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ABSTRACTS

In this thesis we study some stability concepts
for generalized pseudo-dynam cal systems under
di fferent considerations as well as some semi -
stability of motions and limt sets in sem —systens,

and dynam cal sem —systems.

In chapter one, we give the general i ntroduction
to the concept of stability in the theory of
generalized dynam cal systems.

In chapter two, starting from stability of sets

we present a stability concept for generalized
pseudo—dynam cal systems. The Lyapunov function and
its bearing on stability is also discussed. Every
Lyapunov function must be sufficient for t he

stability of the set (trajectory or motion) for which
it is constructed.

In chapter three, we introduce a propositiona
function and give a definition of the stability of
sets in ternms of the propositional function. Based on
this we are able to form a link among various types of
stability concepts in the theory of pseudo—dynam ca
systems.

We also touch on the proofs of some theorems
whi ch hinge on the construction of Lyapunov functions
for some types of stability and some of their

applications.

(vi)



In chapter four, limting ourselves to semi -

systems and dynam cal sem —systems on metric spaces,

we study regular dependence of |imt sets on poi nts
moving sem —stable in sem —systems and dynam cal
systems.

Certain results on limt sets are presented for

dynam cal semi —systems, which enable us to study some

connections between sem -stability conditions for
moti ons and sem -continuity of limt sets, as well as
sem —stability of motions and non—empti ness of some
[imt sets.
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CHAPTER I

FRELIMINARIES
INTRODUCTION

The theory of dynamical systems has as 1its
background the qualitative theory of autonomous
differential equations with unique solutions. The
generalization of the theory to systems without
uniqueness has been developed and 1s known as
generalized dynamical systems.

The theory of dynamical semi-systems is an aspect
of the theory of dynamical systems taken to the right
or to the left. Fseudo-dynamical systems and pseudo—
dynamical semi-systems are generalizations of
dynamical systems and dynamical semi-systems
respectively.

The theory of stability is a special aspect of
the classical or generalized dynamical systems which
began with respect to solutions of differential
equations and then gave birth to dynamical systems
and their generalizations.

The classicial theory of stability began with
Lyapunov, FPoincare and Laplace, and 1s now treated in
general versions as stability of sets. This paves way
for the formulation of the concept of stability in
different forms for dynamical systems and their
generalizations.

The basic feature of the theory of stability by



A.M. Lyapunov seeks to characterize stability and
asymptotic stability of a given set or motion in
terms of a non—-negative scalar function defined on a
neighbourhood of a given set and decreasing along its
trajectories.

Properties of stability could be some
consequences of properties of limit sets or other
properties of motions for large time. In  particular,
regular dependence of limit sets on given points
could he established if motions of the points are
regular. Therefore, it is pertinent to mention that
there is a connection between semi—-continuity and
semi~stability of some mappings satisfying some basic
conditions.

1.1.1 Pynamical Systeps and generalized dvnamical Sycstems

The study of differential equations has matde use
of abstract mathematics to a large exient. For
instance, Lie invented groups named after him to solve
problems arising in differential eguations. Fourier
invented series o stuwdy heat equations. 8o alsc did
Foincare when he invented algebraic topology for the
same purpose, and thereby introduced the gqualitative

study «f solution curves of differential equations. By

drawing ar anclogy between solution curves of
differential equations and algebraic equations,
Poincare’ systematicslly studied the relationship

between all Lthe solutions of differential equations.

This abstract idea made it possible to define a



dynamical system on a lspace X as a triple (X,Rsmn)
comprising a topological space X called the state or
phase space, map n called the dynamics or flow or phase
map and time space R such that
{1.1.2) R Rk X ===== > X
satisfying the following axioms;
(a) m(o.,%x) = x For all xeEX,
(1.1.3) (b)) =m(tym(s,x)) = u(t+s,x) for t,seR, xE€X,
(c) m is continuous
Conditions (1.1i.3)(a) and (1.1.3)(b) are called the
identity and group axioms respectively and condition
(1.1.3)(c) 1is the continuity axiom.

In order to define a dynamical system on Euclidean

n - space X = R", consider the autonomous differential
equation
(1.14) dx = X = f(x) , x(o0) = x,
dt
where f: R ——> R™ is continuous. Moreover, assume

that for each x#R" a unique solution @ (t,x) of (1.1.4)
exists and satisfies L?[D,x) = x. Uniqueness of
solutions implies @(t, p(s,x)) = P(t+s,x) for t,se=R.
Considering @ as a function from R x R ———=> Rn, t{ is
continuous. Then the map nw: R x RrR" ————>d§uch that
n{t,x) =(t,x) defines a dynamical system on ' shi®
Specifically, let f(x) = x. Then
(1.1.%) x'= x s X (0) = xg.
The solution of the differential equation (1.1.5) is

given by

o
e



W (tyx) = xnet

The map @(t,x) = n (t,x) = xuet is continuous. Hence

the triple (RT.Rin) is a dynamical system since in

addition to the continuity of the map =,

(i) w (@g,x) = xaen = ng for every x = Rn,
(iii) ®w{t, mls,x)) = mit , x e%)
= s _t
= xge~.e
— xﬂe5+t
+
Alsa m(t+s,H) = RDES t

That is all the anxioms in (1.1.3) are satisfied.
The next example is a dynamical system defined by
the =olution curves of a system of differential

equatlons in plane and given by

(1.1.8) x'=y H(o) = g

y'= - x » vie) = ¥,
The solution of the system (1.1.6) is given by

(th)

Ya sint + xmcnst
(1.1.7)

vt} Yo €Ot — x_ sint

o

By introducing the natural projection
(1.1.8)pI K™ 3 (k7)) ~——=F (x,y) =R®
we have that

pltanay) = (w,v3 =(yDSint + x,cost, vy, cost - x, sint)

o [ #]

where p, being a projection map 1is continuous. By
putting pit,:x,v) = n{t,(x,y)) we define the continuous
map

T Rxﬂza (ty {3yy)) ——=3 @ (t, (3,y)} =R?



Now we show that ® satisfies axioms (1.1.3){a) and
(1.1.3}{h) also.

(i) m{o,(x,¥) = {xg5.¥,) for all pair ix,y)eﬁz

(i1) ml{tam{sa{x,y))=nit,y, sinu +x, COSU, y, COSU—X, Sinu)

Futting y, sinu + x, cosu = a

YoCOSU — ¥, sinu = b,
Rit,(a,b)} = (bsint + acost, bcost - asint)

=[(yn cosu — X sinulsint+(y  sinu + x

o cosulcost,

[+

{yo cosu—x, sinujcost - (y, sinu + xDCDsu)51nt]

H

[{yu cosu sint + Yo Sinu cost + x, casu cost— x_sinu sint,

0 4]

(yo Fosu cost— y sinu sint - x sinu cost - x cosu sint]

O

n

(yo sin{u+t)+xocns(u+t),ynCOS(U+tl - X sin(u+t))

o

and

wiutt, {x,¥)) = (y, sin (utt) + x_ cos (utt), y, cos (u+rt) - x, sin (u+t))

u]

These prove that (R°, R; w) is a dynamical system.
Let ws investigate the axioms (1.1.3) on the
salution curve of 1he non—auvtonomouws differential

equation

{1.1.9) x = 2tx g xfa} = x4

the soiution of which is given by

2
(1.1.100 Wt = x, et

By putting p(t,x) = m(t,x) we have

(1) mf{o.x) = Xo for every xR
.. 51
(ii) u(t, nl{s.x)) = nlt, x.e 3
2 32
= xOEE.et
Ze ¢
= X.,e
(t+5)1
Adnd m{t+s,x} = X, €

That is m{t,w{s,x))t m{t+s,x). Hence the group axiom



1-2

1.2.1

does not hold. This implies that the non-autonomous
differential equation (1.1.9) 1s not a dynamical
system.

In relation to the state space and time space of a
dynamical system we shall obtain generalizations of
dynamical systems.

A general dynamical system is defined 1f the state
space 15 a topological space and an arbitrary abelian
group 6 instead of the set R of reals. A general
dynamical system whose time space 1is a topological
group 15 called a continuous dynamical systems or a
topological transformation group. So also do time
spaces which are cyclic groups and partially ordered
groups convert a general dynamical system into discrete
and partially ordered dynamical systems respectively.

i system in which the state space is an arbitrary
set X gives rise to generalized pseudo—dynamical
systems. Here the continuity of the phase map does not
hold.

THEORETICAL JUSTIFICATIONS OF THE CONCEPT OF STABILITY

The Concept of Stability

Mathematical equations that describe physical
phenomena are, in most cases, ordinary differential

equations of the form.

1.2.2 xX = f(t,%)

with the initial conditions

©



1.2.3 x(ty) = x,
Since the initial conditions, which often result from
all types of measurements, may have errors, it is
important to know the extent to which small
disturbances in the initial condition (1.2.3) affect
the desired behaviour of the solution of the relation
(1.2.2). The problem of investigating the conditions
that will not allow the solutions to remarkably
deviate from the desired behaviour 1is known as
stability theory.

Stability theory, in a strict sense, is concerned
with the existence of a solution x(t) of (1.2.2) for
all time t>0 and its behaviour as t ——>00. That 1is
to say stability theory seeks to determine whether
every solution ;-(t) which are sufficiently close to
x(t) at time t = t, remains close to it at a larger

time. There are many properties which may be used to

describe such a behaviour.

The classical theory of stability with respect to
the solutions of differential equations i1s due to
Lyapunov, when he published in his work on the
stability of motions 1in 1892, and considered
stability in two different ways; the first of which
is known as stability in Lyapunov sense and the

second 1s called Lyapunov direct method.

Stability in the sense of Lyapunov

Let f(t,x) be continuous in a set S and let S be



open at the right of time t_ . A solution x(t) of
(1.2.3) at time t which has an initial state x(t, ) =
ig 1s stable in Lyapunov sense at x5, if given a real
positive constant £, there is &(€) such that 1i1f 1§
Ixol<s then [x(t,xg,tg)] <€ for all t>t,.

in geometrical terms, this means that x, 1is
stable 1f it is possible to find a hyperspherical
region R(&) such that all trajectories starting
within R(&) remain within a hyperspherical region
R(=} for all time. In this case, %, 1s called on

equilibrium point.

RE

The point x_ 1s said to be asymptotically stable

o

in Lyapunov sense 1f it is stable and there exists a
positive real number & such that if HKOH = & then

x(tyn st ) —> 0 as t -—> 00.

Geometrically, this means

8



Fig.1.2

The stability in the Lyapunov sense involve the
knowledge of an explicit solution of (1.2.2). Also
they are somewhat weak in the sense that they do not
allow stability to be presented under small
disturbances. Hence they are limited in application
when investigating the behaviours of physical

systems.

1.2.5 Lyapunov’'s Direct Method

In order to remedy the inadequacy of the Lyapunov
first method, we shall introduce a completely
different technique to determine the stability
behaviour of soclutions of (1.2.2), and is known as
Lyapunov’'s direct method. The major advantage of this
method over the other is that the stability in the
large can be obtained without prior knowledge of the
solution of (1.2.2). Also the stability of non-
linear state equations can be investigated since
solutions of non—linear differential equations are
very rarely obtainable.

Just as we have stated earlier in section one,



Lyapunov’'s direct method is characterized by the
construction of scalar funcuions known as Lyapunov

functions.

The Lyvapunoy function

‘Let us consider the autonomous form of equation
(1.2.2)

1.2.7  x* = £(x)

1.2.8 x{o) = 0

Here the origin 1s an 1isolated critical point, and f
is smooth enough to ensure the existence and
uniqueness of the solutions of (1.2.7).

Let wus consider a function V(x), real and
continuous 1in some neighbourhood of the points x =
(%15 HpyeeaoygX)e And 1in view of stating basic
stability theories of Lyapunov we shall introduce the
concepts of definite and semi-definite of the scalar
function V{(x).

Definition 1.2.%9

A function V(x) is said to be positive (negative)
semi—definite i1f V 2,0 (V20) ain some finite set S and

V(0) = 0.

Definition 1.2.10

A function Vix) 1s said to be positive (negative)
definite 1f V > 0 (V < 0) in some finite set S and

V(0) = O.

10O



PDefinition 1.2.11

let W) be a scalar function which is
independent of time t. A function V(t,x} is said to
be opositive (negative) definite if there " existe a
positive definite function
Wix) such that V > W { — V¥ > W) in some set G.

Having introduced the concepts of definite and
éemi—definite of the state variables, we shall now
define the Lyapunov functions.

Given a svystem ds™ + Ox 4
dt2 t

c =0 we can abtain

2%

a system of two first order differential equations

from it as follows:

diy = Flugang)
dt

1.2.12
dxo = Blxj.%3)
dt

Let ¥Y(xy, ¥5) be a function defined in the region
where the system (1.2.12) is defined and connected
with the system in the following manner;

dV = 3% dsty + _9V¥ dxg

dxy ¥
so that

dy =Y dxy o+ W dxo
dt 3=, dt Ik dt



= 9Y Fxg.xn) + 2V G(xy, o)
3}:1 33‘32

then V(X ¢ %2) will be a Lyapunov function af

(a) V is positive definite

(b) g% is negative semi—definite, and
{c) the Tirst partial derivatives of Vv are

continuous in the region.

1.2.15 The statements of basic Lyapunov theorems are

given in section three {(under general definitions).

Although Llyapunov, who introduced this method in
1892, used the method to establish simple stability
concepts, his basic ideas have been improved upon and
extensively applied to entirely new problems in
physics and engineering.

The basic theories have been, in recent vears,
put into forms which have been proved azs  both
necessary and sufficient conditions far stability.
The problem of determining a Lyapunov function for a
svstemn far-which the origin is krnown ta be stable is
called inverse problem.

Unce a Lyapunov function has been found in  some
region around the origin, it becomes_possible to test
the stability or asymptotic stability or instability
of the zero solution of a given system.

AN important question, therefore, is the

12



procedure to be adopted in selecting or constructing a
Lyapunov function as 1t is sometimes very difficult
to faind a proper Lyapunov function for a given
sycetem. But in general, there 1is no satisfactory
technique that provides the answer, particularly for
non-linear non—autonomous systems.

However, Lyapunov’'s direct method 1is widely
recognized as an excellent tool not only in the study
of differential equations but also in the theory of

control systems, theory of dynamical systems and so on.

The following concepts are associated with
dynamical systems;

Let (X, G; n) be a dynamical system. The mapping
(ng), te6 defined by
{1.2.14) Wyps Xox ——=2 me(x): = n(ty,x) =X
for every t=6, is called the translation given by the
time t.

And the mapping (n”% #»=X defined by
(1.2.15) wn*: B 3 t =——=> n* (t): = w(t,x)eX
for every xeX
1is called the motion of the point x, or motion

through the point x.

GENERAL DEFINITIONS

In this section we give general definitions that
are basic to the study.

Definition i.2.1




(1) Let X be a non-empty set, (G,+) an abelian
semi—-group with the neutral element o, and n a
mepping

nw: GBxX ——=> X

The triple (X, 63 n) 1is called a semi-system if and

only if.

(a) m (0.x) = x for every x=X

(b) n(t, nm{s,x)) = n(t+s,n) for t, s=6, x=X

(2) The triple (X,6:in) is called a dynamical semi-

system 1f and only 11 (1.3.1)(a) and (1.31(b) hold
and (c) n is continuous.

Definition 1.35.2

(1) Let X be a non—-empty set, (6,+) a group and n as
given in defintion (1.3.1). The triple (X,6; =n) is
called a dynamical system if and only 1f relations

(1.3.1)(a) (1.3.1)(b) and (1.3.1) (c) hold.

(2) The classical theory of dynamical systems was
developed with respect to the case X = R", 6 = R
(that 1s Euclidean real space and real line

respectively). The corresponding dynamical semi—

v

stystems (That 1s 6 = R = (t=R: t 0) are called

semi—-dynamical systems.

Definition 1.35.3

Let X be a non—empty set, (G,+) an abelian semi-
group having the neutral element 0 and A a subset of

G % X such that

14



1.3.4) fo} «x xch
and finally, let A be a mapping defined by

(1.3.5) AN 3 (tyx) €A ——=> A(t,x) € P(X)

where P{X) denote the collection of all non—empty
subsets of the set X (also called the power set of
the space X).

For x=X, we put

(1 3.6) I.: = (t=B: (t,x) =A)

%
I, 15 non—empty since o=1,.

In wview of the relations (1.3.4) to (1.3.6) we say
that the quadruple (X, G,A; A) is a generalized local
pseudo—~dynamical system (shortly; GLFD - system) 1if

and only 1f

(a) AMO,%) = (%) for every x=X

(b) 1f tel_, yeMt,»), S=I, then t + s ( =

7

s+t) =1,, and

(€) As,y) @A(t+s,x) for every xeX, tel,, ye)lt,x)
s=]

4

Definition 1.3.7

Let (X,6,A:)\) be a GLPD - system. We put

(al )t(x) = >\(t,)’-’)= (t,)‘l) €A
(b)  Aox) = UME,): (e I,) and wex
() A(B) = U{Ax): x=B and BCX}

A(x) is called the trajectory of the point x, and



Definition 1.3.13

i sufficient condition for the origin to be
asymptotically stable is that there exists a scalar
function V in some region R satisfying the conditions
(1.3.12) (a) (1.3.12){c) and (1.3.12)(d), and
(e) dv 1is negative definite.

dt
Definition 1.35.14

A sufficient condition for the orgin to be
globally aymptotically stable 1s that there exists a
scalar function
V in some region R satisfying
(a) Y(x) > O 1n the entire space

(b) dv <O in the entire space
dat

fc) WV(x) < 00 1f L31x1l < 00
(d) V(x) -—=> 00 if }ix}} ——> 00
(L.Z.14) 1s strll valid 1T (b) is weakened.

Pefinition 1.3.15

An equlibrium point is unstable i1f there exists a
function V(x) such that
(a) there exists at least one point in KR in  which
Vix) > O

(b) dv » 0O in K.
dt

Definition 1.5.16
Let M be a Hausdorff space and 6 a topological

group such that to each g=6 1s associated a



CHAFTER 2

STABILITY THEORY IN GENERALIZED FSEUDO-DYNAMICAL
SYSTEMS

In this chapter we discuss some ideas of
stability concepts for generalized pseudo-dynamical
systems. In doing this we limit ourselves to simple
cases only.

In section 1, we give two important definitions
of stability of sets, and thereafter put the two
definitions together as a necessary and sufficient
conditions 1in a therem, the proof of which 1s
produced. In section 2 we discuss Lyapunov function
as a sufficient condition for the stability of the
set which we consider; while in section 3 we discuss
the inverse problem of those discussed in section 2.
The following assumptions are pertinent.

Let wus consider a BLFD - system (X, B, A; A\ )
fiked. Let £l be a subfamily of P(X), B8 a normal

mapping and M a non—empty subset of X.

efinition 2.1.1

We say that M fulfils the condition S (JL,B3 \ )
or MeS (LL,B3 \) or that M is (f)l,B) - stable with
respect to A if and only if for every Q =Sl and every
xEM there exists a set Befi(x) such that

2.1.2) vEB ==> A(y) €@

19



Detinition 2.1.3

If A and B are two subtamilies of P(X), then we
define A ¢ B as follows;
(2.1.4) A ¢ P:= (for every BsB there is A=A such
that

A CEB)
Remark 2.1.5

A > B 1s known as set inclusion property and 1is
read as "B 1s stronger than A".

Definition 2.1.6

We say that M fulfils the condition L (SL,B3; \ )
or MeL (SL,B3A ) if and only if there is a family
AsP(X) such that
(2.1.7) Biy) y A for every ye M (that is for every
AEA there is a set BEB(y) such that B € A)

(2.1.8) A >SL  (that is A €@ for AsA and @efl)
(2.1.9) every set AgA,is A- invariant.

Remark 2.1.310

Definitions 2.1.1) and (2.1.6) agree in the sense
that they both restrict the trajectories contained in
them to small neighbourhoods. In other words, the two
stability concepts are the stability in the small or
local stability.

The compatibility of definitions (2.1.1) and
(2.1.6) gives rise to the following theorem.

Thearem Z.1.11

For every subfamily {1 of F(X) and every normal

20



map B, the conditions S (fl, Bi:\) and L (S, Bs \ )
are equivalent.
Prooi

Suppose that MeL (._Q,B;,\). That is to say M
fulfils the condition L (35L,B3)\ ). Then by the
relation (2.1.7) there exists a set BEfi(y) for every

y&M and AA such that BCA.

Also by the relation (2.1.8) there exists A=A and
a=fl such that ACR. Hence BCA and ACO implies B C Q.

The next step is to show that if Z=R, then X\(z) C
0. Suppose I=B € A. Since relation (2.1.9) implies
that A is invariant, then X(z) € B CA. This is M\(zP
C Q. Which implies that M is ({),B) — stable with
respeclk to A -

Now assume that Me S (51, B3 )\'}. For any subset

D of ¥ we define

(2.1.12) E(D) = (z=X: \(z) CD)
and
(2.1.13) € = (E(Q): ReSl)

We shall show that by putting A= § we shall
obtain a family fulfilling the conditions (2.1.7),
(2.1.8) and (2.1.9).

Let x=M and G=£) be given. Since M=S ((L,B3)\ ) we
can find BeR(x) such that yeB ===3> A(y) € B, which
then means that B 1s invariant and belongs to E(Q).

Thus relation (2.1.7) is satisfied.
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where
{2.2.9) Ag = (yeEW: Viy) M
fulfils the conditions (2.1.7), (2.1.8) and (2267
ij-Qfor every veW and tEIy the inequality

Viw) 2 Viy) holds true for every NE)ut,y).

Remark 2.2.7

The map V in definition (2.2.2) is a Lyapunov
function as 1t agrees with the followings;
(a) For any y= W, Y(y) 1s continous on W.
{b) By construction, V 1s a scalar — valued function,
and partial ordering of T gqurantees the positive
definiteness of V.
(c) F ensures that V has a positive minimum on W.
That 1s V ( A(tg,x) 2 V(y) for t >tg. Then

V (Altgx)) = Viy) < 0

»

so that Y(x) £ O. In other words V decreases along
its trajectories.

The following theorem emphasises the view on the
Lyapunov direct method. That 1s, knowing the
Lyapunov function for a set in a region, the
stabilaity property of the set can be described.

Theorem 2.2.8

If a set MEX, M# é, 1s such that there exists a
Lyapunov (W, Fj;JL, B! — function for M (with some

invariant subset W of the space X and some partial

ordered space T, where F = T\ (infT) or P=T) then



M fulfils the condition S (2, B3z A).
Froof
Let ¥V be a Lyapunov (W, P3LL,.B) - function for M.
Thi means that there exists a famity)& - (ﬁ%:ﬁﬁP) such
that for every Aﬂﬁﬂ- there exists Be B(y) and BC A .
Also for every Ofthere exists ::\leA, such that Ap CQ.
Next we show Lhat every Aq & A is invariant.Let A
be defained as above. Then by relation (2.2.6) let =z
be  an arbitrary point of AT»For every t€l, and
every weAit.z) we have Viw) 5 V(z) 27 . Hence uﬁﬁq -
Then N t,z) C.ﬁ1 for every tel, and consequently A(z)
€ Aq . This means that ﬁ‘ is invariant. Hence M
fulfils the condition L (§l, B, )\ ). And by Theorem
(2.1.11), M fulfils the condition S (&, B.XN ) which
1s what we set out to prove.

Femark 2.2.9

In theorem (2.1.11) 1t is not possible to
describe the stability of the set M unless we know
the nature and scope of the trajectories of the
peints in M. While for the set M in theorem (2.2.8),
the exisktence of Lyapunov function in any region in M
15 enough to describe the stability of the set M.

It is evident from the poof of theorem (2.2.8)
that if @ # M € X, is such that there exists a
Lyapunov (W, F3;SL,B) - function for M, then M fulfils

the condition L (fL,B3 X\ ) as well.

el
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Remarks 2.2.10

Every Lyapunov function constructed must be such
that 1t satisfies the conditions that make i1t
sufficient for the stability of the set for which it
is constructed.

In classical dynamical systems theory the phase
group 1s the set of reals, which is also endowed with
a natural ordering relation. This provides us with
the concepts of positive semi-trajectory and so on.
But for generalized dynamical systems the phase group
15  topological transformation group where natural
ordering relation is not available. Therefore, there
is a problem in direct 1lifting of results from
dynamical systems theory to topological dynamics.
Hence we begin to examine partial ordering 1in
transformation groups.

The parti=l ordering considered 1in theorem

Z2s2:8) enables us to define our Lyapunov function
V. and the removal of infimum of T 15 to make way for
the extension of the real line.

In this section we discuss the converse of the
main 1ssue discussed in the last section (that is
section 2) and the following assumptions are

pertinent.

Let the partial ordered space T be such that for

every S, a subset of T, § # #, there exists infS and



put as 1n the previous section
F = TN {infT) if infT exists
L3 1f infT does not exist

Further we assume the following;

2.3.2 For each'AeP, there exists p=EF such that u<A_; for
every non—emply subset S of T and every p=F such that

infS < p, there exists M= § such that M= p.

N

5 98, Suppose that SL= (O, e and if M, )\ €P and M 22X
s then 01 C'Dl .
Furthermore, let @ be a normal mapping and M a

non—empty subset of X.

Theorem 2.35.4

Under the assumptions (2.3.1) to (2.3.3), 1f M is
(fL,B) - stable with respect to A\, there exists an
invariant set W such that for every =M there exists
BeEfi(x) contained 1n W, and there exists a Lyapunov
(W,F; 5L, B) - function for M.

Froof

Let us consider o =F arbitrarily fixed such that

JL = (Qy )L EF = Let us put
(2.3.3) W = (x € Xz Nx) €0, )

We show that for every x €M there exists Bep(x)
contained in W, and W is invariant.

Let x=M be fixed. Since ME S ((,B:\ ) there is a
set BeEB(x) such that y=B == A(y) € @ . This means

that B W, and in particular M CW.



If x= W and t2 I,, then for every w & \(t,x) we
have /\(s,u] for s= 1I,. This means that for every we
Alt,2) it implies that

Aw) CNx) C Qp; thus we W.
But this means finally that )\(x) C W and this
completes the proof of the invariance of W.

Mow we construct the Lyapunov function based on
definition (2.2.2). Let us put for x= W;

(2.3.6) V(x) = inf (MEP: \(x) €A )
and
A..l-- (ysW 2 Viy) M)

Then we show that V(x) 1s a Lyapunov function. We
achieve this by showing that the family A = (Aﬂ. )
fulf¥ils the conditions (2.1.7), (2.1.8) and (2.2.6).

Let @ be fixed. Consider o &P such that

"]:‘-’."1 We show that %CQ‘and this establishes the
relation (2.1.8).

If v EA_'f « then

V(iy) = inf (p=P: Aly) € Qu) S‘rf. We can choose 6=F
such thatog" (see condtion (2.3.2), andX\(y) C Og. This,
however, gives y& A(y) o, CG’I. , and then y € |D.,l )
That is A.,I‘:’ <oy -

Now we prove that VY(x) satisfies the relation
21770
Let y=M and A be fixed. We consider

B = inf (q,r)
and the set Ap is contained in Ay . By virtue of the

assumption (2.3.2) 1t follows that pefF. For p and ¥y



we can choose BEg(y ) such that A(x) C Gu for x=B.
Since Qpn € Q,, then Alx) € ap, for x=B, implies that
BE € W and then the values of Y(x) are well defined
fou #2B. Moreover we have V(x) 2 p for x=B. The
above condition implies that BCAp C:Aq - In this way
relation (2.1.7) has been verified.

In order ta prove relation (2.2.6), we consider
v, tEl?
V(x) = inf (MeP: \(w) C Gy ) 5 infl"eP: A(y) <

and wellt,y): we have

Gﬁ = V(y). That is V(x) 2 V(y), and the proof 1is
finished.

Remarks 2.3.7

The partially ordered space (T,2) with respect to
the relation "2" by implication is a total ordering.
As a matter of fact, the assumption (2.3.1) which was
assumed in theorem (2.3.4) 1s totally ordered.

Remark 2.5.8

Fixaing a point x=M in the proof of theorem
(2.3.4) 1s a matter of convenience since B, being a
narmal map means that every element x=M belongs to
each BeEpg(x).
rRemarks 2.3.9

In the definition (2.2.2), An = {y E W3 Viy) 7}

for MerF and P = T \ (infT). But in theorem (2.3.4)
the partially ordered space T i1s such that every
subset S of T, S # @&, has an infimum. Hence V(x) =

inf (M eF: A\(x) Coq ).

o



Conclusion 2.3.10

Based on the definitions of S({,B83)\) and LLQ,B;A),
and suitable assumptions we have shown that some set M
satisiles the two stability concepts.

Under new assumptions we have shown that the two
stabilities are equivalent.

Hased on  the definition of a Lyapunav function
used in  this thesis we have shown that some set M
fulfils condition (S(Q.B3N\). On the other hand where a
set M 1s given to satisfy the condition S(S,B;)\ ) and
adding other csuitable conditions we have shown that

there exists a Lyapunov (W,P3{0,B) function for set M.



CHAFTER 3

DUANTIFIERS [N BENERALIZED LOCAL PSEUDO-DYNAMICAL
SYSTEMS

In this chapter we continue with our discussion
on  the stability concepts for generalized pseudo—
dynamical systems. However, much as the maln issue 1is
still on the stability of generalized pseudo-
dynamical systems the approach in this chapter 1is
different from that of the last chapter.

In section one we give a general definition of
Lhier stability of sets in terms of a propositional
funciicm, and then we consider some types of
stability entrenched i1n the general definition.

In section two, we construct a sub family of the
power set of the space X, modify our propositional
function and define conditions equivalent to the
definittion of general stability formula mentioned in
section one. In other words, we generalize the
classical Lyapunov stabilaity which we define in
section one using the propositional functions for the
set S.

In section three we present a general stability
of the Lyapunov type by constructing Lyapunov
functions in the theorems to be stated. Thereafter we

give an application of the theorems in section four.

G



3.1 Let (X, 5, A3 \ ) be a generalized local pseudo—
dynamical system, and
(Z.i.1) B: X —> P(P(X))
a mapping on X. LetSlC P(X), wheredl# ¢ and MeP(X).
Remarks 5.1.2
If X is a metric space and M= F(X), then we may

put

where K (X,%) 1 an open neighbourhood of x and

(3.1.4) JSL= (K(M,e): €>0)
where

(3.1.3) K(B,=)

1l

(y = X: p(y, B) < &)

and

(3.1.86) K(x,€) K (%), =)

for every xeX and BCX
The open neighbourhood K(x,2) and open set K(M,=)

are 1llustrated in figures 3.1 and 3.2 respectively;

X

Fig 3.1 fig. 3.2
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Then we put
{Fd7) B = UiB(x)z %=X)

The general definition of the stability of the
set X to be given in terms of a propositional
function. and the operations on the propositional
function are presented in table 3.3 below.

The table consists of bthe wvariables, their
domains and quantifiers. We denote each variable by a
Greek ietter and the corresponding quantifiers
{exicslential and unmiversal by the corresponding roman

lower and upper letters respectively.

Variable Domain Existential Universal
Quantafier Guantafier
w Q o o
5 i} z Z
& B d D
1 4 h H
v G n N
o A a A
Table 3.3

We read the existential quantifier O as
“there exists w=l"

and Lthe universal quantifier D 1s read a
"for every L=p"

The expression



(3.1.8) beBu)? ["Les% (Velg )“)\\.}‘1” Cw)),
which will be denotea by § 1s a propositional
function in the five variables w, § ,&,7 and V.

et 1 stand for any of the variables in table
Z.3. Then the symbol:? in the formula (3.1.8) denotes
A (= conjunction) i1f 1t 1s within the scope of the
corresponding existential quantifier and denotes ===>
{=implication) otherwise.

Wikh the above explanation, formular (3.1.8) 1is
understood to mean

in view of what 1is stated in (3.1.9) any sequence of
letters from the third and fourth columns of table
3.5 forms a word. Example of such words are oZ, dD,
OdZHM, and so on. [f a word contains only one letter
from each row, we say that the word is feasible. So,
words like OZDHn and DhZOn are feasible words that
can be formed from table 3.3. The class of feasible

words 1s denoted by-&.

Let ‘5-:-‘3 and let us replace the letters of § by
the guantifiers, IT we put this sequence of five
quantifiers before the formular ¢ we obtain a
formular without the free variables, and will be

dencoted by Sé.

In view of the above explanations we now give the

general stability formula:



J.1.11

efinittion 3.1.10

The set M i1s (5,5L.B) — stable 1f and only 1f the
formula S is true.
Streamlining defintion (3.1.10) with definition
{(2.1.1),definition {(3.1.10) can be restated as:
The set M is (5,fL, B) - stable if and only 1if
for every xeM  and every we(KiM,=) : =20) =S
there exists open neighbourhood K(x,&) such that

yEK(x, &) and t=1, such that X\( )\7 (t)) € w.

Hd
Definition (3.1.10) combines different types of
stabirlity. We give some example. In the examples, X
1s a metric space, (X, Ry ﬂ;)\) is GLPD - system anc
-Q-:ik'[f“i,r); r}o}
For examples (3.1.14) and (3.1.15) we put
(3.1.12) Bz X 3n ——=> (K (%,r): r > 0)) & P (P(X))
and i1n example (3.1.18) w~e put

(3.1.13). Bs X3 X —2» (K{(Myr): r > o) eP(F(X).

Example Z.1.14+

The clessical definition of stability states that
a set M 1s Lyapunov stable or stable in Lyapunov sense
and only 1f for every x=M and € > o there exists &0
such that My) CK(M,e) for every yeK(x, &).
Using the quantifiers as given in table 3.3 above the
classical Lyapunovy stability of the set M is
equvalent to the (Z0dHN,SL,B) - stability of the set

M. And thais 1s 1llustrated in figure (3.4) below;

af



Fig 3.4

Example 3.1.15

Let us consider the weak stability of the set M.

A set M 1s weakly stable if and only if for every xEM
and -0 there exists &>0 such that for everf yeEK(x,8)
‘A()%[y)) CK (M,) for the same Sély.
By wusing the quantifiers in table (3.3) the above
stability is the (ZOdHn,Sl, B) - stability of the set

M. The idea 1s shown in figure (3.95) below.



KlMJD

Fig 3.5

Before we give the third example we state the

focllowing definitions.

Pefinition 2,1.16

A point y=X is called a positive (or Omega) limit
point of the point x=X 1f there exist a sequence of
time (t. ), t = Ry, with t  -—> + oo and (t %)

==sy. The set of all positive (Omega) 1limit

points of a point xEX is called the positive (Omega)

Iimit set of x and 1s denoted by f{ {x).-



Megative (alpha) limit point is defined similarly
with &, ==k = o0 and (% t,) =—=2> y. And the
negative limit set of a point x is denoted by A (x).

A(M) 1s called region of attraction for the set M
it and only i1f for every x=X, /Q'(x) F & and /f(x)
Cr. The set M 1s called an attractor if there is an

€r0 such that for all xEK(M,€), A+(x) #p and A (x) CM.

Example 3.1.18

We suppose that the mapping )\=u gives the global
pseudo-dynamical system (X,Rg,w). We say that the set
M i1s an attractor 11 and only if there exists &0
such that lim p(u{t,y),M) = O for every yeEK(x,8).

£ ==> o0

By applying the gquantifiers 1in table

(3.2), the above i1s equivalent to (ZdHOn, Y ,B) -

stability of M. The concept is shown in figure (3.6)

belows

€)

Fig 3.6



Femarts 3,1.19

in the example (Z.L1.15v 1t we put the quantifier
“there exists s=Ry," 1n cifferent places we obtain
diiierent types of Lyapunov stabilaity. For example,
1 o=l where 2€M, 2§K{x,5) such that A (y) <

KiM,=) we obtain & different stability concept.

el I'n view of gepneralizing the classical Lyapunov
stabilaty for sets 1n our generalized pseudo-
dynamical systems in terms of the word S we add one
variable o, the domain of which i‘sA CPiX), A$F o,
a and A are the corresponding existential and
universal quantifiers respectively.

Let wus introduce the words §; and S, associated
with the word S. In order to make the word S; we put
a in place of o and A replaces O i1n the word S. The
word 5. 15 made 1n the following manners

T & 52 = {0a 1f O occurs in the word S
o 1f o occurs 1n the word S

As an 1llustration of 5; and S, consider the word S
= ZO0dHN.
Assuciated with § are S; = ZAdHN and S, = Oa.
Let use take the formulas Fys le Fss

Pys SEB(_{)? m:s:% (v EL; 2 )\v(m Ca)]
(3:2:2) Fo: o Cw

Ul A=A, o is invariant.



Then, in accordance with our convention, the
propositional function P1 has the feasible word 51
before 1t, and F, has S, in front of 1t while Py

remains the same. Then we have the followings:

(3.2:3) {b) S.Po

We state and prove the main theorem of thas
section. The theorem considers relation (3.2.3) to be
equivalent to the (S,Jl,ﬂ) - stability of the set M.

But first we prove the following lemma.

Lemma %X.2.4

Suppose that there exists a family (< P(X) V g}

Il

{Y: YCX) such that all the assumptions of relation
{(3.2.3) are true, then there exists a family A C
P(X), A % ¢, such that the relation (3.2.3) is also
true.
Eroof

Let us assume that "0" occurs in the word S. Then
55, = 0a. From the assumptions of the Lemma the
domains of the variables are not empty. (refer to
table (3.3) and note that o{€A).

Since f fulfils the conditions of (3.2.3) we have
from (3.2.3) (a) thatol ¥ ¢ for every ol €E-f. Also by
virtue of (3.2.3) (b) the family-gis not empty so

that we can put A_=g in this case. Condition

59



(3.2.3)Y(c) follows from (3.2.3)(a).
Now suppose that "o" occurs in the word § so that

S, = Ao. Then for everyo(qA.there exists w, and by

virtue of (3.2.3)(a), &# @ andﬁef. By putting

A =def:o# 5), (3.2.3)(b) implies that A is not empty

and A CP(X). This implies that A Cf. And lastly

(Z.2.3)(c) follows from (3.2.3) (a).

Theorem 2.2.5

Let M = FP(X). Then M is (5,5L,B) — stable if and
only 1if there exists a non-empty subfamily A4 € P(X)
such that the relation (3.2.3) 1is true.

FProof

First assume that there exists a family A, CFP(X),
J& # v, which fulfils the relation (3.2.3). Let "O"
occur in the word § so that S, = Oa. Then for every
well there exists ®XSA. Since the quantifiers in  front
of O are in S and S;, we make the corresponding
choices up to the position of 0O in the formula 5S¢ as
in (3.2.3)(a). That 1is, in place of A in the word S,
we put 0. By virtue of condition (Z.2.3)(b) we have
that ol€w.

Alsa by condition (3.2.3)(c) we have that w is
invariant. So that when we put the above in

Z.2.3)(a) we aobtain the formula Sé, which 1is
(S.2,p) - stability of M.

Next we check whether the choice we made is

A4



correct. Let us consider the formula
Py: & ep(_{)% ["les.?l tinq%Aﬁ}'fp Cot )]
We may write }\v(ﬂ) Ct 1in the following form;

YV oy= Xv(‘l), y €«
condition (3.2.3)(c) implies that g 1s invariant and
then we have Y y € )‘VU}')’ AP or )\()\v("l)) X
And as o € w, we have )\ AV”D Cw. Thus we obtain
¢, where
¢ = a-eB(!)::["leé:(\’GIrL%’ X(Av(q)) Sl

] 1
and then we have Sé, which proves the case "0"
aoccurs an S.

Mow let us suppose thalt "o" occurs in the word S.
Then S5, = Ao. This means that for every ol.E}L there
exists weSL . and by condition (3.2.3)(b) d=W. The
invariance of of means that w is also invariant. Since
the quantifiers are the same in the words S5 and S; up
to the position of o, we replace a in S; by o so that
we obtain S. And by putting the above 1in §5;F; we
obtain the formula & which is (S,fl, B) - stability.

In order to check whether the choice is correct,
consider the formula
Pys semg).? [nes;{ (VE I"I:-\? )‘v““ )]

And we can write )v("]_) Cx as
vE )\‘\I(“’[ ), YEoL

By invariance of o, we have A\(y) C& so that
A M) € -

Ascl C w, we have

& = 5=2p(f) :g [11&6;;_13 L-ve].,\% )()xv(‘l)) < w)]
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And so 5S¢ 15 true. Hence, the existence of the
family ‘A, satisfying the relation (3.2.3) is
sufficient for the (5,{l, B) - stability of M.

Now let us assume that M is (S,Slg B) — stable.

We define the family 8 as follows

i

E(w) (yeX: Aly) Cw)

(3.2.6)
and £= ( E(w): well)
We show that-g fulfils the conditions in (3.2.3) and
the proof of theorem will be completed by applying
Lemma (3.2.4).
We have from 5¢ that
& = §=g(5) D [Ned (vf;Iq:) )\()\,(“‘1)) C“-‘)]
& n U
and we may wrate )\[)\,{"},)) C. w in the form

V ¥E >\\‘,(.f0 s YE E(w)
That is )\[”IKE(N), since w is ilnvariant.
v

By putting the corresponding quantifier of letter
w 1in 3, that i1s by putting "a" in place of "o" and
"A" in place of "0" in S we obtain
s1{aep() P TMes 2 (VeI A c«)]] =55
where the quantifier A& gurantees the existence of o .
Thus the family-€ fulfils (3.2.3) (a).

Hext, we want to show thatﬁsatisfies (3.2.3)(b).
This is achieved by showing that E{w) € w for
2very wzll. Let y= E(w) be fixed. Then A(y)ﬂu and by
invariance of w, veEw. Hence y= E(w) implies yeEw

proves that E(w) Cw, thereby proving (3.2.3)(b).



Now we show that § fulfils (3.2.3)(c). With the
understanding thatdo= E(w)} for the same w, let o(e@

be fixed. Let yeol, s=I z€ )\5 (y) and t=l,. Then

Y’
we have that A\, (z) Cw. Thus A (y) C& . This
proves that of is invariant and thus 45 satisfies

(2.2.3)(c). By applying theorem (3.2.4) we have that

the theorem 1s true.

In the proof of theorem (3.2.5) 1t does not
matter 1f we did not fix a point y& E(w) since by the
relation (2.2.4) we are interested in those points
ve X whose trajectories belong to w.

Remark Z.2.8

The function )\ occurs in  (3.2.3)(a) and
(3.2.3)(c). However, )\ may be omitted in certain
feasible words 1n (3.2.3) (a). For example, the
feasible word in which the universal quantifier N 1s
in the last position belongs to this group. That 1is
the trajectory of the point >H;TL) at the time VW 1is
removed.

efinition 3.2.9

—_—

Lel the class of feasible words 1n which the
function } 1s omitted be denoted by g, and the class
of feasible words 1n which the letter N 1s omitted by
S. Then we may write the condition of the (S,SL, B) -

stability of the set M i1n the simple form:

(3.2.10) § (528(¥) > (11e5% AN Cwil =8¢
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The following corollary i1s immediate from theorem

(3.2.5) and remark (3.2.8).

Coroilary 3.2.11
If 5= B, then the set M is (S,fL, B) - stable if
andonly 1f there exists a family A CP(X) such that
(a) BifsenD (Meé > nea)
N 1
(3.2.12) (b) S; Py
(c) Px
hold.
Proof
First suppose that 1 is (§,£l, B) — stable. Then
the relation (3.2.10) is true. We show that there
exists a family A CF(X), A #p, such that the
relation (3.2.12) 1s true.

Consider the family-g C P(X) such thats

il

Eiw) = (yeX: A(y) C wel)

and -g

(3.2:13)
(E{w): weSl)

By applying the relation (3.2.13) in the last
term of the relation (3.2.10), that 1s \(7) Cw for
every M X, we have that ¥ = E(w). And by putting the
corresponding quantifier of w in the relation
(3.2.10) we have

5y (5B(5) D (M €5 D M)

That 1s .= E(w) and -ﬁ satisfies the condition
(F.2.12)(a).

To show that { fulfils (3.2.12)(b)} we show that of C w.

Let vex be fixed. Then )\{y) Cw implies y<ew and



hence of Cw.

in order to prove relation (3.2.12)(c) we show
that o is invariant. Let y=o(, sély, zé)\s (y) and
telI_, then ’\t {z) ()tt+5 (y). Since y=& , then )\t(z)
C w. Thus )\5 (y)C, and that proves that & 1is
invariant. Then by lemma (3.2.4) we have that the
sufficient condition 1is true.

Now assume that there exists a family A CP(X},
Af v, such that the.relation (3.2.12) is true. We
show that the formula (3.2.10) holds.

Consider 0 occur in S. By replacing the
quantifier A 1in §1 by the quantifier 0O we shall
obtain the word 5. Next we consider an arbitrary weSl
, and relation (3.2.12)(b) implies that for each o A

we have that oC w. Hence we obtain the formula

s §s=B(3)D (=6 M =w)]
& 1

By condition (3.2.12)(c), o 15 invariant so that for
each e, MM ) €X €w. Thus (M) < w. With this
inserted in the above formula we have the relation

(3.2.10).

Now lel "o" occur in the word S we replace the
existential quantifier a in §i by the existential
quantifier o to obtain the word S. Further, by
choosing arbitrary wel and applying (3.2.12)(b) and

-

(Z.2.12)¥(c), Just as was done for the case "0O"

occuring in 35, we have the formula (3.2.10). Hence M

o 5



=

is {(3,5L.B) - stable.

Remark 3.2.14

—

The function Adoes not occur in (3.2.12)(a), and
by omitting the universal quantifier N in the formula
(3.2.10) the corollary (3.2.11) thus presents an
equivalent general formula of stability for the set M

i smaller region to  that presented 1in  theorem

e

(3.2.9).

In order to begin our discussions on general
stability of the Lyapunov type (or in the sense of
Lyapunov) in this section, the following assumptions
are pertinent.

Let (T,2) be a partially ordered space. We denote
{3.3.1) P ={T, if infT does not exist
TN (infT), 1f there exist infT.

Further, let W be a non—-empty invariant subset of X.

Definition 3.3.2

A function

£3:3.51 Ve W ===> T
is called the (S5,(L,.,B8) - Lyapunov function for the
set M if and oniy if the family A = fﬁ‘! 1 5 <P where
F\f = (ye W: V(y) £§)
fulfils the conditions

(a) S, Py
(3.3.4) (b) S, Fs

)V yew Y ze A(y), zeWA V(zIE V(y)

ey



Remark 5.3.95

Definitions {F.F<2) and (2:2.2) compare
favourable except that conditions (3.3.4)(a) and
{Z...4ib) are defined in terms of quantifiers, and
set 1nclusion property was used in definition (2.2.2).
Remarks 3.35.6

Suppose that Se&. Then the function V is a
Lyapunov function for the set M if and only i1f the
family Aa(nﬁep fulfils the conditions
(3.2.12)(a), (Z2.2.12)(b) and (3.3.4)(c). This is
possible because the statements of corollary (3.2.11)
have been jJustified.

Now we shall state and prove some theorems that
are formulated on the basis of the existence of
Lyapunov functions.

Theorem 5.353.7

If there exists the (S,fL,B) — Lyapunov function
for the set M, then M is (S,f{lL, B) - stable.
Proot
Suppose that V is the (5,fL, B) - Lyapunov
function for the set M. Then there exists a family
JQ=(A!%Ep such that the relation (3.3.4) holds.
Having established conditions (3.3.4)(a}) and
(3.2.4)(b) in section two, the next step is to show
that each ﬁ; e,A_is invariant.
Let Ay A, where S{eP is arbitrary. Let "EQ_{ and

5E] Then condition (3.3.4)(c) implies that )g (y)

y*

c.aj . and hence Qs is invariant. Relation (3.2.3) is



thus established. Therefore, by theorem (3.2.5), set
M is (5,S5L, B) — stable.

Remarks 3.3.8

In order to formulate the inverse theorem we make
the following additional assumptions;
et ¥ be a non-empty subset of T such that infY
exists, and
vV ¥y =F 3 Y EF - ,1f O occurs in S
(3.3.9)V T; =F 3 Wo=P,% % ,if 0 occurs in S
¥yecry $=F, (AnfY<f ==3>3 feP:fij )
Theorem 3.35.10
If the family ) is in the form L= (HE&EP’
wher e wg* ng for every -f.l ;’-;fz; §1, 52 =P,
and the set M i1s (5,2, B) - stable, then there is a
set W I ¢ and (8,0 ,8) - Lyapunov function for the
set M.
Proof ke define
W = (yeX: R{(y) *¢)
Viy) = (anfR{y):y=h) (3.3.11)
where Riy) = (§J&P: Ay} ij )
By the (5,f1,8) - stability of the set M, M must
contain some trajectory. Hence W Fa.
in order to prove the exzistence of (S,Sl, Bl &
Lyapunov function for the set M, consider the family
i“j‘; §=F, where Qj =ffew: Viy) =4 }. We shall
show that the family m}-),jep satisfies the relation

{(52.2.4) above,

)3



By virtue of the (5,{1,B) — stability of M we have
I & < w)]
(3.3.12) S { 5&@(3")?["1&6% (e H%)\(kv(ﬂ)) s }
w43 where Sr is the word obtained from the word S
when the quantifier of the letter 'g replaces the

quantifier of the letter w. Hence we have

. B s {eR
(3.3.13) Slitscﬁ(i)%}[‘léé%(v'él.l% )\v('[)c:(jex fe {‘-'))E

Let us Justify the last term of the relation
[ e T e, 5 T
)()‘(‘ﬁ)c “f can be written as

Y y AN , Aly) ij and

S
§o ANy ===y §&R(y)
That is ’\vm)C Fly). And since fy=X: feR(y)} C nj

which 1s the quantifier of R(y). Thus condition
{3.3.4)(a) 1s satisfied.

§.e.;]‘éspwiu satisfy condition (3.3.4)(b) if we
show the implication §1 <f2 ===3 A} wa
Let yEt’-‘u}i. Then yéﬁf ===> V(y) .<.f'1 -—-=|=> 1;f R(y) <
f.l ===> inf R(y) = §'2. Then by relation (3.3.9) there

exists f_-; =R{y}) such that §3 < 52 and the

following sequence of implications

Sﬂ .EF((y; ::—-—'})6) cw = VEwW, ==‘->y'&w Ve That is YE
Y ‘i.i ,s 3“" ‘}l
===% yEujl and hence ﬁj;- C W‘i- Thus ?Af{ 3 §eP

saktisfies (3.3.4){(b).
Now we shall show that EI}IFP satisfies
(3.3.4)(c). Let y=W, s=ly and ze)\s(y). Then we show

that for zeW, V(z) £ V(y).



tet feR(y) and tel,, then t+S5¢l, so that
)‘g.,,t(y) (wj . Also )\tlzi C )\t+5 (y). Thus inf R(z)
: infRiy) hence Riy) € R(z). The proof of the theorem
is finished.

In this section we give some applications of
theorem (3.3.7) and theorem (3.3.10). The
applictations will be by way of constructing the
Lyapunov function for each of the three examples
(3.1.14), {3.1.15) and (3.1.18). Here we assume, 1in
each example, that T=Ry

The classical Lyapunov stability of the set M
considered 1n example (3.1.14) 1s equivalent to the

xastence of a non—-empty set W and a function V: W
—-==» Ry such that
(a) VUxeM ¥ 230 3 870 ¥ yeK (%,86), yeWAV(y) < &

(b) ¥ €0 3 6503 JysWAV(y) £ & ===> p(M,y) < =}

(c) ¥ y=W ¥ z€ A(y), zeWAV(z) £ V(y)

The weak stability of the set M considered 1in
example (3.1.153) 1s equivalent to the existence of a
non-empty set W and the mapping Vi W —---> Ry such
that
(a) ¥ xeM & €20 3 620 ¥ yeK (x,5) Y S€ly such
that fze A_(y) ==> zeWaAV(z) £ €}

(b) ¥ €503 5505 fysWAV(z) € & ==> p(M,y)<E®]

(C) ¥ yeW ¥ 2 = A(y)s 25W AV(zZ) £ V(y).



In the example (3.1.18B) 1t was considered that
the set M 1s an attractor a1t and only if there exists
E>0 wuch  that Limp(u{t,y), M) = O for every

t--roo
vER  4,8). This condition is equivalent to the
(ZdHOn ,SL, B) — stability of the set M.

By using theorems (3.3.7) and (3.3.10) we observe
that those conditions are equivalent to the existence
of a non-empty set W and a function ViW --—> Ry,
such that
{a) E30 ¥ yek(x,8), lim V (mwy (y))= 0

t—w
(b) ¥ 5203 5>0: §ysW A Viy) 2& ===> p(M,y) < e}

(C) ¥ y= ¥ zenw(y), z=WAV (z2) =2 V(y).

Remarks 3.4.4

It couid be seen easily from the above that
remark (3.3.6) was used in relations (3.4.1) and
(3.4.3) while definition (3.1.10) was used 1in the
relation (2.4.2). These show the roles that the
feasible words S and S have played 1in the three
eramples.

In other words, the feaible word g manifests 1in
relations (3.4.1) and (3.4.3) and the feasible word S
manifests in the relation (3.4.2). The implication 1is
that the three examples have shown that, using
theorem (3.2.7) and theorem (2.3.10) one can easily
consbruct corresponding Lypunov function for every
feasible word.

in order to give one more applications of these



theorems we shall first consider the following

definitions of an attracior.

Definittion 3.4.5

lLet M be a non—-empty sub-set of X, and {L 5 A non-
empty subfamilies of P(X) such that, for every Q=5L
and LEA, M CONL. We say that M is an (L)L, A ) -
attractor af and only if there exists Bel such that
for every x<=0, LEAthere exists sl such that n(nstx))Cl_.
Further, we give a set of definitions based on
the i1deas that we are going to use in the proof of

the next theorem.

Definition 3.4.6

We call a subfamily B of P(X), Bip, the basis of
X if and only if for every fA, BéB there exists Céh

such that C € ANB.

Definition 3.4.7

A point y_ =X 1s said to be the limit point of

basis B of X 1f y,= ﬂ?ﬁ: B'EB}

Definition 3.4.8
A non—-empty set X 1s compact if and only if every

basis of X has a limit point.

The following theorem gives a sufficient
condition for M to be an attractor.

Theorem 3.4.9

et us suppose that X i1s a topological space, the maps



(3.4.10) LT Xax —» mi{g,x) X
are continuous for every g=06.

Let W be a non—empty invariant compact subset of
the space X such that WD @ for every Gefl. Let us
assume that every LeA is open. If there exists a

continuous function g:W -—> Ry such that

(1) g(x) = O 1f and only if xeM,

{3.4.11) (i1) ¢(ut(x} tqo(x) for every »x=W and tEIx,
{111) for every == W\M there exists s€1,, such
that ¢tn5(x) 2 @(xn),

then M 1s an (f2, A ) - attractor.

Froof
=4 ~

By puttingA =%L and Sl = B§(x) for every xeX,

example (3.1.18) asserts that M is an (L , A ) =~

- o ~
attractor if and only if it is (ZdHOn, L ,B) -
stable.

Therefore theorem (3.3.7) is sufficient to show
that the function @: W ———> Fy 1s a Lyapunov function
and fulfils the following conditions:

(a) 3 08 ¥ x=0 ¥ >0 Jsel,z m(x) €W Aping(x)ie.

(b) vV LeE A J520: (xEW, @(x)i8==> xe)

(c) ¥ y=W ¥ z=n(y), z=WA o(z) Sg(y)

We prove that above conditions one after the other.
First let us prove (c). z=n(y) for every y=W implies
that there exists t =i, such that z = m (y) for every

zeW. By applying the map # on z, we have



w(z) = w(utoiy} L g(y) for every y=W.
Hence (c) 1s immediate from the second condition of
relation (3.4.11).

‘o snow (a), we know from the hypothesis that
there existe 0efl such that OCW. We put
(3.4.12) N = int {d(n_a(x): sel ]
for every u=0. Then the condition (a) can be
formulated as:
¥ onEl ¥ £20 Jsel iz ug(x)EW Ap(ng(x)se==> N\(x)=0
That 1s for all x=0,
(3.4.13) Alx) = o

Indeed, let us assume the contrary. That 1is,

there exists xgéﬁ such that A= Aixo)>0. Thus

(¢_1([A, HIXAM(x,) 1] nzh,15 basis on W. Since W 1s compact,

there exi1sts a point y =W such that

y06¢'1([},p]) n ﬁT?;} for every p>\ .

Since )pi;.l we have w(y ) =)\ .

And by the first of relations (3.4.11) we have Yo %M.
From the third condition of relation (3.4.11) we have
there exists SEIyD H ¢(n5{y°}] < ﬁ(yd}=,} ¥ yoEWAM.
On  the other hand uw(xg) C (zeW: @(z2) 2 A Yy and
because or continuity of @, we have ET?;? " o §25N=

#(z) 2 A). By the continuity of the map (3.4.10),

the set wixg) 1s invariant. Hence, there exists
YoEM(%g) such that

M. (7o) Calno) € Jzew: wiz) A} and (n_(yg)) 2.
This 1s a contradiction. Therefore., ¥ x=Q@, \(x)=0

and (a) 1s proved.

that



Now we shall prove (b). Again let us assume the
contrary. That 1s, there exists L=A such that for
every &20 there exists x<EWAL such that #{(x):6. Then
the family §»7! (Lo,81) A (L) | g3, is a basis of
closed sets on W. Since W 1s compact, there exists a
peint y  such that yqeﬁﬁli[O,S)] A (w\L). Then by the
first condition of the relation (3.4.11), ﬁ(yo)=0 if
and only 1f y =WA\L. This 1is a contradiction because
MCL. Thus the proof aof the theorem 1s completed.

Remark 5.4.14

If &M contrary to what 1s stated in the relation
(3.4.11)(12121), the theorem will not hold in general.
The theorem will, however, hold only if the
trajectory 1s periodic.

FRemark X.4.135

Theorem (3.4.9) 1is the generalization of the
classical theorem on the asymptotic stability of
compact sets. Thus, we obtain the next corollary on
asymptotic stability in Euclidean space.

Definition 3.4.16

The set M 1s a symptotically stable 1f 1t 1is
stable and an attractor.

Corollary 3.4.17

Let us assume the continuous map
(3.4.18) =m: Ry x R? ====> R"
defines the pseudo-dynamical system on R", and M is a

non—empty subset of R7. Let WD M be an invariant and



compact set such that p(dW, M)>0. If there exists a
continuous function g:W —-—-> R, such that

{1y p(x) = 0 1f and only 1f xeM,

(12 @l (x) < p(x) for every t>0, x=W

then the set M is asymptotically stable.

Froof

In order to show that M 1s asymptotically stable,
we show that M 1s stable and is an attractor.

First we show that M is an attractor. Since W 1s
anvariant and compact, 1t follows that the boundary,

W, af W is also invariant. Then there exists some
point x=3W, x¢M, such that ng(x} C dw for SERy .
Hence the condition three of the relation (3.4.11) is
satisfied and so by theorem (3.4.9) M 1is an
attractor.

NMext 1is to show that M is stable. By virtue of
the fact that the Tunction @ is a Lyapunov function,
we  immediately apply theorem (3.3.7) to establish
that M 1s stable. Hence we have shown that M 1is
asymptotically stable.

Conclusion 3.4.19

There 1s a close relationship between S(Jfl,.B8:iN\ )
stability discussed in chapter 2 and that of (SQ,B) -
stabrlity we mentioned in this chapter. The later is
more or less an extension of the former.

The stability concepts we discussed 1n this
chapter 1s hinged on a propositional function defined

in this chapter. And with the adjustment of the

20



feasible words we have proved theorems on different
types of stability.

Furthermore under close observation and based on
relation (3.2.3) we have shown that the existence of
(5, 0 ,8) - Lyapunov function ushers in (S,{L,B) -
stability of the set M coupled with some suitable
assumptions.

And the conditions satisfied by the 8,5.,8) -
Lyapunov function 1in this chapter has some parallel
bearing wilh that discussed in chapter 2.

Theorem (3.53.7) cannot be considered as a converse
of theorem (3.3.10) since in the later there are
additional conditions that should be satisfied by the
famxlle:(ngjep which are not part of the assumptions
for the former theorem.

We have shown that M i1s an attractor for every x=MCX,
where X 15 a topological space, on the condition
that there exists a function @ satisfying suitable
conditions similar to Lyapunov functions which, with
additional assumptions we have shown that M is
asymptotically stable.

We also gave some applications of theorems (3.3.7)

and (3.3.10) via examples listed.



CHAPTER 4

SEMI-STABILITY AND LIMIT SETS IN SEMI-SYSTEMS

[In this chapter we investigate the regular
dependence of limit sets on points moving semi-stable
in semi-systems and dynamical semi-systems in metric
spaces.

In section one, we discuss the idea of limit sets
and generalizations of semi-stability of motions 1in
semi-systems in metric spaces.

In section two, we Tocus our attention on some
regularity conditions for set-valued mapings as well
as certain compactness conditions for metric spaces.
Thereaftter, we discuss some connections between
semi—-stability conditions for motions and semi—
continuilty properties of some maps in section three.

Section four 1s an extension of section three,
and the i1dea that we investigate is the weak semi-—
stability of motions and non—emptiness of some limit
sets. Finally in section five, we make some
observations about the regularity of the map we
consider 1n section three.

Consider o« semi-system (X,Rg;w) fixed, where
(Xyp) 15 & metric space.

With reference to definition (3.1.16), we have

that for ==X, pr(x) and A (x) are positive and

negative limit sets of the point x respectively. We



have the following defintions of the same concept as
well.

Detinition 4.1.1

et X be a topological space but not a metric
space. Then for xeX
T EY O
n *W; teR} and
(4.1.4)  ANOGH = ATOO YA (%)

(4.1.2) At(x)

(4.1.3) A (x)

Remarks 4.1.5

If X 18 a metric space. Then we have for a system
{X;R,n) that
(4.1.6) A 0G) =/\(x)
S0 that in view of (4.1.6), results obtained for
limit sets i1n semi-systems can be modified in such a
natural way that parallel theorems for positive limit
sets 1n systems are obtained.

Relations (4.1.2) and (4.1.3) imply that for x&X,
the limit set of % 1s closed. Therefore we present a
direct proof of the closedness of /\(x).

Theorem 4.1.7

For every x£X, the set /\(x) defined by (4.1.4) 1is
closed.
Prooi:

Consider a sequence (y,) such that ymE/ux),
(m=1,2,...), and let y_  -——> y as m ——=> 00. We show

that ysA(x).



For every m=N there 1s a seguence (tmk) C Ry such
that tmk —-—=2 00 and u(tmk,ul ——2 ¥ as Kk ——> 00 fTor
every m. Without loss of generality we can assume
that for each m there is a natural number k;, such that
p(n(tmkm, %ls ¥Yp) € 1 and tmk -—>» 0O as m —/——=> 00

m
Then we have from triangle inequality that

p{uttmkm, %)s ¥) S P (Ys ¥Yg) * P (¥gs ““mkm’ %)) = p (¥, vg)
+ 1. And as m ——> 00 w(t™, .x) ——> ye A(x).
- m
Next we discuss some stability — like properties

of motions. We begin by defining the stability of the

.4 .
motion n” 1n Lyapunov sense.

Definition 4.1.8

Let »=X be given. The motion m" is said to be
stable in the sense of Lyapunov 1f given >0 there 1is
a (=)0 such that
(4.1.9)  plnrlt,y), wit,x)e

for every ye B(x,86) and t=R.

Definition 4.1.10

Let ol be a non—negative real number and let x=X
be given. The motion n”’ is said to be o, — semi-stable
if and only i1f for every =>0 there exists &>0 and
ueRy such that
(4.1.11) plun(t+uyn), n(t+u,y)) < of +=

for every ye B (x,8), t20.



Remarks 4.1.11

* defined above is a

The o — semri-stablriity of n
special case of (fL,B) - stability considered in
chapter two. The aintroduction of & 1n the relation
(4.1.11) makes the definition (4.1.10) to be a
generalization of the classical stabilaity due to
Lyapunov.

(f of 1s removed and u 1s made to be zero, the
moiLion w” which 1s O - semi-stable is called semi-

stable.

Thearem 4.1 .12

Let o820 be given and x%X. Then for the motion n*

the following three condibtions are equivalent:

(a) " is & — semi-stable,

{(b) for every sequence (u,) of elements of Ry with
u, ———> 00, for =>0 there exists >0 and k&N such

that pfiiu,,y), rlu, ,x))< & + € for every y€B(x,5) and

nik, (c) i1f fs lis a sequence of elements of Ry, s,

-=> 00 and f§x.} is a sequence of elements of X such

that %, —=> x then limsup P(u(sn,xn), n(s %)) =&.

Froof

Apssume(a) 15 true. Let (u,) be such that u -=2>00

n
and =>0 given. There are >0 and u=Ry such that
Pinri{t+u,x), mnl{t+u,y)) <% +£ for y= B{x,8) and t20.
Then there i1s keEN such that

pirlu,, x), wlu,, 7)) < + €

(4.1.13) for y= B(x,8) and n2k. Which is (b).



Now assume(b) and let (sn),(xn) be such that

s, ==2>00 and x_. —--—* u). Let £>0 be given. We can find

n n

£:0 and keN such that y= B(x.8), and nzk implies that
pin{s, %) wls,, y)) < &L+ €
By taking m o large that mzk., and p(x,xn) <& we have
e EE(2,E) for nim. Then p(n(s,, x,), w(s,, %)) <6+=.
Thus for nZm.
(4.1.14) Limsup p(na(s,.%.), Mis,.z,)) £ od+e
Thie 1s true for every €>0 and then finally Limsup
Plmis,sx,)s wis,,n)) £ X
Now let (c) be satisfied and suppose that n* is
not o — semi—-stable. Then there is =130 such that for
every &30 and u=R,, there exist y=B(x,8) and sz0 such
that p(ris+u,x), mis+u,y)) 2 of +&t,

fhen there exists sequences {x.} CX and §s.} C R,

-~=> 00 and
i

such that X, ——> %, s,

(4.1.15)Ptﬁ(sn,::n}, nis,,%)), 20+= for N=1,2.c=s

®

This 1s a contradiction. Hence n” is ot — semi-stable.

Remarke 4.1.16

The stability of the motion n” considered is for
all time. Hence we cannot assume the sequence (un) of
elements of Ry to be convergent.

Also the sequence (%) of element of X is assumed
convergent to the limit x for nim, where m 1is
sufficiently large. Therefore by setting
lim sup {xni= sup fxEX:xis a limit point of (xn)}

n——=>> 00 we have the relation (4.1.14).



We being this section by defining the upper semi
continuity of a set valued map.
Definition 4.2.1

Let CL{X) denote the family of all close subsets
of the space X, and F a map F: X3 x——=> CL(X). Then
F is said to be upper semi-continuous at a given
point %=X if and only if
(4.2.2) “n S Mp T X ===>» y & F(x)

ynEF( *n ). n =iy

Remark 4.2.3

By applying the usual notation

{(4.2.4)
for z=X
(4.2.5)

We can

p{z, A) : = inf lp(z,w): wEA}

and ACX. A=A and admitting the convention
plz,#) = 00

relation

replace in the

yE F(x) by

(4.2.6) ply, F(x)) = 0.

The 1ideas in remark (4.2.3) suggest that we can
have the following generalization of upper semi-
continuity gf the set valued map F.

Definition 4.2.7
tet F be a mapping from X into CL(X), & & non-

negative real number and ==X be given. The mapping F

is said

to be & ~ upper semi-continuous at the point

if and only if

ol



xnex, Ry —=2%

(4.2.8) mm==) Py ,F(x) )=
YnSF(x,)y Y —2 ¥
Remark 4.2.9
Usually we suppose that Fi(x) # o for xeX.
Although 1t 1s not assumed but i1t is possible to
have, 1n particular, F(z) = o for z=B(x.8) with some
X0, In such a case F 1s o{~upper semi-continuous at x
for every o{:0.
For o0 we shall have the trivial upper semi-
continuity of F at x. This is true for the case

Filz)¥p also.

Remark 4.2,10

Iin this study we shall discuss F as the mapping
F: »x ===3 /\(x], where Ai(x) # @. And we shall
observe Lthat semi-stability of motion n” implies
that in a neighbourhood of a point x, all points have
the same property.

Mow we define some compactness conditions which
are transitions between local compactness and
compactness. The idea will be applied in some

theorems in the subsequent sections.

Definition 4.2.11

Let olz0 be given. We say that X satisfies at a
peint y the condition Compi{{) if and only if there
15 a positive number B such that the ball B(y.ot+8)

1 relatively compact, that is if and only if the



closure of Bi(y.,X+B) 1is compact.

Definition 4.2.12

tr o>, then X satisfies the condition Complal]
at Lhe point y if and only if the ball B(y,) 1s
relatively compact. That is, 1f and unly 1f ﬁ?;:;; 1s
compact.

Remark 4.2.13

Local compackness 1s equivalent to the existence
of a function x —>l(x) such that the space X
satisfies at every point » the condition comp{el (x)).

It 1s clear that every compact space X satisfies
the conditions Comp(ol) and comp{®] for certain fixed,ol
as this cannot be assured by local compactness. In
particular, the assumption that X satisfies at every
point vy the condition Comp(ol), whered is the same
for all v, 1s essentially stronger than local

compactness.

The mapping
(4.3.1) X 3x——=3A(x)ECL(X)
for each xe2X, defined in the last section will be of
paramount i1importance to our discussion 1in this

section.

Theorem 4,353,272

Let 20 and %=X be given. Suppose that the motion
n”* is ol- semi-stable. Assume that (x,) and (y,) are

sequences of X such that

oo



(4.3.3) Xn —-—=3> %X as n —>» 00

(4.32.4) Yo ———> ¥ as n -——> 00

(4.3.5) ¥ne/\lx%,) for every n.

Then there exists a sequence (s,) of elements of Ry
such that

(2.3.8) s. ———» 00 as n ——> 00

n
and

(4.3.7) Lim sup pim(s,sx), y) =&

Froof

Relation (4.3.5) means that for every meN there
1s a sequence itmk}, k= 1,2...., of elements of Ry
such that
(4.3.8) t™ -=> 00 as k =—=> 00 (m = 1,2,...)
and

(4.3.9) mit™ ,x) ——=> y_ as k=—=300 (m=1,2,...)
From relation (4.3.3), we have

(4.3.10) pOigyx) =——> 0 as m ———2> 00

So that by the relation (4.3.9) we have

(4.3.11) pem(tTy, %0y y)) ——>0 as k -—=> 00
(m=1,;2,..).

Also from the relation (4.3.4) we get

(4.3.12) F (ypsy) ——> 0 as m ——> oo

By wvirtue of relation (4.3.8) we can find straictly

increasing sequence of positive integers (kg ) such
that
(4.3.13) m = tm’ for every m.

b
From relations (4.2.11) and (4.3.13) it fTollows

&7



that for every m=eN there 1s p(m) =N such that

(4.3.14) pla(t™, , x). vp) <1, (m=1,2,...)
poy T

Without loss of generality we may assume that
(4.3.19) m =2 pim) £ p(m+l) (mml, 250a04)

This gives in particular

(4.35.16) plm) ———> 00 as m ———>» 0O
Now put
(4.3.17) s = ™ (%1, 2:504)
m ﬁKM) ey

Then we have
(4.3.18) s, —==> 00 as m ———> Q0.
And that proves the relation (4.3.6).
Now to prove the relation (4.3.7). By applying

relation (4.3.18) 1n (4.3.14) we have

(4.5.19) pinlsyexpds Yq) < 1 for every m
m

and as m ——=> Q0 we have

‘4.30:(’) p(“f.sm’xm)’ Ym) -—_>0

Theretore using triangle inequality we get
(4.3.21) plulsgy,x),¥) 2plygs ¥)
Py e Mis, %0 0) Fpinis,xg), nis,,x)) for every m.
Then by virtue of relations (4.3.12), (4.3.20) and
the assumption that n” 1s o -~ semi—-stable we obtain
Lam sup plwisg,x}), ¥) <.

Remark 4.3.22

By our constructions, we have for each m, k—> 00,

Ry —=> % and w(t™, .x) ——=> y,. Also for each m,

r"‘“(tmkp(m)’ Nm‘l £ 1.



The implacation 1s that there are two indices m and k
such that m —-—*00 and k—>00 at the same time. To
avoid this we have to define the relation (4.3.17).

We shall now state the theorem which touches on
upper semi—continuity of the mapping (4.3.1) as
sufficient for 1ts semi—-stability.

Theorem 4,353,235

if v is semi-stable then the mapping (4.3.1) is
vpper semi—-continuous at the point x.
Proof

Let n” be semi—-s=table and () (y,) be sequences
of elements of X such that the conditions (4.3.3) and
(4.5.5) hold. Then by theorem (4.3.2) we can find a

sequence (s of real non-negative numbers such

n?
that Sn —-—=> Q0 and
(4.3.24) Lim sup p(n(s ,%x), y) = O

Inequality (4.3.24) means that

(4.3.25) lim supp (w(s,, x) ,y) = O and then ysA(x).

Femark 4.3%.26

We got the relation (4.3.24) for the case = 0,
and the relation (4.3.24) gives rise to the relation
(4.3.25) because in (4.3.24) we have a sequence of

numbers 1n which the least upper bound 1s the same as

the upper bound.

Remary 4.32.27

The ideas 1n theorem (4.3.2) are generalizations

of theorem (4.3.23). But the basic idea i1s that o -



semi—stable motion has a limit set.
In wview oOf remark (4.1.5) we shall state the

following corollary.

Corollary 4,.3.28

If n" 1s stable then the mapping (4.3.1) 1s upper
semi—continuous at x.

Froof

By definition (4.1.10) we have that w* is stable
when we put both v and o to be zero, and t=R.

Alen, =ince X 15 a metric space, remark (4.1.95)
implies that  AF(x) = Alx). Then straightforward
application of theorem (4.3.23) completes the proof.

Waes shall now make wuse of the compactness
conditions 1in definitions (4.2.11) and (4.2.12)
respectively to establish the connection between of -
semi—stability of u”* and ol - semi-continuity of the

mapping (4.3.1).

Thearem 4.7.29

Suppose that X satisfies at every point x=X, the
condition comp(®l), and if n” is o{ - semi-stable then
the mapping (4.5.1) 1s ¢l — upper semi — continuous.
Proot

Suppose that the sequences (x,) and (y,) are such
that the conditions (4.3.3), 4.3.4) and (4.3.5) hold.
Let "[‘/' 0 be such that the ball Biy, ol-l-'l[_ ) is

relatively compact. Such‘q ex1sts because X satisfies



comp(@) at every point.

Let (s be a sequence of non—-negative real

n?
numbers such that S, -———>00 and is such that the

relation (4.35.7) holds true. There is kN such that

(4.3.30) plulsy,x), y) <A+ for nik.

Since By, o+7 ) i1s compact, we can assume without
ioss of generality that the sequence of points
(n(s,,%)) 1s convergent to some y‘. By wvirtue of
relation (4.3.7) we have that

%) st

Un the other hand we have

{4.3.31) plys ¥

(4.3.32) y¥ e AGx)
But relations (4.3.31) and (4.3.32) imply that pfﬁA{ﬂ’&&
and this implies that the mapping (4.3.1) is &

= upper semi-continuous at x.

Remark 4.35.35%

Since for each %=X such that X satisfies comp(e{),
the sequence (mn(s_,x)) 1s convergent, relation
(4.3.7) means that inf (sup pin(s,, x))) =& .

K nyk
Therefore, by compactiness of B(y, +7 ), for each

yEX, any pair of limit points y; and y, satisfy

Plyisvp) *&X.

In remark (4.2.1%) we stated that every compact
space X satisfies the conditions comp(e and complold
for all &20. This fact will be needed in the proof

of the following corollary.



Corollary 4.3.34

If X is compact and n" is o — semi-stable, then
thez mapping (4.3.1) 1s o~ upper semi-continuous at x.
Froof

£ being compact means X satisfies Comp(ol).
Therefore, a straightforward application of theorem
(4.3.29) compleites the proof.

So  far we have applied the condition coup(o)
only. We shall now apply compipl] 1in the next
theorem.

Theorem 4.353.355

Suppose  that X satisfies at every point the
conoition Coup [od. If there is B<o such that ¥x* is
# - sem - stable, then the mapping (4.3.1) 1is o -
upper semi-continuous at x.

Eroof

Let (%) and (y,) Dbe sequences such that
assumptions (4.3.3) - (4.3.3) hold, and let (s,) be
such that the relation (4.%.6) 1s satisfied. Let
{4.3.36) Lim sup p(n(sn,x), v) 2B
Take N = %{-B) and find k=N such that
(4.3.37) pinis,,x),y) < B+7 for nik.

Since Bly.ol) is compact, relation (4.3.37) means

that nis,,x) = B(Y,{) for nzk.
Therefore without loss of generality we may assume

that Lthe sequence (n(s,,») 1s convergent to some

fé/\(x). fAnd by the relation (4.3.36) we obtain p(y”A{x»



k. That 15 Al(x) 1s & - upper semi-continuous at x.

Remark 4.5.358

The condition complel] 1s equivalent to local
compractness. That 1s every point xEX has a
nelghbournood whose closure 1s compact.

Before discussing the main results 1in this
szection we shall give the following definition of
»

stability of the motion =

Definyrtion 4,401

Let o 20 and %=X be given. The motion n™ 1s said
to be weakly &~ semi-stable if and only if for every
=>0  there 1s &>0 such that for every z=B(x,&) there
1s u=k, for which p@{t+u,x), u(t+u,z)) <of+ = For tz O.

Remark 4.4.72

Here, one observes that ol- semi —~ stability of
n” implies the weak o/~ semi — stability of w”. Ifd=0,

the motion n” becomes weak semi-stable.

We <shall find out whether the limit set of a
nerghbouring point to & point x€X and whose limit set
ie not empty, and such that n” is weakly semi-stable,
is empty or not. This will be taken care of 1in the
following theorem.

Theorem 4.4.70

Assume  Lthat ==X 1s such that /\1x) #@ and
suppose that X satisfies Comp (0) at every point. If
w  is weakly of - semi-stable then there 1s r>0 such

that Atz) #¢ for every z=B(x,r).



Froof
Let us take some fixed point yE/\(x) and Y>0 such
that the ball B(y,a(+Y} 1s relatively compact. Let

(s, be a sequence of non—-negative numbers such tnat

Sy T3 20 and u(sn,x) -—> ¥ as n —> 0o

Then we have

(4.4.4) p(nis,, »yy)<et+ %Y

for n sufficiently large.

On the other hand, by weak oO{- semi— stability of
' we can find rz0 such that for every z=B(x,r)
there i1s u=Ry, for which
pin{t+u,x), w(t+u,z)) <+ %Y for tz0
S0 for z=B(x,r) and n sufficiently large we have by
relation (4.1.12)i{b) and remark (4.4.2) that
{4.4.9) piuis,, %), n(s,, z)) <ol+ %V.
From implications (4.4.4) and (4.4.5) we get that
(s, ,2) € Bly,d+Y) for zeB(x,r) and n
sufficiently large. Therefore we may assume without
loss of generality the sequence fu(s ,z)} is
convergent and the limit belongs to Alz). SoN z) #¢,
and this completes the proof.

We shall state the corollary teo the above

theorem.

Cornllary 4.4.6

1f uw” o~ semi-stable, A(x) ## and X satisfies
comp{X ) at every point of/\;x), then there is r>0

such that/\(z) #p for every z€B(x,r).

e



Fraoof

By applying remark (4.4.2) the statement of the
corollary will become the statement of theorem
{(4.4.3) and the proof 1s implied.

So far 1in this section we have been making use of
the conditions cnmpﬁi) in our discussions with regard
ke the connections between weak stability and the
empltiness of some limit sets. However, the assertion
will still hold 1f we assume a weaker compactiness
condition for the space X. Hence have the following
theorem, which does not make use of weakg/-semi-
stability condition but of weak semi—stability.

Theorem 4.4.7

Assume that X 1s locally compact and suppose that
xEX  is such that A(x)¥p. If " is weak semi-stable

then there is r>0 such that A(z)#g for z=B(x,r).

Froof
Let X be locally compact and (xn) and (y.,) be
sequences such that such that oy ————2> % and Yo ——
y. Since A(x) ## , we consider some fixed ye /\(x)

and &£>0 such that B(y,8) 1s compact.

Let (s.) be a sequence of non—negative numbers

n

such that s, —=> 00 and n(s,,x) —=>y as n-——> 00,

Then there is a number keN such that
(4.4.8) pin(s,,x), y) < & for nzk.
By weak semi-stability of n*, we can find rz0 such

that for every z=B(x,r) there exists usRy for which

vy s
Wt



pi{a{t+u,x), n(t+u,z)) < = for tz0.

Therefore by relation (4.1.12}(b) and remark
(4.4.2) when o = 0, we have

(4.4.9) Plnls,,x), nis,,z)) < €

for z=R (x,r) and nzk.

Then relations (4.4.8) and (4.4.9) imply that
nis,., z)EB(x,8) and without loss of generality we
may assume that (m(s .»)) converges, and the 1limit
belongs to A(z). So Afz) #p.

Remark 4.4.10

Ey remark (4.3.38) 1in the place of local
compactness, X can be assumed to satisfy the
condition Comp (of].

We state the following corollary to the above
theorem.

Corpllary 4.35.11

"

iIf X is locally compact, n" is semi-stable and

A x)  #g, then there exists r>0 such that A(z)#g

for z€ B(x,r).
Froof

By making use of the fact that semi-stability
implies weak semi—-stability we shall obtain the
statement aof theorem (4.4.7), and the proof the
coroliary 1s implied.

in this section we shall make some observations
about the regularity of the mapping (4.3.1) 1f n is

continuous. We begin with the following defintion.



every n, and u[tnk,xn) ~=> ¥Yn @5 k =—=>00 for every
ne.

We have from relation (4.5.7) that p(x a,x) -—>0
as n ——> 00, and from relation (4.5.8) that
piu(t?, %)y y)—=30 ask k-——> 00. By relation
(4.5.10) we can find a strictly increasing sequence
of positive integers (k,) such that n = t"'kn for
every n. Then 1t follows that for every neEN there is
pin}eEN such that p(u(tnk, Xn) < 1, n=1,2,...n

P n

Without loss of generality we may assume that n =
pinjipin+l) for n = 1,2 veus
This gives pin) =-=> 00 n =-==> 00. Now put
st =tV ,ine® 142,000 . We have

P

(4.5.11) Spy =2 00 as n —=> Q0.

and pﬁ(sn,xn},yn) < % for every n.
n

This gives

(4.5.12) pinis,, xn), Yn) ——> 0 as n ——> 00.

And by the fact that P(Ys¥p) —> 0 as n —=> 00 we get
from relation (4.5.12) that

(4.5.13) p(w(s,,x,)s ¥) —> O.

Mow by relations (4.5.5) and (4.5.46), let =>0 be
arbitiarly fixed, and let >0 and u=Ry be chosen in
such a way that i1f z=B(x,8§) then
(4.5.14) pin(tyz), mi(x)) < % for t 2z u.

x

Now let n” €N be such that

(4.5.15) plx,sx) < & for n>n¥,

(4.5.16) u < s, for n>n*



and
x

pimis,, %)y ¥) < %€ for n > n

(4.5.17)
(4.5.16)

By making use of implications (4.5.15),

and (4.5.14) we obtain
(4.5.18)  p(n(s,,%,)s n(x)) < %= for n>n¥*, and

there exists wen(x) such that

(4.5.19) PIN(S,4a1s ¥nger), W) < %e

From triang&! inequality we have

P(7,w) = ply,n(s,,x,)) + plmis, 4%} u(sn'+1,
o - *

xPx+1)) * pln(Syy 4, Xnk+1) T W)

This implies

= %he+pe

That is piy.w) < =,
(4.5.20) B(y,w) n nix) ¥ .
Since i1mplication (4.5.20) holds true for every
=20, we have the assertion that ysw(x).
The second lemma depends on the motion through
the poinbk x.
Lemma 4.5.71
Let x=X be such that n" is continucus. If (%)
and (y.) satisfy relations (4.5.7) and (4.5.8), and
(4.5.22) w YnEfw(x, ),
then yeﬁTE;T
Proof

For every n there 1s a sequence (t,) such that y

n(t ,»x). There are two possibilities;

) convergent to

(1) (£ ) contains a subsequence (tp
n

x
some t° ER,
{(2Z) (¢ contains a subsequence (t_ ) tending to

n

-~

n?d



infinity.
In the Tirst case we nave, by relation (4.5.8),
and continuity of n” that

¥ = lam n(tp a¥) = n(t*,x) =qx)
N—» o0 n

In the second case we obtain y = lim (tq » %) & AEX)
n
The two cases imply that, everywhere,

(4.5.23)y en(x) UAMor yen(x)

Remark 4.5.24

The continuity of n* and the statement of Lemma
(4.5.21) can be connected with definition (4.2.7) in
the following manner.

By continuity of n* we have that nix) is
continuous, hence lim n(x,) = n(x). Then yee4n({x) can
be replaced by p(y.n(x)) = 0 (or that there exists
fxni in mix) such that Xy ===> Y.

Since mix) = n(:IJA(%), we can have
%Egzgtn,x)z 7EAlx) so that p(y,N(x)) = O.

Therefore we can make the following definition:

The mapping » —->/A(x) is said to be upper semi-
continuous at the point x if and only if x X,

X ==> %3 ¥n SAx,), Yo T2 ¥y and p(y ANQ) ——> ©
We have been considering the semi-stability of

the motion n”

« The semi-stability of sets will now be
considered in its own merit. Before then, we givep

the following relevant definition.



Definition 4.5.25

A set M 1s semi-stable if and only if for every
%% M and every €30 there are &>0 and u=R, such that

if zeB({x,8) then pin{t,z), M) < & for tzu.

HRemark 4.5.26

IfT x=n(x), condition (4.5.3) is satisfied if the
trajectory mni(x) 1s semi-stable 1in the sense of
definition (4.5.25). The converse is not true in
general .

In view of definition (4.5.25) and remark
(4.5.26) we state the following propostion.

Proposition 4.5,.27

If for every t the mapping wy is open then for

A
M= mnm(x), relation (4.5.5) implies definition (4.5.25).

Froof

Assume that the condition (4.5.5) 1s true. Since
for each =€X, w(t,x) € mi{x), it follows that
n(x}=(ut(x)=tER) forms on open subsét of X. Therefore by
setting M = w(x) we have p(n(t,x),M) <€ for tiu.which
is definition (4.5.25).

We state the Tollowing corollary.

Corollary 4.5.28

If (X, R; w) is a system sﬁch that for every t
the mapping w, is continuous then;

(4.5.29) relation (4.5.5) is fulfilled for n(x) =

&1



n,(x) implies
definition (4.5.25) 1s fulfilled for M =
my(x).
Proof
By definition, m (x) = (m{t,x): tERy). Then usERy
and p(un(tyz), n+(x))< = for tzu and z=B(x,8) bholds,
which 1s what relation (4.5.5) stipulates. Therefore
by proposition (4.5.27), definition (4.35.25) is
csatisfied for M = w (k).

Remark 4.5,.30

By what we established in remark (4.1.5), the two
conditions of relation (4.5.29} hold true 1f (X,R3un)
15 a dynamical system.

The Jollowing proposition will be needed in the

proof of the next theorem that we shall state.

Proposition 4.5.31

If (r,) @Ry wath r, -—>00, then there exist

n
B>0 and n*eN such that w(r,,y) ¢ B{y,B) for n>n*.

Froof

Suppose the contrary. So faor every >0 there is a

subsequence (rnk) of jr,| such that u(rnk,y) € B(y,B)

for every k. Let us take B 1, %, 1/3,.... For every

m we have a subsequence (rg L of (r,) such that

m,
(4.5.32) mir, , ¥) =B (y, 1) , ky m = 1,2,...
mk M =
Now take w1:==r}_kand find w, among members of
b .
the sequence (r_, ), k = 1,3...., 1n such a way

Mgk

that wy < wo. Then we find w= among the members of



the sequence (r z k= 1,2...5 1n such a way that
3

< w=y, and so on.

W I

)
i£Z

we can find w_ among the members of

Having Wh-13 D

Lthe sequence frn 3 k=1,2..., in such a way that
Bk

p-1 < up. By =0 doing we shall obtain the ordering

Nl<wZ < W3 € amm % Np_l, < wp-
By construction, as p —>00 we have wp -—> 00. So

that in general w_ ——> 00 as m——=> 00.

m
The closed ball B(y,l } and the sequence W both

m
depend on m, hence as m ——> 00 the ball becomes

smaller. This means that n(r, , y) cannot belong to

the closed ball B(y, 1 ). This is a contradiction.
m
Hence the proposition is implied.

-

Remark 4.5.33

it
For values of m and k, . the subsequence §rn E
m,

can be shown in a matrix as given below:

r r. - e = 8 = r

nb ; n 42 K 5
- r i e P
M M "3, )
r r e i P

qﬂ! qﬂﬁ nh

Since we are starting from the first entryfrn i
(N

p's

is the set of the diagonal elements of the matrix.

for wvalues of m and k, a possible selection of w

fhe double sequence in  the main diagonal will

converqge uwunder the condition that the sequences

forming each row and column converge respectively.
The following theorem combines lemma (5.4.3) with

local compactness of X to investigate the reqularity



of the mapping (4.3.1.) on the dynamical semi-system
(XyRy m).

Theorem 4.5.354

Assume that X 1s locally compact and (X,Ry;, n) 1is
a dynamical semi-system. Let x=X be such that the
condition (4.5.5) holds true, and morever,
for every =£>r0 there is >0 such that for
{(4.5.355) every zEB(x,8) and every tERy there 1s u=Ry
for which p{n{t+u,x), nwit+u,z)) < =.

IfT (% 15 a sequence of elements of X such that =x

n? n
== % as n =——=> 00
/\(xn) = {y,) for every n,
and Yo =2 ¥ as n —> 00
then yE/\(x}.
Proof
By wvirtue of lemma (4.5.3) we have that yen(x),
and so
(4.5.36) yETL %) v/\(x).
We have to prove that ye N(x). Assume the
contrary. Then
(4.5.37)  ye nioN Alx)
Since yéTﬂX),there 1s s=Ry such that
(4.5.38) vy = m(s,x)
From the scheme of proof of theorem (4.3.2) we recall
the followings;
(4.5.729) the statement that y =A(x ) means for every
meEN there 1s a sequence (tmk), k=1,2,..., such that

t'“k -—=2> 00 as m —=> 00 for every m.

G4



(4.5.40) Tfrom the sequence (tmk), k= 1,2:cenvays wWa

constructed a sequence (s,) such that for n -——> 00

Bn =2 00, \'I{Snxn) ===> vy and p{nfsn,xn,’ yv) ==>0.
Let Y>>0 be such that B(y.,Y) 1is relatively

compact. By proposition (4.5.31), let B0 and ny be

Such *{\c\t*-

such-—that (4.5.41) n(s,,y) 5( B(y.B] for n>n,

Let us put
(4.5.42) M= min (%B,Y)

By wvirtue of implication (4.5.35) we have that
(4.5.43) there is 620 (chosen for == %B) such that
for every z=B(x,6) and teERy there is usRy for which
p (m{t+u,x), m(t+u,z2)) < %B.
Now choose Nno such that
(4.5.44) n® Bl(x,8) for nin,.
Since (y.) tends to y, there is N% such that
{(4.5.45) ¥ 8 B(y,q ) for nins.
Now put
(4.5.48) n*: = max (Nng.no, nx)
and fix some m=m* greater than n*. From relations
(4.5.41) to (4.5.46) it follows that
(4.5.47) m(s;,y) £ B(y,B) for n>n*
(4.5.48) x u%= B(x,8)
(4.5.49) yu# Bly,") (since m*>n¥)
According to implication (4.5.39) we have
ym: = lim uitm*k, xm:} . tm*k -=> 00 as k — —=> Q0
and so there is k¥ such that
(8.5.50) w(t™,, g € Bly,M) for k>k¥* (recall

m‘>n‘)



¥
tm

K%
and choose q; in such a way that

{4.5.51) ry: = gy = n¥+1
(4.3.52) p(ﬂ(sm,+r1+s+q1, xm), u(sm1+r1 +5+q1,x))< %Bs
such a q; exists because of implication
(4.5.35) when applied to = = %B, and t=s +r +s,{ u=qy)
1

Now we take an integer ko, my  such that
tm* Mep 993

K 5' 1
Fut

mE

and fand m, > m; such that
(4.5.04) 5ma? Sptrivag
We can find g, such that q,-q; and
(4.5.55) p(n(sm;r2+5+q2,xm*), u(sﬂ:r2+5+q2)) < %B
Generally, if o kp, "o and qp are defined, we
choose mg,, in such a way that my+y 7 Mg and
SmP; 5p+rp+qp and kp+1 such that
kp+1 > "y and tm*k*+k > a, and define
. o~ 4 MmE
Fp+1® = Y gk

Pt
and finally choose Ap+1 such that Ap+1 2 ap and

P(u(sm;:p+l+s+qp+1,xmt), u(sm;;p+1+5+qp+1, x)) < %B.
Futting

(4.5.56) wp. = smP+ rp + 5 + qp,
We get a sequence (wp) such that

(4.5.57) W -=> Q0 as p ——=> 00

(4.5.58) p(n(wp,xm*), n(wp, %)) < %B, p=1,2,...



fiis implies that
1’405.59} “twp, xm‘:' 3 B(",'Tl’ for p=1’2’-0--
Un the otner hand, putting for simplicity
(4.0.60) v,z = t;‘*, p=1,25...
we obtain
14.5.61) Vp 7 00 as p —=2> 00

and

(4.5.62) m(Vgs %gy) = Bly, M), p = 1,2,...

From relations (4.5.57) and (4.5.61) i1t follows that
we may assume without loss of generality that

The mapping mn is continous, so that because of

p=1,2’-..

relations (4.5.59), (4.5.62) and (4.5.63%) we can find

&
for every fixed p a real number c_ such that (4.5.64)

P

Wp - CIJ < Vp+1

and

(4.3.65) nlcy,nug) =By, ).

It 15 clear that by relation (4.5.64), for

b=

p——=> 00 we have (4.3.66) Co —3 00,

And by relation (4.5.42) we have MY, and then
Wy, C Biy,W). Therefore, by compactness of

B(y,Y) we may assume without loss of generality that

the sequence in{c ‘)i 1s convergent to some

P m
y¥e 3B(y, "M ).Relation (4.5.66) however, implies that
ytE/\(x"F}. So that by virtue of the assumption
that (y,) = /A(x,) in the hypothesis,

(4.5.67) ¥ =y,

o/



This 1is a contradiction to the implication

(4.5.49). Thus relation (4.5.37) cannot hold. Hence

ye/\(x).

Remark 4.5.468

1t is plausible to have represented

-
Fp+ri = ©px * kp;|
because as p ——>00, kp -—> 00 and kp+1 -=2> 00
so that k*+ap+1 ——» 00. and by the implication
(4.5.39) we have that ™ .. -=> 00 as p —--> 00

P

Remark 4.5.589

In relation (4.5.59) we have that m(wp,xgy) #B(y.v )
for p = 1,2,.... because by definition 41: = min (%B3;Y)
and 1n remark (4.9.68) we have
p(u(wp,xm*), u%, %)) < %B for p = 1,250
Hence u{wp, Mag) ¥ 5?;::{} for p=1,2,...

On the other hand we have 1n the relation

(4.5.50) that wit™ ., x 4) € Bly,n ) for k>k*. So

that for any k=p and m* b nt uttm*p, Xnk) = B(y,‘q )

Tor p = 1325e5ss

Remark 4.5.70

However, 1t X 1is not locally compact, in theorem
(4.5.34) the statement that/\jxn) = (y,)s» for every
n, may not be true and relation (4.5.47) will not
hold. But conditions like those in lemma (4.5.21),
implication (4.5.39) and relation (4.5.42) will be

satisfied.

(ST



But 1f X 1s relatively compact at each point xgX,
the theorem will hold. This is vecause the closure of
any tewghbourhood relative 1o each point xnf 1s
compaci.

As  an  analogy to theorem (4.5.34) we have the
following theorem.

Theorem 4,.5.71

Assume that X 1s locally compact, (X RgzTF) 15 a
dynamical semi-system, and xaX is such that the
implication (4.5.5) and implication (4.5.35) are
satisfied, and

There 15 a neighbourhocod V of x such that
(4.5.72) for every z@¥ the limit set /\(z) has exactly
one element.
Then A(x) has exactly one element and the mapping
(4.5.73) Vay —=> L(y) €X,
where L(y}) denoles the unigue element of j\(y), is
coniinuous at x.
Proof

Let CL(X}) denote the class of all closed subsets
of X. First we shall prove that the mapping
(4.5.74) X3y ——=>/\(y) & CL(X)

15 upper semi-contipuous at x. Let (x"} and [yn) be
such that x  -=> x, y  ==. y and y, ﬁj\{xn).

For n sufficiently large we have/\(xn) = (yy) for
infinitely many n, OR ynsﬁ\(x) for infinitely many n.
{the second case appears when x_. = x for infinitely

n

ay



many nj.

In the first case we shall apply theorem (4.5.34)
for the subsequence (y ) of those members of (yy)
such that Alx,) = (y,) for every n. So that
Yn —=7 y implies ygfNx).

In the second case we shall obtain y€A(x)
directly since y is the limit of the sequence (y.)
which are elements ofA(x). Thus y Q/\(x) in each
case.

Now we shall prove that/N@:) has exactly one
element. Since/\(x) 1is non-empty 1t is enough to show
lh.‘ll/\{x) has at most one element.

Suppose the contrary, and let z,w be two distinct
elements qu(x). e putgd= p (z,w) and 29 = 073,
Take £ so small that the balls B(z,&) and B{(w,g) are
relatively compact. There are two sequences (t ) and
(s,) such that t, -=> 00, s, —=> 00, qF{t,,x) —-> z
and gr(s, ., x} —=> w. Then
(4.5.75) p( L, ,x), 2)</2 and p(Ts, s x),s W) < ‘/2
for n sufficiently large.

On the other hand there 1s &0 such that for
yoN MxF,  ply,x) < & and by implication (4.5.35) we
have p(Tt,x), Tit,y)) < &2 TFor 20, and in
particuiar for every n,p(it, , y),y(t, ,x))<&2 and
pimis,s¥)s s,.x)) < &2. Thus by implication
(4.5.75) and triangle inequality we have

P E,s 7}y 2) < B and piffis,s y)s w) < &
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Since B(z,£€) and B(w,8) are compaclt we may assume

without loss of generaliily thal the sequences (qit,,
y)) end (Js,, y)) are convergent. The limits of
these sequences are z and w respectively and belong
to Alx). Hence z=w. This is in view of the fact that
X 15 a metric space and the limit 1f 1t exists is
unique. This contradicts the fact that plz,w) >0.
Hence)\(:] has exactly one element.

In order to finish the proof we observe that the upper
semi-continuily of a set-valued mapping which takes values
being one-element sets 1s equivalent to the usual
continuity of the induced single-valued mapping. So the
upper semi-continuitly of the map (4.5.74) implies the
continuity of the function (4.5.73). This completes the
proof.

We state the next corollary.

Corollary 4.5.76

If X 1s locally compact, (X,R*, 1p is a dynamical
seni—systea,]ﬂxl 1s semi-stable, ﬂ’ 15 weakly semi-stable
and relation (4.5.72) 1is satisfied. Then the mapping
(4.5.74) is continuous at x.

Proof

To prove the corollary is suffices to show that the
semi-stability of Jix), for xgX, 1s equivalent to relation
(4.5.5) and 7™ is weakly semi-stable corresponds to the
implication (4.5.3%5).

In the sense of definition (4.5.23) and remark (4.5.26)



Tix) 1s semi-stable 1f and only 1f for every «x@ffix) and
every &0 there are &0 and u€ky such that if zeB(x,§)
then p(mit,z), Tix)) < g for 1tu, which is relation
(4.5.4.)

Also ﬂ“ 15 weakly semi-stable if and only if for g0
there 15 &>0 such that for every z88(x,&) there 1s u€R,
for which p(Pit+tu,x), JRivu,z)) <& for 120, which is
implication (4.5.35).

Then by theorem (4.5.71), for x&X,/\(x) has exactly one
elemenl and Lthe mapping {4.5.73) is continuous at the
point x. Also, since the mapping (4.5.73) is a single -
valued mapping induced by the mapping (4.5.74) then the
conltinuity of the mapping (4.5.73) implies the continuity
of the mapping (4.5.74).

Remark 4.5.77

In  the proof of corallary (4.5.76) we showed that the
semi-stabilitly of ffix) 1s equivalent to the implication
(4.5.5) and the weak semi-stability of J° is equivalent to
implication (4.5.35).

But implication (4.5.5) does not imply implication
(4.5.3%) and vice versa. Also, semi-stability of g(x) does
not imply weak semi-stability of ﬂ“ and wvice versa.
However, semi-stability of g(x) will be equivalent to the
weak semi-stability of §° if and only 1if Fix) 1is
posiiively stable in the sense of Lyapunov, the mapping 1&
1s open and'H’ 15 weakly positively stable in the Lyapunov

sense. It then means 1hat 1implication (4.5.5) is



equivalent to wmplication (4.5.35).
We shall state and prove the following theorem as an

anaiogy lo leama (4.5.3) and lemma (4.5.21).

Theores 4.%.78

fssume  that (X, R‘,ﬂ) 15 a dypamical semi-system, x@X
15 such that implication (4.5.5) 1s fulfilled. Then the
mapping
(8.5.79) X3y ——> Jly) € CL(X)
15 upper semi-continuous.
Proot

Let (x,) and (y,) such that x, -=> x, y, ==> y and y,
é iﬁ::} for every n. By lemma (4.5.3), there is a
subsequence (yné of(y,} such that ynk(VMxn) and f;ﬁ{:;:

OR by leama (4.5.21), there is a subsequence (y_,) of
{¥n) such that y, € Tx,) and ya]ﬁ. ’

P P

Therefore, y€Jfix) in both cases imply that the mapping

(9.5.79) 15 upper semi - continuous.

Conclusion 4.5.80

This chaplter i1s a further extension of the results
obtained in the last two chapters in the sense that
this chapler deals with the upper semi-continuity and
the continuity of the limit set map. From definition
the limil <el of a point added with the tragectory
passing through that point gives us the closure of the
trajectory passing through that point.

Under sullable assumptions we have shown that if

the motion through a point x i< going to be semi-stable



with Lhe map (4.35.1) being upper semi-continuous we
have shown that the trajectory emanating from a point z
in the neighbourhood of point x approaches the
trajectory originating from point x.

In chapters 1 and 2 we talk of stability of
motions {(irajectories). In this chapter we discussed -
csemi-stab1lily or weak- - semi- stability of motions or
actions. Such theorems 1n this chapter would give
similar results as we have done in chapters 1 and 2 if
&= o.-

Moreover, under suitable assumptions both on X and
the trajectories emanating from the point x€X and
motions through x we have shown that the map (4.3.1) is

continuous.

CONCLUSTONS

In this thesis, we studied the generalization

stability concepts for generalized pseudo-dynamical

syslems. In bthis way some stability properties

solutions of ordinary differential equations without

uniqueness may be generalized as well.

Dther aspects of stability like semi-stability for

generalized pseuwdo-dynamical systems may be investigated

as well. For example, here is a direcl generalization

the concept of semi-stability with respect to local

peendo-dynamical sysiems;
*# set M is said to be semi - (L%, e -

stable wilh respect toA if and only if



for each x@l and each A8, there exists

ugl, and there exists BG@(:) such that
Aly) C A for every y€ Nu,z) and every z6H

such that uel, .”

We also studied some results that hold for semi-
stabality and limit setls for motions in metric spaces. The
result can be generalized and extended for Hausdorff

topological spaces satisfying Lhe first axiom of

countabiility.
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