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ABSTRACT

The variability in strength of reinforced
concrete beams and columns sections due to the
variations ofconcrete and steel strengths are
studied by Monte Carlo Simulation.

The study aims at

(i) establishing the probability distribution

of the resistance of reinforced concrete
elements.

(ii) finding the probability of failure of the
reinforced concrete elements

(iii) establishing the safety factor for the
reinforced concrete elements.

The study gives short discussion on the '
probability and statistical concepts, A brief
explanation on the Monte Carlo Method is also provided.
Some earlier works on thevariabilities of material
stregth and member strength are then reviewed.

The distributions of strengths of concrete and
steel are established. The data analysed are collected
from the result of control tests on the materials,
conducted over many Years on live projects, by the
Department of Civil Engineering, Ahmadu Bello University
Zaria, Nigeria. Earlier stuvdies suggest lower and
upper bounds for the probability distributions of
materials strengths. However, it has been found
that only normal distribution fits the analysed data.

From the eatablished distribttions of concrete
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and steel strengths, the resistances of reinforced
concrete.beams and columns are simulated. The
simulated values are analysed and their probability
distributions established. The probability of
failure for the various sections are found., The
adequacy cof CP110 and ACI recommended safety factors
are tested,

The study shows that normal probability distri-
bution fits the distribution of resistances of
reinforced concrete sections irrespective of the
possibility ofthe negative values admitted by normal
distribution. It has also been established that the
coefficient of variation of reinforced concrete
elements can be onsidered as 0,13, The safety factors
recommended by CP110 are found to be adequate for
design.

Finally, the study concludes with the recommenda-
tion on the improvement of concrete quality which is
expected to give higher contributions to the variation
of the member strength., It also recommends further

research in the area,
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Mean value of initial tangent modulus
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to the centre of compression steel.
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F(x) Cummulative Distribution Function of X
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S Sample variance
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X] Normal variate realization

N
X Sample mean
g Mode value of X
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2 .
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VcstrR Variation of in-situe concrete

compressive strength at a given rate

of loading R(psi/sec)
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CHAPTER ONE

1. INTRODUCTION

1.1 Introduction

The capacity of structures to support the
expected loads without distress or cpollapse, is
far wore predictable than it was 60 years ago;
but the strength of a particular structure
still cannot be predicted with absolute confi-
dence. One of the factors contributing to this
uncertainty is the variability of the strength
of constituent materials. Other sources of
uncertainty include variations in dimensions,
variations in stress-strain relationships and
variations in field practice. Some previous
studies (4, 15, 31) have enmphasized the variability
which actvally occurs in the magnitude and distri-
bution of structural lozdings, in the properties
of structural materials, and in the response of real
structures, Becguse of these unavoidable variabi-
lities, the concept of structural safety is
inevitably bound with probabilities of overload
and vnderstréength, and with notion of reliabilities.

The two areas of uncertainty, i.e. the
magnitude and distribution of loads, and resistance
of structure can be recesonably assumed to be

unrelated, so are their effects. Thus, the load

KASHIM I1BRAHIM LIGRARY



on a structure is taken to be independent of it's
resistance. Then the safety of a structure can

be assessed by the probability that its resistance
exceeds its load. This work is devoted to a study
of the variability in the resistance of reinforced
concrete sections induced by variability in the
strengths of the constituent materials. Thus it
can be seen that this constributes only a small
part ofthe total problem.

The difficulty with pure probabilities
approach in the assessment of safety of structure
is the large number of factors to be considerdd,
There is also general lack of adequate data on
which to base the analysis, Besides the many
sources of uvncertainty of strength of a structure,
the resistance of structure itself is of different
forms, The resistance could, for example, be in
form of moment, shear or torsion. All these forms
of resistances interact in complex ways in a
particular structure. Until these problems could
be solved, codes such as CP110 (11) and ACI (1)
have adopted semi-empirical approach in the
assessment of structural safety.

However, it is not out of place to start

tackling the problems meptioned above from



somewhere. In the light of this it is hoped that
this study will help towards understanding the
variability of strength of structures in this

countr}'.

1.2 Problem Definition and Methodology

The study considers the effect of variations
in steel and concrete strengths on the strength
of reinforced concrete members. The data is
collected from the results of the test conducted
in concrete laboratory of Civil Engineering
Department, Ahmadu Bello University, Zaria.

After establishing the probability distri-
butions of the yield strength of reinforcing
bars, and compréssive strength of concrete cubes,
the resultant member strengths were derived
vsing Monte Carloe Technique. The sections
considered are singly and doubly reinforced
concrete beams, and axially loaded short columns.
The result of the simulation was analysed and
probability distributions of resistances obtained.

The probability distributions of the
materials as well as the distributions of the
resistances of the section are all found to be

narmal distributions. The probabilities of



resistances calculated from nominal values of
yield strength and concrete strength not being

exceeded are also obtained,

There are arguments against theuse of
normal distribution for the strengths of materials
when assessing the probability of failure.
This is mainly due to possibility of negative values
given by normal distribution, However, about 99.9
per cent of the area under normal curve is
contained within plus or minus three times
standard deviation about the sample mean. The
lower limit of this range is above zero value for
the samples used in this study. Due to inadequacy
of the data used (which will be explained later),
the limits offered by the candidate models, such
as Beta distribution will not be reliable.
Because of these reasons and easy manipulation,
it has been decided to use normal distribution
in fitting the data.

The Monte Carlo Technique of analysis to

be used in this work requires understanding of



probability, therefore, some probability and
statistical concepts will Le given in the next
section, However, the description given here is
not in any way exhaustive. Excellent treatment
of the topics are given in the references

(3, 7, 174 18).

1.3 PROBABILITY AND STATISTICAL CONCEPTS

1.3.1 Basic Probability Theory

It is appropriate to start with the
definitions of some terms that will help in
understanding probability concepts. The theory
of probability is concerned with experiment and
their outcomes, The term experiment refers to
any process that results in an observation. The
collection of all possible outcores of an experi-
ment is called its sample spacre. This space
consists of a set § of points called sample points,
each of which is associated with one and only
one distinguishable outcome. An event is a
collection of sample points in the sample space
S of an experiment.

If two events contain no sample points in
common, they are said to be mutually exclussive

or disjoint., When a pair of events A and B



are not mutually exclussive, the set of points
which they have in common is called their
intersection, denoted AnB., The union of two
events A and C is the event which is the
collection of all sample points which occur
at least once in e2ither A or C, denoted AUC,.
With few definitions given above the
interpretation of probability can be given as
follows: The relative frequency interpretation
of probability is that if an experiment is
repeated M times and the simple event associated
with a sample point is observed n times, then
probabilfty measure Pr of sample point is the
ratio of n to M i.e

Pr B RIM  oeeioa f e siv 7 Eadnl

Another interpretation is that, the probability
of an event is a subjective measure of the degree
of belief one holds in a specified preposition

Denoting the probability of an event A by Pr(A)
(A), the following axioms must hold on the proba-
bilities assigned to events in the sample space.
| § The probability of an event is a number

greater than or equal to zero but less than

or equal to unity:

0 gPr(A)_‘l W Eeaes ¥ i3a2



2, The probability of the certain event S isg
unity:
P_(8) = 1 i 3% smmaewar ¥ iSad
in which § is the event associated with
all the points in the sample space,
The probability of occurrence of either
one event or another or both is the sum
of their individual probabilities minus
the probability of their joint occurrence.
P. (AUB) = P _(A) + P (B) - P (anB)
If events A 2nd B are mutually exclussive

Pr (ApB)Y = U sskisssssas SELEY IR

3. Hence the probability of anm event which is
the union of two mutually exclussive events
is thesum of the prebabilities of these two
events:

P_(avB) = Pr(A) + Pr{B) ¥ a8 e

The conditional probability of the even A
given that event B has occured, denoted Pr(A/B)
is defined as the ratio of the probability of
intersection of A and B to the probability of
the even [

Pr(A/B) - Pr(ﬁnB)IPr(B) TN 11306



If events are independent the probability of their
joint occurrence is the product of their individual

probability of occurrence.

1.3.2 Random Variables

A random variable is a function defined on a
sample space of the experiment., It assigns a
numerical value to every possible outcome. Every
compound event corresponds to one or more or a
range of random variables., A random variable
that can take only a countable nunmber of values
is called discrete. A continous random variable
may take on any value in one or more intervals.

The behaviour of a random variable is described
by its probability law. The usual probability law
is probability distribution., This is the list of
values the variable can take on and their respective
probabilities. The probability law of discrete
random variables is usually represented in the form
of a probability mass function or PMF. This function
P(x) of the random variable X i1s the mathematical
form of probability that X will have a value x, i.e.

P(x) = Pr(x ® X) ssenaene 'ﬁ3'7

To satisfy the three axioms of probability

theory, the PMF must fulfill three conditions:



i, 0. P(x) <1 for all x wuwsss 1.3,8

& O 2 P(xi) = ] s % Bemeien o v ) e 3%

allxi
X,
x

< b
STk y 35—
iii. Pr(af X <b) E-a P(xi) ... 1.3.10

e

Another form of Jescription of the probability
distribution of a random variable is through the
use of cummulative distribution function or
CDF. The value of this function F(x) is the
probability of the event that ranlom variable takes
on value equal to or less than the argument i,e.

F(x) = Pr(x € X) ciaeneanas 13011

For discrete random variable this functien is the
sum of the values of the probability mass function
over those values less than or equal to % that the

random variable X can take on. Thus
F(x)= T P(xi) ..... 1.3.%2

F(x) is a non-decreasing funcrion of X with
minimum value of 0 and maximum value of 1,

The probability distribution of continous
random variable can be desribed either by
probability density function or cummulative

distribution function. The probability density
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function can be explained as follows:

If the x axis is separated into a large
number of short intervals each of infinitesimal
length dx, the function f(x) such that the
probability of X is in interval X to x + dx
is called probability density funcrion or PDF of
continous random variable. The area under PDF in
an interval represents the probability that the
random variable will take on a value in that

interval

b
P (a <X <b) = St(x)ax ...... 1.3.13

The value of f(x) is not itself a probability,
it is a measure of the density or intensity of
probability at the point. Therefore f(x) need
not be restricted to values less than | but

two conditions wmust hold:

£(x) > 0 cenneseeanes 1.3.04

-“g f(x) dx » l L lo3.|5

The cummulative distribution function or CDF of

continous random variable is given as

F(x) = Pr(-c < X< x)



x
__é. fCu)lda coawawssnns 1:3.16

in which U is a dummy variable of integration.
The cummulative distribution function of any
type of randeom variable has the following

properties:

0 ‘(F(x) :l 8 8 8 &5 8" F s Il3l]7

+ any i sitiv
Fx(x ) ?'Fx(x) for any possitive t,

F(b)-F(a) = P(a <X < b) ... . 1.3.21

1.3,3 Moments and Expectations

The information about the distribution of a
random variable can be summarized by a few
descriptive values. One or more simple numbers
are used in place of a whole probability density
function., These numbersusually take the form of

weighted averages of certain functions of the

KAS“Wr;quFq“ i
AR Py, =Ep P RRPapy

R TR
AR, (LA TN ‘ R
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random variable., The weights used are FMF or
PDF of the variable and the average is called
the expectation of the function.
Mean;~-

This is a measure of thecentral tendency
of the variable and often of the value about
which scatter can be expected if repeated
observations of the phenomenon are to be made.
The population mean U or the expected value E(x)
of a discrete random variable X is defined as

p o= E(X)

For continous random variable

p = E(X)

o

= j;xf(x)dx PREIE B I

-

Median :

This is the value of the random variable
that has exactly one half of the area under
probability density function to its left
and one half to its right. For a continous

probability density function f(x) the median is
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the point Z such that

z
_"5 F(x)dX = 0.5 cuveveses 1.3.24

Mode:

For a discrete random variable the mode is that
value ofthe varaible that has the highest probabi-
lity. The mode of a contirnous variate is the
value associated with the maximum of the proba-

bility density function.

Variance:

This is adescriptionvwhich will give indication
of the scatter or dispersion in the random
variable's behaviour. Tt is the weighted average of

the squared deviation from the mean i.e.

02 = var(x) = z (x.*u)zP(x.) for
allx, ' .
i
discrete .....v0+0.4 1.3.25a
or

Fa
02 = :5 (x - u)zf(x)dx for continous
-

s s neaens bade2db

Standard Deviation:

The positive square root of the variance is

given the name standard deviation
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- }
o --402 - +[_S fa = u)zf(x)dx

L N la3026

The standard deviation has the same unit as the
variable X itself and can be compared easily and
quickly with the mean of the variable to gain
some feeling for the degree and gravity of the

uncertainty asscociated with random variable.

Coefficient of Variaticon:

The comparison of standard deviation wicth
mean is made through coefficient of variation,
Cocefficient of variation is the ratio of standard
deviation to the mean of variable

C\" % ) R L A B R ) l.3|2?

Moments:

The rth moment of X is defined as

o

u:(X) = E(xF) = 5 x f(x)dx ..... 1.3.28

-
when } =1,
i .
gy (X) = mean of variable =y

Moments with respect to the mean are called

central moments:
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b0 =B (x - p'(0F

= f (x = p' (0" £ (x)dx .. 1.3.29

when , = 2, nz(X) = Ui the variance

Skewness

The third central moment is called Skewness.

P3(X) =E (x - ul(x)3
5‘" .
= (x = p (X) f(x)dx ... 1.3.30

The quantity

T .| Rl PP e T K

is called coefficient of Skewvness. I1f a distribution

is symmetrical, this coefficient is zero. Positive

value of Y, usually corresponds to PDF with
dominant tail on the right; negative value to long

tail on the left. See Fig (1.31)



(a) (b)

Yy, >0

.(C)

Fig (1.3.1) Variation of shape of PDF with
Coefficient of skewness YI (a)
Negative skewness; (b) zero

skewness; (c) positive skewness.
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Kutosis:
The fourth moment about the mean is related
to the peakedness also called Kutosis - of the

distribution and is defined as

Moo= E(x - )9

5 4
= dS(x - p ) f(x)dx ..... 1.3.32

The quantity

Zl:‘!
NN

Y, = R L R T a0 .
is called the coefficient of kutosis (flatness).
It is often comparred to a standard value of 3,
( Yy 3) is called the coefficient of excess.
The value of 3 is chosen only because it is the
value of the kutosis coefficient of a common
distribution called normal distribution to

be described in the next section,

1.4 PROBABILITY MODELS AND GOODNESS-OF-FIT

A number of probability distributions have
been used to model the variability of material
strength as well as member strength. This section

describes the properties of some continous invariate
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probability distributions suitable for modelling
material strength and member strength variations.

A complete description of a'random variable
would be accomplished by specifying its probability
distribution and the associated parameters.

Based on sampled observational data, information
about the probability distribution may be inferred
and its parameter estimated statistically,

The validity of an assumed probability distribution
may be disproved statistically, based on finite
samples of a population by GOODNESS-OF-FIT tests.
The most conmon tests are CHI-SQUARE {Xz)

and KOLMOGOROV-SMIRNOV (K-s) tests,

1.4.1 The Noermal (Gsussian) Distribution

Normal distribution is perhaps the best-known
and rostwidely used probability distribution.
It is continous and unlimited in range. Thus
a random variable that has the normal distribution
can assume positive and negative values, The
distribution is symmetrical about its mean and
it is the only standard distribution whose mode,
mean and median are essentially equal. See figure

€l.441),
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The normal distribution has often been found
to be a most appropriate mode for processes

resulting from ADDITIVE effects.

6—# exp —;(ic}u)z] - s<x<ea
f(x) =
0, otherwise P

0>0, p=<=

B and ¢ which are the parameters of a
Normal distribution are the mean and standard
deviation respectively. The coefficient of

variation (CV) is thus

c"= & & ¥ 8 5 8" ]l4-2

=4 o

The Normal Cummulative Distribution Function

(CDF) is:

Feo = - )/E exp [ = 4 ZH7?| ax

As mentioned above, the limits on the

argument of 3 normal density function are theoreti-

cally plus and minus infinily. However, random
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f(x) 4
N(p,o
/ : .,
i X

Fig(1.4.1) Normal Probability Distribution
with mean value equal to y

and 0 standard deviation, u(u,0).

variables in engineering work are typically
positive and their frequency distributions are,

in most instances, skewed to the right. This
therefore calls for caution in using the Normzl
distribution in cases where tails of the distribu-
tion are important in drawing conclusions.

The strength of materials can be seen as
additive to the strength of individual fibres
forming the material, Similarly, the strength
of a reinforced concrete member can be additive to
the strengths of the constituent materials.

This has made normal distribution as candidate model

to thepresent work.
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1,4.2 Other Distributions

Other possible candidate statistical models
are Jog-normal, Gama, and Beta distributions.
The log-normal distribution is the model for a
random variable whose logarithm follows the
normal distribution. It can be derived as the
model for a process whose value results from the
MULTIPLE of many small errors in a manner similar
to that for the normal distribution for the addi-
tion of errors. The probability density function
of a log-normally distributed random variable X

is expressed as

]_____ _—-J—; (1 - )2
f{x) = " 4§ﬁ EXp 2 g° nx=y
/

0, elsewhere ..... isaais s e lahah

x>0.-“u,<",0>0

The 1log-normal distribution may be generalized
to cover an interval other than (0, © by

introducing the LOCATION parameter a., Thus

fx) = ‘ 5 [1near- P
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X > a, « <y <&« .0 >0, — =« <<«

The Gamma distribution is continous,
unimodal and takes on positive values only.
The Camma model allows representation of a wide
diversity of distributional shapes over the
interval from zero or some arbitrary origin to
infinity. The Gamma model is skewed to the righet,
hence it is suitable for representing a random
variable whose values are essentially possitive
and freqency distribution positively skewed.

The probability density function of a random
variable X having a Gamma distribution is of the

form

K
®)

K-1 =-)x

} ’ -
Fifx) = _? x € y XIE waner § ol ol

0, elsewhere
2 >0, K>0

where X is SCALE parameter, K is SHAPE parameter
and T(K) is the Camma function which is defined

as

T(K) = fx“"'e“dx 2i b deiame 036 7

o
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T'(K) is equal to the factorial (K-l)!. When K is
a positive integer. The shifted Camma distribu-

tion has a density dfunction of the form

K A(x-a),

-} - >0
f(x) = T%E) (x-a)K "e -
0, elsewhere basinas s Va8

x>0, A >0, k>0
where a, k, and X are the parameters. Thus a

is a LOCATIUN parameter.

The Beta distribution is a useful model for
variates whose values are limited to a finite
interval, The Beta probability density funcrion
defined over the interval (0.1 ) is

1 xq‘l(l—x) r=1

B_(Ci,l') e e s e ].4-9
0, elsewhere
0<x<1l, q>0, r>0

where ¢q and r are SHAPE parameters and B(q,r)

is the BETA FUNCTION, which is defined as

1
B(q,r) = 5. x93 l(l-x)r_ldx s & w dwnesr 1 3% 2110
o
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which is related to the Camma function as follows

Blg,x) = T(§) T(x) /ITCQ*E) cisuneuneves 12011

and T(.) is a Camma function. The density function

of a Beta distribution with limits a and b is

"_l (x‘a)q-l (b-x)r-l 1 ‘. 12
f(x) = B(q'r) (b-a)q*r_l R . .

0, elsevhere

a <x <b, 0 <a<b, q>0, r>0

where q, r, a, and b are parameters, The Beta
distribution model is very flexible and can be
applied to different skecwness situation.
However, the estimation of Beta model parameters

is quite difficult,

1.4.3 Parzazmeter Structure

A complete description of a random variable
would be accomplished by specifying its probabi-
lity distribution as well as the associated
values of its parameters. The univariate,
continous distributions discussed in the previous

sections feature basically three types of parameter:
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1) LOCATION parameters (p, a)
2) SCALE parameters (0)

3) SHAPE Parameters (K)

A location parameter yor a locates the
probability distribution function f on the measure-
mentaxis of x without changing the appearance of
the distribution. That is p relates f to the
origin ofthe measurement scale. Thus y is of
the same measurement dimension as x, A location
parameter y is related to x in the form (x-u).
If the relationship is in any other form, the
parameter P is not location parameter.

A scale parameter ¢ is a factor that "Scales"
the measurement variable x. It relates to the
units of measuremeént on x. A scale parameter
affects the dispersion of x in the probability
density function. If the distribution model is
not symmetrical a scale parameter O also affects
the value of certain certrality measures of x
such as the expected value E(x). In a distribu-
tion model a scale parameter o is related to x
in theform x/o, If a paremeter 0 is related to x
in any other form, it is not a scale parameter.

A SHAPE parameter, K affects the basic 'shape'
of a probability density functions, However, the

specificeffect of K on the shape of a density function



26

depends on the density function in question. A shape
parameter K is not associated with x in any

standard form. It neither relates to the origin

nor to the scale of measurement on x, A shape
parameter K, is an intrinsic distingushing property
of a density function. It is usually the most

difficult to estimate.

l.4.4 Parameter Estimation Techniques

The techniques of deriving probabilities
information and of estimating parameter values
from sampled empirical data are embodied in the
methods of STATISTICAL INFERENCE in which inform-
ation obtained from sample data is used to make
generalization about the population from which
the samples were drawn., A set of sample values
on which basis parameters can be estimated is
usually assumed to constitute a RANDOM SAMPLE,
implying that successive sample values are
independent and theunderlying peopulaticon remains
the same from one sample value to another.

Classical methods of estimation of parameters
are POINT and INTERVAL estimators. While point
estimation is concerned with the computation of

a single value from an empirical data set, to
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represent the parameters of the underlying
population, interval estimation goes further to
establish a statement of confidence in the estimated
quantity, resulting in the determination of an
interval that contains the parameter value with a
prescribed level of confidence. The conwmon methods
of point estimations are the METHOD OF MOMENTS and
the METHOD OF MAXIMUM LIKELIHOOD. Another, but

less commonly used method is the METHOD OF

QUANTILES:

i. The Method of Moments:-

The method of moments evaluates a para-
meter via estimating the corresponding
sample moments; usually the mean and
variance, and higher moments, if necessary
of the variate. Moment estirates zre

often simple to compute., However, these
estimates are usually biased and relatively
inefficient.

The sample mean and variance can be

written as

R wiieda 6 8 O TFE T

T
n
o=
]
o
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g0
i=1
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1 -, 2
S - 'E (xi x) oo--c.]n“-]l‘

The third moment about the mean is thus

In general the rth moment about orign is

n
R N I B
r n 1i=l 3
and about mean ; re
R -.r
Mr < (xi %) swwe I oEglil

ii. The Mothod of Maximum Likelihood:-

Consider a random variable % with
density function f(xiB) in which

® is the parameter.On the basis of

the sample values, Xio Xpp == X, the
likelihood of obtaining a particular
sample value x, can be assumed to be
proportional to the value of the
probability density function random
sampling, the LIKELIHOOD FUNCTION (LF)

X x

of observing the set x gy X
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is L(xl,xz,...,xn;a) = f(xl;e)f(xz;e)

LR f(xn;e) L ] ]-&.IB

The MAXIMUM LIKELIBOOD ESTIMATOR © is then the
value of & that maximizes the likelihood function

L(xl,x2 S 3 B xn;ﬁ). This estimator may be

obtained as a solution to the following equation:

BL(xlxz....,xn;G)

= ’ .
36 0 iviaats s (Ralely

It is frequently move convenient, because of the
multiplicative nature of the likelihood function,
to maximize the logarithm of the likelihood
function instead.

i.e 3Jlog L(xl,x2 ..... xn;Sy?ﬁ-ll..... 1.4.20

The solution for 8 from each of the two

equations above is the same.

For density functions with two or more
parameters, the likelihood function becomes
n
L(xl,xz.... xn;el,ez,... Bm) 2}!f(xi;el...0m)
L L 1.4.21
where 91. S e Om are the m parameters to be

estimated, In this case, the maximum likelihood
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estimators would be obtained from the solution

to the fo

dlog L(xl

llowing set of simultaneous equations.

,----.,Xn;elo...em)

iii.

00

The method of quantiles provides a simple
and rapid method of estimation of a
parameter. This method though
convenient, is relatively inefficient.
The method of quantiles is suitable when
trading efficiency of estimation for
computational convetnience. The method

of quantiles also applies directly to
censored samples provided the chosen order
statistics is available (7).

Consider a distribution model

having a single parameter 8. The

expression
F(xq;B) = Q seeveses 1.4,23

defines the quantile B implying that
100q percent of all possible values of the

random variable X lie below xq.
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Suppose that the rth observation from an ordered
sample of size n is chosen so that its propertion
r/n is equal to or just greater than q (i.e., r/n

> q). With x(r) replacing xq, the equation above
may then serve as an estimating equation for the
parameter 8, and the order q may be chosen to
minimize the variance of the corresponding estimator

8. That is

F(x ) = g .iconens 1o4.28

(r)}

where q remains to be chosen.
For density function with two or more parameters

(e ....Bm) then m values of g and the

R
corresponding SAMPLE approxirations xq give
a set of m simultaneous equations of the form

shown above for determining the m estimators

of the parameter compenents Gi.

1.4,5 Coodness-of-fit Tests

From the knowledge of the physical phenomenon
of a variableand frequency distribution of the data,
subjective assessment of the possible probability
distribution of the variable can be made.

The validity of assumed probability distribution

may be verified or disproved statistically in the
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light of the available data, by Goodness-of-fit
tests. Two such tests frequently used are the
CHI-SQURE (Xz) and the KOLMOGOROV-SMIRNO (K-s)
tests. These tests, however, depend on a specified
significance level a, the choice of which is
arbitrary, andmay not provide absolute

information on the validity of a specific distri-
bution usually, the null hypothesis Ho'

that the available data and a specified theoretical
distribution are not statistically different,

The null hypothesis Ho' is NOT REJECTED if the
probability of obtaining the observed eventis
greater than the chosen significance level aj;
otherwise, H is rejected,

The goodness-of-fit tests sometimes called
SIGNIFICANCE TESTS are one-sided tests in that these
check whether observational data disagree "SIGN-
IFICANTLY" with the given hypothesis Ho'

Although the XZ and K-s tests are dependent
on a specified significance level, the choice of
which is largely arbitrary, these tests remain
useful for delineating the relative degree of

validity of the different distributions.
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Chi-Squre (xz) Test

The Xz goaodness-of-fit test is applicable

to composite hypothesis (i.e. when paraumneters
need to be estimated from data) and to
discrete distributions. The X2 test
procedure is based on limiting process,

hence it is required that the expected
frequency andnumber of class intervals should
not be too small (at least five). The Xz
test utilizes only the number of observations
in intervals rather than the observations
themselves, Thus, since the test requires
grouping of data, sample information is

lost.

KOLMOGOROV -Smirnov (K-8) Test

Like the chi-square Test, the Kolmogorov-
Smirmov test can be used to test the degree
of agreement between the distribution of a
set of empirical or sample data and some
specified theoretical distribution.

It applies only to continous data., The K-8
test is computationally simple and does not
require grouping of data. Thus it can be

used for small sample.
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The test is conducted by developing or
specifying the cummulative probability distri-
bution that would result from the theoretical
distribution and comparing it to the cummulative
probability distributionof the empirical or
sample data. The process is based upon the class
in which the theoretical and observed distributions
have the largest obsolute deviation. This
deviation is then compared to the critical values
to determine if a deviation of this magnitude could

occur owning to random variation.

1.5 MONTE CARLO METHOD

fany engineering situations involve complex
systems whose performance fluctuates because of
variations in their components., Freom a knowledge
of these variations and an understanding of the
system structure it is desired to draw conclusicn
about system performance,

Because of their complexily, some problems
can rarely be solved by direct analytical methods,
such as the transformation of variables. Monte
Carlo simulation is one of the approximate methods
for obtaining information about system performance

from component data. It consists of building many
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systems by computer calculations and evaluating the
performance of such synthesized methods.

If the distribution for each component variable
is known it is possible to obtain synthetic measure-
ments on these components by drawing a number of
random values from each distribution, When the
relationship between the component variables and
system performance is established, these random
values can be used to calculate the performance of
the corresponding number of synthetic systems.
Theprocedure can be shown graphically as in figure
(ka5 1)

An essential feature of Monte Carlo Simulation
is the substitution, at some point, for a random
variable a corresponding set of actual values, having
the statistical properties of the random variable.
The values substituted are called random numbers on
the ground that they could well have been produced
by chance by ¢ suitable randem process.

A sequence of random numbers from a uvniform
distribution is often used as a basic sequance to
construct a sequence of independent observations of
any other random variable whose distribution is

known (23)
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Uniform random numbers have the property
that for a selected range of values (0.]1) the generated
random number is equally likely to occur anywhere
in the range. Manymechanical or electronic
devices have been constructed to generate random
numbers. A lot of table of random numbers generated
by these physical processes are published. The
best known tables are cited by reference (17)

It is most convenient for electronic digital
computers to generate a sequence of numbers by a
rule that permits reproducibility in such a way
that a reasonable statistical test will show no
significant departure from randomness. Such a
generated sequence is referred to as being pseudo-
random.

Sometimes it is possible to use a non-random
sequence having only the particular statistical
properties that concern us, Such a sequence is
called quasi random. This sequence is used in a
Monte Carlo Work where it is known that the
violation of some statistical test will not
invalidate the result (22),

A number of techniques have been suggested for
producing psaudo-random sequence. A relatively

old technique is theMid-square method, 1In this



a7

Establish the

System structure

!

Establish the statis-

tical digtribution fon : |

¢ach componegnt

[

Select a random value

from each of these -}

digtribution

Repeat
any times

Calculate the value of
system performance for
a system composed of
component with the
values obtained in the
previous step

!

Summarize and plot re
resulting values of
system performance.
This provides an
approximation of the

distribution of system
L "‘__Pel' ‘grmance

rig(!.5.1): Flow Chart for Monte Carlo Method



38

method each number is generated by squaring its
predecessor and taking the middle digits of the

result. Most starting values in this method

lead to disappointingly short period (22). Another

disadvantage of this method is the slowness of

generation as compared with other methods.

Although the method is simple it is not recommened

because of its shortcoming. A much wmore satisfactory

method is Lehmer Multiplicative Congruentical

Method.

The method consits of the following steps:-

], Determining the largest prime m, less than
the register capacity of a particular
computer being used.

2, Find a positive primitive root X of m,
of at least four digits.

3. Specify a starting integer uo< m,

4, Generate the sequence of pseido random
integer log the recursive relationship.

= ] -
Yo X U (Mod ml) ST 0. I

The sequence of random number becomes cyclic after
ml-l numbers have been generated.

For the binary computer, x is selected as
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x = Bt B3 gasserensas D..5:0
where t may be any positive integer.
The starting value or seed (uo) is selected as any
positive but odd integer,
In the decimal computer x is selected based upon.
X = 200 £ T @ ..ieiieennenas 1.5.3
where t may be any positive integer and © is one of the
following values: :(3, 13, I3, Y9, 20, 27, 29, 29, 53, 6%,
67, 69, 83, or 91), The seed u for the decimal case may be
any odd but positve integer that is not divisible by 2 or 5.
Most of the computer systems have an in-puilt program
generating sequence of random numbers. IYA ABUBAKAR
COMPUTER CENTRE of Ahmadu Bello University has an in-built
function RANF(o0o) which generates uniform random numbers.
In this study this function is used to generate the necded
random numbers. The function is contzined in the main

program RESISTJ.

1,5.,2 Random Sampling

A sample is a subset of a population. It should
always be representative ofthe population by containing
important characteristics of the population e.g.
mean, standard deviation etc. To achieve this, the
selection of the sample must be accomplished in a

random fashion from the
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total population. The random selection of a
sample from a population is achieved when all
possible items in the population have equal chance
of being selected. Distributions containing
unequally likely events can always be transformed
into equivalent distribution comprising equally
likely, simpler events by employing some artificial
samplingdevice.

When sampling from a continous distribution
the distribution must be approximated with a
discrete distribution which can usually be
represented by a histogram. The cummulative
distribution is then calculated.

Simulated sampling involves randomly
selecting values of random variables whose
distributions are known, so that their occurences
as physical random processes are simulated,

This could be achieved by sampling from a uniform
(or rectangular) distribution and transforming
the results to any other known distribution as is
subsequently illustrated,.

Suppose that x is random variable with a
density function f(x) and a cummulative distribution
function F(x)., Let u be a uniformly or rectangu-

larly distributed random variable on the interval
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(0,1) with a cummulative distribution G(u).
Since u = G(u),
it follows that

u = F(x)
both u and F(x) having been defined on the
interval (0,1),
From ordinary inverse function we have

X = F l(u) R T 0

I1f x, and u, are values such that u, = (F(xl)
then

Pr(x = xl) = ‘r'(x])

P (u < u) =6(u) =y
Pr(u < ul) = Pr(x < xl)

In some cases equation ().5.4) can be solved
explicitly. Numberical techniques may be required
to aid in the calculation,

For example a sequence of standard nermal
random number (p=0,c=1) can be generated from
uniform random numbers. Using such standardized
normal random numbers, Z; equivalent rYeaslizations

X; of a general normal variable can be obtained

as follows:

]
X = p+0 ZN & PSR
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Where Y and ¢ are mean and standard deviation of

a particular Normal distribution. Procedures

for obtaining random values for other

distributions from the standard uniform and

Normal variates are summarized in Table 7.2 of
reference. Reference (2) also gives computer i
method of obtaining randowm variate from other

distributions. {
|

o
1.5.3 Sample Size and Error Band ;

Because Monte Carlo simulation involves
random values, theresults are subject to statistical
fluoctuation. Thus any estimate will neot bte exact
but, will have an associated error band., The larger
the number of trials in the simulaticen, the more
precise will be the final answer and we can obtain
as small an error as desired by conducting
sufficient trials. In practice, the allowable
error is generally specified, and this information
is used to determine the required trials, The
required number of observations to obtain a desired
degree of precision can be determined by confidence
limit approach used on estimate of parameters.,
These parameters are population mean, proportion
and population standard deviation., The sample

size estimation methods are mnow presented,
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Fstimating the Population Mean

Suppose it is desired to determine an
estimate X of the true population mean 1y

such that

P(u-€ < X< p+&) =1.-a ..... 1.5.6

where X is the sample mean, Y4 is the true

population mean, and ] - a is the probability

that the interval y + € contains 5

Assuming normal distribution,

where n = sample size
Z, /2 = the two tailed standardized
normal statistic for the
probability sought.

0 = Population standard deviation

£ = Maximum allowable error

Thus 2

ﬁ_l_z_) L O I A I A ]l5'8

Estimating Proportions
Supposing it is desired to make an estimate
of the proportion, P of the population

between two limits above or below some
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specified values based on the results of n trials.
This problem is the same as estimating the para-
meter P of a binomial distribution. In doing

so specification must be made of €, the maximum
allowable error in estimating P; l=-a, the desired
probability or confidence level that the estimated
proportion P does not differ from P by more than
+ and Pl an initial estimate of P. Based on

the normal distribution approximation to the
binoemial distribution, the number of trial may

beestimated from

P](

<

where € and Pl have been previously defined and

1-pl) ,2
2 ]-“'!2 O I

n = ].5.9

Z1-a/, designate the (l-« /,)100 percent point

of a standard normal distribytion.

iii. Comparison of two distribution

An alternate procedure for determining

sample size is by use of Kolmogorov statistic.
This statistic is used to find whether the
difference between two distributions is
significant given the number of observations.
In the sample size determination the
Kolmogorov statistic is fixed from which

the sample size is derived.
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Kolmogorov statistic is given by

Dn = [F*(x) - Fo(x)! ieeeees 1us00

where F*(x) is the empirical cummulative
distribution of data, Fo(x) is the theoretical
distribution of the population.

Dn is the maximum deviation of F*(x)
from Fo(x). It is used to construct a (1-ua)

confidence interval on Fo(x):
*
F (x) + (dn)cl
whexe (dn)a is the asymptotic value of

Dn such that

P.(D> (dn)}a . e 1500

By specifying € = (dn)a' the required
*
sample size can be determined such that F (x)
approximates Fo(x) to an accuracy of +g£at the

(1- &) confidence level.
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CHAPTER TWO
LITERATURE REVIEW

The development of limit state has brought
about wide interest in the probabilitic nature
of strength of concrete structures. In an
attempt to describe the variation of strength
in reinforced concrete sections two basic
approaches have been adopted. One approach
(29, 32) has been to apply the techniques of
error statistics (regression analysis) to the
results of full scale test. Another approach
is to treat the material strengths as random
variable and the uvltimate resistance of a section
as a random variable which is a function of the
material streng;hs with the functional relationship
derived from structural theory.

The strength of a structural member is
derived from the strength of constituent materials.
Other factors influencing the member strength is
the geometry and workmanship. Therefore,
knowledge of the variations in those factors can
lead to the understanding of the variability of
structural member strength, 1In the light of this,

effort has been intensified to study the variability
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of all the factors contributing to the strength
of structural member. An attempt is made herein
to give summary of some of the earlier works in

this area.

2.1 VARIABILITY OF MATERTAL STRENGTH

As a contribution toward a research to
introduce"limit state design" for concrete
structures in North America, Mirza and MacGragor
(21) reviewed published and unpublished data on
thevariability of reinforcing bars. The a2uthors
identified the following saurces of variations in
steel yield strength and ultimate strength:

(i) Variation in the strength of material

itself;

(ii) vVariation in the area of cross-section

of rhe bar;
(iii) Effect of rate of loading; and

(iv) Effcct of strain at which yield is

defined.

The authors considered the effect of these
factors on the mechanical properties of deformed
bars of Grades 40 and 60. The mechanical properties
are yield strength, ultimate strength, and modulus
of elasticity.

For yield strength, Beta distributions were
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found to fit the data for mill test yield
strength of grade 40 and grade 60 bars, The
mean values and coefficients of variation for
the data were found to be 48,8Ksi (337HN/m2)
and 10,77 for grade 40 and 7Ksi (490 MN!mZ)
and 9,37 for grade 60 bars. Based on the Beta
distribution theprobability density function
(PDF) forthe mill test yield strength of grade

40 reinforcement was modelled as:

2.21 3J.82
o - 3.7 35 [é.g_?_{x

I I I I ] 2-].]

in which 36 < fy(Ksi) < 68
Similarly, theprobability density function for
the mill test yield strength of grade 60 steel

bars was modelled as:

2,02 6.95
£ =57 lUB-fy
PDF = 7,141 —ng— o

LI I O O O B B e 2'1.2
in which 57 < f_ (Ksi) < 108.

The mcasured crossectional areas of bars
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were found to differ from the nominal value spe-
cified in the design, Mirza and MacGregor (21)
approximated the distribution of measured to
nominal areas, Am/Au to normal distribution
truncated at 0.94 with a mean value of 0.99

and a coefficient of variation 2.47%7. Similarly,
for the evaluation of static yield strength

from mill test, the distribution curve for the
difference in their strengths, dfys was
approximated as the normal distributions with

a mean value of 3.5 Ksi (24.5HN/m2) and a coefficient
of variation 13.47Z. The distribution of Am/An and
dfys were found to be the same for both grade 40
and grade 60 steel.

The probability distribution of static yield
strength based on the nominal area of cross-
section of reinforcing bars is represented
by Beta distribution with PDF calculated as
follows:

for Grade 40,

£ =33 62-f
s

PDF = 4,106 79 79

L I 2-]:3
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in which 33 < fys(KSI) = 62;

and for Grade 60,

- 54 102-f

f
- B, | ——
PDF 7.587 %8 %8

R I R Y 2;1-&

in which 54 f_fys(Ksi) < 102,

The mean value and standard deviation of the
static yield strength refered to the nominal area
of grade 60 bars are found to be 66.8 Ksi and
5.52 Ksi (661HN/m2) and(38 MN/mz)respectively.

The authors also recommend Beta distribution
with the following PDF's for mill test ultimate

strength of bars:

for Grade 40,

2,21 3.82
fu-SS lDS“fu]
PDF = 2,38]) —-'5—0-"'- ""gﬁ-‘"—

D 2.]45

in which 55 < f (Ksi) <105; f > fy

u
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dndfor Grade 60,

2,02 6.95
fu—BB Iﬁ?-fu
PDF = 4,61 T .

in which 88 :-fu(Ksi) <167; £

The mean value and standard deviation of the mill
test ultimate strength of grade 60 bars are
found to be 110.8 Ksi andB.,73 Ksi (764 HN!mz and
60.2 MN/mz) respectively. The data is insufficient
for the ultimate strength of grade 40 bars.
However, the PDF for mill test ultimate strength
of 40 bars was selected due to acceptable
degree of correlation demonstrated by grade 60
reinforcement with the corresponding Beta
distribution equation.

The distribution of the difference between
mill test and static ultimate strength, dfus
can/'a'ggumed to be normal with a mean value 4.5
Ksi (31HN1m2) and a coefficient of variation
13,4%Z. The probability density function of Beta
distribution for static ultimate strength

referred to the nominal area of cross-section

may be calculated for grade 40 as:
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2:23 3.82
fuB-SJ 96—fus
PDF = 2.646 %5 45

LN I N T U I I 2.].7
in which 51 . <f  (Ksi) <96; f > f

and for Grade 60 as

2.02 6.95
fus*Bﬂ lSS-fus
PDF = 4.922 s e T
@ % & & 8 & & & =5 8 o8 8 & 8w 2.]'8
in which 84 < f (Ksi) < 158; f > f
- “us - us - 'y¥s

Finally, the authors recommend normal distri-
bution for Modulus of elasticity of grade 40 and
grade 60 bars. The mean value is 29200 Ksi
(201,000 MN!mz) and a coefficient of variation
is 3.3%.

In a similar treatment, Mirza, Hatzinikolas,
and MacGregor (1979) reviewed the variability of
strength and stiffness of normal weight
structural concrete. In their treatment, the
authors considered the following mechanical
properties of concrete.

(i) Concrete strength in compression;
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(ii) Concrete strength in tension;
(iii) Modulvus of Elasticity of concrete in

compression; and

(iv) Modulus of Elasticity in tension.

The probability distribution of the
strength of in-situ normal weight concrete in
compression was fitted by the normal distribution
with the mean value computed from:

fcerR™ feerr3s(0-89(1+0.08LogR))Psi

LI I B T 2.]!93

where:

cstr3s- the mean 28-day strength of
concrete in a structure under the
loads applied at 35 psi/sec.

. D.6?5fl + 1100

<1,15 fzpsi i venwvas 2e)9B

N -

f = design compressive strength of concrete.
R = a given rate of leading (psi/sec).

Similarly, thecoefficient of variation of the
in-situ compressive strength of concrete at a given

rate of loading R(psi/sec) is found to be
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2 2
= + LI R ) . -
vcstrR vccyl 0.0084 2:¥%30
where V = variation of control cylinder.
ceyl

The variation due to rate of loading was
considered negligible.

For the splitting tensile strength of concrete
in a structure, the probability model is also found
to be cnormal distribution, with mean value

obtained as follows:

= —! -
Fyoeren = 604 55”35[0.96(“0.11:_03;{)‘] psi

LI T R T T A T T A R 2...]]

in which

-

fcstr35 is calculated from equation
(2.1-9) and R = rate of lcading.

The coefficient of variation is given by

L S e v puaoesy ¢ oy Fod JER

The authors also assume normal distribution for
the probability model of the strength of in-situ
concrete in flexural tension. Calculation of the

mean and dispersion is by use of the following
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formulae:

for mean

frstrR = B'3fcstr35 [5.96(l+0.]1LogRﬂ psi

L R 2-].]3

and for dispersion;
2

2 Y
vrstrk = czzlf 0.042 ...... 2.1.14
2
2 vcstrR
The value of vcstr3518 calculated for equation
(2.1-10).

Normal distribution is also found to fit
the model for initial tangent modulus of
elasticity of in-situ concrete. The mean value and
coefficient of variation of the initial tangent
modulus can be calculated from the following

equation, Mean value is given by

- 3 o
E soppp = 60,400 F s (1.16-0.08Log t)

cetr3

The coefficient of variation is given by

2
v . leey1 + 0.0085 2.1.16
ciatrR 4 - L T Y . -
..1.-“"‘4||
i ' CEsLY
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vccyl is as previously defined.

The secant modulus at any stress level can
be estimated from the initial tangent modulus
assuming that the initial portion of the
stress-strain curve is a parabola with a tangent
at maximum stress, The coefficient of variation

of the secant modulus can be calculated from

vz
2 “ceyl + 0.0165 ..... 2.1.17
cistrR 4

Finally, it is suggested by the authors that
the mean value and coefficient of variation of
the modulus of elasticity of concrete in compre-
sion and in tension be the same,

In an earlier study, Benjamin (4) found
the distribution of yield strength of reinforcing

bars to be replicated Beta distribution.

The distribution of yield strength of
reinforcing bar was established in another study
by Zsutty(32) as log-normal distribution., The
coefficient of variation of thedata analysed by
Zsutty is 0.144,

In his study ofthe variability of ultimate
moment in reinforced concrete beam Castello (é)

uses Beta distribution to fit both steel and
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concrete strength data. The probability density

function are as follows:

For steel,

(a+ R + 1)! o g 1
—_— (Y]) (Yz) i

a ! B! ~f

PDF =
" yu "yl

LI T I I I 20].]8

amd

yu yl

o , Bare Beta parameters whose numerical values are

] and 5 respectively.

fyl’ fyu are lower and upper values of yield

strength of steel with actual values as

37.702 Ksi and 77.535 Ksi respectively.
fy is yield strength of steel

For concrete, the probability density function is
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in which Y = :
3 fJ B
cu cl
foa~e
and v& i -
-f
cu ¢l

@ , B are Beta parameters whose numerical

values are 2 for each.,

1 I _—
f are lower and upper limits of concrete

f
cl’ “cu

strength with actual values as
2.456 Ksi and 4.787 Ksi respectively

is concrete cylinder strength.

1 . 3
fc is concrete cylinder strength.

Majority of the works cited above seem to
suggest limits to the tails of distributions
of concrete and steel strengths., This is contrary
to the usually assumed distribution which has
no limits at the two tails.

If the strength of an element is viewed as
the sum of the strengths of individual fibres then
by central limit theorem it might be expected to
tend towards normality. The assumption of
normality however, admits the possibility of

negative strength, To rectify this difficulty
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some researchers suggest a Log-normal distribution
for material strength. But this still leaves the
possibility of an infinitely large strength, which
seems contrary to experience and intuition. Thus
themost practical model should have lower and
upper limit,

About 99.9 per cent of the area under normal
probability curve is contained within 3 times
standard deviation from the mean value. For the
strengths of steel and concrete the lower limit
of this range is above zero, Thus the error in
calculating the failure probability with normal

distribution may be negligible.

2.2 VARIABILITY OF MEMBER STRENGTH

It was pointed out earlier that some
previous studies have examined ways in which
the variability ofthe strength of structures
could be assessed. Among such studies is that
by Shah and Zsutty (29,32)who applied the method of
regression analysis to the results of full scale
tests. Another viewpoint is to treat the
material strength as random variables and the
ultimate resistance of a section as a random

variable which 1s a function of the material
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strengths with the functional relationships
derived from structural theory.

The works of Zsutty (32) and Shah (29) are
on the full scale test results. Zsutty analised
data from 109 specified beam tesSts. TIn the
analysis, the uvultimate moment of under-reinforced

concrete beams is expressed as

M f .902 0.752
uz_l"'"- 0.‘!3] ("1 (f}) CEC R 2.2;]
bd fcu fl
¢
in which
Mu = DUltimate moment of resitance of beam
section
b = Breadth of beam
d = Effective depth of beam
fi = Cylinder strength of concrete
fy = Yield strength of steel
As = Area of reinforcing steel
= Steel ratio defined as:
p = As/bd.

The ratio of calculated resistance moment using
the above formula to the test result was found to

have 6.47 coefficient of variation against 122
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given by ACI 318-56 formula. The ACI 318-56

prediction equation is

M k
u 2
2] - ql(l-k__r q’) s 2.2.2
bd f i3
c
where
k k and k are stress block parameters.

12 3
q, = f /fl
I y ¢

Pp = the steel ratio.

The other symbols are as previously defined,

In the final anmalysis Zsutty recounmends Log-

normal probability distribution for in-place

ultimate moment of beams. The mnedian value

can be obtained using equation (2.2-1), Coefficient

of variation is found to be 0.,)44, This variation

is partly due to the variation of laboratory test

beam results of ultimate moment about the central

predicted value and in part due to workmanship

errors.

Using the error statistics of the in-place

of ultimate moment of resistance, Zsutty arrives at

safety factor of 0.715 with 997 certainty.
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The safety factor obtained is subject to the in-
accuracy caused by sampling errors, differences
in laboratory measurement and test procedures,
and the estimated coefficient of variation values
of in-place beam properties, Thus the safety
factor is unstable and therefore not suitable for
practical application.

In a similar treatment Shah (29) studied
a number of columns with different mode of failures
using multiple regression analysis, Eighty-three
(83) columns failing in compression were studied

with resultant prediction formular as

e
= .49
Pu(lﬂﬂ}(l+d) EX 0.492 0.453
= ] = 5:393 ( (p +q)
bd f 1 <
¢ f
c
- 2,026
Xl * %) Gasanssse 22,3
in whih
Pu = Ultimate load capacity of column
b,d = Cross—-sectional dimensions of columns
fI = (Concrete cylinder strength
e
fy = Yield strength of steel in tension and
compression
1 P R . P
pr p = Steel ratios in tension andcompression

e = Eccentricity of load.
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The factor of 100 was introduced for better decimal
control and forease of finding logarithms,
Other constants are regression coefficients.
Equation (2.2.3) was obtained with correlation
coefficient of R= 0,947 and coefficient of
variation 0.175,
For tension failure, 82 columns were ccnsidered

and the prediction formular was found as

)
ba t £

C

P (100)(1 + S)p f +40.947
u gt _ 6.0[}_11 (o 4010737

c

x(1 + §)'2'2'3 ceeesses 2.2.6

with coefficient of correlation = 0.973
and coefficient of variation = 0,176

The two formulae above when combined give
the following prediction equation for balance

failure,

1 da

P (1 + 5 f 1-0.236 -1.765
2y = 2.4l (1 + =
bd fc

1
c

(o]

L I ) 2-2.5
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The results of the prediction formulae above were
shown to be in good agreementwith formulae given
by ASCE-ACI joint committee Report on Ultimate
Strength Design.

In the final analysis Shah obtained the
distribution function of ultimate column strength
to be log-no{mal distribution. The median values
are obtained using the above formulae for the
corresponding mode of failure. This makes the
prediction equations given by the author to have
added advantage over ASCE-ACI formulae by allowing
the probability statement to be made about the
predicted values,

In a separate study, Benjamin (4) found Beta
distribution to fit all the data for reinforced
concrete beams and column strengths.,

Generally, the strength of a member would be
expected to depend on the constituent materials,
geometrical properties and workmanship. Therefore,
some authors found it more appropriate to study
the effects of these factors on the variability
of concrete member strengths. Warner and Kobaila
(31), Castello (8), and Mirza and others (16) are
among the authors that follow this approach,

Frendenthal, Garrets and Shinozuka (15) have also
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recommcnded a similar approach.

Warner and Kabaila (31) have in their paper
shown that with knowledge of the distribution of the
constituent material, Monte Carlo technique can

be used to determine the distribution of concrete
member strength. Although no particular distribu-
tion has been recommended by the authors, it has
been suggested that the distribution of strength

of reinforced concrete streucture should have lower
and upper limits.,

To assess the effects of variability in steel
and concrete strength on the ultimate moment in
beams, Castello (8) assumed a deterministic
functional relationship between the resistance of the
sect on and strength of the materials., He used
quasi-emperical model given in ACI Building Code.

He found that Beta distribution fit the data for

both steel and concrete, The probability density
functions for strengths of concrete and steel were
already shown. By transformation

of wvariables the probability of resistance less than
specified values were obtained. Tables (2.2.1) shows
the probabilities of failure of singly and doubly
reinforced concrete respectively, for specified

steel ratios. The tables show that the probability
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Failure Probabilities of Beam Sections

From Reference (8)

T:nsio: ijp:essive ’ M ‘EE M ) M b
stee as stee as — —
a perce;rage a per;ent;ge o h ba’ Yr bdz bd2
(1) (2) (3) (4) n (5) |
4.0 3.0 1,0 0.0530
2.5 L3 0.0474 0
2.0 2.0 0.0398 0
1.5 2.5 0.0313 0
2.0 1.0 0.0515 0
3.0 145 145 0.0442 0
1.0 2.0 0.0347 0
0.5 2.5 0.0262 0
. 1.0 0.0508 0
Z.% 1.0 }.5 0.0423 0
0.5 2.0 0.0316 a
0 2.5 0.0242 0
1.0 1.0 0.0490 0
2.0 0.5 1.5 0.0386 0
0 2.0 0.0272 0
1.5 0.5 1.0 0.0462 0
Q 1.5 0.0330 0
1.0 0 1.0 0.0407 0

material strength.

b

Mud = Design Ultimate moment of resistance

= 0.9M
un

(ACI Code)

Hun = Ultimate moment of resistance based on the nominal
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of ultimate resisting moment less than the design
moment specified by ACI code to be zero for all
ratios of steel. The results show that the under-—
strength factor of 0.9 specified by ACI Code (1)
reduces the failure probability to zero if only
theeffect of variability in waterial strength is
considered, Thus the failure probabilities derived
by Cabtello are conditional probabilities, since
sources of uncertginty other than concrete and

steel strengths have not been considered.
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CHAPTER THREE
PROBABILITY DISTRIBUTION OF MATERIAL

STRENGTH

3,1 DISTRIBUTION OF CONCRETE STRENGTH

Tests yesults on the strength of nowminally
identical speimers always show some scatter
around a central value, The major sources of
variations in concrete strength are; the;fif
variations in m#terial strength propertieé.and
proportions of the concrete mix, the variations
in maxing, transporting, placing and cu;ing
methods, the variations in testing prncédures
and variations due to concrete being in structure
rather than in control specimens,

Reference (13) bas given the pfoéedure for
making, curing and testing cubes. It is worth
while to outline some of the 1limit state require-
ments for gquality Eontrol of concrete,

Puring the period of construction the
sampling be carried out as follows:

(i) at least one sample per déy df cé?ting

(ii) one sample from one batch selected

randomly to represent an average volume
of not more than 20m3 or 20 batches.
One or more cubes are cast from a sample of

concrete.,



69

The results of tests comply with the
specified characteristic strength of concrete
if: S LT

(1) the average gtrength determined from any

group of four consecutive tests
exceeds the specified characteristic
strength by not less than 0.5 times
current mé;giﬁhénd

(ii) each individual test result is greater i
than 857 of specified characteristic
strength.. a

If the average of four cubes test complies
with (i} above, all the batches of concrete being
judged, including those not actually tested, must

be judged as complying. If the average of four
tests fails, all the concrete in the batches

mentioned above does not comply with the strength

requirement.

D

If a batch fails to comply with (ii) above
{one cube only) then thét batech only does not
comply with the requirement, If more than one
cube test in a group of four fail, then all
concrete in intervening Batches, should be deeméd
not to comply with the strength requirements as

in (i) for theaverage of four tests.
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Mention is made above, of the current margin.
This {s determined on the ground o¢f cube tests
previously carried out by the contractor.who
manufactured concrete of nominally similar pre-
portions of similar materials, produced over

a period specified below, by the same plant under

+ .

similar 5upervision;
(i) From statistiéal analysi; bf.thé 5%
defectives we get the current margin
as 1.64 times standard deviation of
cube strengths of at least 100
separate batches of concrete produced
within 12 months., The standard
deviation may fluctuate during the
progress of work and therefore the
lowest strength for the current
margin is determined as follows:
1/6 of the characteristic strength for
concrete of grade 7, 10 and 15 or 3.75
N/mmz for concrete of grade 20 or
above.
{(ii} 1.64 times standard deviationm of cube
tests on at least 40 separate batches
of concrete produced over a period

exceeding 3 days but not exceeding 6
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71

months and not less than 1/3 of the
characteristic strength for concrete
of grade 7, 10 and 15 or 7.5 N/mm2

for concrete of grade 20 or above.

If there is insufficient data to
satisfy (i) or (ii) above, and,
laboratory test were not carried out
earlier until sufficient data is
available to satisfy (i) or (ii) the
curreent margin should be as follows:
2/3 of the characteristic strength

for concrete of grade 7, 10, and 15

or 15 N/mmz for concrete grade 20 or
above.

If trial mixes were manufactured and
tested for strength in the laboratory,
the current margin may be assumed as
follows:

Three cubes from each of three
separate batches of concrete to be casted
using materials similar to those which
will be used on site. Thz cubes
should be tested at 28 days and the
average strength of the nine cubes should

exceed the specified characteristic
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strength by the current margin (iii)
wminus 3.5 N}mmz.

Several buildings, lecture threatres,
stores and tpther structures were designed in
limit states in the Zaria regfﬁh. The Departﬁéﬁt
of Civil Engineering of Ahmadu Bello University
carried out control of concrete strgngth_fp;_;bese
buildings. s | L

Florek (13) has énalised the test results

of cube tests on some of these buildings,

He found the normal distribution to fit all tﬁé
data, The mean values vary from 32.3 N,(’mm2 to
34,7 N/mmz. The standard deviation is between
6.01 to 7.3 memz coefficient of ﬁariafion has
values of between 0.18 and 0.23,

The data to be analyzed in thig study is
shown in Table (3.3.1). 1t inciudeg fﬁél.data
analyzed by Floreck ()3). The types and sites of
some buildings are notspecified, but ?nly the
strengths of the concrete used in structﬁrai
element are included. Alsoc the results
of thetests carried out in less than 28 days are _
not included., The specified characteriétié stréﬁgt;:

]._.S 20 MN/ng . . o
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TABLE (3.1.1)
CONCRETE CUBE COMPRESSIVE STRENGTH
RESULTS OF QUALITY CONTROL TEST ON LIVE PROJECTS
CONDUCTED OVER MANY YEARS BY THE
DEPARTMEXT OF CIVIL ENGINEERING
AEMADU BELLO UNIVERSITY, ZARIA, NIGERIA

5/%0 STRENGTH (u/mz)
1. 31,10 39,00 L0.80
2. 29.30 32,00 110,00
3. 35.60 37.30 38,20
ke 39.10 L0490 10.90
Se 28,40 28,90 31.10
6. 34470 39.10 11.80
Te 29,30 30,20 30,70
8. 25.80 26,20 27460
9e 18,70 19,60 21,30
10, 27.70 29430 32,00
1, 32,00 3730 38.20
126 29.30 32,00 3L.70
13. 2L. Lo 26,70 29.30
1k, 26,70 27470 3L.70
15. 28,L0 33.30 34,70
16, 11,10 22,70 23,10
17. 15.10 16,00 20,40
18, 14.20 14,20 14.20
19. 38.20 4k.0L0 50,70
20, 10,70 10,70 11,60
21, 31,10 31,60 31,60
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Table (3,1.1.) Continued

s/xo STRENGTH (N/mm2 )
22, 40,00 41,80 L2,70
23, Lk, 4o 16,20 50,20
2k L3.10 L3.60 L3.60
25. 13,30 13.30 14,70
26, 2,70 L7460 51.10
27, 52,40 56,00 59.60
28, 38,20 LLL0 52.40
29, 32,90 36440 40,90
30. 40,00 40.L0 10,90
3. 29.90 33.10 34,00
32, 37450 L3.90 50,90
33. 25.70 28,00 31,80
3k 34480 Lke10 k5,20
35. 37.70 38,50 L2.00
36, 29.80 38,20 L4.00
3T 32,00 32,00 40,90
38, 28,00 29.30 48,90
39 33.80 37.70 42,70
Lo, 26,70 38,20 38.70
k1. 30.70 3L.20 L9.80
L2, 36,50 L. L0 L5.30
L3. 3L.20 3730 39.10
ke 34470 40,90 41,80
LS. 38,20 L8.90 53.30
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. TABLB (3.,1,1,) Continued

STRENGTH (N/ma’)

/R0
3 ;;;us_ ] 40,00 40 S0.70
M. | w0 35.60 38,20
8. 36,40 36,90 37.30
149, 36,40 - ) 10,00 140,00
50, 3290 3kT0 36,40
5t 15430 48,90 5k, 20
52, 37.30 42,70 43.60
53. 3h.70 37.30 40.90
5k, 31.10 Lh Lo 45,20
S%e 18,20 22421 23410
564 36,10 37430 41,80
576 10,20 10476 11,60
58, 15,10 16400 16,00
59, 32,90 3,70 10,90
60, 25,80 26,70 27,60
61, 30,70 32,00 31,70
62, 34,70 38.20 39,10
€3. 22,20 23.10 21,00
6L 26,70 28,40 32,00
65, 3k.70 35.60 39,10
66, L4, 00 Lhe90 L7.10
67, 1€,90 16450 17.%
68, 16,00 18,70 20.00
69, 45,30 }5.80 L9, 80
70, 22,20 5560 59,10
. 21,30 22,20 22,20
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TAELE (3.1.1,) Continued

£/%0 STRAGTE (N/mm2)
72, k1,80 41,80 42,70
13 28,00 33430 33.680
The 30,20 31,10 3L.40
75 22,90 23,50 2L.50
76, 28,40 30,20 33.30
17 28,80 36,00 3750
78, 24400 27.60 30.20
79 26,70 38,70 39.60
B0, 31,60 35.60 36,00
B1, 16,50 22,20 25.80
82, 17,80 17,80 18,70
83. 30,20 32,10 32,50
8L, 15,10 19,60 31,10
&c, 24,00 36,10 37.30
86, 1)ie 90 50,70 £2,40
7. 17,80 21,30 23.60
88, £7.80 59,60 €1.30
g2, 20,90 22,20 22,70
90, 17.80 21,30 2kl
91, 20,90 21,80 22,70
G2, 32,3C 33,60 37.80
93, 31410 31,10 31,10
9L 32,00 32,40 3k.40
95. 36,40 36.L0 LL.LO




17

The sample mean and standard deviation are
estimated to be 33.36ijm2 and10.56HN!m2
respectively, The Kutosis and Skewness
coefficients are respectively estimated as 2.75
and 0.00,

The 1large coefficient of variation may
be due to differences in werkmanship., Also most
of thecontractors have no experience in providing
quality of concrete in accordance with limit
states requirement. The contractors also use
proportional batching of cement, fine and
coarse aggregate instead of designed concrete
mix, The recommendation given on page (1.3.1)
may be helpful in improving the concrete quality.

The values of Kutosis and Skewness
coefficients strongly sugpest normal distribu-
tion for the data. By method of moment
it has been found that the parameters of nermal
distribution are the mean and standard deviation
of the population. The estimated values of mean
and standard deviation of the sample is used to
represent the poputation parameters. A computer
program, TESKS, shown in appendix is used
to carry out K—=S test. The result shows that at
0.05 level of significant normal distribution

could not be rejected,

*The Kutosis and Skewness coefficients for normal distri-
bution are 3 and 0 respectively.
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The K-S test is usually conducted on one-by-
one bases, However due to lack of space another
computer program ANORMJ, (see the appendix)
is used to summarize the result in class
interials. The result is shown on table (3,1.2)
Actual and theoretical frequency curves are
shown on figures (3.1.1 and 3,1.2),.

The parameters of Beta distributions are
also estimated by the method of matching moments,

This method leads to the following equations:

wol e 1

- . B 2
q = == [x (I=x) = 5 ] PR S |

"
]
K‘Ln
W
;‘J

.i‘
where x and 52 are detaived from equation (1.4.132)
and  (y,.45.14).

The estimation of Beta distribution parameters
involves iteration. The lower and upper limits

are fixed and the other parameters are estimated

A number of trials were made, but the K-§ test
would not accept the distribution at 0,05 level

of significant.

3.2 DISTRIBUTION OF STEEL YIELD STRENGTH

As with the case of concrete compressive

strength data, the data for tensile strength was



Table (3.1.2)

Class Interval

10
13
16
19
22
25
28
31
34
a7
40
43
46
49
52
55
58
61

13
16
19
22
25
28
31
34
37
40

46
49
52
55

-

61
654
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Frequency Table For Compressive Strength of

Concrete Cube Crushed at 2B days.

Characteristic Strength = ZON/mmz.

Actual

13
12
11
22
19
22
37
33
39

a2
“

W W w o

—— - -

Clazss Frequency

—.

Cummulative Relative Frequency

Theore~ | Actaual
tical
3.84 0.0245
6.61 0.0702
10.51 0.,1125
15,42 0.1519
20.88 0,2281
26.11 0.2947
30.12 0.3719
32.08 0.5018
31.54 0.6175
28.61 0.7544
23,96 0.8281]
18.52 0.9053
13,21 0.9298
8.70 0.9579
529 0.9754
2.96 0.9860
1.54 0.9965
0.73 1.0000

Theoretical

1

0.0135
0.0367
0.0735
0.1276
0.2009
0..2925
0.3982
0.5108
0.6214
0.7218
0.8058
0.8709
0.9122
0.9477
0.9663
0.9767
0.982]

0.9846

0.011]
0.0335
0.0388
0.0233
0.0272
0.0022
0.0263
0.0090
0.0039
i 0.0326
0.0222
0.0344
0.0126
0.0102
0.0092,
0.0093
0.0144
0.0154
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FREQUENCY

AL =33.36 Nfmm?
6 ==10.56 N/mm?2

30
B )
20 J_ . T —Aclual frequency histogram
| |
_ﬂ Theoretic al normal distribution
10 ..__ _ _ N
| .‘ | Lo .
0 H _ _ “ A A _ — m “ h i —— |
10 16 22 28 34 40 46 52 58 64

STRENGTH (N/mm?Z)

FIGURE (3.11) ¢ Distribution of Concrete Compressive Strength
After 28 Days
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obtained from test result carried out over many years in the
Department of Civil Engineering, Ahmadu Bello
University, Zaria, The site and the type of
building in which the reinforcement was used
is not known. Howvever, it is assumed that the
reinforcement is obtained from a common market,
Thus the overall result is used in the anzlysis,
The type of steel used in the analysis is
hot-rolled high yield steel characteristic strength
of 410 memz. The tests were conducted according
to BS 18, "Methods for tensile testing of metals",
The specification for hot-rolled steel
bar of reinforcement given in BS4449 is that not
less than ten diff.rent bars of one size and type
should be tested; if any one tensile test gives
a result less than 0.93 tires the specified
characteristic strength that bar should be rejected
and if any other test gives a result less than
0.93 times the pecified characteristic strength
then the whole delivery shall be rejected,
It has been observed that the szmpling was conducted
on site by the contractors, Only the test piecies
were brought to the department for testing. The
sampling procedure of some tests have not met with

BS4449 specification. Such results are not



83

included in this analysis. However, all the
tests that conform with the sampling procedure
have been included irrespective of their
failure to meet with strength specification.
Table (3.2.2) shows the actual class
frequency andthe histogram is shown in figure
(3.2-1)., The wmean value is obtained to be 449,44
HN/mz while standard deviation is found as 59.7]
MN/m2 with coefficient of variation being 0.13.
The large coefficient of variation may be due
to different practice in the manufacture of
steel., The recommended overall coefficient of
variation is 4 - 6% (26).

The Kutosis and Skewness coefficient are
calculated to be 3,05 and 0.13 respectrively.
These values strongly suggest normal distribution
for the data. The theoretical normal [requency is
shown in table (3,2,2). The probability density
frequency curve and the distribution curve
are shown in figure (3.2.1) and (3.2.2). The
result for the K-S test is summarized in table
(3.2.2). The test was conducted at 0.05 level
of significance., The result suggests normal

distribution for the steel yield strength.



TABLE (3.2.1)

YIELD STRENGTH OF STREL
RISULTG OF QUALITY CuliiOL
CONDUCTED OVidi MANY YLEAlks BY 'I'HE
DEPARIMINT OF CIVIL INGINEERING

AHMADU BELLO UNLIVLKGLTY

s
. bl

» ZAallA

' ON LIVE PROJECTS

ufNo,. ﬁ

Swﬁﬁj_eismv

R —

1 530.60 561,80 553,80 521,90  50L.60  537.80 550,90 532,70 533.90 536.10

2, 520,36 535.97 517425 539473 522,45  L98.05 539,74  535.66  5L5.85 527,87

3 W6.00 LM77 L1553 435.65 LW1.36 129,95 L1828 L2LoLo 417,50 L17.64

L 3h.63  31h.52 330,46 302,23 303,64 295.50 324,52 299,19 319,19 297.96

Se 439,75 Li1,76 L62,50 L3310 L1.76 LS1,22 437.65 L30.29  LL2,64 438,38

6e LSTa58 L7501 U73.37 473416 LeB.3B 478,26 L75.1L4 36,00 L76.19 436.57

_ Ts Wi6e90  L75.90  L6L.TO  L59.90  LS6.,60  L59.50  L70.70 479,10  L6L.LO 470.70
Be L70.2h  LB3.87  L81.,25  L93.55 500,00 586,58 581,63 509,87 513,79 160,49

9 50L.T6 519405  S1L.29 528,57 524,51 514,29 530,00 514,28 524,51 50L4.67
10, 773 390.2h  39L.US  LOB.T6 394,16 L0389 409,76  LOT.32  L06.30 416,67
1, 300,60 395400 395,20  LO.LO 396,60  399.90  397.40 394,20 391,40 391.40
12, 381,41 393.95 392,07 380,00 393.16 379.33 390,88 375400 375,00 303,92
13. L34, 21 L72.73 Ly1,13 L6 L3 460,53 24,98 497.61 472,22 450,00 L6L.99
1L 400,00  LoBJLO  LOB.LO  LOB.LO  LOS.0L  LOBJLO  LO6.T2  LO6LLO  39L.96 406,72
15, W88 422,73 L2L.96  L18,18 422,73 422,73 L13.6L LL.Lg 406,87 400,00
16, L82,99  LB1.31 506,38 L79.40  LLL.22  LS1.81  L69.38 472,69  LT2.72 470,34
17 478,00 438,75 475,30  LS0.36  L&L.2 L78.56  LTL.LO 470,00 470,00 120.00
M|._m. | 500,00 472,00 L96,00 500,00  L98.00  500.00 500,00 500,00 500,00 480,70




Table (3.2.2)
Frequency Table For Tensile Strength
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High Yield Reinforcing SteelCCharacteristic
St ‘ength = 410 N/mmz

Class Interval
Actual

290-310 6
310-330 4
330-350 1
350-370 0
370-390 6
390-410 33
410-430 T
430-450 P19
450-470 ? 16
470-490 i 30
490-510 | 17
510-530 14
530-550 10
550~570 3

i 570-590 2

Class Frequency

—_— e ————— ——

tical

1.07
2.33
4.53
7.88
12.25
17.05
21,23

| 23.65

23.57
i 21.03
16.78

11,99

Theore~- !

Cur=ulative Relative Frequency

Actual

0.0333
0.0556
0.0611
0.0611
0.0944

0.2778

0.5778

0.8389
0.9167
0.9722
0.9889

1,0000

Theoretical

0.2507
D.3686
0.5000
0.6309

0. 2411

0.9076
0,9501]
0.9745

0.9869

|

-

Difference

0.0274
0.0366
0.0170
0.0268
0.0615"
0.0271
0.0148
0.0111
0.0531
0.0033
0.0021
0.0091
0.0221
0.0144

0.0131
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CHAFTER FOUR

4, PROBABILITY DISTRIBUTION OF MEMBER

STRENGTH

4.1  INTRODUCTION

In order to assess the effects of variabilivy
in steel and councrete strength an the ultimate
strength in a concrete member, a deterministic
functional relationship between the resistance
of the sectieon and strength of the componcnts
(steel and concrete) will be assumed. These
deterministic models form the bases for the study
of the influence of the observed variation in
components strengths on the resistance of
singly and doubly reinforced beams as well as the
axial compressive resistance of columns. Some
simplifying assuuptions about the stress-strain
behaviour of concrete, made in CP110 have also
been adopted in this study,

The assumptions made by CP!10 in deriving
the general theory for ultimate flexural strengths
are as follows:

(i) the strains in the concrete and the

reinforcing stecel are directly propor-

tional to the distances from the
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neutral axis, at which the strain is zero.

(ii) the unltimate limit state of collapse
is reached when the concrete strain at
the extreme coumpression fibre reaches

a specified value -

EEt31) at failure, the distribution of concrete
compressive stresses is defined by the
idealized stress~strain curve shown in

figure (4.1.)

(iv) the tensile strength of concrete is
ignored
(v) the stresses is the reinforcement are

derived from the appropriate stress-

strain curve, figure (4.1.2)

Based on the listed assumptions the strain
and stress distributions at failure are as
illustrated in figure (4.1.3). The figure chows
a beam cross-section having an arca As of lopgitu=-
dinal tension reinforcement and an area 5; of
longitudinal compression reinforcement; the
distance d from the top face to the centroid of
the tension reinforcement is called the effective
dapth of the beam; x denotes the neutral axis

depth of the beam;
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The stress distribution diagram, figure
(4.1.3¢c) is generally referred to as the stress
block, The relevant characteristics of stress
block are the ratio k] of the average compressive
stress to the characteristic concrete strength fcu

and the ratio k2 of the depth of the centroid of

the stress block to the neutral axis depth.

v
Initial slope 5'5'fcubh

O.G?fcuffym

—iParabolic

I curve
L]
I
L e
- - >
€, €euy Strain
£ (=0.0035)
= -S2/4100
Yy

Fig (4.1.1) Stress/strain curves for

concrete in compression (CP110)
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Strain =

y '(-_T’Tf)'”m
Y D (tension)
m
/ :
+.__+_____h*f (compression)
/
! b4
%W+f¥._
2000
R NS Wp—
0.004 0.006

Strain

curve for reinforcement

£
s

Stress and forces

(b) (c)

Fig (4.1.3) Strain and stress distribution at

failure
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G-Q‘ﬁ,wr’l

k!f “eu
1 fen L

f-+W¢.ﬁ__ =T

| kzx

X Centroig - R

!

i X= —=

l cu . B

Stress block Strain distribution

(a) (b)

Fig (4.1.4) Pesign stress block for ultimate limitc

state (CP110)

CP110 (11) adopts an idealized stress block
as shown in Fig (4.1.4). It is assumed that

ultimate concrete strain is constant at ecu=0.0035

and thatthe parabolic part of the stress block ends
at a strain €, = fcu!5000. A partial safety
factor of 1.5 is also assumed for concrete,

From Fig (4.1.4) it can be found that



93

k, = 0.45 [1 - V£ /52.5] cereaae 4101
cu
/fcu]z
kz = 2-_]“7':“‘5' "‘2 L I S 4.'.2
e
L S

In the present work the partial safety
factor is not included in the forwmulation of Lhe

models, Thus kl and kz become

k . - JF
l 0067 (] !fcuj‘l3.05) s 008 a 6.’.3
(2.0 - ffcufla.35)2+2.o o
k = R .,___._,__‘_.__.-.-_?__ e L & . -
2 4%(3 ufcu/lq.jgj

4.2 SING. NEINFORCED BEAMS
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The deterministic theory of reinfeorced
concrete beam distingushes between tensile and
compressive failures, The criterion used is
based on whether or not the tensile steel has
yielded before the concrete in the outmest
compressive fiber reaches its ultimate strain
value. The condition under which both events
occur simultaneously is referred to as cne of

balanced design.
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Applying the equilibrium condition in

figure (4.1.4), then:

k. £ bx = Af =-aA'€¢ ... 4.2.1
s s

where fs and f: are tensile stress and compressive
stress respectively.

For singly reinforced beam, there is no
compression reinforcement. Therefore, equation

(4.2.1) becomes

Substitueting x from equation (4.2.3) in

equation (4.2.2), it follows that

= 2
Il cu e Asfs wemain s WaZabh
cu s
N jg B kl{cu ccu sierminie & w oo Ww B
bd f b +E
8 cu s
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therefore,
_k fcunccu_ viedd s s Halib

A section is said to be balanced if the
concrete reaches € simultaneously as the steel
strain reaches Ey (yield strain). Thus balance

reinforcement can be given as

kIfcu ccu
= T e —— - s " 4- 7
pb f E _+ ¢ .
¥ cu ¥
where
fy = the yield stress
ﬂb = the balanced reinforcement
€ = 0.002 + Ly ceseneees 4.2.8
y E
s
2
Es = Young Modulus of steel = 2100 N/om”™

£ = 0,0035
cu

Thus equation (4,2,7) can be written

klf £ E

- cu = cu s

Py 3 (0.002+¢ )E_ + §
cu’ s y

£ 000372100 + £ _[**" "*%"
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1f p < Py * failure of the section will be due

to yielding of the reinforcement. For p > Py

failure will be brought about by compressive

failure of the concrete., The crushing of

concrete gives a sudden failure, without warning.With under-
reinforced section, itnhe yielding of reinforce-

ment at failure gives large deflection than

compression failure. Thus there is practicgl

interest in assuming a tensile failure.

For the purpose of this study, all the
specified steel ratio are less than or equal to
balaunce reinforcement.

The resistance in a tensile failure mode

is given by

k"fi
M = A f () - = d . cvee 4.2,00
u sy P k]fci
o % A 2
Pividing by bd"™,
M A kaf
u s ZI
—— '_'—f {l -p" )ou- .- &-2-1}
bd2 bd "y klfcu
Denotin Hu
& —9 by Rsc
bd
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and f_s_

v by p = steel ratio

]

equation (4.1.11) beconmes

k, f

2
R, = pf_ (1 =-p =)
st y klfcu

- @s (fcul fy) I ) 4.2.]2
where

¢s denotes "function of"
For a specified cvalue of p < pb the
distribution of Rs: can be obtained from that
of f and f using Monte Carlo Method.
y cu
From the distiibution of Rst’ the probability

of having resistance less than a specified

value R (i.e. P (R <R ) ¢can be obtained.
5p T st sp

4.2.2 Simularion

The nominal values of steel strength and
concrete strength used in this study are 410 MN/mz
and 20 MN/mz respectively., Substituting

these values into equation (4.2,9) and equation

(4.1.1), the balanced reinforcement is given as

pb = 0.014
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CP1J0 recommends minimum reinforcement for

singly reinforced concrete as p = 0.0015,

The specified steel ratio used in this study

are 0.0025, 0.004, 0.006, 0,008, 0.01, 0.012,
The method of distribution comparison

(see section (1,5,3({iiXkxan be used to deteéermine

the required sample size for the simulation.

At 5% level of significance,

(d)u.i_.:_}.q-:'e

n a /E
2
Thus n - (1e36)
(€)

Assuming € = 0.05, it follows that

A sample size of 800 will be simulated.
The computer program, RESISTJ, (appendix)
is used to simulate the ultimate moment
of resistane for the singly and doubly reinforced
concrete beams. The program contains a subroutine,
NORMAL, which generates two normal random

variates at a time.
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4,2,3 Analysis of Results

In order to reduce the volume of work only
the results for beam with steel ratio of 0.010
are shown in table (4.2.)). However, the
analysis was carried out on the resules of all
the beams, The choice ofsteel ratio 0.010 is
arbitrayy, TFigure (4.2.1) shows the histogram
of thesimulated values, while the cummulative
relative frequence curve is shown in figure
(4.2.2).

The mean values and standard deviations are
shown in table (4.2.2). The same table zlso
contains the coefficients of variaticn. The
coefficient of variation varies from 13% to 14Z
This is in fair agrcement with recommencded value
of 127 (27).

Since the steel and concrete strengths are
fitted with normal distribution, the resulting
menber strength is expected to have norral
distribution. Figure (4.2.]1) and (4.2.2) shows
good agreement between the theoretical normal
distribution and distribution of the simulated
values., A computer programe TESTKS (see appendix)

is used to conduct K-S test on one-by-one

bases. The result shows that, at 0.05 level



Table (L, 2.1)
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Frequency Table For Stirength

of Singly Reinforced Fean

F} - L10 Hmng Foo=2 N/mm2
o = 0,010
lacs Tnterval |C1@38 Frequency | Cumnmulative Relative Freguerncy
Actual [Theore— [ Actual Theoretical Difference
tical
2,000 - 2,180 2 0.16 0,003 0,000 0,003
2,180 ~ 2,360 1 0,53 0,004 0. 001 0,003
2,360 = 2,540 1 1.56 0,005 0,003 0,002
2,540 - 2,720 k.06 0,011 0,008 0.003
2,720 = 2.900 S 9.37 6,018 0.020 €.002
2,900 -~ 3.080 18 19,1} 0.CLO 0.0l 0,004
3.080 - 3.260 | L6 3L €L 0.098 0.087 0,011
3.260 = 3440 L6 55449 0,155 0,156 0.001
3.Lho - 3,620 | 82 78.74 0,258 0,255 0,003
3.620 - 3,810 | 101 58,95 0,384 0.379 0,005
3.810 - 3,980 | 99 110,13 0.5C8 0,517 0,009
3,980 - k4,160 114 168,54 0,651 0,653 0,002
Le160 = 1,340 97 9Le7h 0,772 0.771 0,001
L.3k0 - L,52 (4 73.23 0.869 0,863 0,006
L.520 = 4,710 Iy 50413 0.920 0.925 0,005
4,710 - 4,680 39 30,39 0,569 0.964 0,005
4.850 - 5,060 16 16432 0,989 0.284 0,005
5.060 - 5,24 6 1.76 0.936 0.99L4 0.002
5.240 = 5,420 2 3.27 0.999 0.998 0,001
g.420 - 5,600 1 1422 1,000 0,993 0,001
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significant, normal distribution could not be
rejccted., Due to lack of space another
computer programm, ANORMJ (appendix ( )) is
used conduct K-§ test on class intervals.

The vesult is shown in table (4.2.1).

To obtain the probability of failure,
nominal values of fy and fcu are substituted in the
equation (4.2.12)., For a particular steel ratio
the probability of failure of ultimate moment
of resistance to reach this value is obtained
The results are tabulated in table (4.2,2).

The result shows that the probability of s

failure is well above that specified by CPI10

(i.e. 0.05). Introducing partial safety factors

of 1.5 for concrete and 1.15 for steel as stipu-
lated by CP110 reduces the probability of failure

to be less than 0,05. The American Code ACI (1)
recommends that nominal moment be mulriplied by

0.9 for design. Introducing this factor gives

the results shown in table (4.2.2). The probability
of failure of safety of 0.60 has practically

reduces the failure of probability to almest zero.



Table (L.2.2)

Failure Frotadilities for
Singly Reinforced Concrete Beam

2 2
ry = L10 X/mx“; Po= 20N/mm

104

CF110 Partial safety factorsi 1.15 for steel

ACI Safely facior = 0.9

1.50 for Conirete

e

-

-

! St;:;-‘;;;;- J ;I;:;;rd | Coe}ficient Fzilure Frehabilities
Ratic] Velue | Ieviatien | of variation] without | with rmafely Factor _
[ cafely | critolact | 0.60
Tactor
0,0025 | 1,0871 | 0.1427 N “%-g:;315-ﬂ" ._-;:;;__q-ﬂajég- 0.00 | 0.,0003
0.0740 | 1,708k | 0,7213 0.1295 f.22 0.0y | 0,07 | 0,0000
0,0060 | 2,5002 | 0,3208 0.1283 (.20 0.03 | 0,06 | 0.0000
0.0080 | 3.,2501 | 04172 0,128} 0,18 0.02 | 0.06 | 0.0000
0.,0100 | 3.9585 | 0,5138 00,1298 0.17 0.02 | .05 | 0,0000
0,0120 | L.62L9 | 0,614 0,1328 0,16 0,01 1 0.05 | 0,0000
0.0140 | %.2502 | 0,7227 01377 0,15 0,01 | 0.05] 0,0000
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4.3 DOUBLY REINFORCED BFAMS

— .

4.3.1 Compressive Yield and Balanced Reinforcement

of Doubly Reinforced Beams

It is desired that a deubly reinforced
seetion fails in tension with yield in the
compressive reinforcement. Ensuring this type
of failure requires restrictions on the renforce—
ment ratio.

From strain diagram of figure (4.1.3b)

strain at cowmpressive reinforcement is given by

x—d]
E - 010035 ( x""') I N &l3l]

-

or compressive reinforcement to yield it c¢an

be seen from figure (4.1.1) that

E;ZO.DOZ I T I S T TR T | "’031

b

therefore,

s
0.0035 (X7%) 2 0002 s v B3 D
x
It follows
0.0035d’ ,
% 2 5-0035=-0.002 =~ #3307 wex Audek

Referring to fig (4.1.3¢c), the e¢quilibrium

equation for the internal forces can be written
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1
k = -
ifcubx (AB AEIIY e 4.3.5

assuming that both tension and compressive rein-—
forcements yield

Thus, from equation (4.3.5)

1
A- 1
(AGAg 1, (p=p )£ _d 4.5.6
x = { b = f y EEEER] . .
kl cu H cu
1 A

where p = %E and p = ba

Combining equation (4.3.4) and equation (4.3.5)

it follews that

|
(0=p ) f,d 5 2.33a" L.l K 3
] " cu
This gives
I % ]fcu
p-p 2033 e 6 = ﬁ' LI . . . z‘l3|8
fy ¥

The restriction to tensile mode of failure can
be derived as feollows:
From strain diagram of figure (4.1.3b)

tensile yield strain isobtained as
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d=-x

(—;*)

0.0035

4.3.9

From strain—stress diagram of steel the tensile

steel yield

f
£ > 0002 » =L
s - E

This gives

.003

x =2
0

S5E d
s

if strain is

L0037E + f
5 y

4.3.11

Relating equation (4.3.6) and equation (4.3.11)

follows that

) f d
(p - p ) —
k f
1" cu
This gives
1" cu
kp= p° ) F=g—
y

0.0035E _d
0.0037E +f_ """
sy

9.0035E
0 0037E vt )" b °
s y

4.3.12

4,3.13

Therefore,,the restrictions on the reinforcement

ratio to ensure tension failure with yield in

compressive reinforcement can generally be

written as
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. S o o) k,f,, 0.0035E_
¥y 33 mp—= & =P Ve (c-.oo37'zs+fy

b 4
LR R I I L 4-3.16

4.3.2 Strength Model for Doubly Reinforced Beams

The ultimate resistance of doubly

reinforced beam is given from figure (4.144) by

1
Hu = Asfs(d-k23)+Asfs(kzx %) wnew B3 A5

1f both tension steel and compressive steel

vield,

Thus the ultimate resisting moment of a doubly
reinforced section failing in tension with
yeild in the compressive reinforcement can be

given aa
1 I
M, fy(As(d kzx) + As(kzx d )¥.sue 4.3.16

Dividing equation %:3:)8 by bd>

M
u X l X .
b—dz fy (p (O=k, 3} + 0 (ky3 = 2)).. 4.3.17
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where
A A’ 1
s ! s _d
P 5= ¢ * oF Mdiz ¢ o
It follow that
bd v 2d
| f d
Substituting for X = (& = £) im%ﬂ
Il cu
From equation (4.3.6)
M k. f
.22 =f p - o] 8 = (p - p])z ~3fl . 4.3.19
bd y 1 cu
Denotin Mu I 1,2
. g_"zb)'Rd:F"Df')Iand(p-C)
bd
= Xy
it follows that
sz
Rg = M8, — X 57
1l cu
= Gd (fy. fcu) i s i ve 833520



wvhere ﬁd is the functional relationship.
Three parameters, namely, p, pl, and &4 need to
be specified to obtain the distribution of the

resistance.

5.3,3 §igulatigﬂ

It is assumed that the type of materials
used and workmanship are the sazme as for singly
reinforcement ratio is the same with that cof singly

reinforced beam, Thus

pb = 0.014

To obtain the value of py, nominal values of
f and fcu are substituted in the equation (4.3.8).
The values of py are calculated at specified %,
The values of ¢ chosen are 0.05, 0.1 and 0.15
The selection of p and pl, and hence (p - p]) is
restricted by the condition set by equation (4.3.14).
By similar treatment to singly reinforced
beam, the required simulation sample size is
obtained as 800,
The computer program RESISTI is also
used to simulate the ultimate moment of

resistance for the doubly reinforced beams.



4,3.4 Analysis of Results

Vlitimate moment resistanes for fourty-
one beams are simulated and the result analysed.
The result of three beams are summarised in
Tables (4.3.1 to 4.3.3). Figures (4.3.1 to 4.3.6)
show the histogram ofthe simulated values and
cummulative relative requency curves.

The mean values and standard deviations
are shown in table (4.3.4). Thetable also
contains the coefficietns of variation.

By similar argument to singly reinforced
concrete beams the resultantultimate moment of
resistance for doubly reinferced beams is expected
to be normally distributed. The theoretical
normal distribution is found to be in good agree-
mént with thedistribution of the sinmulated values
for all the beams (see figures (4.3.) to 4.3.6).
The K-s test conducted with program TESEKS
shows a good of normal distribution to the
simulated sample for all the beam., Some of the
results aresummarized in tables (4.3.1 to 4.3.3).

Probabilities of fajlure obtained for
various safety factots are shown in table (4.3.4).
The provision ofl.5 and 1.15 by CP110 for

concrete and steel strengths respectively is






