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ABSTRACT

This dissertation opens with a discussion of the distinction between the classical
and constructive notions of Mathematics. There then follows a description of the three
main varieties of modern constructive mathematics. Bishop's constructive mathematics,
the recursive constructive mathematics of the Russian School of Markov, and Brouwcr's
intuitionistic mathematics. We investigate the relationship between compactness, finite
rank and located kernel for a bounded linear mapping of a normed space into a finite-
dimensional space in a constructive setting. One of the main results is that a bounded
linear mapping of a normed space onto a finite-dimensional normed space is
constructively compact if and only if its kernel is located. We proceed with the
investigation of compact operators on a Hilbert space, and compact linear mappings of
a normed space, within the framework of Bishop's constructive mathematics. We
characterise the compactness of a bounded linear mapping of a Hilbert space H into C,
and prove the theorems. Let A and B be compact operators on a Hilbert space H, let
C be an operator on H and let a £ C Then aA is compact, A + B is compact, the
Hilbert adjoint A* is compact; An operator on a Hilbert space has an adjoint if and only
if it is weakly compact. We also look a constructive substitutes for the classically
well-known theorems on compact linear mappings. T is compact if and only if T* is
compact; if S is bounded linear operator and if T is compact, then TS is compact; if S

and T are compact, then S+T is compact.
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CHAPTER ONE

INTRODUCTION

The main aim of this research work is the constructive
investigation of compact linear mappings. This differs in
several respects from the classical theory of compact linear
mappings. We shall base our analysis on constructivism or
what has come to be known as constructive mathematics. Just
as every interest group and profession has its own jargon -
a specialized vocabulary understood by its members but
seemingly incomprehensible to others, so is the case with
constructive mathematics.

In chapter 2, we shall look into the meaning of
constructive mathematics from its classical (or traditional)
counterpart. The key feature of constructive mathematics is
the identification existence=computability. Modern
constructive mathematics originated from the work of several
constructivists in the early part of the 20th century. The
approaches of three constructivists (Bishop, Markov and
Brouwer) based on logicism, formalism and intuitionism led to
three major varieties of constructive mathematics that are
currently the domain of serious research activity. It began
in 1907 with the work of Brouwer (1881-1966) in his critique
of classical mathematics, in which he demonstrated that it is
deficient in numerical meaning. Subsequent work of Brouwer
was devoted more to logical, philosophical, and foundational
considerations than to positive constructive developments.

A significant advance in the latter direction was made in



1967 by Errett Bishop (1928-1983) in California. He succeeded
in developing a large portion of analysis in a realistic,
constructive manner; see Bridges [2], [5], Bridges-Demuth

[8], Bridges-Mines [10], Mandelkern [21], Richman [25).

Based on the underlying principles of which the notion
of algorithm is admitted by all we shall look at these three
varieties. With recent advances in constructivity, Bishop’s
constructive mathematics (BISH) is regarded as the
constructive core of all the varieties and classical
mathematics. Some classical theorems are found to have
constructive versions as well as proofs while others are
lacking in these. We shall look at some of such theorems and
the various principles underlying them. This will lead us to
the determination of a criterion that we can use to know that
a classical result can never be proved constructively
(omniscience principles). We shall define Brouwerian
examples, which provide strong evidence for these omniscience
principles.

In chapter 3, we shalll look at the various spaces on
which compact linear mappings are defined. Hence, we shall
review the constructive theory of metric and normed spaces.

Let E and F be normed linear spaces and let
S; = {x€E: ||x||s1} be the closed unit sphere of E. We say
that a linear mapping T of E into F is bounded if T(S;) is
bounded, normable if ||T|=sup{||Tx||: xeS,} exists, and
compact if T(S;) is totally bounded, Ishihara [16]. If T is

noymable, then ||T|]| is called the norm of T.



We shall next look at some preliminary results which are
required for the proofs of most theorems on compactness.
Completeness and total boundedness are vital properties of
compactness. Consequently complete normed (Banach) spaces
and complete inner product (Hilbert) spaces with their
defining properties are of importance here.

A mapping u between normed spaces is compact if given
any £ > 0, we can construct a finite £€-net (or what is known
as E-approximation) of the image of the unit ball under u;
see Bridges et al [6]. Total boundedness lies with the
construction of this €£-approximation to the space in
question.

Certain normed linear spaces are frequently used to
construct Brouwerian examples here. The 1 (ls p < )
spaces, especially 1°, are very important examples of such
spaces. Some classical normed spaces are found not to be
normed spaces constructively. The space 1 of all bounded
sequenes x={x,} of numbers has the classical norm ||x||,. =
Sup|x,|. This norm cannot be computed everywhere.
Constructively, this is not a normed space. However, by
associating a sequence of seminorms
l1x]l, = |x,|, the space 1" becomes a quasinormed linear
space, These quasinormed linear spaces enable us to deal
with linear spaces on which the classical norm cannot be
computed everywhere; Ishihara [13].

In chapter 4, we shall deal with compact operators on a

Hilbert space. A bounded linear mapping T of a normed



linear space E intc itself is called an operator on E.

The classical result that every bounded mapping into a
finite-dimensicnal normed space 1is compact is not true
constructively. A Brouwerian example will be used to
establish this; see Bridges et al [6, example 5].

Classically, every bounded linear mapping of finite rank
is compact. This is not constructively true, even when the
domain of the mapping is a Hilbert space; Bridges et al [6,
example 1]. A bounded linear mapping onto a one-dimensional
normed space is constructively compact if and only if its
norm can be computed.

Cne of the main results of this work is that a bounded
linear mapping onto a finite-demensional normed space is
compact if and only if its kernel is located i.e. the
distance from any point to the kernel can be computed;
Bridges et al [S5, Theorem 1]. We shall lock at three
preliminary lemmas which are required for the proof of this
result. In the case where the domain of the mapping is a
Hilbert space, we can prove the following proposition:

Let u be a bounded linear mapping of a Hilbert space H into

C', and for i=1, ..., n, let p;: C - C be a mapping defined
by p;(x,..., %) = x,. Then u is compact if and only if p,ou
is normable for each i = 1,..., n; Ishihara [16, prop. 1].

This result also tends to be valid when the set of all
normable linear functicnals on the domain of the mapping is
a linear space.

By virtue of the above proposition, we shall prove the

following theorem:



Let A and B be compact operators on a Hilbert space H, let C
be an operator on H and let woeC. Then

(1) oA is compact;

(2) A+B is compact;

(3) A* is compact;

(4) CA is compact;

(5) 1If C* exists, then AC is compact; Ishihara (16, Theorem.
1] .

Classically, every operator on a Hilbert space has an
adjoint, but as we shall see, this is not the case in the
constructive setting, especially in the case where the
Hilbert space is 1°.

In (5) of the above theorem, the existence of an adjoint
of an operator plays an important role, and we shall prove
the following theorem:

An operator on a separable Hilbert space has an adjoint
if and only if it is weakly compact; Ishihara [16].

In chapter 5, we shall prove similar results in a more
general setting. For this, we define quasinormed linear
spaces, which enable us to deal with linear spaces, such as
Hom(E,F) (the set of all bounded linear mappings cf E into F,
where E and F are normed linear spaces), on which the
classical norm cannot be computed everywhere.

We shall also deal with compact linear mappings between
normed linear spaces. Let E be a normed linear space. Then
we consider E* as a quasinormed linear space with the
quasinorms

{11.11,: x€8;} given by ||fl|}|, = |f(x)]| for all feE".



Let T be a bounded linear mapping of a normed linear
space E into a normed linear space F. Then the mapping f -
foT of F* into E* is called the adjoint of T and is written
T*; see Ishinhara [14]. The definition of the adjeint is
slightly different from that of an operator on a Hilbert
spac, in the sense that the adjoint in this definition always
exist, but one on a Hilbert space exists when T*(F’) € E’,
where E’ and F’ are normable linear mappings on E and F
respectively.

We shall state the following constructive substitute for
the classical theorem that a bounded linear mapping is
compact if and only if the adjoint is compact. If T is a
linear mapping of a normed linear space E into a separable
normed linear space F, then T is compact if and only if
ran(T*) < E’ and T* is compact; Ishihara [(14].

As a consequence of this, we shall be able to prove the
constructively nontrivial compactness of composition of
compact and bounded linear mappings. In the constructive
setting, this is stated as follows:

If S is a bounded linear mapping of a normed linear space E
into a separable normed linear space F with S*(F’) £ E’ and
T is a compact linear mapping of F into a separable normed
linear space G, then TS is compact; Ishihara [14, Theorem.
21 s

From the last two theorems above, we note that in the
constructive setting, the conditions ran (T*) sE’ and S*(F’)
€ E’ cannot be dropped.

We have seen various aspects of constructive linear



mappings, and found that they behave as classically under
suitable conditions. In the concluding part, we shall
consider some of the reformulations which make a

nonconstructive classical theorem to be constructive in

detail.



CHAPTER TWO

PRELIMINARIES
In order to investigate compact linear mappings using
constructive methods, one needs to explain the meaning of

constructivism or what is known as constructive mathematics.

Classical mathematics refers to the sort of mathematics
taught in virtually every school and college classroom in the
world. Work 1in constructive mathematics, using only
constructive methods, is presently carried on by only a small
minority of mathematicians.

The distinction of constructive mathematics from its
classical or traditional counterpart rests primarily upon the
constructive mathematicians strict interpretation of the
phrase "there exists": whereas in classical mathematics it is
common to prove the existence of an object x with a property
p by deducing a contradiction from the assumption that no
such x exists, a constructive proof of the existence of such
an x must embody both an algorithm for the construction of x
(at least to any preassigned degree of accuracy) and an

algorithm which verifies that x has the property p. Thus, in

classical mathematics, "existence" means "nonexistence is
contradictory", while in constructive mathematics,
"existence" means "computability"; see Bridges [2], [5],

Bridges-Mines [10], Mandelkern [21], Richman [25].
One can interpret an algorithm as, for example, a

syntactically correct program written in a programming



language of one’'s own choice. Whatever interpretation one
makes of the word "algorithm", it should only admit
computations that can be performed, at least in principle, by
a finite number of human beings or computers in a finite
length of time. The algorithmic (routine) interpretation of
existence do not require that one should know the efficiency
or complexity of the algorithms we use. The search of
efficient routines is a separate activity, a part of
numerical analysis and computer science; Bridges [5],
Bridges-Mines [10]. Errett Bishop (1928-1983) expressed the
notion of a constructive procedure as follows:
"How do you know whether a proof is constructive? Try to
write a computer program. If you can program a computer to
do it, it should be constructive. Notice that I said write
the program. Don’t necessarily run it on the computer and
wait around for the result.’ See Mandelkern [21].

There are three varieties of constructive mathematics.
These varietes differ in several respects, especially in the
notion of algorithm that they all admit.

The first variety, Bishop’s constructive mathematics
(BISH), considers "algorithm" to be a primitive, undefined
notion, and there is no commitment to any formal system (such
as the system of natural numbers) or to special principles
(such as the Church-Markov-Turing thesis); this allowed for
future innovations. In consequence, it is consistent with
each of the other two varieties and with classical
mathematics (CLASS); in particular, every proof of a theorem

within Bishop’s constructive mathematics is also a proof of



that theorem in classical mathematics. In view of this
consistency, BISH can be regarded as the constructive core of
classical mathematics; see Bridges-Demuth ([8].

The second variety, the constructive mathematics of the
Russian School of Markov (RUSS), 1is based on the same
underlying logical principles as BISH, but pins down the
notion of algorithm by adopting the Church-Markov-Turing
thesis that every sequence of natural numbers is recursive.
It also studies only those mathematical objects which are
effectively codable by natural numbers. Thus, in a highly
consistent way, the practitioners of RUSS endorse Bishop’s
view that 1f algorithmic method is characteristic of
constructive mathematics, so alsc is numerical content:

according to Bishop,

The primary concern of mathematics is number, and
this means the positive integers. We feel about
numbers the way Kant felt about space. The
positive integers and their arithmetic are
presupposed by the very nature of our intelligence
and, we are tempted to believe, by the very nature
of intelligence in general. The development of
the theory of the positive integers from the
primitive concept of the unit, the concept of
adjoining a unit, and the process of mathematical
induction carries complete conviction... .
Building cn the positive integers, weaving a web
of ever more sets and more funtions, we get the
basic structures of mathematics: the rational
number system, the real number system, the
euclidean spaces, the complex number system, the
algebraic number fields, Hilbert space, the
classical groups, and so forth. Within the frame
work of these structures most mathematics is done.
Everything attaches itself to number, and every
mathematical statement ultimately expresses the
fact that if we perform certain computations
within the set of positive integers, we shall
obtain certain results; see Bridges [5], Bridges-
Demuth [8].

10



The third variety, and historically the oldest, is
Brouwer’s intuitionistic mathematics (INT). Based on
Brouwer’s intuitionistic philosophy, this variety uses a
classically inexplicable notion of "free choice sequence" to
develop ©principles that lead to results apparently
inconsistent with both classical mathematics and RUSS. In
this case, it is more appropriate to say that these results
and the intuitiocnistic constructions used to obtain them,
cannot be interpreted using the philosophy and methods of
classical mathematics; Bishop-Mines [10].

If we work formally and forget the wunderlying
philosophies, each of these two varieties can be viewed as
BISH together with certain adjoined principles. In the case
of RUSS, the essential principle adjcined to BISH is a form
of the Church-Markov-Turing thesis that all sequences of
natural numbers are recursive. On the other hand, Brouwer’s
intuitionistic mathematics (INT) can be viewed formally as
BISH tcogether with certain principles which lead to the
intuitionistic uniform continuity theorem:

Every function from a compact metric space 1into a
separable metric space 1is uniformly continuous; Bridges-
Demuth [8].

This theorem, on first reading, appear to contradict
classical mathematics (CLASS). It contradicts the uniform
continuity theorem of classical mathematics:

There is a pointwise continuous function f£: [0,1] » R that is
not uniformly continuous.

The apparent contradiction disappears when we interpret our

11



statement more carefully:
Every intuitionistically defined function from the
intuitionistic interval [0,1] to the intuitionistic real line

is, intuitionistically, uniformly continuous.

There is a strong case for saying that, except at certain
levels of formalism, INT and CLASS are so divergent that it
is not possible to capture fully the spirit and meaning of
intuitionistic statements, such as the intuitionistic uniform

continuity theorem, within a classical framework.

In practice, this involves our paying much closer
attention to the meaning of mathematical statements,
especially those dealing with existence.

The most extreme example of a classically acceptable,
constructively unacceptable, principle is the law of Excluded
Middle (EM). In cecntrast to the classical view that every
meaningful mathematical statement is either true or false
(even if we cannot say which alternative holds), the
constructive mathematician does not consider a proposition P
to be true or false unless he can produce either a proof of
P or a proof that P is impossible. Thus, the law of excluded
middle which asserts that for any statement P either P or its
negation is true, cannot be accepted within constructive
mathematics, see Bridges [2], [5], Bridges-Demuth [8],
Bridges-Mines [10], Mandelkern [21].

In all the varieties of constructive mathematics, the

algorthmic interpretation of existence forces one to

12



reconsider the meaning of each logical connective and
quantifier. Constructive mathematicians interpret them
according to inuitionistic 1logic; Ishihara [13]. The
important differences from classical mathematics, as we shall
see, centre upon the connective 'or’, ‘implies’ and the
quantifier ’'there exists’.

2.2.1 Definition: A function P(x) is a propositiocnal
function on a set A if P(a) is a statement for each a€A.
3.2.2 Definition (Quantifiers): Let A be a set and P(x)
be a propositional function on A. V¥x P(x) means "for every
element x in A, P(x) holds". The symbol V which reads "for
all", or "for every" or "for each" or "for any" is called the
universal quantifier.

For a constructive proof of V¥x P(x), we must produce an
algorithm which, applied to any object x in the universe of
discourse, proves that P(x) holds; Bridges [5].

The symbol 3 which reads "there exists" or "for some" or
"for at least one" or "there is" is called the existential
quantifier. If there is exactly one element x€A for which
P(x) holds, we write 3!x P(x).

It is <clear from the intuitive significance of
quantification that the universal and existential quantifiers
are not independent, and that either can be expressed in
terms of the other with the aid of negation. The negation of
"for every x, P(x) holds" is "there is some x for which P(x)
does not held", and thus -V¥x P(x) reduces to Ix (-P(x)); see
Kneebone [19].

2:2:3 Definition (Logical constants): We now introduce

13



suitable symbcls for the basic logical operators that can be
applied to propositions and propositional variables. These
are: - (not); v (or); A (and); = (implies); e (equivalent).
These operators are sometimes referred to as logical
constants. The last four v, A. =, e, which always stand
between two propositional symbols are called connectives;
Kneebone [19].

The constructive interpretation of A (and) pose no
problem: to prove P,AP, we must produce both a proof of P, and
a proof of P,; to justify the assertion P,vP, for proposition
P, and P,, we must have either a proof of P, or a proof of P,.
In other words, P,vP, is equivalent to 3i Pi; see Bridges [5].

The commonest constructive interpretation of the
connective = (implies) can be paraphrased as follows: P=Q
means that Q heclds under the assumption that P holds, cor that
we can derive Q from the hypothesis P.

The statement - P (not P) is interpreted as P=Q , where Q is
a contradiction.

The standard classical interpretation of the connective
= is "material implication", in which P=Q is, by definition,
-PvQ. Certainly, we can derive Q constructively from the two
hypotheses -PvQ and P, so that (P=Q) =(-PvQ); but as P=P
holds trivially, and we cannot prove the law of excluded
middle, -PvP, constructive implication and material
implication are not equivalent constructively.

Another classical principle rejected by constructive
mathematicians is --P=P: for taking P to be of the form 3ix

Q(x), we see that if --P holds, then it is absurd to deny

14



that there exists x with the property Q(x); but such an
absurdity does not provide us with an algorithm for
constructing x such that Q{(x) holds. However, we can prove

-===P = ~P: for if P holds, then sc does --P; and in

constructive as in classical mathematics, if A=B, then -B
=-A; See Bridges [5].

Bishop wrote that every classical theorem presents a
challenge: to find a constructive versicn and to give it a
constructive proof; Bridges-Mines (10].

According to the constructivist, a theorem proved by
classical methods is merely incomplete; the degree of
incompleteness varies to both extremes. A classical theorem
may exhibit no numerical meaning, and there may be little
chance of extracting any numerical meaning from it. At the
other extreme is the classical theorem that is constructive
as it stands, or becomes constructive after some quite minor
reformulations. Situated between these extremes, most
classical theorems are neither constructively valid nor
completely devoid of numerical meaning. Such a theorem must
be significantly modified or rephrased to show its true
constructive content, and a considerable amount of work must
be done to find a constructive proof. Often several new
theorems are obtained, revealing different constructive
aspects of the classical theorem which were hidden by its
classical presentation; Mandelkern [21].

In most cases, it is not at all easy to formulate a

conjecture about the constructive content, if any, of a
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classical theorem. As such many classical theorems are
unlikely to have any constructive version: an example is the
Bolzano-Weierstrass Theorem (Any bounded sequence of real
numbers has a convergent subsequence); a more extreme example
is Zorn's Lemma (Let M#@ be a partially ordered set. Suppose
that every chain CcM has an upper bound. Then M has at least
one maximal element) .

The fundamental theorem of Algebra (Any nonconstant
polynomial f with complex coefficients has at least one
complex root) is an example where the classical statement
remains valid when interpreted constructively, but the usual
classical proofs are not constructive. At the risk of being
repetitive we emphasize the importance of appreciating that,
although the statement of the Fundamental theorem of Algebra
is the same in both classical and constructive mathematics,
its constructive interpretation is quite different from the
classical one. When correctly interpreted as an assertion
about the computability of zeros of polynomials, the
constructive version is seen to be considerably more
informative than the classical. We bring out this
distinction by rewriting Brouwer’s version in the form:
There is a finite routine which, applied to any nonconstant
polyncmial f with complex coefficients, enables us tc compute
a root of f; Bridges-Mines [10].

In situations where a classical concept has a
constructive version, the single classical concept may split
into several interesting constructive distinct ones, that are

classically, but not constructively, equivalent. This
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phenomenon of Dbranching of concepts is excellently
illustrated by the reinterpretations of the Big Picard’'s
Theorem in complex analysis. It states that
If f has an essential singularity at z, then the range of f
is either C or else C with one point omitted; Bridges [2],
Bridges-Mines [10].
In above thecrem, f is a differentiable complex function on
the punctured disc

U= {zeC: 0 < |z -2,|] < r}.
Bridges et al (1982) showed that the classical form of the
theorem is essentially noncenstructive, and then proved the
following constructive version of the theorem:
If f has an essential singularity at z,, and if a, a’ are
distinct complex numbers, then there exists z in U such that
either f(z) = o or else f(z) = oa’; Bridges [2].
Now, there is another classically equivalent version that
turns out also to be provable within BISH.
If the range of f omits two complex values, then f has a pole
of finite (determinate) order at z_,; Bridges [2].
The two constructive versions are not equivalent within BISH,
as they embody totally different algorithms.

Some classical theorems have constructive versions with
these as well as the classical statements having similar
procfs. The Uniform Boundedness Principle is an example of
such a theorem in which the constructive version has a proof
that is similar to a standard classical one; Bridges-Ishihara
[9]. The classical statement is:

If (f,} is a sequence of continuous linear functionals on a
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Banach space X and, for every xe€X, the sequence {|f,(x)|)} is
bounded, then the sequence {||f,||} of norms is bounded;
Goffman-Pedrick ([12].

This has the following constructive version:

Let {T,)] be a seguence of bounded linear mappings from a
Banach space X into a normed space Y, and let (x,}] be a
sequence of unit vectors in X such that ||T.x,|| »» as n » w.
Then there exists a vector x in X such that the sequence
{11T.x}}} is unbounded; Bishop[1], Bridges-Ishihara (9].

In order to understand what is true and what is not true
in constructive mathematics, let us consider a comparatively
simple mathematical notion: that of a binary (decision)
sequence. Classically, this is simply a sequence in which
each term belongs to {0,1}; but from our constructive point
of view, a binary sequence {a,} is an algorithm which,
applied to any pesitive integer n, produces an output a,
belonging to {0,1}. This choice of only two values
represents the situation where we use some finite process to
look for something and either we find it or we don’t; the 0
or 1 simply record our results.

So, in order tc justify constructively the assertion
that a, belongs to {0,1}, we must be able to tell whether a,
= 0 or a, = 1; it does not suffice to prove that a, cannot
fail to belong to {0,1}; Bridges [5], Bridges-Demuth [8],
Mandelkern [22].

2:2.4 Definition: Let {a,}] be a binary sequence. A
classically true statement of the form "P(a,) fer all binary

sequences {a,}" which is <considered not to have a
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constructive proof is an omniscience principle; Bridges [2],
Ishihara [13]), [15], Mandelkern [22].

In a systematic manner, Bishop formulated several
general omniscience principles, each of which implies the
solution to a vast number of unsolved problems or at least
leads to certain information about such problems which in
fact is net available. One advantage of this is that it
shows more clearly the nonconstructivities in classical
mathematics, since there will always be unsclved problems
which the omniscience principles would solve.

Now we consider the following statement, which Bishop
called the limited principle of omniscience (LPO):

If {a,} is a binary sequence, then either there exists n such
that a,=1, or else a,=0 for all n.

This is an acceptable classical definition of a binary
sequence. In the classical setting, since according to EM
every statement is either true or false, pure logic dictates
that LPO is trivially true. But, interpreted constructively,
LPO is a much stronger statement than at first appears: if
LPO holds constructively, then there exists an algorithm o
whose input set consists of all binary sequences, whose
outputs belong to Nu{-1}, and which, on being applied to a
binary sequence {(a,}, behaves as follows:

If there exist n with a,=1, then a outputs such a natural
number n;

if a,=0 for all n, then o outputs -1.

To anycne familiar with computer programming, a moment'’s

reflection should suggest that such an algorithm is unlikely
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ever to materialize, and therefore LPO should not be accepted
as a principle of constructive mathematics. To turn this
suggestion into complete conviction, we need to observe that
within the context of recursion theory, in which binary
sequences are recursive functions with values in {0,1}, there
is no recursive algorithm which, applied tec any binary
sequence {a,}, will output 1 if there exists an index n with
a,=1, and ocutput 0 if a,=0 for all n: indeed such an algorithm
would provide us with a procedure for deciding, for any
pregram P with integer inputs and any integer n, whether or
not P will halt when given the input n. It is a basic and
famous result of elementary recursion theory that no such
decision procedure exists, even classically; Bridges (2],
Bridges-Demuth [8], Bridges-Mine [10], Mandelkern [22].

More simply, if we let P(a,) = 3n (a,=1), LPO is of the
form P(a,)v-P(a,), that is an instance of the law of excluded
middle (EM), which is not accepted constructively.

One other result which is constructively unacceptable is
the Goldbach conjecture (every even integer greater than 2 is
the sum of two primes). Let us consider a function f:N»N
defined by

f(n) = 0 if the Goldbach conjecture is false.
1 if the Goldbach conjecture is true.

We observe that a constructive proof of LPO would provide an
algorithm for deciding the Goldbach conjecture.

Similar arguments shows that a constructive proof of LPO
would lead to decision procedures for many unsolved problems;
See Bridges [2], Mandelkern [22].

Another classically trivial princicple which is
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constructively rejected for similar reasons is the lesser

limited principle of omniscience (LLPO).

If {a,}] is a binary sequence containing at most one term

equal to 1, then either a,=0 for all even n, or else a,=0 for

all odd n.

LPO and LLPO are really weak forms of the law of excluded

middle. Any classical theorem which, if proved

constructively, wculd entail LPO, LLPO or some other non-
algorithmic principle is considered to be essentially non-
constructive, and is therefore constructively unacceptable.

Among the more elementary of such results are the following:

(i) The law of trichotomy for real numbers: for each
real number x, x > 0 or x=0 or x<0. This is
equivalent to LPO: that is, V x € R (x=0 or x # 0)
implies LPO.

(ii) The least-upper bound principle for sequences: to
each sequence (a,} of real numbers that is bounded
above, there corresponds an upper bound s such
that for each £ > 0 there exists n with a,>s-£; it
implies LPO.

(1ii) The sequential compactness property of the closed
interval [0,1]: each sequence in [0,1] contains a
cenvergent subsequence.

(iv) The weak form of trichotomy for R:vxeR (x20 or
xs0)=LLPO.

See Bridges [2], [5], Bridges-Demuth [8], Mandelkern
[22] .

2.2.5 Definition (Real Numbers): A real number is a

21



sequence of approximating rational numbers expressed as
finite decimals that is, a real number is a sequence x = {x,
} of rational numbers that is regular, in the sense that |x,
- %x,]s 1/m + 1/n for all positive integers m and n; then the
term x, is called the n*" rational approximation to the real
number x. Each rational number is a ratio of integers; See
Bridges [5], Mandelkern [21], [22].

Fortunately, there are good constructive substitutes
that enable us to get round the inadmissible trichotomy laws
within BISH. Twe constructive principles, that reflect the
essence of a real number, given only by approximations, are
commonly used.

(1) If x > 0 is contradictory, then x s 0.
(2) (Constructive Dichotomy Lemma) : If a and b are real
numbers with a<b, then for any real number x, either x<b

or x>a. See Bridges [2], [5], Mandelkern [22],

This second result is commonly needed to split a constructive
argument into cases, where a split of the form "either x>a or
x<a" would be unacceptable.

There is another classically trivial proposition whose
role in constructive mathematics is more controversial than
that of LPO or LLPO. The proposition in question is Markov’s
Principle (MP):

If for a binary sequence (a,}, it is impossible that all the
terms equal 0, then there exists n such that a,=1.

This principle is accepted, with some feelings of doubt, by
constructive mathematicians of the Russian School of Markov,

but not by propcnents of BISH and INT. Markov'’s principle,
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although not a consequence of the law of excluded middle, is
regarded as an omniscience principle

Markov’s principle states that we can construct the
number n with a,=1 by successively computing a,, a,, ... until
we get a 1. Our argument against MP is that we have no prior
bound to the number of terms that we must look at before we
can be sure that we have found one equal to 1. For this
reason, most constructivists either reject outright, or
refrain from using any propositions that are constructive
equivalent to Markov’s principle.

As in the case of LPO, given a real number x, let {a,}
be a binary sequence with the property that

x > 0 if and only if 3in (a,=1)

x s 0 if and only if Vv n (a,=0).
Then constructively, we have

Markov’s principle « v x € R (- (xs0) =x > 0);
Bridges([2], [5].
2.2.6 Definition (Function): A function from a set A to a
set B is an algorithm f which produces an element f(x) of B
when applied to an element x of A, and is extensional: has
the property that f(x)=f(x’) whenever x = x’'; Bridges [5].

The equality relation on the set N of natural numbers
(known as standard equality relation) is the relation of
identity: two natural numbers are equal if and only if they
are one and the same.
2.2.7 The Axiom of choice: There is widespread belief that
a constructive mathematician can be 1identified by his

rejection of the axiom of cheice (AC):
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AC: Let A and B be sets. If S is a subget of A x B, and for
each x In A there exists y in B such that (x,y}) € 5,
then there is a functicon f£: A - B, called a choice
Ffunction for S, such that (x, f(x}))&8 for each x in A;
Bridges [5].

The axiom of choice is unacceptable within BISH: it entails

the law of excluded middle.

To see this, let P be any constructively meaningful
statement. TLet A = {0, 1}, with equality defined by 0 =
1 if and only if P helds.

Let B = {0,1} with the standard equality, and let S = { (0,0},

(1,1)} € A x B, where the equality on § is derived in the

usual way from those on A and B: (x,v) = (®x',y"} if and only

if x = x' in A and y = y' in B.

If £f: A - B 1s a choice function for 8, then we have Lwo

possibilities:
(1) either £(0) = 1 or £(1) = 0;
(ii) £(0) = 0 and f(1) = 1
In case (i), if, for example, f£{(0} = 1, then (0,1) € S.
8o either (0,1) = (0,0}, which forces 0 and 1 to be equal

elements of N and is therefore impossible; or, as must be the

case, {0,1)=(1,1}. Thus 0 and 1 are egual elements of A, and

so P holds.

On the other hand, if P holds, then as 0 and 1 are equal

elements of A, and as f is a function, we have f£{(0) = £{1},
which rules out case (ii). Hence in rase (ii) P ig false.
Thus we have derived Pv-P; see Bridges [2]1, [&].

Although the axiom of cheice is not part of BISH, a
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restricted form of choice the principle of dependent choice
(DC) - is generally accepted and widely used by constructive
mathematicians:

DC: Let A be aset. If a€ Aand ScCc A x A, and for each x

in A there exists y in A such that (x,y)eS. Then there

exists a sequence of elements a,, a,, ... of A such that
a, = a and fa, , a,,,;) € S for each positive integer
n.

A consequence cof the principle of dependent choice (DC) is
the principle of countable choice (CC), which is the case A
= N of the axiom of choice; Bridges [5], Ishihara [18].

CC: Let B be a set, S ¢ N x B such that for each n in N
there is an element y in B such that (n,y)E€S. Then
there is a function f:NsB, called a cheoice function for
S, such that (n, f(n))eS for each n in N.

Another choice principle which is generally accepted and

widely used by constructive mathematicians is the principle

of unique choice:

Let A and B be sets, S € A x B such that for each x in A

there is an element y in B such that (x,y)€S, and if (x,y;),

{x, y,) are elements of S, then y, = y,. Then there is a

function f: A » B such that (x,f(x)) €S for each x in A;

Ishihara [13].

2.3 Criterion for  |unprovability of statements in
constructive mathematics:

We use omniscience principles as a criterion for
unprovability of statements in constructive mathematics. We

consider this to be a criterion because we cannot prove that
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neither the statements nor their denials are valid.
Brocuwer’s critique of many classical theorems, his claim
that they lacked numerical meaning, consisted of
demonstrations showing that their truth would imply solutions
to problems for which no sclutions were known. He concluded
that certain classical theorems could not be true, for if
they were true, many pecople would try to use them to solve
the unsolved problems. Such a demonstration is called a
Brouwerian counter-example. With the formulation of
omniscience principles by Errett Bishop, a Brouwerian
counter-example then becomes a demonstration that a certain
statement implies one of these omniscience principles;

Mandelkern [22].

2.3.1 Definition (Brouwerian example): For a classical
statement P(x), if P(a) implies some omniscience principle,
we say that ’'a’ is a Brouwerian example for P(x). If the
omniscience principle is Markov's principle, we speak of a
Markovian example, rather than a Brouwerian one; Bridges [5],
Ishihara [13].

Brouwerian examples are not examples in the usual sense,
but provide strong evidence that certain classical
propositions will never be proved constructively; Bridges
8] :

As an example, we look at a Brouwerian example for the
axiom of choice which is widely wused in classical

mathematics.
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2.3.2 Brouwerian Example (Ishihara [13]): A set A and a
subset S of A x (0,1} for which a choice function does not
exist.

Let {a,} be a binary sequence and let A = {x,y}, where
X = y if and only if a,=1 for some n. Consider the subset
s={(x,0),(y,1)} of A x {0,1}. If there exists a choice
function £ for 8, then either f(x) = f(y), in which case a,
= 1 for some n; or else f(x) » f£(y), and a, = 0 for all n.
Thus a constructive proof of the axiom of choice, even from
sets with at most two elements, would lead to one of LPO.

From this, we can find a rule (ie algorithm) ¥ such that
(a, ¥(a) € S8 for each a in A by the constructive
interprettion of existence; but it is not a function. A
function £ should be a rule which is extensional in the sense
that if x=y then f£{(x) = f(y). Moresc, when a constructivist
says that a number is either this or that, he is prepared to
say which; or at least to give a finite procedure by which it
may be determined.

Considering the fact that the main objective of this
research work is to investigate constructive compact linear
mappings, it is appropriate to end this brief disussion of
the differences between <classical and constructive

mathematics here.
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CHAPTER THREE

In this section of the thesis, we may assume the reader
is familiar with the elementary classical theory of metric
and normed linear spaces; see Goffman-Pedrick [12], Kreyszig
[20], Rudin ([26]), Taylor-Lay [28], Yosida [29].

We are now gecing to review the constructive theory of

metric and normed spaces. Since these are defined on a set,
we start with the constructive notion of a set,
3.1 Definition: A set X is defined when we describe how to
construct its members from objects that have been, or could
have been, constructed prior to X, and describe what it means
for two members of X to be equal.

The equality relation, =, on a set is an essential part
of its description, and must satisfy the defining properties
of an equivalence relation:

reflexivity: X = X;

symmetry: if x = y, then y = x;

transitivity: if x =y and y = z, then x = z;

see Bridges [5].
The equality relation on the set Z' of positive integers, and
that on the set N of natural numbers, is the relation of
identity: two natural numbers are equal if and only if they
are one and the same.

A unary relation on a set X is a property P which is
applicable to elements of X, and is extensional, in the sense

that if x=y, then P(x) if and only if P(y). We are only
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concerned with extensional properties; we are not concerned
with intensional properties - those that depend on the manner
in which the objects are presented to us.

If ¥ is a subset of a set X, and x€Y, we write x¢Y to
mean x€Y is impossible; and we denote by X\Y the set
{xeX:xeY}. A subset Y of a set X is detachable from X if for
each x in X either xeY or xe¢Y.

If X and Y are subsets of a set Z, and if every element
of X is an element of Y, then we say that X is contained in
Y, and write X €Y. two subsets X and Y of Z are equal if XcY
and YeX ;this is clearly an equivalence relation on subsets
oL B

A set is non-empty, or nonvoid, if we can construct an
element of it; an empty set ¢ is a set that cannot be non-
empty.

The union, XuY, of two subsets X and Y of a set Z is the
subset of Z defined by

XUY = {x€Z: x €X v x €Y}. The intersection XnY of two
subsets X and Y of Z is the subset of Z defined by X nY =
{x€Z: xeX A xeY}.

The Cartesian product X x Y of two sets X and Y consists
of the ordered pairs (x,y) with x €X and y €Y; that is,

X x Y= {(x,y): x€X A yeY}.

Two ordered pairs (x,y) and (x’,y’) are equal if x = x’' and
Y=y

A subset X x X, or equivalently, a property applicable

to elements of X x X, is called a binary relation on X.

A function from a set X to a set Y is an algorithm
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(rule) £ which produces an element f(x) of Y when applied to
an element x of X, and is extensional in the sense that f (x)
= f(y) whenever

X = y. The notation f:X-»Y indicate that f is a function from
X to Y. A function is also called a mapping, or map. The
set X is called the domain of f written dom(f), and the set
{f(x): x€X} is called the range of f, written ran(f). If the
range of f equals Y, we say that f maps X onte Y; if

X = y whenever f(x) = f(y), then £ is one-one.

A set X is finitely enumerable if there exists a non-
negative integer n and a mapping f from {1, ..., n} onto X.
If amap £ is also one-one, we say that X is finite, and that
it has n elements. A set X is countable if there is a
function from a detachable subset of N onto X. We say that X
is countably infinite if there is a one-one mapping from N
onto X. As in classical mathematics, the cartesian product
NxN is countable: infact, there exists a one-one map of N
onto N x N.

The following result characterises countable sets:

3.2 Theorem (Bridges [5, 2.3]: An empty set is countable; a
non-empty set is countable if and only if it is the range of
a function with domain N.

3.3 Definition: A metric space is a set X together with a
function d, called a metric, from XxX to the set of non
negative real numbers such that

(1) d(x,y) = 0 if and only if x = y;

(2) dix,y) = dly,x)

(3) dix,z) s d(x,y) + dly,z).
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The open sphere centered at a point =x€X with radius rs0
is the subset S8, (x)={veX: d(x,yv}<r} of X. A subset Y of X is
open i1f for each y&€Y there exists r » 0 such that S, {y)} € Y.
The interior of a subset Y of X consists of all yeY such
that there exists r > 0 such that §,(y)} < Y.

A subset Y of X is closed 1if for each r»0 there exists
v€Y such that if yeS,.(x}, then x€Y. The closure of a subset
Y of X congists of all x€Y such that vyeS8,(x).

A subset Y of a metric space X is dense in X if its

¢l os ure e gualszs X, t hat i s ,

Y-X

A metric space is separable if it contains a countable

dense subsgset; see Ighihara [13].

3.4 Definition: A Cauchy seguence in a wmetric space X is a
sequence {x,} in X such that for each £ > 0, there exists N
=z 1 such that d{x,,x,) € £ whenever m, nz= N. A sequence {x,}
in X converges to ye€ X if for each £ > 0, there exists N = 1
such that d{x,, y) s € whenever n = N, If {x,} converges to
y, we say that y is the limit of ({x,}.

The proof of a constructive convergence test embodies
algorithms which, if applied to an infinite series of the
appropriate type, calculate the sum of the series and provide
the rate of convergence to that sum. Thus convergence tests
for infinite series play a role in constructive analysis;

Bridges [5].

If each cauchy sequence converges to some element of X,
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we say that X is complete.

The set of real numbers R forms a metric space under the
metric d(x,y) = |x-y|.

3.5 Theorem (Bridges [5]): R is a complete metric space.
3.6 Definition (Completion): The property of completeness of
the field of real numbers plays an important role in
mathematical analysis. The property of completeness cof
metric spaces occupies a similar crucial role in constructive
analysis. We shall now examine a process according to which
every non-complete metric space can be extended to a complete
space, analogous to the extension of a set of rationals to a
set of all real numbers.

Let (X,d) and (Y,p) be metric spaces. (X,d) and (Y,p)
are said to be isometric if there is a transformation T of
(X,d) into (Y,p) such that, for every x, yeX,

p(Tx,Ty) = d(x,y).
Let X, be a given metric space. If this space is non-
complete, that is, in this space there is a cauchy sequence
but no element which will be its limit. Then there exists
another complete metric space X, such that it has a subset W
everywhere dense in X and isometric to X,. This space X is
called the completion of the space X,.
3.7 Definition: (Suprema and Infima): Let X be a non-void
subset of R. A real numbers b is
an upper bound of X if xsb for all xeX;
the supremum, or least upper bound, of X if it is
an upper bound of X, and if, for each £>0, there

exists x in X such that x>b-£.
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If X has an upper bound, then we say that X is bounded above.
Also, if the supremum of X exists, it is unique, and we
denote it by sup X.

On the other hand, b is

a lower bound of X if bsx for all x in X;

the infimum, or greatest lower bound, of X if it is a

lower bound of X, and if, for each £>0, there exists x in X
such that x<b+€f.
If X has a lower bound, then we say that X is bounded below.
The infimum of X, if it exists, is unique, and is written
infX. We say that X is bounded if it is both bounded above
and bounded below; Bridges [5].

Cne result of classical analysis that is constructively
unaceptable is the expression of the completeness of R in the
least upper bound principle: every non-empty subset of R that
is bounded above has a least upper bound. In fact, the
construction of the least upper bound of an increasing binary
sequence is not certain. To see this, let {a,} be any
increasing binary sequence, and suppose that s= sup a,
exists. Then either s > 0, in which case there exists n with
a,=l, or else s < 1, so that a,=0 for all n. Thus the
classical least upper bound principle implies LPO; Bridges
[2].

As an application of the completeness of R, we have the
following useful constructive version of the least upper
bound principle:

3.8 Theorem: (Bridges [2], [5]): Let S be a nonvoid subset

of R that is bounded above. Then supS exists if and only if
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for all a,f in R with o < 8, either § is an upper bound of S
or there exists x in S with x > a.
3.9 Definition: A non empty subset Y of X is a bounded set
if its diameter
d(X) = sup {dix,y): x, ye Y}

exists and is finite.
3.10 Definition: A subset Y of a metric space (X,d) is
located in X, or is a located subset of X if the distance

d{x,Y) = inf {dx,y): y € Y}.

from x to Y exists for each x €X.
The completeness of a metric space assures us of the
following very useful lemma.
3.11 Lemma (Ishihara ([13]): Let A be a complete, located
subset of a metric space X, and x a point of X. Then there
exists a point a in A such that d(x,a) > 0 entails d(x,A) >
0.
3.12 Definition: A function f from a metric space (X,d) to
a metric space (Y,p) is continuous if for each x €X and £ >
0 there exists 0 > 0 such that d(x,y) < & implies p(f(x),
f(y) < € for all yeX.
3.13 Definition: A function f from a metric space (X,d) to
a metric space (Y,p) is uniformly continuous if for each &
> 0 there exists w > 0, called a modulus of continuity, such
that for each
x, y € X

plf x), fly)) s & whenever d(x,y) s w.
3.14 Definition: We say that a mapping f between metric

spaces X and Y is sequentially continuous if x, » x as n » «
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implies

f(x,) » f({x) as n » ™.

3.15 Definition: We say that a mapping f between metric
spaces is sequentially nondiscontinuous if X, » x as n -» o
and

d(f(x,), £(x)) =2 6 for all n imply 6 =< 0.

See Ishihara (17], [18].

Classically, for a 1linear mapping boundedness and
sequential continuity are equivalent. But we know of no
constructive proof that these notions are equivalent; Bridges
(4], Ishihara [17], [18].

3.16 Definition: An £-approximation to a metric space (X,d)
is a subset Y of X such that for each xeX there exists yeY
with

d(x,y) < €. The metric space X is said to be totally bounded
if for each € > 0 there exists a finite £-approximation to X;
Bridges [5].

Some authors allow E£-approximations, and therefore
totally bounded sets, to be empty. To avoid complicating the
relation between total boundedness and locatedness, in this
dissertation, we shall only allow nonvoid £-approximations.
3.17 Definition: A metric space (X,p) is said to be compact
if it is totally bounded and complete; locally compact if
each bounded set in X is contained in a compact set; Bridges-
Demuth [8].

3.18 Proposition (Ishihara [13]): If X is a totally bounded
space, and f is a uniformly continuous map of X into a metric

space Y, then f(X) = {f(x): xeX} is totally bounded.
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We shall give an application of proposition 3.18. For
that, we need the following lemma:
3.19 Lemma (Bridges [5, 9.2]): If S is a nonvoid totally
bounded subset of R, then infS and supS exist.
Applying propositiocn 3.18 and lemma 3.19, we have the
following theorem:
3.20 Theorem (Ishihara [13]): If f is a uniformly continuous
map of a totally bounded space X into R, then inf £ = inf
f(X) and sup £ = sup f(X) exist.

If x is a point of a metric space X, then the mapping
Yy » d(x,y) is uniformly continuous; sc we have the following
corollary to theorem 3.20.
3.21 Corollary (Ishihara [13]: A totally bounded subset Y
of a metric space X is located.

If X is a totally bounded space, then since the mapping

x » sup {d(x,y) : y € X} is uniformly continuous, the
diameter
d(X) = Sup {Sup {d(x,y) : ye X} : x €X} = Sup {d(x,y) : x,

yeX} of X exists. That is, X is bounded.

From corollary 3.21 and the last result, we have the
following lemma.
3.22 Lemma (Bridges [5]): A totally bounded subset of R is
bounded and located.
3.23 Lemma (Bridges [5]): 1If S is a totally bounded subset
of R, and A is a located subset of S, then A is totally
bounded.

We denote by C(X,Y) the set of uniformly continuous

functions from a totally bounded metric space X to a metric
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space Y. The metric p on C(X,Y) is defined by
p (f,9) = sup { d(f(x), g(x)) : x € X}, (f,9 € C(X,Y)).
3.24 Definition: A subset A of C(X,Y) is equicontinuous if
the functions in A have a common modulus of continuity.
Classically, if X is a compact metric space, a subset k
C C(X) is relatively compact if and only if it is uniformly
bounded and equicontinuous (Arzela-Ascoli Theorem).
The Arzela-Ascoli theorem has the following constructive
version:
3.25 Lemma (Ishihara [13]): Let X be a totally bounded
metric space, let Y be a metric space, and let S be an
equicontinuous subset of C(X,Y¥Y) such that for each € > 0
there exists an
£-approximation {x,, ..., x,}] to X for which the subset
A= {(f(x), ..., f(x,)): £ € 8}
of Y" is totally bounded. Then S is totally bounded.
3.26 Definition: A normed linear space is a linear (or
vector) space E together with a function ||.|]|, called a

norm, from E to the set of non negative real numbers such

that

(1) ||x]}| = 0 if and only if x = 0;
(2)  fiax]} = [a} x|

(3)  lixs+yll s x|l + {iyll.

The linear space C' admits a number of natural norms, one of
which is given by

PN, eeer A = N #o0l AL

3.27 Definition: A normed linear space E is finite-

dimensional if it contains a finitely enumerable set {e,, ...
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e.}, called a metric basis of E, such that the map f: C -
E, defined by setting
£(N,, ..., A,) =L Ae, has continucus inverse in the sense
that there exists a uniformly continucus map
g : E » C such that

flg(x)) = x for each x € E and

GIE(Xyy wawy N)) = [(Ryy asay Ny) Eor @ach (Xy; s,
A, el
3.28 Theorem (Ishihara [13]): The following are equivalent
conditions on a normed linear space E.
(1) E is finite-dimensiocnal;
(2) The closed unit sphere of E is compact;
(3) E is locally compact.
3.29 Definition: Let E and F be normed linear spaces and let
S, = {x€E: ||x]| s 1} be a closed unit sphere of E. Then we
say that a linear mapping T of E into F is

bounded if T(Sg) is bounded;

normable if ||T|]| = sup {||Tx]|| : x € S;} exists,
and

compact if T(S;) is totally bounded.
Every compact map is normable, every normable map is bounded,
and every bounded map is uniformly continuous. If T is

normable, then ||T|| is called the norm of T.

We denote the set of all bounded linear mappings of E
into F by Hom(E,F), the set of all normable linear mappings
by Hom,(E,F), and the set of all compact linear mappings by

Hom.(E,F). Then, since every compact map is normable, every
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normable map is bounded, and every bounded map is uniformly
centinuous, we have
Hom.(E,F) € Hom, (E,F) <Hom(E,F).

3.30 Definition: A mapping from a normed space X into itself
is called an coperator. A mapping from a normed space X into
the scalar field R or C is called a functional.

We recall from section 2.3 (definition 2.3.1) that: For a
classical statement P(x), if P(a) implies some omniscience
principle, we say that 'a’ is a Brouwerian example for P(x).
Here, we give examples of normed linear spaces which will be
frequently used to construct Brouwerian examples in the rest
of this disseration.

For 1 s p < w, let 1* be the space of sequences x = {x,)
of numbers such that T |x, | ? converges. With each x ={x,]
in 1?7, associating a non negative real number ||x|| by ||x]||
= (Z |x,|7)'?, 1° becomes a normed linear (Banach) space. We
knew that 1" has the standard basis; for each n, we denote by
e, the n'" basis whose n*" term is 1 and all other terms are 0.

The space 1* of all bounded sequences x = {x,} of numbers
is not a normed space as classically.

The fecllowing Bouwerian example shows that
Hom, (E,F) # Hom(E,F); whence Hom(E,F) is not a normed linear

space as classically.

3.31 Brouwerian Example (Bridges et al [61]): A bounded

linear functional on 1° which is not normable.

Let 1° be the Hilbert space of square-summable sequences

of real numbers and for each x € 1?, let x, be the n*
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component of x. Let {a,} be a binary sequence such that x,=1
for at most one value of n.

Define a bounded linear
functional u: 1? -R by

-

ux = Y ax,

If u is normable, then a constructive proof for this would

enable us to compute the norm of u.

Using the familiar dot product with one factor kept

fixed, the above function can be written as

ux) = Y apx=ax,

where a = {a,} € 1* is fixed, x = {x,}e 1°.

Now since u is
bounded, we have

()= I)i‘| ax,|s );‘Ia.ﬁ.l ﬁJ i jaf - JZ:IX,.I’

n=1

(Cauchy-Schwarz inequality).

Iu(x)ISJ Yl J Y P = faliial
n=1

iy = Sup M

zei |
)

Su p
xel?
Bl

)} < Sup al fix} = lall

fhxdt=1
Let S denote the set of values of the binary sequence a
= {a,}]. The set S has at least one element,

and at most two,

but in general we donot know exactly how many; in any event
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it is a nonvoid bounded set of real numbers., Using the
Constructive Dichotomy Lemma (See (2) of 2.2.5), since 0 < 1,
then for ||u||=yeR, either y > 0, or y < 1.

If |ju]ll > 0, then there exists n such that a,=1; if ||u]] <
1, then a,=0 for all n. It follows that we would have an
algorithm for deciding whether or not an arbitrary sequence
in {0,1} has a nonzero term; but no such algorithm will ever

materialize.

3.32 Definition: A Banach space is a complete normed linear
space.

In the constructive development of the theory of bounded
linear mappings it may be important to locate the kernel
(null space).

ker IT) = {x € E : Tx = 0},
of such a mapping T.
We recall that a subset Y of a metric space (X,d) is located
in X if the distance from x to Y,
d(x,Y) = inf {d(x,y) : y € Y}
exists for all x € X.

With the aid of the above noticn, we can give a
necessary and sufficient condition for normability of linear
mappings. Of special interest is the case F = C'; in which
case, we have the following:

3.33 Proposition (Ishihara [13]): A nonzero bounded linear
functional cn a normed linear space E is normable if and only
if its kernel is located.

Proposition 3.33 can be viewed as a special case of the

following theorem:
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3.34 Theorem (Bridges et al [6]): A bounded linear mapping
of a normed linear space E onto a finite-dimensional normed
linear space is compact if and only if its kernel is located
in E.

3.35 Definition: An inner product space is a linear space E
together with a function (.,.), called an inner product, from
E x E to C such that

(1) (x,x) = 0; and (x,x) = 0 iff % = 0;

2. (=%

(3) (Ax + puy, z) = AMx,2) + ply,z).

An inner product space E is a normed linear space with
norm given by ||x||=(x,x)* in which the Cauchy-Schwarz
inequality |(x,y)] = ||x|] |ly]l| and Minkowski’s inequality
lix+yl! s ||x}]} + |lyl] are valid; Ishihara [13].

3.36 Definition: A Hilbert space is a complete inner product
space.
3.37 Definition: We say that an operator A on a Hilbert
space H has an adjoint (operator) A* on H if

(Ax,y) = (x, Ary)
for all x,y € H. An operator is selfadjoint if A = A¥*,

As we shall see later on, the proofs of results on
Hilbert spaces depend on the geometric properties of Hilbert
spaces, hence we cannot expect to generalize certain results
(theorems) to arbitrary normed linear spaces in the same
manner.

Now, we define quasinormed linear spaces, which enable

us to deal with linear spaces, such as Hom (E,F), on which
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the classical norm cannot be computed everywhere.
3.38 Definition: A linear space E is said to be a
quasinormed linear space if there is associated a family of
seminorms
{|l.1l,: a€A}, called the quasinorm on E, in such a way that
for each x€E, the set {||x]|,: a€eA} of R is bounded.

The equality and inequality relations on the quasinormed
linear space E are defined by

x =y e |llx-yv|ls = 0 for all aeA.
and
x#y @ ||x-y]], > 0 for some a€A; see Ishihara

[13].

An element x€E is said to be normable if
l1x]| = sup {]|x]|],: aeA}, called the norm of x, exists.

The set 1" of all bounded sequences x = {x,} of numbers
which is not a normed linear space constructively, is a
quasinormed linear space with a sequence of seminorms defined
by ||x]l, = |x,] (n=1,2,..., x€ 1).

Also, the set Hom(E,F) of all bounded linear mappings
between normed linear spaces E and F is a quasinormed linear
space with a family of seminorms defined by

ITlls = | |Tx||] (x€S;, T € Hom (E,F)).
From now onwards, we shall write the set Hom(E,C) of all

bounded linear functionals on E by E* and the set Hom,(E,C)

of all normable linear functionals by E’.
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CHAPTER FOUR

By definition, a Hilbert space is a complete inner
product space.

Here, we deal with compact operators on a Hilbert space,
within the framework of Bishop’s constructive mathematics
(BISH). Most of the results (theorems) on Hilbert spaces
depend on the geometric properties of Hilbert spaces (such as
orthogonality properties, Riesz representation of bounded
linear functionals by inner products, Hilbert-adjoint
operator T* of a bounded linear operator T, etc). So we
cannot expect to generalize certain results to arbitrary
normed linear spaces in the same manner.

Let E and F be normed linear spaces and let
S, = {x€E: ||x|| s 1} be the closed unit sphere of E. We say
that a linear mapping T of E into F is bounded if T(S;) is
bounded, normable if ||T||=Sup {||Tx]||: x € 8.} exists, and
compact if T(S;) is totally bounded, that is, given any £>0,
we can construct a finite £-net of the image of S; under T.

1f T is normable, then ||T|| is called the norm of T.

A bounded linear mapping T of E into itself is called an
operator on E.

Classically, we know that every bounded linear mapping
into a finite-dimensional normed linear space is compact,
because every closed and bounded subset of a finite-
dimensional normed space is compact. But, as the following

example shows, we cannot expect to prove constructively that
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a bounded linear mapping into a finite-dimensional normed
linear space is compact.
4.1 Brouwerian Example (Bridges et al [6]): A bounded
linear functional on 1° which is not compact.

Let 1? be the Hilbert space of square-summable sequences
of numbers and for each xel’, let x, be the n*" component of
x. Let {a,} be a binary sequence containing at most one 1

and define a bounded linear functional f on 1? by

fx) = Y ax,
n=|

If £ is compact, and so normable, then it follows from
Brouwerian example 3.31 that, either ||f|| > 0 in which case
there is a finite procedure which results in the construction
of an integer n such that a, =1; or else ||f]| < 1, and a, =
0 for all n. As can easily be seen, there is no
computational procedure for this.

4.2 Theorem (Bridges et al [6, Theorem 1]): A bounded
linear mapping u of a normed linear space E onto a finite-
dimensional normed linear space F is compact if and only if
its kernel is located in E.

For the proof of this thecrem, we require the following
observations and some preliminary lemmas.

From Brouwerian example 4.1, we observe that our
inability to prove the compactness of u is due solely to our
lack of knowledge of the dimension of the domain of £. For
any bounded linear mapping into R that appears in practice,

we will know the dimension (finite or infinite) of the
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domain. If the domain has finite dimension, then the mapping
is certainly compact. If the domain has infinite dimension,
then, as we have seen in Brouwerian example 4.1, we may be
unable to prove the compactness of the mapping even when its
kernel is located (that is, the distance from any point to
the kernel can be computed).

We observe that in order to obtain the conclusion of
theorem 4.2, we need the mapping u to be onto, rather than
just into, a finite-dimensicnal space. This is because for
the range of a compact linear mapping u: E-»F, finite-
dimensionality and completeness are equivalent conditions
(Bridges et al [6]); in other words, we can construct a basis
for u(E) if and only if given a Cauchy sequence {u(x,)},. .,
we can construct x in E such that u(x) = lim u (x,).

Next we look at the dimensicn of the range. If u: E-» F
and dim ran (u) < o, we say that u is of finite rank. The
linear mapping u is of finite rank n if the dimension of its
range is n.

Classically, every bounded linear mapping u cof finite rank is
compact, because the image u(S) of a unit ball S in E is a
bounded set in the finite-dimensional ran(u) and hence is
relatively compact; see Taylor-Lay [28].

But, as the following example shows, we cannot expect to
prove constructively that a bounded linear mapping of finite
rank is compact, even when the domain of the mapping is a
Hilbert space.

4.3 Example (Bridges et al [6]): Let aeR, and let H be the

completion of R x Ra in the real Hilbert space R’. Then

46



u(x,y) = x+y defines a bounded linear mapping of H into R.
A constructive proof of the compactness of u would enable us
to compute its norm.

It follows that, when aeR, Ra is complete if and only if
we can decide whether a=0 or a=0.

Now, if a=0, then Ra is the set whose only member is 0.

Then
R x Ra = {(x,0): xeR}.
By definition, u(x;0) = x + 0 = x

u = 8 lu(x, 0 = 8 = 1.
Il ” II!IIulp l )l Ill;tll leilxtis-x Pup lell

On the other hand, if a # 0, then Ra = R.
u: R xR-R
R xR =R* = {(x,y) : x, yeR}
ul(x,y) = x +y

. fieCx,y)| eyl
Wi =Su p =28 2 Sup JE
eo ol o ik

Since xly, we have

Plesyl 1? =[xl 1* + Hiyll? (Pythagorean theorem) .

PN
=S p VIV _ 5, oo = VToT=y2
w0 il iyl =1
0 fofi~1
It can be observed that if ||u|! > 1, then a # 0; while if
llull < V2, then a=0. Thus we would have an algorithm for
deciding whether or not an arbitrary real number a is zero;
nobody believes that such an algerithm willl be found.
It is worth noting that, from a constructive point of

view, the space R x Ra is complete if and only if either a=0
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or a#0; but there is nc known computational procedure for
making this decision; Bridges et al [6], [7].

With example 4.3 in mind, we now attempt o determine the
necessary and sufficient conditions for a bounded linear
mapping of finite rank to be compact. We can only do this if
the rank is 1.

A bounded linear mapping u onto a one-dimensional normed

space is constructively compact if and only if its norm can
be computed. Bishop showed that this occurs precisely when
the kernel is located, in the sense that the distance from
any point to the kernel can be computed; Bridges et al [6].
4.4 Definition: Let X be a set. An open ball B(x,,
£)={xeX:d(x,x,)<€} of radius &€ > 0 is called an ¢&-
neighbourhood of x.,€X. By a neighbourhoocd of x, we mean any
subset of X which contains an £-neighbourhood of x,.
4.5 Definition: A set X is said to be convex if for any two
points in the set, the line segment joining these two points
lies in the set, that is, X is convex if x;,, x,€X imply
Ax,+(1-A)x,€X, where 0Osisl.

The set of all convex combinations of sets of points
from X is called the convex hull of X.

4.6 Definition: If f: X » Y and X, € X, the function f|X,:
X, »Y is called the restriction of f to X, if £ | X,(x) = £(x)
for every x € X,.

4.7 Definition: A set X is symmetric if X = -X, that is,
if

-a€X whenever aeX.

Three preliminary lemmas are required for the proof of
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theorem 4.2

4.8 Lemma (Bridges et al [6]): Let E be a normed space
over R, B a convex neighbourhood of 0 in E, and f a
continuous linear mapping of E into R". Then there exists a
continuous retraction g cf E onto kerf such that g(B) = Bnker
: 3

Proof:

If n=0, we need only take g to be the identity mapping.

If n=1, and we chocse a€B so that f(a) > 0 and -a€B, the

required retraction g is obtained by setting.

fa)x - fiv)a
glx) = ————
fa)+| fio)
We note that
-f(x)a = Sup (-f(x), 0)a + Sup (f£(x), 0) (-a) (x€E) ;

taken with the convexity of B, this ensures that g(x) € B
whenever x€ B.

Now let k 2 2, assume we have proved the lemma for n =
k-1, and consider the case n=k.
Define wn: R* >R by wi(x,, ..., %) = x,. Then wof is a
continuous linear mapping of E onto R; so that, by the case
n = 1, there exists a continuous retraction g, of E onto ker
(mof) such that
g,(B)=B n ker (wmof).

On the other hand, the restriction of £ to ker (mof) is
a continuous linear mapping of ker(mof) onto R*' = ker w;
and B n ker (mof) is a convex neighbourhocod of 0 in ker
(mof). It follows from our induction hypothesis that there

exists a continuous retraction g, of ker (wof) onto kerf such
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g, (B n ker (nof)) = B n ker (wof) n ker £ = B n kerf.

We now see that g = g,0g9,, is a continucus retraction of E
onto kerf such that g(B) = B n kerf. This completes the

proof .

Diagrammatically, we can illustrate the above result as

tollows:  Pa

E r

4.9 Lemma (Bridges et al [6]): Let B be a totally bounded,

convex, vymmetric neighbourhood of 0 in R", and let a be a
point of R'. Then S(a)={\€R:\a €B} is a located neighbourhood
of 0 in K.

Proof

Choose & > 0 so that B(0, &) ¢ B. Given £ in R, we have
either |fa] < 6 or 0 < |fa]. 1In the former case, f{a € B; so
that £(€S(a), and therefore d({, S(a)) = 0. In the case 0 <
léal, Ra is a one-dimensional linear subspace of R". Let
P be the projection of R on the orthogonal complement of
Ra. By lemma 4.8, there exists a continuous retraction g of
R" onto Ra = ker P such that
g(B) = Bn Ra = {Aa: A€ R, )\a €B}.

As a » 0, p(ra) = A defines a continuous mapping or bA Ra
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onto S(a). Thus pog is a continuous mapping of B onto S(a).
As B is totally bounded, so is S(a); whence d({(, S(a)) is
computable.  That S(a) is a neighbourhood of 0 in R follows
from the tact that B is a neighbourhood of 0 in R".

We illustriate this result as follows:

S R

4.10 Lemma (Bridges et al [6]): Let E be a normed space
over K, and u a continuous linear mapping of E onto R".
Then u is an open mapping (i.e. the image of an open set in
E under u is open in RK%).

Proof

If n = 0, this is trivial.

Ifn =1, and {e,, ..., e,} is a basis of R, choose r > 0 8o
that e, € u (B(0,r) for k = 1, ..., n. As u(B(0,r)) is
convex and symmetric, it contains the convex hull of

{-¢,, ..., -e,, e, ..., e} and so contains an open ball in
K' with centre 0 and positive radius.

With the above preliminary resulrts, we can now prove
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With the above preliminary results, we can now prove
theorem 4.2: Let E be a normed linear space, F a finite-
dimensional normed space, and u a bounded linear mapping of
E onto F. Then u is compact if and only if its kernel is
located in E.

Proof

Without loss of generality, we assume that E and F are
real linear spaces, and that Fs R" for some integer n = 0.°
Let u be compact, and let x € E. Then noting lemma 4.9 and
applying lemma 4.8 with B = u(B(0,1)), we see that S(x) =
{A€R: Xu(x) €B} is a located neighbourhood of 0 in R. Lex x,
be a positive element of S(x). The mapping A -»1/\ is
uniformly continuous on the located subset S(x) n [ A, o) of
R; whence
inf{1/A: AeS(x), A, s A} is computable. By the symmetry of
B, this infimum equals inf {|A]: A€R, u(x) eAB}. But
inf {|A]: AeR, u(x) €xrB}
= inf {|A]: AeR and u(x-Az) = 0 for some ze€E, ||z|| < 1}
= inf {|A]: XeR and ||x-y]| < A for some ye ker u}
= d(x, ker u}.

Hence ker u is located in E.

Conversely, suppose that ker u is located in E. Then

llu(x) |}, = d(x, ker u) defines a norm on R°. As R" is
finite-dimensional, the open unit ball in (R*, || |},) is
totally bounded. As this ball is just the set u(B(0,1)), u

is compact.
When the domain of the mapping is a Hilbert space, we

can prove the following:
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4.11 Propeosition (Ishihara [16]): Let u be a bounded linear

mapping of a Hilbert space H into €°, and for i=1, ., n,
let p; ¢+ € » C be a mapping defined by p , (%, ..., x,) =
X ;. Then u is8 compact if and only if p,ou is normable for
each 1=1, ..., .

We need the following results for the proof of proposiion

4.11.
4.12 Lemma (Riesz Representation Theorem): Let £ be a
bounded linear functional on a Hilbert space H. Then f is

normable if and only if

£(x) = (x,vy) (x€H)
for some vector y in H; in which case y is unique, and ||£}]
= }lyll; Ishihara [13].
4.13 Lemma (Ishihara {13]): Lex x, .. X, be elements of

a normed linear space E, M the set of all linear combinations
of x,, ..., X, and £ > 0. Then there ig a finite-
dimensional subksgspace V of E with V € M, such that d(x,, V} <
£ for each 1i.

Proof of Propeosition 4.11:

Let u be compact. Then p ; cu is compact, and therefore
is normable, for each i=1, ..., n.

Conversely, suppose that p ou 1s normable for each

i=1, ..., n. Then, by lemma 4.12, for each i=1, ..., n,
there exists f, €H such that (p ; ou}) (x) = {x, f£,}. Let £»0.
Then by lemma 4.13, there exists a finite-dimensional
subspace ¥ of H such that 4d{(f,, ¥} <= €&/2n for all i=1, ...,

n.

Since u(s,) = {u{x):xcy, ||x]| = 1} is teotally bounded, there
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exists an &/2-approximation
{ulxy), ..., uix,)} to u({S,). Thus for each x€8, there exists
k such that |lu(Px} - uixJ)|! < &/2, where P 1ig the

projection onto Y, and since d{(f,, Y)

I

inf{d(f,, Pf,): Pf,

ey} = | |fi-Pf,ll<&/2n {i=1, ..., n) and P is self-adjoint, we
have
luix) - uixy) )] = | [{u(x) - wPx)} + {u(Px) - uix,)}!|
s ] oulx) - wPx)|] o+ || wiPx) - uix)}]|
< nu(x)—u(Px)w%

) i(p,ou)(x—Px)H%
i=l

=¥ I Prsfis

£
f=1 2

= ¥ fi-Bfi)j =
& 2

N

n
£ g €
< IxI N -PFll+ ~ < Z +l=p
;h W-Pfl 2 % om 2
Hence {u{x,}, ... u(x,)} is also an £-approximation to u(s).
Proposition 4.11 is gtill valid when the set of all normable
linear functionals on the domain of the mapping is a linear

gpace (see Corollary 5.1.7); but as we shall see in the next

example, we cannot expect to generalise the result o
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arbitrary normed linear spaces.

4.14 Brouwerian Example (Ishihara [16]): A bounded linear
mapping u of 1' into € such that p,ou is normable for i=1,2,
but u is not compact.

Let I' be the Banach space of absolutely summable
seguences of real numbers and for each xel1', let x, be the n*®

component of x. Let {a,} be a binary sequence and define

bounded linear functionals f and g by

fo=x+} ax,.,
n-t

glx) = - x|

Then, by definition, it follows that p,ou = £ and p,ou = g

are nermable, with

iti=su p Mgy p 1701
et 1l xel!
FLl] Ifh=1

ligh = Su p |g(x)| =1
xed!

hxil=1

If u ig compact, then

i+l =13 e,
n-1

Let S,1 be a closed unit sphere of 1'. Then

|1£+g]] = sup{lz, + 2z,: (z,, 2, Yeu( §1)}.
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From Brouwerian example 3.31, we have either ||f+g|| >
0, in which case there exists n such that a,=1; or else
| |[£+g]| < 1, and a,=0 for all n. As we can easily see, there
is no computational procedure for this.
4,15 Lemma (Ishihara [16]): Let A be a linear mapping of a
Hilbert space H into itself, such that for each yeH, {(Ax,y):
l1x}!]! s 1} is totally bounded. Then A* exists.
Proof
For each y € H, the hypotheses ensure that x » (Ax,y) is a
normable linear functional on H. Now we know that a bounded

linear functicnal f on a Hilbert space H is normable if and

only if there exists ze H such that f(x) = (x,z) (by lemma
4.12). Therefore, (Ax,y) = (x,z) for all x € H. Thus z =
Aty

Constructively, it seems difficult to prove the
compactness of the sum of compact linear operators, which is
classically proved by means of the constructively
unacceptable property of sequential compactness. From
proposition 4.11 and lemma 4.15, we can prove the following:
4.16 Theorem (Ishihara [16]): Let A and B be a compact
operators on a Hilbert space H, let C be an operator on H and
aeC. Then
(1) «A is compact;

(2) A+B is compact;

(3) A* exists and is compact;

(4) CA is compact;

() 1If C* exists, then AC is compact.

Proof
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(1) Let S be a closed unit sphere of H. Since A is a
compact operator, A(S) is totally bounded. Let aeC. Then
the set

A{aS) = o A(S) is totally bounded. Hence oA is compact.

(2) Let &€ > 0. Let Y be a finite-dimensional subspace of
H. Then || (A+B)x- (PA+PB)x||<& (x € 8),

where P is the projection onto Y. Let {e,, ..., e,} be a

metric basis of Y. Then we can write PA and PB in the forms

PA(x) f.(x)e, + ... + f,(x)e,

PB (x)

g,({x)e, + ... + g,(x)e,.
Since PA and PB are compact, proposition 4.11 shows that for
each i, f, and g, are normable linear functionals on H; whence
by proposition 4.11, £, + g, are normable. Thus by
proposition 4.11, the linear mapping
(PA+PB) (x) = (£f,+4g, )(x) e, + ... + (£.+ g,) (X)e,
of H into Y is compact. Therefere, A + B is compact.
(3) Since A is compact, {(Ax,y): x€S} is totally bounded for
all ye€H; whence, by lemma 4.15, A* exists.
Let {Ax,, ..., Ax,} be an £/3-approximation to A(S) and
let u: H -»C" be the bounded linear mapping defined by
uix) = ((Ax,,¥): wues (AX,, ¥)) (ye H).
Then u is compact by proposition 4.11.
Let {uly,), ..., uly, } be an £/3-approximation to u(S). Then
for each yeS, there exists k such that
| (A%, y) - (Ax;, v)| < € for all j=1, ..., n.
Let xe€S and let j be such that || (Ax -Ax,|| < £€/4. Then we

have
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F(x,A*y - A* y)|s|(Ax;, y)-(Ax;, y,)]|+|(Ax-Ax,,y)|+| (Ax-
Ax,,y) |
< £€/3 + €/3 + £/3 = &,

and hence

1 (A*y - A*y) || = sup {|(x, A*y - A*y,) | : ||x|| s 1}

Therefore, (A*y,, ..., A*y,} is an £-approximation to A*(S).
(4) Let S be a closed unit sphere of H. Since C is an
operator on H, the set C(A(S)) = CA(S) is totally bounded

because A is compact. Hence CA is compact.

(5) By (3), A* is compact, so C*A* is compact. Hence, by

(3),
AC = (C*A*)* is compact.

Classically, every operator on a Hilbert space has an
adjoint. Thus, the hypothesis "if C* exists" in (5) of

thecrem 4.16 may seem more than needed. But the following
example shows that there is an operator on a Hilbert space
which does not have an adjoint, and so we cannot drop the
existence of C* from the hypothesis of theorem 4.16 (5).
4.17 Brouwerian example (Ishihara [16]): An operator on 1°
which does not have an adjoint.

For each positive integer n, let e, be the basis vector
on 1* with n'" component 1 and all other components 0. Let
{a,] be a binary sequence containing at most one 1, and

define a linear mapping C of 1 into itself by

Cxs= i i O x,e,

n=l m=1

)



Then we have

hexiE = 3 51;12 ax <Y —2’~ P = i,
" m-l n=1

=1

and hence C is an operator. }wever, for

3'"): 1 en'
nel

V2"

we have

CUNED I I AL RS
m=]

and as we have seen in Brouwerian example 3.31, the bounded
linear functional x -» (Cx,y) is not normable. Therefore, C
does not have an adjoint.

4.18 Definition: Let |]!.l!!| be the double norm on a

separable Hilbert space H, defined by

eyl
)3

2!!

il = (xeH),

where y,, ¥,, ... 18 a dense sequence of a closed unit sphere
S of H. Then we say that a bounded linear mapping A of a
normed linear space E into H is weakly compact if A(S) is
totally bounded with respect to the double norm.

4.19 Theorem (Ishihara [16]): An operator on a separable
Hilbert space has an adjoint if and only if it is weakly
compact.

Proof:

Let A be an operator on a separable Hilbert space H, let y,,
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Y., ... be a dense sequence in a closed unit sphere S8, and

define the double norm by

m

it = 32 2 (e,

We may assume without loss of generality that the bound of A
is 1.

Suppose that A is weakly compact. In view of lemma
4.15, it will suffice to prove that, for each y € S, { (Ax,y)
: x € A} is a totally bounded subset of C. Let y € S and let
€ > 0. Then there exists n 2 1 such that ||y-y.|| < €/4; also
there exists an £/2"'-approximation {Ax,, ..., Ax,} to A(8) in

the double nerm. For each x € 8 there exists k such that

%I(Ax-Ax,,y,,)l < Ax-Ax, i < &

zml

Hence we have

Ax-Ax, )} < §+w -Ax iy -y )

gf.. +2._e. =g,
2 4

and therefore {(Ax,y) : xeS} is totally bounded.

Conversely, suppose that A* exists. For each € > 0,

choose N such that
and define the bounded linear mapping u : H -»C' by

ulx) = ({x, A*y,), ..., (x; A*yy)).
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Then, by proposition 4.11, u is a compact mapping, and hence

there exists an ¢£/2-approximation {u(x,), a0 Wi} to

u(S). For each x € S there exists k such that

N
Ha(x) -uCel = ¥ foex,A "y < %
n-l

Hence we have

-

Ax-Ax ) - ¥ 2—’ Ax-Ax, y )
n-|

N
< Lz WL e
n=1 2

Therefore A is weakly compact.
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CHAPTER FIVE

5.1

Here, we deal with compact linear mappings of a normed
linear space, within the framework of Bishop’s constructive
mathematics.

From the constructive investigation of compact linear
mappings in the last chapter, we have seen that some
elementary classical facts on linear mappings have not been
proved constructively: for example, the compactness of the
sum of compact linear mappings, which is classically proved
by means of the constructively unacceptable property of
sequential compactness, even in the special case where the
compact linear mappings are normable linear functionals (see
Bouwerian example 4.14).

In the last chapter, we have proved the following
theorem:

Let A and B be compact operators on a Hilbert space H and let
C be an operator on H. Then A + B is compact, A* is compact,
and if C* exists, then AC is compact.

Since the proof of this theorem depends on the geometric
properties of Hilbert spaces, we cannot expect to generalise
the theorem to arbitrary normed linear spaces in the same
manner.

Now, we shall prove similar results in a more general
setting, and to do this, we have to deal with quasinormed

linear spaces. As mentioned earlier in the latter part of
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chapter 2, quasinormed linear spaces enable us to deal with
linear spaces, such as Hom(E,F) (the set of bounded linear
mappings), on which the classical norm cannot be computed
everywhere. To see this, we consider the space Cla,bl]. This
is the space of continuous mappings on [a,b], which is a
subspace of the space of all bounded mappings on [a,b]. We

observe that the norm on Cla,bl at x € Cla,b]l, given by

fx il = maxjx(n),
rela,b]

is not computable everywhere.

Let E and F be quasinormed linear spaces with quasinorms

{I1.1ly : @« € A} and {|]|.||;: BeB) respectively, and let
S={(x€E:||x]||,s1,a€A} be the closed unit sphere on E. Then
we say that a linear mapping T of E into F is bounded if
there exists ¢ > 0, called a bound for T, such that if xeE
and | |Tx||B>c for some BeB, then ||x|]|,>1 for some a€A;
Normable if ||T|| = Sup{||Tx||,:P€B,x€eS;} exists and | |T|| is
a bound for T;
Compact if for each £ > 0 there exists a finite subset Y of
T(S;), called an £-approximation to T(S;), such that if xeE
and for each yeY there exists BeB with ||Tx-y||;,>&, then
|1x]].,>1 for some a€A.

It is easy to see that if T is bounded then T(S;) is
bounded, in the sense that there exists c>0 such that ||Tx||;
< ¢ for all BeB and x€S,; that if E is a normed linear space
and T(S;) is bounded, then T is bounded; that if E is a

normed linear space and Sup{||Tx||:xeS,} exists, then T is
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normable; that i1f E is a normed linear sgpace and T is
compact, then T(3,) is totally bounded, in the sense that for
each £ » 0 there exists a finite subset Y of T(S,), called an
E-approximation to T({S,}, such that for each xeS, there exists
yeY with |[Tx-y||; < € for all Be€B, and if each element of E
{or F) 1is normable, then T is compact if and only if T is
compact as a mapping from a normed (guasinormed) linear space
E into a quasinormed (normed) linear space F, regpectively;

(Ishihara [14]}.

5.1.1 Proposition (Ishihara [14]): If T is a compact
linear mapping of a quasinormed linear space E with a
guasinorm {||.!!,;e€Al into a guasinormed linear space F
with a quasinorm {||.||s: BeB}, then T is bounded. If, in
addition, for each xcE, Tx is a normable element of F, then

T 1= normable.

Broof:

Let {y,, .... v.} be a l-approximation to T(S;). Then there
exists positive numbers ¢,, ... ¢, such that ||y ]l <« <
for all B€B and k=1, ..., n. Let ¢ = max {c,, ... <C,} +

1, and suppose that ||Tx||; » ¢ for some SeB.

Then HTX‘YkHﬁ = HTXH,&' - HYkHG > C - ¢ =1 (k=1, :
n,
and hence !!x||, > 1 for some weA. Therefore, T 18 bounded.

Moreover, suppose that for each x€E, Tx is a normable

element of F. Let a and b be real numbers with a <« b and let

£ = %{b-a). Let {v., ..., ¥.} be an £-approximation to T(S;},
and choose k such that [ly. | > max {{lvii!., ..., {lvaild-g.
Either a < ||wv.l| or |lyv.!| < a + €; in the former case, there
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exists BeB such that a < ||y,||; ; in the latter case, if xeS,

and there exists BeB such that ||Tx||,>b-£€, then

HiTx - yolle 2 1TxlHe - 1] vl
> b-g£ - max {||y.l}], ..., [ly. |1}
>b-¢€ - |Jiw |l - €

> b-a - 3 = €,

and hence ||x||, > 1 for some a€eA, a contradiction; hence
| |Tx| | ;sb-€<b for all BeB and all x€S,. Therefore
[iT]] = sup{}||Tx!|; : BeB, x€8.} exists.
5.1.2 Proposition (Ishihara [14]): Let T be a compact
linear mapping of a quasinormed linear space E with gquasinorm
{I1-1ls : @A} into a quasinormed linear space F with a
quasinormed {}].}|;:B€eB}, and let S be a bounded linear
mapping of a quasinormed linear space F into a quasinormed
linear space G with a quasinorm {||.||, : yer'}. Then ST is
compact.
Proof:
Let ¢ > 0 be a bound for S and let Y be an £/c-approximation
to T(Sg). If x€E and for each ye€Y there exists yel' such that
||8Tx - Syl|, » €, then there exists pBeB such that ||Tx-
v!||s>€/c, and hence ||x||, > 1 for some aweA. Therefore {Sy
: YEY} is an £-approximation to ST(S;). Thus ST is compact.

Classically, the composition of a compact linear
operator and a bounded linear operator yields compact linear
operators. This can be easily seen from the following
classical result.
Let T : X » X be a compact linear operator and S : X » X be

a bounded linear operator on a normed space X. Then TS and
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