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ABSTRACT

A systematic survey is presented to analyse E2/ML m xing
ratios '6' of Gamma transition between the 2‘+ and 2+ | evel s for
the cascade 2* +->2++O+ of even-even nuclei of mass range 58SAS200.
The experimental data for transition in even-even nuclei within
this range of mass number have been critically surveyed to provide
the nost accurate result for conparison with theoretical calcul ati
Particular attention is given to the variation in the phase of
the mxing ratios ' <6' which are deduced fromthe literature.
Theroretical approaches to the calcul ations of these m xing ratios
' <6' on the bases of different nodels are considered and conpared
with experinmental value. The experinmental values of the angul ar

) .. + + . +
correl ati on coefficient A,,2 and A4 for the cascade 2' *2 -*0 have

Neucollected and anal ysed. The multipole mxing ratios £or the
(2* >2 ) gamma-transition are analysed by two nethods (i) Arns
and W edenbeck using A values or A values and (ii) that of

Col eman using A and A val ues. These mixing ratios are conpared

with the values obtained from the literatures by the different

met hods. Thephasesandval ues common are taken from
{ R

bty : Mass nunber is given
{0.835E} |

the anal ysis. The plot of in
along with values obtained by the Wisskopf estimte and the
Davydov and Filippov estimate. Many classiffications are obtained

in the values of mxing ratios.
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Chapter 1

INTRODUCTION

Gamma-radiation is an electromagnetic radiation
which occurs as a result of the nucleus decayed fram its excited state J
to the ground state. This is usually followed by more than one multipole
radiation. Each camponent of the radiation is related to a definite
multipole moment in the source that is, the multipole field with quantum
numbers (LM) is caused by a specific oscillating g Pole of charge
density. The two possible classes of radiation electric (EL) and magnetic
(ML) Multipoles differ with respect to parity. The radiations are
specified by the selection rules on the nuclear spins and parities.
While any multiple order between the sum and difference of the initial and

final nuclear spins is allowed, the strong dependence on the transition

oprobabilities on the angular maventum carried orf reswricts the cbservable

orders to the lowest ones - transition probability diminishes rapidly
with increasing order L. However, when the selection rules allow, the
E2 radiation often dominates the M1 campcnent.. The domination of E2
radiation occurs because nuclear strucuture effect over ride the
angular mamentum dependence of the transition probabilities. Thus
experimental determination of the E2/M]l mixing ratio §(E2/Ml1) radiations
and nuclear transition particularly in even-even nuclei have provided

a test of nuclear models. The importance of this has led to periodic
surveys of E2/M1 mixing ratios, with theoretical studies to predict or

explain the data in even-even.nuclei.
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The survey on E2/Ml mixing ratios have been done by several
authors. Among them are Arns and Wiedenbeck (1958), Davydov and
Fillipov (1958), Kumar (1969), Hamilton (1971), Krane and Steffen

(1971), Rathore and Singh (1978); Lange, Kumar and Hamilton (1982).

The aim of these project is to analyse the systematics on E2/M1
multipole mixing ratios of ganmma transitions in even-even nuclei of
the mass range 58<A<200. The E2/Ml mixing ratios are used in explaining
and predicting the nuclear structure and properties such as the nuclear

collectivity, shape as well as shell closure.

To achieve these cdbjectives the mixing ratios of (2'1 2+)
transition in even-even nuclei are obtained by several methods. These
methods include single particle shell model in which the nucleus is
assumed to be spherical and that only the nucleon ( a proton) makes
“the muclear -transition, collective model and angular correlation. .. e

methods. The thesis is therefore divided into five chapters.

The first Chapter deals with the general consideration of the
camplexity of E2/M1 multipole mixing ratios. It stresses attempts
made by various authors to explain and predict E2/Ml mising ratios.
[The procedure of achieving this, is therefore discussed in this

chapter. ]

In Chapter two, the theory of multipole radiation is treated.
The multipolarity classifying the type of allowed radiations during
electric (EL) or magnetic (ML) transitions are discussed. This is
closely followed by selection rules on the possible multipolarities of
gamma transition between two states of specified angular momenta

(Ji,Jf) and parities (Hi, Hf)
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|Ji - Jfl SLsJ, + J, O §
o= (=1)¥ 1 for EL radiation e (1.2)
n, = (-1)L+1nf for ML radiation ceee (1.2)

An additional requirement, a consequence of the transverse nature
of electramagnetic waves, is that no radiation of multipole order 0 occur,

The multipole mixing ratios are thus discussed in terms of transition
probabilities and reduced transition probabilities B(E2), B(M1). But the
reduced transition probability is much easier in determining E2/Ml mixing
ratio as it does not depend on energy as the transition probability but
does depend on the square of transition matrix element. Another important
factor discussed is the ambiguities in the sign of §(E2/Ml) from nucleus

and fram one state to another in the same nucleus.

A sign convention to control the signc of §(E221) is therefore -
established and the one employed in this work is that of Biedeharn and
Rose (1953) which is campared with those of Rose and Brink (1967), and
Krane and Steffen (1970).

The third Chapter gives brief formulations of E2/M1 mixing ratio
by single particle shell model as estimated by Weisskopf (1951). In
determining E2/M1 mixing ratios of gamma transitions in even-even
nuclei, Weisskopf (1951) estimated the radial integral in the reduced
transition probability the radial integral to be [3 AL+3)IR" .

(R being the radius of the nucleus) and statistical factor to be

unity and therefore simplified its work.

3

5, (E2/M) = 1.52 x 107 (in mev)a/3 cee (1.3)
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Although this model gives a good account of the nuclear collectivity
and shell closure, every nucleon in each energy state of the nucleus has
definite angular mamentum and magnetic moment thereby breaking the picture
of closely packed nucleons in the nucleus. This is overcame by, the
asymmetric rotor model (ARM) that explain certain parameters in the energy
level formula, deviations in branching ratios of E2/Ml mixing ratio.

The dependence of E2/Ml mixing ratio on the mass parameter deformation
parameter and the asymmetry angle parameter are treated and mass parameter
independent is camputed.

Chapter four deals with the theory of gamma-gamma angular correlation
which proceed through cascade transition by successive emission of two
gamma-rays of different multipolarities,The directional correlation function
W(e) is thus measured from the coincidence /;:tl::: tcl:o? “two successive gamma
radiations as a function of the angle between the propagation directions
on these radiations.

Other methods of anqular correlation measurement include Gamma-

Gamma polarisation correlation in which both the angular momentum of
each gamma-ray and the parity are determined, and directional correlation
involving conversion electrons.

The fifth Chapter is based on the experimental values of 6§(E2/Ml)
mixing ratios of (2'++2+) gamma transition in even-even muclei abtained
by various authors are campared with theoretical values estimated by
weisskopf and Davydov- Fillipov. ‘Finally, the discussion b»se? on their

Success and failure are made ~nc conclusion is drawn on their suitability

an” nrefictina power.
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Theory of P;!J.:llti];x)ie Rachat:.on

2.1 Multipolarity of Gémﬁa—ﬁadiation
't«mltipole radia“tion is the radiation in ffee space that may be
expanded into electric and magnetic multipole fields as well as into
plane waves. This means that electric multipole radiation has a pure
transverse magnetic field while magnetic multipole radiation has pure
transverese electric field,
Rasically, gamma ray is an Electramagnetic (E.M) radiation, and
each camponent of the radiation is related to a definite multipole
mement. ' |
Multipolarity is the term used to specify the kind of radiation
aé. to both class (electric or magnetic) and multipole order (L = 1,2,3...).
‘:vfs*r"frhese radiations, axe classified by zru.lli;ipoie .order L, dccording to: themerim, ave
angular momentum L (in units of A) carried off by each quantum. For
- each miltipole order, these are two possible classes of radiation:
i electric (EL) and magnetic (ML) which differ with respect to pa.rilty._

2.2 Selection Rules e

Slection rule classified the transition of a given parity. |

. According to the law of conservation of angular momentum L, during

%

transition a gamma ray carries an angular mamentun{L(IL+1)] R

" out of nucleus, which is equal to the differznce in angular mamenta

J of the nucleus in the final (f) and initial (i) states-._”-_",_.'_-

meamsnnne | 2-1

LRI I

The conservation of angular mementum and parity for the system

' of nuclens plus gamma (r)-rays imposes selection rule on the possible
values of L of y-transition between two states of specified angular |

manenta (Ji, Jf) and parities (n_i,n'f) given by the relation....
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IJi-Jflfani+ Jf sssw 2.2

The parity conservation law is an Electramagnetic inferaction, on
the other hand is given by the relation:-

=
|

(-1>Lnf for EL. radiation 2.3

n, = (—lJI’"ln

i £ for ML radiation e 2.4

]
The possible radiation that occurs in the transition 2 *22t arc

ML + E2 + M3 + E4.

Only transitions involving the lowest order L(MI+E2) are considered.
Since the transition probability diminishes rapidly with increasing
order L. The decrease with increasing order arises from the large ratio
of the wave length to the nuclear dimensions, or because the nuclear
¢ dimension (specifically, the nuclear radius R) is much smallex.than the .. .
reduced campton wave length of the radiation.

2R

3 << 1

A > R

In general, when the electric camponent is of same order as the
magne*ic one, the radiation should be overwhel mingly of electric
character. In the reverse situation, the magnetic camponent should
predoninate, especially at low energies, but the contributions may
be comparable (e.g. Ml + E2 mixing ratio). Photon is estabish when

equations 2.2 - 2.4 are used.
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2.3 'The Electric and Magnetic Gamma-Ray Transition

Probabilities

The probability that a transition will occur between an excited
state and lower energy state is the ratio of such transition per unit
time to the total number of nuclei in the excited energy state. Thus,
the transition probability of an excited nuclear state for gamma-radiation
depends on the multipolarity, the energy of the gamma-rays, and the
wavefunctions of the nuclear state involved.

Both the electric and magnetic gamma-ray transition probabilities
of an electramagnetic-radiation in which gamma photon is either emitted
or absorbed, are defined mathematically by both Weisskopf (1951), Bohr
and Mottleson {1969) as follows:- the transition probability for gamma-
ray emission or absorption of rrultipiicity E (M)L is expressed by

T[EM)L,J. i ) = g’r‘%{ﬁw £q )
X|<jgme [MIE(M)L]|jm,> | (2.5)
where q = Ey/'h c is the wave number for the photon matrix element (or

transition amplitude) and M[E(M) L] is the multipole mament operator.

The equation 2.5 gives transition probability for one sub-process
i.e, m; = m.. In order to obtain the total transition probability that
determines the lifetime of the initial state, the summation has to be

done over all the possible substates p and me. The total transition

probability is
T[Ecm L:j; » 3'f]= »&f T(Lyu: 3;my > Jgme)

_oBnAl) 1 q(2l) oL
LA R B{Ly33%3)

LR} (2‘6)



where the quantity

B(L,3;%3p) = ;ﬁ‘flqt"‘flml"“”jimi’l ween 2.7
is called "reduced transition Probability".
The reduced transition probability does not depend on energy E\2L1)

as the transition probability but does depend on the squared transition

matrix., It is therefore convenient to convert T(L) into B(L).

According to the Wigner-Eckart theorem matrix element of an

operator (M(Lu) is factorised as
<jfmf|LI-l |jimi> = <jimi|L].||jfmf><jf||L||ji> . (2.8)

Using orthorgonality of Clebsh-Gordan Coefficients

1

(j JIn, |Lp| b > - .un (2.9)
ii £ Y 241

Hence, the reduced transition probability can be expressed as

BL) = el <del M@ 13 12 (2.10)

This shows that the lifetime of a state does not depend on its

orientation (rotational invariance).

2.4 The Multipole Mixing Ratios

The multipole mixing ratios according to Blatt and Weisskopf (1952)
and Roy and Nigam (1967) is defined as the square root of the ratio of
electric gamma-ray transition probability to the magnetic gamma-ray
transition probability. In other words it is the square root of the
ratio of electric gamma-ray intensity to magnetic gamma-ray intensity,
and also as the ratio of the reduced matrix element of the electric

to magnetic gamma-ray transition. This is expressed as



32(1‘1-/1%::}14]";_) - No of EL Transition/Sec
_ _ .. No of ML Transition/Sec

o T|‘(_E:L);'ji+jfj
=
)5 3373¢]

(2.11)

When equation 2.6 is used for the respective transitioh,"equa'tioﬁ 2.11

one cbtains:

BM{L+1) o 1 (2141)

B(EL,j +j)

Y Ll @4y T 112 B 4
8I{I+1) -:-L- v ("1+1) .
©L[(2L41) 1 L )2 9. |

e . - S (2.12)

e - + |

For the case of the cascade transition for the 2vh.o level
considered in this work, EL corresponds to E2 and ML, to M1. Therefore
equation 2.12 now becames R I '

B e e e L e A P R L e, L

s T I .
e @MY = g @@ PET I

B{M1; ji+jf)

- 3 2 o leEntlyed D e

PRI INE
Ceee (2.13)

The mixing ratio '§' is expressed as the square root of eguation

2.13 which is

/T o SellueE s, -

’ whone C{/ -I-E:_. (2.14)

.3 =
- Gellmmn) |3, >

-+ The multiple mixing ratio is therefore proporticnal to the energy

E{of the transition.
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2.5 The Sign Conventions

The sign of the mixing ratio § is a physical quantity which
indicates the relative phase between Ml and E2. The mixing ratio
is the ratios of reduced matrix elements of different multipoles
contributing to a gamma transition between a well defined nuclear
states (in addition to the definition of 2.4). The mixing ratio is
usually obtained fram an angular distribution measurement of the gamma
rays with respect to a fixed axis of quantization. The sign and
magnitude of a mixing ratio is needed to fit the angular distribution
measurement of the gamma rays with respect to a fixed axis of
quantization. The sign and magnitude of a mixing ratio is needed to
fit the angular distribution. Different authors Biedeharn and Rose
(1953), Rose and Brink (1967), Krane and Steffen (1970) have their
definition of mixing ratio aifferb?’in sign convention.

It is important, while camparing the experimental values of
the mixing ratio with its theoretical values to have the same sign
convention.

The sign conventions employed for defining the sign of theoretical
§ depends on
(a) the E(M)L operators, and
(b) the reduced matrix element

and the sign of experimental § depends on the sign convention used
to define (a) the axis of alighment with respect to which way the
y-ray angular distribution is measured. (b) the geometrical factors
such as Clebsch-Gordan Coefficient and Racah Coefficients that entered
the expression used for the expansicn of the angular distribution

prabability in terms of various polynormials (see chapter four)
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It is important to keep the definition of § fixed and make the
changes required by different experimental situations in the angular
correlation relations. The sign convention of Biedenharn and Rose

(1953) emoloyed in this work is campared to others; to ease reference

L}

G(YIJBR -'G(YI)KS = G(YI)RB

G(YzJBR = 5(72) =-5(72! -
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Chapter 3.

NUCLEAR MODELS

Although there are several models developed to predict the mixing
ratios - single particle shell model, Asymmetric Rotor Model, Rotation-
vibration model and microscopic model, only two models are used in this
work for predicting the mixing ratios. The single particle shell model
and symmetric rotor model are discussed and used in cbtaining the theoretical

mixing ratio which are then carpared with experimental values.

3.1 The Single-Particle Shell Model Weisskopf Unit

It is difficult to carry the general expressions for the transitions
rates further than equation 2.6 without a specific model for the nuclear
states. A simple model used here for predicting the mixing ratios is
the single particle model. The assunption made is that only the valence
nucleon, (a proton) makes the nuclear transition that generates the
rediation field of the emitted photon. All other nucleous are assumed - *
to be inert so that only one transition operator is considered for the
proton that changes its orbit fram |i> to |[f> . A single particle wave
function consists of the radial part and the angular parts as follows:

|2 = R, (r) gdnﬂ; s|im Yim(E) g - 3.1

The electric Moment operator for the single-particle model is

M(EL, M) =eY' y. . (0,0) - 3.2

and its reduced transition probability is given by

- L3 'L z —
B(EL, J} + jg) = S vl 12535 | 3.3

2j,+1
This is conviniently written as the product of radial and angular

parts by MosZKowski (1968) as

B(EL)= ':—a | /R (x) & Ry (r) ex|? 8(Gge Ly ) -3.4
Il
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Weisskopf (1951) assumed the statistical factor S(ji,L,jf) to

be unity and the radial part is integrated on the assumptions that

Il

(4m)* " 0<r<R,

= 0 3 DRO

*
Ri(r) = Rf(r)

For density model nuclei p = {% nRg)_L

and normalisation requires

PO rR(r)|?2 2 a = |[rRr)|2 Fo= 1
0 3

The radial integral factor JL

L+2 . r“*3 g
JL=23__J’°R°r & =— 5l
Ry [s]
= [3/(1+3)] RS - 38

wiere R, is the nuclear radius and chosed as 1.2_1!%' . With Weisskopf
estimation of the statistical factor and radial integral, equation

3.4 now becames

BY(EL) = Wi(—>—)2 e? R DU
L+3 o

[l

2L,2L/3  in e3 fml “ 38

I

’xﬂ(—i‘-f—_j)-" (1.2)

using this value, the TW(EL) is oblLained as

W 4.38(1L+1) 3,2 E 2L+1
T (EL) = {===}° ] Tx
Li2i41)t1]2 o 127 Mevl
=IJ3 1 -
107" Sec -3.7
x{l.ﬁf‘L A X

On the case of magnetic transition, it takes place when the intrinsic
spin is flipped, i.e., 3,% +% *J; = % + %, respectively.

1f zf=ji—jf=Landzi-—£f = IL-1, the reduced matrix element beccomes
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gl Mow) | 23> = (g - prg,) ¥ (2D (235 X

41
x<jiii Iﬂljfi-pJL_l
and thus
. . 2 3 2
BOL,J;*3g) = SGLJg) (g pr 9,) _A’?zg_ 11

The Weisskopf (1951) estimate for magnetic multipole transitions
is obtained by the approximations
2
(Lag - pop-g,)”  + 40 - 3.10

and statistical and radial factors as in electric multipole transitions.

Hence equation 3.9 becames

W = 10 3 2 2 2L~3
Bl e=g=lgx=1 w5 B
g g (1,252 B2 3y, ) P2
-3.11
and
" 1.94 (L#1) 2141
T (ML) f ] ( )
x(1.2)%12, (2L72)/3 1 0215071 - 3.12

The single-particle estimates constitute convinient "units",
in which the experimental cbserved properties can be expressed and

thus give a gualitative picture of the nuclear properties.

3.1.1 The E2/M]1 mixing ratios

The multipole mixing ratios has already been “eTined in
~3rtion 2.4 as the ratio of
electric guadropole gamma-ray transition probability to the magnetic
dipole gamma-ray transition probability. Hence, equation 2.11

becamnes
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No of E2 Transitiory/sec

2 . §
8" {B2M1,3;%)¢) = 55-GF M Transitionfsec - 3,28

when the Weisskopf (1951) estimated values are substituted in 3.13

4.38(3) 3,2 E s wa.4/3 21 -1
Sz « SETTE Nyrtl Qara s e - 3.4(a)
i :

1.94 (2) 3,2 E .3 21 -1

SR AL 2 ) % 10™ me

(Gyny” ¥
|5, (E2-1) | = 1-521"10-33-, (in Mev)as/3 - 3.14(b)

The single-particle modl relation 3.14(b) indicates that the
Ml mod of r-ray emussion predominates over the E2 mode. Although this
model gives a good account of the nuclear collectivity and shell closure,
every nucleon in its energy state has definite angular momentum and
magnetic moment thereby breaking away the picture of closely packed

nuclecns in the nucleus.

3.2 Asymmetric Rotor Model (ARM) (Davydev - Fillipov Estimate).

Davydov and Fillipov (1958) have extended the rctation- vibrational
model of Bohr and Mottelson (1952, 1953) which was unable to explain
certain parameters in the energy level formula and sometimes very large
deviations in the branching ratios and applied it to the problem of
E2/Ml mixing ratios. The low -lying states of an even-even nucleus
are described in terms of rotation without change of shape (i.e. nuclei
that do not possess axial symmetry).

According to them the nucleonsin the nucleus move nearly independent
of each other in a constant varying potential energy field. The variation
in the potential is slower than the motion of individual nucleons. It is
this collective motion of the entire atamic nucleus that acceunts for

the rotational and vibrational enmergy state of the nucleus. This
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rotational effect can be either rigid, in which case the nucleons

actually move in circles around the axis of rotation, or wave-like,

in which case they perform oscillatory motions thereby changing

the shape of the nucleus as schematically illustrated in figure 3.1.
The deformed nuclei are far from a spherical shape in that they

are not rigid and nucleons cutside the close shell can set up tension

in the closed shell core, thereby establishing polarisation of the

nucleus to form a prolate spheroid as illustrated in figure 3.2(b)

On the other hand, if the forces are ather hand, if the forces are
attractive, polarisation is accamplished by pulling out the "equator"
plane to form an dblate as shown in figure 3.2(c).

The nuclear shape is defined in the intrinsic (rotating) frame
by two variables 8 and y, where g gives the magnitude of nuclear
‘@eformation and y gives deviations from axial symmetry (y=0%,120%...
for prolate shapes; Y=60°,180° ..... for oblate shapes). The Parameter
y in other words, called a gamma-vibrational band is a temporary
change in the magnitude of its rotational band in deformed even-even
nuclei. These bands besides the ground state rotational band in
even-even nuclei, are formed from the coupling of nuclear rotation
to a variety of vibrational oscillation. Similarly.:

Lange et al (1982) used shro@&linger equation to determined the

energy levels and wave-functions of an asymmetric top.

Hot ¥nim

(B0y) = E 5 ¥ 5 (969) .. 38
where ¥ ., is a wave function in the space of the three Euler's
angles (@9y) which connect the intrinsic frame axes to the - lab frame
axes; J denctes the nuclear angular momentum; M is the projection of J
on the lab Z-axis; n=1,2,3....dencte the first (lowest), second,third.

..... state with the same J, andtheHamiltonianHmtisgivmby
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H =2 32/(21) - 3.16

PhereJkistheprojectimometmintrinsicaxiskandlkis
the k th camponent of the nuclear mament of inertia. The three

moments of inertia are given by

I = 4Bstin’(y—§-n k) - 3.17

The theary of Electormagnetic operation is needed to calculate
the elctramagnetic mament. In collective model the contribution of
individual nucleous are replaced by a volume integral over a uniform

distribution of electric charges and magnetic moments.

p=op rs R(Q)

=0 r> R(Q)

The nuclear surface is defined vy sunar et al (1382) as

* -
R(®) = R[4 a y,u ) 38
[e] uou
where a, (¥ = - 2,-1,0,1,2) denotes the quadrupole deformation

tensor in the lab system, R, is the radius of the spherical nucleus
and Zero cutside and R(Q) defines the location of points on the

surface.

On the basis of 3.18, Kumar (1982) derive the general farmulae
for E2, Ml maments. 3 f the lab system, the E2 operator is written
as

! 2 ’ 3.19
M(E2,¥) = gzZe Rj au 4
and the M1 qerator as

- 3% 5/5 . 2
MMLu) = “Ngn[-{'lﬁl_} J,_. ® 7_}]"'2 Gi-v v du-v Ty] - 3.20




3=

Where Z is the nuclear charge, HN the nuclear magneton, Ir the nuclear

gyranagnetic ratio, J the total angular mamentum, and C a clebsch -
Gardan Coefficient.

3.2.1 E2/M1 mixing ratios.

The pavydw -Fillipov theory has predicted successfully many
rotaticnal levels including those of higher excitation. Through this
the ratios of the various reduced transition probabilities has been
determined. Actually, this transition probabilities depend an three
parameters (i.e. mass-parameter B, nuclear deformation parameter

g and the asymmetry angle parameter y.

The wave functions of the rigid rotor model defined by equation

3.15 - 3.16, and the electramagnetic operator of equation (3.19) and

(3.20), the-E2/M1 transitien probabilities and the mixing ratios can .

be cbtained.
The reduced transition probability for an electric quadrupole
transition is described by Eisenberg and Greiner (1975) is civen as

2
B(E2; ;i) = {__a3j':R g 2t

l<j;llQallig | - 3.2l(a)
2§, 41

" 2 3.3
92‘931\0 2 BO sin® (3 yo}

T
len® ¥

1l

[9-8sin® (3y )]

I

97°e’R. 82 sin® (3
e R, 6 sin Gy.) - 3.21(b)

56 112[9-8 si.n’tayc)l
and
2 2 L
+) B 90uN gp B, Sin (3y,)

BML;2 T 2 & 3.22

491%[9-8 sin? (3y,]
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and the square of the mixing ratio by

2 ZEeRy,
" 3q 7 .
+2 ) = R | ] - 3.23
100 " g gpny

ESF (E2/M1;2

With By = 1.2A1/3 fm and 9p = Z/a, the gyramagnetic ratio for a
uniformiy charged nucleus (Bohr and Mottelson, 1969). Equation (3.23)
becanes

+ 3 - 3.4

SDF(E2/M1;2 Y2 ) = 3.8 x 1{)_3 EY (in Mev) AS/

In this model, |s| is independent of nuclear shape. Hence the
result is valid for the most asymmetric shape (r=30°) as well as for
an axially symmetric shape (r=0° or 60°). It is however, true that
e interpretation of the 2'*state i grite different in the asymmetric
rotor model of Davydov and Fillipov (1958) and in the axially symmetric

rotor mocel of Bohr and Mottelson (1969).

In anxially symmetric model, two 2' states are determined by
diagonalizing Hamiltonian H(3.14) in a basis of K=0 and 2 states: the
lower 2+ state mostly is K=0, the upper one mostly is K=2, 1In Davydov-
Filippov model, the 2% state is generally associated with y vibrational
band (mostly K=2) (see figure 3.3).

The Bohr and Moltleson (1969) model allows the interpretation of
large number of cbserved states which are ?thuite differnt from that
of Daydov-Filippov method that predictsa useful, parameter-

independent estimate for & (equation 3.24).



lb

N

B-Vibratima,ﬁ Ia,m?

G!"'-"_‘-"-.’v_"j._ L

M AR et

Figure 3.3

22l

o

+ . o '..-- ..'+

[ o8}

ez

EY nzl 0

Ayt

Typical band structure for a deformed even-even nucleus. = -

?_'I'
)
0

K=0, n2=0

|

y-vibrationad A

n_= R S TP SN 9 Y T ST
- RS L SN NI sl L P ey "“"‘__",f'

ground state ..BLM




Chapter 4

ANGULAR CORRELATION

The coincidence dbservation of two radiations emitted by a
nucleus yields a correlation in their relative propagation direction.
The simplest type of angular correlation process consists of the
measurement of coincidence rate of two successive nuclear radiations
as a function of the angle between the propagation directions of
these radiations. In measuring the angular correlation, the angular
distribution of one radiation is cbserved when it is known that the
other has a fixed direction. The fixed direction gives information
about the substates of the nuclear level formed after the emission
of this radiation. In particular it acserts that these sublevels
are not uniformly populated - thus radiation emitted are not isotropic.
Also an isolated nucleus has +n he ~oneidered so that there dsna.. |
appreciable interaction depending on the orientation of the nuclear
spin in the intermediate state under the influence of possible spin

in the intemmediate state under the influence of possible spin

couplings.

4.1 'Theory of yvy Arugular.Cofmlatim

>

The directional correlation function W(B)[W(I&K.z)] is the angle
between the two gamma-rays of a nucleus that decays through a cascade
ji+j+j £ by successive emission of two gamma-rays of multipolarity L1
and L2.

A nucleus decays fram the initial level i with spin ji' described
by the density matrix p;, to the intermediate level with spin j; the

L

‘rl-radiatim emitted is coserved In7 the direction-of K, »

(23)
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Figure 4.1 Quantum numbers involved in a nuclear
radiation.
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& : s + Through the density matrix p(ga)
the intermediate " state j is fully described; the
argument+k1 indicates that the density matrix depends on
the direction K1 in which the Y1-radiation has been
observed. Similarly, the second transi+tign j+jf, could be

expressed with the final density matrix as p€{K1,K?).

In order to derive the correlation function W(KI,,K%]. , the first

transition ji*j is first considered and fram :gquation
1
A.30 (of the Appendix) a = mi,b = m which yields for

the density matrix P(K) in the intermediate state.

<elp(K)m'> = 8. L <m|[H, [m ><m, |p,|m ><m*|H |m'>*
‘ ' 1 A R B R | 11

ses &4
In equation 4.1 and other; to follow, angle independent
factors have been set equal to one. Where S stands for
summation over unmeasured radiation properties, Such as
spin and polarization. The matrix element <m|H1|mi>

stands for <.1,m,k1,61|n1|.jimi>: the polarization o, is

given by the component of the spin of 04 in the direction
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polarization gy

When A.30 is used again for the second transition and

a=m,b = M, the density matrix in the final state is

Melog Ky KN Imp)> = s18, I, ' g |H, |m> a8, |m,>
Ll L} L] " ¢ L}
X <, |p, [m!><m |H11mi> g [H, |m'>

CRCIC 4|2

The probability Pf(mf) of finding the nucleus in the final state me
while the two radiations Yy and Y, are observed in the direction

LS and K, is given by the diagonal elenent of Pgt

P-(m) = qnzl h;rxl,:'?::.r.fz vy 4R

The desired function w(K ,K,) is identical to the probability

(equation 4.3).

From equation A.24 and 4.2, the d'rectional correlation function

(as shown in the appendix)now becames
A = “ L}
WK K} = Sls'minmﬂfi |Hzlm><m IHl Imi ><m |I-l1 Imi>.

*
L]
X qnf|H2|m> o
Equation 4.4 can be rewritten by using density matrices for their

respective transition.

WK Ky = E, <m|p(K1] m'>< m'| °(K2)I m> sose a5



Y

A transformation matrix is needed to relate the matrix element
with that of the multipole expansion, which gives the properties of the
photon in terms of angular momentum and parity. The connection between
the 'observed' mastric element <jmko |H| jjm.> the 'desired' matrix

element <ijMH|H|jimi> is given by

<jmko |H| I = by ko |I.MII><ijMII|H|jimi>

L 4.6
There is no sum over I since parity is conserved. Using the arguments

AA.1 and equation (A.1) and (A.2),

*
<Ko | IMII>= E<00|LuH>D;1'J (2+K) 4.7

The term -ijIMH[HIjimi:» of equation 4.6 can be expressed as the angular

part ¢f thc state omiMi|z<im{<IM 1 in temms of states <3} _znj"l bv

Clebsch-Gordan Coefficients

<jnlMi|H|jm> = jz.m' <jmiM| jtmi >< 3§ mi LI |H| jm> ... 4.8(a)
g |

Since H for physical reasons is invariant under rotations the matrix

element jirnijLH]Hljimi > is non zero when j;=j,,m{ =m , and

is independent of m, (magnetic quantum number).

The resulting "reduced” matrix element <j[|Ln Hji > which comes

from equation 4.8a is cijM]]|H|jimi> = <jm|jm> <j| |ra| |jj> .. 4.8(b)

and can be chosen to be real.

when equations (4.6), (4.7) and (4.8b) are cambined the matrix element

qn[Hlmi:» takegthe form
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(=13 37045

1 =
<m ]le2]|m> b pX ‘(2j+1)<jf"L2H2Hj>

# (]
Lal, 2m0m)
X <jf”LEﬂi“j><jmj—m‘]£2m5>
X W(33gLyi0,3)C, o (LyLy) D2
2 2 Ty Ty
LR ] 4-12(b)

These are now inserted into equation 4.5 for Wed, using the
relation (A.12) and (A.4)},

!- s 2 N 1 L ]
wie) = S ESTY A SR FERS WY A3 bEANE I

2
X <Jel[D,n,[[3><ig| [LAME|3>% (33 215 5 L,F)

X CET(L1L1)C

: 2(L2L5)Dl

2T 1112{8)W(jji£L%;L1j}

- - 4-13

The factors <jf|lLH[lji> are physical parameters
(that is, reduced matrix element) characteristic of the
nuclear transition, involved and, in particular, of the
state emitting or absorbing the radiation, and are thus
independent of orientation and of the directions of motion.
There are physical parameters in the sense that they are
dependent on a physical model. The factors Cﬂ.T‘LL') are
characteristic of the particles emitted and upon the
multipolarity apd parity of the transitions considered
through the parameters L' - p' <Oc|upll>, but are in addition,
dependent on the information specified as defined by the

physical experiment under discussion,

If the gammas are of pure multipole radiations,



_ L . . . :
<m;H|mi>=L iu<05|LuH>DMu<]LmM]]imi><3|ILHlIji)

. w 4-9

When this expression is used for respective density
matrices, equation (4.5) is reduced

by using the relations (A.3), (A.5), (A.13) and (A.15).
In the final expression, the factors that depend only on
the properties of radiation are sincgled out and Racah

introduced it as 'radiation parameter '

C, (LL') = I {—1)L

Yo *
: WogLpL' - p' |2 T<00 | LuNs<0o" |L'p' 1>
nn

These parameters satisfy the relation

'y = zosyb=L'=1T.* .
C;I(LL )y = (=1) CR—T(L L).

They are characteristic of the emitted radiation throuch
the transformation matrices <Ooc|Lpll> and also eigenfunctions

of the total angular momentum operator with eicenvalues 2,7,
Thus, the matrices p(K1) and p(KZ).

alp(k)m'> = £ 5 (13T

L.L '
171 27,1

{231+1)<jI|L1H1||ji>

X <ji||L;n'[|ji><jm j—m'|£11£>

X W(jji£1L;;L1ji} CE %

(L'L ’DET ava 4.12(5.}
1T TV g

L
Tl l".
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(i.e. Ll = Li and L2 = LZ")' the reduced matrix element becames constants
and are factored out. Hence
W) = ¥ (-1) ‘wtjjimlsr.lj (33 2Ly 11,3

21112

X Ct (LL) C .
[} 11 LT, (L2L2) DT

32
- - e . 4l14

The correlation function for the two cascades ji(Ll) j (LZ) j £

and jf (LZ} j(Ll)ji of the relation (4,13) are the same. The Racah
Coefficients W(jj L'L; zji) vanishes unless each of the triplets
(§32), (L'L2), (jL' ji}, and (iji) forms a triangle This leads
to the selection rule for A&.
0 =es Min (23, 2L2, 2L2) 4.15
and 2£is always even ror linearlv polarized.
Experimentally, only the directions are observed not the
polarisations of the two radiations 0] and Yo The correlation
functions is independent of the .euler angles, which denote relations
about the directions of propagation +k.land 1}’2 . Independence of euler angles
means vy=0.
With y, =y , = 0, the representation D became legendre Polyncmials,
and equation 4.14 is expressed as
We) =LA, Py (cos 8)
1=even sva 8416
Franenfelder and steffer (1968) brake up A, into two factors, each
factor depending on only one transition of the cascade

Au Ft(leljiJ) F, (L2L2]f3) sowe XY
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Fram equations (4.14) and (4.15),

A, = W(JJi el L) Cw (LL) vews - 818

Where C, DY) @ n- 1000
X W33, 2L5L5) ceee 4,19

Thus, the coefficient F, can be calculated numerically fram Clebsch-

)
Gordan and Racah coefficients. The F . coefficient have been calculated

by Frauenfelder and Steffen (1968)

4.2 Gamma-Gamma Angular Correlation Measumments

Figure 4.2 Directional Correlation of two gamma-rays in cascade

The measurement of angular correlation of nuclear radiation
is a powerfful technique for determining the spins and parities of
nuclear excited states. The origin of these gamma rays is frequently
the cascade decay of a nucleus and should be an anisotropy (Figure4.2).

The nuclear excited state (spin ji) de-excites by a cascade of gamma
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rays y, and y, through an intermediate state (spin j) to the final
of

state (spin jf). The multipolarit jes/ the ganma rays Y1 and Y, are

L, and L, (both pure multipoles) respectively.

In studying the correlation function of the angle 6 between the
directions of the emission of et and vy,, the Correlation function

describing the coincidence counting rate N 2 normalised to @ = 90°,

1
is given

wi(e) 1+ AZZP(COS 8) + A44P4 {(Cos B) + ......

1

1+ Au PJL (Cos ) S 4.20

Where Au' are certain coefficients depending on L, Ly, ji,j and
j £ and summation over L is carried up to max which is as expressed
in equation 4.15. In gamma-gamma directional correlation, measurements
are limited to ¢ = 4 because as £ increases, the Am. coefficients

decreases rapidily and thus generally

wie) + 1+A22P2{Cos 8) + A44P4(Gos 8) 4.21

These coefficient can be broken up as already described in equations

(4.16) - (4.19).

The directional correlation function for a double gamma
cascade in which both the gamma rays have a mixture of multipole as
shown in Figure 4.3 having camponents Ly s Li for Yy and L2'Li for
Yo is still given by .equation (4.21).

However, the Ay coefficients are described by Frauenfelder and

steffen (1968) as

== O 12
Bpg™h g (gl 33308, Uglodel)

- an s s 4.22
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with
o5y = [F . 2 T
Al(L1L1JiJ) 2(L1L1Jij) t 254 (vq)F (L, L33,3)
2 - 2
) L}
* 87 lyy) F (ILI3; 3] /(1467 (v))
L 4[23
where the 61‘Y1; is the mixing ratio Zefined as the ratio

of reduced matrix elements for the enission of L' to that

of L radiatior

LRI R A FRVS TIPS N I EF
see 4.24
The ratio 52 is thus equal tc the ratio of the total
intensity of I.'-Pole to that of the T~Pole gamma

transition.

ji
I-J

= '
"

L ]
Yo Tarly

jf
Figure 4.3 Gamma-ray cascade involving camma rays havinrg

mirture of multipoles.

4.3 Theoretical Plot of Angular Correlaticn Coefficients
Versus the Mixing Ratios

There are various methods of interpreting anqular
correlation data when one transition is »nure and the other

mixed. The two methads considered here are as described

by Arns and siedenbeck (1958), and Coleman (1958).



4.3.1 Arns and Wiedngeck method

Arns and Wiedenbeck (1958) suggested the method of
determing the multipole mixing ratio if one transition of
gamma-gamma cascade is mixed. It was suggested that the
equation 4.23 be used for £ = 2 and defining Q = §2/(1+6?)

When & = +/0/(1-Q) BEguation 4.24 now takes the form

A, = (-Q)F, (113,3) F2/FTT=OTE, (123,31 +0F (223 3)

ver. 4,25
and
A, ={(1-0)F, (113 1) P2 /UTT=GIF, (123,3)+0F, (22,9) }
X F,(22 3.9)
eeee 4.26(a)
={i1"Q}FZ(1122) ;ZJUTT:Q)Fé(1222}+QF2(2222f}

X F,(2202]
“

Ry2

v Sudl (3¥)

The value of Q runs, from zero to one i.e. 0 < 0 < 1 and the

F2 coefficient are either calculated by the equation

(4.1%) or taken from the Table,.

\
F211122,

"

-0.4183, F,(1222)

=5V 4%

F,(2222) 0.1281 F.(2202)

-0_50
2 3 0.5°76

When this values are put into eguation (4.26(b) the value
of A22 is obtained and a theoretical plot of Az versus Q

gives an ellipse.

4.3.2z Coleman method (1958)

Coleman introduces the use of both A2 and A4 values

for evaluating the mixing ratio 'é' if only one transition

is mixed in gamma-gamma directional correlation experiment.



The same equation (4.23) is used, Wwhen = 2

and 4 for A, and A4 coefficient respectively. One draws

the curve A, = A_(8), A
2 “

This curve is labelled §, or, more conveniently with the

§™ A4(6} in an ?2 AA—Plane.

values of the parameter &' = |8/(1-9)].



Chapter 5

RESULTS AND DISCUSSION

5.1 General Methods and Format of the Table

Table 5.1 provides averaged data on the magnitude and sign of
the E2/ML mixing ratiogof 2'*»2" gamma transitiongwhich were obtained

from the quoted angular correlation coefficients(Aee :»PFZ nolif (5‘)

The first column of the Table gives the nucleus and next is the
mean value of § taken fram Coleman (1958) method and the next four
colum gives & as explained by Arns and Wiedenbeck, when the values
§ of the two are compared with the one taken fram literature in
magnitude and sign is taken. The sign Convention of the mixing ratio
§ is that of Biedeharn and Rose (1951). The last three columns gives

the mean value of the § taken and & value taken from literature and .

b= S ug3cey
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7605110”0‘47 0.1004=0.333] 0,990} +9,950 +9,95¢C +t50_4) +18.215
I | '
18& _ - +9 )
?603112&0.47:-.1055~0.343 0.9951 +14.11 +14.11 +(23_5) +35.352
190' I ] ] +8
7608”41+U.4? 0.105 -0.343 0.555| +14.11 | +14.11 +(9_3) ?+45'548
192
78Pt114"9‘00 0.255 -0.585 0.%90 -=9.4950 -£.95¢C -8.84 -40,257
124 ; T +5
?8Pt116"39‘01[)'180 -0.469 0.985 -14.11 ! -14.11 —(19_3) -57.477
196 ' -
78Pt”‘+0.44 0.032 =0.182 0.942 +4.03 +4.03 | +4.8 +14.4°93
8ﬁH9110—0'7? 0,035 =-0.190 0.850' +4.36 r -0.17 ! -1.14 1*0.320
wd || .
84H9120 0.1710.035'-0.190 6.950] +4.36 | -0.19 -0.19+0.01 -0.353
*Mean value of &
(a)From the plot of A2 versus A4 - Figure 5.2
(b) From the plot of A, versus Q - Figure 5.1

(c)Sign convention of Biedenharn and Rose

5.2 Analysis of Experimental Data and Comparison with

The Theoretical Calculations

Usually, in determining the mixing ratio § from the
measurements in radioactive decays, the expansion
C')effi.ciem‘.gAjl are calculated first and the values of §
is extracted from it. Two of the four possible solutions
for A, and A4 have to overlap, and can therefore check
the validity of the correctionspade for admixtures from
interfering cascades, attenuations of the angular

correlation, etc. The analysis of the angular correlation




data has been done by two methods which are asfollows:-

5.2.1 Analysis of the multipole mixing ratios by the method
of Arns and Wiedenbeck (1958)

The method of determining mixing ratio has been briefly
described in Section 4.3.1. The procedure expresses the
mixing ratios in terms of Q = §?/(1+8%). This quantity is
positive and ranges between 0 and 1 and is the fraction of
L+1 radiation present in the transition. The plot of A2
versus Q (b &ﬂamdyg utFigure 5.1 . The values of the
mixing ratio {Gb) obtained by this method are given in
third column of Table 5.1.

5.2.2 Analysis of the multipole mixing ratios by the method
of Coleman (1958)

In Section 4.3.2, the Coleman methed of determining the

imyltipole mixing ratios was briefly presented. The angular

2 and A4 values are both used for

a cascade 2''+2'50". The plot of A, versus A,

Figure 5.2. The curve labelled with the value of

correlation coefficients A

is shown in

&' = lTéF . The measured experimental values with errors
for both A

, and A, are depicted in the plot which gives the
best fit value of '§' with phases as shown in Tigure 5.2.
The values of the mixing ratioz(5%) obtained occupies the

second column of Table 5.1.

]
5.3 sSystematic of §(E2/M1) for (2 ++2+) Transition

The Figure 5.3 illustrates E2/M1 mixing ratios of
]
transition 2 '+2% in even-even nuclei as in |A| (where A =

6/(EYx0.835) versus mass number A. It shows clearly the

single pvarticle is reached at or near some shell closures.
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The § values for neutron closed-shell nuclei are lower than
those for proton closed-shell nuclei. This is due to neutron
excess which stabilizes the collectivity of the latter
species. The experimental values of B(E2) /B(M1) are 5

orders of magnitude larger than the single particle values.
For an E2Z enhancement of 100, the M1 transition is only

Tﬁ%ﬁ of the shell model strength. This agrees with the
collective picture that proton and neutron pairs contribute
to the collective motion so that the magnetic moment is
aligned with that of the mass to yield a vanishing M1
component. From Figure 5.3, the collective effect are the
dominant feature responsible for the experimental mixing
ratios in most even-even nuclei. Also as the mass number

A increases the gap between the single particle estimate and
Davydcv~Filippov (1958) estimate increases, likewise the
number of unfilled shells increases. This is due to greafer

collective effect of B{E2).

In general, the phase of mixing ratios show systematic
variations in sign (i.e. positive or negative), as the

closed shell is approached one phase begins to dominate.

5.4 Discussion and Conclusion

5.4.1 Discussion:~ It has already been shown in the

preceeding chapters that there exists an agreement of at least a

qualitative nature between experimental values of

2 "»2" E2/M1 mixing ratios and theoretical values computed.
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The dependence of the angular correlation coefficient on
the E2/M1 mixing ratio 2'*52% is shown in Figure 5.1. The
mixing ratio '§' becomes infinite if the transition is
pure E2. The coefficient A22 exhibits the shape of an
ellipse and this coefficient is extremely sensitive to
small M1 admixtures. The sign of the mixing ratio '§' is
a physical quantity which indicates the relative phases

between M1 and E2.

Most of 2'*+2" transitions are found to involve only
small amounts of M1 component indicating large hindrance

of the M1 strength. Empirical values of E(M1) are as low

1
I7Tr, and only in the closed-region do they become

as
high. 1In the deformed region, the 3<«Vibrational band

- the k selection rules forbids M1 transition and in
y=vibration cie A seléciivii Lul€s uiluséa 41 transition,-
the observed M1 strengths are small because these states
are sufficiently collective. Nuclei far from the closed
shell region exhibit collective properties such that

(v} the energy of the lowest 2*state is considerab’y
lower than typical particle excitation energy and (2)

the 2'+0" B2 transition is greatly enhanced over the

single particle estimate.

Although the single-particle estimate gives aood
account of the nucleus collectivity and shell closure, it
is less reliable between N = 82 and 7 = 126 (i.e. rare

earth region A =~ q17p) where large deformation of the nuclei

occur, and also every nucleus has definite angular momentum

and magnetic moment thereby breaking away the picture of
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closely packed nucleons in the nucleus. This necessitatec
the use of collective model as described by Davydov-Filippov
as rotation without change of shape. Unfortunately, the
experimental values are usually in between the collective
estimate and single particle estimate (Figure 5.3), and

this indicates the need for including both collective and

single-particle aspects in the same model.

However, most of the experimental values of the
E2/M1 mixing ratios of certain nuclei agrees with the
theoretical values either obtained by Arns and Wiedenbeck
or Coleman method. This is systematically shown on Table

5.1,

5.4.2 Conclusion: The survey of the E2/M1 mixing ratio

shows its importance for the understanding of the atomic
nucléi. In 'c?;eneral, the magnitudeg of the E2/M1 mixing
ratios are large in aagreement with the expected forbidance
of M1 transitions between collective states. The phases
seem to show little systematic variations and indeed one
seems to find nearly equal frequencies for the occurence
of positive or negative phases. As a closed shell is

approached one phase begins to dominate,

The single particle model tells about nuclear
collectivity as well as shell closure and indicatetthe
predominance of M1 mode of y-ray emission over E2 mode.
The asymmetric rotor model of Davydov-Filippov used the
mixing ratio to explain shape, collectivity as well as the
first few excited energy levels of almost all even-even nuclei

as compared to the experimental values.
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In any event, it is apparent that both the phase (sign) and the
magnitude of the E2/Ml mixing ratio can be successfully employed as

a a probe of the nuclear structure.
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APPENDIX - A

Rotations of eigenfunctions and the three-dimensional

Rotation Group

Assupe that a radiation R is amitted in the direction K with
spin ¢ and denote with <Kg|IMilly its eigenfunctions
corresponding to the eigenvalues L,M, and 11 of the operators
of the angular momentum, #-component of ancular momentum, and
parity. In this coordinate system Z, with the direction
K of emission of the radiation R is characterized by the
polar angles @ and ¥. If the angle ) is zero, that its
B-axis coincide with K, then the corresponding eigen-

functions are <Og |Lpn>.

The eigenfunctions in the two systems are related
by

Ttk e K PLMI> = E 700 | Lun> Dfmlmm AT e Bt d s i
i

where, DEH5<uIDL|M> are the elements of a unitary matrix,
called the rotation matrix. The argument (£+K) of the
rotation matrix DL stands for the Euler ancles (v¥,8,v)
describing the roation that carries the arbit ary
gquantization system % over into thc coordinate system of
the radiation. When & =0 . (R+%) denotes the inverse

rotation.

The properties are:-

L . - P
nuM(x+s) = DMu(E K) ee. A.2
L* p=-M L
D (K+B) = (=-1) D
uM "u !i(K+E, LR Ao3
L L ] T

“.Dw. (R+%) Du.M(B +%) = Dmtx-»a) ... A.4

49
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The product of two matrix elements of the rotation group
can be expressed in terms of a sum over matrix elements

(Clebsch-Cordan series):

L]
DY DY, =I<LpL'p'Kr><LML'M'|KN> DX
K

Tb] LRI A-S

pM p MY

E Vector Addition Coefficients and Racah Algebra

In nuclear spectroscopy, it is frequently necessary
to form a composite angular momentum state j3 = j1 + j2
of two noninteracting particles in angular momentum states
j1 and j2 with # components m; and mz. The product wave

function is defined as
j d,mm > = {Jlm1>[]2m2> s Kol

The Clebsch-Cordan Coefficients for the vector

addition j + j, = j,, m +m, = m, are defined by the
transformation
g @ > " . ” 5 "
m > = m m ><j m m m
|jijzja 3 Ry, I, 132 2 31 132 zl js s>

con Bol

Clebsch-Gordan Coefficients are often beina replaced

by Wicner 3-j symbols. They are related as follows:-

j1j2j3 1 3
o oy, <3, A =8 4 ¢
(m1m2m3)_ et #LJ3+1) <]1m1jzmzljs m:>

These 3-j symbols possess simple symmetry properties.
An even permutation of the colum leaves the coefficient
unchanged while an odd permutation or an interchance of all

m to -m,is equivalent to multiplication by (-1lj1+31+j,
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fnljz 3, 330\ /3,37
= = Y Aag
\m m m mm m Tl mm
1 2 2 3 1 3 1 2
3 +. +. . - 5 & .
{_”31 2 +dh /3 3 3 3,3.,3)
= N .3 Ra10
m m,m, mMoMmymas
13,3, IR T
- (-1) 31j233
m1m2m3,-" -ml—mz-ma R T

The 3-] symbols satisfy the followino orthogonality

relations: -

I (23,41 13,3,3443,3,3)
J3M; _ oo v o) = 8p oSy o ses B B2
. 3 SR 2.3

m,y m'zmsj m,m,m

(23,41) £3,3,3%/3,3,3)

"

S,

mymymgy m1m3m§

Sums over products of 3-] symbols are related to the

Wigner 6-] symbol or Racah Coefficient:-

L (-1]j“+j5+js+mu+ms+ms 3,353 /343,3¢ 2,353,
m,Xsms
wy me=mf\-m m m./\im-=m_mn,

B 26 3

3,3,39 (3,3,3,
m m,m, j“jsj's sink K 3

The Wicner 6-j symbol, { }; is independent of macnetic

guantum numbers. The symbol has simple symmetry properties




It is invariant against any permutation of the columns and
against interchange of the upper and lower arguments in

each of any two colums:

= 5 L AI14

The Wigner 6-j symbol is related to the Racah coefficient

W by the relation

33,1 33, M,
= (=1) Wl3,d,383423,36)

LR A.15

C= The Wigner-Eckart Theorem

It is common to take the matrix elements of an
irreducible tensor operator Té of rank ) between the initial
and final angular momentum states Ijimi> and |jfmf>. The
l!igner-Eckart theorem enables us to separate the magnetic
guantum number dependence of the matrix element in the form

of the Clebsch-Cordan coefficient, Thus we have
; EXY 4 _ ; . - (A) :
(mefqu ljimi> - <Ji)‘migljfmf><3f”T ||:|i>

Where <jf||T(A’]]ji> is independent of maonetic quantum

number and called the zeduced matrrix element.

D- The Density Matrix
Assume that the eigenstates of a certain operator form a camplete

orthonormal set|m-. Assume that the system under discussion be “n a

pure state |n>.
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This state Jn> can be expanded in terms of the states /m>

|n> = ¢ a  |m> ceo A7

L
m
The expectation value of an operator F in the state |n>

is given by

<n|F|n> = <m' |F|m> «.s A.18

*
Ea 'anm
m'm ™
The system in a mixed state cannot be described by a
single state |n> but as an incoherent sum of pure states

|n> with weights g, The expectation value of F for the

ensemble becomes

= ' = & !
<F> g g, <n|¥|n> X,mgnamnﬁan<m | F{m> sseo A.19

nm-'I

The matrix elements of a density operator p is defined as

*
<m|plm'> = 3 g_ @ a

n P nm' nm ase RNl
Therefore
<F> = £ <m|p|m'><m' |F[m> ee. A.21
mm'
or
<F> = Tr (pF) = Tr(Fp) ims Bedd

Where, Tr denotes the trace or sum of the diagonal
elements of the matrix pF, while <m|p|m'> is called the
density matrix. The density matrix is Hermitean

*
<m|plm'> = <n' |p|m> ... A.23
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Consider the transitions from a level A to a level B. The letters
a,a'...;b,b'... stand for the set of guantun numbers describing eigenstates
of level A; b,b'... similarly characterize the states of level B. The
operator H inducing the transitions from A to B is assumed to be linear,

but it does not have to be Hermitean; H' denotes the adjoint of H:

g o ™ o
<flH|i > = <i|H"|f A.26
The system is assumed initially to be in an eigenstate |a> of
level A. The transition then results in a state
. Pl PO
|£> = H|i> , <f|= <i|H A.27

that is not necessarily an eigenstate |b> of level B. The probability

PB(b) of finding the system after the transition in a certain eigenstate

|b> is given by the absolute square of the corresponding expansion
coefficient:

Pyb) = |<b|f >|? | blH| >]|? A.28

the density operator is described as

on = flmg, < |

and

Il

| +
Py %ingn < |H
Since each state |n> changes according to equation A.27. The matrix

element now becames.

If 23 + 1 states |n> exist with equal weight and equally populated.
The states |m> is written such that the density matrix is diagonal
an'|p|m> = (2j+1)'15mn' sosy  Todll
The probability p(m) of finding the ensemble in the state |m> of a
diagonal elements of the density matrix is given as

plm) = <m|p|m voe NS
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<blp_|b'> = £<b|H|n>g _<n|H" |b'>
R n n

The matrix element is expressed in terms of eigenstates

a> not eigenstates |n>.

_ +
<b|°5Jb'> = a?' <b|H,a><a[n>gn<n]d><a']H | B>
a'n
voe Be29
introducing the density matrix Pn
v = ] '| I*
<bigﬁ1b > ;;l<b|H|a><a|DA|a ><k' |H|a'>
LI I | A-BO

E. Wei sskopf Estimate of Single Particle Model

The wavefunction of the single-particle model is written
as

|23M> = R, () g <amd | M> Ylm(r)jtgs,

‘..- A‘31
where £ is the orbital angular momentum and j = g % §
is the total angular momentum, The intrinsic spin of the

nucleon is represented by the spin or wavefunction-xig

and Rﬁ(r) is the radial wavefunction.

The electric moment for the single-particle model

is

. | ;
M(EL,M} = er YLM(G,¢) vee AR.32

and the reduced transition probabilities is given
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by

2

. . ke .
B(ELr]i+Jf) = E?F J<£fjfllr YLMIIRi i>l

s Ro3I
This is separated into radial and angular parts

e e? * L+2 S
B(EL, 3,23, = 5| fRp(r)x"" %R (r)ar|?s(3,,3, L)

o

. a = Al34
where
S(3,»3c.L) = »iﬂ——5<9 d 0100030012
1rig? 5 f £l17, 11 %4394
... A.35

The spin dependent factor (statistical factor) is computed

using Racah algebra technigue

e y _ 4nm 7 YEvd+d, Ly, A ySi ¥
D{]i!in“) = 93 ( } - L.\2J ;){ZJ 1}] "f 'J j,lf‘l
1

27,
i+ - jl {
e ;T [ E PR D X
= (2§.+1) (22,+1) (2L+1) i e
* 0 00 v b §
Ji %4

= (2L+1) [<j 3L0[[J 3>

... A.36(a)

For special case that |33l ™ L, and Jg = ]i_L' Le = ﬁ'L
. . Ji—i)! (2L+1) 12 (2jf)1!

«ss A.36(b)

~In particular,

S{L+:, L,4) =1

The radlal integral is evaluated on the assumption for'

*
constant density model for both Rf(r) and Ri(r).

b







