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ABSTRACT

In this thesis a unified treatment of various Path - following
methods for linear programming is presented.

A modification based on "Specific Most Violated Constraints" in
Pivot and Probe Algorithm (PAPA) is introduced which ensures early
termination of the algorithm.

While comparing the Ellipsoid method with Karmarkar's algorirthm
it has been shown that the hearts of these two algorithms depend on the
solution of weighted least squares subproblems and these subproblems
are closely related. Some results related to the volume reduction
inequality for the ellipsoid method and convergence inequality for

Karmarkar's algorithm have also been obtained.

Various types of parameterization of central trajectory and
proximity measures have been critically examined. As a result some
inequalities which ensures faster convergence in Primal - Dual interior

point path - following methods have been obtained.
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CHAPTER 0
INTRODUCTION

We consider the standard linear programming problem
minimize ¢'x
subject to Ax=b (P)

x20
Where ceR", beR™, A is a full-rank m x n rhatrix, n>m.
We assume that the feasible region.

S={xe¢R"Ax=hx = 0}

is bounded and has a nonempty relative interior given by
8% = {x ¢ R"|Ax=b,x > 0}

The linear programming problem was first solved by Dantzig [17] in
1951. The Simplex method developed by him is still the most widely used
algorithm, and it will possibly remain so in future. Although the Simplex
Method is efficient and elegant, it does not posses a property that
became more and more charming in the last three decades: polynomial
complexity. A problem devised by Klee and Minty [51] forced the Simplex
Method to execute a number of arithmetical cperations that grew
exponentially with the number of variables of the problem, attaching to the
method an exponential worst-case complexity.

The question on whether a polynomial algorithm for the linear
programming problem exists was answered in 1978 by Khachiyan [59,60].

He applied the Eliipsoidal method of Shor [103]) and Yudin and



Nemirovskii [55] to the Linear Programming Problem and proved a
polynomial bound on the number of arithmetical operations needed to find
an optimal solution. The bound, 0(n‘L), depends on a number L, the
length of the input, the total number of bits used in the description of the
problem data, which is somewhat frustrating. The existence of a method
with a complexity bound based only on the number of variables and
constraints, is still a difficult open problem. The method raised on
enormous enthusiasm, and had a great impact on the theory of
complexity, but unfortunately the practical implementation have been
irremediably inefficient.

Comprehensive studies of these two methods are discussed in
Dantzig [18],Schrijver [99], Goldfarb and Todd [38]. Complexity issues are
discussed in Shamir [102], Megiddo [77,78], Bland, Goldfarb and Todd
[13], Borgwardt [14] and Tardos [116].

In 1984, Karmarkar [58] published his algorithm, which not only had
a polynomial complexity bound of 0(n*°L) operations, lower than
Khachiyan's [59], but was announced as more efficient than the Simplex
Method. There was initially much discussion about this claim, but now it
is clear that well-coded versions of the new methodology are very
efficient, specially when the problem size increases above some
thousands of variables. Karmarkar's Algorithm is essentially different
from the Simplex Method in that it evolves through the relative interior of
the feasible set, instead of following a sequence of vertices as does the

Simplex Method. Karmarkar's Algorithm has a flavour of nonlinear



programming, in contrast with the combinatorial gait of the Simplex
Method.

Karmarkar's Algorithm in its original form needed a special formulation
of the linear programming problem, and relied on the knowledge of the
value of an optimal solution, or a process for generating efficient lower
bounds for it. Soon standard-form variants were developed by
Anstericher [4], Gay [33], Gonzaga [41], Steger [115], and Ye and Kojima
[130], and an efficient method for generating lower bounds for the optimal
cost was devised by Todd and Burrell [119]. Another approach for finding
lower bounds was developed by Anstreicher [3].

A thorough simplification of Karmarkar's algorithm reproduces the
algorithm due to Dikin [20,21], which now received the name of “Affine-
Scaling”. Karmarkar's algorithm, its variants and implementations, are
discussed in Godfarb and Todd [38].

Our concern starts from the fact that Karmarkar's algorithm performs
well by avoiding the boundary of the feasible set. And it does this with the
help of a classical resource, first used in optimization by Frisch [27] in

1955: the Logarithmic Barrier Function:
x€R", x>0 -~ plx) Y logx,
il
This function grows indefinitely near the boundary of the feasible set

S, and can be used as a penalty attached to those points. Combining p(.)

With the objective makes points near the boundary expensive, and forces



any minimization algorithm to avoid them.

A question is then naturally raised: how far from the boundary should
one stay? A successful answer was given though the definition of the
analytic center of a polytope by Sonnevend [114], the unique point that
minimizes the barrier function. A well-behaved curve is formed by the
analytic centers of all the constants - cost slices of the feasible set in (P):
the central path. This is the subject of this work. This path is a region with
some very attractive primal-dual properties, and provides an answer to
our question: try to stay near the central path. Renegar did so in 1986
[95], and obtained the First PATH-FOLLOWING ALGORITHM, with a
complexity lower than that of Karmarkar's Method in terms of number of
iterations (0(vnL) against 0(nL)). Renegar's approach was based on
Huard's method of centers [52].

Soon afterwards Vaidya [122], refining Renegar's results, and
Gonzaga [42], following a penalty function aproach, described algorithms
with an overall complexity of O(n’L) arithmetical operations, limit that is
still standing. Simultaneously, Kojima, Mizuno, and Yoshise [65]
developed a Primal-Dual Path-Following Method, which was soon to be
reduced to that low complexity by the same authors [64] and by Monteiro
and Adler [85]. A fourth approach based on Karmarkar's potential
function appeared later, first in Ye [128] and then in Freund [25], and in
Gonzaga [47].

Only proven complexity results were cited in the brief historical

account above. An amazing fact has been found out by Anstreicher [7}:



t;we classical barrier function method (SUMT) developed for nonlinear
programming by Fiacco and McCormick [23], exactly as implemented in
1968, solves linear and quadratic programs in 0(vnl log L) iterations.

The field of Interior Point Methods has been extremely active in the
last few years. More than two thousand papers were written, developing
the four approaches for linear programming, extending them to convex
quadratic programming, to linear complementarity problems and to
convex nonlinear programming. Path-following Methods, which started as
short-steps algorithms with nice theoretical properties, evolved into
practical large-steps methods. The purpose of this thesis is to describe
a unified treatment of central path algorithms, and to show how one
arrives naturally at the four approaches, Methods of Centers, Penalty
Function Methods, Potential Reduction Methods, and Primal-Dual
Methods. We shall see that the good properties of points near the central
path are intimately associated to nice primal-dual properties at these point
and this will provide the unifying concepts for the whole theory. And at
the end we shall be able to abandon the central path and work directly
with primal-dual properties while keeping all the nice properties of path-
following methods.

Proofs will be given only for some results and we shall restrain
ourselves to linear programming.

The contents are arranged in accordance with the sequence of the

discussion.



1.1

1.1.1

1.1.2

CHAPTER 1

LINEAR PROGRAMMING AND THE SIMPLEX METHOD

Linear Programming

Optimization Problem

The fundamental purpose of the study of optimization problem is
to arrive at the hest possible decision in the existing set of circumstances.
Optimization problems arise in Operations Research, Economics,
Aerospace, Physics, Control Theory, Chemical izngineering etc. The
ultimate goal of such decisions is to either minimize the effort required to
do a job or maximize the desired benefit. As effort required or benefit
desired in any practical situation can be expressed as a function of
certain decision variables, the problems ultimately reduce to seeking
maximization or minimization of such functions subject to certain

constraints. They are classified as optimization problems.

Programming Problems

A subclass of optimization problems ﬁ‘lay be referred as to what is.
known as programming problems. Broadly speaking, programming
problems deal with determining optional allocations of limited resources
to meet given objectives. More specifically they deal with situations
where a number of resources such as men, materials, machines and land

are available and they are combined to yield some targeted products.

‘There are, however, certain restrictions which need to be put on alfl or

some of these broad categories; for example on the amount of resources
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available, the quality and quantity of the products etc. Even with these
restrictions there will exist many feasible allocations. Out of permissible
allocations of resources, it is desired to specify one or more which would
maximize or minimize some numerically identifiable quantity such as
profit, loss etc.
Linear Programming

Linear programming problems constitute a subclass of such
optimization problems in which the function to be optimized and the
constraints are all linear. These days, linear programming happens to be
one of the most frequently used decision making tools in industry,
administration and various other spheres of life. An extensive
bibliography of linear programming applications can be found in Linear
Programming methods and application by S.I. Gass [32,pp. 469-529].
The increasing capacity of computer permitting the designing of larger
and larger linear programming models had led to the rapid expansion in
the size of LP models and to significant practical improvements in solution
methods. This is one of the reasons that a good deal of scientific effort
has been devoted to developing fast and robust algorithms in recent past.

It is interesting to note that despite its wide applicability to every
day real life problems, linear programming was unknown prior to 1947.
It is doubtless that the seminal potential of LP technique could be seen
reflected in the work of couple of mathematicians, for example, Fourier
in 1823 [23a] and de la Vaile Poussin in 1911 [94a). But these works

were taken as isolated cases only. They were soon forgotten. In 1939,



1.1.4

L.V. Kantrovich [57] published an extensive monograph entitled
“Mathematical methods in organisation and planning of production”. Thus
Kantrovich should be credited with being the first to recognise certain
broad class of production problems having well-defined mathematical
structures. He believed that they were amenable to practical numerical
evaluation i.e., could be numerically solved. Unfortunately, Kantrovich’s
earlier efforts did not receive much attention in the beginning. His earlier
work remained unknown both in USSR and the rest of the world for nearly
20 years. It was only some major developments had taken place in
mathematical programming techniqu'e that Kantrovich paper [57] became

known sometimes in 1959.

Maximize (minimize) Z(x) = ¢,x, + ¢,X, + ... + C X,

subject to constraints:
ay X, +apX; + a,X(<,=,2) b,

ayX,+ayX, + a;X(<,=,2) b,

é,,x,+aﬁ,x2 +a,x(s,=2)b,
A S Y ¢ !

On introducing slack and surplus variables (which converts
inequality into equality constraints) to above linear programming problem,
we get the standard form in matrix notations as follows:

Minimize Z(x) = c"x
Subjectto Ax=b (P)

x>0



1.2

where A is an mxn maliix, ¢ and x are n;dimensional vectors i.é,
¢, x € R", b is an m-dimensional vector i.e, bc R™ and r+m=n.

In the year 1947, Gerogre B. Dantzig formulated this problem and
proposed the simplex method to solve it. Since then various
modifications in the simplex n‘1elhod have been proposed. We propose
to discuss this method and various modifications in this chapter. Sethi
and Thompson [100] has also proposed a variant of the simplex method
known as Pivot and Probe Algorithm (PAPA) for solving linear i-
programming problems.

We propose some modifications in this variant which ensures. eaﬁy
termination of the algorithm. Some computational results indicating early
termination due to this modification have also been discussed.

Before harping on the problem related to obtaining solution to
linear programming problem (P.), we give some éeﬁnitions and introduce
some notations.

SOME DEFINITIONS
1. Requirement Vector: If we consider the linear programming
problem (P) in the standard form as:

minimize c'x

subjectto Ax =0

Xz 0,

Then the vector bc R™ is called the requirement vector.

2. Objective Function: The linear function ¢'x in the above LP

problem (P} is called the objective function.



Activities: Elements a, of the constraint matrix A =(a,) are called
the price vector

The matrix AcR™" is called the activity vector.

Price Vector: The ccR" used in the description of the objective
function c'x of the LP p;oblem (P) is called price vector.
Positive orthant: The subset {x:xcR",x=0} of Euclidean space R"
is called positive orthant.

Feasible Solution (FS): A feasible solution to a linear
programming is the set of values of the variables which satisfies
the set of constraints together with the non-negativity restrictions.
Basic Solution(BS): In the constraint equation Ax=b, the matrix
is of order mxn and n>m. Let B be a nonsingular square submatrix
of order n. The set of the m variables associated with the m
columns of B, together with zeros for the remaining (n-m) variables
is a solution for Ax = b, called a Basic solution, x,=B'b and x =
(xg,0).

The components of x, are called the basic variables.

Basic Feasible Solution (BFS}:

A feasible solution to the constraints of the programme which is
also basic is said to be a Basic Feasible Solution.

Optimal Feasible and Optimal Basic Feasible Solution:

If a feasible solution to the constraints that achieves the minimum
value of the objective function subject to those constraints is called

an optimal feasible solution. If this solution is also basic, it is an



10.

11

12.

13.

14.

18.

16.

Optimal Basic Feasible Solution.

Non-Degenerate BFS: A BFS of an LP problem is said to be non-
degenerate BFS if none of its basic variables is zero.
Degenerate BFS: A BFS of an LP problem is said to be
degenerate BFS if at least one of the basic variables is zero.
Slack Variables: The positive variables which are added to left
hand sides of the constraints of the type a, x,+a x,+...+a,x,<b, to
convert them into equalities are called the slack variables.
Surplus Variables: The positive variables which are subtracted
from the left hand sides of the constraints of the type
a x,+apx +...+a.x,=b, to convert them to equalities are called the
surplus variables.

Convex Set: A set of points is said to be convex if for any two
points in the set, the line segment joining these two points is also
in the set. Equivalently, a set S is called a convex set if x'" x? €S

= A"+ (1- A) xXPe8 where 0<A<1

Extreme Point of a Convex Set: A point x in a convex set C is

called an Extreme point if x cannot be expressed as a convex

combination of any two distinct points x, and x; in C.

Hyperplane: A Hyperplane is defined as the set of points

satisfying c,x,+c.x,+...+c x,=Z(x) (not all ¢=0) for prescribed values

of ¢,,c,,....C, and Z.
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1.3.1

THE SIMPLEX METHOD | R

As a parl of pre-history, one can see that a naive approach for
solving problems of type (i’) may be to exploit the familiar technique of
differential calculus viz., solving the equations obtained by putting the
partial derivatives of the objective function eqﬁél Ito..-zﬂé'ro. But this
technique does not work because of the constralnts I_ven the standard |
Lagrange multiplier technique can not apply dwectly to thIS problemi.
because we have to deal with inequality constralnts and thls techmque |
only handles equality constramts Thus, none of the classmal methods |
in differential calculus or linear algebra offers any adequate technique for
solving linear programming problems or systems of linear inequalities. IIInI .I

1947, George B. Dantzig devised a method, known as the simplex

method to solve this problem. We discuss this method first.

1.3.2. Some Notations

1. We shall denote the columns of Aby «,. i.e, A = (o,..., &)

2. We shall denote by B, an m x m non-singular square submatrix of
| A whose column veclors are linearly independent, If we denote
the columns of B by B. Then B=(f .3 .....B ) is called a Basic
Matrix. | B |
3. The variables corresponding to [31132[3,,, are ca;ﬁéd the basic
variables and are denoted by xg,,X;,....Xs, respectively. The
vector of these m variables is denoted by x, i.e., x3=(xB1,x32,....,me)

where xz=B'b and is the BFS to the LP probiem (P).

12



4, The cocificients of the basic variables xm,ﬁcaz,...,xam in the
objective function Z(x) will be denoted by Cg1,Cp2i+-+Chme so that

Ca=(Ca1:Cisze--1Com)s

1l .

5. Since B=(B,,B,,...,B,) is a non-singular mé.fr'ix of';:i'raé'r'mxri'.il, and
- the vectors B,,B,,....B, are linearly independent, they form a basis
of R™. So, every vector in"R can be express.ed as a linear

combination of vectors in B.

Let Cxi = B1yi]+B2y21+---vB|n anj
. [ 7

Py

Yy

= (By. B Br)- BY,

2

e
L

Where y,,Yy,....Yy are scalars required to express o, and

Y, =[ 7],j=1.23,..,n+m

.-IZ'..""..'.I'.. . ’ .. e

.'6, - We shall write
Zi=Can=CBY1j+C[;2Y?j+--'+C’Bmymj‘

1.3.3. Some important theorems

Theorem 1.1

The set of all I.2asible solutions to a linear programming problem (P) is a

convex set.



Theorem 1.2
Every BFS is an extreme point of the convex set of feasible solutions.
Theorem 1.3 Fundamental Theorem of Linear Programming
If an LP problem
minimize Z = C"x
st Ax=b
Xz0
has an optimal solution, then at least one basic feasible solution must be
optimal.
Theorem 1.4 To determine improved BFS
Let x; = B'b be a BFS of an LPP with Z=c x 4as the value of the objective
function. If for any column «;in A, but not in B, the condition ¢;-Z, <0
holds, and if at least one y,>0, i=1,2,...,m, then it is possible to obtain a
new BFS by replacing one of the columns in B by &, and if the new value
of the objective function be Z', then Z'< Z. If the given BFS is non-
degenerate, then Z'< Z.
Simplex method starts with a BFS and conlinues to improve until
the optimality is reached.
Theorem 1.5 Optimality Conditions
Let x,= B'b be the basic feasible solutions of the LPP minimize c'x, s.t.
Ax=b, x>0 and Z" =c,x, be the value of the objective function for this BFS If G-
Z>0 for every column o in A but not in B, then Z* is the objective function Z and
this BFS xg is an optiinal BFS

This theorem ensures that the optimality is reached.



Ihg_o;gm_‘l..ﬁ QQLML&LMEM_QMMLS&HIM
Let there be an opttmal BFS of an LP problem (P). Then

() If for some o in A but not in B, ¢-Z=0, y;s0 for ali i=1,2,...,m, then

a non-basic alternative optimum will exist.

ST

{ - (i) If for some o in A but notin B, ¢-Z=0 and y,>0 for at least one |,

| 1.3.4. Revised Simplex Method

1.4,

1.4.1

then an alternative basic optimum will exist.
The proofs of the theorems may be found in any standard text

book on linear programming.

The revised simplex metﬁod .is: | aneﬁricient .computational
procedure for solving linear programming problems on digital computers.
The revised simplex method solves a linear programming problem in the
same way as the simplex method but computes and stores only the

information that are of current need.

DUALITY IN LINEAR PROGRAMMING

Introduction:
The profit earned by one organisation is the loss to some other
organisation. The profit making organisation attempts to maximize the

profit whereas the loosing organisation attempts to minimize the loss.

~ Both organisations work in the same environment; that is, the data of the

" two problems are the same. Thus, the optamlzatlon problem always oceur

in pair - a profit maxlmlzahon problem and a Ioss mlnlmlzalmn problem.

If one of these problems is called primal problem, the other is called dual



problem. The duality theory in linear programming deals with such a pair
of primal-dual problems.

The fundamental notion of duality was first introduced by Von
Neumann [128]. Subsequently Gale, Kuhn and Tucker [30] formulated
an explicit duality theorem which they proved by using classical lemma of
Farkas [22] (Farkars' Lemma: Exactly one of the following stalement
holds:

(i) 3 x € R" with Ax<b (i) 3w ¢ ' with w' A=0 W bs-1). A systematic
presentation of theoretical properties of dual linear programming problem
can be found in Goldman and Tucker [39] and Gale [29]. A review of Von

Neumann's contribution can be found in Kuhn [70].

Symmetric form of Dual :

Primal problem Dual problem

minimize c¢'x maximize b'w

subject to Axzb Subjectto A'w < ¢
x>0 w20

Unsymmetric form of the Duality relation :

Primal problem Dual problem
minimize ¢'x Maximize b'w
subject to Ax=b Subject to A'ws<c

x>0 w unreslricted in sign



Inu{h.is form the dual vectbr w is not \.'estrictedmt.o be non-negative.

The intimate relationship between the primal and the dual
ﬁfc;blems gives rise to some very useful “joint properties” enunciated by
the following theorems‘. g | - R
Theorem 1.7

Dual of the dual of a given primal is the primal itself.

. The proof of the theorem is based on the reversible construction procedures

" from the primal to the dual.
As the prima!l and .dual problems_are closely connected, their
solutions will also be related as.'tc'a 'th.égi:r“iféasibility, boundedness and
optimality. We are going to obtain these re_latilg_ns__t_:t_)rpugh the foilowing
| t“eorems | L o e e
We consider the primal problem in the form
N Minimize ¢'x
subjectto Ax > b

x20

~and its corresponding dual as

Maximize b'w | _
subjectto A'w<c - (D)
w20 _' -
Theorem 1.8
If x is any feasible solution of the prima.l (P)I éﬁd w is any feasible

solution to its dual problem (D) then c'x>b™w .




Proof:
| We hé\?e
A'ws< cand x> 0
So we get wAc<c' ‘
WA < 6'x

wheeclx

b'w < ¢'x
This theorem shows that a feasible solution to either problem
implies a bound on the value of the other value.

Theorem 1.9

If £ and v are feasible solutions for the primal problem (P) and
the dual problem (D) respectively, and if ¢ X = b rw then X and w are

optimal for their respective problems.

Proof. From the above theorem,
cx > b
or cx2c™® sincec’@>bTw

The value of the objective function of the primal at any other
feasible solution is greater than that at x. So, % IS the optimal solution for

the primal.

Again,
bTw < ¢!z
Or, bw<bhp

So is the optimal solution for the dual prablem. Hence proved.

The above theorem shows that if a pair of feasible vectors can be
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~ found to the primal and dual problems for which the objective values are

equal, then these are both optimal. The converse is also true and is

. stated by the following theorem.

 Theorem_1.10; The Fundamental Duality Theorem

If either of the primal problem (P) and dual probiem (D) has a finite

. optimal feasible solution, the other has also a ﬁnite :"obtimal feasible

| solution and the corresponding values of the two  Objective functions are

: :_ equal. If either problem has an unbounded objective, the other has no

. Theorem1.11

- feasible solution.

~ variables of the primal and the dual problems.

| The proof of the theorem can be found in Luenberger [73].

" Now, we mvestlgate the |nterre1at|onslnp between the sets of

If any variable of the primal is unrestricted in sign, the

. corresponding constraint in the dual will be a strict equality.

the dual objective function,

If x, of the primal (P) is unrestricted in sign or a free variable, we
replace it by x,, - ¥, where x, %, are both non-negative. Then in the

objective function of the primal corresponding to c,f'"(x,“T - X;,), we get in

2 auw, 2z €, _
"E a,w, 2z ¢
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And these two together equivalent to Y a,w, = ¢,. Hence the
theorem.
Complementary Slackness Theorems
Theorem 1.12 (Complementary Slackness for Unsymmetric
Form)
Let x be a feasible solution for the primal problem
minimize c'x
subjectto Ax=b
x20
and w be a feasible solution for the dual problem
maximize b'w
subjectto A'w < ¢
w is unrestricted in sign.
A necessary and sufficient condition that they both are the optimal

solutions is that for all i,

i) x>0 =>a"w=c,
(i) x,=0<= a,Tw <g

Proof: If the conditions hold,
(A'w-c)x=0
WA-chx=0
w'Ax-c'x=0
wb-c'x=0

w'b =¢c'x



Conversely, it x anu w are optimal, -

b'w = c'x

w'b = cx W
WAX-cx=0
WA-c)x=0

(A"wW - c)x = 0

Hence x > 0 and Alw-c<0
"o, condition (i) and (i) hold.
Theorem 1,13 (Complementary slackness for symmetric form)
o For the optimal feasible solutions of the primal and dual system.
{a) Whatever inequality occurs |n the ith relatlon of elther system, if the
.correspondlng slack or surplus variable is posmve then the ith variable
N Iof its dual is zero. _ REE
'(E) If the jth variable is posmvé in elther system the ith relation of its dual
L holds as a strict equality. Here, we observe that a necessary and
sufficient condition for any pair of feasible solutions to the primal and dual
fo be optimal is that: " TR
W, X, = 0, i=1.2...;.m
where x,,, is the slack variable in the primal and

X W = 0, j=1,2,..

where w,,, is the surplus variable for the dual. /.~ -~ " -

Proof: Can be found in Luenberger [73]. ©© .0 o



1.4.2 Dual Simp'ex " 'gorithm

The optimality criterion of the simplex method for a minimizing

linear programming problem is

r=c-Z=c-cgB'a > 0
for all j where B is a basis. The criterion is independent of the
requirement vector b. So every basic solution with all r,20 is certainly an
optimal solution but may not be feasible. in the simplex tableau this
situation corresponds to having no non-negative elements in the bottom
row but an infeasible basic solution.

The dual simplex algorithm starts with a basic optimal solution of
the primal, not necessarily feasible and decreases the number of negative
variables iteratively maintaining the optimality criterion at each iteration.

The technique of dual simplex algorithm was discovered by C.E.
Lemke [72].

Given the Linear programming problem
minimize c"x
subject to Ax=b
x20
Let a basis B be known such that w = ¢,B”' is feasible for the dual.

In such a case the basic solution xz =B'b to the primal is dual feasible.

If xg = 0, then this solution is also primal feasible and hence optimal.

Now, w is feasible for the dual,

Let us assume ajrw =¢, forj=1,2,...m

T . .
and a/'w < ¢, forj=mi1,..n, (assuming non-degeneracy)



Let us find a new vector w such that one of the equalities
becomes an inequality, and the value of the dual objective function is
'.i..h:c:r'eé'.s.ed'. The m equ:ahtles i.n .t"hé new solution thenllIAé{érmine a new
basis. | _
Let u' be the ith row of B ahd we .-s'.t.-:l't 1'1'5=w -e u. Then

R - g Tw _ea Tu ; _ .-: q.k SRR .

We also have
-
Z=a'wand aJTu =y

J W

the (i, j)th element of the tableau and Lo

a'w=c, j=1.2..m,¥

ayw=c,-€
T— -
a, w :Z_; - €y, ,j—rrjl-i-1,m+2,...,.n
Also bTw - bTw-ex,

These lead ta the following algorithm.
Algorithm.

Step 1: Given a dual feasible basic solution ;tﬂl, :fsz O,IIthlé ‘solution

is optimai. If x, is not non-negative, we select i such that x,, < 0.
Step 2: Ifally, =0,j=1,2,...,n, then the duél"}'i'as. 'ho fﬁaximum, since w

is feasible for all € > 0. If ;<0 lor some j, then let



1.4.3

R .

Stﬁp 3 A new basis is formed by replacing a, by a,. Using this basis
to determine the corresponding basic dual feasible solution x; and return

to step 1.

Advantage of Dual Simplex Algorithm s

The advantage of the dual simplex algorithm over the other
method is that here we do not require any artificial variables. Hence a
great deal of work is saved whenever this method is applied.

Primal - Dual Algorithm

When artificial variables are necessarily introduced, we use either
two phase method or Charne's M-method to remove the artificial
variables first and then we proceed fo_r optimality. Th_is may require a
large number of fterafions o get the optimal solution in phase 1I. To
re_duce the number of iterations considerab_ly we can _solve linear

hrogralrhmiﬁg problerﬁs by'working simu'lhta.hedﬁslly on the pfimal and the

dual problems. We start with a feasible sclution to the dual and improve

it at each step by optimizing an associaled restricted primal problem. The
method progresses with an aim to achieve the complementary slackness
conditions for aptimality.

Although, the dual simplex algotithm may be used in some cases
to remove the necessity to inlroduce arlificial variables, but it can not be

used in general, because a basic solution with all r,>0 may not be always



1.5

available easily. Thus, primal-dual method can solve larger class of

| problems in compai’i‘ééa to the dual simplex method.

SRR P I

PIVOT AND PROBE ALGORITHM (PAPA)

“ Sethi and Thompson [100,101] proposed a variant of the simplex
algonthm known as pivot. and pfobe algorithm (PAPA) to solve linear
programming problems. In this algorithm we first search for candidate
constraints, constraints with the smallest positive intercépts on at least |
one of the co-ordinate axes and form the refaxed LP containing only
candidate constraints. After obtaining the relaxed LP, we find the optimal

solution of this relaxed problem by the simplex method and the solution

gives an upper bound to the optimal objective function value of the

" original LP problem. We use the compact form of the simplex table as

1.5.1

described in Garfinkel and Nemhauser [31,p. 31]. The initial basic
feasible solution to the relaxed LP is taken as x = 0.
Maﬂ]_e_mm_c_ﬂolmulﬂlgn_QLthg_Qpﬂmallab_c_[QLBﬁlﬂﬂ_d_LE
We consider a linear programming F"Oblem

- minimize ¢'x

such that Axsb - ; (p) B

X.‘-:OI . '

wherex,ce R", A¢e R""“‘, Be R™.
Without any loss of generality, we can assume that bz0 which makes x=0

a basic feasible solution.

After introducing slack variables, x.., i=1,2,..m to the ith



constraint, the problem reduces to the following form

n+m
minimize Z = Y ¢, X,
nem J=3

suchthat} a x, =b,i=12,..m,

1=l
where a,=0 or 1 according as j > n+i (1.1)
or j=n+i and ¢=0 for j > n.

To form the relaxed LP, first of all we search the candidate

constraints. The ith constraint is a candidate constraint if

b h
L = min {—ﬂ " u,y>0} o J=1,2,..,m4n

The objective function of LP (1.1) together with these candidate
constraints and non-negativity restrictions constitutes the relaxed LP.

Sometimes even for a bounded LP problem, the corresponding
relaxed problem may be unbounded. In order to overcome this situation,
it has been suggested in Sethi and Thompson [100] to introduce a

regularisation constraint of the form

n

Y ox <M (1.2)

Jj=1
where M is a very large number. We observe that if b, denote the

maximum of all b's then the regularisation constraint (1.2) can be

replaced by

n

3 X< by
il |
It is important to note that b, may be the smallest of all the components

of requirement vector b.

Let us suppose that the relaxed LP consists of r-1 constraints then the



remaining m-r (or m-r+1 in the case of using regularisation constraint) constraints
have been left out for searching the most violated constraints. Following
Garfinkel and Nemhauser [31], we consider the optimal table for relaxed LP in

the following form:

Table 1
...................................... -XJ................................-Xk
xo Yw Ytu YOR
X | Yo Yu Yik

where x, =y, is the optimal value of the objective function corresponding
to the relaxed LP. x's are basic variables, x's are non basic variables.
The explication of the table -1 can be found in Garfinkel and Nemhauser
[31].

After obtaining the optimal solution for the relaxed LP, we have to
search for the most violated constraint. To obtain it we form the line
segment joining the initial basic feasible solution to the optimal basic
feasible solution of the relaxed LP and find all the points of intersection
of this line segment with non candidate constraints and consider the one
which is inside the feasible region of the original problem. These points
are known as the piercing points. The non candidate constraint which
contains the piercing point is called the most violated constraint. This
most violated constraint is incorporated at the bottom of the optimal table
for relaxed LP and dual-simplex algorithm is performed.

A situation may arise where we get more than one non candidate
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1.5.2

constraints which are most violated constraints. Now, our aim is to specify
the most violated constraint whose introduction into the optimal table of
the relaxed LP, will ensure the largest improvement in the value of the
objective function. This constraint is termed as the specific most violated

constraint.

A Proposed New Rule for Selecting the Specific Most Violated
Constraint

We consider I1° and® as the sets of indices of candidate
constraints and non candidate constraints respectively. Then the set | of
indices of all constraints can be written as | = I°UI",

Sethi and Thompson describes [100] a rule for selecting the most
violated constraint among the class of non candidate constraints as
follows:

The h th constraint is the most violated constraint if

A, =min { A :iel") (1.3)

!

where A is obtained by

b,-ax’ X
A = ——I—, a,i>b, v (1.4)
af -ax’
Here x’ and ¢ are the initial and optimal basic feasible solutions to the
relaxed LP.

If the minimum value of A, obtained from (1.3) occurs for more than

one values of h, say, h,h,,.......h,....h,, ..., then constraint corresponding
to these indices are the most violated constraints. So, a class of most

violated conslraints is obtained.
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Sethi and Thompson [100] did not provide any rule for selecting a
particular most violated constraint from the class of the most violated
constraints, which can ensure early termination of the algorithm.

Now, we propose a new rule to identify a particular most violated
constraint which can ensure early termination of the algorithm. We name
this particular most violated constraint as the specific most violated
consftraint.

88If IY denotes the set of indices of the most violated constraints
am88ong the class of the most violated constraints then the members of

the class can be written as

Hm

Y. a,x =b, hel” ={hhy..h,..h,.)

JeR
j=1 :

ie., X,., = b, - }j—l“ ay, X,

In orderlt'o use these constraints at the bottom of the optimal table
-1 for relaxed LP, we have to transform basic variables in terms of non
basic variables. If J® and J¥ denote the sets of indices of basic and non
basic variables respectively, the set J of indices of all variables can be
written as J = J* U JY. Then the members of the class of the most violated

constraints are written as

Yo by - 2 a@ux, - Y ax hel'. L (LS5)
Lol

fe® Jt

To transform basic variables in terms of non basic variables, we obtain

basic variables x;'s from table -1 as follows:
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X P Ve E: J?JG'iEJH
jeJ¥ '
Using (1.6) in (1.5), we get

M Xpeh =0y E "'m(ym - E» yqxj) - EN a, X

tes”

ieJB jeJ¥

. i'e.\’xm&-(bh - Z . ym)+2 (a’y — _E:H _am y”)xj (1.7}

- The most violated constraint (1.7) is added at the bottom of

table 1, and the resulting table takes the form as given table - 2.

Table - 2
.............. "‘XJ_ .............-Xk
X | Yoo o . yd T . Yok
X | Yo Yy

Xneh (”rE Ay, (%‘Z A Vi) (au'): a;, )
: e ics? et ?

. B Now, Table -2 is dual feasible, but not a pfirrial feasible, as
(bk"E @Y, <0.

L o e e N
Woe know that the solution in table-2 is optimal if it is primal feasible

as well as dual feasible. So we use simplex algorithm to make table-2
- ﬁrifnél.feasible. The rules for selecting the outgoing vector and incoming
vector in dual simplex algorithm are as follows: '~
_ | X, is the outgoing vector if
Y = min Vio : | - . o
and x, is the incoming vector if

30



P According to this rule x,,, is the outgoing vector. In order to obtain

~ incoming vector we have to calculate

max [ Yo ,[%
jes* 1(0!'1_ - E ah,yU]
ieJ?

Ifwe bonsider o o
. ehj _ yaj . hel vV
(”J'y" - Z "m}’y)
L TAN

. y ¥
- and 0,, = mux o =

- nk,
e (“iy -2 4, A, ~ > A Var,
: s ® tes #

" Then

9’!]5:] = max yq’ = 0’(1
- = {""" ) Zn “iy1 ¥ ﬂ} ("h.k. A “h.:J’m)
ieJ by
) y
6,, = max Y ok,

of _
hk, _ -
jeat 1y, 4 G iy T, ~ 3. SV,
_ et ? iet?

| y."
0, = max Yo = ok,

. - _
Jeg ¥ {’h,; = E ah,iyif} (u-"a"' - E ah.‘y’*)
Py Y :

I.”'llil.- " I.':: (1'8)
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This shows that if h, th constraint is chdée'hﬂéeﬁfﬁewr-rrost violated
constraint from the class of the most violated constraints then h, th row
is the plvot row whereas the k th column is the pivot column in table-2.
In this case (a, E Dty )|s the plvot element After performing dual
sn'nplex iteration in table~2 the value of the objectwe function Y., changes

yﬂk'(b E ah i‘ym)

Yoo =
(“u Z a, Jy.'k

which is equal to

o - “(b Zam (1.9)

As the value of the objective fu nctie.n decreases after performing
dual simplex iteration, we have to minimize the expression (1.9) by
suitable selection of h,ef”. That is, we bave to search for those values of
h, and k, which make the expression (1.8) minimum; because we want to

get the largest decrease in the value of the objectwe func:tlon after

performlng dual simplex lteratlon in table-2,

If yoo - Oh,.kr(bh,. - Eﬂ ah,fylo) o E
e

'
hel

= mln{ ym - ehs".n( bh, - 2 ah'.iylo) } .:. t o
Py L L : :

3z



Then Oh,l,(”h, B z:a ah,fyla) > IRaR ah,k,( by, - gx ahliym)
fe.d i

hel

We consider ¢,, =6, (h,, -Y q, )] . (1.10)
] L] £ MJ" 5
Then ¢, , = 0,, (b,, -Y a, ;) - max { ¢, ) w111
" e t ju’ ! h‘f.fl e |

After the selection of h, and k, from (1.11) we suggest that h, th
constraint is the specific most violated constraint. Thatis,x, is the pivot
row whereas x, is the corresponding pivot column in table-2.

Now, we claim that using this specific most violated constraint, the
algorithm terminates early in comparison to an arbitrary selection of the
most violated constraint.

Proof of the claim:
From (1.11), we get

b, = i $ons)

ie., ¢, ,> &, forallh, e "{h} kk, eV
Le., th{ by, = 2 ”h.ryra) = B»u.( by,- 3 a,.,,r.,)
wt®

ie?

i'e"-yoo N Oh_,l bh,_ E @Yo (-voo - Uhi, bﬁ I: dy ¥,
]"ch 1 t X “J’ LM

yoﬁa{'hh; - E ah.l"'y"o) J.dl(hhn - 2 a")'y‘o)
L et

i'e" ym N J’Ir)o -

(a,, 2. G Ya)
N

it

(@, - 2, aYa)
Mﬂ

Which shows that the objective function obtained by using hth

constraint, the specific most violated constraint (SMVC), is less than the

33
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objective function obtained by any other most violated constraint from the

" class of the most violated constraint. It indicates that the specific most

violated constraint takes less time to solve LP by PAPA than any other

mpst violated constraint.

Lo '_ Using this specific most violated constraint and performing dual

s'iiﬁbiéx iteration, we find op"cfh'\e! solution in less number of iterations than

- an arbitrary selectmn of the most wolated constramt

A computer pregramme has been developed to implement this

modified method given in the Appendix.

.Ilmpllg. m! .g.ntagl.ign of the Rule to §QM3 .af NI.: umerical Problem

| The Rule for searchmg the specnf c most violated constraint is
o presented below: T
:' Step 1: To obtain optimal table 1 for relaxed LP which gives optimal
solution x.
Step 2: To obtain A using (1.4) and A, by (1.3). If A, is unique, then
hth constraint is the most violated constraint. If not, to go
Step3:  Leth, =X, Acdeih,,.
T Tofind 8, ,, 0, .8, .0, ... .. USING (1.8).
. Step 4: To obtain ¢, , using (1.10) forallh, e Y.
o Step 5: To obtain Bh’ , using (1.11) and select the corresponding

values of h,and k. Then ntth constlamt is the specmc
I Sl .

most violated constralnt
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E xamplg. :. |
| Maximize Z = X, + X,
such that -x, + 2x, < 12
2%, + %, < 12

2x, + 3x, < 30

XX, 2 0
- ~ After introducing the sfack variables x, i=3,4,5,8, it becomes in standard
- form as foliows:

Maximize x, + x,

such that -x, + 2x, + x; =12

2%, + X, + %, =12

._x,+x2+x5—12 -

. 2%, + 3%, + x;= 30
x,z 0 fori=1,2,3,4,5,6.
Slelecting the cand.idate constraint, its relaxed LP is

Maximize z =x, + X,

such that -x, + 2x, + x, = 12
2%, + X, + %, =12 ER

A o Xz 0 :

' which shows that .y SRS | )
1°={1,2}I" = {3,4}, x'(x,,%,)=(0,0). “ - SV
Step 1. Optimal table-3 for relaxed LP (except the bottom row) is

given below:
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.-x4
Xy | 24 1 . A
X, | 12 T .
Xg | -12 : ~1 - =1 (specific most
' .- violated constraint)

Table-3 shows that,
£ =(x,, %)= (12,12), J° ={1,2},J" = (3,4}

Step 2. Since A =M and A, = A, Ay

Therefore, I¥ = (3,4} = {h, h. '+
3l
Step 3. 0, =0,=-1,0,, =0, -2
_ P hk, V33 Mty Va3 g
implies k,=3, k,=3 Lo
45

SteP_"‘- 0,5, 7033120, =645 =- ) o
| Step 5. 0, ',q=12 for h=3,k=3 indicates that third constraint is the

specific most violated constraint, which after transformation,
is added at the bottom of table-3, performing dual simpiex

iteration in table-3, results table-4 ({the optimal table for LP)

as follows: G .
'.  Table 4
- FRE RS X, X
%o 0 1
Xz | 4 Va e
X1 8 % 1&
12 1 B

By using the Rule of SMVC, we have obtained the optimal sclution
only in 3 iterations (2 iterations to get table 3 and then 1 iteration)

whereas on selecting the most violated constraint arbitrarily, it takes 4
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iterations. Thus the use of th. ‘.:ule of SMVC saves one iteration m this
problér‘h. . | o Lt |

This example has been solved usmg the computer programme
'developed in the Appendlx 'The programme can be able to solve

problems with higher number of variables and constraints.

1.6 COMPUTATIONAL COMPLEXITY AND THE SIMPLEX
ALGORITHM
The main computational steps in the simplex algorithm is the pivot
step. Hence the efforts involved in solving a linear programming problem

of the form I L

minimize c¥x | e

such that Ax=b 5 (P) -

x=z0 | - | B

by the simplex algorithm can be measured by th'e. numbtarof pliv'ots made
| before the algorithm termmates If a feasmle basis for (P) is not known,
the SImplex method apphes the sumplex algonthm twice, first on the phase
| problem that decides whether (P) is feasible and provides _a_feasible
basis for it if it is feasible and then work for p‘:l'i;fﬁse rl\ﬂl tﬁ achleve obtimality.
.So from the practical pomt of wew the computational effort required for
solvung a linear programmmg prob!em for which a feasible basis is not
| _ known, is approximately twice the effort required for solving a comparabie

problem in which a feasible basis is not available for starting the simplex

a7



algorithm. Thus starting with a known feasible basis for (P), the number
of pivot steps required before the simplex algorithm terminates, depends
on m and n; the actual number of entries in matrices A, b, ¢ as well as
initial feasible basis used to initiate the algorithm. The number of pivot
steps required before termination is expected to go up as m and n go up.
When m and n are fixed then the number of pivot steps before
termination depends on actual data in A, b and c. Now , a question arises
pertaining to what is the average number of pivot steps required as a
function of m, n and the size of the linear programming problem, before
termination when the simplex algorithm is applied on a class of linear
programming problems encountered in practical applications. This
average number of pivot steps as a function of m, n and the size of linear
programming problem is called average computational complexity of the
simplex algorithm.

In fact, determination of the average computational complexity is
a statistical question that is hard to answer precisely because the kind of
linear programming problems that practical applications do generate
cannot be easily specified. However, from the computational experience
on the large number of linear programming problems solved over several
years, an empirical answer to this question has emerged. It indicates that
the average number of pivot steps required before the termination of the
simplex algorithm is a linear function of m, and seems to be less than 3m.

In recent years some interesting papers have come up about the

average speed of the simplex method. Dantzig [18, p.160] observes:
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some believe that for a randomly chosen problem with fixed m (the
number of constraints) the number of iterations grows in proportion to n
(the number of variables). Smale [113] has proved this conjecture of
Dantzig with a variant of the simplex algorithm, by using probabilistic
model. Another important analysis in this direction has been carried out
by Borgwardt in a series of papers [14 ,15]. He has proved that the
number of iterations P(m, n) is a polynomial function of two variables m
and n.

Recently Megiddo [78] has improved the estimate proposed by
Smale {113] and showed that P(m, n) is bounded by a function of m only.

Now, the question arises - whether empirical answer emerged from
computational experience remains valid for all the class of linear
programming problems. This question has been answered in negative by
Klee and Minty [62]. In fact, Klee and Minty [62] constructed an example
with m = 2n inequalities, n being the number of variables. In order to
solve this example, the simplex algorithm required exponential number of
iterations. Therein, it was established that the simplex algorithm with
steepest descent pivot rule would take exponential number of ilerations
to solve a linear programming problem. Since then it remained as an
open question before Mathematicians, Operations Researchers and
Computer Scientists - whether there is any non-exponential upper bound
on the number of iterations to solve a linear programming problem. This
question was answered in affirmative by the Russian mathematician L.G.

Khachiyan [59] in the year 1979. He showed how a method of convex



optimization: developed earlier by Russian mathematicians N.Z. Shor
[105], D.B. ludin and Nemirovskii in papers [54,55] can be adapted to
- devise a polynomially bounded algotithm for linear programsming. This led

to the inception of the Ellipsoid method. We propose to discuss this

algorithm in chapter 2.




2.1

- CHAPTER2 = =

ELLIPSOID METHOD

Dantzig's simplex algc;r.itl1rr; i.n its usual implementations has been
an overwhelming successin the solution of real-world linear programming
problems but these implementations are not polynomiaily bounded as
Klee and Minty [62] gave the first example of an infinite family of linearly
programming problems in which the number of simplex pivots grew like

2", while problem size grew like a polynomial function of n. Researchers

were looking for an algorithm where the number of iterations may be

bounded by a polynomial function in problem's dimension and input

Iength

In February 1979 a note by L.G. Khachian [59], “A Polynomial

~ Algorithm in Linear Prcgrammlng lndicated how an ellipsoid method for

the system of linear mequahhes can be :mplemented to solve a linear
programming problem in polynomial tlme This resuit caused great
excitement and stlmulated a flood of technlcal papers. |

. Shor {103] gave the first completely explicit statement of the
.eili;.asoid method as we know it. Khachian [59] gave a modified form of
the ellipsoid algorithm and showed that feasibility and infeasibility could
be determined in polynomial time by this algorithun.

The immediate significance of Khachian's article was the resolution

of the important theoretical question concerning the computational

'complexity of linear programming. The algorithm given by Khachian

indicated how the ellipsoid method for convex optimization developed by

D.B. ludin and A.S. Nemirovskii [54] be adapted to give a polynomial-time

4I|: =



2.2

2.21

2.2.2

2.2.3

2.2.4

algorithm for linear programming. This algorithm differs dramatically from
the simplex method; it is not a pivoting method; it uses metric properties
of R" and it does not depend directly upon linearity of the objective

function or the constraints.

SOME DEFINITIONS

)i be I ints in R"

If D is a positive definite matrix then for any two points X and Y in
R", the function d(X,Y)=(X-Y)'D"'(X-y) is called the distance between x
and y with matrix D' as the metric matrix. If D=, (Identity matrix of order
n) then the distance becomes Euclidean distance.
Positive Definite Matrix

A symmetric matrix A is said to be positive definite if the quadratic
form x"Ax is positive for all non zero vectors x. Similarly, we define
positive semidefinite, negative definite and negative semidefinite if
x'Ax > 0, <0 or < 0 for all x.
Ellipsoid

The ellipsoid E in R" with centre x, is defined as the set

E={x € R"|(x-X,)'B'(x-x )<1}, where B is a positive definite
symmetric matiix of order n.
The Size of a Linear Program

For a real number p, ceiling of p is denoted by [p]and is delined
as the smallest integer >p. Now the number of digits is binary encoding
an integer Ais [1 + log, (1+ |A])].
Let us recapitulate the standard form of linear programming problem with
integer data as follows:
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- 2.2.5

Minimize Z(x) = c'x

e _ X2 0
hereA*Z"""beZ“‘andceZn - - L

Since all the data in the abeve Imear progmmmlng problem are
integers so its size (or input Iength) L can be given by |

L =1+[(1+log,(1+m))] +[(1+ log(1+n)}]

+ ?:. Z; I¢ +log2(1+|ayl)ﬂ E a +logz(1+!b11)ﬂ

3 fqeogqieleyl.
Q'g'.';g}‘gmgrgjg-nge of an algorithm -

A desirable property of an algorithm for solving a mathematical

-". programming problem is that it generates a sequence of points

converging to a global optimal solution. In many cases, we rhay have to

~ be satisfied with less favourable outcomes. In fact, as a result of non-

: ~convexity, problem size and other difficullies we may stop the iterative

procedure if a point belonging {o a prescribed set, usually called the

" solution set, is reached Thus, in general, convergence of an algonthm

is made in reference to 1he solutlon set rather than to the collection of

global optimal solutions,

Rate of convergence of an algorithm

Theoretical convergence of algorithms to the points in the solution
set is a highly desirable property. To a certai_nl exte_nt_the significance of
the rate of convergence of an algorithm is as lmportant as the fact that it

should converge. If an algorithm does converge but very slowly we may



2.2.7

2.2.8

2.3

Superlinear convergence o

never be able to see its convergence. Thus the rate_of convergence is an
1mpor‘tant factor to measu:fe the efficiency of ah a!gorlthm |

Let <x™> he a sequence;?;pb'ihts. generatecl Iby an 'éllg'orit.h‘rﬁ and
<x*I> converge to a point _x‘*’. I there is an xe(0,1) and k20 such that

&0 2 x O <o x® - 20k » k,, k=k, then this algorithm is called

linearly convergent. . . TRsl gL

Let <x™> be a sequence of points g:nerated by an algorithm and
<x™> gonverge to a point x(”. If there is a sequence <a,> which
converges to zero such that BN S

| x® D - xO) < o fx® - x O k =k,

Then this algorithm is called superiinearity convergent. Dennis and More
[19a] have noted that one of the properties of superlinearly convergent

algorithm is that

lim detx®y
hpoern ﬂx(k)_x(')”

provided x®«x™ for k=0
THE ELLIPSOID ALGORITHM

In this section we show how the ell'ipsoid algorithin can be used to

determine the feasibility of a system of linear inequalities with integer data

in ﬁ'BIIYnomial time.

- We consider a system of linear inequalities with integer



(or rational) data as follows:

where AT eZ™ @2.1)
bezr e
© If the columns of .A are denoted by a,, 3,., 2 and the
ecsmpaﬁems of b are denoted by B,, Bor-...B then (2.1) is equ'-.;;fem to

alx<B im0 (22)

we 'E;ééu'rﬁe throughout n:2.

The Ellipsoid algorithm constructs a sequence of ellipsoids
E,.E,.E;. . E.... each of whi_ch contains a pp_int satisfying (2.1), if one
exists. On the (k+1)st itefé{ioirt; the ﬁ'let'h.bt;i glilecks whether the center x,
of the ellipsoid E, satisfies the inequalities (2.2). If so, the method stops.
If not, some constraints violated by x,, say _

GooEwes @)
is cﬁdse_n and the e!lipéﬁia:of .minimu.m volume conlainin.g the hélf—
ellipsoid | -_? o . .
keBjaxsa%) @4
is construcied using the following formulae: e -

Xt = %, - T(B\al\fa "Ba) SRR X O

Bw.. = 8(B-0(B,a(Ba)/(a'Ba))) - (2.8) o
whereT=  1/(n+1) -
o= 2n+y - . @D o

8= n*{n*1)



x a'x=a'x, %

E,
(@) o

Figure 2.1: The Ellipsoid Method

(a) Without deep cuts (b)  With deep cuts

The (k+2)th ellipsoid E,,, determined by the point x,,, and
the positive symmetric definite matrix B,,,, using formulae (2.5)
and (2.6), is the ellipsoid of minimum volume containing the half
ellipsoid (2.4). 1,0,5 as defined in equations (2.7) are called the
step, dilation and expansion parameters respectively. If B, is a
multiple of the identity matrix of appropriate order so that E, is a
ball, then E,,, is shrunk in the direction a by a

factor. /&(1 -0)=n/(n+1) and expanded in all orthogonal directions

by the factor v&= n/( y/n‘z-:_ﬁ i

A smaller Ellipsoid E',,, can be employed since it is only necessary that
the new ellipsoid contains the section of E,, {xeE,|a'x«B} rather than the

entire half ellipsoid (2.4).
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241

MODIFICATIONS OF THE ELLIPSOID ALGORITHM

In this section we discuss some simple modifications to the basic
algorithm to improve its rate of convergence. The most obvious way to
do this is to use deep or possibly deepest cuts at each iteration to
generate smaller ellipsoids. ludin and Nemirovskii's [64] description of
the ellipsoid algorithm allows cuts that do not pass through the center of
the ellipsoid. Although they were interested in “shallow” cuts, their
formulae apply to deep cuts as well. Shor and Gershovich [106] were the

first to propose the use of deep cuts to speed up the convergence of the

ellipsoid method.

Deep Cuts

Figure: 2.2: Geometlrical interpretation of
the parameters.

Let us suppose that (2.3) is the linear inequality violated by the
current center x,, of the ellipsoid E, at (k+1)th iteration. The ellipsoid E,,,
determined by formulae (2.5) and (2.7) contains the half-ellipsoid {x €
E.Ja'x < a'x,}. As we only require that E,,, contains the smaller portion
of E, {xcE |a™x=B} of § it seems that we can obtain an ellipsoid of
smaller volume by using the “deep cut" a’x B instead of the cut a"x <a'x,
,» wWhich passes through the center of E,. Such smallest ellipsoid is
obtained by x,,, and B, using (2.5) and (2.8) with the choice of
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param.eters 1,0,8 gi.ven .as:
T = (1+no)i(n+)
o= @rma(eniva)
5 = (%)) (1-a) . | L
and o = (a"x-P)/(va'B.a) (2.8)
) The guantity a which now appears in the updatiné formulas
represents the distance of x, from the half space
. H={xeR |a'sB}.
By compuling o for each inequality in (g.‘_l) we can select the
deepest possible cut to ensure better rate of convergence As the value
of a in (2.8) exceeds one, it indicates infeasibility ofﬁ;he'sys_tem @.1).

er o Qm

-~ By combining the inequalities in (2.1}, we can sometimes obtain

cuts that are deeper than any. cut generated by a single constraint in

(2.1). Any cut of the form A < u'b (i.e., a™xsb, with a=Au and B= ub)

| is-.'velid as long as ux0, for then no points that satisfy (2.1) are cut off by

this inequality. In Goldfarb and Todd {37] the term “surrogate” cut was

introduced. Let
A xsh
be any subset of the set of constraints (2.1) where the eeiumns A4 are

linearly independent and at least one of the constraints in this subset is

violated by x,. If
7B @8
is non negative, then the surrogate cut & 74 'x < 7 b is the deepest aut

€



2.5

with respect to that subset. It is shown in Goldfarb and Todd [37] and

Todd [118], that if A TBk A has non-negative off-diagonal entries, then u

given by (2.9) is non-negative.

Solving a quadratic programming problem or computing « using-
equation (2.9) for a large subset of constraints may be too difficult to
obtain the deepest or nearly deepest surrogate cut. In Goldfarb and Todd

[37], it is recommended that only surrogate cuts which can be generated

from two constraints be considered.

POLYNOMIAL SOLVABILITY
Polynomial Algorithm

An algorithm A is called a polynomial-time algorithm for a problem
P of dimension m x n and input length L, if there exists a polynomial
upper bound ¢(m,n,L) on the number of arithmetic operations, when A is

applied to find a solution to the problem P,

Strongly Polynomial Algorithm

An algorithm A, is called a strongly polynomial algorithm for a
problem P if there exists a polynomial upper bound y(m,n) on the number
of arithmetic operations when A, is applied to find a solution to the
problem P.

Existence of strongly polynomial algorithm for linear programming
problem is still a difficult open problem. Further details on polynomiality

of the algorithms can be found in Bland et al. [13] and Singh and Singh
[112].



2.6

2.6.1

The most important aspect of Ellipsoid Method is that the feasibility
or infeasibility of the system of linear inequalities (2.1) with integer (or
rational) data can be determined in polynomial time. Proofs of
polynomiality of the ellipsoid algorithm proposed by Khachian can be

found in Gacés and Lovasz (28], Padberg and Rao [92,93].

APPLICATION OF ELLIPSOID METHOD TO LINEAR PROGRAMMING
PROBLEM
So far, in the preceding sections, we have addressed the problem
of detecting feasibility of the system of linear inequalities. In this seclion
we shall address the problem of application of the ellipsoid method to
solve linear programing problems. The ellipsoid method can be applied
in various ways to solve a linear programming problem.
Simulf Soluti f the Primal and Dual in 2™"
We consider a linear programming problem with integer data as
Maximize ¢'x
subject to A'x<b
x20 (2.10)
where A" is an mxn matrix.
Then the dual of (2.13) is
Minimize b'y
Subjectto Ay = ¢
y=>0 (2.11)

In view of duality theorem (1.10), combining the above two problems give
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rise to the following system of linear inequalities:
A'xsb
= X< 0

Ayse L @a2)

-y=<0

-c"x+bTy<0

In view of the fundamental theorem on duality 1.10, if (x*,y*} is a

o fea3|ble solution to the system of lingar mequalltles (2 12) then x* is the

| optumal solutlon to the pnmal problem (2.10) and y is the ophmal solution

: '::_ _to the dual problem (2.41). =~ o .

In view of this equwalence betw'een llnear programmlng problem (2.10)

and system of Ilnearmequalmes 2 12) all modifications applicable to the

system (2.12) of linear mequahtles wil be automatically applicable to

linear programming problems (2.10). Since (2.12) is a system of linear

" inequalities, hence ellipsoid algorithm can be used to solve (2.12) and

consequently we can get the solutions of primal and dual problems.

Since the system of linear inequalities is polynomially solvable, hence by

~implication linear programming problem is also polynomiaily solvable.
Moreover, this method directly produces an optimal dual solution.

From a practical viewpoint, there are several disadvanlages to this

approach. The ellipsoid algorithim is applied to a system of linear

- inequalities is R™". This high dimensionality slows the convergence. In

many practical problems the feasible region for the Ilnear programmmg

prablem (2.10) is bounded and explicit bounds are known So a method

working only in primal space can be initialized with an ellipsoid of large

but not astronomical volume, speeding convergerlc:e. Next disadvantage

8



2.6.2

of this approach is that, all solutions to (2.12) lie in the hyperplane
c'x=b"y, hence even if (2.12) is feasible, the feasible set has zero volume.
Thus perturbation of the right hand sides in (2.12) is necessary. Even if
(2.12) is feasible, the volume of the feasible set of the perturbed problem
will be very small making the number of iterations to be very large.
Another disadvantage is that if the algorithm determines that (2.12) is
infeasible, yet no feasible primal or dual solution is produced, it is not
clear whether (2.10) is infeasible or unbounded.

To overcome these difficulties the strategy used is to choose
constraints of (2.12) to generate cuts for the ellipsoid algorithm. The high
dimensionality is not too drastic a problem until feasibility is reached. It
seems reasonable to base cuts only on the primal constraints until a
primal feasible x is generated, then only the dual feasible y is generated.
If no primal feasible solution is generated in 8n(m+n+1)L steps, (2.10) is
infeasible. If a primal feasible solution is generated in k steps but then no
dual feasible solution is generated after a further

min {k+6m(m+n+1)L, 6(m+n)(m+n+1)L-k} steps, (2.10) is bounded.

Jones and Marwil [56] presents a variant of this approach of
simultaneously solving the primal and dual using the complementary
slackness condilions (as discussed in the theorem 1.11) for (2.10) and

(2.11) to reduce dimensionality of the problem as iterations are

performed.
Bisection Method

In 1979, tlv's approach was suggested by Kozolov, Tarasov and
Khachiyan [68] for convex quadralic prograinming. In 1980, Padberg and
Rao [92] present~d a polynomial time algorithm combining bisection with
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ellipsoid method for Ilnear programming.

The blse(,tlon method applies the ellipsoid algorithm to the

~ constraints of (2.10) to obtain a feasible solution ) if one exists, if there

T T

o is none, we terminate. Then Z'=¢"x’ is a lower bound on the optimal value

. :-35'_.'-- of (2 10) Next we obtaln an upper bound on this value. If the feasible

! 'reglol'l of (2.10) is bounded and contalned in the current ellipsoid

E, = {x € R"|(x-x)'B(xx)s1},

then Z= c'x,+(c'B,c)* is such an uppér bound.

.. The main disadvantage of bisection method is that the system of

. lnequalities A'xzb, x<0, -€x=-Z (2.13)

- with Z too large will be infeasible and may take a large number of

o ité.ra.lltions. Deep cuts should be used to allow early termination in such

¢ . cases.

263

Sy

Sliding Objective Function Method

=7, Tne sliding objective function method was first proposed by ludin

. and Nernirovskii [55] and latter on by Shor [105].

{n this method we start, as in the bisection method, by generating

o a feaStble solution x' to (2.10). Next we consider inequalities (2.13) with

- Z-Z'=c"X where Z'=Fx'. We may proceed with the ellipsoid algorithm

using the cut c'x>c™x'=Z', since the next ellipsoid can be defined even

] when the current iterate lies on the chosen cut fn this 'm'elt'hbd, we

always consider feaS|b[e systuns (except possibly the first). Whenever

a feasible |terate ‘xk satisfies, c'x >c"™x'=Z', .wé set

x 4—xk and Z Z’*—c x, and proceed as above.

This method is probably the most eff" cuent for practucal

implementauon. It always considers feasible systems and never

L5
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backtracks. All computation takes places in R". [f the feasible region of
(2.10) is bounded and known to lie in E_, then upper bounds Z, can be
found as o

Z=min{Z,,.cTx, +c'B,c)"}. R B

RELATIONS TO THE SIMPLEX METHOD

.. Shor {104}, ludin and Nemirovskii [55] and more recently by Krol and
Mirman [69], and Jones and Marwill [56] consider the space R" to be
transformed at each iteration so that the current ellipsoid is a sphere. The
ellipsoid E,.. R" is transformed by z=T(x)=) (x-x} where J, is a non

singular matrix which transforms the unit ball inte E, x, shifted to the

S onginand By =d T 0 0 e e (24T)

As the ellipsoid shrinks in volume on each step, the feasible set P,
= {Z.(A*)Tz<b*} for the system of linear inequalities (2.1) in "dilated” space
of the z variables expands, where A*=J,TA and b*=b-ATx, . [f the feasible
set has a non-empty intersection wilh the initial ellipsoid, a unit ball, then,
since this set exbérids and is contained in the unit ball after each
transformation, after a polynomlally bounded nurnber of steps DeP,
mdlc,atlng feamblllty N

~ We can view simplex pivoting in a snmilar way If |t s Ubed to find

a fe331b|e point satisfying the constraints Ax |J sz gwen in standard

form, then each simplex pivot can be thought Qf as an affine

transformation from one space of non basic variables to anofher obtained

by exchanging one non basic and basic variable.



mathematically, inherent an essential artificiality which hardly can have
correlates in real life. Thus, it may be generally accepted that unless
some further breakthrough in the implementation of this algorithm take
place, it cannot plausibly be said that this algorithm can be a successful
alternative to the simplex algorithm to solve real life linear programming
problems. However, as discussed in foregoing sections, despite showing
some insurmountable difficulties in its practical applicability, the overall
impact of the ellipsoid method, particularly on theoretical developments
and combinatoriai optimization cannot be denied.

But still, the idea of ellipsoid method will expand our perspective
of linear programming and related combinatorial problems. The
excitement caused by the ellipsoid method will generate further research
in this area. Another polynomial algorithm for linear programming has
been proposed by N. Karmarkar [58] whose complexity bound is lower
than that of Khachian and is computationally very efficient to solve large-
scale linear programming problems. We propose to discuss this

algorithm and related development in the next chapter of this thesis.



3.1

3.2

CHAPTER 3

KARMARKAR’S ALGORITHM

INTRODUCTION

In 1984, Karmarkar [58] proposed a polynomial algorithm of the
complexity 0(n*°L?) to solve linear programming problems where n is the
number of variables and L is the number of bits of the input data. This is
better than Khachian's complexity of 0(n“L*. The running-time of this
algorithm is less than the Ellipsoid method by a factor of 0(n*®). Given a
polytope P and a strictly interior point a € P, projective transformation is
used to map (P, a) to (P’,a") and to show that the ratio of the radius of the
smallest sphere with centre a’ containing P’ to the radius of the largest
sphere with centre a’ contained in P’ is 0(n). The algorithm consists of
repeated application of such projective transformations each followed by
optimization over an inscribed sphere to produce a sequence of points

which converges to the optimal solution in polynomial-time.

GENERAL PROJECTIVE TRANSFORMATIONS

General projective transformations of R" are described by formulas

of the form
Cx +d
STx+g

C d

where CeR", d, feR", geR and [/r [is a non-singular square matrix of
g

order (n+1).
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3.2.1 Projective Transformation T{a.a )

We are interested in projective transformations of the hyperplane

Y -—{xcR|fiI: x, =1 }

H
For each interior point a of the simplex A= {x € R"| sz,Ex,. = l}

n-1

there is a unique projective transformation T(a,a,) of the hyperplane }
fixing all vertices of the simplex A and moving a=(a,a,,...,a,)" to the

I
center ao=( -—] e.
H

Let D = diag {a,,a,,....a,} be the diagonal matrix with diagonal entries

a,a,,...,a, ThenT(aa)is given by

1
T(x)=x'= D x , where e=(1,1,...,1)" or equivalently by
e’D x

! xi/af
x =
L
. x/4,
4

) i=1,2,..,n.
This transformation T(a,a_) has the following properties:

1. T is one-one and maps the simplex onto itself. Its inverse is given
!
by x - 2%
e "Dx
f
a.x; .
or, = ———,i=1,2,.,n
i 2 a.xj
i1 !
2. Each facet of the simplex given by x=0 is mapped onto the

corresponding facet x,.l =0.

3. Image of the point x=a is the center J (¢) of the simplex.
n

4.  LetA denote the ith column of A. Then }_ 4 x =0 becomes

E Aia.“x:
!
Z a,.x,f
4
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or ¥ A/x/ =0 where 4/=aA,
We 'define the affine subspace ('={x'|A'x'=0}.
5. if a e Q then the centre of the simplex a,e (2.

! Let B(a,r} be the largest ball with centre a, and radius r
contained in the simplex. And let B{a,,R) be the smallest ball
containing A. Then

R n-1

r
Now, B(a,rc 4 < B(a,,R)ie, B(a,nn Q' < AnQ'c B(a, Rn Q'
But A n Q is the image n' of the polytope
I = {xeR"|Ax = O,i = l} . The intersection of a ball and an
affine subspace is r::::all of lower dimension in that subspace and
has the same radius as the centre of the original ball which lies in

the affine subspace. Hence,

Bl(a ner'cBia RS =n-1.
¥

3.3 CONVERSION OF A LINEAR PROGRAMMING PROBLEM TO
CANONICAL FORM:
We consider the linear programming problem
minimize ¢'x
subjectto Ax = b {3.1)
x>0
wherec, xe R", be R", Ae R™".

The following is one of the methods tc convert the above problem



to canonical form:
minimize ¢'x
subjectto Ax =0

,Z x, =1 (3.2)

Here X = (X,,....X,.,) € R™", ce 2", A e 2™,

STEP 1: To combine Primal and Dual problems.
Ax: b
Aluszc
¢'x-b'u=0
xz20,u=0
In view of theorem 1.10 (Fundamental Theorem on duality) this combined

problem is feasible if and only if the original problem has finite optimum

solution,

STEP 2: To introduce slack/surplus variables
Ax-y=b
Alu-v=c¢
c'x-b'u=0

x>0, u=20, y20, v>0.

STEP 3: To introduce an artificial variable to create an interior

in in
Let x,,¥,.U,,V, be strictly interior points in the positive orthant,
minimize A

Ax-y+Mb-Ax +y, )=b
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ATu+vr(c-ATu v )=c
¢"x-b u+A{-cx, +b"v,)=0
xz0, y20, uz0, v20, Az0
Here x=x,y=y,.u=u,v=v,, A=1 is a strictly interior feasible solution which
can be taken as a statrting point. The minimum value of A is zero if and
cnly if the problem in step 2 is feasible.
Changing the notations, the above problem is re-written as
minimize ¢'x,
subject to Ax=b
x>0, (3.3)
where c,xe R, Ae B, b e R . We can note that x=a is the strictly
interior starting point and the target value of the objective function is zero.
STEP4:  To use a Projective Transformation of the positive

orthant into a simplex.

Let X'=T(x) where x € R", X' ¢ R™' and x, = —--—z(—l-'——. i=1,2,...,n.

x‘:,l = ]. - Z x:‘_
Let P,={xeR"|x:0} denote the positve orthant and
n+l

A={xeR™"|x=0,Y, x =1}, denote the simplex. The transformation T(x) has
[

the following properties:

n
=]

1. It maps P, onto A
2. It is one-one onto and the inverse transtormation is given by
a.x: .
X, = —, =120,
xr:u
3. The image of the point a is the centre of the simplex.

6l
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4,  Let A denote ith column of A. If }_ Ax=b

| " 4.ax F
then ¥ 2550 - p
=Xy

or,i Aax/ -bx! =0
We definel_the columns of a matrix A’ by
Al=ah, i=12,...n.
A.,=-b
theni 4] x/=0
Let O denoté this affine space, Q'={x'eR™"|A'x'=0}.
STEP §:
We define Z to be the affine subspace corresponding to the zen

set of the objective function in the original space.

i.e., Z = {xeR"|c'x=0)}

a,x;

supstituting, x; =

X4

i /

c.ax,
Weget 3, ———=0

i=1 Xpo1

Let
¢/=ag, i=1,2,...,n
¢!, =0, then c’'eR™, and
c'x=0 implies ¢'"x'=0.

So, the image of Z is given by
Z’' = {x'eR™"|c'"x'=0.}

The problem (3.3) ullimately reduces to



minimize ¢’'x'
subject to A'X'=0
x>0, f, x/=1.
il
The centre 1/n(2) of the simplex is a feasible starting point for the
problem in canonical form obtained above.
If there is a solution x’ such that ¢"x’'=0, Then the inverse image of
x' gives an optimal solution to the original problem. Otherwise, we
conclude that minimum value of ¢''x' is striclly positive and this
corresponds to the case that the original problem does not have a finite

optimum, i.e., it is either infeasible or unbounded.

3.3.1 OPTIMIZATION OVER A POLYTOPE

The Linear Programming Problem (3.2) in Canonical form can be stated as
follows:

minimize ¢'x

subject to Ax=0
) x=1
il
xz0

wherexc R ce Z" Ac 2™,

Let O be the subspace {x|Ax=0},

M
A be the simplex {x|x20,Y_ x=1}

i~

and n=QnA.
Then the above problem reduces to
minimize ¢"x

subject to xen,
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33.2.

3.3.3

Optimization over a sphere

If we replace the constraint x4 by a constraint xeS, where Sis a
sphere then the optimum can be found by solving a system of linear
equations. The intersection of a sphere and an affine space is a lower
dimensional sphere inside that affine space. Hence the problem
becomes

minimize c¢'™x

subject to x € S (a sphere).
where c' is the orthogonal projection of ¢ onto Q. This can be acieved by
taking a step along the direction of -¢' from the centre of the sphere, of
length egual to the radius of the sphere.
Bounds on the Objective function.

Let a, be a strictly interior point in the polytope P. Let us draw an
ellipsoid E with centre a, contained in the polytope and another ellipsoid
E’ by magnifying E by a sufficiently large factor v so that E' contains P.

EcPcE; E =vE
Let fg, f,.fe be the minimum values of the objective function f(x) on E, P
and E’ respectively. Then
Jer s fpsty

i.e., f(@y) - fg < f(@) - fp < f(a,) -1 = vif(ag)-fe
' Ra,) ~1g 1
AN

Je~Fp 1

<1~

CRay-f, v

i.e

e

Thus by going from a, to the point, say @', that minimizes f(x) over E' we

came closer to the minimum value of the objective function by a factor
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[1- i]. The same process can be repeated with a’ as the centre. The rate of
Vv

convergence depends on v, the smaller the value of v, the faster the

convergence,

3.3.4 Invariant Potential Functions

3.4

The set of linear functions is not invariant under a projective
transformations but the ratio of two linear functions ¢an be transformed
into the function of the same type. Keeping this fact in mind, Karmarkar
[69] has introduced a potential function as a ratio of two linear functions

as follows:

T,
fix) =Y In &=

This potential function is invariant under projective transformation

and plays an important role in measuring the progress of the algorithm.

THE ALGORITHM
The algorithm generates a sequence of points x® xV, . x® starting
with x? = a_ = [ %] (e) which is the centre of the simplex.
A = {x20, e"™x=1}

The steps are as follows:

STEPO: Initialize x© = :; (e) = a,

STEP 1: At any kth iteration, the point x* is mapped to the centre a,
= (é] (e) of the simplex A and a point b is obtained in the
following substeps whose inverse image gives the next
point x**? of the sequence.

Projective Transformation T,:

Let D = diag{xlm,xf), ...,xf’}, wherex® are the
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components of the vector x* and e’=(1,1,...,1) is a vector of ones.

Then T, is given by
D

e’ D 'x

X =T, =

and T'(x) is given by

g _ Dx!
X= T e "Dx’
Substep 1.1
D
LetB:rT}
e
Substep 1.2

Dc is projected orthogonally on the null space of B,
i.e., ¢,= [ - B(BB")'B]Dc

Substep 1.3
¢, is normalized.

c . o . . . .
¢ = —E_ je. ¢ is the unit vector in the direction of C,

le,
Substep 1.4

b =a-ard, ie, asteplength ar is taken in the direction of é,
where ae(0,1) is a parameter which Karmarkar takes as o = %

andr=- — is the radius of the largest sphere inscribed in the
var-1)
simplex A.

Substep 1.5

inverse transformation T-(x) is applied to b so that
L. Db
e Db
The iterations stop where the current iterate x* meets the required
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3.5

convergence check
c'x® 29T O
During the execution of the algorithm we expect certain

decrease B in the potential function value at each iteration.

If no such decrement 0 in the potential function value occurs i.e.,
if f(x**") > f(x™) - 8, then we stop and conclude that min ¢'x > 0.
This indicates that the original linear programming problem (from
which canonical form is obtained) is either infeasible or

unbaunded.

THEOREMS

Theorem 1.

In O(n(g+log n)} steps the algorithm finds a feasible point x such

that
c’x _ . L
< 27, where g is some positive integer,
[ Taa
The objective function ¢'x is associated with a “potential function”
f(x) given by
, T
i)=Y In[<E|
Fi XJ.
Theorem 2:

Either (i) f(x**") < f(x®) - &
or (ii} the minimum value of objective function is strictly
positive, where § is a constant and depends on the choice of the value of
the parameter a of sub step 1.4.
We restrict the affine space ' = {y|ADy=0} by the equation Yy=1.

Let (1" be the resulting affinre space and B be the matrix obtained by
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3.6

3.6.1

adding a row of all 1's to AD. Then any displacement in (1" is in the null
space of B.
Theorem 3.

There exists a point b'e B(a,, ar) n(Q" such that f(b’)<f(g ) - 3,
where § is a constant.
Theorem 4:

Let b’ be the point that minimizes c:'Tx_over B(ao,=)nQ". Then
f{b)s¥(a,)-0 where D is a positive constant dependingon o. Fora =%
we. may take 6 = %
Theogrem 3:

The point b’ returned by algorithm (step 1.2, 1.3, 1.4) minimizes

¢Tx over B(a,,«nnQ".

EFFICIENCY OF THE ALGORITHM.
Convergence in Karmarkar’'s Algorithm

Since in the Karmarkar's algorithm the targeted minimum value of
the objective function is zero, so if ¢'x@,c™x'",... are the objective function
values corresponding to the iterates x© x",.. . generated by Karmarkar's
algorithm, then we expect the convergence of the sequence <c'x™> to
zero. Now, in view of the relation between objective function and the
potential function value, a faster decrease in the potential function value

will lead to an early convergence of the algorithm,

3.6.2 Rate of Convergence of Karmarkar's Algorithm

Linear rate of converger: for Karmarkar's algorithm has been
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3.7

e'.;tablished by Chammes et al [16] and Singh and Singh [107]
independently. Singh and Singh {107] also established superlinear rate
of convergence for n=2 which they themselves admit as a trivial case.

Barne's [9] has proposed a variation on Karmarkar's algorithm for
solving linear programming problems in standard form which produces a
monotonically decreasing sequence of objective function values. In the
absence of degeneracy, the algorithm converges to an optimal basic
feasible solution with non-basic variables converging monotonically to
zero. For this variant of Karmarkar's algorithm, Barnes [9] has obtained
an inequality

¢ Tx® e Te) R
<1

¢ Tx® g Tyt (n—mﬂfai)E
where x* and x denote the kth and optimal solutions, respectively, R is
a real number in the open interval (0,1) and
W _, 1) 2
My

x
w =E ot +Qay k-m.
k Nz

I

COMPLEXITY OF THE ALGORITHM
The value of the objective function is reduced by a constant factor
in O(n) steps. As in ellipsoid aigorithm we define

L =log (1 + |D,.l)+log(1 + o)
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where

D, = Max {|det (M)| :M is square submatrix of constraint matrix A} |
and ~=max{|c/|. |b], =1,2,....n}

Here L is not greater than the length of the input.

During the course of algorithm, we periodically check for optimality
by converting the interior point solution to an extreme point solution
without degrading the objective function value, and testing the extreme
point for optimality. Any two distinct values of the objective function on
the vertices of the polytope have to differ by at least 2™ for some
constant k Grotschel et.al [48]. So, in at most O{nL) steps we reach a
situation in which any extreme point better than the current interior point
has to be an exact optimal solution.

In each step, we have o solve a linear system of equations which
takes 0(n% arithmetic operalions in the worst case. If we solve the
equations at each step by modifying the solution to the previous step, we
can save a factor vn.

For each arithmetic operation, we need a precision of O{L} bits.
This much precision is reguired for any method to solve Ax=b if det (A) =
0(2%). This factor L must appear in the complexity of any algorithm for
linear programming, since representing the output can require O(L)
bits/variable in the worst case.

The overall complexity of Karmarkar's algorithm is 0(n*°LZnL IninL)

as compared to 0{n"L2nL IninL) for the ellipsoid algorithm.
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3.8

TERMINATION OF ITERATIONS

Termination of iterations in Karmarkar's algorithm depends
significantly on the choice of steplength parameter a and potential
function decrease O achieved at each iteration of the algorithm. Several
decrements in potential function value are possible depending on various
choices of steplength parameter a. For example, Karmarkar [58] has
achieved potential decrement 3 =14 with the choice a=%; Franklin [24] has
achieved potential function decrement &=1-In 2:0.31 with the choice
a=Y; Singh and Singh [110] have achieved potential function decrement
5=0.23 with the choice a=25. Blair [12], Padberg [91] and Schrijver [99]
have also obtained 6=0.31 decrement in the potential function value.
McDiarmid [75] by taking fixed o in (0,1), has achieved potential function
decrement 8=In2 = 0.69. Anstreicher [6] using optimal steplength at each
iteration has achieved potential function decrease 5=0.72.

In Singh and Singh [111] an inequality _
Ty (K) Kin
& [ %] (3.4)
[ I o

has been developed based on potential function decrease achieved in

McDiarmid [75] using fixed steplength at each iteration. Based on this
inequality Singh and Singh[111] has proposed an efficient termination rule
as follows: |
THEOREM §

In at most k =nq iterations the algorithm finds a solution of the

problem (3.2) with

cx®
c x®
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Proof. We have

f4g Tx (k) B " .
s 279, where q is a positive integer
cx©@
e, nchx™-Inc'x?<-qgin2 (3.5)

Using the inequality (3.4), we get
Inc™x™ - In ™% < (k/n) IN(1/2). (3.6)
Now, if follows from {3.6) that (3.5) is true if k satisfies
(k/m)Iin (1/2) < -qIn 2
i.e., kIn{1/2) < -nqgIn2
k:zng
As in Franklin [24], we may define
k =[nq] = nq
COROLLARY 1:
The number of iterations to find an aptimal solution varies as n if
q remains fixed.
COROLLARY 2:
For a class of problems of fixed dimension n, the number of

iterations k varies as q.

The algorithm will stop if the number of iterations k will reach .

If the number of iterations k reaches & before the convergence check

(3.2) is passed, we may conglude that the problem (3.1) has no solution
with min ¢'x=0 i.e., the original problem(3.3) does not have a finite
optimum.

Franklin [24] has obtained k., = [2.2589] on the number of
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3.9

iterations taken by Karmarkar's algorithm in finding a solution to (3.2}, It
has been claimed in Franklin [24] that this is a better result than
Karmarkar's theorem 1 [58], p. 379). But Singh and Singh [111] claims
that their result k=nq is even better than Franklin's. They have obtained,
cdrresponding to Karmarkar's decrement 8= on number of iterations,
k=[5.57058 nq|;, k > 5k. Hence it is expected that this termination rule
may save almost 80 percent iterations and can ensure much early

termination.

COMPARISON OQF THE ELLIPSOID METHOD AND KARMARKAR’S
ALGORITHM

Both Karmarkar's algorithm and the ellipsoid method are
polynomial algorithms to solve linear programming problems. But from
a practical point of view, analytical and computational investigations of the
two algorithms are quite different. The rate of convergence of the
ellipsoid method even with deep cut and surrogate cut is extremely slow,
specially when compared to the convergence of Karmarkar's algorithm.
Recently, some researchers have tried to study the similarities and
dissimilarities between these two polynomial algorithms.

Todd [118] observes that the heart of each iteration of these two
algorithms is the solution of weighted least-squares subproblems and
these subproblems are very closely related, This observation allows
further insights into the two algorithms, specially suggesting the cause for
extremely slow convergence of the ellipsoid method compared to the very -

fast convergence of Karmarkar's algorithm.



Both Karmarkar's and the ellipsoid algorithm appear at first sight
not to provide solution to the dual linear prograrnming problem; but a
closer examination indicates that dual solutions are generated during the
execution of the algorithm, essentially from the least-squares
subproblems.
In fact, at kth iteration Todd {118] considers a vector IcR" such that
Y={ycR™ <Ay <c}

where A is an m x n matrix and ceR". As observed in Todd [118], we can

easily obtain a suitable lower bound [® initially. Let D = D, be a diagonal

matrix of order nxn with non-negative entries such that ADA T is positive

definite. If
E={yeR":(4Tv-c)DA Ty~ <0} (37

Thenyc E. The inequality in (3.8) can be wriften as

yTADATY -y TAD(c + D) +¢ "Dl 5 0,
By completing the squares the set E can be expressed as

E={eR": (y-PADAWy-3) s 7 (ADA Ny -c "D} (3.8)
where y is the solution of the system

(ADA ")y = ADr (3.9)

where r=(c+)/2. SinceADA T is a positive definite matrix, the set E in (3.9)

represents an ellipsoid with centre y. Clearly (3.9) forms the normal

equations for the weighted least-square problem

min D "2 (4 Ty-r) (3.10)

id .
where D2 is the diagonal matrix whose diaganal entries are the square
root of those of matrix D. Here D' weighs the components of residual.
Aly-r,
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Kamarkar’s algorithm for linear programming essentially consists
of two steps: in the first step a search direction is chosen, while the
second a steplength is determined. To compute search direction Cp, we
project Dc orthogonally on the null space of B, i.e.,

Cp=(I- BT(B‘BT)*)DC.

D
Substituting B = r , we get

el
AD?4T ADe
(4De)! eTe

BRT =

4D T 0
§] n

So, in order to compute Cp, it is sufficient to find y satisfying
(AD?AT)y = AD% (3.11)
which are the normal equations for the weighted least-squares problem

mind (4 Ty - ) (3.12)
b 4

r—
€ X and then

After obtaining ¥y from (3.11), we set z=
n

C,=-D(c-A"y) - ez where x is feasible solution to the LP problem in

canonical form. The important similarity between the two algorithms
which emerges from the above explication is that in both algorithms each
iteration requires solution of normal equations (3.9) and (3.11) or
weighted least-squares subproblems (3.10) and (3.12). The solution ta

subproblem (3.10) gives the centre y=y* of the current ellipsoid whereas

the solution y of the subproblem (3.12) gives search direction c,.



Moreover, in the extension of Karmarkar’s algorithm by Todd and Burrell

“*t which is the

[119] the solution to a related subproblem gives a vector y
part of a feasible dual solution that converges to the optimal dual solution,
provided it is unique.

The weighted least-squares subproblem (3.10) in the case of
éllipsoid algorithm and (3.10) in the case of Karmarkar's algorithm have
different weighting matrices. Also these two subproblems differ in the
right hand sides: r in the ellipsoid algorithm and c in the Karmarkar's
algorithm. Thus it seems difficult to draw some meaningful conclusion by
comparing these two subproblems at any particular iteration. The details
of this view point in the similarity of the two algorithms can be found in
Todd [118].

Todd [118] has explicated how to obtain an ellipsoid that contains
éll optimal solution from an extension of Karmarkar's algorithm. He has
also shown that under cerlain conditions the volume of this ellipsoid
shrinks to zero as the duality gap converges to zero. The volume
determinant of the ellipsoid proposed in this extension includes the primal
solution as parameters and convergence of the volume depends on the
non-degeneracy of lhe optimal primal solutions. It is important to note
that the volume of the ellipscid in Todd [118] does not necessarily shrink
monotonically as in the case of ellipsoid method of Khachiyan [59, 60}.

Based on the explications in Todd [117], Ye [129] has proposed a
new ellipsoid in Primal-Dual variant of Karmarkar's algorithm developed
in Anstreicher [4], Gay [33], Todd and Burrel [118] and Ye and Kojima

[131]. Ye [129] has introduced a potential function P(x,z) associated with
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linear programming problem in standard form as follows:
P(x,2) = (n+)ln (cx-2) - ) In(x) (3.13)
it

where x belongs to the solution set S of the linear programming problem.

minimize ¢x
st Ax=b (P"
x20

wherec, x e R\, Ae R™, b e ¥ and z < minimum objective function
value Z'. If the dual of the problem (P) is
maximize ytb

s.t. yAc<cC

then from the fundamental theorem on duality (Theorem 1.10), we have
yb < Z% < ¢x
if z° be the value of the objective function corresponding to initial solution

x? of the primal problem P,

P(x,z) - P(x9,z ©)
n+l

X~z

=A(x)exp (

cx(m -Z

Y In(x)-) In x,.w)
il

il

where A(x) = exp

s+l

Assuming AMx) bounded from above, we can find some finite

positive number p such that

n+]

P(x,z) - P(x @,z ")] (3.14)
cx® -z

< ucxp[
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If P(x™, ) tends to -= along some sequence {x*:.x™ > 0 and xX" ¢ S} and
{z* < 2" 5 ex} then*ex * z converges to zero. This indicates that
minimization of potential function P(x,z} subject to constraints 0 <x e S
and z < z*¥ < cx leads to optimal solution to problem P and dual problem
D. The algorithm generates sequences {0 < x* ¢ S} and {&' <& <z*)
which satisfy

| PO 29 < P, 241 - 5 (3.15)
where & » 0.2,
Putting k=1.2,...k in (3.15) we get k inequalities and adding these
inequalities, we get

P(x™, 2 < P(x9, z°) - kd

i.e., PO, 24 - POdY, 2°) < k& (3.16)
Inequalities (3.14) and (3.16) imply

ex® _zk -k&

*—-——-—L‘xm)_zo s M exp[ n+]] (3.17})

Inequality (3.17) governs the convergence of the primal-dual variant of
Karmarkar's algorithm discussed here. Now, given x¥e S and z*< z*, the
(k+1)th iteration of the algorithm consists of computing lower bound 2**?
such that z* > z*" >7* and solution of the problem P(*' ) transformed
from problem.
P(Z"): min &(2) Dx
st ADY =0
e'x = n+1

Ix-el<P=03
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where D =

diag(x®) 0]
1 1

¥ ¢ R™" and e=(1,1,....)) € B'', is the starting feasible solution. The

problem P(z) is solved by first computing orthogonal projection p of De(2)

onto null space {xeR™": ADx=0,e"x=0} of B = -l
e

.e., p=(I-B"(BB")'B)Dc(2)".

Then, we calculate the unit vector -“p—” in the direction of p and obtain a
I
intx = p
pointx = e -3+,
el

Finally, (k+1)th iterate x®**" is given by

T diag(x ®)x {n]
=

al

where ¢ [n] denote the vector of first n components of xeR™'. The

algorithm stops where we meet the convergence check for the prescribed
accuracy ¢ > Ql that is if
ex®.zf<e < 02Y

where &> _n_;_l In (M(cx® - 2 "))] + 1

Like Burrel and Todd [119], Ye [132] has obtained dual ellipsoid in
the primal dual approach of Karmarkar's algorithm discussed above. The
dual ellipsoid 5, at the kth iteration in the primal-dual approach of
Karmarkar's algorithm is the set

S ={UeR™"|(u-uM)D) <€, and €, = ox®-z (3.18)
which is contained in the row space.

R(4)={x € R™:x=yA, y ¢ R } of the constraint matrix 4. This dual

ellipsoid is centered at the current dual slack solution U(® and it contains

all of the optimal dual feasible solutions.
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The volume V(S,) of the dual ellipsoid S, is given as

(n+1)
¥(S,) = e (3.19)
det()
_ mex® -z
7 x®
i=1
e, InV(S) =+ In(ex®-29- Y nx® + Inn
i1
ie, InV(S) =P, 2 +Inn (3.20)
S
i.e., P(x™ z=In -(—-’?2 T (3.21)
T

i.e., the potential function P{(x%,z"} at the kth iteration which measures f
progress of the algorithm equals the logarithm of the number which is
times the volume of the current duai ellipsoid in Karmarkar's algoritht
Let S, be the initial dual ellipsoid in Karmarkar's algorithm,
InV(8,) =P(x® 2 +Inn (3.22)
Now, subtracting (3.22) from (3.20), we get

In V(S,) - In V(S)) = P(x™ 2"} - P(x®,2°) < - k&
S
S,

Based on the above discussion and explications in Ye and 1

< exp (-kd)

[132] we can see the following two major dissimilarities between 1

ellipsoid method and Karmarkar's algorithm:

(a) The ellipsoid in the ellipsoid method is uniquely defined in
space R™ whereas dual ellipsoid in Karmarkar's algorithm work:
row space R{A) of the constraint matrix, which is itself contair
in the space R". The initial volume of the ellipsoid in the ellips
method takes the worst case bound as n*2"L which is a very la

number even for small value of n, but the volume V(S,) of the in



dual ellipsoid S, in Karmarkar's algorithm cannot exceed the
number P(x®,z%) + In ™ where P(¥' .2) is the value of potential
function corresponding to the initial solution. Also the spaces in
which these two methods work are different. In fact, the ellipsoid
method works only in dual space whereas Karmarkar's algorithm
works in both the primal and dual spaces which helps in
accelerating the convergence for the primal and dual both.

(b)  The steplength in the ellipsoid method is limited to a certain

size; therefore, the theoretical shrinking ratio

V(Ek'!)( i 1
EY ‘exp( z(n+l)] 52

is precisely true for the ellipsoid method, but in Karmarkar's algorithm
steplength can be increased by using line search technique in primal
space to minimize the potential function. This results in much bigger
reduction in the volume, assured by theoretical shrinking ratio

S exp (-8) (3.27)

S, )
The key resemblance which emerges from the above discussion

is that the volume of the dual ellipsoid in primal-dual approach of
Karmarkars algorithm shrinks uniformly as in the case of the ellipsoid
method. We hope ihat further study of this resemblance can provide
some proper grounding for the meaningful comparison between these two
algorithms.  Singh [108] has established similarity between the
inequalities governing volume reduction in the ellipsoid method for linear
inequalities and convergence in Karmarkar's algorithm.

When we apply Karmarkar's algorithm [58] tc a linear programming
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problem with n decision variables in standard form, then first it is
transformed into the foliowing canonical form:
min ¢'x

S.t. Ax=0

where ¢ e 2™, A € R™™V and x ¢ R™".
If %, '™ L, x®
be the sequence of points in R"", generated by Karmarkar's algorithm
then it follows from Karmarkar's theorem 2 | 68, p.380] that
Oy < f(x™y -y

where y is the fixed potential function decrease at each iteration which
depends on the choice of steplength parameter «.

Putting k=0,1,.. k-1 in above inequality we get k inequalities.
Adding these k inequalities we get

f(x") - f(x) < -ky

ntl Tl T (M
. [ o c'x
i.e., E\ In - E In - < ~ky
= ) 5 0
X, r: X;
I ¥
m_i o n+l .
e, () Incx™-Inc" X+ | Y nx”-Y nx®]-<-ky

i=1 =1

f

nel Hel
Since Z in xfw] z Z In xm, we have
il Py

e Tx®
(n+Nin < -ky
c x1®
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3.10

.10 -
e, Inf X < exp kY (3.24)
_ e Ty n+1

If we consider {3.23) governing volume-reduction in the ellipsoid

algorithm and put k=0,1,... k-1, we get k inequalities. On multiplying these

k inequalities, we get .
E -
(_ v <cxp(—~L] (3.25)
WE,) 2n+1)
McDiarmid [75) has obtained y=0.693147178 using fixed

steplength o (near equal to 1) at each iteration. Franklin [24] has
achieved y=0.30885 by taking a¢=0.5. Now if we choose o such that
y=0.5 then the right hand sides of the inequalities (3.24) and (3.25),
governing convergence in Karmarkar's algorithm and velume-reduction

in the ellipsoid methaod respectively become identical.

CONCLUDING REMARKS

As discussed in section 3.7 Karmarkar's algorithm has a
polynomial complexity bound of 0(n >*L) which is lower than Khachian's
complexity bound of 0(n ‘L) by a factor of 0.5. Thus, from theoretical
point of view this reduction in complexity bound is not significant. In
practice difference becomes clear. Khachian's ellipsoid algorithm
appears to require a number of iterations close to its worst case bound.
On the other hand, a number of studies have established that many
variants of Karmarkar's algorithm only take a number of iterations
between 20 to 50 to get a very accurate solufion, and this number
appears to grow very sfowly even with substantial increase in fhe number
of variables in the linear programming problems. Thus this algorithm is

very efficient to solve large inear programming problems. The efficiency
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of this algorithm depends significantly on the steplength parameter o
(discussed in substep 1.4 of the algorithm). Various choices for & have
bca;en proposed. It has been found that if we consider a > 1 in substep
1.4 of the algorithm, its efficiency increases, but with this choice
polynomiality of the algorithm cannot be assured. Simplex method for
linear programming tests one extreme point at a time and makes local
improvement whenever possible, but Karmarkar's interior point method
provides us the ability 1o achieve global approximation to the set of all
solutions. Probably this is one of the reasons that several types of interior -
point methods have been proposed following Karmarkar's seminal work
[69]. These methods can be broadly classified in the following three
categories:

Affine scaling methods,

Potential Reduction methods and

Central Trajectory methods.
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4.1

CHAFTZR 4
PATH-FOLLOWING METHODS

INTRODUCTION
In mathematical programming, algorithms can be interpreted as
path-following procedures. This interpretation applies to the simplex
method developed in Dantzig [18], Lemke’s algorithms [71] for the
complementarity problem, homotopy methods for piecewise linear
equations and most of the methods for nonlinear optimization. More
recent algorithms for linear programming by Murty [88] are also based on
natural paths that lead to optimal solutions. Ilterative algorithms for
nc;nlinear optimization usually assign to any point x in a certain set ScR"
(usually convex) a “next point” X' = ¢(x)e S. Given a starting point x°, the
iterative scheme generates a sequence of points {x"}, where x*'=¢(x"),
that converges to a solution. If the algorithm generates the next point x’
close to the preceding point x then the path may be a good approximation
to the sequence generated by the algorithm. This is true at least during
the later stages of the execution if the sequence converges to a solution
pqint. If the algorithm makes large steps during the early stages then the
péth may be a bad approximation.
| The study of solution paths is highly desirable for the design and
analysis of the algorithms for optimization problems. Nazareth [90]
interprets Karmarkar's algorithms [58] (discussed in chapter 3 of this
thesis) as a homotopy method with restarts. Results about the

infinitesimal version of Karmarkar's algorithm and related algorithms were
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4.2

recently obtained in Bayer and i_agarias [11] and Megiddo and Shub [80].
Smale [113] showed that the path generated by the self-dual simplex
algorithm developed in Dantzig [18] can be approximated by the Newion's

method path for solving a certain system of nonlinear equations.

GEOMETRICAL ASPECTS OF THE CENTRAL PATH

The logarithmic barrier function technique, usually used in
nonlinear constrained optirnization, can of course be applied to the linear
programming problem. This method recently came up in Barnes [9],
where Karmarkar's algorithms [58] was analysed from the barrier function
viewpoint, but the idea of using this function in the context of linear

programming is attributed to Frisch [27]. The barrier function is

" H
xeR", x>0 - p(x) = —-E fog x, = -logll X,
i=1 i=)

This function penalizes variables that approach zero, and hence
penalizes points near the boundary of the feasible region S determined
by the constraints of the problem. The unigue minimizer of p() in the
interior S° of the feasible region S is called analytic center of S, and it
coincides with the point that maximizes the procuct of its components.

It is important to note that the Newton-Raphson’s method can be
used to determine the analytical center with a prescribed precision with
excellent theoretical and practical performance. For the time being, we

assume that an exact solution is availahle.
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The main idea behind all uierior point methods for minimization
problems is that costs should be decreased and simultaneously move
away from the boundary. So, we take the combinations of the cost and
the barrier function usually known as the infernal penailized function as

follows:

aeR,xeR}, -~ fx) =oc’x +px),

whereR’, ={x e R", x > 0}
This function was extensively studied by Fiacco and McCormick in
their book [23].
Now, associated to each value of the parameter acR",a central
point x(a) is uniquely defined by
| x(a) = arg min £, (x) = ac "x + p(x)] @.1)
The Iéf;;'ve « € R ~ x{a) is the central path for the linear
programming i.e., the set{{ x(a) = arg min [£,(x) = ac "x + p(x)] }} of

xw3*

all central points is called the central path for the linear
programming problem

minimize c'x

subject to Ax=b (P)

x>0
The curve is smooth and as o increases, it converges to an
optimal solution of (P).

The central path may be described in several ways corresponding

to different parameterization of the curve. One of them has a simple
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geometrical interpretation:
A central point is

x(at) = arg min {f (x) = ac x + p(x)]
xS

This point obviously solves the problem obtained by constraining

the cost to its values at x{).

x(0) = arg min [£,(x) { px)| ¢ Tx = ¢ (@)} ]

This problem descﬁg;s the analytic center of a constant-cost slice
of the original feasible set S. Path-following aigorithms follow the central
path. Let pc{w w’) ->x(p} be a parameterization of the central path, with
w'>w, w' possibly infinite.

All algorithms follow the model below:

ALGORITHM 4.2.1 Conceptual Path-following:

Given x € S°, p(w.w"), with x*=x(p_)

k:=0

REPEAT

choose Py, > Py

call an internal minimization algorithm

to find x**' = x(p,.,)
k = k+1
UNTIL convergence.

This model simply generétes a sequence of independent central
points. Actual algorithms will depends on the parameterization, the
initialisation (choice of p, and x°) and the criterion for updating the

parameter. The parameterization and the updating rule characterize
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different algorithms.

The internal algorithm is essentially the same for all methods.
Finding a central point is a minimization problem with a nonlinear
objective function with a simple Hessian matrix, and thus the natural
choice is the algorithm of Newton-Raphson. In all cases we shall use an
algorithm called scaling-steepest descent (SSD). This method is in some
cases exactly equivalent to Newton-Raphson. The crucial point to be
noted in relation to the internal algorithm is its termination rule.

To find an exact central point infinite number of iterations is almost
impossible. Our intention is to achieve a polynomial algorithm, So,
instead of determining the exact central points we work “near” the central
path. If we are given a good criterion for measuring proximity, we can
improve our model, as follows;

ALGORITHM 4.2.2 Implementable Path-following:

Given x_e S°, 0° e(w’, w") with x° near x(p,)

k:;:([l}

REPEAT

choose P, > P,
Call an internal minimization algorithm to find x**' near
X(P,.;). The algorithm starts at x*.
k= k+1

UNTIL convergence.
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Fig. 4.1 shows two possible combinations of parameter updates and
proximity criteria. In the first case, a short-step update forces the algorithm to
trace the path, so that all points generated are near the path. In this case, the
internal algorithm usually executes exactly one iteration per iteration of the main
algorithm. In the second case, the parameter is updated by large steps, the
several iterations of the internal algorithm are needed to approach the central

point corresponding to p,,,.

Central path

' .
Fig. 4.1: Short and large step path-following algorithms. ¢!

4.3 TOOLS FOR GENERAL INTERIOR POINT METHODS

4.3.1 The Linear Programming Problem

In order to develop some useful tools, we consider a linear

programming problem in standard form as follows:
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minimize ¢'x
subject to Ax=b (P)
x 20,
wherec,xe R", Ae R™" and b € k™.

We assume that the matrix A is of full-rank and that the feasible
set S is bounded with nonempty relative interior S°. We also assume that
an initial interior point x° € S° is at hand. This assumption in practice is
replaced by an initial procedure that modifies the problem. A typical
procedure is a big -M method like the one discussed in Adler, Karmarkar,
Resende and Veiga [2]. With these assumptions, the problem has an

optimal solution ¥ and the optimal value of the problem be v - ¢ 's

Projection

Fig. 4.2:  Projection

Fig. 4.2 illustrates the problem (P) and the projection of price vector C into
null-space N(A) = {xcR"|Ax = 0} of A and its orthogonal complement. The
range space of A" is denoted by R(A") and is defined by

RAT) = {xcR"[x = A'w, w ¢ R™}.
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Now any vector d¢RR" can be uniguely decomposed as d = d, +3p, where d,
e N(A)and d, & R(A").

The projection operator is lingar and can be represented by a

matrix P, such that d, =P,d. The orthogonal complement d,=# d where
P =1-Py

If A is of fult rank, then

Pa=[1- ATAATYA],
where | is the identity matrix of appropriate order.

The projection of d into null space N(A) is the point in N(A) with
smallest Euclidean distance to d.

d, = argmin {|x-d| |xe N(A)}

d = argmin A|d-d ™w| | weR"™

Id I = I:nin {I0-ATw| |w ¢ R™} (4.2)

The optimal set for (P} does not change if we replace the objective
c'x by c,/x. It provides the steepest ascent direction for the cost from an
interior point. Given any differentiable function £:8°~ R and an interior point
x, the steepest descent direction for f{.) from x is - P, V f(x).
Dual Problem

The dual problem associated to (P) is
maximize b'w
subject to A'w+z=c (D)

Zz20,

where z ¢ R" is the vector of dual slack variables,
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Let (W,2) be the optimal solution of (D} and ¢ be the optimal value of the
objective function b™w then ¥ = 5 "1,
The Duality Gap

Given any pair (w,2)c R™" is feasible for (D}, the duality gap

x'z = ¢'x - b'w is obtained by substituting z=c-ATw.

By the theorem 1.11.1 of the chapter 1, (Complementary
Slackness Theorem), achieving optimality is equivalent to the condition x'z
= Q.

The dual problem seems to have too many variables. In fact, the
variables (w) can be eliminated, leading to a very conQenient symmetrical
primal-dual pair. This has been thoroughly studied in Todd and Ye [121],
and we use a reduction procedure.

Lemma 4.3.1

z € R" is a feasible dual slack for (D) if and only if z>0 and P,z =

Proof:

Let _zaO be any vector.
Then z is a feasible dual slack if and only if for some w ¢ R™
c-z=A'w
But ¢c-z = P,(c-2) + A'w
=> P,(c-z) = P,c - P,z = 0. Hence proved.
The above lemma provides a simple rule for testing the feasibility of a dual

slack. Some useful conclusion ¢can be drawn as follows:
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Given any point 7€ S, an equivalent dual problem can be written as
minimize % 7z
Subjectto P,z=P_c {(4.3)
z>0.

Here, the objective is the duality gap, and the optimal value is
£ =cT -9,

The primal problem can also be similarly modified: its objective can

be replaced by cprx or by # ’x for any feasible dual slack 2.

The equivalent primal preblem will be:
minimize £ 'x
subject to Ax=b

x>0

The dual feasible set and its interior for the problem (4.3) can be defined

as follows:
Z={zeR"|Pz=P,c z20
Z-{zeR"|Pz=Pc z>0
4.3.2 The Scaling-Steepest Descent Algorithm

A scaling transformation on problem (F) is a change of variables
x = Dy, where D is a positive diagonal matrix. Given a point x° € 8°, scaling
about x° is the scaling transformation x = X y, where X is the diagonal
matrix whose diagonal elements are precisely the components of vector

x°cR", i.e., X, =diag (x,".... x,”). The linear programming problem scaled
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about x° is written as follows:
minimize ¢’y
subject to Ay = b (SP)
y20,

where A = AX, ¢ = X ¢, are obtained by substituting x = X,y in (P}). The

point x° is transported to e, the vector of ones. Scaling affects dual
variables as follows:
Lemma 4.3.2
(w,z) is a feasible dual solution for (P) if and only if (w,X_z) is a feasible
dual solution for (SP).
Proof
(w,z) is feasible for {P) if and only if A'w+z=¢, >0
Multiplying by X,
(Ax)'w + X z=X_c, X,z > 0.

This shows that (w X, z) is dual feasible pair for (SP} and
completes the proof,

Scaling does not change problem (P). Scaling affects the steepest
descent direction as follows:

Let us consider a generalization of problem (P) for a differentiable
objective f(-} as follows:

minimizef{x).
The steepe:t&descent direction (studied by Cauchy around 1840)

is the direction that solves the minimization of the linear approximation of
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f(-) about x° over a unit ball with centre x°.

minimize (VEx°)'d|Id)s, d € N(A)}

(=)
o)
where Vi(x°) = : is a vector of partial derivatives
Ax)

ax: )

evaluated at x°.
The optimal solution stems, as a consequence of the Cauchy-
Schwarz inequality, and is always a multiple of
= - P,Vf(x°).
The steepest descent direction is illustrated in Fig. 4.3 for a very simple

problem with S = R?, = { (x,,x,) €R?: x,20,x,2 01,
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Fig. 4.3 Trust region minimization in Cauchy and SSD algorithms.

The steepest descent computation is known today as a trust-region
minimization: a simple objective (linear approximation) is minimized in a
simple region (a ball) to obtain a hint on the behaviour of the function
around the point. A ball is chosen for trust region because it is easy and
the presence of positivity constraints motivates the search for an easy
region capable of reflecting the shape of the region of interest more
precisely. The easiest large shape available is the largest possible simple
ellipsoid in the positive orthant, shown in Fig. 4.3. The ellipsoid, with axes
paralle! to the coordinate axes, and hence simple, provides a large trust
region when intersected with S.

Scaling the problem about x° deforms this ellipsoid into a ball

centered at e=(1,...,1)

and hence the solution of the trust region
minimization is obtained by scaling followed by the projection of the
resulting gradient vector (fig. 4.3).

This analysis results in a general first-order interior trust region

minimization algorithm that can be used for any continuously
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differentiable objective function. This algorithm is called Scaling-Steepest

Descent (SSD).

ALGORITHM 4.3.3 (SSD)

Given x° ¢ §°, f. §° - R continuously differentiable.
K:=0
REPEAT

Scaling: 4: = AX,, g: = X, V/(x %)

Direction: : = -P; g

Line search: y: =e+ Ak, y> 0
Scaling: x*'': = X, y.

k: = k+1
UNTIL convergence.
The scaling transformation transports x* to the vector e. The

direction 4 minimizes the linear approximation of y -»f(y) =Xy ina

ball l{corresponding to the largest simple ellipsoid in the original space.
Affine Scaling Algorithm

An efficient algorithm for linear programming is obtained by the
direct application of SSD to the original problem (P). This method is
known as Affine-Scaling, first proposed by Dikin [20] in 1967. Dikin took
always a step of length one in the line search, i.e., A = 1/|k|. Other
researchers used large steps, a fixed percentage (above 95 percent) of

the maximum possible steplength in the positive orthant. Like in any
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interior point algorithm, the computational work is concentrated in the
projection operation needed in each iteration.

| The affine scaling algorithm was rediscovered by Barnes [9] and
Vanderbei McKeton and Freedman [126] after publication of Karmarkar's
algorithm [58]. The algorithm is globally convergent for problems with no
primal degeneracy, as Dikin proved in 1974 [21] for unit steplength.

His proof was improved and clarified by Vanderbei and Lagarias

[125] and extended to large steps by Gonzaga [{45]. The method has
been successfully implemented by Adler, Karmarkar, Resende and Veiga
[2] and Monma and Morton [84]. The affine scaling algorithm is very
attractive due to its simplicity and its good performance in practice. It is
important to note that its performance is quite sensitive to the starting
points. The proofs of convergence of the algorithm in the absence of
degeneracy is fairly straight forward, but under degeneracy, such a proof
is surprisingly long and difficult. There have not been any result on
bounds on the efficiency, but due to analysis carried out in Megiddo and
Shub [80] it is believed that the algorithm is not polynomial is worst case.
But experimental results indicate that this algorithm competes favourably
with the MINOS Code which implements the Simplex algorithm for linear
programming.

The_Search Direction

We wrote the SSD algorithm using an explicitly scaling operation
at each iteration. This is not needed, since scaling was only a method for

the trust region minimization; the search direction can be explicitly
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expressed in the original space by
h=Xh=-XPu X, 9 (xh
The SSD algorithm can be written directly in the original spaces as
follows:
ALGORITHM 4.3.4 (SSD):
Given x° ¢ §° 1.5 R continuously differentiable.
K=0
REPEAT
Direction: h = X, P, X, V/f(x 5
Line search: x*":=x"+Ah, x*"' > 0
k: = k+1

UNTIL convergence

& Affwe grabing trust rsgions

4

The affine scaling iterations are illustrated in fig. 4.4. The

ellipsoidal trust regions are shown in original space: they correspond at
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each point to the intersection of S and the largest simple ellipsoid in R",

centered at the point. Here we took unit steplengths.

4.3.3 Barrier Method

Barrier methods are applicable to T
minimize f(x)
subject x ¢ S,
where the constraint set S has a non-empty interior that is arbitrarily close
to any point in S. This means that the set has an interior and it is possible
to get to any boundary point by approaching from the interior.
The method works by establishing a barrier on the boundary of the
feasible region that prevents a search procedure from leaving the region.

In the barrier methods a barrier function is added to the objective

function which favours points interior to the feasible region over those

near to the boundary.

We take the barrier function defined by ‘ - ’:f‘ )
| A65644

QA

PR -R ’
px) - E log x, ! B-ZQ 2
fel i
f Qua
It has derivatives T — —
(4.4)

Vp(x) = -x"', Vp(e) = -e

Vp(x) = X?, Vp(e) = |

{
where x {—'-....-!-]
Y X,

i

(X

X ? = diag _I ]]
'rl 'r!: J




Convexity:
| Vp(x) is positive definite in S°, so p(-) is strictly convex. Also p(x)

grows indefinitely as x approaches the boundary of 5. Thus the analytic
center is well defined.
Effect of Scaling

If D is a positive diagonal matrix, we have

PDX) =p(9 - 3 log.d
C‘iiven two points X', x> > 0,
p(Dx?) - p(Dx") = p(x°) - p(x")

and hence scaling aperations do not affect variations of p(.). Rather
scaling yields easy derivatives. Moreover, at e the Hessian matrix is the
identity, and the steepest descent direction from e coincides with the
Newton-Raphson direction. Hence, the SSD algorithm and Newton-
Raphson method with Iiné searches coincide for the barrier function.
Linear approximation around e

To investigate the efficiency of algorithms we shall use linear
approximations of the barrier function. Now, we like to establish a bound
on the error of the linear approximation around e.
Lemma 4.3.5

Let A e (-1, 1) be given,
Thenhzlog(1+h)zA-§;1Tﬂ (4.5)
Proof

The first inequality is a direct consequence of the concavity of the
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logarithm. The second inequality was proved by Karmarkar [58], by

developing the Logarithm in Taylor's series.
_ AE A." 14
log(14A) = A - — + =— = — + .,
e A T Y

- -

ol =~ a2 912-.‘.)
37

(§5]

A 2,
> A _i(l IA] +|A3] +..)

A1

IR R

Hence proved.

Variation of the barrier function around e
Lemma 4.3.6
We consider a vector

deR" such that |d}_<1,

where
p(e+d)-Vp(e)'d=-e'd.
) / ldl? |
p(c +d} V’p(v) 0 gl Ll N, T
2 1-jdl,

=¢ "‘{ + |E'£”_ _l

2 1-]dl.

Proof
We have ple+d) - - Z log (1+d).
fi= |
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Since d, € (1, 1) by hypothesis, using the properties (4.15) and adding the
inequalities for i=1 to n, we obtain the above results.
4.3.4 Analytic Center

An elegant method to avoid the boundary is to define a center for
th.{e polytope S={xeR™ Ax = b, x > o} and to consider the following two
objectives simultaneously: (i) reducing costs and (ii) centering.

| The center of gravity is probably the best center, but its
computation is a cumbersome task.

Another nice center is the center of an ellipsoid of maximum
volume inscribed in polytope S, defining the feasible region for the linear
programming problem. Although, this ellipsoid has been computed in
polynomial time by Khachian and Todd [61] but, it is also equally
cumbersome.

Apart from these above geometrical centers, a third good center
has been defined by Vaidya [124] and can also be computed in
polynomial time for a given precision. This is the volumetric center which
is like before the center of a maximum volume ellipsoid in polytope S, but
maximum is taken among the simple ellipsoids (intersection of S and
ellipsoids with axes parallel to the coordinate axes). But it is also not
much suitable for practical implementation. Thus above discussed
centers are not much helpful in avoiding boundary of the feasible region
S.

To the best of our knowledge, the most useful center to serve our

purpose is the analytic center, proposed by Sonnevend [114]. A pointX.
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belonging to the polvtope S is called the analytic center if the barrier
function p = - Iogfﬁ; x, attain its minimum at; i.e.,
A= argmin px).
xe S°

Since the SSD algorithm coincides with Newton-Raphson method
with line searches for the minimization of the barrier function, either
method must be efficient for the determination of the analytic center.

4.3.5 Auxiliary Functions

Given a point in the interior S° of the polytope S, our aim is to
obtain a relatively better point which is close to the center and ensures
improvement in the objective function. Thus while constructing auxiliary
function these two objectives (cost improvement and centering} will be
taken into considerations.

Following the arguments outlined above, different auxiliary
functions are constructed, each one leading to a different family of
algorithms. Each auxiliary function uses some parameter that weighs in
some way the importance given to each of the two objectives (cost
'improvement and centering). Each auxiliary function is associated to one
parameterization of the central trajectory (or central path) given as follows;

()  The Penalized Function (Frisch {27], Fiacco and McCarmic [23]) -

Parameter o associated o a duality gap:

XeS° - £ () = ac x+p(x)
(i)  The Center Function (Huard [52], Renegar [95]) - parameter k,

upper bound to the optimal cost; qzn caonstant:
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xeS° 5.t cTx<K-f (x)=-q log (K-cTx)+p{x)

(iii) The Potential Function (Karmarkar [58]) - parameter v, lower

bound for the optimal cost; q » n constant;
xeS° - f,(x)=q log {c"x-v)*+p(x)

In all the auxiliary functions, the second term is the barrier function which
repels points trying to approach the boundary, The first term involves the
cost and the parameter weighs both terms.
in (i) increasing & increases the importance of the cost term.
In (i} decreasing K increases - log (K - ¢'x).
In (iii) increasing v decreases log(c'x-v).

The gradients of these functions at e=(1,...,1)" result from a scaling
operations in algorithms) are respectively.

(iYoee - e

The steepest descent directions at e=(1,...,1)" are all combinations
of two vectors -P;¢ and P;e called cost-reduction direction and
centering direction respectively.

Given K or v, a value for a may be found such that Vf (e) coincides

with Vf(e) or vi(e) as o= 39— , o= 1 46}
K-c'x cx-v
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Descent Directions for the Auxiliary Functions
Given an interior point x in the polytope S = {xcR"Ax = b, x >0} the
descent directions in the original space will be dencted by h(x,p), where
pe{x,K.v} and the corresponding directions is scaled space will be
denoted by /4 (x, p) and defined by
h(x.p) = - Py XVf(x)
whereas the relation between the descent directions in original and scaled
spaces will be given by
hxp) =X f;(.l'..f‘)
Now, if we consider the relationship between the SSD direction
h(x,p) and the Newton-Raphson step (NR step) for the penalized function,
we shall see that these two directions coincide.
Lemma 4.3.7
Consider the function f_(-) for a fixed a > 0. The NR step from x
coincides with the SSD direction, given by
(i) h(e,a) = -P,Vf.(e) = -ac te,.
(i) h(x.a) = -XP, X V(x) = -XP; (& -e)
Proof
Let x=e, initially,
Then the quadratic approximation of f,(-) about e has derivatives given by
Vf, (e+h) = Vf_(e) + V*f,(e)h = Vf_(e) + |h
Since Vi (e) = V’p(e) = 1.
where | is the unit matrix of appropriate order.

The NR step corresponds to the minimizer of the quadratic
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approximation, obtained by setling the projected gradient to zero:

PVf (e) + h(e,a) = 0 is proved.

To prove (ii), it is important to note that NR algorithm is scale
invariant. Because, the quadratic approximation of a function foes not
depend on the metric of the space (in contrast with the norm-dependent
steepest descent direction). So for xcS°, the NR step in scaled space will
be computed as in (i) that is space.

hxe) = - PV, (x)
Hence proved.

For the other auxiliary functions, the Hessian matrix is influenced
by the first term and SSD is no longer equivalent to NR. But it can be
interpreted as a quasi-Newton method in the following sense:

a quasi-newton method minimizes at each iteration a quadratic

model of the function, which may differ from the Taylor expansion:

S, Cevhy = £, Vf ) h vk Eh

The SSD algorithm uses E=Vp(x) instead of E=Vf (x). Thus we
loose the contribution of the second derivatives of the first term of the
functions. This contribution is null in the penalized function and the
methods coincide For the potential function, the first term contributes a
negative definite rank-one matrix that may destroy the positive

definiteness of the Hessian matrix and thus it is ignored.
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4.3.6 Guessing a Dual Slack and a Lower Bound
The parameter v .ed by the potential function f.(-) must be a lower

bound to the value ¢ of an optimal objective function value. A procedure
for guessing a feasible dual slack and consequently a lower bound for ¥

was presented in Gonzaga [46] which gives the same bounds as the
methods developed by Todd and Burrell [119] and by Ghellaink and Vial
(34} using projective geometry. The dual slacks generated by it have the
same format as the ones used in all existent primal potential reduction
methods. Given any feasible point xS, the procedure associated to it a

lower bound ¥(x) = -~. If #(x) = -, then the procedure fails and no dual

slack is generated. The usefulness of the procedure will be ensured by
the fact that a good lower bound will always be generated at points on or
near the central path.

Let us suppose initially that e<S. From lemma 4.3.1, we deduce
that a vector zcR" is a feasible dual slack if and only if zx0 and z=c, +y
where y . N(A). Our guess consists in trying to find a “very positive” vector
yL1 N{A) and adding it to ¢, to obtain a non-negative vector. The ideal
guess would be y proportional to e, but in general e is not orthogonal to
N(A). We try y proportional to e-g,.

Let us define the vectord L N(4) given by & = —=-2.

Je e, I?
If for some peR, C,-yd20 then, z=¢ -ud is a feasible dual slack. The

duality gap associated to the primal-dual pair (e,z) will be
A-elz=cle-p

Since d"e =1 because (e-e,) (e-e,)=(e-e,)"e.
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4.4

Now, v =c'e - A is a lower bound for 7. The bast lower bound will

correspond to the maximum admissible value for y. We can now
formalize the procedure, assaociating to each xeS a lower bound
v(X) € [~», 7] obtained by the procedure above after scaling the problem
about x:

Ry =inf{e™P;e-u|Pic-paz 0 (4.7)

$(x) = ¢ Tx - A(w)
with the convention that inf ¢ = +e,

If A(x) < +=, then the procedure defines the dual feasible slack

Hx) = X (P;E - 1d), (4.8)

where fi is the minimizer in (4.7).

THE CENTRAL PATH
In this section we discuss some properties related to parameterization of
central path and present a complete treatment of conceptual path
following algorithm for linear programming. The central path was first
studied by Bayer and Lagarias [11)]. Latter on, in 1988 Megiddo explicated
the primal-dual properties of the central path in his notable contribution
Megiddo [79]. This analysis proved important basic ingredient for several
primal-dual interior path following algorithms.

if we consider penalized function f (x)=ac"x + p(x), defined on the
interior S° of the feasible region S, then as discussed in the section 4.2,
the central point x(a) associated to ceR is defined as |

x(x)=argmin f (x}

reS"
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Since f (") is always strictly convex and grows indefinitely close to
the boundary of feasible region S, so the central points discussed above
are well-defined. It is important {0 note that x(x) is & unique point in S°,
where

pvf.(x)=0.

Thus the central path is the curve acR, - x{(x) € S° It is important

to note that the curve has been defined corresponding to non-negative

value of a.

4.4.1 Primal-dual properties

As discussed earlier in chapter 1, the convergence of duality gap
to zero ensures the convergence of the sequence of point generated by
the algorithm to the optimal solution. Thus, it provides reliable termination
rules for the algorithms for linear programming problems. In fact, it
provides the driving force for the algorithms which try to reduce the duality
gap at each iteration. Corresponding to central point x(a) for the
penalized function f,(x)=ac’x+p(x), the duality gap can be obtained using
the following lemma.

Lemma 4.4.1

If x(ax) be the central point associated to « > 0, then
2(ay = T
o
is a feasible dual slack, and the duality gap associated to x(o) and z(a) is
x(e)z(e) = 2
o
where (x(a))" = (lfxlfa) s U ( a))

Proof: From pVf (x) = 0, we get
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ac,-px'=0

i.e., px(a)' = ac,

px(@) '
4
x(e) !

ie., c. .

P

Since x(a) > 0, satisfies the necessary and sufficient conditions to
be a feasible dual slack, prescribed in Lemma 4.3.1. The duality gap is
1 x(o) x(o) ! = n completing the proof.

a o

4.4.2 Parameterization of the Central Path

The auxiliary functions as defined in 4.3.5 generate
parameterization p -> x(p) of the central path. The main features of each
parameterization are listed in the table 1 given below.

Desgcription of Table 1:
The first row describes each auxiliary function at a point x in its domain.
The second row describes their gradient at x. if x is a central point then

paVf,(x) = 0 which gives
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TABLE 1: Features of Parameterizations of Central Path

PARAMETERIZATION
PRIMAL PRIMAL-DUAL DUAL

f(x) -qlog(K-c"x)+p(x) ac x+p(x) -glog(c"x-v)+p(x)
vf,(x) . S ac-x" L

K-¢'x clx-v
GapA(p) | Z(K-cTx) B Ty -v)

q o q
Updated
p(reduce | K'-c'x=B(K-c'x) s % (c"%-v)=B(cx-v), Be( ™ 1)

q

gap) Be(0,1)
Update K'=pK+(1-B)c'x v'=pv+(1-B)c'x

The third row associates a duality gap A(p) to each of the

parameterizations.

The fourth row shows the parameter updating for a central point x(p) that

is to take a step along the central path. The updating is to reduce the

duality gap by the ratio B-(0,1). The row indicate how a parameter p'

should be chosen to enforce a gap reduction A'=BA(p).
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Primal Parameterization

We consider the auxiliary function xS° s.t. ¢"x<K-f,(x)= -glog(K-
c'x)+p(x) and define
K>~ x(K) = argmin{ f,(x) | x€ 5", ¢ x < K]

This parameterization is called “primal” because the parameter K
is an upper bound for the Frimal objective function value. This
characterization of central points was first used by Huard [52] in his
famous work “method of centers” for nonlinear programming. It was the
basis of Renegar's algorithm [95] for linear programming, the first method
to achieve a complexity of 0(vn L) iterations. His method was modified by
Vaidya [122] to prove a complexity of 0(n’L) arithmetical operations.

In this case, the definition of analytical center is extended to
regions defined by inequality constraints by considering slacks for the
inequalities. Thus the center of the set {xc R"| x¢ 8, c'x < K}
is the minimizer of -glog(K-c'x)+p(x). Here x(K) is the analytic center of

the region {x ¢ S | ¢'x = K} with the constraint ¢'x < K repeated q times.

/

Fig. 4.5: Central points in primal parameterization.

\

114



Now we use this opportunity to explain why the center is “analytic” and not
geometric. The inclusion of g copies of the constraint ¢'x < K increases
the weight of this constraint in the auxiliary function with the effect of
pushing the center away from its active region. Renegar found the
property that for qzn the center is more than half way toward optimal
solutions, that is, ¢"x(K) s (5+K)/2, where ¥ is the optimal value of
objective function.

Since f(x} is strictly convex function that grows indefinitely near the

'boundary of the restricted feasible region so this characterization of

. central points is well defined. Alsc the central point associated to K > ¢ is

uniquely determined by the condition

b . S
¢, Px ' =0

K-¢x

s

where x' = (i, _L] )
xl xn

The features of this parameterization are described in the first
column of Table 1. We consider x = x(K) and the case of duality gap q=n,
we have A(K)=K-c"x(K).

The duality gap equals the slack in the extra restriction c'™x<K. This
shows that c'x is lower than half way between ¢ and K and provides
plenty of room to decrease K, keeping that constraint ¢'x<K inactive.
There is still more rcom if ¢ > n. The conceptual algorithm discussed in
section is specialised by incorporating the new updating rule:

Set K,,, = Bk, + (1-Blc"x",

The duality gap at x(K.,} will be such that (K > BA(K), since
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MK, )= (0K, -cTx") and c™x¢! < TxK,

Although the actual duality gap reduction is smaller than the desired, but
it does not have much adverse affect on the convergence of the algorithm.
Since (k-¥) has a reasonable decrease at each iteration, as we see it in

the following lemma:

femma 4.4.4

If we consider the central point x=x(K) for K >V and the center

function () with g=n and define r=n/q and
K'=BK+(1-B)c'x.
f_a
Then kv rb 1+P (4.9)
K-v 1+r 2
and the gap is related to K-+ by

AK) <K -9 A (4.10)

n
Proof: Let v < ¥ be defined by

v=c'x - A{K) using

AK) = (K - ¢™x), (3rd row)
K-v=K-c¢c'x+ r(K-c'x) ‘ (4.
11)
Now using
K' - ¢'™x = B(K-c™x) in (4.11) (4th row)
we get

K -v=pB(K-c™x) + r(K-c'x)

Dividing this by (4.11),

K'-v [3+r5 1+p

< since r<1
K-v 1+r
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Again, since v <v <K' <K,
K'-% < K-y
K- K-v

The left inequality of (4.10) stands because

(4.9) is proved.

A(K) = (n/q)(K-c"x)<K- 9,
sincen < gand K-c'x < K- ¥.
Also K - 5 < K -c™x + A(K)

But K - ¢"x = (q¢/n)A(K) proved.

We observe that K, -V decreases by a fixed ratio per iteration and
the above discussed lemma 4.4.4 defines the role of parameter q: the
reduction in the quantity (K, - ¥) per iteration and thus the steplength in
the path following algorithm can be arbitrarily chosen by sufficiently
increased q.

Primal-Dual Parameterization

The Primal-Dual parameterization is based on the penalised
function f,{x). It describes the close retationship between the parameter
o and the duality gap associated to a central point, i.e., A(Q) = n/g,

The centra! path based on this parameterization was first achieved
by Fiacco and McCormick {23]. Gonzaga [42] exploited it to develop path-
following algorithm with a complexity bound of 0(n’L) arithmetical
operations.

The Conceptual Algorithm 4.2.1 is updated for this function simply
by specifying

“‘Choose P, > P

set p,, = —:3- o,
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where B € (0,1} is an arbitrary number.

After one iteration of the conceptual algorithm x**! is found, we
have A{a,.,) = BA("). The duality gap reduction obtained in one step of
the algorithm is equal to the desired reduction in B. So, the method is
realistic.

rizatio
Corresponding to auxiliary function h(x,p} = qu-'(x,p), we define the

dual parameterization by

v <V - x(v) = argminlf,(x) | xe S

The dual parameterization is based on the potential function that
Karmarkar [58] defined with q = n. It is called “dual’ because the

parameter v is a lower bound for the optimal value 7 of dual objective
function and is always associated to the dual cost of a feasible dual
solution.

Here, the objective is not convex, but we have

£, (x) = log (cTx vy
II';QI X,

and the argument of the logarithm (the multiplicative potential function) is
strictly convex as proved in Imai [53]. Since the logarithm is a
monotonically increasing function, the minimizers of both potential
functions coincide, and x(v) is well defined for any v < v, then f () grows
indefinitely near the boundary of S. The central point x(v) is uniquely

characterized by



The duality gap associated with the central point x(v) is given by
AV) = (n/g)(c"x - V).
So, for a given lower bound v, the central point x(v) defines a new lower
bound V' given by v'=¢"x-(n/q)(c'x-v).

If n=q, then there is no gap reduction. if g > n, then any value of
v' such that ¢'x - v' = B(c'x - v), B ¢ (n/g, 1) provides a new lower bound.
This gives a safe range for B at a central point: Bec(n/q,1). Tﬁe minimum
value of B is

(c"x-v)(c"x-v), but this is not accessible. The minimum safe value of B is

B - AV/(c "-v), where A is the guessed gap. This would generate the

largest possible steps. The Conceptual Algorithm 4.2.1 is specialised for
the dual parameterization by the command

Set v,,, = By, + (1 - Ple x*,

where (3 € (n/q, 1).
Like the primal parameterization, the value of q determines the maximum
allowed gap reduction per iteration, and consequently the maximum
steplength in the path-following algorithm. As the lower bound is updated,
there is an immediate gap reduction. At x*'', the gap will be still lower
because ¢'x**" < ¢'x".
Interrelation among the methods

The three parameterizations are related by the following lemma.

Lemma 4.4.5

Let x be an interior point in the feasible region S then the following
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statements are equivaient.
(i) x = x(cx) for some a > 0
(i) x = x(K) for some K> ¢
(i) x = x(v) for some v < ¥.

If either statement is satisfied, then the paramsters are related by

Proof follows from the comparison of necessary and sufficient conditions

for centrality in the three cases.

4.4.3 Complexity of the Conceptual Path-following Algorithm

Since exact central points can not be exactly computed in finite time. So

the algorithms will have to work with nearly central points. Let us assume
that centering is done by an oracle in fixed time and examine the
camplexity of a path following algorithm.

The algorithm will stop when the duality gap is small. We assume
that an initial central point x* = x(p,) is given and that the updates are
made according to Table 1. For primal and dual parameterizations, we
assume that g=0(n}, g=n.

ALGORITHM 4.4.6
Conceptual Path-following:

Given p,,x°=x(p,), B € (0,1} and an integer L > O (for the dual

parameterization, B ¢ (nfq, 1).

k:=0

".M_
EasniL PELLO UNIPERSTs
H\\

F J
120 —= N IBRakIM L1 gn,



RERPEAT
Compute p,,, by the update procedure in Table 1.

Call an oracle compute x**'

=X Py1)
k:=k+1

UNTIL A(p,) < 2*.

Significance of L

In complexity studies, we seek the order of magnitude of the
number of computations (iterations, arithmetic operations, bit operations)
needed to find an exact solution of the problem in the worst possible case.
This number is computed in terms of the size of problem,.

As discussed in chapter 2, the size of a linear programming
problem was defined by Khachian [59] in course of devising the first
polynomial algorithm for linear programming. This was further developed
by Gacs and Lovasz [28], Bland, Goldfab and Todd [13], Megiddo [78],
Schrijver [99] and Karmarkar [58]. If we assurne that all data in the
prablem (P} are integer or rational (as rational data can be converted to
integer data), then the size of the problem is defined as

L=i+n+1.
Where { is the totai length of the input i.e., the total number of bits used
by the numbers in A, b, ¢ and n is the number of variables in (P). As
discussed in chapter 2, the feasible region S ¢ B (0, 24 i.e., feasible
region S is contained in an sphere of radius 2"
Significance of 2"

2 is a very large number, greater than the result of any arithmetical
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computation using data without repetitions and also greater than any
minor determinant of constraint matrix A.

2" is a very small number and has the following properties:

(1 If x is a vertex of S, then no component can be in the interval
(0,2")

(i) If x is a vertex of S, then ¢'x - ¥ ¢ (0, 21).

Proof of (i)

If x is a vertex of S, then Agx, = b, where B = {1,...,m} are indices

of a basis and A is a non-singular submatrix of A. Then

- _(m/(.iﬂn"h
det (A ,)

Xp = Ay

But det(A,) > 2%, and all entries in the numerator are integers. Hence
proved.

Proof of (ii)

Can be done by using the integrality of the costs.

The stopping rule for all algorithms is precisely (ii) above. If an
algorithms obtains a point such that ¢ "x - v < 2 * then an exact optimal
solution can be obtained through the following lemma:

Given any point x ¢ S, there exists a procedure that computes a vertex <
of S such that ¢ "% < ¢ "x, in no more than 0(n’) arithmetical operations.
(Proof of this lemma can be found in Kortanek and Zhu [67]).

The algorithm can be stopped whenever a solution is found such
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that ¢ x - $<2'¢ i.e., the difference between ¢ 'x and ¥ is sufficiently

smaill.

In this case, a purification leads to a vertex * with ¢ 75 - $<2%
which implies that ¢ 7% -~ $ = 0.

For our conceptual algorithm, we set ¢ = 2" and the stopping rule

becomes a, > n 2",

Complexity of Algorithm 4.4.6

Lemma 4.4.8

Let the algorithm 4.4 6 starts with A(p,) < 2t. Then the number of
iterations after which algorithm obtains optimal solution is bounded by
O(L/iog 8}, where 8 = 1/8 for the primal-dual or dual parameterization, and
8 = 2/(1+B) for the primal parameterization.

Proof:

(i For p=c or p=v, we have after k iterations and before stopping, 2*
< A(p*) < BA (p,). Taking logarithms in base 2, we obtain -L < k
log B + L, or equivalently, k<2L/Aog(1/B)=0(/logb). (Proved).

(ii) If p =K, we get by lemma 4.4.4,

Ky -0< 0K -¥)
Using again lemma 4.4.4
2L s AK) < 200 H(K)

n
Taking logarithms and using

Q=0(n),-L < -klog & + O(L).
or equivalently k < O(L/log © {Proved).

The choice of B: We have used parameter  in cur conceptual path-
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following algorithm and we have also seen that the bound on the number
of iterations depends on B. Now we see also how its dependence/
independence influences the complexities of the algorithms.
{i), Qindependentofn:

In this case the complexity of the conceptual algorithm is O(L), but the
internal 8SD algorithm may need a large number of iterations. We shall
see that the best global complexity obtained for these large steps is O{nL}
SSD iterations.

(ii) B dependent on vn such that 1/ = 1 +v[/n:

In this case, the number of iterations in the internal algorithms is

dependent on v, and the global number of SSD iterations will be bounded
by 0(w/nL).

For small values of v(short steps), it is possible to ensure exactly
on.e SSD iteration per iteration of the path-following algorithm (to obtain
nearly centered points). This scheme gives the best theoretical
complexity bound obtained until now in terms of SSD iterations, and was
obtained by Renegar [95]. Each SSD iteration has the complexity of one
matrix inversion, used in the projection computation, 0(n® arithmetical
operations, bringing the overall complexity to 0(n*°L} operations. A further
reduction in this number of 0(n’L) can be obtained by computing the
inverses by rank-one updates in a scheme first used by Karmarkar [58]
and later by Gonzaga [42] and by Vaidya [122].

Higher values of v keep the same theoretical complexity bound,

and produce “not-so-short step methods” first proposed by Gonzaga [43 44]
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4.5

44).

NEARLY CENTRAL POINTS

Since it is almost impossible to compute a central path x(p)
exactly, it seems desirable to develop some criteria to decide when a point
X is “near” to the ¢entral point x(p) so that the internal algorithm will then
stop based on such a proximity criterion. Polak [94] devised an
implementable barrier function nearly fhirty eight years ago, using as
stopping rule for the internal iterations for o, a condition like
1PA j"x*(x) | <e,, where ¢, > 0 decreases with k. Similar rules were
proposed by Fiacco and McCormick {23] and used in the implementation
of their SUMT-3 and SUMT-4 computer codes, described in Mylander,
Holmes and McCormick [99]. This last algorithm, with a proper choice of
parameters, has recently been shown by Anstreicher [7] to be polynomial

for linear and quadratic programming problems, with a bound

of O(/n Llogl) iterations,

We now see that Polak's proximity criterion is not satisfactory, and
the main reason is that it is scale dependent. That is why it requires an
increasing precision given by €, -> 0.

We now discuss some suitable proximity criteria and conclude that
a very convenient one that coincides with Polak’s if the computation is
preceded by a scaling transformation.

All our computations are scale-independent. In fact SSD precedes

all computations by a scaling, and Newton-Raphson is naturally scale-
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independent. Corresponding SSD directions h{x,p) and i?(x,p) in the
original space and transformed space are connected by

h(x,p) = X h (x.p).
If we define

8 (5,p) = 1 b ()l
the length of the SSD (or Newton-Raphson step) in scaled space, the
magnitude of real number d(x,p) is a good measure of proximity from x to

X(P).

As we know that the computation of exact central points in finite
time is almost impossible. So, instead of computing exact central points,
we find it easy to work near the central path. Thus it seem highly
desirable to develop some notion to measure nearness or proximity in
terms of numerically identifiable quantity.

¢ denotes the analytic center of the feasible region S, then for

*=¢e, the potential function p(e+h) can be written as follows:

Ple+h) = pl&) + VP h +h T pledh + 01e)

We know that

p(e) =0
Vple) = | (From 4.4)

And Vp(e)'h=0 (because e is an analytic center)
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Substituting thes.e valués‘ above equation reduces to
p(e+h) = %h"h + O(h)
= %h'h + O(h)
= % 1h|* + 0(h)
If we draw level curves for this function, as shown in fig. 46 we

see that for small values of |h| (small in comparison to 1).

:

Fig. 4.6: Level curves for p(*) near the
analytic center.

the level curves are almost spherical as a result of excellent behaviour of
logarithm near 1.

This means, the quadratic approximation works very well near the
center. It can be easily seen that for |h| ¢ (0,0.3) even the maximum
possible error in the quadratic approximation cannot exceed 30 per cent,
which is independent of the dimension of the space.

Here, two magnitudes |x-e| and |p(x)-p(e)| appear good measures
of the proximity to the center e. If either |x-e/<0.03 or |p(x)-p(e)<0.05, x
is in a region where the quadratic approximation works well. It is
important to note that the large values for these quantities does not

provide any useful information except the fact that x is not near the central

127



path.

| These two proximity criteria discussed above may not be much
suil;able for practical methods, as their computation heavily depends on
the knowledge of the center. It seems reasonable to look for some other
criteria for proximity. In our opinion Newton-Raphson step (NR step) h(x}
from x can serve this purpose, as it does not depend on the prior
knowledge of the center. This direction has been depicted in the above
figure 4.6.

At those points where the quadratic approximation works well, NR
step from x is a good approximation to the step to the point that minimizes
the function i.e., h{x)= e-x or th{x)]=|x-x{c1)].

This explication leads to three related quantities for a center at e,
namely function variation, Euclidean distance, and length of NR step. It
is important to note that function variation is scale-invariant whereas the
Euclidean distance and length of NR step are norm cependent. Since all
the criteria discussed above are similar near e, the extension of general
case is obvious i.e., precede the computation of proximity by scaling.
Thus given a point x, it stands a good chance of being near the analytic

center X (in terms of function vaiues) if the norm of scaled NR direction is

very very small in comparisonto 1i.e., |hx)] <<1.

The extensions of these results to the penalized function f (x) is
quite simple. Since the penalized function f_{x)=ac"x+p(x) differs from the
barrier function p(x), by a linear term ac'x, so nothing changes in the

analysis of second order approximation. Thus the proximity criteria in the



case of penalized function can be given as follows:

fa(XJ—fa(X(Q)),
1X W x-x(x})l, and

5(x,a) = | A(x,0,

in which first one is scale-invariant and the other two are norm

independent.

4.5.2 Treatment of Proximity

As we have seen in section 4.1 that the central points posses nice
primal-dual properties, the SSD direction allows the extension of these

properties to a large region that contains the nearly central points. We

shall use h(x,0)=X h (x,a) and the proximity criterian 5(x,5)=| };(x,cx)u to

prove the following lemmas:

Lemma 4.59
We consider a penalty parameter o > 0 and a point x in the interior

5° of the feasible region S.

If 1(x,Q) < ¢ then

gz x ! e—i?(x,ocl
o
is a feasible dual slack and the duality gap is

LTy le "h(x,00)  n+d (x,0)yn
o o

Proof
From the hypothesis, z>0. From Lemma 4.3.2, z is feasible for (P)

if and only if

e — h(x,a)
o

z=
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If feasible for the scaled problem. Now, in order to prove that z is feasible
dual slack it will be sufficient to prove that P;z = P;c
(l.emma 4.3.1)

PA—e - P;E(x,a)
-4

Now Pz =

But #(x,x) ¢ N(4), where A is the constraint matrix obtained after
scaling P,h(x.e) = h (x0) = -a P;¢ + Pre.
Simplifying, we get P;z = P;c.

The value of the gap in the scaled problem (and also in the original
n+e’h (x,0) '

o
The last inequality follows from

problem) is e /7 =

e Thix.) < el Ay ] = yn B (x.e) completing the proof.

This lemma can be exploited to provide termination rules for
algorithms and also for updating the lower bounds v in potential reduction
algorithms. The particularization of the lemma to nearly central point is
immediate.

Corollary 4.5.2

we consider a penalty parameter o ¢ R, and a point x in the interior

of the feasible region S. If &(x,x) =| }?(x,a) |<1 then the conclusions of

lemma 4.5.1 hold.

Proof We assume that &(x,o) - | ki (re)l <o
Then the absolute value of each component of vector / (x,o) will
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be <1, i.e., |k (xa)| <1 fori=1,...n.

Hence 4 (x,x) > -e completing the proof.

The lemma above provides a method of guessing a dual slack (not
necessarily feasible), associated with a given interior point x € 8° and a
valid parameter value p, we introduce new notations for this slack and for
the associated duality gap and lower bound. Here d, = P,d.

Primal-dual parameter « appears in the expressions given below

2(x.p) =X ffgg—“) =X '(c,*(e~e)a)
A(x,p) - X Tz(x,a) if z(x,&) = O;
A(x,a) = + othenwise.
v(X,p) = ¢'x - A(x, &) (4.
12)
For other parameterizations we substitute the expressions in (4.6).

Now computing the gap in the expressions above for a given point
in afl parameterizations,
we get

Ax,p) = n-e Tf;: n-e TE(K—ch)

—eTh
- = e, (4.

13)

where # = k(x,p), provided that A(x,a) < . Thus, we have three

closely related definitions for these entities 2(x,p), A(x,p) and v{x.p)

which are associated with any x € §° and valid by lemma 4.5.1.

also z(p) = z(x(p).p), A(P)=AX(p),0), v(p) = vix(pP)pp) are
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associated with central points by lemma 4.4.3. #(x), A(%) and ¥(x)
are associated with any x ¢ S° by (4.7) and{ 4.8). In such a
situation it is easy to see that A (x)=inf {A(x,a) o > 0} (4.

14)

Now, we discuss the following iemma which is very usefui in the
analysis of primal-dual methods and also relates proximity criterion
discussed in this thesis to the criterion in Roos and Vial [98].

Lemma 4.5.3

We consider a penalty parameter a>0 and a point xeS°. Then

O (x,00)= min{ﬁ aXz-cll Alwiz=c,we R”"}

z

and the minimum occurs at z{x, ).
Proof
From (4.2) we know that for any given vector d and a>0,
IPsd| = min {d - «ATw|weR™}. Hence
&(x,a) = H};(x,nc) | =minl|oc-¢-0aAd w I| we R™
= min {|aX{c-A'w)-e| |w e R™
= min { {aXZ - | |A'w+z=C,wecR"}
we have to prove that the minimizer is z(x,«) i.e., that
A(x,a)=|aXz(x,a)-ef. This can be achieved by substituting the expression
for z(x,a) from (4.12). This last equality becomes 5(x,0) = | A(x,X)I.

(Proved).



The treatment of proximity can be found in almost all papers that
deal with path following algorithms. Since 1987, several works dealing
with proximity appeared. Now we summarise some importart results in
the following lemma:

Lemmma 4.5.4

We consider a penalty parameter o~0, a point xeS° and its

proximity 5=0(x,&).
(i) Efficiency of the SSD step:
If 5<1, then ¥ = x+h(x,a) is feasible and &(%,a)<3°.

(i)  Proximity of Euclidean distance:

If5<1, then | X ' (x-x(a)) | < T%
(i)  Proximity and function values:
2
If 5<1, then 7.(x) - £ (x(®)) < .1—535.

(iv) Guaranteed descent:
% = x+(1/(1+D))h{x,a) is feasible and
£,()s f(x)-(5-log(1+5)).
{Proofs of these results can be found in Hertog, Roos and
Vial [51], Roos and Vial [97] and Gonzaga [43]).
In our judgement, the best of all proximity results, are the one achieved
in Roos and Vial [97]and Hertog ef al. [51], stated as parts (i) and (iv) of
the above lemma 4.5.4.
Comments on various items of the lemma:
Property exhibited in item {i) of the lemma 4.5.4 seems to be the

most powerful of all items in the lemma. It states that NR step decreases
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4.6

in a quadratic rate from any initia! point such that 5(x,a) < 1. This means

that SSD or NR algorithms reduce the proximity in a sequence of values

5.0%.56%,... 6%,

Thus as the iterations go high it compel newly generated iterations
to remain close to the central path. Parts (ii) and (iii) of the lemma 4.5.4
show that the concept of proximity is well defined from a geometrical point
of view. Part (iv) of the lemma 4.5.4 all the information needed for non
proximal points. If &(x,a) is large then one SSD iteration results in a
substantial decrease in the abjective function value.

The lemma above applies only to the primal-dual parameterization.
All these properties can be adapted to the center function, either by using
the Newton-Raphson direction instead of the SSD direction, or »y a
simple transformation in the problem. There are no results similar to (i),
(i), (iii) for the potential function, but (iv) is trivial because its first term

log(c'x-v) is strictly concave.

CENTRALIZATION
In this section we discuss centralization in the context of various
types of parameterization. The centralization problem is defined as: given
X" € 5% and e € (0, 0.5) find a point x £ S such that
8 (x,p) = | h(x,p) | <€,
whefe p is a parameter, If the proximity measure &(x.p) < ¢ then the point
x is called “nearly centered”. Although the choice of € is quite free in the

range 0 < ¢ < 0.5 depending on the algorithm but the most popular values
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that work welt are around ¢ = (.5,

4.6.1 Finding the Analytic Center

When the objective function is simply the barrier function p()
(identical with f,(-) for a=0), we are looking for an approximation for the
analytic center’x of S. The proximity measure is given simply by
5(x) = |P.€l. This problem was solved by Vaidya [123] using the SSD
algorithm, or equivalently, NR algonihm with line searches.The number
of iterations depends on € and on p(x°) - pfx}.

The convergence of any algorithm depends on the nature of the
sequence of points generated by the algorithm. Now, we discuss the
properties of the sequence generated by SSD aigorithm initiated at some
interior point x° of the feasible set S in the following lemma.

Lemma 4.6.1

Let x° ¢ S° and € ¢ (0,0.5) be given. The sequence (X) of points
generated by the SSD algorithm inttiated at x° has the following
properties:

() x* is nearly centered i.e.,

6(x"}< 0.5

for k= k, = 11(p(x") - P(x))
(i) B(x*)< € for k > k,+log,|log,¢|.
Proof:

(i) It is a direct consequence of lemma 4.5.4 (iv) which

ensures a descent of 0.5-log 1.5 > 0.094 for points not

nearly centered. The number of iteration at such paints can
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not exceeti ‘i x°)-p(x))/0.094.

Completing the proof of (i).

(i) Let us assume that 5(x ") < 0.5.
Then &(x ) < 0.57 by lemma 4.5.4(j).

For any iteration before 6(x ") < ¢, 0.5? > ¢,

Taking logarithms twice,

Y<-log,e, j<log,|log,€ |

Completing the proof.
We conclude that for e=0(1) an approximate center with &{x)<¢ is found
in O(p(x°)-p(x)) iterations.
4.6.2 Centralization in Primal-Dual Parameterization

Since f_(-) differs from p(-) by a linear term ac'x the result above
on the performance of Newton-Raphson's method can be immediately
extended to the computation of nearly central points. Again, we conclude
that for €=0(1) the SSD algorithm starting at x° € § finds x such that
O(x,a) < € in O(f (x°)-f,(x(cx}})) iterations.

The situation created by the path-following Algorithm 4.2.2 is the
following: a point X* near x(a,) is known and SSD is called to find a point

k¥l

x"' near x(a,,,), where a,,,=0,/B, B<1. This situation is reduced to the

one above, and solved using the following lemma,

Lemma 4.6.2
Let us suppose that x° € & and o>0 are given and &({% ,a)<0.5.

Let o’=(1+)x, p>0. Then
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(i)  if u<0.1/Vn then SLD Iinds x such that &(x,a")<0.5 in one iteration;
(i) Otherwise, SSD finds x such that 6(x,a’) < 0.5 in O(np/(1+u))
iterations.
(Proof of this lesnma can be found in Gonzaga [43].
Centralization in Primal Parameterization
In primal parameterization, the objective function

fe(x) = -qlog (K-¢"x) - Y log x,
1]

differs from the barrier function p(x) by a nonlinear term -glog(K-c'x), and
thus SSD and Newton-Raphson do not coincide. Although it is possible
to prove results similar to those in Lemma 4.5.4 for this function. The
minimization of f, () is equivalent to the computation of the analytic center
of the region defined by S° with the extra constraint ¢'x < K, repeat d q
times. This problem can be put in our formats (with equality constraints)
by defining q slack variables x,,,...,X,.,. all constrained by x,,=K-c"x, and

now the objective function becomes a barrier function
f(x) = -2 log x,.
containing q more variables X, ,,..,X,.,. than p(-).

The application of SSD to this transformed problem is equivalent
to Newton's method, and all results obtained for the primal-dual
parameterization can be naturally extended to this case. This reduction
of the centering problem is trivial if the original linear programming
problem is defined with inequality constraints.

Results equivalent to lemma 4.6.2(i) and (ii) have also been proved

in Renegar [95] and Renegar and Shub [96], and Hertog et al. [50,51].
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4.6.4 Centralization in Dual Parameterization

4.7

The first term g log (c'x-v) of the potential function q log {c x-
v)+p(x) is not convex, and thus the resuits in lemma 4.6.2 cannot be
extended to this case. In potential reduction algorithms SSD is used and
thus the complexity analysis must follow a different path. This is probably

one of the reasons why the complexity of the methods belonging to this

class was lowered to 0(/n L) iterations only two years later than for the

other approaches.

IMPLEMENTABLE PENALTY FUNCTION AND CENTER METHODS

Before going into the details of implementable penalty function
method, we discuss some of the basic ingredients used in the
construction of the aigorithm.

The impiementable path-following algorithm 4.2.2 will be
completely specified by using the updating formulae in chapter 4.

The word “near” will be placed by the proximity criterion developed
in 451, The complexity analysis for primal-dual and primal
parameterization can be carried out by merging the results for the outer
algorithm in section 4.4.3 and for the centralization methods described in
section 4.6.

Initialization

in order to initialize an algorithm we need an initial parameter value

p, and a starting point x°® near x(p ). This can be obtained by a

centralization starting at a given feasible point. An initial feasible point is
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