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ABSTRACT

Ri gorous anal ysis of reinforced concrete nenbers | oaded
into the inelastic range requires the know edge of the
rel ati onshi p between nonment and curvature. This know edge
Is necessary for better evaluation of the deflections and
possi bl e redistribution of bending nonents after cracking

in statically indetermnate reinforced concrete nenbers.

In this research work, a considerably sinplified theory for
the analysis of nonent-curvature relationship and hence
deflection of reinforced concrete beans in the cracking
stage is presented. The theory assumes concrete to have a
non-zero tensile capacity. The non-linear behaviour of
concrete in conpression was accounted for by assumng a
parabolic stress-strain relationship. For the purpose of
this work, the stress-strain diagramof concrete in tension

was approxi mated by a bilinear curve.

These assunptions led to a third degree equation to
determne the position of the neutral axis according to the
equilibrium of internal forces. Having the position the
position of the position of the neutral axis, it was
possible to find the nonents and the curvatures for an
assuned value of strain in the tensile reinforcenent.
By increasing the value of the strain and repeating the
above procedure, we obtain the nonent-curvature diagrans.
Good agreenent was found between the results of this the



and the experinental results of previous investigators.

To further confirmthe validity the theory, six full sized
reinforced concrete beans grouped into two sets were
tested. The first set of beans have cross sectional
di mensi ons 300mm by 100mm and the second set has di nensions
100nmm by 300mm Each of the beans has total span 4.0m Al
the beans were reinforced with deformed bars of varying

di aneters. Stirrups were provided throughout the |ength of

each beam
It was found that results of the experinments were in good

agreenment with the theory.
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LIST OF SYMBOLS

Except where otherwise stated, the following meanings of

b LA

Symbols are used throughout the text: ting

A - co-efficient of the third degree eguation.

B =~ co-efficient of the third degree equation.

c - co-efficient of the third degres eguation,

D - co-efficient of the third degree equation.

A, = area of tensile reinforcement.

4, - area of compression reinforcement.

F ) - width of rectangular section or width of flange for

flanged beam

d, - depth of beam

E ~ modulus of elasticity of stee] retnforcement.

E, = modulus of elasticity of concrete at the origin of
the concrete stress-strain diaqram.

(B, - bending stiffness in the uncracked state. »

(D, - bending stiffness in the cracked state, "

(ED, - bending stiffness of fully cracked section (no
tension).

I 4 = tensile strength of concrete.

7 - compressive strength of concrete. "

f, - cube strength of concrete.

A - distance from extreme compressive fibre to the

centroid of tensile reinforcement.
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I, = moment of inertia of uncracked section
including quantity of steel.

K.B, - web thickness of flanged beam.

K - distance from extreme compressive fibre to centroid
of compressive reinforcement,

K.* - flange thickness of flanged beam

K4 - depth of neutral axis
1 = span of beam
M -~ bending moment in the cross-section

- bending moment in cross-section neglecting tensile

L

concrete
M, = bending moment in Cross-section due to tensile
concrete
M, - yield moment
M, - cracking moment
N, - resultant steel tensile force
N, - resultant steel compressive force
N, - resultant concrete tensile force
N, = resultant compressive concrete force
E, . -
u-i- = ratio of modulus of elasticity of steel to that
bo
of concrete
R = radius of curvature

. [ ]
r,- ratio —-*
.!
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/
et
W, - section modulus of uncracked cross-section including

Quantity of reinforcement

® - diameter of steel reinforcement bars or stirrups

., = strain of tensile reinforcement

¢, - strain of compressive reinforcement

. = 8train at commencement of yielding of tensile
reinforcement

e, T concrete strain at extreme tensile fibre

A T concrete strain at extreme compressive fibre

e, = concrete compressive strain

¢ - concrete compressive strain at maximum compressive
stress

e, T concrete tensile strain at maximum tensile stress.

¢, ~ concrete tensile strain

e, - ultimate tensile strain in concrete

p - stress block parameter

x - Ccurvature of beam axis

o, - stress in tensile reinforcement

o —- stress in compressive reinforcement

o, T concrete stress at extreme tensile fibre

o, ~ concrete compressive stress

o, ~ concrete tensile stress

© =~ tensile steel ratio
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CHAPTER-ONE

INTRODUCTION

GENERAL BACKGROUND

Load deformation Characteristics of flexural members

depends mainly on the moment-curvature relationship of

the sections. This is because most of the deformations

of members arise from strains associated with flexure.

Considerations of the load-deformation characteristics of

members is necessary for the following reasons:

i)

ii)

Brittle failure of members should not occur. In the
extreme event of a structure being loaded to
failure, it should be capable of undergoing large
deformations prior to maximum load carrying
capacity. This may save lives by giving warning of
failure and preventing total collapse.

The possible distribution of bending moments
different from that obtained from a linear elastic
structural analysis can be achieved if moment
redistribution can take place. That is, as ultimate
load is approached, some sections may reach the
ultimate resisting moments before others; but if
Plastic rotation can occur there, while the ultimate
moment is maintained, additional load can be carried

as the moment elsewhere increase to their ultimate
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value. Use of moment redistribution can convey
advantages because it may reduce the congestion of
reinforcement at the supports of continuous members,
and enables reduction in the peak bending moments in
bending moment envelopes.

iii) In areas subjected to earthquakes, a very important
design consideration is the ductility of the
structure when subjected to seismic loading. This
is because seismic design is based on energy
absorption and dissipation by post-elastic
deformation for the survival of major earthquakes.
Thus structures incapable of showing ductile
deformation must be designed for much higher seismic
forces if collapse is to be avoided.

The curvature of a structural member can be defined as

rotation per unit length of the member. Let us consider

an initial straight element of a reinforced concrete
member (Fig. 1.1) with equal end moments.

The rotation between the ends of the element of length
dx is given by:
dc ¢, dx e, dr

R K h wi-K)

(%.3)
1 "l el
R Kk M-k

(1.2)



1 ' T
where is the curvature of the element. 1t 16 denoted

by the symbol kappa, g Therefore,

]
.l .l

K= -
Kl1-K) K&

. (1.3)

The radius of curvature R , is measured to the neutral

axis., The neutral axis depth isg l}h » the radius of

Curvature R , and the concrete strain in the extremea
; |

compression fibre eﬁ and steel strain e, vary along

. ' I_l ! .
) OO
J".-. v J"'i("

i AR

the length of the.member because in-between thea cracks,

concrete still carries some tensile forces,
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The Shape of Moment-Curvature Curve

The important factors which affects the shape of the

moment-curvatura curves of reinforced concrete beams are:

1)

1)

iii)

The shape of the stress-strain curve of concrete in
tension and compression which completely describes
the deformative pProperties of concrete (Fig. 1.2).
Knowledge of the descending branch of the tensile
strass-strain relationship ig of particular
importance because of its sensitive inftuence on the
shape of moment-curvature curves. This aspect is
fully discussed under lTiterature review.

The stress-strain relationship of steel
reinforcement also influence the shape of moment-
curvature curves. Steel having definitive yield
point gives different shape of moment-curvature
relation compared to stee] without definite vield
point for the same percentage of reinforcement
(Fig. 1.3).

Geometry of cross-section (rectangular or 7-
gection), ratio of reinforcement, placement of .
reinforcement etc, also affect the shape of moment-
curvature curve. In the case of T-beams, various
cases of the positions of the neutral axis as wel]
a8 tensile stress peaks need be distinguished.
Percentage and Placement of reinforcement strongly

affects the shape of moment-~curvature curve,



i

Heavily reinforced sections have stéep moment-
curvature curves while 1lightly reinforced section
produces S-~shaped moment-curvature relationship.
iv) Other factors which are not considered include
include, among others, environmental factors
(humidity andg temperature), time dependent
behaviours of concrete (shrinkage and creep), and

loading history, etc.
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Moment Curvature curve of a reinforced concrete beam is

obtained experimentally by measuring the strains ( e/,

and e, ) at the extreme fibres of a cross—section of a

!

reinforced concrete beam as bending moment is increased
to failure.

Curves obtained are usually linear in the initial stage

up tc the so called "Cracking moment” lq, . At this

gtage, the relationship between moment and curvature is

given by the classical elasti¢c equation:

M
cﬂ),-—;-m
aw e g (1.4)
wWhere:
(ED, -behding stiffness of uncracked cross-section
M ~-bending moment in the cross-section

r =curvature corresponding to the moment in the
cross-gection. ' '

Cracking moment is fictitious: it does not exist in
reality because micro crack formation in reinforced
concrete members is a continuous process hence no value

of bending maoment can be assigned to its formation.
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The first stage therefore shades off smoothly into the
second stage,
With the increase in bending moment, cracking of the
concrete reduces the flexural rigidity of the section and
the curve deviates from the initial straight l1ine. The
reduction is greater for lightly reinforced sections than
for heavily reinforced sections. This stage represents
the flexural rigidity of cracked cross-section. The
curve grows asymptotically to the flexural stiffness of
fully cracked section up to yield of tensile
reinforcement. The stiffness of the fully cracked cross-
section is represented by a straight Tine from the
origin. Figure 1.4 shows a typical moment-curvature
curve.
The behaviour of the section after cracking (stage 2)
depends mainly on the steel cantent. Lightly reinforced
cross—-sections result in an S-shaped moment-curvature
curves up to the point of yielding of tensile
reinforcement. At yield, a Targe incraase in curvature
occurs at nearly constant bending moment.
This is shown in idealized form in Figure 1.5.

w Y -

In heavily reinforced sections, the moment-curvature
curve is steep; almost a straight 1ine from the origin to
the point of yield stress of tensile reinforcement.
Failure in this case can be quite brittle unleses concrete

is confined by closed stirrups at close centres.

oy

LA e
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If concrete is not confined, it crushes at relatively
small curvature before the steel yields causing a

decrease in the moment carrying capacity of the member.

The flexural stiffness in the cracked state (ED‘ can be

o

obtained at any value of the bending moment using the

relation:
AM
(ED), Ar
- ko (1-5)
fr'I..
where: AM - bending moment
Ax - ‘curvature
(ED‘ ~- bending stiffness in the cracked
state L

To ensure ductile behaviour in practice, steel content
less than balanced design but greater than the minimum

design value are always used for beams.
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Application of M - x Relationship for Deflection
Calculation

Short-time deflections of reinforced céncrete mambers are
affected by the strengths of concrete and reinforcement,
the cross-sectional dimensions and the applied bending
moment. However, the major cause of difficulty in the
analysis of deflections is the variability of the
stiffness due to cracking of concrete and the non¥1inear
distribution of stress both in the compressiocn and
tensile zones of concrete. Moment-curvature relationship
is used for calculating more accurately the flexural
stiffness at any section of a beam knowing the value of
the bending moment at that section. Having obtained the
flexural stiffness, deflections can be calculated for
those sections using any available method of finding

deflection. For example, congugate beam method.

Deflections calculated in this way are more realistic
than most approximate methods in which stiffness is
assumed uniform over the entire beam length. Figure 1;6
shows the application of moment-curvature in calculating
the flexural stiffness.

P

N S
L3
The principal types of deflection problems commonly found

in practice may be classed into: ‘

. ;3".:‘
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i) Where excessive deflections results in either
aesthetic or functiona! problems. Examples inctude
objectionable visual sagging, "ponding” of water on
roof slabs which may result in accéﬁarateﬁ
deterioration, prevention of proper operation of
machinery such as in gantry beams,lggmming of doors
and windows, - f.. o Y %

ii) Where structural members are Joined to each other.or
to non-structural elements that may be damaged by
large deflections. Examples include excessive
rotation of joints causing unsightly cracks which
may permit the entrance of water:; damage to
partitions, cladding, ceilings and other brittle
finishes,

Cracking and deflection are related problem which are

treated under serviceability 1limit state in re1nforcéd

concrete members. Curvature is related to crack width
because curvature is calculated from concrete strain on
extreme tensile or compressive fibre of the cross—
section. Excessive cracking affects the appearance and
ductility of structural members due to corrosion of
reinforcement. Excessive crack width may be unconducive
to occupants and may lead to a feeling of unsafe.

»

i
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1.3 Need for the Study
Rigorous analysis of reinforced concrete members loaded
into the inelastic range requires the knowledge of the
relationship between moment and curvature. This
knowledge is necessary for better evaluation of
deflections and the possible redistribution of bending
moment after cracking in statically indeterminate

reinforced concrete members.

Moment-curvature curves are indispensable for calculating
the real stiffness and then deflections of cracked
reinforced concrete beams.

In most of the approximate procedures available to
compute deflections for un-cracked sections under service
loads, linearly elastic stress-strain diagrams are
assumed for concrete in compression and tension. For the
cracked cross-section, the tensile strength of concrete
is often ignored, while the concrete in compression is
considered linearly elastic.

These conditions are used to compute the moment of

inertia in terms of the ratio l; for both un-cracked

and cracked sections respectively.

The ratio K; is defined as the distance from the zero

strain surface to the extreme fibre in compression



1.

divided by the effective depth.

The bending stiffness of reinforced concrete beams under
service loads is considerably smaller than the stiffness
calculated on the basis of un-cracked cross-section.
Since most concrete sections in a beam are assumed
partially cracked, transition values are required between
these two extremes limits for deflection calculations.
The I-effective method is the most widely accepted of all
the approximate methods for computing deflections of
partially cracked members under service loads.

In this study, an analytical procedure is developed for
obtaining the moment-curvature relationship taking into
account the stiffness contribution of tensile concrete
and the non-linear characteristics of concrete in tension
and compression.

The moment-curvature relationship obtained can predict
Ccurvature and deflection beyond the service load range to

the ultimate load.

Aim and Objective

The aim of this research work is to determine
theoretically and experimentally the relationship between
moment and curvature of reinforced concrete beams taking
into account the contribution to stiffness of tensile
concrete.

To achieve this aim, the following objectives are set to

be pursued.
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i)

i)

jii)

19

To develop anatytical formutlae needed for
calcuylating the moments and curvatures. The effect
of tensile concrete stiffness is accounted for by
using a stress-strain curve for concrete in tension
which include a descending branch to account far the
effect of progressive cracking and the corresponding
decrease in the level of tension in thé concrete
between the cracks. The curve is approximated into
simple shapes namely: rectangle and then triangle
having the same slope as the curve for compression
at zero stress.

To write a computer program used to solve the
formulae to obtain the values of moments and
curvatures and to compare tha results obtained with
previous experiments and theories.

To investigate and confirm through laboratory
experiments using rectangular beams, the validity of

the theoretical results obtained.

Scope and Limitations

Moment-Curvature relationship obtained in this research

work is l1imited to rectangular beams.

Flanged cross-section is used to davelop all the formulae

used in this work. No effort was made to consider other

various cases concerning flanged beam. However, only the

case for rectangle was solved.

AT
. I" 3 \_'N{
7 X }v
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For instance, the positions of neutral axis relative to
the flange was not considered. The location of the
"ultimate strain” whether within or ocutside the cross-

section was also not considered.
METHODOLOGY

The work was divided into two main parts namely: the
theoretical determination of the moments and curvatures
and the laboratory experiments to confirm the theoretical
results. The theoretical aspect started with the review
of available and relevant 1iterature on the state of the
art on the chosen topic. The formulae needed for
calculating the moments and curvatures were developed
taking into consideration the non-linearities of concrete
in both tension and compression,

The formulae needed for calculating the moments and-
curvatures were developed taking into consideration the
non-linearities of concrete in both tension and
compression. The stresé?strain curve of concrete in
compression was assumed to be a second degree paraboila.
In attempt to obtain the best fit for tensile stress-
strain curve of concrete that will give accurate moment-
curvature relationship, the tensile stress-strain curve
of concrete was approximated to a rectangle in the first
trial. The result of this approximation was found to bhe

unsatisfactory. ' -
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So ancther trial was made using bilinear approximation
for the stress-strain curve of tensile concrete.

These assumptions led to a third degree equation to
determine the position of neutral axis according to
equilibrium of internal forces.

A computer programme was written to solve the third
degree eaquation to obtain the depth of neutral axis.
Having the position of neutral axis, it was possible to
calculate the moments and curvatures for an assumed value
of the tensile steel strain. In this way and for
increasing values of strain in tensile reinforcement, the
moment-curvature diagram of the cross section was

obtained.

The theoretical results obtained were compared with the
experimental results obtained by previous investigators.
There was remarkable agreement.

The second part of the work was devoted to laboratory
experiments. A total of six reinforced concrete beams
were cast and tested. Three of the beams has cross-
sectional dimensions of 100mm by 300mm. The remaining
three has cross-sectional dimension of 300mm by 100mm.
The beams were cast using timber forms. Deformed bars
were used for tensile reinforcement for all the beams.
The variables are the percentage of reinforcement and
diameter of bars for the tensile reinforcement. A1l the

beams were vibrated using kango hammer and left overnight
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before they were stripped and left for curing,

Wet jute bags were used for curing the beams. The beams
were covered with the bags and watered every morning for
28 days.

Two beams were cast at a time. For each pair, three cubes
and three cylinders were cast. The cubes and the
cylinders were cured under the same condition as the
beams. The cubes were crushed a day prior to testing of
the beams to determine the strength of the concrete.

In Tike manner, the cylinders were tested to determine
the modulus of elasticity of concrete. The beams were
tested at the rate of one beam per day.

Loads were applied using two hydraulic Jacks as described
in the experimental programme. Cracks were observed with
the naked eyes only. The following measurements were
taken for each beam at each stage of loadings:

1) Tensile strain at the level of tensile reinforcement
with the aid of electrical strain gauges of gauge length
6mm. The gauges were mounted in pairs on the extreme
reinforcements in the area of constant bending moment .
2) Concrete strain on the surface of the beams in the
region of constant bending moment. Stainless steel discs
were glued on the top of the beams using epoxy resin at
a gauge distance of 200mm. Stainless steel discs were
also glued at 25mm from top and bottom of the beam depth

and 75mm from each other at the same gauge distance.
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The strains at various levels of the beam depth was
measured on one side of the beam using "Demecs” strain
gauge as the load was being increased.

3) The deflection of the beam in the region of constant
bending moment over a length of 2000mm. This measurement
was performed using dial gauges mounted at 500mm interval
along the beam length.

The experimental results were analyzed and compared with
the theory. There was remarkably good agreement between them.
The results obtained theoretically and experimentally were compared
and presented graphically in figures 5.19-5.14. The closeness in the
values indicate that the theory and the experiment are in good
agreement.

A considerably simplified theory for the evaluation of deflection of
reinforced concrete beam In a cracked state was proposed in this
work. The theory took into account the contribution of concrete in

the tensile zone to the stiffness of the cross-section.
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CHAPTER-TWO

LITERATURE REVIEW

The Shape of Stress-Strain Diagram of Concrete:

The instantaneous axial deformation of concrete specimen under |oad
can be described by the stress-strain diagram. For many years, the
stress-strain relationship for concrete was generally assumed linear
for stresses up to concrete strength, then dropping abruptly to zero
stress indicating failure. Many researchers like Richant et al. (1929),
Berg et al. (1950), Jones (1952) and Hognestad et al. (1955) have the
implied that the shape of the stress-strain curve is related to

irreversible cracking of concrete.

Hsu (1963) and Popovics (1969) derived the shape of stress-strain
diagram based on the theory of progressive internal cracking. The
curve starts with a nearly linear portion that stretches to about 30
per cent of the ultimate load. Beyond this point, the curve deviates
gradually from the straight line to the horizontal and then having
reached a peak, it ends in a descending tail. Figure 2.1 shows a
typical stress-strain curve in compression. This curve corresponds
to the results obtained by Brock (1962) and Barnard (1964) in
uniaxial compression using stiff constant strain rate testing machine.
Balavadze (1959) obtained a similar result from axial tension test of

reinforced concrete specimens.
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Shah and Winter (1966) noted that in the case of short-time loading,
the stress-strain cdiagram is more curved for concrete than the
comparable mortar which, on the other hand, has a more curved
diagram than the comparable paste of the same water-cement ratio.
Crack propagation usually starts on the interfaces between
aggregates and mortar, and then penetrates the mortar causing
progressive breakdown and discontinuity in the internal structures of
the concrete. ' A
In accordance with thls mechanism, Gilkey (1961) reported that for_
the same mix proportion and identical water-cement ratlo, the
compressive strength of concrete decreases with increasing size of
coarse aggregates In the concrete. He noted that variances in water-
cement ratio, curing and age Iintroduces little difference tn relative
deformations, This however, appears conflicting. Barnard (1964)
collaborated this fact. He however added that the size of specimen,
location of gauge length for strain measurement are among the
important factors that affect the shape of the stress-strain curve of

P

concrete. N

Numerical Approxlm;lfions of Stress-Strain Curves
For many years researchars have triad to adequately represent the
stress-strain reiationship of concrete using mathematical curves and
exprassions. Untll recently, there has been Insufficient experimental
or analytical information on the shape of the stress-strain curve
beyond the peak stress. Kotsovos {1983) reported that the
descending portion of the concrete stress-strain relationship depends

very much on the testing technigue used.
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Accurate knowledge of the descending branch of the concrete stress-
strain relationship especially in tension is necessary for us because

of its sensitive influence on the shape of moment-curvature curve.

Several investigators have developed empirical expressions mainly
from boundary conditions and curve fitting for the numerical
approximation of the ascending and descending branches of the
stress-strain diagram of concrete. It should be mentioned that the
stress-strain relationships obtained from concentric compression are
not identical with similar relations obtained by flexure or
eccentrically loaded specimens. The peak points of stress-strain
curves for eccentric loading are located at higher strains as well as
higher stresses than the peak points of corresponding curves for
concentric compression.

Some of these formulae taken from literature are summarized as

shown in Table 2.1.
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Table 2.1 FORMULA FOR THE ASCENDING BRANCH OF STRESS-STRAIN
DIAGRAM OF CONCRETE
Source Formula for axial Equation | Inference
stress o, No
Bach o .-Ce ? (2.1) Implies
«~Gte that E,,
is
infinite
Saenz 2R s {2.2)
- “Ta || "«
o z,,,:{n( Bhu-zl"c]
r
+[ 2B, Y e,
Epo A ¢/,
Saenz & LU (2.3)
c
1+( B“'_z) _'l_°+ Le
E, "
European ¢ (2.4) Implies
Concrete 0 ~Ee {1 -—5 ] that
Committee 2e, B,
Sturman, et | 5 ~ce (1+Ce ™) (2.5) Implies
al e~ Gte ne that
L
E, (n-1)
Desayi and Ee. (2.6) Implies
Kristnan 0.~ 3 that
L
&e E,
Tulin and s e \*? (2.7) Implies
Gerstle a, - ‘; S that
) Se Ere C, +1
Smith and e, (2.8) Implies
Young e A that
c be
BM
-9
B‘




by many sclentists. They include the foliowing:
Alexander (1965) for the complete stress~strain curve (both ascending

and descendlng branches) pProposed:

B e .

. - B"‘z.__
e, + B + 7

Sinha et al. (1964) Proposad the following 8quation

AT a
o, - [——il}(ec - X2« A, - (2.10)

Kriz and Lee (1960) for the purpose of obtaining complete stress-strain

Curve of concrete in flexure Proposed the followlng expression-

o s At . Aoz 4 Ao, + Agerc - g (2.11)
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wang et al. (1978) obtained the following expression for complete stress-

straln curve in axial compression:

! A2)
Y- AX - B”x {2.12)
1+CX + DX®
where Y = 2. T L. {2.13)
P) o .’a

E = £ - secant modujus of elasticity at peak stress.

f
€

X~ oparameter that defines the numbar of load repetitlons, and
strength of concrete.

6~ concrete compressive stress. s

f;— compressive strength of concrete

e - concrete compressive strain

e"- concrete compressive strain at maximum stress.
A'| ... A%, experimental parameters In the equations for
¥, ... B, | stress-diagrams that depend on the

C/; .. C's| composition of concrete, age, curing and

D' and m | testing conditions, etc.

A commonly used exprassion was proposed by Hognestad {1955)

It conslists of two parts: a second degree parabola for the ascending
part and a straight line for the descending part.

Figure 2.3 shows Hognestad’s stress-strain curve for concrete. In this
study, the stress-strain relation of concrete in compression is assumed

to be a second degree parabola. This is shown In Flgure 2.4.
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2.1.2 Tensile Stress-Strain Relationship of Concrete

As mentioned earlier, tensile stress-strain diagram is very Iimportant
especially the descending branch, because of its influence on the shape
of moment-curvature diagrams.

Tensile stress-strain diagram with a descending branch significantly
Improves the accuracy of calculated deflections compared with
deflections calculated from diagrams in which stiffness contribution in

tension is neglected.

The shape of concrete stress-strain diagram in tension depends very
much on the testing procedure used. McNeedy and Lash (1963) stated
that "the term tensile strength and stress-strain relationship in tension
have no absolute meanings, but must be expressed In terms of the

specific test procedure used”.

Three kinds of tests have been used for testing plain concrete in
tension: direct tension test, flexural test, and the splitting test. Among
the three methods, only direct tension test can provide the complete
stress-strain diagram beyond the elastic behaviour of concrete.

When plain concrete is tested in direct tension using a testing machine
In which the strain rate cannot be controlled, a linear diagram with a
brittle failure is usually obtained. Nonetheless, the non-linear

behaviour of plain concrete in tension has been observed experimentally.
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Hugh and Chapman (1966), and Evans and Marathe (1968) used modified
testing machine to obtain stress-strain diagrams in tension with
ascending and descending branches similar to those obtained In
compression. B ” |

Recent experiments in stiff tesﬁng machines by Ahmad and Shah (1982),
Carriera and Chu (1986), Gopalaratnam and Surrendra (1985), Shah and
Sankar (1987) have shown that the stress-strain diagram of concrete in
tension Is non-linear and has well defined ascending and descending
branches. The curve is also influenced by concrete shrinkage, micro-
cracking, concrete strength and reinforcement distribution etc. Clark
(1979) established that the stiffness effect of tensile concrete is
dependent on the percentage of steel, diameter of reinforcement bars,
bond stress, concrete strength and the distribution of reinforcement.

Prakhya and Morley (1990) in analyzing the work of Clark (1979), found
out that even at strain corresponding to steel yielding, concrete still
exhibits 20 to 55 per cent of its maximum tensile capacity. Gilbert et
al. (1978) noted that iIf the effect of tensile concrete is neglected in the
calculation of flexural stiffness, defiection may be overestimated by 100
per cent particularly in the serviceability range of loads.

Therefore, the tensile stress-strain relationship used hers is taken to
be the same as obtained in direct tension tests, and aiso the same as
that which provides good representation of various fracture tests data
for concrete, Figure 2.5 shows a typical stress-strain curve for

concrete In tension.
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2.1.3 Simplified Stress-Straln Curves of Concrete for Obtalning

Moment-Curvature Relationshig.

Many authors have used several simplifications of the stress-strain
curve of concrets In tension to simulate the effect of tensile concrete

on the moment-curvature relationship of reinforced concrete sections,

Vebo and Ghali (1977) took Into acoount. the contribution of tension
stiffening in Increasing the average stiffness of reinforced concrete slab
compared to the stiffness of a section at which a crack is formed. In
their work, the stiffening effect Is simulated by approximating the
stress-strain relation of concrete in tension as shown in Figure 2.6,

The parameters defining the curve are given as follows:

e, ~12 —f-‘— e (2.14a)
E,
2, - 21 -i;— wee (2.14b)
1
e~ 115 014 -
an .
Where: f« tensile strength of concrete -

Eh- modulus of elasticity of concrete at the orlgin of the concrete
stress-strain dlagram.

e~ ultimate tenslle strain in concrete

E.™ <oncrete tensiie strain at maximum stress
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Bazant and Oh (1984) approximated the tensile stress-strain curve of

concrete into bilinear relationship characterised as follows:

i For e, se; o,-E xe¢e, (2.14)
i) For e _<e, se,; o,~f - (s, -e N-E) (2.15)
i) For e, >e; o,-0 (2.18)

The value of E, is glven as follows:

-10E,,
2.17
ny ( )

B -
Where E,- tangent strain-softening modulus.

Carrera and Chu (1986) used a nonlinear stress-strain diagram both in
tension and compression to evaluate the moment-curvature relationship
of reinforced concrete beams.

Expressions used to describe the complete stress-strain diagram in both
tension and compression including ascending and descending branches

are given as follows:

€
0 = s (2.18)

[4 .‘
(]




a7
G‘ .
= -
and o, - Y (2.19)
SN

where B Is the shape factor.

¢ = concrete tensile strain

4 i

e

o - concrete compressive stress Y

G- concrate tensila stress.

E = modulus of elasticity of steel reinforcemant

g = concrete compressive strain.

e",- concrete comprassive straln at maximum stress.

Prakhya and Morley (1990) studied the parameters that affects the
shaped of the non-linear descending branch of tensile stress-strain
curve. They compared the complete stress~strain curve of reinforced
concrete in tension to a simple non linear equation simitar to that used

by Carreira and Chu for plain concrete as follows:

o, - ;;(.-Eﬁ] i % <1 (2.20)
)
- » = ¥ —L>1 (2.21)

(2
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where B, Is related to the diameter of bar, " percentage of

reinforcement and cover to the reinforcement.

For various values of f, , the different shapes of relative stress and

strain are shown In Figure 2.8,
Based on thelr findings, Prakhya and Moriey used a non-linear
approximation to account for the tensile concrete for the purpose of

obtalning the moment-curvature relationship.

Maria Kaminska and Artem Czkwianianc (1993) used the approximation
shown in figure 2.10 1o represent the stress-stirain curve of concrete
in tension for the purpose of obtaining the moment-curvature
relatlonship.

The compression zona is characterized by the following expressions:

o, - T (2.21a)
¢
'c
where f - ; (2.21b)
T
1--;—-!‘.“
¢ sho

It should be noted that mere simplification of the tensile stress-straln
curve in order to account for the stiffness contribution of tensile
concrete does not ensure satisfactory results. The tensile strain
corresponding to the maximum tensile stress of concrete and the

ultimate strain at which there remains any signlficant tension stiffening
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1

are ambng the sensitive parameters that affect the shape of the moment-

curvature r'elathnship. In this research work, these parameters were
craefully chosen and adjusted until the best fit to experimental results

of previous researchers were cbtained.

The extent of linear tension-softening is defined by the parameter g,

- ae, ., and e = ultimate tenslle strain in concrete,

where ¢ ”
BFAP

o

e, = concrete compressive straln at maximum compressive stress.

Different values of & have been specifled by various investigators.

Damjanic and Owen (1984} proposed the vaiue of a between 5 to 10

for shear type cracking and 20 to 25 for flexural cracking. Bazant and

Oh (1984) suggested a value given by an empirical expression:

« - L™ + 1 | (2.22)
E,
h E 04835, (2.23)
where -—— .
' 0393 + fx
E - tangent strain-softening modulus

E, - modulus of elasticity of concrete.

f, - tensile strength of concrete.
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2.1.4

Concluding Remark on Stress-Strain Relationshlp

Having carefully analyzed the state of the art of concrete stress-strain
relationship, one can safely remark as follows: that all the analytical
equations and the various mathematical shapes used to represent the
stress~strain curvas of concrete are complicated and difficult to use for
any analytical and practical purposes. For this reason, several
simplifications have been used to represent the stress-strain curves
both in tension and compression as has been shown in the earlier
examplas. " |

Therefore, for the purpose of t.his rasearch work, the stress-strain
curve of concrete In compression is assumed a second degree parabola
(Figure 2.4). The tensile stress-strain relationship is simplified as a

rectangle In the flrst trial, then a triangle: Figures 3.2 and 3.3,



2.2

Moment-Curvature Relationship

4
The real stiffness of cracked cross-section is in fact an average of the
properties between the uncracked and fully cracked concrete between
the cracks. This phenomenon as mentioned earlier is attributed to the
fact that concrete does not crack suddenly and completely but
undergoes progressive microcracking. This description is shown in
Flgure 2.11. As early as 1917 in Germany, Bach and Graf conducted
extensive experimental investigations on reinforced concrete beams for
the purpose of obtaining the relationship between moment and

curvature,

Monnier (1970) Investigated the moement-curvature relatlbnshlp both
theoretically and experimentally. In his theoretical Considerations, he
assumed concrete to have zero tensile capacity which results in
underestimation of the flexural stiffness. He derived empirical
expressions for calculating the depth of neutral axis of cracked cross-
section hence moment-curvature relationship.

The expression which is based on parabollc stress-strain curve of

concrete in compression is as follows:

K23 + ) L I - 2m0) + 1260 - 6,0 -0 (2.24)
[ ]

€

E- e’c ’
where n,~ — and E - =< (2.25)
20,
K_ - constant which defines the depth to the neutral axis.

X

€, =~ Strain at the commencement of yielding of tensile reinforcement



8 - modular ratio,
@ - tensile stesl ratio. : _ : | _ L '
The stress and strain distribution adopted by Monnler is shown in

Figure 2.12. Equation 2.24 is a third dedree eguation In * K‘ ' which
was fully solved in Chaptef Three of this work.

The moment-curvature curve was idealized into trHinear curve by
Monnier (1970) in order to obtain expression for the flaxural stiffness

of the cracked seciion (EI)g. See Figure 2.13. From the Figure, we can

write that:
M - M
- 4 = 2.26
(ED, M, M ( )
&, (ED,

Mconnier also proposed empirical expressions faor calculating the

stiffness in the uncracked state (EI)o and the cracking moment Mg-

where E, = (%o’m + 200).10° KNjmm? (228
M_ - fer ' (2.29)
1 1 | |
where f = 5{56'{‘ + 10) kejcm? (2.30)
The stiffness of the fully cracked section follows from the relation:
M M ' _
&D,, - X - | (2.31)
K’ S“ - .

M1 - K)
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/ -
M,-wo B Kf1- — e g  (2a2)
4l3. 52
| ¢ |
sl .
(ED, - E B A (1-K)1- | (2.33)
)
-

where M,— ylald moment

f,,- moment of Inertia of uncracked cross—section
M_~ cracking moment

W~ section medulus of uncracked cross-section
(E!)“- bending stiffness of fully cracked sec.tlon

o,~ VYield stress of tensile reinforcement

K- vield curvature

h= eoffective height of the beam

f", cube strength of concrete.

In Monnier’s experimental Iinvestigations, nine reinforced concrete beams
of cross-sectional dimensions 250mm by 290mm were tested.
Reinforcement percentage was varied from 0.22 per cent to 1.5 per
cent. Results obtained from his measurements were compared with hig
theory. Good agreement was achieved. It was howevear difficuit to adopt
without verifications the results of his measurements because they were

present with very small scales, wi
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Bazant and Oh {1984) obtained moment-curvature theoretical relationship
for rectangular beams. The tensile stress-strain curve was
approximated as shown in Figure 2.7 for the purpose of accounting for
the stiffhess contribution of tensile concrete.

The stress-strain distribution adopted for calculating the moment and
curvature is shown in Figure 2.14,

From conditions of equilibrium, moment due to stress block about the

neutral axis may be written as follows:

2
M- KfBKh (-’i - x,.x‘.h) « Yo (-’1"- - d!]
2 =1 2 |
+ K £, (h - KR, [g - Egh - x,,n)] e
where K, = fu"'df' , and | -~ (2.35)
o fit'y '

de - Infinitesimal compressive strain

¢
e', - concrete strain at extreme compressive flbre
f, - concrete compressive strength

Bo - breath of the beam

f, e, and h - are as' previously defined.

v,

feﬁoc.dc‘,

_— .__...._._.__o . I I
K- (2.36)

dbfac'dcc | :
L i



51
K -2 | | (2.37)

K -1--"2>— - | (2.38)

e’bfo‘.dec
9

Knowing the stress-strain curve of concrete In compression. values of
K Ky Kg and K, can be obtained. The curvature of the neutral axis is

given by the formula

=¥ . (2.39)

Bazant and Oh (1984) compared the results of their theory with the
tests by Sinha, Gerstle and Turlin {1964). The theory was found to be

in good agreement.

Prakhya and Morley (1990) used the same procedure as Carriera and
Chu (1986). Both of them used non-linear approximation of tensile
stress-strain curve for the purpose of accounting for the stiffness
contribution of tensile concrete. |

The stress and strain distribution for céiculating the moment-curvature
relationship is as shown in Figure 2.14. From equilibrium of forces we

may write that:
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N, +N+N -0 (2.40)

Taking moment about neutral axis we have:

M, +M,+ M -M -0 (2.41)
s
! / 1
Ny-o,B,Kpry, ?c':‘_fac‘c'd’e (2.42)
cH
W
Ny =SBy c)v; v, - ~fomde, (2.43)
ro
N, - ofe)A; M, - Nk - KR (2.44)
e
1.2
M, - o B(KAPE; E, - 0 o0 de, (2.45)
e
vy
1.2
M, -fBh »cPE; E, - ) fe.0.de, (2.48)
r o
1
where: 9n = i;!
¢ [ ]
£
and n, - — (2.47)
e-

M‘- moment due to tansile steel about the neutral axis
Mu,- moment due 1o compressive concrete

Ha- moment due to tensile concrete

N,audN‘-— rasultant tensile and compressive force in concrete
respectively

N~ resultant steel tensile force
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By Iterating numerically, the values of e, , y, 2 and vy, are

calculated. Values of N'. and N, are computed using equations

(2.42) and (2.43). These values are substituted in equation (2.49) from

which K‘ is evaluated. Having found K‘ , the value of curvature

may be calculated using the equation:

¢, €s
K Ml -K)

Where:

e’, , e, , K and A are as previously defined.

The two-zone non-linear model proposed by Prakhya and Morley (1990)
seek to use the actual behaviour of concrete in both tension and
compression to obtain a precise moment-curvature relationship. This
was however not the case. The accuracy of the results they obtained
was not higher than those of other Investigators with simpler
approximations. Moreover, there is no direct solution to the non-linear
equation which was used to represent the stress distribution in the
section. Solutions were found only through numerical procedure using

successive approximations.

Alwis (1990) like Monnier used the trilinear curve to represent the
moment-curvature relationship whereby the uncracked, cracked and
yleld behaviours are depicted as linear segments, Behaviour after

yielding of tensile reinforcement was assumed to be perfectly plastic; as
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a result, only two co-ordinate points are required to define the curve,

Figure 2.16.

Idealization, however, does not reflect the true nature of moment-

curvature curve. As mentioned earlier, the first branch of the curve

is related to the uncracked concrete. At the cracking moment lla s

the influence of crack formation becomes noticeable.
Since micro cracking is a continuous process, no exact value of
bending moment can be assigned to its formation hence the first branch
smoothly shades into the second branch. The main advantage of the
trilinear moment-curvature relationship is its simplicity when compared
to deflection analysis using numerical methods.
Alwis compared the moment-curvature curves derived using Branson's
(1967) formula and that obtained by Bazant and Oh previously mentioned
with those produced by the trilinear model. He observed good agreement
among these models, especially in the serviceability range of loads.

An empirical formula for calculating the effective bending stiffness of
cracked reinforced concrete sections under service loads was proposed
by Branson (1963, 1977). The formula was found to conform adequately
to the various test results also published by Branson (1983). The
formula which has been endorsed by ACI Committee 318-83 for estimating

deflection is as follows:

M
(ED, - (ED,, + [(ED, - (zn_{—i‘-‘!]’ (2.49)

where:

(ED) - effective stiffness of the cross-section
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M - applied bending .moment

M, = cracking moment

(EI)“ - bending stiffress of fully cracked section
(ED, - bending stiffness of uncracked section

This is the most widely accepted of all the approximate methods for
computing deflections of cracked members under service loads, |

A bilinear moment-curvature curve for use [n estimating service load
deflections of reinforced concrete slabs was proposed by Rasheidat
(1986). In his model, the tangent stiffness of the section after cracking
ls assumed equal to the stiffness of the fully cracked sectlon. The modael

however, is not intended for beams or at higher load levels.
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Codes Provisions for Beam Deflections

The Nigerian Standard Code of Practice NCP1 1973 Part 1 gives three
methods of calculating instantaneous deflections in Sections 3.10.1 to

3.10.3

The application of Elastic Theory using second moments of area, based
on the area of concrete in compression, together with the transformed
areas of reinforcement.

The application of Elastic Theory using an effective second moment of

area as defined below:

M_\ M)
o
I# - (__) .I! + T —— (2-50)
IR ERK
J
where Mcr - Ir—-! (2.51)
e
Iy = Effective Second Moment of Area :*é_f; %
i".i" 3
M, = Moment of Cracking
M, = Maximum Bending Moment '
I = Gross Second Moment of Area ok

Modulus of Rapture W

[
.

k3
i

Distance from centroidatl axis to top fibre of beam

b
It
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The application of a rigorous theory based on appropriate moment-

curvature relationships.

The first method is quite appropriate for uncracked cross-sections. The
third method is exactly what the current research is all about.
Concerning the second method however, the following remarks can be
made. The formula consists of three components, the units of which are
not the same. While the first component is in the unit of stiffness, the
third component is in the unit of moment squared. In view of this, the
components are not “"addable”.

Moreover, the formula does not contain any variable moment, since the

applied variable bending moment, M Is not reflected in the formula.

The cracking moment, Ha, and the maximum bending moment H_u

are constant values, hence the l‘ as given by the formula is just for

a particular point on the beam. It might be that the authors of the
Nigerian Standard Code of Practice intended to quote the Branson’s
formula, but with these shortcomings, it is far from it.

The provisions for calculating beam deflections are stated in the CP 110:
Part 1: 1972 Section 3.3.8. This Code generally recommends that
deflection of any part of the structure should not adversely affect the
appearance or efficiency of the structure. The permissible defiections

in beams are given in terms of span/effective depth ratios.
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These ratios are themselves modified by factors which are dependent
upon the percentage of compression steel, the percentage of tension
steel and its state of stress under working load. Initial design for

stiffness is not possible on this basis.
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CHAPTER-THREE
Theoretical Considerations
Assumptions

In order to develop the formula required for flexural stiffness (moment-
curvature relationship) of reinforced concrete section, the followlng

assumptions were made:

Plane sections initially normal to rzero strain surface remain plane and
normal to It at any bending stage.

Straln distribution across reinforcing bars is considered uniform and
egual to the strain corresponding to the centrold of each bar.

Perfect adhesion exists between the concrete and stesl reinforcement.
Deformation of the materials does not break the bond between them,
The complete stress-strain relationships of the concrete and steel
reinforcement In tension and In compression are known. The stress-
strain relationship of concrete in compression is assumed a second
degree parabola. This is as shown in Figure 2.4.

The tenslle stress-strain relatlonship is shcown in Figure 2.5. \,-

The stress-strain relatlonship for steel is assumed to be linearly elasto-
plastic (without strain hardening). This assumption is made for the

purpose of this research work. . "
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Figure 3.1 Idealized stress-strain diagram for reinforcing steel

Contribution to stiffness by concrete in the tensile zone was taken into
account. This was done using the stress-straln curve of concrete in
tension which includes strain-softening to account for the effect of
progressive cracking and the dec¢rease in tension in the concrete In-
between cracks. To realise this, the stress-strain curve is approximated
into simple shapes: the first trial was a rectangle, and then a triangle
having the same shape as the curve for compression concrete at zero
stress. In Figures 3.2 and 3.3 are shown the rectangular and

trlangular approximations. ) R FAR i



62

Pl B
/ COMPRESSION

duah
oy

H

TENSION

&y

Fig.3.2. Stress-sirain curve of concrete
showing rvectangular approximation
of tensile zone
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Derivation of Formulae for Calculating Moment-Curvature Relationship

The formulae derived are based on the eguations already obtained by
Monnier (1970). He developed expressions for calculating the neutral
axis depth, the resisting bending moments and the curvatures. In his
work, however, the contribution to stiffness of tensile concrete was

naglected.

The formulaé were derlved for a general case: a cross-section of a
flanged beam with both tensile and compression reinforcement. The steel
strain Is given a value and from relations between the deformations and
from equitibrium of forces, the depth of the neutral axis can be found.
After the determination of the neutral axis depth, it is possible to

calculate all strains, stresses, moment and curvature.

In this way, and for increasing values of steel strain, the moment-
curvature relationship of a cracked reinforced concrete beam is

cbtained. ‘.

L
Formulae for Calculating M-x Relationship Neglecting the Contribution
of Tensile Concrete

From Figure 3.4, since the deformations are directly proportional to

+

their distances from the neutral axis we can write that:

. /
;o K e, &, K
R @1

¢ ¢ x . '..



b) D e —— S5 e S ——— (3.2)
e, ¢, V-K o K
K-K K -r
C) 'l'. - C‘. ; - x‘ - !’..—’-—x'—-—‘ (3.3)
x x
where:
K h
&
K, - 2 (3.4)
K
- _;i (2.5)
K, .k
K, - .___‘: (3.6)

N e K e K
b 1% K ot Ky
B, h 3."1-K‘ ."l-—x,
ot KKy, K- K
3e, 1-K, e/, 1-K,
(K, - KO - K)Sf. (3.7)
a=-0 if K <K, (3.8a)
a-1 if K >K_, (3.8b)

Where K:- constant which defines cover to compressive
reiforcement

K- constant which defines the depth to the neutral axis of the
beam

Kb- constant which defines the flange depth of the beam
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As a consequence of parabolic stress-strain diagram, we have

(3.10)

Substituting equation (3.9) in (3.8) and re-arranging we obtain:

K a.
a ((3er,) -0 -*3(3 *r,»%
A L AR (R

+ 31 - 1 - KJil * JTI2 « 1jndC?
e 3aJCIL - Kj\2 + KJ1 t rypt,

S« <(1 - KI? + *ro .0l (3.11)

Compressive force in top reinforcement

Assuming the steel grades of the tensile and compressive
reinforcement are the same and using equation (3.3) we have:

N¥m . n-1K-Kqg
-JL-Vo o R (3.12)

Bh x ir 1-K

where:

£x

»y - — and

N - modular ratio

E, and Efo - modulus of elasticity of steel and concrete

respectively



Fe " 6?

N and N’ - resuitant steel tensile and compressive force

K,, - constant which defines the breath of beam web

/

W - compressive steel ratic

o, and B, - are as previously defined

This equation is vatid only If e, <2, . The other cass,

022, will not normally occur before the taenslle

relnforcement vield and under that circumstance, where both

tensile and compressive reinforcement vield:

- W, o, (2.13)

The eduations (3.12) and (3.13) are summarised in one equation as

follows:
' | ] / _ _ -
N, e, [elm, - 1K - K)6a - KP (3.14)
B,k 6n(l - xl)zl n(1 - K)
N/
o - = _lstn, - DWLKE + LEXA - K) - LK ]

LB en(1 - KP
(3.15)

ade
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In which I, =1, =1, if ¢/, <e, and

. 11 = -.l ;h‘, |
. )
Q--1+K‘ if s’.zz‘.
Y
L= — in that case @, -~ o, (3.16)
o n

Tensite force in bottom reinforcement
This force is agual to:

Nd
B, h

- WO, {3.17)

Providing the same denominator as in equation (3.15) we obtain:

N, o
- 01 -2k, + K (3.18)
B,h  6nl - K)? (it =266+ 0]

Equilibrium of forces _
From addition of equations (3.11), (3.14), and (3.18); that Is

N,+N_ - N, - 0 and re-arranging we obtain:

~{B + 1) - all - KDB + r)K;
F Bl - ol - EJ)1 + B2 + 1N - &r, - DI’ - 6n,0]K.
+[3aK, (1 - KD{2 + K (1 + r)} + 6(n, - N1 + KM, ' + 120 )K_

- [aKa(l - E)3 + K r) + 6(n, - DKL’ + 6nw] - O
(3.19)
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/
14
With the right solution for K r, = —* can be found using equation (3.1).

€

The actual curvature is given by the ratio:
€, 4

K = - : ‘3.20)
K.k k(1 - K)

3.2.4 Resisting Bending Moment
The bending moment is obtained from moment equilibrium with respect to

tensile reinforcement

M, o, [ 2 4-r,
- . L
B K 6nl - at‘.)’l(3 r)x'{, 43 -r) }

K - K
- a3 - r,—/—2)(K, - K1 - K)

x‘
K, - K
4 -r, 1%
(RS A = _"K- (K, - K¢
{3 qr‘._.’____]
\ x‘ !
+ 6me'(n, - XK, - K)(1 - K| (3.21)
_ 1 - K,
in which m =1 if ¢,<e,_ and M"k—}— if ¢, 2¢,
s~ By

Where:

M‘- bending moment in the cross-section neglecting tensile concrete
N;- resultant concrete compressive force

/ . .
€, €y~ concrete strain at extreme tensile and compressive fibres

respectively

f .
e~ concrete compressive strain at maximum stress.
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£, and e’,- strain in tensile and compression reinforcement respectively

2.~ VYleld strain of tensile reinforcement

Equation (3.21) can be simplifled as: »

¢

U‘ 2
M - 3 - ~ (4 - r)K K
¢ 24n(1 - K)K, 16 -7 - @ - 1K

- (1 - KK, - KB P - K).43K, - 1K, - K}

- [4K, - r K, - KOHK, - K

+ ma’(n, - IXK_~ KQK(1 - K)) (3.22) ‘:ii‘
Equation (3.19) is a third degree eguation in K‘ . It can be re-written
as Tollows:

-AK] + BK: + CK, + D = 0 (3.23)
whera

A=1{B+7)-all - K3 + 1)) (3.24) ¥7
B =3 -al - K)I + K 2 +r)t -6, - Do - 60]
(3.25)
C = [3aK_(1-K )2+ K _(1+7)} + 6(n -1)1+K),0' + 120 «]
. ¥ (3.26)
D - [aEf,(l—KhJ(3+Kk.r.) + 6(u.-~l)K‘!,m’ + 6n°m] (3.27)

The result obtalned for the moment curvature relationship is a straight
line through the origin which represents the moment-curvature
relationship of fully cracked section, is. neglecting the stiffness

contribution of tensile concrete. PV
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3.2.2

a)

b)

3.2.2.1

14

Consideration of Tensile Concreta

Using Rectanqular Approximation

Using this approximation, two cases were considered.

The "ultimate strain™ of concrete in tension is assumed to be reached
within the cross-section {(Figure 3.4).

The “ultimate strain” of concrete In tension is assumed to be reached
outside the cross-section {(Figure 3.5).

It Is important to state here that ultimate strain and tensile strength
of concrete adopted here are not the real values. They are values
carefully chosen using the experimental data of previous investigators
as a basis. These values are adjusted until the best fit to experimental

curves ware obtained.

Uitimate strain within the cross-section

From Figure 3.4 we can write that:

8".
y - T-(fl - K h) (3.28)

Force due to tensile concrete:

No sk - k)5e (3.29)
Bh | guin. o I)'e *

[ a

To conform toc Monnler’s expression, eguation (3.29) is multiplied

%,

6n, (1 - K) :

and divided by the expression
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The expression becomes

. !/,-:-!(1 - K)K, 6n (1 - K)?

N (3.30)
Bh  6r(l - K)?| o,
. !s.u,f,%x,,.(l - 3K, « 3K - K
- = < (3.31)
6n(1 - K| 7,

-

The coefficients of the third dearee equation for this case

{tension concrete) are as follows:

A
Ay = 60— 2K - (3.32)
(1} ooa e, br
e
B, - +13.,,g£=_.__g.xk (3.33)
g, ¢t
a a4
4
C(l) - -ls."o‘-{"‘.—-ﬁ.xh (3-34)
aﬂ- ad -
)
D, - +6.no§.e—"‘.xh (3.35)
. a a

Equitibrium of forces:

N,+N, -N -N, -0 From here we find that:

A=--{B+r)-al -K)3+r))+ &n,i.ﬂ.xh (3.36)

*
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B - 3[1 - a(l - KD(1 - K 2 + r)}] - 6(n, - Do’

1 v

+6n, w - 18a, X, (3.37)

C - 3aK, (1 - KD(2 + K (1 + 7)) + 6(n, - 1)1 + K)Lo'

e
+ 128, @ + mu,—f-'-.—!,x,, (3.38)

D - - [aKp(l - K)3 + K, .1) + 6(n, - DK Lo

+6n, 0+ ﬁuei.x,, (3.39)
o

Resisting bending moment due to tensile concrete with respect to tensile

reinforcement:

M, - frx,.n,.?ul - K)K( - K)(1 - 05-2-'!) (3.40)
a a

To conform to Monnier’s expression, equation (3.40)

"

is multiplied and divided by: —— —
un,(l—x,)x‘

Cu(1-K Y(1-0.5°= -
" . !/,x,,t‘u K)(1-05 8.243.(1 K)K,

B.hz - mo(l - x)x:l O

(3.41 )
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o [241" ) e
- g I2K, (1-K¥.K.(1-0.5-5) (3.42
24"0(1 - K:)le 0, ¢, k( 8)3 x( € )} ( !

Resisting moment in the cross-section including tensile concrete with

respect to tenslle reinforcement becomes:

M a, r

c -

Bi:  24n() - KK

(43 - r) ~ @ - r)K K]

-a(l - K,)(Xx - Kk)z (A(1-K 3K, - r, (K-K )}
-4K -r, (K - KJHK, - K )Y

+Uma @ - ) -K)K ( -K))

e e
.- .-fi.—“-.xk.(l - KY.K(1 - 05-7) (3.43)
I. 06 ed ea
2.2.2 Ultimate Strain Outside the Cross—Section
N, - f,d, - KK, B, e (3.44)
N, f
b [
- —d{d - KhK 3.45)
B h h 0 }.) be (

g

To conform to Monnier's expression, equation (3.,45)

s multiplied and divided by: e _ )
6n (1-K
Therefore
’ é(d - K)K _6r(1 - K)
Nb o‘ h [ et e

(3.45)

B"h ) 6“0(1 - K)zl Ta
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e, [ f
6n (1 - xf[&‘o.*

K,.\d, - (2d,+nK +d,+2h)K.-K h)

(3.47)
The coefficients of the third degree equation for this case (tension

concrete) are as follows:

Am--ﬁu,—"-:':.lk (3.48)
B, - +6n, nfh . K, (d, + 2h) (3.49)
Co = -6n, afh . K, Q2d, + h) (3.50)
Dy = -6n, of;k K, .d, (3.51)

Equilibrium of forces in the cross-section:

N" + N’. -N,-N,-0. From here we find that:

A=-{B+71)-al - K)3+r))+ a.‘{.'-.xk (3.52)

B - 31 -a(l - K1 - K@ +1))] - 6n, - D' ~6n,0
A

-6n, . Ky, (d, + 2h) (3.53)

C = 3aK_ (1 - K2 + K (1 + 1)} +6(n, - 1)1 + KDL’

I A
o _h

+12n, @ + 61,

Jr,,(zd, + h) (3.54)

D - - |aKu(l - K3 + K1) + 6(n, - DK Lo’ - 6n,0]
i

o h

-6n, . Ky o d (3.55)

("]
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Resisting moment due to tensile concrete with respect to the tensile

reinforcement:

M, - f,(d,-x,.h)x,,.n,.[%(d,-x,.h) - @,-B) (3.56)

To conform to Monnier's expression equation (3.56) is multiplied

and divided by S - : Therefore
24n (1-K)K,
/; 1
—XK d -K_h).|—(d-K_h)-(d -h
v e | RO ERGEER- G
B.hjn 24!!.(1 B I)‘x o,
(3.57)
- % |4 K, 24n (1-K)K (d,-K k)
24n (1 - x)x,lnohz o x @By
{-;- @, - Kb, - h)” (3.58)

Resisting moment including tensile concrete with respect to tensile

reinforcement:

M

< ad . _ ==
ai  2mg - KK, (143 - r) - (4 - P)K K,

- a(l - K XK, - K P [4(1-K (3K, - r, (K-K))
- 4K, -1, (K, - KUK, - K]

I/

o‘.llz'

+24mao (- 1K, - K) K, (1-K)|- K,

. 24.n,(1 - K).K,(d,—l,h).{%(d,-x,h) - (d,-:.)} (3.59)
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A computer program \Jas written to solve these equations and to obtalﬁ
the moments and the corresponding curvatures and the varlous
posltions of neutral ax!s. The results are presented In Chapter Four,
The result of this approximation was found to be unsatisfactory. So
another trial was made using trianguiar approximation of the tensile

stress-strain curve,

Consideration of Tensile Concrete Using Triangular

Approximation of Tensile Stress-Strain Curve

Three stages Iin the deformation of flexural member under load were
considered using this approximation. The stress and strain distribution

in these stages are shownh in Figure 3.6.

In Stage I, the bending moment Is less than the cracking moment and
the concrete is therefore uncracked. The concrete In tension zone
effectively contributes to resist the external moment and the strains are
qulite small. The stress distribution 1s assumead perfectly elastic.

3
In Stage II, with increase in bending moment, outermost tensile fibre of
concrete will attain Its tensile strength; cracks are developed. The

stress dlstribution Is assumed a trapezium.

In Stage III, with further increase in bending moment, cracks has
developaed and extended close to the neutral axis. Part of the tensile
concrete no longer ¢ontribute to the resistance of external bending

moment. The stress distributlon is assumed a small triangle,
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3.2.3.1 Stage I - .

From Flgure 3.8 we can write that:

_ 9% _k S (3.60)
d -Kh I -

Substituting for the value of y in equation (3.59) we have:

o

'y d - K -h
o, = fild, - &B) 'ffﬁ (3.61)
€ e,
—"'-.(dc - Kx.ll)
€,
d, - K.h
g, = ———.e_ (3.62)
h - Kx.h
fForce due to tensile stress block:
1
N, - Eo,.K,,.B,(d, - Kx.h) T (3.63)
Substituting equations (3.59) and (3.61} in equation (3.63) we have:
gL
N, ‘>
N, 1 d, - K.h =
— - = d - K. h.——* = 3.64

Bh 2k

To conform to Monnier’s expression, equation (3.63) is multiplied and

divided by ——2% — i
6 n (1-K)? ;
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Therefore
1 e
—_—f.K (d - KA. —6n(1-K
N, . o, Zk’(l-l,)fr wldo rh)z L™ o )1
Bh 6a(1-K)| o,
(3.65)
- 0‘ [ 'r; 8.1 e +
ﬁ.(l-‘flan.‘o.ﬁzxw e.ldz C’d}t dbxs
v(h? v 240) Ky - KoK (3.66)

The coefficients of the third degree equation for this stage (tension

concrete) are as follows:

AD - -3.3‘,%.[,,;‘-'- (3.67)
f e[ 2d ]
BY - -3, — K —{1+— (3.68)
‘a, "e, "k
d
c® - —a.noé.x,:!.k—;.m +d) (3.69)
a L
di
DY - —3.5,:—'1,,?.;% (3.70)
a -

Where: N,- resultant concrete tensile force

o,~ concrete stress at the extreme tensile fibre
d,- depth of the beam

N‘ . N, e.. e and o, are as previously defined

Equilibrium of forces (Stage I) including tensile concrete:

N’. + N, -N,-N, -0 From here we find that:
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- fS +r)-a(l - K X3 +r) + Ba.i rh} (3.71)

B -3[1 - a(l - K1 - K2 + r)}] - 6(n, - D,

2d
= Gﬂ W - 3u i.l _{1 + h.] (3.72)

0‘ ™

C - 3aK (1 - K)(2 + K (1 + 7)) + 6(n, - 1)1 + K)o’
A

+ 120, @ + 3m, ——m +d) (3.73)

D - - [aKp(1 - K3 + K, . 1) + 6(n, - DK Lo

fig te%

.*1 (3.74)
l t.

+ 6n, @] - 3n,

Resisting bending moment (Stage 1) due to tensile concrete with respect

to tensile reinforcement:
M, - 1. 2k B, - KW, - Kp-d, - b
‘ zfr'. oo 3 (] a
—.x,,.n,( - K.h){—{d - x;u)-%(d, . h)} (3.75)

To conform to Monnier’s expression, equation (3.75) is multiplied and

divided by %
24 n(1 - K)K,

Therefore;

M, % L1 ®0 k B(d-Kh
B m.(l‘x)x,'ofﬂ.hz.rl_ o'“%

. 24n (1-K)K, {—(d -KJ)- —-(d x,m” (3.76)
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o % | S
unp(l-x)x,[ ok

L
- .;—:-.K..(d,—xxk).(l -K)K,

o 1
. {E(d,-x,a)— -i—(d,—K,h)H (3.77)

Resisting bending moment including tenslle concrete with respect to

tensile reinforcement:

. % ﬁ‘l@—r - @4-r)K) K
Bﬂhz 24”‘(1 _ K)le d) d) X X

- a(l - K )X, - K [4Q0-K){3K, - v, (K,-K, )}
- 14K -r, (K, - KDIK, - K,) )

+Umo (- K, -K)E (O -K)]

| 5 . k. 1 1
- 24'”0:;;'_3“& c_':(do_ Kxh)z xx{g(dohxxh) B —i(do"h)} (3.78)
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3.2.3.2 Second Stage

In this stage, the stress distribution is approximated to a trapezium.
In order to calculate the forces due to stress block, the trapezium is

divided Iinto three triangles. Forces due to these triangles are

designated N, Ny, N,;, (see Figure 3.8).

From Figure 3.8, we can write that:

¥ e, .,
b SR ) S - —d - K (3.79)
y " G-Ep 7%
h - _ab = X = .i!.(da - x‘h) (3.80)
x (d, -Khp e,
o e (3.81)
b e -ie) '

Force due to stress block (first triangle)
e
N, -05f,.x. K, B, - 05(—=d, - KmnK, B, (3.82)
L

Substituting the value of equation (3.61) in equation (3.82) we obtain

e (h - Kh)

N, - 05f, . d-Kh) . " i\ —" it
bl 'gt (ﬂ 1‘) xﬁ' Bﬂ e‘(d. _ x})

(3.83)

To conform to Monnier’s expression equation (3.83) is multiplied and

o
divided by: g

6n,(1-K, )
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Therefore;
4
0.5, K,.— (1-K).6n [1 —x‘)’
Mo _ % ] ‘e (3.84)
Bh  6n(1-K )| o,
{u =K, ——(1 -3K +3K; - x’)} (3.85)
6u (1 x)z

The coefficients of the third degree equation for the first triangle are

as follows:
(4
Ag,’-—au,.‘—:'—.x,,.:‘-' (3.86)
a a
€
ag,’-wn,.{‘—.x,,.—'-' (3.87)
a cl
€
cg,’--ga,._f‘-.x,,._'-' (3.88)
od ea
e
Dg,’-+3:°.—£'—.xk.-:£ (3.89)

Force due to stress block (second triangle)
N,, - 0.5/, . K, .B, 1, - K} - x) (3.90)

Substituting the value of equation (3.80), we have:

¢ (h-K .h
Nn - O.Sf, (d, - K‘.h) - "'( ) .(d,—K‘Jl) (3.91)
@, - K h)
f
(d - K.k) - -—(k KJI) (3.92)
B Jl .
To conform to Monnier’s expression eauation (3.92) is multiplied and
a
divided by: .

6n,(1 - K P
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N ' IS 6” l_x
u,___ e Ojﬁxbl(do-Kx.h)—f—-'i(h-K,-h)l—J——-f)-}
Bk 6n(1-K)| & e, g,
L w (3.93)

- M{—K:JH i‘_'xf,h+Kf(d o+2k) |
£

G o “.h ‘

€ 2 € ™
- 3.2 KLk - K(2d +h) + 3.—2K h + d-—=h} (3.94)

My,

The coefficients of the third degree equations for the second triangle

are as follows:

AD - M(l - _"_"'] (3.95}
oﬂ BC

I
. d

5 3_’&.!:_&[_-+z] i _} (8.0
¢, h €,

In,. 2d
co - —3&;{?&[—“‘—’%&) - 3%-'—‘} (3.97)
] &

{3.98)

Force due to stress block (third triangle)

g -
Ny - _2!4(4, - K b ~ x}.K, B, o (3.99)

Substituting the values for equations (3.80) and (3.81), we have:

Ny-bka k-2 BED o emlk,B (3100
Ib3 2 ¢ X e, (do_xxh) o o

g, . Ca
- 5 KuB NG,k B —2 (oK )

&
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L 0Sfe -ty e,
< YT g B (@ K h)-—=.(h-K (3.101)
KB KR "‘:( M

Substituting the value for egquation (3.62), we obtain:
. "t!la"

Ay o
oot

R (d,-K K
S -l ————¢ 3. {(d-K

€.

e, 0.5f.K, B,
- —h-Kh . ——
( J.] (eut - eu) »

e d,-KRP €t
&Kk e,

- [s_,(d,-x,,ny " - KB

05 f, X
+ e, d,-K, b #
E )

{3.102)

Expanding and simplifying equation (3.102) yields:

N,
ah:: - [euctd, K BXR-K D) - e Fd,-K A

o

- e e BH(I-KP + e_e (d -K hH).KI —K)]

0.5/.K,_6n (1 - K
e, - e e 0,0 - K)K?

- [ed'zl'h(dn - Moxx + dox-: - x.lh M zxfk B ka)

 (3.103)

- e }d - 24 Kp + K B - K, + 24K - KoK
- et h1-3K 3K -Kp)re o hd,- 24K, + d K - Kh

n f K,

(e, - £ )0 ke,

+ 2K2.h - K>.h) (3.104)
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- et ohtd, - KQd,8) + K(d,228) - Koh)

L

SR e N - K d,2hd) + KRG+ 24) - KR

- é,.c..k"(l—BK;BKf—Kf) + e;c_b{do— KQ2d, + h)

o
by n, f K,

+ KXd, + 20) - xi.h}}(e TP (3.105)
- e "Ta

The coefficients of the third degree equation for the third triangle are

as follows: .
AQ - 3n, - 1K _ e e, Mo g (3.106)
(e, 20, &,
3n_fK d d 3¢ +¢ d
(3.107)
an 7K 2 ul
» b
3e e, 2,
¥ - en( +1) (3.108)
€, h
3 d; d
- Pl K e lo . fufa 5 (3.109)
(e 2)0, A? e, A

Addition of forces due to stress block in trianales 1, 2 and 3 In order

to obtain the sum for each coefficient of the third degree equation:

) . a@ . 4O i/ 3,4,
Apy + Ay + Agy = - 3m, . —K_+ —————
Q) 2 0 o, o (8,—8-)0. B

{- €, e, + Curfu a,} , (3.110)

€



Bn,f
) @ G _ 0 :

b} [h__ aefe.,._(z;.a]]

£ (24 3 f
() + ) ' °.1ls o¥1
Ca) * Cay * Cay = ~3m,—— u[ A 1] e )a.'x"’

{-t{—-u;—' +l]—¢.ﬂk+d);§ 38"" [——-—tl ] (3.112)

i p 4, 3d,
_""' h (e ,-eJo, ™

d
{.fz-gﬁ-ﬁ'_e_'.+¢._‘] (3.113)

Dy + DG + D) - 3n,

-k .h’ £ .h

Equilibrium of forces including tensile concrete:

N+ N’. - N, - N, -0 From here we find that:

A--II(3+r.) a(l-K..l3+r)l+3ﬂf K,
+—£Ik{- e, +te, + iﬁ - c_” (3.114)
(e,e)o, e,

B - 31 - a(l - K){1 - K @2 + r)}] - 6(n, - D,

d
+6n, @ - 3!:.-({-'—[-'.—' +2] + 3nm,

R
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C = 3aK (1 - K)(2 + K (1 +r)} + 6n, - 1)1 - KJl,&'
5
+ 120, © + .K,[—'«l] (e ey —K,
2d, d, 3e
{*e4—-"—-+l]¢p+d.)§ ot _(-—u , (3.116)

D - -[aK,(1-K)3+K, 1) + 6(n,- DK L.0'+6n,0]

gy g e, WS
o, ¥ o ~-8)o,

do d: t..,l:. do
E. — -~ € — - —— + &_.— (3.117)
-h .h1 e - h

Moment due to stress block (first triangle) with respect to tensile
reinforcement:

MY - 05K, B, {(h . K,h)—%x} (3.418)

Substituting the value of equation (3.80) we obtain:

Mg')) - osff‘kjo'—::(do h xx‘hxh B K‘.h)
b

. %f,.K..B‘{i'l]a.(d. - KRy
e,
. f,x,,.n P Jc)i-(h-x Jl)—;—-—(d -K_W)| (3.119)
4

To conform equation (3.119) to Monnier's expression, we multiply and

9

24n(1 - K)K,

divide by:
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Therefore

Mg; o 1 L
. LR ‘md-K
R ‘h,{/rx.n.ebc. 7

. m“u-x‘)x‘{%(h-xﬁ)-%%u,-m}l
’

. % o i o ta
24n (1 - r)x.l“"'oyx"’ vy R

1 1 €.
Lk - KR)-— - K (3.120)
b( ) 3 ‘—a{d° }l}]

Moment due to stress block (second trianagle) with respect to tensile
reinforcement:

M$) - 0.5(.K, B d, - K k) - x).

l%“d' - K - x) - @, - i.)] (3.121)

- 0.5/.K,.B,(d, - xrm[l-h}

€,

[3(:1, - K0~ =2y -, ~ h)]
3 e,

. %f,x,.a,.(d, . x_m’{n-%}’.

- KB, - K;Jc{l » i‘i] ., - b

- K, .B(d, - lx.k{l—h}

1 g 1
~-d - K il o 2o o v
[s(d, ‘.h{l e.] .4, h)] (3.122)
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To conform to Monnier's expression eauation (3.122) is multiplied and

divided b %
v Y.
24n,(1 - K)K,
M3 o, 1
Bx? Un(1-K)K. o B K

J{rx.a.(d.—x.z-xl—-‘;x

. 24n (1-K)K, 1(d,-x){1—-?)— %(d.—l}u)} (3.123)

3 5

% | & _ta
S -IE, lm,o.p.l',(d,-x‘k{l TJ“ -K)K,

1 e.) 1
: [;(d, - x,n{l - '—.] = 4, = x,h)] (3.124)

Moment due to stress block (third trianale) with respect to the tensile

reinforcement:
ug)) - %"ud(do—xs'k)_xl{%“do-xxb)'-x'-(dvpk}] {3'125)

0. ‘-
- 5 KB\, -K B —=(d - K R).
b

[%l(d,-x,m-fz(d,-x,m -, - m] (3.126)
€
Substituting the value of equation (3.81), in equation (3.126) we obtain:
Jle ey e,
—=— K d - K 1 - —|
2(8‘-8.) b‘so’( ] x" 'h
1 e, ]
;.(d.-fx.h 1 - :— - (d‘ - h) (3.127)
& ]

To conform to Monnler’'s expression, equation (3.127) is multiplied and

o
divided by: -
24n,(1 - K‘)K‘




. Therefore -

;) o, 1 [few - 2D g

By Un(1-K)K o Bp|Ne, -e) "

@, - x,,»){l - %!]{%(d, - x,.m[: - %)

-, - B} . Um0 - K)K)) (3.128)

o, [ (e, -2,
- 12n K,_(d, ~K_h).
24n (1-K)K | ofr o ke, -¢) wlds KB

. e *
a x,m,{%(d,x,,h)[ - —'!) -, - h)H (3.129)
€
Sum of the moments in triangular stress blocks 1, 2 and 3 gives

o, [ A £
24n,, Ky ~2d, -Kh).
ot 24»(1—[)[{ ""aﬂj,z ""a,,(' »

1 1¢,
(1-K)K,. E(alc-j'g,;n-3—_‘:_«:!‘, -K_h)

2nfcKy

Ky _ Cmly
S, x,h)[l %](1 K)K,

-

0,

. ey 1,
ferafi-22) - 1, - )

Jhey ey | 0.}
+ 12a, K, (d,-K k1-—=
T ’[ e

F

A1 -K,).K,[-;(doxx.h)[l—-zﬁ) - {d, - Ic)” (3.130)
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Resisting moment in the cross-section with respect to the tensile
reinforcement;:

M 9, oy
T x)x,'[ma r) - @4 -r)K) K

- a(l - K XK, . K;')z [4(1-K)3K_- r, (K-KJ}t ¢
- 4K, -1, (K, - KK, - K,) ] |

+rUma (n, - IXK, -K)K, (1 - K)

i hi x Exig ket 1.

- 1Eng gk mle2a ﬂ.x d-K mf1-22
38'(0 x‘h} 'n’oa“hz hr'(c :‘h{"e.}
i} LT I I

(1 11',,)&,"3 @, x,.h)[ B.] 2, k)}

‘1207 Cud ¢, -k p)

“aht (e,-c,)

€ | £ o :
. 1‘_"‘_ - P - “_-”' ) - - -
( ao](l K,)K,{s(d. KJ{I 30) “ h)” B o )
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3.2.3.3 Third Stage

From Figure 3.9 we can write that:

L-_——k-x"h -»x--c—!-'-(h—lrh)
., e e

i-ﬂ ‘z-_e_!.(h-x‘j)
e e

s ®u
y=2-x 'Hl-x,)(“;—'e—)

Force due to stress block:

Nb - }ifrxb’sn'z

(3.132)

(3.133)

(3.134)

(3.135)

Substituting the value of eauation (3.133) in equation (3.135), we obtain:

Ny = KBy th - K

N, 1 e
- —f.K,.—=(1 - K
B h oK e‘( )

(3.136)

To conform to Monnier’s expression, equation (3.136) is multiplied and

divided by: g , Therefore
6n,(1 - K,
hio S ‘
—.K 1 - K)o6n(1-K
Nl O‘ [2 k’c_‘( ‘) ‘( ‘)1
B h 6n,(1-K, )31 o,

o I, e
- ———l‘ In LK, 21 - 3K +3K>-
6'.(1_‘)3 ‘0. b e, R YOR I:)

(3.137)

(3.138)
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The coefficients of the third dearee equation for this stage is as

follows:

fo v

Am - —3692- O (3.139)
a a
f; ey

lm - +9u°— T (3.140)
u“ c‘
L o Cu

Coy = -9, K, .= (3.141)
aﬂ a
[ 4

D, - +3u,;f‘—. - (3.142)
a‘ zl

Equilibrium of forces in the cross-section

N‘. + N‘. - N, - N, -0 . From here we find that:

A=-{B+r)-al -K)3+r)+ 3».-{Lx,.2| (3.143)
o (4

B =31 -a(l - K1 + K2 + r))] - 6(n, - D
-6n @ - Sh‘;f'—.lb:'-' (3.144)
o, e,

C - 3aK (1 - K2 + K (1 + 1)} + 6(n, - 1)1 + Kb

€
+ 120, @ + m,-‘i - — (3.145)
14
=~

D - - [aKp (1 - K)3 + K, . 1) + 6(rn, - DK, L.«

4
+ 60, 0+ 3;5"— e (3.146)
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Resisting moment due to stress block (first triangle) with respect to
tensile reinforcement:

Mg,’ - g‘.x,,.n,x.m - K h) - %xl (3.147)
Substituting the value of equation (3.132) in equation (3.147), we obtain:
e
My - f‘x,.n, —(h K h¥(1 - %-") (3.148)
s‘
To conform to Monnier’s expression equation (3.140) is multiplied add
divided by: %a : Therefore;
m,u-x,)x,
My
o —-f' ,.n, (h K_hy.
Bo_h’ 24!,(1—‘)‘,
2€,
(1 - -5.—) . 24n (1-K)K_ (3.149)
cﬂ
e O lion Jok f=q-2 =0k yk (3.150)
Un,(1-K)K,| ‘o, *e, 3e, ‘ -

Resisting moment due to stress block (second triangle) with respect to
tensile reinforcement:

Hg - %.Kh.ﬂo.y{(k - K,.h) - (x + -i-y)] (3.151)

Substituting the values of equations (3.132) and (3.134), we obtain:

M3 - —1,.3,4& - x,.k)‘{;‘! - —"}

a4

o a
To conform to Monnier's expression, we have:

MG o, 1[4 . Ca
B z..,a_x)z,-:;[ixv““-”[.—‘:“}

' l—'} (3.152)
3e

(3.153)

_fa 1% 1% ;
{1 e +3e}24u,(1 K)K,



- ' 2K O-KYK, .
AUn(1-KJK| ‘e, e, > Es
SR R R (3.154) |
! 3 e, 3 ec !

Sum of the resisting bending moment due to tenslle stress block:

1) : -"-nl
M, -~ My + Mg), ,

M- |, o g ®n(i_2%m)y gyg
‘U Q-K)K| T Ce, e | 3e *

s

LY
+ 128, —K,.—~—=(1 - Ky K, .
£

{ _ 1% Zf_*” (3.155)

Resisting bending moment in the cross-section with respect to tensile

reinforcement: .

%, _ _ - 3 . R
M 24,.,(1_1:,)1:,{""3 rA-G-nK K

a1 - K XK, - K 401-K)3K, - r, (K-K,)} '_

4K -7 (K - EFNE, - K) ] S

+12m w’ ("o - 1)(:1 - Kd) xx (‘ - Kd) o o "~ =

12.n°-‘£.xk.&( - 3fi‘-]u _KP K,
o, e, e,

. -' L ‘3
+ ]2_50.'&-,[&_(3_".‘_8‘1}(1 - K.x)3 K, --;:1 _ 5'1_ 4 )
Bd Pl

o
A

£ ¥ o
. [1 I S f-!‘—) ' : {3.156)
3 e 8 : e L

Wt

@ a

-
>
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3.2.3.4 COMPUTATION OF MOMENT-CURVATURE RELATIONSHIP:

The flow chart below shows the procedure adopted for
solving the moment-curvature relationship:

INPUT OF DATA
d, h B, Kyh. KB, K

A, & E.E et

COMPUTATION OF COEFFICIENTS
OF THE THIRD DEGREE EQUATIONS:

A, B CD

SOLUTION OF THIRD DEGREE
EQUATIONS: Equations (3.19)

AK} + BK: + CK, + D = 0

CALCULATION OF MOMENTS
AND CURVATURES: M, x.

PRINTING OF RESULTS
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o CHAPTER FOUR .- .
S Lk i B
4.1 COMPARISON OF RESULTS <
- - & .

ger Ve .

In this chapter, the theoretical results obtained by the
author was compared with the results obtainead
experimentally by Monnjer (1970). Figure 4.1 showo the
moment-curvature curve obtained by the author from the
rectangular approximation of the tensile stress-strain
curve of concrete compared to the moment-curvature curve
obtained experimentally by Monnier (1970). From this
result, it is obvious that rectangular approximation of the
concrete tensile stress-strain curve is 1napproprj:te.

For this reason, another approximation of tﬁ;'.tensi1e
stress-strain curve was made using full triangle,
trapezium, and a small triangle. The full triangle
represents the first stage of deformation i.e. uncracked
cross-section, the trapezium represents the second staye
while the small triangle represents the third stage of
deformation. These approximations was used to obtain the
moment—-curvature relation. These results were compared with
the experimental results cbtained by Monnier (1970) which

are presented in figures 4.2 to 4.5. The results were found

to be in good agreement.



1INs22 SJ21UUOW Yyum uonewixoadde senbuejdas jo jIns22 jo uoswsedwo) 'y Big

-0 x ()

(OLEL) J2wwuoy Aq Apejuawmiaadxa pIurlejgo uoijejas Y-W @

uoisu3y ul

34342U0) 40 IAIND UIEAJS-SSIIYS Iy} e woijewixoadde
senbueydas Buisn pawejqe woyejas N-W 1e3yascayl ()

\\ l.e—

.\@\ ]
o 3

’ < ‘4&& -151
L 3 d




7l El 14 L o1 6 ] L 9 S b £ 4 l 0
T ] T T T T T ! T T T T j 1 0
jejuawiszadxy —0——o0—
11309y —o—o—

sLo0'e =43

S00000 = 3

/M o x Lz - °%

7Y tshoooo = 5V .
7™ Isio000 = Sy - o1
IV WYv3g L
. =1 m—
oz

4 . 71°8



3 }-
30 |-
pe
L
25 -
L
L
20 |-
° BEAM A2
15t Ag = 0000302 m?
A¢ = 0.000302 m2
Epo = 283 x 107 KN/,
& - 000005
1 L enf = 0.0018
—a—-—8— Theoretical
S —0———0— Experimental
*
0 L | ] | ] ] | | | 1
0 1 2 3 4 5 6 1 8 9 10

Fig. 4.3 . (see tig. 4.1. for the title)




Boh?
30 -
25 |-
20}
BEAM A3
Ly A = 0.000283 m?
Ay’ = 0000283 m?
T /
Epo 281 x 100 KN/,
] &, = 000005
" .- 00018
L]
-8——a@a— Theorehical
5 --/ -0 e- Experimental
h/.
0 ! = 1 | 1 | | 1 | I A |
o ! 2 3 6 S 7 8 9 10 w12 N
k{L) = 13

Fig 4.4



Boh
s
- /
12}
30 |-
.
25 |
V7,
0 |
o BEAM A&
: / Ag = 0000839 m2
Agr = 0000339 m?
- - 1 /
15 Epo = 30 x 107 KN/,
€, - 000005
€n - 000
10 | /
—a—@— Theovetical
-8 o— Experimenial
5 -
0 ] ! ] | | | ] 1 | | |
0 1 b 5 6 1 ] 9 10 1 12 13
3

Fig 45



111
CHAPTER-FIVE
EXPERIMENTAL PROGRAMME

CONCRETE MIX:

The concrete mix was not aimed at achieving a particular
strength. It was however desired that at least a strength
higher than 20 N/mm2 be attained.

The coarse aggregate used for the concrete is the crushed
stones of sizes less than 20mm. The sieve analysis of the
aggregates is shown in table 5.1.

Ordinary Portland cement manufactured by the Ashaka Cement
Company was used throughout the research. 1:2:4 mix
proportion was adopted as the most popular and the most
economical mix design for ordinary concrete structures.
This means one part by weight of cement, two parts by
weight of fine aggregate, and four parts by weight of
coarse aggregate. Based on the mix proportion, the summary
of the concrete mix per beam is as follows:

Cement 380 kg.m3.

Fine aggregate 770 kg/m3.

Coarse aggregate 1530 kg/m3.

The water:cement ratio was varied in each batch depending
on the moisture content of the aggregates in order to
achieve good workability. Water:cement ratio for all the
mixes was between 0.55-0.61. A1l the batching was done by
weight. Mixing of the concrete was carried out using

rotating drum mixer.
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S5.1.1 TEST BEAMS3

A total of six reinforced concrete beams of rectangular
cross section were cast. Three of the beams has cross
sactional dimensions of 300mm by 100mm and the other three
has c¢ross-sectional dimensions of 100mm by 300mm. The
overall length of each beam is 4.0m. The limitaticon of
testing equipment and handling were the main factors that
governed the selection of the cross-sectional dimensions
and span of the specimens. The gquantity of the main
reinforcement in each beam was established by assuming the
reinforcement percentage to vary between 0.4 percent to 1.2
percent of the cross sectional area. A1l the main
reinforcement are deformed high yield bars. Each beam
contain compressive reinforcement comprising of two mild
steel bars of 6.0mm diameter. Stirrups were provided
throughout. the lendth of the beams using mild steel bars of
4.0mm diameter. Figures 5.1 and 5.2 shows schematically the
general laycut of reinforcements and the beams cross-
sections. |

The variable parameters in the beams are: percentage of
reinforcement and the bar diameter., However, in each beam
the quantity of reinforcement does nhot vary 1in the
longitudinal direction. The data relating to all the beams

are summarized in table 5.2,



MV 113

5.1.2 | FABRICATION OF BEAMS

The beams were cast using timber forms. Two batches of
concrete was used to cast each beam. When placing and
vibrating of the first batch , the mixing of the second
batch was normally continued. In this way, a continuity of
mixing, pouring and vibrating was maintained for each beam.
Two beams were cast per day. Thorough compaction of the
concrete was achieved using "kango” hammer. Three control
cubes of sizes 150mm * 150mm *150mm and three cylinders of
sizes 150mm diameter and 300mm long were cast along with
each pair of beams.

The control cubes and cylinders were used for determining
the concrete strength at the age of testing. The beams, the
cubas and cylinders were usually left overnight before they
are removed from the mould. Dismantled mould and the
formwork were reassembled for further use. The beams, the
cubes and cylinders were cured for 28 days before testing.
Wet bags were used for curing beams, the cubes and the
cylinders. They were covered with the bags and watered for

28 days before testing,

5.1.3 TEST ARRANGEMENT

The testing arrangement comprised of the so-called four-
point bending test, in which the 4,0 m beams were supported
on rollers spaced at centre~-centre distance of 3.80 m. The
two concentrated loads consisting the locadings were apptied
at points situated 2.0 m apart, symmetrically disposed in

relation to the centre of the beam,
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Table 5.1 AGGREGATE SIEVE ANALYSIS

Sieve Sizes (mm) Percentage Passing

I L
! :
| | i
|1 19.05 | = | 99.04 |
I T | 1
9.52 | = | 15.3 |
| ! 1
|1 4.76 | = | 10.6 [
f ] ! |
] 2.36 | 83.5 | = i
i | | 1
| 1.18 | 66.5 j = !
| |
LﬁOOpm | 21.4 | =
| |
!300pm | 4.39 | =
I I I
| 150pum | 0.57 | =

The corresponding grading curve 1s shown 1in

appendix. The result indicate that the coarse

agqregate grading falls within the zone 'C' of the

grading reauirement in accordance with the British

Standard B.S.882:1973.
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Table 5.2: GENERAL DETAILS OF TEST BEAMS

| T = T T ] =
Beam Tensile | Area of | Percent | Modulus | Modulus | Averag |
No reinfor | tensile {aqe of !of iof :e I
cement | reinfor Itensile |e1astic ]elastic Cube
I-cemfnt ’reinfu l ity of | ity of lstrenﬂ l
| ({ mm* ) l i steel 1 concret: th of l
| | | & | & . e ‘
| | ' | | |
| | , ! KN/m l N /mm’ '
|
| l | | | l
l . ' { !
| |
B-1 2Y16 |402 | 1.340 , |
P
B-11 2Y10 | 157 {0.523 | |
N i SR SN S
B-III 2Y8 :101 :0.337 i 2.1e8 | 1.9e7 |1 15.2
|
i r I
B-1V | 5Y10 393 11.310 : | : :
i E T i
B-V 3Y10 | 2386 10,787 | | |
| ! | ! | ! |
| ] 1 |
B-VI 4Y10 | 314 |1.046 | |
| ! ! '. l { !
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A1l the experiments were carried out in the Concrete and
Structures Laboratory, Department of Civil Engineering ABU
Zaria. The machine used is the "MFL UTSYSTEM". The main
features of the machine are as follows;
a) a cabin from which the jacks are controlled
hydraulically through hoses.
b) a dial gauge from which the load leve)l can be read.
c) jacks which be adjusted depending on the beam span.
The loads were applied using two hydraulic jacks of total
capacity equal to 100kN.
Hence there is a region of pure, constant bending moment in
the beam where the deflection was measured. Figure 5.3 show
schematically the test arrangement, the bending moment, and
shear force diagrams showing the region of pure constant
bending moment. The distribution of the applied
concentrated loads is at 45 degrees to the neutral axis.
Due to this distribution, the bending moment diagram at
the points of load application is not angular, rather a
smooth curve is obtained. Therefore, the region which is
completely devoid of shear force and torsion is less than
200 cm. Figure 5.4 shows the arrangement of the apparatus

used for the tests.
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5.1.4 CUBE TESTS/CYLINDER TESTS

The crushing loads of the cubes specimens were determined
using the compression machine. The machine applies load on
the cubes until a maximum load (which corresponds to the
ultimate compressive strength of the cube) is reached. The
specimens subsequently fails by crushing.The failure load
was the recorded.

The compressive strength at failure is obtajned by dividing
the failure load by the surface area of the cube: Thus
Compressive strength=Lcad at failure/surface area.

The specimen used were cubes of sizes 150mm by 150mm by
150mm. The tests were performed after curing for 28 days
using wet jute bags. The results of cube/cylinder tests
were plotted as shown in figures 5.5-5.7,

The modulus of elasticity of concrete was determined using
the compresometer. The average value of the modulus of
elasticity or the concrete which is 1.9%10 KN/mm was used

for the evaluation of all the beams.
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Fig.5.3. Test arrangement showing bending
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= =
| i |

F 5 55 5 5 =&

(1) Dial guages "ﬂ‘l

(2) Demeks
(3) Strain guage

l+«—— Steel I[-section

Fig 5.4. Arrangement of measuring instruments .
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5.1.5 EVALUATION OF THE MEASURED DATA AND THE RESULTS

The data obtained from the experimental measurements were
evaluated and utilized to give the required M-x diagrams.
Simple or circular bending was assumed. This is the tvype of
bending produced by equal and opposite pure ccouples 1n
which shear is absent. However, for analytical purvposes, a
parabola was used having same radius as the circle.(See fig

5.8). From the figure we can write that:

5 o
’ n’ I ~

where y;, is the deflection and x;, is the distance from the

origin. L

The equation for the parabola was therefore solved to find
its radius and hence the radius of curvature. The computer
program used for this solution is attached in the appendix.
The values thus obtained were plotted against the magnitude
of the associated bending moment in the refion of constant

moments. Figures 5.6 - 6,2 embody the results fq; the beams

 BI - BVI. Y

A -
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5.1.6 OBSERVATIONS

For all the beams, deflection measurements were carried
out using 1.0 cm dial gauges mounted at 50 cm intervals in
the region of constant bending moment. The gauges were of
different types: some are graduated in imperial units while
some are in S.I. wunit. This situation created some
difficulties in reading the instruments because readings
from the instruments which are graduated in imperial unit
have to be converted to the $.I unit using appropriate
conversion factor.

A1l the beams failed by flexure except Beam BI which failed
due to shear failure. In slabs, the expected deflection
was greater than in peams. The dial gauges alone was hot
sufficient to measure the deflection. Dumpy level and a
half meter rule was used when the beam deflection was well
over 1.0cm. The accuracy of the resuits obtained through
these readings cannot be expected to be high because it was
not possible to read tenths of millimetres as in the case

of dial gauges.
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Fig. 5.8. Assumed parabola for analysing
the experimental data .
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CONCLUSIONS AND RECOMMENDATIONS

CONCLUSIONS

1 There are many factors which influences the shape of the

moment-curvature relationship. Some of these factors have

been fully discussed in chapter one, They include:

- the shape of stress-strain curve of concrete in tension
and comprassion.

- the o) relationship of steel reinforcement.

- geometry of the crogss~section and the placement of steel
reinforcement.

-~ environmental factors, loading history. concrete

constituents, duration of lvads etc.

2 Howaver, the most difficult factor to be taken into
consideration was the stress-strain relationship of
¢oncrete in tension and compression. All the analytical
formulae used to represent the stress-strain diagram of
concrete in both tension and compression are complicated
and difficult to use for any practical purposes. For this
reason, 1t was necessary to use simplified shapes to

represent. the stress-strain relationships of concrete.

" The progressive micro-cracking in reinforced concrete beams

under 1increasing loads was accounted for by considering

concrete to have a non-zero tensile carrying capacity.
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This was achieved by using stress-strain diagram which
includes strain softening (gradual descending tail).

In order to approach reality as close as possible, the
strass-strain curve of concrete in compression was assumed
a second deqaree parabola. Tensile stregs-strain curve was
approximated to a bilinear curve. These approximations led
to a third degree eguation according to the equilibrium of
internal forces. The equation was easily solved using a
computer program to determine the pasition of the neutral
axis. Having the position of the neutral axis, it was
possible to calculated the momgnts ahd the curvatures for
an assumed value of strain in the tensile reinforcement. In
this way and for increasing values of tensile steel strain,
the M(x) diagram was obtained. Accuracy of this approach
was good enough for practical purposes for determining the
deflections of reinforced concrete beams subjected to
short-time loading. This claim was confirmed by
experimental results obtained both by the author and by

previous ressarchers.

4 The method presented in this research work is accurate
enough to be used for the purposes of determining the M®)

relationship and deflections instead of the oversimplified

_methods recommended 1in most literature and codes of

practices. This assertiocn is confirmed by the thecretical
and experimental results obtained both by the authcor and

other researchers.
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In most reinforced concrete textbooks and codes of
practice, control of deflections is usually
based on the effective span-depth ratios. This method is
primarily a rule-of-thumb approach based mainly on
experience. However, it gives good results due to the fact
that structures seldom receive their full design loads. In
concrete structures where deflection control is a design
criterion, the method presented in this thesis gives more
realistic solutions because materials behaviours are more
realistically accounted for.
In the maodel proposed by Bazant and Oh (1984), the generala(e)
curve for concrete 1in compression was used which s
complicated and therefore difficult to use for analytical
purposes. Moreover, the computational effort needed for the
theory proposed in this work is much less compared with the
modet proposed by Bazant and Oh. The computational work
needed to solve this theory consists of solving a third
degree eguation to determine the depth of neutral axis.
Whereas in the case of Bazant and Oh model, the selution is
complicated with integral,
The presented theory has broader application compared to
" Branson’'s formula which is Jlimited to the serviceability
range of loads. Whereas the presented theory can predict

deflection up to the ultimate load.

B Moment-curvature curves obtained in this research work
tend to "bend~over"” at higher moment levels due to the

stress—~strain behaviour of concrete and the percentage of



138
steel reinforcement,
Lightly reinforced cross-sections
results in s—shaped moment-curvature curves up to the point
of yielding of tensile reinforcement. In heavily reinforced
sections, the moment-curvature curves are steep: almost a
straight 1ine from the origin to the point of yield stress
of tensile reinforcement,

2.2 RECOMMENDATIONS

1. The Nigerian Code of Practice NCP {1 1973 section 3.10.3
which deals with calculation of deflection should be
reviewad. The formula given in the Code was based on the I-
effective method of evaluating deflections. However, all
the components of the formuia cannot be expressed in the
unit of stiffness. Moreover, the formula does not contain
any variable bending moment ience the I-effective as
expressed in the formula is not for the entire span of the

beam but appears to be just for a particular vailue in the

beam. The error should be looked into and corrected.

2. Further investigation should be made in order to
determinate more accurately the value of cracking moment Mer
It is generally known that in concrete, micro-cracking is
a continuous process hence no value of bending moment can

be assigned to its formation.
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However, if the wvalue of the cracking moment can be
obtained accurately, use of bilinear M-x relations would be

more realistic in the evaluation of deflections.

3. The effect of 1ong time behaviour of concrete on thexx
relationship of concrete should be further investigated.
4. Although the thecry was developed for T-beams, only one
case was solved; that 1is the case when the neutral is on
web. Various other cases of the positions of the neutral
axis on the flange, as well as the lines of tensile stress
peaks and of points where the stress is reduced to zero

relative to the bottom flange should be investigated.

. ‘h;_
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APPENDIX II
SOME SELECTED PHOTOGRAPHS






Getting ready for casting
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APPENDIX III

LISTED PROGRAMS FOR CALCULATING
MOMENT-CURVATURE RELATIONSHIP



10 ' PROGRAM FOR THE COMPUTATION OF MOMENT-CURVATURE PELATION%
20 'OKOLI, OBUMNEME GODWIN.

30 'Monnier eauation first scheme (Full Trianagle over tensilie 2
40 '

50 CLS

60 KEY OFF

70 "INPUT OF DATA

80 INPUT “depth of beam” ;DO

90 INPUT "effective depth of beam”:H

100 INPUT “"BREADTH OF FLANGE": BO

110 INPUT “Thickness of flange " ;KHOH

120 INPUT "thickness of web”: KBOB

130 INPUT ‘“cover of compression reinforcement ;KDH

140 INPUT "area of tension reinforcement” :AS

150 INPUT "area of compression reinforcement ": ASPRIME

160 INPUT "“MODULUS OF ELASTICITY OF STEEL":EA

170 INPUT “"modulus of elasticity of concrete”: EB

180 INPUT "concrete compressive strain at max,., stress’ ;EPSILONE
190 INPUT "“concrete ultimate strain in tension” :EPSILONT

200 INPUT "“concrete tensile strain at max. tensile strenath’ (EF
210 °’

220 PRINT

230 KBO = KBOB/BO:'PRINT "KBO =":KBO

240 KD =KDH/H :'PRINT “KD =": KD

250 KHO=KHOH/H:'PRINT "kho=":kho

260 OMEGAONE = AS/(BO*H):'PRINT "OMEGAONE ="; OMEGAONE

270 OMEGATWO = ASPRIME /(BOXH):'PRINT "OMEGATWO =" :0OMEGATWO
280 NO =EA/EB:'PRINT "NO =":NO

290 '

300 ' main loop

310 °

320 P=1

330 OPEN "con” FOR QUTPUT AS #1

340 PRINT #P.," ra kx kappa rd si1amaa moment
350 FOR EPSILONA =.0000525 TO .00105 STEP .0000525

360 ' PRINT"epsilona=":EPSILONA

370 RA = EPSILONA/EPSILONBPRIME

380 FT=EB*EPSILONM
390 SIGMAA = EAXEPSILONA

400 ' PRINT "siamaa=": SIGMAA
410 'COMPUTATION OF CO-EFFICIENTS OF THIRD DEGREE EQUATION
420 A= -((3+RA)-(1-KBO)x( 3+RA ) 1+3xNOXFT/SIGMAAXKBOXEPSILONA/EPRE

430 B= 3x(1=-[{1-KBO)*({ 1+KHOX* [ 2+RA) ) )1-6%( NO-1 ) *OMEGATWO-6*NO*OMEC
AAXKBO*EPSILONA/EPSILONMX*( 1+2%D0O/H)

440 C=3*xKHOX(1-KBO)*( 2+KHO*( 1+RAV 1+6% (NO-1 1% ( 1+KD ) *OMEGTWO+1 2%
T/SIGMAAXKBOXEPSTLONA/EPSTILONMXDO/H" 2% ( 2%H+D0O )

450 D==(KHO " 2%x( 1-KBO )% ( 3+KHO*RA)+6%( NO-1 ) xKD*OMEGATWO+6*NO*OMEG
MAAXKBO*XEPSILONA/EPSILONM®DO "2/H™ 2

460 A

470 XMIN = O

480 XMAX =1

490 IF AXX"3 4+ BXX"2 + CxX+ D » .000001 THEN 840

500 IF A¥X"3 + B%X"2 + CxX +D <-.000001 THEN 880

510 ° PRINT " KX=": X

520 KAPPA =RAX*EPSILONBPRIME/(1-X)/H

530 ' PRINT "KAPPA=": KAPPA

540 RD=X*RA/(1-X):'"PRINT "RD=":RD

550 M1=BO*H " 2xSIGMAA/24/NO/(1=-X)/X*( (4%(3~-RD)-( 4~RD)*X ) %kX " 3~(1-
Ti1;;??\*f3*1-ﬁD*fX—KHO)]—(4¥X‘RD*1X—hHOi]#!K—KHO]l+24#0MEéATHQ

560 M2=BOXH " 2%SIGMAA/24/NC,(1-X)/X*( 24%NOXFT/SIGMAA /H 3% KBOXEPS
O-X*H) " 2%¥4(1/6%(DO-X*H)-1/2%(D0O-H)) ) L
570 M=M1-M2

580 'FRINT







depth of the beam .25

height of beam .235

BREADTH OF FLANGE .29

Thickness of flange 0

thickness of web .29

cover of compression reinforcement .015

area of tension reinforcement .000151

area of compression reinforcement .000151
MODULUS OF ELASTICITY OF STEEL 2.1E+08

modulus of elasticity of concrete 2.7E+07
concrete compressive strain at max. stress .002
concrete ultimate strain in tension .0018
concrete tensile strenath 1350

concrete tensile strain at max. tensile strenath .00005

ra b x kappa rd sigmaa moment
0.026 0.531 0.00048 0.030 11025 5.056
0.053 0.482 0.00086 0.049 22050 7.36
0.079 0.442 0.00120 0.062 33075 8.56
0.105 0.412 0.00152 0.073 44100 9.39
0.131 0.388 0.00183 0.083 55125 10.03
0.:157 0.369 0.00212 0.092 66150 10.55
0.184 0.353 0.00242 0.100 77175 10.98
0.210 0.339 0.00270 0.108 88200 11.386
0.236 0.327 0.00298 0.115 99225 11.69
0.263 0.316 0.00327 0.121 110250 11.99
0.289 0.307 0.00354 0.128 1212756 12.26
0.315 0.298 0.00382 0.134 132300 12.51
0.341 0.291 0.00409 0.140 143325 12.74
0.367 0.284 0.00437 0.145 154350 12.95
0.394 0.277 0.00464 0.1561 165375 13.15

0.420 0.271 0.00490 0.156 176400 13.34
0.446 0.266 0.00517 0.162 187425 13.52
0.472 0.261 0,00544 0.167 198450 13.69
0.499 0.256 0.00571 0.172 208475 13.86
0.525 0.252 0.00597 0.176 220500 14.01

0.5561 0.247 0.00623 0.181 231525 14.16
0.578 0,243 0.00650 0.186 242550 14.30
0.604 0.240 0.00676 0.190 253575 14,44
0.630 0.236 0.00702 0.185 264600 14.58
0.656 0.233 0.00728 0.199 275625 14.71
0.683 0.230 0.00754 0.204 286650 14.83
0.709 0.227 0.00780 0.208 297675 14.95
0.735 0.224 0.00806 0.212 308700 15.07
0,761 0.221 0.00832 0.216 319725 15.19
0.788 0.219 0.00858 Q:22) 330750 15.30

0.814 0.216 0.00884 0.225 341775 15.41
0.840 0.214 0.00909 0.229 352800 15.52

0.866 0.212 0.00935 0.233 363825 15.63
0.893 0.209 0.00961 0.237 374850 15.73
0.919 0.207 0.00887 0.240 385875 15.83
0.945 0.205 0.01012 0.244 396900 15.93
0.971 0.203 0.01038 0.248 407925 16.03
0.998 0.202 0.01063 0.252 418950 16.13

1.024 0.200 0.01089 0.256 429975 16.22



height of beam .235 g“{ﬂc’e (1

BREADTH OF FLANGE .29 *‘

Thickness of flange 0

thickness of web .29

cover of compression reinforcement .015

area of tension reinforcement .000151

area of compression reinforcement .000151

MODULUS OF ELASTICITY OF STEEL 2.1E+08

modulus of elasticity of concrete 2.7E+07

epsilonbprime .002

epsilont .0018

concrete tensile strength 1350

concrete tensile strain at max. tensile strength .00005
ra kx kappa rd siamaa moment

0.263 0.381 0.00361 0.161 110250 26.01

0.289 0.361 0.00385 0.163 121275 23,711

0.315 0.344 0.00409 0.165 132300 21.86

0.341 0.329 0.00433 0.167 143325 20.37

0.367 0.316 0.00457 0.170 154350 19:15
0.394 0.304 0.00481 0:172 165375 18.17
0.420 0.293 0.00506 0.174 176400 17.37
0.446 0.284 0.00531 0.177 187425 16.72
0.472 0.276 0.00555 0.180 198450 18 .21

0.499 0.268 0.00580 0.183 209475 15.80
0.525 0.261 0.00605 0.186 220500 15.48

0.551 0.255 0.00630 0.189 231525 15.24
0.578 0.250 0.00655 0.192 242550 15.07
0.604 0.244 0.00680 0.195 253575 14.95
0.630 0.240 0.00705 0.199 264600 14.89

0.656 0.236 0.00731 0.202 275625 14,86
0.683 0.232 0.00756 0.206 286650 14 .88

0.709 0.228 0.00781 0.209 297675 14.93
0.735 0.225 0.00807 0.213 308700 15.00
0.761 0.222 0.00832 0.217 319725 15.11

0.788 0.219 0.00858 0.221 330750 15.23
0.814 0.216 0.00884 0.225 341775 15.38
0.840 0.214 0.00909 0.229 352800 15.54
0.866 0.212 0.00935 0.233 363825 15.72
0.893 0.210 0.00961 0.237 374850 15.91

0.919 0.208 0.00987 0.241 385875 16.12
0.945 0.206 0.01013 0.245 396900 16.34
0,971 0.204 0.01039 0.250 407925 16.57

0.998 0.203 0.01065 0.254 418950 16.81
1.024 0,201 0.01091 0.258 429975 17.05
1.050 0.200 0.01117 0.263 441000 17.31

1.076 0.199 0.01143 0.267 452025 17.567
1.103 0.198 0.01170 0.272 463050 17.84
1.129 0.197 0.01196 0.276 474075 18.12
1.155 0.196 0.01222 0.281 485100 18.40
1.181 0.195 0.01248 0.286 496125 18.68
1.208 0.194 0.01275 0.290 507150 18.97
1.234 0.193 0.01301 0.295 5181756 19.27
1.260 0.192 0.01327 0,300 529200 19.57
1.286 0.191 0.01354 0.305 540225 19.87

1.313 0.191 0.01380 0.309 551250 20.18
1.339 0.190 0.01407 0.314 562275 20.49
1.365 0.190 0.01433 0.319 573300 20,80
1.391 0.189 0.01460 0,324 584325 21.12
1.418 0.188 0.01486 0.329 595350 21.43



