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ABSTRACT

Vari ous approaches for conputing cross sectional
areas in earthworks are treated. Proofs of different
formulae in the calculations are given, including
sone exanpl es on the applications.

Each nethod is analysed with sufficient depth in
order to easily infer its nmerit and limtations. The
nmet hods, consi dered conparatively, are synthesized
and their relative stregth and advantages effectively
enunci ated wi th exanpl es.

Estination of earthworks volumes and rationali-
zation of earthnoving patterns by the use of the Mass
Haul D agrans in construction econony are al so treated.

Recommrendat i ons on nmet hods to adopt on every
situation and circunstance are contained in the
conclusion. Finally, advice is given about the
prof essional relationship that should exist on site
between the Gvil Engineer and the Engi neering Surveyor

when executing an earthworks project.
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CHAPTUR ONE
INTRODUCTICN

T™e aim of the discertation is to make a comprehen-
sive review of areas and volumes in earthworks. In mass
construction all earth moving plans and analysis are based
on sound knowledge of various methods of finding areas and
voluines of earthw rks., All such computations are based on
the consultant engineer's desig 1he BEngineering Surveyor
is thug, occasionally, confronted with this responsibility
of estimaling the volume of the ‘materials® involved in a,
construction scheme and the planned pattern of movement on
site,

The 1 .xt chapter (chapter two) gives a review of the
different methods of finding areas in earthworls right from
thie elementary aspects like areas of a guare figure to the
more complicated types like the cross sectional areas of
excavations, embankments or the cut and fill sections on a
hillside, Calculations are treated by use of different
kinds of approach like direct applicatien of formulae, the
an: lytical or trigonometrical metiicd of solution, the
gropliical solution and so forth, AIlter being used to thcse
met:ods the computor intuitively determines the most
expedient method of solving any area problems in surveying.

Chapter three deals witil volumes., Three different
types of problems in volumer of earthworks are treated, viz:
Volunies from cross sections, volumes from spot heights and
volumes from contours, Simple illustrative examples are

used to explain the appkiQ%tion of each type.
AHmang, "*RAL, | .
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The principles of the Mass Haul Diagras are given
in chapter four, It is treated in detail becaurse of

its importance in earihworks.
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CHAPTIR T A0
AREAS IN WARTHJORKS

Areas enclosed by straight lines i,e. cross sectional

areas resulting from gridd ' ng of a torrain,

Areas of triangles

(i) Given the base a of triangle ABC and
a . 2ight h,
Area = % , base x height sq. units

(ii) Civen the three s.des a,b,c of the triangle

Area = «/s(s-a)(s-b)(s-c) sq. units
where s = % (a+b+c)
(i i) Given two sides a, b and the included
angle C
Area = % , a. b. SinC sq. units

frcas of sguares

Given the side of a square as X

Area = X.X = x2 sq., units

Areas of rectangles

Given length a and breadth b of a triangle,
Area = a.b sq. units

Areas of parallelogram

Given the two adjacent sides a,b and the
included angle B of a parallelogram ABCD
Area = a,b. Sin B

gggpg_from Coordinates

A traverse survey of an area can be made
and the coordinates of the Junction points
caiculated., The area of the figure can subsequently

be computed using the method illustrated below:
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2.1.,5(i) Pigure 2,1 cnows a four-sided figure with

vertices 1, 2, 3, U.

Figure 2,1 ; A four=sided Coordinated figure

N A

You draw perpendiculars from the traverse Junctiom

, points 1, 1, 3, 4 t» meet the north axis.
: 1 4 .
a+11.21.3:h-

A
24

Area 1234 = A
(Trap. 212337+3%3u7)-(27 204741 ")
(E2+E3 ) (N3—N2) +(E3+ELL) (NLL-NB)
(E1+E2)(N1-N2)~(Eu+E1)(NuﬂN1)
By collecting terms _
E2(N3—N2+N1+N2)+E3(N3- Ny+ ) - NB)
Eh(-NM+N1+Wh-N3)+E1(N2-N1+NH+N1)
E, (N Z-Nh_) +E2(N3-N,R +Bq (Nbr-Nz ) +Eu(N,1 —NB)

L%

al



2.1.5

- £ e
Similarly if we draw perpendiculars to the east
axis, We shal. have
2A = Nq(Ep=E}) #Np(E3=Eq)+I3(Ey-Ep) 1) (E4~E3).
ix, wuse this formula to compute the area
eniclosed by the vertices A (0,0),B(63,63),
o {136, 150), D {-20, 271).

2h = g (Np=N), ) +Ep(N3-Nq ) +85(N)=N) +E), (N4-N3).

L

9450 + 282688 + ;000 = L0738
A

n

20369 sq. units

(ii) An alternative method of computing areas

LR

You multiply the algebraic sum of the northings
of each station and the one following by the
algebraic i?fiﬁf;ﬂfﬂ of the ea<"ing o: each staticn
‘nd the one foilowing. The aree is thus half of
the algebraic sum of the products. The area .ic

best computed from a tabulation as in the following

example,

Ex., Find the area of the figure ABCD, A (0,0),

B (63, 63), ¢ (136, 150), D (-20, 271).
Table 2.1 : Double area method of finding sreas

from Coordinates.

Static 3 N l E Sum of |Diffe~] Double Area
reiice
"‘] | N |of E + -~

‘ . ‘ ,...‘...i.....__._.__.._ !
A ol o1 63 | -63 ¢ 3969/
B | 63 631 213 i =73 | | 15549
1 1 { i '

cC . 150 ; 136 | 421 . 156 | 65676 |
D i 27 | «-20 271 . =20 | . 5120

A 3 O L Q | R R | 3
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Algebraic Sum = uO?BGmE

2. Area ABCD

1,0736m>

1

Area ABCD 20369m2
as beforr

Reletive merits of the methods:

The method "1 2,1.5(i) can be checked by reversing
the Coordinates and repeating the calculation. The areas
obtained on both occasions should be the same, The
mcthod in 2.1.4(ii) enables computation to be made from
the simple table,

2.1.5 (1ii) Me hod of Cross multiplication.

Thigs .s another method of calculating areas from
coordinates, From 2,1.5(i) we obtained the following
exXpressions

By rearranging, we have

eh = NqEp + N2E3 + N3Eu + NhE1

-~ NoE4 - NBEZ - NME3 - N1Eh
or, since we also had thnat
2h = E1(N2-Nu) + Ep(N3-Nq) + EB(Nun No) + Eh(n1. N3)
= E4Np - E1Hh + RQHB - By + EBNM - E3N2 + Eth - Ehuﬁ
Uy reerrenging we .lso have
2A = E N, + EpNg + EaN) + E)Nq
- EJNy = E3Np - Eh“B - E1Hh
The relative merit of this method is that it can

easily Le remembered from a tabulation, Thin is done for
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a triangle below, the initial coor.'inates being repeated
at the end:

E,#\ B N

B~ ’“_j-; 5

EZNB

The oblig '~ full lines are multiplied and the

=

.
= 2 "

products are added. The other ‘bligue pecked liries are

mualtiplied and the products added. The difference

between these two sums is twice the area,

This method of cross multiplication is applicable
to Yany ¢or ~dinated figure of any nunber of sides. It
can be cliekced by reversal of coordinates. The
numerical values of the two answers will be T« same
put they will differ in sigi.

The advantage of this method over the method of
2.1.5(1i1) is that once the coordinates are ~rrenged in order
the answer can be obtained without writing any other
fisures down,

2.7.5(iv) Areas by method of departurcs and total latitudes.

This method is applicable also to any polygon of
any number of sides. We shall first derive this method
from first principles hefore giving the tabular form

of the method,
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Figure 2,2 : Departures and i2tal

latitudes

K,

e e oy S—

The departures and total latitudes are show. in Fig. 2.2
witn respect tu 3tation A of polygun ABCDEFA, The
departures of the lines are shown as dq, do. d3 cess Gy
and the to#al latitudes with respect to A are shown as
K1 XDy xB tasessse

AK 1is parallel to the east - west axis.

By using the formulae for the area of a triangle and
quadrilateral respectively;

Area of polygon ABCDEFA i.e. A
= diexq + do(xe4xp) + du(x3+ X)) + dS(xh+ x;)
2 2 e 2

+ d6.x5 + triargle EJH - triangle GDH

2
But triangle EJH = triangle GDH

= triangle EJD - triangle JDG
= d.x - dlx

b g =223

2 2

= d3(xp - x3)
2
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lees A = dyuxg + d2(x1+x2) + d3(§&-x3) + du(x3+xu)
2 2

e

+ ds(xh+x5) + Eé:?é
2 2

By resyranging this expression
2A = xq(d1+ dp) + x5(do+ d3) + x3(-d3+ dh)
+ xu(du+ dS) + x5(d5+ d6).

This form.’2 may be stated in words thus:
Twice thie area of a polygon is 1.1e algebraic sum of the
products of the total latitudes of each station and the
algebraic sum of the departures of the two lines adjoining
the station,

The a ove formula 1s most conveniently applied in the
tabuleted form as shown in the following illustration,

Take figure ABCDEFA in fig. 2.2 above in -aich the
iatitudas ([>NS) and @erartur s (ins} are ap an the
table 2,2,
We want to find the area of the figure,
Taple 2,2 : Tabular form of ca;p@iating areas by departufes

P

and total latitudes:

Line %igi“ Depar~| 5 Total aiﬁﬁezﬁt PRODUCTS
On b (o] 8 | Bicdimes :

— (d+d)

AB | 8,7 | +56.9 | & S W -

BC 1 +31.6 14h1,3 | Bl =L46.7 | +088,2 4782.34
CD | +hh.5 {426 | C i ~17.1 +67.7 1157,67
e l__+39.3j—16.3 3 Dj +27.1; __i,_+1o.1 {276.7, | -

LEF | +19.2 | -5).8 ! E 466.7 1 71,1 | w742, 37
Fi | +85.9 | =61.9 : F i +85.9 | =116.7 | 1002h.53




- A
Sum = 2A -~ 20430.,17
A = 10215.085 sq, m
or A = 1.02150%5 ha

The method of working is exr'ained thns:-

The total latitude xq of station P with respect
to A (assumed origin) is the latitude of the line
itselfs i.,e. = 3,7 in table 2.2,

The total latitude Xy of station C is the total
latitude of B plus the latitude of the Linz BC, 1i.e,
= 48,7 + 31,6 = ~ 17,1 and the process continues in
that manner-.

The total latitude of the final point must always

be the so ¢ as the latituvde of the last line with the
sign changed, This is a very reliable check for 1f this
conaition 3z not olialasd an ecror 57 al:uli.c.ion has
been ivcurred,

The sum of adjacen® departures is obtain-d oy cadang
tosetner the departures of the twe lines on either side
of tlie station concerned:

+ 56,9 + 1.3 = + 98,2
+ 1.3 + 26. = + 67,7
+ 26,4 - 16.3 = 4+ 10.1
- 16.3 = 54.0 i - 711
- Gl4.B - 51.9 = ~116.7

The figures in the x column are multiplied by the
finures in the (d+d) column as shown in table 2,2,

Their algebraic Sum forms twice the area,

Aaother good check is to repeat the whole calculation
after interchanging the culumns ol {}Effanﬁ l)NS, Thie

rotetes the figure through 90° wi- hout aay effect on the area.
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2.1.5 (v). Area by double longitude Method:

Definition ~f longi.ude. In the co-ordinate system

every line has a longitude with respect to a meridian,
The longitude of a Yine is the porpendicular distance
from a convenient meridian to cthe centre point of the
line, In practice the most westerly poin. in the
traverse is assumed as the refercnce meridian, e.g.
point 1 in fipure 2.3,

Figure 2,3 : Illustration ¢ lorgitude of a line.

Consider the traverse 12341 in figure 2.3.

The midpoint of line 1,2 is 111 ard ‘the mid-point of

243 is 2,7 and so forth.
Then the longitude of 1,2 = 14 111 (= 4 departure 1,2)

Longitude of 2,3 = 242,

: 11

Long. 1,2 + % departure 1,2

4

+ % departure 2,3,
. : In general the longitude of line N = long, of line (N-7)
+ 4 ceparture of Jine (N~1)

KAS 1 . :
dnmhgql'RQPMv . + & depature of line N.
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The longitude of any line is equal to the longitude of
the previous line plus half the depature of the previous
line plus half its own depature, The;summing must be
strictly with due regard to the sign, i.e. algebraically,
However, by taking the most westerly station as the reference
nmeridian no longitude could be negative,

Proof of Double longitude Megthod

In figure 2.4 point A is the most westerly station
through which the referonce meridian passes. We are to

obtain area for ABCDEA, . o

Figure 2,4 Jllustration of latitude and longitude
(double longitude) Methed.

9111 _ D
T Rattad ntstciad D11
E, g

E

Area ARCLEA = trapezoid B111 BCC"I11 + trapezoid C 11 CDD111

1
+ trapezoide D11 DEE111 - triangle B4y11 BA
) o ~ triangle AEE111,
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B, 11 411 1 1M p 1
17 €' x By Byl » M D, M xccyt 4 p, E111

1
X Dy Dy° = AByTT x AMT - BT Eq By’

Latitude BC x longitude BC + latitude CD x longitude
CD + latitude DE x longitude DE = latitude AB x
longitude AB « latitude EA x longitude EA,

the algebraic sum of the products of latitude and
longitude gives the required area, For convenience
of working from tabulation it is convenient to
compute in double longitude and then to divide the
answer by two, Double Longitude of a line = double
logitude of previous line + departure of previous
line + departure of line under considerationi

This is best illustrated by an example, The
calculatioh is made easy as the area can be obtained
from a table as shown in table 2.3,

We warlt to caleulate the area of a glgure
ABCDEFA whose coordinates are listed in the table
belows

Table 2.3: Double Longitude Method

in tabulsr form.

St
tion

Double
Eoste Nortt}- Long?%udq N "ROD ? °Is

ings . iuxg fom et
o - \ Ly '*":Jj 'l.

. 205,2 213.6

160,0 |110.4

86.h 1167.3 ‘2h6.h 56.9 14020.16
134.3 ;189,99 |220.7 22,6 4987.82 |
339.5 23.7 8046.15 |

168.8 {241.2 lym.o 27.6 | 1032240 |

. 223,5 1177.4  1392.3 -63,8 25028,74

160,0 {1104 {383.5 «57.0 25694.50
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Algebraic Sum = 24
= 1 33}-‘»6 * 71

. A = 6673,355 m?
The repetition of the initinl coordinate (station A)
at the bottom of the list is to simplify calculation,
For large coordinates a whole number constant
couvld be subtracted from the eastings before summation
in the double longitude column,
The (E + E) column is tabulated from the eastings
colum, e.g.
160.0 + 86.14
86,4 + 134,3
- 134.3 + 205.2

The PN column contains normal departures or bNS

246 1y
220,7
339,5 and so on,

li

thuss;
167:3 = 110,44 = 56.9
189.9 - 167,3 = 22.6
213.6 ~ 189.9 = 23.7 ete.

The double longitude method commends itself because

the calculation can be checked by repeating the calculaw-
tion with the coordinates interchanged, The cross
multiplication method (sece 2,1.5{iii))ean also be used
to caleculate the narea as a cheque,

2.1.5(vi): Senyaolu’s analytical methods nnd automatic checks

for area computation, This method is very much akin

~ to the cross-multiplication method in 2.1.5(iii). It
1s bosed on the following concepts:
(a} Two co-planar vectors 1-2 and 3-i moving at

random in their plane generate space or

successive geometrical figures,



(b)

(e)

- 15 -
The zrea of each of the successive figures
spanned (or space) 1s given by the slopes of
the two vectors and this is half the difference
¢f the cross products of the gradient elements
of the two vectors

~ Sanyaolu, A; 1975.

From (b); if such space is a quadrilateral area

A is given by
A 3 {(xymxp) (¥ )~ (g =) (253 )

or = 2 (Dxagyy - W DRyl
Two elements that are critically essential in
calculating coordinates are the lengths of the
lines and the directions, If the directions of
two vectors Bq and B2 and their lengths 11 and

15 are known the arising area spanned = #

(14 5 in By, 15 Cos B, - 1, Cos Bye 15 § in By)

=% 1y 12 8in Q
Where Q is the angle between the vectors.
For purposes ¢f brevity Sanyaolu's method is not
in any way significantly different from the
traditional methods earlier given in this section.
It however commends itself while the computor is
faced with a polygoen of large number of vertices
because:
(a) The polygon can be sub-divided among
gny number of computors,
(b) Checking can be effected at any point

during the calculations,
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An example will explain this be :ter.
Toke a qudrilateral 1, 2, 3 L.
Sanyzolu gives the area and countercheck calculaticns in
the form of cross multiplication method as done below:

X ’Y'l

-
{ [

N \/: B
LXq &Q? 2
2

Xa<~ -
szy"\"\,i)‘fea

X3<:E:i::52§33
D Xaye 7 DYy

Xy~

-

b e 5 T

where (x1 .Y1) ’ (12’Y2) ¥ (x3!y3)! and (x]_l_'Yh)

are the coordinates of 1, 2, 3» Ls
From the table,

Dx12'x1 - X5 3 |>Y12-y1 -y, ete.
If we pair the elements of the Coordinates as in 2.1.5(111)
we shall calculate the area of the quadrilateral, A as

2L = Xqyp + Xp¥y3 # X3Y), + xhy1

- Xa¥q = X3¥2 < Ky3 T XYy

From the table all the oblique full lines are positive

elements in the cross multiplication., The oblique pecked
lines are the 1egative elements in the cross multiplication.
In the countercheck the following expression must be

true for the number of vertices.

X1 (y1-y2) + y2 (xy—x2) + x2 (y2=y3) +¥3 (x2-x3)
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+ xq (ya=yy) + 3y (x3=x)) + xp (y)-71) + yq (-x1) =
v (2q=xp) + xp (y1-=y2) + y2 (xp=x3) + x3 (yp-¥) + y3 (x3-%3)
+ x) (y3=y) + vy (xy=%9) + %9 (yy=y1) = O and so on,
Depending on the mumber of sides o the polygon.
A8 an example we want to compute the area 'A' of

the guadrilateral made up of the first four vertices of

the polygon shown in table 2.3 thus:

T Easting T horthing
-
160,01 1104 i

86,0 167.3
134.3 189,9

205,2 213.6

USRS WP
2h = X4y + Xp¥3 o+ X3¥, ot XYy
R C R A S R T T

Substituting accordingly,
2A = (160.0 x 167.3) + (86.h x 189.9) +
(134.3 x 213.6) + (205.2 x 110.L4)
- (86,4 x 110.4) = (13h.3 x 167.3)
- (205.2 x 189.9) - (160,0 x 213,6)
= 26768.0 + 16407.36 + 28686.48 + 22654.08
- 9538,56 - 224468,39 ~ 38967.48 - 34176,0
= 1063L.51
A = §317.255 m?
- A check 1s now made at the Ath vertex, say we resort to
the 'check! ¢ross multiplication formula carlier given,

Considering the L. H. S, of the expression, l.c,



X, (y4=y2) + vz (xq=x2) + X (yo=ra) + v (xp-x3)
+ %y (ygmy)) + Y (X3=x) + % (yp=yq) + 7y (), =%
Substituting accordingly
(110,); x 73.6) + (B6.4 x =56.9) + (167.3 x =47.9)
+ (13,3 x =22,6) + (169.9 x =70.9) + (205.2 x =23.7)
+ (213.6 x 4)5.2) + (160.0 x 103.2)
= £125.4) = 4316,16 = 8013,67 - 3035.18 - 13463.91
- 8463.2L + 965L.72 + 16512,0 = O
Considering the R.H.S. of the expression for counter-
check,
¥q (Xo=%5) + X5 (y4=y2) + Y{z(XZ'xBJ + Xq (Yg'Y3)
+ Y,y :XB-X&) + X (YB-Yh) * Y, (Xu‘x1) + % (Yu'y1)
e (160,0 x =56,9) + (167.3 x 73.6) + (86.4 x =22.6)
+ (189.9 x -47.9) + (134.3 x =23.7) + (213.6 x =70.9)
+ (205,2 x 103.2) + (110.4 x 45.2)
-910L4.0 + 12313,23 - 1952,6 - 9096.21 - 3182,91
~1514L,.2l + 21176.64 + 4990,08 = 0 as expected.

The above confirms the notion that the checking process

I

is rather long and time consuming. It becomes even more
tedious if we are dealing with large coordinates. One could
have preferred obtaining the area using the double longitude
or depertures and total latitude method and their respective
convientional checking procedure earlier indicated in this
section,

However, for simplicity purposes, the counter-check
given by Sanyaolu can also be conveniently reduced to a
table, For this reason his method of computing areas is

acceptable,
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Generalisation of Sanyaol'i's Method:

The idea is to divide the polygon into a chain of
quadrilaterals, The crosg multiplication irvolved is as
arranged below, depending on the numoer of vei tices of the
polyzon, If n (number of vertices) is odd, then, the last

nuiber in the chain of quadrilaterals will be n_i+ 1

2
eitiicr side of th~ ¢rrangement, For example for a polyvgon

on

of five vertices the combination ¢’ jJuadrilaterals will be

n8 follows:

This crc s muitiplication will give the following result
(in determinant form), A is the 2rea of the figure,

R e VECTY BEEPY ik S

D*25 DYas D*u DY

A =g ((xqy Yogm Fpg V)t X, vy - xy y23y
i=4 @x1— %), ) (¥ =¥g)=(x=x) (y=y) ) + (x5=%3)(y3-y),)

(%37 ) (¥2=y3)) .
The substitutions ;re then made from the Coordinntes (xq,y1)»
(x20¥2)s (x34¥3)s (x)y))s @nd (Xg,yg) of the five vertices
of the polygon,

For an even number of vertices (e.Z. six) the chain of

quadrileaterals I3 obtained in n mere straight forward manner

as follows:

(W]
L



T

''he above cross multiplicection gives the fullowing
result (in determinant form), & is the area,

33315 g’yﬁg

D% DY

A = P - ¥ - ! »

B (D% 5076 0% DY)+ 0y DYy = DX DY, )

=3 ((x, =5 ) (¥ =Yg )= (3 =% ) (v, =y )+ (=% ) (vy =¥ ) -

(x3-x5)(y2-m5).

For seven v. .tices the scries of quadrilaterals will be

2% + %

in the following arrangecment:

7

4
If i is the area [

3 | P16 W6 |, gl%es DYes| o P 23y
D*27 DYor P36 PYos | Pus PVys
(D% D ¥y DBy DY, 14D %y DY~ DrycByag)

| * (D%, Dyg Mg 033, )
B =% ) (v 797 ) = (35 =%, ) (g =g )+ =55 ) (y3 =95 )=
(%3 %5 ) (¥ =¥ )+ (35 =%, ) (5, =¥ D= (54, =% ) (y3 =37, D)o

Je can therefore zeneralise for the area of any polygon

,
1

e+
L}

[
it

of 'n' vertices using a similar chain of quadrilaterals

as follows:

. ¥
\\

0

n_ o ~nt2
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vhere the last number n+2 is obtrined from n+1 as

exrlier espoused in the section.

The area is obtained by arrangipg the determinants
in the manner of the previous examﬁies. We now use
the novelty of Sanyaolu's determinant method to find
the area of a polygon of five vertices with the

following coordinates:

Northing Easting
Vertex X Y
1 +72.923 +,06,988
2 +81.871 +361.079
3 +68,913 +348.490L
b +109,987 +341 540
5 +111.022 +413,970

48 usual, the chain of quads, can be obtain.i thus:

3 , & being the area,

{
b= 3 (Dxqy Py, , | O3 e
Pra5 DYag Oz, PV

b = B (( Dxqy, DYpg)=( bxog b}',”*)*( bxpq by~ Py, pyz;?}\
% (x4 =%, ) (v 7y )~ (%) (31 -, )+ (xgm%3) (3, )

~(x3-%, ) (y2-¥3)) «
= & (=37,06h x «~52,891) ~ (~29.151 x +65.448)
+ (~7.042 x +6.954) -~ (=21.074 x +12,585)
% (+1960.352 + 1907.875 - 48.970 + 265,216)

2 x LOBL.473
2042,2365 m2

(]
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As & check the 'conventionel'! double longitude
method (see 2,1.44(v)) was adopted and it gives the
same answer as above. Sanyoluts countercheck method
used in the former example in this section can also
be applied to check the answer,

2,2 freas of Irregular Figures

2,2,17 Craphical Method (Counting of squares)

This method involves covering the whole drawing or
plan with small squares or tlz use of transparent
overlay of squared paper. The transgparent squared paper
is laid over the plan. The number of squares and parts
of squares which fall completely inside the drawing

{(or plan) of the area is then counted., Since the plan
scale 13 known, the area represented by each sguare

is easily determined, Hecnce the total area can be
computed,

The accuracy of this method depends on thé size of
the small squares. The method can give a high degree
of accuracy if squares of very small grid is used,

Ex, If the plan scale is 11200 and esach small square
is 1mm x 1mm, say,

Then the true area of small square is
(200 x 200) mmZ.

If there are 475 whole squares approximately,

then the plan area = (4,75 x 200 x 200) mm®
= 475 x 2¢p x 29

1000 x 14¢¢
= 1900  m?
100
2

= 19.00_@_‘_
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2.2,2 Trapezoidal Rule

Figure 2.5 : Irregular figure using

the trapezoidal rule

x/ k\y‘ﬁ’“\ | -

The ir egular figure, (fig. 2.5) is reduced to series
of four sided figures each of which is approximated to a
trovezoid,
.ren of trapezoid = 4 (sum of parallel sides x width).
.rea of trapezoid AECD = hq+h, x d

2
Iren of second trapezoid BCEF = h2+h x d
Similarly iArea of Trap., EGHF 2

= Eﬁ*hh xd »nd so on,

Total area = Sum of the areas of the trapezoids,
Lo o= hq+hy x d + h2+h3xd + h+h Xd + seeee

e

2 2 2

= d (h1+h2) # hz + h3 + h)-(- + h5+h6)-

2
This formula is true even if the first or last ordinate is

Zero, The zero quantity must still be included when
substituting in the formula,

In general, for n number of offsets (or ordinates)

L = d (h]+h'n) + h, + h3+ h"-l»+ v +hn__1)
2
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Ex. The following offsets 7.5m ap.rt, were measured at
right angles from a traverse line to an irregular boundary
0, 3.6, 4.9, 9.2, 8.9, 7.8, 6.9, 4,6, O all in meters.
To find the area between the traverse line and the irregulars
boundary,

From the trapezoidal formular
4 = d (hq+hy +hp +hy + ceees + hp_q).

T2
Substitutiang the above meazuremwonts

7.5(0+0 + 3.6 + 4.9 + 9.2 + 8,9 + 7.8 +6.,9+1.6)
2
344.25 m®

2.2,3 Simpson's Rule,

oot
it

Figure 2,6: Irregular fipgure using

Simpson's principle

AR i ’ ‘h
\ h2 _ h3 hu hs h6 /J h7 h8
N
\ T

Parabolic E%hthﬂd’,r’gj . _,fJ
e

Curve

“The Simpson's rule assumes a Curved boundary which
1s a better approximation to the shape of the irregular
boundzry and ‘s therefore more accurnte than the trapezoidal
rule, If the boundary was a parabola the formual would be
exact,

Schofield w; 1979



The Simpson's rule considers offsets (or ordinates) in

sets of three, It cann thus be shown that the aiwva between

offset 1 and 3 is given Ly

d
3 (h1+Hh2+h3).
That between offset 3 and 5 is,
d
and similarly 4, (h5+hh6+h7) for between § and 7

Considering them together we obtain the area between

offset 1 and 7 to be
d
= 3 (h,+iny+hy) +§ (hywlity hs) + § (ngslngeng) |
d

-2 <';h1 +ho) + Wbyl +hg) + 2 (h3+h5)>.

Hence the _ormular can be generalized, thus:

Total irea =
%(Kh1+hn) + L(sun of evci oifseuvs) +

2(sum of odd offsetsi).
i,e, one third of the distance between ordinates, multipiied
by the sum of the first and last ordinates plus four times
the sum of the even ordinates, plus twice the sum of the
odd ordinates,

Before Simpson's Rule can apply the number of offsets
must be ~dd,

Ex, The following are the offsets from an irrvgular
boundary to a traverse line measured at right angles in
meters at 6m interval 6.46, 13,80, 4.90, 8.60, 7.80,

10,60, 6,20, 7,80, 9.20 and L.30.
There are ten offsets. ‘e, therefore, use the

Simpsonts rule to find the area of the figure enclosed
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between offset 1 and 9 and the trapezoidal rule for the

aret. betwecon offset 9 aad 10,

Area, o = & ((6,46+49.2) + 1(13.8+8.6+10.6+7.8)
3 4 2(4.9+7.846.2))
= 2(15.66 + 163.2 + 37.8)

= 133.32 o
9-10 - " (_9_‘2 ; &13)

Area

= 40.5 m?
Therefore, Total irea = 473,82 12

Calculation of Cross-secticnal areas by formulae.

Under this heading the various typical cress sections
uscd on road schemes and other earthworks will be shown
and the fur ulae for computing their areas derived from
first principles.

In all the cross sections, the followirg ¢ .ndard

synbols shall be adopted:

Nomenclature
b Finished road width
h Centre height i.e. the depth of excavation

or embankment of the section measured vertically
along the centre line,
Wqy Vo side Widths, measured horizontally from either side
of the centre line fixing the position of the slope stakes.
1 in m side slope of 1 vertical to m horizontal
1 in n side slope of 1 vertical to n horizontal
1 in k existing ground slore {up or down gradient)

w1+w2 plan width,

Existing ground level horizontal

(See figure 2,7).
i.e. Side width = W; plan width 2y s
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Figure 2,7 : Cross Section of excavation with zround

horizontal, side #idth = Y, Plan Width = 2y

e —

1 1
J S IS S S—
A rn o 2l
WO ETT I 1 3 T T g .'r;,r.é_ i ) % - e B T ‘-"‘p'* Y L LR e )
/ 7
P
§ Y
Oribin;lmiififfir”’/ﬂ
Surface =

-

G

r r..\- CITTYTTT Y

b2 Je=VA -5

Formation

{%: .= Lovel

(1) Cross Section of excavation with ground horizontal

(See figure above),
Side Width = W = /AC = CE
Since side slope sAH = 1 in M
and the centre heigh h = CG = HB
oo AB = mh , Similarly DE = mh
But BC = b/2
AC = W and W = b/2 + mh,
2y = Plan Width = 2(b/2+mh)
Area ABH = aread DEF

= 4 mh , h




Rentangle BDFH = b . h

(ii) For the

nrea of Croos section AEVH

Area ABH + iArea DFF + Area BDTH,
mh2
h!mh+b!

embankment, the cross section 1s simply

+ bh

inverted and the same formula~ apply.

The Cross Section of excavatiin 1s represented by

ACDHT {see figure 2,8).

Jr
BG
tH
CJ
ED

is the centreline,

h (centre height)

= Wq (side Width on the left)

W, (side Width on the right)
b i.e. EG = DG = b/2.
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Figure 2.8: Cross

-ross_Scction of ercavation with axisting

grouond Surface sloning

transverse { Wq % ¥s
(ground) slope

J O
\\ };{2‘\;_“____ - e

T

Now since side slope AF = CF =1 in m

GR = b/2m

Ground slope (BC = 1 in k

Since /H = W,, it follows that BH = Wy

K
Similarly since CJ = Wp , then JB = = i,
K -
Considering vertical distances at the centre

= and HF = W

M I

b W

HF = 53 * h = )

k

line gives

original
--="ground
surfuace

o —




Multiplying by km gives

kw,y = E% + hkm = mwq

Rearranging,

>

W, (k + m) = k(b/2 + mh)

wi = k(b/2 + mh)
o+ m

Thus we obtain the formula for the smaller
side width.
In similar manner,
JF = b/2m +h + Wy
K

s

Multiplying by KM gives

K”g = _gﬁ + hkm + mw,

Collecking like terms gives

Wy (k=m) = K(b/2 + mh)

Wo = K(b/2 + mh)

We thus obtain the formula for computing
the greater side Width of the cross section.
Now area of cut = Area ACDE
Aree ACDE = fireza ABF + Area BCR - Area fDF
Area ABF = % (BF) x 4H
% (b/2m + h) W,

~rea BCF % (BF) x CJ

4 (o +h)W
2m

2
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hrea EDF = 3xbxb_ = b2
“m Lym

Area ACDS = [rea of excavation

- i (b_ + h‘- N‘] +
2m

% (_12_ + hj. Vo
2m

.

Lm
= (B () - b2
2m Lym

(i1) Like in the case of the preceding example,
For embankments, figure 2.8 abova is inverted and
the s~me formula is similarly obtained.,

Ex. C¢ sider tine following hypothetical case, We
want to find the side widths and cross sectional area
of the embankment with read width "z.%a, ..isting
transverse slope 1 inu 20, side slopes 1 in £, centre
height 90m,
Let hH » Wy be the side widths
W, =K (b/2 + mh)
kK +m

K =20, b = 22,5my, @« = 5, h = 10m

Wy = 20 (11,25 + 50) = Lom
25

W, = K (% + mh)

k = m

= 20 (11.25 + 50) = 81,67m
15

Thereiore the side widths are }}9m, 81,67m and the plan

width = w1 + W2 = 130.67m.
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Cross sectional area = % (b~ h)(Wy+W,) - QE
2m Lim
= % (12.25)(130.,€7) - 25..12¢

= 115£2£331

2.,3.3 Fxisting ground surface ha i1g both wegative and

positive grades i.,e, sec:ions of variable levels,

An example of this type is a Cross section
of Cut r--resented by ABCDE: in figure 2.9 below,
The two ground slopes are AB, 1 in X and BC,

1 in u,
Side slopes AG = CG =1 inm
Side Width AH = Wy , CJ = W,
Si.ce AB slopes 1 in ky, BH = Wq

K
Similarly, BC slopes 1 in n, JB = W2

n

Llso HG = W,

- oatd JG = h‘2

m o
i

Since FE = b/2
Considering vertical distances at the centre
line gives

W
i | + h +
k

W.
s } b_
n

2n
where H = BE (centre height)

Wy (1/m - 1/k) =h =Db_
2m

Wy (kom) =h + b
ak 2m

W (k-m) = mhk + bk

2
=k (mh + b/2)

Wy = k(mh + b/2)
K=m
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Figure 2.9 3 Crass_Se.tion of excovation having both

posi:ive °nd negetive grades

Statlerye dp = %2 Lp, B
m n 2m
Wo (B =m) o na b
mn 2m
N 5;“:\“ lena
AHMAD“'FT”ﬂHIIJEQopY
ZARIA! mgfn.:‘. UNIvraQise.




- n(uh + b/2)

Wy = ~lah + 2/2)
N-=-m

Area 4LRCDF = the Cross scctional .rea of e .cavation,
Area ABCDF = Area ABG + Area BCG ~ Area 1"'DG.

Areca ABG = %, BG, W,
Area BCG = %, bi, W,

Area FDG = %, b/2m = b2

But BGC = h +

1

-_' Aren ARCDF =

3 (H + b/2m) (Wq+Wp) = b2

lym
Where W, ”2 are as defined by the above formilae,

Ex, road width = 1%p, exizting arouad lupe
= 1 in 10 and ® in 15 respectively. side siope
1 in 3, Centre height = 12m, Fiand the side wiucths
and the cross gectional area of the excavation,
Let the side widths be W, , W,,
Wy = K(mh _+ b/2)
K-m

‘n“hereKu10,m=3,b=15,h=12

W2 = n(mh + b&)
N~-m

= 15 (36 + 15)

-

- = 54,38m
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" = "" - T,." T .
Area = % (h 4 %E} (ﬂj - NZ) . b?
g Im

Plen Width = ('M,] +1'-'Z} = 176,52

Area = % (12 + 15) x 11€,52 =
6

(i1)

2.4

2el41

= (84L.77 - 15.75) m°
= 826,02 m4.

Again, for embankments, figure 2,6 1z inverted and
the same " “rmulse above apply.,.

Cross sectional arecas in hi lside involving cut and

£fill sections by formulae,

Centre line in cut i.e, greater area in cut,
The original ground surface {see figure 2,10} is
reprri. mted by the transverse slope ACJD, 1 in K.
lhe formation level is represented by ABED,
s can be observed in the figurec, Area ABC g in
embaphknent; with sido shope 7 an . L-ea ODE la in
cut (excavation) with the side slope LD being 1 in .
The Centre line is represented by JG produced,
The centre height, h = JG.
The formation width is represented by BE = b,
BG = EG = b/2,
Since the transverse slope AD is 1 in k and
JG = h, it follows that CG = kh
i,e, BC = b/2 - kh
Let «~ne side width on the embankement side be
represented by W, (as ‘ndicated) and the side width

on the cut section, Wy; then HG = Wii and GF = W, ,

Since the original pground surfacz slopes at

1 in k and AQ = HG, then it follows *hat JQ = W,
k
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Sinilarly, JP = GF; and DP = Wy

——

K

Also , since slope of AB is8 1 in m ; if the verticel
heicht AH = h1 s then HB = mhq, Similarly, on the cut
section the side slupe ED is 1 ina n ; if the vertical
heizht DF = h, then the horizontal equivalent is EF = nhs.
Considering vertical distances at tre centre line; from
fizure 2,10

Figure 2,90: Cross Sectic: on a hillside

Iq‘ -
- ' //" =
“riginal ground , <
surface ~TT .
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N\ 1 P i i
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- 242"'% - = . |
A A s P iastiasiaing e
N |
5 - W !
K
W }“\": . -»
1 " P'z
g

Considering the horizontal distances to the centre line
w"] = b/2+m]'1| e (ii)

le. W -Db/2 _p (d.e. from ii)
m
or

2w -b h,
2m

Substitute for hq in eqn, (i)

W
-1 = 2w - b, h
2m
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2mwq = k(2wq=~b) + 2mhk
= 44 ~ kb + 2mhk

2wq (m=k) = k(=b + 2mh)

W =

k(~b + 2mh)
2(m=k)

Dividing top and bottom by =2

Wy k(b2 = mh)
kK -m

This gives the width of the smallar area  £iil),
From the figure again,
Consider.ng the horizontal distance to the centre line,
we have
o = b/2 + nli2 essase (iii)
and from the vertical distances at the centre line

a. W . \
hy = W $ h {17

L B

k
Substituting for h, in (ili)

W = b/2+m (W 4
k
= b/2 + nwp + nhk
k
= bk + 2nw, + 2nhk
2k '

2kw2 = bk + 2nwo + Znhk

2wp = 2nwp = bk + 2nhk
2wy (k-n) = k(b + 21h)
Wa = k(P + 2nh)
2(k=-n)

Dividing top and bottem by 2 gives W, = k(b_+ 2nh)

L e—

k-n



Tnis gives the side width of the greater area, cut.
Plan Width = Wq + Wo .

Aren of £ill (Smaller Area),

Let this area be represented by A1
Aren of ABC is the area of embankment (A1),
Ay = % (b/2 - kh). by

We already had that hy = 2wi-b
2m

Where ¥, = k(b/2 ~ mh)
k=-m
hy = 2k(§ ~ mh) = b

k=-m

am

.. 2k(b/2 - mh) = b (k = m)
2m( K-m )

I

kb = 2Zmbk =~ kb + bm
2nf{k - m)

= bm -~ 2mhk

2m{k-m)

= m(b - 2kh)
2m(k~m)

h - 2kh
2(k-m)

Ay = 3(b/2 - xn)(b - 2kh)
2(k=-m)
= %t - kh) (b/2 - kh)
2

K =m

e (b/2 - kn)°

2(k~-m)
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This is the smaller area 1l.e. ~rea of fill since the
centre line is in cut (where the greater nrea lies),

Area of cut (greater area),

Let this area be A,,
This area of excavation is given by CDE,
Since area of triangle 1is
# x base x height
hy = % (b/2 + kh), hy
Considering the vertical diste.~es at the Centre line,
h = W
e -2 + h
K
and from the horizontal equivalent CF
Wy, = ©/2 + nh,
Substitut ag b, , we have Wy = b/2 + n(Wy + 1)

= b/2 + nw,+knh

—

k

KWZ = b/2k + nwy, + knh

W5(k-n) = k(b/2 + nh)

ken

Substituting this value in h, above
h2 = k(b2+nh)
kék—n)
= bfz +nh +h

K =-n

= b/2+nh+hk-nh

k=1

h, = b/2#hk
k~n

= b + 2hk
2(k~n)



T
Substituting for hp in Ao

A, = % (b/2 = hk), b+2nk

2{k-n)
= % (b/2 + kh){b/2 + kh)
k-n
= (b/2 + hzh)2

2(k=-n)

This is the greaier area,
Ex+ OSuppose we sant to find the side Widths and cross
sectional areas of a cut and fil. section on a hillside
with the following dimensions:

road width = 25m; existing ground slope = 1/5

sid~ slope in cut = % , centre height in cut

= 'm, Side slope in fill = %,

Using the formulae, if the side Widths

are Wa , wz

"= k(p/2 - mh)
K=m

Nows k =5, b=25, m= 3, h=1,8, 2all in meters,
W1 = S(gg - 3 X 108)

5-3
= 30.5

2

i

17.75m

Wz = k(bg.? + nh)

k =11
Where k = 5, b = 25, n = 2, h = 1.8 (211 in meters)
Wo = 5(25 + 2x 1.8)
2

C=2
- 80.5
3
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= 26.8°n

Cross sectional area of fill = (b/2 - kh)2 ,
2(k-m)

shere h = 26, k = 5, h = 1,0, m == 3 (in meters)

Area of fill =
125 - 5 x 1.3)°
2

2(5=3)
. 12,28

L
= 3,06m°

Cross sectional area of cut

= (b/2 + kh)2
2(k-n)

Wherebn._m, k-5’ h"l-a’ n=2.

Lrea i cut =

(25 +5 x 1,5)2

>
——— e ™

2356=0)
462,25
6

77,04 _n_12

The above simple example is used to illustrate the

seecming ease and simplicity in computations of the various

parameters through merely substituting in the formulae =

especially in this age of manual deck calculators,

2,5 Calculation of Cross Sectional areas using the analytical

or trigonometrical solution i.e, rate of approach method,

T™is method makes use of the grades of the ground

surface and side slopes in evaluating all required dimen-

sions, The rule is that all refercnce heights used in the

calculations must be vertical,



The method is best fllustrated by examples, The
following shows the principles,

2,5.,1 Two grades running in opposite dircctions

Figure 2.11 : Two grades .unning i<

opposite directions

- aa s —

A
P —Ting
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X
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/{;
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¥ 3

Je ore given two grades AC, BC (see figure 2.9).
AC has a down -- gradient of 4/5
EC has an up-grac.ent of %
The vertical height AB is given to be x, say.
The horizontal distance y, from C to 4B 1s obtained
from the following principle,
Since IC =~ Y4 and AD = X, , then

X1 = y1
g

X

e =N
3— when DB = Xo

x1+x2=x=i+-ﬁ- Y1 (%%2)

5 3

X = SY1 o Y—1 = 185 %
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i.,e to get 79 acl! the wwu grades, invert the sum and
miltiply by x (the veri'cal neight), In this example
(figure 2.9)
vy = (1/5 +1/3). x
= @157 x - 1% x or 1,875 x

If in this example X = 3m; Y1 = 5.,625m .

252 Two grade. running in the same direction

Figure 2,12: Two grades -unning in the

same direction

" SRf — — — - --=5 K
| Ix2+1}wi-7
¥ 4

X /’;\ &
X
\L N /

Q

Let PQ = x, QS = X4, PS = xp, SR = y, (figure 2,12)

:{1=y2 . o
3 "2 2

5
3 .
5

x = ¥gil -1
3 5

= Y 2

2 * =

15
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With reference tc fgure 2,12 we are give *two grades

s *

PR and QR,
If PR nas a positive up-gradieat of 1 in -5 and OR also an
upgrodient 1 in 3.

The vertical height PQ is x.

The horizontal distance Yo from R to QP produced is
obtained using ti. following rule:
Subtrect the twoe grades, invert thir and multiply by x.

In the dimensions in figure 2.9 above

(173 - /)~ | =

YZ =
- -1
= (4 ) L x
15
= 1% x
L
If in this ex2mnle X = 2.3m, then
- - ’Il"' .
+ 2 - v, 1in - 3.7E T 2.0,
L

= ¥, = B8.625m

We now illustrated the use of the analytical approach
in evoluating the cross sectional area and side Withs when
computing earthworks volume and costs,
BEx, Calculate the side widths and cross sectional area
of an embankment having :the following dimensions:

road width 21m; Existing ground slope =

1 in 15 3 side slop2s = 1 in 3, Centre height

= 10m ., (see fiz, 2,11)

The ground s=lope AE is 1 in 15 (see fig. 2.10 below).

The embankment is represented by AGDE whose area we shall

find,
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Side slope 5B e« ILF -~ 1 in 3,
BD = the formation width = 21m
CF = +the centre line
BC = 10.5m .

Figure 2,13 : Cross Section of cmbankment - example

(not drawn to scale nlease)

origin:l gromd .§
SUrsCra -

e "/'5;5/ 5
,{ v H_ ‘“_”wa%f/
& ..t |
e———
A% N % < 2 7
16 - >
AI

CF is the Centre height = 10m
BG is the Vertical height to slope AB, AG.
Any horizontal line from CF (Centre line) to BG shou
eoual 10,5m,
FH = 1u.5n
But slope AG = 1 in 15 (o~ 1/15)
GH = 10,5 m

But CF = BH = 10m (Center height)
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BG = (10 + 10.5)q: = 10,.7m
15

Let Yq be the horizoatal distance from A to the

vertical height BG,

v4 = (% -1/48)"" x 10,7 m = 15 x 10.7m
N

3.75 x 10,7

- 40,15
'n'.‘ }'1+HF = 0,125 + 1.5

= 50.625m

Similarly JF = 10,5 = 0,7m

———

1

Ly = CF - JF
= (10-0,7)m = 9,3m
DQ is the vertical height to grades DF nd QE,

A
T s 1 . - B et o S
. 'J = ('{' 2 / ' ¥ a.. ! »

[
é x 9.3m = 23.25m

Wy, = JQ +y, = (10,5 + 23.25)m = 33.75m
We now find the area ABDE
= Area ABG + Area BDQG + Area DIG,
Area ABG = % ., BG . yy
= 4 x 10,7 x 40.125
= 214,67 2%
Aren BDAG = 10.5 x (10,7 + 9.3) m?
= 210 m2
hrea DEQ = % . DQ , ¥,
= % x 9,3 x 23.2
= 108,1125 m?

Area ABDE = Total areca of embankment

= (214.57 + 210 + 108,1125) m?
= .532,78m"



- B o

The above example may tend to portray the analytical
approoch to be »ather 1lrag. This is not sc, With practice
the computations o farter, The analytical metchod is still
referred because if one forszeis the formala its derivetion
is rother long. For programiing aru adaptab’ Lity to computer

any of the methods can be used, For instauce a practicing

surveyor or engineer can a2lways refer to the formulae,

2.6 Calculeting the C. ss Sectional areas of embankments and

cuttings from ficst principles,

This method is often easier than the method of formulae,
It is equally as elegant as the analytical method, The
priuciple to be adopted in the calculition invelves first
obtaining t1e area of the trapezium ADGH ard subtracting
from it thr area of triangles AHB and DCG, This is better
exploined by an example,

Let the foramation wiath BO - b - 20 (£ig. 2.,11)

Height JX at centve line « » = 5mn

Side slopes ABy, CD = 1 in 3

Ground slope /D = 1 in 15
In Figure 2,1l the unlmowns x ~nd y are the projections of the
side slopes needed for the area calculation,

From the data in the specimen aquestion.

FD = 15, FJ (since ground slope is 1:15.
But FD = 10+ 3x
FJ = x=5
i.es 1043x = 15(x-5)
1043x = 15x=-75
12x = 85

X 7.083

3X = Lu = 21,<2bunm
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Figure 2,14 : A Cutting ABCD

P e ]

Similarl- , AE = 15, JE

But hls = 10 * By (‘1’!’_‘4 JL'

I
AV,
I
w

19 ¥ 3
10 + 3y = 7%

18y = 65

y = 3,611m
HB = 3y = 10,0833m
Area ABCD = Area AHGD = Area AHB = Area DCG,
Area ABCD = (x + y) x GH
2

(7.083 + 3,611) (21,25 + 20 + 10,833) =
2

i

(3.611_x 10,833) - (7,083 x 21.25)
2 2

= (278,488 = 19,559 ~ 75.257) m®
= 183,672 m?
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2.7 Coleulating the Cross sectiona. area of cut and

£ill sections from first prirciples,

- -

As in the case of cuttings and embankments it
1s often easier to calculate the cross sectional
arez of cut and fill sectiors from first principles
Referring to figure 2,15 the principle to be adopted
will be illustrated by ~n exampie,

Figure ",15 cut and fill section

\\u Ground slope

Let the formation width BD = b = 20m

Height at centrelinc JH = 0,75m

Side slope in cut, DL = 1 in 3

Side slope in fill, AB = 1 in 2

Ground slopes, Ll = 1 in 10

For the cut section, the principle is to find -
the area of trisngle CFE and from it subtract the
area of triangle DFE (sec figure 2,15)., For

the fill sectiuvn we calculate the area of triangle
CGA ard from it we subt.act the area of triangle

ABG,
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From the above figure the unknowas x and y are the 3
projections of the side slopes DE and AB respectivel.y.
The unknowns are obtained using the olgebrezi~ relations
below:
Since JH = 0.75m, and ground slope

AE is 1 in 103

. CH=0_75x 10m = 7,5m,
CD = (7.5 + 10)m = 17,5m
CF = 17,5 + 3x

But CF = 10, EF = 10x

Y 17.5 + 3x = 10 x
7 x = 17.5
¥ = 2.5m
Side Width Wy, = HF = 10 + 3 x = 17,5m
iArea (FE 2 1 | 0T, EF
= 3 X 32,5 x2,5
= 0,625 m?
Area EDF = 4 x DF X FF = % x 7.5 x 2.5
= 9.375 m?
Area of cut = Area CFE - Arca EDF
= 40,625 ~ 9,375) m?
= 31,25 m?
For the fill section
CB =10 - CH = 10 = 7,5 = 2,5m
CG = 2,5 +2y 3 AG =1y
But CG = 10,AG i.e, 2.5 + 2y = 10y
8y = 2.5 ; y = 0.3125m
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Area of triangle CGA
= >, CG ., AG
= % > 3,106 :- 0,2125
= 0,88m?
Area AGB = %, GB, AG
= % x 0,625 x 0,3125
= 0.098m2
e o Area [ fill = Area CGA - Area AGB
C o (0.488 - 0.098" m2
- 91}91m2

2.8 Cross sectional area using the planimater

For finding the area of any figure the planimeter
is appli>d to any type of plan or drawirg of whatever
shape o' nature of boundary - regular or irregular
figure,

Mechanical intogration usiag The lonimecer achieves
a most dependable precisicn or accuenly when “unpared
with the alternative methods in finding the area of an
irregular boundary especinlly.

Before a planimeter is used in finding an area it is
advisable to invesiigate its accuracy by checking over
a figure whose area is known previously and precisely.

The discreponcy should be noted and the correction factor

computed, This correction factor is then applied to all
arens obtained from the readings of the planimeter.

Usually, the planimeter hacs a testing bar for this

particular purpose, In other words it is erroneocus to
assume, that the callbration of the planimeter is

errorless,
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In estimating areas by mechanica. integration using the
planimeter it is strongly advised that the pole should
preferably be held outside the figure. This enatles the
computor to aveld bothering himself about the additive
constent, However, when the pole of the planimeter is held
inside the figure, a larger area of coverage is facilitated
for a single sett'ng. But this too can be guarded against
by brecking the ;lan drawing to smaller figures each of
which is mechanically integrated oy pivotting the integrating
unit with the pole held outside individual segments of the
plan drawing, The total area is obtained by sumning
together th2 individuzl aresas,

The plar meter is used mainly for estimating the cross
sectional area between successive contours of a contoured
ared of a dam or rescrvolr =20 that the c-pacit, can be
evaluated; though the acuiuacy of the rosunl derv=nds +o
a large extent on the contour intervals, A 1 wetor
contour interval will produce betlter capacity estimate
thon 5 meter contour,

The planimeter does not directly produce the area of
a figure, Usually the reading ol the mechanical device
is converted to the correct asrea using the plan scale of
the drawing and the calibration constant of the Planimeter,
an example below is designed to illustrated the conversion
of the planime.er reading to the true area of the figure
measured,

ix, Using a fixed -~ arm planimeter the plan area of
a picce of land is tracedout and read as 1819mm. If the

plan scale is 1/2500 we estimate the land area thus:
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Prom the scale 1mm represents <500mm or TG

= (2500 x 2500) om® on the

ground,

Plan area 1749nmm?

= 1819 x 2500 :z 2500 mm? on ground
= 1819 x 2500 x 2570 ha,

1000x 1000 x 10,000

10137 ha,
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CHAPTER THREE

VOLUME OF EARTHYORKS

There are many methods of calculating volumes of
earthworks., In this Chapter, we shall restrict our-
selves to the tliree most popular metnods viz: estimation
of volumes from cross sections, volumes from spot
heizghts and volumes from contours,

The var.~us methods of cclculating the cross sectional
2reas were treated in Chapte. two., The intention was
to give a good background to methods of determining the
volumes contained between the cress sections,

Under volumes from cross sections, three methods
ore ccr idered, two of which are comparable to the
trapezoidal rule and Simpson's rule for areas (popularly

c2lled prismoidal formula).

! Vorumes frum Feen Avons

— 1 Sm—

This method is not often used bLecausz .Y 15 lrhzcentiy
inaccurate due to faulty assumptions,

Using this method the volume obtained could be
fairly dependable if the successive areas (AS) are
almost equal in value or if the areas are alternating
between two definite values,

The volume is dekermined by finding the mean of
the cross sectional areas and multiplying the result
by the dis.ance betwezen the two extreme end cross
sections,

From figure 3.7 if the arcas of the cross sections

ares
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the .ean area

E-f‘l +J\2+ 1'.-\34'..0. +A8
8
Let the distance betweer. ccuss sactiog A, U

be L. , then volume of the figure is

v = (Aq + Ap+ .0 + A+ Ag ). L

—

8

This gives the volume between the 8 sections,
The device c¢an be generalized to n cross sections,

i.e. If the areas are ;\1 ? Az e An_“ ¥ Jkn

then volume by mean area is given by

\ = (A,I 1 A9 + .00 #* An).w

n

wiiere W is the distance between sections A, ang -

As earlier menticned,; this method could be reasonable

if the successive areas are almost the same, 1152q:

NASHIMVIE iowe.r.
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3¢742 End Areas Method

This iz comparcble in similarity to the trepezoidal
rule for cross sectiural arets,

The end areas method will give accurzte rasults if
the cross sectional areas have the ssme order of
mognitude, The prismoidal rule may be more accurate but
the end areas method is by far preferred to the mean
areas methoc,

Like in trapezoidal rule (see figure 3,2) if twc
cross sectlonal areas Ay and Ay are a horizontal
distance d apart, the vclume between the cross sections
(V4 o say) is give by

Vq = d(:“.1 + ;’\2)

i,

2

Fipure 3.2: End .,reags in diagram
b - A 'y --q.t"-

A e )

The volume between .., and Aq (V2 , say) is given
Far
Vo = El(f‘,l + 4—2) ’
2
and similarly volume between cross sectional

areas Ag and A) (i.e V3) is given by

Vy = d(a, f““fkl‘
2

Let V be the total volume for the eight cross sections

in figure 3.2.
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V1 + VZ + V3 + ses + V7

d(ﬂj;aa) i d(Ag;A3) + d(Ag+A“l

h

+  sean * d(;’l’7+f{8)
2

= d(Aq+A8 4 Ay + AB + Ah + hg + hg + A7).

we can now generalize for n cross sectional areas.

In the case of thezend arear metaod (as in the trapezoidal
the
rule for areas) cross sections can be @dd or even in number,
the formula accommedates either,

341.3 Prismoidal Formula

This method is comparable to the Simposon's rule for
arecs, It is more accurate then the end areas method
(trapezoidal rule for volumes).

A ypisnoid fE a £7lid onnelsuiry 0a wo onds whick form
plane perallel figures. The number of sides wmay non be the
scme but they can be measured as cross sections, The faces
between the parallel ends form plane surfaces between
straight lines which Jjoin all the corners of the two end
faces, A prismoid is made up of a series of prisms, wedges
and pyramids, all having a length equal to the perpendicular
distence between the paralleiends. The geometrical solids
forming the prismoid are usually three:

(a) Prism, The end polygons are equal and the side

faces are parallelograms,

(b) Wedge, One end is a line, the other a paralle-

logram, and the sides triangles and parallelograms,

(¢) Pryramid, One end is a point, the other a polygon

and the side faces are triargles,
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If a series of cross sections are separated by the same
constant distance apart the volume contained betweer the
cross sections can be appreximated to the volume of a
prismeid, 3Because of its rel-otive accuracy, the prismoidal
formula is used for carthworks colculations of excavations
and embankments, The prismoidal formula can give an exact
volume of earthworks calculation if the transverse (groungd)
slopes are parat~'ic (as indicated in Simpson's rule for
cross sectional area) and the lorncitudinal profile is a
straight line; or if the ground slopes at right angles to
the centre line are straight and the longitudinal profile
on the centre linc is parabolic,

The ab~.~> indicates that both the transverse slepe and
the ground prefile must be regular for the prismoidal
formula to give 2 true volume, Generallv, in - thworks

-

caleuiatiog of vel. oo fhe prisooloaas e Lo omore often
applied with the assumption in mind that the relcevirt laeals
hold. Even where the .deal situation does not hold due to
irregularity in the ground profile and transverse slopes
the error introduced is negligible relative to the earth-
works volume involved, The prismoldal formula is, therefore,
more accurate and preferred to the end areas method:
In general, let
d = the perpendicular distance belween
the parallel end planes
Ag and Ap = tho areds of these end planes
M = the mid~area, i.e, the area of
the plane parzllel to the end

Planes and midway between themn,
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M does not necessarily represent

the mean of ﬁ1 and Ay ,

V = the volume of the prismoid,
(1) In a prism,

.Pl.‘ = A 9 = M and

V = d, A

]
oja ap

(A1 + LM o+ ﬁz)

(ii) In a Wedge,
Az = 0, M= 3 A1 anad

V = 44, h1
= d =
‘- (3.n1)
= d
. (A1 + 4V + A2)
(iii) In a pyrapid, Ap =« C 2nd M = $hy g
V=$ldl A,I
= d
- (20A1)
6
=% A,)
P 4 * LM + 2

This implies that the volume of each solid can be expressed
in the same terms,
Thus the prismoidal formula is expressed as

V = d .
E (ﬁ1 + M + nz)

Therefore for any three cross sections of arcas

hAq 4 Ap 4 A3 1s glven Dby

!
Vg =3 (Aq + b4 A+ A3)
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Also the volume between the next three cross sections

of areas ﬁ3 ’ Ah s and AS is

V2 " % (A3 + L Al&. + J‘.s).

Similarly wvolume V3 between c¢ross sections of areas
ar AS * Aﬁ ’ A? is

' = d
3 3 (As + L A6 + 373.

Figure 3,3 : Prismoidal rule in Diagram,

The total volume contained between the first cross section

(ares f4) and 7th cross section (area A7) is V where
V=vq + vy + vy = fig., 3.3

v =

(h1 + U Ay + AB) + %(ﬁj + uﬁh+ﬁ5)

% (AS + U hg + A7)

% (Cag#hg) + b (opvhy +hg)+2(hg#ig))

+ wis

This leads to a general formula for any n successive

cross sections of areas
J:b‘1 ’ ‘{‘2 ] A3 ] e s ey An-1 [ An fOI‘ WhiCh the VO].UIEE
v is
ved(; \ .
3 (A1 + ag + L (Sum of even areas)

+ 2(Sum of the remaining odd areas),
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Like in the Simpson's rule for areas the Prismolidal
formula works for QDD number of cross sections,

3.2,1 Prismoidal Corrections~ This is adopted where greater

accuracy is required, The Prismoldal correction is deduced
by merely subtracting the volume obteined by the Prismoidal
method from that obtained by the end areas method,

Prismoidal Correction = V{by end areag method)

« V(by Prismoidal formula),

This correction can be deduced using the appropriate formuls
for either cutting or embankment or the cut and fill section,

If hq and h2 are the differences in height between ground
level and formation level at Aq and Ap respectively, the

prismoidal correction for cuttings and embankments is
4, %2
6 ;}:ﬁ2
Wilson J, P; 1971
Where transverse slope 18 1 &n k and side slopes 1 in m; d 1s
the length between sections,
If the ground slope is level i.e. k = the

prismoidal correction becomes
2
% - m (hy=hy)" .

The correction is always deducted from the volume
cbtained from the end areas method,
For cut and fill section the prismoidal correction

fornula is . k2 (h1-h2)2 .

12%E:h)
This correction must also bhe deducted from the volume
obtained by the end areas formula, The appropriate value of
m must be used if it differs between the cut and £ill section,
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The Prismoidal formula is not frequently used in
practice because it is only accurate for true prismoids
or where the distance between cross sections is kept to
minimum,

The previous discussions assumed that the cross sections
are token on a straight centre line or longitudinal section,
However, where horizontal curve occurs the cross sections
will no longer be parallel to each other and errors will
result in caleculating volumes using the conventiocnal
methced s of end areas or the prismoidal formulae,

Pappus Theorem:

(1) vStates that the correct volume is where the
distence between the cross sections is taken
along the path of the centroigd"

Schofield W; 1979

{(i1) wstates that a volume swept out by a plane
constant area revolving about a fixed axis is
given by the product of the cross sectional
area and the distance moved by the centre of
gravity of the section®,

Uren and Price §; 1983

(1ii) "States that if a plane area rotates about

an axlis in its plane, but ocutside its area,

the volume of the sclid generated is given

by the product ¢f the area and the length of

the path troced by the centroid of the area",
Wilson J. Py, 1971
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All the above definitions border on the illustration
in figure 3.4 and the following explanatiom,

d = length of area along centre line.
If two cross sectional areas Aq and A, are separated
by an arc distance d apart along the centre line the
volume could be assumed as

Aq + Ap x d
2
Figure 3.4t A Cross Sectional area A Sweeping through an arc R,

This is the situation if the path traced by the centvoid

is displaced distances €4 and e2 from the centre line at

either end of the cross sections respectively,
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From figure 3.4, if R is the radius of curvature then
RQ = d

** The arc distance on the path of the centvold

is
Q(R+E1+E‘2)
2
where eq , e; are called eccentricities and eq+e2

2
is the mean eccentricity of the centroid path at

cross sectlions Aq , A2 .

Since RQ = d’

Q = d
.

‘'Length of the centcid path is

d
= R+ e +e))

R -z
2

= d(1 + eq+en)
2R

i.e. the correction to bhe applied for curvature to

d is therefore
d (E1+62)
2R

where as before,

d = the distance between cross
sections along the centre line,
€1 @, = eccentric distances obtained at
elther end of cross sections measured from the

centre line

R = radius of curvature,
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The curvature correction is either added or subtracted
depending on which side of the centreline the centroid
path falls,

The curvature correction is seldom applied in practice
because the error produced by its omission is generally
smnll,

"Indeed it can be shown that the effect of curvature
is cuncelled ocut on long earthwork projects®

Schofield W; 1979.

End Areas Method - Example

The fcllowing cross sectional areas, 30m apart were
obtained along a longitudinal section of a read for an
embankment, All measurements in m2.

502, 436, 822, 530, 322, 641, 391, 702, 915, 223,

To calculate the volume of earthworks involved using
the trapezoidal rule.

Let V be the volume

V = d(Aq+iqq + Apthgt o..tig)
2

30(5024223+364829+530+322+641
2

R UIENVEEPEN
(30 x 5128.5) m3

153855 m3
154000 n3 approximately.

or

Prismoidal Rule = Example

The centre heights of the ground above formation level
at three sections 50m apart are 42m, 15m, 18m and the
cross fall at these sections respectively 1 in 20, 1 in 30

and 1 in LO,
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If the formation wWidth is 30m and sice slopes 1 in 3,
Calculate the volume of excavation in the 100m length.
For the first cross section (see figure 3.5)
h = 12m
Side slope AF = CD = 1 in 3
Transverse slope AC = 1 in 20

FE = DE = 15m

Figure 3,5 : Cross Section of cut (1)

@
S S
|
B |
Original ground = = =  _}—~—— — _ 4y
~_surface i f
B I
P
A T - ———-¢ '
20 - — — ! ‘3
A An i a1l Y4 | | ,:’Q'
ik » ‘ ! ™~
T 7 ’ ;
{ 15m 15m /
F B D
BE = 12m = h

Side slope /.F =CD = 1 in 3
Transverse slope + 1 in 20 i,e, AC
FE = DE = 15m

PG = 15m
BG = 15 = 3/im

2N
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PP = (12 = 3/4)m = 114m
Similarly JH = (12 + 3/4)m = 123m
From figure 3.5, by the analytical method
v o= (% + 1/20)"1 x 111
= &0
E; x 1%
= 29,35m
Area /PF = % x 11% x 29.35
= 165,10m°

Area of trap. PJDF = 15x(113+12%) = 360m?

By analytical method also
Y, = (4 = 1/20)~7 x 123 = 60 x 12}
17

Yo = 45m
Area of CDJ = % x 12% x I}5
= 286,875m°

Cross sectional ares of eXoavation
« Area APF 4+ Area PJDF + Area COJ

= (165,10 + 360 + 286,875) me
= 811,975 n®

For the second Cross section (see Figure 3,6
BE = h = 15m
Side slope AF = CD =1 in 3
Transverse slope = 1 in 30 1.e. AC
FE = DE = 15m
PG = FE = i5m

BG-_1_§-O.5m
30
PF = (15 = 0,5) m = 14,5m
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Figure 3.6 : Cross Section of cut (2)

Original ground
surfa

- — e g

b T ¥ 1l B 4 YYyYT TRt T
Similuriy Ji = (15 + 0.5)m = 15.5.

From the figure, by asnalytical method

Y = (% +1/30)77 x 1.5 = 30 x 14.5 = 39.55m

Area of APF = (% x 14.5 x 39.55)m° = 286.70m2

irea trap, PJDF = 15 x (1.5 + 15.5) = L50m?

By analytical method alsc

Y2=&-1ﬂ®4x1i5=?x1&5=m£m

Area of CDJ = % x 15,6 X 51.67 = EOO.MZmZ
Cross sectional area of excavation

& Area APF 4+ Area PJDI® + Area CDJ

= (286,70 + 1,50 + 4,00,42)n°

= 1137.12m°
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For the third section (sce figure 3.7)
BE = h = 18m
Side slope 4F = CD = 1 in 3
Transverse slope = 1 in 4O i.e. aC
FE = DE = 15m
PG = FE = 15n

BG = 15m = 3/8m
Lo

PF = 18 - 3/8 = 17§
Sinmilerly JH = 18 + 3/8 = 163/8
Figure 3,7 : Cross section

of cut (3)

Criginal grounud

™

o oo i it 7 LI S ':nvvu L&

From figure 3.7, by analytical method

y1 = (¢ + 1/40)~" x 175/8 = 120 4 478 = L,9.19m
43
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Arec of APE = % x 178 x 49.19 n® = L433.45r°
Area of trap. PJDF = 15 x (17§ + 163/8) = 540m?
By analytical method also

Yo = (% = 1/40)"" x 183/8 = 120 x 133/8 = 59.60m
7

Area of CDJ = % x 183/8 x 59.60 = 547.575 m?

Cross sectional area of excevation

Lad

= Area APF 4 Area PJDF + Area CDJ

= (L32.17 + 540 + 547.575)n®

= 1521.025m°
In this problem there are three (ODD NUMBER) Cross sectional
arcas, We can now use the prismcidal rule to compute the
volune of excavotion within the 100m length, Let V be the

volume required,

V= d (h..] + L}J"\2+ "'x3)

Weree &, = 811,9;_‘5, hp = 11237.12, /' = 52).025
and d = 50m
V=50 ((811.975 + (4x1137.12) + 1521,025))
3
- ? x 6881,18m>

= 114691, 33m>
vV = 115, 000 m3 approximately.

The above method of calculating cross sectional areas
also obtains for embankments. where the number of cross
sections is even we either use the end areas method to find
the volume; or use the prismoidal rule for the first
odd number of cross sec.ional areas and the end areas

methed for the last two,
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3.3 Volume Calculation by extrapolacion,

There could be occasional or intermitent occurrence
of both cut and £ill between cross sections. The exact
beginning of cut or £ill may not be definitely straight
forward, This means this point nas to be deternined by
estimation; preferably using method of extrapolation as
done in the following example,

Figure 3.8 chows a longitudinal section for the
series of six cross sections showsn in figure 3.9 taken at
3Cm intervals along the proposcd bentre line of a road,
We wunt to evaluatce the earthworks volume contained between
cross section one (s.s,1) and cross section six (C.s.6).

Figure 3,8: Longitudinel section for a series of

s

cross sections inveolving extrapolations

existing

~ground level
] /

Heights

Froposed
formativy

level

CeSe1 cs2 Ccs3 csly css csé
——, Chainage

The rule is that if the cross sections. are of the same type

we con usSe either the end areas formula or the prismoidal rule,

-




- D .

prefer-bly the prismoidal; or both, If, however, the

cross sections are changing as in the figure 3.8 it is

advis ble to work from one cross section to the next using

the end area method, The following volume calculations a

bn

C.S.S ‘\

sed on figure 3.9

Figure 3,9 : Cross sectional areas corresponding to

the cross sections in the profile in figure 3.8
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(a) C.8.1 to C.S. 2. From figure 3.9 the Cross Section
one (C.S.1) is vholly in cut., So also cross section
two (C.S.2)

Volume of cut = 30 (170.8 + 87.6)
2

= 15 v. 268,4 = QQZQEB
Volume of fill = Zero
(b) C.8,2 to 2.8,3
Cross se..tion two is wholly in cut while cross
section three is partly in cut and partly fill,

Volume of cut = 30 (87.6 + 42.3)
3

= 15 x 129.9 = 1948.5n3

For the volume of fill in this interval we have to
extropolate the point at which the fill begins in order to
obtain accurate volume figures, To do this we ~s3ume that
the raote of increase of iill belween C.b <2 and C.S.3 1s the
same, for all practical purposes, as that between C.S. 3
and C.S. L.

Let d4 be the length of fill from C.S5.2 to C,S.3.

Between C.S.3 and C,S.L the area of fill increases from

18,6m° +o 37.8m2 within a distance of 30m,

By simple proportion (extrapolation)

dq

=~
18,6 (37.8-18,6)
4, = 30618,6 = 558 = 29.%n
19.2 19.2
Thercfore volume of £ill = 29,06 (0+18,6)
2

= 270,26m%



(o) C.3. 4 to C.8, 4
Cross section taree is partiy in cut and partly
in £111 while cruss section four is in the same
manner,

Volume of cut

30 (L, 3+11.6)
.

= 15x53.90°
= 808,5m>
Volume of f£ill = 30 (48,64+37.8)
= 15x56.4n3 = 8L6m3
{d) C.S.h toiC,8.,5
Cross section four is partly in cut and partly
£fi1l, Like in (b) above we must also extropolate
t..2 interval of the area of cut since cross section

five is wholly fill,

de = 3¢ 2= 2..11#9m

11.6 42.3-11,6 30
= 11,34
Volume of cut = 11;2& (11.6+0) = 5.67x11 .6m>
= 85.77m3
Volume of £i1l = 30 (37.8 + 90.8) = 128.6 x 15m°
2
- 122223

(e} C.S. 5 to £.5, 6
Crose ocection five is wholly in 1ill and cross
section 6 is wholly in cut, Since the cross section
changes from f£ill to cut in this interval we have
to extrapolate where the fill section ends and the

cut section begins, We normally usc a linear



relationship involving the cross sectiocnal area

thus:

43 = 4
A A _+4
5 5 6
where 4 = 30m and d3 ig to be estimated from the

above relation,

ad . .
5 s A5 ymich in this case

A +A
5™

= 30 x 90,8 = 2724 = 16.06m
90,8+78.8 165.6

Therefore volume of f£ill

= 16,06 (90.8 + 0) = 8.03 x 90,8m°
2

= 729,12m°

Volume of vl = (30«1§d=§){0+7ﬂ.8)m3

o

2
[ X 6,97 x 78.8m3

= 5L49.24 w’
Now, total volume of cut from C.S.1 to C.S.6

= (287641948, 5+808,5+65, 774549, 2. m>
= 72&8.O1m3

Total volume of fill from C.S.1 to C.S5.©5
= (0+270.26+Bu6+1929+?29.12)

= 377, 30m>

3.4 Calculation of volumes from Contours

This method is used for calculating volumes from

various carthworks projects such as earth dams,

£

[
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reservoirs, spoil heaps (e.g. in roa’ construction,
pipelire trenchiug, railway etce, for estimutiag volume
of tips of wastes and dumps).

The method is Dbetter explained from gn example,

It involves the calculation of the plan area enclosed by
each contour, Each area is then treated as a cross
sectional area. The contour interval is regarded as the
constant distance letween the cross sections; and the
volune is estimaced using either “he trapezoidal rule or
the prismoidal formula,

The prismoidal rule is applicable provicded the number
of contours is odd, At times both methods are combined
in caleculating the volume depending on the nature of the
data, The ,lan area contained by individual contour is
usually calculated using the planimeter or the eraphical
method, BFor very accurats work the cont .- intervals should
be small, A one-half meter contour interval will provide
better accuracy than a 2 mcter contour interval,

Ex., Figure 3.10 shows the contour plan of a proposed
agricultural irrigation dam with the dam wall con the left
side., The contour vertical interval is Gm and the full
caopacity water level is to be 143m, The lowest point in the
dam is at a reduced level of 108m, We require the capacity
of the reservoir,

The Cross sectional area of ecach contour was calculated
using the planimeter and the following enclosed arca

corresponding to cach countour was obtained:
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Figure 3.,10: Cross sectional areas from contours

Dom WﬂlI)

_esoater Level

= 13m

Toble 3.1: Cross sectional areas and contours

Contour (m) ‘108l mﬁiL;115 ' 120 | 125 l 130‘ 135 |1ho gus

{ ! L |
Enclosed Area(mz)l 0 22001 5600 {7800 8900 |9900111500!13uool1710(

Let V4 represent the volume between contour
108m and 110m,
Vo 4 the velume between 110m and 140m ; and
vy the volume between 140m and 143m water

level using the cnd areas method

V1 = (0 +22200) ¥ 2 m 2200m3

Vo = 5((2200 + 13400) + 5600 + 7800 + 8900 + 9900 + 11500) )m-
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= 5{7800+5600+7800+8900+9900+11500)m>
= 5 x 51500 m3

= 257500 m3

Similarly v3 = (43400 + 17100) x 3 m
2

15250 x 3 m3

Yy

y5750 m>

Total cap..city V is given by
V = V1 + Vo VB
= (2200 + 257500 + L5750)m>

¥ o= 305450 md

Vv = 30500m3 approximately,
On the ot! :r hand we can use both the end areas metaod
and thie prismoidal formula to obtain an estimate of the
capacity nf +the dan.

Lec V4 (again), represent the volume between contour
108m and 110m ; Vs , the volume between 110m and thOmj and
V3 , the volume between 140m and 143m,

For Vq, we use the trapezoidal rule i,e,

Ve = (0+2200) x 2 = 2200 m3
2

For V2 we can use the prismoidal rule since the numsber of

crosg sectional areas is 7 i.e. odd number,

Vo, = 5 ((2200+13400)+1{5600+8900+11500)
3
+ 2(7800 + 9900)) m
Vo = 775000 m3 = 258,33 m3

3

For V3e we use the trapezoidal rule

fees V3 = (13400 3 17100) x 3 w7 = 15250 x 3 u?
2
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vy = L5750 m

If the total capacity >f the dam is represeated by
V , then
v

V1 +V2+V3

(2200 + 258,333 + 45750) m°
V = 306, 283m°

v

[}

The capacity, using the combination of trapezoidal
and prismoidal rules is appro-imately 306, OOOmB.

The slight difference in capacities obtained by
the two approaches is remarkable, The latter methed
should be more dependable becouse the contours are
usunlly surved imaginary lines ag the concept of

prismoi.al rule assumes a parabolic curved surface,

Calculation of volumes from Spot Heights

Volumes can be determipnad from & T heights in large
open excavations such as underground tanks, norrow pits,
basements and reservoirs and alse in ground grading
(or levelling) operations in building sites and
construction of sports fields and lawvms,

The volume estimations from spot heights is
irrespective of the terrain,

The whole area is gridded into squares, rectangles
or trisngles, The Corner points (junction points)
arce levelled and their reduced levels are obtained,
Having known the designed formation level, the depth
cf excavation at each corner point is calculated,

The plan area i,e. ¢ross sectional area is evaluated

frem the grid scheme, S0 also the mean height of the

entire excavation area is obtained. The volume V is given by
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V = mean height x Cross sectional
area,

The accuracy obtained depends on the sine of the grid,
The smoller the grid the greater the nccuracy of the volume
calculated, The small gfids, hcwever, result in greater
amount of field work.

The method of calculating volumes from spot heights
ig illustrated ™7 the ex=ample below. Consider the
rectrngular area ABCDEFGHJ, Thas is gridded inteo rectaugles
as in figure 3.11

Figure 3,11 : Rectangular ground showing

Spot~heights at Junction points of

rectangles
G H
T v !
a]"\ . 1
1r.. %
. o
. ¥ D . 8
7 E
’ 3
11.8m | |
W Y g C
16.5m 16,5m
€ > € >

ror greater accuraey it is further gridded into triangles
as shown in figure 3,12 2nd the volume also computed from
the formula. The depths of excavation are as indicated
in the tables °,e. toables 3,2 and 3.3.

Mean Height = Sum
b
= 80085 = 20- 21 m
i
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Table 3,2 3 Computation of Volume from spot

Heigats (1) Jee Figure 3,11

stotton | DT, | Uor OF Fogtangieo | Protuct

) () m occur'(u)‘ (hxn)
A 14,26 1 .26
B 5.62 2 11.2Y4
cC 2.0 1 2.91
D 3.86 2 7.72
B 4.89 by 19.56
r 5.2 2 1042
G 3.50 1 3.50
H 7.23 2 1,16

6.78 9 6.78

Sum wte85

Cross sectional area = 11.8 x 16.5 = 19..7m"

v 20,21 x 19h.7 w3

_ 3935 m3
Figure 3.12 1llustrates the situation when the

v

ared 1s regridded into triangles,

Fipure 3.12; Rectanguler ground showing spot helghts

at junction of triangles

g
D 5 G ,-«'H ,,.-E
:_" ’,./ _/""—

e
EX o ¥
g\/ .w o - ) _’/‘f’
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Table 3,3 3 Computation of Volume f-om Spot heights (2)

Depth of i No of triangles Product
Station | excavation in which levels |
(h) m occur (n) (h x n)
A h.26 1 ) .26
B 5.62 3 16,86
C 2eN 2 5.82
D 3.86 3 11,58
1) .89 6 29,34
F 5.21 3 15.63
G 3.50 2 7.00
H 7.23 3 21,69
J 6.78 1 6.76
b e i e . i
8u | G490
Mean Helitn = 118,35
3
= 39,65n
Cross sectional 2rea = % x 11,8 x 16.5
= 67.35 n°

Vvolume of excavailon
= Cross sectional fArea x
Mean Height
= (97.35 x 39.65) m3
= 3859,93 m?
= 3860 m>
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CHAPTER FOUR
MASS_ HAUL DIAGRAMS: ANALYSIS OF BARTWORKS

VOLUMES

Introduction:

For effective economy and efficient use of plant
and other materials the Mags Haul Diagram (M,H.D.)
is of great use in analysing earthworks vplumes in any
construct’ or. scheme., In such projects such as
roads, pipelines, rallways and canals the enrfhmoving
involved is of such considerable quantity that
effective planning measures are necessary in order to
achieve the utmost objective expeditiously and
effectively with minimum cost,

Earth materials have to be brought to site from
some distance to form embankments; while ~Jme quantity
of curlin is removed fiGu Lite slue in tips either as
spoil heaps for use in fills later on or as wasgies
during ocuttings. “arth movement on the site can,
therefore, be extremely expensive and so needs careful
planning, For effective and efficlent handling of
materials during any construction planning the Mass
Haul Diagram (M.,H.D.) is an essential and
inevitable tool,

The M.H.D. is a graph of chainage agalnst
aggregate volume, *he x~ axis is usnally representing
the chainege along the projeet from the Zero chainage
to the total chalnage length being considered, The
aggregate volume of earth materials corresponding to
the successive chainage along the stretch to be covered

by the M,H,D. is represented by the y« axis,
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In the plotting of the M.H.,D,y volume of cut are considered
as positive ard volume of fill, negotive, To facilitate
its use, the axes of the M.H.D. are exaggerated in séale,
The M ,H,D, assumes, correctly and reasonably, that earth
is moved longitudinally in the direction of the Centre
line of the project, Normally, earth movement at
directions at right angles to the longitudinal section
is ccnsidered of extremely small quantity and is rightly
ignored,
Use of the Mass Haul Diagrams

The M,H,D, is used to find solutions to the following

questions:

(n) the distances over which cut and £il1l will
balance,

(b) the planning for a most expedient A~<ign of
formation levels £.or any zo' rraction scheme 1in
order to insure that distances over wliic: =21th
is moved is Jjuditiously controlled (without
prejudice to geological, geomorphological and
other relevant civil engineering considerations);

{c) planning the most economical earth moving pattern
around the entire project so that the best
estimate is obtained,

(@) Since volume of earth materials to be moved
and the novement pattern on the project site
is evaluated using the M,H,D, the correct and
most suitabie plant machineries can be chosen

before hand,
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(e) the choice of sites for borrow pits (quarries) and
spoil heaps could Le made; and the direction of haul
estcblished before construction commences,

(f) the quantity of earthworks involved being known
enables the most economical cholce of tlhe number and
type of labour force required at particular secticns
of the project site.

Lhe3 Some Definitic is:

(a) Haul: Is the volume oi excavation multiplied by
the average haul distance, Or, it is the volume
of materials multiplied by the distance moved, It
is expresced either as cubic meter meter (m3.m) or
station meters i.e., 1 m3 moved 10Cm, For example,
i 30m3 of earth materials is moved cver a
distance 1000m this will give a haul of

30 w 100N m3~m = S0, ﬂj.m
or 30 .. ;_OQ‘Q_ Lhila 1 300 st., u

Sarmaas

100
On the Mass Haul Diagram, the haul is represented
by the area contained between the curve and the

balancing line., The haul at every section of the

M.H,D, can thus be scaled and calculalad,

(b) Haul Distance: This is the distance from the point

of excavation (of the volume) to the point where
the material is tipped,

(c) Lverage Haul Distance: Is the distance from the

centroid (or centre of grovity in scientific parlance)
of the excavation to the centroid of the tip

(e.g« for embankment purposes).
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(h)
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Froehaul Distance: This dlstance 1s usually

incorporated in the contract agreements, It 1s
the distance over which charge is calculated on
the volume of earth material excavated and not
its distance of tips. It is the permissible
distance for freehaul,

Overhaul Distance: This is the distance beyond

the frechaul distance over which extra charge is
caleulated separately, It is, thus, the distunce
of movement of any overhaul,

Freehaul: This is the haul within the specified

freehaul distance, It is normally expressed

~s volume i.e, m3,

Jverhaul: This is the haul remaining after the
freehaul has been removed, It is e iessed in

the same unit ag BAUL 1.6, €. 2207 as m3,m or
station meters,

Waste: This is the material that is completely
hauled and removed from the project site and
dumped in another locality because of unsuitability
or surplusity. Usually, the wastes could be-
spread along the "shoulders" of the road fo create
verges ; or else they are regarded as useless,
Waste 1s expressed as a volume i.e. m3.

Borrew: This is the carth material which is
imported from a borrow - pit, quarry or any
sultable locality away from the project site
becouse of deficiency of suitable material.

Borrow is expressed as volume 1.o, m3.
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4oy Properties of the Mass Haul Diogram
Figure 4.1 is a Mass Haul Diagram of chainage against
corresponding aggregate volumes,

In any Mass Haul Diagram; any section where the
curve rises i,e. in the direction of positive grade,
the project is in cut, In figure k.1,

Sections fbr and kdm are in cut, On the other hand
when the c..ve falls the projedt is in fill, for
exomple gek and men in the Jigure, It is observed,
for instance, that in sections fbg and kdm the
aggiegate volumes are increosing while they are
decreasing in sections gck and men.

.6 vertical distance between a maximum point

and the next forward minimum represents the volume

of £iii, f<r examplzs (gh = JK), Twe ver..cal
distance beilween 3 minimi: point aua the acxt torward
maximum represents the volume of exavationg for
example (Jk + mir.

Yiiny horizontal line which cuts the lass Haul

Diagram at two or more points balance cut and fill

between those points and the line 1s referred to
as a balencing line" = Uren and Price, 1983.

In figure 4,1 abedep is a balancing line to
the Mass Haul Curve, This 1s interpreted tc mean
that, with the availability of suitable material all
earth excavation between b and e will produce all
the fill requirements,

/ny section of the Mass Houl Diagram lying above

the balancing line indicates the earth movement is



Fipuve L,1. 3 A typical Mass Haul D’agram
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from leit to right. On the contrary, any arca of the
curve lying below the balancing line signifies that materieal
must be moved from right to the left, These directions
of movement are shown by bold arrows on the M,H.D., in
figure .1

The length of balancing Jine between intersection
poiunts 18 the magimim haul aistance Lu that sesvion, oo
example the maximum haul distance in section ed is chainage 2 --
Chainage C,

The area of the Mars Haul Disgram contained between the
curve and the balancing line is equal to the haul in that

section, for example bgchb, ckdc and dmed,
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In figure .1, there is wrsie at chainage zero
where the curve rises from f to b and the volume of
waste is represented byaf., At chaina .e 800m, there
is borrow where the curve is f~1ling from e t o n;
and the volume of borrow is represented by pn,

AHl) required gquantities are, normally, scaled
from the Masr Haul Diagram,

It shou.i be emphasized, at this juncture, that
the x~axis is used here as tue balancing line to
ease convenlience of illustration, Any balancing
line can e chasen, In fact, when investigating the
most evpedient earth moving plans etc. so many
balang: g lines could be tried until finally, the most

satisfactory results are arrived at,

Interpretations of the M.H.D, ushg “ae Ba...cing Line(s)

1

and the Freobaul Do bhane:

The following refer to figure 4.2,

The criginal ground surface is represented by KMP
and this is to be levelled down to the horizontal grade
line 4B, We shall assume that the cut volumes equal
{or balsnce) the f£ill volumes, The Mass Haul Diagram
plots below the longitudinal profile as shown.

Let us assume the frechaul distance is 150m, By
use of the set squares this freehaul distance EF parallel
to AB (the ovalancing line) is scaled to be exactly

150m intersecting the M,H, curve at E, F,
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Figure 4,2: Mass Haul Curve and Dorresponding
K Longitudianal Profile,

Freehaul stancej-
e.2. = Centre
of gravity

!

|

l

o |
<:F__I_5_i__\__p i
G! '

|

! D

From figure 4,2 it means the movement cf carth
material s LMR to fill up section NMQ falls within the
Freehaul distance, The Freehaul volume involved in the
earthmoving is represented by the ordinate GG1.

It therefore follows that the remaining cut volume
KLRA is represented by the ordinate ES, This volute
KLRA is the volume of excavation that will fill NBPQ the

average distance bLeing from sentroid to centroid,
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The positions of the rcentroids are ifound by bisecting

ES and FV, giving the horizontal distance betweern centroids
i.e. CD,

Suppose CD = 280m, This overhevl volume has to be moved
through this distance., Obviocusly , this movement through
280m must also include the 150m distance the freehaul volume
too is moved, Th's then means that the overhaul distance
is (280~150) m = 130m,

From the explanstion above it is also patently obvious
that the total volume (GG1 + ES) = GT is a volume that falls
within the freehaul contract,

The overhaull =
FS(CD - EF) m3.m

or = IS (CD - EF)
100 st m.

In thiz erample; supposz iae Sceled Hverbaul ordinate

(volume) ES = 3700m3 and the overhaul distanceg 30

e Overhaul = 3700 x 130 stn, m,
100

a 8010 i, Dy
From the foregring, the following inferences are pertinent:
(2a) A11 dimensions required, with respect to earthworks
viovement avre scaled froi the Mass Haul Diagrain,
(b) A1l calculations are done using the balancing line and
the Freehau?! Distance as pertinent basis.,
(c) The balancing line, in particular, is designed to
give a most definite satisfactory answer to all questions
pertaining to finandal rotionalisation of any constructim

praoject and the most economic use of plant,






