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ABSTRACT

Thi s work presents a survey of recent devel opnents in |inear

programmng. The whole project is divided into four chapters.

Chapter one introduces the forrmulation of the |inear

programm ng problem The graphical nethod is nentioned. Al so

nmentioned is the sinplex method procedure for solving Iinear

pr ogramm ng probl ens.

I n chapter two, the concept of duality is introduced. Proof

of the fundanental theorem of duality and conplenentarity

sl ackness theorem are provided.

In chapter three, the various interior point algorithns

recently devel oped are critically anal yzed.

In chapter four, the boundary behaviour of the interior

point algorithns is discussed.
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INTRODUCTION

Linear programming deals with that class of programming
problems for which all relations amcng the variables are linear.
The relations must be linear both in the constraints and in the
function to be optimized.

The term "Linear" means that all the relations in the
particular problem are linear the and term "Programming" refers
to the process of determining a particular programme or plan of
action.

Interior point algorithms for linear programming usual
update a point X, interior to the feasible polyhedron P, by
moving a straight line in the direction of a vector V(X) defined
at X. The new point depends of course not only on the direction
of V(X) but also on the step size «(x) which is assigned at X.
Thus the new point can be represerted in the form X' = X + o(X)
V(X) where o(X) denotes a real number that determines the step
size. For a problem in the minimization form the new point has
the form X - «({X) V(X) where «{X} is positive.

There is a great variety of derivations of the different
interior point algorithms. Originally, these algorithms were
designed to apply to various different forms of 1linear
programming problems. But when they are adapted to the standard
form linear programming problem, most of them have the common
property that the search direction along which new interior
feasible soluticns are generated from a current feasible solution
xéR“ is composed of the two diraction XPXC (steepest descent
direction) for the objective function in the transformed space

and XPc (centering direction)}, where X is a diagonal matrix; P

*13



is an orthogonal projection matrix and e is a vector of 1’'s.
This observation by Todd is due to Gonzaga ({15]. See also
Mitchell and Todd [31], Kojima, Mizuno and Yoshise [22].

In general, projective methods require 0(nkL’) iterations and
path following methods 0{v/nL‘) iterations to solve a problem with
n variables and integer data with input length L’. Affine
methods in their original form are not believed to be
polynomially bounded, Todd [37]. BEach iteration requires 0{(n®)
arithmetic operations to solve a linear system of equations, in
the basic methods. But, modified wversions of the algorithm use
a trick due to Karmarkar that needs only 0(n%*?) arithmetic
operations per iteration on average. Hence, the overall
complexity of the projective method and path following method are
0(n"?L’) and 0{n’L’) respectively. These bounds are however
established in very different ways. Projective method assures
a fixed decrease in Karmarkar’'s potential function at each
iteration by performing line searches. Path following methods
stay close to a central trajectory, while driving the objective
function value to optimal value by measuring the Optimality gap
or duality gap directly. The affine methods use only diagonal
scaling and projected gradient ideas. All the interior point
algorithms continuously extsome vertex and moves from vertex to
vertex improving objective function units it arrives at optimal
vertex, an interior point algorithm starts at an interior point
and goes almost directly to the optimal vertex wmaking a few

corrections to the path.
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Definitions and Preliminaries

We begin this chapter by discussing the basic concepts
and techniques involved in linear programming, that will
facilitate the understanding of the theoretical and
computational aspects of interior point algorithms for linear
programming.

In this write up, we will be maximizing or minimizing the
objective function (Z2) subject to some given constraints.
Whatever case we consider, the same result apply to the other.

General Linear Programming Problem

A linear programming problem consist of a set of
simultaneous linear eguations which represent the conditions
of the problem and a linear function which expresses the
cbjective function of the problem. The linear function which
is to be optimized is called the objective function, while the
conditions of the problem expressed as simultaneous linear
equations (or inequalities) are referred to as constraints.

Note that by optimization we mean maximization or
minization.

A general linear programming problem can be stated as

follows: :
Find real numbers X,, X,, ..., , which optimize the linear
function

4 = C, X +Cp X+ ...+ C, X, R 'S



subject to the constraints

a;, X, + @y, X, + ... + 3, X, (s,=5,2) b,
By Xy * 8y Xy * ...+ By, X, {s,=,2) b,
(2}
A, X, + 8y Xy v ... F Ap X, (s,=,2) by
and non-negativity restrictions
Xx. 20, j=1, 2, ..., n ... {3)

]

where all a;;’s, by;’s and cy’'s are constants and x;’s are
variables.

In the conditions given by (2), there may be any of the
three symbols, =,=, =2,

The function 2 given by (1) 1is called the objective
function and the conditions given by (2} are termed
constraints of the linear programming problem,

We shall always assume that all b, = 0. If any one is
negative, we wmake it positive by multiplying both sides of the
inequality by -1. By this, the ineguality is also reversed.
In matrix notation, the above linear programming problem may
also be stated as follows:

Optimize 2 = C™X

subject to AX (s,=,2)b

X =20
where A = [ayl is an m x n matrix of coefficients
¢ = {¢,, €y ..., €, 1is the price vector X=I[x,,%,,...,%,]

constitutes the decision variables, b = [b,, b,, ..., b,] is



the reguirement vector and 0 is an n-dimensional null vector.

The constraints a;;’s are callec activities. The column vector
formed by the coefficients of ; in the constraint matrix A is

denoted by .

That is o = [au! Bair o0 vy aw3

Than & = {(o,, &, ..., o).

In a general linear programming problem, it is assumed
that the number of rows of the coefficient matrix A is less
than its number of columns.

We next look at some basic definitions connected with the

linear programming problem.

(1) Bagic Solution (BS)

Consider a system AX = b of m equations in n
unknowns (n > m} and rank (A,Db)=m. Then none of the
equations 1s redundant.

If any m x m non-singular submatrix ig chosen from
A and if all the (n-m) variables not associated with the
columns of this matrix are seft equal to zero, the
solution to the resulting system of equations is called
a basic solution. Thus in a basic solution, (n-m)
variables must. vanish.

The m variables associated with the columns of the above
non-singular matrix which may be different from zero are
called basic variables.

If B is the matrix of m linearly independent vectors of



(2)

(3)

(4)

(5)

Let F:k=»
function.

that

A and X, is the vector of corresponding variables (basic
variables) then the basic solution is given by X; = B'b.
A basic sclution is called non-degenerate if none of the
basic variables is zero and degenerate if one or more of
the basic variables are zero.

Feagible Solution (FS)

A feasible solution to a linear programming problem
is any set of values of the variables which satisfies the
set of constraints and the non-negativity restrictions of

the problem.

Bagic Feagible Solution (BFS)

In a linear programming problem, a feasible solution

which is also basic is called a basic feasible solutiocon.

Optimum (or optimal} Solution

A basic feasible solution to a linear programming
problem is said to be an optimal solution if it gives a
maxima or minima of the cbjective function Z2 = C™X.
Jacobian Matrix

Considering all vectors to be column vectors, let
D;,D,,...,D, be the usual parital derivatives. Thus
D, = 6/ X

" be a mapping. We can represent F as a coordinate

In order words, there exist functions £,, ..., £, such



LX)
|29 L A, AT

1)

e view X as a column vector X = (X, X,, ..., X,)7. Let us assume
that the partial derivatives of each function £;(i=1,2,...,m)

exists. We can then form the matrix of partial derivatives.

0, of, 3f,
Xy 9z oAy D (X)) . Doty (X

" iy 3L, oL, DE(X  Dufol D)
. ok 947 0 Xy

where i = 1,2,..., m and j = 1, 2, ..., n

This matrix is called the Jacobian matrix of F, and is denoted

by J.(X). 1In the case of two variables (x,y}, say F(x,y)=(f(x,y},
g(x,y)), then Jacobian matrix is
Af 21
aX 9
X Y) - 7
9F oY
3X oV

{(6) Open Ball
Let Pe® and let a be a number >0. The set of

points X such that |}X-P}| < a is called an open ball of
radius a and centre P.
The set of points X such that [IX-P!! = a is called a

sphere of radius a and centre P.



(7}

(8)

(9}

Byperplane

In B the set of points X=(X,, X, ..., X, satisfy
C,X, + CoX, + ... + cxn = Z {not all €, = 0) defines a
hyperplane for given values of c¢;’s and 2.
Note that, if 2 = 0, then the hyperplane is said to pass
through the origin and its equation is then written as

C,X, + CoX, + ... + C%, =0

or this implies that C is orthogonal to every vector X in
the hyperplane
Interiocr Point

Let SefP" be a set of points. A point P ¢ § is said
to be an interior point ¢f $§ if there exists an open ball
B of positive radius, centred at P and such that B is
contained in S.
A point P {(not necessarily in 8) is called a boundary
point of § if every open ball B centred at P includes a
point of $§ and also a point which is not in S.
If a set contains all its boundary points, then we shall
say that the set is closed.
Finally, & set is said to be bounded if there exists a
number b > 0 such that for every point X of the set, we
have |{X{} s b.
Line Segment in

The line segment joining two given points

X={x ", x,%, ..., %% and X=(x%,x?%,...,x,?), is the



collection of all points X = (x, X, ...,X, where
X=AX,+(1-1}X, for all values of A such that 0 = A = 1.
(10) Extreme Point
A point X in S € R" is called an extreme point if it
cannot be expressed as a convex combination of any two
points of 8. |

{ll) Point-to-Set Mapping
Let X and Y be two sets in R and [® respectively.

If with each element x¢X we associate a subset Fi(x} T Y,
we call this correspondence a point-to-set mapping of

points in X into subsets of Y.

1.3 Convex Sets and their propertiesg

Convex Set o
A subset 8 of R* is called a convex set if the line
segment joining any two peoints X,, X, in S lies in §. In
other words, a subset § of [ is called a convex set if
X,, X, ¢ S implies that
AX, + (1-Ax) X, € § for all A such that 0 s X s 1.
Theorem 1 A hyperplane is a convex set,
Proof Consider the hyperplane,
s = {xeRrle™x = 2}
Let X, and X, be any two points in the hyperplane S,
i.e j
C'X, = 2 and C™X, = 2. |
Now, we consider M>X,+(1-A)}X, which is a convex

combination of X, and X,.



CT(AX, + (1-M)%,) = ACTX, + {1-2) X,
XZ + (1-A)2

1l

- = Z
This implies that AX, + (1-A)X, ¢ S. Hence by

definition, the hyperplane S is a convex set.

Theorem 2 The set of all feasible solutions to a linear

programming problem is a convex set.

Proof Let § be the set of all feasible sclutions to the

linear programming problem

Maximize 2 = CTX

subject to AX = b (4)
Xz 0
Let X,, X, € 8. Then X, and X, are feasgible

solutions to linear programming problem (4) i.e.
AX, s b, X, =0
A¥X, = b, X, =2 0

Now, we consider X = XX, + (1-AM)X,

Then obviously, X = 0,

and

AX = AKX, + (1-M)X,)

}\Axl + (l")\)xg

b + {(1~-M)b

= b
This implies X is a feasible solution.
That is X ¢ 8§,

Hence § 1s a convex set.



Theorem 3
Intersection of any two c¢onvex sets is a convex set.

Proof
Let S, and S, be any two convex sets. We consider SJ br

Let X,, X, € 8, | |8,
=X,, X, € 8, and X,, X, € 5,
i.e

AX, + (1-A)X, € 8, :
AX, + (1-M)X, € S,
“AX, + (1-MX, € 8,118, |

Hence 81I lSz is a convex set.

Theorem 4

Every basic feasible solution to the system AX=b, Xz0 is

an extreme point of the convex set of feasible scolutions and

vice versa.

Theorem 5

If a linear programming problem has at least one feasible
solution then it has at least one basic feasible solution.

Proofs of these theorems can befound in Gupta [16], Hadley

(171,
Theorem 6 (Fundamental theorem of linear programming) . i
If a linear programming problem has an optimal solution,

then at least one basic feasible solution must be optimal.

Proof
Let X" = [x,, X, .. %,) be an optimal feasible solution

to linear programming problem

9



Maximize Z2 = C'™X
subject to AX = b
X=z0
If o, denotes the i*" coluwmn of the matrix A, then

A= {oy, O, ..., O.}.
Let 7Z* = ™" = ¥ ¢, X, be the maximum value of the objective
function corresponding to X'. Without any loss of generality,
we can assume that the first k components of X' are non-zero

and remaining (n-k} are zero. So,

we have

X

Soxpy - b (5

=1

and

_ X

= X . (B)
-1

Now, if a,, o,, ..., 0, are linearly independent, then by

definition X' is a basic feasible solution which is also

optimal. Hence theorem is true in this case.

If o, o, ..., o are linearly dependent, then there
exist scalars A,, A,, ..., A, (not all zero) such that
X
o, M D (D)

10



Now, we assume that at least one A; is positive {(because
if all are negative, then we can multiply (7) by -1 to get

positive A;) .

&] then V> 0O L@

et V = /Bx X,

1438k

Multiplying (7) by 1/V and subtracting from (5}, we get,

\_}:‘ { lz’ 9
i’ (IJ’_—V] Ofl - .b [ ( )
I=1
: A A
i e X—L-{XJ_—--—;,...,Xk——T‘;)D,D....,O oo (10)

is also a solution of the system AX = Db.

_ A
Since V=
Xz
This implies
e
which imples X' z 0.
For at least one 1i,
A _ _ .
V= =2 plies Xy L 0
Xy V

This wmeans that X' cannot have more than (K-1) non-zero

11



components,

21 £ -~ A ; 'Tj: 1 & %
NOW - lz-l f_,l'[x_f_—?-) - %1 Clxi_—V 121 {./1 I

Thus, 2Z' will be the optimal value of the objective function

if and only if 2'=2’,

x
le Ifadadlyify Ch;=0
I=1

rY
Suppose 1f possible Y C#0

=1

£
l.eeither (1) Cyh,; <0
I=1

Now we can find a real number r (negative in case (i) and

positive in case {ii}} such that

x
1?1 Cix;>0 or
k -
i.e 5 G(rA)>0

b
on

This implies

iz



¥ k k
2153(3113+L162}E>2;531}
I~ =

=1

which implies

Cy( Xy )2 (12)

T

=1

e

Multiplying (7} by r and adding to (5), we get

X
Z (X;+ 200y B
=1

This means [x, + YA,, ..., X + T¥h, 0, 0, ..., 0] for all
values of r is also a solution of AX = b,
If we choose r such that

= ¢

61>D

£yl
S22 ¢ pimin
7 3;“(0

-..XI
T] a3

I

then x;, + rA; > 0.
Thus if r lies in the interval given by (13) then the solution
X = [x, + Xy, X, + TA,, ..., X + A, G, G, ..., 0] is also a
feasible scolution to the system.

B = b.

It now follows from (12) that this feasible solution X
gives a value of Z which is greater than the maximum value
which is a contradiction.

Hence we must have

13



ie 2 = 2", This shows that

X! given by (10) is also an optimal solution. Thus we have
derived a new optimal solution containing less number of-non-
zero variables. This solution will be optimal basic feasible
solution if column vectors asscciated to non-zero variables is
new solution are linearly independent. Hence the theorem in
true. If associated column vectors are not linearly
independent, then by repeating the above process, we can get
another optimal basic feasible solution of given system
containing not more than (k-2 non-zero variables.

Continuing this process & finite number of times we will
get an optimal basic feasible solution. This completes the
proof..

Methods of Solving Linear Programming Problem

There are actually a variety of methods of seolving a
linear programming problem. The graphical method is one of
such methods which is used to solve a linear programming
problem involving two variables only.

The simplex method ranks among the Dbest. It was
developed by Dantzig G.B in 1947 which was made available in
1951 as an alternative method for solving linear programming
problems. This method involwves an iterative (step by step)

procedure in which we proceed in systematic steps from an

14



(1}

initial basic feasible solution to other basic feasible

solutions and finally, in a finite number of steps, Lo an

optimal basic feasible sclution, in such a way that the value

of the objective function at each step is better than the one

at the last step. In other words, the simplex algorithm

consists of the following main steps:

(1) Finding a trial basic feasible solution of the linear
programming problem.

{2) Testing whether it is an optimal solution or not.

(3) Improving the first trial basic feasible solution (if it
is not optimal) by a set of rules.

(4) Repeating the steps (2) and (3) till we get an optimal
solution.

The method also indicates whether there is an unbounded
solution of the given linear programming problem. A problem
is said to have an unbounded solution if the objective
function increases or decreases arbitrarily. That is, there
is no finite optimal value of the objective function.

Before we look at the computational procedure of the
simplex algorithm, it is nice we discuss the following:

Slack variableg

If a constraint has a sign =, then in order to make it an
equality, we have to add something positive to the left hand
side. The positive variables which are added to the left hand
side ceonstraints to convert them into equality constraints are

called slack wvariables.

15



(2)

(3)

Surplug variables

If a constraint has a sign =, then in order to make it an
equality, we have to subtract something positive from its left
hand side. The positive variables which are subtracted from
the left hand side constraints to convert them into equations
are called surplug variables.

Artificial variables

In linear programming problems, some constraints may have
the gigns = or = with all b;’s positive. In such problems we
introduce surplus variables in the constraints with signs =
and =. In these problems, we cannot get the starting basic
matrix B = I,. So to avoid this difficulty, we add one more
variable to each other of such constraints. These variables
are called "artificial wvariables".

The artificial variables technique is merely a device to
get the starting basic feasible solution so that we may
proceed with simplex method to get the optimal solution.

When artificial variables are applied to a problem, there
are two techniques to deal with the artificial variables, viz:
{a) Two phase method
(b) The Big M method where M is usually considered to be very

large.

Notations
(1) Let B be an m x n non-singular matrix where column
vectors are linearly independent columns of A. If

columns are dencted by §,, #,,..., B, then B =

16



(v}

(ii)

(iii)

(BIEBZ! L Bm) .

The matrix B is called the basic matrix.

The variables corresponding to 8,, 8,,..., 8, called
basic wvariables are denoted by =z, Xsn.e .o .or X
respectively.

The vector of these m basic variables is denoted by
X5

ie Xg o= [Xp, Xppy o0 Xgal®

where X; = B'b and is called basic feasible solution
of the linear programming problem.

Since B = (B8,, 8,,..., By is a non-singular matrix
of order m x m, and the vector §,, £,,.... B. are
linearly independent, they form the basis of [".
Therefore, each vector in [P can be expressed as a

linear combination of wvectors in B.

Let oy = B3¥a + By + .-+ BuYu
(Br B2 )
vty Yoy
where
Yijr Yair ---+ Yy a¥e scalars required to express o
7=(1,2,...,n) as linear combination of 8,,8,,...,8,.
Yy = Bloy.

Finally, we write

17



E=Cplm=CaXip Cae¥oyt - *lmly

Next, we state a series of theorems which form the core
of the simplex algorithm. The proofs can be found in
Hadley [17], Kanti, Gupta, Man [18}.

Theorem 7 (To determine improved BFS).

Let X, = B”b be a BFS to a linear programming problem with

Z=C,X, as the wvalue of the objective function. If for any
column oy in A but not in B, the condition ¢; - z; > O holds
and if at least one y;; > 0, 1 = 1, 2, ..., m then it is

possible to cobtain a new BFS by replacing one of the columns
in B by «; and if the new value of the objective function is
Z' then Z' 2 Z. If given BFS is non-degnerate then Z' > 2.
Theorem 8 (Optimality Condition) .

Let X, = B'b be the BFS to the linear programming problem

Maximize 2 = C'X

subject to AX = b

Xz 0

and Z2° = CpX, be the value of the objective function for this
BFS5. 1If C;-Z2; s 0 for every column o; in A but not in B, then
Z" is the optimal (maximum) value of the objective function 2

and this BFS X; 1s an optimal BFS.

Theorem 9 (Unbounded Solution)
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If for any BFS to a linear programming problem
Maximize Z = C™X
subject to AX = Db
X = 0,
there are some columns &, in A but not in B for which

C

3

-2,>0and y;; s 0 (i=1, 2, ..., m) then the problem has
an unbounded solution.

Theorem 10 (Min-Max theorem)

The minimization of a function Z = C'X, is equivalent to

the maximization of the negative expression of this

function, -2 = C™X. i.e. Minimize Z = - Maximize (-2).

Computational procedure of the simplex method for the solution of

a maximization linear programming problem

tep 1 If the linear programming problem is minimization one,
convert it into maximization problem using min-max

theorem (10) above.

Step 2 Make all b;’s positive.
Step 3 Convert the constraints into equations by introducing the

non-negative slack or surplus variables. Also introduce
artificial variables in the constraints where surplus
variables are inserted and which do not form the column

of the unit matrix.

Step 4 Find initial starting BFS.
Step 5 Construct a simplex table (see appendix A).

Step 6 Test starting BFS for optimality.

A

(1) If 4; = C; - Z; = 0 for each j, then the solution
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under test is optimal.

(a) If some of A, are zero, then other optimal
solutions exist with the same value of the
objective function Z.

(b) If 4; < 0 for every j, then unique solution
will exist.

(ii) If A, » 0 for any j, then the solution under the

test is not optimal and go to step 7.

Step 7 To Find entering and outgoing vector

The incoming vector will be taken as o, if A =Max 4.
The outgoing vector £, is taken corresponding to that

value of r for which

-~ . ./r A
& ifin E yu>0
fod Yik

Note that if minimum is not unique, solution will be
degenerated.

Step_ 8 If o, be the entering vector and B, be the outgoing
vector, then the element y,, = (¢} is called key element
or pivot element.

1.6 Degeneracy
If for any linear programming problem the choice of

outgoing vector (vector to bes deleted from the basis) is not

unique, that is, if

Nm[-f%; v 0}
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occurs at i = i,, i,, ..., i,, then the next solution may be a
degenerate basic feasible solution. Such a problem is called
the problem of degeneracy in linear programming. Sometimes,
due to presence of degeneracy, the same sequence of simplex
tables are repeated continuously without reaching the optimal
solution. This problem is known as cycling problem.

Conditions for Occurence of degeneracy

(i) Degeneracy may appear in a linear programming prcblem at
the very first iteration when some b, = 0.
{ii) All b;'s are positive but the choice of the vector to be
deleted from the basis 8, at any iteration is not unique.
Resolving Degeneracy
Degeneracy could be resolved in many ways. Sometimes, the
degeneracy can be handled by simply ignoring it and going
further as usual. The problem here is that getting an optimal
solution without cycling cannot be guaranteed. Other methods
of resolving degeneracy are
(i) Charne’s perturbation method

(1i) Generalized simplex method.
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(i} Charne’'s Perturbation Method

We consider a linear programming problem:

i Maximize Z = C'X
-i-l subject to AX = b - o1y
X < o,
Let B = (8,,8,,....8,) be the basis at any iteration and
the choice of outgoing vector is not unigue. Then the

solution at thig iteration will be
Xy = B'b S o ... (15)
We replace b =z 0 by ble) given by

ble)=b e L (16)
- Dy 71 . .
.
where - _ ?
/] _
S wsed
1
is a polynomial in ¢ with vector coefficients of ;. The
number ¢ is taken to be positive and very small. If ¢, is

the maximum value of €, then we may assume 0 < € < €.

| Thugs the new perturbed linear programming problem is
given by S
- Maximize 2 = C'X o

subject to BX = b{e¢) - ."...(17)
X = 0,
Now, in order to solve linear programming problem (14),
1
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we first of all soclve perturbed linear programming problem
{17) and then put €=0 in the final solution of (17) to get the
solution of linear programming problem {(14). |

If X,{€}) is the basic feasible solution corresponding tol

the basis ¢f problem {(17), then

Iy
B+ el
7T

K€ )=F-

P
18 X e )= BAeS Bloge =Xy ved ... (18)
1

Since B! a; = Y

' n
‘X—Bi I:E, )' ;¥;91+Z _I-'}-_,-CJ . (19)
F1

i=1, ..., m
Now if non of the x;; 1s zero then ¢ can be chosen small
enough sc that x,,{¢} > 0 for 1 = 1, 2, ..., m. On the other
hand if X;, = 0 for some i, then in order to make Xg {€¢} non-
degenerate, we will rearrange the simplex table as follows:
We first write unit vectors and then the other vectors.
If Y, Y,, ..., Y, denote the cclumns of newly arranged tableau

then we have

Yi=g. =3, . =g

where e; is the unit vector having unity at the i* place.
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F
2 A
“ XD BTy Fhed
F1 FBL
. R X
1.& Xg(e)-Xgrel+ o 3i5ed oo (21)

where y,;; is the component of new Yj.
Now it follows from (21) that even if x, = 0, % {€)>0,
i=1,2,..., m which is non-degenerate basic feasible solution.

Computational Procedure

If o, is the vector entering the basis and

mn{ 28y al

< I

ig not unique, then the following procedure is adopted.

Step 1
Renumber the columns of the simplex tableau starting with

columns in the basis.

Step 2

Ir Ilm[ -ﬁf"": . Vg Cl} ooeursat
Yir
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i=1i,, i,, ..., i,, then put
I, = {i,,i,,...,4.}

and compute

Y1k

Min 2B Yip> Ol

e Ij_

If this minimum is unique, then delete the corresponding
vector from the basis, otherwise go to step 3.
Step 3 Compute

| X
il 28 vu> D]
| }ix )

where I, is the set of all thosgse wvalues ie¢I, for which there
is a tie in step 2. Obviously I, ¢ 1,.

If this minimum is unigue then delete the corresponding
vector from the basis, otherwise go to step 4.

Step 4 Compute

ol A g
ggé?FEk'}ié>D]

where I, is the set of those values ieI, for which there is a

tie in step 3. Clearly I.,=I,c1,.
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Continuing in this way, we shall get unique vector to be

deleted from the basis.

For details about the Generalized Simplex Method, see
|

Dantzig [6}].



CHAPTER TWO

Duality in Linear Programming

Introduction

The fundamental notion of duality in linear programming
was introduced by Von J. Neumann (in a conversation with
Dantzig in October 1947) and appeared implicitly in a working
paper he wrote few weeks later. Subsequently, Gale, Kuhn and
Tucker formulated explicit duality theorems which they proved
using the classical lemma of Farkas.

A gystematic presentation of theoretical properties of
dual linear programs can also be found in Goldman and Tucker
[14] and Gale [12].

Every 1linear programming problem is associated with
another linear programming problem called the dual of the
problem. The original problem is called "primal" while the
other is called its "dual". If the optimal solution of either
problem (primal or its dual) is known, then the optimal
solution of the other is also available and the values of the
two objective functions (2, and Z,) are equal.

Symmetric Dual Problems

There 1is a symmetric relation between a dual and its
primal.
Consider a linear programming problem stated as follows:

Find real numbers x,, X,, ..., X, which
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Maximize 2z, = C'X.
subject to AX = b

n = 0.

The dual of the above linear programming problem is

obtained by

(i)

(i1}

(iid)

(iv)

TranSpoéing the c¢onstraint matrix

Interchanging the role of the components of the
requirement vector and the ccoefficient of the
decisgion variables in the objective function of the
primal problem.

Reverting the inequalities.

Minimizing the c¢bjective function instead of

maximizing it.

In matrix notation, the above linear programming problem

and its dual can be written as follows:

Find a column vector 3, which

Maximize Z, = C'X
subject to X =« b e (22)

o= 0 and

Find a ceolumn vector w, which

Minimize Z, = b'w
subject to ATw =2 C cee (23)

w oz O regpectively.

where w = [w,, w,, ..., w,] ¢ ", A is an m x n matrix,

pef™, ceRe.
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2.3

Unsymmetric Dual Problem

If we have a linear programming problem in standard
form as:
Maximize 2, = C'X
subject to AX = b o {24)
¥z O,
then the dual of this problem (24) can be written as
follows:
Find wel® which
Minimize Z, = b'w
subject to A'w =2 C e (25)
w 1s unrestricted in sign

Dual of a mixed system

If a system consist of a wmixture of equations,
inequalities (in either direction), non negative variables or
unrestricted variables, then the dual of the problem can be
obtained by reducing the problem to the form {22). For this,
the following procedure is adopted.

If a constraint has a sign =, then multiply both sides by -1
and make the sign s.

If a constraint has a sign =, then it is replaced by two
constraints inveolving the inequalities going in opposite

directions.
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For example, an eguation

P
D, FiyXym by
1

is replaced by two constraints {inequalities}

I
v X8 by
%1

and

The second inequality can be written as

Ii
=S &4d,5- by
-;Fri - -

(c) Every unrestricted variable is replaced by the difference of

two positive variables,

Do also note that the dual wvariables which correspend to

primal equality constraints must be unrestricted in sign and

those associated with the primal inequalities must be non-

negative.

A linear programming problem is said to be in standard

primal form if

(i} all the constraints involve the sign = if it is a problem

of maximization or
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{ii) all the constraints involve the sign =z if it is a problem
of minimization.

2.5 Fundamental properties of dual problems

The fundamental properties are in the form of generalized
results as follows:
Theorem 11
The dual of the dual of a given primal problem is the
primal itself,
(Proof can be found in Hadley 17).
Theorem 12
If X is any feasible solution to the primal problem
Maximize 2, = C7X
subject to X < b
=z 0
and w is feasible solution to the dual problem
Minimize Z, = b'w
subject to A'w = C
w =z 20
then C'X = b'w,
Proof
Let X = [x,, %,..., %) and w = [w,, W,, ..., w,] be
feasible solution to the primal problem
Maximize ZD = C'X
subject to X = b ... (26)

o= 0
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and dual problem:

Minimize Z, = b'w
subject to A'w =2 C .27
w =z O
Now, we have AX = b (28)
Also w is a feasible solution to dual problem (27). So on

multiplying both sides of :'28) by w', we get
wi {AX) s {b"w)’
This implies (A™W)}TX s (b'w)” - 129)
Also we have
A'w 2 C Lo (30)
Since X dis a feasible solution to the problem {26}, on
multiplying both sides of 130} by X', we get
XT(A™w) = X°C
ie  XT(WA)T 2 (C"X)T
ie  [(WRAYX]T =2 (C°X)T
ie {(wTa)X = C™X v (31)
Now, from (29) and (31) we have
CX = (A"w)™X s (B"W)7T = b'w

This implies C'™X = bTw.

Theorem 13

If X is a feasible sclution to the primal problem
Maximize 2, = CX
subject to AX s b

=0
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and w is a feasible to the dual problem
Minimize 2, = b'w
subject to A'w 2 C
w oz 0
such that CT = b'w, then X and w are optimal solutions.
{(Proof can be found in Gupta [16], Hadley [17]}.
Theorem 14 (Fundamental duality theorem)

If a finite optimal feasible solution exists for the
primal, then there exists a finite optimal feasible scolution
for the dual and conversely. The values of the two objective
functions are equal.

Proof
We consider a pair of primal-dual problem as follows:

Maximize ZD = (O™

subject to KX = b .. (32)
2= 0
and Minimize Z, = b'w
subject to A'w = C o (33)
waz20
Now, introducing slack vector X, = (X,, X, .. X.,.) the

primal problem (32) can be restated as follows:
Maximize Z, = C'X
subject to X + IX, = b e (34
| X2 0, X, =2 0
Let X; be the finite optimal feasible solution to the primal

problem (32) if B denotes the basis matrix corresponding to
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the feasible sclution X,. Let C; = {Cs, Cus ..., Cgo) be the
vector containing the prices of basic variables. Since X; is
the optimal solution to the primal problem,

C -2, 50

] 3

ie., C, - GY, s 0

C; - CB™' oy s 0 Zor every «; including the surplus
variables
ie., OB o = C | ... (39)
This implies C; B (o, ., ..., o, = (C;, ..., C))
which implies C, B*A = CT ... (38)
Now, 1if we write C,B* = (@)T = [w,,W,,...,w,]T then it

follows from (36) that
(W)™a = CT
ie [(W)TA}T = (CT)T
ie ATH = C
This means ¥ satisfies the constraint of dual problem (33).
We again consider the equation (35) with w; corresponding
to slack variables. So in this case C; = 0. Hence it follows
from (35} that
CeBle; = 0, jo=1,2,...,m
or (Wwy,Wo, ..., W, J7 € 2 0
or wy, 2 0
This means W = [w,, W,,..., W, is the feasible solution to the

dual (33).
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- [ (%)™p]7
= (%}
= (Cs B)Db
= C; (B'L)
= CoXs
= 3z

P

Hence it follows that % and X; are feasible solutions of the
dual (33) and the primal (:2) respectively such that
Zo = Zp

Next, we discuss the complementary slackness theorem which is

very important in a dual system.

Theorem 15 (Complementary slackness theorem)

{a)

For the optimal feasible solutions of the primal and dual
systems,

Whenever inequality occurs in the 1i* relation of either
system, 1f the correspond.ng slack or surplus variable is
positive, then the i*" variable of its dual is zero.

If the 3j* variable is positive in either system, the 3
relation of its dual holds as a strict equality (ie. the

corresponding slack or surplus variable w,,; vanishes).

m+3
Alternatively, the above theorem can be stated as follows:
A necessary and sufficient condition for any pair of feasible
solutions to the primal and dual to be optimal is that

W, Xpy = 0 i=121,2,..., m
where Xx,,; is the slack variabkle in the primal and

Xy W

3 I'n+j=0 j=1;2,...,n
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where w,,; is the surplus variable for the dual.
Proof
The primal and dual problems in explicit form after
intreducing the non negative slack variables X.,., Xu.ar - ..

X in primal constraints and introducing non negataive

i+

surplus variables w,,,, Ww.,» ..., W, in the dual constraints

can be written as follows:

Maximize Z, = C'X R
subject to X + IX¥, = b ... (38)
=2 0
Minimize Z, = b™w . (39)
subject to A'™w - Iw, = C ... {40}
w =0
Multiplying equations of (28) by w,, w,, ..., W, respectively

and then adding we have

X X hog
Xy GuWptXg) Sighyt. ...+ Xy W
I1-1 =1 =1
o
-5 by oo (4)
=1

Now, subtracting (41) from {37), we get

ol
1571'21 BuWy| = (0= 2, SudWilg+ o+ (Cam ) B W)
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= A
'gp_> _’5117'1
™
=Z,- Zp L (42)

It now follows from (40} that

I
o

Vy ... (43)

L

L)
[
[

-,

__ij.. -

b
]
iy

Using (43) in (42), we have

“{Wp X, ot Weey X ...+ Wy X0}
- (wl Xm-l + wz xn+2 + ...t wm xm—m) = Zp-ZD et (44}
If X° = (x*,,x*,,...,x*) and w* = (w*, ,w¥,, ..., w*.) be the

optimal solutions to the primal and dual problems with
objective function values 2°, and 27, respectively, then it
follows from fundamental theorem on duality that

AP A .. {45)
and we get

( O WEMIEIK 4, pWE

WrMux 1+ ) + (w‘*l X-".1\1-1""‘\7-’1.23{*:\1-2"' e +w*nxn+m) =0

m+Nx*mn

Since x*; = 0, w*; = 0, this is possible only when

W¥ o X*, =0 for every 3 = 1,2,..., n ... (46)
wr x* . =0 for every 1 = 1,2,..., n ... (47}
From (47), if x*,, = 0 then we must have w¥, = 0 i.e. if

the slack variable in the i*" relation of the prima is positive
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then the i variable in the dual is zerc. Again from (46},

if w+,, > 0 then we must have x*; = 0 i.e. if the surplus
variable in the j*" relation of the dual is positive then the
j*™ variable of the primal is zero. This proves part {a) of
the theorem,

From (48), if x*; » 0 then w* ,; = 0 i.e. if 3*" variable
in the primal is =0 then j*™ relation in dual is strict
equality (as w*,; = 0). From (47), if w*; > 0 then x*,, = 0
i.e. the i*" relation in the primal is a strict equality {as
x* ,, = 0}. This proves part (b) of the theorem.

The Dual Simplex Algorithm

The dual simplex algorithm was discévered by C.E. Lemke
(23], a student of Charne while applying the simplex method to
the dual of a linear programming problem.

The algorithm starts with an optimal solution ({not
necessarily feasible) and tries to attain feasibility. That
is, it decreases the number of negative variables iteratively.
Computationally, let the primal problem in standard form be
written as

Maximize Z, = C'X
subject to IX = b ... (48)
ez 0
and its dual as
Minimize Z, = b'w o (49)
subject to A'w =2 C

w; unrestricted in sign.
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After introducing the surplus variables to the problem
(49), it can be restated in the form used in the application
of the simplex method as follows:

Minimize Z, = b'w

subject to A'w - Iw, = C ... (50}
w, =2 0
where w, = [w,,, W,, ..., W.] 1is the column vector of surplus

variables.
Let X be any solution (not necessarily feasible} to AX = b and
let w be any soluton to the dual.
Then from (50}, we have
XTaTw - X'w, = X'C ... {51)
If X'w, = 0 then from {51) we have
X' A'w = X'C
(AX)™w = X'C
bTw = X'C
Then for any sclution to the primal and any solution to
the dual, the objective functions for both problems are equal
if X'w, = 0.
Interatively, the dual simplex algorithm operates as follows:
Step 1
Convert the minimization linear programming problem into
that of maximization 1if 1t 1is in the wminimization form.
Convert the = type inequalities, representing the constraints
of the given linear programming problem if any, into s type by

multiplying the corresponding constraints by -1.
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Step 2

Introduce slack variables in the constraints of the given
problem and obtain an initial basic feasible solution. Put
this solution in the starting dual simplex table. The dual
simplex table is similar to the simplex method table.

Step 3

Test the nature of 4, = C; - Z; in the starting simplex
table. ie.

(1) if all €, - Z; = 2 for every J and all x§, are non-
negative for all i, then an optimal basic feasible
solution has been obtained.

{(ii) If 4; = 0 for =2very j and at least one basic
variable, say X, 1s negative then go to step 4.
Step 4
Select the most negative of x,,’s. The corresponding

basis vector then leaves th=2 basis set Y,. Let x; be the most

negative basic variable sco that y, leaves Y.

Step 5
Test the nature of Y., j=1 2,...,n.

(i} If all Y,; are non-nejative, there does not exist any
feasible solution to the given problem.

{ii) If at least one y,; is negative, compute the replacement
ratios.

Leaving vector

Vi = Min {x,, X, < 0} = key row.

Entering vector
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" AL

- /1] - ~ Key column.
*x f:{m{ elenents of key row e

Step 6

Test the new iterated dual simplex table for optimality.
Repeat the procedure until either an optimum feasible
soclution has been obtained (in a finite number of steps) or
there is an indication of the non existence of a feasible
solution.
Note that the sole advantage of the dual simplex algorithm
over the simplex method of solving a linear programming
problem is that, here we do not require any artificial
variables. Hence much labour is saved whenever this method is
applicable.

The Primal Dual Algorithm

The primal dual algorithm works simultaneously on the
primal and dual problems. It operates as follows:
{a) We start with a solution to the dual problem. That is,
we first of all determine an initial dual solution.
{b) We then proceed to find an infeasible solution to the

primal problem such that the theorem of complementary

slackness remains satisfied. The procedure 1is as
follows:
{1) We associate with the initial dual solution a

restricted primal problem which 1is deduced
from the original primal by zeroing certain

variables to satisfy the complementary
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(ii)

(ii1)

slackness theorem and by replacing the
original linear form by the sum of artificial
variables.

We maximiz:z the sum of the artificial
variables by using simplex algorithm.

In case the optimal solution thus cbtained is
not optimal solution of the original primal,
then we determine a new dual solution and

apply step 1) and (1ii).

Determining initial dual golution

We consider a palir of primal dual problems (53} and (54)

as follows:

Maximize Z, = C;x, + Cux, + ... + CX%,

subject to AX = Db ... (53)
X =z0

Minimize Z, = b,w, + b,v, + ... + bwm

subject to A'w =2 C ... (54)

Beale [5] suggested a very simple modification of the

primal problem

dual problem.

{(53)

which provides an immediate solution to the

The procedure is as follow:

Introducing an additional constraint x +X = X +X;+X,+...+X,=b,

n

in the given primal (53), we obtain the following new primal

called the modifed primal problem.

Maximize Z, = 0x, + C;x, + ... + Cx, = {(0,C).[x,, X]

I

subject to x, + X = b,

42



Ax = Db

[%¥,,X] =z O
Here, it is assumed that the new constraint b, have
arbitrarily large value,

Now, (55) can also be written as

Maximize 2, = CTX

: 111X 8o
subject L {U A] XJ b}
[x.,, X] = O

The dual of the modified primal (55) or (56) called the

modified dual is as follows:

Minimize Z, = bw. + b'™w = bw, + b,w,+...+bw,
L ol o
:ubjECC w:{l A}{ Iy [A oo (BB

which can also be written as

l.w, + 0w, + O0.w, + ... + 0.w, 2 0
l.w, + a,;,.Ww, + a,,.W, + ... + a,.w, = ¢,
5 5 : : (57)
LW, + &,,.W, + 8,,.W, + ... + a,,.w, =2 C,
where w,, w,, ..., W, are unrestricted in sign and by virtue of
the first constraint in (57). {(57) dimplies w, = 0, then
modified dual reduces to original dual problem (54).
Now, we get an immediate solution to the dual (57) as
w, =Max{0,C;}, w=0 i.e. w,,=w,=...=w, = 0 Jj=1,2,...,n ...(58)
To solve (57) we add surplus variables w,, j=1,2,..., n to the
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congtraints of {$7) and then the resulting problem is

Minimize 2, = bw, + byw, + ...+ bw, + 0.w,, + +0.w,,
subject to 1.w, + O.w, + 0.w, + ... + O.w, - W, =0=C,
L.W, + 8y Wy +85, .Wot. .+ - Wy  ~Wy =C, ... {59)
1.w, + a,,.W,+a,, . W,+. . . +&,,.W, -W,,=C,
Wooy W, 2 O
W,, W,, ..., W, are unrestricted in sign.
From (58} and (59), we have
wso = wo = Co
wal = wo - Cl
Waz = wo - CZ
: : : ... (60)
wsn = WO - Cn
The sgolution {(58), 1i¢ the initial dual solution with

which we start the primal Jdual method. Since w, = Max (0,C,)
j=1,2,..., n, it follows that at least one of w,, W,,..., W,
is zero.

From equation (51) in the dual simplex algorithm, we know

that if X'w, = 0 or equiva.ently for dual problems (56) and

(59), if
17 -
X Ws
or X,.W,, + Xw, = 0 N
then Z, = Z, where X is any solution (not necessarily

feasible) to the primal.
If along with the condition (61) [x,, X] is a feasible
solution to the modified primal (55) then [x,,X} is an optimal

feasible solution to the modified primal and [w,,w)] is an
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optimal solution to the modified dual.

If in addition w, = 0, then 2, = C'X = Z, = b'w and from
{61) X'w, = 0. Consequently X is an optimal solution tc the
given primal and w is an optimal solution to the modified
dual. If we get a solution to the modified dual with w, # ©
and a feasible solution to the modified primal such that (61)
is satisfied then it follows that x, = 0 and then
Z, = Zy = bw, + bw.

To determine the restricted primal problem

To solve the wmodified primal problem (56}, we add
artificial wvariables to each of the constraints and assign
price -1 to each artificial wvariable and zero prices
coresponding to every legitimate variable. We thus obtain the

following primal prchlem:

Bx1aIZe 2" = =1y 1Xa Adapt . ~LXgp=-1xy- 1K,
SN N § |2 B R U P e RV
subject Z“-O[O 2 LX] *10 Irj [2{3}- Lb

and [x,, X) =2 0, [%,., X =2 0O

Now, we apply simplex method on the above restricted
primal and go on improving 2" till 2" = 0, which follows that

o = 0 = %0 = .. = X

The criteria for the selection of the entering and
leaving vector will be different from that in the regular
gimplex method. We shall make use of the following notations

as we proceed further.
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(a) (m+1) component legi:imate activity vectors will be
denoted by Y;*' 3 =1, 2, ..., n.

(b) a basis matrix for the constraints will be denoted by B,.

{c} the vector containing the price C'; of the variables in
the basis will be dencted by ;.

(@) 4%y =CYy - 27 =y - OBt o =y - Oy Y

Entering vectors

We know that w, = wmax {0,C;}, w

0 3=1,2,...,n, which
implies that at least one component w,; will be zero. The
vector Y¥,;*' for which the ccrresponding w,; = 0 is taken as the
vectory entering the restricted primal basis.

Leaving vectors

The vector leaving the basis corresponding to the
entering vector ¥, is selected one by one in the same manner
as in phase I of ordinary simplex method.

Improved value of % _and Z°

{a) The new dual solution %, i obtained by using the formula

G, = w, - 6 4"
where
5= a7 pes L (62)
&

Here also, at least one w, will be zero and hence the
corresponding ¥, will be ielected to enter the basis at. the
next iteration.

(b) The improved value of Z" will be obtained by the formula
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2" = Cy XK'V L. 163)
{¢) The value of Z, will be obtained by the formula
Zy = C, 82F
where ¢ and Z° are given by (62) and (63) respectively.

Test of Optimality

The algorithm terminates with one of the following results:
(1) when z° = 0, we get an optimal solution to the
primal and 2, = Z, provided w,, = 0 = w,.
{ii) when 2" = 0 but w, # 0, the primal problem has an
unbounded solution.
(iii) when 2" < 0, & : 0 for all j (at any iteratiom),
the primal have no solution.

For worked examples using this algorithm, see Gupta [16].

See appendix B for the starting table,



INTERIOR POINT ALGORITHMS FOR LINEAR PROGRAMMING

Introduction

Since Karmarkar’s [19] discovery of a polynomial time
interior point algorithm for linear programming in 1984,
the field of interior point methods has been a major area
of research in optimization. The central path concept
first proposed in McLinden [27, 28] and later rediscovered
by Sonnevend [36] in primal setting and Megiddo [29] in
primal dual context has played a major role in the
development of many interior point algorithms for linear
programming. We carefully look at the various interior
point algorithms for linear programming.

Ka rkar’ r tive rescaling algorithm
Introduction

This is a new polynomial-time algorithm for 1linear
programming. It came after the ellipsoid algorithm by
Khachian [20] and is much faster than the ellipsoid
algorithm so long as computation is concerned. With this
algorithm, we prove that given a polytope P and a strictly
interior point a € P, there is a projective transformation
of the space that maps P, a to P’,a. It consists of
repeated application of such projective transformations
each followed by optimization over an inscribed sphere to
create a sequence of points which converge to the optimal
solution.

Now, we informally discuss the main ideas involved in

the algorithm before the algorithm itself.

48



Problem Definitic

Karmarkar’s algorithm works on a linear programming
problem of the form

Minimize CTX

subject to AX = 0 ea. (64)
Ex, = 1 i=1,2,..., n
X =220
where X = {¥%,, X,, ..., X,}" ¢ R*, C ¢ 2", A ¢ 2™ .

This form of the problem is called canonical form
which c¢an be obtained from standard form of linear
programming using projective transformation.

Let Q denote the affine subspace

{X € R: aX = 0}

Let A denote the simplex

(X ¢ B: X 2 0, x; = 1} -
Let P denote the polytope defined by P = Q@ n &.

The problem (64) can again be reduced to the form

Minimize CTX

subject to X € P

Bounds on the objective function

Let a, be a strictly interior point in the polytope P.
Suppose we draw an ellipsoid E with centre a, that is
contained in the polytope and solve the optimization
problem over the restricted region E instead of P. To
derive a bound another ellipsoid E’ 1is created by
magnifying E by a sufficiently large factor v so that E’
contains P.

This implies E € P €E‘; E’ = v E
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Let f£f;, £ f. denote the wminimum values of the

Pt
objective function f{x) on E, P and E’ resgpectively.

£ = £, = £
ie fla,) - £z s fla,) - £ = £{a,) - £; = v[f{a,) - £
The above inequality is as a result of linearity of f(x).
Congidering the last two inegualities
we have

f(ao)—fb‘

=W
f(a,) £,

subtracting both sides from 1, we have

_Mﬁc 1_l
f(a,)-f, v

which implies

j;fgws(l_l)
f(ao)-fb

v
Thus by going from a, to the point a, that minimizes the
objective function f{x)}) over E, we come closer to the
minimum value of the objective function by a factor (1 - v°
‘). The same process could be repeated with a as a centre.
The rate of convergence of this method depends on v which
is equivalent to the dimension of the space. The smaller
the value of v, the faster the convergence,

Projective trangformation

Projective transformation of R" are described by formulae of

the form
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DX +b
£fTx+d

X

where D ¢ R, f,b ¢ R*, d ¢ R and the matrix
D b} .
r is non-singular.
£° d
What we actually require is projective transformation

of the hyperplane I = {X ¢R"!Sx, = 1} which are described

by
X DX
e DX
where e = (1,1,...,1})T and D is a non-singular n x n matrix.

For each interior pocint say a € 4, there is a unigue
projective transformation T(a,a,} of the hyperplane £ moving
a={a,,a,,....a,)7 to the centre

This transformation is thus given by

Dx

XYsT(X) = ——_
) eID"1x



The corresponding matrix D 1is now diagonal. That 1is
D=diagla,,a;, ....,a,) and Tf(a,a,) has the following
properties.

(1) T is one-to-one and wmaps the simplex onto itself. Its

inverse is given by

1

e > "1"}1
7

i=12,2,...,n.
{2) Bach facet of the simplex given by x;, = 0 is mapped
onto the corresponding facet x;' = 0.
(3) Let A; denote the it column of A.
ie. A = [A,A,,...,3)

The system of equations ZA,x; = 0 now becomes

EAI a.[xil =0

> aj";
3

Since

.1

> a f"il

b

X; =

This implies ¥ A' x;' = 0O
where A = aj,;.
We denote the new affine subspace {X'e¢R™|A’X’=0} by Q’.
{4) If a ¢ @ then the centre of the simplex a, € Q.
{5) Image of the point x=a is the centre of the simplex

given by x'=a,.
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Invariant Potential Function

Karmarkar‘s projective rescaling algorithm generates
a sequence of points X' ,X®, .. X% .. having decreasing
values of the objective function. In the k" step, the
point X is brought intoc the centre by a projective
transformation.

Then we optimize the objective function over
intersection of the inscribed ball and the affine subspace
to find the next point X™** ., From previous results, the
objective function is expected to reduce by a factor of (1-
n') at least in each step. Since the set of linear
function is not invariant under projective transformation,
Karmarkar [19] introduced a potential function as the sum
of the logarithms of the ratio of two linear functions
which is invariant under projective transformation in order
to measure the progress of the algorithm.

z cTx
(X) = In|l—1+ k
70 :Z-; ("r)

where k = constant.

The potential function has the following properties:

(1) Any desired amount of reduction in the value of the
objective function can be achieved by sufficient
reduction in the value of g(X).

(2) gi(X) is mapped into a function of the same form by

projective transformation T{(a,a,} described above.
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3.8

(3) Optimization of gi{X) in each step can be done
approximately by optimizing a linear function (but a
different linear function in different steps).

Complexity of the algorithm
The value of the objective function is reduced by a

constant factor 0(n) steps. Asg in the ellipsoid algorithm,

Karmarkar defined

L=log (1+{Dg.l) + log (1 + «)
where D, = Max {|det{X}]: X is a square submatrix of
constraint matrix A}.

o = max {]C’;|, by} 1 =1,2,...,n}.
where C/ = DC. D ¢ R™ ig a diagonal matrix, CeR".

Clearly, L is not greater than the input length

m n im n
"=13" Y log, (|ag,|+1) +1Z-; log, (|b;|+1) +jz; log, (lC;{) +1) +log,mn|+

i=1 j=1

where [.] is a celling function (celling function of a real
number P is the smallest interger greater than or equal to
P) .

It has been c¢laimed in Karmarkar {19] that his

algorithm is better than that of Khachian by a factor of

0(n*°L). This is however based on Khachian’s earlier paper
f20]. But in his revised paper Khachian {21}, the
complexity of his algorithm is given as 0{(n‘L). Thus

theoretically, the improvement of Karmarkar’s algorithm

over Khachian‘s is 0(n'SL).
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3.9 The Main Algorithm

There are some important points we have to note before the

algorithm,

(1} The feasible region is the intersection of an affine

space with a simplex rather than the positive orthant.

(2) The linear system of equations defining Q 1is

homogeneous.

{3) The target minimum value of the objective function is

. Zero.

The algorithm operates in such a way that it generates

a sequence of points X', X%, ...,

steps:

Step 1 Initialize

X% in the following

X' = centre of the simplex = e/n
Step 2

Compute next point in the sequence; X*Y = ¢(X™¥) .
Step 3

Check for infeasibility.

If feasible, go to step 4. If not stop and conclude that

the objective function is strictly positive which implies

the problem is unbounded.
tep 4

Check for optimality.

If optimality is not achieved, go to step 2.

Now, we describe the various steps in details,
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Step 2
Let b = X% and a = X%,
The function b = ¢(a) is defined by the following sequence
of operations:
Let D = diag {(a,,a,,..., &, be a diagonal matrix whose i"
diagonal entry is a;.
Subgtep 1

Let

>

That is, the matrix AD is augmented with a row of all 1’s.
This guarantees that ker B (null space of B} is contained
in the hyperplane.

8 t 2

Compute the orthogonal projection of DC into the null space

of B.
ie. C, = {I - BT (BBT) 'BIDC
ubst 3
6=
ic,

ie ¢ is the unit vector in the direction of C,.
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Substep 4
b’ = a, - orc.

ie. take a step of length o in the direction ¢ where

1
vyn(n-1)

is the radius of the largest inscribed sphere in the

=

simplex & and o € (0,1) is a parameter which Karmarkar
suggests to set equal to ¥%.

Subste
Apply inverse projective transformation to b,

Db!

le b=
eDh?

Return b.
Step 3
To check for infeasibility, we defined a "potential

function® by

T
gx) =y 1 2
i b

We expect certain improvement & in the potential
function at each step. The wvalue o©of @ depends on the
choice of the parameter «. For example, if o=%, then § =
¥ = 1/8 according to Karmarkar, If this expected
improvement is not observed, that is, if £(X*¥) = f£(X*) -
6 then we stop and say that the minimum wvalue of the
objective function must be strictly positive. In such

case, we conclude that the standard form linear programming

57



problem from which we got our canonical form does not have

finite optimal solution. That is, it is either infeasible

or unbounded.

Step 4
The algorithm stops when we meet the reguired convergence
check.
T
€ X <2
T
c’a,
where q is a positive real number. Based on fixed
potential function decrease d(x) = ln 2 at each iteration

ag achieved in McDiamid {26] and Anstreicher {1], Singh and
Singh [34,35] observe that the algorithm will converge to
an optimal sclution in at most k=ng iterations. Por linear
convergence ©of this algorithm, see Singh {35].

3.10 Transformation of a standard lineax programming problem to

¢anonical form

Consider the standard linear programming problem
Minimize C'X
subject to AX = b
X=0
where C ¢ Z".AeZ™", beZ".
Let X = a be a strictly interior point of the polytope
P and the target minimum value of the objective function we
are interest in is zero.
Consider the transformation

X' = T(X) where X ¢ R*, X' ¢ R™ are defined by
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Kf = —
Yoxylay+l
]
i=1,2, ,n
X'per = 1 - n X' i=1,2,...,n.

Let P, = {X ¢ R*: X 2 0} denote the positive orthant, and

n+l
A= {K"e R/ X2 0, E xi=1 denote the simplex
i=1

The transformation T{X) has the following properties:

(1) It ig one-to-one and onto. The inverse transformation

is given by

i=l'2’ .ca;no

(2) The image of point a is the centre of the simplex.
(3) Let a; denote the i*® column of A, then AX = b can be

written as.

n
Yax=b
iz}
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1
A a x;
ie. Z—:—ﬂ—i*‘ b

Xn+1
c 1 1
ie. Y Aja;x; -bX;3=0
i=

o+l

. 1
ie. E‘Aixi=0
i=1

where A, = (a;A;) i=1,2,...,n.

B, = -b.
If Q' denotes the affine subspace corresponding to the
matrix A’ then

Q' = {X* ¢ BR*': A’X'=0}.

Thus we get a system of homogeneous equations in the
transformed space. Since we are interested in target value
of zero, we define Z to be the affine subspace
corresponding to the zero set of the objective function in
the original space.

Z = {X € R:C™X = 0}

substituting
aixil L
X; = in C;x; =0
. =1
we get
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Z”: Ciale _

i=1 xr:1+1
n+l 1
ie. Y c,a;xt =0
f=1
n+1 1
i=1
Where C'i = aiCi i=l,2, N ¥ 1

Then C'X = 0 implies C'TX’ = ¢, Therefore the image of Z ig
given by 2z’ = {x’ ¢ R1:c0 T =0} .
Thus the transformed problem in canonical form can be
Stated as follows:

Minimize ¢*7x’

subject to A'X’ = ¢

n+l

Exf=1

1z]

_Where C ¢ R™, pre Rox i)

“**— The center of the simplex is a feasgible starting
'p.oint. Application of the main algorithm to thisg problem
either gives a solution X’ such that C'"X’ = 0 or we
conclude that minimum value of C’'T™X’ ig strictly positive

which implies that the original problem from which we have

obtained canonical form is either infeasible or unbounded .

3.11 The Affine Rescaling Algorithm

3.12 Introduction
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3.13

The affine rescaling algorithm which is a variation on
the Karmarkar’s algorithm was proposed by a number of
authors including Vanderbei, Meketon and Freedman [39) and
Barnes [3], soon after the appearance of Karmarkar’s work.
However, it turned out that the method had been proposed
almost twenty years before by a student of Kantorovich
Dikin [8,9]. The algorithm has several advantages over
Karmakar’s original algorithm. It starts directly on
linear programming problem in standard form., It is assumed "
that a point X° is known such that AX® = b and X° > 0. The
algorithm produces a Monotone decreasing sequence of values
of the objective function and the minimum value of the
objective function does not have to be known in advance.

Derivation of the algorithm

We derive the algorithm following the approach of Barnes
[3].
Consdier the linear programming problem of the form
Minimize C™X
subject to AX = b
X 20 ... (65)
where C, X ¢ R°, b ¢ R* and A ¢ R™ is a matrix of rank m.
The j** column of A will be denoted by a;,.
We make the following assumptions. The problem (65)
has no degenerate basic feasible solutions and its dual
Maximize b
subject to AT™A 2 C ... (66}
has no degenerate basic solutions. By these assumptions,

we mean that b cannot be written as a positive combination
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of fewer than m columns of A and that at most m of the

equations C; - a = 0 i = 1,2,..., n can be satisfied
gimultaneously.

Let Y = (Y., Vas..., ¥Yn)T be a feasible solution of (65)
satisfying y;»0 i = 1,2,..., n.

If 0 <« R <« 1, the ellipsoid
z (xi~y1)2

sR?isinR® eee (67)
= oyl

This is true since if x; = 0 for some j, then

n

(%;-y;)? > (xj—y_f)z >

i=1 Yf ¥;

This implies that a feasible solution of (65)
satisfying C'™X < (' can be obtained by solving the
following problem.

Minimize C™X
subject to AX = b

n

(%;-¥; )?

5 = R? cee (68)
1 Yi

1

Notice that the constraint X = 0 has been replaced by (67),
which is an easier way to handle the probelm.

To solve (68), let A = (A, X,, ..., AT be a vector of
Lagrange multipliers corresponding to the constraints AX=b.
Let D = diag (¥,,¥zs..., ¥n) be a diagonal matrix whose
diagonal entrieg are the components of Y. Since Y » 0, D is

non-singular. For any X satisfying (68} we have
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C'Y - C™X = {C - ATA}T(Y - X)
= [D{C - AT™A)]™D? (X ~ Y} ... (69)

s [ID(C-A"™\) ] [|DM(X-¥) || s [ ID(C-A"A) [ |R,

The inequalities being obtained from Schwartz inequality
and (68} above.
Equality holds throughout (69) if

D{C - AT™.) = yD*(X-Y¥) ..o {70}
for some constant ¥ and if }|D*(X-¥)!] = R.
These conditions imply that

_ lpe-a"™0 ]
M R

substituting this in (70} gives

D2(C-ATN)
[lp(c-ATn) ||

X =Y-R eee (71

The condition AX = AY = b implies that AD*(C-ATA) = 0 or

A = (AD?AT) *AD?C ce. (72)
writing (69) as

C™ = C*Y - R | |D(C-A™\) 1} e (73)
it can be seen that the minimum is given by the right hand
gide (73) and is attained when X and )\ are given by (71)
and (72) respectively. This indeed suggests an algorithm
for interatively finding the solution of (65) and is called
the affine rescaling algorithm.
Interatively, the algorithm can therefore be formally
stated as follows: Let X° » 0 satisfying AX° = b be given.

In general, if X' is known, define
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D, = diag (x*, x5, ..., %5

and compute x*¥ > 0 by the formula

RDZ(C-A7N,)
{ID(C-A A |

Xk+1=xk_ .n - (74)

where A, = (ADJAT)'ADS2C
Theorem 16
If (65) has a bounded solution, the sequence {x*}
defined by (74) converges to a solution of (65) that is an
extreme point of the constraint set defined by 28X = b, X 2
0.
Proof can be found in Barnes [3].
3.14 Convergence of the algorithm
The theorem below best describes the way the algorithm
converges.

Theorem 17
Let X' denote the solution of (65). The sequence {x*}
generaged by (74) satisfies

R

cITx*l -¢cTx*=s|(1 -
,(n-m+ek

)(cf‘x*—c?x*) eee (75)

where (€,} is a sequence of positive numbers converging to
0 as k w.

Proof
From the non-degeneracy assumptions in the beginning, we

know that

X*=1limXx*

F o
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has (n-m) components equal to zero. For simplicity, assume
that X* = (x*,,x*,,..., x*, 0,0,...,0)
Then CTX* - CTX" = [D{C-A"™\,)1™D,* (X*X")

s | ID(C-AT™A) |} (n-m+e,) ¥

= 1/R (C™X* - CTXF1) (n-m+e,)” R V.
where
2
M k -
X - X
€, = 2: —i—?—i »>0ask»w
i=1 Xi

Thus (76) can be written as

R (CTXK _CTX') < chk _chk-l-l
(n-m+€,)"

which implies

-R

CTX'}(-'-J _,ch* - (CTXk _ CTX*) =
,;n-m*-ek

(c'ka _ CTX:)

which is equivalent to (75)

From this theorem, it can be seen that the amount by
which the objective function C™X decreases at each step of
the algorithm increases if R is increased. This suggests
that at each step of the algorithm, we should increase R as
much as possible subject to the condition that all
variables remain non-negative.

The next interior point algorithm we have to discuss
is the path following algorithm. But before this, it is
necessary we discuss the pathways leading to the optimal

set in linear programming.
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3.15 Pathways to the optimal set in linear programming

Derivation of the path leading to the optimal set
makes use of the logarithmic barrier function technique
usually used in non linear constrained optimization. This
method o©of applying the Jlogarithmic barrier function
technique to the linear programming problem recently came
up in [13] where Karmarkar’s algorithm [19] was analysed
from the barrier function view point. But, the idea of
using this function in the context of linear programming is
usually attributed to Frisch [11].

We consider the linear programming problem in the standard
form
Maximize C™X
subject to AX = b oo (78)
X =0
where A is a constant m x n matrix, b ¢ R* and ¢, X eR".

The barrier function technique give rise to the following

problem.
Maximize C'X + uZ In X j=1,2,...,n.
subject to AX = b A
X >0

where x4 > 0 is typically small. It is called the barrier
parameter. The barrier function approach is valid only if
there exists an X > 0 such that AX = b.

For any n-dimensional vector X, that is
X=(x%,,%X;, -..,%,), let D, denote the diagonal matrix of order
n x n whose diagonal entries are the components of X. A

vector X > 0 is an optimal solution for (77) if and only if
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there exists a vector Y ¢ R®* such that the following
optimality condition is satisfied:
pD, e - ATY = -C oo (78)
aX = b

where e is a vector of 1’'s of any dimension. To arrive at
the above optimality condition, we construct a lagrangian
function with Y as a lagrange multiplier and then solve for
the stationary points.

The problem (77) may be unbounded. For a moment, let
us assume that the feasible domain {X ¢ R*: AX = b, X > 0}
is bounded. Since the objective function in (77) is
strictly concave, at least in this case, both (76) and (77}
have optimal solutions, (for every u). Under the
boundedness assumption, (77} has a unigue optimal solution
for every u > 0 since its objective function is strictly
concave.

Thus under the boundedness assumption the system (78}
has a unique solution for X for every g > 0. If the matrix
A is of full row rank m(msn), the value of Y is uniquely

determined by the value of X.

Propogition 18
The problem (77) is either unbounded for every u > 0
or has a unique optimal golution for every u > 0.
Proof
Consider the interval I of valuegs t for which the set
L(t) = {XeR": X = 0, C'X = £, AX = b}

has a nonempty interior. I is obviously an open interval,
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If for any t € I the function ¢{(X) = £ 1n X; is unbounded on
L(t), then of course (77) is unbounded for all values of
>0,

Without any loss of generality, we can assume that
$(X) is bounded over every L(t) (tel). Strict concavity of
${(X) implies that for each teI, there is a unique maximizer
X = X{t) of ¢ over L(t). Let g(t) denote the maximum value
of ¢(X) over L{t).

Let us consider first the case where o ¢ I that is,
the function C'X 1is unbounded. Here, there is a ray
contained in the interior of the feasible region along
which C™X tends to infinity. Since the domain is a
polyhedral, the ray is bounded away from the boundary.
Thus, on the ray the function ¢(X) is bounded from below
and hence {77} 1is unbounded for every u > 0. In the
remaining case, we observe that strict concavity of g(t)
implies that t + ug(t) is bounded for every u > 0 if t is
bounded. Thus in the later case (77) has a unique optimal
solution for every g > 0. This completes the proof.

It therefore follows from the above proposition that
if the system (78) has a solution for any positive value of
¢, then it determines a unique and continuous path X = X(u}
where u varies over the positive reals. When A is of full
row rank also, a continuous path ¥ = Y(u) is determined.
What we are very much interested in now is the limits of
X{u) and Y(u) as u tends to zero which will give us the
optimal solution, Let us assume for a moment that the

limits of X{u) and Y{(u) as u tends to zero exist and are
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denoted by x and y respectively. It follows that Ax = Db,
x = 0 and A = C. Moreover, for each j such that x > 0,
AY = C; where A" is the j™ column of A". It follows that
x and Y are optimal solutions for (76) and its dual
respectively.

To relate these paths to an algorithm for the linear
programming problem, we have to at least address two
issues. First, we have to know a solution for say p = 1.
Secondly, the limit of X(u) (as u tends to zero) should
exist. To see this, we modify the objective function so
that an initial solution becomes available. For this,
instead of (77) we can work with a problem of the form:

Maximize C™X + uZw; ln X
subject to AX = b e (79)
X >0
where W ¢ R" is any vector with positive components. Suppose
X° and Y° are interior feasible solutions for the primal and
the dual problems respectively. We can choose w so that

the vectors X° and Y° satisfy the optimality condition with

respect to (79) at g = 1. The optimality condition is
given as
uD,*w - ATY = -C ... (80)
AX = b
Specifically, w = D,o(A™° - C). Thus given any pair

of interior feasible solutions for the primal and the dual
problems, we can easily calculate a suitable weight vector
w which in turn determines paths X () and Y(u) as explained

above.
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Now, if for every u > 0 the system (78) has a unique
solution (X(u), Y(u)) then it can be seen that C'X(y) tends
to the optimal value of the objective function of the
primal problem (76). To see this, we multiply the first
row of (78} by X{(u), the second row by Y{iu) and then add
them up. We get bTY{(u)}-C"X{p) = nu. The optimal value lies
between bTY (p) and C™X{g) and this implies that C'™X(u) tends
to the optimal value as u tends to zero. HNow, we look at
the conditions under which the point X{u) tends to an
optimal solution.

Let V(u) = C'X(u) (where X(u) is the optimal solution
of (77) and let V(0) denote the optimal value of (76}. We
have shown that V{u} tends to V(0}, as p tends to 0 above.
So, obviously X({(u) is also the optimal solution of the
following problem:

Maximize C™X + uZ 1ln Xy

subject to AX = b ... (81)
CX = v{p)
X » 0

The latter is equivalent to
Maximize Z 1ln x;
subject to AX = b
CTX = V{u)
X >0
Our assumption of existence of the path V{u) is
equivalent to existence of an optimal solution for the
problem (81). From proposition (18) the function ¢(X) is

bounded on L(t) where t = V(u) for some u > 0. We assert
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that this implies that the set L(t) itself is bounded.

Let N denote the set of all indices } such that x; = 0
in every optimal solution. Thus the optimal face is the
intersection of the feasible domain with subspace
{X]x; = 0, jeN}

Let ¢,(X}) = Z 1ln xy
and ¢ (X)) = ¢(X}) - ¢g(X).

Let £;(p) denote the j* component of the vector V(g), that

is the optimal solution at u. Since ¢,(X) is constant on

the set {X|x; = §;{(u)}, J € N}, it follows that the point

X(u) is actually the optimal solution of the problem.
Maximize ¢, (X)

subject to AX = b

C™X = V(u)
X5 = & () (jeN)
X >0

Since the optimal set is bounded, it follows that the
problem
Maximize ¢,(X)
subject to AX = b
C™X = V{0)
Xy = 0(jeN)
x; > 0 (jeN)

has a unique optimal solution which we denote by x(0).

ile lim x(u)=>x(0).
0

We can thus state the following proposition:
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Proposition 193

If for some u > 0 the system (78) has a solution X >
0 then for every g > 0 there is a solution X(g) so that the
path X(u) is continuous and the limit of x{(u} as u tends to
zero exists and constitutes an optimal seolution to the
linear programming problem (76} .

The implication of the above proposition is that
starting from say g = 1, where we readily have an optimal
solutions to problems of the form (79), we follow the path
of optimal solutions for such problems while g varies from
1 to 0. The limit as g tends to zero is an optimal
solution to the linear programming problem, namely the
point X(0).

A Primal Dual Interior Point Algorithm for Linear

Programming {Path following algorithm)

Introduction

Based on the work of Megidde [28], on central path,
Kojima et al (271 have proposed a primal-dual interior
point algorithm for linear programming.
The algorithm works simultaneously on primal and dual
linear programming problems and generates a sequence of
pairs of their interior feasible solutions. Along the
sequence generated, the duality gap converges linearly to

2ero.

3.18 Information Discussion

We consider a pair of primal-dual programming problems

as follows:
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Minimize C™X ... (82)

subject to X € S = {XeR™:aX = b, X = 0}

Maximize bT™Y _ ... (83}

subject to (Y,Z) € T = {(Y,2)¢ R*:A"Y+2Z = C, 2 = 0}
where C, X ¢ R" b ¢ R* and A is an m x n constraint matrix.
We impose the £following assumptions on these problems
throughout this algorithm.

(a) The set $* = {X € 8: X > 0} of strictly positive
feasible solutions of the primal problem (82} is non-
empty.

(b) The set T* = {Y,2) ¢ T:Z > 0} of the interior point of
the feasible region T of the dual problem (83) is non-
empty.

(c) Rank (A) = M.

In order to seolve the problem (82), we consider the
problem minimizing the objective function C™X - uI 1ln x
over the interior of feasible region § as follows:

Minimize C'X - 4 1n x
subject to X ¢ S* .o (84)

The objective function of (84) is convex. Hence each
problem of {84} and its dual has at most one global optimal
solution which is completely characterized by Karush-Kuhn-
Tucker gtationary conditions (for example see Mangasarian
[24]}.

C- 4D’ - A =0

Ax - b =0
X > 0,
where D, = diag (x,,x%,,...,X,) denotes the diagonal matrix
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with the diagonal elements X,,X,,...,X, and eeR" is the
vector of 1's. Introducting a slack variable vector Z=uD,”
e, the stationary conditions can be reduced to

DX - pe = 0

AX - b =20 ... (85)

ATY + 2 - C =0

X >0
where D, = diag (z,,z,,...,2,). The first equality can be
further written component wise as x;2; = p i=1,2,...,n.

Let (X(u), Y{u), Z(u)) denote a unique soclution of the
system (85) for each pu > 0. Then each (Y(u), Z{u)) lies in
the interior of the dual feasgible region T, that is
(Y(u),2(n)) € T'. The duality gap turns out to be ny. In
fact,

C*™X{u) - bTY (u) (CT-Y (p)TA) X (g)

= Z{m)T X(p)
= e'Z{p) X{u)
= ny.

Let T = {X(u), Y{u), Z{(u): pu > 0}.

As we take the limit g -> 0, the curve T leads to a
pair of optimal solution X' of problem {82) and (Y",2') of
problem (83) which satisfies the strong complementarity
such that z,"=0 if and only if x," > 0. Thus we have
observed that if (X(u), Y(u), Z(u)) is a solution to the
system (85) above, then
X{u) € S*.

(Y(p), Z(p)r)a T
and C*X(u) - b (u) = nu.
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Given an initial point (X°, ¥°, 2°) € S8' x T' the
algorithm generates a sequence (X<, ¥*, Z¥) in §' x T'. To
measure a deviation from the curve I' at each iteration
(X*,Y*, Z2¥) ¢S'XT* we introduce the quantity #* defined as

follows:

= £y | Fain .e. (86)

where £ = xfz} (i=1,2,...,n)

fn’;n=mnlfj&l 1=1,2,...,0f

oo (87}

n
fate = (E fik} /1‘]
i=1

We can easily see that 7 = 1 and that (X%, Y*, 2% es?
x T' lies on the curve I' if and only if #* = 1. When the
deviation 7° at the initial point (X°, ¥°, 2°} € S' x T is
large, we have to reduce not only the duality gap but also
the deviation. Keeping a small deviation, we can then
direct our main effort to reducing the duality gap.

The algorithm we are going to see next makes use of
the common rescaling matrix (D,D,*)” which is the geometrxic
mean of the primal rescaling matrix D, and the dual
rescaling matrix D,* and is applied simultaneously to the
primal and dual spaces even if the point (X,2Z) does not lie

on the curve T,
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3.19 The Algorithm

The algorithm begins by defining the Newton direction
of the system of equations (85) at (X*, Y%, z¥) e s' x T.
If we denote the left hand side of equations (85) by
H(X,Y,Z), then the Newton direction (AX,AY,AZ) at (Xk,Y*, z¥)
is defined as the unique solution of the system of linear
equations:

H(X*, Y*, 2*)-J, HAX - J, HAY - J,, HAZ = 0
where J. H, J;;, H and J,, H denote the Jacobian matrices of
the mapping H at (X*, Y*, Zz*¥) with respect to the variable

vectors X,Y and Z respectively.

A 0 0 AX*-b 0
ie [0|AX+|A | AY+|{I|AZ =AY +2f-c|=] ©

which on simplification gives

D, AX + D,AZ = V(p)
AANX = 0 ... (88)
ATAY + AZ = 0
where D; = diag (x*, %% ...,25
D, = diag (z;%, Z*, ...,2.5)

V(u) = D,zF - ue € R°
Since a solution of this system depends linearly on the
parameter u, so the solution can be written as
(AX (p) ,8Y(u) ,AZ(p)) .

Introducing the diagonal matrix

D = (DD,) ™ = diag {(x*/z,%%, ..., (xX*/z)%},

the vector-valued linear function
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U(u)=(DD,) %-p#(DD,)* e € R or U (p =(xr2)%-p(x*z*) ¥
i=1,2,...,n.

in the variable u, and the orthogonal projection matrix
Q = DAT (AD?AT)™* AD onto the subspace {DA'Y:YeR"}

Then the newton direction (AX, AY,AZ) can be written as

X (n) = D(I - Q) U{y)
AY(x) = - (AD*AT)*ADU(u) ce. (90)
AZ{u)y = DQU{u)

These equalities and (88) imply

DlAX () + DAZ{u) = U(y) ... (91)

0 = AX(p)T AZ{u) = (DPAX(u))}* (DAZ(u})

We fix two real parameters ¢ and 7 such that Os7<o<l
which control the parameter u and the step length
respectively.

We define #*, £% (i=1,2,...,n), f,. and £, * by (86) and
{87} . We will set the parameter p = ¢ £, and then compute
the (k+1)™ iterate from (X, Y%, 2*) in the direction - {(aX,
AY, AZ). That is (X*?, y*!, Z*!) can be written as follows:

X' = X(a,u) = X* - osX(w)

[}

Y o= Yo, u) Y< - aav(u) e (92}

zk.+1

= Zlo,u) Zk - @AZ {u)

where o is the step length.

£; (o, ) X (o, p)zy (o, p)

x*z o (xkaz (u) +2.% ax (p)) + ax {(p) Az {u)o?
£ - (£5 - wya + ax; (p) Az, (p)o?

i=1,2,..,n.
(Since x* Az, {(u) + z* ax;(u) = £% - u by (88)) and the

average f_. of £; (i=1,2,...,n) as well as the duality gap
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C™X - b'Y changes linearly.

Fope (A 1) = LE £, (a,y)}/n

=1

(Since AX(p)® AZ{u) = 0 by (91)
CTX (o, p) - PY(a, p) = Xlo, p)7 Z(a, p)
= XTZE - (X¥TZX - (np))o
= (CTX* - bTY*) - {(C™X* - b"Y*) -nula
The step length o* is determined as follows:
Let 8% = max {a:f;(a’, u) = ¢ {a¢’')for all «’¢ (0,x} and
i=1,2,...,n}

then o = min {1, 8%} e (93)
w(a)=f$n'(f£n“tf£e)a-

The algorithm can now be formally stated as follows:
Step 0
Let {X°, ¥°,2°) ¢ 8' x T' be an initial point and ¢ a
tolerance for duality gap. Let ¢ and 7 be real numbers

such that 0 s 7 < ¢ < 1,

Let k = 0
Step 1

C™X* - b™Y* <« ¢ then stop.
Step 2
Compute f£,.* andf_;, * by (87)
Step 3
k

Let p = ¢ £, and compute

(AX (), AY(u), AZ{(w)) by (90)
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Step 4
Compute 8* and o* by (93}).

Step 5

X = X (o, 1) X% - ofaX (e, 1)

Yk+ 1

Y (o*, u)

Ye - o*AY («k, p)

Zk.n.

L}

Z{o*, 1) ZE - oFAZ (oc®, 1)

Step 6
X = k+l. Go to step 1.

Experience with the methods in golving problems

Having analysed the various interior point algorithms,
it is worth noting that solving a linear programming
problem, for instance

Minimize 2 = x, + X,
subject to 2x, + x, = 4
X o+ 7%, 2 7
X, X, =20
using the above methods requires many iterations to arrive
at optimality. Meanwhile, using Dantzig’s simplex
algorithm requires just three iterations as shown below
Simplex Method
Solution
First we convert the problem into maximization i.e.

Max Z' = -2 = -X, - X,.

Introducing surplus variables x, and x, and also artificial
variables x; and x,, the constraints of the problem can be
rewritten as

2%, v X, - % + 0x, + x; + 0xg =

|
'y

X o+ Tx, - 0%, - x, + 0%, + %, =

|
Y |
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Equation non-basic variables to zero, we have

X, = 4, X, = 7
Phage T
1gt Iteration;
¥, Y, Y, Y, Y, A {B,) |a&,(B,)
A (B) |4 -1 0 1 0
A, (B,) |7 1 7 0 -1 0 1
Xy 0 0 0 0 4 7
Y, enters the basis while A, (B,)leaves the basis.
2nd Iteration
X Y, Y, Y, Y, A, (B,)
A, (B,) 13/7 0 ~1 1/7 1
Y, 1 1/7 1 0 1/7 0
X5 0 1 0 0 3

Y, enters the basis while A, (B,)leaves the basis.

3rd Interation

Xs Y, Y, Y, Y,
Y, 21/13 ~7/13 1/13
Y, 10/13 |0 1 1/13 -14/91
X 21/13 |10/13 |0 0

Thus we have the following solution in phase I.

X, = 21/13, x, =

Phagse IT

Starting simplex table

10/13, x, = 0, x, = 0




B Cy | X, Y, (B,) ¥, {B,) Y, Y, Min.
Ratio
Y, -1 21/13 1 0 -7/13 | 1/13
x, 21/13 10/23 lo 0
¢y -1 -1 0 0
By=c;-7; | O 0 -6/13 | -7/71
All wvalues of 4;s0. Hence optimality has been achieved.

Therefore,. the required solution is x, = 21/13 x, = 10/13
Min Z = -Max 2’ = (-31/13) = 31/13.
However, using two of the interior point algorithms outlined
above, we have the following results
Using Karmarkar’s projective rescaling algorithm
First, we change the problem from standard toc canonical
form,
Minimize Z = X, + X,
Subject to 2x, + X, = 4
X, o+ X 2 7
X, X, =2 0,
Introducing surplus variables, we have
Minimize 2 = x, + x,
Subject to 2X, + X, . X,= 4
X + X - X, =7
X= 0 I =1,...,4,

Let X = a = (2,2,2,9) be a strictly interior starting point.
(210
17 0 -1
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sinceC,  , =0

o o NN

Canonical form of the problem is now stated as follows:

Minimize Z = 2x, + 2x,
subject to 4x, + 2x, - 3x, - 4%x; = 0

2x%, + 14x, - 9%, - 7x; = 0
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(42 -2 0 -4
“l214 0 -9 -7

sinceC, ;=0

Q
=3
|
1]
(=3 = T )
i
(=3 ~J X3 X)

Canonical form of the problem is now stated as follows:
Minimize Z = 2x, + 2Xx,
subject to 4x, + 2¥x, - 3%, - 4%x; = 0

2X, + l4x, - 9%, - 7x; = 0O

X, 2 0 I=1,..., 5.
a, = e/n = {(1/5, 1/s5, 1/5, 1/5, 1/5) which is a feasible
starting point.
D = diag (1/5, 1/5, 1/5, 1/5, 1/5)
el (1, 1, 1, 1, 1}

q is a real number 1 set equal to 25,
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0.2

=(4 2 -2 0 —4] 0.2
214 0 -9 -7 0.2
0.2
0.8 0.4 -0.4 0
=|0.4 2.8 0 -1
1 1 1l 1
0.8 0.4 1
0.4 2.8 1
BT=(-0.4 0 1
0 -1.81
0.8 -1.4 1
1.6 2.56 0
BBT=|2.56 13.2 0
0 0 5

0.9 0.17 0
(BBTy-1=10.17 0.1 0
0 0 0.2

0.8 0.4 1

0.4 2.8 1|({ 0.9 -0.17 0O
BY(BBT)'=10.4 0 1((-0.27 0.1 O

¢ -1.8 1 0 0 0.2

-0.8 -1.4 1
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0.65 -0.09 0.2

-0.11 0.21 0.2{(0.8 0.4 -0.4 -0 -0.8
BT(BBT)'B=|-0.36 0.6 0.2(j0.4 2.8 0 -1.8 -1.4

0.3 -0.18 0.2|\ 1 1 1 1 1

-0.48 -0.004 0.2

0.68 0.2 -0.6 0.36 -0.19
0.19 0.74 0.24 -0.17 ~0.006
-6.06 0.22 0.34 0.09 0.4

0.36 -0.18 0.08 0.52 0.21
-0.18 -0.003 0.39 0.2 0.58

0.24
0.14 -
==-0.32 |=cC,.
-0.36
0.36
1 1Cell = 0.662
0.36
0.21
- c
C=-—1L~ =|-0.48
Ilcpll _0 54
0.54
o = 0.25
1 1 1

o /o@D /5 Y20

or 0.056
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0.36 0.18
0.2 0.21 0.19
0.2

bl= -0.056|-0.48|=10.23

0.2 -0.54| |0.23

0.2 0.54 0.17
0.2 0.18 0.036
0.2 0.19 0.038
0.2 0.23 0.046
0.2 0.23 0.046
j. Dbt 0.2/l0.17) _ l0.034
e™D b prl 0.2

Assuming problem is feasibly we check the optimality.

Optimality

We require the convergence check

where X° = a,

cy%%°=(2,2,0,0,0)

o O O 9O O

ClTxl < 2'9‘

C]Txo

NN N RN

o
L
w

[=]
.
o

0.8

=1>2-q
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0.18
0.19
0.23
0.23
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0.18

0.19
C¥x1=(2,2,0,0,0)|0.23}=0.74
0.23
0.17
Checking for optimality
0.74/0.8 = 0.925 > 274
Optimality has not been achieved.
Next Iteration
X' = (0.18, 0.19, 0.23, 0.23, 0.17)
0.18
0.19
4 2 -2 0 -4
.= 0.23
214 0 -9 -7
0.23
1.33 2.07 -0.04
BBT=(2.07 12.91 -0.24
_0004 _0¢24 5
0.72 0.36 1
0.38 2.66 1
BT=1-0.46 0 1l
0 -2.07 1
0.68 -1.1% 1
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apy (0-72 0.38 -0.46 0 -0.68
B=[ T}* 0.36 2.66 0 -2.07 ~1.19
e 1 1 1 1 1

0.72 0.36 1
0.38 2.66 1 1 -0.16 0.0003
BT (BBT)1=|0.46 0 1| 0.16 0.1 0.004
0 -2.07 1|10.0003 0.0004 0.2
-0.68 -1.19 1

CY'X* = 0.36
Checking for optimality
0.36/0.8 = 0.45 > 279
Optimality is still not achieved.
Using the affine rescaling algorithm
Solution

Introducing surplus variables, we have

Minimize 2 = x, + X,

Subject to 2x, + X, - X, = 4

L}
=~

X, + TX, - X,
X =20 i= 1

Let X* = (2, 2, 2, 9) be an interior point satigfying Ax®

A_21—1o
17 0 1
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2 4
) 2 21-10 4
D,=diag (2,2,2,9) = 2 Mf:(l 7 0 —1J 4
9
2 1
AD7aT - g8 4 -4 013Y|1 7
% "l4a 28 0 -81)!-1 0
0 -1

0.05 -0.006)(8 -
(ADjAT)ﬂAD§=( ]( 1 740 )

-0.006 0.004 /i4 28 0 -81

0.37 0.03 -0. .
AzmahTymmk=( 0.2 048)

-0.03 0.08 0.02 ~0.32

QO O

(0.4
“{0.05

(24 36
“ 136 281

1l 0.85
1 7 0.4 0.7
AT)\: = >
-1 0 0.05 -0.4
0o -1 -0.05
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1 0.85 0.15
CAThY = 1 0.75 | [0.25
( ) Zo -0.4| |o0.4
0 ~0.05 0.05
4 0.15 0.6
D2(c-nThy 4 0.25| | 1
o { ) = 4 0.4 | |1.6
81/0.05 4.05
= 1,087
2 0.15 0.6
picathy «| 2 0.25| | 1
°© 2 0.4 1.6

9,/10.05 4.05

L ID (C-ATA) 1) =/(0.3)°+(0.5)%+(0.8)2+(0.45)?

0.55
Di(C-ATA)  10.91
1D, (C-ATA) | [1.47

3‘72

0.55 1.9
0.91 1.8
1.47 1.6
3.72 8.07

Xt = -0.25

wok N
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L'~ ST L %)

cTx°=(1,1,0,0) = 4
1.9
¢’x!'=(1,1,0,0) -2 4.9
= ! I ! 1.6 -
8.07
Next Iteration
1.9
b. - 1.8
1 1.6
8.07
3.61
3.24
D? =
1 2.56
65.12
3.61
, {21-1 0 3.24
ADl =
17 0 -1 2.56
65.12
2 1
7.22 3-24 _2056 0 1 7
ADIAT =

3/61 22.68 0 ~65.12/(-1 0

¢ -1

_(20.24 29.9
“129.9 227.5
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-2.56

DI Ty -1ap? - 0.06 -0.008)(7.22 3.24
(APiAT) "8 =1 0.008 0.005 J(3.61 22.68 0
1
)\_ ADzAT)-]'AD2C= 0.37 0.03 _0.2 0048 1
= (AP °~"1-0.03 0.08 0.02 -0.32/|0
0
_{0.41
“lo0.05
2 1 0.87
v 1 7 0.41J 0.76
A }\= =
-1 o0 |l0.05/ |-0.41
0 _1 _0005
1 0.87 Y(0.13
1 0.76 ||0.24
C-ATH\) = -
( 2 =g -0.41((0.41
0 -0.05/10.05
3.61 0.13
3.24 0.
DIZ(CMA T}\) = 24
2.56 0.41
65.12/10.05

93

0
-65.12

0.46
0.77
1.04
3.25

|



1.9 0.13 0.24

, 1.8 0.24| |0.43
Di(c-a7a) = 1.6 0.41| |0.65
8.07/10.05 0.4
1iD, (C-A™A) ) = -.908.
0.5
DI(C-ATr)  |0.84
1D (C-AThy1 |1.14
3.57
1.9 0.5){1.8
X7 - 1.8 0.25 0.84|| 1.6
1.6 ‘ 1.14([1.32
8.07 3.57/\7.18
C™? = 3.4.
Next Iteration
1.8
1.6
D, =
1.32
7.18
3.24
2.56
D} =
2 1.74
51.55
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2 {21 -1 0 2.56
APz =(1 7 0 ~1) 1.74
51.55
2 1
2y 7 _(6.48 2.56 -1.74 0 ] 1 7
AP 1324 17,92 0 -5.55/|-1 o
0 -1

(17.26 24.4
"l 24.4 180.23

2, Py m 2 0.07 -0.009){6.48 2.56 -1.74 0
(AD;A ") "AD; =

-0.009 0.006 j13.24 17.92 0 -51.53

2r p .2, [0.42 0.01 -0.12 0.46
A= (ADJAT)'ADZC =

-0.03 0.08 0.01 -0.3

L= I o T R

_{0.43
“10.05
2 1 0.91
. 1 7 |(0.43 0.78
ATh = =
-1 0 |lo.05 -0.43
0 -1 -0.05
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1.8 0.09 0.1l6

Con Ty - 1.6 0.12| |0.19
Do(C-A7n) = 1.32 0.43| lo.56
7.18/10.05/ lo0.35
1 0.921(0.093
cath |t 0.78 || 0.12
( o -0.43|] 0.43
0 -0.05/10.05
[1D,{C-A"\) || = 0.705
3.24 0.09) {0.29
2.56 0.12 003
DI (C-ATxn) = -
1.74 0.43{ {0.74
51.55/l0.05) l2.57
0.41
D;(C-A™N)  |o0.42
(1D,(C-ATh) ! |1.04
3.64
1.8 0.41 1.7
, 1.6 0.42 1.5
= -0.25 =
1.32 1.04{ |[1.06
7.18 3.64) {6.27
CTX? = 3.2.

Next Iteration
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D - 1.5
3~ 1.06
6.27
2.89
2.25
3 —
D = 1.12
39.31
2.89
s {21 -1 0 2.25
2717 0 -1 1.12
39.31
2 1
2np [5-78 2.25 -1.12 0 1 7
AD3A =
2.89 15.75 0 -39.31/{-1 o0
0 -1

_(14.93 21.53
“121.53 152.45

(ADZAT)AD? - 0.08 -0.001Y(5.78 2.25 -1.12 0
A7) >71-0.001 0.006/12.89 15.75 0 -39.31

0.43 0.02 -0.08 0.39
A= (AD;ATyaD2¢ = ( J

-0.03 0.01 0.01 -0.3

L= = I R

_{0.45
“lo.o7
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2
1 7
T =
AN 0 (
0 -1
11D, (C-A™) || = 0.645

1
1

-AT = -
(C-A™n) =,
0

DI(C-A7N) =

1.7

D, (C-A7)) =

0.97
0.45) {0.94
0.07) “|-0.45
-0.07

0.97 0.03
0.94 | (0.06

-0.45] " 10.45
-0.07 0.07

0.03
0.06

1.12 0.45

39.31,10.07

0.03
0.06

1.06 0.45

6.27;10.07

0.12

DI(C-A°N)  [0.2

LID,(C-ATA) ! (1,77

4,26
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1.7 0.12 1.67

X 1.5 0. 25 0.2 [1.45
“l1.06 *“~10.771 |0.87
6.27 4.26 5,2

CTX* = 3,12,

Up te this point, convergence is yet to be achieved.

Observe also, that the solution of the above problem using the
simplex algorithm is 31/13. On the other hand, the two
interior point algorithms are arriving at a solution a byt far
from that of the gimplex algorithm.

This is probably due to the numerous round-offs involved
when applying the algorithms mwanually, most especially the
projective rescaling algorithmg. Moreover, the rate at which
the algorithms converge becomes much slower as they approach
optimality. Thus i1f there were no roundeffs, and the
algorithm is patiently allowed to converge, all the three
answers would be the same.

From the foregoing, it is therefore needless using the
interior point algerithms to solve small linear programming
problems. They are even more tedious, time consuming and
boring as the number of iterations increases. They are
therefore recommended only for large linear programming
problems since Karmarkar himself claims that his algorithm can
handle the largest problem four hundred times faster than the-
simplex algorithm. From his claim, we can conclude that the
interior point algorithm are inevitable when the problem

becomes too large for the simplex algorithm.

99



Boundary Behaviour of Interior Point Algorithmg

We Dbegin the boundary behaviour of interior point
algorithms by discussing the search directions along which we
search for new interior point solutions from current interior
point solution. We consider linear programming problem in
standard form

Minimize C™X
subject to AX = b Lo (84)
X=20
where A ¢ R®™ (msn), be ™ and C, XeR".

Let XeR" and D = diag (x,, %x,, ..., X,) be a diagonal
matrix of order n whose diagonal entries are the components of
X. The affine rescaling algorithm assigns to the point X a
"search direction" that is a vector { which is computed as
follows:

Consider a transformation of space T, :R" -> R" given by
T,(Y) = D?'Y. 1In the transformed space the direction 5 = T,({)
is obtained by projecting the vector DC orthogonally into the
linear subspace {7: ADy = 0}. Thus 7 is the solution of the
following least-squares problem.

Minimize }IDC - p}|?
subject to ADyp = 0
Assuming A is of full row rank, the solution is

[I - (DAT(AD?AT} *ADIDC)

]

T

In the original space, the linear rescaling algorithm
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assigns to a point X the vector [, ={,(x)=D[[I-DAT(AD?*AT) *AD]DC]
to define a search direction.

The projective rescaling algorithm is stated with respect
to the linear programming problem in the canonical form.

Minimize CTX

subject to AX = 0 ... (95)
e™X =1
X=0
where AeR™™, ¢, XeR* and e = (1,...,1)%¢R",

Let X¢R® be such that AX = 0, e™x= 1 and X > 0 and D is

as defined above. Consider a transformation of space T, :R"->R"

given by
. Dy
ANPE T
Obviously T,{X) = e/n. In the transformed space, the

direction is obtained by projecting the vector DC into the

null space of the matrix.

A

n
e
" &

Thus 7, = [I - AT(A A")'AlDC

The null space of the matrix A equals the intersection of
the null spaces of the watrices AD and e~. However, e is
orthogonal to every row of AD since ADe = AX = 0. This

implies that 75, can be obtained by projecting on the null
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space of AD and then projecting the projection on null space
of e'. See lemma 21 below.
The search direction in the transformed space is thus given by
Ty = (I - A"(A A")'A]DC
= [I - 1/n ee™] [I - DAT(aD?AT)-'ap]pc

The search directin in the original space is obtained ags
follows:

The algorithm move in the transformed space from the

peint e/n to a point of the form

n
R A1
p
where p is a certain positive constant. The step in the

original space ig given by the vector

U=1;"(q) - %
where
-1 D}
T =
x (Q) eTng
fon
Let y = P
Y T
we have
v-_ De/n-py

e “(De/n ~Dy) i
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__ Dy (XxTy)x
1/n-xTy

Since e™ = X',
Now, ignoring the size of the step and considering just
a vector 7, in the opposite direction of U, we have
{, = Dn, - (XTp)X = [D - X X1,
Note that X'e = 1, s0 we have
[D - X XT[I - 1/nee”™ =D - 1/nX e’ - X XT + 1/n X X' ee”
=D - X X",
Thus the algorithm assigns to the point X the vector
o = $oi{x) = [D - X X*1[I - DAT(AD?A) 'ADIDC
to define a search direction in the original space.
Lemma 21
Let AeR™ and BeR™ be matrices such that AB® = 0. Under
these conditiions, the orthogonal projection of any vector V
eR" on the intersection of the null spaces of A and B can be
obtained as follows: First, project V orthogonally into the
null space of B and then project this projection orthogonally
into the null space of A.
Proof
Without any loss of generality, we can assume that A and

B are of full rank.

()
Let M =
B
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Since ABT = 0, it follows that
. |[RRT O
MM~ =
0 BBY

Also, since AAT and BB'T are non-singular (even positive
definite) MM’ is non-singular. The orthogonal projection of
V into the null space of M ig given by [I - MT(MMT)M]V. It
follows that MT(MM™)*M = AT(AA")'A + BT(BB") 'B.

On the other hand, the sequence of projections stated in
the lemma result in the vector (I - AT(AAT) 'A]} [I-BT(BB™) 'BlV.
The lemma now follows since ABT = 0.

Interior Point Algorithms Continuougly extend to the boundary

The central feature of the interior point algorithms

under consideration is the projection of a vector on a certain
subspace. We focus more attention on the behaviour of the
resulting vector as the current point of the algorithm tends
to a boundary point.

Let A dencote a constraint matrix of order m x n. Let
N=(1,2,...,n) and let I, and I, define a partition of N i.e.
I, = ¢, I, # ¢, I, u I, - Nand I, {] I, = ¢. Let A, denote a
submatrix of A consisting of the columns of A with indices in
I;(i=1,2). Similarly, for any n-vector V, let V, and V, denote
subvector of V. Let D{V) = diag (V) and let C, and C, denote
subvectors of C as defined above.

Given X ¢ R", a step of the linear rescaling algorithm

amounts to the evaluation of the orthogonal projection of a

104



vector DC on a linear subspace L(X) = {Y:ADY = 0}. We look at
the behaviour of this projection when X tends to a limit point
x. The interesting case is when some of the components of x
are zero. let I, denote the set of indices j for which x;# 0.
The orthogonal projection of DC on L({x) is equal to the point
in L{x) which is closest to DC. Thus, it is the solution of
the following optimization problem (where decision variables
are the components of Y).

Minimize |{DC - Y!]?

subject to ADY = 0
With the notations intcruced above, the latter problem is
equivalent to

Minimize ||D(x,)C, - Y,||* + | {D{(x,)C, - Y.}

subject to AD(x,)Y, + A,D(X,)Y, = 0
Note that D = D{x} to show its dependence on x.

Let us denote this projection by y(x) and also let vy, {x)
and y,(x) denote the restriction to the set of indices I, and
I, respectively. Obviously, if x tends to x then the point
D{x}C tends to the peoint D(x)C. The distance between D{x)C
and y(x) is always less than or equal to }||D{x)C!!. Now, it
follows that the point y(x) is bounded while x tends to x.
Since x, tends to zero, the vectorA,D(x,)vy,(x) also tends to
zero (since y,(x) is bounded). It ig importnt to note that
the point y,{x) 1is the orthogonal projection of the point
D(x)C on the affine subspace.

$(X) = {UIAD(x)U = -A,D(x,)Y,(x)}.
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Now, in order to prove the continuity of the function
${x) at x, we discuss the following propostions:
Proposition 22
Let ¥ be a point-to-set mapping that takes points XeR" to
the subsets Y (x) of R*. The mapping ¥ is continuous at x if
there exists a sequence {x*} in B" such that x*¥ -»> x, then the
following statements are true:
(1) for any convergent sequence {zX}, where zFey(x*},
necessarily z = lim z* ¢ ¢ (x).
(2) for any point z’e¢ ¥(x¥), there exists a sequence {z*}
converging to z’ where z¥ e ¥ (x*).

Proposition 23

The mapping ¢ (x) is continuous at (x).
Proof

Let {x*} be any sequence converging to x. By the above
assumption, x, » 0 and x, = Q0. Notice that

$(x) = {U:AD(x,)U = 0}.

Obviously, condition (1) is satisfied since A,D(x,*) ¥, (x*
tends to zero. In other words, the set £ of all limits of
sequence {U*} such that U*e¢(x*) is contained in the subspace
¢(x). Thus B8 is a linear subspace which is in a sense the
limit of the affine subspaces ¢(x*). The dimension of 8 is the
same as the common dimension of all the ¢(xf)’s for k
sufficiently large. ¢{x} is a linear subspace of the same
dimension {since x, > 0). It follows that ¢(x) = 8 and ths

complete the proof.
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Proposition 24
If x tends to x {where %X, > 0 and x, = 0) then the point
y.{x) tends to the projection of D(x,)C, onthe linear subspace

¢(x). (Proof can be found in Megiddo, Shub [30]).

Corollary 25

The limit of the orthogonal projection of D(x)C on the
subspace {Z:AD(x)2 = 0} is equal to the orthogonal projection
of D(x)C on the subspace {Z:AD(x)Z = 0}.

Proof

Since the orthogonal projection of D{(x)C onto
{Z:AD(x)Z=0)}} is of the form (y,(x}, 0) and y,(x) tends to
vy, {x) by proposition 24, it is sufficient to show that vy,(x)
tends to zero.

Suppose that y,(x) has a limit point y*,#0. Then !ID(x)C-
(y:(x),y,(x))|]® tends to ||D{x)C - (y,{x),0}}*+y*,}}*. On the
other hand, let ¥,(x)= D (x,)D(x,)v,(x). We have that ||D(x)C
- (¥.{x),0) ]} tends to }|D(X)C-(y,(x),0)|). Together, these
imply that for x sufficiently close to x.

(ID(X)C - (y, (2}, v, (=)} » |ID()C - ¥,(x),0}}.

However (¥,{x),0) e {Z:AD(x)Z - 0}.

The vector { = {{x) asigned by the linear rescaling
algoritm to a point X can be described as [(x) = D(x)y where
y is the projection of the wvector D(x) on the subspace
{y|AD(x)y = 0}. Thus we have the following proposition.

Propogition 26

Suppose x € R satisfying AX = b has positive components
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and tend to a point x such that x, > 0 and x, = 0.
Then the vector {(x) of the linear rescaling algorithm at
X » 0 in the problem (94) tends to the vector {(x,) assigned
by this algorithm at x, in the problem.
Minimize C,*Z
subject to A,Z = b
Z =20
(Proof can be found in Megiddo, Shub [30]).
The same argument above applies to the projective
rescaling algorithm and the path following algorithm. For
details see Megiddo, Shub [30]1).

Behaviour near vectices

For the study of the behaviour of path following
algorithm near wvertices, it is convenient to congider the
linear programming problem in standard form.

i.e. Maximize C*X
subject to AX = b
X =20
were AeR™ (m =n}), C, XeR" and beR". Let B denote the square
matrix of order m, consisting of the first m columns of A, We
assume B is non-singular and B*'b > 0. 1In other words, B is
a non-degenerate feasible basis. Let N denote the matrix of
orxrder m x (n-m) consisting of the last (n-m} columns of A.

We denote the restriction of any n-vector V to the first

m coordinates by V, and its restriction to the last n-m

coordinates by V,. Thus, the vectors C;, Cy X; and X, are
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defined with respect to the vectors C and X. We denote by
D=D(x) a diagonal matrix (of order n) whose diagonal entries
are the components of th vector X. Also, D, and D, are diagonal
matrices of orders m and {n-m) respectively, corresponding to
the vector X, and X,. We assume that both the primal and dual
problems have feasible regions of full dimension. The path is
defined whenever a pair of interior feasible solutions for the
primal and dual problems is given. Thus let X°¢R" be such that
AX° = b and X° > 0 and let Y°¢ K™ be such that A'™° = C. The
path starting at (X°, ¥°) is given by the equations.

X (AT Y - Cy) = opx, (ALY - Q)

AX. = b (3 = 1,2,...,n).

It is obvious that for any point on this path, if we
"restart” the path according to this definition then nothing
changes since the products of complementary variables remain
in the same proportions.

Let w; = x°(AT Y° - Cy)
we have BX; + NX, = b
which implies X; = B™ (b - NX,)

Also, along the path

BTY"CB:‘H E;ooo;_‘in !
%, x

it is convenient to denote the vector in the right hand side

of the latter by (wy/x}.
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we now have

On the other hand, for every j

HW
XJ = T
Ay Y—Cj

Thus

¥y

- Tp-Tylts
Cj +AjB ,TJ(XB)

Suppose B0 > 0 is the unique primal optimal solution and B''C,
is the unique dual optimal sulution. So the paths of the X;'s and
Yi’8 converge to these points respetively, Asymptotically, as 7
tends to zero, the "non-basic" variables, that ig X5, 3 =w+l, ... ,n

are
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Wy

— (F=m+l,...,n)
A{Bg -c,

Xy~ H

The denominator in the right hand side is sometimes
called the reduced cost with respect to the basis B, that is
C; = ¢ - ABG,.

So

W ,
X,- u Eﬂ (J=m+1,...,n)

Note tht if Y° is close to the dual optimal solution BC, then
we have

X.

i ~ nux:io (j=m+1,...,n)

In a more explcit way, if we start close enought to an
optimal solution, the path takes us appriximately in a
straight line to the optimal solution. Thig is different from
the affine and projective rescaling algorithms where all pahts
tends to a unique asymptotic direction of approach to the

optimal solution.

CONCLUSTION

In preceeding chapters, we have attempted to give an
overview of the recent developments in linear programming,
For practically useful algorithms with theoretical guarantees
projective methods have a considerable advantage over path

following methods. Indeed, line searches in practice allow
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large decreases in the potential functon to be realized and
constant decreases are guaranteed from any interior feasible
point.

The simplex algorithm practically seems to be more
effective than the interior point algorithms for small linear
programming problems. But the interior point algorithms
become more effective and much faster than the simplex
algorithm in solving very large linear programming problems.
They even solve very big problems that the simplex algorithm
cannot handle, The projective rescaling algorithm is for
example 400 times faster than the simplex algorithm in solving
the largest problem that the simplex algorithm can handle.
$till in line, while the projective method make use of
Steepest descent direction in searching for new inerior
feasible solutiong from a current one, the path following
algorithm makes use of the centering direction,

There are in deed many avenues for further work on this
thesis. In particular, one can find out whether the
complexity bounds of the various interior point algorithms can
be further improved. One can also find out the maximum step
length size of the pProjective rescaling algorithm that can
give maximum effectiveness of the algorithm and also
guarantees polynomiality.

Perhaps, there are open questions yet to be answered,
Can a linear brogramming problem be solved 48 a strongly

polynomial time algorithm? Also, can exponential functions be
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used in place of logrithmic functions in the path following
algorithm? Good 1luck to who ever finds this field

interesting.
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