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ABSTRACT

In this research, some iterative methods used to approximate common fixed
points of some nonlinear operators in Banach space are introduced and studied.
In particular, modified iterative schemes for fixed point of family of asymptot-
ically nonexpansive mappings are introduced and studied. Therefrom, strong
convergence theorem for members of this family of mapping which is also
in some cases solution of some variational inequality problems is established.
Furthermore, a hybrid projection method is studied and strong convergence
theorem for a family of generalized asymptotically quasi- ¢-strict pseudo-
contractive mappings in a real reflexive, strictly convex and smooth Banach
space with Kadec-Klee property and whose dual also possesses Kadec Klee
property is proved. Also established this thesis is a strong convergence theorem
for infinite family of uniformly L—Lipschitzian total quasi-¢-asymptotically
nonexpansive multi-valued mappings. This is done using a generalized f-
projection operator in a real uniformly convex and uniformly smooth Ba-
nach space using a new iterative scheme. Thus a new iterative scheme by
hybrid method is introduced and its convergence to a common element in the
set of fixed points of a finite family of closed quasi-Bregman strictly pseudo-

contractive mappings is proved.

vil
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CHAPTER ONE

INTRODUCTION

1.1 Background of the Study

The study in this thesis falls within the general area of Nonlinear functional
analysis and applications, an area which has been of active research interest,
especially within the past 40 years. We devote our attention to a special class
of problems in this area; ’iterative approximation of common fixed points of
families of some class of nonlinear operators’. If we consider a differential equa-
tion % + Au(t) = 0 that describes an evolution system where A is an accretive
map from a normed space F to itself. At equilibrium state, ‘fl—lt‘ = 0 and so
a solution of Au = 0 describes the equilibrium or stable state of the system.
This is very desirable in many applications, for example ecology, economics,
physics, to name but a few.

Consequently, considerable research efforts have been devoted to methods of
solving the equation Au = 0 where A is accretive. Generally A is nonlinear,
so there is it is difficult to get general closed form solution of this equation.
The standard technique for finding solution of this equation is to introduce an
operator T : ' — FE defined by T := I — A, where [ is the identity map on
E. Such a map T is called pseudo-contraction (or pseudo-contractive). It is
then clear that any zero of A is a fixed point of 7' (where a point x € E is
called a fixed point of 7" if and only if Tx = z). As a result of this, the study
of fixed point theory for pseudo-contractive maps has attracted the interest of
numerous scientists and has become a nourishing area of research for numerous
mathematicians Chidume (2009).

A very important subclass of the class of pseudocontractive mappings is the

class of nonexpansive mappings (where a mapping 7' : E — E is called non-

expansive if and only if for any x,y € E, ||[Tz — Ty|| < ||z — y||). The class



of nonexpansive mappings includes (as special case) the class of contractions
(where a mapping T': £ — F is called a contraction if and only if there exists
a constant v € (0,1) such that for any =,y € E, ||[Tz — Ty|| < ||z — y||).
In general setting of a metric space (F,p), a mapping T : £ — FE is called a
contraction if and only if there exists a constant v € (0,1) such that for any

x,y €F,

p(Tz, Ty) < yp(x,y) (1.1.1)

Interest in, and the importance of the class of nonexpansive mappings will be-
come evident in the sequel. One of the most important fixed point theorems in
applications is the classical contraction mapping principle, or, in other words,

the Banach-Cacciopoli fixed point theorem is stated in the following:

Theorem 1.1.1 (Banach, 1922) and (Caccioppoli, 1930) Let (E, p) be a com-
plete metric space and let 7' : (F,p) — (FE,p) be a contraction, then 7" has
a unique fixed point in E. Moreover, starting with arbitrary xy € FE, the

sequence {x,} defined by

Tpp1 = Tx, =T" 2y, n>0 (1.1.2)

converges to the unique fixed point.

The iterative technique (1.1.2) is due to Picard (1890), see also Chidume (2009)
for more detailed information. A mapping T satisfying (3.3.3) is called a strict
contraction. If v = 1 in the relation (3.3.3), then 7T is called nonexpansive. If
however, v is an arbitrary fixed positive constant, then T is called a Lipschitz
map or a y—Lipschitzian map. For the iterative formula, it is observed that
if the condition v < 1 on the operator T is weakened to v = 1, the sequence
{z,} defined by (1.1.2) may fail to converge to a fixed point of T if it exists.

To see this, we consider the following example:



Example 1.1.1 Let E = [0,1], and T : E — E be defined by Tz = 1 — z,
for all x € E. Then T is nonexpansive, and unique fixed point of T is % But,
for any zo = a # %, the picard iteration (1.1.2) yields an oscillatory sequence

a,1 —a,a,1 —a,--- which does not converge.

It is, however, observed that if in this example, the scheme of Krasnoselskii

(1955), given by

1
xo € E =0, 1],xn+1:§(:cn+Txn), n >0, (1.1.3)

is employed instead of Picard scheme, then the sequence {z,},>0 generated by

(1.1.3) converges to the fixed point.

In general, if F is a normed linear space and T : £ — F is a nonexpansive
mapping, a generalization of (1.1.3) which has proved successful in the approx-
imation of fixed points (when they exist) of T" was given by Schaefer in 1957

as follows
ro €K, 2pr1=(1—)z,+aTx,, n>0, a€(0,1), (1.1.4)

where K C F is convex and nonempty. However, the most general iterative
formula for approximation of fixed points of nonexpansive mappings which is

called the Mann iterative formula due to Mann (1953), is the following:
rg € K, xp1 = (1 —ap)z, + @, Tx,, n>0, (1.1.5)

where {a,} is a real sequence in the interval (0,1) satisfying the following con-

ditions: (i) lim oy, = 0 and (ii) Y 7, o, = 00.
n—o0



The recursion formula (1.1.4) is consequently called the Krasnoselskii-Mann

(KM) formula for finding fixed points of nonexpansive mappings. This iterative

process has become very important and applicable as noted below.

(i)

(i)

Many well-known algorithms in signal processing and image reconstruc-
tion are iterative in nature. A wide variety of iterative procedures used
in signal processing and image reconstruction and elsewhere are spe-
cial cases of the Krasnoselskii-Mann iteration procedure, for particular
choices of the (nonexpansive) operator, Byne (2004). Apart from be-
ing an obvious generalization of the contraction mappings, nonexpansive
maps are important, as has been observed by Bruck (1980), mainly for
the following two reasons: Nonexpansive maps are intimately connected
with the monotonicity methods developed since the early 1960s and con-
stitute one of the first classes of nonlinear mappings for which fixed point
theorems were obtained by using the fine geometric properties of the un-

derlying Banach spaces instead of compactness properties.

Nonexpansive mappings appear in applications as the transition oper-
ators for initial value problems of differential inclusions of the form
0e Z—;‘ + T'(t)u, where the operators {T'(t)} are, in general, set-valued,

accretive and minimally continuous.

Nonexpansive and their generalized mapping have been studied, and are still

being studied, extensively by numerous authors (see for instance, Goebel and

Kirk (1972), Bauschke (1996), Browder (1965), Bruck (1973), Chidume and Ali

(2007), Chidume and Chidume (2006), Chidume et al. (2005), Ali and Minjibir

(2012), Kimura and Takahashi (2009), Homaeipour and Razani (2011), Reich

and Sabach (2011), and a host of others).



1.2 Statement of the Problem

Many problems in nonlinear analysis can be formulated as a problem of find-
ing a fixed point of a certain mapping or a common fixed point of a family of
mappings. Many problems for finding a common element of the set of fixed
points of nonexpansive , asymptotically nonexpansive, relatively nonexpan-
sive mapping. Among them, the work of Goebel and Kirk (1972), Bauschke
(1996), Browder (1965), Bruck (1973), Chidume and Ali (2007), Chidume and
Chidume (2006), Chidume et al. (2005), Ali and Minjibir (2012), Kimura and
Takahashi (2009), Homaeipour and Razani (2011), Reich and Sabach (2011)

is worth mentioning.

Also, it is well known that equilibrium problems and their generalizations
have been important tools for solving problems arising in the fields of linear
or nonlinear programming, variational inequalities, complementary problems,
optimization problems, fixed point problems and have been widely applied to
physics, structural analysis, management science and economics and so on (see,
for instance Blum and Oettli (1994), Moudafi (2010). One of the most impor-
tant and interesting topics in the theory of equilibria is to develop efficient
and implementable algorithms for solving equilibrium problems and their gen-
eralizations (Alber and Reich (1994), Blum and Oettli (1994) and Hao (2011),
Moudafi (2010), Qin and Kang (2010) and the references therein). Since the
equilibrium problems have very close connections with both the fixed point
problems and the variational inequalities problems, finding the common ele-
ments of these problems has drawn many people’s attention and has become
one of the hot topics in the related fields in the past few years ( Cruz and
Iusem (2012), Plubtieng and Punpaeng (2008), Qin et al. (2009), Qin and Su
(2007), Takahashi and Takahashi (2007), Takahashi and Zembayashi (2009)
and the references therein).

Bregman (1967), discovered an elegant and effective technique for using the



so-called Bregman distance function Dy see, (3.7.1) in the process of designing
and analyzing feasibility and optimization algorithms. This opened a growing
area of research in which Bregman’s technique has been applied in various ways
in order to design and analyze not only iterative algorithms for solving feasi-
bility and optimization problems, but also algorithms for solving variational
inequalities, for approximating equilibria, for computing fixed points of nonlin-
ear mappings and so on (see, for instance Bauschke et al. (2001), Chen et al.
(2013), Takahashi and Takahashi (2007), Takahashi and Zembayashi (2008)
and the references therein).

In 2006, Butnariu and Resmerita presented Bregman-type iterative algorithms
and studied the convergence of the Bregman-type iterative method of solving
some nonlinear operator equations.

Motivated by the above results, using the notion of asymptotically nonexpan-
sive mapping, generalize and f— generalize projection and Bregman projec-
tion, it is our purpose in this work to study a new modified iterative schemes

and prove their strong convergence theorem

1.3 Significance of the Study

The basic significance of this study is to provide solutions to numerous prob-
lems in engineering, ecology, physics, optimization and economics which can be
reduced to finding a common fixed point of some nonlinear operator including
solution of variational inequality and equilibrium problems. Our results can

be used to solve all such problems if all conditions are satisfied.



1.4 Aim and Objectives

1.4.1 Aim

The aim of this work is to formulate some new iterative approximation schemes
for solving some nonlinear problems and establish their strong convergence to
common fixed points of family of some nonlinear mappings which may also be
solutions of some variational inequality problems and/or systems of equilibrium

problems.

1.4.2 Objectives

The specific objectives of this work are to:

(i) introduce modified iterative schemes and prove their convergence to com-

mon fixed point of family of asymptotically nonexpansive mappings,

(i) introduce a modified iterative scheme and prove its convergence to com-
mon fixed point of family of generalized asmptotically quasi-¢-strict

pseudo-contraction mapping,

(iii) introduce a modified iterative scheme and prove its convergence to com-
mon fixed point of infinite family of total quasi-¢-asymptotically nonex-

pansive multi-valued mappings using f-projection,

(iv) introduce a modified iterative scheme and prove its convergence to com-
mon fixed point of family of closed quasi-Bregman strictly pseudo-contraction

mapping and system of equilibrium problems.



1.5 Scope and Limitation

This research work is abstract and theoretically based. Even though our results
hold in more general Banach spaces than Hilbert, but with restrictions to
some convexity and smoothness requirements on them. All our results hold
in Hilbert spaces. There are some limitations also imposed on some of the

operators studied.

1.6 Research Methodology

The method of research adopted in this thesis is by consulting necessary and
relevant literature on approximation of fixed points for some nonlinear opera-
tors. We then use techniques and results in Mathematical analysis, theories,

lemmas and propositions in chapter three to establish new results.

1.7 Outline of Study

After the introductory chapter, the work contains four others including sum-
mary, conclusion and recommendation. A literature review is first presented
followed by the discussion of the comparison between the existing results and

the results obtained. The outline of the work chapter by chapter are as follows:

Chapter 3: in these chapter, theory and methods used in this work are pre-
sented.
Chapter 4: in these chapter, we studied new recursion formulas and strong

convergence theorems for:

(i) family of asymptotically nonexpansive mapping and solutions to some



variational inequality problems,

family of generalized asymptotically quasi-¢-strict pseudo-contractive

mappings,

infinite family of uniformly L—Lipschitzian total quasi-¢-asymptotically
nonexpansive multi-valued mappings using a generalized f—projection

operator,

finite family of closed quasi-Bregman strictly pseudocontractive mapping

and system of equilibrium problem.



CHAPTER TWO

LITERATURE REVIEW

2.1 Iterative Algorithm for Nonexpansive
Mappings

Let K be a closed convex subset of a normed linear space F and let T : K — K
a nonexpansive mapping. For a sequence {\,} of real numbers in [0,1] and an

arbitrary u € K, let the sequence {z,} in K be iteratively defined by
20 €K, xpiy = Mu+ (1= \)Tx,, n>0. (2.1.1)

The recursion (2.1.1) was first introduced by Halpern (1967) with v = 0, in
the framework of a real Hilbert space H. Under appropriate conditions on the
domain of 7', that is if 7" is positive homogeneous (i.e., T'(tz) = tTx), for any
t > 0 and x € H and some restrictions on the parameter {\,} (A, = n™%
for some a € (0,1) and for all n € N), Halpern proved strong convergence
of {z,} to a fixed point of 7. Under a different restriction on the parameter
{\.}, Lions (1977) improved the result of Halpern, still in real Hilbert spaces.
Lion proved strong convergence of {z,} to a fixed point of 7" where the real

sequence {\,} satisfies the following conditions:

. > . )\n_)\n—l
C1: lim A, =0; 02.2_:1/\”—00, 03.7}%A—%_0.

Reich (1980) proved that the result of Halpern remains true when F is uni-
formly smooth. It was observed that both Halpern’s and Lion’s conditions on
the real sequence {\,} excluded the canonical choice A\, = 5. Xu (2002)

improved the result of Lion in two fold. First, Xu weakened the condition

C3 by removing the square in the denominator so that the canonical choice

10



of \, = %H is possible. Secondly, Xu proved the strong convergence of the
scheme (2.1.1) in the framework of real uniformly smooth Banach space. Xu
(2002) also remarked that Halpern (1967) observed that conditions (C1) and
(C2) are necessary for the strong convergence of algorithm (2.1.1) for the non-

expansive mappings 7' : K — K. It is however not clear if they are sufficient.

This brought about the following question:

Question: Are the conditions C1 : nh—>Hc}o)\n =0and C2 : Y ° X\, = ©
sufficient for the strong convergence of algorithm (2.1.1) for all nonexpansive
mappings T : K — K?

Chidume and Chidume (2006) modified the recursion formula (2.1.1) by intro-
ducing an auxiliary operator that has the same set of fixed points as 7. With
the help of this operator, they proved that, under suitable conditions, condi-
tions C1 and C2 are sufficient for the modified iterative algorithm to converge
strongly to a fixed point of T" even in the more general setting where FE is a
real Banach space with uniformly Gateaux differentiable norm.

Also many mathematicians have studied different iterative processes for ap-

proximation of fixed points of different classes of mappings which in some

sense generalized nonexpansive mappings.

Moudafi (2000) introduced the viscosity approximation method for nonexpan-
sive mappings. Let f be a contraction on H, starting with an arbitrary zo € H,

define a sequence {z,} recursively by

Tpi1 = Qnf(z) + (1 — )Ty, n >0, (2.1.2)

where {«,} is a sequence in (0,1). Moudafi proved that under certain appro-
priate conditions on {a,,}, the sequence {z,},>0 generated by (2.1.2) strongly

converges to the unique solution z* in F' of the variational inequality

(I —f)z*,x—a*) >0, forall z € F.

11



Xu (2003), proved, under some conditions on the real sequence {a, },>0, that

the sequence {x,} defined by xy € H (chosen arbitrarily),
Tpt1 = apb+ (I — a0, A)Tx,, n >0, (2.1.3)

converges strongly to * € F' which is the unique solution of the minimization
problem
1
min—(Az, z) — (x,b),

zeF 2

where A is a strongly positive bounded linear operator (i.e. 3 4 > 0 such that

(Ar,z) = F|le|?, V& € H).

Combining the iterative methods (2.1.2) and (2.1.3), Marino and Xu (2006),

studied the following general iterative method:
Tnt1 = oY f(Tn) + (I — aA)Tx,, n > 0. (2.1.4)

The authors proved that if the sequence {a, },>o of parameters satisfies appro-
priate conditions, then the sequence {z,},>0 generated by (2.1.4) converges

strongly to x* € F' which solves the variational inequality problem
(vf— A",z —a") <0Vx €F,
and is also the optimality condition for the minimization problem

1
min§<Aa;, x) — h(zx),

zeF

where h is a potential function of yf (i.e. h'(z) = vf(x) for x € H).

On the other hand, Yamada (2001) introduced the following hybrid iterative

method:

Tpy1 = Tx, — \uGTx,, n>0, (2.1.5)

12



where G is a k-Lipschitzian and 7-strongly monotone operator with x > 0,1 >
0 and 0 < pu < 2n/k* Under some appropriate conditions, Yamada proved
that the sequence {x, }>o generated by (2.1.5) converges strongly to the unique

solution of the variational inequality problem
(Gx*,x —a*) >0, Yz € F.

Recently, combining (2.1.4) and (2.1.5), Tian (2010) considered the following

general iterative method:

Tnt1 = v f(2n) + (I — anuG)T (), (2.1.6)

and proved that the sequence {z,}>o generated by (2.1.6) converges strongly

to the unique solution x* € F' of the variational inequality problem
(vf = pG)a*,x —a*) <0, Vo € F.

Ali et al. (2011) extended the result of Tian (2010) to g-uniformly smooth
Banach space whose duality mapping is weakly sequentially continuous. Under
some assumptions on {a,},7, 1 and G, they proved that the sequence {z,}
generated by (2.1.6) converges strongly to the unique solution z* € F' of the

variational inequality problem

(vf = pG)a*,j(x — ")) <0, Vo € F.

2.2 Approximation of Common Fixed Points

Ali (2009) studied a new scheme for approximation of a common fixed point of

family of nonexpansive mappings in a real g-uniformly smooth Banach space

13



which is also uniformly convex. He proved the following theorem.

Theorem 2.2.1 (Ali, 2009). Let E be a real g-uniformly smooth Banach space
which is also uniformly convex. Let K be a closed, convex and nonempty subset
of E. Fora >0, letT;: K = K i €N be a family of nonexpansive mappings
and let A : K — E be an a-inverse strongly accretive mapping. Let Pk be a
nonexpansive projection of E onto K. For some real number § € (0,1) and

A€ (0, (%)qfll) define a sequence {x,} iteratively by z1,u € K,

Tpr1 = auu+ (1= 0)(1 — ay)x, + 520mTiPK(xn — Mz,), n>1,(2.2.1)
i>1
where {ap}>1 and {0, }>1 are real sequences in (0,1) satisfying the following
conditions: (i) lima,, = 0, (i) Y a, = oo, (iii) D s, 0m = 1 — a, and
lim Zi>1 ’Ui,n+1 — Uin| =0. Let F .= [m?ilF(E” N VI(K, A) 7é (Z) If either
n— oo -
the duality map j of E admits weak sequential continuity or for at least one

i € N, T,Px(I — NA) is demicompact, then {x,} converges strongly to some

element in F.

Motivated by the above results, in chapter four theorem 4.1.1 and 4.1.5 of
this thesis, we introduce a new modified iterative scheme for approximation
of common fixed points of family of asymptotically nonexpansive mappings
and solutions of some variational inequality problems, and also prove strong

convergence theorems that extend, generalize and improve some recent results.

Yao et al. (2009) studied a modified iteration algorithm {x,},>; generated

from an arbitrary 1 € H by

% = (1 = tn)2n (2.2.2)

Tn41 = (1 - an)vn + anTUn7

14



where {t,},>1 and {a, },>1 are real sequences in (0, 1) satisfying some appro-
priate conditions. They proved strong convergence of the modified algorithm
to a fixed point of a nonexpansive mapping T : H — H and F(T') # 0.

Clearly, the modified Mann iteration algorithm reduces to the normal Mann

iteration algorithm when ¢,, = 0.
Recently Osilike et al. (2013) modified the algorithm (2.2.2) and proved the

following theorem:

Theorem 2.2.2 (Osilike et al., 2013). Let K be a nonempty closed convex
subset of a real Hilbert space and let T : K — K be an asymptotically nonex-
pansive mapping with sequence {ky}n>1 C [1,00) such that Y>> (k,—1) < c0.
Let F(T) # 0 and let {t, }n>1 and {a,}n>1 be sequences in (0,1) satisfying the

following conditions:

(c1) nh_}rglotn =0;

(¢2) doniytn = 00;

(c8) Jg%i(kn —-1)=0;

(c}) oy € [a,b] V n>1 and for some a,b € (0,1).

Then the modified average iteration sequence {x,} generated from an arbitrary

r1 € K by

v, = PK<(1 - tn)xn>

Tpt1 = (1 — ap)v, + @, T,

(2.2.3)

converges strongly to a fixed point of T.

In chapter four theorem 4.1.7 of this thesis we modify the algorithm (2.2.2)
and prove strong convergence of both implicit and explicit of the modified
algorithm to a common fixed point of a family of uniformly asymptotically

regular asymptotically nonexpansive mappings in a reflexive Banach space
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with a uniformly Gateaux differentiable norm.

Let T, : E— E,1=1,2,3,...N be a finite family of nonexpansive maps. For
n € N, define a map W,, : E — E by

Ul,n = 7n,1T1 + (1 - 71,71)17

Usww = YonToUin+ (1 —7v20)]

Wn = UN,n = fVN,nTNUNfl,n + (1 - W/N,n)ja

where I = Uy, and {7;,}¥ C [0,1]. The mapping W, here is called the W

mapping generated by T}, T, ..., Ty and {7, n}n>1, 7 € {1,2,..., N}.

Shang et al. (2007) introduced a composite iterative scheme as follows: given

xo = x € C arbitrarily chosen,

Yn = ﬁnxn + (1 - ﬁn)anna

Tp+1 = O‘n’)/f(zn) + (I - anA)ym

where f is a contraction, and A is a strongly positive linear and bounded op-
erator on Hilbert space.

Kangtunyakarn and Suantai (2009), introduced and studied the following scheme
for approximation of common fixed point of a finite family of nonexpansive

mappings {T;}Y,, for n € N;

Ul,n - Wl,nTl + (1 - 71,7@)17

Usw = Y2nToUin+ (1 —v20)Us,

K,=Unn = YWaINUn—10+ (1 —nn)Un—1m. (2.2.4)

16



The mapping K, here is called the K mapping generated by T;, T5, ..., Ty and

{’Yi,n}nZI; 1€ {17 2, ceey N}
Singthong and Suantai (2010) studied the convergence of the following com-

posite scheme zy € C,

Tn+1 = PC’(aan(xn» + ([ - anA)ynv

where C'is a nonempty, closed convex subset of Hilbert space H, f : C' — C'is

a contraction, and A is a strongly positive linear and bounded operator on H.

Recently, Ali et al. (2013) introduced a modified iterative scheme for approxi-
mation of common fixed point of a finite family {7;}¥, of nonexpansive map-

pings for n € N and a sequence {v;,}, i € {1,2,---, N}, as follows:

Ul,n = Vl,nTl + (1 - Pyl,n)la

Usw = Y:21oUrn + (1 —y20)Uin,

Un_ipn = ve1nIN-1Un—opn+ (1 —yn_10)Un_2n

K, = UN,n = /VN,nTNUN—l,n -+ (1 — 'YN,n)I- (226)

and proved strong convergence of both implicit and explicit schemes to a com-
mon fixed point of a finite family of nonexpansive mappings which is also a
unique solution of some variational inequality problem in a framework of a Ba-
nach space much more general than Hilbert space. They proved the following

theorems:

Theorem 2.2.3 (Aliet al., 2013). Let E be a reflexive and strictly convex real
Banach space with a uniformly Gateauz differentiable norm. Let {T;}Y., be a
finite family of nonexpansive mappings of E into itself and F = ﬂfvzl F(T;) #

0. Let f : E — E be a contraction with constant o € (0,1). Let G : E — E
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be an n— strongly accretive and pu— strictly pseudocontractive mapping with
n+u>1andletT=1-— ,/177”. Let v be a real number satisfying 0 <y < =
and let K : E — E be as in (2.2.6). Given § € (0,1), then for any t € (0,1),

let {zt}ie(0,1) be a path defined by

2 =1t7f(z) + (I —1G)[Bze + (1 = B) K. (2.2.7)

Then {z} converges strongly to a common fized point of the family say p which

is a unique solution of the variational inequality

(G=2f)p,jla—p) =0, VgeF (2.2.8)

Theorem 2.2.4 (Aliet al., 2013). Let E be a reflexive and strictly convex real
Banach space with a uniformly Gateaux differentiable norm, C a nonempty
closed convex subset of E. Let G : E — E be an n-strongly accretive and
w-strictly pseudocontractive mapping with n+ p > 1 and let f : E — FE be
a contraction with coefficient a € (0,1). Let {T;}Y., be a finite family of
nonexpansive mappings of K into itself and F = ﬂfvzl F(T;) # 0. Let K,, be as
in (2.2.6). Assume that 0 < v < 5, where 7 := (1 — \/?) and let g € C.

Let {a, }02, and {5,}52, be sequences in (0, 1), and suppose that the following

conditions are satisfied:

(C1) @, —0asn— oo

(C2) XX a, =00

(C3) 0< lirrlrig}fﬁn < ligl—igpﬁn < 1;

(C4) X% 1Yim — Yimo1| < 00, forall i =1,2,3,.... N and {vyin}i-, C [a,b],
where 0 < a <b<1;

(C5) XX |ant1 — an| < oo

(C6)  X0L|Bny1 — Bal < 0.
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If {x,}52, is a sequence defined by,

Yn = ﬁnxn + (1 - Bn)Knxna

Tp+1 = Oéan(wn) + (I - anG)yna n > 07 (229)

then {x,}22, converges strongly to p € F, which also solves the variational

inequality (2.2.8).

In chapter four theorem 4.1.10 of this thesis, we continue the study of the
above problems Ali et al. (2013), and prove a new convergence theorem for
approximation of common fixed point of finite family {7;} , of asymptotically
nonexpansive mappings in Banach spaces which is also a unique solution of

some variational inequality problem.

2.3 Iterative Algorithm for Generalized
Projection Mappings

Matsushita and Takahashi (2005) proved weak and strong convergence theo-
rems for fixed point of a single relative nonexpansive mapping in a uniformly

convex and uniformly smooth real Banach space by using the following scheme

x1 € C' chosen arbitrarily,

yn = J HanJz, + (1 — ) JTx,),
Crn=A{z€C:0(z,yn) < d(z,24)},
Qn={z€C:{(x,—z Jrg— Jx,) > 0},
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where Il¢, g, is the generalized metric projection from E onto C),, N Q,, J is

the normalized duality mapping on E and {a,},>1 is a real sequence in (0,1).

Various generalizations of relatively nonexpansive mappings were introduced
and studied by numerous authors see for example Ali and Minjibir (2012),
Kimura and Takahashi (2009), Li et al. (2010), Nilsrakoo (2011), Noor (2000),
Plubtieng and Punpaeng (2008), (just to mention but a few) and the references
contained in them. Chang et al. (2010) obtained a strong convergence theorem
for an infinite family of quasi-¢-asymptotically nonexpansive mappings in a
uniformly smooth and strictly convex Banach space with Kadec-Klee property.
This was achieved by using an iterative algorithm for an infinite family of
closed and quasi-¢-asymptotically nonexpansive mappings T; : C — C with
sequence {k,} C [1,00), k, — 1 and C closed and convex nonempty subset of

a uniformly smooth and strictly convex real Banach space F

xo € C' chosen arbitrarily,

Y = J HanoJzn + Yooy i ST 2y),

u, € C such that,

fun, y) + 1=y — wn, Jup — Jyn) >0, Vy € C,,

Cn+1 = {Z € Cn : ¢(Z’U7L) < ¢(Z7xn> + gn}a

Tpi1 = e, (20), n >0

where f : C' x C' — R is a bifunction. The bifunction is satisfying conditions
(A1)-(A4) with EP(f) the set of solutions of the equilibrium problem. The
mapping J : £ — E* is the normalized duality mapping, &, = sup,cz(k, —
1)¢(u, zn) where § := N2, F(T;) N EP(f), e pynep(y) is the generalized
projection of E onto N2, F(T;)NEP(f). The sequence {r,} is a real sequence
in [a, 00) where a is some positive real number, and for each n > 0, {«,;} is a

sequence in [0, 1].

In another development, Zhou and Gao (2010) introduced and studied the class
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of quasi-strictly psudo-contractive mappings related to the function ¢. They
proved a strong convergence theorem by hybrid projection algorithm for fixed
point of a closed and quasi-strict pseudo-contraction in a reflexive and strictly

convex real Banach space E. They actually proved the following theorem.

Theorem 2.3.1 (Zhou and Gao, 2010). Let E be a real reflexive, strictly
convex and smooth real Banach space such that E and E* have Kadec-Klee
property. Assume that C' is a nonempty closed convexr subset of E. Let T :
C — C be a closed and quasi-strict pseudo-contraction. Define a sequence

{z,} in C by the following algorithm;

xg € C' chosen arbitrarily,
01 - C,
T = HCl (l’o), (231)

CnJrl = {Z € Cn : (b(mexn) S ﬁ<xn -z, an - JTZEn>},

Tn+1 = HCn+1 (ZEQ), n >0,
where k € [0,1). Then {x,} converges strongly to py = pr)zo.

Qin et al. (2012) introduced and studied the class of asymptotically strict quasi-
¢-pseudocontractions in the intermediate sense. They proved the following

Theorem.

Theorem 2.3.2 (Qin et al., 2012). Let E be a uniformly convex and smooth
Banach space. Let C' be a nonempty closed and convex subset of E. Let A
be an index set and T; : C' — C, i € A be a family of asymptotically strict-
pseudocontraction in the intermediate sense with sequences {;,} such that
tin — 0 asn — oo for each v € A. Assume that iQAF(Ti) # (. For eachi € A
assume that T; is closed and asymptotically reqular on C. Let F(T;) be bounded
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and {x,} be a sequence generated as follows;

xo € E chosen arbitrarily,

Cl,izca
Cy= NCyy
1 ieA 1,45

Crt1,i ={2€Chi: oz, T) < 1—2ki (g, — 2, Jxy — JTTxn) + fin iw_"kz 4 Lnd 1

Cri1 = NieaCria,

Tnt1 = e, To, Vn >0,

L n+1

where M, ; = sup{¢(p,z,) : p € F(T;)} and

Gui = Maz{0, sup  (6(p, T"2) = (1+ u)o(p, @) — ko(x, T")) }.

peF(T),xeC
Then the sequence {x,} converges strongly to I1 n p(r,)ao.
PEA

In chapter four theorem 4.2.1 of this thesis, we introduce a new modified itera-
tive scheme and prove strong convergence theorem for family of generalized
asymptotically quasi-¢-strict pseudo-contraction in a real reflexive, strictly
convex and smooth Banach space E in which both £ and E* have Kadec-

Klee property.

Using properties of generalized f-projection operator in a uniformly smooth
real Banach space which is also uniformly convexLi et al. (2010) introduced
the following hybrid iterative scheme for approximation of fixed point of a

relatively nonexpansive mapping 71"

o € C,
yn = J HanJz, + (1 — ) JTx,),
Cri1 ={w e C, : G(w, Jy,) < G(w, Jx,)},

_ 1/
Tpt1 = chﬂxo, n > 0.
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They proved a strong convergence of the scheme to an element in the fixed
point set of T

Homaeipour and Razani (2011) proved weak and strong convergence theorems
for a single relatively nonexpansive multi-valued mapping in a uniformly con-
vex and uniformly smooth real Banach space.

Tang and Chang (2012), introduced a new hybrid iterative scheme for approx-
imation of fixed point of a total quasi-¢-asymptotically nonexpansive multi-
valued mapping in a uniformly smooth and strictly convex real Banach space

with Kadec-Klee property. They actually proved the following theorem.

Theorem 2.3.3 (Tang and Chang, 2012) Let E be a uniformly smooth and
strictly convex real Banach space with Kadec-Klee property, and C' be a nonempty
closed and convexr subset of E. Let T : C — 2% be a closed and total quasi-
o-asymptotically nonexpansive multi-valued mapping with nonnegative real se-
quences {v,} and {p,} and strictly increasing continuous function ¢ : RT™ —
R* such that py = 0,v, = 0, — 0 (as n — o00) and ¢(0) = 0. Let and

{zn}n>0 be a sequence generated by

g€ C,Cy=C

Un = J HanJz, + (1 — ) J z,)

zn = J N (Bndzn + (1 — Bn)Jwy) (2.3.2)
Cri1={v € Cp 1 9(v, Jyn) < (v, Jn) + &nt,

Tpt1 = g, 70, n >0,

where wy, € T"x,, Yn > 0, & = Uy SUP,epr) C(A(P, Tn)) + fin, e, 11 is the
generalized projection of E onto Cypi1 ¥V n > 1, {antnso and {B}n>0 are
sequences in [0, 1] satisfying the following conditions:

(a) Tminf,pne Bu(1— ) > 0

(b) 0 <a, <a<1 forsomeac (0,1)¥Vn>1. If F(T) is a nonempty and

bounded subset of C', then the sequence {x,} converges strongly to lpryx.
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More recently, Zhang et al. (2013) introduced the notion of weak relatively
nonexpansive mappings. They studied a new hybrid algorithm for fixed point
of multivalued weak relatively nonexpansive mappings. They proved the fol-

lowing Theorem.

Theorem 2.3.4 (Zhang et al., 2013). Let E be a uniformly convexr and uni-
formly smooth real Banach space, let C' be a nonempty closed convex subset of
E,letT :C — C be a weak relatively multivalued nonexpansive mapping. As-
sume that {a, },{Bn} and {v,} are sequences in [0, 1] such that o, +Bn+vn = 1,
lima, =0and 0 <y <7, <1V n>1 for some constant v € (0,1). Define

n—o0

a sequence {x,} in C by the following algorithm:

Xo € CO =C
Yn = J71<Q‘njl'0 + anl‘n + ’YRJZn)7Zn € T:L‘n

Cn={2 € Cor s 0(2,9n) < (1= n)o(2, 20) + ang(2, 0),n > 1},

T+l = chaf().
Then {xy }n>0 converges strongly to q = Ilpxo.

In chapter four theorem 4.3.2 of this thesis, we introduce a new modified it-
erative scheme and prove strong convergence theorem for infinite family of
total quasi-¢-asymptotically nonexpansive multi-valued mappings in a real
uniformly convex and uniformly smooth Banach space using a generalized
f—projection operator. Our result improve and unify several recent impor-

tant results announced by numerous authors.
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2.4 Iterative Algorithm for Bregman Projection
Mappings

In 2006, Butnariu and Resmerita presented Bregman-type iterative algorithms
and studied the convergence of the Bregman-type iterative method for solving
some nonlinear operator equations.

By using the Bregman projection, Reich and Sabach (2011) proposed algo-
rithms for finding common fixed points of finitely many Bregman firmly non-

expansive operators in a reflexive Banach space.

o € F

Y = Ti(zn + €,)

Ch={2 € E: Ds(z,y,) < Dy(z, 2 + €)}
e

Qn=A{2€ E:(z— a2, Vf(xo) = Vf(2n)) <0}

Tpa1 = Péanxo,n > 0.

(2.4.1)

Under some suitable conditions, they proved that the sequence generated by
(2.4.1) converges strongly to ()i, F|(T;) and applied the result for the solution

of convex feasibility and equilibrium problems.

Chen et al. (2011), introduced the concept of weak Bregman relatively non-
expansive mappings in a reflexive Banach space and gave an example to illus-
trate the existence of a weak Bregman relatively nonexpansive mapping and
the difference between a weak Bregman relatively nonexpansive mapping and
a Bregman relatively nonexpansive mapping. They also proved strong conver-
gence of the sequences generated by the constructed algorithms with errors for
finding a fixed point of weak Bregman relatively nonexpansive mappings and

Bregman relatively nonexpansive mappings under some suitable conditions.

Zhu et al. (2013) proved a strong convergence theorem for finding a common
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element of the set of solutions of an equilibrium problem and the set of fixed
points of a Bregman strongly nonexpansive mapping in a real reflexive Ba-
nach space. This was achieved by using the shrinking projection method. In

particular, they proved the following:

Theorem 2.4.1 (Zhu et al., 2013) Let C' be a nonempty, closed, and convex
subset of a real reflexive Banach space E and f : E — R strongly coercive
Legendre function which is bounded, uniformly Fréchet differentiable, and to-
tally convex on bounded subsets of E. Let g be a bifunction from C x C' to
R satisfying (A1)-(A4). Let T be a Bregman strongly nonexpansive mapping
from C'into itself such that F(T) = F(T) and G = F(T)(EP(g) # 0. Let

{z,} be a sequence generated by xog =z € C, Cy = C and

Yn = VI (a,Vf(x,)+ (1 —a,)Vf(Tz,),

u, € C' such that

9(un,y) + (Vf(un) = VI(yn)y —un) 20, Vy €,
Cni1 = {Z €Cy: Df(zaun) < Df(z7xn>}’

Tn41 = Pf

Cropa L+

for every n € NU{0}, where {a,} C [0, 1] satisfies liminf(1 — ;) > 0. Then,

n—o0

{z,} converges strongly to PI{f(T)mEP(g)x, where Plf:(T)mEP(g) 1s the Bregman

projection of E onto F(T') N EP(g).

Motivated and inspired by the above works, in chapter four theorem 4.4.3
of this thesis, we introduce a new iterative algorithm and prove strong con-
vergence theorem for finite family of closed quasi-Bregman strictly pseudo-
contractive mapping and system of equilibrium problem in a real reflexive
Banach space. Our result improve and unify several recent important results

announced by numerous authors.
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CHAPTER THREE

THEORY OF METHODS

The method of research adopted in this thesis is by consulting necessary and
relevant literature on approximation of fixed points for some nonlinear opera-
tors. We then use techniques and results in Mathematical analysis to establish

our new results.

3.1 Geometry of Banach Spaces

This section gathers some basic definitions and geometrical properties of Ba-
nach spaces which can be found in Chidume (2009). We also surveyed basic
results of convex analysis and connect them to characterize those spaces in
which some iteration methods are defined and proved to converge to solutions
of fixed point problems for certain nonlinear mappings. Let start by defining

the duality pairing.

Definition 3.1.1 Let E be a real normed space. The space E* of all linear
continuous functionals on E is called the dual space of E. For f € E* and

x € E the value of f at x is denoted by (z, f) and is called the duality pairing.

Element of Convex Analysis
We briefly introduce some elements of convex analysis which can be found in

many texts on the general theory of convex analysis.
Definition 3.1.2 A function f : EF — R is said to be

(i) proper if and only if its effective, dom(f) = {x € E : f(z) < oo}, is

nonempty;
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(ii) convex if and only if for all A € [0,1] and z,y € dom(f), f(Ax + (1 —
ANy) < Af(x) + (1 =N f(y);

(iii) lower semicontinuous at xzo if and only if for all x € E, f(zg) <
liminf f(x). We say that f is lower semicontinuous on dom(f) if it

Tr—xT0
is so at every zg € dom(f);

(iv) Gateaux dif ferentiable at xg € dom(f) if there exists an V f € E* such

that for all y € dom(f)

lim f(zo+ty) — f(o)

t—0+ t

=(y, Vf);

(v) Fréchet dif ferentiable at xy € dom(f) if it is Gateaux differentiable

and

lim sup f(zo +ty) — f(xo)

t_>0+x||:1 t

(vi) Let « € int domf, the subdifferential of f at z is the convex set defined
by

Of(x) ={z" € £": f(x) + (z",y —2) < f(y), Yy € E},

where the Fenchel conjugate of f is the function f*: E* — (—o0, 400]

defined by
[ (z") = sup{(z*,z) — f(x): x € E}.

We know that the Young-Fenchel inequality holds:

(", x) < f(x)+ f*(z¥), YV € B, 2" € E™.

(vii) A function f on E is coercive ( Hiriart-Urruty and Lemarchal (1993)) if
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the sublevel set of f is bounded; equivalently,

lim f(x) =400,
||lz||—=+o0

and f is said be strongly coercive if

& = +00.
l|z||—+oo ||]]

Classes of Banach spaces

T+y
2

A Banach space E is said to be strictly convex if

‘<1f0rallx,y€E

with ||z|| = ||y|| =1 and x # y. The space E is said to be smooth if the limit

ety o]
t—0 t

exists for all z,y € U := {z € E : ||z]| = 1}. In this case, the norm of E is
said to be Gateaux differentiable. A Banach space F
(1) is uniformly convex if for any € € (0, 2] there exists a § = §(e) > 0 such that

if x,y € X with ||z|| = 1,||y|]| =1 and ||z — y|| > 1, then

Yoty <1-4
(ii) is said to have Kadec-Klee property if for any sequence {z,} C E, z, — =
and ||z,|| — ||x|| implies ||z, — z|| — 0 as n — occ.

Let J : E — E* be a mapping from F into E**, defined for each x € E by
J(x) = ¢, where ¢, : E* — R is given by ¢,(f) = (f, z) for each f € E*. Thus
(J(z), f) = (f,z). The mapping J defined above is called canonical map (or
canonical embedding) of E into E**, and the space E is said to be embedded
in B**.

Definition 3.1.3 Let E be a normed linear space and let .J be the canonical
embedding of F into E**. If J is onto, then FE is called reflexive. Thus, a

reflexive Banach space is one in which the canonical embedding is onto.
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3.2 Duality Mapping

Let E be a real Banach space and E* be the dual space of E. A mapping ¢ :
[0,00) — [0, 00) is called a guage function if it is strictly increasing, continuous
and ¢(0) = 0. Let ¢ be a gauge function, a generalized duality mapping with

respect to ¢, J, : E — 2F" is defined for all z € E, by

Jow = {a* € E™ (%) = [|z]le(ll]]), [l2"|] = e (x|},

where (.,.) denotes the duality pairing between element of E and that of E*.
If p(t) = t, then J, is simply called the normalized duality mapping and is
denoted by J and

J(@) ={2" € B : (z,2") = ||=||* = [|+"]]"}

For any x € F, an elements of J,x is denoted by j,x.

The space E is said to have weakly (sequentially) continuous duality map if
there exists a gauge function ¢ such that J, is single valued and (sequentially)
continuous from E with weak topology to E* with weak® topology; that is if
{z,} C E,x, = z, then J,(z,) =" J,(x).

In a normed space F, apart from convergence of a sequence {x,}>%, in E,
i.e. convergence in the topology induced by the norm on E where a sequence
{z,}22, in E is said to converge strongly to a point a € E if and only if
||z, — al] — 0 as n — oo (i.e., for all € > 0 there exists Ny € N such that for
all n > Ny, ||z, —al|| < ¢€). We also have the concept of weak convergence of
a{x,}52, in E, i.e. convergence in the weak topology of E, where a sequence
{z,}22, in F is said to converge weakly (or rather in the weak topology) to
a € E if and only if for any f € E*, (x,, f(— (z,f) as n — 0o. Whenever
{z,}22 | converges strongly to a € E, we write z,, — a as n — oo and when-

ever {z,}>°, converges weakly to a € E we write z,, = a as n — 00
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Remark: Any weakly convergence sequence {z, } in a Banach space is bounded.
Further, if 2, — a, then [|a|| < liminf ||x,||. The following properties are well
known (Cioranescu, 1990; Reich and Sabach, 2009; Takahashi, 2000) for de-

tails:
(i) if E is smooth, then J is single-valued;
(ii) if E is strictly convex, then J is one-to-one
(iii) if F is reflexive, then J is surjective;

(iv) if E is smooth and reflexive, then J=' : E* — 2F is single-valued and
demi-continuous (i.e. if {#*} C E* such that z* — x*, then J~1(z}) —

JH@");
(v) E is uniformly smooth if and only if £* is uniformly convex;

(vi) if F is uniformly convex then it is strictly convex, reflexive and has Kadec

Klee property.

A normed space E is said to satisfy Opial’s condition (Lin et al., 1995) if for
any sequence {x,} in F, such that z,, — x as n — 0o, we obtain that for any

y € E with y # x,
liminf ||z, — z| < liminf ||z, — y||.
n—oo n—oo

All Hilbert spaces and [, spaces, 1 < p < oo satisfy Opial’s condition.

The space F is said to have uniform Opial’s condition (Lin et al., 1995), if and

only if for each ¢ > 0, there exists an r = r(c) > 0 such that

1+ 7r <liminf||x + .||

n—oo
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for each x € E with ||z|| > ¢ and each sequence {x,} such that z,, = 0 as n —
oo, and liminf||x,| > 1.

The spacengxi)s said to satisfy local uniform Opial’s condition (Lin et al., 1995)
if and only for any sequence {z,} in E ssuch that x,, — 0 with liminf||z,| > 1

n—oo

and any ¢ > 0, there exists r > 0 such that

1+ <liminf||z + x,||

n—oo

for all z € E with ||z] > c.

Remark 3.2.1 (Lin et al., 1995) Observed that uniform Opial’s condition
implies local uniform Opial’s condition which in turn implies Opial’s condition.
It is also known that every Banach space with weakly sequentially continuous
duality mapping satisfies uniform Opial’s condition. Every [, space, (1 < p <

o0) has a weakly sequentially continuous duality map.

3.3 Equilibrium Problem

Let K be a nonempty subset of a natural linear space and f: K x K — R be

some nonlinear map. An equilibrium problem is search for z € K such that
f(z,y) >0 forall y € K. (3.3.1)

To make the data of an equilibrium problem more precise, we assume X is a
real topological vector space; K C X is a closed convex set and f: K x K — R
satisfies f(x,z) = 0 for all x € K. Then we consider the equilibrium problem
find # € K such that

flz,y) >0V yeK. (3.3.2)
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In the examples below E*, the topological dual of E, should be topologized in
such a way that the canonical bilinear form (.,.) is contained on X* x X. The

function f : K x K — R will be called monotone if and only if

flx,y) + fly,z) <OV z,y € K.

Examples for problem (3.6.3)

(i) Optimization: Let ¢ : K — R be a map, we will like to find

T € K such that () < o(y) Vy € K (3.3.3)

we write min{¢(x) : € K} for this problem we set

flz,y) = o(y) — p(x)

problem (3.3.3) coincides with (3.6.3). The function f is monotone in

this case.

(ii) Saddle Point: Let ¢ : Ky x Ky — R. Then (77,42) is called a saddle

point of ¢ if and only if

(@1, 22) € K1 X Kz, 0(%1,y2) < @(y1,T2) V(y1,92) € K1 X K>. (3.3.4)

Set K = Ky x Ky and define f: K x K — R by

(1, 22), (Y1, 92)) = @Y1, 22) — P21, Y2).

Then z = (77, 22) is a solution of (3.6.3) if and only if, it satisfies (4.4.3).

f is monotone in this case.

(iii) Fixed Point: Let H = H* be a Hilbert space. Let T': K — K be a given
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mapping. We want find z € K such that

&I
Il

~
8l

(3.3.5)

Set f(x,y) :=(x — T,y — x).
Then = solve (3.6.3) if and only if, Z is a solution of (3.3.5). Indeed
(3.3.5) implies (3.6.3) is obvious. find if (3.6.3) is satisfied, then choose
y := Tz to obtain

0< f(z,9) = —llz - Ta|]*,

hence z = T'Z. So (3.6.3) implies (3.3.5). In this case T is monotone if

and only if,

(Tz —Ty,x —y) < ||z —y||* Va,y € K,

hence in particular if T is nonexpansive.

3.4 Variational Inequalities Problems

The rapid development of the theory of variational inequalities and the prolific

growth of its application made evident to mathematicians the new way of com-

prehension and which brought them to the level of research in many subject.

Without attempting to formulate any precise definitions, let us discuss several

examples.

Example 3.4.1 Let f be a smooth real valued function on the closed interval

I =[a,b]. We seek the points xo € I for which

f(zo) = minf(x)

zel
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Three case can occur
(1) if a < xg < b, then f'(xg) = 0;
(ii) if xo = a, then f'(x¢) > 0; and
(iti) if zo = b, f'(xo) <0

These statements may be summarized by writing
f(xo)(x —x0) >0V €1

such an inequality will be refereed to as a variational inequality.

Example 3.4.2 Let f be a smooth real valued function defined on the closed
convex subset K of Euclidean N dimensional space RY. Again we shall char-

acterise the point xo € K such that

f(zo) = minf(x)

zeK

Assume xqg is a point where the minimum is achieved and let x € K. Since K
is convex, the segment (1 — t)xg + to = xo + t(x — 20),0 < t < 1, lies in K.

Let ¢ be a real valued function such that
o(t) = f(zo +t(z —20)),0 <t <1 (3.4.1)

then at t = 0 we have that ¢(0) = f(xg) = mz;(lf(:zr) as in Example 3.4.1, from
re

(3.4.1)we have
¢'(0) = gradf (zo)(x — x9) >0 for any z € K,

where gradf means gradient of f. Consequently, the point xy satisfies the
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variational inequality
xo € K @ gradf (xo)(z — x9) >0 Vo € K.

If K is bounded, the existence of at least one xqy is immediate.

Example 3.4.3 Let Q C RY be a bounded domain with boundary O and let

U be a given function on Q = QU IO satisfying
mgx@EOand‘PSOon@Q

Define
K={vel (Q):v>VonQandv=0on 0N},

a convex set of functions which we assume is not empty, we seek a function

u € K for which

/[gradu]de :mz'n/ \gradv|*dx
Q veK [¢)

Assume such a u exist, we arque analogously to our previous example relying
again on the convezity of K. For any v € K, the sequence u + t(v — u) €

K, 0 <t <1, whence the function
o(t) = / \grad(u + t(v — u))|dz,0 < t <1,
Q

attains its minimum at t = 0. This implies that ®'(0) > 0, which lead to the

variational inequality
ue K: / gradugrad(v — u)dz > 0 Yv € K.
Q

The point set
I={ze€eQ:ulz)=VY(z)}

which is called the set of coincidence. Its presence distinguishes u. One inter-
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prets u as the height function of the equilibrium position of a thin membrane

constrained to lie above the body

{1, 2n41) con 1 S @(2), 2 € Q}

and with fixed height zero on Of).

Example 3.4.4 With Q and K as in Example 3.53.5, we ask for the element

u € K of least area, namely

/ V 1+ |gradul?dz = min/ V 1+ |gradv|?dx
[¢) veK 0

The associated inequality is

dugrad(v
we K - /gm“gm oy ©>0WeK.

V' 1+ |gradv|?

Among the examples considered, the first two may be solved by means of cal-
culus for they depend on a finite number of variation. The other example are
similar to problem of the calculus of variation since the competing functions

lie in an infinite dimensional space.

3.5 Nonlinear Mappings

This subsection deals with definitions of nonlinear mappings which will play
important roles in this work. We proceed as follows: Let E be a normed space.
A mapping T : D(T) C E — R(T) C E (where D(T) and R(T) denote the
domain and range of T respectively) is said to be L- Lipschitzian if and only if
there exists a constant L > 0 such that for all z,y € E, ||[Tx—Ty|| < L||lx—yl|.

The mapping 7' is said to be uniformly L — Lipschitzian if there exists L > 0
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such that for all z,y € £

|IT"x = T"y|| < L[z — y]|. (3.5.1)

A mapping T' : D(T) — R(T) is called asymptotically nonexpansive if and

only if there exists a sequence {k,}in [1,00) with lim &, = 1 such that for all
n—oo

z,y € D(T),n €N

||T"x — T™y|| < kpllx —y|| forall n e N. (3.5.2)

It is clear that every asymptotically nonexpansive mapping is uniformly L- Lip-
schitzian with L = sup,,»,{k,}. It is well known (Goebel and Kirk, 1972) that
the class of nonexpansive mappings is a proper subclass of class of asymp-
totically nonexpansive mappings. The class of asymptotically nonexpansive
mappings was introduced by Goebel and Kirk (1972), as an important gener-
alization of the class of nonexpansive mappings.

A mapping T : D(T) — R(T) is said to be asymptotically regular if and only
if for all z € D(T)

lim ||T""'z — T z|| = 0.
n—oo

It is said to be uniformly asymptotically regular if for any bounded subset C
of D(T)),

lim sup||T" 2 — T"z|| = 0.
nN—=RQpcC

A mapping G : D(T) C E — R(T) C E is said to be d-strongly accretive
if and only if there exists a § > 0 such that for all z,y € D(T) there exists

j(x —y) € J(z — y) such that

(Gz — Gy, j(x —y)) = d|lz — ylI* (3.5.3)

and the mapping G is called A-strictly pseudocontractive if and only if there
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exists A > 0 such that for all z,y € D(T), there exists j(x —y) € J(z — y)

such that
(Gr— Gy, j(x—y)) <z =yl = MUIT -Gz —(I-Gyl>. (3.5.4)

Let E be a real Banach space and let , A\ and 7 be positive real numbers
satisfying 6 + A > 1 and 7 € (0,1). Let G : E — E be a d-strongly accretive
and A-strictly pseudocontractive mapping then, (see (Piri and Vaezi, 2011))

for x,y € F,

(I = Gz — (I = Gyl < (V (1 =0)/A)|[x =yl

and

(I = BG)x — (I = BG)yl| < [1 = B(1 = /(1 =8)/N)]l|lz = yll,

that is, (I — G) and (I — SG) are contractive mappings.

Let E be a real Banach space and let K be a closed subset of E. A mapping
T : K — K is said to be demi-closed at the origin if for any sequence {z,} in
K, the conditions z,, = ¢ € K and Tz,, - 0 € K as n — oo we have that

Tq=0.

Theorem 3.5.1 (Lin et al., 1995) Suppose E is a Banach space satisfying
the local uniform Opial’s condition, C' is a nonempty weakly compact convex
subset of E/, and T : C' — (' is an asymptotically nonexpansive mapping. Then

(I-T) is demiclosed at zero.

Lemma 3.5.2 (Chidume, 2009) Let E be a real normed space. Then

llz +yll* < ll2ll* + 2(y, (= + y)),
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for all z,y € F and j(z +y) € J(z +y).

Lemma 3.5.3 (Suzuki, 2005) Let {x,} and {y,} be bounded sequences in a
Banach space F and let {f,} be a sequence in [0, 1] with 0 < liminf 3, <
limsup 3, < 1. Suppose that x,,1 = Byyn + (1 — Bn)x, for all integer n > 1

and im sup({[yn+1 = tnll = |lzn1 — 2all) < 0. Then, lim [Jy, — 2| = 0.
n—oo n e

Lemma 3.5.4 (Xu, 2002) Let {a,} be a sequence of nonegative real numbers

satisfying the following relation:
Ap+1 S (1 - an>an + QnOp + Yy M 2 0

where, (i) {a,} C [0,1], > a, = oo; (ii) limsup o, < 0;; (iii) v, > 0; (n >

0), > vn < 00. Then, a,, — 0 as n — oc.

Lemma 3.5.5 (Xu, 2003) Let E be a uniformly convex real Banach space.
For arbitrary r > 0, let B,(0) := {z € E : ||z|| < r} and X € [0,1], then there

exists a continuous strictly increasing convex function
9:[0,2r] = R, ¢g(0) =0

such that for every x,y € B,.(0), the following inequality holds:
1Az + (1= Myll* < Allz[]* + (1= Myl = AL = Ng(llz — yl])-

Lemma 3.5.6 (Chang et al., 2001) Let E be a uniformily convex Banach
space, K a nonempty closed convex subset of £ and T' : K — K be an

asymptotically nonexpansive mapping, then I — 7" is demiclosed at zero.

Lemma 3.5.7 ((Piri and Vaezi, 2011) and (Ali, 2011)) Let E be a real Banach
space and G : E — E be a mapping.
(i) If G is n — strongly accretive and p — strictly pseudo-contractive with

n+ > 1, then I — G is contractive with constant 4 /%.
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(i) If G is n — strongly accretive and p — strictly pseudo-contractive with
n+ p > 1, then for any fixed number x € (0,1), I — kG is contractive with

constant 1 — /1(1 — 1—;“)

3.6 Generalized Projection

Let E be a normed space and ¢ : E x E — [0,00) denote the Lyapunov

functional defined for all z,y € E by

S, y) = l2|[* = 2z, Jy) + [lylI*,

it is obvious from the definition of the function ¢ that

(Ul = [lyll)?* < é(z,y) < (2]l + llyl)*. (3.6.1)

and also
o(z,y) = o(x,2) + o(z,y) + 2(x — 2, Jz — Jy), Vx,y,z € E. (3.6.2)

Let E be a smooth, strictly convex and reflexive Banach space, let C' be a
nonempty, closed and convex subset of £ and T : C' — C' be a mapping. A
point p € C'is said to be a fixed point of 7" if and only T'p = p and it is called
an asymptotic fixed point of T if there exists a sequence {z,}°°,; C C such
that z,, = pin C and ||z,, — Tz, || — 0 as n — oco. The set of all fixed points of
T is denoted by F(T') and the set of all asymptotic fixed points of 7" is denoted
by F/(?)
Definition 3.6.1 (i) A mapping 7 : C' — C' is said to be relatively non-
expansive, (Matsushita and Takahashi, 2005) if and only if F(T) #
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(iii)

o(p, Tz) < ¢(p,x), Yz € C, pe F(T).

A mapping T : C' — (' is said to be quasi-¢-asymptotically nonexpansive
if F(T) # () and there exists a real sequence {k,} C [1,00), such that

k, — 1 asn — oo and

o(p, T"x) < kyp(p,x), V> 1, z € C, pe F(T).

A mapping T : C' — C is said to be generalized quasi-¢-asymptotically
nonexpansive if and only if F(T) # () and there exist nonnegative real
sequences {u,} and {v,} with v, — 0, v, — 0 (as n — oo) such that

forall x € C, p e F(T)

o(p, T"x) < (1 4+ un)d(p, ) + vy, ¥V > 1.

T is said to be quasi-¢-strictly pseudocontractive, Zhou and Gao (2010)

if and only if F/(T') # 0 and there exists a constant k& € (0, 1] such that

o(p, Tz) < ¢(p,x) + kop(x,Tx) ¥V o € C and p € F(T).

In particular T is said to be quasi-¢-nonexpansive if k = 0.

A mapping T : C' — (' is said to be asymptotically quasi-¢-strict pseudo-
contractive if and only if F(T) # () and there exist £ € [0,1) and a
nonnegative real sequence {u,} with u, — 0 (as n — o0) such that for

allz € C, pe F(T),

o(p, T"x) < (14 up)o(p,x) + ko(x, T"x), Vn > 1.
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(vi) A mapping 7' : C' — C is said to be generalized asymptotically quasi-
¢-strictly pseudo-contractive if and only if F(T) # () and there exists
k € [0,1) and nonnegative real sequences {u,} and {v,} with u, —

0, v, — 0 (as n — oo) such that for all x € C, p € F(T)

o(p, T"x) < (14 up)p(p,x) + kp(z, T"x) +v,, Y >1. (3.6.3)

Using (3.6.2) we get that (3.6.3) is equivalent to

1
1—k

oz, T"x) < [und(p, x) + vy + 2(x — p, Jz — JT"z)], (3.6.4)

(vil) A mapping 7' : C' — (' is said to be asymptotically quasi-¢-strict pseudo-
contractive in the intermediate sense, see Qin et al. (2012), if and only if
F(T) # 0 and there exists k € [0,1) and nonnegative real sequence {u,, }

with u,, — 0 (as n — oo) such that

limsup  sup <gb(p, T"x) — (1 + up)p(p, x) — kgb(z,T”x)) <0.

n—oo peF(T),zeC

(3.6.5)

Setting ¢, := Maﬁ{(), sup <¢(p, Tmz)—(1+4u,)o(p, x)—ko(x, T”x)) },

pEF(T),xeC
we trivially have ¢, — 0 as n — oo and so (3.6.5) become

o(p, T"x) < (1 +up)op(p,x) + ko(x, T"x) + ¢, ¥V > 1.

Thus, every asymptotically quasi-¢-strictly pseudo-contractive in the in-
termediate sense is a generalized asymptotically quasi-¢-strict pseudo-

contractive mapping.

It is known that if C' is a nonempty closed convex subset of a real Hilbert
space H and Py : H — C is the metric projection of H onto C, then Pg

is nonexpansive, that is for any z,y € H,||Pcx — Pey|| < ||z — y||. This
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fact actually characterizes Hilbert space and consequently, it is not available
in more general Banach space. In this connection, Alber (1996) introduced a
generalized projection operator Il in a space more general than Hilbert space

which is an analogue of the metric projection in Hilbert space.

Let C be a nonempty closed convex subset of a smooth, strictly convex, and
reflexive Banach space F, for all x € E, the generalized projection llo : E —
(' is a map that assigns to an arbitrary point z € E the minimum point of the

functional ¢(y, x) as y varies in C, that is, llcz = Z implies

o(z, x) = ming(y, ).
yeC

Existence and uniqueness of the operator Il follows from the properties of
the functional ¢(z,y) and strict monotonicity of the mapping J Alber (1996);
Alber and Reich (1994); Cioranescu (1990); Kamimura and Takahashi (2002);
Takahashi (2000).

In Hilbert space ¢(y, z) = ||y—z||? and II¢ coincides with the metric projection
Pc.

It is also known that if E is a reflexive, strictly convex and smooth Banach

space, then z,y € E, ¢(z,y) = 0 if and only if z = y.

Lemma 3.6.1 (Alber, 1996), Let C' be a nonempty, closed and convex subset

of a smooth Banach space E, and x € E. Then xy = IIox if and only if
(xg —y,Jo — Jxg) >0, VyeC.

Lemma 3.6.2 (Alber, 1996), Let E be a reflexive, strictly convex and smooth

Banach space, C' a nonempty, closed and convex subset of E/, and z € E. Then

oy, lez) + o(llez, z) < ¢y, x), Vye C.
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Generalized f-projection

Let G: C x E* — RU {400} be a functional defined as follows:

G(& p) = [[EII? = 2(& 9) + [1@l* +2p£(6), (3.6.6)

where £ € C,p € E*, p is a positive number and f : C' — RU {400} is proper,
convex and lower semi-continuous. From the definition of G and f, it is easy
to observe the following properties:

(i) G(&, ) is convex and continuous with respect to ¢ when ¢ is fixed;

(il) G(&, ¢) is convex and lower semi-continuous with respect to £ when ¢ is

fixed.

Definition 3.6.2 (Wu and Huang, 2006) Let E be a real Banach space with
its dual E*. Let C' be a nonempty closed and convex subset of . A mapping
Hé : B* — 2¢ defined by

&y ={ue C: Glu,p) = InfG(E0)} Vo € B,

is called a generalized f-projection operator.

Recall that J is single valued in a smooth real Banach space E. This implies
that for each x € E there exists a unique element ¢ € E* such that o = Jx.

Using this in (3.6.6), we obtain, in a real smooth Banach space,
G(& Jx) = [[¢]* — 2(&, Jz) + [[z]|* + 2pf (). (3.6.7)

With this, the generalized f-projection operator in a smooth real Banach space

can be defined as follows.

Definition 3.6.3 Let E be a real Banach space and C' a nonempty closed and

convex subset of E. We say that Hé . E — 2% is a generalized f-projection
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operator if and only if

he={ueC:Gu,Jr)= 5ingG(ﬁ, Jx)}, Ve € E.
S

For the generalized f-projection operator, Wu and Huang (2006) proved the

following basic properties:

Lemma 3.6.3 (Wu and Huang, 2006) Let E be a reflexive real Banach space
with its dual space E*. Let C' be a nonempty closed and convex subset of F|
then the following statements hold:

(i) Héap is a nonempty closed convex subset of C' for all p € E*,

ii) If £ is smooth, then for all ¢ € E* x € 11/ @ if and only if
c

(x—y, 00— Jx) +pfly) — pf(x) >0V y € C;

(iii) If E is strictly convex and f : C' — R U {400} is positive homogeneous
(i.e., f(tx) = tf(z) for all t > 0 with tz € C where z € ('), then I, is a single

valued mapping.

Fan et al. (2009) showed that the condition f is positive homogeneous which

appeared in Lemma 3.6.3 can be dropped. In fact they proved the following:

Lemma 3.6.4 (Fan et al., 2009) Let E be a reflexive real Banach space with
its dual space E* and C' a nonempty closed and convex subset of F. If F is

strictly convex, then Hé is a single valued mapping.

The following definition follows from the relations between ¢ and G.

A multi-valued mapping T : C' — 2¢ is
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(i) relatively nonexpansive if F(T) # (), F(T) = }f{(?) and

G(p, Jw) < G(p,Jx), YVxr € C, pe F(T), x € C, and w € Tx.

(ii) called total quasi — ¢ — asymptotically nonexpansive with respect to f
if F(T) # (0 and there exist nonnegative real sequences {u,} and {v,} with
up — 0,u, — 0 (as n — o0) and a strictly increasing continuous function

¢ : RT — R* with ¢(0) = 0 such that for all z € C, p € F(T)
G(p, Jw,) < G(p, Jz) + u,((G(p, Jx)) + vp,, Y0 > 1, w, € T"z. (3.6.8)

Lemma 3.6.5 (Li et al., 2010) Let E be a Banach space and f : E — R U
{+00} be a lower semi-continuous convex functional. Then there exist z* € E*

and o € R such that for all z € F
f(z) > (z,2") + a.

Lemma 3.6.6 (Liet al., 2010) Let C' be a nonempty, closed and convex subset
of a smooth and reflexive Banach space E. Then the following statements hold:
(i) forall z € E Héx is a nonempty, closed and convex subset of C

(i) for all z € E, & € [Tl if and only if
(@ -y, Jo—Jz)+pfly) —pf(2) 20, VyeC;

(iii) if F is strictly convex, then Héx is a single valued mapping for each x € F.

Lemma 3.6.7 (Liet al., 2010) Let C' be a nonempty, closed and convex subset

of a smooth and reflexive Banach space E. Let x € F and = € Héx, then

oy, z) + G(&, Jx) < Gy, Jx), Vy e C.
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Lemma 3.6.8 (Kamimura and Takahashi, 2002) Let C' be a nonempty closed
and convex subset of a smooth uniformly convex Banach space E. Let {x,}2,
and {y, }>2 ; be sequences in E such that either {z,}>° , or {y,}°°, is bounded.

If lim ¢(z,,y,) = 0, then lim ||z, — yn|| = 0.
n—00 n—oo

Lemma 3.6.9 (Chang et al., 2010) Let E be a uniformly convex real Banach

space. For arbitrary r > 0, let
B, (0) ={x e E:||z|| <r}.

Then, for any given sequence {z,}>°, C B,(0) and for any given sequence
{An}52, of positive numbers such that >~ ° A; = 1, there exists a continuous

strictly increasing convex function
9:[0,2r] = R, g(0) =0

such that for any positive integers ¢,7 with ¢ < j, the following inequality

holds:

hares
n=1

9 00
< Mallzal P = Mgl — ).
n=1

3.7 Bregman Projection

Let f: E — (—o00,4+00| be a convex and Gateaux differentiable function. The

function Dy : domf x int domf — [0, +00) is defined as follows:

Di(y,x) = f(y) — f(z) — (y — z, Vf()) (3.7.1)

called the Bregman distance with respect to f ( Censor and Lent (1981)). The

geometric significance of the Bregman distance in 2-dimension is illustrated by
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Figure 1.1.1 below. The Bregman distance is the vertical distance at y between

the graph of f and the tangent to the graph of f in z.

f(z)

/ h{z)

o D (x )

flx)

h{x)

fly)

Figure 3.7.1: The significance of the Bregman distance

from the Figure, we get

Dy(z,y) = f(x) — h(z)

(3.7.2)

but, at y, f(y) = h(y) and since the gradient of a straight line is unique at

any point on the line, so

Vi(y) = Vhly) = %Z@)
_ W@) - fy)
T—y

which implies

using this in (3.7.2), we obtain

Dy(z,y) = f(x) = fly) — (x —y)Vf(y).

It is obvious from the definition of D; that

Dy(z,2) = Dy(2,y) + Dy(y, 2) + (x =y, V(y) = V(2)).
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Recall that the Bregman projection (Bregman, 1967) of « € int dom f onto the
nonempty closed and convex set C' C domf is the necessarily unique vector

Pl(x) € C satisfying
Dy(Pl(x),x) = nf{D;(y, ) : y € C}.

A mapping T is said to be Bregman firmly nonexpansive ( see (Reich and

Sabach, 2011)) if for all x,y € C,
(Vf(Tz) =V [f(Ty), Tx — Ty) < (Tx = Ty,V f(z) = Vf(y))
or equivalently,

Dy(Tz,Ty) + Dy(Ty, Tx) + Dy(Tw,x) + Dy(Ty,y) < Dy(T'w,y) + Dy(Ty, x).

Let f: F — R, a mapping T": C' — C is said to be Bregman relatively non-
expansive Matsushita and Takahashi (2005) if F(T) # 0, F(T) = F(T) and
D¢(p,T(x)) < Dy(p,x) for all z € C and p € F(T). Themap T : C' — C'is
said to be Bregman weak relatively nonexpansive if F(T) # 0, F(T) = F(T)
and Ds(p,T(x)) < Ds(p,x) for all z € C'and p € F(T). T is said to be quasi-
Bregman relatively nonexpansive if F(T) # (), and Ds(p,T(x)) < D¢(p, x) for
all z € C and p € F(T).

In Reich and Sabach (2010), quasi-Bregman relatively nonexpansive is called
left quasi-Bregman relatively nonexpansive. A map T : C' — C' is called
right quasi-Bregman relatively nonexpansive by Martin-Marquez et al. (2012)
if F(T) # 0, and Dy(T(x),p) < Dy(z,p) for all z € C and p € F(T). T is
said to be quasi-Bregman strict pseudo-contractive if there exists a constant
k €[0,1) and F(T') # 0 such that D¢(p, Tx) < Dy(p, ) + kDy(z,Tx) for all
x € C' and p € F(T). In particular, T is said to be quasi-Bregman relatively

nonexpansive if £ = 0 and T is said to be quasi-Bregman pseudo contractive
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it k=1.

Let f : E — (—o00,+00] be a convex and Gateaux differentiable function.
The function Dy : domf x int domf — [0,+00). Concerning the Bregman

projection, the following are well known.

Lemma 3.7.1 (Reich and Sabach, 2009) If f : E — R is uniformly Fréchet
differentiable and bounded on bounded subsets of E, then V f is uniformly
continuous on bounded subsets of E from the strong topology of E to the

strong topology of E*.
Definition 3.7.1 (Bauschke et al., 2001) The function f is said to be:

(i) essentially smooth, if df is both locally bounded and single-valued on its

domain.

(ii) essentially strictly convex, if (0f)~! is locally bounded on its domain and

f is strictly convex on every convex subset domdf.
(iii) Legendre, if it is both essentially smooth and essentially strictly convex.
Proposition 3.7.2 Let E be a reflexive Banach space. Then we have

(i) f is essentially smooth if and only if f* is essentially strictly convex (see

(Bauschke et al., 2001), Theorem 5.4).
(i) (8f)~' = df* ( Bonnans and Shapiro (2000))

(iii) f is Legendre if and only if f* is Legendre, (Bauschke et al. (2001),
Corollary 5.5).

(iv) If f is Legendre, then V f is a bijection satisfying
Vf = (Vf) Y ran Vf =dom Vf* = int dom f* and ran Vf* =
dom f = int dom f, ( Bauschke et al. (2001), Theorem 5.10).
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Examples of Legendre functions were given in Bauschke et al. (2001), Bauschke
and Borwein (1997). One important and interesting Legendre function is
]%H “]|P (1 < p < 00) when E is a smooth and strictly convex Banach space.
In this case the gradient V f of f coincides with the generalized duality map-
ping of E, ie., Vf = J, (1 < p < o0). In particular, Vf = I the identity
mapping in Hilbert spaces. In the rest of this chapter, we always assume that

[+ E — (—o00,+00] is Legendre.

Lemma 3.7.3 (Butnariu and Resmerita (2006)) Let C' be a nonempty, closed
and convex subset of a reflexive Banach space E. Let f : E — R be a Gateaux

differentiable and totally convex function and let x € E. Then
(a) z = PL(x) if and only if (y — 2, Vf(z) — Vf(2)) <0, Vy € C.
(b) Dys(y, Pi(w)) + Dy(Pé(x),x) < Dy(y,x), Vo € E, y € C.

Let f : E — (—o00,+00] be a convex and Gateaux differentiable function.
The modulus of total convexity of f at € int domf is the function v (z,-) :

[0, 4+00) — [0, +00] define by

vi(x,t) = inf{Ds(y, ) - y € domf, |ly — z[| = £},

The function f is called totally convex at x if and only if and only if vs(z,t) > 0
whenever ¢ > 0. The function f is called totally convex if it is totally convex
at any point z € int domf and is said to be totally convex on bounded sets
if vf(B,t) > 0 for any nonempty bounded subset B of E and ¢ > 0, where
the modulus of total convexity of the function f on the set B is the function

vy :int domf x [0, +00) — [0, +00] defined by

vf(B,t) ;= inf{vs(x,t) : € BNdomf}.
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Lemma 3.7.4 (Resmerita, 2004) If = € domf, then the following statements

are equivalent:
(i) The function f is totally convex at z;

(ii) For any sequence {y,} C domf,

lim D¢(yn,z) =0= lim ||y, —z| =0.
n—+00

n——+o00

Recall that the function f is called sequentially consistent by Butnariu and
Resmerita (2006) if for any two sequences {x,} and {y,} in E such that the
first one is bounded

lim D¢(yn,z,) =0= lim ||y, —z,|| =0.
n—-+00

n—-+00

Lemma 3.7.5 (Butnariu and Tusem, 2000) The function f is totally convex

on bounded sets if and only if the function f is sequentially consistent.

Lemma 3.7.6 (Reich and Sabach, 2010) Let f : E — R be a Gateaux differ-
entiable and totally convex function. If zy € £ and the sequence {D(z,, zo)}

is bounded, then the sequence {z,} is bounded too.

Lemma 3.7.7 (Reich and Sabach, 2010) Let f: E— R be a Gateaux differ-
entiable and totally convex function, g € E and let C' be a nonempty, closed
and convex subset of E. Suppose that the sequence {x,} is bounded and any
weak subsequential limit of {z, } belongs to C. If Dj(x,, 7o) < D(PL(x0), xo)

for any n € R, then {z,} converges strongly to P/(z).

Lemma 3.7.8 (Reich and Sabach, 2010) Let E be a reflexive real Banach
space, f : E — (—o0,+00] be a proper lower semi-continuous function, then

f*: E* — (—00,400] is a proper weak* lower semi-continuous and convex
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function. Thus, for all z € E, we have

Dy(z,V f*(ZtN fx) < Ztin(z,mi). (3.7.4)

In order to solve the equilibrium problem, let us assume that a bifunction

g : C x C — R satisfies the following condition ( Blum and Oettli (1994)).
(A1) g(x,x) =0, Yz € C.

(A2) g is monotone, i.e., g(z,y) + g(y,x) <0, Vz,y € C.

(A3) limsupog(z +t(z —2),y) < g(x,y) Vz,2,y € C.

(A4) The function y — g¢(z,y) is convex and lower semi-continuous.

The resolvent of a bifunction ¢ ( Combettes and Hirstoaga (2005)) is the

operator Resg : B — 2¢ defined by
Resg(x) ={z€C:g9(z,y) +(Vf(z) = Vf(x),y—2) >0, Vy € C}.(3.7.5)

From (Lemma 1, in Reich and Sabach (2010)) if f : (—oo, +o0] is a strongly
coercive and Gateaux differentiable function, and ¢ satisfies conditions (A1)-
(A4), then dom(Res/) = E. The following lemma gives some characterization

of the resolvent Resg.

Lemma 3.7.9 (Reich and Sabach, 2010) Let E be a real reflexive Banach
space and C' be a nonempty closed convex subset of E. Let f : ' — (—o0, +00]

be a Legendre function. If the bifunction g : C' x C' — R satisfies conditions

(A1)-(A4). Then, the followings hold:
(i) Resg is single-valued;

(ii) Resg is a Bregman firmly nonexpansive operator;
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(ili) F(Res}) = EP(g);
(iv) EP(g) is closed and convex subset of C;

(v) for all z € E and for all ¢ € F(Res]), we have

Dy(q, Res!(z)) + Dy(Res!(z),z) < Dy(q,z). (3.7.6)
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CHAPTER FOUR

MAIN RESULTS

4.1 Families of Asymptotically Nonexpansive
Mappings

In this section, we introduce a new modified iterative scheme for approximation
of common fixed points of family of asymptotically nonexpansive mappings and
solutions of some variational inequality problems and prove strong convergence
theorem that extend and generalize some recent results. The result of this
section particularly, is applicable in [, and/or L, spaces (1 < p < o0). The

following theorems

Theorem 4.1.1 Let E be a real Banach space whose duality map is weakly
sequentially continuous. Let G : E — FE be an n-strongly accretive and ji-
strictly pseudocontractive with n+ > 1 and let f : E — E be a contraction
with coefficient o € (0,1). Let {T;}52, be a family of uniformly asymptotically
reqular asymptotically nonexpansive self mappings of C with sequences {vy,}
such that vy, — 0 asn — oo for eachi > 1 and F = (2, F(T;) # 0 . Assume
that ~ € <O,min{i,n}>, where 7 = (1 — \/%) Let {a,}oo, {Bn}>2,
and {0;,}5° 1,1 =1,2,... be sequences in (0,1), and suppose that the following

conditions are satisfied:
(C1) lim 8, =0 and lim E—” =0, where v, := sup{vi,}
n—00 n—00 F1 i>1

(C3) lima, =0 and (C4) > 2 0im i =1—a,

For some fixzed § € (0,1) and arbitrary xo € C, let {x,}5°, be a sequence
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defined iteratively by xq € C' chosen arbitrarily,

Tnpr = [1=0(1 = ap)]rn + 63 5, 0T 'yn 1 > 0.

(4.1.1)

Then, {x,}5°, converges strongly to p € F, where p is the unique solution of

the variational inequality problem

(vf(p) —Gp,j(g—p)) <0, VqeF. (4.1.2)

Proof. From the choice of v, (G—~f) is strongly accretive, then the variational
inequality (4.1.2) has a unique solution in F'. We show that {z,} is bounded.

Let p € F, since 2= — 0 as n — 00, it implies that ( — 0 as n — o0,

Un
671 14vp )671

then there exists ng € N such that (1+Zn)ﬂ < =%, for all n > ng. We now

estimate as follows

yn —pll = IBn(vf(20n) — Gp) + (I = B.G)(zn — D)
Bullvf(zn) — Gpl| + (1 = BuT) |20 — pl|

< (1= Bulr =)l = pll + Bal F () = Gpll. (4.13)

IN

Using (4.1.3), we obtain that

|znir — 2l = ([ =61 —an)](z, —p) + 5Zcrm(T{‘yn ol
< 1= 001 = an)ll[zm — pll + 6(1 — o) (1 + 1)y — |

IN

1= 31— @) + (1 = @) (1 + v)[1 = Bu(r = 70| [l — 1l
+0(1 = an)(1+ va)Bull7f (0) — Gl
1+ 01— an)on = Bad(1 = @) (1 +v) (7 = 70)] [l = 1l

+0(1 = an)(1 4 vn)Bull7f (p) — G|
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IN

(1= 6261 = @)1+ 0) (7 = 70) = =2l — 5

(1 +va)Bn
n -G
5,00 = @)1+ ) (7= 90) = e )QM;@W pll
-G
< maX{H.iEn—PW 2“7{-(11)704 pH}

By induction, we obtain

2|7/ (p) _GPH} v n > n.

e = pll < maxc { [, = pll
T — Yy«

Hence {z,} is bounded. Also {f(z,)},{G(xn)}, {yn}, {T7x,} and {T7*y,} are
all bounded.

Define two sequences by 7, := (1 — 0)a,, + § and z, = %(aznﬂ — Ty + Yaun)-

From the recursion formula (4.1.1), observe that

1
Zn = _(5 Z O-ml-z—;nyn + anxn)

Tn =1
which implies that
1 n—+1
Zn+l — Zn = [52 Tint1 L] Ynt1 + an+1$n+1:|
Tn+1 =1
1
Tn =1
J ZZ Oin+1
_ >1 (En+1yn+l o T;n—Q—lyn)
7n+1
0 i Oin
+—Zl21 = (Ti"“yn — Ti”yn)
’Yn+1
d i>1 Jin J i>1 Tin
+< 2121 +1 ZzZl >T;"yn
Tn+1 Tn
+O[n+1 $n+1 - %xn
Tn+1 Tn
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therefore

l|2ne1 — znl| < —6 nyz;:mﬂ ‘ T i — Ty
+(5 Zf;:_:—erl ‘ Tinﬂyn Ty,
[Pl Tty
2 nall + 2 |
< ) s —
+52i;—fw‘ Ty, — Ty,
+’ 0 Zi;:lfmﬂ B 0 Z;Z: Oin HTZnynH
+O‘:: | + %Hxnn. (4.1.4)

but
Ynt1 = Yn = ﬁnﬂ’Y(f(a?nH) - f(%)) + (5n+1 - 5n) v (@)
"‘(([ — Bn1G)Tn — (I — ﬁnHG)xn)
+(( = Ben@)a, = (I = B.G)a, ).
so that

||yn+1 - ynH S ﬁn+17a||xn+1 - an + |Bn+1 - BnHlfyf(xn)H
+(1 = BopaT)|zns1 — 2ol + |Brar — Ball|G (0]
= [1 = Bun1(T —v0)][|Tn41 — 2|

HBus1 = Bal [l f ()l + 11G ()] (4.1.5)
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Using (4.1.5) in (4.1.4), we obtain that

|zn41 = Znll = [l Zn41 — @nl|
0(1 — a,
() 1 4 1)1 = Bra (7 = 50)] = 1) s —
Tn+1
(1 — (67 1)
+<—+(1 + V1) Basr = Bal [y f (@n)l| +1|G ()]
Tn+1
0 i1 Uin+1‘ T4y — Ty
+
’7n+1
+‘ 0 Zi21 Tin+1| |17 Yul| B 5Zi21 Tin| |17 Ynl| ‘
Fn+1 Tn
An41 79
+——l[znl] + —Ilzal]
n+1 n
0(1 —
< (M) )1 = (e = 90)] = 1) e — ol
Tn+1
5(1 — Oy, 1)
+T1+(1 + Ui 1) Bt = Bal [l[7f ()] + |G ()]
d Zi>1 Oin+1 Tinﬂyn —T'yn
n >
Tn+1
o1 —ay, ol —a,
+‘ ( Q +1) N ( -~ ) M*
TYn+1 Tn
Opt1 079
+——l[@nall + —lzal]-
n+1 Tn
for some M* > 0 and this implies
limsup(||zns1 = zal| = [[#n1 — 2al]) <0,
n—oo
and by Lemma 3.5.3, we have
lim ||z, — 2,|| = 0.
n—oo
Hence
l|Zni1 — Zul] = (1 = )20 — z0|| = 0 as n — 0.
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From the recursion formula (4.1.1), we obtain
520in\\ﬂ”yn — x|l = ||Tps1 —xnl] =0 as n— oc.
i>1
This implies that for each i > 1,
i 177 = 2| =0 (4.7
Also, from the recursion formula (4.1.1), we obtain
yn = @nll = Bull7f(2n) — G(zn)|| = 0 as n — oo (4.1.8)
which implies that for each i > 1,
T Yn = ynll < [Ty — 2l + |20 —ynl| = 0as 0 200 (4.1.9)

From (4.1.6) and (4.1.8), for each i > 1, we obtain

T w0 — wnll < [T = Tynl| + (1T Y0 — 2l

< (T4 v)llzn — yull + 1T yn — 20| — 0 as n — 6&1.10)

Therefore
[ Tivn —xal| < ||Tiw, — Tz‘nHQSnH + HTz’onn - Tz'onn—i-lH
+“ﬂn+l$n+l = Tnpa|| + [|Tns1 — nl|
< Lillzn — Tl + (2 + o) || 2041 — 2|

+‘|T'in+1xn+l - anrlHa
for each ¢ > 1, also by using (4.1.7) and (4.1.10), we obtain
lim ||T;x,, — x,|| = 0 for each i > 1. (4.1.11)
n—oo
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we also have

< (U4 Lo)llyn = @all + [ Tiwn — all.
This implies that,
nh_>nolo\|ﬂyn — Yn|| = 0 for each i > 1. (4.1.12)
Let {yn, } be a subsequence of {y,} such that

limsup(vf(p) = G(p), 7 (yn = p)) = him (vf(p) = G(p): j (Y, —p)) (4.1.13)

n—o0

and assume without loss of generality that y,, — 2z € E. By Remark 3.2.1
and Theorem 3.5.1, (I — T;) is demiclosed at zero for each i > 1, so z € F.

Since the duality map of E' is weakly sequentially continuous, we obtain

limsup(vf(p) — G(p), j(yn —p)) = lim (vf(p) — G(p),j(Yn, — D))

n—00 k—o00

< (vf(p) —G(p), j(z —p)) < (4.1.14)

We now conclude by showing that x,, — p as n — oco. Since 2= — 0 as n — o0,

6n

if we denote by w, the value 2v, + v2, it implies that m — 0 asn — oo,
then there exists ng € N such that a Jﬂjl)ﬁn < T_SW, for all n > ngy. From
recursion formula (4.1.1), we obtain
| —plP = |I[1 =601 — )] (n —|—(5ZJW Yn — p)|I?
i>1
< =601 = a)]llzn = plP + 8> 0l T yn — plI”
i>1
< =001 = a)llzn = pl* +0(1 = an) (L + va)?[lyn — plI*
< [1=0(1 = a)llfan — plf?

+0(1 = an) (L +w,) | [18a(7.f (20) = Gp) + (I = BaG)(z0 — p)II*
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IA

(1= 501 = an)llzn =PI +6(1 = )1+ wn) [(1 = BTl — I
+28,(1f (2n) = Gp, iy — )]

(1601 = o) + 6(1 = ) (1 +w) (1 = Bur)] [ — o2

IN

+28,0(1 — a) (1 4 wn)val|z, — pl[l[yn — Dl
+28,0(1 = a,) (1 4w, ) (v f(p) — GP, j(Yn — D))

1= 0(1 = an) +8(1 = @) (1 +w,)(1 = B7)] lln — I

IN

+26,0(1 — ) (1 + wn)ya |z, — plf?
+2ﬁn5<1 - an)(l + wn)7a||$n - p||||yn - mn||
+2ﬁn5<1 - an)(l + wn)<’7f(p) - Gp?j(yn - p)>

1= 01— ) + 8(1 = @)L+ wn)(1 = Bolr — 2yal) |l — I

IA

+23,8(1 = @) (1 + w)yalla = pllllyn — 2
+20300(1 — an)(1 4+ wn ) {7f (p) — G, j(yn — )

= |1 b= an) 1+ wa) (= 200) = i) flhen = 1P
+20300(1 — an)(1 +wn ) {7 f(p) — Gp, j(yn — )

+26,0(1 — an) (1 + wn )yl [zn = pllllyn — 22|

= [1- 8000 - )1+ w) (= 290) = el
+5,0(1 — ay,)(1 + wn)<(7' — 2ya) — § +u;;)5n> X

2[(vf(p) = Gp, j(yn = P)) + 0|20 — pllllyn — 2all]

((r = 290) = (wn/ (1 +w,)8,))

Observe that Y 5,0(1 — a,,) (1 + wy,) ((7’ — 2ya) — M}W) = 00 and

2[00 f(p) = Gp, j(yn = p)) + vl = Pllllyn — %H]) <0
((r = 290) = (wa/(1 +w)8,)) )

lim sup (

Applying Lemma 3.5.4, we obtain ||z, — p|| — 0 as n — oo. This completes

the proof. O
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The following corollaries follow from Theorem 4.1.1.

Corollary 4.1.2 Let E.G, f, F,C,{a,}32, and {B8,}>2, be as in Theorem
4.1.1. Let {T;}°, be a family of nonexpansive self mappings of C. Assume
that v € (O,min{i,n}), where T := (1 — 1;#”) For some fized § € (0,1),

let {x,}22, be a sequence defined iteratively by xo € C' chosen arbitrarily,

Tp+1 = [1 - 5(1 - an)]ajn + ) Zizl Uinﬂyna

Yn = 6n’7f(xn> + (I - 6nG)xn7 n Z 0.

(4.1.15)

Then, {x,}5°, converges strongly to p € F, where p is a solution of the vari-

ational inequality problem (4.1.2).

Corollary 4.1.3 Let E = H a real Hilbert space and G, f, F, C,{a,}22 , {T;}2,
and {Bn}22, be as in Theorem 4.1.1. Let {T;}2, be a family of nonexpansive

self mappings of C. Assume that vy € (0, min{ -, 77}), where 7 := (1 — 17777)
Let {x,}22, be a sequence defined as in (4.1.15). Then, {x,}>2, converges

strongly to p € F', where p is a solution of the variational inequality problem

(4.1.2).
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Theorem 4.1.4 Let E be a reflexive real Banach space with a uniformly
Gateaux differentiable norm. Let G : E — E be an n-strongly accretive and
w-strictly pseudocontractive with n+pu > 1 and let f : E — E be a contraction
with coefficient € (0,1). Let {T;}2, be family of uniformly asymptotically
reqular asymptotically nonexpansive mappings of E into itself with sequences
{vin} such that vy, — 0 as n — oo for each i > 1 and F = (.2, F(T;) # 0.
Assume that 0 < v < g5, where 7 := (1 — \/ITT”) Let {a, }22, {Bn}2, and
{oin}iy,i =1,2,3,... be sequences in (0,1), and suppose that the following
conditions are satisfied:

(C1) nh—>noloﬁn =0 and JLH;OE_Z =0, where v, 1= szl>111){vm}

(C2) 32° Bn = o0
(C3) lima, =0 and (C4) Y72 0m=1—ay
n—oo

For some fived 6 € (0,1), let {z,}3°, be a sequence defined by xo € E chosen

arbitrarily,

Yn = 5717]0(3711) + (I - ﬂnG)xm
Ty =1[1—=0(1 — )]z, + 522.21 oIy, n>0.

(4.1.16)

then {x,}5°, converges strongly to p € F, which also solves the following

variational inequality:

(vf(p) = Gp.j(g—p)) <0, VgeF. (4.1.17)

Proof. First, we show that {z,} defined by (4.1.16) is well defined. For all

n € N, let us define the mapping

Tlr:=[1-06(1—an)]z+06 Y ounTl[Buvf(z)+ (I — BuG)al.

n>1
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Indeed, for all z,y € F, we have

ITx =TIyl < [1—5(1—an)]\\$—y\|+5fom\|Ti”[ﬂwf(x)+(I—Bn)w]
=T [Py f(y) + (I — m)yﬂllZl
< [1=0(1 = aw)]llz = yll +0(1 — o) (1 + vn)
X[Bayllf () = F)l + I(1 = BuG)z — (I = BuG)yll]
< [1=0(1 = aw)]llz =yl +0(1 — o) (1 + vs)

% [ByBllz = yll + (1= 750 | =yl
= (1=001 = @) +6(1 = an) (1 +va)[1 = Bulr = 18)] )l — ]

— <1 — (1 — ) [Bu(L +v,) (T —B) — Un]>||$ —yll.

Since, lim [B,(1 4+ v,)(T — vf5) — v,] = 0, then there exists ny € N such that
n—oo

[Brn(l+v,)(T—78) —v,] < e € (0,1) for all n > ng. Thus, for n > ngy, we have

01— an)[Bn(I +v)(T —4B8) —vn] < (1 —ay)e < 1,

therefore, for n > ngy, we obtain

1—6(1 = an)[Bu(l + o) (T —9B) —v,] < 1.

Hence,

1T = Tyl < |lz = yl|.

Thus, {z,} defined by (4.1.16) is well defined.
Therefore, by the contraction mapping principle, there exists a unique fixed

point z,, € E of T which satisfies (4.1.16).

Now, from the choice of the parameter -, it is easy to see that the mapping
(G—~f) : E — Eisstrongly accretive and so the variational inequality (4.1.17)

has unique solution in F. Let p € F, since 22 — 0 as n — oo, it implies that

— 0 as n — oo, then there exists ng € N such that ( G

Un
(1+Un)ﬁn 1+'Un)6n 2
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for all n > ny.

yn —pll = IBu(vf(20) — Gp) + (I = BuG) (0 — D)
< Ballvf(wn) = Gpl| + (1 = Bu1)||2n — pl|

< (1= Bulr =8 llww = pll + Bul v (0) = Gpll. (4.1.18)

From (4.1.16), we obtain

e = pll = 1111 =501 = @) = p) + 6 00l = D)
< (1= 00 = anllea = pll + 31 = @) (1 -+ v)l g — ol
< 100 - au) + 60— @)1+ 0L = Bu(r = 18]l — ]
+0(1 = apn)(1 4 vn) Bul 7 f (p) — Gl
= |14 8(1 =)o = Bu8(1L = €)1+ ) (7 = 18)]llan — pl]
+0(1 = an)(1+ ) Bl (p) — Gl
< 1800 = )1+ u) (= 8) = e )l 2
#8a0(1 = a1+ ) (= 98) — ) AL
Therefore,

2 flp) = Gpll -,
T—98

||2n — pl| < n 2 no.

Hence {x,} is bounded. Also {f(x,)},{G(xn)}, {yn}, {T)*x,} and {1y, } are

all bounded for each ¢ > 1.

Also from (4.1.16),
Yn — Znl] = Ballvf(22) — G(2,)]| = 0 as n — oco. (4.1.19)
which implies that

53 0wl Ty — vl = 51— @)l —yal| 5 0 a5 oo,
i>1
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hence, for each i > 1, we have
lim | T2 — | = 0. (4.1.20)
n—oo

Since

Tiyn —ynll < NTiyn — T(Tyn) | + | Ti(T Yn) — T Ynll + T3 Y0 — Yl

< (Li+ Dlyn = Tyl + 1Ty — Tyl (4.1.21)
From (4.1.20) and asymptotically regularity of T}, for each ¢ > 1 we obtain
T [T — gl = . (4.1.22)
Also

T 20 — 2nll < T w0 = Tyl + 1T Y0 — ynll + |yn — 22l

< (vn + Dlyn = @all + 11790 — vall,
from (4.1.19) and (4.1.20), for each ¢ > 1, we obtain
lim ||T]*x, — z,|| = 0. (4.1.23)
n— o0

Following the same argument of (4.1.21) and (4.1.22) and using (4.1.23), we

obtain
lim ||T;x, — x,|| =0, for each > 1. (4.1.24)
n—oo

Define a map ¢ : F — R by

(b(y) = /anHyn - y||27 Vy e k.
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Then, ¢(y) — oo as ||y|| — oo, ¢ is continuous and convex, so since F is

reflexive, there exists ¢ € E such that ¢(q) = miggzﬁ(u). Hence, the set
ue

K*:={y € B ¢(y) = ming(u)} # 0

Since lim ||y, — Tyynl| = 0, lim ||y, — T/"y,|| = 0, for any m > 1 and each
n—oo n—oQ
¢ > 1, by induction. Now let v € K*, we have
lim (ﬁ(Tﬂ)) = lim Nn“yn - TiUH2

= h_>m ol [Yn — Ty + Tiypn — TiUH2

< Jim (14 o)y = v[[]* = Tim 6(v),
n—00 n—00

and hence T;v € K*.
Now let z € F, then z = T;z. Since K* is a closed convex set, there exists a

unique v* € K* such that

||z —v*|| = min||z — ull.
uceK*
But
lim ||z — Tw*|| = lim||Tiz — Too*|| < lim (14 v,)||z — 07|,
n—oo n—oo n—oo

which implies v* = T;v* and so K* N F # ().

Without loss of generality, assume that ¢ := (G —vf)p € K* N F(T). Let
t € (0,1). Then, it follows that ¢(p) < ¢(p — t(G — vf)p) and using Lemma

3.5.2, we obtain

yn — 0+ t(G =7 /)pI* < lyn — pII? + 26((G = 7f)p, j(yn — P + (G — 7 f)p))
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which implies that

(v f = G)p. j(yn —p + (G — 7 f)p)) < 0.

Moreover,

(V= G0, j(yn — ) = (VS = G)D, 5 (Yn — D) — (Yn — 0+ (G —7[)p))
(v f — G)p, j(yn — P + (G =7 f)p))

< (W =GP, (Y — ) = G (Yn —p + (G =~ f)p)).

Since j is norm-to-weak* uniformly continuous on bounded subsets of E, we

have that

pn((V.f = G)p, j(yn — p)) < 0. (4.1.25)

Now, from (4.1.16), we obtain

|[Yn _pH2 = |[Buvf(@n) + (I = BuG)zn — pHQ
= (I = BuG)an — (I = BuG)p + Bulvf(25) — Gp)|”

< H(I - 5nG)xn - ([ - ﬁnG)pHQ + 2ﬁn<7f(xn> - Gp7j(yn - ]))>

IN

(1= 78a)lfwn = pI* + 28 (v f (20) = 7 (), 5 (Y = P))
+28,(vf(p) — Gp, j(yn — p))

(1 = 78a)|lzn = pI* + 28:78za — pllllyn — pl]
+28n(7f () = Gp, j(Yn — P))

[1 = Bulr = B))|n = pII* + BavBllyn — plf?

+2Bn(vf(p) — Gp, j(yn — p))

IN

IA
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Therefore

. 2 1_ﬁn(7—_76) . 2 2ﬁn
yn — pII* < 5.0 || — pll t 155

ﬁn[T — 2’75] 2 5n .
= (1= e bl 4 =55 0 0) = Gl) e 400)26)

(vf(p) = G(p),j(yn — p))

From (4.1.16) and (4.1.26) by denoting w, for 2v, + vZ, we obtain

o =plf = 000l ) +0 3 ol I
< (1601 - alllan - pl* + 5ioinr|n”yn P
< (1= 501 = collen — plF + 501 — )1+ 13 ol
(1= 601 = an)]lfn — I + 61— an)(1+ )l — ol
< [1-6(1 - alllan - plP
+6(1— a(+ ) (1= ZEZ A,
+3(1 = @)L ) T (1) = G0, o — )

= [1 —0(1 — ) (1 +wy)

571 wn<1 B 6n76)
T8 ([T — 298] — m)] |20 — pl|?
28,

(L= ) (1 ) = (1 () = Gp). (0~ 1)

Un

B

exists ng € N such that = T wn(1=5 ;gf ) < 7_2276 , for all n > ng. This implies

— 0 as n — oo, it implies that L2U0=5235) _ a5 n — oo, then there

Since EEETmIEn

2(vf(p) = G(p), 5 (yn — P))

Wn (1—PBn
([T — 2vpB] — —1(+wf)gf_)>

|0 = plI* <

and so from (4.1.25), we obtain

fin] |z — pl|* < 0.
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Thus there exists a subsequence say {z,, } of {z,} such that klim Ty, = p, from
—00
(4.1.19) we obtain klim Yn, = p. Next, we show that p solves the variational
—00

inequality (4.1.17). Indeed, from the relation (4.1.16)

Yn = 5n7f(xn) + ([ - ﬂnG>Q3n

we get

(Glyn) — 7 () = —é(l  BaC) g — ).

So, for any z € F we obtain

(Gyn) = 1F (@), (g — 2)) = ‘i“l — BaG)n — ), i — 2))
- —%@n (G — 2)) + (Gt — 7). 5 — 2))
1

_ _mw;am(% = T'Yn), 5 (Yn — 2))

+<G(yn - xn)a](yn - Z>>
0y vl — T = 6> il — T2, (g — 2))

_ﬁ”(S(l — Q) i>1 i>1

+<G(yn - mn)a](yn - Z)>
1

= 35 a0 ) —2) 5;%(2”% —T7'2),§(yn — 2))

G (Yn = ), J(Yn — 2))

1
- = (s(1- — 2 iy, —
5oy (0= )l = 2,3 = 2))
— 8 ol Ty = T72, oy — 2))
i>1
+<G(yn - xn)v](@/n - Z>>
1 1
S -5 n_z2+_1+vn n_z2
Tl = 21+ 0+ ol — 2
+NGyn = zallllyn — =]|-
Therefore

(Gyn) =7 f(@n)), J(yn — 2)) < 2—"||yn =zl + IGNyn = zallllyn — 2II.
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and so

. Un,
(Gyn) =S (@), 3 (Yny, — 2)) < I g = 2|2+ NG, — Ty Yy, — 211
n

Taking the limit as & — oo on both sides of the above inequality, and using
the fact that z,,, — p and y,, — p as k — oo we obtain ((G(p) —vf(p)),j(p—
z)) < 0Vz € F. This implies that p € F is a solution of the variational
inequality (4.1.17). Now assume there exists another subsequence of {z,} and
{yn} say {x,,} and {yy, } respectively such that jlﬁ?o T, = p* = Jlﬁgoyn] Then,
using (4.1.20) and (4.1.24) we have p* € F. Repeating the above argument
with p replaced by p* we can easily obtain that p* also solved the variational
inequality (4.1.17). By uniqueness of the solution of the variational inequality,

we obtained that p = p*. This completes the proof. O

Theorem 4.1.5 Let E be a real reflexive Banach space with a uniformly
Gateaux differentiable norm. Let G : E — E be an n-strongly accretive and
w-strictly pseudocontractive with n+p > 1 and let f : E — E be a contraction
with coefficient 5 € (0,1). Let {T;}2, be a family of uniformly asymptotically
reqular asymptotically nonexpansive self mappings of E with sequences {vy,}
such that vy, — 0 asn — oo for eachi > 1 and F = (o, F(T;) # 0 . Assume
that v € <O,min{%,n}>, where T := (1 — \/ITT”) Let {an, }22 1, {Bn}2, and
{oin}2,,i = 1,2,3,... be sequences in (0,1), and suppose that the following

conditions are satisfied:
(C1) nh_)rgoﬁn =0 and 7}1_)1{)102—2 =0, where v, 1= s7;1>1113{vm}
(C2) X52ofn = 00

(C3) lean:O and (C4) Y2 0m=1—a, YneN

For some fized 6 € (0,1), let {z,,}5°, be a sequence defined iteratively by xy € E
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chosen arbitrarily,

Tnpr = [1=0(1 = a)]wn + 6305y 0T Yn, 1 > 0.

(4.1.27)

Then, {x,}°, converges strongly to p € F, where p is the unique solution of

the variational inequality problem

(vf(p) — Gp,j(q—p)) <0, Vg € F. (4.1.28)

Proof. From the choice of v, (G—~f) is strongly accretive, then the variational
inequality (4.1.28) has a unique solution in F'. Now we show that {z,} is

bounded. Let p € F, since g—" — 0 as n — oo, it implies that W — 0 as

n — 00, then there exists ng € N such that (1+Zn)ﬁ < T_;ﬂ, for all n > ny.

yn =Dl = [Ba(vf(zn) — Gp) + (I = BuG) (20 — )|
Ballvf(zn) — Gpl| + (1 = BaT)||2n — Pl

< (1= 8u7 = 8)llwn = pll + Bul1vf (0) — Gpll. (4.1.29)

IN

Using (4.1.29), we obtain

lewsr =pll = 11 =6(1 = an)l(zn = p) + 0 0an(TVv = D
< [0 =601 — an)lllen — pll 4 6(1 = an)(1 + v)]lym — pl]
< [1—5(1—an)+5(1—an)(1+vn)[1—ﬁn(7—vﬂ)] |z — pl]

+0(1 = ) (1 + v,) Bl 7 f (p) — G|
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= 1001 = an)on = Bud(1 = ) (L4 v)(r = 8)]| 2 - pl]
+6(1 — an)(1 4+ v,) Bnl|7f () — Gpl|

< [1= 800 = @)t o) (0 =78) = o) llen =2l
Un )2H’Yf(p)—GPH

(14 v,)6, T—0

+B,0(1 = an) (1 -+ 0) (7 = 78)

2||vf(p) —Gpll}
-8

< max {2, = pll

By induction, we obtain

2|lvf(p) — Gl
— B

e = Il < max{ [z, — 7l b v > no,

Hence {x,} is bounded. Also {f(x,)},{G(xn)}, {yn}, {T)*x,} and {T'y,} are
all bounded.

Define two sequences by 7, := (1 — d0)a,, + d and z, = Vin(a;nﬂ — Tp + Ynp).

From the recursion formula (4.1.27), observe that

1
2y = —(8 Z Oin L Yn + nTy)

R

which implies

1
Zpyl — RBn = [5 Z 0m+1T¢n+1yn+1 + Oén+1$n+1}
1
Tn =1
J ZZ Oint1
= - <Tz‘n+1yn+1 - Tz'n+1yn>
Yn+1
Y i Oin
+—Zz21 = (Ti”“yn — Ti”yn>
Yn+1
(5 i Oin+1 5 i Oin
+( 2 iz1 Tint _ 2iz1 )Ti"yn
Fn+1 Tn
+O[n+1 $n+1 . %xn
Tn+1 Tn
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therefore

l|2ne1 — znl| < —6 nyz;:mﬂ ‘ T i — Ty
+(5 Zf;:_:—erl ‘ Tinﬂyn Ty,
[Pl Tty
2 nall + 2 |
< ) s —
+52i;—fw‘ Ty — T} yn
+’ 0 Zi;:lfmﬂ B 0 Z;Z: Oin HTZnynH
+O‘:: [ %Hxnn. (4.1.30)

but
Ynt1 = Yn = ﬁnﬂ’Y(f(a?nH) - f(%)) + (5n+1 - 5n) v (@)
"‘(([ — Bn1G)Tn — (I — ﬁnHG)xn)
+(( = Ben@)a, = (I = B.G)a, ).
so that

g1 = ymll < Busr¥Bllwniy — @nll + [Bna — Bulllvf ()]
H(L = Buam)l[2nsr = @nll + [Brs = BulllG ()|
= [1=Bna(m = yB)]l|zns1 — 2nll

HBus1 = Bal [y f (@)l +11G ()] (4.1.31)
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Using (4.1.31) in (4.1.30), we obtain

[[2n+1 = 2all = [[Tnt1 — @]
0(1 —
< (M=) p g )= Bs(r = 18] 1) s —
Tn+1
5(1 — Qp 1)
=21+ vns1)|Busr — Bal {17 ()] + |G (@n)Il]
Tn+1
0D i1 Uin+1‘ Ty, — T yn
_|._
’7n+1
—i—‘ 521‘21 Tint1|[T]Ynl| B 0 2@1 Tin| [T7Yn]| ‘
TYn+1 Tn
Q41 O,
|z || + —Iznl|
n+1 n
0(1 — oy,
< (M=) g )= Bl = 8] = 1)l —
’Yn—f—l
(5(1 — Qi 1)
A= (1 4 vng1)Basr = Bal [V ()| + (|G )]
Tn+1
d 2121 Oin+1 Tin+1?/n — T yn
+
Tn+1
(1 —ay, o1 —ay,
| een) 30 )y
Tn+1 Tn
Oni1 Qp
+———[@nsll + —Ilzall-
n+1 Tn
for some M* > 0 and this implies
limsup(||zn1 — 2al| = [|Tn1 — 24l]) <0,
n—oo
and from Lemma 3.5.3, we have
lim ||z, — z,|| = 0.
n—oo
Hence
l|Zne1 — Zul| = (1 = )||2n — zn|| = 0 as n — 0. (4.1.32)
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From the recursion formula (4.1.27), we obtain
520in\\ﬂ”yn — x|l = ||Tps1 —xnl] =0 as n— oc.
i>1
This implies that for each i > 1,
nh_)rIC}OHTZ”yn — z,|| = 0. (4.1.33)
Also, from the recursion formula (4.1.27), we obtain
|y = zall = Bull7f(2n) — G(zn)] = 0 as n — oo, (4.1.34)
which implies that for each i > 1,
T Yn = ynll < 1Ty — 2all + [lon = wall = 0as n =00 (4.1.35)

From (4.1.32) and (4.1.34), for each i > 1, we obtain

T w0 — wnll < [T = Tynl| + (1T Y0 — 2l

< (T4 v)l|lzn = yul| + 1T Yn — xn]| — 0 (4.1.36)
as n — 0o. Therefore

[Ty — x| < [|Tizn — Tz‘nHQSnH + HTz’onn - Tz'onn—i-lH

+“ﬂn+l$n+l - anrlH + Hxn+1 - an

IN

Lillzn = T @n|| + (2 4 o) |[#n1 = 20|

—H |T'z'n+1xn+1 — Tntl H7
for each ¢ > 1, also by using (4.1.33) and (4.1.36), we obtain
lim ||T;x,, — x,|| = 0 for each i > 1. (4.1.37)
n—oo
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we also have

< (14 Li)llyn — 2nll + [[Tizn — 2]
This implies that,

lim ||T;y, — yn|| = O for each i > 1. (4.1.38)
n—oo

Next we show that

limsup((vf — G)p, j(yn — p)) < 0.

n—oo

For each m > 0, let z,, € E be the unique fixed point of the contraction
mapping, such that z, = [1 — §(1 — a,)]zm + 52121 Tim 1" Y, where y,, =

B (zm) + (I = BnG)zm (see Theorem 4.1.4) and that p = lim z,,, so that
m—r0o0

1zm =yl < (1= 01 = am)lllzm = Yol * +6 D 0ol |T7"Ym = vl

i>1
< 1= 001 = a2 = wall?
2
03 i 1T = Tyl + 117"y = vl
i>1
< 1= 800 am)lllzm = gl 2+ 6D i 11T — Tl
i>1
m m m 2 2
o 2Ty — Tl 1790 = gll + 1T = ]
< 0= 800 = am)lllzm = 9l 2+ 6D i [ (1wl g —

1>1
2014+ 0 i — vl T — vl |+ 170 — 30l ?]
= 1501 — a2 — vl
001 = ) (1 + 0l — 00
+6 > il (14 )19 = Yl | + 1T Yo = Yl 117" 9 — |

1>1
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= [1=0(1 = cn)lll2m — ynll?
(1 = ) (14 win) 1B (Vf (2m) = G(zm)) + 2m — ynl|”
"Hszaim[(l + V) [Ym = Yall + 1T Y0 — Yl NN T Y — Yl

i>1
[1 =601 = am)llzm — yull®

IN

#0(1 = am) (1 + w) | ll2m = vl
28 (1 (2m) = Glam)s 3 = )]

+6 > Giml(1+ v l[9m = Yol + 1T Y0 = Yl 111779 — vl

i>1

= lzm = tull* + 01 — am)wm|l2m — yul|®
+20m0(1 = am) (1 + wn) (7 (2m) = G(2m), 3 (Ym = yn))

+6 > i (14 v [[ym = Ynl| + 1T — vl 11177 — wil-
i>1

Therefore

<’yf(2m) - G(Zm)’](yn - ym)) S m

+5Zi21 Tim (1 + o) [[Ym — Ynll + T Y0 — vl T Y0 — Yl
2Bm (1 + vp) '

||2m _ynH2

Now, taking limit superior as n — oo firstly, and then as m — oo, we have

lim suplim sup{(yf(zm) — Gzm, j(Yn — 2m)) <0 (4.1.39)

m—ro0 n—oo

Moreover, we note that

(v f(p) = Gp,j(yn — p)) = (Vf(P) = Gp, j(yn — P))
—(vf(p) — Gp. j(Yn — 2m))
+(7f(P) = Gp,j (Y — 2m)) = (VF(P) = Gz, (Y — 2m))
+(1f(P) = Gz, (yn = 2m)) = (VS (2m) = G2m, §(Yn — 2m))

+(vf(2m) = Gz, §(Yn — 2m))
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= (vf(p) = Gp,j(yn — D) = (Yn — 2m))
+<G2m - Gp,j(yn - Zm)>
(v f(2m) =7 0): T (Yn — 2m))

+(0f (zm) = Gz, (Yo — 2m)) (4.1.40)

Taking limit superior as n — 0o in (4.1.40), we have

limsup(yf(p) — Gp, j(yn — D))

n—oo

< limsup(vf(p) = Gp,j(yYn — P) — §(Yn — 2m))

n—o0

+||G 2y — Gp|[limsup ||y, — zm|
n—oo

Hv S (zm) =~ f ()| lim sup| |y, — 2|

n—0o0
+limsup(yf(zm) — G2m, 1 (Yn — 2m))
n—oo
< limsup(vf(p) — Gp, J(Yn —P) = J(Yn — 2m))
n—oo

1 .
H( )+ 87 lom — pltim suplly, — 2o

n—00

n—oo

By Theorem 4.1.4, z,, — p € F as m — oo and the fact that F has a uniformly
Gateaux differentiable norm implies that j is norm — to — weak™ uniformly

continuous on bounded subset of E, so we conclude using (4.1.85) that

limsup(yf(p) — Gp, j(yn —p)) < limsuplimsup(yf(zm) — G2m,j(Yn — P))

n—00 m—oo  n—0oo

0

IN

We now conclude by showing that x,, — p as n — oo. Since Z—" — 0asn — oo.

If we denote by w, the value 2v,, +v2, it implies that ( — 0asn — oo,

Wn
Wn T—2v8
1+wn )571 S 2

then there exists ng € N such that i , for all n > ng. From

81



recursion formula (4.1.27), we obtain that

zn = plI> = (11 =0(1 = an)l(@n —p) +6 > oin(T{yn — p)II
i>1
< [1=6(1 = a)lllen = plI* + 0> ol Ty — plI?
i>1
< [1=0(1 = an)]l|zn = pI[* + (1 = an) (1 + va)?|yn — pl[?
< [1=6(1 = aw)]||zn — plf?

01 = an)(1 4+ wa) [[1Ba(3S (2a) = Gp) + (I = BuG)an = D)
(1= 801 = an)]lln = pIP +8(1 = an)(1+w,)[ (1= Bur) |z — I
+2B,(1f(22) = Gp..jyn — )|

[1=0(1 = ) + (1 = an)(1+ w,)(1 = B)| [z — I

IN

IN

+26300(1 = a) (1 4 wn)yBl 20 — pll|yn — pl|

[1= 601 = @) + 6(1 = @)1+ wa) (1 = B7)] [l = pII

IN

+20,0(1 — an)(1 + wn)yBlln — plI”

+28,0(1 = ) (1 + wa) 78] 10 = pllllyn — @l

+203,0(1 — a) (1 4+ wn){7.f (p) — G, j(yn — P))

1= 01— @)+ 8(1 = @)L+ wn)(1 = Bolr = 298)) Il —

+28,0(1 = ) (1 + wa) 18] 1 = pllllyn — @l

+20,0(1 — a) (1 4+ wn){7.f (p) — G, j(yn — P))

= [1- 660 — )1+ un) (= 298) = s )l =l
+20,0(1 — o) (1 + wn){(7f (p) = Gp, j(yn — p))

+2ﬂn5(1 —ap)(1+ wn)'yﬁ”xn - p||||yn - xn“

IN
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w

- [1 — Bab(1 = a) (1 +wy) ((r —279B) - m)] |2 = pl[?

+B.0(1 — o) (1 + wy,) <(T —276) = @JUT:)@) )

2[(vf(p) = Gp, j (Y — P)) + val|zn — Dll[|yn — znll]
((r = 298) = (wa/ (1 + wn)5,)

Observe that > £,0(1 — a,)(1 4+ wy,) <(T —298) — m) = oo and

<0

lim sup <2[<7f(p) — Gp,j(yn — p)) +VBll70 — plllyn — %H])

((r = 298) = (wa/ (1 + wn)5,)

Applying Lemma 3.5.4, we obtain ||z, — p|| — 0 as n — oo. This completes

the proof.

Concluding remarks
In conclusion, the results in this section extend the result of Ali (2009) from

family of nonexpansive mappings to family of asymptotically nonexpansive

mapping.

Theorem 4.1.6 Let E be a real reflexive Banach space with a uniformly
Gateaux differentiable norm. Let {T;}5°, be a family of uniformly asymptot-
ically reqular asymptotically nonexpansive self mappings of E with sequences
{vin} such that vy, — 0 asn — oo for each i > 1 and F = (2, F(T;) # 0.
Let {an}o0y , {Bn}y and {0 }5° 1,1 = 1,2,3,.. be sequences in (0,1), and

suppose that the following conditions are satisfied:

(C1) Jgrgoan =0 and T}LIEOZ—Z =0, where v, := sll_>1[1){vm}
(C2) £y, =00, and (¢3) Y oo 0im=1—ay, VneN
(¢}) B € [a,b] Vn > 1 and for some a,b € (0,1).

For some fized 6 € (0,1), let {z,,}5°, be a sequence defined iteratively by xy € C
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chosen arbitrarily,

Yn = (1 - O‘n)-rn
Tp = [1=0(1 = Bu)lyn + 0> i1 Oin L] Yn, 1 >0.

(4.1.41)

Then, {x,}2 | converges strongly to p € F.

Proof. First, we show that {x,} defined by (4.1.41) is well defined. For all

n € N, let define the mapping

Tl :=[1-0(1-B)](1—an)z+6 Y 0nT(1— o).

i>1

Indeed, for all x,y € F, we have

10w = Toyll < [1=6(1 = Ba)](1 = an)llz =yl

+8 Y ol T (1 — an)z — TH(1 — an)yl|

i>1

< [1=6(1 = Bu)l(1 = an)llz =yl
(1 = B) (14 va) (1 = e[|z — |
< 1= an+6(1 = Bn)vn]l|z =yl

< (1-anll =01 = Bon/an]) la =yl

Since, lim §(1 — B,)v,/a, = 0, then there exists ng € N such that §(1 —
n—oo

Bn)n /[y, < 1/2 for all n > ngy. Therefore, for n > ny. we have
1 —au[l =01 = Bp)vn/an] < 1.

Hence,

T2z — Tyl < ||z —yll, n>no

Thus, {z,} defined by (4.1.41) is well defined. Therefore, by contraction map-

ping principle, there exists a unique fixed point z,, € E of T/ for each n > 0
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such that (4.1.41) holds.

Let p € F', then from (4.1.41), we obtain

e =l < [0 =800 = Bu)lllyn = pll 46 D 0wl Ty —
< [1—5(1—5n)]||yn—p||+5(1121—6n)(1+vn)||yn—pll
= [1+0(1 = Ba)vallyn — pl|
< (1001 = Baual (1= an)llzn = pll + anlIpl])
= (14801 = B)wal(1 = @)l =l

a1+ 6(1 = fn)on]||pl]

= [1—an+ (1 —an)(1 = Bp)va]|[xn — pl|

+an[1+6(1 = Ba)v||pl]

IN

[1 —a, + 5(1 - ﬁn)vnmxn _p||
a1+ 6(1 = Ba)vn||pl]
= (1- @l =501~ BuJvafa] Iz — ol

Therefore
[1+6(1 = Bn)v]|pl]
1—6(1—By)vn/an

Since 6(1 — B,)v, — 0 and §(1 — 5,)v,/a,, — 0 as n — oo, then there exists

[|zn = pll <

no € N such that §(1 — B,)v, < 1/2 and 6(1 — f,,)(vn /) < 1/2 respectively
for all n > ny.
Hence ||z, — p|| < 3||pll, for all n > ny. Thus {z,} is bounded, which implies

that {y,} is also bounded. From (4.1.41), we also obtain

|Yn — z0l] = anl|znl] = 0 as n — oo (4.1.42)
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which implies
> il Ty — yall = llen —yall =+ 0 as 0 — oo
i>1
hence
T Y = Yl = llzn — yull >0 as n — o0 (4.1.43)

for each 7 > 1. Therefore

T 20 = 2all = T w0 = TYnll + 1T Y0 — ynll + lyn — 22l

< @+ vallen = yall + 1177 Y0 = yall
From (4.1.42) and (4.1.43), we obtain
|1 %y, —xn|| =0 as n— oo foreach i>1. (4.1.44)
For each 7 > 1, using the asymptotic regularity of T;, we obtain

lim ||Tix, —x,|| = lim ||z, — T z,|| + lim ||T]"z, — TZ-”Han
n—oo n—oo n—oo

+T}LI&||ﬂn+lmn — Ty ||

IN

(1+ L) lim ||z, — Tz,
n—oo

+ lim || T 2, — T'2,|| = 0 (4.1.45)
n—oo

where L = suplL;, hence
i>1

i |y, = Tigal| < lim [[yn — 2a[| + Tim [|z, — Ti||
n— 00 n— 00 n— 00

T lim [Tz, — Ty
n—oo

IA

(1+ L) lim [z~ g

+lim ||z, — Tyx,|| =0 (4.1.46)
n—oo
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We next show that z, — p (as n — o0). Indeed, define a map ¢ : £ — R by

O(y) = pin|[yn — yHQ, Yy € E.

Then, ¢(y) — oo as ||y|| — oo, ¢ is continuous and convex, so that E is

reflexive and there exists ¢ € E such that ¢(q) = mlggb(u) Hence, the set
ue

K :={y € E: ¢(y) = ming(u)} # 0.

Since lim ||y, — Tiyn|| = 0, lim ||y, — T"yn|| = 0, for any m > 1 and each
n—oo n—oo
¢ > 1, by induction. Now let v € K*, we have
lim ¢(To) = lim punllye — Tov|
= lim o[y, — T + Tiyn — Tiv||?
< lim g [(1+ ) [lyn — 0][]* = lim (v),
n—oo n—oo
and hence T;v € K*.

Now let z € F, then z = T;z. Since K* is a closed convex set, there exists a

unique v* € K* such that

||z — v*|| = min||z — ul].
ueK*
But
lim ||z — Tw*|| = lim||T;z — Too*|| < lim (14 v,)||z — 07|,
n—oo n—oo n—oo

which implies v* = T;v* and so K* N F # ().

Let pe K*N F and t € (0, 1), then it follows that ¢(p) < ¢(p — tp) and using

Lemma 3.5.2, we obtain

yn — p + tpl1> < |yn — pII* + 2t{p, j(yn — p + tp))
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which implies that

pn{—=p, 3 (Y —p +tp)) <O.

Moreover

=0, J (Y — 1)) = k{0, J(Yn — D) — J(yn — p +1p))
+4in (=D, (Y — p + tp))

< =D, i (Yn — D) = §(Yn — 0+ tp)).

Since j is norm-to-weak® uniformly continuous on bounded subsets of E, we

have

tn{=p, j(Yn —p)) < 0. (4.1.47)

Since 6(1 — 5,)v, — 0 and 6(1 — 5,)v,/a, — 0 as n — oo, if we denote by w,
the value of 2v,, + v2, it implies that §(1 — 3,)w, — 0 and §(1 — B,)w,/a, —
0 as n — oo, then there exists ny € N such that §(1 — f,)w, < 1/2 and
(1 = Bn)(wp/ay) < 1/2, for all n > ny. From recursion formula (4.1.41), we

obtain

= pII> = |I[1 =61 =Bu)(n — )+ oLy — p)II”

< [1—5(1—/B‘n)]llyn—pllg+5Z:UmIITi"yn—p||2

< (1= 801 = Bl = 1P + 501 = Bu) (1 + o) — ol

= [1=6(1— Bu) +6(1 = B)(1 + w)l [y — I

= [14+6(1— Bwal| (1 — ) (@ — p) — upl?

< [0 = Ba)w) (1= an)llea = p* + 200 (=p. (0 — )
= [+ 61— Bu)wal (1 — an)llan — pl?

+2an[1+ 6(1 = Bn)wa](—p, j(yn — p))
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= [1— o +0(1 = ap) (1 — Bn)w,)
+2a[1+ (1 = Bn)wa](—p, 5 (Yn — p))
< [1 . an<1 — 51— ﬁn)wn/an>]

+20n[1+ 6(1 = Bn)wn](—p, j(yn — p))-

Therefore
o _ 2[1+6(1 = Bo)wa](=p,j(yn — p))
2o — pl|” < (=001 = B)wn /o)
hence
pinl 20 = pII* < 3pn{=p, j(yn — D). (4.1.48)

Therefore, from (4.1.47) we obtain u,||z, — p|| < 0. Hence, there exists a
subsequence {z,,} of {z,} such that z,, — p as k — co. To complete the
proof, let {z,,} be another subsequence of {x,} such that z,, — z as j — oo.

From (4.1.48) we obtain

fin]|z — p||*> < 0.

which implies that z = p and hence {z,} converges strongly to p € F as

n — oo. This completes the proof.
O

Theorem 4.1.7 Let E be a real reflexive Banach space with a uniformly
Gateaux differentiable norm, K a nonempty closed convex subset of E. Let
{T;}2, be a family of uniformly asymptotically reqular asymptotically non-
expansiwe self mappings of E with sequences {v;,} such that vy, — 0 as
n — oo for each i > 1 and F = (i, F(T;) # 0. Let {a,}02,, {8,122, and
{0}, = 1,2,3,... be sequences in (0,1), and suppose that the following

conditions are satisfied:

(C1) lim oy, =0 and lim 2= = 0, where v, := sup{vy } and 37" v, < 00
n—o0 n—oo " i>1
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(C2) XX gan =00 and lim - - |0ini1 — 04| =0
n—oo =
(03) S50, fu < 00 and (C4) Y%, 010 = 1 — . ¥ n € N,

For some fized 6 € (0,1), let {z,,}5°, be a sequence defined iteratively by xy € C

chosen arbitrarily,

Yn = (1 — ap)xy,

Tpt1 = [1 - 5(1 - 5n)]yn + 0 Zizl UinTinym n Z 0.

(4.1.49)

Then, {x,}2 | converges strongly to p € F.

Proof. Let p € F be arbitrary, we obtain from (4.1.49)

|Zni1 —pl| = ||[1—5(1—Bn)](yn—p)+5zain(ﬂ"yn—p)ll
< [1=6(1 = B)lllym — pll + 6(1 = B) (1 + va) [y — 1]
= [1=6(1 = B) +6(1 = B +va)]llym — Bl

= [T+ (1 = Bu)onll(T = an)(@n = p) — anpl|

< 1+ 0(1 = Baun) (1 = @)l — pll + cnlipll)
<[4 6(1 = Bu)on] max{]z — pl, 1pl]}
<TI0+ = 8o max{flas — il |pl]} (4.1.50)

Since Y > v, < oo. it follows from (4.1.50) that {z,} is bounded. Hence

{yn} is also bounded. Furthermore, it follows from (4.1.49) that

llyn — znl|| = anl|zn|| = 0 as n — oo (4.1.51)
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Define two sequences by 7, := (1 — )5, + J and z, := Win(:zrnﬂ — Ty + Yaln)-

From the recursion formula (4.1.49), observe that

1
" i>1
which implies
1
Zn4+l — Rn = [[1 - 5(1 - ﬁn+1)](yn+1 - $n+1)
Yn+1
+90 Z i1 T i + Bn+1$n+l:|
i>1
1
n i>1
1
= — |1 60 = Burt) (o1 — i)
Yn+1
1
—— |11 = (1 = Bu))(n — )]
Tn
0 Zz‘Zl Oin+1 <Tin+lyn+1 - Tz'nﬂyn)
+
7n+1
0 EiZI Tin+1 (Tz‘nﬂyn - Tinyn>
+
Yn+1
n <5 Zizl Tint117"Yn B 0 2121 UinTinyn>
Tn+1 Tn
+ﬁn+lxn+1 - &mn
'Vn—&-l /yn
therefore
[1 - 5(1 - 5n+1)]‘ Yn+1 — Tn+1
201 — 2all =
Tn+1
(1= 6(1 = 5] |9 —
+
Tn
d 2121 Oin+1 Tin—i_lyn-i-l - En+1yn
+

Yn+1
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0 Zizl Tins1 || T Yo = Ty
+
Yn+1
_{_H 0 2221 Tint117"Yn B 0 Zz‘21 Tin L Yn H
Tn+1 Tn
BnJrl Bn
+———|znt1l| + —||zn]]
Yn+1 - Tn
(1= 801 = B ]| |1 = s
<
’Yn—l—l
[1=8(1 = 8] [y —
+
Tn
5<1 - ﬁn)(l + Un+1) Yn+1 — Un
_.I_
Yn+1
(5 ZiZl O—in-i-l‘ 71@'n—HQn - irznyn
+
TYn+1
+ (IYno-i,n 1~ Tn 10-in>T;nyn
Yn+17n ; - -
ﬂn 1 Bn
A g |+ ]| (4.1.52)
n+1 Tn
But
Yn+1 — Yn = (1 - an+1)xn+1 - (1 - Oén)xn
= (1= any1)(@ng1 — ) + (a1 — an)7y
so that
[Ynt1 = ynll = (1 = a1 [|Zna1 — ol | + |anr — aal|zal]. (4.1.53)

Using (4.1.53) in (4.1.52), we obtain

[1= 801 = Bu)]||pms1 = o
||Zn+1 - Zn|| - ||xn+1 - xn“ S

Tn+1

+
Tn

o(1 — ﬁn
(M0 1 (1= ) = 1) s —
Tn+1

92



o(1 — B)

+ =1 — anl[|za]]
Tn+1
0 Zi21 Oint1 Tz'nHyn — T yn
+
Tn+1
+ Z <’Ynai,n+1 - 7”""10—1'77,) T’znyn

Vn+17n i>1

ﬂn—f—l

[1 - 5(1 - Bn+1>]
Tn41
[1—0(1=p5,)]

Tn
o(1 —p,
+<¥(1 + Un-l—l)(l - an+1) - 1) ||xn+1 - xn“
’Yn—l—l
51— B
=B~ anllleal
7n+1

0 2221 Oint1

B
+—[ensall + —=lznll
Tn

Yn+1 — Tn41

IN

yn_xn

_|_

Tz‘n+1yn —T"yn

+

Yn+1

IM*
9 D i1 = inl + 1 = a1 = )]

Vn+17n i>1

ﬂn—f—l

n+1

+

p
2|+ = |2l -
Tn
for some M* > 0 and this implies
limsup(||zn+1 = zal| = [[#ns1 — 2al[) <0,
n—oo

and by Lemma 3.5.3, we have

lim ||z, — .|| = 0.
n—o0
Hence
||Zne1 — nl| = (1 — )20 — z0|| = 0 as n — oo. (4.1.54)
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From the recursion formula (4.1.49), we obtain
(5202-”\\7?% —Ynll = ||Tns1 —xnl] = 0 as n— oc.
i>1
This implies that for each i > 1,
lim ||T*yn — ynl|| = 0. (4.1.55)
n—oo

for each 7 > 1. Therefore

T w0 — 2|l < T w0 = TYnll + 1T Y0 — nll + lygn — 22l

< @+ vallen = yall + 1177 Y0 = yall
From (4.1.51) and (4.1.55), we obtain
|1/ xy, —xn|| =0 as n— oo foreach i>1. (4.1.56)
For each 7 > 1, using the asymptotic regularity 7}, we obtain

lim || Tz, — x,|| < lim ||x, — Tz, || + lim ||T7' 2, — Ti”H$n||
n—oo n—oo n—oo
+ lim HYTHxn — Ty, |
n—oo

< (1+1L)lim ||z, — T/2,|| + lim ||T/ 2, — T'w,|| =0 (4.1.57)
n—oo n—oo
hence

lim |y, — Tyel|| < lim ||y, — x,|| + lim ||z, — Tz,
n—oo n—oo n—o0
+ lim || T2, — Tiyn||
n—oo

< (1+L)lim ||z, — yn|| + lim ||z, — Tz, || 01.58)
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For each m > 0, let z, € E be the unique fixed point of the contraction

mapping

Zm = [1 = 0(1 — am)](1 = Bin)zm + 5ZaimTim(1 — Bn)Zm

i>1

on E, fori > 1 (see Theorem 4.1.6). Then we obtain by letting v, = (1—au,)2m

and w,, denoted by 2v,, + v,

o= all? = L= 80 = B — ) + 53 0T — )
1>1
< [1=0(1 = Bo)lllthn = vl + 6> i | Ty — |
i>1
) [T
483 0 [T = Tl + 1T~ ]
i>1
< [ 60— Bl — vl
463 00 (L vl — vl | 1770 — wall]
i>1
< (=60~ Bl — vl

+6(1 = Bn) (1 + vim)* |y — Yl

+2520im(1 + Um)Hym - yn||||Timyn - ynH
i>1

i>1
= [1+5(1 = Bn)wml|[ym — ynH2

+25Z‘7im(1 + V)| [Ym = Unl 117" Yn — Ynl|
i>1

+6 Y Tl Ty =yl

1>1

= [1+0(1 = Bu)wm][|(1 = 0m) (zm = yn) = myall*

+25zaim(1 + V) [ Ym — Un 117" Yn — Ya|

i>1

+6 Y Tl Ty = yull?

i>1
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IA

[14+0(1 = B ]| (1= )2l 2 = bl I+ 200 (= (20 = 90))

+26 ) 0im (1 + 0|y — Yl l[1 7790 — 9l

i>1

i>1

IN

[1+0(1 = Brn)win] (1 = cm)*||2m — ynl|*

+2[1 + 6(1 = B W]t (—2ms 7 (Zm — Yn))

20 [1 4+ 0(1 — B win || 2m — ynH2

+25zaim(1 + Vi) [[Ym = Ynll 117" Yn — Yul|

i>1

+6Z O-zm”,-rzmyn - yn||2

i>1

IN

[1+6(1 = Br)win] (1 + 7)) |2m — yull”

+2am[1 + 5(1 — Bm)me—Zm,j(Zm - yﬂ))

+25zaim(1 + V)| |Ym — yn||||szyn — Y|

i>1

i>1

IN

(14 an {60 = ) (W /) + 051 = Br)n] }] 12 — vl

+20,[1 + (1 = B W] (—2ms 5 (Zm — Yn))

+25zaim(1 + Um)Hym - xn||||szyn - yn”

i>1

+(SZ UzmHszyn - ynH2

i>1

Therefore

(=2ms J(Yn — 2m))

<

(51 = Bu) (/) + i [6(1 = B[l z0n = 9l

2[1 4+ (1 = B wy]
20 s Oim(1 4+ Vo) [[Ym — Yull| 7Y — ynl|
20, [1 + (1 = B W]
0 2121 Oim| |T‘zmyn - yn| ’2
20, [1 4 0(1 = Bn)wp)
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Now, taking limit superior as n — oo firstly, and then as m — oo, we have

lim suplim sup{—zp,, 7 (¥n — 2m)) <0 (4.1.59)

m—r0o0 n—oo

But by Theorem 4.1.7, z,, — p as m — oo and the fact that F has a uni-
formly Gateaux differentiable norm implies that j is norm-to-weak* uniformly

continuous on bounded sets. Thus, since

(=0, JWn —p)) = (=0:JWn = D) = FWn — 2m)) + (Zm = D, F(Yn — 2m))

(= 2ms J(YUn — 2m))

IN

(=D, JWn — D) — §Wn — 2m)) + 1|2m — PIl||Yn — 2]

H(=2m, J(Yn — 2m))

we get

limsup(—p, j(y, —p)) < limsuplimsup(—2zy,, j(Yn — 2m))

n—oo m— 00 n—oo

0

IN

Finally, we prove that x,, — p as n — oo. Since §(1 — 3,)v, — 0 and 6(1 —
B)n/n — 0 as n — oo, if we denote by w, the value of 2v,, + v2, it implies
that 6(1 — B,)w, — 0 and 6(1 — B,)w,/a, — 0 as n — oo, then there exists
no € N such that 6(1 — 5,)w, < 1/2 and 0(1 — S5,)(wn/a,) < 1/2, for all

n > ng. From recursion formula (4.1.49), we obtain

s =plP = [I[L =00 = B))(yn = ) + 8> in(T7'90 = DI
i>1

< =601 = By — I+ 8 0wl Ty — pll?
1>1

< [1=0(1 = B)lllyn = pII* + (1 = Ba) (1 + va)llyn — plI*

= [1=06(1=Ba) + (1 = Bu) (L +wa)lllyn — plf?
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= [14+0(1 = Bo)wall|(1 = an)(zn — p) — anpl|?

< [+ 001 = Ba)wn) (1 = @)l — plf?
+20a,(—p, j(Yn —p)))

= [14+6(1 = Bu)wa](1 — an)|an — pl?
+2a,[1+6(1 = Bo)wal(=p, 5 (yn — P))

= 1=+ (1 — an)(1 — Ba)wa]

+2a,[1 +6(1 = Bo)wal(=p, i (yn — P))

[1—%(1—a1—@m%ﬂ%ﬂ

+m41—a1—ﬁ@mJ%J

24001 = Ba)wal(=p, j(yn — p))
1—0(1 — By)wp/an

IA

Observe that Y a,(1 — 0(1 — Bn)w,/ay,) = oo and

<0.

201 + 6(1 — il
lim Sup< [1+6(1 = Bo)wal (=P, j(yn — P)) >
Applying Lemma 3.5.4, we obtain ||z, — p|| — 0 as n — oo. This completes

the proof. 0

Concluding remarks
In conclusion, the result in this section extends the result of Osilike et al.
(2013) from asymptotically nonexpansive mappings in Hilbert space to family

of asymptotically nonexpansive mapping in Banach space.

We introduce a new iterative scheme is introduced and a new strong conver-
gence theorem for approximation of common fixed points of family of uniformly
asymptotically regular asymptotically nonexpansive mappings, which is also a
unique solution of some variational inequality problem is proved in the frame-

work of a real Banach space. We proceed as follows:

Lemma 4.1.8 Let C' be a nonempty closed convex subset of a uniformly con-
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vex real Banach space E. Let {T}}Y_, be finite family of uniformly asym-
totically regular asymptotically nonexpansive mappings of C' into itself with
sequences {pnr} C [1,00), let {vnx -, be a sequence in (0,1) such that 0 <
limin fyg, < limsupy,, <1 and Jir{:o|ykn — Yem—1| = 0Vk € {1,2,3,...., N}.

n—0o0 n—oo

Let K,, be a mapping generated by T, 15,15, ..., T and Yin, Y2.n, V3m, s INm

as follows;
Ul,n = ’Yl,nTln + (1 - P)/l,n)ja
U2,7’L = VZ,nTanl,n + (1 - 72,n)U1,n7
Uncip = Yv-1nIN_1Unv—opn + (1 —vnv_10)Un_2n,
K, = UN,n = ’}/N,TLT;\L[UN,L,@ -+ (1 — ’YN,n)I- (4160)

Then, the following hold:

(1) || Kpx — Kpyl| < (1+v,)||z —y||, where v, = pnp(l+ An_1n) — 1, and

{Ann} is some sequence in [0,00), with Ay, — 0 as n — oo.

(i) If 1im [T Uk — Uil = 0,
then lim || Kyi12n — Kpznll = 0, for every bounded sequence {z,} in
n—o0

B k=1,2,..,N;

(111) For every bounded sequence {z,} in C such that lim ||K,z, — z,|| = 0,
n—roo
we have lim ||Tyz, — z,|| = 0 for any k € {1,2,3,--- , N}. Furthermore
n—o0

N
, we have wy(z,) C NY_,F(T},) and F(K,) = kr_wlF(Tk).
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Proof. (i) Let z,y € C then from (4.1.60), if N = 1 the result follows. Assume

N # 1 and Uy, = I (identity map), then for k € {1,2,..., N — 1}, we have

Uk — Uk nY|l < Vel Th Ug—1.n% — T} Uk—1.0Y ||

_|_

IN

IN

IN

IN

IA

(1 = ) U107 — U—1,09 |
VenPrn + (1 = Yen)) | Uk—1.0® — Up—1,09||
L+ Yen(okn — DI[Uk—1,02 — Uk—1,0|]
L+ Yok — D=1l T3y Uk—20® — T3 Ug—2,0Y|
+(1 = Ye-1,0) 1 U207 — Up—2,n9/]
1+ Y (Presn — DI+ Vo-1,0(pr-1,0 — D|Uk—2,0% — Up—2,09|
1+ Yen(prn = DI+ Ye—10(0e—1,0 — D] -+ - [1 + 12,0(p20 — 1)]
|Urnz — Uyl
1+ Yn(prn — DI+ Ye—10(pe—1,0 — D] -+ - [1 + 12,0(p20 — 1)]
[1+Yn(p1n — Dlllz =yl
k
[T+ 750 (pim = Dlllz =yl
j=1

(14 Ani)llz = yll,

where H?Zl <1 +Yjn(Pjn — 1)) = (1+ A\gn), observe that lim Ay, = 0. Then,

n—o0

[z = Koyl = [Unne = Unnyl

IN

WAl TN UN-10% = TNUN—109]l + (1 = W) |2 =yl

IN

’YN,nPN,n”UN—LnCU - UN—l,nyH + (1 - '7N,n>||x - y”

IN

INaPNn (L4 An-1a) |2 — yll + (1 = ywa)llz =yl
— [1 + ’7N,n<pN,n<1 + /\N—l,n) - 1)]||ZE - y”
< [+ (pva(l+ A1) = Dlllz =yl

= (L+on)llz =yl
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where v, = pyn(1+ An_1,5) — 1, observe that lim v, = 0.
n—o0

Next we show (ii). For k € {2,3,..., N — 1} and any bounded sequence {z,} C

E, letting O i1 := [1 4+ Vent1(Prnt1 — 1)),

My, = [||T,?+1Uk,nzn|| + Uk nzn||] and Py, == HT,?fllUk,nzn — 17 Uk nznl|, we
have
HUk,nJrlzn - Uk,nan = Hf}/k,nJrlT]?—i_lkal,n+lzn

V1 T Uk 1020 (4.1.61)

+[7k,n+1 - ’yk,n]T}?+1Uk71,nzn
+7k,n[T]?+1Uk71,nZn - T]?kal,nzn]
+(1 = Yent1) Uk—1n412n — Uk—1.02n)

+[(1 - Vk,n—&—l) - (1 - 7k,n>]Uk—1,nzn“

IN

1+ Yent1(Pkns1 — D) Uk—1.n+120n — Uk—1.n2n]]

it = Vel [T Uvnzall + 101zl

+7k,n||T]?+1Uk—1,nzn - Tl?Uk—l,nan

IN

[1+ Yes1 (Pt — 1)] [[1 + Yottt (Pr—11 — D] Uk—2.04120 — Up—2.020 |
+|7kz—1,n+1 - ’Yk’—l,n| [HT]?jllUk—Z,nZn” + ||Uk:—2,nzn||]

+/Yk—1,n ||T]?j_11 Uk—?,nzn - T,I?_l Uk—Q,nzn ||]

+|’Yk,n+1 — Vkn |:||T]?+1Uk—1,nan + HUk—l,nan]
+f)/k,nHT]?+lUk—l,nZn - T]?Uk—l,nzn”

= 5k,n+15k71,n+1HkaZ,nJrlzn - Uk72,nan
+0k 1 [ V=141 — Vh—1,0|Mi—2.n

+5k,n+1f}/k71,npk72,n

+|7k,n+1 — Vkn Mkfl,n

+7k,nPk71,n
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< Oemt10k—1m41 | Ok—2,n41 | Uk—3m4120 — Un—3.n 20|
-zt = Ye-2nl 1755 Uk-sn2all + | Uk-3,n2ul]
Pl TSV 020 — TisUs -l
+0k 1 [ Ve—1m41 — Ve—1,0|Mi—2.n
0,1 Vk—1,nFPr—2,n
HVent1 — V| Mi—1.
Ve nPr—1n

= Okt 10k—1,0410k—2,041 | Un—3,n+12n — Uk—3n 2|
+0kn+10k—1 nt1 | V2,041 — Vi—2.0| Mi—3.1,
0kt 10k— 1,041 Vk—1,0Pk—3m
+0knt1 | Ve—1.n41 — V1.0 Mik—2.n
+0knt1Vk—1,0FPr—2.n
Vi1 = Ve Mi—1,n

+7k,nPk:71,n

IA

IN

5k,n+15k—1,n+15k—2,n+1 T 53,n+152,n+1 ||U1,n+12n - Ul,nZnH
+ <5k,n+15k—1,n+15k—2,n+1 03 1Yo P+

0k n+10k—1,n+1Vk—2,n+1Fk—3m

0k 1 Vh—1,n4+1 k2,0 + 7k,n+1Pk—1,n>

+ <5k,n+15k—1,n+15k—2,n+1 w01 Yo mdr — Yo | Mip + - -
+0km+10k—1 nt1 | V2,041 — Vi—2.0| Mi—3.1,

+5k,n+1‘7k—1,n+1 - f)/k—l,n|Mk:—2,n

+ ‘7k,n+1 — Vkn ’Mkfl,n>

k
- ||U1,n+lzn - Ul,nZnH H 6j,n+1

=2
k k k k
+ E Yint1Pi—1n H Ojmi1 + E |Yim+1 — Vil Mi-1n H Ojn+1
i=2 j=it1 i=2 j=it1
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k
< T 2 = TPzl + B = 1l ULzl 4+ 177200 )] TT i

j=2

+Z'yzn+1-Pz 1n H 5]n+1+2|’77,n+1 71n|Mz 1,n H 6]11—&—1

j=i+1

j=i+1

= nyzn—&-lpzn H 5jn+1+2|71n+1 ’anlen H 5jn+1

Hence, we have

Jj=i+1 Jj=i+1

||Kn+lzn - KnZnH - ||UN,n+12n - UN,nZnH

<

IA

IA

Therefore

Nt | TN T UN 120 = T Un 102l |
AN TN Un 14120 — TRUN 1,070
w1 — Wl ([l TNUn—1,02n]| + [[2n]]]
7N,n+1,0N,n+1||UN—1,n+1Zn - UN—l,nZnH
AN TN Un—1ns12n — TNUN- 1,020l

+!7Nn+1 - ’VNnI[IIT"UN 1nZn| |+ |]zal]

PN n+1 [ Z Vi, n+1-Pz n H 5] n+1

Jj=i+1

"’Z”anJrl Vzn’Mzn H 5]n+1:|

Jj=i+1
+7N,n+1||TN "WUn 1120 — ThUN 12|

+|7N,n+1 - '7N,n| [HT]\LTUN—annH + ||Zn|H

lim || K120 — Knznl] = 0.
n—oo

Hence (ii) is satisfied.

Next, we show (iii), let {z,} be a bounded sequence in E such that
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lim || K2, — 2,|| = 0, then for 2* € N}_, F(T}), we obtain
n—oo

VAN

IN

1Kz — 2" | < Wl TNUn—1,020 — 27| + (1 = )l 20 — 2|2
< WabnallUn-1nz0 = 27 [P+ (L= yna)llzn —2*[]7 (4.1.64)
< ’YN,nP?v,n [VNfl,nHT]T\;_lUNfann — z*||?
(1= n-10)[[Un-2.020 — 27| |?]

+(1 = )20 — 27|*

WN,nP?v,n [’YN—l,np?V—l,n| |UN—2,nZn - $*||2

+(1 = vt [[Un—2.n20 — 2| ]

+(1 = n)llzn — oI

a0 ([ A8-10 (P10 = DIIUN =220 — 7] )

+(1 = a)llz — 2|

’YN,nP?v,n [1 + ’VNfl,n(p?V—l,n - 1)] [1 + 7N72,n(p?\f—2,n - 1)} e
X[+ 1(pE = Dlllzn = 212+ (1 = )l 20 — 27|

(14 v Pl + 9 10(Phrr = DI+ 2P = D]+
X[+ (08 = D] = 1} )20 — 2*]?

(14 90|20 — ™[], (4.1.65)

where 4, := VN,n{P?V,n[l + ’VN—lm(p?V—l,n — D1+ WN—Q’”(p%V—Zn — ][+

’72,n(ﬂ%,n — 11+ 71,n(p%,n - 1] - 1} and observe that lim 9,, = 0.

n—oo

Then by using Lemma 3.5.5, (4.1.64) and (4.1.65), we have

1Knza =" = |1yna(TNUN-1020 — 27) + (1 = W) (20 — 27)I|”

IN

7N,n||T]7\Z[UN—1,nZn - [L'*||2 + (1 - /YN,n)HZn - [E*HQ

~YNn(1 = YN I TN UN-1,n2n — 2ull)

IA

(14 95)]|2n — x*”Q - ’YN,n(l - 'VN,n)g(HTJT\l/UN—ann — Zull),

104



from this we obtain

VN1 = YN 9N TNUN 1020 — 2ull) < |20 — 55*“2 — |[Knzn — x*Hz + nllzn — x*Hz
= (llza = 2"[] = [|Kn2n = 2" |20 — 2"[] + [ Knza — 2"[]) + Onl|20 — 27|
< lon = Kazall(ll2n — 27| + || Koz — 27[]) + 00|20 — 27|

< (Jlzn — Kpzol| + 00)Mo - 0 as n — oo,
for some M, > 0. Thus, by the property of g, we obtain

nli_}nolo||Tf\L,UN,1,nzn — zy|| = 0. (4.1.66)
Moreover,

|2 — I*H2 < (2 = TRUN-1020l| + |TNUN 1,020 — x*H)2
= |[2a = TNUn-1n2|([|2n = TRUn-1,02n|| + 2| TR Un-1,n20 — 2*]|)
+||T]7\}UN—1,nZn - CL’*H2

|20 = TNUN-1020|| M1 + pX pl|Un—1020 — 2*|[> (for some M; > 0)

IN

||Zn - T]\lfUN—l,nzn| |M1 + p?\[,nh/N—l,n| |TN_17nUN—2,nZn - I'*||2

IN

+(1 = yv_10)|[Un—2,020 — 2*||?

—’YN—l,n(l - 7N—1,n)9(||T17\1/_1UN—2,n2’n - UN—Q,nZnH)]

< lzn = TRUN-1 020l My 4 03 n [N 1008 1l UN 2020 — 27|
(1= yv-10)[[Un—2.n2n — 2|
—IN-1n(1 = W-1,0) 9 TN -1 UN-2,n20 — Un—2,n2n])]

< lzn = TRUN 1020l |My + 3, [(1 4+ A8 10 (PR 1 — DINUN 2020 — 27|
—IN-1n(1 = W-1,0) 9([[TN_1UN-2,n20 — Un—2,n2n]])]

< lzn = TNUN-1020] | M1+ (14 0p) |2 — 2*[|?

_p?V,n'YN—l,n(l = W-12) 9| TN 1 Un—2.020 — Un—2n2al])],
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(1120 = TRUN -1 0zall My + |2 — 27 ?)
< 2
PN,nWN—Ln(l - ’YN—1,n)
(1120 = THUN 1zl + 9 ) M
p%\/',nf}/Nfl,n(l - W/Nfl,n)

g(' ‘T]T\LfflUNfZ,nzn - UN*Q,nzn’ ’)

for some M > 0. Thus, using property of g,
lim || TN _ Un-2n%n — Un—2n2a|| = 0. (4.1.67)
n—oo

Continuing in this fashion we observe that for k € {2,3,4,--- | N — 1}

nli_)n;oHT,?Uk,l,nzn — Ug—1n20]| = 0, (4.1.68)

and
nh—>nc}o||TFZ" — z|| = 0. (4.1.69)

Also

Uknzn = 2all < Uknzn — T3 Uk—1n2al| + T3 Ur—1020 — Ug—1,n24l|
+| ’Uk—l,nzn - T]?_l Uk—2,nzn| |
+| |T£—1Uk—2,nzn - Uk—2,nzn||

4+ 4+ ||T2nU17nZn — Ul,nZnH + ||U1,nzn - Zn“

IA

(1 = ) 1 Uk-1,n20 — T3 Up—1,02n]|
HNT3 U100 — Up—1.n2n]|

(1 = M1, ) 1 Uk—2,n20 — T Up—2,0 24|
-+ (L= yu)|Uinzn — T3 U n 2|

+’Yn,1HT1nZn —2zp|l >0 as n— 0.
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Thus

HT]?Uk—l,nZn - Zn“ S HT]?Uk—l,nZn - Uk—l,nan

H|Uk—1n2n — 2al| = 0 as n — oc.

So for any k € {1,2,3,---, N}, we obtain

|2 =T zall < 20 = T Uk—1n2nll + 1T Uk—1,n20 — T} 20|
< ||Zn — T]?kal,nZnH

+ 00k [Uk—1n2n — Zn|] = 0 as n—oo. (4.1.70)

Hence

Thzn — 2l < | Thzn — Tu(T)znl| + (1 Te(T) 20 — Ti2al | + || T 20 — 2al]

IN

(Li + Dllzn = Tizal | + (117 20 = Tz .

Therefore, from (4.1.70), for each k € {1,2,3,---, N}, we obtain

lim || Tz, — 2| = 0. (4.1.71)
n—o0

Moreover, by Lemma 3.5.6, we have w,,(x,) C NY_, F(T},), also since N3_, F(T) C
F(K,) is obvious, we only need to show that F'(K,) C NY_,F(T}). Let 2* €
F(K,),and z, = z*, then, we have ||2*—T;z*|| = 0 foreach k € {1,2,3,--- , N}
that is z* = Tyz*, for each k € {1,2,3,--- , N}, so that 2* € NY_, F(T},). Hence

(iii) is satisfied. O

Theorem 4.1.9 Let E be a real uniformly convex Banach space with a uni-
formly Gateaux differentiable norm, C' a nonempty closed convex subset of E.
Let G : E — E be an n-strongly accretive and p-strictly pseudocontractive with
n+u>1andlet f: E— E be a contraction with coefficient o € (0,1). Let

{T;}Y, be a family of uniformly asymptotically regular asymptotically nonez-
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pansive self mappings of C' into itself and F = ﬂf\il F(T;) # 0. Let K,, be as
in Lemma 4.1.8. Assume that 0 < v < I, where 7 := (1 — 1;#77) and let
xg € C. Let {a,}22, and {5,}5°, be sequences in (0,1), and suppose that the

following conditions are satisfied:
(C1) o, — 0 and 2 — 0 as n — 0o, where vy, is as in (i) of Lemma 4.1.8;

(C2) 3207 oy =00

If {x,}52, is a sequence defined by,
Ty = oy f(xn) + (I — a,G)[Brzn + (1 — Bn) Kpxy], n>0, (4.1.72)

then {x,}5°, converges strongly to p € F, which also solves the following

variational inequality:

(vf(p) — Gp,jla —p)) <0, Vg € F. (4.1.73)

Proof. First, we show that {z,} defined by (4.1.72) is well defined. For all

n € N, let us define the mapping
T'x = anyf(z) + (I — ,G)[Bax + (1 — B,) Kzl

Indeed, for all z,y € E, we have

1Tz =Tyl = oy (F(@) = F()) + (1 — anG)[Balz — ) + (1 = ) (Kox — Kyy)]|
< anyallr =yl + (1 = an?)Ballz = yll + (1 = B) (1 + vn)l[2 = y]]
< fawya+ (1= an7)(1+ o)l =yl

= (1= anlr = 70) = (1 = aur)(wafan)]) I = yll.
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Since, lim (1 — a,7)v,/, — 0, then there exists ny € N such that (1 —

n—o0

QA T)Uy /< (T — ) /2 for all n > ng. Therefore, for n > ng, we have

1—ap[(t—va) — (1 — ap7) (v, /)] < 1 — [T — ya) — (1 — va) /2] < 1.

Hence,

1Tz = Tyl < [la =yl

Thus, {z,} defined by (4.1.72) is well defined. Therefore, by the contraction
mapping principle, there exists a unique fixed point x,, € C of T which sat-

isfies (4.1.72).

From the choice of the parameter -, it is easy to see that the mapping (G—~f) :
E — FE is strongly accretive and so the variational inequality (4.1.73) has

unique solution in F. Let p € I then,

|zn — p||2 = an(7f(p) — Gp,j(Tn — D)) + (I — nG)[Bun + (1 = B,) Kpzn]

—(I = anQ)p, j(wn — p)) + an(vf(2n) — v f(P), j(Tn — p))

< 1= an(t —ya) + (1 = ap7)v]||zn — p”2 + an{(vf — G)p, j(zn — ).

Let d,, = (1 — a,,7)(vp/v). Since, lim (1 — o, 7)v,/a,, = 0, then there exists
n—oo

no € N such that (1 — a,,7)v,/ay, < (T —ya)/2 for all n > ny.

(vf = G)p, j(xn — )
(T —va) —d,

lzn = plI* < ) (4.1.74)

that is ||z, — p|| < %ﬁp)”, for all n > ng. Thus {x,} is bounded implies

that {f(x,)}, {G(x,)} and {K,(z,)} are also bounded. From (4.1.72) we also
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obtain

|2n — K|l < Bulltn — Knwnl| + anllvf(2n) — G(Brn + (1 — Br) Kn(2n))]]

and hence

Qnp

1_ﬁn

[0 — Kz < 17f(@n) = G(Bawn + (1 = Bn) Kn(2a))|| — 0(4.1.75)

as n — 00. Since {x,, } is bounded, using (4.1.75), it follows from (iii) of Lemma
4.1.8 that F = F(K,). We claim that the set {x,} is sequentially compact.

Indeed, define a map ¢ : £ — R by

O(y) == |z — yl|I?, Vy € E.

Then, ¢(y) — oo as ||y|| = oo, ¢ is continuous and convex, so as E is reflexive,

there exists ¢ € E such that ¢(q) = mig¢(u). Hence, the set
ue

K" :={y € E: ¢(y) = ming(u)} # 0

since lim ||z, — Ky2,|| =0, lim ||z, — KJ'z,|| = 0, for any m > 1 by induc-
n—oo n—oo
tion. Now let v € K*, we have

lim gb(KnU) = lim Monn - KnUHQ
n—oo

n—oo

= lim p ||z, — Kpzp + Kpzp — Kov||?
n—o0

IN

lim jaal(1+ 00) [ — o2 = Tim 6(v),
n—00 n—00

and hence K,v € K*.
Now let z € F, then z = K, z. Since K* is a closed convex set, there exists a

unique v* € K* such that

||z — v*|| = min||z — ul].
ueK*
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But

lim ||z — K,0*|] = lim||K,z — K,0*|| < lim (1 + v,)||z — v*|],
n—o0 n—00 n—00

which implies v* = K,v* and so K* N F # ().

Let pe K*NF and € € (0,1). Then, it follows that ¢(p) < ¢(p — e(G —~vf)p)

and using Lemma 3.5.2, we obtain

|z — p+ e(G =7 f)pl]> < llwn — pl* +26((G — v f)p, j (0 —p+ €(G —7f)p))

which implies

(v f = G)p, j(xn —p+ (G —7f)p)) < 0.

Moreover,

pn((Vf = G)p, j(xn —p)) = pnl(vf = G)p,j(xn —p) — j(@n —p+ (G —7f)p))
+in{(vf = G)p, j(xn — p+ (G —7f)p))

< (v f = G)p, (0 —p) = (20 —p+ (G —7f)p)).

Since j is norm — to — weak* uniformly continuous on bounded subsets of F,

we have

pn{(vf — G)p, j(zn —p)) < 0.

It follows from (4.1.74) that

(vf = G)p, j(xn — D))
(T - ’705> —dy

lzn = pII* <

Y
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and so

finl|n — p|)* < 0.

Thus there exist a subsequence say {x,,} of {z,} such that llimxnl = p.
—00

Define S, as S,z := S,x+ (1 —,) K,z, then llz'mSnazm =pand S,p = p. Thus
—00

for any z € F, using (4.1.72) we have

(Cn) = 1F @)y s = 2)) = — (L = S, — (I = Su)p. s — 2)

O,

+(Gxp, — GSpn,, j(xn, — 2))

IN

(G, — GSpp,, (T, — 2))

IN

1
(1 + ;)me - SnIanH.l’nl - Z||, (4176)

since ((I — Sp)xn, — (I = Su)p, j(zn, — 2)) > 0 and G is Lipschitzian. Using
the fact that ||z, — Spy, || = (1 — Bu,)||Tn, — Kny@n, || = 0 as I — oo, we have

|2n, — Spn,|| — 0 as I — co. From (4.1.76), taking limit as [ — oo we obtain

(G =7f)p,jp—2)) <0.

Hence p is the unique solution of the variational inequality (4.1.73). Now
assume there exists another subsequence of {z,} say {x,, } such that klz—@ Ty, =
p*. Then, using (4.1.75) we have p* € F. Repeating the above argument with
p replaced by p* we can easily see that p* also solves the variational inequality
(4.1.73). By uniqueness of the solution of the variational inequality, we obtain

p = p* and this completes the proof. 0

Theorem 4.1.10 Let E be a real, uniformly convexr Banach space with a uni-
formly Gateaux differentiable norm, C' a nonempty closed convex subset of E.

Let G : E — E be an n-strongly accretive and p-strictly pseudocontractive with
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n+u>1andlet f: E— E be a contraction with coefficient o € (0,1). Let
{T; Y, be family of uniformly asymptotically reqular asymptotically nonexpan-
siwe self mappings of C into itself and F = ﬂfil F(T;) # 0. Let K,, be as in
Lemma 4.1.8. Assume that 0 < v < &, where 7 := (1 — \/g) Let {a, }22
and {B,}5°, be sequences in (0,1), and suppose that the following conditions

are satisfied:

(C1) nli_)rgloozn =0 and T}Lngog—’; =0, where v, is as in (i) of Lemma 4.1.8;
(C2) 32y, = 00

(C3) 0 < liminf, . B, < limsup,_,.. B, < 1;

Let {x,}5°, be a sequence defined iteratively by letting o € C arbitrary and,

Yn = ann + (1 - ﬁn)Knl‘na

Tp+1 = O‘n’yf(xn) + (I - anG)yna n Z 07 (4177)
then, the following hold
(a) {x,}52, is bounded;
(b) lim || Kz, — x,|| = 0;
(c) F(Kyn) = F;

(d) {x,}>2, converges strongly to p € F, where p is a solution of the varia-

tional inequality:

(vf(p) — Gp.j(g —p)) <0, Vg € F. (4.1.78)

Proof. First, we show that the sequence {x,}32, is bounded. Let u € F

then, since (1 — a,7) (v, /) — 0 as n — oo, there exists ng € N such that
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(1 = a,7)(vy/ay) < (T —ya)/2 for all n > ng. Hence, for n > ng, we have the

following.
Hyn - u” < Bonn - UH + (1 - Bn)”Knxn - UH
< Bulln —ull + (1 = Ba) (1 +vp) 20 — |
< (T4 va)llwn —ul], (4.1.79)
so that,

||xn+1 - UH = ||O*/n7f(xn) + ([ - anG)yn - UH

= |y f(zn) — anyf(u) + apyf(u) — an,G(u) + a,G(u) + (I — anG)y, — ul|

< | f(zn) = f)l + anllvf(uw) = G| + (I = anG)yn — (I = anG)u|
< any|[f(wn) = f)]| + anlvf(u) = Glu)l| + (1 = anr)|[yn — ull
< apyallz, —ull + anllvf(w) = G)| + (1 = anT) (1 + vn)[|2n — ull
= [1-a(r—an-(1- anT);—Z)} |2 — ]
van((7— o - >§> A = ol
< {1, -, A= GO

Thus by induction, we have

|zn —u| < maX{on —ul|, 2lyf() = Gl }, Vn > ng. (4.1.80)
T —ay

Hence, {z,} is bounded. As such {y,}, {Gy,} and {f(z,)} are also bounded.

Next, we show that lim ||z, — z,|| = 0.
n—oo
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Let z, := =007 which implies

1—fn
L (@) + (= cnG)yn — Putn
" 1- ﬁn
o an(’Yf(xn) - Gyn) + Yn — ann
B 1- 671
_ (W f(wn) = Gyn) + (1 = Bn) Ko
an(W/f(xn) - Gyn) + Knl'n

1-— Bn
then

i1 (Vf (Tni1) = GYni1)  an(Vf(20) — Gyn)

Zn+l — Rn = 1— /Bn+1 1— Bn

+Kn+1xn+1 - Knl‘n

Hence, by letting M = sup,,(||7f(xzn)|| + ||Gynl|), we obtain

Qn

1_671

(I f @)l + [1Gyall)

Qp41
— < 1
I

+’|Kn+1xn+1 - Knan

IS @ni )l + [ Gynia|]) +

Qnt1 Oy, >
= (1_@1“"‘1_@1 +H +1Tn41 +12 H

HKn17n — Ky

Qp Qp
(72— + =2 )M+ (1 + va) s — 2l

1— ﬁn+1 1— ﬁn
+’|Kn+1xn - Knan

Therefore

« (0%
s = zall = lfowsr = zall < (F250+ 725 )M+ vwiallons = ]
n n

_'_‘ |Kn+lxn - Knan

which implies

limsup(|[2n41 = 2n|| — [|Tn1 — 24]]) < 0.
n—0o0
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Hence, by Lemma 3.5.3, we obtain

lim ||z, — z,|| =0
n—oo
thus
|Tne1 — xnl| = (1= Bo)||zn —xnl] = 0 as n — oc.

From (4.1.77) it follows that,

[Znt1 = vnll = llowyf(2n) + (I = nG)yn — ynll

IA

lenf (@n) | + (L = anG)yn — ynll

= a{ Il + 16}

we have ||Z,41 — yn|| = 0 as n — oo. As

[z = ynll < llzn = Zniall + 12011 = ynll,

we also get

|zn — ynl] = 0 as n — 0.

On the other hand, we obtain

”ann - an < Hxn - ynH + Hyn - Kn$n”

(4.1.81)

= |lzn = yull + |(Buzn + (1 = Bn) Knwn) — Kpxy||

(4.1.82)

which implies that (1 — 5,)||Knzn — 25| < ||z — ynl|. From condition (C3)

and (4.1.81) we obtain

| Kpxn — x| — 0 as n — oo.
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Hence (b) is satisfied.

Next, we show that (c) is satisfied, that is F(K,,) = N¥,F(T;), but from (a),

(b) above and (iii) of Lemma 4.1.8, (c) is satisfied.

Next, we show that

limsup((vf — G)p, j(zn — p)) <0, (4.1.84)

n—oo

where p is the unique solution of the variational inequality (4.1.73). Let z,, =

satisfy the condition of Theorem 4.1.9. Then it follows from Theorem 4.1.9

that p = lim z,,, so that

m—0o00

Zm — Tn = O (Vf(2m) — Gzm) + am(Gzm — GYm) + Ym — Ty,
Hence

||2m — anZ = 0 (Vf(2m) — Gzm, j(2m — 24))
+ 0 (Gzm — GYm, J (2 — 1))

+<ym - mmj(zm - xn))

< an(Vf(2m) = Gam, j(2m — 20))
+a||G2m — Gyl [l 2m — 0]
Y = @allll2m — zall

< an{1f(zm) = Goms j(2m — T0))

1
+am (1 + ;)Hzm - ym||||zm - $n||

HYm — Tall[|2m — 24|
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S Oém<'}/f(2’m) - szaj(zm - mn)>
1
(1 + ;)(1 — B)|zm — Kmzm|[||2m — Tal]
+|zn — zmHz + (1 = B [Vm]|2m — 74|

HEKmn — 2]l 2m — 2l

Therefore

(Vf(zm) = Gzm, § (20 — 2m))

IN

1
(1+ ;)(1 — B)|lzm — Kmzm|[l|2m — 2]

(1 = B [vm/ ] ll2m — 2] |*

|| Ko — xn“”'zm — Ty|

+

+

Om

Now, taking limit superior as n — oo firstly, and then as m — oo, we have

lim suplim sup(yf(zm) — Gzm, j(@n — 2m)) <0 (4.1.85)

m— 00 n—oo

Moreover, we note that

(vf(p) — Gp, j(zn — p)) (4.1.86)
= (vf(p) = Gp,j(xn —p)) — (Vf(p) = Gp, j(2n — 2m))
+(vf(p) = Gp, j (20 — 2m)) = (VF (D) = Gz, j (@0 — 2m))
+(f(P) — Gom, j(@n — 2m)) — (Vf(2m) = Gz, j (@0 — 2m))

(1 (zm) = G, (@0 — 2m))

= (vf(p) = Gp,j(xn —p) — (0 — 2m))
+(Gzp — Gp, j(xn — 2m))
v (2m) =7 (), 5 (20 — 2m))

(v f (2m) — Gz, j(Tn — 2m)) (4.1.87)
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Taking limit superior as n — oo in (4.1.86), we have

limsup(yf(p) — Gp, j(z, — D))

n—oo

< limsup(yf(p) — Gp, j(xn — p) — j(Tn — 2m))

n—oo

+||G 2z — Gp|[limsup||z, — 2|

n—oo

Hvf Gzm) =~ f ()| limsup|fa, — zp|]

+lim sup(yf(zm) — Gzm, j(n — 2m))
< limsup(yf(p) — Gp, j(wn — p) — j(Tn — 2m))

1 .
H(+ )+ @)1z = pllim suplf — 2|

n—oo

+lim sup(yf(zm) — Gzm, j(Tn — 2m))

n—o0

By Theorem 4.1.9, z,, = p € F' as m — .
Since j is norm — to — weak™ uniformly continuous on bounded subset of E,

we obtain

lim suplim sup(y f(p) — Gp, j(z, — p) — j(xn — 2m)) = 0,

m—00 n—oo

therefore, from (4.1.85) we obtain

limsup(yf(p) — Gp, j(z, —p)) <0

n—o0

Finally, we show that (d) is satisfied, since lim (v,/a;,) = 0. If we denote by
n—oo
o, the value of 2v, + v2 then, clearly lim (0,/a,) = 0. Let Ny € N be large
n—o0o

enough such that (1—«,7)(0,/a,) < (T —27va)/2, for all n > Ny. Then, using
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the recursion formula (4.1.77) and for all n > Ny, we obtain.

Hxn-i-l - pH2 = Han’)/f(xn) - OznG(p) + (1 - O‘nG)yn - (1 - anG)pW
(1 = anG)yn — (1 = cnG)pl* + 200 (v f (x0) = G(p). j(wns1 — p))
(1 - an7)2||yn _pH2 + 20‘n<7f(xn) - ’Vf(p)ﬂj<xn+1 - p>>

2an(7f(p) — G(p), j(Tni1 — D))

IN

IN

+

IN

(1 = aw?)llyn = pl* + 2ayllzn — pll| 201 — pl]

(1= ) [Bn + (1 = Ba) (1 +v)*]|Jn — pl[?

+

IN

anyallz, — pl* + anyal|za — pl)?
20, (v f(p) — G(p), j (i1 — p))

(1 - O‘nT)[l + Unmxn —p||2

+ o+

IN

e[z, — pl)? + anyal[Tns — pl)?
200, (7f(p) = G(p), J(@nt1 — D))

= <1 —apl(t—ay)—(1— OénT)(Un/an)]> |0 — pl|?

+ o+

+ |z — plI? + 20, (v f(p) — G(p), j(@nt1 — D).

Therefore

<1 B Qn[(T — 2a7) 1—_(1 — anT)(an/an)D
QY

20, [(7 = 20y) — (1 — a7) (00 /) [{(7f(p) — G(P), j(Tni1 — D))

(1 — anya)[(T = 2a7) — (1 — anT) (00 /)] '

|z —pl* <

Observe that Y a,[(T — 2ay) — (1 — a,7) (0, /)] = 0o and

<0

20, (7f(p) — G(p), j(Tny1 — p)) )
)]

lim sup ((1 — apya)[(T = 2ay) — (1 — an7) (00 /an

Consequently, applying Lemma 3.5.4, we conclude that x,, — p as n — co. UJ

The following corollaries follow from Theorem 4.1.10.
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Corollary 4.1.11 Let E be a real uniformly convex Banach space whose du-
ality mapping J is weakly sequentially continuous.Let G : H — H, [ : E — E,
{TYY, F, {an}e,, {632, and {x,}22, be as in Theorem 4.1.10, then
{zn}02 converges strongly to p € F, which is also the unique solution of

the variational inequality

(vf(p) —Gp,j(g—p)) <0, Vge F

Corollary 4.1.12 Let H be a real Hilbert space, {2 }ic(0,1), be as in Theorem
4.1.10. Then {2z} converges strongly to a common fized point of the family

{T;}Y., say p which is a unique solution of the variational inequality

(G=~f)p,a—p) >0, Vge F.

Corollary 4.1.13 Let H be a real Hilbert space and let C' be a monempty
closed convex subset of H. Let G : H — H, f: E — E, {T}}}X, F, {an,}2,,
{Bn}oe and {x,}5°, be as in Theorem 4.1.10, then {z,}>°, converges strongly

to p € F, which is also the unique solution of the variational inequality

(vf(p) —Gp,q—p) <0, Vg F

4.1.1 Concluding remarks

In conclusion, the results in this section extend the result of Ali et al. (2013)
from finite of nonexpansive mappings to finite family of asymptotically non-

expansive mappings.
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4.2 Generalized Asymptotically Quasi-Phi Strict
Pseudocontractive Mappings

In this section, we introduce new recursion formulas and prove strong conver-
gence theorem for family of generalized asymptotically quasi-¢-strict pseudo-
contractive mappings in a real reflexive, strictly convex and smooth Banach
space with Kadec-Klee property, whose dual E* also possesses Kdec Klee prop-

erty. The following result is obtained:

Theorem 4.2.1 Let E be a reflexive, strictly convex and smooth Banach space
such that both E and E* have Kadec-Klee property. Let C be a nonempty,
closed, and convex subset of E. Let A be an index set, and T; : C' — C be a
closed, uniformly asymptotically reqular and generalized asymptotically quasi-
¢-strictly pseudocontractive mapping with sequences {u; ,} and {v;,}, for every
i € A. Assume that F := MieaF(T;) # 0 . Let {x,} be a sequence generated

in the following manner;

xo € E chosen arbitrarily,
C:Clzci’oiEA,
Yin = Jﬁl(an,it]l’n + (]- - Oln7Z)J(ﬂnIEn)),

Cz',n—i—l - {Z S Cn . Qb(xm yi,n) < %h[uz,nM + Uz’,n] (421)

—1—12_]“,;_ (xn, — 2, Jxp — JTxn) + 2(xn — 2, Jp, — JYni) },

Cri1 = NieaCrii,

Tnr1 = e, 29, Y >0,

\ n+1

where M = sup ¢(z,x,); {ki}iea C[0,1) and {a;,} are sequences in (0, 1]
zeFn>1

such that liminf(1 — a;,) > 0. Then {x,} converges strongly to ln,_, pir)Zo.

n—o0

Proof. We start by showing that for every i € A, F(T;) is closed and convex.
This proves that Iln,_, p7)7o is well defined, for zo € E. The closedness of

ﬂAF (T;) easily followed from the closedness of T; for each i € A. We only
1€
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need to show that M;ea F(1;) is convex. Let p;1,pi0 € F(T;), and p; = t;p;1 +
(1 —t;)pi2, where t; € (0,1), for every i € A. Then, we show that p; = T;p;.
Indeed, from the definition of T; and (3.6.4) we have

1

i, T3'pi) <
o(pi, T"pi) %

(i n@(Dig, Pi) + Vin + 2(pi — pin, Jpi — JT]'p;)] (4.2.2)

and

1

i, 15'pi) <
o(pi, T7'pi) %

[ ®(Dis2, Di) + Vnyi + 2(pi — P2, Jpi — JT]"ps)]. (4.2.3)

Multiplying (4.2.2) and (4.2.3) by t; and (1 — ¢;) respectively, and adding the

results we get

o(pi, T)'pi) <

1— & [tittin@(pi1, pi) + (1 = ) win®(pi2, pi) + Vi

+2(p; — [tipin + (L — t)piol, Jpi — JT'pi)]

1
- 1% tittin@(Pi1; Pi) + (1 — i) Uin@(Pi2, Di) + Vin]

which implies that
lim ¢(p;, T7'p;) = 0
n—oo

from (3.6.1), we have

Jim [[77%,]] = [|pi (42.4)
It follows that
i || ST pil| = [T | (4.2.5)

Since E* is reflexive, we may, without loss of generality, assume that J(7"p;) —

e"* € E*. But E is also reflexive, then we have J(FE) = E*. This shows that
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there exists an element say e’ € F such that Je' = e¢%*. Therefore

S(pis Ti'p) = Ipill* = 2(pi, J(T7'po)) + 1| T7'pil
= |lpill* = 2ps, J(T7'p:)) + 1T pil |-

Taking liminf of both sides of the equality above, we obtain

n—oo

0 = |lpill* = 2(pi, ™) + [l |I*
= Alpll* = 2(pi, Je') + || J€'|?
= Alpll* = 2(pi, Je*) + [I€']I*

= ¢(pi7 ei)‘

This implies that p; = €', that is Jp; = e**. It follows that J(T"p;) — Jp; €

E*. Using (4.2.5) and the Kadec-Klee property of E*, we obtain
Tim || J(Tpi) = Jpil| = 0.

Since J~! : E* — E is demicontinuous, we see that T'p; — p;. By the
Kadec-Klee property of E together with (4.2.4) we get T'p; — p; as n — 0.
Hence

T,T'p; = T/ 'p; — p; as n — oo.

As T; is closed, we have p; € F(T;), for every i € A. Hence for every i € A,

F(T;) is convex, and cosequently M;ca F(T;) is convex.

Next we show that C,, is closed and convex for all n > 1. It suffices to show for
any fixed but arbitrary ¢ € A, that C;,, is closed and convex for each n > 1.
This can be proved by induction on n. It is obvious that C;; = C' is closed

and convex. Assume that C;, is closed and convex for some A > 1. We now
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prove that C; 1 is closed and convex . For z € Cj 41, one can obtain that

A(xh, Yin) < [win M + v; ) + (x — 2, Jap — JT)'x)

2k;
11—k 11—k

+ 2w — 2, Jxp — Jyng),

using the fact that (., Jx, — JT'xy) and (., Jx, — Jy;,) are continuous and
linear in E, for every ¢ € A, then C; j,41 is closed and convex and consequently

C,, is closed and convex Vn > 1.

We now show that Nea F(T;) C C, for every n > 1. It suffices to show that
NieaF'(T;) C C,,; for every n > 1 and for every i € A. Note that N;ea F(T;) C
C;1 = C. Suppose that NjeaF(T;) C Cyyp, for some h > 1 and for arbitrary

fixed ig € A. Then, for all w € N;eaF(T;) C C;,.n we have

O(w,yign) = O(w, J (vignJan + (1 — i) J(Tian)))
= ||U}||2 - 2<U}, Oéio,hjxh + (1 - Oéh,z‘())J(,_ri};l’h»

+ Neigndzn + (1 — i p) (T a)|)?

IN

l|w||2 - 20 p(w, Jxp) — 2(1 — ayy p) (w, J(j—;}éxh)>

+ agpnllzal 4+ (1 — @)l Tl

g n®(w, x1) + (1 = aign)d(w, Tiay)

IN

ig h®(w, 2) + (1 — ig n)[(1 + wig p)d(w, x)

+  kiyd(xh, Y;th) + Vig 1]

IN

(1 + wign)p(w, zp) + kigd(zn, TLan) + vig p- (4.2.6)

Substituting (3.6.2) and (3.6.4) in (4.2.6) we obtain

1 2k;
1_—]%[ui0,h¢(w7 Zh) + Vi + 77 ;;io

+ 2xp —w, Jrn — Jyign)

¢($h7 yio,h) < <$h - w, th - JT;];Z'}J
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1 2k;
1— ks [uio,hM + Uh,io] +
io

+ 2<ZL’h —w, JIh — ino,h>

< O (xy, —w, Jay, — JT) )

1— ki

Now since ig € A is arbitrary we get w € Cj,. This implies that w € C; 11
for each ¢ € A which in turn implies w € C},;. By induction we obtain

NieaF'(T;) C C,, for every n > 1.

Next we show that {z,} is bounded and lim ¢(x,,xo) exists. Since z, =
n—oo

[, 29, we have

(X — 2z, Jxg — Jp) >0V z € Cp.

Now as NieaF(T;) C C,,, we obtain
(xn, —w, Jxg — Jzym) > 0V w € NieaF(T5). (4.2.7)
It follows from Lemma 3.6.2 that

¢(zn, v0) = ¢(Ilc, 20, 70)

IN

¢(HﬂieAF(Ti)IO> $0) - Cb(HmeAF(Ti)an $n)

< Cb(HﬂieAF(Ti)an $0)-

This implies that the sequence {¢(x,,xo)} is bounded. It follows from (3.6.1)

that the sequence {z,} is also bounded. Using the fact that 11 = Il¢,, 2o €
Chi1 C C), we have
(b(anrla xn) = (b(anrla chxo)
< ¢(@n+1,70) — d(Ile, 2o, o)
= (b(anrl; :CO) - ¢(xn7 x(])‘ (428>

Since z,, = g, x¢ and z,41 = g, 20 € Chyi1 C Cp, we obtain ¢(x,, ) <

n+1

&(Tny1,x0) ¥ n > 1. This shows that {¢(z,,z0)} is nondecreasing and hence
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the limit lim ¢(z,, zo) exists. Thus from (4.2.8) we have

n—o0

lim ¢(xy41, 2,) = 0. (4.2.9)

n—oo

Now we show that z,, — p as n — oo, where p is some point in N;ea F(T;) C
C,. Since {z,} is bounded and the space is reflexive, we may assume that
x, — p as n — 00. Noticing that ¢(x,, ) < (2,11, 20) < G(p, x) and since
C,, is closed and convex we have p € C),. On the other hand, we have from the

weak lower semicontinuity of the norm function that

¢(p.xo) = |Ipll* = 2(p, Jxo) + 0]
< lminf([[a,|* — 2(zn, Jzo) + ||zol|)

= liminf¢(x,, zo)
n—oo

— limsupé(za, 20)
n—oo

¢(p7 1’0).

IN

This implies that ¢(z,,z9) — ¢(p,z9) as n — oo. Hence, ||z,|| — ||p|| as

n — oo. From the Kadec-Klee property of E, we have x, — p as n — oo.

Then we show that p € N;ea F(T;). Since x,41 = g, 29 € Cyy1, We obtain

n+1

from (4.2.1)

. < ; i
(b(l‘n, yz7n) = 1 o ka [/U/Z,'I’LM + U’L,TL] + 1 . k’z

+ 2xp, — Tpg1, ST — JYin) (4.2.10)

(xn — Ty, Jr — JT] 2y)

From (4.2.9) we have x,,11 — x, — 0 as n — oo. Taking limit of both sides of

(4.2.10) as n — oo, we obtain

lim ¢(zp, yin) = 0. (4.2.11)

n—o0
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In view of (3.6.1) we get

Jim ([l [lyil]) =0
This in turn implies that
i [l /| = ]
It follows that
lim ||yl = 11l (4.2.12)

This implies that {Jy;,} is bounded. Since both E and E* are reflexive we
may assume that Jy;, — y** € E* for every i € A. By reflexivity of E, we
have J(FE) = E*. This shows that there exists an element y* € E such that

Jy' = y»*. It follows that

¢(xna yi,n) = HanQ - 2<xna Jyz,n> + Hyz,nHQ
= HanQ — 2T, JYin) + Hin,nHQ-

Taking liminf of both sides of the equality above, we have

n—oo

0 > [pll* = 2{p,y"*) + |ly"*|]?
= |IplI* = 2(p, Jy') + ||T¥'||?
= |IplI* = 2(p, Jy') + ||¥|?

= o(p,y).

Hence, p = ' which implies that y** = Jp for every i € A. It follows that
JYni — Jp € E* for every ¢ € A. From the Kadec-Klee property of E* together

with (4.2.12) we obtain

lim Jy; , = Jp.

n—oo
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Since

20 = Jyinl| < [[J2n = Ipll + 1P = Jyiall,

and using the fact that Jx,, — Jp, it follows that
7}13)10||an — Jyinl| =0. (4.2.13)
Note from the recursion formula (4.2.1), that
(1 = i)l (T2n) = Jn|| = [|J20 = Jyinl]

In view of the assumption that liminf(1 — a;,,) > 0, it follows that
n—oo

lim ||J(T]'x,,) — Jx,|| = 0. (4.2.14)
n—oo
From
(T wn) — Jpl| < |[J(T]wn) — Jau|| + [[Jzn — Jpl],
we have

lim ||J(T"z,) — Jpl| = 0. (4.2.15)
n—oo

From the demicontinuity of J=! : E* — E we have T/"z,, — p, for every i € A.

Since

Tl = lpll| = [0l = 112

< |IJ(Twn) = Jpll,
and from (4.2.15), we have

Tz, || = ||p]| as n — oo for every i € A.
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As F possesses Kadec-Klee property, we obtain

lim ||T}"x,, — p|| = 0. (4.2.16)

n—o0

But

17 e = pll S NIT7 a0 — Tl + [T 20 — pl-

It follows from the uniform asymptotic regularity of 7;, and (4.2.16), that
lim || 2, — p|| = 0, (4.2.17)
n—oo

that is, T;T'z, — p — 0 as n — oo. It follows from the closedness of 7; that

T;p = p for every i € A.

Finally, we show that p = Iln,_, p(1;)®o. Letting n — oo in (4.2.7) we obtain
<p_w7‘]$0_‘]p>20 vwemZEAF(E)v

it follows from Lemma 3.6.1 that p = Iln,_, p(1;)7o. This completes the proof.

[J The following corollaries follow from Theorem 4.2.1.

Corollary 4.2.2 Let E be a real uniformly conver and uniformly smooth Ba-
nach space. Let C, T; : C' — C, {un;i}, {vni}, NieaF(T;), {an;} and {z,} be

as in Theorem 4.2.1, then {x,} converges strongly to Iln,_, p(r,)%o-

Corollary 4.2.3 Let E be a real reflexive, strictly convexr and smooth Ba-
nach space such that both E and E* have Kadec-Klee property. Let C be a
nonempty, closed, and convex subset of E. Let T : C — C be a closed, uni-
formly asymptotically regular and generalized asymptotically quasi-¢-strictly

pseudo-contraction mapping with sequences {u,} and {v,}. Assume that F :=
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F(T) #0. Let {x,} be a sequence generated in the following manner;

xo € E chosen arbitrarily,

C =y,

Un = J HanJz, + (1 — ) JJ(T"x,,)),

Co1 = {2 € Cn s ¢(w0,yn) < 755 [un M + 0]
—i—%(xn —z,Jx, — JT"x,) + 2(x, — 2, Jx,, — Jyn) },

Tny1 = g, o, YR >0

n+1

where M = sup ¢(z,z,); k € (0,1] and {a,} a sequence in (0,1] such that
z€EFn>1

liminf(1 — ay,) > 0, Then {x,} converges strongly to I pryo.

n—o0

Corollary 4.2.4 Let E be a real reflexive, strictly convex and smooth Banach
space such that both E and E* have Kadec-Klee property. Let C' be a nonempty,
closed, and convexr subset of E. Let A be an index set, and T; : C — C be
a closed and quasi-¢-strictly pseudo-contraction mapping. Assume that F =

NieaF(T;) # 0. Let {x,} be a sequence generated in the following manner;

xo € E chosen arbitrarily,

C=C=Cipie,

Yin = J HaniJr, + (1 — ) J (Tizy,)),

Cint1 ={2€ Cy: ¢(xp,Yin) < %(mn -z, Jr, — JTz,)
+2(xn — 2, Jxn — JYni) },

Crt1 = NieaCrii,

Tpy1 = llg,,, o, VN >0

n+1

where {k;}ica C [0,1) and {a,;} are sequences in (0,1] such that liminf(1 —

n—oo

Q) > 0 for each i € A. Then, {x,} converges strongly to Iln,_ . p(r,)Zo-

Corollary 4.2.5 Let E be a real reflexive, strictly convex and smooth Banach
space such that both E and E* have Kadec-Klee property. Let C be a nonempty,

closed, and convex subset of E. Let A be an index set, and T; : C' — C be
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a closed, uniformly asymptotically reqular and asymptotically strict quasi-¢-
pseudocontraction in the intermediate sense with sequence {u,;} C [0,00) such
that u,; — 0 as n — oo. Assume that F' := MieaF(T;) # 0. Let {x,} be a

sequence defined by (4.2.1), where the sequence {v,;} is given by

Upi = Max{O, sup (qb(p, T''x) — (1 + wni)o(p, ) — k:iqb(xn,ﬂ"xn))}
peF(T;),xzeC

for each i € A. Then, {x,} converges strongly to Il~,_, p(r,)%o.

4.2.1 Concluding remarks

In conclusion, the result in this section extends the result of Qin et al. (2012),
from the class of asymptotically strict quasi-¢-pseudo-contraction in the inter-
mediate sense to family of generalized asymptotically quasi-¢-strict pseudo-

contraction mapping.

4.3 Quasi Phi Asymptotically Nonexpansive Multi
Valued Mappings

In this section, we introduce new recursion formulas and prove strong conver-
gence theorem for infinite family of uniformly L—Lipschitzian total quasi-¢-
asymptotically nonexpansive multi-valued mappings using a generalized f—projection
operator in a real uniformly convex and uniformly smooth Banach space. We

begin with the following Lemma:

Lemma 4.3.1 Let E be a real uniformly convex and uniformly smooth Banach
space, and C' a nonempty closed and convezr subset of E. Let T : C'— N(C)
be a closed and total quasi-¢-asymptotically nonexpansive multi-valued map-

ping with nonnegative real sequences {u,} and {v,} and a strictly increasing
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continuous function ¢ : Rt — R* such that u, — 0,v, — 0 as n — oo and
C(0) =0. Let f: E — R be a convex, lower semi continuous mapping with

C Cint(D(f)). Then F(T) is closed and conver.

Proof. First, we show that F(T) is closed. Let {x,}5°, be a sequence in F(T)
such that x, — p (as n — 00). Since z,, € T'z,, by the closure of T', we have
p € Tp, that is p € F(T'). Thus, F(T) is closed.

Next we show that F(7T) is convex. Let z,y € F(T), put z = tx + (1 — t)y
for any ¢t € (0,1), we prove that z € F(T). Indeed, let {w,} be a sequence
generated by

wy € Tz,wy € Twy C T?2,...,w, € Tw,_; C T"%,.... By the convexity of
||.]]? and letting g, := t[u, ((G(x, J2)) + v,) + (1 — 1) [unl(G(y, J2)) + v,], we

have

G(z, Jwn) = ||2|* — 2z, Jwy) + |[wall* + 20 ()
= |I2]]* = 2t(x, Jw,) — 2(1 = )y, Jwn)
+ twall* + (1 = )] |wa| |* + 20/ (2)
= |l2|[* +tG(x, Jw,) + (1 = )Gy, Jwn) + 2] (2)
= a2l = (1= D)llyl* — 2tpf (z) — 2(1 = )pf(y)

12| > + t[G(z, T2) + unC(G(z, J2)) + vy,]

IN

+ (1 =9IG(y, J2) + ual(G(y, J2)) + va] + 2pf (2)
tllz[]* = (1 = O)llyll* — 2tpf (2) — 2(1 — )pf(y)

= l2l* = 2(z, J2) + |I21* + 20 (2) +

= G(z,J2) + pin-

Since G(z,Jz) < G(z,Jw,) and u, — 0 as n — oo, we have G(z, Jw,) —

G(z,Jz), which implies that ¢(z,w,) — 0 as n — oco. By Lemma 3.6.8 we
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have w,, — z (as m — 00). Since T is closed, we have z € T’z that is z € F(T).

Therefore F(T) is convex. O

Theorem 4.3.2 Let E be a real uniformly convex and uniformly smooth Ba-
nach space, and C a nonempty closed and convex subset of E. Let T; : C —
N(C), i € N be an infinite family of uniformly L;— Lipschitzian, closed and to-
tal quasi-¢-asymptotically nonexpansive multi-valued mappings. Let {u,;} and
{vni} be nonnegative real sequences of strictly increasing continuous functions
G RY = R such that u,; — 0,0, — 0 as n — oo, and (;(0) =0, i € N.
Let F = N2, F(T;) # 0, be bounded and f : E — R be convex and lower
semi continuous mapping with C' C int(D(f)). Suppose {x,}>2, is a sequence

iteratively generated by xg € C,Cy = C,

2y = J Moo JTn + Y ey ameff));
Yn = J_l<6n<]2n + (1 - Bn)an)a
Coi1={velC,:Gw,Jy,) < G(v,Jx,) + on};

(4.3.1)

—1f
Tpt1 = HC’n_‘_le’ n > Oa

where {a,; }°2, are sequences of positive real numbers, w?

Op = 221 Ay (Unisupgi(G(p7 J.'l'n)) + uni); and

peF

€ T'x,, i € N,

(i) > o 0y = 1; liminfanoa,; > 0 Vi € N;

n—oo

(11)) 0 < B < B, <1 for some 5 € (0,1).
Then, {x,}2>, converges strongly to T1}.xz.

Proof. We first show that C,,,¥n > 0 is closed and convex. It is obvious that
Cp = (' is closed and convex. Thus, we only need to show that C), is closed
and convex for each n > 1. Since G(v, Jy,) < G(v, Jz,,) + 0, is equivalent to
2(v, Jxp — Jyn) < || Jynll? = ||J2n||? +0,, n € N, we obtain that C,,; is closed

and convex for all n > 0.
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We now show that {x,} is bounded and the limit lim G(x,,, Jx¢) exists. Since
n—oo

f+E — R is convex and lower semi-continuous, by Lemma 3.6.5, there exists

u* € BE* and a € R such that.

fly) > (y,u*) +a, Yy € E.

It follows that

G(zn, Jzo) = ||2all® = 2{@n, Juo) + |0l |* + 20 (2n)

v

[12al[* = 2(2n, J20) + ||70]* + 20(x0, u") + 2par
= l@all* = 2(@n, J2o — pu) + [|20l|* + 2900
> |lzall* = 2[lzalll[ J2o — pu|| + |20l | + 2p

= (llzall = [[T20 = pu"|)* + ol |* = || Jzo — pu’[|* + 2phi3.2)
Since x,, = Hénxo, it follows from (4.3.2) that
G(u, Jxo) > G(xn, J20) = (||l = [Two — pu"|[)* +|wo||* = || Jzo — pu’[|* + 20

Vn > 0 and for each u € F. This implies that {z,}°°, is bounded and so
is {G(zn, Jxo)}o2,. By the construction of C,,, we have that C,, C C, and
Ty = Hén:co for any positive integer m > n. Then from Lemma 3.6.7, we

obtain
(T, Tn) + G(xy, Jxo) < G(T4, JT0). (4.3.3)

In particular,

¢(‘TTL+17 l’n) + G(l’n, JxO) < G(xn—i-lv JIO)
In view of (3.6.1), we have
G(xni1, J0) = G20, J20) > (i1, wn) = (||[Tnrall = [|2a]])* > 0,
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and so {G(z,, Jxo) }72, is nondecreasing. It follows that the limit lim G(z,,, Jxo)
n—oo

exists.

We now show that F' C C,,V¥n > 0. Since {x,} is bounded, so is {G(u, Jz,)}
for any fixed u € C. Let B, C R be some ball of positive radius r satis-
tying {G(u, Jz,,)} C B, for every u € F. Also let B be a set defined by
B :={t € B, :t> 0} and define a map ¢ : B — R* by ((t) = sup((t).

i>1

For n = 0, we clearly have F' C C' = Cy. Now let u € F, then we have

Glu, Jyn) = G(u,BpTzn + (1= B,)Jx,)
= ull® = 28u{u, Jzn) = 2(1 = Bu)(u, Jwn)
+ 1B 20 + (1 = Bu)Jwnll* + 2pf (u)
< ull* = 28u(u, Jza) — 2(1 = Ba){u, J5)
+ BallTzall* + (1= Bu)|[J2al® + 20 (u)
= B.G(u, Jz,) + (1 — B,)G(u, Jz,)
= (1= Bn)G(u, Jzn) + BuGlu, g n + i i Jw )
pa
= (1= B.)G(u, Jzn) + Balllul]® — 2(u, anoJzn + ianiJw§)>
P

+ oo Tzn+ Y andwld | + 20 (w)

i=1

(1= Ba)G(u, Jan) + ButnoG(u, Jan) + Bn Y Glu, Jwll)

=1

IN

- Bnanoanig(“(]xn - JwS)H)

IN

(1= B,)G(u, Jxy,) + BnanoG(u, Jx,)

+ B Y 0l Glu, Jan) + 0niC(Glu, Jay)) + ty]
=1
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S G(u, an) + 6n Z CYm[’Um'SUPC(G(U, J‘In)) + unl]

i—1 ueF
- Bnanoanig(Han - ‘]wr(:)“)

= G(u,Jzy,) + 0 — Bnnoanig(||Jzn — Jw,(f)H) (4.3.4)
Therefore
G(u, Jy,) < G(u, Jx,) + 0y, YV u € F. (4.3.5)

ie, u € Cpyq and so F' C O,y for all n > 0. Since C,, 41 is closed and convex
and F' C C,,Vn > 0, it follows that Hénﬂxo is well defined for all n > 0.

By the assumptions on {u,;} and {v,;} for each i = 1,2, ... we have

On = i Qi (vm-supC(G(p, Jx,)) + um) — 0 (n — 00).
i=1

peF

Now,(4.3.3) implies that
(T, Tn) < G, Jxo) — G240, JT0), (4.3.6)
taking the limit as m,n — oo, we obtain

lim ¢(zp,, z,) = 0.

n—oo

It then follows from Lemma 3.6.8 that ||z, — x,|| — 0 as m,n — oco. Hence
{z,}52, is Cauchy. As E is a Banach space and C'is closed, then there exists

p € C such that x,, — p as n — oo.

Now since ¢(z, ,) — 0 as m,n — oo we have in particular

lim (2,1, 2,) = 0

n—oo
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and this further implies that
lim ||x,41 — 2,|| = 0. (4.3.7)
n—oo

By the fact that x,,, € C, 11 C C,, it follows that

¢(xn+17 yn) S ¢(xn+1> xn) + On,

hence

lim ¢(z,11,y,) = 0.
n—oo

By Lemma 3.6.8 we obtain
lim ||zp41 — ynl|| = 0.
—00

So

|0 = ynll < [[2ns1 = @nll + |21 = ynll;

and this implies
lim [z, — ya|| = 0. (4.3.8)
n—oo

Since J is uniformly norm-to-norm continuous on bounded sets we also have

nh_)rI;OHJ:cn — Jyu|| = 0. (4.3.9)
As 0 < 8 < B, <1, then
|| Tz — Jxn|| = iHJmn —Jyu|| =0, as n— oc.
Since J~! is uniformly norm-to-norm continuous on bounded sets we obtain

lim ||z, — z,|| =0,
n—oo
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so that z, — p as n — oo. From (4.3.4), for any u € F' and w e T x,, i=

1,2, ..., we have
G(“a Jyn) S G(u, an) + On — ﬁn@noamg(Hjxn - JU)S)H),
it follows that,

Brnonig (|| T2 — waf)||) < G(u, Jx,) — G(u, Jy,) + on,

but
Glu, Ja,) = Glu, Tya) = Nl = llynl 2 = 20, T = Jyn)
< Il = gl | + 2|, T = Ty)
< Jllwall = Hgall| Ul + 1glD) + 21l = Tyl

from this, (4.3.8) and (4.3.9), we obtain G(u, Jx,) —G(u, Jy,) — 0 as n — oo,

using conditions (i) and (ii) and it follows that
lim g(||Jz, — Jw?||) = 0.
n—o0

By property of g, we have

lim ||Jz, — Jw?|| = 0. (4.3.10)

n—o0

Since J~! is uniformly norm-to-norm continuous on bounded sets we obtain

lim ||z, — w|| = 0. (4.3.11)

n—oo

As w,(f) € Tz, it implies that Tiw,(f) - Tf“xn, now let sfjil € Tiwg) which
(1)

implies that s, € T;""'x,. Then, since T} is uniformly L;-Lipschitzian, i € N,
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we have

s —w@|| < 1189 — w ||+ W) — Tpga|l + a1 — @l + |2 — 0]

IN

(Li + D[nsr — x| + |wl)y — 2] + [z — wl]].

From this together with (4.3.7) and (4.3.11), we obtain lim s, —w|| =0
and so SSJ)FI — p as n — oo for each ¢« € N. In view of the closure of T;, we
have p € T;p, for each i € N, therefore p € F.

Finally, we show that p = IT,zy. Since F = N2, F(T}) is closed and convex, by
Lemma 3.6.6 H£ is single valued and so if we denote v = Hlfpxo, as x, = Héﬂxo

and v € F' € C,, we have
G(zp, Jxo) < G(v, Jxg), ¥ n > 0.

We know that G (&, Jy) is convex and lower semi-continuous with respect to £
when ¢ is fixed and this implies that

G(p, Jxo) < liminfG(x,, Jxo) < limsupG(x,, Jzo) < G(v, Jxo).

n—oo n—o00

From the definition of H?:UO and the fact that p € F, we see that p = v. This

completes the proof. O

The following important Corollaries follow from Theorem 4.3.2 and Lemma

4.3.1.

Corollary 4.3.3 Let E be a real uniformly convex and uniformly smooth Ba-
nach space, and C' a nonempty closed and convexr subset of E. Let T; : C' —
N(C), i =1,2,3,... be an infinite family of uniformly L;— Lipschitzian, closed
and relatively nonexpansive multi-valued mappings. Let F = N2, F(T;) # 0

and f : E — R be conver and lower semi continuous mapping with C' C
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int(D(f)). Suppose {x,}5°, is iteratively generated by xo € C,Cy = C,

2y = J N omo Ty + Y ey ameT(«f));
Cop1={veC,: G, Jy,) <Gv,Jxy,)};

(4.3.12)

— 11/
Tpt+1 = ch+1x07 n > 07

(4)

where {ay; Y22, are sequences of positive real numbers, wy’ € Tix,, i € N and

(i) Do i = 1; liminfanoa,; > 0 Vi € N;

n—oo

(1)) 0 < B < B, <1 for some 5 € (0,1).
Then, {x,}22, converges strongly to T1%.xz.

Corollary 4.3.4 Let E be a real uniformly convex and uniformly smooth Ba-
nach space, and C be a nonempty closed and convex subset of E. Let T; : C' —
N(C), i =1,2,3,... be an infinite family of uniformly L;— Lipschitzian, closed
and weak relatively nonezpansive multi-valued mappings. Let F' = N2 F(T;) #
0 and f : E — R be convex and lower semi continuous mapping with C C

int(D(f)). Suppose {x,}5°, is iteratively generated by xy € C,Cy = C,

( .
Zn = J Hamodn + > ) oszw,(f));

Cn+1 == {U S Cn : G(Ua Jyn) S G(U7 an)}7

(4.3.13)

— 11/
Tpt+1 = HC’,H_1$O7 n > 07

where {am; 152, are sequences of positive real numbers, wﬁf) € Tix,, 1 ¢ N and
(i) Do i = 1; liminfanoan; > 0 Vi € N;
n—ro0

(i1) 0 < B < B, <1 for some B € (0,1).

Then, {,}2°, converges strongly to TT}xq.
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Corollary 4.3.5 Let E be a real uniformly convex and uniformly smooth Ba-
nach space, and C' be a nonempty closed and convex subset of E. Let T; :
C — N(C), i=1,2,3,... be an infinite family of uniformly L;— Lipschitzian,
closed and quasi-¢p-asymptotically nonexpansive multi-valued mappings with
real sequences {ky;} i = 1,2, ... such that k,; — 1, as n — oo, Vi € N. Let
F =nN2,F(T;) # 0, bounded and f : E — R be convex and lower semi contin-
uous mapping with C' C int(D(f)). Suppose {x,}5°, is a sequence iteratively

generated by xy € C,Cy = C.

2y = J HamoJTn + Y ooy oszwff));

— 71 _ .
) Yn = J (5n<]zn + (1 6n)<]$n)a (4314>

Coy1={veC,: G, Jy,) <Gv,Jx,) + on};

_ 1/
Tny1 =g o, n >0,

where {a,; }2° | are sequences of positive real numbers, v e T'x,, 1 € N,

Op =D o) am‘((k?m‘ — 1)supG(p, an))? and

peEF

(i) Do Qi = 1; liminfanoan; > 0 Vi € N;

n—oo

(i1) 0 < B < B, <1 for some B € (0,1).

Then, {,}2°, converges strongly to TT}x.

4.3.1 Concluding remarks

In conclusion, the result in this section extends the result of Zhang et al.
(2013), from weak relatively multi-valued nonexpansive mapping to infinite
family of total quasi-¢-asymptotically nonexpansive multi-valued mappings

using f-projection.
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4.4 Bregman Strictly Pseudocontractive
Mapping and Equilibrium Problems

In this section, we introduce new recursion formula and prove strong conver-
gence theorem for finite family of closed quasi-Bregman strictly pseudocontrac-
tive mapping and system of equilibrium problems in a real reflexive Banach

space.

The next Lemmas will be useful in the proof of our main result.

Lemma 4.4.1 Let f : E — R be a Legendre function which is uniformly
Fréchet differentiable and bounded on subsets of E, let C' be a nonempty,
closed and convex subset of £ and let 7' : C' — C' be a quasi-Bregman strict
pseudo contractive mapping with respect to f. Then, for any x € C,p € F(T)
and k € [0,1) the following hold

1
1—k

D¢(x,Tz) < (x —p,Vf(z) = V[f(Tx)). (4.4.1)

Proof. Let x € C, p € F(T) and k € [0, 1), by definition of T', we have

D¢(p,Tx) < Dy(p,x) + kDs(x,Tx)

from (3.7.3), we obtain that

Dy(p,x) + Dy(x, Tx) + (x — pV f(x) = Vf(T'x)) < Dy(p,x) + kDys(x, Tx)

which implies

1

D Tx) <

(# —p, Vf(z) = V[(Tx)).
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This completes the proof. O

Lemma 4.4.2 Let E be reflexive real Banach space and let f : E — R be a
Legendre function which is uniformly Fréchet differentiable on bounded subsets
of E, let C' be a nonempty, closed and convex subset of £/ and let T : C — C
be a quasi-Bregman strict pseudo contractive mapping with respect to f. Then,

F(T) is closed and conver.

Proof. Let F(T) be nonempty set. First we show that F'(T) is closed. Let
{z,} be a sequence in F(T') such that z,, — z as n — 0o, we need to show

that z € F(T'). From Lemma 4.4.1, we obtain

1

D Tz) <

(z — 2, Vf(2) = V[(Tz)). (4.4.2)

From (4.4.2), we have D¢(z,Tz) < 0 and from Bauschke et al. (2001), it follows
that Tz = z. Therefore F(T) is closed.

Next, we show that F(T') is convex. Let 21,29 € F(T), for any ¢t € (0,1),
putting z = tz; + (1 — t)z2, we need to show that z € F(T). From Lemma

4.4.1, we obtain respectively

1

Dy(2,Tz) < (z =21, Vf(z) = Vf(Tz)) (4.4.3)

—_
o

and

1

Dy(2,Tz) < (z — 20,V f(2) = V[f(Tz)) (4.4.4)

—_
o

Multiplying (4.4.3) by t and (4.4.4) by (1—t) and adding the results, we obtain

1
1 —

D¢(2,Tz) < (z —2,Vf(z) =V f(T2)) (4.4.5)

o

which implies, Df(z,T%) < 0, from Bauschke et al. (2001), it follows that

Tz = z. Therefore F/(T) is also convex. This complete the proof. [0 We now
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prove the following theorem.

Theorem 4.4.3 Let C' be a nonempty, closed and convex subset of a real
reflexive Banach space E and f : E — R a strongly coercive Legendre func-
tion which is bounded, uniformly Fréchet differentiable and totally convex on
bounded subset of E. For eachk =1,2,--- ,m, let g be a bifunction from C'xC
to R satisfying (A1)-(A4) and let {TX,} be a finite family of L;— Lipschitzian,
i = 1,2,3,--- N closed and quasi-Bregman strictly pseudocontractive self
mapping of C' such that F := <ﬂ}€”:1EP(gk)) N (ﬂﬁ\;lF(Ti)> # 0. Let {x,}2,

be a sequence generated by xr1 =x € C,Cy = C and

.
1 €C

Yo = VI (V[ () + (1 = an) Vf(Town)
Ujn = Res) Yo, §=1,2,3,---,m
wn = V(0 BinV S (s0)) (4.4.6)
Cr1 = {w € Cpp = Dy(, wy) < 75 (wn — w, V f(2)
— Vf(Town)) + (2 — w, V f(Town) — V f(wn))}

Tpyl = Pénﬂ(x), neN,

where Ty, = Ty(mod Ny, and k € [0,1), for each i =1,2,--- | N, T; is uniformly
continuous. Suppose {o,}o2q and {Bn}ee,j =1,2,--- ,m are sequences in

(0,1) such that (i) ligi;lf(l—ozn) >0, () Y252 Bim = 1,m > 1. Then {x,}72,

converges strongly to P};(x), where Pj,: 1s the Bregman projection of & onto F.

Proof. The proof is divided into six steps.

Step I. Show that F' = (ﬁ;.”zl EP(gj)> N (ﬂfil F(TJ) is closed and convex.
From Lemma 4.4.2, NY, F(T;) is closed and convex and from (iv) of Lemma
3.7.9 N1, EP(g;) is closed and convex. So, F' = (ﬂ;”:lEP(gj)> N (ﬂf\ilF(Tz)>
is closed and convex.

Step II. Show that C), is closed and convex for alln > 1. Forn=1,Cy, =C

is closed and convex. Assume that Cj, is closed and convex for some h > 1.
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For w € Cj41, one obtains

< o=, V() — VF(Tan)

+Hwn — w, VF(Than) — V f(wn)).

Df(xh’ wh)

Using the fact that (Vf(z,) — Vf(Thzr), ) and (Vf(Thay) — V f(wy),-) are

continuous and linear in F, then for h > 1, C}4; is closed and convex.

Step III. Show that ' C C,, for every n > 1. Note that F C C; = C. Suppose
F C Cy, then for h > 1, and for all w € F C C), since u;; = Resgj (yn) for

each j =1,2,--- ,m, from (3.7.4) and Lemma 3.7.9, we have

Dyw.wi) = Dy(w, V(Y BV ;)

IN

> BinDy(w, uz,)
j=1

VAN

Z BinDy(w, yn)
=1

= Dy(w. ) (4.4.7)

also from (3.7.4) and (4.4.1), we obtain

Df(w,yh) = Df(w, Vf*(Othf($h) + (1 — O./h)Vf(Th$h)))

IN

apDe(w,xp) + (1 — ap)Dy(w, Thap)

IN

apDy(w,zp) + (1 — ap)[Dy(w, zp) + kDg(xn, Thay)

IN

Df(UJ, l‘h) + ]ﬂDf(l’h, Thl’h)

IN

Dy(w, xy) +

o —w, Vf(2n) = VF(Tian)). (44.8)
But, from (3.7.3)

Dy(w,wp) = Dy(w, xp) + Dp(xn, wp) + (w — 2, Vf(zh) — V(wp)). (4.4.9)
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From (4.4.7), (4.4.8) and (4.4.9), we obtain

k
T on = w, Vf(zn) = Vf(Than))
+(xn — w, Vf(z) — Vf(ws))

k
= gl w, Vi) =V (Thza)

= w, Vf(xy) = VF(Than))

Dy(xp,wy) <

+(xp, —w, Vf(Thxy) — V f(wy))
_ (% 1) (= w, Vf (on) = Vf (Thn)
+(xp —w, Vf(Thzy) — V f(wy))
1
= Tl = w, Vi (an) = VI (Tyan))

+<1Eh — w, Vf(ThZL‘h) - Vf(wh)> (4410)

This shows that w € Cj4, which implies F' C C), for every n > 1.

Step IV. Show that lim Dy(x,,x) exists. From (4.4.6), x, = Pénx, which

n—oo

from (a) of Lemma 3.7.3 implies

(y = 2, Vf(x) = Vf(2n)) <0, Vy € Cp.
Since F' C C),, we have

(w—2,,Vf(x)—Vf(x,)) <0, VweF. (4.4.11)
From (b) of Lemma 3.7.3 we have

Dy(twz) = Dy(Pfx.2) < Dy(w,z) — Dylw, P, x)

< D¢(w,x), VYn>1,w € F. (4.4.12)

This implies that {Dy(z,,2)} is bounded, and from Lemma 3.7.6, {z,} is

bounded. By the construction of C),, we have z,,, € C,, C C,,, and z,, = P(’;nx,
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for any positive integer m > n. Then, we obtain

D¢(xm, x,) = Df(xm,PéniU)
< Df(:z:m,x)—Df(Pénw,x)

= Dy(xp,x) — Di(zy, x). (4.4.13)

In particular,

D(Tns1,20) < Dp(wny1,2) — D, ).

Since x,, = Pénx and x,,1 = Péon € Cpy1 C C,, we obtain D¢(x,,x) <
D¢(xps1,2) Yn > 1. This show that {D¢(x,,x)} is nondecreasing and hence
the limit lim Dy(x,,x) exists. Thus from (4.4.13), taking the limit as m,n —

n—oo
0o, we obtain lim D¢(z,,,x,) = 0. Since f is totally convex on bounded
n—oo
subsets of E, f is sequentially consistent (see, Censor and Lent (1981)). It
follows that ||z, — z,|| — 0 as m,n — co. Hence {z,} is a Cauchy sequence

in C. As {z,} is Cauchy in a complete space E, there exists p € F such that

x, = pasn — oo. Clearly p € C.

Since Dy (zy,, x,) — 0, as m,n — oo, we have in particular,

lim Dy¢(2p11,2,) =0 (4.4.14)

n—o0

and this further implies that
lim ||zp41 — @,|| = 0. (4.4.15)
n—oo

Step V. Next we show that z,, — p € F.

Since 11 = Pg x € Cyyq, we have from (4.4.6),

n+1

1 i k<wn — Zpy1, V(n) — Vf(Thx,))  (4.4.16)

+Hxp — Ty, VI (Thz,) — Vf(w,)) (4.4.17)

Df<xmwn)
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which implies that lim D¢(x,,w,) = 0. Since f is totally convex on bounded
n—oo

subsets of E, f is sequentially consistent (see, Censor and Lent (1981)). It

follows that

lim ||z, — wy,|| = 0. (4.4.18)
n—oo
From (4.4.15) and (4.4.18), we have
lim ||z,41 — wy|| = 0. (4.4.19)
n—oo

Since f is uniformly Fréchet differentiable, it follows from Lemma 3.7.1 that

V f is uniformly continuous and f is uniformly continuous on bounded subsets

of E. Hence
I |95 (1) = V5 (w,)]| = 0. (4.4.20)
and
lim [/ (z41) = )| = 0 (44.21)

Since x,11 € Cyy1, it follows from (4.4.7), (4.4.8), that

f(@ni1) = flwn) = (Tny — Wy, Vf(w,)) = Df<xn+1= wy,)

k
T @ = 21, VI (20) = VI (Tan)).

< Df(l‘n+1>?/n) < Df(xm—bxn) +

which implies from (4.4.21), (4.4.19), (4.4.14) and (4.4.15) that

lim D¢(2n11,yn) = 0.

n—0o0
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From the sequential consistency of f, we have
nh_}rEOH:EnH —ynl] = 0. (4.4.22)
from (4.4.15) and (4.4.22), we obtain
Tim ||z — ynl| = 0. (4.4.23)

which implies y,, — p € C, since z,, — p € C. From the uniform continuity of

V f, we have

Tim ||V £(z.) — V()| = 0. (4.4.24)

From (4.4.6), we have

1
IVHTazn) = V@)l = 17— lIVf@a) = VI ()l
which implies from (4.4.24) that
I [91(T,2,) ~ V70l =0 (4:425)

Since f is strongly coercive and uniformly convex on bounded subsets of E, f*
is uniformly Fréchet differentiable on bounded sets. Moreover, f* is bounded

on bounded sets and from (4.4.25), we obtain

lim || Tz, — x,]] = 0. (4.4.26)

n—o0
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On the other hand, we see that

o = Toaznll < [l = @il + 2w = Topiznal|

‘H ‘Tn+lxn+l - Tn+lan

IA

(4 D)l|zn = znpl] + 2041 = Topinl|

for all I € {1,2,---, N}, where L := sup L;. It follows from (4.4.15) and

1<i<N

(4.4.26) that
lim ||z, — Tixn|| = 0.
n—oo

forall 1 € {1,2,--- N}. Thus

lim ||z, — Tix,|| = 0. (4.4.27)
n—oo
forall I € {1,2,--- ,N}. Since x,, — p as n — oo, by the closedness of 7} for

each [ € {1,2,---, N}, we obtain p € N}¥, F(T}).

Also, since y, — p as n — 00, we have from Lemma 3.7.9, for each j =

0 < Dy(p.wn) = Dy(p, Restyyn) < Dy(p,ya) = 0 as n = .

Then, we have from Lemma 3.7.4, lim ||p—u;,|| = 0, for each j =1,2,--- ,m.
n—oo

Comsequently, we have

1w = yall < l[wjn = pll + [P = yul| = 0 as n — oc. (4.4.28)
From the uniform continuity of V f, for each j = 1,2,--- ,m we have
i [V £ (u30) — V()| = 0. (4.4.20)
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From (3.7.5), we have, for j =1,2,....m

gj(“jn’y) + <y - ujnavf(ujn) - vf(?/n» >0, Vy € C.

Furthermore, using (A2) in the last inequality, we obtain
(Y = Wjn, V[ (un) = V() = 9;(y, ujn) Vy € C.
By (A4), (4.4.29) and uj,, — p as n — oo, we have
gi(y,p) <0VyeC. (4.4.30)

Let z; :=ty+ (1 —t)p for t € (0,1] and y € C. This implies that z; € C. This
yields gj(z,p) < 0. It follows from (A1) and (A4) that

0 = gj(2,2) <tg(z,y) + (1 —1)g;j(z,p)

S tg] (Zta y)

and hence

From condition (A3), we obtain
gi(p,y) >0, Vy € C and Vj € {1,2,3,--- ,m}.

This implies that p € EP(g;), for each j = 1,2,--- ,m. Thus, p € "L, EP(g;).
Hence we have p € F' = <ﬂf\;1 F(TZ)> N <ﬂ7j”:1 EP(gj)>.

Step VI. Finally, we show that p = PI{:[E. Setting n — oo in (4.4.11), we

obtain

(w—p,Vfx)=Vf(p)) <0, Vwe F.
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By (a) of Lemma 3.7.3, we have p = Pz, O
Next we give an example of a quasi-Bregman strictly peudocontractive map-
ping which is not quasi—¢— strictly pseudocontractive mapping, this shows

that the former class is a generalization of the latter.

Example 4.4.1 Let E = R,C = [-1,0] and define T, f : [-1,0] — R by
f(x) =z and Tx = 2z, for all x € [-1,0]. We want to show that T is a quasi-

Bregman strict pseudo-contractive but not quasi-phi strict pseudo-contractive.

Proof. From the definition it is clear that f is proper, lowersemi-continuous
and convex, also F'(T) = {0}. By definition of quasi-Bregman strict pseudo-
contractive, we find k£ € [0,1) such that Ds(p,Tz) < Ds(p,x) + kDy(x,Tx)
for all z € C and p € F(T'). Now,

D(O,T2) = f(0)— f(Tx) — {0 — T, V(T)
= 0—2z—(0—2x,Vf(2x))
= —2z—(—2z,2)

D(0,z) = [f(0) = f(z) = {0 -z, Vf(z))
= 0—x—(—x,1)

= —x+2x=0. (4.4.32)
and

D(x,Tx) = f(z)— f(Tx)— (x —Tx,Vf(Tx))
= z—2zx— (x—2x,2)

= —r+2r=ux. (4.4.33)
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From (4.4.31), (4.4.32) and (4.4.33), we obtain

D0,Tz) =2z < x
< O+kxr Vze[-1,0], ke|0,1)

< D(0,z)+ kD(x,Tx) Vze€[-1,0], ke [0,1).

Therefore

D(0,Tz) < D(0,2) + kD(x,Tx) Vx €[-1,0], k €[0,1).

Hence, T' is a quasi-Bregman strict pseudo-contractive map.

Further,

#(0,Tx) = |0]*—2(0,J(Tx)) + |Tx|?
= 0-2(0,J(22)) + |2z|?

= 4|z)?, (4.4.34)

¢(0,2) = [0 = 2(0, J(x)) + |2
= 0-2(0,J(z)) + |=|?

= |zf? (4.4.35)
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and

¢z, Tx) = |z|* =2z, J(T2)) + |[Txf?
= |z]* = 2(x, J(22)) + 4|z
= [o]* — 4(z, J(2)) + 4f2]”
= Jo]* — dlz* + 4z

= |z (4.4.36)

Since 4|z|* > |z|* + k|z|?, for all k € [0,1) and for all z € [—1,0], then

6(0,Tz) < ¢(0,2) + ko(x, Tz) ¥V z € [—1,0]

cannot hold for any k& € [0,1). Hence, T is not quasi-phi- strict pseudo-

contractive map. O

4.4.1 Numerical example

In this section we discuss the direct application of Theorem 4.4.3 on a typical

example on a real line. Consider the following:

ff(z") =sup{< 2,2 > —f(x) : x € E},

£1) = SR VL) = 5 an = S
—(5n — 3)
ap,Vf(z,)+ (1 —a,)Vf(Tx,) = — 3, I

k=1/2, 2, =1/2€C,
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then the scheme can be simplified as

Yn = Vf*(Oéan(IEn) + (1 - O‘n)vf(Txn))a

~ —(5n-3)
. n - 4n nH
4
Up = Resgyn = 1_3yn7

Wy = Vf*(Vf(Un)) = Un,

CnH:{weCn:ngn—

(1 —k)(z, — w,)? }
2((1+2k)x, — (1 — K)w,] '
(1 —Fk)(z, —w,)?

2[(1 4 2k)z, — (1 — K)w,]

Tn+1 = Pén+1 (1:1) = Tn —

The values are generated from the above setting as in the following table, and

the following graph illustrates the convergence.

1 1 1 1 1 1 1 1 1
0 a0 100 150 200 250 300 350 400 450 500

4.4.2 Concluding remarks

In conclusion, the result in this chapter extends the result of Zhu et al. (2013),
from Bregman strongly nonexpansive mapping and equilibrium problem to
closed quasi-Bregman strictly pseudo-contraction mapping and system of equi-

librium problem.

156



CHAPTER FIVE

SUMMARY, CONCLUSION AND
RECOMMENDATIONS

5.1 Summary

In this thesis, we have considered four important class of operators, namely,
asymptotically nonexpansive mapping, generalized asymptotically quasi-¢-strict
pseudo-contraction mapping, total quasi-¢-asymptotically nonexpansive multi-
valued mappings using f-projection and closed quasi-Bregman strictly pseudo-
contraction mapping and system of equilibrium problem. We studied some new
iterative methods for approximation of common fixed points of families of these
operators. The common fixed point of these families approximated happen to
be in some cases solutions of some variational inequality problems and in other

cases solutions of system of equilibrium problems.

5.2 Conclusion

This work has been able to:

(i) extend the result of Ali (2009), from family of nonexpansive mappings
to family of asymptotically nonexpansive mapping in real Banach space
whose duality map is weakly sequentially continuous and its norm is

uniformly Gateaux differentiable.

(ii) extend the result of Osilike et al. (2013), from asymptotically nonexpan-
sive mappings in Hilbert space to family of asymptotically nonexpansive

mapping in Banach space with uniformly Gateaux differentiable norm.
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(iii) extend the result of Qin et al. (2012), from the class of asymptotically
strict quasi-¢-pseudo-contraction in the intermediate sense to family of

generalized asymptotically quasi-¢-strict pseudo-contraction mapping.

(iv) we extend the result of Zhang et al. (2013), from weak relatively multi-

valued nonexpansive mapping to infinite family of total quasi-¢-asymptotically

nonexpansive multi-valued mappings using f-projection.

(v) extend the result of Zhang et al. (2013), from weak relatively multi-valued
nonexpansive mapping to infinite family of total quasi-¢-asymptotically

nonexpansive multi-valued mappings using f-projection.

(vi) extend the result of Zhu et al. (2013), from Bregman strongly nonexpan-
sive mapping and equilibrium problem to closed quasi-Bregman strictly

pseudo-contraction mapping and system of equilibrium problem.

5.3 Recommendations

The increasing interest in the study of fixed point theory have been an impor-
tant tools for solving problems arising in the fields of linear or nonlinear pro-
gramming, variational inequalities, complementarity problems, optimization
problems which widely applied to physics, structural analysis, management
science, economics and so on.

We are recommending researchers to apply the results in this thesis to solve
specific problems such as those mentioned above. It will also be of interest to
carry out an intensive and extensive study of the result in this thesis with a

view of possible improvement.
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