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ABSTRACT

The effects of multiple scattering in X-ray
Compton scatter densitometry is discussed. A
mat hemati cal expression for double scattering
Intensity is derived. A reduction of about 50%
in the observed discrepancy between the Compton
density and the Archimedes density is achieved.

A Compton scatter densitometry equation which
includes both the incoherent and coherent scattering

cross-sections is proposed.



ACKNOWLEDGEMENTS

I express my profound gratitude to our Lord
God for His excellent support both physically and

spiritually.

I wish to express my sincere thanks to Prof.
R.L. Clarke for his supervision. It is a pleasure to
acknowledge the advice of Prof.W.Jd. Romo and K. Hafner;
M. Morbey for his library assistance; J. SlTiwka for his
technical assistance; and R. 0'Driscoll for typing this

thesis.

Finally, I would like to express my apprectation
to Ahmadu Bello University, Zaria, Nigeria for the o
financial support and Prof. D.E. Ajakaiye for the

encouragement.



TABLE OF CONTENTS

 ABSTRACT |
 ACKNOWLEDGEMENTS

LIST OF TABLES

LIST OF FIGURES

1. INTRODUCTION

2., THEORY OF COMPTON SCATTER DENSITOMETRY
3. EXPERIMENTAL APPARATUS

4. MULTIPLE SCATTERING

5. COHERENT SCATTERING

6. MEASUREMENT PROCEDURE

7. DISCUSSION OF RESULTS ARD CONCLUSIONS
REFERENCES |

11

1

Vi

13
18
37
40
45

66

PAGE NO.



LIST OF TABLE

PAGE N

Table 7-1: Nuclear data [ 6] in the energy range

of interest (30 KeV - 90 KeV). "



LIST OF FIGURES

Page No.
Fig.2-1: Configuration of source and detectors for 9
electron density measurement using the low-
energy technique [15]
Fig.3-1: Front Elevation of experimental apparatus 14
Fig.3-2: Isometric view of experimental apparatus 15
Fig.3-3: Circuit block diagram 17

Fig.4-1: Model for the analysis of double scattering 22

Fig.4-2: Model for mathematical analysis of limits 29
of integration

Fig.7-1: Double scattered/transmitted intensity 47
ratios as a function of the outside diameters
of lucite rod with a 2cm central hole

Fig.7-2: Electron densities for various outside 48
diameters of a lucite rod with and without
a 2cm central hole

Fig.7-3: Single and double scattered intensities as =1 50
a function of lucite diameter for up=0.165cm
and p=2.0cm-1

Fig.7-4: (Double/single) scattered intensity ratio 51
as a function of sample diameter

Fig.7-5: The observed and corrected densities of 54
Aluminum by Compton method (using a single
lucite standardg as a function of sample
diameters of Aluminum

Fig.7-6: The observed and corrected densities of 55
Teflon by Compton method (using a single
lucite standard) as a function of sample
diameter of Teflon.

Fig.7-7: The observed and corrected densities of 56
Graphite by Compton method (using a single
lucite standard) as a function of sample
diameter of Graphite



Fig.

Fig.

Fig.

Fig.

Fig.

7-8:

7-10:

7-11:

The observed and corrected densities of
Aluminum by Compton method (using varying
diameters of lucite standard) as a function
of sample diameter of Aluminum

The observed and corrected densities of
Teflon by Compton method {using varying
diameters of lucite standard) as a function
of sample diameter of Teflon

The observed and corrected densities of
Graphite by Compton method (using varying
diameters of lucite standard) as a function
of sample diameter of Graphite. : :

The observed density of Aluminum by Compton
method {using a single lucite standard) as
a function of outside diameter of lucite.

The observed and corrected densities of
Aluminum, Teflon, . .. and observed

- density of water by Compton method (using

varying diameters of lucite standard) as
a function of outside diameter of lucite.

Page No.

58
" g5
60

62

63



DEDICATED TO THE GLORY OF GOD



i - INTRODUCTION

A knowledge of the body mineral content is of
vatue since it is one of the physical indicators in
the ¢linical investigation of the various disease
states. The information on the body mineral content,
for example, is valuable in the diagnosis of such
diseases as Osteomalacia and Osteoporosis as well as
in the continuing study of bone formation, development
and removal processes and overall human development [10]..5ﬁ_
The mineral content of the body usually diminishes .
after middle age, sometimes to such an extent that the

bone strength is seriously reduced. The Physician must

- therefore have some way of measuring the mineral content

if the loss of mineral is to be controlled by diet or
drugs. For non-living subjects the measurement of the
mineral content is simple and straightforward. For
1iving subjects the determination has to be done in-vivo
and therefore requires special techniques. .
For several years the quantitdtive determination
of bone mineral content has constituted one of the
research areas in medical physics. However, due to
the complicated nature of the problem with the consequential
limitations needed to uphold the safety of the patient,
different versions of bone mineral content determination

in vive have emerged in the past decade.



There are at present two major clinical methods
for in vivo measurement of bone mineral content.

These are the Radiographic technique which makes use
of an X-ray source and a standard (aluminum wedge) and
Photon absorptiometry technique which uses a radio-
isotope and a scintillation detector.

In the Radiographic technique [11, 21, 23, 29],
the exposure images of the standard wedge and the bone
under investigation are obtained simultaneously on
film. The X-ray attenuation through the investigated
bone and the wedge are compared by means of a photo-
densitometer and computer. To relate the attenuation
to a density the assumption is made that attenuation
in the skin and flesh is small and that the bone being
investigated has a known shape. Then from the volume
of the bone section and the attenuation in passing
through that sectidn, it is possible to determine the
relative amounts of the various constituents from
knowledge of the chemical composition of the bone.
Extensive research work has been carried out on this
technique [29]. Precision of better than 20% is
difficult to obtain with this technique and this makes
it not quite satisfactory for practical use in clinics

where high accuracy is desired.



In the photon absorptiometry technique
developed by Cameron and Sorenson [2], a well colli-
mated beam of photons supplied by a radioactive source,
usually lodine-125 at 27.3 keV or Amercium-241 at 59.6
keV is scanned across the bone under investigation,
and the transmitted beam is then detected with a
conventional scintillation detector. The scan
measures the count rate relative to the rate with
no sample present. The total absorption is then
obtained from the area under the curve of counts
below the no sample level as a function of position
across the bone. By assuming a composition for the
bone and determining the volume of the bone from the
width of the bone as indicated by the scan, a mineral
content per unit length is determined.

A method of bone mineral analysis using
computed tomography has recently been developed by
the Department of Biomedical Engineering, Swiss Federal
Institute of Technology and University of Zurich [14].
In this technique [14] the subject is scanned trans-
axially at a selected site with a narrow beam of gamma
and X-rays from a radionuclide. The intensity of the
transmitted beam is measured at intervals, and the
linear translation movement of source and detector(s)

is repeated at different angles. The distribution of



the linear attenuation coefficient is calculated

from the measured transmission data. The resulting QI_:_a

matrix of over 16,000 local linear attenuation
coefficients i1s visualized in the form of a cross-
sectional (density) image [14]. Although this system-
is highly sensitive with a high precision scanning
unit and reliable microcomputer unit [14], it may
probably be very expensive. The use of the ratio
of the peak area of the coherently scattered photon
and the Compton scattered photon in the determination
of the density of a substance has been developed by
Otkkanen et al [22]. The wmeasuring procedure consists
of the detection of the scattered photons in a narrow
beam geometry using a semi-conductor detector and a
multichannel analyzer. The fine energy resolution of
the system separates the peaks due to the coherently
and Compton scattered photons in the scattering
spectrum. The difference in the attenuation of the
coherently and Compton scattered photons however
constitutes the principal ervor in this method [22d1.
In the techniques described above there is the
disadvantage that either some assumption has to be
made about the shape of the bone and its chemical
composition or the measuring system may be highly

expensive.



A method for determining the electron and
physical density in bone tissue which does not require
a prior knowledge of the shape of the bone and the
surrounding tissue has been developed by Clarke and
Yan Dyk [6] and also by Kennett and Webber (18,27).
The method requires the measurement of the ratio of
Compton scattered to unscattered gamma rays as a beam
of collimated gamma rays passes through the region
under investigation. The problems of expense, avail-
ability, simplicity and long exposure times encountered
when a radioactive source i5 used prompted the need
for a continuous source of X-rays (21,29). The
present system uses a conventional medical X-ray
machine as the source of photons. It has the advantage
of permitting measurement of bones of different sizes
and shapes without recalibration and requires no
detailed knowledge of the surrounding material [21,29].
However, the practical achievement of these advantages
have been grossly limited by the assumptions invoked
in the theoretical derivatior of the technique [6,18,
27]. The theory did not take into account effects-
such as multiple scattering, coherent scattering and
geometric effects. The elimination of these side
effects from the measured density has attracted the
attention of several researchers {13, 15, 18, 21, 27,

29].



The work presented here is part of such efforts
to achieve a balance between theory and practice. We
shall proceed by first studying the theory of Compton
scattering densitometry. This will be followed by
a description of the current X-ray Compton scatter
densitometer developed in the Department of Physics,
Carleton University. We shall discuss the flaws caused
by multiple scattering in the results obtained with
the Compton densitometer and proceed further to derive
a mathematical correction term. This wi]l_be followed
by a discussion of the effects due to coherent scattering.
A description of the measurement procedure will be
followed by actual experimental measurements taken with
the Compton densitometer. The correction factor for
multiple scattering will then be applied to the observed
results. The final result after correcting for multiple

scattering will then be compared with standard values.



2 THEORY OF COMPTON SCATTER DENSITOMETRY

The theory of Compton scatter densitometry is
discussed in detail by Clarke and Van Dyk (6), Mortimer
(21) and White (29). The present study uses the low
energy method.

The scattered radiation under consideration
arises from Compton interactions. In Compton scattering
the interaction takes place with a loosely bound electron,
resulting in an energy loss in the scattered photon.

The energy E]= hv of the incident photon and the energy

E,= h\)1

2 of the scattered photon in a Compton interaction

are related to the angle of scattering by the following

relation [9]

m

« [1+al1-Cose)]"" (2-1)

|

=l
1]
™~

m
—

where a = E1/mc2

is the initial photon energy in
electron rest mass units.

For low energy photons (a<<1) the change in
energy due to Compton scattering is negligible so that

® can be determined from geometric consideration [6].



The configuration of sources and detectors for
the measurement of electron density discussed in this

text was designed by Kapoor [15]. 1In this configuration

(fig.2-1) three collimated detectors D;,D, and D, and

a single source of photons are used. The sensitive
volume marked X is defined by the projected intersection
of the detector and source collimators. The detectors
are equidistant from the sensitive volume.

If the average intensity of the source is 1o
photons per second and the energy is EO the transmitted

and scattered intensities detected in the source position
1 are respectively given by

T; - IvoxAx3E3 (2-2)

w
1

y IOAOXBXTETG
where on and Ax3 are the transmission factors of the

beam of energy E. along the paths ox and x3;

and Bxl is the transmission factor for the

scattered beam along path xI1

El and E3 are the efficiences of detectors D1

and 03 respectively.
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Fig.2~1: Configuration of Source and Detectors for Electron Density
Measurement Using the Low-Energy Technique [15]

{(a) Initial Configuration; (b) Source Moved to Second
' Location
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G is a factor made up of the Compton cross-.

section for E0 scattered through angle 8] and -

3

the number of electrons per c¢m” of the selected

volume {i.e. the electron density).

From equation (2-2) we obtain

1 Py3 B3 (2-3)
Similarly the ratio of the scattered (Sz) to the

transmitted (72) heams for the source position 2 will

'be given by
E& i Bx3 E2 G |
T2 A0 B3 - (2-4)

From equations (2-3) and {2-4) we have

2
1 32 _ By By

2 Ax1 Ax

2G

3 E]E

E2
3 "3 (2-5)
Equation (2-5) can be simplified by assuming that the
attenuvation of the scattered and transmitted beams are
the same, that is,

B = Ax] and Bx3 = Ax3

x1

10
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The density dependent factor is then given by

~ 122 . 1/2
67 By [$iSy/TaTg 77 = KiSy8p/TyTy) /

ASLP
The constant k is determined by conventional calibration

techniques. S] S2 T] and T2 are the observed counting
rates.

CALIBRATION

The apparatus dependent factors entering into
G can all be found empirically or calculated [6]. How-

ever if the electron density (pe)x of an unknown sample

is measured relative to the electron density (pe)s of
a standard sample (e.g. water or lucite) the apparatus
dependent factors cancel out so that the ratio RE is

1/2
e w O - (pe)x lS]SZZTITZ)x

——

Go  (pgls @15%/T 1.1 1/2

(2-6)
1°2]s

Where the subscripts x and s refer to the unknown and

standard samples respectively.



s

EVALUATION OF PHYSICAL DENSITY

(1) The relative electron density R, and the

physical densities p, and pg of the unknown and

standard materials respectively may be vrelated to the

chemical composition of the materials by the relation [6].
Lz [Nz
e g heal
Re { iTi 1J [ ii 1} El
SLELES NV B FLFL P PN (2-7)
where Zi and Ai are the atomic number and atomic weight

th

of the i constituent

th

a, is the number of atoms of the i element per molecule

and the sum is over all elements in the compound.
Equation (2-7) is based on the assumption that the

number of electrons per unit volume is constant [6].

In deriving equations (2-6) and (2-7) it was
assumed that the attenuation of the scattered and trans-
mitted beams are the same when each traverses the same
path. The theory also assumes that geometric effects,
coherent and multiple scattering effects are negligible.
Experiments [13, 15, 18, 21, 27, 29], however have shown

that these quantities have measureable effects for some

photon energies.
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3 EXPERIMENTAL APPARATUS

The measurement system was designed in stages
by Mortimer [21], White [29] and Kapoor [15]. It
consisted essentially of an X-ray source, a system
for positioning the object of interest within the
sensitive region defined by the Collimator's geometry,
three photon detectors and the associated electronics.
(figs, 3-1, - 3-3).

The X-ray source was a Picker portable unit
capable of producing 90 kv rms at a maximum current
of 15 ma. This unit made use of a half-wave rectified
voltage supply. The head of the X-ray generator was
designed so that it could be rotated through 90° from
some position 1 to some other position 2 (fig. 3-1).
The scattered X-rays were detected by two Nal(TR)
crystal scintillators and the transmitted beam was
detected by a CsI(Na) crystal scintillator. The
crystal scintillators were optically coupled to photo
multiplier tubes. The scintillator and photo cathode
of the photo-multiplier were shielded from uncollimated,
low energy radiation by a housing made from lead with a hole ¢
0.25cm (radius)in the front face to allow the collimated

beam to enter the scintillator.
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Isometric View of Experimental Apparatus
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The counting electronics consisted of amplifiers,
discriminators and scalers for the photomultip]iers.:
The circuit block diagram is shown in fig.3-3. The out-
puts of the scattered detector photomultiplier
tubes PM1 and PM2 were fed into the inputs of an Ortec
410 multimode amplifier via a switch box S. MWith the
switch at position 1 corresponding to source position )
in fig. 3-1, the photomultiplier tube PM1 of detector
D] was connected to the scaler circuit; while with
the switch at position 2, corresponding to source
position 2, the photomultiplier tube PM2 of detector
D, was connected tb the scaler circuit. The output
of the 410 multimode amp]ifief was cannected to an
OCrtec 429 discrimmator scaler via single channel |
analyzer. The output of the unscattered detector:
photomultiplier tube PM3 was fed into the {nput of an
AN 201/N Quad amplifier whose output was connected to-
a2 Nuclear Counter via a T105/N dual discriminator.
The scalers were gated by gate generators. A single
start push button located at a timer unit started both
the electronics and the X-ray unit. The timer unit
also incorporated a 1ight device which served as an

exposure indicator. ' - e s,
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4 MULTIPLE SCATTERING

The theory of Compton scatter densitometry
assumes that finite geometry, multiple and coherent
scattering effects are negligible. While the con-
tributions from these effects may fall within the pre-
cision of the measurement made for some incident photon
energies (for example 412, 1173 and 1250 keV [6,17]),
the validity of these assumptions become questionable
for low incident photon energies (E<150keV) [13,18,
28].

Kennett and Webber [18] have shown that geometric
and multiple scattering effects would lead to a falsely
high value of density. They have also demonstrated by
both calculation and experimental investigation that
geometry effects are responsible for only a small
fraction of the total error while multiple scattering
effects are significant. Mortimer [21] has shown from
experimental studies that about 1% to 19% of the
scactered radiation detected is due to photons suffer-
ing more than one scattering interaction. The multiple
scattered photons result in a falsely high scattered
count rate. The amount of multiple scattering will

depend on the dimensions and the density of the scatterer.
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The.ﬁeed for a theoretica) eva1uatidn of multiplie
scattering intensity which would enable corrections
to be made on any measurements taken with the Compton
densitometer has thus arisen. KXennett and Webber [18] -f f
have indicated that the multi-dimensional nature of o
the problem in question precludes the use of the Monte
Carlo simulation technigque, and that a correction
factor can be derived from the information collected
during the density measurements. They showed that
since for any object, the degree of multiple scatter-
ing and transmission of photons both depend upon the
density and the dimensions of the object, the correction
factor can be obtained from the transmission measure~
ments of the lower energy photon source. In the
analysis presented in this text a correction factor
is derived from the scattering measurement. Since the
effect of coherent scattering also becomes important

[ S — -

. for Tow-energy photons [9,16] the coherent scatter- 'w _' !

H
A

ing c¢ross-section has also been included in the
.scattering analysis. | |
Theleffect of coherent scattering will be discusséd
in the né#t chapter. 1In this chapter we shall derive
.a mathematical expression for a special case of multiple

scattering.
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MATHEMATICAL EXPRESSION FOR DOUBLE SCATTERING

The multiple-scattered photon is one that has
suffered more than one single scattering interaction
within the sample in the process of transmission from
source to detector. For samples with large dimensions
compared to the dimensions of the collimator of the
detector the physics of the system may discriminate
against triple and higher order scatterings since the
path length travelled by photons increases with the
order of scattering and consequently attenuation takes
its toll [9]. The above statement may also approxi-
mately hold for samples whose dimensions are small or
comparable to that of the collimator since the proba-
bility of escape of the photon from the sensitive volume will
increase with the order of scattering. We shall
therefore consider only double scattering which is
the simplest case of multiple scattering.

The probability of photon energy being scattered
through any given angle 6 is described by the Klein-
Nishina differential energy scattering cross-section
(per electron) per unit solid angle about 0, which is

given by [9]

%%(incoh) . | ”g p (1-psin29+P2)(cmzfeIectron/steradiar

nN



21

where o(incoh) refers to the electronic Compton cross-
section,rD = eZ/mcz is the classical electron radius

and P is as defined in Equation (2-1).

If we assume isotropic scattering, the K]ein-Nishiné
cross-section per electron will be given approximately by

o{incoh) = 4wndo(incoh)
dQ

For low-energy photons the total scattering cross-
section is given by

o = of(incoh) + o(coh)

We wish to consider the radiation from an X-ray
source at Q which is first scattered by the electrons
in the infinitesimal volume dv] to a second volume
element dv2 and then subsequently scattered to a
detector located at P as shown in fig. 4-1. The
experimental set up of the system under consideration
(figs. 3-1 and 3-2) has greatly simplified the formid-
able mathematics involved.

If we neglect the build-up factor [9] the

intensity incident upon the volume element dv] is

given by
_ (R+X]) .
Iy ™ I0 e (for a Collimated beam)

The counting rate observed at P due to the

radiation scattered through angles 9] and 82 within

volume elements dvT and dv2 respectively will be
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Fig.4-1: Model for the Analysis of Double Scattering



given by ( ( )
“u (R+X.) ~p,(r
dcd = ]ONU(B])E ? ! e 11712 Av, X
2
4nr12
-u . {R+Y.,)
X No(ez) e 2 g Av, AA
2 (4-1)
Aayr

Where Io is the intensity of the incident beam

1

(photons - sec - cn™?)

N is the electron density of the sample.

N=Z (electrons) Naiatomsl p(gm) 1 (mole)
(atom) mole (cmB)A (gm)

where Z is the atomic number, N, is Avagadro's
number, p is the density and A is the atomic
mass of the sample.

av] = dx] dy.I dz]

&vz = dx2 dyz d22

AR = dx3 dz3

e s letilE b Gl & lpici?
Ky %y Y17Y, %1 %2

2
rps = Lgxg)® b (yp#n)® 4 (2, -2y)?

My and oy are the total linear attenuation coefficients

for the incident and scattered beam [8,9]

23
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SIMPLIFYING ASSUMPTIONS: To reduce the mathematical

complexity of the analysis we make the fol]uwing

assumptions. |

(i) For the energies of interést (30-90 kev) in the
present consideration we can assume at 45° |

(o) = ol®p)e e Bt o
- . U N
where ¢ 'is the total scattering crass-Section . T \

(ii) Alsoa h > R; R »> a,b,c

|x, - x3] < |btc] << h

|z, - z4] < [b+c| << h

2

_ 2
so that rog = (h + yz]

2 )2

Over the region of interest b and since h » R,

2

a (h+y2

we can substitute h® for (h + yzjz. The error

introduced will to a first order cancel out.

(iii) For simplicity assume My = W, and that

the absorption of the gamma radiation in air is
neg]igibie.

The total counting rate at the detector as a
result of double scattering is obtained by integr-.

ation over all Av]'s and Av,'s from which double

2
scattering can occur. MHWith the inclusion of the above

assumptions the total counting rate is given by



_ 2 2 \ o
167°n? J( (Integrand
x1=-R ¥y xz—-b yz--R 22——b '

where

Integrand = e'xp(-uy(x1-x2)2+(y]-y2)2+(z]-22)2+(R+x})+(R+J?2)}).
[<x]-x2)2 + (y7-5,)2

* (21'22)2

X dx] dy} dz] dxz dy dz2

2
and A = [fdx3 dz3

To simplify the above expression ccnsider the change

of variable [26] defined by

S E O R SN
u Xy ¥ Xy e

-1]hx] dx, = J? ’ 3(x],x2)

ETITET—— dx du
but Ix ax -1
3 (xy,%,) _(8 U )'L %Xy 9%y -
at du gu
alx,u b 2 g;l 5;2
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Similarly

Let [y} ¢ M yy.¥,) = 1]
) | B A

2 -]
=g (z,,z,} =1 [z,-z

2

then 3(¥y;5¥,) - ¢ ang 3(z]f22) _
3{YsV) 3(z,w}

jjfdx]dy]dz]dxzdyzdz j,[[j’ffdxdydzdudvdw
1 %2 Yo %2 |

so that

X ¥y z.u vw

The expression for the total counting rate then

reduces to

e w2 2,.-2uR
CysI N"a Ae .jrj[;[;/;[;/;xp( ufZ\x +y +2 )+x +x2]ﬂxdydzdudvd

Z0vw 2(x + 2 )

| {(4-2)
To make the mathematical problem tractable the follow-
ing assumptions are made

First, we assume that far away from the origin

(|b/v2}<|x|<|R/¥2]| and |a/v2|<|y|<|R/¥2])

X =1 (x,-x,)} and ¥y * 1 ¥y
7z 7 13 7 2
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Second,we assume that near the origin
(0 < |x| < |blv2| and 0 <|yl<|asv2], the range

of values of both Xy and Yo is very small sq that

= Ny % £ -3
Xq "Ry TX 0 and Y% ¥y y®0 and thus we can

neglect these terms in the exponent. This latter
approximation permits the use of spherical co-ordinates
to remove the singularity at the origin. The approximate
exponential term in equation (4-2) becomes .

exp (-JZu(¢x2+32+zé¥x+y) far away from the origin

and exp(-/Zp(/x2+y2+zz) near the origin.

Limits:
The original limits were specified as

6R<xT<R -a<y <a -a<z,<a

-b<x2<b -R<y2<R —b<22<b

The 1imits of the new variables x,y,z,u;v
and w were determined as shown in fig. 4-2{i}). To
simplify the mathematical analysis the integration was
over a paralielogram (shaded region in fig. 4-2(1))
which has the same area as the rectangular region of
interest.

The approximate expression for Cd was obtained as

Cd= Ioﬂzcer'zuR ﬁxulyvlzwéxp(—Jzu(/x2+y2+22+x+yﬂ
§21%h° | eyt et
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R/v?2 u=x+bv/2

where Ixu = dx du
-R/ V2 u=.x-b/2
R/V?2 v=y=-avy2

Iyv = dy dv

-R/V2 v=y+av/2

b/V2  wez-ay2

Izw = [ dz dw _
~b/V/2 w=z+a/?2

thus R/VZ RIY2  b/V2
Cd=/2LnN202Ae-2“Ra2bjf J( J%xp( -v2u (Vx +y2+22+x+y)dxdydz
2, .2,..2
2m-h IRIV2 -RIVZ  -b/V2 Xty Tz
Let k = V21 N°6%ha?)2nZn? (Photons sec”! cm"2)

In terms of the assumptions discussed above C, can

be expressed as

( Tkbe zus/'JfJfEXD( 2 ¥’ Y 242 +x+y)dxdydz Lo
| 2 away from

xSey®ez? the origin

e

origin
X +y +z

Cla = kb _ZUT[/[exp( /2}1(\!‘)( +y +Z )dxdydz near the
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We shall now consider the analysis of the above
expressions

(i) Ffor the region far from the origin:

' -2u 2,2
= kbe -/ilbxp( /Zp(_x +y“+z°+x+y)dxdydz
x%+y?az? ' (4-3)

To evaluate this expression the integral region was
subdivided into four parts as shown in fig. 4-2 (ii)

as follows

. ' | -b/v2 R/V2 b/v?2
Cd[a 1= & f f f (Integrand)
LR/V2  “-RiV2 “-bfv2

R/ V2 R/V2 b/v2
C&[b‘]= k' (Integrand)
b/v2 -R/Y2 -b/v2

b/v2 R/V/2 b/v2
C&[c']=k' (Integrand)
-b/v2 a/v2 -b/v2

b/v?2 -a/v2 JF!JZ

Cé[d']= k' {Integrand)

-h/v¥2 Z-Ryv2 ~-b/y/2

where k' = kbe MR, o

and

integrand = exanZu(Jx _y +z +x+y)dxdydz

X +y 2422

30
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The above integrals were evaluated by numerical
integration. The Gaussian quadrature formula
[19,25] was used because it provides accurate

results when finding the value of the definite

B
]ijr f(x) dy
A

where f(x) is a known function but whose integral

integral

is either not easily evaluated or cannot be con-
veniently expressed in closed form. The first step
in this method is to transform the interval (A,B)
to the interval (-1,1) which is easily accomplished

by the change of variable
x = (B-A)t + (B+A); dis = (B-A) dt
2 2

The new form of f(x) is thus

f(x) = f [(B-A)t er (B+A),

The N-point Gaussian integration formula is given by

N
j f(x) dx = B-A } w,f {(B‘_Mti* (B"M}
A z =1 2 _
where Wy vy * paws w, are weighing coefficients and
tys t, ...t are the roots of the legendre polynomials

In terms of the Gaussian quadrature formula the integral of

region a', "as shown in fig. 4-2(ii), can be expressed as
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‘N
Cé[a']=8.§ Z E w1wakf [(R b)zﬁ-(R+b) j (b\tl

" M
where B = k' 1%%%1 &%l &%l

The integrals were all evaluated using N=32. As expected
the computer analysis showed a variation in the magnitude
of the contributions from the various regions.
(ii) For the region close to the origin

b/v2 a/vV2 b/v2

cy = kbe~ ¥R f f e.xp(-/Zp/xzwzzzz)dxdydz .. (4-2)

W
Zbyv2 7 -a/v2 Zbv2 Xty *z

The integrand (4-4) is singular at the origin. To
remove the singularity, we make the co-ordinate
transformation:

X =r singcost, y = r sing¢siné Z =1r cosd

dxdydz = rz sind drd¢de

so that

} . % F‘(¢) o ()
Cy=2m mkbe™? 2“"sin¢drd¢+2f je-"zu"sinwrdqu

0 o0

where P(¢) = D coseco; ¢°= tan"]D/(b/JZ); Q(d)=blSec¢yv?
D=(2b21n)1/2,'fs the radius of a circular disc
which will give the same volume as a cuboid of side

2b/v/2 (a=b for the configuration in question).
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1 Q _ -
or ¢y - ZIK j’ (1-e7/200/STM ) ingds & clt Lo (4-5)
¢0 : . .
- i - ¢ ¢{s) . -
where k' = kbe 2HR and C, = 4mkbe 2ui£ UJ[ e““zﬁr§1n¢drd¢ B
, - Jo .

Integral 4-5 was also evaluated by a 32-point

Gaussian quadrature formula. The integral corresponds

to the portion marked "e" in fié. 4-2 (ii). |
The total contribution due to double scattefing

at P is thus |

Cqg = Cq + L4

= C&[a'] + cilbt] + Cé[c'] + c&[d'] + CY
In order to compare the contribution due to double
scattering to the contributions due to single scatter-
ing and unscattered events respectively, it is necessary
to derive similar expressions for the latter cases.
The amount of correction to be applied to the observed
data will be extracted from the observed scattered counts—.
and this will cone from a knowledge of the ratio of

the double to single scattered photons.



SINGLE SCATTERING:

The single scattering events take place within
the sensitive volume which 7s defined by the Collimator
geometry.

The ihcident intensity upon the volume element

dw.l at 0 is given by

The'counting rate observed at the counter at P due to
the radiation scattered within the volume element
dv] at 0 is

dC§=I e MR N e"uR Av. AR
47h

]

where av] dx]dy]dz

1
AA

dx3d23
The total counting rate observed at P is obtained:

by integration over all volume elements from which

single scattering can occur

b a a '
-2uR ' B
s IONcre A [ [ / dx]dy.[clz] |
.. =b -a -a : _ o

Ly
[l

4ﬂh2

2pe2uR g p2

o3
n

IDNGASa
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As in the case of double scattering if we let
k = v2 1 N%o%Ra?/20%h?, then

C.* 2/2rkbe” 2"R/Ng

Cg= 2/2mk' /No | - (4-6)

UNSCATTERED OR TRANSMITTED PHOTONS

The scattered and transmitted detectors are
equidistant from the sensitive volume so that the
transmitted intensity at a position T in Fig.4-1,
will be given by |

=AMn 'ZUR
CT A Ioe

where A" 1is the cross-sectional area of the
incident beam at the transmitted detéctnr.

thus
Co=Arzn’k e 2R p?

N202a2 A



36

SUMMARY OF CALCULATION:

From the foregoing analysis, the ratios of the
double scattered to the single scattered and the

transmitted photon beam are respectively given by

R/V2 R/¥2 b/v2

d /2Nojr J/”‘ J/’ exp{- /2u(¢x +y +z +x+y)dx_ydz

T T
s RyvZ O SRyV2Z Sbrv2 xZryPez?

Ly

L

(4-8)

C R/V2 R/V2 b/v2
d =1321§91_1 J( j( J[ exp{ - /Zp(Jx +y +z +x+y)dxdyc

?
T 2neA"
-R/V2  R}/2  -bsv2 xZeylez’

(4-9)

where y .= A
h

For the present system A = 0.25cm2 and h = 17.0cm so

that the quantity v is approximately 1073,
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5 COHERENT SCATTERING

Also important at low energies is coherent
(Rayleigh) scattering, a process in which the photon
is deflected by the atomic electron with no l1oss in

(161,

energy In Comptdn scattering the interaction
takes place with a loosely bound electron, resulting

in an energy loss in the scattered photon governed by
the well-known Compton equation of atomic physics. In
Rayleigh scattering an incident photon interacts with

a tightly bound atomic electron and thereby is elastically
scattered with no lToss of energy. The photon scattered
by either of these processes can reach the detector and
contribute to the counts recaorded in the counter [30].
The magnitude of the contributions will be dependent

on the photon energy and the atomic number Z of the
substance being examined. The coherent cross-section
is proportional to Z~2'3 [28].

The existing Compton scattering densitometry
equation only utilizes the Compton or incoherent
scattering cross-section and assumes that the coherent
scattering cross-section is negligible. While this '
assumption may be valid for the low Z elements, for
high Z elements the contribution from coherent scatter-
ing becomes very significant to be neglected. For

example, the chemical composition of bone known as
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hydroxyapatite has a chemical formula CalO(P04)6(0H)2 [211.

While the ratio of the coherent to the incoherent cross—.”
section for hydrogen and oxygen may be negligible in
the energy range of interest this ratic is about 60% _
for Calcium {(Z=20) and about 39% for phosphorus (Z=15)[16]
and may thus introduce considerable error if completely
neglected.

1f Cq is the cross-section per electron, then the relativ

electron density De for the case where O is not a

a function of 2, is given by

_ 1/2 |
(e o0.) _ (p 01"c°h) ﬁs]ssz]Tz)J (5-1)

D, - ——e e’x
(peUe)s (p U‘ncoh I}STSZIT]TZ)SJ

Equation (5-1} is the basis of the original densitometry
theory [6].
I1f, however, Cq is a function of Z the scattering

craoss-section per electron becomes

coh
e

1ncoh coh ' ' , '

1nc0h

o = + g and

1ncoh coh

[pe ¥ Y% JJ :
Fecoh J

incoh — =
(Deoe } [| +logincoly } (5-2) |

incohy coh T
tpeoe }s b+ f %e o

inco S '
original l e 5

l Proposed
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De= {ZIA)XJQJ " ¥ %x
CA)sPs) ! ¥ o

1 + o

Py = De(A/Z)x(z/A)s l—i—gé](pS)A (5-3)

where

' |2
D, . [Slssz]Tz]x 2
S]SZIT]TZJS

_ coh incoh
%x f[ge /ag J

and

X é e

o =[écoh/0incoﬁ

s

Fitzgerald et at [9] has indicated that in the

energy range [20 KeV to 10 MeV],coherent scattering
is confined primarily to small angles in practice.
Since the present Compton 5catter densitometer utilizes
a single scattering angle of 900, the proposed equation
5-2 reduces to the original formulation. However, for
other configurations which utilize scattering angles

much less than 900, Equation 5-2 may become yseful.
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MEASUREMENT PROCEDURE

A number of experiments were performed to compare
(1) the calculations on double scattering with experiment
(2) the results of the corrected densities obtained with
the Compton densitometer with the actual densities
found by gravimetric methods.
The measurement procedure was relatively simple. To
measure the electron density of an object, the object
was placed centrally at the sensitive region. The
collimated photon beam from the x-ray unit at the first
source location (fig.3-1) was directed at the object
in question and with the switch S in position 1 (fig.3-3)
the Compton scattered beam was measured for an exposure

time of five seconds by detector D] fslcounts) and the
transmitted beam was measured by detector Ds(T]counts).

Similar measurements were repeated after the x-ray unit
had been rotated through an angle of 90° to source
location 2 and the switch S, switched to position 2.

The scattered beam was then measured by detector 02

(S, counts) and the transmitted beam by detector 03_

2

(T, counts). The electron density of the object within

2
the scattering volume, after the appropriate corrections

for background was then calculated from the relation

i 172
o, = k [5132/T172]
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The constant k was evaluated by doing the same
measurement with acrylic plastic (p = 1.385 gm/cms). The
computed densities were then corrected for myltiple
scattering using the curves derived from equation {4-8).
Two to four measurements were taken at each source
position.

A concise account of the experimental measurements
made will be given below and this will be followed by
a discussion of the experimental resulls in the next
chapter.
(1) COMPARISON BETWEEN THEORY AND EXPERIMENT

In order to compare the results of the calculations
on double scattering with experiment, scattered and

transmitted photon measurements were made for a series

of salid lucite (CSHSOZ)chlinders of varying diameters =

all with a 2cm hole drilled at their centres and each
cylinder was about 10cm 1long. The maximum dimension
of the sensitive volume of the system under consideration
was 1.0cm;., thus the removal of a 2cm {diameter) by

9gcm (height) piece of lucite rod from the centres of the

" has been detached from each of the samples examined:”“

Under such a situation no single scattering events can occur,

hence the observed counts in the scattered detector
must be due to photons which have suffered more than

one collision. In order to allow proper comparison

B

Jucite samples impTied that the sensitive regioﬁwmff"ww_\ .



to be made between the calculated and observed, Tucite
models similar to the ones used in the experimental
measurements were used in calculating the ratio of the

scattered to transmitted photons.

(2) DENSITY MEASUREMENTS:

The density measurements of aluminum {(Ag),teflon

(CZF4)x,graphite, C, and water H,0 were made with

the Compton scatter densitometer. The diameters of
these samples (except water} ranged from 1.0cm to 5cm
and they were all in the form of cylinders of height
10cm. Attempts to make use of a real bone model in
the measurements were unsuccessful. Throughout this
study lucite (C5H802)xwas used as the standard. Both
the samples and the standard were given nearly equal
attention since the theoretical assumptions affect -
both equally. The fairly wide selection of samples
of different densities enabled the study of multiple
scattering as a function of density to be made while
the wide }énge of diameters considered in the measure-
ments enabled the study of multiple scaftering as a |
function of the dimensions of the object to be made.
Two basic methods of sample arrangement were
employed in the density measurements. These methods

are described below.

+ - .. R P . — =
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Method 1: Bare sample arrangement:
Two sets of density measurements were made under
this method.
SET_A:
In this set of density measurements the diameter
of the bare samples were varied, while the diameter
of the standard was fixed at some chosen value.
A standard diameter of 3.0cm was chosen.

SET B:

In this set of density measurements both the -
diameters of the samples and the standard were
varied in corresponding order so0 that an aluminum
sample of 2.0cm diameter was standardized by a
lucite standard of 2.0cm diameter.

Method 2: Simulation sample arrangement: _

To simulate surrounding tissue the samples {all
with a fixed diameter of 2cm) were placed in a 2cm
hole drilled at the centres of solid lucite cylinders
of varying diametersr Two sets of density measurements
were made:

SET AL ]

In this set of density measurements, the outer
diameters of lucite specimen surrounding the
sample were varied while the diameter of the

Tucite standard was fixed at 4-5cm.



In this set of density measurements both the outer
diameter of the surrounding lucite specimen and
the standard were varied correspondingly as

discussed in Set B above.

a4
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Results and Conclusion:

In the previous chapter a number of experiments
were described. Following are the results of the various

experiments.

1. RESULTS OF COMPARISON BETWEEN CALCULATION AND EXPERIMENT

The result of this experiment is presented in fig.7-1.
Both the predicted curve and the experimental curve
show gradual increase in the ratio of multiple scattered
to transmitted photons, with increasing object diameter.
However, the observed magnitude of the ratio of the
multiple scattered to transmitted photons is much higher
than the predicted values. The predicted curve.was obtained
from equation (4-9) on page 367 T T i m—
the predicted and the observed values may be attributed
to two major factors. First, we realize that the predicted
curve is a measure of the ratio of double scattered to
the transmitted photons while the observed curve is a
measure of the ratio of the sum of the double and higher
order scattered photons to the transmitted photons.
Second, the air column within the 2cm hole might have
some measureable affect, since air has a finite
scattering cross-section [8,9]. The effect of air
scattering was examined by determining the scattered
and transmitted count rate with no sample present

except air. The ratio of the scattered to transmitted
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counts for air [(S/T)air] was found to be

0.56 + .013 x 10°%. For a lucite rod of 2.50cm

external diameter having a central hole of 2cm diameter

the ratio of the scattered to transmitted counts

[(S/T) lucite-air] was found to be 1.39 + .04x10"%.

This shows that the enclosed air can offer significant

contribution to the observed scattered counts while the

calculations assumed that this contribution is negligible.
The experimental curves of electron densities as

a function of diameter for lucite cylinders with and

without the central hole of 2cm are shown in fig.7-2.
Fig.7-3 shows the predicted curves for double and

single scattering for the linear attenuation coefficient

u o= 0.165¢cm”! 1

and p = 2.0cm The linear attenuation
coefficients of the samples considered in the present
work Tie in between the above p values. (See table 7-1).
The curves of double/single scattering for the various

u encountered in the present study are shown as a
function of sample diameter in fig. 7-4. It is apparent
from figs. 7-3 and 7-4 that although qualitatively the
amount of multiple scattering will increase with .
increase in sample size, the quantity of multiple scatter-
ing detected may not necessarily increase with sample
size. In fact the quantity that increases with object

size is the ratio of the multiple scattered to the

single scattered events.
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2. RESULTS OF DENSITY MEASUREMENTS:
The measured densities were all calculated from

equation (2-7), which makes the conventional assumption that

the number af electrons per unit volume is constant [6 1.

Methad 1: (Set A)

The resu1tslof the density measurements using the
bare sample method (Set'A) are shown in figs. (7-5)-(7-7}
It is evident that the calculated densities are much
higher than the true or Archimedes densities. The
results also show that the higher the density contrast
between the sampie and the standard used in the measure-
ment the greater the deviation of the Compton
density from the Archimedes density. It is also
apparent from these curves that the observed density
for a given sample increases with increase in the
diameter of the sample. If the observed density of the
sample which has the same diameter as the standard is
taken as a reference density, then we notice that the
observed densities for similar samples, but with diameters
greater than the diameter of the fixed sample will
increase in value while the densities observed for -
similar samples but with diameters less than that of
the fixed sample will decrease. This is, however,
obvious since the ratio of the multiple scattered to
the single scattered photons is much higher for large
diameters than for small diameters {see fig.7-4). The

rate of increase of the ratio of multiple scattered to
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single scattered photons as shown in fig. 7-4 will
depend on the value of p and hence- the density of the
sample.

The corrected densities for the Set A measurements
are also plotted in fig. (7-8) through (7-7). The
corrected densities were obtained as follows:- from
the observed scattered counts for both the sample and
the standard the contributions due to double scattering
were extracted using the appropriate cufves in fig.7-4;
Equation 2-7 was then used to calculate the Compton
density from the corrected scattered counts and trans-
mission measureﬁents.

Method 1 (Set B}

The results of the density measurements using the
bare sample method (Set B) are presented in figs.(7-8)
through (7-10). The observed densities like those of
Set A are much higher than the Archimedes densities.
However, unlike the results of Set A there is no remark-
able dependence on dimensions. This may be explained
by the fact that the scattered photons which have suffered
more than one collision are about the same in the sample
under investigation and the standard employed in the
measurement. The observed discrepancy between the
Compton scatter density and the Archimedes density in
this set of measurements may then be attributed mainly

to density and linear attenuation contrast effects
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1 - | INTRODUCTION

A knowledge of the body mineral content is of
value since it is one of the physical indicators in
the clinical iavestigation of the various disease
states. The information on the body mineral content,
for example, is valuable in the diagnosis of such
diseases as Osteomalacia and Osteoporosis as well as
in the continuing study of bone formation, development
and removal processes and overall human development [IO]Q
The mineral content of the body usually diminishes
after middlie age, sometimes to such an extent that the
bone strength is seriously reduced. The Physician must
. therefore have some way of measuring the mineral content
if the loss of mingral is to be controlled by diet or
drugs. For non-living subjects the measurement of the

mineral content is simple and straightforward. For

Tiving subjects the determination has to be done in-vive -7

and therefore requires special techniques.
For several years the guantitative determination
of bone mineral content has constituted one of the

research areas in medical physics. However, due to

the complicated nature of the problem with the consequential;}

limitations needed to uphold the safety of the patient,
different versions of bone mineral content determination

in vivo have emerged in the past decade.



There are at present two major clinical methods
for in vivo measurement of bone mineral content.

These are the Radiographic technique which makes use
of an X-ray source and a standard (aluminum wedge) and
Photon absorptiometry technique which uses a radio-
isotope and a scintillation detector.

In the Radiographic technique [11, 21, 23, 29],
the exposure images of the standard wedge and the bone
under investigation are obtained simultaneously on
film. The X-ray attenuation through the investigated
bone and the wedge are compared by means of a photo-
densitometer and computer. To relate the attenuation
to a density the assumption is made that attenuation
in the skin and flesh is small and that the bone being
investigated has a known shape. Then from the volume
of the bone section and the attenuation in passing
through that sectidn, it is possible to determine the
relative amounts of the various constituents from
knowledge of the chemical composition of the bone.
Extensive research work has been carried out on this
technique [29]. Precision of better than 20% is
difficult to obtain with this technique and this makes
it not quite satisfactory for practical use in clinics

where high accuracy is desired.
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betwgen the sample and staﬁdard.

The corrected densities for the set B measurements
are plotted in figs. (7-8) through (7-10). The
corrections show a reasonable amount of improvement

over their initial values.

METHOD 2 (Set A' and Set 13')

The results of these measurements are plotted in
figs. 7-11 and 7-12. The results of Set A' and Set B®
are very similar to the results of Set A and Set B in
Method 1 respectively.

The corrected densities for the set B' measurements
using the curves in fig. (7-4) are shown in fig.(7-12).
The corrections here are poor when compared to
those obtained for Set B (see fig. (7-8) through (7-10).
This is, however, not surprising since the curves in fig.
(7-4) were not prepared for the simulation model in
question. We observe that the corrections obtained for
aluminum are worse than those obtained for teflon. This
may be attributed to the fact that the linear attenuation
contrast between aluminum and lucite (uaL=U.8cm"T)
is higher than the linear attenuation contrast between
teflon and Tucite (utL:U.Zcm_]). In order to
effectively correct for multiple scattering in the
density measurements in Method 2 a different set of
curves of double/single scattering which will take into

account the linear attenuation coefficient of both
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the enclosed sample and the enclosing sample have to be
produced from equation (4-8).

In fig. (7-12) we observe that the density
obtained for the water sample using the Compton scatter
densitometer compares very well with the Archimedes
value. This is because the density contrast and the
linear attenuation contrast between the water sample

and lucite standard are reasonably low (see table 7-1).

It is therefore apparent that using samples and
standards that have negligible density and linear
attenuation contrasts would yield Compton densities
that would agree excellently with the Archimedes
densities. This fact can further be demonstrated by
using teflon as a standard in determining the density
of Aluminum by the Compton method. The results
realized show reasconable improvement (about 70%) over
the results obtained with lucite as standard.

The attenuation coefficient for bone in the range

1

of energy of interest was found to be 1.74 cm ' and the

doub’e/single scattering ratio is given in fig.7-4.

The attenuation coefficient for tissue is about 0.24 cm”

[29] and may be approximately represented in fig.7-4

by u = 0.23 em™! which corresponds to lucite.
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Fig.7-12: (Method 2: Measurement Set B' using Varying Diameters of
Lucite Standard). The observed (.) Densities of Aluminum, Teflon,
and Water; and The Corrected Densities of Aluminum (@) and Teflon (x)

by Compton Method and True Density (Archimedes) as a Function of Qutside
Diameters of Lucite.
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CONCLUSION:

It has been demonstrated that the measured
electron density using the Compton scatter densitometer
is influenced by the density and changes in the diameter
of both the sample and the standard. It is also evident
from the theoretical analysis that the influence of the
linear attenuation factor becomes well pronounced for
targe diameters. These parameters determine the mag-.
nitude of the multiple scatter contribution collected
at the nuclear counter.

It has been shown experimentally that the
dependence on dimensions will be substantially reduced
by using samples and standavrds of equal dimenstan.

The studies also showed that the discrepancy between

the Compton density and the Archimedes density will be
improved if the density and linear attenuation contrast.
betwean the sample under investigation and the standard
employed are small (<0.2).

A theoretical evaluation of double scattering
contribution has been made and applied to some
experimental data. The ultimate result show a reduction
in the observed discrepancy between the Comptan density

and the Archimedes density by a factor of about half.

The evaluation of triple scattering for further

improvement of the result is recommended. A detailed
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investigation of the influence of the coherent scatter-
ing cross~-section in the determination of bone density

using the Compton scatter densitometer is suggested.
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