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ABSTRACT 

In this thesis, a comprehensive study of categories, Chu spaces and Chu categories is 

presented. In particular, Chu spaces on the transitive closure of a relation  on an 

arbitrary set  and related Chu categories are constructed, and some of their algebraic 

properties are studied.In addition, Chu spaces and Chu categories are constructed on , 

the set of integers  .Finally, the categorical model of multisets and the Chu 

constructions are outlined. 
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CHAPTER ONE 

GENERAL INTRODUCTION 

1.1 Introduction 

The idea that mathematics involves different categories and their relationships has been 

implicit since long. However, it explicitly came into existence with 1945 publication of 

the theory of categories, functors, and natural transformations by Samuel Eilenberg and 

Saunders Mac Lane while they were specifically engaged in formalizing algebraic 

topology. In fact, a broader objective underlying their work was to develop an axiomatic 

foundation which could provide an adequate characterization of the relations between a 

large number of mathematical structures developed in 1930‟s and the processes 

preserving them (see {Lawvere and Schanuel, 2003}, for details).  

Informally, a category  is an algebraic structure consisting of a class of , 

denoted , linked together by a set of arrows(morphisms or -morphisms), denoted 

, or  for every pair of objects  of , satisfying the fundamental 

properties: Arrows compose associativelyand there exists an identity arrow for each 

object. For example,  is the category in which sets are objects and functions are 

morphisms. The fundamental idea of mutability of precise mathematical structures by 

morphisms{Lawvere, 2003} as well applied to categories themselves taken as structures 

and functors as mappings between them and further, functors taken as structures and 

natural transformations as mappings.  

In view of the fact that  and , the two basic ingredients for defining a 

category, may be abstract entities of any kind, a large number of familiar mathematical 
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structures can be viewed as categories. Category theory has come to occupy a central 

position in generalizing most of the branches of mathematics, some areas of theoretical 

computer science, and mathematical physics (Continuum physics, essentially). 

In the sequel, the notion of Chu spaces emerged in 1979. Historically, it was Mackey 

{Mackey, 1945} who formalized the idea of representing duality as a contravariant pair 

of morphisms. Micheal Barr abstracted this idea to introduce the notion of Chu spaces 

enriched (in the sense of enriched category {Kelly, 1982}) in a symmetric 

monoidalcategory , which was elaborately studied by Po-Hsiang Chu, a student of Barr, 

in his master‟s thesis. A major contribution of Chu‟s master‟s thesis has come to be 

known as Chu constructions which first appeared in print as an appendix in Barr‟s book 

titled *- Autonomous Categories  {Barr, 1979}. In fact, Chu constructions formed the 

basis for constructing *- autonomous categories from autonomous categories. Note that 

an autonomous category is a closed symmetric monoidal category, while a *-autonomous 

category is an autonomous category with a dualizing object. 

Informally, a Chu space over an arbitrary set , abbreviated as -Chuspace or , is a 

structured mathematical object consisting of a transformable matrix whose entries are 

drawn from  and, rows transform forwards and columns transform backwards. 

Essentially, there underlies a simple form of structure and suitable morphisms, 

called . The discovery of Chu spaces, owing to their matrix orientation 

and hence being amenable to automation, can be considered as an outstanding 

development in the field of category theory.  
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The applications of Chu spaces abound ({Barr, 1996, 1999}, {Devarajan et al, 1999}, 

{Lafont and Streicher, 1991}, and {Pratt, 1999}). Chu spaces, recognized as universal 

mathematical objects turn out to be a unifying thread for a wide range of mathematical 

structures: algebraic, topological, and ordered. For example, relational structures such as 

sets, directed graphs (networks), posets, etc., algebraic structures such as groups, rings, 

fields, vector spaces, lattices and Boolean algebras, etc., and topological structures such 

as topological spaces, compact Hausdorff spaces, topological Boolean algebras, etc., are 

all represented as Chu constructs. Moreover, applying powerful tools provided by 

category theory, a number of categorical models of Chu spaces have been developed (see 

{Barr, 1979} and {Pratt, 1999} for details). 

At this end, it may be emphasized that, in all these developments, the elementary theory 

of category of Cantor‟s structureless sets, developed by Lawvere {Lawvere, 2003}, and, 

by extension,  (in particular, ) {Barr, 1996}, {Pratt, 1999}, can 

be considered as the core of the  of Categories.  

MacLaneobserved, which appeared in his Autobiography, as follows:  

The most radical aspect is Lawvere’s notion of using axioms for the Category of Sets as a 

foundation of mathematics … 

The reason being that it is simple and close since the objects are sets and morphisms are 

functions. Note that certain morphisms may not even be functions and hence the notions 

like injectivity or surjectivity would not apply. Moreover, it has the same proof-theoretic 

strength as that of the theory of category of categories, an appropriate framework for 

mathematics. The difference is that the former is defined by discrete functor whereas the 
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latter by a structure functor, called adjoint which was developed by Kan in the mid 

1950‟s (see {Lawvere, 2003} for details).  

It is remarkable of , in particular, , that it realizes a rich variety 

of mathematical structures (see {Pratt, 1999} for details). The case  was first 

explicitly treated by Lafont and Streicher{Lafont and Streicher, 1991}. It was pointed out 

that Chu spaces over  realizes both topological spaces and coherent spaces 

(introduced by J-Y Girard to model linear logic {Girard, 1987}). Also, , via 

logical relations, yields a fully complete model for multiplicative linear logic {Davarajan 

et al, 1999}.  

In this thesis, Chu spaces and Chu categories, in particular, , are studied, a 

couple of newmodels are constructed,and the extension of the notion of Chu 

constructions to multisets are outlined. 

1.2Statement of problem 

In view of the aforesaid, it remains a significant task to construct new models of Chu 

spaces and Chu categories that could be applied to solve new problems.  

1.3 Justification 

In recent years, on one hand, many applications of Chu spaces and Chu categories 

have been found, and on the other, multisets have found enormous applications in 

mathematics and computer science. It would be significant to study the Chu concepts 

in detail and particularly, in multiset based structures.  
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1.4 Aim and Objectives   

The aim of this research is to study Chu spaces and Chu categories and extend it to 

multisets. The proposed objectives are to:  

(i) Formulate some new models of Chu spaces and Chu categories; 

(ii) Describe some algebraic structures of Chu spaces; 

(iii) Demonstrate application of Chu spaces to solve real-life problems; 

(iv) Extend the concepts of Chu spaces and Chu categories to multisets. 

1.5 Methodology  

We apply the method of constructing Chu spaces as mathematical objects, and 

defining related Chu transforms and Chu categories. 

1.6 Organization of the Thesis  

The remaining chapters of this thesis are organized as follows: Chapter 2 will cover 

literature review, chapter 3 will contain fundamentals for developing category theory 

and Chu spaces, chapter 4 will be devoted to Chu spaces and related categories, 

chapter 5 will contain an outline of the categorical model of multisets as objects of 

Chu spaces, and finally, chapter 6 will present the summary of the main results 

obtained and some directions for future research. 
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CHAPTER TWO 

LITERETURE REVIEW 

Chu spaces first arose as an instance of a general construction, popularly called Chu‟s 

construction, described by Michael Barr and Po-Hsiang Chu [Barr, 1979]. In fact Michael 

Barr began a sabbatical at the ETH in Zurich in the year 1975 with the idea of studying 

duality in categories in some depth, not simply as the duality between Boolean algebras 

and Stone spaces or between Compact and discrete abelian groups, rather as self-dual 

categories such as complete semi-lattices, finite abelian groups, and locally compact 

abelian groups. Moreover, he was interested in the possibilities of having a category that 

was not only self-dual but one that had an internal homomorphism (hom) and for which 

the duality was implemented as the internal hom into a dualizing object.  

It was also shown that the aforesaid properties hold good for complete semi-lattices but 

not for finite abelian groups or locally compact abelian groups. In fact, the category of 

finite abelian groups does have an internal hom, but lacks a dualizing object, while 

locally compact groups have a dualizing object, but not an internal hom that is defined 

everywhere. The desired properties were what he subsequently called *-autonomy.  

In the sequel, the notion of Chu spaces emerged. Historically, it was Mackey [Mackey, 

1945] who formalized the idea of representing duality as a contravariant pair of 

morphisms. Micheal Barr abstracted this idea to introduce the notion of Chu spaces 

enriched (in the sense of enriched category [Kelly, 1982]) in a symmetric 

monoidalcategory , which was elaborately studied by Po-Hsiang Chu, a student of Barr, 

in his master‟s thesis. A major contribution of Chu‟s master‟s thesis has come to be 

known as Chu constructions which first appeared in print as an appendix in Barr‟s book 
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titled *- Autonomous Categories  [Barr, 1979]. In fact, Chu constructions formed the 

basis for constructing *- autonomous categories from autonomous categories. Note that 

an autonomous category is a closed symmetric monoidal category, while a *-autonomous 

category is an autonomous category with a dualizing object. 

Michael Barr (1979, 1996) observed that Chu categories could be exploited for 

addressing a number of questions in theoretical computer science. One interesting thing 

about Barr‟s paper was the modification of the definitions of the internal homomorphism 

and introduction of tensor product of Chu spaces. It was shown that , the 

Chu space whose objects are abelian groups with their group homomorphisms over the 

set , was equivalent to a full subcategory of topological abelian groups that include all 

the locally compact groups, where denotes the full subcategory 

of . 

Consequent to the introduction of Chu constructions by Barr (1996), it was found that the 

partial distributive lattices (PDlats) were, in a certain sense, universal to Stone duality 

and category of -  relational structures could be embedded concretely in 

. These findings led Barr to conclude that Chu spaces were universal for 

concrete mathematics{Barr, 1979} and {Pratt, 1995}. 

Informally, a Chu space over a set , called the alphabet, is a structured mathematical 

object consisting of a transformable matrix whose entries are drawn from  and, rows 

transform forwards and columns transform backwards. 

Lafont and Steicher (1991) made an elegant observation that the category of topological 

spaces embeds fully into  as does Girard‟s category of coherence spaces (see 

[Girard, 1987] for details), and via logical relations,  yields a fully complete 
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model for multiplicative linear logic (see {Devarajan et al, 1999} for details).A 

topological space , where  is the set of points and    the set of open sets, 

wasinterpreted as a Chu space . The points of the topological space 

become those of the Chu space while the open sets become states and the membership 

relation  between points and open sets is made explicit in the Chu space. The condition 

that the set of open sets be closed under arbitrary union and finite intersection becomes 

the corresponding condition on the columns of the matrix. 

Further, applications of Chu spaces were developed by Vaughan Pratt and his student 

Vincet Gupta (see {Gupta, 1994} for details). Chu spaces are remarkable for the wide 

variety of familiar structures they realize. Chu spaces have been found objects of 

considerable interest in theoretical computer science. 

It may be significant to note that, Chu space was understood dynamically ({Gupta, 

1994}), as follows: 

Chu spaces transform in the manner of topological spaces, with  as the set of points,  

as the set of open sets, and  as the membership relation between them, where is the set 

of all possible degrees of membership of a point in an open set. The counterpart of a 

continuous function from  is a pair of functions 

 satisfying the adjointness condition for all 

and  

This shows that the function  maps points forwards at the same time as  maps states 

backwards. The adjointness condition makes the inverse image function , while the 

choice of  for codomain of  corresponds to the requirement for continuous functions 
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that the inverse image of open sets be open. The pair  is called Chu transform or 

morphism of Chu spaces. 

In the same place, the concept of Dialetica spaces was explicated. A dialetica space is a 

variant of Chu space in that the adjointness condition for Chu transform was replaced by 

 instead of , that is,  was replaced by 

 

Gupta (1994), while searching for a suitably general and natural model of true 

concurrency, introduced the notion of a normal Chu space defined as follows:  

A normal Chu space  over a set  consists of a set , the underlying set or carrier, 

and a set  of functions , the states. A Chu morphism between normal Chu 

spaces  is a function  such that for every in , . 

The essential idea in this definition was to represent the morphisms of every small 

category  as their underlying functions with their codomains expanded or astricted to a 

single common codomain . Let us note that composing with an inclusion on the right is 

called a restriction and on the left an astriction. That is, let ,  composing 

 with this inclusion restricts   ( domain of  is restricted or shrunk 

to ), and composing it with astricts   (codomain of  is astricted 

or expanded to ).  

In 1999, Pratt, by defining a suitable notion of morphism, showed that the class of all 

Chu spaces formed a category. The notion of Chu transform was explicated as follows: 

Given two Chu spaces and , a Chu transform from  to  is 

a pair  consisting of functions and such that 
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 for all in and . This equation was termed as the adjointness 

condition. 

The adjoint pairs and , where let , compose via 

. This composite is itself an adjoint pair because for all 

in and ,  hold. The associativity 

of this composition is inherited from that of composition in , while the pair  of 

identity maps, respectively, on  and  is an adjoint pair and is the identity Chu 

transform on .  

It is significant to note that, the transforms and the compositions over  as defined above 

realize preordered sets, stone spaces, ordered stone spaces, topological spaces, complete 

semillatices, distributive lattices (but not general lattices), algebraic lattices, profinite 

(Stone) distributive lattices, Boolean algebras, and complete atomic Boolean algebras, to 

name some familiar mathematical structures.  

In ({Syropoulos, 2001, 2003}), the extension of the concept of Chu constructions to 

multisets was introduced. It was observed that pure multisets could be represented as 

objects in the Chu category  where  is the category of sets and binary 

relations between them, and 1 is a singleton set. Consiquently, pure multisets could be 

represented as objects in  where  is the category of sets and functions 

between them. 

Hughes (2004) observed a kind of similarity between the Chu construction and the 

Hyland-Tan double glueingconstruction .  The paper establishes a more formal 

mathematical relationship between the two. It was shown that a double glueing on 

relations subsumes the Chu construction on sets. Further, a full monoidal embedding of 
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the category of biextensional Chu spaces  over  into , and a full 

monodial embedding of the category   of Chu spaces over  into  

, where  was defined as the intentional double glueing construction by 

substituting multisets for sets in , were described. The structure of the star-autonomous 

category  was presented as follows: 

 Objects. Triples , where  a set of ,  as set of   and  is a 

function  the  or  

 Morphisms. A morphism is a pair  of functions 

and  satisfying the  

for all points and copoints  

 Duality  where  

 Internal hom and tensor. Given  

 

 

 

 

 Tensor unit.  where  and  

A biextensional collapse from  which extends the familiar notion on Chu spaces was 

defined, where  and  are the extensional double glueing and the Hyland Tan double 

glueing construction on , respectively. Essentially, the intentional double glueing 

construction was defined by substituting multisets for sets in . 

Pratt(2005a)defined Chu space  as a structure consistingof three things: a set  of 

points, individuals, or subjects; a set  of states or predicates; and a look-up table or 
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matrix  which specifies for every subject  and predicate  the value 

of that predicate for that subject. The value of is given by th  matrix as the 

entry  These matrix entries are drawn from a set . The set  can be as simple as 

 when representing topological spaces or Booleans algebras;or it can be as complex 

as the set of all complex numbers when representing Hilbert spaces, or it can be 

something in between such as the set of  subsets of  when representing 

topological groups. 

It was shown that a topological space could be viewed as a Chu space satisfying the 

following three properties: 

1-  

2- The space is extensional. An extensional space is the one that has no repeated 

columns. 

3- The columns are closed under arbitrary union (bitwise  of any set of columns, 

including the empty set of columns which produces the all-zero columns) and finite 

intersection (bitwise  of empty set of columns, along with the all ones columns as 

the bitwise  of the empty set of columns). He interprets as meaning 

 ( ), and  as  

He also discussed the interpretation of Chu space by linear logic. That is, linear logic of 

Girard could be seen as the language of Chu space. The basic operations in linear logic 

may be interpreted as acting on Chu spaces as follows:  is just the dual or the 

transpose of , where  is the Chu space ,  is the carrier  of  as a Chu 

space, namely the normal  . 
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, for ,  is , where ⫤ is defined by 

. Its unit is .  

Pratt (2005b) introduced the notion of Chu space as a binary relation  from a set  to an 

antiset , defined as a set which transforms via converse functions. Essentially, a Chu 

space is viewed as a matrix that transforms by deletingandcopying columns 

(antimapping) and identifying and adjoining rows (ordinary mapping). More explicitly, a 

Chu space  over a set  is defined as a triple , consisting of set of points 

 and set   of states and a function  that is, an  whose 

elements are drawn from . The entry at is written as either  

Thus, a Chu space  can be viewed as being organized into rows or columns. While 

viewing   by row,  is regarded as the carrier of the structure and the row indexed by  

as the complete description of the element . The description function  is the 

function satisfying  and assigns to each  its description. The 

morphisms of Chu spaces are defined in terms of conversefunctions or antifunctions 

specifying where the surviving columns were copied from and a forward function 

specifying where the resulting rows be sent to. 

It was further shown that Chu spaces and their transforms form a remarkably well-

endowed category being concrete, self-dual, bi-complete, and symmetric monoidal 

closed. Chu spaces can be seen to model concurrency by admitting their interpretation as 

processes. The rows and columns of a Chu space are interpreted, respectively, as the 

events and states of the process, while the entries of the matrix are interpreted as the 

interaction of events and states. Moreover, Chu space as a process may be viewed either 
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imperatively or declaratively by focusing on the columns or the rows, respectively, of the 

representing space.  

It was also observed that in a non-extensional Chu space two states may name the same 

assignment. So, in this case, a Chu space can be seen as a multiset  of rows from  

and a multiset  of columns from , with “multiset” replaced by “set” when it is  and 

extensional. The set  is usually  and   is a coextensional Chu space.  

Papadopoulos and Syropoulos (2011) described generalized topological spaces via Chu 

spaces. A generalized topological space consists of triplets of the form  where  

is an arbitrary set of points,  is an arbitrary set of open sets and 

 is an arbitrary function called the membership function. The intuitive meaning of 

this function is that for all and ,  is the degree to which  is a 

member of the open set . Any such triplet will be called a generalized topological space 

(or GTS for short). 

As pointed out by Pratt (2005a), Chu spaces unify a wide range of mathematical 

structures, including the following: 

- Relational structures such as sets, directed graphs, posets and small categories. 

- Algebraic structures such as groups, rings, fields, modules, vector spaces, lattices 

and Boolean algebras. 

- Topologized versions of the above, as topological spaces, compact Hansdorff 

spaces, logically compact abelian groups and topological Boolean algebras.  

In this Thesis, we study the fundamentals of Chu spaces, Chu transforms, and Chu 

categories on sets and multisets. As category theory provides a powerful tool for 
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understanding the internal structure of Chu spaces, we present an overview of Category 

Theory as a background material for developing Chu categories.  
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CHAPTER THREE 

FUNDAMENTALS OF CATEGORIES 

The content of this chapter is largely abstracted from ([Barr and Wells, 1999], [Ivancevic 

and Ivancevic, 2009], [Kuku, 1992], [Laan, 2003], [Lawvere, 2003], and [Turi, 2001]). 

3.1 The concept of category 

Informally, a category  is an algebraic structure consisting of a class of , 

denoted , linked together by a set of (  or ), 

denoted , or  for every pair of objects  of , satisfying the 

fundamental properties: For any pair  of  , arrows to be composed 

and the existence of an  arrow for each object. This fundamental 

idea of  as well 

applied to categories themselves taken as structures and functors as mappings between 

them and further, functors taken as structures and natural transformations as mappings.  

In view of the fact that  and , the two basic ingredients for defining a 

category, may be abstract entities of any kind, a large number of familiar mathematical 

structures can be viewed as categories. Category theory has come to occupy a central 

position in generalizing most of the branches of mathematics some areas of theoretical 

computer science, and mathematical physics (Continuum physics, essentially). 

Formally, a category  consists of the following:  

(i) A class , of objects of .  

(ii) A class  of morphisms or maps or arrowsof .  
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(iii) A binary operation called composition of morphisms, such that for any three 

objects , there exists a mapping 

 such that if  and , then 

, (i.e., the composite of  and  is written 

 or  ), governed by two axioms  

(a) Associativity: if ,  and  are morphisms, then 

, and  

(b) Identity: For every object , there exists a morphism  called the 

identity morphism for , such that for every morphism , we have  

. 

A category is called  if the collection of its objects and collection of its arrows 

constitute ; otherwise it is . A category with the property that the collection of 

arrows from to , denoted , is a set for all objects and , is 

called . For example, the category of finite sets denoted  

is .  

If  and  are two objects of a category ℂ, then the set of all arrows of ℂ that have source 

 and target  is donated or just  if the category is clear from 

context. Thus for each triple  of objects, composition induces a 

function . 

3.2 Examples of Categories  

(i) The simplest category is the empty category. This category has neither an 

object nor an arrow. 
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(ii) The simplest nonempty category is the category with only one object and a 

single arrow, denoted . This category is useful in the description of category 

of monoid. The single arrow is forced to be the identity arrow on object.    

(iii) The category is the category with two objects and a single arrow.  

The categories in (i) and (ii) can be diagrammatically represented as follows:  

 

 

 

(iv) The category of sets, denoted , is the category whose objects are  and 

whose arrows are functions between them. The composition of arrows in this 

category is the usual function composition and the identity function from  to 

is denoted by .  

(v) The category of finite sets, denoted ,has finite sets as objects and 

functions between finite sets as arrows. 

(vi) The category  of sets and partial functions has all sets as objects and all 

partial functions as arrows. 

(vii) The category  of sets and relations has sets as objects and relations as 

arrows. 

   

  

Category  Category  
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(viii) The category , has partially ordered sets as objects and 

morphisms(arrows) as monotonic functions.  

(ix) The category , has topological spaces as objects and morphisms (arrows) 

as continuous functions. Another category could be obtained when morphisms 

(arrows) are restricted to open continuous functions.  

(x) The category , has vector spaces as objects and morphisms (arrows) 

aslinear maps. 

(xi) The category , has lattices as objects and morphisms(arrows) 

aslatticeshomomorphisms.  

(xii) The category , has groups as objects and morphisms(arrows) as group 

homomorphisms.  

(xiii) The category , has monoids as objects and morphisms(arrows) 

asmonoidhomomorphisms.  

(xiv) The category , has Boolean algebras as objects and 

morphisms(arrows) as Boolean algebra homomorphism.  

(xv)  The category , has semigroups as objects and morphisms (arrows) 

assemigroup homomorphism.  

3.3Subcategory 

A subcategory ⅅ of a category  is a category for which: 

S-1 All the objects of ⅅ are objects of  and all the arrows of ⅅ are arrows of . In 

other words, ⅅo andⅅ1 , where ⅅo, , ⅅ1 and  are the collections of 

objects and arrows of ⅅ and , respectively. 
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S-2 The source and target of an arrow of ⅅ are the same as its source and target of . 

It follows that for objects  and  of ⅅ, ⅅ . 

S-3 If  is an object of ⅅ then its identity  in  is in ⅅ. 

S-4 If and , then the composite  (in ℂ) is in ⅅ, called the 

composite in ⅅ. In other words, a category ⅅ is a subcategory of a category  if  

(i) ⅅ ;  

(ii) For any two objects  of ⅅ, ⅅ ;   

(iii) the composition of any two morphisms in ⅅ is the same as their composition 

in ; and 

(iv) the identity morphism  of any object ⅅ is the same as that in . 

For example, the category  of finite sets and all functions between them is a 

subcategory of , and in turn  is a subcategory of category of sets and partial 

functions between sets .  

If ⅅ is a subcategory of  and for every pair of objects  of ⅅ, ⅅ

, then ⅅ is a full subcategory of . In other words, in addition to the 

conditions (i) through (iv) above,  

(v) ⅅ ⅅ is satisfied. 

Thus,  and  are both full subcategories of and , respectively, while 

and  are not  full subcategories of   and , respectively.   

If ⅅ is a subcategory of  with the same objects, then ⅅ is a wide subcategory of . 

For example,  is a wide subcategory of the category .  

It may be noted that the category of monoids is a subcategory of the category of 

semigroups that is neither wide nor full.  
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Product of categories      

If ⅅ and  are categories, the product ⅅ is the category whose objects are all ordered 

pairs of the form , with  an object of  and  an object of ⅅ, and in which an 

arrow  is a pair of arrows  and ⅅ. The 

identity of  is . If  is another arrow, then the 

composite is defined as 

.    

The Dual of a category 

Given a category , another category called dual or oppositeof , denoted , is 

constructed by reversing all the arrows. More explicitly, the  or  of a 

category  is constructed as follows: 

D-1 the objects and arrows of  are the objects and arrows of  

D-2 If , then  i.e., the source and the target get reversed 

D-3 If , then  

It is immediate to see that the identity arrows have to be the same in both  and  

3.4 Retraction and Coretraction 

Let , then  

- aretraction for  is a map  for which . 

- acoretractiontion or section for  is a map  for which .  

Represented diagrammatically as follows: 

 

 

r s 
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Given  and with , then  is a section of  and  is a section for . 

Properties of Retraction and Section 

Theorem 3.1 [Lawvere and Schanuel, 2003]  

If a map  has a section, then for any  and for any map , there exists a 

map   such that . 

Proof 

Let  be a section map for the map  such that , where  is the identity 

map on . 

Define a map .  

It is immediate to see that  satisfy the required equation i.e,  

. 

It follows that if a map  satisfies the conclusion above then for any  there exists 

a map  such that .  

Theorem 3.2 [Lawvere and Schanuel, 2009]  

If a map  has a retraction. Then for any set  and for any pair of maps , 

 from any set  to . If  ,then  

 

 

 

 
 

  

 

  

 

  

f 
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Proof  

Let  be a retraction for , then by definition , where  is identity map 

on . 

Now, using the assumption that and  are such that  composes with them to get the 

same map , we can compose further with  as follows: 

 

.  

Monomorphism 

A morphism  in a category  is called a monomorphism if, for every pair of 

maps and , , implies .  

Epimorphism 

A morphism  in a category  is called an epimorphism if for every pair of maps 

and , implies .  

It is significant to note that, in category theory, both monomorphism and epimophism are 

cancellation properties. The cancellation laws for monomorphisms and epimorphisms are 

customarily called left and right cancellation. 
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Theorem 3.3 

If   has a retraction and  has a retraction, then the map  has a 

retraction. That is, the composition of two maps each having a retraction has a retraction. 

Proof  

Let  and  be retractions for the maps and , respectively. Then by definition,  

and . 

The diagram below depicts the behaviour of the maps.   

 

 

In order to show that  also has a retraction we need to show that the composition of  

and  is the identity map on  i.e., 

. 

Hence the proof. 

Theorem 3.4 

The composite of two maps that have sections (coretraction) has a section (coretarction) 
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Proof 

Let  and  be sections for the maps and , respectively.We want to 

show thatthe composite  also has a section and it is . 

 

 

is a section for  implies , where  is the identity map on .  

Similarly,  is a section for implies , where  is the identity map on .  

Now it remains to show that  is a section for . i.e.,  i.e.,  . 

 

We need to show that  is a section for . 
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Since , then the map 

 is a section for . Hence the result. 

Theorem 3.5(Uniqueness of inverses) [Lawvere and Schanuel, 2009] 

If  has both retraction  and a section , then .  

Proof 

Since has both a retraction and a section, the following equations hold: 

and . 

Identity laws and the associativity give: 

.  

 .  

3.5 Isomorphism 

A map  is called an isomorphism if there exists another map  which is 

both a retraction and a section for  i.e., 

, and  

The map is called the inverse map for .  

Theorem 3.6  

If  and  are isomorphisms in a category with inverses  

and , then  is an isomorphism with inverse .  

Proof 

By section- retraction ,      and  

 ,    

Moreover,  

         

     f 
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Similarly,   

      

From  and  we see that  is also an isomorphism.  

Diagrammatically, 

 

 

This theorem is sometimes called the  (see [Barr and Wells, 1999] 

and[Lawvere, 2009] for details) 

Isomorphism of any two objects in a category  

Suppose  and  are any two objects of a category . Then an arrow is said to 

be an isomorphism in , if it has an inverse which is both a retraction and a section for . 

In that case,  is said to be isomorphic to , written as in .               

Automorphism 

An arrow in a category (with the source and target the same) is called an 

endomorphism. If it is invertible, it is called an automorphism. 
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3.6  

A functor  from a category  to a category ⅅ is a homomorphism which preserves 

identities and composition. It plays the same role as monoidhomomorphisms for monoids 

and monotone maps for posets: it preserves the structures that a category has.  

Moreover, a functor is a generic picture projecting all objects and morphisms of a source 

category into a target category.  Let  be a source(or domain) 

category and  be a target (or codomain) category, where 

 are classes of objects and arrows in the categories  

and  respectively. Then a functor  is defined as a pair of functions     

and , preserving the structure of  in . 

That is, a covariant functor  is a picture in the target category   of the source 

category  such that the following categorical symmetry is achieved:  

and satisfies the following properties: 
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1. For any objects : if , then . 

That is, if there is an arrow between objects  of ; then there is an arrow 

between  of  

2. For all , . That is the identity arrow of  in  is the 

identity of  in ; 

3. For all , if , then .  

Similarly, a contravariantfunctor  is a picture in the target category   of the 

source category  such that the following categorical symmetry is achieved: 

and satisfies the following properties: 

1. For any objects : if , then . 

That is, if there is an arrow between objects  of ; then there is an arrow 

between  of  

2. For all , . That is the identity arrow of  in  is the 

identity of  in ; 

3. For all , if , then . 
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Examples 3.6a  

1. For any category , the identityfunctor , defined by  on 

every object  of  and  on every morphism  of  is a covariant 

functor; 

2.  If  is a subcategory of , then the inclusionfunctor  defined by 

 is a covariant functor; 

3. The functor  that takes every set  to its power set  and a 

mapping  to the inverse image mapping , which 

maps a subset  of  to  is a contravariant functor. 

3.6.1   Types of Functors 

1. Forgetful Functor: is a functor that forgets some properties or structures of a 

category in another category. For example, the functor , which 

maps a group homomorphism  to its underlyning function of sets 

, is a forgetful functor. It forgets about the group structure 

and forgets the fact that the morphisms are group homomorphism. These functors 

are sometimes called the underlyingfunctors. Another example is the functor

 which forgets all the structure of a semigroup.       

2. Endo-Functor: The  is called an endo-functor. Thatis, the functor that 

maps every object of itself to itself and every morphism of itself to itself. A 

typical example is the identityfunctor.  

3. AdjointFunctors Let  and  be categories.  If  and are 

functors, thenthe functor  is called the left adjoint of the functor  denoted 
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, and  is called the right adjoint of , denoted , provided there exists a 

natural transformation  such that for any objects ,   and 

any arrow , there is a unique arrow  such that the diagram  

 

commutes. 

This definition asserts that there is a functional way to convert any arrow  to 

an arrow  in such a way that  solves the equation , and that 

the solution is unique. 

3.6.2 Full, Faithful and Embedding Functors:  

Let  be a mapping between any two objects of a Category  and let  and 

 be objects in the category . Then a functor is said to be full (respectively, 

faithful) if the mapping  given by  is 

surjective (respectively, injective). 

Moreover, the functor as defined above is an embedding if is 

injective. 
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Examples 3.6b 

1. The functor is a faithful functor; 

2. The inclusion functor is an embedding;  

3. The functor which embeds the category of monoids into the 

category of semi groups by forgetting that a monoid has an identity is an example 

of embedding and underlying functor.  

3.6.3 Natural Transformations 

Natural transformation provides a compact way of transforming one functor into another 

while respecting the internal structures (i.e., composition of morphisms) of the category 

involved. Essentially, natural transformations can be regarded as morphisms between 

functors. 

Formally, let  be two functors from a category  to a category . Then a 

natural transformation  from  to  is a family  of 

morphisms of , indexed by the objects of , such that  for every 

morphism  in , i.e., the following diagram commutes 
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Note that the morphism  for an object  is called the component of the natural 

transformation at . 

It is reasonable to expect any underlying functor  to be faithful and that if  is an 

isomorphism and  is an identity arrow then  is an identity arrow.  

Examples of natural transformations3.6c 

(1) For every functor , the identity natural transformations , 

defined as , exists. 

(2) The map which takes an arrow of a graph to its source is a natural transformation 

from  to  where  and  are the collection of arrows and nodes of the graph, 

respectively (see {Barr and Wells, 1999} for details).  

3.7 Construction of Categories 

3.7.1Category of relations 

The category  has the class of sets as objects and binary relations as morphisms.   An 

arrow (or morphism)   in this category is a relation between the sets and  

i.e.,  . 

The composition of any two relations  and  is given by: 

 if and only if for some  and ( .  

The identity morphism is given by  and it is the relation  such that for each 

, .  

Properties 

(1) Category  has the category  as a (wide) subcategory. 

https://en.wikipedia.org/wiki/Category_%28mathematics%29
https://en.wikipedia.org/wiki/Set_%28mathematics%29
https://en.wikipedia.org/wiki/Object_%28category_theory%29
https://en.wikipedia.org/wiki/Binary_relation
https://en.wikipedia.org/wiki/Morphism_%28category_theory%29
https://en.wikipedia.org/wiki/Composition_of_relations
https://en.wikipedia.org/wiki/Subcategory
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(2) The categorical product in  is given by the disjoint union of sets rather than 

the cartesian product as it is in the category , and so is the coproduct. 

(3) The category  is a monoidal closed category. The monoidal product  and 

the internal hom  are given by the Cartesian productof sets.  

3.7.2 Category of Monoids and Semigroups  

A monoid is a semigroup with an identity element. It is commutative if its binary 

operation is commutative.  

An identity element  for a semigroup  is an element of  that satisfies the equation 

for all . 

Remarks 3.7a  

(1) The identity element of a semigroup is unique if it exists.  

(2) It follows that a  is not allowed to be empty: it must contain an element. 

(3) The identity element of the monoidis . 

(4) The laws  and  then hold for all non-negative and  

3.7.3 Homomorphisms of Semigroups and Monoids 

Let  and  be any two semigroups, a function  is a homomorphism of 

semigroups if ,  

A homomorphism of monoids is a semigroup homomorphism between monoids that 

preserves the identity elements: If  is the identity elements of the domain,  must be 

identity element of the codomain.  

Examples 3.7 

(1) The identity function on any monoid is a monoid homomorphism. 

https://en.wikipedia.org/wiki/Cartesian_product
https://en.wikipedia.org/wiki/Coproduct
https://en.wikipedia.org/wiki/Closed_monoidal_category
https://en.wikipedia.org/wiki/Cartesian_product
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(2) If  is a monoid and  is a submonoid, the inclusion function from  to  is a 

monoid homomorphism. 

(3) A function that takes an even integer to 0 and an odd integer to 1 is also a monoid 

homomorphism.  

i.e.,          when n is an even integer     

  – when n is an odd integer  

This is a monoid homomorphism from the monoid of integers on multiplication to the set 

{0,1} on multiplication. 

Remarks 3.7b 

(1) It is easy to see that identity functions are homomorphism and  

(2) The composition of homomorphisms yields homomorphisms.  

3.7.4 The Category  and  

(1) The category of semigroups and semigrouphomomorphisms is denoted by . 

(2) The category of monoids and monoidhomomorphisms is denoted by .  

3.7.5 Isomorphism of semigroups 

If a semigroup homomorphism has an inverse which is also a homomorphism, then we 

say that the semigroup homomorphism is an isomorphism. In this case the two 

semigroups in question have the same abstract structure and are said to be isomorphic. 

Remarks 3.7c 

(1) As we shall see later, the property of possessing an inverse is taken to define the 

categorical notion of isomorphism. 

(2) There may in general be many different isomorphisms between isomorphic 

semigroups.  
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3.8 Universal mapping properties  

3.8.1 Terminal object 

An object  in a category  is called a terminal object of  if for each object  of  there 

is exactly one .    

3.8.2 Initial object 

An object  in a category  is called an initial object of  if for each object  of  there 

is exactly one . This appears to be the dual notion of the terminal object of 

the category  .  

The following hold: 

(i) Both the initial and the terminal objects are unique up to isomorphism.  

(ii) An object  in a category  is terminal in  if and only if  is initial in . 

(iii)The initial and the final objects in any category if they exist are denoted by and 

, respectively.  

Example 3.8 

The initial object in a preordered set is the bottom element, if it exists; the terminal object 

is the top element. In , the initial object is the empty set, while the terminal object is 

the singleton set.  

Similarly, the initial object in is the category , while the final object is the 

category .  
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3.8.3 Point 

If is a terminal object of a category  and if  is any object of the category , then a 

 is called a point of . 

3.8.4 Binary operations and Action 

A binary operation on an object  is a map  

An action of an object  on an object  is a map  

For example, if  is the set of natural numbers, then addition and 

multiplication are binary operations on  respectively. That is, , where 

 or  for each   respectively are the binary 

operations on . 

On the other hand, an action of  on  is just a given endomap of , since , 

where  is the category with one object and exactly one arrow.  

3.9 Product of objects in any category  

Let  and  be any two objects of a category . The product of  and  in  is an 

object in , along with a pair of maps,  and , in  satisfying;  

For every object  and maps , there is exactly one map  for 

which and . Pictorially, 
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The maps  and  are called the projection maps for the product . Also, the map  is 

uniquely determined by the maps  and  and sometimes denoted by .  

In general, an object  together with a pair of maps  is said to be a 

product of  and  if for each object  and each pair of maps , 

there is exactly one map  for which both  and .  

 

 

 

 

 

 

 

 

 

 
 

 
 

 
  

 

 

 

satisfies: For every 
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The uniqueness theorem for product of objects in a category [Barr and Wells, 1999] 

If both  

 

are product projection pairs (i.e., the  as well as the  satisfy the universal mapping 

property), then there is exactly one map  for which   and . In 

particular, the map  is an isomorphism.  

Proof 

Suppose  

 

 
 

 
 

 
  

 

 

 

and 

 
 

 
 

 
  

 

 

 

and 
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are two products of   and , respectively. We need to show that there is exactly one 

map  up to isomorphism for which  and .  

Since  is a product, by the universal property there is exactly one map  for 

which and . We have to show that this map  is an isomorphism. For 

this purpose, it suffices to find an inverse for it. But  is a product implies that there is 

exactly one map  for which  and .  

Now, we have to show that  is really the inverse of  . i.e., , where  is the 

identity map of .  

Since  

 

and 

 

This means that  is the unique map which composed with  gives  and composed 

with gives  . But there is another map with this properties which is the identity of .  

However, the exactly one map in the definition of product implies that  is the identity 

of . This proves half of the theorem. The other half is that  is the identity of , which 

follows in the same way from  
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and 

 

3.10 Sum of any two objects in a category 

The dual notion of the definition of product of any two objects in a category is called the 

sum or coproduct of the two objects in the resulting category. 

Let  and  be any two objects of a category . Then the sum or coproduct of  and 

 in  is  

- an object  in , and  

- a pair of maps,  and , in  satisfying:  

For every object  and every pair of maps  , there is exactly one 

map  for which  and :  
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Remarks3.10 

(1) The maps  and  are called the projection maps for the sum . Also, the map  

is uniquely determined by the maps  and  and denoted  . 

(2) In  (category of sets and functions between sets), the disjoint union of sets is 

the coproduct. It therefore satisfies the universal mapping property. This also 

means that the disjoint union is the categorical dual of the Cartesian product 

construction. 

3.11 Exponentiation in categories 

3.11.1 Map objects 

Let  and  be any two objects in a category  equipped with product. Then an object 

together with an evaluation map , is called an object of maps from  to 
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, if  and  satisfy: for each object  and each map , there is exactly one 

map, denoted , such that , in other words, the following diagram  

commutes.  

Remarks 3.11 

(1) The map  uniquely determines  and is sometimes called thename of . 

(2) In some literature, the object map  is referred to as function spaces or 

exponential objects and given a special symbol  with , so that 

there is exactly one condition on the evaluation map , abbreviated  

and induces  

3.12 Cartesian Closed Categories 

Intuitively, a category with product or sum, terminal object and object maps is called a 

Cartesian closed category with a stronger universal mapping property i.e., distributivity.  

A category is called a cartesian closed categoryif  satisfies the following:  

1. There is a terminal object in .  
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2. For each pair of objects  and  of , there is a product denoted   with 

projections  and . 

3. For every pair of objects  and , there is a map object denoted , and an arrow 

 called the evaluation map, with the property that for any arrow 

, there is a unique arrow  such that the composite  

 

is . 

In some literatures,  has been denoted by  

Examples3.12 

1. ,is a cartesian closed category. Because, for any sets and ,  is the set of 

all functions from  to , and the evaluation map  is the map from to .In this 

category,  is denoted . 

2. The category  of graphs(the category whose objects are graphs and whose 

morphisms are homomorphisms of graphs)isacartesian closed category. 

3. The category  is a cartesian closed category, where  is any small 

category. The objects of this category are functors while the morphisms are 

natural transformations. 
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4. The category , is a cartesianclosed category. It is similar to the category , 

only that the object map  is taken to be the category whose objects are functors 

from  to  and whose arrows are natural transformations between  and . 

3.13 Monoidal category 

A monoidal category  is a sextuple satisfying the following axioms:  

(i)  is a bifunctor called the tensor product; 

(ii) an object  called the unit object  or the tensor object;   

(iii) a natural isomorphism  called the 

associator, ; 

(iv) a natural isomorphism  called the right unitor, ; 

and 

(v) a natural isomorphism  called the left unitor 

such that the following diagrams commute.  
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A monoidal category is called symmetric if, in addition, it has the natural isomorphism:  

(vi)  and the following diagrams commute: 

 

 

A 
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Examples3.13 

The notion of Monoidal category is ubiquitous, it can be seen almost everywhere in the 

category theory. Here are some examples.  

1. The category of sets is a monoidal category with the tensor product as 

the usual Cartesian product of sets and the unit object as a singleton set. The 

structure morphisms  are the usual functions between sets.  
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2. Any category with finite products is a symmetric monoidal category with the 

product as the monoidal product and the terminal object as the unit. Such a 

category is sometimes called a cartesianmonoidal category.  

3. Any category with finite coproducts is monoidal with the coproduct as the 

monoidal product and the initial object as the unit. Such a monoidal category 

is usually called cocartesianmonoidal category.  

4. The category  of small categories is also monoidal with the product 

category, where the category with one object and only its identity map is the 

unit. 

5. In general, any Cartesian closed category is a symmetric monoidal category. 

More examples can be found in ({Barr, 1979, 1996}, {Barr and Wells, 1999}, and {Pratt, 

2004}). 

3.14 Closed Monoidal category 

A monoidal category  is said to be closed if for every object of , the functor  

has a right adjoint. 

Formally, a closed monoidalcategory  is a category  equipped with 

(i) an object map ,  i.e., in the context of ; and 

(ii) a morphism, , for every objects  

satisfying the following universal mapping property: for every morphism 

 

http://en.wikipedia.org/wiki/Product_%28category_theory%29
http://en.wikipedia.org/wiki/Terminal_object
http://en.wikipedia.org/wiki/Cartesian_monoidal_category
http://en.wikipedia.org/wiki/Coproduct
http://en.wikipedia.org/wiki/Initial_object
http://en.wikipedia.org/wiki/Product_category
http://en.wikipedia.org/wiki/Product_category
http://en.wikipedia.org/wiki/Product_category
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there exists a unique morphism 

 

such that .  

It can easily be shown that this construction defines a functor    . This 

functor is called the internal Homfunctor, and the object  is called the internal 

Hom of  and .  

This means that there exists a bijection, called currying, between the Hom-sets i.e., 

 

that is natural in both  and .  

It is significant to note that, several other explications for the internal Hom are in 

common use. If the tensor product on  is the cartesian product, the usual notation is 

(the set of all functions from to ) and this object is called the object map or the 

exponential object. In  , the internal hom is just  while in  , the internal hom is 

not but the disjoint union of both  and . 

3.15 Evaluation and composition 

The following morphisms could be derived in any closed monoidal category using the 

adjunction. For each pair of objects , there is an identity map  

which corresponds to an evaluation map  and which 

internalizes the evaluation map. This internalization is natural in both and . We can 
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then derive an arrow  defined as the map  which 

corresponds to the map  

under the adjointness. 

It follows from above that the arrow  which is also natural in the variables  and 

 internalizes the composition arrow. 

3.16  

A *-autonomous category is a symmetric monoidal closed category with a dualizing 

object, i.e., a symmetric closed monoidal category equipped with a given duality funtor.  

Let  be a symmetric monoidal closed category. Then a functor  is a 

duality functor if there is an isomorphism , natural in  and  

such that for all objects  and , the following diagram  
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commutes.  

The map . 

3.16.1 Properties of *-autonomous category 

Given the duality funtor, 

(i)  and  are related by the following isomorphisms:  

 

(ii) There is another monoidal structure in a *-autonomous category denoted 

,defined by . The unit for this monoidal structure is 

denoted . It follows by the definition of  and right unitor, the following 

isomorphism   holds.  

(iii) The object  which would therefore be denoted  is the dualizing object and 

can also be defined in such a way that it correspond to the adjunction of the 

evaluation arrow defined above.  

Examples 3.16 

(1) The category  of sets and relations discussed above is a *-autonomous 

category; 

(2) The Chu spaces obtained from arbitrary meet and join of a semilatticeis a *-

autonomous category.  

Details of *-autonomous category may be found in ([Barr, 1979] and [Barr and Wells, 

1999]). 
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CHAPTER FOUR 

CHU SPACES AND CHU CATEGORIES 

In this chapter, largely following ([Barr, 1996], [Henry, 2003], [Devarajan, 1999], [Pratt, 

1994, 1995, 1999, 2004, 2005a, 2005b, 2005c, 2005d] and [Zhang, 2004]), the concept of 

Chu spaces and Chu categoriesare explicated and exemplified.  

4.1 Chu spaces 

A   is a triple  consisting of sets  and a function 

. Essentially, this amounts to defining a Chu space as an   matrix 

whose entries are drawn from , or a  binary relation between  and . The 

function  is intended to provide a structure to the object Chu it defines by relating the 

elements of  with the elements of . The entries at  is written or or 

. The elements of  are called  depending on the 

context, while the elements of  are considered as states or predicates.  

The Chu space  may be organized either into rows or columns. If  is organized into 

rows, the set  is regarded as the domain or the carrier of the structure and the row, 

indexed by as the complete description of the element . In this case, the function 

 is used for sorting the row entries satisfying the condition  

and it assigns to each point  its description. Notationally,  is written for the description 

of the point , namely  and  for the set  of all rows of the Chu space where 

 is the set of all descriptions of the point . Whenever  is injective, that is, 

when there is no repeated rows, the Chu space  is called or .  
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On the other hand, if  is organized into columns,  is viewed as consisting of variables 

with values ranging over the set  and the column indexed by  as one of the permitted 

assignments to these variables. The function  satisfies  and 

it is used for sorting the columns‟ entries. These entries appear as duals of  and  

However, if  is injective, that is, when there is no repeated columns, the Chu space  is 

called .  

A Chu space is said to be biextensionalif it is both extensional and coextensional.  

It may be noted that the ground set  could be as meagre as the empty set or a singleton, 

or as big as the set of all complex numbers (while representing Hilbert spaces), or 

something in between such as the set of  elements of an  while representing 

topological groups (see [Pratt, 1999] for details).  

4.2 Representation of Chu spaces 

Let  and  be the left and right transposes of the Chu spaces 

 We call  and representations of  and  respectively, If , 

for all . That is, for each point ,  represents  as a function from  

to  i.e. of type . Dually  represents state  as a function from to . 

Two points  are said to be equivalent, written as , If . 

Dually, two states  are equivalent, denoted , if . In other 

words the identity of points and states is determined by their representations i.e., by  and 

 respectively. 
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is call a faithfull representation of  whenever the function  is injective i.e., when 

no two distinct points are equivalent and the Chu space  separable. Dually, if  

is injective,  is called a faithfull representation of  and the Chu space   extensional. 

Definition 4.1 

Any Chu space  gives rise to an order on , the specialization order  is 

defined as follows:  iff for every  The specialization order 

then induces the following equivalence relation  on . i.e.,  iff  and 

 i.e., iff for every  

The reader should not confuse  as another form of expression other than  

above. 

A typical example of this can be exhibited by considering a normal Chu space 

Definition 4.2 

A Chu space  is said to be normal if  and  is the membership 

relation restricted to , that is,  iff  , where  is the power set of .  

If  then  can be represented as a normal Chu space over the set  

by taking  This Chu space satisfies only the trivial property  , signifiying that 

sets have no internal structure. The matrix representation is as follows: 
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If we impose an order on  by defining  to hold just when it holds in every column 

(taking  as usual), then we get a non trivial order relation  which is reflexive, 

transitive and antisymmetric with respect to the above specialization order. i.e., a poset 

satisfying  and  implies and  implies  for all a, 

.  

According to Pratt (1999), this last antisymmetry is the poset counterpart of separability 

for Chu spaces. Moreover, by deleting more columns, we can further increase the 

structure of the space. For instance, if we require that the set of rows be closed under 

bitwise disjunction (join ), then we speak of a join semi lattice and if it is closed under 

bitwise conjunction (meet , then we get a meet semilattice. 

Also, if it is closed under both operations, then it will define a lattice. Finally, if the rows 

are closed under complementation then we have a Boolean algebra. 

In view of the above discussion, we construct semilattices by taking  and the transitive 

closure of any relation  as objects in . These constructions of which form 

the basis of our paper would be discussed later. 

The followings below show the matrix representations of some Chu spaces. We use 

 to denote the elements of , while  denote the elements of . The 

Chu spaces  and (d) are all biextensional, since there are neither repeated rows 
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nor repeated columns, while the Chu spaces  and  are only extensional and 

saparable, respectively. 

     

     

     

     

(a) 

     

     

     

     

     

(b) 

   

   

   

   

   

(c) 
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(d) 

     

     

     

     

     

(e) 

 

4.3 Chu Transforms  

Let  and  be any two Chu spaces. The Chu transforms or 

morphism of Chu spaces  and  is a pair  of functions and ,  

satisfying the adjointness condition: , for all  and  

Let  be another Chu space. Then the Chu transform of  is a pair 

 of functions and satisfying the adjointness condition: 

 for all  in  and in .  
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Since , and , we have  and , and 

hence their composition . 

It is straightforward to see that the composition satisfies the adjointness condition; 

 and hence it is 

a Chu transform. 

The associativity of composition defined above is inherited from the one in . The pair 

 of the identity maps on  and  respectively, is an adjoint pair:  and 

satisfying  , . Thus the pair 

 is a Chu transform and serves as the identity on . 

4.4 Isomorphism of Chu Spaces 

It may be interesting to note that, the isomorphism of Chu spaces follows from the 

adjointness condition of the Chu transforms. Informally, two Chu spaces  

and  are said to be isomorphic if  is isomorphic to  and  and  have the 

same value on corresponding pairs. Thus, an isomorphism between the Chu spaces 

 and  is just a pair of functions  and  such 

that both  and  are bijective functions and  for all 

. 

4.5 Chu Category and Chu constructions 

The Chu construction is the general idea for constructing a *-autonomous category from 

an autonomous category. Note that an autonomous category is a symmetric monoidal 
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closed category, while a *-autonomous category is an autonomous category with a 

dualizing object.  

In the sequel, the Chu construction was named after Po-Hsiang Chu, a student of Micheal  

Barr, who gave the construction in his master‟s thesis at MCGill University. 

Let  be a fixed object of a closed symmetric monoidal category . We define a category 

denoted  as follows: An object of this category is a triple  

consisting of objects , where  is a pairing function such that 

 is an arrow of . The pairing function is usually omitted and the pair 

 is written as an object of   if it is understood from the context. This 

notation means a pairing from to . 

A morphism  of  consists of a pair of functions  

and  such that the diagram  

 

commutes or equivalently, the following diagram 
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is a pullback. This signifies that the morphisms from  consist of all pairs 

 which give the same element of . 

It follows that Chu spaces over  together with Chu transforms form a category, 

denoted   or simply , where  is a fixed object of the category .In 

other words, thecategory  has Chu spaces over the set  as objects and Chu 

transforms as morphisms.  

The initial objects of the category  are all Chu spaces with the empty set of 

points and the empty set of states. Its monics are those Chu transforms  for which  

is an injection and  a surjection, and dually for its epis. Moreover, its isomorphisms are 

those  for which  and  are both bijections i.e., isomorphisms in the (see 

{Pratt, 1999}, for details). 

Recall that when  is a two-element set , we have . The Category 

 realizes a large number of mathematical structures such as  preordered sets, 

Stone spaces, ordered Stone spaces, topological spaces, locales, complete semillatices, 

distributive lattices (but not general lattices), algebraic lattices, frames, profinite (Stone) 

  

  



61 
 

distributive lattices, Boolean algebras, and complete atomic Boolean algebras, and so on 

(see [Pratt, 1999], for details). For instance, a topological space can be represented as a 

Chu space over the set : if  stands for the set of open subsets of , then 

for any  and , the expression  is equal to one if  belongs to , and 

zero otherwise, where . Also, Chu spaces over the set realizes 

a  by imposing an order relation on the set  i.e., by defining  to hold just 

when it holds in every column by taking  as usual, in each row.  

Any Chu space could be made extensional and saparable accordingly by identifying 

repeated columns or rows of the space  this process is called standardization. In some 

literatures, biextensional collapse has been referred to as the standardization of Chu 

spaces. However, the former is frequently used while constructing subcategories of the 

category . 

4.6Biextensional collapse of Chu spaces 

Biextensional collapse of a Chu space is a way of identifying equal rows from equal 

columns.  

Now let us define a relation on  as follows:  

if and only if, for all , . 

Then this relation is an equivalence relation. However, a Chu space  is said 

to be saparable just when this relation is identity on .  

Remarks4.6 
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(i) If  is the Chu space obtained from the equivalence relation defined 

above, the map  is a Chu transform 

satisfying the adjointness condition , where  is 

the quotient map.   

(ii) The Chu space obtained from  is saparable; 

(iii) If  is extensional, then  is biextensional; 

(iv) Whenever an equivalence relation  is defined on the set , then the Chu 

space  obtained is saparable exactly when the relation is the identity. 

Let us describe how to find the biextensional collapse of a Chu space.  

Now, let   be a  Chu space and be the equivalence class of a 

point or state .Denote  and as the quotients of  and  by  respectively. That is,  

 

 

So, the biextensional collapse of a Chu space  is the Chu space 

 identified by  and satisfying .  

For example, the bottom -by-  Chu space of figure  is the biextensional collapse of the 

-by-3 Chu space above it. Note that we have written the elements of  on the top while 

the elements of  by the column-left. This convension is taken to ease our 

transformations. 
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Since the quotient  satisfies the adjointness condition via , we remark 

as follows that the biextensional collapse is functorial from the category  to 

the category (the category determined by the biextensional Chu spaces) and the 

morphism  transforms to , were  and 

 for all . 

Theorem 4.1 

If the pair of functions  is a Chu transform, then the map 

preserves . That is, for all , . 

Proof 
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is a Chu transform implies  and  such that 

adjointness condition  is satisfied.  

Now, for any :  

. 

We remark as follows that, the categories determined by the separated, extensional, 

andbiextensional Chu spaces denoted , , and , respectively, are full 

subcategories of . 

Theorem4.2 

The category  determined by the extensional Chu spaces is a full embeddingof 

.  

Proof 

Recall that a category fully embeds in to the category , if  is a subcategory of  and 

there is a functor  which is injective. As a particular case, the 

inclusion functor suffices. That is, we only need to prove that the functor 

has a left adjoint.   

The unit of the adjunction is the Chu transform  

discoursed above, while the theorem above guarantees that given a Chu transform 

 to a biextensional Chu space, we can factor it through the 

quotient space .  

The functor given by this adjunction sends morphisms 
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to 

 

where . 

It may be noted that, the functor  is called the biextensional collapse. On the other hand, 

an equivalence relation could be defined on the Chu transforms in every -  in 

 by: 

if and only if .  .  

if and only if .  

It may be noted that, the map  transforms covariantly while  transforms 

contravariantly.  

 

4.7 Internal Homfunctor 

The set of all maps between any two Chu spaces  and  can 

itself be turned into a Chu space. This Chu space is what we called the internal 

. If  represent the Chu space, then  would be the set of all 

maps from  to  and  is the Cartesian product of and . That is, . Now, 

if , and , then . We will 

denote the Chu space by . 
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Properties of  

(i) The internal  between any Chu spaces  and  may not 

be extensional even if both  and  are extensional; 

(ii) However, if extensionality is required, we can just identify equal rows by the 

method of biextensional collapse; 

Theorem 4.3 

Let  be the internal hom functor between any two Chu spaces and . If  is 

saparable, then  is also saparable.  

Proof 

Let . Then is saparable if for any distinct points , for all , 

. So, for any distinct elements , there is 

some  such that . Now, the saparability property of , there is  

which saparates  and . Then saparates .  

Theorem4.4 [Gupta, 1994] 

If  is a Chu space, then the dual of  denoted  is isomorphic to the 

internal . i.e., , where  with 

,  and , . 

 

Proof 



67 
 

 Let  be represented by the Chu space . For each element , 

define a map  by , and a map  by . It 

follows that  is a Chu transform, so for each  we have given a Chu 

transform. It is  clear from the definition of a Chu transform that these are all the maps 

from  to . Thus . 

By definition of , . Now, This means that the dual of 

denoted . Thus the Chu 

spaces are isomorphic. 

This isomorphism is natural in . Thus, if we have a map , and the 

isomorphism above is denoted by , then . 

Given any . Now for , 

. This is exactly . If this 

argument is also shown on the right adjoint of the maps, then we have a natural 

isomorphism.  

4.8 Applications of Chu constructs 

4.8.1 Chu constructs and Linear Logic   

Girard‟s linear logic provides a powerful tool for modeling Chu spaces. This logic and its 

operations on Chu spaces make  a  (a closed symmetric monoidal 

self-dual) category (see [Barr, 1979] for details). This generality is easily achieved 

when . The connectives of linear logic are seen as functors rather than 

mere operations of logical connectives. From its discovery, linear logic has found many 
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applications in the computer science, e.g., it is employed in the description of concurrent 

systems, in the design of new programming languages that don‟t need garbage collection, 

proof theory (see [Pratt, 2005b] for details).  

The linear logic for Chu space interpretation consists of four operations and two 

constants via called the additive disjunction and called the tensor product or 

the multiplicative conjunction, associated with this binary operation is their respective 

units or zeroary operations   and . 

The dual of  and  are  and  respectively. The dual of  (off 

course) is  (why-not). The linear implication  is defined as  or 

   while the intuitionistic implication  is defined as .   Pratt 

uncovers that none of these operations has a number-theoritic interpretation. The dual or 

transpose of is satisfying .  

The transpose of the pair of functions  is and it is defined as . Linear 

negation is involutive i.e.  this shows that  

By definition, for any two Chu spaces  and  is 

defined as  where  is defined by  and 

. It unitis  . 

The tensor product  of  and  is  where 

 is the set of all pairs  of functions  such that  

 for all  and  and it is given by 
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.  Its unit is the   normal Chu space 

whose one row is the identity function on . 

Given  and define  on 

points by ,and on states by 

 

Recall that in the sense of topological representation of a Chu space discoursed above, a 

Chu space could be completely specified by a set  and a subset of its power set . 

However, power set is a complete Boolean algebra, so if the cardinality of the set  is 

small, then we can depict  as a Hasse diagram.So that the vertices of are represented 

as soft masses or holes according to whether they are present or absent. This 

representation is what is referred to as the partial Boolean Algebra  representation. 

If in the Chu, arbitrary meets and joins are present and that every maximal chain has a 

second least element, then we speak of a complete atomicBoolean Algebra . Note 

that the  is useful for determining homomorphisms between partial distributive 

lattices representation of Chu spaces . 

Note also that, if  is infinite, then the power set of  is a complete atomicBoolean 

Algebra . As all finite Boolean algebras are complete and atomic, not all infinite 

Boolean algebras are complete and atomic an example is just the Boolean algebra 

consisting of all the finite and cofinite subsets of the natural number since  is not 

complete. 



70 
 

An alternative way to specify a Chu space is via formula, of infinitary propositional 

Boolean logic. This representation makes it possible to see clearly the properties of Chu 

spaces. 

Let us assign a Boolean propositional formula to each extensional Chu space as follows. 

We denote the variables of the formula by the elements of the set . For each . We 

form a clause . So the 

disjunction of all such clauses then gives the proposional Boolean formula. We call this 

the complete disjunctive normal form  of a propositional formula. 

The Boolean propositional formulae of the biextensional Chu spaces above are:  

(i)  ; 

(ii)  ; and  

(iii) respectively.  

Note that the  form is not an efficient way to write out the propositional formula, 

however, any formula logically equivalent to the  formula is an equally valid 

representation. This may be obtained by the rules of inference.  

It should also be noted that the rows of the matrix are the satisfying assignments of the 

propositional formula. That is, each row makes the clause corresponding to its state true, 

so the whole formula becomes true. Moreover, any other assignment differs from each 

column on at least one variable, makes the each clause false. So in general, given a 

propositional formula, we can construct its Chu space as the set of all satisfying 

assignments. 
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The set of all satisfying assignments of a Chu space denoted  would now be regarded as 

the logical  representation of the Chu space.  

If  and  are the logical  representations of two Chu spaces, then there is a logical 

transformation between them. 

The logical transformation between them is a map  such that 

 is a logical tautology, where  is the formula obtained by substituting each 

variable  of  by its image  and  and  are the set of variables in the 

formulas  and  respectively. 

The meaning of the representations is that every formula in the theory of the which are 

consequences of  is mapped to a formula in the theory of the target which are logical 

consequences of . 

Theorem4.5 

Chu maps are in  correspondence with logical transformations. 

Proof 

Let  and  be two biextensional Chu spaces and let  and  be 

their respective representations. If  is a Chu map, then we 

define a logical transformation  via its first component. Now consider any satisfying 

assignment for . then , so it forms a satisfying assingnment for , 

because of the adjointness condition. So  is a logical tautology. 
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Conversely, given a logical transformation , it determines a unique map , 

since every satisfying assignment of  is a satisfying assignment of , so every  

is mapped to  such that .  

4.8.2 Chu constructs in Real - Life Problems  

Example 1 

A soccer team  in a soccer field  may be interpreted as the Chu space , 

where  

(i)  is a finite set consisting of eleven elements;  

(ii)  is an infinite set such that every point in the field is an element of ; 

(iii) means the player  is having the ball at the position  in the soccer 

field and the matrix  is the probability that the player  kicks a goal 

from the position  in the soccer field.  

Example 2 

The structure may be interpreted as Chu space, where  

(i)  is the set of students of the University ;  

(ii)  is the set of courses being taken at the University ;  

(iii) means the student  is taking the course , and the matrix  is 

interpreted as the grade of the student  in the course . For example 

 if the student  gets an  in the course . In this example, 
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the function  takes only five values: ,  , 

 and . 

4.8.3 Chu constructs in Configuration Structures  

A configuration structure is an asynchronous set transition system consisting of the pair 

 with  

(i)  a set of events  

(ii)  a set of transitions, satisfying the following axioms:  

1.  and  

2. . 

A set  with  is called configuration.  

The set of configurations of  is denoted .  

If , then by the requirement of axiom 2, .  

When an asynchronous system is used to represent a concurrent system it is called a 

configuration structure. 

Configuration structures have been variously referred to as set systems, asynchronous set 

transitions, and ST-configuration structures (see {Gupta, 1994} and {Zhang, 2004}). 

It has also been referred to as asynchronous multiset transition systems in which 

transition relation  is considered as the relation between multisets of events, rather 

than sets.  
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Configuration structures have been used for several models of concurrency (see {Zhang, 

2004} for details).   

It may be significant to observe that extensional Chu spaces can be interpreted as an 

asynchronous set systems with the Chu spaces determined by . This is 

called the subset interpretation with the property that the resulting set transition systems 

be asynchronous.         

4.9 Examples of Chu spaces and related Chu Categories on  

At the outset, let us recall a motivating example of Chu space provided in {Henry, 2003}. 

, where  is the power set of , is a Chu space over  for any set . 

the function  is defined as  if and only if  and zero otherwise, where 

 and .  

In the following, adapting from ([Henry, 2003] and [Pratt, 1999]), two new Chu spaces 

and related Chu categories are constructed. 

Theorem 4.6 

The structure  is a Chu space over , where  is the transitive 

closure of an arbitrary relation  on a set .  

Proof 

The structure  defines a Chu space over the set  with  

if and only if  and zero otherwise, for all , . 
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The Chu transform of the aforesaid Chu spaces is defined as follows: Let 

,  and  be Chu spaces. Then the Chu 

transforms between  and  is the pair  of 

functions  and  satisfying the adjointness condition:   

. 

The identity maps on and  respectively, are given by the pair  This 

pair also satisfies the adjointness condition and it is the Chu transform on .  

Moreover, for a pair of functions between the Chu spaces and , It can be 

likewise shown that this pair meets the adjointness condition and hence is a Chu 

transform between and  . 

The composition  follows 

from for all . 

Thus the Chu spaces obtained in this way over the set  with their adjoint pairs 

form a category. 

For example, let  and let . Hence, 

. The function  is defined as 

 if and only if . The resulting Chu space over  is 

as follows: 
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Table 1: Chu Matrix 

        

        

        

        

        

 

Note that the Chu space in Table  is biextensional. 

It is straightforward to see that if the columns corresponding to , 

 are deleted (see {Henry, 2003}, {Pratt, 1999} for details), then another Chu space 

is obtained whose first row is the join (bitwise disjunction, denoted ) of the other rows 

viz., 

    

    

    

    

    

 

Let , denote the rows of the matrix in Table . An order , as usual, can be 

defined on Table  as follows:  (component-wise), . 
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It is easy to see that the Chu space in Table  is a under . Also this Chu space 

under (bitwise disjunction) satisfies commutativity, idempotency and associativity. 

Hence it is a join-semilattice i.e., a semigroup that is commutative and idempotent (see 

[Pratt, 1999] for a detailed description of operations on Chu spaces). 

Note, however, that this Chu space is not a meet-semilattice. 

Theorem4.7 

The structure over is a Chu space, where  is the set of integers  

congruence modulo  

Proof 

The matrix  under the operation , read as divides  where 

 , defines a Chu space.  

The Chu transform of the aforesaid Chu spaces is defined as follows: Let 

, , and  be Chu spaces. Then the Chu 

transforms between  and  is the pair  of functions  and 

 satisfying the adjointness condition: , for 

all . 

The identity maps on  and  respectively, are given by the pair 

. This pair also satisfies the adjointness condition and it is the Chu 

transform on .  
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Moreover, for a pair of functions between the Chu spaces and , It can be 

likewise shown that this pair meets the adjointness condition and hence is a Chu 

transform between and  . 

The composition  follows from

for all .  

Thus the Chu spaces obtained in this way over the set  with their adjoint pairs 

form a category. 

For example, let  in standard notation.  

Let and . The matrix  under the 

operation , read as divides  where  , defines a Chu space:  

          

If the structure of the Chu space  is pruned by deleting the column corresponding to 

[1] of , another Chu space is obtained whose first row is the join (bitwise disjunction, 

denoted ) of the other two rows viz., 

          

Let , denote the rows of the matrix in . An order , as usual, can be defined 

on  as follows:  (component-wise), . 



79 
 

It is easy to see that the Chu space in  is a under . The Chu space under  

(bitwise disjunction) satisfies commutativity, idempotency and associativity. That is, if  

and 

Then , etc., , etc., , etc., hold. 

Hence, Chu space  represents a semilattice i.e., a semigroup that is commutative and 

idempotent. 

Note that the Chu space  under the meet operation is not a semilattice. 

It is observed that  and give rise to biextensional Chu spaces. 

For  under the aforesaid operation and , the resulting Chu spaces are 

not biextensional.  

4.10 Generality of  

(1) A topological space can be defined by just considering the underlying set  of the 

Chu space as the set consisting of the elements 0,1., that is, by taking K={0,1}. 

Lafont and Streicher point out that Chu spaces over 2 realize both topological 

spaces and coherent spaces (see [Lafont and Streicher, 1991] for details).  

In this way, a topological space can be represented as a Chu space over the set 

K={0, 1} without imposing any structure on the set. For instance, if  stands for 

the set of open subsets of , then for any  the expression  is 

equal to one if a belongs to the open subset , and zero otherwise, where 

. 
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(2) A generalized topological space GTS is a space consisting of the triplets  

where  an arbitrary set is called the set of points,  is an arbitrary binary function 

called the membership function. The intuitive meaning of the function is that for 

all and  is the degree to which  is a member of the open 

set .  

(3) Also, the functor  is a fully embedding of 

 in to  

(4) Chu spaces over the set realize a  by imposing an order relation on the set 

 such that  holds for , where  is the usual ordering. In this 

way, the category of posets denoted  takes 2 to be the partially ordered set of 

 with 1 indicating the members and 0 the non-members of the space 

(see [Pratt, 1999, 1995, 2005] for details). 
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CHAPTER FIVE 

CATEGORICAL MODEL OF MULTISETS 

This chapter includes a brief introduction to multisets, related Chu categories, and some 

applications. 

5.1Multisets 

The materials presented in this section are mostly abstracted from ({Singh et al, 2012}, 

{Monro, 1987}, and {Syropoulos, 2001,2003}). 

Intuitively, a set is any collection  of definite and distinct objects  of our intuition or 

thought (which would be called „elements‟ of ) in to a whole.  

The Cantorian set ignores repetition of elements in a set, for example, the collection 

 is reduced to .  

If repetition of elements are allowed and not collapsed, then we speak of a multiset (mset 

for short), for example, . In other words, an unordered collection of objects 

with repetition allowed is called a multiset. It is customary to be noted that the distinct 

elements of any mset are referred to as the objects of the mset. Thus it follows that, if 

, then objects of  are simply  and . In mathematics, the 

notion of multiset (or bag) is a generalization of the notion of set in which members are 

allowed to appear more than once. For example, there is a unique set that contains the 

elements  and  and no others, but there are many multisets with this property, such as 

the multiset that contains two copies of  and one of  or the multiset that contains three 

file:\\wiki\Mathematics
file:\\wiki\Set_(mathematics)
file:\\wiki\Element_(mathematics)
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copies of both  and . In fact, multisets are more common than sets. The multiplicity of 

an element of a multiset is the number of times the element occurs in the multiset. The 

total number of elements in a multiset , including repeated memberships, is the 

cardinality or size of the multiset, denoted  or . For example, in the multiset 

, the multiplicities of the elements  and  are respectively , , and , 

while the cardinality of the multiset itself is . To distinguish between sets and multisets, 

a notation that incorporates capital brackets is sometimes used i.e, the multiset  is 

represented as . The use of square brackets to represent an mset has become 

almost standard. Thus an mset containing one occurrence of , two occurences of , and 

three occurrences of  is notationally written as  or  or 

 or  or , depending on one‟s taste and convenience. For 

simplicity the third notation would be used except in the mset functions where other 

notation like ] is used. 

5.1.1 Multiset Functions 

In order to describe Chu categories in multiset environment, we need to apply the 

equivalence relation approach to multiset introduced in [Monro, 1987] and further used in 

[Syropoulos, 2003]. 

In this approach, an mset can be viewed as a pair , where  is a set and  an 

equivalence relation on   . The set  is called the field of the multiset. Elements of  

in the same equivalence class will be said to be of the same sort; elements in different 

equivalence classes will be said to be of different sorts. 

The pair , where  denotes the empty relation  and  is a set, is an ordinary set.  

file:\\wiki\Cardinality
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Let  and  be two multisets. Then a multisetfunction(or morphism) 

from  to , written as , is a function  which respects sorts. i.e., if  

and , then .  

For example, let and . Then the function  

defined by and  is an mset function 

while the function  defined by 

and   is not an mset function since  and 

but . 

5.1.2 Empty multiset 

The pair , where  is an empty set and  an empty relation on  is called an 

empty multiset. In other words, an empty set together with an empty equivalence relation 

defined on it determines an empty multiset.    

It has been shown in [Singh et al, 2012] that the following hold for multiset functions:  

Let  and  be multisets. Then,  

(i)  is injective(one to one)iff  is injective; 

(ii)  is surjective(onto)iff  is surjective;  

(iii) isbijective(injective and surjetive)iff  is bijective.  

5.1.3 Identity mset function 

Let  be a multiset. An mset function  is called an identity mset 

function on , denoted , whenever  and  for all . 
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5.1.4 Composition of mset functions 

Let  and  be multisets and  and  be 

multiset fuctions. Then the composition of  and denoted , is the mset function 

 which respects sorts. i.e., if and , then , 

satisfying , for all . 

Obviously, multisets and multiset functions form a category denoted .  

5.1.5 Pure Multiset 

Let  be a set. A pure multiset over  is just a pair , where  is a set and  

is a function. This functional approach to the notion of multiset was intuitively introduced 

in the beginning of the section. 

Note that the pair  is a pure multiset where  is an ordinary set and  is the 

characteristic function from .   

5.2Categorical model of multisets 

The content of this section is largely abstracted from [Syropoulos, 2003]. Moreover, the 

general structure of Chu construction will be applied to construct categorical model of 

multisets.  

Let  be a category. A functor is called a presheafon . Thus, a presheaf on 

 is a contravariant functor. However, a presheaf on  with natural transformations as 

morphisms form a category denoted . If  is a set(i.e., a discrete category ); then 

the presheaf on  denotes a pure multiset, since  is a set whose cardinality 
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is equal to the number of times  occurs in the pure multiset. So, for any set , the 

category  denotes the category of all pure multisets of .   

Suppose that  is a presheaf and that  is a set. Then if we form the set

, where , we can define . This function is equivalent to the 

presheaf . Moreover,  (i.e., the preimage of ) is the set of copies of  in the pure 

multiset. Now, we can define a category of all possible pure multisets: 

Definition 5.1 

Category is a category of all possible pure multisets. 

(i) The objects of the category are pairs , where . 

(ii) An arrow between two objects  and  is a pair , where 

 and , such that the following diagram commutes:  

 

(iii) Suppose that  and  are two 

arrows; then  such that in the following 

diagram  
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the outer rectangle commutes if and only if the inner squares commute.  

(iv) The arrow is the identity arrow. 

This definition has indeed provided the categorical representation of both forms of 

multisets. We will now focus on how to represent multisets as objects in some Chu 

category. 

Let us recall that  is a category of sets and binary relations between the sets. Multisets 

have been represented as an object in the category  where 1 is a singleton 

set.  

The objects of this category are triplets , where  and  are arbitrary sets and  

is a binary relation in , i.e., . so, if  is related to some , then 

we write , otherwise, we simply write  . 

The morphism between any two objects  and  of 

 is a pair of relations , where  and  satisfying the 

diagram below: 
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However, in order to represent multisets as objects in , it suffices to define 

the object and the arrow parts of the functor  .  

5.2.1 Object part 

The functor  maps each object  in in to the Chu space , where 

, i.e., , and  is the graph of  the function p, and  if and only 

if the multiplicity of  is equal to the cardinality of . 

5.2.2 Arrow part 

Let  and  be two objects in .  

Now, suppose that  is an arrow between these objects. Then 

, where  is the graph of the function  and  the inverse of the 

graph of the function . 

Theorem5.1 [Syropoulos, 2003] 

The functor  is injective on objects and faithful. 
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Proof 

 is injective is obvious from its definition since  maps each object  in in 

to the Chu space , where , i.e., , and  is the graph of  the 

function , and  if and only if the multiplicity of  is equal to the cardinality of . 

Now, it remains to show that  is faithful on the objects. Let  and  be two 

parallel morphisms in  suchthat ; then ,   

since the graph of two different functions are different. This proves that  is faithful.  

Pratt(1999), showed that the category  of -  relational structures fully embeds 

into . Using the same recipe, since  is a sub-category of , the category 

 has been represented as an object of  (see{Pratt, 1999} for details).  
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CHAPTER SIX 

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS 

6.1 SUMMARY  

In this thesis, consisting of six chapters, a systematic study of the theory of Chu 

categories, some of its algebraic structures and their applications were presented. Since 

category theory happens to be the stepping stone to the theory of Chu spaces and Chu 

categories, some of its basic concepts were explicated, exemplified, and extended to 

multisets.   

6.2 Conclusions 

The followings are the main findings:  

1. The structure  defines a Chu space over the set  with 

 if and only if  and zero otherwise, for all , ,and 

the Chu spaces obtained with their adjoint pairs form a category. 

2. The structure  under the operation , read as divides

 where  , defines a Chu space, and the Chu spaces obtained with 

their adjoint pairs form a category. 

It is shown that, both the structures  and  over the set 

 could be made a Poset and a join-semilatice by defining a suitable Chu morphism 

and an order  as usual.  
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It was observed that   and give rise to biextensional Chu spaces. 

For  under the aforesaid operation and , the resulting Chu spaces are 

not biextensional [Proofs and other details are on pages 74-79].  

3. Two examples were constructed to demonstrate the application of Chu spaces.   

6.3 Recommendation 

Chu spaces and Chu categories are relatively new areas in mathematics and, until 

recently, almost all the developments that have taken place in the theory are largely in the 

set theoretic environment. It seems a promising area of research to study Chu categories 

inmultiset environment.  
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