pfpldo
t m dt o (tz_oz);

L s K (ny) o . oI (oy)ao
ot Io E;‘lr o'f;TEET (EE L. —?:;—tfzgjjﬁcosh(uy)dy]du oous k208 4%

Using the first equetion of (1.5.10) in the second term of the right hend

side of equaticn (2.3.13) we have

R ( av)
Eéﬁ). - % It '%£££l§; w2I Efu)f; z (nyj_ cosh(ty)cosh(uy)dydu

. SIRPTIRRSERI, X )t <
= x(t) + [ E&Ellﬂft,u)du s Bmiedimiiaiiin g2.8.1
F 2 d ¢t pflo)d

vhere x{t) = . 3% Io —(t—zf—r‘;‘-;—r and
l Ko(ay)
K(t,u) = K{u,t) = — f: W cosh(ty)cosh(uy)dy

Equetion (2.3.1ka) is a Fredholm integral equation of the second kind which
gives the expression for the function g(t). Fvaluating the intepral equotion
(2.3.14a) will enable us to determine the constants A satisfying the dual
series relations (2.3.32) and (2.3.3b),
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For the solution of the above problem we assume that for o € p € 1

Z A A J(n})-_g,a_ I %gzit

n=1

Therefore for o € n € a, we have

¥ A,AJ(A)=—- P(L(Em—; i(1-p) + h(o) H(p=1) .cevvnn..a(2,3,15)
n=1 z

Following the methods used in equation (2.1.9) to (2.1.12) we have

T g(t)

2 e »
& ™ Wn) ”0 e cos(tln)d't + f1 rh(r)Jo(rin)dﬂ p— i 0 |4

The second term of right hand side of equntion (2.3.16) is obteined by
changing the durmy variable pn to r.

Substituting the value of A~ from equation (2.3.16) into equation
(2.3.4a) we have

oo

1 ' glt)
LTy o T eosta )i g, dak o

- g
-4 1 n ,-.
v k. - qln) f1 rh(r)Jo(rln)Jo(pkn)dr vswsaviakes 311}

—

Changing the order of surmation and integration in equetion (2.3.17) we have

1 om I, (o Jeos(th ) :
o L (a_ﬁni WL Cv I )) a == [7 () (feyr)er .oou(2.3.070)

n
where HO(P’r) s.a.g. ‘f JO(nln)JO(an)

ot YOI AR SRR (2.3.1m)
n 1 n

Using result (2.3.10) in the left hand side of equetion (2.3.17a) we have

I; E%El'(f: JO(Px)cos(tx)dx)dt -

2 b lt) Ko(ay)Io{ny)cosh(ty)dy)dt =0(p) vee(2.3.18)
I (I: Iofay)

where Q(p) = - f? r hir) Iio(n,r)dr ................. srons B:%10)
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Therefore
1
fo E{ﬂ (f; J {px)eos(tx)dx)at = Q(p) +
V (ey)
*?2? I (t"(fm ‘(_TI (py)eosh(ty)ay)at ..evevveneeeeens.(2.3.180)

Using r.gult (2.1.1L) in the left hnnd slde of equation (2.3.18b) we have

gmm_[ o ; &__ f”—(—y I_(py)cosh(ty)ay)at +

t(p3-t?)
+ c;(p) T kA a cvees(2.3.19)

Inverting Abel's integrnl equation (2,3.19) we have

K (ay)
glt) glu o (oy)eosh (uy)dylduldn
t q‘ dt o [I (Im T (o) %o It;-o’ig

t
2 d n pldo
+ a— W R 4 AeERSE—— e Tt R I I - 32
2 dt; —‘L(—H.(tz- - (2.3.20)

0 nt)

Changing the order of inteprations in the first term of right hand side
of equation (2.3.20) we have

, ¥ _(ny)
g:tl g(u) tp I (py)dn
z_!' f frn: () f "—(""‘“‘")“'1"‘ Bcnsh(m)d)’]du
t 2 /
+ 2 _4d ¢t pQ(pldp
Trdt- IO (tz- pz); -olo-o-u:|-qul-lu.-...(?.3.?oﬂ)

Using the first equation of (1.5.10) in the first term of right hand side
of equetion (2.3.20a) we have

¥ (ay)
I ( ay )

EL———' I p(u] cosh(ty )eosh(uy)dy)du -

_4 (t o olpldo

2
T dt ‘o (tz_ng);

........ TTR S J AR TW - B4 1 )

Dealing with the second term of the right hand side of eaustion (2.3.21)

we have

T - %d_g It p 0(p)ap
° (t2-p?)

(6? rh(r) H (p.r)ar)dp
(2-1\"\2);

1]
|
Ao

fo§

on using equetion

=1

(2.3.182) vienvanns .{2.3.22)
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Changing the order of integretions in equation (2.3.22) we have
,. w J (pA )T (r2 ) [
=-2 (& d (t w1 2 © n o nm
L™ 3 I1rh(")i 3t Jo © (aan X 3,2 ) ap | ar

2 ” » = Jo(ri\n) d st J_(ox ’dﬁ)*'
;I:‘ rh(r) ’,ﬁ ) TT‘IT(IQ;){?‘-E o (:z“p‘:)"‘ -‘.'Idr

n=1 n
Therefore
o J (rXx ) cos(t) ).
2 2 o 'n n'\dr R R a el (2.3.23)
K== I1 rh(r)'<? ) Y J.2(a) ) )
n=1 n1 n

Using result (2.3.10) in equation (2.2.23) we have

-
11'1“ '-_ﬁ-’ I'; rh(r)*(f: Jo(rx)cos(tx)dx)dr -
K (ay)
* .“33 f? rh(r}'(f; W I (ryleosh(ty)dy)ar ............ (2.3.24)

of
Using result (2.1.14) in the first ) Jright hand side of equation (2.3.2h)

we have (o) ¢ X (ny)
2 re phipldp 4 gyn % o
T =¥ I e 9 {5 enlo) (7 100 I_(ny)cosh(ty)ay)dp
on chenging dummy variable r back to P = Liiieenenes — -}

Using result {(2.3.25) in equation (2.3.21) we have

¥ (ay)
%l. i’iz f; 51{1‘1) ( Io(n:T cosh(ty)cesh(uy)dy)du +
)

K (ay)
+ ﬂ% J':‘ » hin) (J: ﬁ{m I, terlooshity)iylac

2 ¢a ph(plar
- = O AR (2.3.26)
™ 1 (pz_tz);‘
Therefore
1
Kil)- = B(t) + j‘o ﬂf;l—)l((t,u)du ........... P (2.3.26a)
where . Ko(ﬂy)
K(t,u) =K(t,u) -~ f: W cosh(tv)cosh(uy)dy

7 oh(p)

L
and B(t) =2 I?{_? (p2-¢2)7

+ ph(n) K(p,t)} dp
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where K(p,t) = f: Ko(ay) Io(ﬁ?)cosh(tF)dr
)

Applying the analysis involved in the derivations, we find that the solution
of the problem is reduced to determining the function g(t) in the Fredholm's
integral equation (2.3.26) of the second kind.

Substituting the expression for g(t) above into equation (2.3.16), the
Pourier-Bessel coefficients A satisfying the dual series relations (2.3.ba)
and (2.3.4b) can be determined. To determine the Fourier-Bessel coefficients
satisfying the dval series relations (2.3.2) we superpos@’ © the solutione
of problems (a) end (b) derived in this section.

We can apply the method of solution mentioned above to solve mixed
boundary value problems that are encountered in mathematical physics. The
solution of the problem (a) derived in this section is epplicable to the

problem of the electrified disc that was mentioned in section 1.k,

2.4 Solution of the Dual Series FRelations in the Asymmetric Case

In this section we want to derive the method of solving the dual series
relations (2,3.1) that is

m;); A Jn(rr)\nm) = fn(o). o€ p<L1

mszJn(nlm) = hn(_o). p >

Similar to what we had in the previcus section, we went to determine the
constants (Fourier-Bessel coefficients) {Anm} satisfying the dual series
relations sbove. In order to simplify the problem posed in solving dual series
relations (2.3.1) we split the problem into two varts wviz:

Problem (a): Determine the constants {Anm} satisfying the dual series relations

o

mZ1 AT ) = rlp) , ogpg P T T T I TR
mzi - Anm‘Tn(f\'nm} =0 , pY1 Ty B (2.4.11)

n= .)tfzfﬁkl"""" and
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Problem(b): Determine the constents {nnm} satisfvine the dual series

relations

E AT ) =0 , 0&pg T T a3 WY
YA A (oA )= nin), 0> RN % 7 3
m=1 nm nm n nm n

n=0,1,2,0000.... The solution of the dual series relations (2.3.1)
is obviously got by superpositioning the solutions of problems (a) and (b)
in this section.

We first derive the method of solving problem (a):
Solution:

We assume that for o £ n £ 1
% n=1 3 o} Bpltiat
mE1)Hw]ﬂnm Jn(olnm) = =p % IP (s g T WS (.o T )

om0, 1, Syervmmenaene o

Taking Hankel transform on both sides of equetion (2.4.3) we have

A A I: anz(r’)‘“]r.n -"'I(])nn n Rn(t) dt 'Tn (nlnm)ﬂr ||cul|co..lu(2-hlh)

nm  nm 0 i —
(t2-p?)
A R
But fo P Jn2 (pr Jap = 5 J +12(alnn] SEUREE- e & T b

Using result (2.4.5) in equation (2.L.%) we have
-2 5 .1 Ry (t)at I (nl Yan
A _

o n
nm x 23 % (ar ) f ’A’”Ip teis )I cevrrrenease(2.4.F)

Following the methods used in equations (2.2.5) to (2.2.8) we have

oy T/2 n-1

Anﬂ 3 2 2
)an n'Jn-H (a)\m)

1
[ e (0770 (e Dat guvanevsses sk B BT)
Bubstituting the value of A, from equation (2.4,7) into equation (2.4,1sa)

we have

e 1

Vf-}? mz1 knm; J

f; gn(t)tn_;Jn_;ftlnm)Jn(nhnm)dt = £ (n)...(2.4.R)

2
e (n}nm>
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Changing the order of sumatinn and integration in equation (2.4.8) we have

i flg(t)tn-( )jJ(m ) T (e 'J)
J /27 "n - : o / dt = £ (p) .......(2.4.9)

2 ~
+1 (”}nm)

%
Using equation (1.6.5) where & = = , B=n, V=141 and y = n-3
we have )
P | (ﬁl )J ! f@ )A 4 -
_i I n'' “nm’“n-3 \hm nm_ - _ [° 7 (ox)d 1(tx)xadx _
82 1 J ea L
- n+12{ak )

. @ !m K (ay)
m —-(-—}-I(r‘y)l' ;(ty)yldy SO p— . ..

Using result (2.4.10) in equation (2.4.9) we have

Sty e, 0 o0g,_ywodtanas = 1000+

a /= ) K (ay)
?,1; IO gn{t)t“ ;(j: TﬁTFJT In(ny)In_;(ty)y;dy)dt swuewseswny (8113

Using result (2.2.10) in the left hand side of equation (2.4.11) we have

(t)at
Ig R?—”n n X ™ fn(c) N
t pi(p?-t?)?

g— K
2 /7 ! n-%,™ “n 3
;Jﬂ§ IO g, (t)t (In T;TE;T In(ny)In_gfty)y oy e

Inverting the Abel's integral eauation above we have

1+n
EELEEH_ _2.a f (o fn(P)ﬂn
- ™ At ey Sk &
t1 en mdt ‘o (tz_ﬂgj,

K (ey)p"1 (uy)I i(uy}y;d%>dﬁ:uo-f2-h-1?
I (ay) (t?-p )?

ﬂ*;dtf pi[ g (a)U ﬂl(jﬂ
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Changing the order of the inteprations of the second term of the right hand

side of equation (2.4.12) we have

gn(t) 5 1 K (ay) a 1+n:[ (py)an
- x(t) + T_T-\/g .ro I (n j at ‘o : )}‘ In__%(m")y;
t2-p

%t dy du

Using equation (1.5.8) in the seccond term of the right hand side of the

equation above we have

En(t) g__l ‘Z (u) K (F,y)
¢ 1-2n " Xt} + ,I U!—n q:: IZ i tn+;1n_;1n_;(ty)In_;(w)dﬂdu
savnesrsTRN 18]
Therefore
Gn(t) - J,1 7, (u) B (5.1, 14)
—_— = y(t +—- K(t,u)du R B W R 2.40.1
t1--2n ;
e (p)a
vhere x(t) = §'§E f P n'P’0

t2-p?)
and ]Kn(t,u) = Iifn(u,t) =

.2 . n+} =K (ay)
LR “'T"T 1, (6T, (o) yay

Equation (2.4.11) is & sequence of TFriedholm integral equations of the
second kind which when solved gives the expression for the unknown function
g(t). Substituting the expression for _r;'t;t) into equation (2.4.7), the value
of Fourier-Bessel coefficients Anm satisfying the dual series relation
(2.4,12) and (2.4,1b) are determined. Tor n = 0 we can clearly see that
the solution (2.1.1)) we got above is identical to solution (2.3.14) that
we got” for problem(a) in section 2.3.

Ue proceed to the solution of problem (b) which is called the companion
problem to problem(a).
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Solution of Problem (b):

We assume that for o € p & 1

= n-13 ! gn(t)dt
m§1lnm AnmJn(ﬁ ) N L T (+2-02)
Then foreg& p € a (+)
n-1_a  Eyltiat e
IETA““‘ A 3y (A ) == TR et B0 (2 s)

Following the same principles as in equations (2.2.4) to (2.2.R) we have

2/ Tz [ ! n-1
A= T [, e, ()t To-{tA et +
n+1 nm

+ f? rh_(r) Jn(rxm)dzj] PSSO - % K |

where the second term of the right hand side of equation (2.L,14) is got
by changing the dwmmy veriadle o to r,
Substituting the vnlue of A from equation (2.4.16) into equation (2.4,20b)

we have ;
1 n=;
j_g %2 /! ?,n(t)f £ g (A )T (e Dat )
5 m=1

3 2
A P61 (EQnm)

nr
J (p2_)
- 25 f S [7 vh (r)J_(r2_ar (2.%.17)
/g.az m=t A J _2(a) ) LI B
nm n+1 nm

Changing the order of summation and integreaticn in eaquation (2.4.21) we

have

-3
ff g (t) ‘f Jp(f’)\nm)c]n_s(tl })\ > tn_; -
m=1 J 2 ed )
n+1 nm

w J )1 ( )
S R R SRR

m=1 nm n+1

Using result (2.4.10) in the left hand side of equation (2.4.18) we have

X n-3 ] K (ay) :
féi Io sn(t)t (f: .Tn(r‘x)Jn_s(tx)x dx —‘i}?fz In :;' Infr\‘y)In_;(ty)y dy)at =

o Qn(n).......(ﬁ.h.10)
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w J (rl )J (f‘}o )
where Q (p) = G (::»)(22 ho O )dr ........... (2.4.20)
m-1 Anm n+12(al )

nm

Therefore

fg f; s;n(t)t“'g (IZ Jn(nx)Jn_;(tx)xgdx)dt =

1 < K (ny)
fé [, a,(£)t" (J': T:_fm 1 (oy)1 , (ty)y ay)at - 0, (p) ..ii(2.k.21)

n-=:z

Using result (2.2.10) in the left hand side of equetion (2.4.21) we have

(t)at ) K (ny)
o e‘n / -1 [~ 1
°,1 “1-2n 0P (p? tz)a = :V/%ffo gn(t)tn ( o I:ZaySIn(oy)In_;(tY)Y dy)dt -

Qn(n) ............ (2.k.22)

Inverting Abel's integral equation (2.4.22) we have

& (t) 2 A a gt : K (ay) o"I (oy)I
tr;"z“ i ?/?FE Is pls 3= (rn In(ﬂ-‘f) et inﬁcw)y;dy)du]dp
u o i \&Y (£2-p2)?

SO bl
®  (t2-p2)?

Changing the order of integratione in the first term of the right hand side
of equation (2.4.23) we have

gn(t) 2 n( ) K, (ny) ’d t M1 (oy)a ]
- = [-r” ig}vi d’t O tg_zz )] p}In-g (u.‘f)}" dy | du -

1-2n Tf

- X T R e ceseee(2.h.2h)
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Using equation (1.5.8) in the first term of the right hapnd side of equation
{2.4.24) we have : . L R

gn(t) - —C 1 gn(u) . Kn{&y) n+; S e

e n do e (ot VT (0T twva)au - o

1,

Deeling with the second term of the right hand s:.de of of equation (2.4,26)

we have 140 o f: e Lup;w

L 0" (odap T

I =2 8 n
n T dt OW
e e 3 (xA_)3 (n)\
.2 _d ¢t Tingen nm n
-1.T_ dt Ioﬂ <I1 w® (r)[ f nm n+1 Jd‘}{m
(tz_pz)g

Changing the order of summation and integration of the above equation we have

; . - 03 (o Jap
a h (r) [ (_g t h_ o )]dr o {2.0027)
T m=1 “nm n+1 ! 6 IO (tz“ﬂz)% |

Using result (2.2.22) in equatlon ( L. ??) we hnve o
: o I {rh )F _4{th_ A -_
= fafrem (2 § oo B Yo har L (2.0.28)

=1
m Tat12(ah )
e o - T

I -

=1|!0

Using result (2.4.10) in equation {2.%.28) we have

I = V/E'I? rhn(r)(?m J {rx)J _1(5#)33 ax -

-5 /3 _f;I—:T,fﬁ—’ I (ey) ey dy)t“ e e

Using result (2 2.10) in the first term of the rlpht hand side of equetion
(2.4.28a) we have
!a r _nh (r)a

En(zt)

?/g n+1 a rh (r)fo I—T—T I (ry) n‘%(‘ty)y%dr



Therefore

K _(ay) 1
S22 (o) (T T (ay) (¥ Tp () ay)eo

where the right hand side of the equetion above is obtained by changing

back from dummy varieble r to p. P T LT oo gy -

Using equation (2.4.29) in equaticn (2.4.26) we have

En(t) tn+3 1 g (u) K (ay)
t‘l-—2n = i— o ug—-n (r" I (ay) In ;{“V) I 3(uy)ydy)du
1 (ay)
+ % @ R J’? nhn(p) (I: —Iﬂtm In(ny)Tn-'-l(tV)Yadcf)dn
% A
1-n
2 g P hn(n)dn
- by e S e (2.4.30)
Therefore
E.n(t) 1 F.n(u)
tT-.?n B (t) + fo :;-_—n—-—]K (EARIAE  secssnredrnosseaiesiibes (2.4.30a)
where

K (ny)
K (tu) =K (u,t) = &, " fm ‘T—y 031 (uydyay

end
K (ay)
B (t) = -i— 53 eh () [ﬂ; o fm _Zj T (o)1 ;(ty)y;dy -

2n -

— t”

nn(nz—t’); \do

et
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Equation (2.).30) gives the expression for the unknown function gﬁt) in the
Fredholm integral equation of the second kind. Substituting the expression
for the function g{t) above into equetion (2.4.1€), the values of the
Fourier Bessel coefficients ﬂnm satisfying the dual series relations (2.4.2a)
and (2.4.2b) can be determined.

If n is put equal to zere in the Fredholm integral'l: equation
(2.4.30), it ie identicel to the Fredholm intepral equetion (2.3.26)
which we got as the solution of problem (b) in the axisymmetric case.

The method of solution derived can be applied to the mixed boundary
value problems in potential theory e.g. for finding the potential function
or the electrostatic field due to the presence of an electrified disc of
infinite radius placed inside a hollow circular cylinder whose outer
surface is earthed (Sneddon [22] and (Sneddon and Snivestav {30]).
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3. CERTAIN MIXED BOUNDARY VALUE PROBLIMS IN ELASTOSTATICS FOR
CYLINDRICAL SCLIDS

3.0 Introduction
The boundary value problems in mathematical theory of elasticity usually
pose greater mathematical difficulties than the boundary value problems in

potential theory. One obvious reason for this difficulty is the higher

order of the partial differential equations governing the elastic phenomenon.
While in domains other than elasticity, the governing partisl differential
equations usually are of second order, TIn elasticity, a fourth order partial
differential equation involving a biharmonic differential operator usually
occurs.,

We are not going into the depth of the theory of elasticity, but we are
going to concern ourselves with how to transform some mixed boundary value
problems in the theory of elasticity to dual geries reletions by employing
the techniques of Hankel transform and Fourier transform, Some authors in
the field of the theory of elasticity are Love 151, Sokolonikoff [31],
Timoshenko and Goodier [33]

In thie chapter we shall be concerned only with crack problems in
infinite ecylinders. Cragg [9] and Atkirson 11 have worked on the
problem of the expanding circular crack. Mal [17] discussed the response
of a penny-shaped crack to a loading in the form of a plane harmonic
dilation wave propagating along the axis of the crack while Mal [18]
further investigated the response to an incident plane harmonic shear wave
polarised in a plane normal to the plane of the crack and propagating along
the axis of the crack. Cragg (9) also discussed the solution of the problem
of the stress distribution in a long circular cylinder when a discontinuous
pressure is applied to the curved surface, A good account of crack
problems in various elastic bodies has been given by Sneddon end Lovengrub [27]

In section 1 of the chapter, we define biharmonic functions and
biharmonic equations, where the former are the solutions of the latter. Ve
also mention some examples of biharmonic functions: while in gection 2,
we mention the occurence of biharmonic functions in the mathematical theory

of elasticity.
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In section 3, we formulate the mixed boundary value problems that arise
from two cases {(a) and (b) of the problem of the stress distribution in an
infinite eylinder due to the presence of & penny-shaped crack inside the
cylinder and situated on the axis of the cylinder symmetrically.

In sections U and 5 of the chapter, we derive the solutione of the
cases (a) and (b) of the problem sbove.

These problems have been solved by Sneddon and Tait [29] and Sneddon
and Welch [28] by reducing the problems to dual integral equations. In the
present analysis, the problems have been reduced to dual series relations
and then following the method of Srivastavs [32], they are reduced to Fredholm
integral equations of the second kind in an auxilliary function g(t) in whose
terms other quantities can be expressed.

3.1 Biharmonic Functions and Equations

A function f(x,y,z) is biharmonic if the relation

Vr(x,y,z) = V?[?zf(x,y.zila 0 T % K )

where (3.1.1) is called a biharmonic equation.

For two-dimensional function f{x.y)

‘g 2 3'f 't
V"-F(:l‘-,y)- (-fx--‘l" W+ 5730 .-a-...-...-.-..-..-{3-1-2)
If U= U(p,z) then
PBlos) = (adp= + 222 + w2)? Dln,2) = 0 (3.1.3)
Ug.f W- p'ﬁF -5-3—:,— 0,2 casessssrsssareaaiIl.

Trivielly, a harmonic function f(x,y,z) is biharmonic since

7te = 92 (U2¢) = U3(0) = O

Lemma -
If f, end f, are two biharmonic functions then v*{f1 +£,)=0;
that is, f1+ f2 is mslso biharmonic.
4 o vz va +
vt (£+ 1) ([v%(r, r?)i

- 2 2
. vi[Vf1+Vf‘2]



4 2 2 2
vi(vie )+ V3 {(Vr,)

0 which is the required result. .

If ¢1, we and w3 are biharmonic Punctions where each of the Y's

is a function of three independent variables x,y,z, then

X, ywe end zw3 are biharmonic, We have

V2x0,) = wolxb.) + e (x0.) ¢ xle ()
®oy) = gxby) 4w )+ 5y (0,
2 ~
3 - 1
‘g'x_(xw‘l) - w1 + ax (,—1
32 . 200, xd%y
(I\U ) = ;____-‘1_“' 1
=T wT m
 . Similarly (xw ) = x A w ;?
. W 33’2
L . z‘
end %Ef(wl) = x3 b"

az 2 . ! . : . s

1
o

T ) R sy -

therefore xw1 is piharmonic. Similarly ng and sz sre also biharmonic
functions.

o Using the lemma sbove, then the function Xby + Y, + 2w3 which we

get by adding the three biharmonic functions together is elso bihavmonie

and this is a result which ig useful when solving boundary value problems

in elesticity with cartesian boundaries.

Also if Ulp,z) is a harmonic function, then p%% is biharmonic since

B R B R (X N
- 1§73 3 2 3 3%
o‘a"(apz) ""2‘“"5[2"‘*9?: E}*%ﬁﬁ

e
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als
i

= 7H(72 010)) = V3 (-

which is the required result. Since U, zU end p—% are biharmonic functions

then using the lerma ahove U + zU + p-g-g- igz 2lso a binharmonic function
and this is a result useful when solving boundary value problems with
cylinderical symmetry. _ . ' .

Another interesting property we shall be using is that a derivative
of & biheimonic function. is also biharmonic. '

3.2  Occurence of Bihsrmoniec Tunctions in the Mathemstical

Theory_of Flasticity

Many problems in classical theory of elasticity reduce one way or
the other to the solution of biharmonic functions.

The besic equations in the theory of elasticity are

o aow do_, 52,

_-3?_"‘3?. +§; +p}?1=0(- t)

" Yy og—az" (3.2.1)
yx 4 vy JZ 4 OF = 0 (= ). et etearaanan ..(3.2.

X oy + a7 te

Bo%x ’clcrzv . aozz gz,

x| Iy 5 tPFy = ol egp )

and are called Lameds of nations where wu,v,w are displacement componest-.

in the directions x,y,z axes respectively and O c? Oy O,, 8TE nOTMAl

@ . )
gstress o a = = re sha H
3 - ny’ xz (s x? UVZ Uz.v a 8 J|91‘11'1;; stresses F:l’ Fg,

ere body forces per unit mess in the directions of x,vy and ‘L"?ﬁﬁﬁ

3

respectively.
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The equations ebove could be transformed to express streases in terms of
displacements by first expressing stresses in terms of strains and the
strains in terms of displacements. Then equations of (3.2.1) could be

wvritten as

i~

('.\+u) +UV211+C‘ “U=O§t—3’)

(A + p) + u Viy + oF wo £ up ’v] “ IR B .

O+ ) +u‘?2w+r\F3-0(-nEz-) /

where B ™ EB +-§; + %E is the dilation, A and u are physical

factors and op ia the density of a body.

In the absence of body forces, each equation of (3.2.2) becomes
homogeneous, For static equilibrium conditions, the right hand side of
equations of (3.2.2) becomes zero. Dividing each equation of (3.2.2) by

u and introducing an elastic comstant k, equations of (3.2.2) become

vy o+ (k+1).§.§ = 0 —
Tiy o+ (k+1),§ = 0 TR T A TN T Y 8

2%+ (k+1) g% = 0

For Lemes equation, in the absence of body forces, the dilation strain
6 satisfies Laplace's equation
v%g = 0 e ———C ¥ R

If 6 is harmonic, so also will ggy g§1 and 5?-be harmonic. Under this

condition =quation (3.2.3) decomes
929 = 0
V2Vily = 0 Cierrerrreneransssraensness(3.2.5)
V2 Vv = 0
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Of particulsr importance is the fact that the equations above are
independent, that 18, only one of the unknowns u,v and w enters each
equation and emch of them is the sojution of e bdiharmonic equation,

For static conditions, we have that Beltrﬂﬁi“s'equations reduce
to the solution of bihermonic equations since in the absence of body forcea,
equation (3,2.4) holds and the Beltrami's equations

{1+x) vzcxx + 3%/ = o

2 ] 2
(1+k} V Oyy + 3 GKQ’

= 0]
(19%) V20,5 + 3%8/022 = o T
(18) 6.+ 2% /mdy = O """"""fﬁ"“(3'2'6}
Xy
(14x) vzuyz + 3%0/3y3z = O
(14x) v’gzx ¥ 3%/ = 0O

Yz .
292 ] 22 RO
v v Uw ' 0 Y vkv dzx : 0 ..'.' .....‘.‘....Q‘..‘...(S.a.?)
V293¢ = 0 Uy = 0 : e
z2 xy : T e e

Bach equation of (3.2.7) sbove is & biharmonic equation while the
functions are to be biharmonie. R |

Hence, in the absence of body forces, Leme's and Beltrami's equations
reduce to biharmonic equations. A very important conclusicn follows that,
al) the basic unknowns in the general problem of the theory of elasticity
aere biharmonic functions. In fluid dynemics, equation of motion of -~ %
viscous fluid in the steady state, that iz, when velocity is very small

reduces to the solution of a biharmonie eguation,






